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Abstract

The known examples of a nonuniquely ergodic minimal
diffeomorphism of an odd dimensional sphere are given. For every
such minimal dynamical system (S™,8) there is a Cantor minimal
system (X, a) such that the corresponding product system (X X
S" a>xB) is minimal and the resulting crossed product C*-
algebraC(X x S™) x4, Zis tracially approximately an interval

algebra. This entails classification for such C*-algebras.We study
the saturation properties of several classes of (C*-algebras.
Saturation has been shown by Farah and Hart to unify the proofs of
several properties of coronas of o-unital C*- algebras; we extend
their results by showing that some coronas of non-o-unital C*-
algebras are countably degree-1 saturated. We study C*-algebras
associated to right LCM semigroups, that is, semigroups which are
left cancellative and for which any two principal right ideals are
either disjoint or intersect in another principal right ideal. We
develop a general notion of independence for commuting group
endomorphisms. Based on this concept, we initiate the study of
irreversible algebraic dynamical systems, which can be thought of
as irreversible analogues of the dynamical systems considered by
Schmidt.
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CHAPTER 1

C*-Algebeas of Minimal Dynamical Systems of a Cantor Set and Odd
Dimensional Sphere.

The minimal Cantor system (X, «) is such that each tracial state on
C(X x S™) x4xp Z induces the same state on the Kj-group and such that the
embedding of C(S™) X Zinto C(X x S™) X4 Zpreserves the tracial state
space. This implies C(S™) > Z is TAI after tensoring with the universal
UHF algebra, which in turnshows that the C*-algebras of these examples of
minimal diffeomorphisms of odd dimensionalspheres are classified by their
tracial state spaces.
Section (1.1): Breaking the Orbit at Afibere and Existence of Minimal
Product Homeomorphisms
The classification programme for C*-algebrasaims to classify simple
separable unital nuclear C*-algebras by their Elliott invariants, an invariant
which can be assigned to any unital C*-algebras consisting of K-theory, the
tracial state space, and a map which pairs the tracial state space with theK-
group. The programme was initiated by George Elliott with his classification
of the approximately finite-dimensional (AF)C*-algebras. Helater
conjectured that all simple unital nuclear C*-algebras should be classified by
these invariants, that is, that an isomorphism of Elliott invariants should be
liftable to a*-isomorphism of C*-algebras.

It is now known that the conjecture does not hold in full generality:
various counterexamples have been constructed of nonisomorphic simple
separable  unital nuclear C*-algebras  which  nevertheless are
indistinguishable at the level of their Elliott invariants. A short explanation
of the failure of the conjecture can be attributed to the construction of the
Jiang-Su algebraZ by Xinhui Jiangand Hongbing Su .The Jiang-Su algebra
is a simple separable unital nuclear C*-algebras with no nontrivial
projections that is infinite-dimensional yet has the same Elliott invariant as C
The conjecture thenpredictsthat for any C*-algebra A which falls within the
scope of the programme we should have that A is Z-stable, that is,A =
A®Z .Counterexamples thus far produced all show failure of Z-stability.

The study of C*-algebras has long been influenced by the subject of
dynamical systems. The case where (X, ) is a minimal dynamical system is
of particular interest to the classification programme for C*-algebras, as the
crossed product C(X) x, Z is an elegant example of a simple nuclear C*-
algebra. In the case of a minimal homeomorphism of a Cantor set, one has

7



the striking classification result of Ian Putnam, Thierry Giordano and
Christian Skau which shows anisomorphism ofK-theory of the associated
C*-algebras implies the existence of a *-isomorphism of the C*-algebras
themselves. Moreover, in this setting, isomorphisms of K-theoryhence also
x-isomorphisms of C*-algebras imply topological strong orbit equivalence of
the underlying dynamical systems.

For spaces of higher dimension, classification becomes more
complicated. While many of the techniques used to tackle the examples
coming from Cantor systems can be generalized to an arbitrary infinite
compact metrizable space X, the fact that X is no longer completely
disconnected means that there are not necessarily many projections in the
C*-algebra. Nevertheless, substantial progress has been made in this more
general setting. A particularly wide-reaching result follows from the work of
Andrew Toms and Wilhelm Winter (which uses a special case of a more
general theorem found), where they give classification for the class of C*-
algebrasof minimal dynamical systems (X, a) of infinite finitedimensional
metric spaces under the additional assumption that projections in the C*-
algebras separate their tracial states.

The correspondence between tracial states on C(X) i, Zand a-invariant
Borel probability measures on X means that the class covered by Toms and
Winter’s classification includes those C*-algebras associated to uniquely
ergodic minimal dynamical systems. However, notable examples of
nonuniquely ergodic minimal dynamical systems have been constructed, and
moreover, the resulting C*-algebras need not have projections separating
tracial states. Perhaps the most famous such examples come from minimal
diffeomorphisms of n-spheres, with n > 3 odd. Albert Fathi and Michael
Herman give an argument that proves the existence of uniquely ergodic
diffeomorphisms of S™. Generalizing this result (based on the so-called “fast
approximationconjugation”technique of Dmitri Anosov and Anatole Katok),
Alistair Windsor shows that one can construct a minimal diffeomorphism
on S™ with any prescribed number (finite, countable or continuum) of
ergodic measures . In all these cases, Alain Connes shows that the resulting
C*-algebras have no nontrivial projections. Thus as soon as one has more
than one ergodic measure the associated C*-algebras lie beyond current
classification results. Previous classification techniques for the C*-algebras
of minimal dynamical systems have used a large C*-subalgebra, originally
introduced by lan Putnam, which, in a sense, breaks the orbit of the
homeomorphism at a single point in the underlying space. Let (X,a) be a
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minimal dynamical system and u the canonical unitary implementing o in
the C*-algebras C(X) %, Z. For any point x € X one defines a C*-
subalgebraC*(C(X),u Co(X \ {x})) c C(X) %, Z(that is, the C*-
subalgebra generated by C(X) andu Cy(X \ {x}))This subalgebra retains a
lot of information about C(X) >, Zwhile having a significantly more
tractable structure.

In the case of the minimal Cantor systems, these subalgebras turn out to
be AF algebras. More generallN. Christopher Phillips and Qing Lin show
that for arbitrary minimal dynamical systems of infinite compact metrizable
spaces these subalgebras can be written as inductive limits of so-called
recursive subhomogeneous (RSH) subalgebras. In the case where projections
separate tracial states, then after tensoringC*-C(X), uCo(X \ {x}))with the
universal UHF algebraQ, they are moreover tracially approximately finite-
dimensional (TAF), as defined by Huaxin Lin . This is then shown to pass to
C(X) x, Zand entails classificatio.Unfortunately, this technique is so far
insufficient in the case of the odd dimensional spheres. For these examples,
the invariant suggests that they should be tracially approximately interval
algebras (TAI) after tensoring with Q. Using the results of [1] and Winter, it
would be enough to show that the largeC*-subalgebra is TAI after tensoring
with @, as this would then pass to the whole C*-algebra. However, at
present, showing that an approximately RSH algebra is TAl after tensoring
with @ requires certain restrictions which are unlikely to be satisfied in this
case.Let (S™,B) be a minimal dynamical system as constructed by
Windsor.In this section, instead of tensoring our C*algebra with a UHF
algebra, we consider the related dynamical system given by the product
action with a minimal Cantor set.For a minimal system (S™, ), we show
that we can find a minimal Cantor system (X, a)such that (X x S™ a x B)
is also minimal. Instead of considering the large subalgebra given by
breaking the orbit of « % f at a point, we break the action at a fibre
{x} x S™. This subalgebra is TAl and we show this implies the C*-algebra
C(X x S™) Xgxp Z is also TAI Since the subalgebra breaks the orbit at a
fibre, most of the difficult work, such a Berg’s technique, takes place within
the setting of the Cantor minimal system (X, «). In this way, after taking the
product with the Cantor system, the crossed product is easier to handle. This
entails classification of these product systems. The structure of the
arguments given are mostly based on the results of Huaxin Lin and Hiroki
Matui’s work on crossed products of minimal dynamical systems on
(X x T) as well as the work of H. Lin and Phillips on orbit-breaking
subalgebras



Furthermore, we are able to ensure that the embedding
C(S™) xp Z & C(X % S™) X5 Zpreserves the tracial state space and that
each tracial state T(C(X % S™) Xgxp Z )induces the same state on
Ko(C(X x S™) x4xp Z). It then follows fromthat (C(S™) x5 Z)®Qis in fact
TAI. This implies classification, by tracial state spaces, for the C*-algebras
of minimal diffeomorphisms of odd dimensional spheres constructed. That
this should be true was conjectured by Phillips. Finally, we provide some
discussion about how these results might be extended from minimal
dynamical systems (S™, 8) to more general systems (Y, 3).

A- Let (X,a) be a Cantor dynamical system and C(X) %, Zthe
associated C*-algebra with canonical unitary u. A Kakutani—-Rokhlin
partition is a family of nonempty clopen subsets of X, index by a finite
subset V , denoted

P={X(vk)|veVl<k< hWw)}
satisfying the following:

(i) P partitions X,
(i) foreveryv € Vandk = 12,...,h(v)-1
we havea(X(v,k)) = X(v,k + 1). The clopen subset
R(P) := Uyey X(v, h(v)) is called the roof set of P.
If Y € Xthen, for the construction), we may find a sequence (Py) ey Of
Kakutani—Rokhlin partitions, P, = {X(k,v,j)|v € V,,j =
1, ..., hi(v)}where the union generates the topology of X and such that the
roof sets R(P,,) are nested decreasing clopen sets shrinking to the singleton
{Y}. Such a partition is used to show that C*- (C(X), uCy(X {y})) =
lim_, A,

Where the A, are AFalgebras given by

A = Opey, Mp, () (CXi vh, (1))

B-In what follows, n will always be an odd number with n > 3. Let

a: X - Xandp: S™ - S™ be homeomorphisms and consider the
product homeomorphisma x f: X x S*™ - X x S™"given by

a x BxY) = (alx), B(Y)).

We will denote
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A=CHX x S"Xgxp L.

Let u denote the canonical unitary implementing a % (3, that is,
theunitary u satisfying ufu* = f o (a x B)~! for every

f € ¢(X x S™). Note that we have canonical embeddings
C(X) x, Zo A
And
C(S™) g Z 5 A
C- For a clopen subsetY < X, we denote
Ay = C*(C(X xS™),uCy((X\Y) x S™).

Proposition(1.1.1)[1]:Let Y € X. Then Agyis an inductive limit of AH
algebras with no dimension growth.

Proof:
The after replacing T with S™.For every k € N, let
Pk = {X(k’v’]) IU € V] ] = 1""’hk(v)}’

be Kakutani-Rokhlin partitions corresponding to the minimal Cantor
system (X, a) such that the roof sets

R(P) =Uyey X(k, v, hie(v))

shrink to the singleton { Y} and the union of P, generate the topology on X.
Let

A, = C(CX xXS™),uCy((X\R(P,)) x S™)).
Since the roof sets shrink to {U}, we have
A{y} - llm_> Ak-
It is

(Fe,v)
Lj

Fori,j € {1,..., hy(v)}define eV — L i-j1

i,j X (kv jyxsn”
straightforward to check that by the choice of the partition, each e €
Ay.. One checks that the ei(f;’”) satisfy the relations of matrix units, theC"-
subalgebra C*(ef’j’”) AU Lsn) If lxewy € € = My, )

11



is finite-dimensional. Furthermore,

Py (K , hio .
Dvev, D10 ey Areli " = By, ®;5 C(X(k,v,j) x ™),

j=1 i,i i,i

hence Ay is a direct sum of homogeneous C*-algebras with topological
dimensional most n whence Ay = lim_, Ay is an AH algebra with no
dimension growth.

Proposition(1.1.2)[1]: Suppose thata : X — Xand g : S™ — S™are
minimal homeomorphisms. Then the K-theory of A is given by

Ki(A) = Z@® Ko(C(X) % ,I)
fori =0andi = 1, where
Ko(C(X) % oZ) = C(X,Z)/{f —f ca"'|f € C(X,Z)}.
Proof:
By the Kinneth Theorem for tensor products, we have
Ko(C(X xS™M))=C(X,Z),Ki(C(X xS™)) = C(X,Z).
Since nis odd and 8 : S™ — S™has no fixed points, its degree is

deg(B) = (—1)**1 = 1 thus B is homotopic to the identity map by the
Hopf Theorem. It follows that the homeomorphism a x g induces the map

a;on the K;(C(X xS™)) given by a;(f) = foaforf € C(X,Z). The
Pimsner—\Voiculescu six term exact sequence is

cx.7) S5 e(x, 7) 3 K,y (4)

K, (4) < C(X,Z) " C(X,Z)

12



Let f € ker(id — «a;), wherei = 0or 1. Then f(x) = f o a(x) for all x € X.
Since a is minimal, this implies that f is constant, thus ker(id — a;) = Z. We
also have C(X,Z)/{f —foa™'|f € C(X,Z)}) = coker(id — ;). Since
Z = ker(id—a;,,) is free abelian ,K;(A) =coker(id—a;) @ ker(id—a;,,),
that is,

Ki(A) =Z @ Ko(C(X) %, Z)
fori=0andi=1.

We now restrict to the case that a > £ is a minimal homeomorphism.
Starting with a minimal homeomorphism g : S™ — S™ it is not necessarily
the case that the product & < B will be minimal, even if a is itself a minimal
homeomorphism. The next result establishes that such an « indeed exists and
moreover can be chosen to be uniquely ergodic. The fact that an odometer
system would suffice was suggested by Taylor Hines, who, at the same time
as the writing of following proposition, also provided the author with a very
similar proof. This result is probably known, but we couldn’t find a
reference so include the proof here.

A. Recall that an odometer is a minimal Cantor system defined as
follows: Let (m;);eny be a sequence such that 2 > m; divides
m; ., Then there are homomorphisms Z/m;,; — Z/m; given by
congruence modulo mi and the resulting inverse limitlim_Z / m; is a
Cantor set. The odometer action is given by a(x) = x +1; it is
minimal and equicontinuous. A minimal dynamical system (Y,y) is
called totally minimal if y* : Y — Y is minimal for everyk € N. If
B : S™— S™is minimal, then it is totally minimal. This follows from
the fact that for any minimal dynamical system (Y,y) and any k, there
is a partition of Y into mutually disjoint clopen minimal y* —invariant
subsets . Since S™is connected, this implies there is only one
nonempty S¥-invariant subset, namelyS™.

Proposition(1.1.3)[1]:Let g : S™ — S™ be a minimal homeomorphism.
Then there is a uniquely ergodic minimal homeomorphism « : X — X such
that the homeomorphisma x g : X x S™ - X x S™ is minimal.

Proof:

13



We show that Bis disjoint from any odometer, that is, for any odometer
system (X,a) the product system (X xS™ axB) is minimal. Let
(limZ /m;,a), m; € N, m; divides m;, 4, € N, be an odometer system.
Set a metric d onX x S™and let dy and dgn be the restrictions to X and S",
respectively. Suppose (x,,Y,) € X x S™. We will show that the orbit of
(x0,Yp) 1s dense in X x S™ Let e> 0 and (x,Y) € X xY . Since a is
equicontinuous, there is a & > 0such that dx(x'y,Xe) < dimplies
dy(a™x'y ,a™xy) < e/2for everym € N. Take j sufficiently large to find
elements x'y,x" € Z/m; such that dy(xg,x'g) <& and dy(x,x") < e/2.
Since Z/m; is finite, there is ak € Zsuch that ak(x'y) =x'. Since B™ is
minimal, there is [ € Nsuch that

dsn(B™ (B*(Yo)). Y) < e.

Then we have

@ (@ x BYmHGo, Yo), (6 YD) < d (@™ Gxp). B T(Yo)) (1, V)

= max{dy(a"**(x'y) ,x) + 0,0}
= max{dX(dy(a'™(x'),x") + €€} =¢€.

Proposition (1.1.4) [1]:LetY € Xand letax g : X xS™ - X xS" be
minimal. ThenAgqissimple.

Proof:

For a straightforward direct proof, one may proceed after replacing each
instance of X with X x S™ andU < XwithU x S™. Alternatively, the result
follow by regarding A as groupoidC*-algebra generated by the orbit
equivalence relation,Agyy the groupoid C*-algebra generated by a dense
subequivalence relation and applying .

Proposition (1.1.5)[1]:Let ax B : X xS™* - X xS™ be a minimal
homeomorphism where(X, a)is an odometer system. Then every tracial state
T € T(A) comes from the product of the unique tracial state 7, €
T(C(X) X, Z)and atracial state ; € T(C(S™) >z Z).

Proof:

It is obvious thatty @ 7,(f o (@ x B)™1) = 1, ® t,(f) for every
fecX x S"), sothat T, @ t; € T(A), but we need to show that every
tracial state must be of this form. Since tracial states correspond to (a % f)-

14



invariant probability measures, it suffices to show that every such measure
on X x S™ comes from a product measure. Let p be an (a x B) —invariant
Borel probability measure onX x S™. Define p, and p, by po(B) = w(B X
S™) for every Borel set B c X and p,(B) = (X x B)for every Borel set
B c S™ Then p, and p, are Borel probability measures on X and S™
respectively. It is easy to see thatu,is a-invariant and that p; is B-invariant.
Consider the measure-preserving dynamical systems
(X, 10 ), (8™ py)and (X x S™ ). Since B is totally minimal and (X, @) is
an odometer, it follows from that(X,p,) and(S™, p,) are disjoint as
measurable dynamical systems, that is, u = pgy % y;.

Proposition(1.1.6)[1]:Let axB: X xS*" - X xS"™ be a minimal
homeomorphism where (X,a) is an odometer system. Then K,(C(X %
SMYHXaxpg LY =L D CX,Z)/{f — f o a1} has the strictordering from the
second coordinate and every tracial state t € T(C(C(X %X S™) Xgxp Z)
induces the same state onKy(C(X % S™) Xgxp Z).

Proof.

Since dim(X) = Oit follows that H*(X,Z) = 0. Since H'(S",Z) =0as
well, from the Ku'nneth Theorem we get H(S™ Z) = 0. In this case, to
determine the range of a state t*induced by any tracial state T € T(A) it is
enough to determine the range of t*on K,(C(X %< S™). By the previous
proposition, every T € T(A) is of the formzy @ tsn Where Ty is the unique
a —invariant tracial state on C(X) andtsn is a B —invariant tracial state on
C(S™). By,the range of any (zsn).is Z and any two t¢n,7’sn are homotopic
via the map t » [(1 —t)Tgn + tT'sn],. Thus the range of 7, & tgnis
Tx (Ko (C(X % Z))) =tx(Ky(C(X))and since the order of K,(4) is
determined by the states (for example, since A is Z -stable) it follows that the
order on K,(A)is determined by the second coordinate. Finally, for any two
Tgn,T gn, We clearly have t'¢n @ T4n homotopic to T4 @ 7'snby the above. It
follows that (ty ® 7)., = (tx & T'sn)..

Proposition (1.1.7) [1]:Let a x B : X x S™ > X x S™ be a minimal
product homeomorphism. Let Y € Xand let u denote the canonical unitary
iNA = C(X x S™) Xyxp Z. Then every tracial statet € T(Agy;satisfies

©(f o (@ x B)™) = (f)

For everyf € C(X x S™).In particular, the map t — T ot is a bijection
between T(4) and T'(Agyy).
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Proof.
The proof is the same as the proof upon replacingTwith S™.

In this section, we will show that the C*-algebras of the
homeomorphisms of S™constructed by Windsor can be embedded into a
simple unitaltracially approximately interval algebra in a trace-preserving
way. Let us briefly recall the definition for tracially approximatelyS, where S
Is a given class of unital algebras.

Section (1.2):Tracia | States and Main Results

Definition(1.2.1) [1]:Let S denote a class of separable unital C*-
algebras. LetA be a simple unital C*-algebra. Then A is tracially
approximately S (or TAS) if the following holds. For every finite subset
Fc A, everye > 0, and every nonzero positive element ¢ € A, there exist a
projection p € A and a unital C*-subalgebraB c pAp withl; = pand B €
S such that:

(i) |lpa — ap|| <eforalla € F,

(i)  dist(pap,B) <eforalla € F,

(iiiy 1, — pis Murray—von Neumann equivalent to a projection in cAc.
The C*-algebra B is in the class | of interval algebras if it is of the
form

N
B= (X)ce) @M,

n=1

for some N € N\ {0}, where X,, = [0,1] or X,is a single point, and
1, € N\{0},0<n <N.

We now restrict to the case of homeomorphisms g : S™ — S™ that can
be written as the limit of a sequence (T;);cx0f homeomorphisms such that
T;: S™ — S™has period M;, each M;divides M, ,, and

sup tesn B (L) — Tij(t)| - 0asi— oo.
j=1,..M;

In particular, this holds for the nonuniquely ergodic homeomorphisms
constructed by Windsor.
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Lemma (1.2.2)[1]:There is an odometer system (X, ) such that the
following holds: For any Y € X, anye > 0, any N, € R,, and any pair of
finite sets Fx € C(X),Fsn c C(S™) thereare M > N, e NandY € Uc X a
clopen subset and a partial isometryW € Agpsuch that

(i) a M),...,a”Y(U),U,a(U),...,a™(U) are pairwise disjoint

(i) w'w = lyxgn and ww * = 1 yyxsn,

(i)  |wa — aw| <e for everya €{f ® 1lin|f e Fx}U{ly ®
flf €Fgn}

Proof.

By the assumption on f, we have a sequence (M;);cy € N with
M;dividing M;,,and corresponding periodic homeomorphisms T/ : S™ >
S™ with period M;,j € N.Let (X, ) be the odometer system corresponding
to the sequence (M;);en (Which exists since M;dividesM; ;. In this case, we
may write a particular elementx € X =lims Z /Mjasx = (xj)jen C
[1jenZ/M; such that x;,.; = x; mod M;. LetY = (Y;)jen € X.

Following the construction at the beginning, we can find an
approximation of A; ¢ Agby choosing increasingly fine Kakutani-Rokhlin
partitions in X, as. In this case, the roof sets Z; c Xare given by the cylinder
setsZ; ={x € X | x; = Y;,0 < j < i} and the single first return time to Z; is
M;. The matrix units from are then given by e,; = u "'l 1, yuon k1 =
1,...,M;.

By assumption on 8 there is a strictly decreasing sequence of positive
numbers (g;);enwithe; — 0, such that for every t e S™we have
dsn(BMi(t),t) < e;for every t € S™, or correspondingly, we have that
den(BMi(B~Mi(t)), BMi(t)) <¢; for every pMi(t)e S™. Lets§ >0 be
sufficiently small so that dy (x,x") < & implies |f(x) — f(x")| €/4 for every
x,x' € Xand everyf € Fy. By the assumptions on B as a limit of periodic
homeomorphisms together with the choice of the odometer (X, «), by going
sufficiently far out in the sequences of periods {M;};cn, We can find M > N,
such that

)
dX(aM(y)’y) < Za

and so thatdgn(t, B~™) is sufficiently small to have

17



€
If o™~ fll <5
for everyf € Fgn.

By continuity of a™there is a clopen set U c X containing y of the form
{xeX|x; = Y;,0 < j < k}for some k € N such that dx(a™(x),x) <
5/2

for every x € U. Shrinking U if necessary, we may furthermore assume
that U, a(U),..., a™(U)are pairwise disjoint anddy (x,x") < 6/4 for every
x,x' € Uand x,x’ € a™(U).

Again by our assumptions on S, as remarked above, for sufficiently
large i we may arrange dgn (t, fMi(t)) is sufficently small so that

If o 7™ o pMi—fop™| =
SUPegn |f @ B 0 BMi(t) = f o B7M(2)] < €/2

for every f € Fg¢n. By increasing i if necessary, we may also arrange
that the roof set of the i*" Kakutani-Rokhlin partition Z; < U.Analogously,

definew; € Agy3by
M;
wy = em; t+ zek,k—l
k=2

= Lowyxsn(Lazyxsnu' ™M + ulxzyxsny.

Note thatw;w; = 1yxgn andwywy = lypyxsn.
Also, for f € Fgn, we have

wi(ly @ f)ws = 1gzy @ fo B o fMit+ Lyungy @ fo B71
For2 < m < M, define wy, € Agpby wy, = ulym-1(yyxsn.
Putw = wywp_q = wy.
Then it is easy to check that w*w = 1yxgn andww™ = 1, myyxsn.
Forf € C(S™) we have
w(ly @ f)W* = Lymezy @ fo ™o BMi+ 1omiyuzy ® f o B,
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sofor f € Fgn,

Iw(1x®f) — (Ik®fIwl = ”W(1U®f)W* - 1aM(U)® f”
=|lf o B —fll+e/2 <e

Now letf € Fx.Then|f (x) — f(x")| < e/4for everyx,x' € Z; by choice
of U. Thus, since Z; is clopen in X, we can approximate fby f € C(X)which
is constant onZ;, equal to f onX\Z; and satisfies ||f—f| <e/4.
Furthermore, since d(a™(x),x) < §/2 for everyx € U and both U and
a™(U) have width less than 8/4, we may assume that ||fly — flam| <

e/2. Since fis constant on Z; we havew, fw; = f o a~tand therefore,

Iwf & 1sn — f @ Lsnw||
= |Wf ® Lon — F ® Lgnw| + /2
= ”Wflu Q lgnw™ — flaM(U) 02 15"” +€/2
<||f o a™1gmeyy = flamqu)l| + €/2
< |Iflv _fIaM(U)” tel2<e.

Lemma(1.2.3) [1]: Let B : S™ — S™ be as above. There is an odometer
system (X, a)such that the following holds:

Let Y € X. Then, for any finite subsetF ¢ A = C(X % S™) Xgxp Z and
any € > 0, there is a projection p in Agsuch that

(i) lpa — ap|| < efor all a € F
(i) dist(pap,pA{y}p) < ¢ foralla € F,
(iii) (1, — p) < eforallt € T(A4).

Proof:-

Let e > 0. We may assume F is of the form F = G U {u} whereG :=
Gy U Ggnand Gy, Genare finite subsets of C(X)! and €(S™)?! respectively.

Let M, € N such that n/(2M,) < e/4.By Lemma (1.2.4) applied to e/
4,M, + 1land the ﬁnitesubsetsU%‘;Oumgxu‘manduﬁioumgsnu‘m, we

find M € Nwith M > M, + 1 and a clopen set U c X containing y such
that

a Mo(U), aMot1(V),..., U, a(U),...,a(U)
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are all disjoint, and a partial isometryw € Ay satisfyingw™w =
Lyxsn := qoandww* = 1 m(yyesn: = qu, and|lwf - fw|| <§ for
allf € Upe, ukgu*.
LetR > (M + M, + 1)/min(1,¢).
Shrinking U if necessary, we may may assume that
a Mo (U), aMot1(V),..., U, a(U),...,a®(U)

are pairwise disjoint. To apply Berg’s technique, we only need the sets
a(U) for — My < m < M, however we require R to be larger in order
to satisfy property (iii) of the lemma.

Define projections qp, = lgmyxsn = u™qou™™. This gives us
pairwise orthogonal projections in A{Y} for which conjugation by u is the
shift. We now perform Berg’s technique to splice along the pairs of indices
(—My, M — My), (—My + 1L, M — (My — 1)),...,(0,M)to obtain a loop of
length M where conjugation by u is approximately the cyclic shift. For t €
R, define

v(t) = cos(rt/2)(qy + qy) +sin(Tt/2)(w — w*),

which has matrix representation given by
it Tt
cos (?) —Sin (?)
[t it '
() el

For each t € R, is a unitary in the corner(qo + qu)Agy3(q0 + gM). For
0 < k < M, define

v(t) =

wy, = u *v(k/My)u*.

Each wy € Ay for0 < k < My.The proof of this is the same.
Estimating the matrix entries we get

1w ((k + 1)/Mg) — v(k/ M)
< 2|cos(nm(k + 1)/2M,) — cos(mk/2M,)| + 2|sin(m(k
+ 1)/2M,) — sin(tk/2M,)|
= 2n/2My|sin(&,)| + 2n/2My|cos(&,)|, for some &, &,
E(kk+1) < 2n/M, <€e/2.
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From this it follows that
luwgu®™ —will < | v((k + 1)/My) — v(k/M)|l < €/2.

ForO <m < M — Mydefine e,;, = q,,and for M — M, < m < M define
projections

em — WM—mq—(M—m)Wl\tI—m'
It is straightforward to check that the two definitions agree for ey _p,
and that e, = ey.Forl <m <M — M, conjugatinge,,_,by u gives
uem—lu* = uQm—lu* = Qm = em
and for conjugation of e,,we have
ueyu* = ueyut = uqout = q; = e;.
WhenM — My, <m < Mwe have
lue,—1u™ — enll

= ”uWM—(m—1)q—(M—(m—1))WJD—(m—1)u*

- WM—mCI—(M—m)WI\tI—m”

= ||uWM—(m—1)u*CI—(M—m)uW;1—(m—1)u*

- WM—mCI—(M—m)WIT/I—m |
< [y gnosyt’ = Wil + [y syt = Warcml

= 2||uw,\*,,_(m_1) u—wi_n| <e

Hence conjugation of thee,, by u is approximately a cyclic shift. By the
definition of e,, 1 <m <M, it is clear that each e, € Ay Set e =

M L enandp =1—e.
Then p is a projection in Ag.

We now show that p satisfies (i) — (iii)with respect to the set F. We
have

M
lp —upu*|| = HZ ue,_1uU" — ey
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The terms in the sum are pairwise orthogonal and have norm less than €,
hence|lp — upu®|| < €, proving (i) for u. Also, we have p <1 —¢q,=1—
1y € Agyysothat pup € Agyy, showing (ii) foru.

For f € Gwe have ||wu*fu™ — u*fu*w|| < e/4 and therefore
Wi f = fwell = ‘ukv (i) uTvf — fukv (i) u_kkH
! ! 7 My
= ||sin(mk/ (2My))(w — w*)uk fuk
—u Tk fuksin(mk/(2My))(w — wH)|

= 2||lwukfuk — uFfukw|| < g

Thus

M
”pf_ fp” = HZ (WM—mCI—(M—m)WIT/I—mf
m=M-My+1

- fWM—mCI—(M—m)W;I—m) H

< %ﬁl/lx”WM—mQ—(M—m)Wl\Z—m f- WM—mCI—(M—m)fWI\tI—m)”

€
Since f € C(X x S™) we have that pfp € p Agyp. This shows (1)

and(2) for G. For (3), we have

(1—p) =XN_17(em) =2m=17(qm) = 1(q0) <M/R <e.
for every t € T(4).

Lemma(l.2.4)[1]:Let A be a simple unitalC*-algebra with strict
comparison. Suppose that for every finite subset F c A, everye > 0, and
every nonzero positive ¢ € A, there exists a projection p € A and a simple
unitalC*-subalgebra B c pAp which is TAI, satisfieslz = pand

(i) lpa — ap|| <eforalla €F,

(i) dist(pap,B) < eforalla € F,

(iii) 1, — pis Murray—on Neumann equivalent to a projection in cAc.
Then A is TAI.

Proof:
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A has property (SP) and by assumption, strict comparison. After noting
this, the proof is essentially the same, replacing the C*-subalgebra of tracial
rank zero (respecivelyTAS) with the TAI C*-subalgebraB, and replacing the
finite-dimensional (respectively in the class S) C*-subalgebra with a C*-
subalgebra from the class I.

Theorem (1.2.5)[1]:There is an odometer system (X,a) such that C(X %
S™) Xgxp Zis TAL

Proof:

Set A:=C(X x S™) Xgxp Z. Let € >0 and nonzeroc € Aibe given.
Again we may assume Fis of the form

F=G6U{u}

where G := Gy U Ggn andGy,Gsn are finite subsets of C(X)'and
C(S™)!srespectively. Since A is Z -stable , A has strict comparison. Thus we
need only verify the conditions. Let Y € X and use Lemma (1.2.4) with
respect to Fande, =min{e, Min;er4) T(c)} to find a projection p € Agy.
Let B = pAgyp. Since pAgyyp is a simple AH algebra with no dimension
growth it is. We have satisfied (i) and (ii) by the choice of p. Since t(1 —
p) < €, for every T € T(A), condition (iii) follows from strict comparison.

We are now able to use the above to apply entails classification of the
minimal dynamical systems of odd dimensional spheres constructed by
Windsor.

Corollary(1.2.6)[1]:SupposeB,, B, : S™ — S™are minimal
homeomorphisms. ThenA: = C(§™) xp, Z = C(S™) X, Z = : B if and only
ifT(A) = T(B).

In particular, this holds if §; and 8, come from the constructions.
Proof:

By the above, there are minimal Cantor systems (X,«;) such that
C(S™) x5, Z embeds in a trace-preserving way into C(X x S™) X xp. Z, i €
{1,2}. Moreover, (t;)* = (r;)* for every tracial state t; € T((X %
S™) Mg,xp L),i € {1,2}.C(X X S™) Mg up Z is TAI, C(S™) x5 ZQ Q is
TAI, where Q denotes the universal UHF algebra. Since A and B satisfy the
UCT, classification up to Z -stability by Elliott invariants follows from.
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Since dim(S,,) < oo, both A and B are Z -stable . It follows from A and B
have isomorphic K-theory, thus the Elliott invariant collapses to the tracial
state space.

A close look at the method of proof suggests that one can generalize to
other minimal systems of the form (X x Y,a x ) with X a Cantor set. The
particular requirements of g : S™ — S™ are that it is totally minimal and that
B is a limit of periodic homeomorphisms in the sense of.

Total minimality holds at least for any connected space Y. In fact, one
does not need total minimality, but rather only requires that (Y, 8) is disjoint
from some odometer system (X, a); in this case o % B will be minimal and
T(C(X % S™) XgupZ) = T(C(S™) Xz Z). This will hold in other
situations, for example, if (Y, 8) is weakly mixing.

The restriction that gis a limit of periodic homeomorphisms in the sense
of will be the case if B, for example, is constructed by the “fast
approximation-conjugation” technique as initiated, provided the periods of
the periodic homeomorphisms increase quickly enough.

Otherwise, observe that the structure for 8 is only required in two places.
First, it is used to find the unitary we required for Berg’s technique. One
should be able to get around this by showing approximate unitary
equivalence of the maps ¢y, P, : C(S™) = qodsyy ® Qqogiven
by ¢ (f) = v'uMqofqouv and ¢p,(f) = qofqo, Where v is the unitary
which comes from Berg’s technique applied only to the Cantor minimal
system, that is, vqov* = qp. This is the technique appled. Since g4y &
Qqois TAl, there are various results of H. Lin which may be applied .
Secondly, we have the technical requirement that ||f o M — f|lcan be made
small for every f in the given finite subset, which at present is more difficult
to remove. Nevertheless, it appears the result will hold in greater generality.
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CHAPTER 2
Elementary Equivalence of C*-Algebrasand Saturation

We relate saturation of the abelian C*-algebra C(X), where X is O-
dimensional, to topological properties of X, particularly the saturation of
CL(X). We also characterize elementary equivalence of the algebras
C(X) in terms of CL(X) when X is O-dimensional, and show that
elementary equivalence of the generalized Calkin algebras of densities
X, and Xgimplies elementary equivalence of the ordinals a and £.

Section(2.1):Countable Degree-1 Saturation and Coronas of Non-o-unital
Algebras:

In this sction we examine the extent to which several classes of operator
algebras are saturated in the sense of model theory. In fact, few operator
algebras are saturated in the full model-theoretic sense, but in this setting
there are useful weakenings of saturation that are enjoyed by a variety of
algebras. The main results of this sectoin show that certain classes of C*-
algebras do have some degree of saturation, and as a consequence, have a
variety of properties previously considered in the operator algebra literature.
For all the definitions involving continuous model theory for metric structures
(or in particular of C*-algebras), we refer. Different degrees of saturation and
relevant concepts will be defined . Among the weakest possible kinds of
saturation an operator algebra may have, which nevertheless has interesting
consequences, is beingcountably degree-1 saturated. This property was
introduced by Farah and Hart, where it was shown to imply a number of
important consequences. It was also shown that countable degree-1 saturation
is enjoyed by a number of familiar algebras, such as coronas of c-unitalC*-
algebras and all non-trivial ultraproducts and ultrapowers of C*-algebras.
Further examples were found by Voiculescu. Countable degree-1 saturation
can thus serve to unify proofs about these algebras. We extend the results of
Farah and Hart by showing that a class of algebras which is broader than the
class of o-unital ones have countably degree-1 saturated coronas.For the
definitions of o-unital C*-algebras and essential ideals.

Theorem (2.1.1)[1]:Let Mbe a unital C*-algebra, and let A € M be an
essential ideal.Suppose that there is an increasing sequence of positive
elements in A whose supremum is 1,,, and suppose that any increasing
uniformly bounded sequence converges in M. Then M/A is countably
degree-1 saturated. Theorem(2.1.1) is proved as Theorem (2.1.28) below.
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One interesting class of examples of a non-o-unital algebra to which our
result applies is the following. Let N be a 11, factor, H a separable Hilbert
space andX be the unique two-sided closed ideal of the von Neumann tensor
product N ® B(H). Then (N ® B(H))/Kis countably degree-1 saturated.
These results are the contents. We consider generalized Calkin algebras of
uncountable weight, as well as B(H) where H has uncountable density.
Considering their complete theories as metric structures, we obtain the
following (Theorem (2.2.3) below).

Theorem(2.1.2)[2]:Let a # B be ordinals, H,the Hilbert space of density X,.
Let B, = B(H,) and B, = B,/Kthe Calkin algebra of density X,. Then
the projections of the algebras C, and Cz as posets with respect to the
Murray-von Neumann order are elementary equivalent if and only if «a = 8
modw®, where w® is computed by ordinal exponentiation, as they are the
infinite projections of B, and B,. Consequently, if a # B then B, # Bg and
Cq # Cg. Elementary equivalence of C*-algebrasA and B can be understood,
via the Keisler-Shelah theorem for metric structures, as saying that A and B
have isomorphic ultrapowers (see Theorem (2.1.12) below for a more
precise description). For our second group of results we consider (unital)
abelianC*-algebras, which are all of the form C(X) for some compact
Hausdorff space X. We focus in particular on the real rank zero case, which
corresponds toX being O-dimensional. In Section (2.2) we first establish a
correspondence between the Boolean algebra (The Boolean algebras we
have seen so far have all been concrete, consisting of bit vectors or
equivalently of subsets of some set. Such a Boolean algebra consists of a set
and operations on that set which can be shown to satisfy the laws of Boolean
algebra) [6] of the clopen set of X and the theory of C(X)(see Theorem
(2.2.11)).

Theorem(2.1.3)[2]:Let Xand Y be compact O-dimensional
Hausdorffspaces. ThenC(X)and C(Y)are elementarily equivalent if and only
if the Boolean algebras CL(X)and CL(Y) are elementarily equivalent.

We obtain several corollaries of the above theorem. For example, we
show that many familiar spaces have function spaces which are elementarily
equivalent, and hence have isomorphic ultrapowers. Finally, we study
saturation properties in the abelian setting. We find that ifC(X)is countably
degree-1 saturated then X is a subStonean space without the countable chain
condition and which is not Rickart. In the 0-dimensional setting we describe
the relation between the saturation of C(X)and the saturation of
CL(X).While some implications hold in general, a complete characterization
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occurs in the case where Xhas no isolated points. The following is a special
case of Theorems (2.2.16) and (2.2.17) in Section (2.2).

Theorem (2.1.4)[2]:Let X be a compact O-dimensional Hausdorff space
without isolated points. Then the following are equivalent:

I-C(X)is countably degree-1 saturated,
li-C(X)is countably saturated,
1ii-CL(X)is countably saturated.

We wish to give further illustrations of the importance of the saturation
properties we will be considering, particularly the full model-theoretic
notion of saturation (see Definition (2.1.9) below). For countable degree-1
saturation we refer to Theorem (2.1.15) for a list of consequences. The
following fact follows directly from the fact that axiomatizable properties
are preserved to ultrapowers, which are countably saturated.

Fact (2.1.5)[2]:Let P be a property that may or may not be satisfied by a
C*-algebra. Suppose that countable saturation implies the negation of P.
Then P is not axiomatizable.

Other interesting consequences follow when the Continuum Hypothesis
Is also assumed. In this case, all ultrapowers of a separable algebra by a non-
principal ultrafilter on Nare isomorphic. In fact, all that is needed is that the
ultrapowers are countably saturated and elementarily equivalent:

Fact (2.1.6)[2]:Assume the Continuum Hypothesis. Let A and Bbe two
elementary equivalent countably saturated C*algebra of density X,.
ThenAd = B.

Applying Parovicenko’s, the above fact immediately yields that
under the Continuum Hypothesis if X and Y are locally compact Polish O-
dimensional spaces then C(BX\X) = C(BY \Y ). Saturation also has
consequences for the structure of automorphism groups:

Fact (2.1.7)[2]:Assume the Continuum Hypothesis.LetA be a countably
saturated C*-algebra of density &;.Then A has 2¥-many automorphisms.In
particular, A has outer automorphisms.

It is known that for Fact (2.1.7) the assumption of countable saturation
can be weakened in some particular cases, and the property of having many
automorphisms under the Continuum Hypothesis is shared by many algebras
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that are not even quantifier free saturated (for example the Calkin algebra).
In particular it is plausible that the assumption of countable saturation in
Fact (2.1.7) can be replaced with a lower degree of saturation. In light of
this, and since the consistency of the existence of nontrivial
homeomorphisms of spaces of the form BR™\R" is still open (forn = 2), it
makes sense to ask about the saturation of C(BR™\R"). In the opposite
direction, the Proper Forcing Axiom has been used to show the consistency
of all automorphisms of certain algebras being inner.For more on this topic.

In this Section we describe the notions we will be considering
throughout the remainder of the section. We also take this opportunity to fix
notation that will be used in subsequent sections. The main topics of this
sectionare several weakenings of the model-theoretic notion of saturation.
We begin by reviewing the definition and basic properties. Since finite-
dimensional C*-algebras have full model-theoretic saturation, and hence
have all of the weakenings in which we are interested, we assume
throughout the section that all C*-algebras under discussion are infinite
dimensional unless otherwise specified.

Notation(2.1.8)[2]:For a compact set K € R and ¢ > 0, we denote the
thickening of Kby(K). = {x € R:d(x,K) < e}.We will be considering
C*-algebras as structures for the continuous logic formalism (or, for the
more specific case of operator algebras) .Nevertheless, for many of our
results it is not necessary to be familiar with that logic. Informally, a formula
Is an expression obtained from a finite set of norms of *-polynomials with
complex coefficients by applying continuous functions and taking suprema
and infima over some of the variables. A formula is quantifier-free if it does
not involve suprema or infima. A formula is a sentence if every variable
appears in the scope of a supremum or infimum. Given a C*-algebra A we
will denote as A, A; and A™ the closed unit ball of A, its boundary, and the
cone of positive elements respectively.

Definition (2.1.9)[2]: Let A be a C*-algebra, and let @ be a collection of
formulas in the language of C*-algebras. We say that A is countably®-
saturated if for every sequence (¢,,),en0f formulas from @ with parameters
from A.;, and sequence (K,),ey Of compact sets, the following are
equivalent:

(i)  There is a sequence (by)enof elements of A_;such that ¢ (b) € K,
foralln € N,
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(i)  For every €>0 and every finite Ac N there is(bx)ken S As1,
depending on e and A, such that ¢2(b) € (K,,). forall n € A. The
three most important special cases for us will be the following:

a- If @ contains all 1-degree *-polynomials, we say that A is countably
1-degree saturated.

b- If &contains all quantifier free formulas, we say that A is
quantifierfree saturated.

c- If @ is the set of all formulas we say that the algebra A is countably
saturated.

Clearly condition (i) in the definition always implies condition (ii),
but the converse does not always hold. We recall the (standard) terminology
for the various parts of the above definition. A set of conditions satisfying
(if) in the definition is called a type; we say that the conditions are
approximately finitely satisfiable or consistent. When condition (i) holds, we
say that the type is realized (or satisfied) by (by)xen-

An equivalent definition of quantifier-free saturation is obtained by
allowing only *-polynomials of degree . By (model-theoretic) compactness
the concepts defined by Definition (2.1.9) are unchanged if each compact set
K, is assumed to be a singleton.

In the setting of logic for C*-algebras, the analogue of a finite discrete
structure is a C*-algebra with compact unit ball, that is, a finitedimensional
algebra. The following fact is then the C*-algebra analogue of a well-known
result from discreet logic.

Fact(2:1:10)[2]:Every ultraproduct of C*-algebras over a countably
incomplete ultrafilter is countably saturated. In particular, every finite-
dimensional C*-algebra is countably saturated. The second part of the fact
follows from the first because any ultrapower of a finite-dimensional C*-
algebra is isomorphic to the original algebra .

A condition very similar to the countable saturation of ultraproducts was
considered by Kirchberg and Rgrdam under the name *“-test”. Before
returning to the analysis of the different degrees of saturation, we give
definitions for two well-known concepts that we are going to use strongly,
but that may not be familiar to a C*-algebraist.
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Definition (2.1.11)[2]:The theory of a C*-algebra A is the set of all
sentences in the language of C*-algebras which have value 0 when evaluated
in A. We say that C*-algebras Aand B are elementary equivalent, written
A=B, if their theories are equal. Elementary equivalence can be defined
without reference to continuous logic by way of the following result, which
is known as the KeislerShelah theorem for metric structures. The version we
are using is stated, and was originally proved in an equivalent setting.

Theorem (2.1.12)[2]:Let Aand B be C*-algebras. Then 4=Bif and only
if there is an ultrafilterU (over a possibly uncountable set) such that the
ultrapowers A% and B%are isomorphic.

Definition (2.1.13)[2]:Let A be a C*-algebra. We say that the theory of
Ahas quantifier elimination if for any formula ¢ (k) and any e> 0 there is
quantifier-free formula y(x) such that for every C*-algebra B satisfying
A = B, and any b € B (of the appropriate length) we have that in B,

|0 (D) —w(b)| <e.

Countable degree-1 saturation is the weakest form of saturation that we
will consider in this Section. Even this modest degree of saturation for a C*-
algebra has interesting consequences. In particular it implies several
properties (see the detailed definition before) that were shown to hold in
coronas of o-unital algebras in

Definition (2.1.14)[2]:Let A be a C*-algebra. Then A is said to be

(a)SAW*if any two o-unital subalgebras C,B are orthogonal (i.e., bc =
O for all b € Bandc € () if and only if are separated (i.e., there is x € A such
that xbx = b for allb € Bandxc = Ofor allx € ().

(b)AA — CRISP if for any sequences of positive elements (a,), (b,,)
such that for all n we have a, < a4y <...< byy1 < b, and any
separableD < A such that for all d € D we have lim,||[d, a, ]|l = O, there is
¢ € A*such that a,, < ¢ < b,, for any n and for all d € D we have [c,d] =
0.

(c)o-sub-Stonean if whenever C € A is separable and a,b € A" are
such that aCb = {0} then there are contractions f,g € C, N A such that
fg=0fa=aand gb=>b, C'nA denoting the relative commutant of C
inside A.
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Theorem (2.1.15)[2]:Let A be a countably degree-1 saturated C*-
algebra. Then:

(DA is SAW™,
(i)  Ais AA—CRISP,
(i) A satisfies the conclusion of Kasparov’s technical theorem,

(iv) A is o-sub-Stonean,

(v)  every derivation of a separable subalgebra of A is of the form
6p(x) = bx — xbforsome b € A

(vi)  Ais not the tensor product of two infinite dimensional C*-algebras
(this is a consequence of being SAW™).

It is useful to know that when a degree-1 type can be approximately
finitely satisfied by elements of a certain kind then the type can be realized
by elements of the same kind.

Lemma (2.1.16)[2]:Let A be a countably degree-1 saturated C*-algebra.
If a type can be finitely approximately satisfied by selfadjoint elements then
it can be realized by self-adjoint elements, and similarly with “self-adjoint”
replaced by “positive”.

We will also make use of the converse of the preceding lemma, which
says that to check countable degree-1 saturation it is sufficient to check that
types which are approximately finitely satisfiable by positive elements are
realized by positive elements.

Lemma (2.1.17)[2]: Suppose that A is a C*-algebra that is not countably
degree-1 saturated. Then there is a countable degree-1 type which is
approximately finitely satisfiable by positive elements of Abut is not realized
by any positive element ofA.

Proof:

Let (B,(%)),,=n be degree-1 polynomials, and (K,,),enyCOmpact sets,
such that the type{||B,(X)|| € K,,: n € N}is approximately finitely satisfiable
but not satisfiable in A. For each variable x;, we introduce new variables
Ve, Wi Xg, and Z,,. For each n, let Q,,(7, w, Y, Z) be the polynomial obtained
by replacing each x;, in B,by V,, + iw,, — Y, — iZ},. Since everyx € Acan be
written asx = v +iw — Y —iZ where v,w,y,z € A%, it follows that
{1@,(v,w,y,2)|| € K, : n € N} is approximately finitely satisfiable
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(respectively, satisfiable) by positive elements in A if and only if {||B,(X)|| €
K,: n € N} is approximately finitely satisfiable (respectively, satisfiable).

The first example of an algebra which fails to be countably degree-1
saturated isB(H),where H is an infinite dimensional separable Hilbert
space . In fact, no infinite dimensional separable C*-algebra can be
countably degree-1 saturated; this was observed. We include here a proof of
the slightly stronger result, enlarging the class of algebras that are not
countably degree-1 saturated.

Definition (2.1.18)[2]: A C™-algebra A has few orthogonal positive
elements if every family of pairwise orthogonal positive elements of A of
norm 1 is countable.

Lemma (2.1.19)[2]: If an infinite dimensional C*-algebra A has few
orthogonal positive elements, then A is not countably degree-1 saturated.

Proof:-

Suppose to the contrary that A has few orthogonal positive elements and is
countably degree-1 saturated. Using Zorn’s lemma (The terms used in the
statement of the lemmaare defined as follows. Suppose (P, <) is a partially
ordered set. A subset T is totally ordered if forany s, tin T we have s < tort
<s. Suchaset T has an upper bound u in P if t <u forall t in T. Note that u
is an element of P but need not be an element of T. An element m of P is
called a maximal element (or non-dominated) if there is no element x in P for
which m < x. Note that P is not explicitly required to be non-empty. However,
the empty set is a chain (trivially), hence is required to have an upper bound,
thus exhibiting at least one element of P. An equivalent formulation of the
lemma is therefore: Suppose a non-empty partially ordered set P has the
property that every non-empty chain has an upper bound in P. Then the set P
contains at least one maximal element)[6], find a set Z S Afwhich is
maximal (under inclusion) with respect to the property that if x, Y € Z and
x #= Y then xUY = 0. By hypothesis ,the set Z is countable list it as Z =
{a,}, € N. For each n €N define B,(x) = aux, and
letk,, = {O}.Let P_;(x) = x, and K_; = {1}. The type {||P,(X)|l € K, :
n > —1} is finitely satisfiable. Indeed, by definition of Z for any m € N and
any 0 <n <m we have ||B,(am+ )l = lla,ame1ll = 0, and|la411l = 1.
By countable degree-1 saturation there is a positive element b € A7 such that
|1B,(b)|| =0 for all n € N. This contradictsthemaximality of Z Subalgebras
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of B(H)clearly have few positive orthogonal elements, whenever H is
separable. As a result, we obtain the following.

Corollary (2.1.20)[2]:No infinite dimensional subalgebra of B(H), with
H separable, can be countably degree-1 saturated.

Corollary (2.1.21)[2]:shows that many familiar C*-algebras fail to be
countably degree-1 saturated. In particular, it implies that no infinite
dimensional separable C*-algebra is countable degree-1 saturated. Corollary
(2.1.21) also shows that the class of countably degree-1 saturated algebras is
not closed under taking inductive limits (consider, for example, the
CAR ®;2, M,(C), or any AF algebra) or subalgebras. On the other hand,
several examples of countably degree-1 saturated algebras are known. It
isthat every corona of a o-unital algebra is countably degree-1 saturated.
Recently Voiculescu found examples of algebras which are not C*-algebras,
but which have the unexpected property that their coronas are countably
degree-1 saturated C*-algebras. The results of the following section expand
the list of examples of countably degree-1 saturated C*-algebras. Our goal in
this section is to give examples of coronas of non-g-unital algebras which
are countably degree-1 saturated. For convenience, we recall some
definitions which we will need:

Definition (2.1.21)[2]: A C*-algebra A is o-unital if it has a countable
approximate identity, that is, a sequence (e, ),,en Such that for all x € A,

lim|le,x — x|| = lim||xe, — x|| = 0.
n—-oo n—-oo

A closed ideal I € Ais essential if it has trivial annihilator, that is,
if{x € A: Ix ={0}} = {0}.

Motivating example.

Notation (2.1.22)[2]:Let R be the hyperfinite IlI; factor. Let M =
R & B(H) be the unique hyperfinite I1,, factor associated to R, and let t be
its unique trace. We denote by %, the unique norm closed two-sided ideal
generated by the positive elements of finite trace in M. Note that M is the
multiplier algebra of %), so the quotient M/X,,is the corona of M.

Any ideal in a von Neumann algebra is generated, as a linear space, by
its projections, hence X, Iis the closure of the linear span in M of the set of
projections of finite trace. In particular, R Q K (H) < K,, . To see that the
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inclusion is proper, fix an orthonormal basis (e,)neyfor H, and
choose(py)nenfromRsuch that ©(p,) = 2 *foralln € N.

For each n, letq,, € B(H) be the projection onto e,, and let

q=YnPn R®q,. Then g € M is a projection of finite trace, but q &
R Q K(H).

We recall few well known properties of this object.

Proposition(2.1.23)[2]:
a. R # Mp(R) for every prime number p.

Consequently M, (R) = M,,(R) forevery m,n € N.
b.Ky(Ky) =R = K, (M/Ky).
C. Ky, is not o-unital.
d. Ky @ K (H) is not isomorphic to R @ K (H).
Proof:-

a. This is because M,(R) is hyperfinite and R is the unique hyperfinite
I11-factor.

b. Note that K,(M) = 0 = K;(M)and apply the exactness of the six
term K-sequence.

c. Suppose to the contrary that (x,),cy IS @ countable approximate
identity iny; formed by positive elements such that 0 < x,, < 1 for all n.
Using spectral theory, we can find projections p, € K, such that

|onn —xn| < %for each n. Then (p,,) ey IS again a countable approximate
identity for Ky,. For each n € N define

qn = Supr<nPr € Ky, and by passing to a subsequence we can suppose
that (gn)neN is strictly increasing. For each n € N find a projection r, <
qn+1 — qn Such that 7(r,) < . Then r = X,y 7, € Ky, and we have that
foralln € N,

lgnr —7 Il = 1.

This contradicts that (g,,)»en IS an approximate identity.
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d. This follows from (3), since R ® K (H) has a countable approximate
identity andXy ® K (H) does not. To see this, suppose that (x,),eniS a
countable approximate identity for 7, ® K (H), and let p be a rank one
projection in K (H). Then ((1 ® p)x,(1 @ p)).eny IS be a countable
approximate identity for ¥, ® p,but X, ® p = K,,, so this contradicts

@3).

There are many differences between the Calkin algebra and M/%,,.
Some of them are already clear from the K-theory considerations above, or
from the fact that K (H) is separable. Another difference, a little bit more
subtle, is given by the following:

Proposition(2.1.24)[2]:Let H be a separable Hilbert space, and let Q be
the canonical quotient map onto the Calkin algebra. Let (e,)nenbe an
orthonormal basis for H, and let S € (H) be the unilateral shift in B(H)
defined by S(e,,) = e, for all n. Then neither S nor Q(S) has a square
root, but1 ® S € R @ (H) does have a square root.

Proof:-

Suppose that Q(T) € C(H) is such that Q(T)? = Q(S). Since Q (S) is
invertible in the Calkin algebra so is Q(T). The Fredholm index of S is—1, so
if n € Z is the Fredholm index of T then 2n = —1, which is impossible.
Therefore @(S) has no square root, and hence neither does. For the second
assertion recall that @ = M,(R), and so R @ B(H) = M,(R @ B(H)) =
R ® (M, ® B(H)).

WeviewB(H) as embedded in M, ® B(H) = B(H")for another Hilbert
space H'; find(f;,),en Such that {e,, f,, : n € N}is an orthonormal basis for
H'. Let S" € B(H") be defined such that S'(e,,) = f,, and S'(f;,) = e, for
allThenT=1® S'€e R B(H),andT? = 1Q®S.

A consequence of the previous proof, and of the fact that R = M (R)for
any integer p, is the following

Corollary (2.1.25) [2]:1 ® S € M has a q™-root for every rational g. With
the motivating example in mind, we turn to establishing countable degree-1
saturation of a class of algebras containing M/K,,.

A weakening of the o-unital assumption. We recall the following result,
which may be found
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Lemma (2.1.26 )[2]:Let Abe a C*-algebra, S € A; andT € AZ;. Then
IS T =e<? = [[[s.77]] <

The following lemma is the key technical ingredient of Theorem (2:1:29)
below. It is a strengthening of the construction used as if A is a-unital and
M = M(A) is the multiplier algebra of A, then M and A satisfy the
hypothesis of our lemma.

Lemma(2.1.27)[2]:Let M be a unital C*-algebra, let AS M be an
essential ideal, and let m: M — M /A be the quotient map. Suppose that there
Is an increasing sequence ((gn)nen € AOf positive elements whose
supremum is 1,,and suppose that any increasing uniformly bounded
sequence converges in M.

Let (E,),en be an increasing sequence of finite subsets of the unit ball of
M and (&,,),enbe a decreasing sequence converging to 0, with €, < 1/4 :

Then there is an increasing sequence(e,),eny € AL, such that, for all n € N
and a € E,, the following conditions hold, where f, = (e,4+1 — e,)"/?:

() 1A = en—2)a(@ — eIl = lIm(a)ll < e, foralln = 2,

(i) [ frn, alll < €, for all n,
(i) (@ =en_p) = full <epforalln=2,

(v)  Nffmll <€, forallm=n+ 2,
W lk[fn, fn+1]k|| <n+1foralln,
(vi) I fnafull = llm(a)ll — €, for all n,

(vii)  Xnenfi =15

and further, whenever (x,).en 1S @ bounded sequence from M, the
following conditions also hold:

(viii)  the series).,en fnXnfr CONverges to an element of M,
(ix) | Xnen faxnfull < -,f:lz\)]“xn”,
(X) Wheneverlimsup,,_,o || x, || = limsup,,_, ||, f;2||wehave

limy oo SUp | fiZll < ITCnen 2 i)
Proof:

For each n € Net§,, = 1071%2 and let(g,),en b€ an increasing
sequence in A whose weak limit is 1. We will build a sequence(e,)nen
satisfying the following conditions:
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@111 — en—2)a(l — en_2)Il — llm(a)lll < e,foralln >2anda €
F,,

(b) 0<e<..<e,<e,1<...<1andforall nwehavee, € 4,
©)lle ex — exll < 8,4,foralln >k,
(d)ll[en, alll < 8,foralln € Nand a € F, 4,

(e)||(en+1 —en)a” > ||r(a)l| — 6, foralln € Nand a € F,

1/2 1/2
€n (em+1 - em)

(f) || (em+1 - em)

foralln >m + 1,

- (em+1 - em)” < 5n+1

(g)en+1 = gn+1f0r alln € N.

We claim that such a sequence will satisfy (i)—(vii). Conditions (i) and
(a) are identical. Condition (d) implies condition (ii). Condition (c) and the
C*-identity imply condition (iii), which in turn implies conditions (iv) and
(v). We have also that conditions (e) and (g) imply respectively conditions
(vi) and (vii), so the claim is proved. After the construction we will show
that (viii)—(x) also hold.

Take A = {1 € A*: 1 < 1}to be the approximate identity of positive
contractions (indexed by itself) and let 4° be a subnet of A that is
quasicentral for M.

Since A is an essential ideal of M, there is a faithful representation 8
on an Hilbert space H such that

1y = SOT - im{B()}.

Consequently, for every finite F ¢ M, e > 0and A € A'there is p> A
such that for alla € F,

vz p=|[(v —dall = ln(a)ll —e

We will proceed by induction. Let e_; = 0 and A, € 4’ be such that for
all > 2" and a € F; we have ||[w,a]|| < &,. By cofinality of 4" in 4 we can
find a ey € A" such that ey > 4y, go. Find now A; > e, such that for all
u=>2; and a € F, we have

Ik alll < 61, [I(n = ep)all = llm(a)ll - 6;.
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Since we have that

Im(@ll = limll(2 = Da(@ = Al

we can also ensure that for all a € F; and all p > A, condition (1) is
satisfied.

Picking e, € 4" such that e; > 1;,g; we have that the base step is
completed.

Suppose now that ey, ..., ey, fo.. ., fn_1 are constructed.

We can choose A,,,,s0 that for all p> A,,,,, with p € 4’, we have
Ilw a]ll < 6"T+ and[[(n — ep)all = lIm(a)|l — 8, for a € Fpy,. Moreover,

by the fact that 4’ is an approximate identity for Awe can have
that|| £ ufe, — 21| < 8,4, fOr every m < n and that

llney —exll < 6,4ofor allk < n. By equation (i) we can also ensure
that for all a € F,,,and all u > 4,,,1, condition (i) is satisfied.

Once this A, 44 is picked we may choose

!
en+1 E A ent1 > Apt1.9n+1s

to end the induction. It is immediate from the construction that the
sequence (e,)neny Chosen in this way satisfies conditions (a) - (g). To
complete the proof of the lemma we need to show that conditions (viii), (Xi)
and (x) are satisfied by the sequence{f, }.

To prove (viii), we may assume without loss of generality that
eachx, is a contraction. Recall that every contraction in M is a linear
combination (with complex coefficients of norm 1) of four positive elements
of norm less than 1, and addition and multiplication by scalar are weak
operator continuous functions. It is therefore sufficient to consider a
sequence (x,) of positive contractions. By positivity of x,, we have that
Qi<n fixi fi) nenis an increasing uniformly bounded

Zfixifi < Zfiz and f,x,f, = 0.

isn isn

Hence (Xi<, fixifi)nen CONverges in weak operator topology to an
element of M of bounded norm, namely the supremum of the sequence,

which isXen fnXnfn-
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For (xi), consider the algebra [[iey Mwith the sup norm and the
mapeg,,: [lxenM — M such that ¢, ((x;)) = f,x.fr- Each ¢,, is completely
positive, and since £;2 < Y;en fi> = 1, also contractive. For the same reason
the maps Y, [lxenM - M defined as ¢,((x;)) = Xj<nfjxif; are
completely positive and contractive. Take¥® to be the supremum of the maps
Y,,. Then Y((x,)) = Xien fixif:- This map is a completely positive map of
norm 1, because ||¥|| = [|¥(1)]|, and from this condition (9) follows.

For (x), we can suppose limsup;_,o, llx; |l = limsup;_, || /|| = 1.

Then for all e > O there is a sufficiently large m € N and a unit vector
€, € Hsuch that || X, fA(E)I =1 — €.

Since ||x;|l <1 for all i, we have that ||f,(&n)ll =1 —¢€ , that is,
|(f26m | €m)] = 1 — €. In particular we have that ||&, — £2(&En)ll < €.

SinceY. f; = 1 we have that &, and &, constructed in this way are
almost orthogonal for all n, m. In particular, choosing small enough at every
step, we are able to construct a sequence of unit vectors {¢,,} such that
(& | €0)] < 1/2™ for m > n. But this means that for any finite projection
P € Monly finitely many &,,, are in the range of P up to for every e > 0. In
particular, if 1 is the set of all convex combinations of finite projections, we

have that that
> xf? - A(Z xinz)

ieEN ieN

lim >1.
A€l

Since | is an approximate identity for A we have that

n(Z xl-fiz) infiz _ /’1(2 xifiz)

ieN ieN ieN

= lim
A€l

as desired.
We can then proceed with the proof of the main theorem.

Theorem(2.1.28):Let M be a unital C*-algebra, and let A € M be an
essential ideal. Suppose that there is an increasing sequence (g, )neny € A Of
positive elements whose supremum is 1,,, and suppose that any increasing
uniformly bounded sequence converges in M. Then M/A is countably
degree-1 saturated.
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Proof:-

Let m: M — M/A be the quotient map. Let (B,(X)),en be a collection
of =-polynomial of degree 1 with coefficients in M/A, and for each n €N let
r, € R*. Without loss of generality, reordering the polynomials and
eventually adding edundancy if necessary, we can suppose that the only
variables occurring in B, arexy, ..., X,.

Suppose that the set of conditions {||B,(xq,...,x)|| = 1, : n € N} is
approximately finitely satisfiable. As wenoted immediately after Definition
(2.1.9), it is sufficient to assume that the partial solutions are all in (M/A) <
1, and we must find a total solution also in (M/A).,. SO we have partial
solutions

{n(xk,i)}ksi S (MA)<,

such that forall i € N and n < i we have

”Pn(n(xO,i)’ RRN' 7T(-x‘rl,i))” € (rn)l/i'

For each n € N, let Q,,(x, ..., x;,) be a polynomial whose coefficients
are liftings of the coefficients ofP, to M, and let F, be a finite set that
contains

(1)  all the coefficients of Qy,fork < n
(i) xp g xp fork <i<n.
(i) Qp(xgi....xx;) fork <i<n.

Let €, = 47", Find sequences (e, )nen and (f;)nen Satisfying the conclusion
of Lemma (2:1:28) for these choices of (F,),en and (€,)nen-

Let,; = (%04 - %ni), Yr = Lisk fixeifi Un= (Yo, ..., Yp) and

Z, = n(Y,). Fix n € N; we will prove that ||P,(Z,)|l = r,. First, since
xxi € M<q, as a consequence of condition (ix) of Lemma (2.1.28), we have
that Y; € M., for all (i). Moreover, since Q, iIs a polynomial whose
coefficients are lifting of those of P, we have

12, (Z )l = I (Qn (Y.
We claim that
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Cu(Tn) = ) fiQn(En ) € A

JEN

It is enough to show that

Z fiaxy jbf; — Z afjxxjfib € A4,

JEN jEN

where a, b are coefficients of a monomial in Q,,, since Q,, is the sum of
finitely many of these elements (and the proof for monomials of the form
axy j, b is essentially the same as the one for ax, ;b). By construction we

have a,b € F,, and hence by condition (ii) of Lemma (2.1.27), for j
sufficiently large,

vx € Moy (||afixf;b — fraxbfi|| < 27/(|[llall + IbII|])).

Therefore Y ;en(fjaxy jbfj — afjxy jfib) is a series of elements in
Athat is converging in norm, which implies that the claim is satisfied. In
particular,

”Pn(z_n)” = n(z ijn(fn,j)fj))
TEN
For each j>2, let a; = (1—¢_,)Qn(%,;)(1 —ej_). By condition
(i) of Lemma (2:1:27), the fact that Q,,(x,, ;) € F,, and the originalchoice of

the x,,;'s, we have that limsup||a;|| = r,. Similarly to the above, but this
time using condition (iii) of Lemma (2:1:27), we have

Q) [iWENN| = ([7Q s < (1D fes

JEN JEN JEN

Using condition (xi) of Lemma (2:1:27) and the fact that Q, (%, ;) € F;
we have that

D faf|| < timsupla]| = 5,

JEN
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Combining the calculations so far, we have shown
1B Z0I = |2 fron(En )| = |l | D fiassy ||| <
jEN jEN
Since Q,(Xn;) € Fj forall j, condition (vi) of Lemma (2.1.27) implies
T S jILr?OSUp||ijn(fnJ)fj||-
It now remains to prove that
lim sup|;a; ;| < ﬂ(z fiaif)
jeEN
so that we will have
T S ]I-i_)rgSUp||ijn(fnJ)fj||
= lim sup [|fja;fj|

n| D fa;

JEN

IA

= [1B(Z)II.
We have Q,,(x, ;) € F;, so by condition (ii) of Lemma(2.1.27), we have
lim; o, sup || fia; fj|| = limje sup ||a; 7|,
and hence
Yienfiaif; _ZjeNajsz € A

The final required claim will then follow by condition (x) of Lemma
(2:1:27), once we verify

lim sup [|la; fi*[| = lim sup [|a;]]
We clearly have that for all j,
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o 71l < Nl

On the other hand,

im sup [la,f7]| = tim sup || fja, 1| = tim sup ;a5 )5 |
j—ooo ]

]—)00
by condition (iii)

> 1, = limsup ||aj||.
]—)OO
The theorem above applies, in particular, to coronas of o-unital algebras.
The following result is due to Farah and Hart, but unfortunately their proof
has a technical error. Specifically, uses the same strategy, but avoids their
equation (x), which is incorrect.

Corollary (2.1.29)[2]:If A is a o-unitalC*-algebra, then its corona C(A) is
countably degree-1 saturated.

We also obtain countable degree-1 saturation for the motivating example
from the beginning of this section.

Corollary (2:1:30)[2]: Let Nbe a Il factor, H a separable Hilbert space
and M = N ® B(H) be the associated Il,, factor. Let %, be the unique
two-sided closed ideal of M, that is the closure of the elements of finite trace.
Then M/%,, is countably degree-1 saturated. In particular, this is the case
when N = R, the hyperfinite 11, factor.

More generally, recall that a von Neumann algebra M is finite if there is
not a projection that is Murray-von Neumann equivalent to 1y, and o-finite
if there is a sequence of finite projections weakly converging to 1,,.

Corollary (2.1.31)[2]:Let Mbe a o-finite but not finite tracial von Neumann
algebra, and let A be the ideal generated by the finite trace projections. Then
M/A is countably degree-1 saturated.

Section(2.2):Generalized Calkin Algebras and AbelianC*-algebra:-

Notation (2.2.1)[2]:Let a be an ordinal and H, = #%(X,) be the unique
(up to isomorphism) Hilbert space of density character X,. Let B, =
B(H,). Let K, be the ideal of compact operators in B,. The quotient
C, = B, /¥K,is called the generalized Calkin algebra of weight X,,.
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Note that, when H is separable, the ideal of compact operators in
B(H) is separable, and in particular o-unital, so it follows that the Calkin
algebra is countably degree-1 saturated. We are going to give explicit results
on the theories of the generalized Calkin algebras. It is known that the
Calkin algebra is not countably quantifier-free saturated; we show that the
generalized Calkin algebras also fail to have this degree of saturation. This
follows immediately from the fact that the Calkin algebra is isomorphic to a
corner of the generalized Calkin algebra and that if A is a C*-algebra that is
&-saturated, where @ include all *-polynomials of degree 1, then every
corner of A is @-saturated. On the other hand, the proof shown below is
direct and much easier than the proof in the separable case. It is worth
noting, however, that the method we will use does not apply to the Calkin
algebrac,itself.

Lemma (2.2.2) [2]:Let « = 1 be an ordinal. Then C, is not countably
quantifier-free saturated.

Proof:-

Fix {4, }en @ countable partition of X, in disjoint pieces of size X, and
a base (eg)g<x, forHx, . For each n € Nlet B, be the projection onto

spans(eg : B € Ay).

Claim A:If Q is a projection in B, such that 9P, € X, for all n then Q
has range of countable density.

Proof:-

We have that for any n € N and € > O there is a finite C., € R, such
that

ﬂ ¢ Ce,n = ”QpneB” <€

LetD = UpenUmenCi/mn. If B&D then for all n € N we have
|QB.ez|| = 0 and since there is n such that ez € B,, we have that || Qeg|| =

0. Since D is countable, Qis identically zero on a subspace of countable
codimension.

LetQ—4 =xx" — 1’Q—3 =x"x — y’Q—Z = y - y*’Q—l = y - y27
andQ,, = YP,. The type {||Q;|l = 0}_,<; admits a partial solution, but not a
total solution.
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We are going to have a further look at the theories of C. In particular we
want to see if it is possible to distinguish between the theories of ¢, and of
Cg, Whenever a # {. Of course, since there are at most 2% many possible
theories, we have that there are ordinals o # f such that C, = Cg. As we
show in the next theorem, this phenomenon cannot occur whenever o and 8
are sufficiently small, and similarly for B, and Bg.

Theorem (2.2.3)[2]: Let a # 3 be ordinals, and H, the Hilbert space of
density X,. Then the projections of the algebras C, and Cg as posets with
respect to the Murray-von Neumann order are elementary equivalent if and
only if a = 8 mod w®, where w® is computed by ordinal exponentiation, as
they are the infinite projections of B, of Bg. Consequently, if a # {then
By # BB and Cq % CB

Proof:-

The key fact is that a« = f (as first-order structures with only the
ordering) if and only if a = B mod w®. Hence the proof will be complete as
soon as we notice that the ordinal a is interpretable in both C, (as the set of
projections under Murray-von Neumann equivalence) and inside B, (as the
set of infinite projections under Murray-von Neumann equivalence).

To see this note that there is a formula ¢ such that ¢(p,q) =0 if
p ~m,n q and p, q are projections and ¢(p, q) = 1 otherwise, and that being
an infinite projection is axiomatizable (since p is an infinite projection if and
only if Y(p) =0 if and only if Y(p) < 174, where Y (x) = [|x — x*|| +
lx — x|l + infy (YY" —xI) + 1Y Yx =YYl + @ = 1YY —xID)
where Y ranges over the set of partial isometries. Since we have that to any
projection we can associate the density of its range (both in ¢, and B,), and
that we have that p ~y y ¢ if and only if the density of p is less or equal
than the range of . Since every possible value for the density is of the form
g, for B < a, the theorem is proved.

In this Section we consider abelian C*-algebras, and particularly the
theories of real rank zero abelianC*-algebras. In the first part of this section
we give a full classification of the complete theories of abelian real rank zero
C*-algebras in terms of the (discrete first-order) theories of Boolean algebras
(recall that a theory is complete if whenever M| = T and N | = T then
M = N).As an immediate consequence of this classification we find that
there are exactly X, distinct complete theories of abelian real rank zero C*-
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algebras. We also give a concrete description of two of these complete
theories. In the second part of the section we return to studying saturation.
We show how saturation of abelianC*-algebras is related to the classical
notion of saturation for Boolean algebras. We begin by recalling some well-
known definitions and properties.

Notation(2.2.4)[2]: A topological space X is said sub-Stonean if any pair
of disjoint open o-compact sets has disjoint closures; if, in addition, those
closures are open and compact,X is said Rickart. A space X is said to be
totally disconnected if the only connected components of X are singletons
and 0-dimensional if X admits a basis of clopen sets. A topological space X
such that every collection of disjoint nonempty open subsets of X is
countable is said to carry the countable chain condition.

Note that for a compact space being totally disconnected is the same as
being 0-dimensional, and this corresponds to the fact that C(X) has real rank
zero. Moreover any compact Rickart space is O-dimensional and sub-
Stonean, while the converse is false (take for example BN\N). The space X
carries the countable chain condition if and only if C(X) has few orthogonal
positive elements (see Definition (2.1.18)).

Notation(2.2.5)[2]: A Boolean algebra is atomless if Ya # O there is b
such that 0 <b < a. For Y,Z c B we say that Y < Zifv(Y,z) € Y x Z we
have Y < z.

Note that, for a O-dimensional space, CL(X) is atomless if and only if X
does not have isolated points. In particular |{a € CL(X):aisanatom}| =
[{x € X: xis isolated}|.

Definition (2.2.6)[2]:Let kbe an uncountable cardinal. A Boolean
algebra B is said to be «-saturated if every finitely satisfiable type of
cardinality < k in the first-order language of Boolean algebras is satisfiable.

For atomless Boolean algebras this model-theoretic saturation can be
equivalently rephrased in terms of increasing and decreasing chains:

Theorem(2.2.7)[2]:Let B be an atomless Boolean algebra, and x an
uncountable cardinal. Then B is k-saturated if and only if for every directed
Y < Zsuchthat |Y]| +|Z]| <kthereisc € BsuchthatY <c¢ < Z.

Notation(2.2.8)[2]: Let U be an ultrafilter (over a possibly uncountable
index set). If A is a C*-algebra, we denote theC *-algebraic ultrapower of
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A by U by AY. Similarly, if B is a Boolean algebra we denote the classical
model-theoretic ultrapower of B by BY. If X is a topological space we denote
the ultracopower by Y.y, X.

Lemma (2.2.9)[2]:Let X be a compact Hausdorff space, and let U be an
ultrafilter. Then C(X)“ = C(Xy X),and CL(X)¥ = CL(Zy X).

Theorem (2.2.10) [2]:Let A and B be abelian, unital, real rank zero C*-
algebras. Write A = C(X) andB = C(Y ), where X and Y are 0-dimensional
compact Hausdorff spaces. ThenA = B as metric structures if and only if
CL(X) = CL(Y ) as Boolean algebras.

Proof:-

Suppose that A = B. By the Keisler-Shelah theorem (Theorem (2.1.12))
there is an ultrafilter U such thatAY = BY., By Lemma (2.2.10)AY =
CQy X). Thus we have C(Xy) = C(Yy), and hence by GelfandNaimarkXq,
is homeomorphic to Yy. Then(QyX) =CLy Y ).Applying Lemma
(2.2.10)again, we haveCL(XyX) =CL(X)%, so weobtain CL(X)% =
CL(Y)¥, and in particular, CL(X) = CL(Y). The converse direction is
similar, starting from the Keisler-Shelah theorem for first-order logic.

It is interesting to note that the above result fails when C(X) is
considered only as a ring in first-order discrete logic .

Corollary (2.2.11)[2]:There are exactlyX, distinct complete theories of
abelian, unital, real rank zero C*-algebras.

Proof:-

There are exactly X, distinct complete theories of Boolean algebras;for a
description of these theories.

Corollary (2.2.12)[2]: If X and Y are infinite, compact, O-dimensional
spaces both with the same finite number of isolated points or both having a
dense set of isolated points, then C(X) = C(Y).

In particular, let a be any infinite ordinal. Then C(a + 1) = C(Bw).
Moreover, if a is a countable limit, C(2*) = C(fw\w) = C(fa\a).

Proof:-

Given X, Y as in the hypothesis , we have that CL(X) = CL(Y).
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This section is dedicated to the analysis of the relations between
topology and countable saturation of abelianC*-algebras. In particular, we
want to study which kind of topological properties the compact Hausdorff
space X has to carry in order to have some degree of saturation of the metric
structure C(X) and, conversely, to establish properties that are incompatible
with the weakest degree of saturation of the corresponding algebra. From
now on X will denote an infinite compact Hausdorff space (note that if X is
finite then C(X).4 is compact, and so C(X) is fully saturated).

Lemma(2.2.13)[2]:Let X be an infinite compact Hausdorff space, and
suppose that X satisfies one of the following conditions:

() X has the countable chain condition;

(i) X isseparable;

(iii)  Xis metrizable;

(iv)  Xis homeomorphic to aproduct of two infinite compact Hausdorff
spaces;

(v) X is not sub-Stonean;

(vi) X is Rickart. Then C(X) is not countably degree-1 saturated.

Proof:-

First, note that (iii) = (ii) = (i). The fact that (i) implies that C(X) is not
countably degree-1 saturated is an instance. Failure of countable degree-1
saturation for spaces satisfying (iv) follows from Theorem (2.1.15), while
for those satisfying (v). It remains to consider (vi).

Let X be Rickart. The Rickart condition can be rephrased as saying that
any bounded increasing monotone sequence of self-adjoint functions in
C(X) has a least upper bound in C(X). Consider a sequence (a,)nen S
C(X)7 of positive pairwise orthogonal elements, and let b, =Y., a;.
Then (b,,),en 1S @ bounded increasing sequence of positive operators, so it
has a least upper bound b. Since ||b,,|| = 1 for all n, we also have ||b|| = 1.
The type consisting of P_3(x)=x,withK_;={1},P_,(x) =b—
xwithK_, = [1,2],P_4(x) = b — x — 1 with K_; ={1} and B,(x) =
x — b, — 1lwith K,, = [0,1] is consistent with partial solution b,,, (for
{P_s,...,P,}). This type cannot have a positive solution y, since in that case
we would have that Y —b, >0 for all neN, yetb—Y >0, a
contradiction to X being Rickart.

Note that the preceding proof shows that the existence of a particular
increasing bounded sequence that is not norm-convergent but does have a
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least upper bound (a condition much weaker than being Rickart) is sufficient
to prove that C(X) does not have countable degree-1 saturation. Moreover,
the latter argument does not use that the ambient algebra is abelian. We will
compare the saturation ofC(X) (in the sense of Definition (2.1.9)) with the
saturation of CL(X), in the sense of the above theorem. The results that we
are going to obtain are the following:

Theorem(2.2.14)[2]:Let X be a compact O-dimensional Hausdorff space.
Then C(X) is countably saturated = CL(X) is countably saturated and
CL(X) is countably saturated = C(X) is countably q. f. saturated.

Theorem (2.2.15)[2]: Let X be a compact O-dimensional Hausdorff
space, and assume further that X has a finite number of isolated points. If
C(X) is countably degree-1 saturated, then CL(X) is countably saturated.
Moreover, if X has no isolated points, then countable degree-1 saturation and
countable saturation coincide for C(X).

Proof:-

Countable saturation of C(X) (for all formulas in the language of C*-
algebras) implies saturation of the Boolean algebra, since being a projection
is a weakly-stable relation, so every formula inCL(X) can be rephrased in a
formula in C(X); to do so, write sup for v, inf for 3, |[|x — Y|| forx # Y, and
so forth, restricting quantification to projections. This establishes the first
implication. The second implication will require more effort. To start, we
will to need the following Proposition, relating elements of C(X) to certain
collections of clopen sets:

Proposition(2.2.16)[2]:Let X be a compact O-dimensional space and
f € C(X)<1. Then there exists a countable collection of clopen sets Y'f =
{Y,.r : n € N} which completely determines f, in the sense that for each
x € X, the value f(x)is completely determined by {n: x € Y, (}.

Proof:-

Let Cppq = {“+F: 1z € ZA|j; + /1] < m}.
For every Y € C,,, consider Yy, = f~'(By/m(Y)). We have that
eachXy ¢, is a c-compact open subset of X, so is a countable union of clopen
sets Yur1rYnfn- € CL(X). Note that Uyec,,, UnenXys =X . Let

Xm,f = {Xy,f,n}(y,n)e(CmIXN = CL(X)-
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We claim that X; = U, X, s describes f completely. Fix x € X.For
every m € N we can find a (not necessarily unique) pair (Y,n) € Cy, ; such
that x € Xy r,. Note that, for any m,n;,n, € Nand Y # Z, we have that
Xyfm, NXyrn, # @ implies|Y — Z| < V2/m. In particular, for every
m € Nand x € Xwe have

2 SHY€ECy:3n(x € Xyrp)} <4

Let Ay = {Y € CppqpiIn(x € Xypp)land choose a,, € Ay to
have minimal absolute value. Then f(x) = lim,, a,,, so the collection
Xfcompletely describes f in the desired sense.

The above proposition will be the key technical ingredient in proving
the second implication in Theorem(2.2.14) . We will proceed by first
obtaining the desired result under the Continuum Hypothesis, and then
showing how to eliminate the set-theoretic assumption.

Lemma (2.2.17)[2]:Assume the Continuum Hypothesis. Let B be a
countably saturated Boolean algebra of cardinality 2% = &,. Then C(S(B))
is countably saturated.

Proof:-

Let B’ < B be countable, and let U be a non-principal ultrafilter on N.
By the uniqueness of countably saturated models of size ®;, and the
continuum hypothesis, we have B'Y = B. By Lemma (2.2.9) we therefore
haveC(S(B)) = C(S(B"))Y, and hence C(S(B))is countably saturated.

Theorem (2.2.18)[2]:Assume the Continuum Hypothesis. Let X be a
compact Hausdorff 0-dimensional space. If CL(X) is countably saturated as a
Boolean algebra, then C(X) is quantifier free saturated.

Proof:-

Let ||B,]| = n, be a collection of conditions, where each B, is a 2-degree
x-polynomial in xy,...,x,, such that there is a collection F = {f,,;}n<i S
C(X)<1, with the property that for all i we have ||B,(foi -\ fn)|| € )1y
for all n <i. For any n, we have that P, has finitely many coefficients.
Consider G the set of all coefficients of every B, and L the set of all possible
2-degree *-polynomials in F U G. Note that for any n < i we have that
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B.(foi, ... fai) € L and that L is countable. For any element f € L consider a
countable collection Xrof clopen sets describing £, as in Proposition(2.2.16).

Since CL(X) is countably saturated and 2% = X;we can find a
countably saturated Boolean algebra B € CL(X) such that @, X € B, for all
f € L wehave X; € B, and|B| = X;.

Let «:B — CL(X) be the inclusion map. Thentis an injective
Boolean algebra homomorphism and hence admits a dual continuous
surjection g,: X — S(B).

Claim B:For every f € L we have thatU )?f = S(B).

Proof:-
Recall that
UX, = x.

By compactness of X, there is a finite Cr < )?f such that U G = X.In
particular every ultrafilter on B (i.e., a point of S(B)), corresponds via g, to
an ultrafilter on CL(X) (i.e., a point of X), and it has to contain an element of
Cr.SoUX; = S(B).

From g, as above, we can define the injective map ¢: C(S(B)) — C (X)
defined as ¢(f)(x) = f(g, ! (x)). Note that ¢ is norm preserving: Since ¢
is a unital *-homomorphism of C*-algebra we have that ||¢p(f)I < |[f]l. For
the converse, suppose that x € S(B) is such that |f(x)| =r, and by
surjectivity take Y € Xsuch that g,(Y) = x. Then

1PN = 1f (9.0, CONI = If L.

For everyf € Lconsider the function f, defined by Xrand construct the
corresponding *-polynomials B,.

Claim C:
a.f = ¢(")forall f €L.
b. ||y Foiv-e s fad|| € ()asi foralliandn <.

Proof:-
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Note that, since f,,; € L and every coefficient of P, is in L, wehave that
B.(foir... fni) € L. It follows that condition (a), combinedwith the fact
that ¢ is norm preserving, implies condition (b).

Recall that g = g, is defined by Stone duality, and is a continuous
surjective map g: X — Y. In particular g is a quotient map. Moreover by
definition, since X, s, € CL(Y) = B S CL(X), we have that if x € Y is

suchthat x € X, ,for some(q, f,n) € Q % L x N, then for all Z such that

g(Z)=x we have Z € Xgrp. Take f and x € X such thatf(x) #
d(f")(x). Consider m such that |f(x) — ¢(f)(x)| > 2/m. PickY € C, 1
such that there is k for which x € Xy f,and find Z € Ysuch that g(2Z) =
x.ThenZ € Xy ¢y that implies f'(Z) € Bym(Y)and sop(f')(x) =
f'(Z2) € By;,(Y) contradicting

If (x) = ¢(fH(X)| = 2/m

Consider now {||B,(xo,..., x|l = n,}. This type is consistent typein
C(S(B)) by condition (b), and C(S(B)) is countably saturated, so there is a
total solution g. Then k; = ¢(g;) will be such that||P,(R)|| = ,, since ¢
IS norm preserving, proving quantifier-free saturation for C(X).

To remove the Continuum Hypothesis from Theorem (2.2.20) we will
show that the result is preserved by o-closed forcing. We first prove a more
general absoluteness result about truth values of formulas. For more
examples of absoluteness of model-theoretic notions . Our result will be
phrased in terms of truth values of formulas of infinitary logic for metric
structures. Such a logic, in addition to the formula construction rules of the
finitary logic we have been considering, also allows the construction of
sup, ¢, and inf, ¢, as formulas when the ¢, are formulas with a total of
finitely many free variables. Two such infinitary logics have been considered
in the literature. The first, introduced by Ben Yaacov and lovino, allows the
infinitary operations only when the functions defined by the formulas ¢,, all
have a common modulus of uniform continuity; this ensures that the
resulting infinitary formula is again uniformly continuous. The second , does
not impose any continuity restriction on the formulas ¢, when forming
countable infima or suprema; as a consequence, the infinitary formulas of
this logic may define discontinuous functions. The following result is valid
in both of these logics; the only complication is that we must allow metric
structures to be based on incomplete metric space, since a complete metric
space may become incomplete after forcing.
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Lemma (2.2.19)[2]:LetM be a metric structure, ¢(x) be a formula of
infinitary logic for metric structures, and abe a tuple from M of the
appropriate length. LetP be any notion of forcing. Then the value ¢ (a) is
the same whether computed in VV or in the forcing extension V [G].

Proof:-

The proof is by induction on the complexity of formulas; the key point is
that we consider the structure M in V [G] as the same set as it is in. The base
case of the induction is the atomic formulas, which are of the form P(x) for
some distinguished predicate P. In this case since the structure M is the same
in V and in V[G], the value of PM(a) is independent of whether it is
computed in V or V [G].

The next case is to handle the case where ¢ is f (Y4, ...,,),where each
Y; is a formulaand f : [0,1]" — [0,1] is continuous. Since the formula ¢
is in, so is the function f. By induction hypothesis each ! (@) can be
computed either in V or V[G], and so the same is true of ¢M(a) =
f@M(a),...,p¥(a)). A similar argument applies to the case when ¢ is
sup,y¥, or infn i,. Finally, we consider the case where ¢(x) =
infy ¥ (x,Y) (the case with sup instead of inf is similar). Here we have that
for every b € M, yM (@, b) is independent of whether computed in Vor V [G]
by induction. In bothV and V [G] the infimum ranges over the same set M,
and hence ¢ (a) is also the same whether computed in V or V [G].

We now use this absoluteness result to prove absoluteness of countable
saturation under o-closed forcing.

Proposition (2.2.20)[2]:Let p be a o-closed notion of forcing. Let M be
a metric structure, and let @ be a set of (finitary) formulas. Then M is
countably @-saturated in V if and only if M is countably @-saturated in the
forcing extension V[G].

Proof:-

First, observe that since IP is o-closed, forcing with P does not introduce
any new countable set. In particular, the set of types whichmust be realized
for M to be countablyd-saturated are the same in V and in V [G].

Let t(x) be a set of instances of formulas from & with parameters from a
countable set A € M. Add new constants to the language for each a € A4, so
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that we may view t as a type without parameters. Define ¢ (k) =

inf{(x) : € t}.

Note that ¢™ (@) = 0 if and only if a satisfies t in M. This @ is a
formula in the infinitary logic ,for any afrom M we have that ¢ (@) = 0 in
Vif and only if ¢M(@) = 0 in V [G]. As the same finite tuples a from M
exist in Vand in V [G], this completes the proof.

Lemma(2.2.21)[2]: The Continuum Hypothesis can be removed from the
hypothesis of Theorem (2.2.18).

Proof:-

Let X be a O-dimensional compact space such that CL(X) is countably
saturated, and suppose that the Continuum Hypothesis fails. Let Pbe a o-
closed forcing which collapses 2% to &;. Let A = C(X). Observe that since
P is o-closed we have that X remains a compact O-dimensional space in
V[G], and we still have A = C(X) in V[G]. By Proposition (2.2.20) we have
that CL(X) remains countably saturated in V[G]. Since V[G] satisfies the
Continuum Hypothesis we can apply Theorem (2.2.18) to conclude that A is
countably quantifier-free saturated in V[G], and hence also in V by
Proposition (2.2.20).

With the continuum hypothesis removed from Theorem (2.2.18), we
have completed the proof of Theorem (2.2.12). It would be desirable to
improve this result to say that if CL(X) is countably saturated then C(X) is
countably saturated. We note that if the map ¢ in Theorem (2.2.18) could be
taken to be an elementary map then the same proof would give the improved
conclusion.

Proposition (2.2.22)[2]:If X is a O-dimensional compact space with
finitely many isolated points such that C(X) is countably degree-1 saturated,
then the Boolean algebra CL(X) is countably saturated.

Proof:-

Assume first that X has no isolated points. In this case we get that CL(X)
is atomless, so it is enough to see that CL(X) satisfies the equivalent
condition of Theorem (2.2.8). Let Y < Z be directed such that |Y]| + |Z] <
N,. Assume for the moment that both Y and Z are infinite. Passing to a
cofinal increasing sequence in Z and a cofinal decreasing sequence in, we
can suppose that Z = {U,, },,eyand Y = {V },,en, Where
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If Unen Un = Npen VithenU,en Uy, 1S @ clopen set, so by the remark
following the proof of Lemma (2.2.15), we have a contradiction to the
countable degree-1 saturation of C(X). For each n € N, let p,, = xU,, and
qn = xV,, where xA denotes the characteristic function of the set A. Then
P1<- <DPn< Pn+1<...<qn+1<qn<...<q1 and by countable
degree-1 saturation there is a positive r such that p, < r < q, for every n.
In  particular A ={x € X:r(x) =0}andC = {x € X:r(x) = 1}are two
disjoint closed sets such that U,eyU,, € C and X \ N ey ¥y € A. We want
to find a clopen set D suchthat A € D < X \ C. For each x € A pick W, a
clopen neighborhood contained iInX\C. Thend S U,esW,. By
compactness we can cover A with finitely many of these sets, say A <
Uisn Wy, © X \C, 50 D = U;<, W, is the desired clopen set.

Essentially the same argument works when either Y or Zis finite. We
need only change some of the inequalities from < with <, noting that a finite
directed set has always a maximum and a minimum. If X has a finite number
of isolated points, write X = Y U Z, whereY has no isolated points and Z is
finite. Then C(X) =C(Y) @ C(Z)and CL(X) =CL(Y) & CL(Z). The
above proof shows that CL(Y ) is countably saturated, and CL(Z) is
saturated because it is finite, so CL(X) is again saturated.

To finish the proof of Theorem (2.2.17) it is enough to show that when X
has no isolated points the theory of X admits elimination of quantifiers. By
Corollary (2.2.12)we have that C(X) = C(BN\N) for such X, so it suffices
to show that the theory of C(BN\N) eliminates quantifiers.

Definition (2.2.23)[2]:Let a4,...,a, € C(X) (more generally, one can
consider commuting operators on some Hilbert space H). We say that
a=(a,...,ay) is non-singular if the polynomial}L;a;x; =1Ihas a
solution x4, ..., x, in C(X). We define the joint spectrum of a4,..., a,to be

jo(a) = {2 €eC* (A4, —ay,..., A, — ay) issingular}

Proposition (2.2.24)[2]: FiX a4,...,a,, € C(X). Then 1 € jo(a) if and
only if Y\, |4; — a;| is not invertible.

Proof:-

We have that A € jo(a) if and only if there is x € X such that
a;(x) =A; for all i <n. In particular, 1 € jo(a) if and only if O €

55



o(X |A; — a;]) if and only if there is x such that),;<, |4; — a;| (X)= 0. Since
each |A; — a;| is positive we have that this is possible if and only if there is x
such that forall i < n, |A; — a;|(x) = 0.

Proposition(2.2.25)[2]:The joint spectrum of an abelianC*-algebra A is
quantifier free-definable.

Proof:-

First of all recall that, when @ = a, then jo(a) = o(a), hence the two
definitions coincide for elements. We want to define a quantifierfree
definable function F: A % C —» [0,1] such that F(a,A) =0 if and only if
A € a(a). Since we showed that 1 € o(a) if and only if 0 € 0 Y, [4; —
a;|, so, in light of this, we can define a function

E;: A" xC" - [0,1]

as E,(a,A) = F |4 — a;],0), hence we have thatE,(a,A) = 0 if and
only ifA € jo(a), that implies that the joint spectrum ofa € A™ is quantifier-
free definable.

To define o(a), recall that, for f € A, the absolute value of f is
quantifier-free definable as |f| = /ff*, and for a self-adjoint f € 4, its

positive part is quantifier-free definable as the function f, = max(0, f).
Then F(a,A) = |1 —[|(1 — |a — A - 1)), ||| is the function we were seeking.

Theorem (2.2.26)[2]:The theory of C(BN\N) has quantifier elimination.
Consequently the theory of real rank zero abelian C*-algebras without
minimal projections has quantifier elimination.

Proof:-

It is enough to prove that for any n € N and @, b € C(BN\N)" that
have the same quantifier-free type over® there is an automorphism of
C(BN\N) sending a; to b;, for all i < n. Since a and b have the same
quantifier-free type, we have that K = jo(a) = jo(b). Consider D be a
countable dense subset of K and pick fi,...,f5,91,....9n € C(BN) =
£°(N) such that v(dq,...,d,) € Dwe have thatF; = {m € N:Vi <
n(f;(m) = d;)} andG; = {m € N: Vi < n(g;(m) = d;)}are
infinite,(f;) = a;,©(g;) = b;and form € Nwehave that

(fl(m)’ v ’fn(m))’ (gl(m), Ces ,gn(m)) €D.
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In particular we have thatN = Ugiep Fg = Ugep Gg and that for all
d #d wehave F; NFy =@ = G4 NGy, then there is a permutation o
on N (that induces an automorphism of C(BN\N)) such that f;eco =
giforalli < n.

The proof of Theorem (2.2.15) is now complete by combining Theorem
(2.2.14), Proposition (2.2.22).

In light of our result related to the Breuer ideal of a 11, factor, we can
ask whether or not this quotient structure carries more saturation than
countable degree-1 saturation, and if the degree of saturation may depend on
the structure of the 11, factor itself. The proof of the failure of quantifier-free
saturation for the Calkin algebra, involved the notion of the abelian group
Ext, a notion which has not been developed for quotients with an ideal that is
not o-unital, so it cannot be easily modified to obtain a similar result for our
case (and in general, for the case of a tracial Von Neumann algebra modulo
the ideal of finite projections).
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CHAPTER 3
C*-Algebras of Right LCM Semigroups ofBoundary Quotients

If P is such a semigroup, its C*-algebra admits a natural boundary quotient
Q(P). We show that Q(P) is isomorphic to the tight C*-algebra of a certain
inverse semigroup associated to P, and thus is isomorphic to the C*-algebra of
an “etale groupoid. We use this to give conditions on P which guarantee that
Q(P)is simple and purely infinite, and give applications to self-similar groups
and Zappa-Sz“ep products of semigroups.

Section(3.1): Background and the Boundary Q(P)as the Tight C*-Algebra
of an Inverse Semigroup:-

A semigroupP is left cancellative if pg = ps implies that ¢ = s, and C*-
algebras associated to such semigroups are an active topic of research in
operator algebras. Li’s construction] of a C*-algebra C*(P ) from a left
cancellative semigroup P generalizes Nica’s quasi-lattice ordered semigroups
and encompass a great deal of interesting C*-algebras, including the Cuntz

algebras (the Cuntz algebraQy(after Joachim Cuntz) is the universal C*--
algebra generated by n isometries satisfying certain relations. It is the first
concrete example of a separable infinite simple C*-algebra)[7] and the C*-
algebra of the ax + b semigroup.Many semigroups of interest can be
embedded into groups, and represents a comprehensive study of the C*-
algebras of such semigroups. Another interesting class of semigroups (which
has some overlap with the previous)are the right LCM semigroups, which are
semigroups in which two principal right ideals are either disjoint or intersect
in another principal right ideal,considers the C*-algebras of such semigroups,
and obtains many results about how the properties of P influence the
properties ofC*(P)in this case.

We are concerned with boundary quotients of such algebras, we define a
boundary quotient Q(P) of C*(P) when Pis a right LCMsemigroup, and this
Is the principal object of study in this section. Quotients of this type are
worthy of singling out because they frequently give examples of simple
C*-algebra where the original would not (unless of course they are equal),
and examples of simple C*-algebras are of interest to C*-algebra
classification.

It turns out that this boundary quotient can be studied by using work of
Exel on inverse semigroupC *-algebras. An inverse semigroup is a semigroup
S such that for each s € S there is a uniques™ € S such that ss*s = s and
s*ss* = s*, and one can define a universal C*-algebra for representations
of S. Further work of Norling determined that for a left
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cancellativesemigroupP , C*(P ) is isomorphic to the universal C*-algebra
of a certain inverse semigroup (denoted S in the sequel) obtained from P.
Exel discovered a natural quotient for Paterson’s inverse semigroup algebra
called the tight C*-algebra of an inverse semigroup. This C*-algebra is
universal for so called tight representations of of the inverse semigroup;
representations of this kind enforce a kind of nondegeneracy condition.
This construction has been studied by many authors. Our first main result,
states that the tight C*-algebra of S is isomorphic to the boundary quotient
Q(P). This generalizes a combination of from the case of self-similar
groups, and in fact it was the desire togeneralize this result to other types
of semigroups which was the motivation for this work.

Both Paterson’s and Exel’sC*-algebras can be presented as the C*-
algebras of certain “etalegroupoids, and so can be analyzed by using the
many results concerning “etalegroupoids in the literature.There is a small
difficulty in doing so however, because the groupoids which arise in this
way can be non-Hausdorff, and a majority of the results in the literature
about the structure of “etalegroupoidC*-algebras assumes the Hausdorff
property.One condition which guarantees Hausdorff is right cancellativity
(in addition to the left cancellativity already assumed), but one can
weaken this a bit to obtain a condition on P which is equivalent to the
groupoid being Hausdorff, see Proposition (3.2.1). Here, we employ the
results to find conditions on P which guarantee that Q(P ) is simple and
purely infinite,because that section is concerned with “etale groupoids
arising from inversesemigroup actions. We note that in the recent work
Steinberg independently comes to many of the same conclusions, and many
of the results we use from also appear, but throughout this article we will
reference their appearance.

If X is a right ideal of P,then for all p € P the sets

pX ={pxlx €X}, p'X={YeP|pyeX}

are also right ideals. We let J(P) denote the smallest set of right ideals
which contains Pand ¢, is closed under intersections, and such that X €
J(P)and p € P implies that bothpX and p~1X are in J(P). Then J(P) is a
semilattice under intersection, and is called the semilattice of constructible
ideals. For a left cancellative semigroup P, Lie constructs a C*-
algebrac*(P).
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Definition (3.1.1)[3]:Let P be a left cancellative semigroup, and let
J(P) denote the set of constructible ideals of P.Then C*(P ) is defined to
be the universal C*-algebra generated by a set of isometries{v,|p € P}and a
set of projections {ex| X J(P)} subject to the following:

(L1) vyv, = vy,forallp,q € P,

(L2) vyexv, =e,X forallp e PandX € J,
(L3)ep = 1andey = 0, and

(L4) exey = eynyforall X,Y € 7.

It is clear that J(P) contains every principal right ideal. In this section
we consider the following class of semigroups for which J(P) is equal to the
set of principal right ideals.

Definition(3.1.2)[3]: A semigroupP is called a right LCM semigroup if it
is left cancellative and the intersection of any two principal right ideals is
either empty or another principal right ideal.

Semigroups of this type have gone by other names in the literature.
Lawson considers the dual definition (ie, right cancellativesemigroups such
that two principal right ideals are either disjoint or intersect in another
principal right ideal) and calls these CRM monoids (named for Clifford,
Reilly and McAlister). In other works such as , such semigroups are said to
satisfy Clifford’s condition.

Let P be aright LCM semigroup with identity, and let U(P) denote
the invertible elements of P (invertible elements of P are also sometimes
called the units of P). Then if we have p,q € P such that pP nqP = 1P,
we see that every element of P which is right multiple of both p and q is
also a right multiple of r, and we say that r is a right least common
multiple (or right LCM) of p and g. If rP = sP , then a short calculation
shows that there must exist u € U(P) such that ru =s. Hence, if ris a
right LCM of p and g then so is ru for all u € U(P).Also, if pP N gP = rP,
then there existp’, q" € P such that pp’ = qq’ = r. This right least common
multiple property is the source of the terminology “right LCM”.

Let P be a right LCMsemigroup and suppose that we have p,q € P
such that pP N qP = rP with pp’ = qq’' = r. Then it is straightforward to
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show that p~1qP = p'P , and so the set of principal right ideals is in fact
equal to the set of constructible ideals.

We shall be concerned with groupoids constructed from semigroups.
Recall that a groupoid consists of a set G together with a subset G(2) c G %
G.ccalled the set ofcomposable pairs, a  product map
G(2) - Gwith (y,n) » yn, and an inverse map from G to G with y —
¥~ Isuch that

@@y H 1= yforally €g,

O)If (v, m), (1. v) € G@ ,then (yn,v), (v, nv) € GPand (yn)v =
y(mv),

Oy ™). ) eGP andy™t =
n, &y~ Hor all n,¢ with (y,7), (1, €) € GP.

The set of units of G is the subset G(®of elements of the form yy~1. The
maps .G — G®and d : G » G© given by

r(y) = vyt d@y) =yl

are called the range and source maps respectively. It is straightforward
to check that (y,n) € G® is equivalent to r(n) = d(y).

One thinks of a groupoidg as a set of “arrows” between elements of G(®.
Givenx € GO et

G =r"1x), Gy:=d'(x), GF = d () nrTi(x),

which are thought of, respectively, as the arrows ending at x, the arrows
beginning at x, and all the arrows both ending and beginning at x. For all
x € GO G¥ is a group withidentity x when given the operations inherited
from G, and is called the isotropy group of x. The set 1s0(G) = Uyeg@ Gz IS

called the isotropy group bundle of G. The orbit of x € G(Vis the set
G() := r(Gx) = s(G").

A topological groupoid is a groupoid which is a topological space where
the inverse and product maps are continuous, where we are considering
G®@ with the product topology inherited from G xG. Two topological
groupoids are said to be isomorphic if there is a homeomorphism
between them which preserves the inverse and product operations. A
groupoid with topology G is called “etale if it is locally compact, second
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countable, and the maps r and d are local homeomorphisms.  These
properties imply that G(®is open in G and that for all x € G the spaces
G* and G, are discrete.

For subsets S, T c @G, letST={yn |y eS,neT,dy)=r(n)} A
subset S c Gof a topological groupoid is called a bisection if the
restrictions of r and d to S are both injective. In an “etale groupoid G, the
collection of open bisections forms a basis for the topology of G. If Sand T
are bisections in an “etale groupoid, then so is ST.

A subset U c G s called invariant if for all y € G, 7(y) € U implies
that s(y) € U. A topological groupoid is called minimal if the only
nonempty open invariant subset of G is G©. We say that G is
topologically principal if the set of x € G(®) for which G¥ = {x} is dense.
We will say that G is essentially principal if the interior of Iso (G) is equal to
G© and we will say that G is effective if the interior of 1so (G)\G© s
empty. When Gis alocally compact, second countable, Hausdorff,
“etalegroupoid, then

G topologically principal & Gessentially principal < G effective,

In a construction, to an “etalegroupoidG one can associate C*-
algebrasC*(G) andgG,:(G), called the C*-algebra of G and the reduced C*-
algebra of G respectively. To build these C*-algebras one starts withC.(G),
the continuous compactly supported functions on G, which becomes a
complex *-algebra when given the convolution product and involution
given by

Fram = > o9 f M =FGD.

Y1V2=Y

We note that the fact that G is étale implies that the sum above is finite.
In this work we are not concerned with the specifics, but both €*(G)and
C;(G) are completions of C.(G)in suitable norms, and C;(G) is always a
quotient of C*(G). In this section we construct étale groupoids from certain
semigroups, and most of our results concern the case when C*(G) =
C;(G). This happens for instance when G is amenable.

We will use the following result to deduce properties of the C*-algebras
we construct.

62



Theorem (3:1:3)[3]:Let G be a second countable locally compact Haus-
dorffétale groupoid. Then C*(G)is simple if and only if the following
conditions aresatisfied:

i C*(9) = Cr(9),
Ii. G istopologically principal, and
lii. G is minimal.

An étale groupoid is called locally contracting if for every nonempty
open subset U c G, there exists an open subset V c U and an open
bisection S« G such that V < S~ Sand SV S~1 ¢ v, if C*(G) is simple and
G is locally contracting, then C*(G) is purely infinite. We assume

knowledge of C*-algebras, but for the unfamiliar an excellent reference for
the undefined terms above.

Recall that a semigroupSis called regular if for all s € S there exists an
element t € S such that tst =t and sts =s. Such an element t is often
called an inverse of s, though even if S has an identity we need not have
ts = 1. However, we always have (ts)? = tsts = ts, that is to say that ts is
idempotent. We let E(S) ={e € S|e? =e} denote the set of all
idempotent elements of S. A regular semigroup is called an inverse
semigroup if each element shas a unique inverse,denoted s*.It is a fact that
a regular semigroup is an inverse semigroup if and only if elements of E(S)
commute, and we note that in this case E(S) is closed under multiplication.

Example(3:1:4)[3]:We give an important and fundamental example of
an inverse Isemigroup. Let X be a set. Consider

I(X)={f:U->V|UV cX,fisbijective}.

Thenl(X) is an inverse semigroup when given the operation of function
composition on the largest domain possible. The inverse of an element
f:U >V s the inverse function f*= f~! : V > U. One sees that the
identity function is the identity for this inverse semigroup, and more
generally every idempotent is the identity on some subset.If we have
f,g € I(X) such that the range of f does not intersect the domain of g,
then the compositiong o f on the largest domain possible is equal to the
empty function, which acts as a zero element in I(X). It is an important
fact in semigroup theory that every inverse semigroup can be embedded
into 1(X) for some set X—this is known as the Wagner-Preston theorem.
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This example demonstrates that many inverse semigroups naturally
contain a zero element. Because of this, the two algebraic objects we
consider in this section, namely “right LCMsemigroups” and “inverse
semigroups” should be thought of as quite different types of objects, as left
cancellativity in a right LCMsemigroup eliminates the possibility of a
zero element in nontrivial cases.

Now, given a right LCM semigroupP we will construct an inverse
semigroup S. We define an equivalence relation ~ on P x P by saying
that(p,q) ~ (a,b) if and only if there exists u € U(P)such that au =
pandbu = q. In other words, the equivalence class of (p,q) consists of all
elements of the form (pu,qu)with u € U(P). Denote by [p,q] the
equivalence class of (p,q).The following proposition is essentially, though
Lawson presents the dual construction for right cancellative left
LCMsemigroups.

Proposition (3:1:5)[3]:Let P be a right LCMsemigroup with identity 1,
, and let

S:={[p.qll p.q € P} U {0}. 1)

Then Shecomes an inverse semigroup with identity 1 = [1p,1p] when
given the operation

([ab',dc']lifcPnNbP =rPand cc' = bb' = r

la, b][c, d] = {o if cPNbP=0

and sO0 =0s =0 for all s€S. In this case, we have that[a,b]" =
[b, a] and

E(S) ={[a,a]|a € P}uU{0}.
Proof:-

Before we start, we note that although this proof is straightforward it
is long and tedious. However, it may be valuable if one wishes to get a feel
for right LCMsemigroups.

We first show that the multiplication above is well-defined. Suppose that
[a,b],[c,d] € S. Then if u,v € U(P), we know that buP = bP and cvP =
cP, and so [a, b][c,d] = O if andonly if [au, bu][cv,dv] = 0. So, suppose
that [a, b][c,d] = [ab’,dc'], where bP NcP =rP withbb' =cc' =
r. Then buP N cvP = bP ncP = rP, and so there exist b",c"” € P such
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thatbub” = cvc’”" = r. Because bb' = c¢c' = r and P is left cancellative,
we have that ub” = b'andvc” = ¢'. Hence

[au, bu][cv,dv] = [aub”,dvc'"] = [ab’,dc'] = [a, b][c,d]
and so the multiplication is well-defined.

We now show that the given multiplication is associative. Take
[a,b],[c,d],[e.f] €S and first suppose that [a, b]([c,d][e, f]) # 0. Then
there must be r;,d,,e; € Psuch that dP neP =r, P, dd; = ee; = 1, and
[c,d][e,f] = [cdi,fe1]. Since we assumed that[a, b][cd, , fe;] =0, we
now must have that there exist r,,b;,c; € P such that bP ncd,P =
r,P ,bb; = cd,c; =1,,and

[a,b]l([c,d]le, f1) = [ab; , fe;c; 1 # 0.

Since bP N cd,P = @, we must have that bP N cP = @, so there exists
r3, b, ,c, € P such that bP N cP =3P ,bb, = cc, =13, and [a, b][c, d] =
[ab, ,dc,]. In addition, we have that r,P < 3P , and so there exists g € P
such that r, = r3q. Now we have that

cdic; =1, = 139 = CCq = djcp =cyq 2)
and so we have
ee;c; =ddyc, =dc,q = dc,PneP=0.

Hence ([a,bllc,dD[e,f 1 = [ab, ,dc,][e.f]1=0. Furthermore,
there exist r,,d,,e, € P such that dc,P neP =r,P,dc,d, = ee, =1,
and

([a,b][c, d])[e’f] = [abZ ’dCZ][e’f] = [abZdZ’fBZ]'

In this case, we have that r,P c ;P , and so there exists p € P such
that r, = ryp. Also, similar to (2), we have that c,d, = d;p. If instead we
started by insisting that ([a, bl[c,d])[e,f]+# O, then a similar argument
gives that [a,b]([c, d][e, f]) # 0.Thus to show associativity —we can
assume both products are nonzero and that we have
elements b; , b, ,¢q,Cp,dq,dy, €1 ,€5,74,12, 13,74, q,p € Psuch that

dP N eP = rP dd, = ee; = 1, = 13q

bP N cdiP = r, P bby, = cdici =1y rd = np

bP N cP =13 P bb, = ccy; = 13 dici = ¢ q
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dc,P N eP=1P dcy,d, = ee; =14c,d, = dqp

Now, we have thatr;c; = ee;c; = ddqcqy = dcyq, and so rc; dey,P N
eP = r, P , meaning that there existsk, € P such that r;c; = r,k; = rpk4,
and because P is left cancellative we have that pk; = ¢, .

Similarly, r3d, = bb,d, = cc,d, = cc;dq,and so r3d, € bP N
cd,P = r2P. This means that there exists k, € P such that r;d, =
r,k, = 1r3qk,, and since P is left cancellative we have that d, = qgk,.

We claim that k;k, =1 = ky,k; = 1p , and hence kq,k, € U(P). We
calculate

dipkik, = diciky = coqky, = cpdy =dip = kiky, =1p,
C2qkaky = cpdyky = dipky = dicy = c2q =  kyk, = 1p.

Now, bb; =1, = r3q = bb,q,and sob; = b,q. Similarly,e, = e;p.
Thus,

[a’ b]([C, d][e’f ]) = [abl ’felcl] = [aqu’felcl]’

([a,b][c, d])[e’f] = [abZdZ’fBZ] = [abZdZ’felp]’
and

ab,dyky = ab,qk;k, = ab,q, feipk, = feicy.
Hencela, b]([c,d]le, f 1) = ([a, bllc,d])[ e, f ]as required.

Suppose now that [p, ql[p.q] = [p,q]. Then pP N qP =rP and there
exist p’,q’ such that pp" = qq" = r, and [p,q] = [p.qllp.q] = [pr'. qq" =
[r, r]. Hence there exists u € U(P) such that p = ru = q. Hence the only
idempotent elements of S are elements of the form [p, p], together with
the O element. Now suppose that we have p,q € P such that[p, pl[q,q] =
0. Then pP n gP = rPfor some r € Pand there exist p’, g'such that
pp' =qq' =r,and [p, p]l[a, 9] = [pp’ qq'] = [r, r]. Itis clear that this is

equal to[q, q][p,p], and that[p, pl[q,q] = O if and only if [q, q][p,p] = O.
Hence the idempotents of S commute. It is obvious that [p, q][q,pllp. q] =

[p,q] and [q,p]I[p. qllq, »] = [q,p]. Hence each element of S has an inverse
(O is the inverse of 0), and so S is regular. As above, the idempotents of §
commute, hence § is an inverse semigroup.There is another formulation of
the semigroup § above, considered for example. Consider/(P ) as in
Example (3.1.4). Since P is assumed to be left cancellative, the map
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Ap : P — pP defined byA,(q) = pq is a bijection, and hence an element
of(P ). Let [;(P) denote the inverse semigroup generated by the elements
{Ap}pep inside I(P). This is sometimes called the left inverse hull of P.
Then the map from S to I;(P)given by [p,q] +~ )12,)151 is an isomorphism.

The main result of this section is an isomorphism between two C*-
algebras, denoted in the sequelQ(P ) and Cg;zpn(S). We begin by defining
Q(P). Afinite set F c P is called a foundation set if for all p € P there
exists f € Fsuchthatf Pn pP # @. The following

Definition (3.1.6)[3]: Let P be aright LCMsemigroup. The boundary
quotient of C*(P ), denoted Q(P ) is the universal C*-algebra generated by

sets {vp|p € P}and {ex|X € J}subject to the relations (L1)-(L4) in
Definition (3.1.1) and

[I,er(1 — e,P) = Ofor all foundation setsF < P.

Now that we have defined Q(P ), we define the second algebra which
concerns us. Let A be a C*-algebra and let S be an inverse semigroup with
zero. Then a representation of Sisa map m : S — A such that for all s,t € S
we haverr(st) = n(s)n(t), m(s*) = n(s)", and mw(0) = 0. The universal
C*-algebra of S, denoted C,;(S), is the universal C*-algebra generated by
one element for each element of S such that the standard map m, : S —
C,(S) is a representation. Note that this implies that m, (s) is a partial
isometry for each s € S.

Let S be an inverse semigroup,letr : S — Abe a representation, and let
D denotsethe C*-subalgebra of A generated by m(E(S)). Since E(S) is
commutative, D; must be a commutative C*-algebra. The set
B.={e€eD,|e*=¢}
is a Boolean algebra when given the operations
eNf=ef eVf=e+f—ef —-e=1-c¢

We will recall a subclass of representations defined . Let S be an
inverse semigroup and let F ¢ Z c E(S). We say that F is a cover of Z if
for every nonzero Z € Zthereis f € Z such that f Z = 0.1f x € E(S)and F
is a cover for {Y € E(S) | Yx = x}, then we say that F is a cover of x. For
finite sets X, Y < E(S),let

67



E(S)*Y ={e€ E(S)lex=eforallx e XandeY =0 forall'y €Y}

A representation m:S — A is called tight if for every pair of finite sets
X,Y c E(S) and every finite cover Z of E(S)*Y , we have

\/z@ =] [z ] [ @ - =00
Z€Z x€X Yey

The tight C*-algebra of S, denoted Cy; . (S),is the universal C*-algebra
generated by one element for each element of S subject to the relations
saying that the standard map m; : S > C;45(S)is a tight representation.

Lemma (3.1.7)[3]:Let P be a right LCM semigroup, and let {v, |p €
P}and{ey | X € J(P)}be as in Definition (3.1.1). Then for all p,q € P we
have

i} vprv;, if PPNngP =rPandr =pp' = qq’
vV, =

P o if pP N gP = ¢.

Proof:-

Suppose that pP N gP =rP and r = pp’ = qq’. Then

VpVq = (vz;kepP)(equq) = Vperplyq

= vy, = vp(Vpvy, )*(quq,)*vq
= (Vpvp YV (Vi V) = Vprvgs .

The second equality above shows that v,v, = 0if pP NngP = 0.

Lemma (3.1.8)[3]: Let P be a right LCMsemigroup with identity, and let
Sbeasin(l). Thenthe mapm : S — Q(P) defined by

n([p,q]) = v,vg
m(0) =0
is a tight representation of S.
Proof:-

It is easy to see from Lemma (3.1.7) and (1) that the map m above is a
representation of S. Now, suppose that Fis a foundation set. Then, by de
Morgan’s laws in a Booleanalgebra we have
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o=]]a-en= A\ertrrm == \/=tr.D

feF feF fEF

=1 - \/=@r.fD

fEF

and so Vyepm([f,f 1) = L.To show that = is tight we need only check
that for every [p,p] € E(S) and every finite coverZ of [p,p], we have

theequality
\/n(z) = epp .

ZEZ

So, take p € P and suppose that Z is a finite cover of [p, p]. ForZ to be
a finite cover of [p,p], we must have that for all z € Z,zP c pP and
whenever we have q € P such that gP c pP , there exists z € Z such that
qP N zP = @. The first condition implies that for all z € Z, there exists
az € P such that z = pa,. We claim that {a, | z € Z} is a foundation set.
Indeed, for every g € P, we have that pqgP < pP , and so there exists z € Z
such that zP N pqP = pa,P N pgP = @, and so a,P N qP = @. Hence 1 =
V,ezeq, P . Hence we have

—_ — * *
epp = vplv; = 1 (\/ eazP) vy = \/vpeazP v, = \/epazP

ZEZ ZEZ ZEZ

= \/ (2)

ZEZ

Lemma (3.1.9)[3]:Let P be a right LCMsemigroup with identity, let S
be as in (1), and let mhe any tight representation of S. Then for every
foundationset F c P,

[ [ @-=arm
feF
Proof:-

Let F c P be a foundation set. Again, by de Morgan’s laws in a
Boolean algebra,we have
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[[a- =)= \Crarrm = -<\/n([f,f])>
fEF fEF fEF

=1 - \/=r.r D

fEF

Hence we will be done if we can show that Vecpm ([f,f]) = 1. Let
X = {1 }andY = Q.

Then
ES)XY ={e € E(S) |els = e} = E(S)

and since Fis a foundation set, Z = {[f,f 1| f € F } is a finite cover for
E(S). Thus wehave

\/7@ = | [r@] [ra-=yn= \[=Cr.rD = =@

ZE€EZ xX€X Yey fEF
= 1.

The above two lemmas combine to give the main result of this section.

Theorem (3.1.10)[3]:Let P be a right LCMsemigroup with identity,
and let S beasin (1).

Then there is an isomorphism @ : Q(P) — Cfgp(S)such that
o (v,v;) = m, ([p.qDforall p,q € P.

Proof:-

By Lemma (3.1.8) and the fact that Cigp,(S), there exists a x-
homomorphism @ : Cggp(S) » Q(P)such  that @, o 7, ([p,q]) =
v, v,. Conversely, by Lemma (3.1.9) and the universal property of Q(P),
there exists a - homomorphism @ : Q(P) — Cgg4p(S)such that
D(v,vy) = me([p.q]). Hence @ o &, is the identity on Q(P), P, o D is
the identity on Cyigp,(S), and so @ is an isomorphism.

One of the consequences of Theorem (3.1.10) is that Q(P) is isomorphic
to the C*-algebra of an étale groupoid, and we may therefore study Q(P) by
studying the groupoid.
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Section (3.2):Proerties of @(P) and Examples:-

We now review the construction of the tight groupoid of an inverse
semigroup. Let S be an inverse semigroup. There is a natural partial order on
Sgivenbys < tifandonly if s =ts*s. If e, f € E(S),e < f if and only
if ef = e. This partial order is best understood in the context of the inverse
semigroup/ (X) — here we have ¢ < ¥ if and only if i extends ¢ as a
function.

In this order, each pair e, f € E(S) has a unique greatest lower
bound, namely their product ef . Hence, with the order above E(S) is a
semilattice. If S has an identity 1g, then it is the unique maximal element
of E(S), and if S has a zero element it is the unique minimal element of E(S).

A filter in E(S) is a proper subset & c E(S) which is downwards
directed in the sensen thate, f € & implies that ef € &, and upwards closed
in the sense that if e € &, f € E(S)ande < f implies that f € €. If a subset
& c E(S) is proper and downwards directed it iscalled a filter base, and the
set

E={e€E(S)|f < eforsomef € ¢},

called the upwards closure of &, is a filter. A filter is called an ultrafilter
if it is not properly contained in another filter. Ultrafilters always exist by
Zorn’s Lemma.

We let E,(S) denote the set of filters in E(S). This set has a natural
topology given by seeing it as a subspace of {0, 1}¥®)with the product
topology. There is a convenient basis for this topology: for finite sets
X, Y Cc E(S), let

UX,Y)={¢€E,(S)|xeéforallxeX, Y & EforallYEY}

These sets are open and closed and generate the subspace topology on
E,(S) as X and Yrange over all finite subsets of E(S).Let E.,(S) denote the
subspace of ultrafilters. We shall denote by Ey;g5,(S)the closure of
E,(S)inE,(S)and call this the space of tight filters.

If X is a topological space and S is an inverse semigroup, recall that an
action of S on X is a pair ({De}eer(s): {0s}ses )such that each D, c Xis
open, the union of the D, coincides with X, each map 6, : Dg+g = Dgg+ IS
continuous and bijective, and for all s,t € S we have 6 o 8; = 6, where
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composition is on the largest domain possible. These properties imply that
0, = 651 and so each 8, is actually a homeomorphism.

There is a canonical way to construct an étale groupoid from an
inverse semigroup action. Let 6 = ({D.}eck(s) {0s}ses ) be an action of an
inverse semigroup S on a space X, and let

Sxg X :={(s,x) ES <X |x € Dyg}.

For(s,x),(t,Y) € S x5 X we write (s,x) ~ (t,Y)if x =Y and there
exists e € E(S) such that x € D,and se = te. It is straightforward to check
that ~ is an equivalence relation. We write [s, x] for the equivalence class of
(s,x)and we let G(S, X, 6) denote the set of all such equivalence classes.
This set becomes a groupoid when given the operations

[s, 2]t =[s*,6,(x)], r([s,x]) = 65(x), d([s x])
= x, [t,0,(x)][s, x] = [ts, x].

For s € Sand U an open subset of D¢, let
O(s,U) ={[s,x][x e U }

As s and U vary, these sets form a basis for an étale topology on
G(5,X,0); with this topology G(S, X, 0) is called the groupoid of germs of
the action 6. In this topology, @(s, U)is an open bisection, and if U is in
addition closed (resp. compact), @(s,U)is a clopen (resp.compact open)
bisection. It is easy to see that the orbit of a point x € Xunder the groupoid
of germs is the set {6,(x) | s € S}.

An inverse semigroup acts naturally onEtight(S).Let D, ={¢ €
Etigne(S) | e € &}, and define 65 : Dg-g > Dgg- by
0,(§) = sés* ={ses* | e € &}.
The groupoid of germs of this action is denoted
Gtignte (8):=G(S, Etight ,0)

and is called the tight groupoid of S. The C*-algebra of Gtight(S) is
naturally isomorphic C; . (S); in particular the map 7 : S = C*(Grigheg)
given by (s) = xe(sp,., 1S a tight representation.
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If P is aright LCMsemigroup and S is as in (1), then it is easy to see that
J(P) and E(S) are isomorphic as semilattices, with the isomorphism being
the map pP +— [p,p]. The spaces of filters and ultrafilters in J(P) were
considered in previous study of C*-algebras associated to P, though filters
were termed directed and hereditary subsets of 7(P)while the ultrafilters
were called maximal directed hereditary subsets. In what follows, we will

consider the elements of Eu-ght(S) as tight filters in J(P), and will shorten
Dy p1toDy,

(noting that D,, = Dy, forallu € U(P). We will then have,
Opq1 * Dg = Dp
Op.q1(§) ={p(qa'rP) | TP € &},
for anyp,q € P and & € Ey;,(S) with gP € €.

We now characterize when Q(P)is simple using the fact that it is
isomorphic to the C*-algebra of the etale groupoid Gigne(S). To use the
characterization of Theorem (3.1.3),(we need conditions which guarantee
thatGiign (S) is Hausdorff, minimal, and topologically principal. We begin
with Hausdorff. As noted ,Gyign(S)is Hausdorff if S is E*-unitary, that is, for
all s € Sande € E(S) \{0},e < simplies that s € E(S). Norling notes that
if P is a right LCMsemigroup with identity and S is as in (1), then P is
cancellative if and only if S is E*-unitary. Thus if P is cancellative
, Gright(S)is Hausdorff. However,by we can do a little bit better. We are
more precise below, but what we prove is essentially that Giignc(S)is

Hausdorff if and only if the counterexamples to right cancellativity in P have
a “finite cover” in some sense.

Forp,q € P, leth,, ={b € P|pb = qb}. If B,,is nonempty then it is
a right ideal of P, and in this case we say that p and g meet. We introduce
the following condition that P may satisfy.

(H) For every p,q € P which meet, there is a finite set F < P such that
pf = qf for all f € F and whenever we haveb € P such thatpb = gb, there
isan f € F such thatfP n bP + Q.

One sees that (H) is weaker than right cancellativity, since if P is right
cancellative p only meets gwhenp = q, and in this case B, , = P and the
finite set F = {1} verifies (H).
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Proposition(3.2.1)[3]: Let P be a right LCMsemigroup with identity,
and let S be as in (1). Then Gygnc(S)is Hausdorff if and only if P satisfies
condition (H).

Proof:-

We shall show that condition (H) is equivalent to the set

Jwq ={rP [ [r.,7] < [p. ql}

either being empty or having a finite cover for all p,q € P . If we do
this, then the conclusion will follow from. Notice that if we have p,q,r € P
such that[r,r] <[p,q], then[p,q]l[r.r] =][r,r]. If rPngP = kP and
rr' =qq' =k, then we obtain that [pq’,rr'] = [r,r]implying that ' €
U(P). This means that rP = kP ,and so we may assume (perhaps by
rechoosing q') that [pq’,r] = [r,r], and so pq’ =r = qq’. Thus, for each
element 7P € Jp, 4, there is an element p,. := g'such that pp,, = r = qp,..

First, assume that for all p,q € P the setly, o is empty or has a finite

cover. Suppose that p,q € P meet, that is, there exists b € Psuch that
pb = gb. Then

[p. qllgb, qb] = [pb, qb] = [qb,qb]

and so gbP = pbP € Jp, 41, Meaning that Jp, ,; is not empty. Hence
there is a finite set F < P such that f P € Jp, 4 for all f € F and for all
TP € Jp qithere existsf € Fsuch that P n fP = @. By the above, there
exists pr € P such that pps = f = qps.We now see that the finite set
{ps} rep Verifies (H), because if we have d such that pd = qd, there is

f € F suchthatfP N pdP # @, which implies that psP N dP = @.
Conversely, suppose Psatisfies condition(H). Ifp,gdo not meet, then

the above discussion shows that Jp;, 5jis empty. If p,q do meet, let F be the
finite set guaranteed by (H), and consider the finite set

pF =qF = {pf | f € F}.

If rP € Jpp 41, then again by the above there exists r'such that pr’ =

qr' =r. So, there exists f € F such thatfP nr'P = @, which implies
thatofP N pr'P = pfP NnrP # @ and we are done.
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Now that we have addressed when Gign:(S)is Hausdorff, we turn to
minimality.

Lemma (3.2.2)[3]:Let P be a right LCMsemigroup with identity, and let
S be as in (1). ThenGiign(S)is minimal.

Proof:-

We will show that for every ultrafilterf and open set U(X,Y) c
Eu-ght(S) there is a [p,q] € S such that 6y, ,1($) € U(X,Y). The set
U(X,Y) is open, so it contains an ultrafilter n which must have the property
that xP € n for all x € X and, for all Y €Y, there exists py € P such
that py P € n and pyP N YP = @. Because n is closed under intersection,
there must be r € P such that

(ﬂ xP) n([pyr =P

XeX Yey

Now, ¢ := 6p-1,7(§) is an ultrafilter which contains rP. Since C is
upwards  directed,xP, pyP € ¢for allx e X, Y €Y , and so { € U(X,Y).
Thus, the orbit of every ultrafilter is dense. Each open set contains an
ultrafilter, so the only nonempty open invariant subset of F?u-ght(S) IS
Etigne(S), and so G(S, Eigne, ) is minimal.

Lastly, we discuss conditions which guarantee that Giingc(S)is
topologically principal. We use the following concepts.  For an action
({De}ecr(sy {@s}ses ) of an inverse semigroup S on a locally compact
Hausdorff space X,and s € S, let

F,={x € X|as(x) = x}
and call this the set of fixed points for s. Also let

TF, = {x € X |there exists e € E(S)such that 0 # e < s andx € D,
= | Jo.®
e<s

and call this the set of trivially fixed points for s, the groupoid of germs
G(S, X, ) is Hausdorff if and only if TF; is closed in D¢+ ;forall s € S.
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Definition (3.2.3)[3]:An action  ({Dc}eer(s) {as}ses) Of an inverse

semigroup S on a locally compact Hausdorff space X is said to be
topologically free if the interior of F is contained in TF¢ forall s € S.

We note that if x is trivially fixed by some s with e < sand x € D, , we
have a,.(x) = as(a.(x)) = ag(x) = a.(x) = x, so x is fixed, that is to
say that

TF;, c Fforalls € S.

Also, by (3), TFis open and so is contained in the interior of F, . Hence
stating that a is topologically free is equivalent to saying that TE, = F°

Theorem(3.2.4)[3]:An action ({D¢}eek(s) {@s}ses ) Of an inverse semi-

group S on a locally compact Hausdorff space X is topologically free if and
only if G(S, X, a)is essentially principal.

We now show that we can characterize when the canonical action of S
on Etight(S)is topologically free by considering the behaviour of a
subsemigroup of P which generalizesone originally considered .

Proposition(3.2.5)[3]:Let P be a right LCMsemigroup with identity.
Then the set

Py:={p€eP|pPnqgP =@¢forallqg e P} 4)
Is a subsemigroup of P which contains the identity. Furthermore,

()  pq € Pyimplies thatp,q € Py,and
(i) p,q € PhandpP N qP = rPimplies that r € P,.

Proof:-

The details of this proof are almost identical. For instance, take p,q €
Py,andr € P. A short calculation shows that pgP NnrP =p(gP N
p~1(pP n rP)), and sincep, q € P, this must be nonempty, whencepq €
P,.

Definition(3.2.6)[3]:Let P be a right LCMsemigroup with identity.
Then the subsemigroupP, c P from (4) is called the core of P .

The subsemigroupP, was defined when P is quasi-lattice ordered,
though it still makes sense in our context. We note that for all p € P,, the
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singleton {p}is a foundation set, and so v, is a unitary in G(P). We also
note that U(P) < P,, though this inclusion may be proper(1)

Now let

So:={lr.ql1 € S|p.q € Po}.

We will also call this the core ofS. For a,b,c,d € P,, we see that
[a,b][c,d] = [ab’,dcJwhere bP N cP = rP and bb" = cc’ = r implies that
r € P, and henceb’,c’ € P,. Thus, S, is an inverse subsemigroup of S. We
note that S, does not contain the zero element.

Proposition(3.2.7)[3]: Let P be a right LCMsemigroup with identity
which satisfies condition (H), and let S be as in (1). Then Gihg(S) is
essentially principal if and only if for all s € Sy, each interior fixed point of s
is trivially fixed.

Proof:-

The *“only if ” direction is obvious. S,, assume that for each s € S,
each interior fixed point of s is trivially fixed, and suppose that Giing:(S) is
not essentially principal. Then there must exist [p,q] € S such that
TFpqi( F'p.q- Since P satisfies condition (H), TF, o7 is closed in D, and
SO F'rpq) \ TFppq1 1S Open, so we can find an open setU © Fr, o)\ T Fip q1-
Since U is open, it must contain an ultrafilter & € U . If we are able to find a
b € P such that bP € ¢ and [1p,b][p . qllb,1p]€ S,, then D, would
contain &, and so O11,,b] (&) is fixed by [1p, b][p, ql[b, 1p ]. By assumption,
it must be in TF[1p,b][p, ql[b,1p ], SO we can find a nonzero idempotent
[r,r] such that [r,7] < [1p,b][p.qllb,1p ] With P € 64, 51(£). A short
calculation shows that this implies that [b,1p ][r,7]1[1p,b] = [br, br]is a
nonzero idempotent less than [p, q]. Furthermore, rP € 8[1p, b](¢) implies
that brP € &, and so ¢ € D,,. which would imply that € is trivially fixed by
[p, ], a contradiction. So finding such a b € P would prove theproposition.

So, supose that [1,,b][p,qllb,1p] & S, for all b € Psuch that bP €
¢, and fix an element bP € & Because & is fixed by [p,q], we have that
p(q~1(bP)) € &. Hence, thereexistb;,q;,74 € P such that bP N qP =
r,Pand bb; = qq; =1y, and so we have p(q 1(bP) = pq,P € ¢&. Since
bP,pq,P € &, there exist p;,b,,r, € P such that pqg;P N bP = r,Pand
pq.p; = bb, = r,.  Upon redefining a := b,andc :=b,p,, a short
calculation shows that [1, , b][p, q][b,1p ] = [a, c].
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Since we are assuming that this is not an element of S, , we must have
that one of a or ¢ is not an element of P,. Suppose for the moment that
a & P,, which means there exists Z € P such that ZP naP = @. Letting
Epp = Oppz11(§), we see that bP € &,p (because bzP € &,p andéy,p is
upwards closed). However, &,p is not fixed by[p, q] (whether 8y, ;1(&pp) is
defined or not) because any filter containing bP and fixed by [p, g] must
contain r,P = baPby the same reasoning as above, and since &,p is closed
under intersections this would mean that it contains baP N bZP , which is
empty by assumption. In a similar fashion, we can construct an ultrafilter
¢op cCoONtaining bP not fixed by [p,q] if we instead assume that ¢ & P,.
Hence we have constructed a net {&,},pes Of ultrafilters each of which
contains bP but none of which is fixed by [p,q]. This net converges to &,
and so U contains a point in this net, which is impossible sinceU is fixed by
[p,q]. Hence, we are forced to conclude that we can find b € Psuch that
bP € ¢ and [1p,b][p,qllb,1p ] € S, , and so we are done.

We would like an algebraic condition on P which guarantees
Gtingt (S) Is essentially principal. To do this we recall some terminology .

Definition(3.2.8)[3]:Let Shbe an inverse semigroup, let s€S. If
e € E(S) isanidempotent with e < s*s it is said that

() eisfixedbysife < s (ie,se =e), and

(i) e is weakly fixed by s if sfs*f + 0 for every nonzero idempotent
f < e. We translate this terminology to our situation in the following lemma.

Lemma (3.2.9):-

Let P be a rightLCMsemigroup with identity, and take p,q,r € P such
that r = gkfor somek € P. Then

(@) [r,r] = [qk, gk] is fixed by [p, q] if and only if pk = r = gk, and
(b) [r,r] = [gk, gk] is weakly fixed by [p, q] if and only if for all a € P

gkaP N pkaP = @;
Also, if [r, ] is fixed by [p, q].it is weakly fixed by [p, q].

Proof:-
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Note that in the statement of the lemma, we only consider r’s which
are right multiples of g because this is exactly what it means to have

[r,7] < [p.q]"[p. q]

A. If [r,r] is fixed by [p,qlwe have [p,qllr,r] =[r,r] and
so[r,r] = [pk,r].Thus pk = r = gk. On the other hand, if pk = gk =,
then [p,qllr.7] = [p.qllgk, gkl = [pk,qk] = [r,r]and so[r,r] is fixed
by [p. ql.

B. Suppose that [r, ] is weakly fixed by [p, g]. An idempotent is below
[r, 7] if and only if it is of the form [ra,ra]. Thus [r,r] being weakly fixed
by [p, q] implies that for every a € P,

0 # [p, qllra,ra]lq, pllra,ra] = [p,qllgka, qkallq, pl[ra, ra]
= [pka,pka][ra,ra].

Hence raP N pkaP +# @. Conversely, if raP N pkaP # ¢for alla € P,
then with the same calculation above we see that for all a € Pthe product
[p,qllra,rallq,p]lra,ra] # 0,and so [r,r] is weakly fixed by [p, q].

As in the general situation, it is clear that each fixed idempotent is
weakly fixed. The following statement is implicit , though we spell it out
here for emphasis.

Lemma(3.2.10)[3]: Let S be an inverse semigroup, and suppose that either

()  everytight filter in E(S) is an ultrafilter, or
(i)  foreverys € S, theset J; ={e € E(S) | e < s} has afinite cover.

Then foreach s € S,F°; c TFs if and only if for all e weakly fixed by
s, there is a finite cover for /., consisting of fixed idempotents.

The following is a rephrasing of the above result for our situation.

Lemma (3.2.11)[3]:Let P be a right LCMsemigroup with identity
which satisfies condition (H), or such that the only tight filters in J(P) are
ultrafilters.  Then F°p, . € TFypq if and only if [p,q] satisfies the
following condition:

(EP) for all [gk, gk] weakly fixed by [p, q], there exists a foundation
set F c Psuchthat gkf = pkf forall f € F.

We note that any idempotent [p, p] satisfies (EP) using the foundation
set{1p}.
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One notices that we still fall slightly short of being able to apply
Theorem(3.1.3), because we have only given conditions under which
Gtingt(S) is essentially principal, not topologically principal, these two
notions are equivalent when G, (S)is Hausdorff and second countable.
We are considering only countable semigroupsP , and one easily sees that
this guarantees that G g (S)is second countable.

We now come to the main result of this section.

Theorem(3.2.12)[3]:Let P Dbe a right LCM semigroup with identity
which satisfies condition (H), let P, be the core of P, and let S be as in (1).
Then G(P) is simple if and only if

(i) G(P) = C"(Gtingt(S) ), and
(infor all p, g € Py, the element [p, q] satisfies condition (EP).
Proof:-

By Proposition  (3.2.1), Giing:(S)is Hausdorff, so we can apply
Theorem(3.2.3). By Lemma (3.2.2), Giingt(S)is always minimal.Proposition
(3.2.7), and Lemma (3.2.11), Giingt(S) is topologically principal if and only
if we have (ii) above. The result follows.

Definition(3.2.13)[3]:An inverse semigroupS is called locally
contracting if for every nonzero e € E(S)there exists s € S and a finite set
F={fo.fi,..-. fn} € E(S)\{0} with n > 0 such that for all 0 < i < 1we
have

. f; <es’s,
ii. thereexists f € Fsuchthat sf;s*f = 0, and
iii.  fosfi =0.

As one might guess from the name, if Sis locally contracting then
Gtingt(S)is locally contracting .

Lemma (3.2.14)[3]:Let P be a right LCM semigroup with identity and
let S be as in (1). Then Sis locally contracting if and only if P = P,.

Proof:-
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The “only if ” direction is trivial, because if P = P, we could not
satisfy  part iii of Definition (3.2.13), as the product of the two
idempotents fyand sf;s* could not be zero.

For the “if ” direction, we suppose that P # P, , and hence we can find
p,q € Psuch thatpP n qP = @, we will be done if for every r € P we can
find aeP and f,f; €PP such that f,P c fiP < rP,af; P c f;Pand

[fO’fO ][Cl, 1P ][fl ’fl] =0.
To this end, let

a=fi=rp fo = rprq.

Then clearlyf,P c fiP c rP, and af; P = rprpP c f;P. We also have
that

[fo . folla, 1p 1lf1. f1] = [rprq.vorqllrp, 1p 1[rp, P]
= [rprq,rprqllrprp, rp]

and since rprqP N rprpP = @ by assumption, this product is zero.

Theorem (3.2.15)[3]:Let P be a right LCM semigroup with identity
which satisfies condition (H), and suppose that Q(P) is simple. Then Q(P)
is purely infinite if and only if Gngc(S)is not the trivial (one-point)
groupoid.

Proof:-

The “only if ™ direction is clear, because if Ging(S)is one point, its
C*-algebra is isomorphic to C, which is not purely infinite.

On the other hand, if Gng:(S)is not the one-point groupoid, we have
two cases. IfEtight(S)is one point then there are no points with trivial
isotropy, and so Gingt(S)is nottopologically  principal,  contradicting
Theorem(3.1.3). If Etight(S)has more than one point,then there are at least
two distinct ultrafilters in J(P).Hence we can find and an ultrafilter such
that pP ¢ &, and since & is an ultrafilter there must be gP € & such that
pP N gP = @. Thus neither p nor q is in Py, and so P = P, implying that S
is locallycontracting by Lemma (3.2.14). Hence, C;(Giight (S)) = Q(P ) is
purely infinite.

Hence, in the presence of simplicity,pure infiniteness of Q(P) follows
automatically in all but the most trivial cases.
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Let X be a finite set, and letX"denote the set of words of length n in X,
with X© consisting of a single empty word, @. Let

X*ZUX”.

n<0

Then X* becomes a semigroup with the operation of concatenation: if
a=aa,..a, and = p,B,..5 then their product is aff =
iy ... af1P2 ... Bl , while the empty word is the identity. If a € X™, we
write |a| = n and say that the length of a is n. The core of this semigroup is
X*=UX")={0} If we have a,f € X*, then aX™ = gX*if and only
if @ = B. Furthermore, X* is left cancellative, and either aX* N X" = @ or
one is included in the other, so X™ is right LCM.

From the relations (L1)-(L4) it follows easily that C*(X™) is the
universal unital C*-algebra generated by isometries vy, ..., v|x| such that

- _{1 ifi =j

(% =10 otherwise
that is, C*(X*) is isomorphic to the Toeplitz algebra 7Oy
Furthermore, the set X = X' c X* is a foundation set, and so in Q(X*) we

have
0 zn(l—exX*)z 1- \/vxv;=1 — vav;

XEX XEX XEX

=>vav;=1

xX€eX

and since the Cuntz algebra O)yis the universal C*-algebra generated by
such elements, there is a surjective x-homomorphism from Oy to Q(X™)
which must be an isomorphism because O|x,is simple.

Principal left ideals of X* are either disjoint or comparable by
inclusion, and hence ultrafilters are maximal well-ordered subsets of
J(X*). The space of ultrafilters can be identified with the compact space
Xy of right-infinite words in X via the homeomorphism

a € Xy »{X" e X" aya X" ayaya3X”, .. L E Etight(s)-
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Here every tight filter is an ultrafilter. Because X™is right cancellative
(in fact, it can be embedded in the free group on |X|elements) it satisfies
condition (H).The inverse semigroup S from (1) is known in the literature
as the polycyclic monoid on|X| generators. For all « € X*, the idempotent
[o, ] is weakly fixed by [@, @], and [@, @] trivially satisfies condition .

In Lie builds upon his earlier work and makes a comprehensive study of
the C*-algebras of semigroups which may be embedded into groups. There
the semilattice of constructible ideals J(P)is considered, though itis not
always equal to the set of all principal right ideals. There, the set of filters
Is denoted X, the set of ultrafilters is denoted X, and its closure is
denoted 0ZX. an inverse semigroup analogous to our S from (1) is defined;
this inverse semigroup acts on X. The groupoid of germs of this action is the
universal groupoid for S, and the C*-algebra of its reduction to 9 (that is to
say, Gright (S)), is identified as a suitable boundary quotient. Our only
contribution to the literature for this situation would seem to be the
isomorphism between this boundary quotient and the one defined .We do
note that our result Proposition (3.2.7), and indeed it seems both were
inspired .

The following is a construction considered .Let Uand A be
semigroups with identities 1, and 1, respectively and suppose there exist
maps A > U - Ugiven by (a,u) »a-u, and A x U — 4 given by
(a,u) » alu which satisfy

(zs1)1,-u =u (ZS5) ally =a
(Zzs2)(ab) *u = a-(b +u) (ZS6) aluv =alu|v
(ZSS) a- 1U — 1U (ZS?) 1A Iu - 1A

(Zs4) a- (w) = (a-w)(al, - v) (Z58) abl, = alp., bly

for all w,v € U and a,b € A. Then U x A becomes a semigroup with
identity (1y, 1y) when given the operation

(uw,a)(v,b) = (u(a - v), al,b).

This is called the Zappa-Szép product of U and A, and is denoted U a1 A.
If in addition to the above, we have that

(i) Uand A are both left cancellative,
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(i) U isright LCM,

(iii) J(A) is totally ordered by inclusion, and

(iv) the map u +~ a - uis a bijection on U for each a € A,
then U x A is a right LCMsemigroup as well.

By Theorem (3.1.10), the boundary quotient Q(U i A) defined is
isomorphic to the C*-algebra of an étale groupoid G; 4. (S)(where S is as in
(1)) whose unit space is homeomorphic to the space of tight filters inJ (U
A).To use Theorems (3.2.12) and (3.2.15) requires that we know the nature
of the core of our semigroup, and in this case the core has an easily
describable form. Firstly, each element (1y,a) is in the core of U x A.
Furthermore, for u,v € U and a, b € A, we have

(u,a)U m An(v,))UxA =0 & ulUnvU=0.

Therefore, {(u, a)} is a one-point foundation set in U > A if and only if
{u} is a foundation set in U . Hence the core of U > A is

(UxA)y = {(u,a) e UxA|lueU,}

By Proposition (3.2.5) this is a subsemigroup of U x A, and in
particular, we have that forall u € Uy ,a-u € U, forall a € A. Thus we
are justified writing (U x A)y = U, x A. Without having more
information about U and A we cannot say much more, though in the sequel
we consider a specific example for which we can.

We close with an example which is a specific case of the situation. The
conclusions we come to in this section are known, and combine the results.
Indeed, generalizing the results implicit in combining (which was a
preliminary version was a major inspiration for this work. We present what
follows to illustrate our results in the context of this interesting example.

Let X be a finite set, let G be a group, and let X*. Suppose that we have
a length-preserving action of G on X*with(g,a) ~ g - «a,such that for all
g € G,x € X there exists a unique element of G, denoted g|x, such that for
allax € X~

gxa) =(g - x)(glx - ).

In this case, the pair (G, X) is called a self-similar group. Nekrashevy7ch
associates a C*-algebra to (G, X),denoted Og x, which is the universal C*-
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algebra generated by a set of isometries {sy},ex and a unitary
representation {u,} ¢ satisfying

(i) sysy=0ifx =17,

(ii)sts; =1,

xXEX
(i) ugs, = Sg.xUgly -
If one defines, for a € X* andg € G,

Ila = glayla, - lay

then the free semigroupX*and the group G (viewed as a semigroup)
together with the maps (g,a) — g-a and (g,a) » g|, satisfy the
condition, and so we may form the Zappa-Sz'ep product X* x G.
Furthermore, are easily seen to hold, so X* » G is a right LCM semigroup.
The semilattice of principal right ideals of X* x G is isomorphic to that of
X* via the map(a,g)X* x G — aX*,and so one may identify J(X* x
G)with J(X™), with inclusion order given by

aX* c BX* & PBisaprefix of a.

as before, principal right ideals are either disjoint or are comparable by
inclusion. Hence as before, the unit space of the tight groupoid is
homeomorphic to Xx , which is homeomorphic to the Cantor set. Q(X* x
G) =06y .

In general, X* = G is not cancellative, although it is embeddable into a
group if and only if it is cancellative . We recall the following concepts. Let
a € X*,and g € G. Then a is said to be strongly fixed by g if g- « = o and
9l = 1c.and we let

SF; = {a € X"|,strongly fixed byg}.

Of course, if a € SF;, then ay € SF; for every word y € X*. We will
say that a strongly fixed word a is minimal by g if « € SF; and no prefix of
a is strongly fixed by g, and will denote this set by

MSF, = {a € X*|,minimal strongly fixed} c SF, .
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The self-similar group (G, X) is said to be pseudo-free if SF; is empty
for all g # 1;. A short calculation shows that X* > G is cancellative if
and only if (G, X) is pseudo-free .As mentioned earlier, our condition (H) is
slightly weaker than right cancellativity, so one hopes that we can give
conditions on (G, X) which are equivalent to (H).If (a,g),(B,h) € X" x G
meet, then there exists (y, k) € X* = Gsuch that

(@.9)(v.k) = (B.M)(. k)
(a(g-v).glyk) = (B(h-y) hlyk),

and since the action of G on X* fixes lengths, we must have that
a= f,g-y=h-yand g|, = h|,. After noticing that the definition of
a self-similar group implies that v = k= |, forall k € G,v € X*, this is
easily seen to imply thaty is strongly fixed by g 1h. Hence, (X*
G)(a, g), (a, h) is only nonempty when g~1h has a strongly fixed word,and

(X" ™ G)ag)@n) = {r. k) |k € Gy €SFy-1p} = (X" X G)pg)@n -

Thus, X* »x G will satisfy condition (H) if we can show that for all
g € G\{1:}, there exists a finite set F c SF; such that for all « € SF; there

exists B € F such that BX* n aX™ + @.The following result appears gives
conditions for when this occurs.

Lemma (3.2.16)[3]:Let (G,X)be a self-similar group.Then X* x
Gsatisfies condition (H) if and only if, for all g € G \ {15} the set MSF, is
finite.

Proof:-

One easily sees that if MSF, is finite, it will satisfy the above
condition, as each strongly fixed word must have a prefix which is
minimal. Conversely, if such a finite F exists, and M SF, is infinite, find a
Y € M SFg such that |y| > max 4ep |a|.  Then there must exist a € F such

that oX™ N yX* = @, and since |y| > |a|, « must be a prefix of y. But a is
strongly fixed, and vy is supposed to be minimal, so we have a contradiction.
Hence MSF, s finite.

We now address condition (EP). In this example, the core of X* x G
coincides with the group of units of X* » G, which is

(X" ™ G)o =U X" > 6)={(2.9) g €G}
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and can be identified with the group G. The inverse semigroup (1)
has been previouslyconstructed, and generalizing their results there was an
inspiration for this work.Let

SG,X :{(a’g’ﬁ)la’ﬁ EX*’g € G}

This set becomes an inverse semigroup when given the operation

(a(g']/)’glyl h,V), lf]/:ﬁy,
(@.9.8)v.hv) =1 (a.g(h g ) vk, B =B

0 otherwise
With

(a.9.8) = (B.g " ).

Then the map from our S toSg xgiven by

[(a, 9), (B, )] — (@, gh™, )

Is an isomorphism of inverse semigroups, so from now on we will use
this identification to discuss condition (EP). We note at this point that it
follows,Crigne (Se.x ) = Ogx , and so in this case our Theorem 3.7 is
already known.

An element of Sgxis an idempotent if and only if it is of the form
(a,1;, @).ldentifying the core with G, we see that an idempotent (a, 1, @)is
weakly fixed by g € G if and only if, for all y € X*,(g - )y X" N ayX™ #
@. By length considerations, this is equivalent tosaying that g - « # a and
for all y € X*, gl, -y = v. If the action of G on X*is faithful (which is to
say that for all g € G \ {1} there exists a € X* such that g - @ # «a), then
this is equivalent to saying that a is strongly fixed by g. So, in the presence
of faithfulness, (a, 1., @)weakly fixed by (@, g,®) © a strongly fixed by
g e (a,1;, o) fixed by (@, g, 0).

Hence we have the following.

Lemma(3.2.17)[3]: Let (G,X)be a faithful self-similar group, and let
g € G. Then (@, g, ®)satisfies condition (EP).

We now come to the following result on self-similar groups. We note
that it is not original to this work .
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Theorem(3.2.18)[3]:Let (G,X) Dbe a faithful self-similar group,
suppose G is amenable, and suppose that for all g € G \ {15}, MSF, is
finite. Then Ogx = Q(X® = G) is nuclear simple, and purely infinite.

Proof:-

Let S be as in (1) for the semigroup X* = G. Because M SF, is finite
for all g € G \{1;}, X" = Gsatisfies condition (H) by Lemma (3.2.16).
Because Gis amenable, we may applingto get that Q(X™ > G)is
nuclear.Since nuclearity passes to quotients, this implies that

Cs (gtight(S))is nuclear.Thus,Gyight (S)is amenable and o)

Cr (Gtignt (5)) = C"(Grigne (S)) = Q(X" ™ G).By Lemma (3.2.17),
every element of S, satisfies (EP).To concludethat Q(X* x G)is simple.
Since we are assuming that |[X]|>1, X" x G # (X" »x G),implying that
Gtight(S )is not the trivialgroupoid, and so by Theorem (3.2.15) we have that
Q(X* xa G) is purely infinite.

Example (3.2.19)[3]: The Odometer and Modified Odometer

We will give two examples of faithful self-similar groups. For the first,
let X = {0,1}, letZ = (Z) be the group of integers with identity e written
multiplicatively. The 2-odometer is the self-similar group (Z, X) determined
by

Z-0=1 2|, =e
z-1=0 2|, =2

If one views a word a € X* as a binary number (written backwards),
then z - a is the same as 1 added to the binary number for a, truncated to
the length of « if needed. If such truncation is not needed, Z|, = e, but if
truncation is needed, Z|, = Z. This self-similar group is faithful and
pseudo-free. Hence (Z, X)satisfies the hypotheses of Theorem (3.2.18), and
s0 Q(X* = Z) is nuclear, simple, and purely infinite. In fact, this C*-
algebra was shown to be isomorphic to the C*-algebra Q,, and there we that
it is nuclear, simple, and purelyinfinite. We showed that this C*-algebra
isisomorphic to a partial crossed product of the continuous functions on
the Cantor set by the Baumslag-SolitargroupB.

Since pseudo-freeness is stronger than what is needed to imply condition
(H),we give a modified version of this example which is not pseudo-free but
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whose Zappa-Szep product does satisfy condition (H). To this end, let
Xg = {0,1, B}, and let Z be written multiplicatively as before. Define

Z.0=1 2|, =e
z-1=0 2, =2
Z+-B =B ZlB:e.

One notices that the first two lines above are the same as in the previous
example, but we have added a new symbol B which is fixed by every group
element; in fact, the word B is strongly fixed by each group element. If one
is wondering why we are calling this symbol “B”, one could think of it as a
Brick wall past which no group element can travel or, if one pictures the
odometer as acting like a car odometer, one could think of it as a Broken
digit. In any case, our new self-similar group (X , Z) is not pseudo-free.

If «a € M SF,m with m > 0, then one quickly sees that « = BB for
some B € {0,1}", such that Z™ - B = B. Due to the description of the
action as adding in binary, one sees that for a given g € {0,1}", this
equation is satisfied if and only if k28l = m for somek > 0. Hence for a
fixed m, only words B of length less than log,(m) could possibly satisfy
Z™ . B = B.There are only finitely many such words, so for all m > 0 the
set M SF,mis finite. The case m < 0 is similar. HenceX; = Z satisfies
condtion (H).Direct application of Theorem (3.2.18) gives thatQ (Xz ™ Z)is
nuclear, simple, and purely infinite.
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CHAPTER 4
Irreversible Algebraic Dynamical Systems forC*-Algebeas

we discuss the structure of the core subalgebra, which turns out to be closely
related to generalized Bunce-Deddens algebras in the sense of Orfanos. We
also construct discrete product systems of Hilbert bimodules for irreversible
algebraic dynamical systems which allow us to view the associated C*-
algebras as Cuntz-Nica-Pimsner algebras. Besides, we prove a decomposition
theorem for semigroup crossed products of unitalC*-algebras by semidirect
products of discrete, left cancellative monoids.
Section (4.1): Irreversible Algebraic Dynamical Systems and the
Dual in the Commutative Case:-

Let G be a countable discrete group and (&;)4ecdenote the standard
orthonormal basis of the Hilbert space #2(G). Suppose ¢ is an injective
group endomorphism of G. Then S,¢; = &,(4) defines an isometry on
£2(G). Forg € G, let U, denote the canonical unitary on £2(G) given by left
translation. Then S,U,; = U,(g) S, holds for all g € G. This leads to the
C*algebra O,[¢] generated by the isometry S, and the unitaries (Uy)gec.
A natural object to study within this context is a universal model for O,-[¢],

which is a C*algebra O[¢] = C* ({sq) ,(ug)gEG|R})generated by an
isometry s, and unitaries ug satisfying a suitable set of relations R.

Supposegis a group automorphism of G which generates an effective Z-
action on G. ThenC* (sq) , (ug)gea)is the crossed product C;(G) x4, Z,

where a(uy ) = ugg) - It is well-known that this crossed product is
canonically isomorphic to the reduced group C*-algebra of the semidirect
product G >, Z. Hence, the universal model for O,[¢] is given by the full
group C*-algebra of G », Z, provided that G is amenable. The structure of
these C*-algebhas already been studied extensively.In stark contrast, the
situation for an injective, but non-surjective group endomorphism ¢ has
started to receive more attention in the recent past. The most
elementaryexamples of such endomorphisms are < 2: Z — Z and the one-
sided shift on @yey Z/nZ for n = 2.Restricting to the case where G is
amenable and G/¢(G) is finite, llan Hir- shberg introduced a universal C*-
algebraic model O[] for O,.[¢]. He showed that the core F < O[¢],
which is the fixed pointalgebra under the canonical gauge action, is
simple if (¢™ (G)),en Sepa- rates the points in G, thatis, U,eny@™(G) =
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{1;}. Using simplicity ofF , he concluded that F is the crossed product
of a natural commutative subalgebraD, called the diagonal, byG. Assuming
that the family ofsubgroups (@™ (G)),ecn Separates the points in G and
consists of normal subgroups of G, Hirshberg established that O[¢]is
simple and therefore iso- morphic to O, [¢]. Additionally, he computed the
K-theory of O[¢] basedon the K-theory of F and the Pimsner-Voiculescu
six-term exact sequencefor xn:Z — Z,n = 2, the shifton@y H , where
H is a finite group, and

@ ZI2L «1/27 — 7Z/27 * Z/27,a — bab,b — aba, where a,
b denote the standard generators of Z/27Z * 7Z./2Z.

A decade later, Felipe Vieira extended Hirshberg’s results to the case
where G is amenable and (" (G)),enSeparates the points in G. His
approach used techniques for semigroup crossed products as well as
partial group crossed products. One remarkable outcome of his work is
the connection to semigroupC *-algebras for left cancellative semigroups as
introduced by Xin Lielf G is amenable, (¢" (G)),cxnSeparates the points in
G, and G/(G) is infinite, then O[¢] is canonically isomorphic to the full
semigroup C*-algebra of G x, N. Furthermore, Vieira showed that this is
the same as the reduced semigroupC*-algebra of G >, N.

At about the same time, Joachim Cuntz and Anatoly Vershik examined
the case where G is abelian, G/¢@(G)is finite, and (@™ (G)),enSeEpParates
the points in G.They proved that O[¢]is a UCT Kirchberg algebra and
provided a general method to compute the K-theory of O[¢].In addition,
they found that the spectrum of the diagonal D is a compact abelian group
G, , Which can be interpreted as a completion of G with respect to ¢.

Another interesting outcome is the fact that F = C (G,) % Gis also
isomorphic to C(G) x G,,.

Summarizing the current status, it is fair to say thata lot is known
about the C*-algebras O[¢], F and D associated to a single injective, non-
surjective group endomorphism ¢of a countably infinite, discrete group G.
Indeed, in many cases we are able, at least in principle, to compute the
K-theory for O[¢], which is known to be a complete invariant due to the
celebrated classification theorem by EberhardKirchberg and Christopher
N. Phillips. Thus, by computing the K-theory of O[¢], we can recover the
information on the dynamical system (G, ) that is encoded in O[] It is
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therefore natural to ask whether analogous results hold for similar
dynamical systems involving more than one transformation.

To motivate this question, let us mention an important example which
showcases some interesting phenomena for such dynamical systems. Hillel
Furstenberg proved the following result, which applies for instance to
x2,%x3: T — T, the Pontryagin dual of x 2,x 3:Z — Z, Every closed
subset of T, which is invariant under the action of a non-
lacunarysubsemigroup of Z*, is either finite or equals T.

Coming back to x p,x q : T — Tfor relatively prime integers p,q = 2,
it is natural to ask: What are the essential features of this dynamical
systems? By Pontryagin duality, it corresponds to X p, X q : Z — Z. The
condition that p and q are relatively prime is mirrored both by pZ +
qZ = 7 and pZ N qZ = pqZ. These simple facts led Joachim Cuntz and
Anatoly Vershikto define the notion of independence for pairs of
commuting injective group endomorphisms ¢ and 1 of a discrete abelian
group G with the restriction that G/¢(G) and G/y(G) be finite, ¢ and
are said to be independent if @(G) N Y(G) = Y (G).It is shown that
independence is equivalent to @(G) +y(G) =G as well as to the
statement that the inclusionep(G) < G induces an isomorphism ¢(G)/

(0(G) NY(G)) = G/P(G).

In this Secation, we will extend the notion of independence to the
general case of two commuting injective group endomorphismsgand y of a
discrete group G. In particular, we show that the last equivalence still holds
if we onlyask for a bijectionp(G)/(p(G) N Y(G)) — G/Y(G), see
Proposition (4.1.1). But ¢(G) n Y(G) = ey (G) turns out to be weaker
than @(G)Y(G) = G, where @(G)Y(G) ={p(9)¥(g') g 9" € G}, see
Example (4.1.9). We will therefore differentiate between independence and
what we call strong independence, see Definition(4.1.3). An equivalent
characterisation of independence can be given in terms of the
isometriesS,, Sy, € £2(G): The commuting en-domorphisms ¢ and y are
independent if and only if S;,S,, = S, S, holds.

With this notion of independence for commuting injective group
endomor- phisms of discrete groups at our disposal, we can think of
x 2,% 3 : Z — Zin an abstract way as a dynamical system (G, P, 8) given
by

(A) acountably infinite, discrete group G with unit 1, ,
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(B) acountably generated, free abelianmonoidPwith unit 1, ,

(C) a P-actionf on G by injective group endomorphisms for which
8,and 6, are independent if and only if p and g are relatively prime.

We will refer to triples (G,P,60) satisfying the three requirements
stated above as irreversible algebraic dynamical systems. The term
irreversible is chosen because 6,, € Aut(G) impliesp =1, , and algebraic
emphasizes the contrast to topological dynamical systems, since the
imposed conditions arepurely algebraic. More specifically, such dynamical
systems can be regarded as irreversible analogues of algebraic dynamical
systems as introduced by Klaus Schmidt, and the references therein.

We specialise to the case where the group G is abelian. Using Pontryagin
duality and some fact about annihilators, we arrive at a notion of
independence for commuting surjective group endomorphisms of an
arbitrary group, see Definition (4.1.18).This allows us to describe
commutative irreversible algebraic dynamical systems (G, P, 8) entirely in
terms of their dual models (G, P, ), see Proposition (4.1.19). It is precisely
this description which represents the close connection irreversible
algebraic  dynamical systems and irreversiblex-commuting dynamical
systems, for more information. Is devoted to the construction and study of a
universal C*- algebra O][G, P, 0] associated to each irreversible algebraic
dynamical system (G,P,0). This C*-algebra is a direct generalisation of
the C*-algebra O[¢] that appeared and we show that the structural properties
of O[G, P,0] are in good accordance with the ones that have been found
for O[¢]. More precisely, we prove that the spectrum Gy of the
(commutative) diagonal subalgebra D of O[G, P, 8] can be interpretedas a
completion of G with respect to 6 if (G,P,0) is minimal in the sense
theNpep 6,(G) ={15} see Lemm (4.2.7).is a direct extension .

The C*-algebra O[G,P,8]is then identified with the semigroup
crossed product D x (G xg P), where (g,p).d = ugzs,d(uys,)”, see
Proposition(4.2.14). Using the decomposition theorem for crossed
productsbysemidirect products of monoids provided, the isomorphism
between O[G,P,6]and D x (G g P) yields an isomorphism of F and
C(Gy ) »; G, where g.d = ugduyg, see Corollary (4.2.19).

As a next step, we show that minimality of (G,P,6) and amenability
of the G-action T on Gy are sufficient for simplicity and pure
infiniteness of O[G, P, 8], see Theorem (4.2.22). The general idea of the
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proof of this result goes back, but the technical details are more involved
compared to the singly generated case. But with this result at hands, we get
that minimality of (G,P,0) and amenability of ¢ imply that O[G, P, ]is a
UCT Kirchberg algebra, hence classifiable by K-theory due, see Corollary
(4.2.24). Unfortunately, the computation of the K-theory of
O[G, P, 8] beyond the case of a single group endomorphismfor which this
has been accomplished, is a hard problem, at least with the techniques
currently available.

In Section (2.2), we restrict our focus to the case where G/6,(G) is
finite for all p € P . We find that, in case G is amenable and (G,P,0) is
minimal, the core F is a generalised Bunce-Deddens algebra ,see
Proposition (4.2.30). In this case, F is classified by its Elliott invariant due
to a combination of results ,see Corollary (4.2.31). In addition, we find an
intriguing chain of isomorphismsF = C (Gg) X, G = C (G) x5 Gy in the
case where (G,P,0) is minimal and Gis commutative, see
Corollary(4.2.32) The corresponding result for the case of a single group
endomorphism was established. Section(1.1) provides an alternative
approach to the C*-algebra O[G, P, 8] as the Cuntz-Nica-Pimsner algebra
of a discrete product systems of Hilbertbimodules naturally associated to
(G,P,0), see Theorem(4.2.45). Discrete prod- uct systems form a
generalisation of the original construction introduced by MihaiPimsner
for a single Hilbert bimodule. We refer for more information on the subject.
One interesting aspect is that the product system X associated to(G, P, 0)
comes with a canonical system of orthonormal bases on its fibres X,
obtained by choosing a transversal for G/6,(G), see Proposition (4.2.38)..

A particular advantage of realizing O[G, P,68]as the Cuntz-Nica-
Pimsner algebra of the product system X is that it has a natural Toeplitz
extension, called the Nica-Toeplitz algebra. We show that the Nica-Toeplitz
algebra associated to an irreversible algebraic dynamical system (G, P, 6)
Is canonically isomorphic to the (full) semigroupC*-algebra C*(G > P ) In
the sense of Xin Lie. In fact, we will prove this in a more general context
where P may be an arbitrary right LCM semigroup in the sense. Moreover,
this C*-algebra  coincides withO[G,P,0] for irreversible algebraic
dynamical systems of infinite type (G, P, 8), that is, G/6,(G) is infinite for
all p # 1, . This sheds new light on the results mentioned in the beginning.
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The purpose of this section is to familiarize with the primary object of
interest called irreversible algebraic dynamical system in its most
generalform

Vaguely speaking, such a dynamical system is given by a countably
infinite, discrete group G and at most countably many commuting
injective, non- surjective group endomorphisms (6;);¢; of G that are
independent in the sense that the intersection of their images is as small as
possible. Additionally, we will introduce a minimality condition stating
that the intersection of the images of the group endomorphisms from the
semigroup  generated by (6;);eis trivial. In other words, the group
endomorphisms (8;);c; (more precisely, finite products of these) separate
the points in G. At a later stage, namely in Theorem(4.2.26), this condition is
shown to be intimately connected to simplicity of the C*-algebra O[G, P, 6]
associated to such adynamical system in Definition (4.2.1).

The following observation is an extension of the concept of
independence introduced. In contrast to the situation , we will require
neither the group G to be abelian nor the cokernels of the injective group
endomorphisms of G to be finite.

Proposition (4:1:1)[4]:Suppose G is a group. Consider the following
statements for two commuting injective group endomorphisms 6, and 6,
of G:

() 6:(6)8:(6) = G.
(i) The map8,(G)/(6,(G) n 6,(G)) —
G/6, (G) induced by the inclusion 8,(G) & G is a bijection.

0,6)

6:(G) N 62(6)  6:(G)
S G is a bijection.

(i) 61(G) N 6,(G) = 6,6,(G).

Then (i), (ii), and (ii’) are equivalent and imply (iii). If either of
the sub- groups 8,(G) or 6,(G) is of finite index in G, then (i)- (iii) are
equivalent.

(ii")The map

induced by the inclusion 6,(G)

Proof:-
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Note that we always havef,(G)0,(G) € G and 6,(G) n 6,(G) >
0,0,(G). Moreover, in condition (ii), the inclusion 6,(G) < G induces
an injective map8,(G)/(6.(G) n 6,(G)) — G/6,(G).

The corresponding statement holds for (ii’).

If (i) holds true, then G 3 g = 6,(g,)6,(g,) for suitable g; € G.
Hence, the left-coset of 8, (g,) maps to the left-coset of g and (ii) follows.

Conversely, suppose (ii) isvalid and pick g € G. Then there is
g1 € G such that 8:(g,) (6:(G) N 6,(G)) — g6,(G) viathe map from
(ii). But since this map comes from the inclusion 6,(G) < G, we have
g60,(G) = 0:(g91)0,(G). Thus, there is g, €G such that g =
0,(g, )0,(g,) showing (i).The equivalence of (i)and (ii") is obtained
from the previous argument by swapping 6, and 8,. Given (ii), that is,

f: 01(6)/(6:(G) N 6,(G)) — G/6,(G)
is a bijection (induced by 6,(G) & G), composing f;! with the
bijection
fa i 61(G)/(616,(G)) — G/6,(G)

obtained from injectivity of 8, yields a bijection

fit s 01(G)/(6102(G)) — 6, (G)/(8:(G) N 6,(G)).

Let us assume 6,6,(G) & 6,(G) N 6,(G). This means, that there is
g € 0,(G) such that g6,0,(G) # 6,6,(G) but g6,(G)n 6,(G) =
0.(G) n 6,(G). Noting that fi1f, maps a left-coset
g'0,0,(G) to g'8,(G) Nn6,(G), this contradicts injectivity of f1f.
Hence, we must have 6,(G) N 6, (G) = 6,0,(G). Similarly, (iii) follows
from (ii").

Finally, suppose (iii) holds. By injectivity of 8;, we have
01(G)/(6:1(G) N 0, (G)) = 01(G)/6,60,(G) = G/6,(G).

So if [G : 6,(G)] is finite, then the injective map from (ii) is
necessarily a bijection. If [G : 6,(G)] is finite, we get (ii’) in the same
manner.

Definition (4.1.2)[4]: Let Gbe a group and 6,,6, commuting,
injective group endomorphisms of G. Then 6; and 6, are said to be
independent, if they satisfy condition (iii) from Proposition (4.1.1). 6;andé,
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are said to be strongly independent, if they satisfy the condition (i) from
Proposition (4.1.1).

Note that (strong) independence holds if 8, or 8, is an automorphism.

Lemma (4:1:3)[4]:Let G be a group and suppose 6,,6,,0; are
commuting, injective group endomorphisms of G. 64is (strongly)
independent of6,6, if and only if 8,is (strongly) independent of both 6,
and 65.

Proof:-
If 8, and 68,6sare strongly independent, then
61(G)02(G) > 61(G)62 (63(G)) = G

shows that 6;and 6, are strongly independent. As 8,and 65 commute,
0,is also strongly independent of 65. Conversely, if 6; is strongly
independent of both 6,andd;, then

G = 0:,(6)0,(6) = 61(G)0; (6:(6)05 (G))

= 61(G6, (G))6, (65(G)) < 6, (G)6,63(G),
so 8, and 6,05 are strongly independent since the reverse inclusion is
triv-ial. If ; and 6,05 are independent, then commutativity of 6,,6,and
65 in combination with injectivity of 851 yield
6:1(G) N 6;(G) = 657(6:65(G) N 6,05(G)) < 657 (61(G) N 6,65(G))
= 65"(6160205(G)) = 6,6,(G).
Since the reverse inclusion is always true, we conclude that 8,and 6,are

independent. Exchanging the role of 8,and 65 shows independence of
6.and 85. Finally, if 8; is independent of both 8, and 65, we get

81(G) N 0,05 (G) = 01(G) N 6,(G) N 0,05(G) = 616,(G) N 6,05 (G)
= 0,(0,(G) N 65(G)) = 6,6,05 (G)
by injectivity of 8,. Thus 8, and 6,68 are independent.

If (P, <) is a lattice-ordered monoid with unit 1, , we shall denote the
least common multiple and the greatest common divisor of two elements
p,q €E PbypV qandp A q, respectively. p and g are said to be relatively
prime (inP)if p A q = 1por, equivalently, p v q = pq. Simple
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examples of such monoids are countably generated free abelian monoids
since such monoids areeitherisomorphic toN* for some k € Nor @y N.

Definition(4.1.4)[4]:An irreversible algebraic dynamical system
(G,P,0)is

(A) acountably infinite, discrete group G with unit 1, ,
(B) acountably generated, free abelianmonoidP with unit 1, , and

(C) a P -action 6 on G by injective group endomorphisms for which
8, and 6, are independent if and only if p and q are relatively prime.

An irreversible algebraic dynamical system (G, P, ) is said to be
- minimal, if N,ep 6,(G) = {15},

- commutative, if G is commutative,

- of finite type, if [G : 6,(G)] is finite forallp € P, and

- of infinite type, if [G : 6,(G)] is infinite forallp = 1.

Examples(4.1.5)[4]:There are various examples for commutative
irreversible algebraic dynamical systems and most of them are of finite type.
Let us recall that it suffices to check independence of the endomorphisms on
the generators of P according to Lemma (4.1.3).

(a) Choose a family
(P1)ier © ZNZ" = Z\{0, 1} and let P = |(p;) e

acton G =Z by 0,,(g) =p;g. Since Zis an integral domain, each 6,,
is an injective group endomorphism of G with [G:6, (G)] = p;.For i =
J0p, and 6, are independent if and only if p;and pjare relatively prime
in Z. Thus,we get a commutative irreversiblealgebraic dynamical system of
finite type if and only if (p;);e; consists of relatively prime integers. Since

the number of factors in its prime factorization is finite for every integer,
such irreversible algebraic dynamical systems are automatically minimal.

(b) Let I c N, choose relatively prime integers {q}U (p;)ie; ©
Z*\Z*and let G = Z[1/q]. As Z[1/q] = lim_, Z with connecting maps
given by multiplication with g, and q is relatively prime to each pi, the ar-
guments from (a) carry over almost verbatim. Thus we get minimal
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commutative irreversible algebraic dynamical systems of finite type
(G, P, 8) which generalise .

(c) Let K be a countable field and let G = K[T ] denote the
polynomial ring in a single variable T over K. Choose non-constant
polynomials p; € K[T ],i € I . Multiplying by p; defines an endomorphism
6y, of G with [G : 6, (G)] = |K|9°8PD, where deg(p;) denotes the degree
of p; € K[T]. Thus, if we letP := (p;);¢).,then the index of 8,(G)in G s
finite for all p € P ifand only if Kis finite. It is clear that 6, and 6, are
independent if and only if (p;) N (p;) = (p;p;) holds for the principal
ideals (whenever i = j). Since every g € K[T ]has finite degree,
(G, P, 0) is automatically minimal. Thus, provided (p;);c; has been chosen
accordingly, we obtain a minimal commutative irreversible algebraic
dynamical system which is of finite type if and only if K is finite, compare

Example (4.1.6)[4]: For G = Z* with d > 1, themonoid of injective
group endo-morphisms of G is isomorphic to the monoid of invertible
integral matrices M;(Z) n Gl; (Q). For each such endomorphism, the
index of its image in G is given by the absolute value of the determinant
of the corresponding matrix. In particular, their images always have finite
index in G and an endomorphism of G is not surjective precisely if the
absolute value of the determinant of the matrix exceeds 1. So let
(T))ie; € My(Z) N Gly (Q) be a family of commuting matrices satisfying
| detT;| > 1 forall i € I and set

P = |(T))ie;) aswellasb;(g) = T;g. For i # ],

it is easier to check strong independence of 6; and 6; instead of
independence. Indeed, since we are dealing with a finite type case, the two
conditions are equivalent and strong independence takes the form T;(Z% ) +
T;(Z%) = Z% see Proposition(4:1:1). This condition can readily be
checked. Moreover, minimality is related to generalised eigenvalues and we
note that, in the case where P is singly generated, the generating integer
matrix has to be a dilation matrix.This situation has been studied extensively

Example (4:1:8)(a) can be generalised to the case of rings of integers:

Example (4.1.7)[4]:Let R be the ring of integers in a number field and
denote by R* = R\ {04} the multiplicative subsemigroup as well as by
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R*c R™ the group of units in R. Take G =R and choose a
(countable) family(p;);c; € R\ R". If we set P = |(p;)ie;), then this
monoid acts on G by multiplication, i.e.

0,(9) = pgforg€eG,p€eP. Fori # j 6, and 6y

areindependent if and only if the principal ideals (p;) and (p;) in R
have no common prime ideal. If this is the case, (G, P, 8) constitutes a
commutative irreversible algebraic dynamical system of finite type. Since
the number of factors in the (unique) prime ideal factorization of (g) in R
is finite for every g € G, minimality is once again automatically satisfied.

As a matter of fact, the construction from Example (4.1.7) is applicable
to Dedekind domains R. Next, we would like to mention the following
ex-ample even though, having singly generated P, it has nothing to do
with independence. The reason is that Joachim Cuntz and Anatoly Vershik
ob- served, that the C*-algebra O][G, P, 0] associated to this irreversible
algebraic dynamical system is isomorphicto O,,.

Example(4:1:8)[4]: For n = 2, consider the unilateral shift 8, acting
on G =@y Z/nZby (90,91.,..-) »(0,90,91,...). Since 6; is an
injective  group endomorphism with  [G : 6,(G)] = n, (G,P,8) with
P = |6;) is a minimal commutative irreversible algebraic dynamical
system of finite type.

Example(4.1.9)[4]:Generalising Example (4.1.8), suppose P is as
required in condition (B) of Definition (4.1.4) and let G, be a countable
group. Let us assume that G, has at least two distinct elements. Then P
admits a shift action 6 on G =@, G, given by

Go <9p ((gq)qep)> ((P))r = xpP (r)gp-1, forallp,r € P.

It is apparent that 6,0, = 6,6,, holds for all p,q € P and that 6,, is an
injective group endomorphism for all p € P . The index [G : Op(G)] is
finite for p € P\ {1, } if and only if G, is finite and P is singly generated.
Indeed, if p # 1p, then each element of @ ,ep\pp Go Yields a distinct left-
coset inG / 6,(G). Clearly, this group is finite if andonly if G, is finite and
P is singly generated. Given relatively prime p and q in
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P\{1p},0,(G)0,(G) # G since gi, = 1 for all (gr)rep €
0,(G)0,(G)as 1p & pP U qP. Thus, unless P is singly generated, 6 does not
satisfy the strong independence condition . However,the independence
condition is satisfied becauseg = (g, )rep € (gr)rep € 0,(G) N 6,(G)

implie sthat g, # 1 onlyifr € pP N gP = pqP and thus g € 6,4(G).

We have seen in Example (4.1.9)that one cannot expect strong
independence for irreversible algebraic dynamical systems of infinite type in
general. On the other hand, there are some examples where the subgroups in
question have infinite index and the endomorphisms are strongly
independent

Example (4.1.10)[4]:Given a family (G® ,P,0® ),y of irreversible
algebraic dynamical systems, we can consider G := @;eny G . If P acts
on G component-wise, i.e. 6,(g;)ien = (ngi)(g ))ien-then (G, P, 6) isan
irreversible algebraic dynamical system and [G : 6,(G)] isinfinite unless
p = 1p minimal if and only if each (¢ @, P,8®) is minimal.If each
(G O, P, oW satisfies the strong independence condition, then @ inherits
this property as well.

As a final example, we provide more general These examples are neither
commutative irreversible algebraic dynamical systems nor of finite type.

Example (4:1:11)[4]: For 2 < n < oo, let F, be the free group inn
generators (ay )i<k<n- FIX 1<d <n and choose for each 1< i <
d an n-tuple (m; x )1<k<n © N such that

a) there exists k such that m; ,, > 1 foreach1 <i < d, and

b) m;  and m; ; are relatively prime foralli #j,1 < k < n

Then 6;(ay) =akmi"‘defines a group endomorphism of [, for each
1 <i<d. Noting that the length of an element of F,, in terms of the
generators (ay )i<k<nand their inverses is non-decreasing under 6;, we
deduce that 6; is injective. It is clear that 6;6; = 6;6; holds for all i and
j. For everyl < i < d, theindex [F, :8;(FF, )] is infinite. Indeed,
take 1<k < nsuch that m;;, > 1 according to (a) andpick 1 <# <n
with € # k. Then the family ((a,a, )’ )j =1 yields pairwise distinct left-
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cosets in IF, /6;(IF,, ) sincereduced words of the form aia,b... with
b # a;* are not contained in 6;(F,, ).

A similar argument shows that 6;and 6, are not strongly independent
for i # j: By1), there arel < k,£ < nsuch that m;, > 1andm;, >
1. This forces aya, & 6;(IF, )0;(Fy).

Nonetheless, 6; and 6; are independentdue to (b).Thus, G =

Fp,and P = |(6;)1 <i < d; acting on G in the obviousway constitutes an
irreversible algebraic dynamical system which is neithercommutative nor of
finite type. Minimality of such irreversible algebraic dynamical systems
can easily be characterized by:

c) Foreach 1 < k < n, there exists 1 <i < d satisfying m; , > 1.

In addition to the presented spectrum of examples, we would like to
mention that there are also examples of minimal, commutative irreversible
algebraic dynamical systems of finite type arising from cellular automata.

We close this section with two preparatory lemmas which are
relevant for the C*-algebraic considerations in Section (4.1). The first
lemma reflects a crucial feature of the independence assumption.

Lemma (4.1.12)[4]:1f (G,P,0) is an irreversible algebraic dynamical
system,

96,(G) N ho,(G) = {(g% (W)6pve(G) if g7 h € QP(G)szi)’

holds for all g,h € G,p,q € P, where h' is uniquely determined by
g0, (h") € h6,(G) up to multiplication from the right by elements from

Qp‘l(pvq)(G)'
Proof:-

If there exist g;,9, € G such that g6,(g1) = h6,(g; ).theng™ h =
0,(91)04(9z") € 6,(G)6,(G) follows becauseGis group.

Now suppose thatgs, g4 € G satisfy g6,(gs) = h6,(g4) as well.
Since this implies 6,,(g1"g3) = 6,(95'94), we deduce 6,(g1'g3) €
6,4 (G).Using injectivity of ,, , this isequivalent togy ' gs € 6,,-1(,yq)(G).
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K = g,
IS unique up to right
Therefore,multiplication by elements from 6.,-1¢,,4)(G).

we will need the following auxiliary  result, which relies on
irreversibility of the dynamical system:

Lemma (4.1.13)[4]:Suppose (G,P,8) is an irreversible algebraic
dynamical system and we have n €N, g; € G,p; € P\{1lp} for0<i <
n. Then,there exists

g € 906y, (G).P € poP
Satisfying

99,@ <6 | (gi M ep;n(o'))

1<isn meN
Proof:-

We proceed by induction starting with n = 1. As p; # e,wecan find
m € Nsuch that p, € p{*P . Thus we have py V p* = po.

By Lemma (4.1.12),
(900p0(G)) N (916p12(6))

— {(QOQpO(gl)QpOVp{n(G) if 95191 € Qp(G)Qp}n(G),
1) else

Whereg; is uniquely determined up t08,,-1, vpmy (G).
While g := g, works inthe second case we need

g € (gong(G)) \ 909p0 (gl )QpOVp{”(G)

in the first case. Note that such a g exists as p, Vp" = p, by the
choice of m and we setp := py vV pi*.

The induction step fromnton + 1 is just a verbatim repetition of the
first step: Assume that the statement holds for fixed n. This means that
there exist h € g,0, (G) and q € pyP such that
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h6,(G) < G\ U (gi ﬂ epgn(a)>

1<i<n meN

As p,,+1 # e, we can find m € N suchthat g € p;.;P. In other words,
we haveq V p;lt.;1 # qRecall that

(h84(G)) N (Gns16pm,,(G))
— {(hgq(gn+1)9pOVp;{‘+1(G) if h_lgn+1 ¢ Qq(G)Qp;{‘H(G),
1) else

where gy, is uniquely determined up t08,-1(qvpm y(G).In the second
case,take g := h. For the first case, we choose

g € (hgq (G)) \ heq(gn+1 )QquTT{‘H(G)
Note that sucha g exists as q Vpj., Z q by the choice of m.

Finally, let

P:= q VDPpi

Then, it is clear from the construction that we indeed have

90, <6\ | ] (gi M ep;n(c:))

1<isn meN

We will now restrict our focus to commutative irreversible algebraic
dynami- cal systems (G,P,0): Injective group endomorphisms 6,, of a
discrete abelian group G correspond to surjective group endomorphisms
épof its Pontryagin dual G, which is a compact abelian group.

Moreover, the cardinality of ker ép is equal to the index [G : 6,(G)]. Via
duality, we arrive at a definition of (strong) independence for commuting
surjective group endomorphismsn,; and n, of an arbitrary group K, see
Definition(4.1.18).With this notion of independence, we then recast the
conditions for an irreversible algebraic dynamical system (G,P,6) with
commutative G in terms of its dual model (G,P,8), see Proposition
(4.1.19).This provides a new perspective on irreversible algebraic dynamical
systems: If G is commutative and (G, P,8) is of finite type, it can be
regarded as an irreversible topological dynamical system. More precisely, it
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arises from surjective local homeomorphisms ép of the compact Hausdorff
space G, for details.

We start with a short review of basic facts about characters on groups,
for details and further information. Recall that a character y on a locally
compact abelian group G is a continuous group homomorphism y: G —
T. The set of characters on G forms a locally compact abelian group G
when equipped with the topology of uniform convergence on compac
subsets of G.

Pontryagin duality states that G = G. Forthis result, we interpretg € G
as a character on G via g(x) := x(g). If Gdiscrete, then G is compact and
vice versa.

Definition (4.1.14)[4]: Let G be a locally compact abelian group. For
a subsetH c G, the annihilator of H is given by H*:={xy € G x|y =1}

Lemma (4.1.15)[4]:Let G be a locally compact abelian groupand n: G —
G a group endomorphism. Then 7(x)(g) := x on(g) defines a group
endomor- phism 7 : G — G which is continuous if and only if n is and we
have:

i) n=n.

ii) n(G)t = ker 1.

iii)  H(G) c G isdense if and only if 7 is injective.

iv) ker i = coker n if n(G) is closed.

In particular, if G is discrete, then ii) states that j : G — G is surjective
if and only if n : G — G is injective. Moreover, n(G) isalways closed. If,

in addition, cokern is finite, thenker #j = ker fj = coker follows from (iv).

Lemma(4.1.16)[4]:1f G is a locally compact abelian group and
H,,H, c G aresubgroups, then:

i) (H,- Hy))* = H{ nHy.
ii) (H, N Hy)* = Hi - Hyholds ifH,and H,are closed.

Proposition(4.1.17)[4]:Let G be a discrete abelian group andé,, 6, be
commuting, injective endomorphisms of G. Then the following statements
hold:
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)] 6, and 6, are strongly independent if and only if ker 8; and
ker 8, intersect trivially.

i) 6, and 6, are independent if and only if kerf;- kerf,=
ker 8,6,.

Proof:-
For strong independence, we compute
0,(6)0, (G))* = 6,(G)* N 6,(G)* = kerB, N kerd,

Therefore, 6,(G)8, (G) = G is equivalent to kerf; N kerd, = {1;}.
Similarly,we get

0,(G) N 6, (G))* = 6,(G)* - 6,(G)* = kerd, - kerd,
On the other hand, Lemma (4.1.19) ii) gives ker 8,0, = 6,0,(G)*.
This motivates the following definition in analogy to Definition (4.1.1):

Definition(4.1.18)[4]:Two commuting,surjective group
endomorphismsn,; and n, of a group K are said to be strongly independent,
if ker n; and ker n, intersect trivially. n; and n,are called independent, if
ker n;- ker n, = kernyn,.

It is clear that we have an equivalence between the statements:

(i) n, and n,are strongly independent.
(i) n, is an injective group endomorphism of ker 7,.

(i")n, is an injective group endomorphism of ker ;.

If both kern, Kker n,are finite, then strong independence and indepen-
dence coincide. Therefore, this definition is consistent with, where the case
of endomorphisms (of a compact abelian group K ) with finite kernels is
treated. Note that there is no conflict with (strong) independence for
injective group  endomorphisms, see Definition (4.1.2), as all these
conditions are trivially satisfied by group automorphisms.

With the observations from Lemma (4.1.15) and Lemma (4.1.16)at
hands, we can now translate the setup from Definition (4.14)for
commutative irreversible algebraic dynamical systems:
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Proposition (4.1.19)[4]:For a discrete abelian group G, a triple
(G,P,0) is acommutative irreversible algebraic dynamical system if and
only if

(A) G isacompact abelian group,

(B) P is a countably generated,free, abelian monoid (with unit 1P ),
anP on G by surjective group

(C) @ isan action oftheendomorphisms with property that ép and
éq are independent if and only if p and q are relatively prime in P.
(G,P,0) is minimal if and only if U,cpker 8, c G is dense. It is of
finite (infinite) type if and only if ker ép Is (infinite) finite for all p €
P(p+1p).

Proof:-

Conditions (A) and (B) of this characterization follow directly from
Lemma(4.1.19). Moreover, for anp € P , the equation (ker@p)l =
imé,, yields an isomorphism between coker 6,, and the Pontryagin dual
of ker ép. Combining Lemma (4.1.15) (iii) and Proposition (4.1.14) yields
(C). Note that we have 6,(G) c 6,(G) and, correspondingly, ker ép c
ker éq whenever ¢ € pP . Since P is directed, Lemma (4.1.16) (i) and
Lemma(4.1.19)(ii) yield the equivalence between minimality of (G,P,0)
andUpep ker 8, being dense inG.

For the last claim, we recall that a locally compact abelian group is finite
if and only ifits dual group is finite. Thus kerép is finite if and only if
coker@,, is finite.

We will now revisit some of the examples from Section (4.1) to
present their dual models:

Example (4.1.20) [4]:The following list corresponds to the one in

(@) For G = Z,afamily of relatively prime numbers (p;)ie; < Z*\Z*
generates a monoid P = |(p;);e; ) © Z™which acts by 6,.(g) = p;g. In

this case, G = T and §,(t) = tP forallt € Tandp € P.

(b) Forl ¢ N,0 € I, let q,(p));e; < Z*\Z*be relatively prime
numbers and set P = |(p;);e; ) as Well as G = Z[1/q] = lim_, Z with
connecting maps given by multiplication with q. Then this constitutes a
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minimal commutative irreversible algebraic dynamical system of finite
type see Example(4.1.5) (b). Then G is the solenoid on

Zy =limZ/q" Z
which ép is given by multiplication with p.

(c) For a finite field KK, let p; € K[T ],i € I (for an index set I ) be
polynomials in G = K[T ] with the property that (p;) N (p;) = (pip;)
holds for all i =j. Then the action 6of P:= |(p;)ie;) 0given by
multiplication with the polynomial itself yields a commutative irreversible
algebraic dynamical system of finite type, see Example (4.1.5) (c). Then
Gis the ring of formal power series K[[T ]] over K, compare , and ép is
given by multiplication with p in K[[T ]].

Example(4.1.21)[4]:Recall that, in Example (4.1.6), we considered
G=17% for some d>1, a family of pairwise commuting matrices
(T)ie; © MA(Z) n Gl (Q)satisfying | det T;| >1 for all i€land
setP = I(Ti)iEI )Wlth

QTi(g) =Tig

In this case, we haveG = T% and the endomorphism 8, isgiven by
the matrix corresponding to 6,, interpreted as an endomorphism of

R/7¢ =~ T4

Example (4.1.22)[4]:The dual model for the unilateral shift on G =
@y Z/nZ forn = 2 from Exampl (4.1.8) is given by the shift

N

(XK Jken — (Xkt+1)ken OnG = (n_Z) .

The discussion for Example (4.1.9) with the restriction that G, be abelian
is analogous, where N is replaced by P and Z/nZ by G,.

Example(4.1.23): Inthe situation of Example(4.1.10), where we will now
require that (G,,P,0® );cybe a family of commutative irreversible
algebraicdynamical ~ systems, G = @;ecy Giturns into G = [I;en G;for
eachp € Pthe group endomorphism ép is given by applying 9250 to the i-th
component of G. ker 8, is infinite forall p € P\ {1P }. If each 6 satisfies
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the strong independence condition from Definition (4.1.3), 8 satisfies the
strong indepen- dence condition from Definition (4.1.18)due to Proposition
(4.1.17).

Section (4.2):Structure of the Associated C*-algebras and the Product
Systems Perspective:

In this Section, we associate a universal C*-algebra O[G,P,60] to
every irreversible algebraic dynamical system (G,P,6).The general
approach is inspired by the methods for the case of a single group
endomorphism with finite cokernel of a discrete abelian group. Partly,
these ideas can even be traced back.Note however, that we are going to use
a different spanning family than the one used.

We will examine structural properties of O[G, P, 6] as well as of two
nested subalgebras: the core F and the diagonalD. In Lemma (4.2.9), a
description of the spectrum Gg of the diagonal D is provided, which allows
us to regard G as a completion of G with respect to 6 in the case where
(G,P,0) is minimal, compare .

Based on the description of Gy , the action 7 of G on Gy  coming
from 7, (ey,) = egnp Is shown to be always minimal. Moreover, we
prove that topological freeness of Tcorresponds to minimality of (G, P, 6),
see Proposition (4.2.10). As an immediate consequence we deduce that
D x, G issimple if and only if (G, P,8) is minimal and 7 is amenable, see
Corollary (4.2.11). This crossed product is actually isomorphic to F , see
Corollary (4.2.14).

We remark that our strategy of proof differs from the one because
we start by establishing an ,we deduce that O[G, P,6] is isomorphic to
the semigroup crossed product ¥ < P .

So we get
O[G,P,0] = D x (G Xg P)=F =P

One advantage of this strategy is that we are able to establish these iso-
morphisms in greater generality, i.e.withoutminimalityof (G,P,8)
andamenability of 7 which would give simplicity of both F and O[G, P, 6],
we conclude that, whenever (G, P,8) is minimal and the G-actiont on Gy
is amenable, the C*-algebra O][G, P, 0] is a unital UCT Kirchberg algebra,
see Theorem (4.2.22)and Corollary (4.2.24). Thus O[G, P, 8] is classified
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by its K-theory in this case due to the important classification results of
Christopher Phillips and Eberhard Kirchberg.Throughout this section,
(G, P, 0) will represent an irreversible algebraic dy- namical system unless
specified otherwise.

Let (£4) 4ec denote the canonical orthonormal basis of 22(G).

For g€ G and p € P , define operaters U, and S, on £2(G) by
Ug (Eg/): = Szgg/ and Sp (Szg/) = fep(g/) for g, €G.

Then (Ug)gecis a unitary representation of the group G andS,(¢,/) =
XOP(G)(g,)Sz%l(g,) for g € G,s0 (Sp)pepis a representation of the
semigroup P by isometries. Furthermore, these operators satisfy.

(CNP 1)SpUg(Szg’) = Szep(gg') = Uep(g)sp(fg,)’

and

G
(NP 3) [g]€o-(6) Z Eyp(8y) = & if [G ¢ 6,(G)] < oo,
[91€678,(6)

where E;,, = U;S,S,Uy. In fact, (CNP 3) holds also in the case of an
infinite index  [G : 6,(G)], as (Xg1er Egp)rccra,cyconverges  to the

identity on#2(G) as F 7 G/6,(G) with respect to the strong operator
topology. But this convergence does not hold in norm because each Eg,
Is a non-zero projection. In view of our motivation to construct a universal
C*-algebra based on this model, it is therefore reasonable to restrict this
relation to the case where [G : 6, (G)] is finite.

As the numbering indicates, we are interested in an additional
relation which will increase the accessibility of the universal model: If G
was trivial, this would simply be the condition that S, and S, doubly
commute for all relatively prime pand g in P,ie. S;S, = 5,5,. This
condition has been employed successfully for quasi-lattice ordered
groups, for more information. But as G is an infinite group, this will not be
sufficient.

Moreover, we want to ensure that, within the universal model to be built,
an expression corresponding to S;U,S, belongs to C*(G). This property
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has been used extensively in the context of semigroup crossed products
involving transfer operators.

An entirely different way to put it is that we aim for a better understand-
ing of the structure of the commutative subalgebraC*({E;, | g € G, p €
P}) inside L(#%(G)). In a much more general framework, this has been
con- sidered by Xin Li, and resulted in a new definition of semigroup C*-
algebras  for discrete left cancellative semigroups with identity. One
particular strength of his notion is the close connection between amenability
of semigroups and nuclearity of their C*-algebras .

All of these three instances suggest that a closer examination of the
terms

SyU,Sgisinorder. For g = 6,(g1)0,(g;) with g, ,9, €G,

we get SpUySq = Ug, Seag)-1qS(paq)-1pU2 -ON the other hand,
g € 0,(G)6,(G) isequivalent

to g6,(G) N 6,(G) = @, which forcesS,U;S, = 0.Thus we get

else
for all g € G,p,q € P . These observations motivate the following

definition:

(CNP 2)S3U,S, = {Ugls(”“@‘lqsprq)—lpUz if g = 0,(:1)84(32)
0

Definition (4.2.1)[4]:0]G, P, 6] is the universal C*algebra generated by
a unitary representation (ug) 4¢¢ Of the group G and a representation (s, ),ep
of the semigroup P by isometries subject to the relations:

(CNP 1) spuy = Ug, (9)Sp

(CNP 2)siu,s, = {”gls(pAq)-quE‘pAq)—lpuz if g = 65(91)04(92)
PR o, else

CvP3) 1= Y ey if[6:6,@)]<w
[01e678,(6)

— * %
where eg, = UgS,SpUy.
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Proposition(4.2.2)[4]:0[G, P, 6] has acanonical non-trivial
representation on€?(G) given by ug — Uy, s, — S, . In particular,
O[G, P, 8] is non-zero.

forallg € G,p € P.

One immediate benefit is the following lemma, whose straightforward
proof is omitted.

Lemma (4.2.3)[4]:The linear span of (uys,Squh ) g necpqep IS dense in
o[G,P,9].

Lemma(4.2.4)[4]:The projections(e, , ) ye¢ pepOMmMute.More precisely,
for

g.h € Gandp,q € P, we have

€y pena = {egep(h'),qu if g_lh € Qp(G)Qq(G)
gpmd 0 else,

where h' € G is determined uniquely up to multiplication from the
right by elements of 6,-1(,,4(G) by the condition that g6,(h") €
ho,(G).

Proof:-

For g,h € Gand p,q € P ,the product e; ey, isnon-zero only if
g ' h €6,(6)8,(G) by (CNP 2). So let us assume that g~' h €
60,(G)0,(G)) holds. Then there are g',h’ € G such that g~'h €
6,(h")8,(g"). As G is a group, this is equivalent to h8,(g")~' = g6,(h").
Thus we get

€9.p€hq = Ugo,(h) SpS(ag)~1q Sszq)_lp S;u;leq(g/)_l = €g0,(h")pvq

Clearly, this also proves that the two projections commute. The
uniqueness assertion follows from .

Definition(4.2.5)[4]:The C*-subalgebra D of O[G, P, 8] generated by the
com- muting projections (e;,, )geqpepiS called the diagonal.

In addition, let
D, = C*"({egq |[9] € G/6,(G),p €qP})
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Denotes the C*-subalgebra of D corresponding top € P.

We note the following obvious fact:

lemma(4.2.6)[4]:For all p,q € P,p € qP implies D, c D,,. D is the
closure of

UpepD, - If [G : 0,(G)] s finite, then

D, = span{e,, |[g] € G/6,(G)} = cl6:6,(6)]
Let us make the following non-trivial observation:

Lemma (4.2.7)[4]:Suppose g € G,p € P and a finite subset F of
G x P arechosen in suchaway that [1(nq)er(1 — enq) = 1is non-zero.

Then thereexist g’ € G andp’ € Psatisfying

€grpr < €gp n(h,q)eF(l - eh,q)-

Proof:-

If F is empty, then H(hyq)EF(l — eh,q) = 1 by convention, so there is
nothing to show. Now let F be non-empty. For (h,q) € F, let us
decomposeq uniquely as g = qU™q™) where [G : 6y (G)] is finite
and we require that, for eachr € P with g € rP , finiteness of [G : 0,.(G)]
implies g™ € rP . In other words,G : 6,(G)] is infinite for every
r # 1p with g € rp , for g™ and Lemma (4.2.3), we compute

1- ehq = (1 — ehyq(fin)ehyq(inf)) Z € pUfim)

kle———
KI5 @

= epum(1 — e, mp) + Z € pUin)
[k1€G/6 (rin)(G)
[k]#[n]

Therefore, we can rewrite the initial product as

l1—e, )= Z 1_[ 1—e )
eg,pl_[(hyq)eF( ehuql) €5.p (haerg ( eh,q)

(§.D)EF P)
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where

. F is a finite subset of G < P,

eg5 < egp forall (§,p) € F

- the projections (e4 5)(5.5)cF are mutually orthogonal,

- for each (§,p) € F, F ) is a finite subset of G x P, and
.each (h,q) € F;psatisfies ¢ = q") and p & qP.

Since the product e, [T(h.q)er(1 — en,q,)0N the left hand side is non-
zero,

here is (go ,po) € Fsuch that

eg,, 1_[ (1 —ep ),
dosbo (h'q)EF(.govpo) !

IS non-zero.

Without loss of generality, we may assume that e, ,, ep, IS non-zero
forall(h, q) € Fg, p,)-Consider
FP = {pO Vq I(h,CI) € F(go Do)

forsome h € G}. Pickp; € Fp which is minimal in the sense that
for any
otherr € Fp,p, € rP implies r = p;.Let(hy,q1),...,(hy,,qy) €
Fg, p,) denote the elements satisfyingp, V q; = p1, we haveey ,, en q, =

€406, (g!)p, TOF @ SUItaDIE

gi €G (fori = 1,...,n)

Note thatpy'p; # 1p and q; = ¢ € py ' p1Pso[G ¢ py-1,, (G)], is
infinite. Hence there exists gy € go6,, (G) withe, ,, < ey , and
g, p.Chyq; — Ofori =1,...,n

Setting
F(g91,p1) :={(h,q) € Fyg, p,) | nqeq,p, 0} = Fgo po) »

we observe that
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€910, 1_[ (1 - ehﬂ) # 0
(h.q) €F(g1 p1)

follows from the initial statement for (go,po) and Fg, 5, )since we
have chosen p; ina minimal way. Indeed, if the product was trivial, then
therewould be (h,q) € Fg, p,) With e, =e4 , . By Lemma (4.1.32),

this would forcep,; € gP and therefore p; € (p; Vq)P < (pyV q)P ,
which cannot be truesince p; was chosen in a minimal way.

Thus, we can iterate the process used to obtain (g, ,p;) and Fiy. 5.
for(go . po) and Fy, p,y- After finitely many steps, we arrive at an
element (g, .,p,) =:(g'.p") with the property thate, ,» <e; , s
orthogonal to ey, ;for all (h,q) € Fg, p,)- This establishes the claim.

The possibility of passing to smaller subprojections that avoid finitely
many defect projections provided through Lemma (4.2.6) will be crucial for
the proofof pure infiniteness and simplicity of O[G, P, 8], see Theorem
(4.2.21)and inparticular Lemma (4.2.20). A first application of this
observation lies in the determination of the spectrum of D:

Lemma(4.2.8)[4]:The spectrum of D, denoted by Gy , is a totally
disconnected, compact Hausdorff space. A basis for the topology on Gg
is given by the cylinder sets

Z(gvp)v(hl vql )v'"v(hn in) = {X E Ge IX(egvp) = 1’
X(en,q;) = O foralli},

wheren € N,g,h;,...,h, € Gandp,q4,...,q, € P. Moreover

for all idefinesamap ¢: G — Gy with dense image. tis injective if
and only if(G, P, 8) is minimal.

Proof:-

Gg is a totally disconnected, compact Hausdorff space since D is a
unital C*-algebra generated by commuting projections.The statement
concerning the basis for the topology on Go follows from Lemma (4.2.5).
To see that 1 has dense image, let y € Gy . As the cylinder sets form a
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basisfor the topology of Gg , every open neighbourhood of y contains a

This means that

n
€g.p Ui=1(1 - ehini)

IS non-zero. Hence we can obtain

(9'p) € GxP
Satisfying

n
€g'p' = €gp | |i_1(1 ~ enyq;)

In other words

L(gl) E Z(g vp)v(hl vql )v"'v(hn in)
so 1(G) is a dense subset of Gg.

Now giveng,h € G, we observe that «(g) = «(h)is equivalent
to g~'h € NyepOy(G)because the cylinder sets form a basis of the
topology on the Hausdorff spaceGy . Therefore 1 is injective precisely if
(G,P,0) is minimal.

Definition(4.2.9)[4]:Let X be a topological space and G a group. A G-
action on X is said to be topologically free, if the set X9 = {x €
X | g.x = x}hasempty interior for g € G \ {1; }.

Definition (4.2.10) [4]:Let X be a topological space and G a group. A G-
action on X is said to be minimal, if the orbit O(x) = {g.x | g € G}is dense
in X for every x € X .Equivalently, an action is minimal if the only invariant
open (closed) subsets of X are @and X .

Proposition (4.2.11)[4]: If (G,P,08) is an irreversible algebraic

dynamical system, then the action G-action 7 on Gy is minimal. It is
topologically free if and only if (G, P, 8) is minimal.

Proof:

On «(G), which is dense in Gg by Lemma (4.2.7), T is simply given
bytranslation from the left.
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Hencefis minimal. For the second part, wenote that t, = idp holds
for everyg € Npep6,(G)Thus, if (G,P,0) is not minimal, there is
g #* 1; such that Gég = Gg, S0 T is not topologicallyfree. If (G,P,0) is
minimal, then 7 acts freely on «(G) because ¢ is injectiveand G is left-

cancellative. Since ((G) is dense in Gg, we conclude that 7 is topologically
free.

Corollary(4.2.12)[4]:The crossed product D i, G is simple if and only
if (G,P,0) is minimal and T is amenable.

Proof:-

Due to a central result amenability of the action is equivalent to
regularity of the crossed product. Hence Proposition (4.2.9)establish the
claim.

Definition (4.2.13)[4]:The core Fis the C*-subalgebra of O[G,P, 6]
generatedby D and (uy)gec -

Lemma (4.2.14)[4]:The linear span of (ugspspuh P dense in
F.

Proposition(4.2.15)[4]:Let (v(gyp))(gyp)ewepdenote the family of

isometries in D x (G Xy P) implementing the action of the semigroup
G X9 P on D given by (g, ).

€nq = €go,(n)pq that IS, VigpmenqgVigp)y = €go,(h)pq

Then the map

0[G,P.0]1E Dx(Gx06P)
UgSp " V(gp)
is an isomorphis
Proof:-

Recall from Definition (4.2.1)that O[G,P, 0] is the universal C*-
algebragenerated by a unitary representation (u,4)geq Of the group G and
a semi- group of isometries (s, )pepSubject to the relations . Hence, in
order to show thate defines a surjective *-homomorphism, itsuffices to
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show that for every g € G, the isometry v, 1,y Is a unitary, andthat the
families (v(g1,)) gec: (V@1 p))pep Salisfy:

V(1p)V(g11p) = V(g ap) g t1p) = V(gap) = 1
Yaen)Vg1p) = Ven)91p) = V6,p(9).p) = V(6,(9) 1,)V(16p)
V(eV(1p)VAep) = X8,(6)0,(6)(9) V(g1 (@r)™Ha) V(g5 (ora)1)p)

where g = 6,(91)04(92).
S V1ep)Vaem V@0 Vga = X6,@6,@(9) V6,000V V( g8, (g5 )pva)
S €1,p€9q — Xep(c)eq(c)(g)e(geq(gz-l),qu)

asg = 0,(91)04 (92) gives 0, (g9:) = 964 (92 ).

This last equation holds byLemma (4.2.3), is satisfied as well. is a
relation that is encoded inside D, so it is satisfied as the range projection
of the isometryv, ,coincides with e,y . Injectivity of ¢ follows from
the fact that the isometries ugsp satisfy the covariance relation for the
action of G xg P on D since ugsyep 4(uys,)" = €96, (h)pq = (9.p).enq -
Indeed, in this case there isa surjectivex-homomorphism from D x
(G >y P) to O[G,P,0] sending vizmto ugs, and the two  *-
homomorphisms are mutually inverse, so ¢ isanisomorphism.

This description of O[G,P, 6] allows us to deduce several relevant
properties of O[G, P, 8] and its core subalgebra F.

Corollary(4.2.16)[4]:The isomorphisme from Proposition
(4.2.14)restricts to an isomorphism between F and D > G. In particular,
we have a canonical isomorphism O[G,P,0] = F x P.

Proof:-

The first claim follows immediately from Proposition (4.2.14).The
second assertion is implied by Lemma (4.2.12).

Proposition(4.2.17) [4]:If the G-action Zon Gy is amenable, then both
F andO][G, P, 6] are nuclear and satisfy the universal coefficient theorem
(UCT).
Proof:
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As F = D x G, 7is amenable, F is nuclear by results of Claire
Anatharaman-Delaroche. Similarly, amenability of 7passes to the
corresponding transformation groupoid G. Thus, we can rely on results of
Jean-Louis Tu, to deduce that F = D .G = C*(G) satisfies the UCT.
The class of separablenuclear C*-algebras that satisfy the UCT is closed
under crossed products by N and inductive limits. Recall that either
P = N* for some k € Nor P = @y N according to condition (B) of
Definition (4.1.6). Hence the claims concerning O|[G, P, 8] follow from
O[G,P,0] = F xP.

Corollary (4.2.18)[4]:The map E,(ugspsquy ) := 8gney, defines a
conditionalexpectation E, : F — D which is faithful if and only if Tis
amenable.

Proof:-

Due to Corollary (4.2.15), F is canonically isomorphic to D >, G. Since
Gis discrete, the reduced crossed product D .. G has a faithful
conditionalexpectation given by evaluation at 1;. The map E, is
nothing but thecomposition of

ele

F=D X, G—»D X, G6G— D

The canonical surjection D <, G - D X, . G is an isomorphism if and
only if7 is amenable.

Corollary (4.2.19)[4]:The map E(ugs,Squp ) := 6pq0gney, definesa
conditional expectation E : O[G,P,08] — D which is faithful if and only if
Tis amenable.

Proof:
Clearly,E = E, o E;, so the result follows from andCorollary(4.2.22).

Note that if G happens to be amenable, the faithful conditional
expectation E can be obtained directly by showing that the left Ore
semigroup G g Phas an amenable enveloping group. Before we can
turn to simplicity ofO[G, P, 8], we need the following general observations:

Definition (4.2.20)[4]:Given a family of commuting projections
(Ei)ie; in aunital C*-algebra B and finite subsets A ¢ F of I, let
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Qfa = nEi 1_[ 1-E)).

i€A JEF\A
Products indexed by @are treated as 1 by convention.

Lemma (4.2.21)[4]:Suppose  ((E})e; is a family of commuting
projections in unitalC*-algebra B,A c F are finite subsets of I . Then
each Qf 4

Isprojection,Y. s QF 4, = land, forall 2; € C,i € F, we have

Y=Y, (T k)

ieF icA
and
— — E
z)liEi = max ZAi = 2, 0Fa
ieF QF 40| 1€A <

The twoequations from the claim follow immediately from this.
Proof

Since the projections E;commute, QE,A IS a projection.

The second assertion is obtained vial = [[;er(E; + 1- E)).

Lemma (4.2.22):For d = X, Aieg, », € D4 With A; € C and (g;,p;) €
G x Pthere exists(g,p) € G x Psatisfying de;, = ||d||eg,p-

Proof:

d is contained in C* ({Q,?YA|A cF={(g;,p)Il<i< n}}), which his

commutative by Lemma (4.2.7). Then Lemma (4.2.21) says that there
existsA ¢ F such that Qf, is non-zeroand dQf, = lld||QF 4.In

particular[(, ,yea €4 ,p1S NON-Zero, so Lemma (4.2.22) implies that there exist
ga € G andp, € Psuch thatl, ,yealgp = €g,p,

Lemma (4.2.8) to eg, », [Tng)erma(l — €ngq) = QF 4 # Oand the proof is
complete.

Thus, we can apply
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Note that the hard part of the proof for Lemma (4.2.29)is hidden in
Lemma (4.2.9).

Theorem (4.2.23)[4]:If (G,P,0) is minimal and the action fis
amenable, thenO[G, P, 8]is purely infinite and simple.

Proof:

The linear span  of is dense in

(ugsps;u;“l

g,.heGp,qeP
O[G, P, 8laccordO[G, P,6]. Every element z from this linear span is of the
form

z= Z Ci eglpl + Z Ci uglsp Spluh + Z Ci ungplSqluh !

i=my+1 i=my+1
Where c; € C,
a) g; # h;form; +1 <i <m,, and
b) p; #q;form, +1 <i < ms.

By Corollary (4.2.22), we haveE(z) = X! cieq, p, € D We assume z to
benon-zero and positive, which we will do from now on, then E(z) >
OasEis a faithful conditional expectation. Applying Lemma (4.2.3)to
E(z)yields(g, p) € G x P such that

0 E@eyp = IE@) gy

In order to prove simplicity and pure infiniteness of O[G,P, 8], it
suffices to establish the following claim: There exist (g,p) € G %
Psatisfying

(i) €55 = €gp
(i) €5 5Ug; splspluh ez =0 form; +1<i <m,and
(i) ez 5Ug;Sp;Sq;Un, eg 5 =0form, +1 <i<ms

f

Indeed, if this can be done, then we get

e pZee, (D), (C)eg sE(2)eg 5(c). (DIE(2)llez 5

Now for x € O[G, P, 8]positive and non-zero, let e > Oand choose a
positive, non-zero element z, which is a finite linear combination of
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elementsuqrsprsq,u;,, to approximate xup to €. Then ||E(z)||is a non-zero
positive element of D. Thus, choosing €5 58S above, we see that
eg 52€5 5 = IIE(z)IIegyﬁis invertible in egyﬁO[G,P,B]egyﬁ. If ||lx— z|| is
sufficiently small, this impliesthat egyﬁxegyﬁis positive and invertible in
egyﬁO[G,P,B]egyﬁas wellbecause||E (2)|le = O||E(x)|| > 0. Hence, if we
denote its inverse byy, then

1 * 1
(yzugsﬁ) eg pX€q b (yzugsﬁ) =1
We claim that there is a pair (§,p) € G x Psatisfying (a)—(c).Let
(g9',p") € 96,(G) x pPand my + 1 < i <m,. Noting that ug s, sy up, =

Ug,hitChye; Lemma(4.2.5) implies

€' p'Ugh1Chipi€g’p" = €g'p'Ugh;1€g’ p'Chyp;
— n—1 -1 s
- XGPI(G)((g ) gihi 9 )ugi,hi‘leg’,p’ehi,pi-

According to a), we have (g')~1g;h;tg’ # I;. Thusminimalist of
(G, P,8) provide p; € pP with the property that (g')"tg;h;'g’ ¢ Qpl{(G).
So if we takep® = V2% pithen () and (b) of the claim hold for

ms

all(g’,p") € y 6,(G) x p®P. Let us assume thatp’ = p® vV piv
q; Then condition (c) holds for (g’, p')if and only if

—_— *
0 = SpU(g")1g;Sp,Un; ' Sp’

= X6, (9 96, (hi " 9)s 1,052 ((9) 71 900, (hi MgV ai D!

is valid for all m, +1 < i <mgs. This is precisely the case if at least
one ofthe conditions

(D (g)"g: € 6,,(6),

(1) (g')"h; € 64,(G), or

(“I) Qgil((gl)_lgi)gq_hl(hi_lgl) € Q(inqi)‘lp’(G)-

fails for each i. Suppose, we have an index i for which the first two
conditions are satisfied. Using injectivity of 6, .., the third condition is
equivalentd, (g9')~g:)0, (hi*g") € 6,/ (G) where 1, == (p; A q;)~'p; and
1, = (p; Aq;)"'q;. Condition b) implies n, A1, = 1P # r,7,. Moreover,
we have
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6,,((9") 906, (hi*g") = 15 = 6, (96, (9)" = 6, (9)6r, (i ).

Let us examine the range of the map f;:G — Gthat is defined
byg — qu(g)erp (9)~*.Note that fineed notbe a group

homomaorphismunless Gis abelian, in which case the following part can be
shortened. Ifk,,k, € G have the same image under f;, then Brp(kz‘lkl) =

qu(kz‘lkl). ByC1) from Definition(4.1.4), this gives k; 'k, € 0., (G) n
6,,(G) =6, ,.(G). Butif kylk, = 0y, (k3) holds for some k; € G, then
Brp(kz‘lkl) = Brp(kz‘lkl) = qu(kz‘lkl)implies that 0, (k3) =
Brprq(k3)holds as well because Pis commutative andf is injective. By
induction, we getk; 1k, €N,en B(r , )n(G).

r'q

qivlqivz

Hence f;* (t9rp(hi)t9rq(g{1 )is either empty, in which case there is
nothing to do, or it is of the formg; N,en B(T . )n(G)for a suitableg; € G.
r'q

But for the collection of those i for which the preimage in question
isnon-empty, we can obtain g € g0, (G)such
thatf;(g) # Qrp(hi)erq(gi_l) for all relevant i.

By condition (C2) from Definition (4.1.4), we can choose p = p'large
enoughso that these elements are still different modulo 6, vq,)-15(G)for

all i. In this case, we get
05 (G 9:)0q,(hi ' G) € O(pvg,)-15(G) forall my+1<i<ms,

S0 (g, p”)satisfies (c). In other words, we have proven that the pair
(g,p) satisfies (a)—(c). Thus, O[G, P, 8]is purely infinite and simple.

From this result, we easily get the following corollaries:

Corollary (4.2.24)[4]:If (G, P, 6)is minimal and Zis amenable, then the
representationA: O[G, P, 0] - L(fz (G))from Proposition (4.2.2)is faithful.

Proof:

This follows readily from Proposition (4.2.2)and simplicity of
o[G,P,6].

Combining Lemma (4.2.3), Theorem (4.2.23)and Proposition (4.2.17),
we get:

123



Corollary (4.2.25)[4]:1f (G,P,8)is minimal and 7 is amenable, then
O[G, P, 6]is a unital UCT Kirchberg algebra.

Thus, minimal irreversible algebraic dynamical systems (G,P,8)for
which the action fis amenable yield C*-algebras O[G, P, 6]that are classified
bytheir K-theory.Let us come back to some of the examples from Section
(1.1) and briefly describe the structure of the C*-algebras obtained in the
various cases:

Examples (4.2.26)[4]:

(@) Let G =17 (p;)ic; € Z\{O,£1}be a family of relatively prime
integers, and set P = |(p;)ie; € Z|,which acts on G by 6;(g) = p;g.We
know from the considerations in Example (4.1.5)(a) that (G,P,8)is
minimal, so O[G, P,0]is a unital UCT Kirchberg algebra. If we denote
p = [l;e/lpil € NU {0}, then Ggcan be identified with the p-adic

completion Z, = lim_ (1,9 ) of Z. Moreover,Fis the Bunce-Deddens

algebra of type p®, for the classificationof Bunce-Deddens algebras by
supernatural numbers.

(b) Let IcN, choose {q}U (p;)ie; € Z\Z relatively prime, P =
|(p,)ic/lset G =7 E] and let 6,(g) =pgfor g € G,p € P.Asin (a),

O[G,P,0]is a UCT Kirchberg algebra by the considerations in Example
(4.1.5) (b) and Corollary (4.1.3):If p := [1;¢;|pi| € N U {oo},then Ggcan be
thought of as a p-adic completion of Z E]and weobtain F = C(Gy)a, Z E]

Example (4.2.27)[4]:We have seen in Example (4.1.11)that for n >
2, the dynamical system given by the unilateral shift on G =@y Z/nZis a
minimalcommutative irreversible algebraic dynamical system of finite
type. It has been observed thatO[G, P, 8]is isomorphic to 0,in a canonical
way: If e; =(1,00,..) € s € O[G, P,0] denotes the generating isometry
for Pand s, ..., s, are the generating isometries of 0O,,, then this isomorphism
is given byuy, s — s for k =1,..,n. In particular, Fis the UHF algebra
of type n™and Gy is homeomorphic to the space of infinite words using the
alphabet {1, ..., n}.

Example (4.2.28):Given a family (G®,P,0®), where each
(GO, p,6®)isan irreversible algebraic dynamical ~ system, we can
considerG =@y G on which P acts component-wise. Assume that each
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(GO, P,6®)and hence(G, P, §)is minimal, compare Example (4.1.10).
We have Gy = [];¢, Géi()i).Thus the G;-action 7;0n Gél()i) Is amenable. As G

is commutative (amenable) if and only if each G® is, there are various
cases where amenability of ¢is for granted.In such situations, O[G, P, 8]is a
unital UCT Kirchberg algebra.

Example (4.2.29):For the examples arising from free group [, with
2 <n < oo, see Example (4.1.7):, we are able to provide criteria (i)—(iii) to
ensurethat we obtain minimal irreversible algebraic dynamical systems.
Hence Gy can be interpreted as a certain completion of [F,, with respect
to 8. Now F,is far from being amenable, but the action tcould still be
amenable:The free groups are known to be exact. By a famous result of
NarutakaOzawa, exactness of a discrete group is equivalent to amenability
of the left translation action on its Stone-Cech (In the mathematical
discipline of general topology,Stone—Cech compactification is a technique
for constructing a universal map from a topological space X to a
compactHausdorff spacefX. The Stone—Cech compactification BX of a
topological space X is the largest compact Hausdorff space "generated" by
X, in the sense that any map from X to a compact Hausdorff space factors
through BX (in a unique way). If X is a Tychonoff space then the map from
X to its image in BX is a homeomorphism, so X can be thought of as a
(dense) subspace of BX. For general topological spaces X, the map from X
to PBX need not be injective[8])compactification,. Recently,
MehrdadKalantar and Matthew Kennedy have shown that exactness of a
discrete group is also determined completely by amenability of the
naturalaction on its Furstenberg boundary, for details. The latter space is
usually substantially smaller than the Stone-C* echcompactification and
their methods may give some insights into the question of amenability
inthe context of the examples presented here. The finite type case revisited.

This section provides a more detailed presentation of the case where
(G, P,0)is of finite type. In particular, we exhibit additional structural
properties of the spectrum Ggyof the diagonal Din O[G, P,0]. For instance,
the assumption that 6,(G) < Gis normal for every p € Pcauses Hgto
inheritthe group structure from G. This turns Gginto a profinite group. If,
in addition, (G, P,0)is minimal and G is amenable, then Ffalls into the
classof generalized Bunce-Deddens algebras, for details. They belong to a
large class of C*-algebras that can be classified by K-theory.

We are particularly interested in the case where G is abelian.
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For such dynamical systems, the situation is significantly easier as
6,(G) c Gisnormal for all p € Pand the actiontis always amenable. In
fact, thestructure of Dand Fis quite similar to the one discovered in the
singlygenerated case, Gyis a compact abelian group and we have a chain
of isomorphismsF = C(Gy)a,G = C(G)azGy.

Throughout this section, we will assume that (G, P, 6)is an irreversible
algebraic dynamical system of finite type.

Proposition (4.2.30)[4]:Suppose (G,P,0)is minimal and G is
amenable. Then F is a generalized Bunce-Deddens algebra.

Proof

This follows directly from the construction of the generalized Bunce-
Deddens algebras  presented.Choose an arbitrary,increasing, cofinal
sequence (p,)neny © P, Where cofinal means that, for every g € P, there

exists an n € Nsuch that p,, € gP. Then (Qpn(G)) Nis a family of
ne

nested, normalsubgroups of finite index in G. This family is separating
for G by minimality of (G, P, 6).

In particular, these assumptions force Fto be unital, nuclear, separable,
simple, quasidiagonal, and to have real rank zero, stable rank one, strict
comparison for projections as well as a unique tracical . As the combination
of real rank zero and strict comparison for projections yields strict
comparison (for ositive elements), the prerequisites are met, so F also has
finite decomposition rank. This establishes the remaining step to achieve
classification of the core ZFby means of its Elliott invariant

(Ko(F), Ko (F) 4, [1£], K1 (F) )thanks to results of Huaxin Lin and Wilhelm
Winter.

Corollary (4.2.31)[4]:Let (G;, P;, 6;)be minimal and G;be amenable for
i =12. If F; and F, denote the respective cores, then F; = F,holds if
and only if

(Ko@), Ko(FD) 4. [12,] Ki (F)) = (Ko(F), Ko(Fo)s [1r, ] K ()

We close this section by presenting an intriguing isomorphism of
group crossed products on the level of F .
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Corollary (4.2.32)[4]:Let (G, P, 8)be commutative and minimal. Then
there is a Gg-actiont on C(G) for which F = C(Gg)a, G = C(G)azGy.

Proof.

The first isomorphism has been achieved in Corollary (4.2.19). For

the second part, let 7,,(x)(g) = x¢(1(9))x(g)for x € Gand g € G. Since
1.G - Ggis a group homomorphism, T, (x)defines a character of G.

A

Clearly, ¢ is compatible with the group structure on Gy, the group
homomorphism 1 identifies Gwith a dense subgroup of G,. In this case the
characters on Ggare in one-to-one correspondence with the characters on G.
Note that this correspondence is precisely givenby regarding characters on
Ggas characters on G using 1. Therefore, Tdefines an action of Ggby
homeomorphisms of the compact space G. Oncewe know that T defines an
action, we readily see that there is a canonical surjectivex-homomorphism
C(Gg)a, G » C(G)az G. As C(Gg)a, G is simple, this map is an
isomorphism.

This Section is designed to provide a product system of Hilbert
bimodules for each irreversible algebraic dynamical system(G,P,8). The
features of (G, P, 0)result in a particularly well-behaved product system y.
Therefore, it is possible to obtain a concrete presentation of O, from the
data of the dynamical system. In the case of irreversible algebraic
dynamical systems of finite type, this algebra is shown to be isomorphic to
olG,P,0].

The corresponding result in the general case, that is, allowing for
thepresence of group endomorphismsé,,0f Gwith infinite index, requires a
more involved argument. The reason is that the prerequisites fare not met,
so one has to deal with Nica covariance of representations. Since this is
more closely related to the Nica-Toeplitz algebra NT,, we will only treat the
finite type case and refer to for the strategy in the general case. In fact,
the proof reveals a close connection between Nica covariance, relying
essentially on independence of group endomorphisms for relatively prime
elements of P. More precisely, it shows that, for y associated to (G, P, ),
Nica covariance boils down to its original form. A representation gof the
product system yis Nicacovariant if and only if ¢,(1¢-())and

goq(lc*(a))are doubly commuting isometries whenever p and g are
relatively prime in P.
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We start with a brief recapitulation of the necessary definitions for prod-
uct systems and Cuntz-Nica-Pimsner covariance.

Definition (4.2.33)[4]:A product system of Hilbert bimodules over a
monoidP with coefficients in a C*-algebra A is a monoid X together with a
monoidal homomorphism p: y — P such that:

(@) xp = p~"(p)is a Hilbert bimodule over A for eachp € P,
(b) X1, Zia A iq8S Hilbert bimodules and

(c) for all p,qgePwe havey, ® x, = xpqif p#1, and
X1, ®aXq = dq(Axq.

Definition (4.2.34)[4]:LetH be a Hilbert bimodule over a C*-algebra
Aand (¢;);c; € . Consider the following properties:

() (&, &) =61 forallijel
(i) 1 =2Xie&i(& mforalln € 3.
If (&;);¢,satisfies (i) and (ii), it is called an orthonormal basis for 7£.

Lemma (4.2.35)[4]:Let Hbe a Hilbert bimodule.If (&;);¢; € His an

orthonormalbasis, then (G)Eifj)- o Is a system of matrix units and
i,jE

Yie1 O, e, = Len. If 3 admits a finite orthonormal basis, then K (3) =

L(H).

Definition (4.2.37)[4]:Let x be a product system over Pand suppose
Bis a C*-algebra. A map ¢: y — B, whose fibre maps yp — B are denoted
by ¢,, is called a Toeplitz representation of y, if:

(@) ¢1,is ax-homomorphism.

(b)g,is linear for all p € P.

© ©p(E) pp(n) = @1, (& n))forallp € Pand € € x,,, € x4
(d) ©p()pa(m) = @pq(§m)forallp g € Pand § € xp.n € xq.

A Toeplitz representation will be called a representation whenever there
Is noambiguity.  Given a representation ¢ofy in B, it induces x-
homomorphismsy,, ,: K (x,) = Bfor p € Pcharacterised by O, -
(&), ()" .If yiscompactly aligned, the representation @is said to be
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Nica covariant, if ¥, ,(kp)¥y.q (k) = ¥y pag (1§Aq(kp)1zvq(kq))holds for
all p,q € Pandk, € K(xp) kq € ¥ (x4). Concerning the choice of an

appropriate notion of Cuntz-Pimsner covariance for product systems, there
have been multiple attempts:

Definition (4.2.38) [4]:Let B be a C™-algebra and suppose yis a
compactly aligned product system of Hilbert bimodules over Pwith
coefficients in A.

(CPg)A representation ¢: y — Bcalled Cuntz-Pimsner covariantin, if it
satisfies

Yo (6p()) = @1 (a)forallp € P and a € ¢ (x(xp)) c A

(CP) A representation ¢: y — Bis called Cuntz-Pimsner covariant , if
the following holds: Suppose F c Pis finite and we fix k, € % (x,,)for each
p € F. If, for every r € P, there is s > rsuch that

Yperth (kp) = Oholds forall ¢ > s,
then Y ,ep ¥y »(kp) = 0 holds true.

A representation ¢: y — Bis said to be Cuntz-Nica-Pimsnercovariant, if
it is Nica covariant and (CP)-covariant.

Fortunately, it was observed that the different notions are closely related
and that (CPr)implies Nica covariance in the cases of interest to us.

Proposition (4.2.39)[4]:Suppose (G,P,0)is an irreversible algebraic
dynamical system. Let (ug)geadenote the standard unitaries generating

C*(G)and abe the action of Pon C*(G) induced by 6, ie. a,(uy) =
ug,(gyfor p € Pand g € G. Then y;, := C*(G)qp, With left action ¢, given

by multiplication inC*(G)and inner product
(ug, up)p = X@p(a)(g‘lh)u%l(g-lh) is an essential Hilbert bimodule. The
union of all y,forms a product system yover Pwith coefficients in

C*(G). xis a product system with orthonormal bases.lIt is of finite type if
(G, P, 9)is of finite type.

Proof:
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It is straightforward to show that ydefines a product system of
essential Hilbert bimodules and we omit the details. For p € P, we
claimthat every complete set of representatives (g;);e,for G/6,(G)gives
rise to an orthonormal basis of yx,. Indeed, if we fix such a transversal

(gi)ierand pick g € G, then(uy,,uy), = X@p(a)(gi‘lg)u%l(gi-lg) equals 0
for all but onej € I, namely the one representing the left-coset [g]in
G/6,(G).Thus, the family (uy,),_consists of orthonormal elements with

respect to (-,-),,, and ug,a, ((ug, uy)) = 8;juy, SO (ugi)ie]satisfies (4.2.37)
(b).

Lemma (4.2.40)[4]:Suppose (G,P,0)is an irreversible algebraic
dynamical system and y denotes the associated product system from
Proposition (4.2.42). Then the rank-one projection @, ,, € X (x,)depends

only on the equivalence class of g in G/6,(G). Moreover, if ¢is a Nica
covariant representation of y, then

Vo (G)ugrugl) Voq (Gugz 'ugz)

— {%,qu (G)ug3,ug3) if gl_lgz = 9p(93)9q(g4)f0r somegs, gs € G
0, else
holds for all g;,g, € Gand p,q € P.
Proof:

If g1 = g6,(g,)for some g, € G, then
g, ug, Un) = Xep(c)(gp(gz_l)g_lh)uh = Xo0,) (9 Mup = 0y, (un)
for all h € Gand hence Ouy uy, = Ougu, FOT the second claim,
1
Nicacovariance of 10, implies

Yop (G)ugl,ugl) Vop (lqu (G)ugl’ugl) lqu (Gugzvugz))'

If we denote p’ := (p A q) pand q’' :== (p A q)71, then

pVq —
p (G)ugrum) o : : G)ug1‘910(94)“91‘910(93) € L(vaq)
[941€G/6 ;1 (G)
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And

pVq —
lp (G)uQZ’ugz) - G)ugzep(g4)vug29p(g4) € L(XPVQ)
[941€678,,:(6)

hold. We observe that

G)ugl ep(g3)vug19p(g3)®ug2 eq(g4)vug2 eq(g4-)

is non-zero if and only if [g16,(g3)] = [9204(94)] € G/6,y4(G). In
particular, this is always zero if g7 97" € 6,(G)6,(G).Let us assume that
there aregs, ..., gg € Gsuch that

0,(95 )91 9204(9s) = Opvq(g7)
And
0,(95 )91 9204(g6) = 6pvq(gs)

Rearranging the first equation to insert it into the second, we get

Qp(gs_lg3)9qu (97)9(1(92196) = Qqu(gS)-

By injectivity of 8,,, this is equivalent to

Qp’(95_193)9(pAq)‘1(qu)(g7)9q’(95196) = Q(pAq)‘l(qu)(QS)-

From this equation we can easily deduce g5 'gs; € 6,/(G)and g;'gs €
6,/(G) from independence of 6,and 8/, see Definition (4.1.5) (C). Thus,
if there are g, g4 € Gsuch that 6,(g3") 97 '920,(g4) € 6,v4, then they are
unique upto 6,/ (G)and 6, (G), respectively. This completes the proof.

Theorem (4.2.41):Let (G,P,0)be an irreversible algebraic dynamical
system of finite type and ythe product system. Thenugs, —10,,(uy),
defines an isomorphismse: 0[G, P,0] — 0,.

Proof:

The idea is to exploit the respective universal property on both sides. We

begin by showing that(loxylp(ug)) Gis a unitary representation of
ue

Gand(loxyp(lc*(a)))pep is a representation of the monoidP by isometries
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satisfying compare. 10,1, is a *-homomorphism, so we get a unitary
representation of G. In addition,

10y p(Lc*@) = 105,1p((Le+(6) Le*())p)
= 10y1p(lc'(e)) = 1o,

and

1045 (1c@)100a(1e*@) = 104pq (1e 0@ (1e'(@) ) = 10494 (1))

show that we have a representation of P by isometries. (CNP 1)
follows from

10yp(1c*()10x1p (tg) =10y (uep(g)) =10y,1p (uep(g)) 1045 (Lc(e)):

Let p,q € Pand g € G. Then follows easily from applying Lemma

10y p (10*(6))*10)(,119 (ug)lox,q (1C*(G))
=10y p(1c+@) ¥10,0(011)%10,4 (@ug,ug) 10y 4 (ug).

Finally, we observe that

loxylp(ug)loxyp(10*(0))10)(,19(10*(6))*10)(,119(”‘9)* =Yo,p (Gug,ug)’
and the computation
¢10X,p (G)ug,ug) = wlox,p(lL()()) = ¢10X,p (d’p (1C*(G)))
[91€G/6,(6)
= 0y1p(lc'e)) = 1oy,

yield Thus we conclude that ¢:0[G,P,0] - 0, defines a surjectivex-
homomorphism. For the reverse direction, we show that

ocnpix = O[G, P, 0]
$pg = UgSp

defines a representation of y, where ¢, jdenotes the representative for
ug4in x,. To do so, we have to verify (a)—(d) from Definition (4.2.37)and the
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(CNP)-covariance condition. (a) and (b) are obvious. Using (CNP2) to
compute

Pcnrp (Szp,gl)*QDCNP,p (Szp,gz) = Sﬁuﬂg;p = Xep(g)(gl_lgz)uegl(gflgz)
= goCNP,lp ((Szp,gl’ Szp,g2 )),

we get (c). (d) follows as

oenep($pgy) Poneq(ag,) = Ug, Spllg,s, = Ug, 0, (g2)°P

= @PcnNppg (Szp,glap (fqvgz))'

Thus, we are left with the covariance condition.  But since yis
aproduct system of finite type, we only have to show thatoCNPis (CPg)-

covariant due . Noting thate,* (?C()(p)) = C*(G) for all p € P, we obtain

¢<pCNP,p d)p (ug) = wcpCNP,p G)u nUn = ug eh,p
g
[h]€G76,(G) [h]€G76,(G)

= Uy = QDCNP,1P(§1P,g)-
Thus, @cnp IS @ covariant representation of y. By the universal property
of 0,, there exists a *-homomorphism @cyp: 0, — O[G, P, 6] such that

@cnp © 10, = @cyp. Itis apparent that @y p and ¢ are inverse to each other,
SO ¢ is an isomorphism.
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List of Symbols

Symbol

®: Tensor Produd

AF: Approximately Finite-dimensional
RSH: Recursive Subhomogeneous
UHF: Uniformly Hyperfinite

TAF: Tracially Approximately Finite-dimensional

TAI : Tracially Approximately Intreval
@: Direct Sum

deg: Degree

ker: Kernel

coker: Cokernel

max: Maximum

dim: Dimension

dist: Distance

sup: Supremum

mod: Modular

min: Minimum

UCT: Uuiversal Coefficient Theorem
SOT: Strongly Operator Topology
£2 : Hilbert Space

LCM: Least Common Multiple
CRM: Clifford Reilly McAlister

ISO: Isotropy

ZS: Zappa-Szép

map: Mapping

det: Determinant
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