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Abstract

We give a general treatment of the union problem for not necessarily perfect or
weakly perfect ,measurable spaces. We introduce variable exponent Lebesgue
spaces on metric measure spaces and consider a central tool in geometric analysis
and the Hardy —Littlewood maximal operator. We study relatively compact sets in
variable Lebesgue spaces. The full characterization of such setsis given in the case
of variable Lebesgue space on metric measure spaces .
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Chapterl

Perfect measurable spaces

We focused on the following (measurable) union problem: let A be a o-algebra of subsets of a
space X andX; € A(i € I). What conditionson A and X;(i € I). Guarantee the existence of a
subfamily X;(i € I) whose union is not measurable with respect toA, i.e. does not belong
toA ? Usually it is assumed that the family X;(i € I)is point-finite, i.e. {i € I: x € X;} isfinite
for dl x € X, and that the X; are small, i.e. belong to some o-ideal .

Section(1.1) Perfect and Weekly Perfect Measurable Space with Example:

During the recent years a good dea of attention was focused on the following (measurable)
union problem: let A be a o-algebra of subsets of a space X and X; € A(i € I). What
conditionsonA and X;(i € I). guarantee the existence of a subfamily X;(i € I) whose union
isnot measurable with respect to A, i.e. does not belong toA ? Usually it is assumed that the
family X;(i € I)ispoint-finite, i.ef{i € I: x € X;} isfinitefor al x € X, and that the X; are small,
I.e. belong to some a-ideal. The main goal of the present chapter is to give a general treatment
of the union problem which yields most of theresultsinthe literature as special cases.

Our own work received impetus from an unpublished result of R. Solovay, whichisasfollows:

Theorem (1.1.1) [1] : Let X;(i € I)be a digoint partition of the interval [0, 1] where
each X; has Lebesgue measure zero. Then there is some J € Isuch thatU{Xi: (i € I} is not
L ebesgue measurable.

Theorem(1.1.2) [1] : Let f:[0,1] — X be Lebesgue measurable, where X iS a metric
space . Then thereisaclosed separableY € X such that £~ (Y) has Lebesgue measure one.

Theorem(1.1.2) can also be restated as follows. Letting u denote the Lebesgue measure on
[0,1], we can define a Borel measure v onX by setting

v(B) = u(f~(B))

ForB € X, B Borel. theorem(1.1.2) is then equivalent to:there is a closed separable Y such
that v(Y) = 1.



Another equivalent result is the following generalised Lusin theorem (In the mathematical field
of real analysis, Lusin’s theorem(or Luzin’s theorem named for Nikolai Luzin), states that
every measurable function is a continuous function on nearly al it’s domain . In the informal
formulation of J.E.littlewood, “every measurable function is nearly continuous” )[5].

Theorem (1.1.3) [1]: Under the assumptions of theorem(1.1.2), there is a compact K <
[0,1]such that u(K) > 0and f \ K is continuous. Theorem(1.1.3) is well known when Xis
separable,being only adlight extension of the classical Lusin’s theorem. To pinpoint further the
nature of the above results it is necessary to comment on their relationship to the problem of
the existence of real-valued measurable r.v.m cardinals. This was pointed out by Kuratowski.
In outline, supposing that theorem(1.1.1) is false, one defines a measure v on P (I)by setting

v()) = u(UXiziel}) (<.

Then v is a countably additive diffuse probability measure on P(I),and the existence of a
real-vaued measurable cardinal follows.

Thus the importance of Theorem (1.1.1.) lies in diminating the assumption that there is no
r.v.m cardinal. Thissituationisfairly typical. thefollowing result of Marczewski and Sikorski.

Theorem(1.1.4) [1] : Suppose that thereisno r.v.m cardina. Let X be ametric space and u
a Borel probability measure on X. Then there is a closed separable subspace Ysuch that
u(Y) = 1. theorem(1.1.4) also easily implies Theorems(1.1.2) and (.1.3). (in the absence of
r.v.m. cardinals),The main part of the proof of Theorem (1.1.4) is the construction of a covering
of a set of positive measure by digoint measure zero sets, there by creating the situation
described at the outset.

Theorem(1.1.5) [1]: Let X be a metacompact space and , i aregular Borel probability measure
onX. Then either there is a closed Lindd of subspace Ysuch that u(Y) =1, or X hasa
discrete subspace whose cardinality is real-valued measurable.

Once again, in the proof one considers a covering of a set of positive measure by open null sets.
Exploiting the metacompactness one refines this covering to a point-finite one. Then, after
further work, one succeeds in digointizing the sets.

Thus, while studying measures on topological spaces it usually sufficesto work with digoint
families. However, point-finite coverings enter naturally and it is not aways obvious how to
accomplish an adequate digointization. In an abstract situation, this constitutes a much more
difficult problem than the digoint case. Ancther interesting point isthat if the digointization
IS not possible, the connection with r.v.m. cardinalsin no longer clear. Unlike Theorem(1.1.1),it
Is clear that the assumption that there is no r.v.m. cardinal cannot be omitted in



Theorems(1.1.4) and (1.1.5) , (just consider a discrete space X of r.v.m. cardinality). A
moment of reflection, however, shows that Theorem(1.1.2) partialy restores the validity of
Theorem(1.1.4), without assuming the non-existence of r.v.m. A more general result is due to
Koumoullis and Pachl.

Theorem(1.1.6) [1] : Let X beametric space and u a perfect probability Borel measure on X.
Then either 1 is a Radon measure (that is, for every € > 0 there is a compact subset K with
u(K) > 1 —¢), or there isaclosed discrete subset Y whose cardinal |Y|is{0,1}-measurable.
Perfect measures were introduced by Gnedenko and Kolmogorov. Theorem(1.1.6) implies
Lusin’s Theorem for perfect measures on metric spaces and mappings into metric spaces
with cardinality < theleast measurable cardina.For Radon measure spaces and mappingsinto
any metric space, Lusin’s Theorem was obtained by Fremlin. To generalize theorem(1.1.6) to
developable spaces. The key to theorem(1.1.6) is the reaization that Theorem(1.1.1) above
remains valid for any perfect measure if |I| < the least({0,1})_ measurable cardinal. An
Important advantage associated with the setting of perfect measures is that the cardinality
restrictions are much less severe (the least measurable cardina as opposed to 2*° which is
at least implicit in Theorems (1.1.1),(1.1.2),(1.1.3). Having realized the significance of the
union problem in measure theory it isnatural to inquire what happens for other o-algebras
and ideals.For example, what happens when A is the o-algebraof sets with the property of
Baire and X; (i € I) are meager? Recall that a subset S of atopological space has the property
of Baire if Scan be expressed as S = S, A S;whereS,is open and S;, is meager. Bukovsky
proved:

Theorem (1.1.7) [1] : Let X; (i € I) be adigoint partition of the interval [0, I] into meager
sets. Then thereissome J € I suchthat U{X; :i € J} doesnot have the property of Baire.
Another interesting result of this type was recently obtained by Louveau and Simpson .To
describe their result, let N denote the space of natural numbers with the discrete topology.
Then 2N traditionally denotes the space of non-empty closed subsets of N with the Vietoris
topology. Louveau and Simpson consider the subspace Qof 2V consisting of the infinite
subsets of N and obtain the anaogue of Theorem (1.1.7) for Q. Actualy, in ther result
X; (i € Iis point-finite. But Fremlin shows that in genera if Theorem (1.1.7)holds for
somespace X, then it also holds when X; (i € I) is a point-finite covering of X.The space
Qhas recently come into prominence due to the work of Ellentuck who showed that Q plays
an important role ingeneralizing Ramsey’s Theorem. Such generalizations of Ramsey’s
Theorem have ecently found applications in Banach space theory. Our results on measurable
spaces generalize both theorem(1.1.7). aswellas thel ouveau-Simpson result. The analogue of
theorem(1.1.7) holdsfor other spaces (developable, Tech-complete and K-analytic). All results
discussed so far were connected either with measure or category. A general theorem which
includes both of these as special cases is due to Brzuchowskietal. In order to be able to state
their result we need adefinition. Anidea P < P(x), where Xis a topological space, is sad
to have aBorel baseif every setin P isa subset of aBorel set belongingto 2.
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Theorem(1.1.8)[1] : Let X be aPolish space (that is,a complete separable metric space) and P
be a o-ideal with a Bordl base. Let X; (i € I)be a point-finite covering of X by sets from P.
Then there is someJ < I such that U{X; : i € I}does not differ from a Borel set by a set from
P. theorem(1.1.8) was obtained by Prikry for the case of measure and category for al
separable (not necessarily complete) metric spaces. These results are presented here. They are
not covered by the general theory of perfect measurable spaces whereas Theorem (1.1.8)
aboveis.

For aset I, P(1)denotes the power set of I and denotes the cardinal of I is the cardinal of the
continuum.

All topologica spaces X are assumed to be at least Hausdorff. B(X)denotes the Bord o-
agebraon X, i.e, the o-algebra generated by the closed sets in X. wealso consider the
Baire o-algebra®B, (X) which is generated by the zero sets of continuous functions.

Asusual, if (X,A)is a measurable space and Yis a topological space, f:X » Y is A-
measurable if for al open U € Y (equivaently, for all Bored U € Y), f~! (4) € A. Mot of
the subsequent discussion evolves around a triple (X, A, p) where (x,A)is a measurable
gpace and pis anidea of subsetsof X(i.e. p isclosed under taking subsets and finite unions).
Usually, we assume that p isa o-idea (i.e. pis closed under enumerable unions). In this case,
if we set

A, H{AAY : A€ AY € p}

then (X, A, )is ameasurable space. We say that afamily ¢ < p(X)isa base for pif every set
in piscontanedinasetin ygNp.lf thereisa base ¢y € p we say that p; has an A-base.

Definition(1.1.9)[1]: (X, A, p)is a perfect (resp. weaklyperfect) measurable space if whenever
f:X > Ris A-measurable there is an analyticA € f(X)suchthat X — f~1 (4) €
p(resp. f~YHA) ¢ p). In addition,(X, A, p) isweakly perfect if X € p.

Essentially the same concept of perfect measurable spaces was introduced independently by
Fremlin who used the term ‘semi-perfect’. Our resultson these spaces were obtained in 1981
while the first author was visiting the University of Minnesota. Clearly, if (X, A, p)is perfect,
then it is weakly perfect. Note that in the above definition f~1(A4)does not necessarily belong to
A(i.e.might benon- measurable). However,in most applications, f~1 (4)belongs to A or at
least to A,,. Thisistrueif A isclosed under the Suslin operation, or if pisao-idea with an
A-baseand (X, A, p) is perfect.

The seminal instance of perfect measurable spaces is connected with the concept of perfect
measures. Here we shall give awell known equivalent definitions : a probability measure space
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(X, A, n)is perfect if for every A-measurable f: X — R thereisaBorel subset of B of R such
that B € f(X)and u(f~*(B)) = 1. The class of perfect measures includes Borel probability
measures on separable complete metric gpaces, or more generally Radon probability
measures. This follows easily from Lusin’s Theorem. Moreover, the completion of a perfect
measure space is perfect, asis every {0,1}-valued probability measure. It is easy to see that iff
(X, A, u)is aprobability measure space, it is perfect iff (X, A, p)is perfect where p isthe idedl
of u-measure zero sets. One direction follows from every Borel set being anaytic and the
other direction from every analytic set universally measurable.

We can define (X, A, 1) to be weakly perfect if the corresponding (X, A, p) is weakly perfect.
For a probability Borel measure u on a separable metric space we havethat u is perfect iff uis
Radon and thatu is weakly perfect iff there is a compact set of positive measure. Both of these
results follow from the proof of Lemma (1.1.19).

The o-algebra of sets with the property of Baire and the corresponding ideal — that of meager
sets— also provide examples of perfect (resp. weakly perfect) measurable spaces, which we
shall call perfect (resp. weakly perfect) category spaces. If the underlying space X is a
complete separable metric space, then we have an example of a perfect category space. This
can be seen by usingthe theorem that if f:X — R hasthe property of Baire, then thereis a
dense G5 — set G suchthat f \ Gis continuous.

IF X is an anaytic separable metric space, then(X,B(X),{d})is perfect, and thus
(X, B(X), p) for an arbitrary p is likewise perfect. More generaly, (X, A,{@})clearly is
perfect iff f(X)is analytic for every A-measurable If (X, A, p)These are exactly the smooth
gpaces of Fakner. If (X, A, p) is perfect andp is a o-ideal with an A-base, then (X, A, p)is
perfect, and similarly for ‘weakly perfect’. Hencein particular, ifX isan analytic separable
metric space and p isa o-ideal withaBorel base, then(X, B(X), p)is perfect.

Theorem(1.1.10) [1] : Let (X, A, p)be a perfect (resp. weakly perfect) maesrable space and
X;(i € I) be a point-finite covering of X.set

A ={cl{X;:i€J}e A}
p' ={Jcl{X; i €]} e p}

Thistheorem isrelatively easy to proveif X; :i € laredigoint. Then A’ isautomaticaly a o-
algebra. In general A’ isnot aoc-agebra; but itis always closed under enumerable unions. Our
proof shows that in general the ‘paved’ space (I, A’, p') isperfect (resp. weakly perfect).

Proof : Letf:1 - (0,1) be A'-measurable. We shall show that there is an analytic A’ €
f(Dsuch that 1 — f~1(A4") € p(resp. f~1(4") & p).



Let g: X — [0,1]N be the associated many-valued function. Then g is A- measurable by
Lemma(1.1.17). Since (X, A, p) is perfect (resp. weakly perfect), thereis, by Lemma(1.1.18),
an anaytic A € G(X)such that X — g~1(4) € p(resp.¢ 1(A) ¢ p). Hence dl m,(4) are
analytic subsetsof [0,1]and sois Uyey i (4).

Moreover, setting

a=| Jm@ -

keN

We havethat A’ isanalyticand A" < f(I).

We claim that X; N g™ 2(4) = @ foralli € I — f~1(A").Indeed, if x € X; N g~ 1(4) then, by
the definition of g, we have f(i) =m;(g(x))for somek and f(i) # 1.Since g(x) €
A F(i) € mu(A) — {1} c 4",

If X — g~ 1(A4) € pthenby the claim

u{Xipiel - (AN} ep,

that is] — f~1(4") € p' Similarly ¢'(4) ¢ p'. This completes the proof. For the proof of
Theorem(1.1.11) we need to analyze pefect and weakly perfect spaces of the
form(X, p(X), »).

Theorem(1.1.11) [1] : Let (X,A)be ameasurable spaceand p a o-ideal on X. LetX; ;i €1
be a point-finite covering of X. Also supposethat one of the conditions (a), (b) below holds:

@ (X A p) is pefect, |I| <the least measurable cardinal and there is no
J €1 suchthat |J| < xq and X —U{X; :i €]} € p.

(b)(X, A, p)isweakly perfect,|I| < cand X; € p foralli €I and x & p. then there is some
] € Isuchthat U{X; :i € J} & A.Moreover, if A-base, then there is some J C
I'suchthat U{X;:i€]J}& A,

Proof : We start by proving the first concluson of theorem(1.1.11). We define a o-ided
p' on I asin the statement of theorem (1.1.10). Supposing that case (@) is false it follows from
theorem(1.1.10 )that (I, p(1), p')is perfect. Applying Lemma(1.1.20) for the partition of /into
singletons, we conclude that 1 — J € p'for some at most enumerable J . Hence it easily follows
tha X —U{X;:i €} € p,a contradiction.The proof of case (b)follows smilarly by
contradiction applying Lemma(1.1.21).



The second conclusion follows from the first and Lemma(1.1.22). concluding the proof of
Theorem(1.1.11).

Theorem(1.1.12) [1] : Let (Y, ,A,).(a € K), be measurable spaces, where K is arbitrary,
and |Y,| <the least measurable cardinal. Set

=[]

aEK

And let Abe the usua product o-algebra on X. Suppose that pis any o-idea such
that(X, A, p) is perfect andX; :i € Ia point-finite covering of X such that thereisno J <
Iwith|J]| < x, and X — U{X; :i € J} € p.Then there is someJ € I such that U
{X;:i€eJ} ¢ A. Moreover, if p has an A-base, then there is some/ € I suth that U
{X;:iej}eA,

Proof: As in Theorem (1.1.11)the second concluson follows from the first and
Lemma(1.1.22) So we shall prove only the first conclusion. Suppose that this is false. We
proceed as in the proof of Lemma(1.1.20)(a)— (c).So we can assume thatX; € A foralli €
I and that X & p.Then we define

p' ={clu{X;i€]j}ep}

So that (1, p(1), p)is perfect and p'is w,-saturate Theorem(1.1.10) and Lemma(1.1.19)).
Again by Ulam’s Theorem, either there exists someJ < I such that p' n p(1)is a proper
maximal ideal on J,or there existsa partition of I into < csetsin p’. By Theorem (1.1.11)the
second alternative in Ulam’s Theorem cannot occur.

Now if | isasin the first aternative, let A be the additivity degree of p' N p(J).then Aisa
measurable cardina and there aredigoint setsl, € p' N p(J)(a € A)such that

J=u{l,:a € A}.
We consider the family
X, =u{X;:i € [,}(a € ).
Thisisapoint-finite family of setsfrom p,the union of every subfamily of X, belongsto Aand
X, =u{X a1} & p.

Now we can extend the perfect space



X1, p(X) NA, p 0 p(Xy))

Back to X,putting X — X;to anew ideal, the resulting space being perfect. This means that we
can assumethat I = A and p'is Acomplete.

Now we set Z; = U, < X,(£ € 1). Since p'is Acomplete Z; & p. Since A is a product o-
algebraand Z; € A, we can pick an enumerable Ex < Asuch that
Zf = Cg Xl_[{Ya:a EA—EE}

And

Cg :H{Ya:QEEE}
forevery £ € 1.

By the A-system of Erdos and Rado.There is some E € Aand] S Asuch that |J]| =
Aand forallé andn € A, if &#nthenE;NE, =E. Pick t; €Csforé€]. Since
| TI{Y, : @ € E}| <the least measurable cardina, there is some k€] andte[[{V,:a €
E} such that [K| = Aandt; \ E =t for € K. Itisnow easy to find an x € X such that x \
E: =t; forall ¢ € K.Hencex € Z; for all £ € K contradicting the point-finiteness and the
proof is complete

Theorem(1.1.13) [1] : If (X, A, p)is a perfect measurable space and X; : (i € I)is a point-
finite covering ofX such thatX; ¢ pand U{X; i €J} € A forall] €1, thenlat most

enumerable. We also have useful characterizations of perfect and weakly perfect measurable
spaces (Theorems (1.1.14) and (1.1.15).

Proof: Define
p'={ clu{X; i el} e p}

By Theorem(1.1.10), (1, p(X),p’')is perfect and Lemma(1.1.19) implies that p’is w4-
saturated. Since{i} ¢ p'for everyi € I, itfollows that Iis at most enumerable.

Theorem(1.1.14)[1] : For atriple (X, A, p)thefollowing are equivalent:

(@ (X,A,p) isperfect.



(b) For every countably generated o-algebra A’ < A thereis some f:X - R and an
analyticset A € f(X) such that

()A S F71(B(R)) , and (i) X — f1(4) € p.

(c) For every Sudlin scheme A(s) € Awhere s ranges over finite sequences from N, thereis
an analytic ¢ € NNsuch that

() NpeyA(e\n) #0 foro € C, and (ii) Ugec NpenA(c \ 1) € p.

(d) Thisis the same as (c), but in addition,A(s)are decreasing and digoint in the sense that
ifo, 7 € NN and o # 7, then

ﬂA(O\n)ﬂ ﬂA(a\n) + @.

neN neN

Proof :(a) - (b).Let A' < Abe a countably generated o- agebra Then there is
somef: X - R such that A" = f~1(B(R)). Hence fis A — measurable and there is an
analyticA € f(X)such that X — f~1(4) € p.

(b) - (c). LetA’ be the g-algebra generated all the A(s). Let f and A now be asin (b). It
suffices to show that

C = {o € NV: ﬂA(a\n) NF(A) # ¢}

isanalytic.
Let g: NN — A becontinuousandonto.

PickB(s) € B(R)such that A(s) = f‘l(B(s)). We show that

C = {o‘ € NV: ﬂ g 1(B(c\n)) # ([)}.

First, if T € N,g 1 (B(o \ n),then g(r) € N,,B(c \ n).Sinec g(r) € A c f(X),
there is an x € X such thatg(t) = f(x). Hence



(*)x € Ny A( \ n) N f1(4)
Secondly, if (*) holds, then f(x) € A = g(NV). Hence f(x) = g(r)for somer.

Since x € N,, f "1 (B(o \ n)), itfollowsthat g(z) = f(x) N,,B(c \ n), S0
TE ﬂ g~ (B(o \ n)).
Hence it now follows that C isthe projection onto the second coordinate of the Borel set

| o &) x 16,

n |s|=n

Where I(s) = {0 € NNg extends s}.
(c¢) - (d) istrividl.

(d) - (a). Let f:X - NN be A-measurable. We shall show that there \is an analytic C S
f(X)such that X — f~1(C) € p. Thissuffices becauseis NNBorel isomorphic to R.

Let A(s = f1(1(S)) where I(s)is as above. The Sudin scheme A(s) is decreasing and
digoint. Let C be as guaranteed by (d). Then C works.

The proof of Theorem(1.1.15)is similar tothat of Theorem(1.1.14).

Theorem(1.1.15)[1] : For a triple(X, A, p), where pis aproper ideal on Xthefollowing are
equivalent:

(@) (X, A, p) isweakly perfect.

(b) Thisisthe sameasin Theorem (1.1.14)(b), except that (ii) becomesf~! (4) ¢ p.

(c) Thesame as in Theorem(1.1.14)(c),except that (ii) becomes Uygc Npey A(c \ 1) € p .

(d) The same as (c) with A(s)decreasing and digjoint.

We shall now prove Theorems (1.1.10)—(1.1.15). For the proof of Theorem(1.1.10),we need

the following definition and Lemmas(1.1.17) and (1.1.18); we also assume that pis a proper
ideal (i.e.X & p), the other case being trividl.
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Definition(1.1.16) [1] : Let X =uU {X; :i € I}, where the family {X;} is point-finite. Also let
f:1 -{0,1). Thenthe associated many- valued function g is defined as follows:

For eech x € X,let F, ={i € I. x € X;} (hence enumerate F, isfinit).Let (ry , 13 ..., 7%)
enumerate {f(i):i € E.} in increasing order. We set g(X)=(r; .11 ,....,1%,11,....) E
[0,1]N . thusg:X — [0,2]N

Lemma(1.1.17) [1] : Let (X,A)be ameasurable space and X; (i € I)a point-finite covering
of X set

A ={Jcl.U{X; i €]} € A}.

Letf:1 - {0,1)be A’ -measurable and g:X — [0,1]N be the associated many- valud function.
Then g is A —measurable.

Proof: I, : [0,1]N — [0,1] be the K-th projection. It clearly suffices to show that for all
K,gy =11, ° g is A-measurable, that is, gk 1 ([0,7)) €A foreveryr € [0,1]. We
prove this by induction on k.

We have g,(x) <r iff x € X;for some i€l such that f(i) <r iff x eU{X; :f(i) <
r}. Sincef iscA’-measurable, f~1([0,1)) € A’ Hence U{X;:f(i)<r}eAand g, iSA-
measurable. For the induction step suppose that g; (j < k) are A-measurable.For every open
uc [0,1]set

Cy =U{X;: f@i) e U}.

As in the preceding step we conclude that Cy € A,In particular, for open
intervals(s, ), C(sry € A.Wenow have g, (x) < riff

Js < r(s EQANgr(x) € C(s,r))’

Where Q istheset of rational numbers. Hence

gt (101 = | J(gi* (0.0 n o)

s<r

And we are done.
Lemma(1.1.18)[1] : Thefollowing are equivalent:

(@) (X, A, p) isperfect (resp. weakly perfect).
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(b) If Y is a separable metric space and f:X — Y iscA-measurable, then theris an analytic
A C f(X)suchthat X — f~1(A4) € p(resp. f~1(4) ¢ p).

Proof: (b) implies (@) is trival. The other direction follows easily from the following well
known fact .

If Y is a separable metric space, then there is a oneto-one function
f:X - Rsuch that f~1: f(Y) - Y iscontinuous and for every open U € R, f~1(U) isF, inY .

Lemma(1.1.19) [1] : (X,p(X),p)is perfect, then pis w,-saturated (i.e. there is no
uncountable digoint family of sets not belonging top).

Proof: LetX; (i € Ibeadigoint family of sets not belongingto p and assumethat |I]| < c. It
suffices to show that|/| < x,.Let Z be atotally imperfect (i.e. containing no nonempty perfect
set) subset of R with|Z| = c¢. By a well known theorem, every analytic subset of Z isat most
enumerable. Now consider a function f: X - Rwith f(X) € Z, f \ X; constant and f(X;) #
f(X;)for every iandj€l,i#j. Since (X, p(X),p)is perfect and fis trivialy p(X)-
measurable, there is an  analytic A € f(X)such that X — f~1(4) € p.Thus |A| <
xoandX; € f~1(A).Thus |I| < x, as required.

Lemma(1.1.20) [1] : Thefollowing are equivalentif p isa o-ideal on X:

@ (X, p(X), p)is perfect.

(b) For every partition of X,X;(i € Dwhere |I| < c, there isan a most enumerable |
I such that X —U{X;:i € J} € p.

(c) The same as (b) except that |I| < the least measurable cardinal.

Proof:(a) - (b). Asin the previous lemma we consider a totally imperfect set Z of redl
and a
functionf: X - Rwith f(X) € Z, f \ X;constantandf (X;) +

f(Xj)for everyiandj € I,i # j.Since(X, p(X),p)is  perfect there s
analyticA < f(X) such that X — f~1(A) € p.Then |A| < x, and setting

J={i €l f(X; € A}

Wehave|J| < xoand X —U{X;:i €]} € p.
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(b) » (a). For every function f:X - R, we apply (b) for the partition {f*({y}):y €
f(X)} Thus there is an a most enumerable, hence also analytic,A € f(X)such that X —
f1(A) € p.

(c) — (a)istrivia.So it remains to show (a) — (c).Assume that(X, p(X), p)isis perfect and
let X;(i € Ibe a partition of X, where]l| <the least measurable cardina. By Lemma
(1.1.2.11), pisw, —Saturated, soJ ={i € I: X; & p} isa most enumerable.

We claim that
X, =X-uU{X;i€e]J}ep.

Suppose that the claim is false and consider the perfect space

(X1, p(X1), p 0 p(Xy)),

where p N p(X,)is a proper ideal on X;.This space can be ‘extended” back to Xby putting
X — X;into the new proper ideal on X,the resulting space being perfect. So we can assume
that ] =@,i.e.,X; € p foralli € I,and that X & p.

Define

p'={cru{X;.i€]j} € p}

By Theorem (1.1.10), (I, p(1),p")is perfect and Lemma (1.1.19) implies that p'is w;-
saturated. Moreover, we have {i} € p'foralli € I andI & p'.e€ither there exists some
J € I suchthat p' n p(J) isa proper maximal o- ideal on J, or there existsa partition of
linto <c setsin p'.If Jis as in the first Iternative of Ulam’s Theorem, let A be the
additivity degree of theideal p' N p(J),i.e, theleast cardinal such that therearesetsI, € p' n
»(N(a € Dwith ] =u{l,:a € A}. ltis known that Ais a measurable cardinal, which is a
contradiction since A < |J| < |I|. If the second aternative occurs we come again to a
contradiction because (I, p(1), p')is perfect and we aready know that (a)— (b). This
compl etes the proof of Lemma(1.1.20).

Lemma(1.1.21) [1] : Thefollowing are equivalent if p isapropero-idea on X:
@ X, p(X),p)isweakly perfect.

(b) For every partition of X, X;(i € I) where |I| < c, there is an at most enumerable | <
I such that U{X;:i €]) & p.

The proof issimilar as that of Lemma(1.1.20), (a) < (b).
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Lemma(1.1.22)[1] : Let (X, A, p)be perfect (resp.weakly perfect), where p is a o-idea with
an A-base. Then (X, A, p)isperfect (resp. weakly perfect).

Proof: Let f:X — R be A ,-measurable.Lemma(1.1.2.14)clearly follows if we can find anA-
measurable g:X — R such that {x: f(x) # g(x)} € p.To find such a g we proceed as
follows. LetU,(n € N)be an open base for R. Sincf is A ,--measurable and p hasan A-base
wecan pick anS,, € A N p such that f~1(U,) N (X — S,,) € A. It now sufficesto set

_(f(x), ifxe¢s
g(x)—{ 0, ifx€S

Theorem(1.1.23) [1] :Let (X, A)be a measurable space, p ac-ided on X with anA-base and
aY metric space. Assume that (X, A, p)is perfect and |Y| <the least measurable cardinal.
Then if F:X - y(Y)isA,-measurable, there is a separable Y~ SV suchthat X —
{x:F(x) €Y} € pand F admitsan A ,-measurable selection.

Some Example (1.1.24)[1] :

The results of the previous section deal with arbitrary perfect and weakly perfect measurable
spaces. Here we study such space when the underlying space Xis a topogical space; theo-
algebra is usualy the family B(X)of Bord sets. We find conditions on X so that for an ideal
pon X, (X, B(X), p) is perfect or weakly perfect. When this is done, the results of the previous
section apply and yield more concrete results, where the notions of perfect and weakly perfect
measurable spaces are a least implicit.

Theorem(1.1.25)[1] : Let X be ametric, or more generaly adevelopable space with |X| <the
least measurable cardind and let p a o-ideal on X.Then (X, B(X), p)isperfectif f thereisan
analyticA € X suchthat X — A € p.

Proof: First suppose that there is an analyticA suchthat X —A € p.. Then if f:1X >
R is B(X) —measurableit iseasily seenthat f(A)is analytic and the resultfollows.

To prove the opposite direction, we shall consider the metric case separately since this is the
most interesting case and the proof is simpler. Thus suppose that X is metric and also separable
a first. Let f:X - R be as in the proof of Lemma(1.1.18). Hence there is an analytic A’ <
f(X)suchthat X — f~1(4") € p. It sufficestoset A = f~1(4").

We shall now reduce the genera metric case to the separable one. We set

u={U € X:U is open and U € p}.

14



Set YUw.we shal show that Y € p. Suppose not. By Stone’s theorem, wecan pick a o-
digoint open refinement v =U {v,,:n € N} of «,where each family wv,is digoint. We can
now pick n € N such thatY, =U v, & p.Let v,, ={U; =i € I}be a one-to-one indexing
of sets from Asuw, usua, we set

p'={cl.{U;:i€]} e p}

Clearly (1, p(1), p")is perfect and all singletons belong to p'while I ¢ p'and |I| <the least
measurable cardinal. This contradicts Lemma (1.1.20). Hence Y € p.set F =X —Y.Fis
closed, hence in B(X)and thus we can suppose without loss of generadity that X = F. Hence
if@+UC Xand U isopenthenU & p.

Let U;(i € I)be afamily of non-empty disoint open subsets. Then if p’isdefined as above, we
have p' = {@}. Hence (1, p(1),{@})is perfect, and thusby Lemma(1.1.19),|/ | < x,.

This completes the proof of Theorem(1.1.26) when X is metric.

Consider a Hausdorff space X is developable if there is a sequence U, (n € N)of open covers
such that fore very x € X the family

u={U € U,;:x € U}(n € N),
Is neighbourhood basis at x.

Fix a sequence U, (n € N)as above. we can pick F,a closed o-discrete refinement of U,, The
union of an arbitrary subfamily of %, a isanF,, hence Borel. By usng Lemma (1.1.20)
similarly asin the proof of the metric case we can find #,, € F, such that |6,,| < x,and X —
U4, €p. LetV, € U,be a most enumerable and such that for every E € &, there is some
U €V, containing E. Set

Y =n (UV,).

Clearly X — Y € p. Moreover , Yis second countable since
U{U nNY:U eV}
n

Is an open base for Y,by the definition of developability. Since Y € 8(X)and X —Y € p,we
have a reduction of the general case to the second countable case. Thisis handled similarly as
the separable metric case. This is because every second countable Hausdorff space is Borel
isomorphic to a subset of R by an open mapping onto its range.
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Theorem(1.1.26) [1] : Let X be a devel opable space with |X| < ¢ and p be aproper o-ideal
on X. Then (X, B(X), p)isweakly perfect iff thereisan analytic A € X such that A & p.

Proof: If there is an analytic A € X such that A & p, the result follows as in the previous
theorem. The opposite direction follows from Lemma (1.1.18)and Lemma(1.1.27),concluding
the poof of Theorem (1.1.26).

Lemma(1.1.27) [1] : Let X be a developable space with |X| < ¢ Then there is a Borel
measurable function f: X —» RN such that:

(a) for every second countablY € X, f \ Y:Y — f(Y)aBorel isomorphism; and
(b) for every analyticA € f(X), f~1(A)is anaytic.
Proof: We claim that there are partitions 4,,, (n € N),such that:
(i) the union of every subfamily of .4, isaBorel set (actually an F;-set);
(if) every open setin X isthe union of some members of U{ 4,,:n € N};
(iii) forevery Y € X, X issecond countable iff

KE € 6, EnY + @} < x,
for every n € N.
To seethis, let F,,(n € N) beasin proof of Theorem(1.1.25)Then

Fp =U {Fy i m € N},

Where each 7, ,, isadiscrete family of closed sets. Now we set

bom = Fam U{X —UF, 1}

and rearranged;, ., (n € N,m € N)asé,(n € N). It iseasy to seethat (i)-(iii) hold. The metric
caseis smplef,r: we consder a o-discretebase V =uU {V,;:n € N}and set

b, =V, U{X — Uvn}.
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Now we proceed as follows. We choose a totally imperfect set of reds Z with |Z] =
c. Since |6,,| < c,thereis f,,: X > Rsuch that f,(X) € Z,f, \ E is constant andf,,(E) #
fa(E")foreveryE and E' € 4,,E + E' Define f:X > RN by

f(x) = {fu(x):n € N).

Then fis Borel measurable by (i). Since X is Hausdorff, (ii) implies that U{&,:n €
N} separates points and so fis one-to-one.

By the definition off, it is easy to see that for every E € U{4,,:n € N}thereisaclosed F <
RNsuchthat E = f~1(F).Now, if Y € X is second countable, then by(iii)

KE € 6, EnY + @} < x,

For every n € N so by (ii) every relatively open set in Yhas the form Y n f~1(C)for some
F, set C inRNThisshowsthat f \ YisaBorel isomorphism, concluding the proof of (a).

To prove (b) Let Abe an analytic subset of f(X)and let r,,: RN - Rdenote the n-th projection.
Then m,,(A) € Zis anaytic and by the choice of Zit follows that m,(A) is a most
enumerable. So we have

KE € 6,,:En f~1(4) # T} < x,

For every n and, by (iii), is f~1(4) second countable. Now (a) implies thatf~1(4) is Bordl
isomorphic to A and so (b) follows.

Remarks(1.1.28) [1] : The proof of Lemma(1.1.25) actualy shows that for every second
countable Y € X, f\ Y is a Borel isomorphism. in the sense that both functions f \
Y and (f \'Y) 'map open setstoF, sets.

The cardinality restrictions in Theorems(1.1.25) and (1.1.26) are necessary. Counter-examples
are those mentioned after the statement of Theorem(1.1.11) where X is considered as a discrete
metric space. However, for the special case of Theorem (1.1.25) when p = {@}, or more
generaly, if the union of any discrete (equivaently, o-discrete) family of closed sets from
p belongsto p, no restriction on Xis necessary. We indicate the necessary modification in the
proof of Theorem(1.1.26) for developable X Since F, is o-discrete,

U{F EF,.F € p} € p.

Set 4, ={F € F.F ¢ p}. Then
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X—Ul&nEgo,

And using Lemma(1.1.19) |4,,| < x,.Therest is as above.

Corollary(1.1.29)[1]: Let X be a developable space. Then (X,B(X) {d})is
perfect((X, B(X))is smooth”in Falkner’sterminology) iff Xis analytic.

Corollary(1.1.30) [1]: Let X be perfect (resp. weakly perfect) and f:X — Y be A-
measurable,where Y isdevelopable and |Y| <the least measurable cardinal (resp.|Y]| < c¢).
Then there is an anadlytic A CY suchthatX — f~1(A) € p(resp.f~(A) ¢ pif p is a
proper ideal)

Proof : SetZ € p' iff f~1(Z) € p.Then (Y, B(Y), p')is perfect(resp. weakly perfect). Hence
the result follows from Theorems (1.1.25) and (1.1.26)

For measure and category spaces we have:

Corollary(1.1.31) [1] : Let X be a developable space with |X| <theleast measurable cardinal
(resp.|X| < ¢). A probability Borel measure u on X is perfect (resp. weakly perfect) iff pisa
Radon measure (resp. there isacompact subset of Xwith posive p-measure).

Proof: If A € X isanalytic, then A is measurable with respect to any Borel measure on Xand
every Borel measure on A is a Radon measure.

Hence the result follows from Theorems (1.1.25) and (1.1.26).

Corollary (1.1.32)[1] : Let X be a complete metric space with |X| <the least measurable
cardinal (resp.|X] < ¢ ) and let p denote the ideal of meager setsin X. Then (X, B(X), p)is
perfect (resp. weakly perfect) iff X is separable(resp. there exists anonempty open separable
subset of X).

Proof: Assume that (X, B(X),p)is perfect and|X| < 1the leas measurable cardina. By
Theorem (1.1.25) there is an analyticA € X such that X — Ais meager. Then X — Ais open
meager, hence A=X. Since Ais separable, sois X. The converse is obvious since Xis now
assumed to be a Polish space(ln the mathematical discipline of general topology , a polish
space is separable completely metrizable topological space; that is, a space homeomorphic to a
complete metrie space that has a countable dense sub set . polish space are mostly studied today
because they are the primary setting for descriptive set theory , in cluding the study of Borel
equivalence relation . polish space are also a convenient setting for more a dvanced measure
theory, in particular in prolability) theory )[6].
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Now assume that (X, B(X), p)is weakly perfect and |X| < ¢ . By Theorem(1.1.26)thereis an
analytic set A € X of the second category. Since A is separable, the interior of A is a
nonempty open separable set. Again the converse is obvious since any nonempty open
separable set in X is a Polish space. We shall now present several results concerning perfect
measurable spaces when the underlying space X is K-analytic.

Lemma(1.1.33) [1] : Let X be a topological space and p a proper idea on X. Then
(X,B,(X), p) is perfect (resp. weakly perfect) iff for every continuous f: X — Y ,whereY is
separable metric, there is an analytic A € f(X) such that X — f~1(A4) € p(resp.f~1(4) ¢
»).

Proof: The implication from left to right follows by Lemma(1.1.18). In the opposite direction
it suffices to show that (b) of Theorem(1.1.14) (resp. (1.1.15)) holds. Let 4,, € B,(X)(n €
N)and A'be the o-algebra generated by the sets A4,. For every nletf,,: X - RN be a
continuous function such that  A4,, = ;7 1(B,,) for some B, € B(RY). Define

fiX - RN
By
f(x) = {fulx):n € N)

Then f is continuous and by our assumption there is an anaytic A € f(X)such that X —
f71(4) € p,(resp. f ~1(A) ¢ p)Moreover, we have

A' S fHBURYY)).

Since (RV)Nis Borel isomorphic to Rwe have (b) of Theorem(1.1.14) (resp. (1.1.15). We
recall that a Hausdorff space X is K-analytic, if there is an upper semicontinuous f from
NNinto the family of compact subsetsof X such that

X= U{f(a):a e NN},

Lemma(1.1.34)[1] : If X is K-analytic, then (X, B,(X))is smooth, hence (X,B,(X),p)is
perfect for every ideal p.

Theorem(1.1.35)]1] : Let Xbe a K-analytic regular space and p the ideal of meager sets.
Then (X, B(X), p)is perfect if f X hasaclosed comeager c.c.c. subset.
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Recall that a space Y is c.c.c. if every digoint family of open setsin Y is a most
enumerable.

Proof: Suppose(X, B(X), p)isisperfect. Set
U ={U < X:U open and meager}, V= UU

By Banach’s category theorem , V ismeager. Set Y =X —-V. Then if @+ U CY,and U is
relative open, U € p . Hence by Theorem(1.1.13) (or an easy argument using Lemma(1.1.19)),
Yisc.c.c.

Now for the converse let Ybe closed, c.c.c. and corneager. It suffices to show that
(X, B(X), p") where p' = p n p(Y),isperfect. Y isK-analytic as a closed subspace of a K-
analytic space. Hence by Lemma (1.1.35),(Y,B,(Y), p)isperfect. Thus by Lemma(1.1.22) it
suffices to show thatB(Y)isincluded inthe p’'- completion of B,(Y).

Let G be an open subset of Y. LetVbe a maxima family of non-empty pair-wise digoint
cozero subsets of G . ThenV isat most enumerable andthusV = UV € B,(X)and isdensein
by theGcomplete regularity. Hence G — V € p'and the proof is complete.

Corollary(1.1.36) [1] : Let X be either (i) aregular K-anaytic Baire space or(ii) a Cech-
complete space. Then (X, B(X), p)where pistheideal of meager sets, isperfect if f X isc.c.c.

Proof: First note that a Cech-complete space is also a Baire space. Asin Theorem(1.1.42) this
fact alone suffices to show that if (X, B(X), p)isperfect, then X isc.c.c.

For the opposite direction first suppose (i). Then Xis a closed comeager c.c.c.subset of itself.
Hence the result follows from Theorem(1.1.36).

Now suppose (ii),i.e.,, X isaGs-subset of fX, theStone-Tech compactification of X. Let p' be
theideal of meager subsetsof fX,. By Theorem(1.1.36),

(BX,B(BX), ")

is perfect. Hence since X € B(BX), (X,B(X), p'Np(X)) isperfect. But since X iscomeager
BX.p'Np(X)) = p.

The next two corollaries follow directly from Theorem(1.1.11) (resp. Theorem(1.1.13)and
Lemma(1.1.34) .
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Corollary(1.1.37) [1] : Let X bea K-analytic space and p aproper o-idea onX with aBaire
base. LetX;(i € I)be a point-finite covering of X by sets from p, where |I| <the least
measurable cardinal. Then thereissome | € I such that U{X;:i € J} does not differ from a
Baire set by aset from p.

Corollary(1.1.38) [1] : Let X be a K-anaytic space and X;(i € I)be a point-finite covering of
X by nonempty sets such that U{X;:i € J} € B,(X) forall]J<I. Then [ is a most
enumerable.

Lemma(1.1.39) [1] : EllentuckA set P < Qis completely Ramsey if f P has the property of
Baire.

Ellentuck also provesthat every meager set in() isnowhere dense. Thus Qis a Baire space.

Theorem(1.1.40)[1]: If p is the ideal of meager sets in Q, then (Q,B(Q),p) is weakly
perfect.

Proof: Let f:Q — (0,1) be a Borel measurable function. Let n, =0 and A, = N. Suppos we
have defined ng,ny,...,nx_; in Nand Ay, A4, ..., Ag_qinfinite subsets of N. Then we choose
Ay € Q(Ay_q) suth that {n,_,} < Ay and for all s € {ny,ny,...,ny}

(*) diameter of f(Q(s, 4x)) < 1/2F.
We can do this by considering a finite partition {Ty, .......T,,,} of (0,1) to intervals of length
< 1/2%. Then Lemma(1.1.39) implies that each f~1(T;)(i = 1.....m)is completely Ramsey
and A,is found easily by applying the Ramsey property finitely many times. Now we set
N, =mMin Ay.
By the above construction
nO <n1 < e <L nk < v

AyD A DDA D

And n; € Ay forallj = k. Let A={ny,n,,..}Since Q(4) & pit suffices to show that
f(Q(A4)) isanalytic.

Let Z = Q(A)endowed with the relative topology from {0,1}N, where {0,1}Nhas the usual
product topology. Observethat Z isGs in {0,1}Y, so Z x (0,1)is a Polish space. If we show
that the graph of ) £\ Z, G, (f \ Z),is closed in Z x (0,1),then f(Q(4)).being the projection
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G,.(f \ Z) to (0,1), of must be analytic. To do this, let {X;}be a sequence in Z with X; - X €
Z and f(X,) - t € (0,1).1t sufficesto show that t = f(X). X isof theform

X={nw <my <-}cA
Let e > 0 and choosel, € N such that
1/2%0 < /2 and |f(X))—t| <e/2 forall |>1,

Since X; - Xthereissome [ > [, such that

s = {Nko, Mgty -+ Mgy -1}

is the set of the first [, elements of X;.Then X andX; belonto Q(s, 4y;,) so (*) implies that
£ (X)) — F(X)] < 1/2%0. Thuswe have

lfXD) =t < IfX) = fFODI+1f () —tl <e
Therefore t = f(X).

Corollary(1.1.41) [1] :If X;(i € I) is apoint-fnite covering of Q by meager sets, then thereis
some ] € [ such that U{X;.i € J}does not have the property of Baire , hence is not
Ramsey.

Section (1.2) Related Results:

In this section we prove a result on the union problem for not necessarily perfect, or weakly
perfect, measurable spaces(Theorem 1.2.1). We assume instead that (X, A, p)satisfies a
countability condition and has a Fubini-type property defined below. We also relate the union
problem to the rectangle problem Theorem (1.2.5).

First we need some notation. If 4 is a family of subsets of X,define 4,(a < w,) as
follows.6, = &; for a« odd (resp. even) let & ,be the family of intersections (resp.unions)of at
most enumerable subfamilies of Ug<, &5 foreachZ € X x X and x € X, let Z,(resp. Z*)
be the vertical (resp. horizontal) sectionat x of Z. Asusud, m;: X x X = X(i = 1,2)denote
the first and second projection.

Definition(1.2.1) [1] : A triple (X, A, p)has the weak Fubini property if for every Zin the
product o-algebra AQA withZ, € p forall x € X and m,(Z) ¢ p, there exists some
y € m,(Z) such that Z” € p .
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Theorem(1.2.2.) [1] : Let (X, A)be ameasurable space and p a proper o-idea on X. Assume
that :

(a) there exists & € A with |4| < xy and some 0 < a < w; such that 4, is a base forp;
and

(b) (X, A, p) satisfies the weak Fubini property.

Then for every point-finite covering X;(i € I)of X with X; € pthere is some | C
I such that U{X;:i € J} & A,,.

Proof: Suppose that the theorem is fase and let X (¢ € K)be a counter example to the
theorem. Let p be minimal such that

X=U{X5:€Ep 1 & p.
Then
X.A,Nn X, pnX)
Satisfies (@) and (b) and
U{ngfeT }e A,N X
For all T € p. Thuswithout loss of generality we assumethat p = K , sothatX = Xand

U{ngfeT }ep

For al T < K. Obvioudly, we can also assumethat X € 4 and 4 is closed under finite unions
and finite intersections; so each 44 (8 < w,) has the same properties.

Forevery £ € K, let

Ye = UXn

n<é

And, by (b), choose C; € 6, N p such that Y; € C;. We set
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z=| Jaxe xco)

¢ex

And claim that
ZE(A,xbt ),
Where
A, xb={AxCA€A,Ceb }.
The claim is proved by induction on a.

Ifa =1 weset

Ac = U{XS:CQ C:YEA,

for every C € 4. Then we have

Z:U{Acxc:cur}e(cﬂprr ) .
Now assumethat 1 < a < w;andtheclamistruefor every 8,0 < 8 < a.

Case l: a iseven. We fix a sequence y,,(n € N)of ordinals less thana as follows: if « islimit,
then sup{y,,: n € N} = aandif aisnonlimit, ssya = a , + 1theny,, = a ,foral n € N.

By our assumption on &, for every ¢ € K there is a decreasing sequence C;,(n €
N) such that C:n €4, and,

Cf = ﬂ nyn.
n=0

Then

o8]

Z = U(XE x OC€,n) = D)Q((Xe X Cgn),

¢ex n=
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Where the last equality is proved as follows: if (x,y) belongsto the right side, then there are
&n € K(n € N)such that x € Xg, and y € C¢,, for alln € N.Since X:(¢ € K) is point-finte
M € N and some¢ € K such thaté, = ¢ foralln € M. Hence(x,y) € Xz X Cz,

forn € M. But C¢,, isdecreasing(x,y) € X; X C¢,, for n. The other direction is obvious.
By theinduction hypothesis, it followsthat Z € (A, X & ),.

Cae2: aisodd.

Wehavea = a, + 1. LetCs ,(n € N) be asequencein 4, such that

Cg = U ngn
n=0

Then
Z = Ugex(Xg x Uizo Ce) = Unlo Uge(Xg % Cep) € (Ap X 4 ).
Thus the proof of the claim is compl ete.

Now if x € Xand

{5 EKix € Xf} = {61162’ ""’El}’

Then itiseasy to seethat

l
j=0

ThusZ, € p forevery x € X.

Since m,(Z) =X ¢ pby (b) there is some y € X suchthatZ¥ € p. Let n € Kwithy €
X, Forevery ¢ >nwehavey € Y; € C;, hence X x {y} € X; % ;.

Therefore

UXg x{ytez,

&>n
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.6, Ugsy Xg € Z7, Since Us<, X¢ € p, this contradicts the fact that Z¥ € p, and completes
the proof of the theorem.

Corollary(1.2.3) [1] : Let (X,A,u) be a probability measure space, where A is countably
generated. Then for every point-finite covering X;(i € I) of X with u*(X;) = 0, there is some
J €1 suchthat U{X;:i € J}isnot u-measurable.

Proof: We apply Theorem (1.2.2.), whenp = {A € X:u*(A) = 0}and A is the o-agebra of
u—measurable sets. Since condition (b) of Theorem(1.2.2.) istrivially a specia case of Fubini’s
Theorem, it suffices to verify condition (a).

Since Ais countably generated, thereis f: X > R such that A = f~1(B(R)). Let f(u)be the
image measure on Rdefined by

fWB)=pu(f*(B))

for every B € B(R)and let V be a countable base for the topology of R. Since f(u) is regular
V, isabase for the idea of f(u)-measure zero sets. Thus, if we set 4 = f~1(V)then 4,isa
base for p.

Corollary(1.2.4) [1] :Let X be a separable metric space, which isnot meager in itself. Then for
every point-finite coveringX;(i € I) of X with each X;meager, thereissome/ €I such that
U{X;:i € J} does not havethe property of Baire.

Proof: Let A == B(X) and pbe the ideal of meager setsin X, so that A, isthe o-algebra

of sets with the property of Baire. Condition (b) of Theorem(1.2.2)follows from Kuratowski-
UlamTheorem, the category analogue of Fubini’s Theorem. Moreover, using the fact that
every meager set is included in an F; meager set and that X is second countable, we
conclude that condition (@) holds. Thusthe result follows from Theorem(1.2.2).

Theorem(1.2.5) [1] : Let(X, A)be a measurable space and & a point-finite covering ofXsuch
that |&| has the rectangle property. Then the following are equivaent:

(8 ThereexistsB € & such that UB & A.
(b) ThereexistsB € &, such that UB ¢ A.

Moreover, if || does not have the rectangle property the result fails.
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For afamily of sets & let &, bethefamily of all unions of elementsfrom 4 and o(#) bethe
o-algebra of sets generated by 4. Then we have the following lemma which immediately
implies Theorem(1.2.5) .

Lemma(1.2.6) [1] : (a) Let & be apoint-finite covering of aset X such that K = |4 |has the
rectangle property. Then

(*) 0(bau) = a(bq).

(b) if Kisacardina without the rectangle property, then thereis a point-finite coveringéof a
set X suchthat |X| = |#| = Kand(*) fails.

Proof: (a) Clearly, a(&4,) 2 o(4,),50 it suffices to show that
O-(ﬁ/du) -] 0(0d)Ld
& = {Ag f € K}

And define

Y ={5 € P(K x K): U (As N 4,) € o(Ba)}
(&Emes

We claim that Y hasthe following properties:

(i) If S; and S, € P(K),then S; xS, = 1.

(i) If S; € Y(@i eN), thenU;S; € V.

(iii) If S; € Yand S; 2 S;.,(i €N), thenn;S; € Y.

To prove (i)-(iii), it is enough to observe that

(A:NA4,) = UAE n UA"’

(Em)ES1%S, §€ES; NES;
(A: N A,) = U U (As N A,),
(Emeu;s; i (&mes;

And
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Anan =[] ] 04y
Emen;s; i (Emes;

Where S; areasin (i), (ii) and (iii), respectively. We prove only the inclusion ‘2’ in the last
equation; the rest is verified directly without using the point-finiteness.

Let
x=(1 ) @nap
i (§mes;

Choose (¢; ,n;) € S; such that x € Ag; N A,; By the point-finiteness of 4 the same(¢; ,7;)
occurs infinitely often and since S; is decreasing, thereis ($,n) € N;S;such that x € A; N
Ay Hence

X E U (As NA4A,).
(Emen;s;

Now, since the family of finite unions of rectangles is an agebra, it follows (i)-(iii) that
Ycontains the g-algebra generated by rectangles. But K has the rectangle property, so
Y = P(K x K). Thuswe have proved that

(Az, NAg, N ..NAg ) € a(by)
Holds for every S € K™*when n = 2. By the comments before Theorem(1.2.5) thisis proved
similarly for every finite n > 2, whilethecase n < 2 istrividl.

Finally, observe that an arbitrary member of 4,,has the form

0]

(A, N Az, N .0 Ag),
n=0 (§1,-,$n)ESn

Where S, € K™. Hence, by the above, it belongsto o(8,,).

(b) LetX = K x K and
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b ={&}xK:& e K}U{K x {n}:n € K}

Then, |X| = |#]| = K and & is point-finite. (In fact, every subfamily of  with nonempty
intersection has cardina < 2.) Moreover, (6,4,) = P(K x K) and o(#,).is the o-algebra
generated by the rectanglesin K x K. Since K does not have the rectangle property, o(64,) #
o (bau).
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Chapter 2

Metric Space and Variable Exponent Lebesgue SpaceS

We show that the maximal operator is bounded provided the variable exponent satisfies alog
H"older type estimate. This condition is known to be essentially sharp in real Euclidean space,
however, we show that thisisnot so in metric spaces.

Section(2.1) Metric Measure and Variable Exponent L ebesgue Spaces:

L ebesgue and Sobolev spaces defined on metric spaces are to-date well understood. These are
function spaces in which we replace the Euclidean space from classical analysis by a metric
space equipped with a measure (satisfying some conditions). Such spaces are natural
abstractions in many situations - consider for instance a plate joined to a block, or arod joined
to aplate (Figure 1). Neither of these domains can be adequately analyzed in Euclidean space,
since the joined plate or rod has measure zero.

‘

Figure 1. Some metric spaces

In classical Lebesgue and Sobolev theory many properties depend crucialy on the dimension
of the underlying Euclidean space.Examples include the boundedness of convolution with a
Riesz kernel and the Sobolev embedding. In general, metric measure spaces do not have a
dimension which could reasonably take the place of the Euclidean dimension in these cases.
This problem has been “dealt with” by considering spaces with a doubling measure. However,
this really gives only alower dimension; i.e., p(B(x,r)) > Cr®. Moreover, this dimension is the
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same in every part of the space, which does not correspond to the geometry of the domain. To
tackle this problem we propose that analysis on metric measure spaces should be done in
L ebesgue spaces where the exponent is allowed to vary, to reflect the non-homogeneity of the
underlying space. Then perhaps alocal uniformness condition of the kind p(B(x,r)) = r® will
suffice for many properties. Note that this condition is satisfied in the spaces shown in Figure 1.

Variable exponent Lebesgue spaces on Euclidean spaces have attracted a steadily increasing
interest over the last couple of years, but the variable exponent framework has not yet been
applied to the metric measure space setting (after the completion of this chapter T. Futamura, Y.
Mizuta and T. Shimomura have written a couple of papers o related questions. Variable
exponent spaces have been independently discovered by severa investigators .These
investigations were motivated by differential equations with non-standard coercivity conditions,
arising for instance from modeling certain fluids .For some of the latest advances.

In this article we initiate the investigation of variable exponent Lebesgue spaces on metric
spaces by considering the Hardy—L ittlewood maximal operator M (In mathematics, the Hard-
Littlewood maximal operator M is a significant non-linear operator used in real analysis and
harmonic analysis. It takes a locally integerable function f:R¢ - C and returns another
function Mf that , at each point x € R? . gives the maximum centered at that point .more
precisely ,

Mf(x) = sup,>o fB(x,r)lf(y)ldy

1
|B(x. 1)

Where B(x,r) of ball of radius r centered at x , and |E| denotes the d-dimensional Lebesgue
measure of E ¢ R% .

The averages are jointly continuous in the x and r, therefore the maximal function Mf ,
being the supremum over > 0 , is measurable . it is not obvious that Mf is finite almost
everywhere)[7]. It has proved to be a very useful tool in geometric analysis both in R™ and in
metric measure spaces. One central question is whether M maps L to LP. In metric spaces with
a doubling measure everything works as in the classical case; i.e., L” maps to itself provided p
>1. In variable exponent Lebesgue spaces on R™ the situation is a bit more precarious; L™
maps to LP” only when p(:) is sufficiently regular. Due to the efforts of L. Pick & M.
R°u“zi“cka, L. Diening, A. Nekvinda, and D. Cruz-Uribe, A. Fiorenze& C. Neugebauer, the
essentially sharp condition on p(+) is known.

We will show in this section that the condition from the Euclidean setting is sufficient but not
necessary in metric measure spaces. For the first of these results we adapt a method of L. we
show that a so-called weak type estimate of the maximal operator holds irrespective of the
variation of the exponent. This result and its proof are similar to their analogues in Euclidean
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spaces. D. Cruz-Uribe, A. Fiorenze and C. Neugebauer and A. Nekvinda have given a condition
for when the maximal operator is bounded on Lebesgue spaces defined on the whole of R™.
Unfortunately, we are not able to generalize these global results.

A metric measure space we mean atriple (X,d,1), where X isa set, disametricon Xand pisa
non-negative Borel regular outer measure on X which is finite in every bounded set. For
simplicity, we often write X instead of (X,d,u). For x € X and r > 0 we denote by B(x,r) the open
ball centered at x with radius r. We use the convention that C denotes a constant whose value
can change even between different occurrencesin achain of inequalities.

A metric measure space X or ameasure W is said to be doubling if thereisa constant C > 1 such
that

H(B(x,2r)) < Cu(B(x.r)) @

For every open ball B(x,r)cX. The constant Cin (1) is called the doubling constant of . By the
doubling property, if B(y,R) isan open ball in X, x € B(y,R) and 0 < r <R <0, then

u(B(xr)) \ ¢
WBOR) = Co (E) (2

For some Cy and Q depending only on the doubling constant. For example, in  R™ with the
L ebesgue measure (2) holds with Q equal to the dimension n.

We say that the measure (1 is lower Ahlfors Q-regular if there exists a constant C >0 such that
u(B) >C diam(B)?for every ball B ¢ X with diam B <2 diam X . We say that pt is upper Ahlfors
g-regular if there exists a constant C >0 such that pu(B) <C diam(B)“for every ball B c X with
diam B< 2diam X. The measure u is Ahlfors Q-regular if it is upper and lower Ahlfors Q-
regular; i.e, if u(B) ~ diam(B)*for every ball B = X with diam B< 2diam X.

Lemma(2.1.1) [2] : If X is a bounded doubling metric measure space, so that p(X) <« and
diam(X) < oo, then it is lower Ahlfors Q-regular.

Proof: By property (2) we obtain for every x € X and 0 < r <diam (X)

u(X) _ Q
u(B(x,m)) = C, Tam (00 r¢ =Cox"" .

We call ameasurable function p: X — [1,00) avariable exponent. For A c X
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We define pf = ess sup ,e4 p(x) andp,; = ess inf ,c4 p(x); we use the abbreviations
pt = p3% and p~ = py . For ap—measurable function u: X — R we define the modular

2o (W) =J_ u(y)P¥du(y)
and thenorm
"U"p(.) = |nf{)u >0: Qp(.)(U/)u) < 1} .

Sometimes we use the notation luly.) x when we also want to indicate in what metric space the
norm is taken. The variable exponent Lebesgue spaces on X, LP(X,d,p), consists of those p-
measurable functions u: X — R for which there exists A >0 such that gy.)(Au) <co. This spaceis
an Orlicz-Musdliak space.

It is easy to see that I-Iy.yis anorm. if Ifly.) < 1, then gy (f) < Ifly.). Moreover, if p"<oo, then
op)(fi) — Oif and only if Ifly.)— 0. H older’ s inequality (i.e., Ifgl; < Clfly, ligll,y) holdsaso
in variable exponent L ebesgue spaces, the proof being as in the Euclidean setting.

Lemma(2.1.2) [2] : The space L™(X) is a Banach space.

Proof: Let (f) be a Cauchy sequence in LP)(X). Then there is a subsequence, denoted again by
(f), such that

fiv1 = fillpy <27 3)
We set
gk Z?=1|fi+1 —fi land g = Z§O=1 |fiv1 — fil:

By (3) and the triangle inequality, we obtain Igql,.) <1 for every k. Fatou’s Lemma applied to
ORGP
(g9; ") gives

flim inf gk (x) du(x) < liminf jgk () PWdu(x) < Igkl p() <1.

In particulgr g(X) <o amost everywhere, so thi%lt

f=hi+) (o= fi)
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exists almost everywhere, and f(x) = limf;(x) amost everywhere. Now we need to prove
that f isthe LP“-limit of (f). Let £ >0. There exists N such that Ifi— fil,y < & for i,j> N. For every
m> N, Fatou’s Lemmaimplies that

Nf— Py < lim inf fifi— fPOdp < liminf Ifi— fly < &
X |—oo X |—00

and hencef € LPV(X) and If— f ) — 0 asm — oo,

In the next theorem we use the method of Kov'a'cik and R akosn’1k to show that continuous
functions are dense in variable exponent L ebesgue space.

Theorem(2.1.3)[2]: Let X be a locally compact doubling space and let p* <oo. Then continuous
functions with compact support are dense in LP(X).

Proof : Let f € LPV(X) and define

f(x); if |f(x)] <nandx e B(O,n),
fn(x) ={nsign f(x), if |f(x)] <nandx € B(O,n),
0, else where .

Then each f, is bounded and has a bounded support. By the Lebesgue Dominated Convergence
Theorem py(f — f) = 0 asn — o, and therefore aso If,—fl,.) — 0. This shows that the set of
bounded functions with bounded support is densein L"),

Let >0 and choose a bounded function g € LP(X) with bounded support such that

If —9llp) <€ (4)

By Luzin’s theorem there exists a continuous function h with compact support in X and an open
set U such that

I a 8 TJ_
pf 7)< min ¢ 1. ( )
{ 2 gl

g(X) = h(x) in X\ U, and sup |h(X)| = sup xu [g(¥)| < Igl... Hence,

oy llg — hlfe) < max {L. 2glloc Sl } pll] <1
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which implies 9-hls1 £€ Together with (4) this gives
|“|I' —h |;!_-'| ol D

The following condition has emerged as the right one to guarantee regularity of variable
exponent L ebesgue spaces in the Euclidean setting. We say that p islog-H older continuous if

i

) = ply)l € ———
[piz) = plyl| < — logdx,y), )

When d(x,y)<1/2. This condition has also been called Dini-Lipschitz, weak Lipschitz and O-
H older. Sinceit isthe limiting case of a-H older continuity, we think that the term log-H"older
isthe most descriptive one. The following lemmaillustrates the geometrical significance of log-
H"older continuous exponents.

Lemma(2.1.4) [2] : Assume that p* <o and define two conditions:

() pislog-H older continuous,
i) for all balls B c X we have u(B)pE‘pE <C.

If uis lower Ahlfors Q-regular, then (i) implies (ii). If p is upper Ahlfors gregular, then (ii)
implies (i).

Proof : Supposefirst that p islower Ahlfors Q-regular and that (i) holds.

Since pz — pp < 0, it suffices to check (ii) for balls B with radius r less than Zi By (5) we
obtain

Jll:Bwﬁ_ﬂL é I:CITM .:lpﬁ'_-ﬂﬂ é |:(]ir’: Togl1/2r) g C1

Suppose then that (ii) holds and that p is upper Ahlforsg-regular. Let x,ye X be points with
d(x,y) < 1/2 and denote B = B(x,2d(x,y)). Using the Ahlfors regularity for the first inequality and
condition (ii) for the third inequality we find that

|pix)—piy] — piai-piy]

dim, )P 2 ()T < (Cu(B)) ¢
iq

< (' max {1:#':331'“_1:'“ } |

< (1

sopislog-H"older continuous.
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Section(2.2) Strong and Weak Types Estimate with L ebesgue Points::

In this section we derive a weak type inequality of the norm of the maximal operator. This
result is obtained by adapting the method used by Cruz-Uribe, Fiorenze & Neugebauer. Their
result is stated assuming that the inverse of the variable exponent belongs to a reverse H older
class. Instead of this assumption we will assume that p* <oo. This stronger assumption is
motivated by the fact that almost nothing is known of the properties of variable exponent
L ebesgue or Sobolev spaces when p* = o0, Also our assumption allows us to simplify and
shorten their proof.

For every locally integrable function on X we set

Mienf= | Ifolldnis

S Blx.r)
and
Mf(X) = sup Mgynf.
r>0

The operator M is caled the Hardy-Littlewood maximal operator. If X is doubling, then for
every t >0 and f € L*(X) we have the weak type estimate

(e s M) > 1) <2 [ 1
bJX (6)
and for every f € LY(X), 1 < g < o0, the strong type estimate
IMfllgx < Cqllfllgx -
The constants C, and C,depend only on g and the doubling constant.

Our first god is to generaize the latter result to variable exponent Lebesgue spaces, adapting
the method of L. Thefollowing lemmais astreamlined version .

Lemma(2.2.1)[2] : Suppose that X is a bounded doubling space and that p is logH older
continuous with p* <. Let f € LPY(X,) be such that

(1 + (X)) Il < 1.

Then for every x € X we have
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[ im] [f¥)x) +

Proof : Fix x € X and let B be aball centered at x. we have If/ p g<(1 + p(X)) Ifly) < 1.
Using H"older’s inequality for the fixed exponent p g, If/ p < 1. and lemma (2.1.1)
and (2.13) we find that

. _ il -'..I"'|_g R o
(MufPet < (4 P duly) = p(B) elivs| f7
] Jg / Lt s T,
- PE P o / (v wiztiin. e s s
- J""[H,l mElpg ||_|'LI\3';,I |£f — .“'I..H:I'Hﬁ Mallipg / |"|I"|f\3”|;ﬂ.li dl“'\.:t.lll-l
Hu I

= . 7{ |_fl::ln',f.:||y:*'£"] | ld,u'u’_..yj = (.1|:,-'1b"[.l£'-r__f"‘"::l | ;::.
JH

Since the constant does not depend on the ball B, the result follows by taking the supremum
over B.

Theorem(2.2.2) [2] : Let X be a bounded doubling space. Suppose that p is log-H older
continuous with 1 < p— <p+ < oo. Then

IMflp(-) < CIfip(-). (7

Proof : Define q(x) = p(xX)/p for x € X. Since (7) is homogeneous, it suffices to assume that
Ifly < 2/(1+u(X))*and prove that IMfl,, < C. Since q is smaller than p, we find that

(1 + (X)) Mgy < (1 + p(X) Il < 1.
Thus f satisfies the assumptions of Lemma (2.2.1.)(with p replaced by @), and so

[wfu. COM{ )+ 1)

for every x e X. Sincep >1, M: L — L" isabounded operator, and we get

poa M) = M2 < e, —|1|..ﬂ)
EP(F5-+m5ﬁ“)’zc.

Since p* <o, thisimplies that IMfly., < C, which proves the claim.
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An example by L. Pick and M. R°u“zi*cka showed that log-H"older continuity of the exponent
is essentially the optimal condition for when the maximal operator is bounded on variable
exponent Lebesgue spaces defined on Euclidean spaces. The next example features a metric
space of the kind considered in the introduction. It shows that in metric spaces the maximal
function can be bounded even though the variable exponent is not log-H older continuous. In
particular, this example implies that there is still work to be done on this question in metric
Spaces.

Example(2.2.3)[2]: Let X; ={(x,0) e RZ0<x <1/4} and X, ={(x,y) € B(0,1/2):x <

0} and define (X,1) = (X1,m)U(X,,my), where m denotes the i-dimension Lebesgue measure.
The space X is shown left most in Figure 2.

— T

Figure 2. The space X and some variants

Remark(2.2.4) [2] : The space X in the previous example is essentialy the same as the right-
hand-side space in Figure 1, since X is mapped by a bilipshcitz mapping to the space in the
middle of Figure 2 and can then be extended to the third space in Figure 2 by reflection. In
particular, the maximal operator is bounded for exactly the same exponentsin all these cases.
Theorem(2.2.5)[2] :Let X and 1 be asin Example (2.2.3). We set the exponent p equal to s on
X; and to t on X, (s,;t>1). Consider the boundedness of the maximal operator from LP(X) to
itself:

@ ift>2, then M isbounded if and only if s> t;

i) ift<2ands< t/(2—t), then M is bounded;

aii) if t <2 and s> t/(2 —t), then M is not bounded.

Proof : Takef € LP(X,p). For the ball B ¢ X we find that Mgf equal's

1 ( . . ' . !

i) dimg ) 4 Flul| sl y)

7 - i . L || '..IJ i 1] l_-'lu' ) 4 Ly J _J"._Ll
myBOX  +mai BV X gy, Jgr, ° |

We suppose first that s>t and either t > 2 or s< t/(2 — t) and show that the maximal operator is
bounded. If we denote f; = fyx and f, = fyx. (xs denotes the characteristic function of the set S),
then we see that
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IMflipey < IMfillsx, + IMfollsx, + IMfllsx,

Since f € LPY(X) c L'(X), classica Lebesgue theory in metric spaces tells us that the third term
in the last expression is bounded by Clifl,,x. Since the first term lives only in X; and f; € L3(X),
we get an upper bound for it in terms of If;lsx,. Therefore we have shown that

| Mgy < CUANsx, = [l ) + M

.i:.h.|
And all that remainsisto show isthat IMf,lsx; < Clfl; xo.

The idea of the proof is that the only realy important part of the norm is the origin and its
surroundings. Therefore we can make estimates when calculating the norms that have an effect
only far from the origin, without this having alarge effect on the result.

In what follows we will denote by B(r) a ball centered at the origin with radiusr >0. For a ball
B centered on X; and intersecting X,, let B be the ball such that BN{(0,y): y € R} isadiametrica
chord. Then for x € X; and aball B centered at x we have

1 [ 1 [
Mpl = }[ o il — / fo | el <0 — - / fa dm:
. JEB ol wB) Jg . WBrAG), BN | :

S
. - | e
“min{|x| 4+, 1/4} BrXy 2| ¥

whereris the radius of B'. Therefore:

Mfalz) < |fz dmy

| 4
LR

For some suitable function r: X; — [0,1/2). For those x € X, with |x|+r(x) >1/4 this means that

Mfa(x) <4 [ifoldm, < Clfolixo,

So we need not worry about these points. For the other points we calculate

14 ¢ 1 - L&
s 1 S [ L I / | Jr: ﬂl- il IIE) FJ.I'
J |'j"' + i) Biriz)inXy , (8)

By H older’sinequdlity we have

Mfy
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. -1/
fB(T)ﬂXZ Jifaldm, < Ifal gy Xl 1l ,B(r)mszCI’z(1 1 £,1t Xo.

Using thisin (8) gives

R ST IERT 15 B ) “ i

. ! L bl
ARl e = (/ (o e “’)
0 - L
. : 14w
174 e BT —1 787 &
) : -

—F(L (W) {E..\'.) .f?'!.."{n

By considering the partial derivative with respect to r, we see that

a® 1-2/t -
a - (1_a)a_1x ifa<l
+r — 1 . !
lxl+r E lf a= 1

Where a= 2(1 — 1/t). Using this in our previous estimate gives IMfalsx < ol xo if either a> 1
(thatist>2),ora<1and

174
[1L—=2780. -
f attTEE e o
0

Thisintegral isfinite provided (1 — 2/t)s>—1; i.e,, s< t/(2 — t), which concludes the proof of (ii)
and sufficiency in (i).

If t > s, it is easy to see that the maximal operator is not bounded (consider the function
defined as |x| Z©" on X; and 0 on X,). This completes the proof of (i).

To prove (iii) we will construct a function g € LP(X) for which Mg &L(X,) for fixed t <2
and s> t/(2—t) It turns out that

. ; R 1
gla) = (Jef g1l 1) ™" X,

does the trick. We show that g € L'(Xy):

"1.'.3 11.":3 B

i ' N cr oy =3 o —3i0 s i
b= | rlrloie) Car= [ o=
Jn i DE <

For x € X;we find that
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I
x|+ w2z )

1 || _ 1 ] o Gir i1
- f gl dr > — ]( T o (7) dr.
d+dme 347 Sy '

Mglx) > f |9yl duly) > j gly) dmyly)
Biz 3z B0, [x]]

Sincer — r*?"1og ?'(1r), is convex, we find, by Jensen’sinequality, that

Using thisin the previous estimate gives

ol
| Mall? = j [(Mglz] ) da
L:.
]. “ll:l.l [ Yot L h
D / (2/2) 71 gy~ 2] de
I:-?D_'.'T__." J0 ik

Since (2-t)g't >1, thisintegral isdivergent, Mg €L%(X,), which was to be shown.

Lemma(2.2.6) [2] : Let X be a doubling space and assume that p* <. Let also  f € LPO(X)
and t >0. Suppose that B isa ball such that

f |/ w () = p(H)
B

Then there exists a constant C depending only on p such that

“ ¢ Py
plB)<C / ( f "f’“} ) dyly)
B :

Proof : We choose a sequence of simple functions (s,) with s> p g such that the sequence
(s, (x)) increases monotonically to p(x) on B. Then for each n,

kn
sy (x) z X1, jx Ay ; (%),
=1
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wherethe sets Any,...,.Ann aredigoint and U; A,j=

Using Holder’s and Y oung’s inequalities we have

1/ kg,
. |r frp 4 o ! 1 )
j : }y}l dply) = (f (ljl}ml) ffﬂ-w?) pl A )1
Ains ) An.g i
-I g o, i A
. [ (M) f#ﬂq%ﬁ
g A, . s o

Eh

l P -snLa;:] .-r;:l
i f (l.ll‘ln{'|l .'Il ) ﬁfllf.‘!..ry\l .”-I:. |ﬂ-_:j ]
Pe A, t (BPg)

.....

Adding the inequalities from 1 to k, gives

-. ) '|
j HO duly R_} (flyl) d”[w ulB)
Py 1 I_j'rH_,

Thisinequality holdsfor al n, hence the monotone convergence theorem implies that

s .'| F|" i
;L!:B;‘.-(] /iy |dm : j(ﬂi) duly) +PB|
i FB R { . Up)

Since p* <o, it follows that (p})’>1, so we are done.

Theorem(2.2.7) [2] : Let X be a doubling space and assume that p* <co. Then for all f € LP(X)
andt>0

AR 61
p{{r e X Mfiz) > t}) < lﬁf (|f[yl ) dp{y)
' x\ 9)

Proof : Letn >0 anddefine

M, fz) = sup f |fly)] duly)
Blzr) .

[
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Then the sequence M=/111 js increasing and converges to Mf(x) for every x € X. By the
monotone convergence theorem, we find for each t >0 that

iz e Xe Mf(z) > t}) = lim p{z € X: M, flz) > 1))
' B el (R 5

and therefore it suffices to prove (9) for M,, with constant independent of n.

Let t >0 and denote E = {x € X: Mf(x) > t}. Then for each x € E,thereisaball B,= B(x,r,) such
that

][ | fly)| duly) = t.
B,

By the standard covering theorem we find adigoint family F of balls B,with

En =C Yper 1(B)

Using the doubling property and Lemma (9)this implies that

Z plaB) < C‘zlurﬂl

DeXr

-|_| r.l ’ II...,I . |:':.l_.
< (7 L [ ( T} | duly) < [:-Tf (%ﬂ”) ditl )
| }' \ h

where the constant C depends on p* and the doubling constant.

A standard application of the weak type estimate is the Lebesgue point theorem. We show that
this method also work in our case, provided we know that continuous functions are dense in
LPY(X). The theorem generalizes to metric measure spaces.

Theorem(2.2.8) [2] : Let X be a locally compact doubling space and assume that p* <o . Then
for every u € IPY(X) and almost every x € X

loc

lim sup f [uly) — ulz) P duly) =0
Bier)

1]
Proof: We may assume that u € LP)(X). Otherwise we can study a function uys,, where yg is

the characterigtic function of a ball with radius r >0, and the theorem follows by the
subadditivity of the measure. We define
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Lﬂﬂ=mmm/ july) —u(z)"9 dufy)
Blarh

r—0)
For x € X we obtain

Lu() <27 limsup-f, ) [u@)POdu(y).

+20limsup-fi. ) WGP du(y)

<2P" MUPO(x) + 27" max{ Ju() L Jlu() P}

We easily see that L(u;+up)(X) < 27 Luy(X)+2°"Luy(X). Let v be continuous and note that Lvis
identically zero. Thisyields

pl{e € X Lu(z) > t})

< ({r c X Mlu—v)P(z) > HF,_*JF, })
+ ({J‘ € X: |ufz) - v(z)| > min {gpl—ll 2“% ]-})

We use the weak type estimate (6) for (u— V)™ e LY(X) or Theorem(2.2.7) to get

pl{r € X: Lulz) > t}) < C[t) f [ufy) vy du(y)
.

+u({z € X: fulz) - v(@)| > CO})

Since continuous functions are dense in LP)(X) by theorem (2.1.3) and since convergence in
norm implies convergence in measure, we can choose v € LPY(X) to make the right-hand-side
of the previous inequality arbitrarily small. Since the left-hand-side does not depend on v, it
followsthat it hasto equal zero for every t >0. Therefore, by the subadditivity of L,

0

pl{e e X: Lulz] > 0}) < Z;H:{;r € X: Lufz) > 1/i}) =0
i=1

So Lu(x) =0 almost everywhere.
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1 Chapter 3

Variable exponent Lebesgue space and Interpolation theorem

When Hardy-Littlevood maximal operator is bounded on LPO(R™) space we prove
[LPO(R™), BMO(R™) | o= LIO(R™) where q(-) = p(-)/(1 — 6) and [LPO(R™), HY(R™) | 5 =
LIO(R™)  where l/qg(:) = 0+ (1 - 6)/p(-) .

2 Section(3.1) The Characterizations of variable exponent L ebesgue spaces:

3 The Lebesgue spaces LP (R™) with variable exponent and the corresponding variable

Sobolev spaces wkPO (R™) are of interest for their applications to modelling problems in
physics, and to the study of variational integrals and partial differentia equations with
nonstandard growth condition.

Given a measurable function (1) : R® - [1, «), LPO(R™) denotes the set of measurable
functions f on R™ that for some A >0

¢ (v s M)
[('ffﬂ) dx <00

Eu

This set becomes a Banach function space when equipped with the norm

- Frlia
”fl pi-l = inf{}'- = [(M) dx I]
. P

There is interesting whether it is possible to transfer complex and real interpolation results to
variable exponent L ebesgue spaces. It was shown that Riesz—Thorin theorem (In mathematics,
Riesz-Thorin theorem , ofent referred to as the Riesz—Thorin interpolation theorem or the
Riesz-Thorin convexity theorem is a result a bout interpolation of operators. it is named after
marcel Riesz and his student G.O Lof Thorin.
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The theorem boundeds the norms of linear maps a cting between LF spaces. It is usefulness
stems from the fact that is some of thess spaces have rather smpler structure than others.
Usually that refersto L? which is a Hilbert space , or to L! and L . therefore one may prove
theorems about the more complicated cases by proving theorem in two ssimple cases and then
using the Riesz-Thorin theorem to pass from the simple cases to the complicated cases)[8].

isvalid on LPO) (Q) spaces, i.e alinear operator T which is bounded from LPiO(Q) to LPiO(Q),
j = 0,1, isaso bounded from LP90) (Q) to LP¢O) (Q). Here py(.) isde- finedusual way, 1/p6(-)
= (1= 6)/pO(:). [LPe (D), LP1OD) |, = LPeV) (), 1 < (pj)- < (pj)+<oo (below we will denote
p_ =ess inf p(:) andp, = ess sup p(:)), where [A1,A; ]6 denotes the complex interpolation
space of the Banach spaces A;and A;.

Recall that BMO(IR™) denotes the space of functions of bounded mean oscillation with the
seminorm

I i i 11 .
||f IBMO = sup o] ! Fivi— fo dy,
Where fo = 5 o /&) dx and supremum is taken over al cubesin R™.

Among the various equivalent characterizations of the Hardy space HY(R™) one of the
simplest is using a maximal function fix a function ¢ & SUR") with jéixids = 1 and define the
maximal function of adistribution f € S TR"} py

Mg fx)=sup|f x cﬁ,{_ﬂ|, xe "
=0
Then f € (R™) if Myf € L*(R™) and one can set

1l = 1Mol -

In this chapter we study complex interpolation spaces [LPO(R™),BMO(R™)], and
[LPOR™), H* (R™) |, when Hardy-Littlewood maximal operator is bounded on LPO(R™) . We
follow the approach of Frazier and Jawerth which takes advantage of the fact that, unlike

distribution spaces F%,, the sequence spaces ‘74 are quasi-Banach lattices. Hence, by
computing Calderon spaces we can deduce complex interpolation results for F+%,, , spaces.

Let B(x,r) denote the open ball in R® of radiusr and center x. By | B(x,r) | we denote
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dimensiona Lebesgue measure of B(x,r). The Hardy—Littlewood maximal operator M is
defined on locally integrable function f on R™ by the formula

1

Mf{x) =5 v dy.

fix AT f |f () dy
Bix.r

By p(R™) denote the class of al exponents p(.) with property 1<a <p(t) <b <ow;te€
R™ and define B(R™) to be the set of exponents P(.) € P(R") such that M is bounded on
LPO(RM).

Below by p’(.) we denote the conjugate exponent of p(.)(1/p(t) +1/p' (t) = 1,t € R").

In harmonic analysis a fundamental operator is the Hardy—Littlewood maximal operator M. In
many applications a crucia step has been to show that operator M is bounded on a variable
LP space. Note that many classical operators in harmonic analysis such as singular integrals,
commutators and fractional integrals are bounded on the variable Lebesgue space LPO
whenever the Hardy-Littlewood maximal operator is bounded on PO (R™) . Conditions for the
boundedness of the maximal and singular operators on spaces LPY(R™) .

Theorem(3.1.1) [3]: Let p(.) € B(R®) and 0< 6 < 1. Then
[LPO(R™), BMO(R™) |, = L1O(R™), where q(.) = %2 1)
[LPO®R™), H'(R™) |, =LIO(R"), where 1/q() = 6 + (1 - 0)/p(). (2)

For the case p(.) = congt, this is the classica result of Fefferman and Stein. Later severa
authors have extended Fefferman—Stein’s complex interpolation result in the sense of replacing
LP on left side by L*or BMO for different approaches to this result).

Proof : We can obtain results regarding complex interpolation from Theorem (3.2.1) Let
[Xo,X4]0 denote the space obtained from X, and X; by the complex interpolation method.
Suppose X and X, are Banach lattices on ameasure space Q, and let X =X, X! for some

6 € (0,1) show that [X,, X; = X5~°X{], under the hypothesis that X has Fatou property. Note

that LPO), if p(.) € L* satisfies the above property by the Lebesgue dominated convergence
theorem . Hence, we obtain

1k Y a0
|—-fp:li-}_2' ..f:x,."‘.].'.- - .rq[.'.lj,_
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Applying Theorem (3.1. 3) we obtain (31.1).

Corollary(3.1.2)[3]: Let p(.) € B(R"),0 <6 < 1andq(.) =22 . Then there exists a constant
C such that

Ifllaey < CUFILES 1 1 Bmo 3
Holdsfor all f € LPO(R™) n BMO(R™).
Note that in case P(.)= const ( 3) was shown by Chen and Zhu by using the John—Nirenberg
type inequality .
To prove (3.1.2), wefirst observe that (L5 0" = (LR p' = £ and consequently

(Jr',[fm.i\** = “',-[.:| o) = Foinz

Notealso that (£;%)" = (£i%) = £:2, and £:2, = (£:2,) (f;%)is order continuous Banach
lattices) .

According to (13) we can write

[ =t

-

(ALl = (2 ) (Y
A1 on

- {.f::ll__-':"‘-l - (-?I ,."'..b - |-;FL::'[ 1,5 -fi::l]l'.'

H};:;”_}

Applying Theorems (3.2.1), (3.1.3) and (3.1.1) we can write
LYORM) = [LPOR™) , HY(RM)],

Where 1/q'(.) = (1 - 6)/p'(.) and consequently L1O(R™) = [LPO(R™) ,H'(R™)], where
1/q() =@ -0)/p() .

Let f € LPO(R™) N BMO(R") and s = {(S‘p)Q}QeD . From (12) and (14) we obtain

— 1_9 9 < 1—9 9
Isllzg,, = s s%llze < Clisllzs” lsllzo,
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This compl etes the proof of (3) .

Many function spaces arising in harmonic analysis admit decompositions into simpler
building blocks, often called atoms or molecules,that have some additiona desirable properties.

One of the possible directions, where decomposition techniques are very useful, is the study
of a large class of general Triebel-Lizorkin spaces F%,, (homogeneous) and F“,,
(inhomogeneous), « =E. < p.g < oc which includes many well-known classical function spaces.
Inparticular, LP ~ F*,, =~ F%,, whenl<p<ow (here~ meansthat the (quas)-norms are
equivalent) and F“,, ~ HP when 0=#=1The atomic and molecular decomposition results for
homogeneous Triebel-Lizorkin spaces were first obtained by Frazier and Jawerth.

For v € z and € z" , let Q. be the dyadic cube 27V [0,1]" + k. Let D be the collection of
dyadic cubesin R™ . For acube Q let x, denotethe “lower left corner”.

The set S(R™) denotes the usual Schwartz space of rapidly decreasing complex-valued
functions and S’ (IR™) denotes the dua space of tempered distributions. We denote the Fourier
transform of ¢ by Let functions ¢,y € S(R™)  satisfy the following conditions:

I

supp@, ¥ C EeR" o <IEl<2y, (4)
and |[P@)| [Pp@)|=c>0 when : 5| = 2 , (5)
Yoez @ (277O)P(277E) =1 if £ #0. (6)

Hered (X) = p(—x). weset ¢,(X) =2V" p(2¥ x) and ¢ ,(x) =2y (2¥ x),v €z .
1
9o () =1212 ¢, (x — x4 )if Q = Q . and similarly ¢ , .
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For ¢ and ¢ satisfying ( 4) - (6) the ¢ - transform S, is the map taking each f € S(R") /
P (the space of tempered distributions modulo polynomias) to the sequence So¢f =
{Sof)g} 0ep defined by (Sof)o = (f. @g) for Q dyadic. Here < -,->denotes the usual inner

roduct on L?2(R™;C) . The inverse of ¢-transform T, is the map taking a sequence s =
P v

{so} 0ep to Tys =X Q €D°QYQ.

The starting point in the theory of discrete ¢ -transforms of Frazier and Jawerth is the
i !
representation formula for tempered distributions: 1f feSE®Y/ jD’ then

flx) = Yoeolf 9g) Po(X) |

Where the convergence of the above series, as well as the equality, isin &' (R")/P

Motivated by the classical definition of homogeneous Triebel-Lizorkin spaces, Frazier,
Jawerth and Weiss we define variable discrete homogeneous Triebel-Lizorkin spaces fzf,"(_)y2 as

follows: for P(.) € p(R™) let £,y be the collection of all complex-valued sequences S =

{so} 0 ep Suchthat

Isllzg,, = (Zoen(lso 1%0)2) Iy < 0.

Where %0 =1€1"'"*X¢ isthe L2-normalized characteristic function of Q.

Theorem (3.1.3) [3]: Suppose P(.) € B(R")  The operators S, : LPO(R") > f;%y, and Ty :
£z = LPO(R™) are bounded. Furthermore, Ty 0 S,, is the identity on. In particular

Il = || Se: 71l

.0 '
p ()2

The above norm estimate is consequence of the extrapolation theorem given by Cruz-Uribe,
Fiorenza, Martell and Perez and the weighted norm inequalities for
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7

|.."z.,
W (x) = ( > (e fPQHfQ]_)

ey
function, given by Frazier and Jawerth. We describe these results.

Under a weight we mean a non-negative, locally integrable function w. When 1 < p <« , we
sy w € A, if for every cube Q.

, 1
é owW(x)dx (IQLI fQW(x)l‘p dx)p <C<o,.

By 4,, Wwe denote the infimum over the constants on the right-hand side of the last
inequality. By F we will denote afamily of ordered pairs of non-negative, measurable functions

(f,9) We say that an inequality

[f[,l;}’"”w:{,t}d,t <C / 2w de (0= py<o0)
R R (7)

holds for any (f,g) € F and w € 4, (for someq, 1 <q < ) if it holds for any pair in F
such that the left-hand side is finite, and the constant C depends only on p, and on the constant
A :

q.w

Proof : From the assumption P(.) € B(R") we get that there exists 1 < p; < p— with

(pt)/m) € BIR"), An application of Theorem (3.1.4) and (3.1.7) with the pairs (Wf,|f]) gives
o] in

the norm estimate Is,, f1 00m = CUfL 50 provided FeCF®)  Note that Cs°(R™) is

dense in LPO(R™) and consequently this inequality is also valid for al € LPO(R™) .

Analogously we aobtain opposite direction inequality.

The extrapolation theorem given by Cruz-Uribe, Fiorenza, Martell and Perez, implies among
other things the Fefferman-Stein vector-valued inequality for variable exponent Lebesgue
Spaces.

Theorem(3.1.4) [3]: Given a family F, assume that (7) holds for some 1 < py <« , for every

weight w € Agand for all (f,g) € F . Let P(.) € p(R*)  besuchthat thereexists 1 < p; < p-,
with(p(C)/p1) € B(R"). Then
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I f Ju;[-} gc”é’ ||'-'[':|

for all (f,g) € F suchthat f € LPO(R").

Let w be anon-negative function satisfying “doubling condition” w(2Q) < CulQ), where, for
ameasurable set. £ w(E)= [, wixjdx The discrete Triebel-Lizorkin weighted sequence space
fpo(_)lz (w)is defined as the collection of all complex-valued sequences s such that

L)

Where LP(w) isweighted L ebesgue space.

¢ 12
5| e = H( E {l'*(_!m{_}}_) | = 0
i peD

Theorem(3.1.5) [3]: Suppose p € (1, ©), w € A,. The operators S,: LP(w) — fbo(.)‘zand Ty
fbo(_),2—> LP(w) are bounded. Furthermore, T,° S,istheidentity on LP(w). In

particular

f|.f(xi|“w(ﬂd.x %fW_f(_x}‘”w{.r)dX--
et Hn (8)

Theorem(3.1.6)[3]: Let p(.) € B(R") and 1 < g <. Then

Mfilla| ., <C[1filh

Theorem(3.1.7) [3]: Lete >0, p(.) € B(R") . Suppose that for each dyadic cube Q,E, € Q is
ameasurable set with 1£¢1/1€1= ¢ Then

ple),

Ll
Bl

lselel o

( Z (|“'Q|}TEQ)EJ

QD POl 9)

Where xeq = |EQ|_I"F2-:{F-';?
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Proof: SinceXE, < ¢ ‘1/2559, one direction is trivial. For the other , not that for all A >

1/A
0,Xp < ¢ ~1/4 (M 04 ,;f‘Q) , where M denotes the Hardy-Littlewood operator. Select A such
- A |-1.
)

that p-/A , 2/A > 1. Note that [ et =10t and by theorem(3.1.6) we have

) oA 21104
"{SQ}QL}“'}_ ; é E'_l":':t ( Z [:”{ jQ|EFQ)1)_l) _
pels -0eD A
. 152
= alia ( 300 i-i)l;;_-'ﬁ“.]z) " O

=T

Corollary(3.1.8) [3] : Let,p(.) € B(R") . Thens= {SQ}QED € 17 if and only if for each Q

dyadic thereisasubset Eq ¢ Q with [Ey|/|Q] > 1/2 (or any other fixed number 0<s<1
)such lthat | | |

‘f ( S _ﬁ-m%q]g) i

T

Elle W]
el

For space BMO(R") we have the following identification ||f| o = lISof1l s, Where

discrete Triebel-Lizorkin sequence space fo‘c’,‘Z is defined as the collection of all complex valued
sequences such that

lIs]|
Note also that s = {vgw] @E&lﬁb fe( Z}f’giﬁlﬂfiﬂ Pfl)ti. anly>for each Q thereis a subset Eq € Q with
dyn :II {\?( i g

|Egl/1Q] > 1/2 (or any other fixed number g < ¢ < 1) such that
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= 00

foe (10)

‘( Z (Isg f,r.,-g)z') 172

gel?

Moreover, the infimum of this expression over al such collections {E,} is equivaent to

Q€D
lIsllzo, -

For Hardy space H'(R™) we have the following identification ||f]| z: = INSAI

where is defined as the collection of all complex-valued sequences s = {so}, , such that

102

Fl s, = f( Z ( '5'§_J|E{_ii-'-']:]:) dx = oo

o QeD

Section(3.2) Calderon- Product and Interpolation Property :

Let (Q,un) be a complete o-finite measure space. By S we denote the collection of all
realvalued measurable functions on Q. A Banach subspace X in S is said to be Banach lattices
on (Q,u) if:

(Dthenorm ||f]|x isdefined for every measurable function f and f € X if and only if
@ lIflllx <o llifllx =0 ifandif f=0ae

(A if0<f <gae then|fllz <lglle;

@it 0< f, 1 f ae,then||f |lx T IIfllx (Fatou property).

A Banach lattice modelled on the discrete set is called a Banach sequence lattice (below we
assume that suppX= Q).

If X is a Banach lattice on Q, then the Kéthe duaX of X' is a Banachlattice which can
beidentified with the space of all functionals possessing an integral representation. That is, X'

= {j’e 5 sup I | Feld -:.'nc}

K] war] W

IT o
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The space X' isaBanach lattice on Q and a closed normed subspace of conjugate space X *
Recall that X isorder continuousif forany f € X and |f,,| = Oa.e.,||f,llx = O.
Note that if X isorder continuousthen E* = E' and E = (E*)'.

Suppose that X, and X, are Banach lattices on Q. If 0 < 0 < 1, the Calderon product ¥s "%} of X,
and X, isdefined to be the set of p-measurable functionsf on Q such that there exist

ve Xy with vy, <L we X|’ with [[w||x, <1 and2 > 0 such that
|f{xJ fgl|t.=[.r}|] I*.J|4,ut,r}l|'j tor 1 ae. x. (12)
We set

lullxi-0x9 = inf{A > 0:(11)hold with ||V|lx, <1l and ||w|x, <1 }

In the sequel we will need the following obviousinequality: if f € X, andg € X; then

||f]—t)'ge'1

o - -8 fl
o I Nl W

Indeed if 1 fIxylglx; #0thenforu=f/I1flx,andv =g /1glx; wehavelulx, =
Tvix, =land|f|*° 500 g2 ul *0|v|? =

We will use further also the well-known fact that

(X5 9xT) = (xp) T (x1)” (13)
s+ Theorem (32.1) [3]: Let PIIEBED0<0<landg()=15 Tpen
(~f!,rL:j:-;.T’) l_H{.ﬁEu-.:-}H = ff?l;-},'). (14)

55



_ £0 . _ £0 T
Proof: Let %0=7p28dX1=7cs guppose s X357 X{ and Il y-exe =

1. Then, there exist sequencest = {r},_ andt = {to} =~ suchthat

Irlxy <1, Itlx; <1|sp|2]rg|*0 |ty |? foradlQeD.

Let e = 3/4, then there exist sets £, < Q for each dyadic cube @ suchthat |Ey |/| Q| > 3/4 and

Dl = (Zﬂ:{lmlfﬁ.‘ﬁ)z)m“ . (15)
e (Er[:gl;‘{’an)m:w (16)

Applying Holder’s inequality with conjugate exponents 1/(1 — 6) and 1/6 we obtain
o i =f),12

142 . T
Ed 2 - - Ed "2 F 4 2
( E |[ I-"'lef:'ﬁ_.-; ] = E[ Z |[ rQl.}:f:'ﬁ_.-J ] ( E :_l'rll_)'lx.l':'.;(lj )

t s T ’ 2

Egs. (15) and (16) give

(=gl 2

¥ Ly T2 : .
/ ( > (IS'QlfaUE_.T}]‘) dx < r:f( Y rg :'{”h-g{,r_]}”) dy < C.

fr “QeD [ 0D
According to Theorem (3.1.7) we have If|» <C  and consequently
L

. 1—8 , 2 *
(Fomz) — (f22) € Fooo
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Suppose's = f;1y, . Fork € z , define

. "
e H.r =R ( Z “-‘Qﬁ'-:_a{x}}}) .t }’

el

Qu={Q@eD: [Nl =Q1/2and | QN 2u| = Q172 |

=

Notethat if €% Uz Qe thensg =0 thenweset andin this case setry = tp = 0. Other wise,
if Q € Qk for somek € z then we set

where 4, = 200 =2 g =24 A direct calculation shows that [so |[=lro | [to -

In addition, we claimthat 171 x,, ||x|| < C To prove||X|[x, < C inequality we  use
Theorem (3.1.7) withEg = Q N Q. ,Q € Ok,

'2 mahL .
E |rg|;rﬂrn dx

T,
I(Z Z [2 |?Q|}?r'_',;. “_}}z)ﬂiu.-’ldi
Er SR
< [(Z X ol 7))
Her J (\J{%}ﬁ%é{f’ et f;::[};ndu
( ZWQUM} ]

S en

To prove It Ix; < C inequality we use similar argument as above by redefining E; = Q N(
QK—l)C’ Qer )
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Hence, wehave s € X3 9x9 .

Chapter

Relatively compact sets

This chapter contains a detailed discussion of relatively compact sets in variable Lebesgue
space on the Euclidean space. Moreover, some applications of the theorems are given.

Section (4.1) Precompactnessin LP(X, o ) :

Variable exponent Lebesgue and Sobolevs paces are natural extension of classical constant
exponent LP-spaces. Such kind of theory finds many applications for example in nonlinear
el astic mechanics, electrorheological fluids or image restoration .

During the last decade Lebesgue and Sobolev spaces with variable exponent have been
intensively studied ; for instance the following Surveying .
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inequalities have been shown for variable exponent spaces on Euclidean spaces and on
Riemannian manifolds. Moreover, the other type of spaces with variable exponent has been
considered, e.g. Hardy, Campanato, Besov .

Recently , the theory of variable exponent spaces has been extended on metric measure spaces.

In this article we investigate relatively compact (precompact) sets in variable Lebesgue
space. In classica LP-spaces relatively compact sets are characterized by the celebrated Riesz—
Kolmogorov theorem .

The aim of this paper is to give achara cterization of precompact sets in variable Lebesgue
space on metric measure spaces.

Moreover,we discuss with details the case of relatively compact sets in variable Lebe sgue
space on the Euclidean space.

L et us mention some generalizations of the Riesz—Kolmogorov theorem . For instance,

contain a characterizations of precompact sets in L°(X,o,1),where (X, o,u) is a metric measure
space . Weil showed the compactness theorem in L°(G), where G is aocally compact group.
formul ated Kolmogorov theorem for p=2 | nterms of the Fourier transform.

We introduce the required norms,function spaces and recall standard results from the theory
of variable exponent spaces. We also recall basic facts about metric measure spaces there.
Characterization of relatively compact sets in variable Lebesgue space on metric measure
gpaces . Moreover, this chapter contains the characterization of strong convergence in variable
Lebesgue spaces. we discuss the case of the Euclidean space, In particular we construct
examples and counter examples.

We recall some notation and basic facts about variable exponent L ebesgue spaces. Most of the
properties of these spaces can be found in the book of Cruz-Uribe and Fiorenza and in the
monograph of Diening, Harjulehto, Hasté and Ri“zi"cka.

Let (Q,u) be a o-finite ,complete measure space. By a variable exponent we shall mean a
bounded measurable function p: Q—[1,c0). The set of variable exponents on Q we denote by
P(Q) . For Uc Q, we put

p*(U) = esssupreyP(x),  p~(U) = essinfreyP(x) .
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If U= Q, weshal write p*, p . Inthis chapter we assume that variable exponent functions are
bounded ,i.e.p*< « .

The variable exponent Lebesgue space LP(Q) consists of those y-measurable functions f :
Q— R for which semimodular

Py f) = / |f'f-'!:}|p[j":' dpi(a)
4!

Isfinite. Thisis a Banach space with respect to the following L uxemburg norm

Ifllpy = inf {2>0:pyy (L) <1}

Where fe LPY(Q). Variable Lebesgue space is a specia case of the Musielak—Orlicz spaces. If
the variable exponent p is constant, then LP(Q) is an ordinary Lebesgue space. Moreover, the
Holder inequality

Ifallray < 21F lpoaylaloo,

holds, where as usud, 1 = 4 ,1
p(x) p'(x)

Moreover LP(Q) isreflexive.

. If p >1, then the dual space to LP(Q) is LPYY(Q).

It is needed to pass between norm and semimodular very often. In general there are no
functional relation ship between norm and modular but we do have the following useful result.

Proposition (4.1.1) [4]: letfe LPY then

@) iflIf oy < Lthen pyy(f) < NIfllpo ;
@) iflIfllpoqy > 1 then ppy(f) = NIfllpo 5
@) Nfllpo@y < pp(f) +1.

Let (X,0) be a metric space, Qc X. We say that a function p: Q— R is localy log-Holder
continuouson Q, if
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C1

> — <—
E|C1 0 vx,yEQ |p(x) p()’)l = log(e+Q(;y))

Moreover, we say that exponent p satisfies log-Holder decay condition at infinity with base
point XX if

C2

I ER Ty >0 Vieq  p(x) —pol < log(e+o (xxo ))

We will say that p isglobally log-Holder continuous on Q if it islocally log-Hoélder continuous
on Q and satisfies log-Holder decay condition at infinity. Then the constant

Ciog (p) = max{Cy, C3}

Will be caled log-Holder constant related to exponent p. Subsequently, we define the set of
log-Holder continuous exponents

Piog(Q) = {p € P(Q); pis globally log — Holder continuous} .

Lemma (4.1.2) [4]: If Qc R" p € P, (Q), then there existsan exponent q € P,,,(R"),
which is an extension of p on R™ and satisfie , p_ =p_ and p, =p, . If Q isunbounded
thenalso Py, = Poo-

Let (X,0,1) be a metric measure space equipped with ametric p and the Borel regular measure
u. We assume throughout the chapter that the measure of every open nonempty set is positive
and that the measure of every bounded set is finite. Additionally, we assume that the measure u
satisfies adoubling condition. It means that, there exists a constant C, >0 such that for every
ball B(x,r),

u(B(x,2r)) < Cu(B(x,r)).

It is well known that the doubling condition implies that, there exists a positive constant D
satisfying

1 (B (X 13)) ’(:'2)5 _
—_— s < D2 here s=log,C
p(B(X11m)) — 1 w %Sus
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For al balls B(x,,r,) and B(xy,r1) withro>r; >0 and x; € B(X,r2). It follows from the above
inequality that if X is bounded, then there exists b>0 such that the following inequality holds
for r <diam X

w(B(x,r)) > br®. (1)

On the other hand, if the metric measure space equipped with a doubling measure is not
bounded, then inequality (1) does not necessarily hold.

Let @ >0. We say that ameasure pislower Ahlfors a-regular if there exists a constant ¢ such
that

cr” < u(B(x,r))

for all x € X and all positiver. Ameasure u is upper Ahlfors a-regular if there exists a constant
C such that

u(B(x,r)) < Cr”

for al x € X and al positiver. We shall call a measure u Ahlfors a-regular if it is lower and
upper Ahlfors a-regular.

It easily follows that an Ahlfors a-regular measure is doubling, but the opposite does not
hold.

We are now in apposition to recall the notion of the Hajtasz—Sobolev space with variable
exponent .

Definition(4.1.3) [4] : Let (X, o,1) be a metric measure space. We define the set of weak
gradient of afunctionu: X - R as

Diu):=1{g 2> 0 Julz) = uly)| < olz.y)(glz) +gly ) foramostal ,y € X}.

Let P e P(X,u),1 < P—< P+< . wassay that the function u belongs to the hgjlasz -
sobolev M PO (x, u) if u e LPO(x, u) andD(w)NLPO (x, ) # @. MYPO(X, 1) is a Banach
space with thenorm defined as follows

lullyrrogy = Iullroxy + infgep@llgllLroc

If f islocaly integr able and A is a measurable set then by (f), we denote the integral
average of thefunction f overtheset A4, thatis
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Fdy fdu e / - .m;]:*l :: f
A

In this chapter we study relatively compact sets in LP(X,0,1), where (X,0,1) is a metric
space equipped with doubling measure. We start our discussion with the presentation of a

Vitai convergence type theorem.

Theorem(4.1.4) [4]: Let (X, u) be a measure space and let P € P(X,u),1 < P—<
P+< oo, Assume that £, f € LPO(x, w)for any n € N. Then £, — fin LPO (X, )

n—-oo

(i)f,, — f inmeasure ;
(it) family {f,}nen is () — equi — integrable, i.e. Vosg s>0 Vacx HA)<8§ =
SUPneN fA |fn(x)|p(x) du(x) <&,

(iii) family {f,}nen decays uniformly at infinity ,i.e Ve 3Jex  Hlcp) <0 =
SUPneN fX/co |fn(x)|p(x) du(x) <e&;

Proof: We first show sufficiency of conditions (i) — (iii) . By the Riesz Theorem {f,} has a
subsequence convergent almost everywhere in (X,) to f € LY (X,) (we will use the notation
{f.} for this subsequence). We fix &0 and let Co c X, 6 >0 be taken from the assumptions.

Then, there exists C c X of finite measure such that

e 1 GIPD) du(x) < e

We put C = Cy U ", Since y(C)< «, then by the Egorov Theorem we can choose E c C
such that u(C\E) < ¢ and f, 3 f on E forn— o, where by = we denote Uniform

convergence. We have
[x 0 = FOPPu() = [ ¢\glfalX) — FEOPOdu(x) +
[z fa() = FO)PPAu) + [ \¢ [}:09 = FOIPPu() =11+ 12+ 1.

It follows from (ii) and the Fatou Lemma that
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11= [ \g Ifa(X) — fO)PXdu(x) <
20+-1 (fere Ifn@)Ip()duC) + o If (lp()du(x) )<
e+ nDa + fong PV )< 27 oo

n—oo

We conclude from f, = f on E for n— oo that also [f,(-)— f(-)") = 0on E for n— oo. Therefore,
l,< ¢ for sufficiently largen € N . Moreover, we get

13= [y \¢ Ifn(¥) — FOPPdu(3) <
2p+—16x \¢ o INOYPOYAL(X) + [\ ¢ FO)IP(X) du@< 2pte.
Finaly, we get

Ix a0 = FOOPY du () < 277+ 1,

Now, let usassumethat f,— "¢  fin LPY(X,4). We shall show that conditions (i)—(iii)
are satisfied.

(i) However, for the convenience of the reader we give the direct proof. First we show the L")
version of the Chebyshev inequality, which will be also used in the proof of the main result of
this section .

Lemma (4.1.5) [4]: forany A >0 and g € LPO (X, u) we have

g . ifo<i<l
u(fx € X:1g(x)| = A}) < AP
lgCP® |
X T u(x), ifA=1.

Proof : we have

Wlx e X9 2D = S, dut) < [ 0G0 dut)

Simple estimates compl ete the proof .
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By Lemma (4.1.5) for any fixed &0 we conclude
p{ x€ X i) = fix)] 2 et = '— f alied = [l ey 222 g
X
Therefore f,— f in measure.

(ii) Wefix e0. Sincef, —=% f in LP)(X,z), then there existsNe N such that

[ 109 = FOI PP du(x) < Zp% (2)

X

for any n> N. From now on we shall use the notation f,=f. Wefix §>0,i=0,1,..., N— 1
which

v i:O’l""’N_l vV Ac X ) .U(A) < 6i /‘|fafu::5|'hlﬁ?ci.ui:t:} . (3)

Toapy

A

Thenfor s=min{¢4:i=0,1,...N— 1} n< Nand Ac X satisfying u(A) < § we have

[a FaOPdu(x) < ¢,

while for n> N it follows from (2) and (3) that

La f QPP < 27 4 Ifa(¥) = FOAPOdu(X) + [ fO)PPdu(x) <

277 [l fn () - f&» POdu(x) + f, If ()] P® du(x)l 207 (o o)

Therefore {f,,},en are p(-)-equi-integrable.
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(iii) Wefix e0and N € rg so that (2) issatisfied for > N. Let G, c X, i=0, 1,..., N— 1, be the
sets of finite measure for which

Viz12..N-1 ,fX/Ci|fl-(x)|p(x)du(x) < 2%
For ¢ = UY-'¢; andany n< Nwe obtain
[y fi@IPPdutx) < [0 1H)IPPdux) <,

while for n> N we have

[ /e aPOdu() < 270 1 (100 = FEIPD ARG + 0 IF QPP duto))

<2 (e ) =

This compl etes the proof.

Before the presentation of the main result of this section we recall the following maximal
function theorem.

Theorem(4.1.6) [4]: Let (X,0,u) be a metric measure space with doubling measure , and
p € Ppy(X,m)and p_ > 1.Then

C

”M(f)”LP()(X,M) S _p_p__l “f“LP()(X,H) )

Where constant C depends on p (B(Xo,1)),C,, — doubling constan to f measure u and Ciqy(p) —00-
Holder constant of p.
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The above result will play an important role in the proof of the following characterization of
relatively compact setsin LPY (X, o, ).

Theorem(4.1.7) [4]: Let (X,o,1) be a metric measure space equipped with doubling measure,
P E Py (X,n)1<p_<p, <oo. Assumethat

Vr>g h(r):=inf {u(B(xr)):xe X} >0.

Then the family F < LPY (X, w) is precompact in LP” (X,) if and only if the following
conditions are satisfied:

(i) F is bounded in LPO (X, 1), i.e Iy=0 Vrer fxlf(x)lp(x)du(x) <M,

.. p(x) :
(ll) Veso EI7’0>0 v0<r<r0 erf}-" fxlf(x) - (f)B(x,r)l d:u(x) <g,;
(il) Veso Frso Ve [y pgm fOPPdpx) <e for some x, € X.

Section(4.2) Precompactness in  LPY(R®)and £%™ ! with Applications to Hajlasz—Sobolev
spaces

In this section we study relatively compact sets in LPO(R™). We shall give two different
characterizations of precompactness. Uptonow, the only known characterization of precompact
setsin LPO) (Q) for a bounded set Qc R™ was given in the chapter of Rafeiro and Bandaliev.
Asasimple corollary from Theorem (4.1.7) we get

Theorem(4.2.1) [4]: Let F c LPO (R™) and assume that p € P, (R") 1 <p_ < p, < .
We denote

() =(ety = S 9 FOIY

then the family F is precompact in LPO(R™) if and only if the following conditions are
satisfied

) F isbounded;

(i) Veso Js>0 Vin<s Vrer fRn Ifu(x) = FOOIPP < g;

(i) Veso Frso Vyer fRn/B(O,R) If () |PXdx < €.
Now, we generalize the above result on any Qc R™.
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Corollary(4.2.2) [4]: Let Qc R"be any measurable set, F c LPO(Q) p € Prog(Q) 1<
p_<p, <o, F={f =fxQ:f € F}. Let p be the log-Hélder continuous extension of p on
R™ ,existing by virtue of Lemma (4.1.7) Then the family F is precompact in LP©(Q) if and
only if the following conditions are satisfied

G F isbounded:;
M Veso 550 Vin<s Vier f]R{" /o () = F )PP dx < e

(i) Veso Ipso Yrer  Sa/pom IfGIIPPdx <e.

Proof: First we note that it is obvious that F c LPO(R™) . By theorem (4.2.1) the family F
is precompact in LPO(R™). We will show that F is precompact in LPO(Q) . We fix any
sequence {f,} € F. Then {f,} has a subsequence {f,;x} convergent in LPO(R™) to some
f c LPO(R™) . Hence, we gety(

falFucG0) = Fra@) PP < [ g 1) = FIP@dx =5 0.

k—co _
Thus , fux — fya in LPY(Q), sothefamily F isprecompact in LPO(Q) .

Now, let us assume that F is precompact in LPO(Q)). Then aso F is precompact in LPO (R™).
Indeed, for any {f,} ¢ F and subsequence {f;,.} < {f,} convergent in LPO(Q) to some
f € LPO(Q). weobtain

~ . k— oo
g V@) = Fra@IP@dx = [ ol frse(x) = f(x)IPPdx — 0

Hence, it follows from theorem (4.2.1) that F satisfies conditions (i)—(iii). We see that F
sati sfies these conditions and the proof is finished.

It iswell known that in the case of classical Lebesgue spaces the condition (ii) from theorem
(4.2.1) can bereplaced by the following one

[l FG+ B) = F)PPdx =30

So, it is natural to ask the question about similar conditions in the case of variable Lebesgue
spaces. We show the following sufficient conditions for precompactnessin LPG) (R™).
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Theorem(4.2.3) [4]: LetF < LPO(R™) and assume that p € P(R™),p, < oo. If the
following conditions are satisfied

i) F isbounded;

(i) Veso Fs>0 Vin<s Vier fﬂgn|f(x +h) — f)PPdx < ¢

(i) Veso Jrso Vrer f]R"/B(O,R) |f(x)|p(x)dx <e€.

Then the family F is precompact in LPG) (R™).

Proof : Letusfix &0, let 6 >0 and R >0 be taken from conditions (ii) and(iii). We can find a

5-covering of a ball B(O,R) consisting of separated cubes {Q;};—; _y Next, let us define an
operator

P:LPO(R™) » w = span {yQ;:i = 1,....,N} c LPO(R™)
asfollows:

PFO) =S xQi() [, FO)dy.
We easly obtain that

[ qnl ) = P(f) ()PP dx =

f If (X) = P(Pp™Wdx + 2 f 1F (%) = p(F)(x)p® dx <

N 1=10Q;
v Qr
Rn t-1
N
FpDdr+ Y [ 176 =pC) 9 dx =1, +1,
R™\B(O.R). i=1Q;

It follows from condition (iii) that 1; < &. Let us consider |,. We use the notation uo= |Q|= &".
By the Jensen inequality we get
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- i [ 1reamax=

i=1Q; i

iii f,uiQ é];(f(X) — F())dy p(

Next, we change the variables of integrationby y = x + z Sincex,y € Q; then z is contained
in the cube 2Q with side length equals to 26 and center in the origin of the coordinate system.
By the Fubini theorem and using condition (ii),we obtain

e i%@ | [1760 = G+ P dzax
29

i=1 Q;

i | f(x)—i Qf F()dy dx =

X

) N
dx < z = Qf Qf ) — FO)IP® dydx.

4

20 Qi

IA

’uiQ Zf ]}Jlf(x) _f(x + 2)| P® dxdz < ’uiQ 2MuQE = 2.
Q

Thus, we have established the inequality [ [f(x) — PF)()P® dx <(2"+ 1)e.

Lemma(4.2.4) [4]: Let (X,dy) be a metric space .Assume that for any 0 there exist 6 >0,
metric space (W, dy,) andfunction ®:X — W satisfying

(@ D[X] istotally bounded;

0 x,y € X and dy, (®(x), (y)) < b thendy(x,y) <e..

Then the space X istotally bounded.

We show that P is the map that satisfies the assumptions of Lemma(4.2.4).

(a) Using the Holder inequality we get
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Jen PP P dx =

N 1 P(x) N , .
J g ZXQi(x)‘u_Qlef(y)dy dx Sf . ZXQi(x)E”f”LP(')(Qi)lll”LP'(')(Qi) doc
=1 =1
| 2 N l P(x)
= —If Il PO gn 2(1+MQ) doc
fu’iiloi uQ fll,e (R)i=1
N P+
2N
= Jue E”f'|LP<->(Rn)z(1+MQ)+1 dx
i=1

P+

Ny

= Y o YA+ a0 +1
10 LPO(R™) £ K

Boundedness of F implies boundedness of the image P[F]. Moreover, since the space W is
finite dimensional, then P[F] is aso totally bounded.

(b) Let [IP(f) — P(g)”Lp(-)(Rn) < &. Then, we get
”f - g”Lp(-)(Rn) - "f - P(f)”Lp(-)(Rn) + ”P(f) - P(g)”Lp(-)(Rn) + ”P(g) - g”LP(-)(Rn)

1
<2(@@" + 1))+
Therefore, it follows from Lemma (4.2.4) that F is precompact in LPG (R™) .

Corollary(4.2.5) [4]: Let Q c R™ be a measurable set F < LPO(Q) and Let F  be family of
functions from F extended by O outside Q , i.eF ={f =f,q:f €F }  Assume that
p € P(Q),p, <wand put p(x) =p(x)+p_yrr/a(x). If the following conditions are
satisfied

() F isbounded;
ﬁ(x)d

(i) Veso Fss0 Vs Vier Jgelf(x+h) = f(x)| X <¢

(i) Veso Jrso Vyer fQ/B(O‘R) |f(x)|p(x)dx <Eg.

Then the family F is precompact in LPG) (Q) .
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Proof: Itisobviousthat 7 < LPO(R™) . Moreover, thefamily F isboundedin LPO(R™).
Condition (i) for F~is straight forward. It follows from (iii) that

7 (@)lp®dx = f 7 (QpWadx < &

R™\B(O,R) R™\B(O,R)

For sufficiently large R>0 and any f € F . By virtue of Theorem (4.2. 3) the family F is
precompact in LPO(R™). We shall show that dso F is precompact in LPO(Q). For this
purpose let us fix {f,} ¢ F and let {f} < {f} be a subsequence convergent to some
f € LPO(R™) in LPO (R™). The subsequence f,,;, can be chosen to converge point wise almost
everywhere, andso f isequal to 0 ae. on R™\Q . Therefore, we easily note that

PO 32350

[ o e @) = F ) o )P P i = [ ol e G + 1) = F()

k-
Hence, fur — 0 fyq in LPO(Q) and the proof is complete.

Example (4.2.6) [4]: Let Q=R,,0<A4 < B < . We consider the following family of
functions

F={f(x) =2 A<21<B}.

We show that the family satisfies the assumptions of Theorem (4.2.3) for any bounded variable
exponent p € P(Q). Let F and § be the extensions of the family F and exponent p
definedin Corollary (4.2.5) .

() Boundednessof F inLPO(Q) :

f(/l Np® dx = j (A=)p™ dx + f (A=)p™ dx <

0 {x>0:1e—Ax<1} {x>0:le—Ax<1}

foo A [ Ay + - ot BT BPTT
(A‘)p‘dx+f(/1‘)p dx = + < + < oo,

. . p— p+ p— p+
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Uniform decay of trandations; We fix h satisfying |e "~1|<1 for all A< A< B. For such h
we obtain

f IF e+ h) = F )PP dx = f [F G+ h) = F()IP®) dx +
Rn

{x<0:x+h=0}

£ (o) P9 dx + f fG+R) PPdx = Iy Ly

{x=0:x+h<0} {x<0:x+h=0}

Where 1,=0forh< 0, 15=0 for h> 0. Finaly, direct calculations show that

[00]

b= [ 1 m - ol <

max{0,h}

[00]

le* — 1| P~ f (A‘l)p(x)dxs=|e"1—l|p‘f(l"lx)p(x)dxs
0

max{0,h}
le-* — 1| P~ j (1) P& gy + j (1) P g
{x>0:e ~A* <1} {x>0:e ~A* <1}

le* — 1|7~ f(,rlx)ﬁ— dx+f(a-ﬂx)r’+ dx | <
0 0

AP— Pt _> h—0
0

~h -h
b:fvmmwwzfuwwwms
0 0
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_h —h
j ()l —Ax )p+ dx + f (A—Ax) P~ dx =
0 0

T p+t
(1 - et +

(1 — e/P- )

0 0
b [ m e de= [ emieon o g =

AP~ B h—0+
S et (e —1)—0

(iif) Uniform decay at infinity: For fixed R >0 we have

f (Ae™* )P®) dx = f (Ae=2 )P dx + f (2e™* )P® dx <
R {xzR:2e=4* <1} {x2R:Ae=4* 21}
o) . . .
(/’[e_l )p_ dx =+ (/’[e_l )p+ dx+dx :L e—/lp—R +Ap+ e_,1p+R
R R p— p +
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Example (4.2.7) [4]: Let Qc R",u(Q) <o, p,q € P(Q) and p(x) < q(x) amost

everywhere in Q. Fix s € P(Q) satisfying q(lx) + S(lx) = p(lx) amost everywhere in Q. The

Holder inequality and Proposition (4.1.1) (iii) imply that

1f1lro@) < 2Nf a0 12lls0@) < 2(2+ w@)Iflla0q) -

Let f be a bounded function with a compact support and p. <o . Then, there exists a
compact set k ¢ R™ such that sup (f(.+h)) c k for al 0< h<1. Weextendf by Oon K
\Q and we conclude

h—-0

1FC+h) = fllpoug < 2(1+ p(@QU)IFC+) L+ uiy — -

Therefore, bounded functions with compact support satisfy f(.+h) =3 £ inLPO(Q)
provided p; < oo.

We shall show a characterization of relatively compact sets £P™ in with p, < o, which is
an extension of the Fréchet theorem.

Theorem (4.2.8)[4]: Let A c £Pn} p, <oo. Then,theset A = {a'}
in P} |f and only if the following conditions are satisfied

., 1Sprecompact

(i) A isbounded , i.€ Fyso Vgic,; Yueqlab]Pr < M;

(il) Veso Ixen Vaicn Zmek+1lanlPr <e.

Proof: Assume first that conditions (i) — (ii) are satisfied. Let us fix any ¢> 0. We choose

K € N from condition (ii) for zpiﬂ .We define an operator which is a projection of an

element a' € A onitsfirst K coordinates, i.e.

We note that boundedness of A implies boundedness of P[A]. Moreover, P[A]is totally
bounded since P[A] c RX. . It follows from condition(ii) that

(00

oo
. . . &
D el = Qe+ D lail < ) e gt
n=

n=1 n=1 n=k+1
0o

o : . £
for Q',b* € A satisfying Z p|(al) n —p(a) | < Ewehave

n=1

e bl ™= fpa )y —p(s' )™ += Y lah bl
n=1 n=1

n=k+1
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> Ioa bl )77 w2 Y (bl | 5| ) <5 S
n=1 n=k+1

By virtue of Lemma (4.2.4), A. istotaly bounded and therefore precompact.

It remains to proof the converse. Assume that the family F isrelatively compact. We shall
show that conditions (i) and (ii) are satisfied.

(i) It isobvious.

(ii) We fix ¢ > 0 and we choose {a',a?,...a™}c A — anzp%— netin A.Foranyj =
1,...,m we choose k; € N satisisfy

oo}

Z |lak | p™ _2?_ Letk = max{k;:j =1,.., m}.

Nn=Ky1

For any fixed a®€ A there exists a' from the net such that

£
Zlag —ad|p™ < o7 then we have

n=1

and the proof is complete.

In this section we apply Theorem (4.1.7) to prove compact embedding of Hajtasz—Sobolev
space MMPO(X 1) into LPO(X, ).

Theorem (4.2.9) [4]: Let (X, o, u) be a compact metric space with doubling measure and
let p € Py (X, ) satisfy 1 <p_ < p, <o .Then

MIPO(X, p) oo LPOX, ).

Let us mention that the above theorem is a very specia case of the much more general
result. Nevertheless, the following proof is straight forward.

Proof: We shall show that any sequence{f,,} ¢ M*PO(X, 1) for which

dm>0 Ynen ”fn”Ml,p(-)(X,u) <M
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Has a subsequence converging strongly in LPO(X, u). Let {g,,} be a sequence of weak
gradients corresponding to {f,,} satisfying

Ven ||fn||M1,p(.)(X#) < ”fn”Lp(-)(X#) + ”fn”Lp(.)(X,u) <M

We apply theorem(4.1.7). Boundedness of {f,} in LPO(X,u) is straightforward from the
definition of the norm in M1P0) (X, i) Compactness of X implies condition (iii) of theorem
(4.1.7). It remainsto prove

lim, o [|f.(6) = (£) seery |PO)du(x) =0 uniformly withrespectn € N (4)

sup sup

Since ey llfallyiro ) <M theninparticular 11 gnll w0y <M

And from Theorem (4.1.7) we obtain

CP— Cp_
:LlépN ”M(gn)”Lp()(Xl-l) -1 ilépN ”gn”LP()(X‘u) —_1M
Instead of {f,} and {g,} we consider functions wu, = =" and its weak gradients
-
_( —_1) n .
Wn = pcp—z\f . Then wpll o,y =1 and IM(wn)ll poy,y < 1t suffices to prove

(4) for {u,,} For 0< r <1 we have

. p(x)
fX|un(x) - (un) B(x,r)| p(x)d.u(x) = fX m fB(xyr)lun(x) - un(y)l du(y) du <
p(x)

J T (x 5, jr)mn(x roMIdu®)|  du) <
. p(x)
J | tonel + sy ) Jr)|wn<y) @) )| duG) <

p(x) \‘
(B( f a0 ldu)|  duty) | <

20 + ~ipp- (ﬁwn(xn ) dux) + f
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22 + 10~ ([l () PP du(x) + [ 1M (w0,) ()] PP dp(x) )

Since [lw,|l,»0 <1 and [[M(Wy)ll;»0 < 1, then from Proposition (4.1.1) (i) and theorem
(4.1.6) we get

.I'un(x) — (uy,) B(x,r)| p(x)d/,t(x) <
X

-1 — -
2Pt TrP (”Wn“LP(-)(X“u) + “M(Wn)”LP(')(X,‘u) < 2P*yp

Therefore, theorem (4.1.7) completes the proof.
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List of symbles:

J.E . littlewood John Edens or littlewood

(r.v.m) real — Value measurable
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