
651 
 

Chapter 4 

The Strong No Loop Conjecture 

With at most two simple modules and 𝑟4 = 0, in particular, when 𝛬 is a finite-dimensional 

algebra over an algebraically closed field with at most two simple modules and 𝑟3 = 0. We 

show the conjecture in case 𝛬 is mild, which means that 𝛬 has only finitely many two-sided 

ideals and each proper factor algebra 𝛬/𝐽 is representation finite. In fact, it is sufficient that a 

"small neighborhood" of the support of the projective cover of 𝑆 is mild. 

Section (4.1): Special Biserial Algebras: 

Let 𝐴 be a finite-dimensional algebra over a field given by a quiver with relations. Let 𝑆 

be a simple 𝐴-module with a non-split self-extension; that is, the quiver has a loop at the 

corresponding vertex. The strong no loop conjecture claims that 𝑆 is of infinite projective 

dimension; see [118, 119]. This conjecture remains open except for monomial algebras; see, 

for example, [120, 119, 121, 122]. Under certain hypotheses on the loop, Green, Solberg and 

Zacharia have shown that Ext𝐴
𝑖 (𝑆, 𝑆) does not vanish for every 𝑖 ≥ 1; see [123].  

In this Section, we shall first present a short proof of this result, because not only is the 

original proof rather complex, but also our idea possibly works for other cases. Next we 

observe that this result reduces the conjecture to the case where some power of the loop is a 

component of a polynomial relation. This reduction works particularly well when 𝐴 is special 

biserial, due to a combinatorial description of the syzygies of string modules; see Proposition 

(4.1.9). Our main result says that Ext𝐴
𝑖 (𝑆, 𝑆) does not vanish for every 𝑖 ≥ 1 if the convex 

support of 𝑆 is special biserial. We shall also prove that if 𝑆 has an almost split self-extension, 

then the block of 𝐴 supporting 𝑆 is a local Nakayama algebra; in particular, Ext𝐴
𝑖 (𝑆, 𝑆) does 

not vanish for every 𝑖 ≥ 1. In the course of its proof, we easily get a characterization of 

Nakayama algebras, strengthening the one stated in [118]. Contrary to what will be seen in 

this Section, Happel's example stated in [123] shows the existence of a simple module 𝑆 with 

a loop but Ext𝑖(𝑆, 𝑆) = 0 for infinitely many 𝑖.  

Our motivation for studying special biserial algebras comes from the following two 

aspects. First of all, since their representations are completely understood, they form 

naturally a testing class for various well-known conjectures in the representation theory of 
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algebras. Secondly, these algebras play an important role in the modular representation 

theory of finite groups; see [124], tracing back to the classification of the indecomposable 

Harish-Chandra modules of the Lorentz group by Gelfand and Ponomarev; see [125]. 

Let 𝑘 stands for a field and 𝑄 for a finite quiver. Let 𝑘𝑄 be the path algebra of 𝑄 over 𝑘, 

and 𝑄+ the ideal generated by the arrows. Note that we shall compose the paths of 𝑄 from 

the left to the right. If 𝐼 is an ideal such that (𝑄+)𝑚 ⊆ 𝐼 ⊆ (𝑄+)2 for some 𝑚 ≥ 2, then the 

pair (𝑄, 𝐼) is called a bound quiver. We shall always assume that 𝐼 is such an ideal. Let 

𝑝1, . . . , 𝑃𝑟 be pairwise distinct paths of 𝑄 from a vertex a to a vertex 𝑏, and let 𝜆1, . . . , 𝜆𝑟 ∈ 𝑘 be 

nonzero scalars. We call  

𝜌 = 𝜆1𝑝1 +⋯+ 𝜆𝑟𝑝𝑟 

a relation on 𝑄 if 𝜌 ∈ 𝐼 while ∑ 𝜆𝑖𝑝𝑖𝑖∈Ω ∉ 𝐼 for all Ω ⊂ {1, . . . , 𝑟}. In this case, 𝑝1, . . . , 𝑝𝑟  are 

called the components of 𝜌 and 𝑎 the start-point. Moreover, 𝜌 is called monomial, binomial, 

or polynomial if 𝑟 = 1, 𝑟 = 2, or 𝑟 ≥ 2, respectively.  

The quotient 𝐴 = 𝑘𝑄/𝐼 is called the algebra of the bound quiver (𝑄, 𝐼). If 𝑥 ∈ 𝑘𝑄, we 

shall denote by 𝑥̃ the class 𝑥 + 𝐼 ∈ 𝐴. An 𝐴-module means a right module of finite 𝑘-

dimension except otherwise stated explicitly. The radical, the top, and the 𝑛-th syzygy of an 𝐴-

module 𝑀 will be denoted by rad 𝑀, top 𝑀 and Ω𝑛(𝑀), respectively. We call 𝑥 ∈ 𝑀 a top 

element if 𝑥 ∉ rad 𝑀. For a vertex 𝑎 of 𝑄, we shall denote by 𝑆(𝑎) and 𝑃(𝑎) the simple 𝐴-

module and the indecomposable projective 𝐴-module associated to 𝑎, respectively.  

The elements of a direct sum of 𝐴-modules are written as column matrices. Let 

𝑒1, . . . , 𝑒𝑟  be idempotents of 𝐴. Then an 𝐴-linear map 𝜙 ∶ 𝑒1𝐴⊕⋯⊕ 𝑒𝑟𝐴 → 𝑀 is left 

multiplication by a matrix (𝑥1, . . . , 𝑥𝑟) with 𝑥𝑖 ∈ 𝑀𝑒𝑖. In this case, we say that 𝜙 is represented 

by (𝑥1, . . . , 𝑥𝑟). In particular, if 𝑓1, . . . , 𝑓𝑠 are also idempotents of 𝐴, then an 𝐴-linear map from 

𝑒1𝐴⊕⋯⊕ 𝑒𝑟𝐴 to 𝑓1𝐴⊕⋯⊕ 𝑓𝑠𝐴 is represented by an (𝑠 × 𝑟)-matrix whose (𝑖, 𝑗)-entry is 

an element of 𝑓𝑖𝐴𝑒𝑗. For convenience of reference, we state the following well-known result.  

Lemma (4.1.1)[117]: Let 𝐴 be the algebra of 𝑎 finite bound quiver with 𝑒1, . . . , 𝑒𝑠 some 

primitive idempotents. Let 𝑀 be a non-zero 𝐴-module with 𝑥𝑖 ∈ 𝑀𝑒𝑖 for 1 ≤ 𝑖 ≤ 𝑠. If the 

classes of 𝑥1, . . . , 𝑥𝑠 in top 𝑀 are linearly independent over 𝑘, then there exist primitive 

idempotents 𝑒𝑠+1, . . . , 𝑒𝑟 ∈ 𝐴 and 𝑥𝑠+1 ∈ 𝑀𝑒𝑠+1, … , 𝑥𝑟 ∈ 𝑀𝑒𝑟 such that  
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(𝑥1, . . . , 𝑥𝑠 , 𝑥𝑠+1, . . . , 𝑥𝑟) ∶ 𝑒1𝐴⊕⋯⊕ 𝑒𝑠𝐴⊕ 𝑒𝑠+1𝐴⊕⋯⊕ 𝑒𝑟𝐴 → 𝑀  

is a projective cover of 𝑀.  

We now give the promised alternative proof of Proposition 4.2 in [123].  

Proposition (4.1.2)[117]: (Green-Solberg-Zacharia). Let 𝐴 be the algebra of a bound quiver 

(𝑄, 𝐼), containing a loop 𝛼 at a vertex 𝑎. If for some 𝑛 ≥ 2, 𝛼𝑛 lies in 𝐼 but not in 𝐼𝑄+ + 𝑄+𝐼, 

then for all 𝑖 ≥ 1, Ext𝐴
𝑖 (𝑆(𝑎), 𝑆(𝑎)) does not vanish.  

Proof. Suppose that 𝛼𝑛 ∈ 𝐼 but 𝛼𝑛 ∉ 𝐼𝑄+ + 𝑄+𝐼. In particular, 𝛼𝑛 ∉ 𝐼. Let 𝛼𝑖 ∶ 𝛼 → 𝑐𝑖 , 𝑖 =

1, . . . , 𝑡, be the arrows starting at 𝑎 with 𝛼1 = 𝛼. Then 𝑆(𝑎) admits a minimal projective 

resolution  

⋯⟶ 𝑃𝑚
  𝜙𝑚   
→   𝑃𝑚−1 ⟶⋯⟶ 𝑃1

  𝜙1   
→  𝑃0 ⟶ 𝑆(𝑎) ⟶ 0, 

where 𝑃0 = 𝑃(𝑎), 𝑃1 = 𝑃(𝑐1) ⊕⋯⊕ 𝑃(𝑐𝑡), and 𝜙1 is represented by (𝛼̅1, … , 𝛼̅𝑡). Assume, 

for 𝑚 ≥ 1, that 𝑃𝑚 ≅ 𝑃(𝑏1) ⊕ 𝑃(𝑏2) ⊕⋯⊕ 𝑃(𝑏𝑠) with 𝑠 ≥ 1 and 𝑃𝑚−1 ≅ 𝑃(𝑎1) ⊕

𝑃(𝑎2) ⊕⋯⊕ 𝑃(𝑎𝑟) with 𝑟 ≥ 1, where the 𝑎𝑖 , 𝑏𝑗 are vertices with 𝑎1 = 𝑏1 = 𝑎, while 𝜙𝑚 is 

isomorphic to the map represented by a matrix of the following form:  

(

𝑥̅11 𝑥̅12 ⋯ 𝑥̅1𝑠
0 𝑥̅22 ⋯ 𝑥̅2𝑠
⋮ ⋮ ⋱ ⋮
0 𝑥̅𝑟2 ⋯ 𝑥̅𝑟𝑠

) , 

where 𝑥𝑖𝑗  is a linear combination of non-trivial paths from 𝑎𝑖  to 𝑏𝑗 with 𝑥11 being 𝛼 or 𝛼−1. 

We shall show that 𝜙𝑚+1 is isomorphic to a map represented by a matrix of this form. By 

Lemma (4.1.1), it suffices to prove that ker 𝜙𝑚 contains a top element of the form 

(𝑦̅11, 0, . . . ,0)
𝑇 with 𝑦11 = 𝛼 or 𝛼𝑛−1. Indeed, if 𝑥11 = 𝛼𝑛−1, then (𝛼, 0, . . . ,0)𝑇 clearly lies in 

ker 𝜙𝑚 but not in its radical since ker 𝜙𝑚 ⊆ rad 𝑃𝑚. If 𝑥11 = 𝛼, then 𝑍 = (𝛼̅𝑛−1, 0, … ,0)𝑇 ∈

ker 𝜙𝑚. Assume on the contrary that 𝑍 lies in the radical of ker 𝜙𝑚. Then 𝑍 = 𝑌𝑢̅ with 𝑌 ∈

ker 𝜙𝑚 and 𝑢 ∈ 𝑄+. Since 𝑌 ∈ rad 𝑃𝑚, we may write 𝑌 = (𝑦̅1, 𝑦̅2, . . . , 𝑦̅𝑠)
𝑇 with 𝑦𝑖 ∈ 𝑄+. Now 

𝑣 = 𝛼𝑛−1 − 𝑦1𝑢, 𝑦2𝑢, … , 𝑦𝑠𝑢 ∈ 𝐼 since 𝑍 = 𝑌𝑢̅, and 𝑤 = 𝛼𝑦1 + 𝑥12𝑦2 +⋯+ 𝑥1𝑠𝑦2 ∈ 𝐼 since 

𝑌 ∈ ker 𝜙𝑚. Therefore, 𝛼𝑛 = 𝛼𝑣 + 𝛼𝑦1𝑢 = 𝛼𝑣 + 𝑤𝑢 − (𝑥12𝑦2𝑢 +⋯+ 𝑥1𝑠𝑦𝑠𝑢) ∈ 𝑄+𝐼 +

𝐼𝑄+, a contradiction. Thus 𝑍 is indeed a top element of ker 𝜙𝑚. By induction, we have shown 

that 𝑃(𝑎) is a direct summand of 𝑃𝑚 for all 𝑚 ≥ 1. This completes the proof of the 

proposition. 
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We now deduce some useful consequences from the above result.  

Corollary (4.1.3)[117]: Let 𝐴 be the algebra of a bound quiver (𝑄, 𝐼), containing a loop a at a 

vertex 𝑎. If no power of 𝛼 is a component of a polynomial relation, then for all 𝑖 ≥

1, Ext𝐴
𝑖 (𝑆(𝑎), 𝑆(𝑎)) does not vanish.  

Proof. Let 𝑛 ≥ 2 be minimal such that 𝛼𝑛 ∈ 𝐼, and assume that 𝛼𝑛−1 is not a component of 

any polynomial relation. Note that for a relation 𝜌 on 𝑄 and 𝑥, 𝑦 ∈ 𝑘𝑄, 𝑥𝜌𝑦 is either zero or a 

sum of relations on 𝑄. Therefore, if 𝛼𝑛 ∈ 𝑄+𝐼 + 𝐼𝑄+, then  

𝛼𝑛 = (𝛽1𝜌1 +⋯+ 𝛽𝑟𝜌𝑟) + (𝜌𝑟+1𝛽𝑟+1 +⋯+ 𝜌𝑠𝛽𝑠), 

where the 𝜌𝑖 are relations on 𝑄 and the 𝛽𝑖  are arrows. Hence, 𝛼𝑛−1 is a component of at least 

one of the 𝜌𝑖, say 𝜌1. By the minimality of 𝑛, 𝜌1 is a polynomial relation, a contradiction. The 

proof is now completed by applying Proposition (4.1.2).  

The above result implies immediately the following.  

Corollary (4.1.4)[117]: Let 𝐴 be the algebra of a bound quiver (𝑄, 𝐼), containing a loop a at a 

vertex a. If 𝛼2 ∈ 𝐼, then Ext𝐴
𝑖 (𝑆(𝑎), 𝑆(𝑎)) does not vanish for every 𝑖 ≥ 1.  

We shall now study simple modules with an almost split self-extension, that is, 

invariant under the Auslander-Reiten translation 𝜏 = DTr; see [118]. For this purpose, we 

need the following result, which is interesting in its own right.  

Proposition (4.1.5)[117]: Let 𝐴 be the algebra of a bound quiver (𝑄, 𝐼), and let 𝑎, 𝑏 be vertices 

of 𝑄. Then 𝜏𝑆(𝑎) ≅ 𝑆(𝑏) if and only if 𝑄 contains an arrow 𝛼 ∶ 𝑎 → 𝑏 which is the only arrow 

starting at a and the only one ending at 𝑏.  

Proof. If 𝑄 satisfies the stated property, then we have a non-split exact sequence:  

0 ⟶ 𝑆(𝑏) ⟶ 𝑀(𝛼) ⟶ 𝑆(𝑎) ⟶ 0. 

Since 𝛼 is the only arrow starting at 𝑎 and the only one ending at 𝑏, one verifies easily that the 

sequence is almost split. Conversely assume that 𝑆(𝑏) ≅ 𝜏𝑆(𝑎). Let 𝛼𝑖 ∶ 𝑎 → 𝑏𝑖 , 𝑖 = 1, . . . , 𝑟, 

be the arrows starting at 𝑎; and 𝛽𝑗 ∶ 𝑎𝑗 → 𝑏, 𝑗 = 1, . . . , 𝑠, be those ending at 𝑏. Then 𝑆(𝑎) has 

a minimal projective presentation  

𝛿: 𝑃(𝑏1) ⊕⋯⊕ 𝑃(𝑏𝑟) ⟶ 𝑃(𝑎) ⟶ 𝑆(𝑎) ⟶ 0. 

Applying the duality Hom𝐴(−, 𝐴𝐴) to 𝛿, we get a minimal projective presentation  

𝛿∗ ∶ 𝑄(𝑎) ⟶ 𝑄(𝑏1) ⊕⋯⊕𝑄(𝑏𝑟) ⟶ Tr 𝑆(𝑎) ⟶ 0  
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of the transpose of 𝑆(𝑎), where 𝑇(𝑐) and 𝑄(𝑐) denote, respectively, the simple and the 

indecomposable projective left 𝐴-module associated to a vertex 𝑐. On the other hand, 𝑇(𝑏) 

has a minimal projective presentation  

𝜂 ∶ 𝑄(𝑎1) ⊕⋯⊕𝑄(𝑎𝑠) ⟶ 𝑄(𝑏) ⟶ 𝑇(𝑏) ⟶ 0. 

Noting Tr 𝑆(𝑎) ≅ D 𝑆(𝑏) ≅ 𝑇(𝑏), we have 𝜂 ≅ 𝛿∗. In particular, 𝑟 = 1 with 𝑏1 = 𝑏 and 𝑠 = 1 

with 𝑎 = 𝑎1. The proof of the proposition is completed.  

We call a module homogeneous if it admits an almost split self-extension.  

Corollary (4.1.6)[117]: Let 𝐴 be the algebra of a connected bound quiver (𝑄, 𝐼). Then 𝐴 

admits a homogeneous simple module if and only if 𝑄 consists of one loop. In this case, for 

any indecomposable non-projective 𝐴-module 𝑀, Ext𝐴
𝑖 (𝑀,𝑀) does not vanish for every 𝑖 ≥ 1.  

Proof. By Proposition (4.1.5), 𝑄 has a vertex a such that 𝜏𝑆(𝑎) ≅ 𝑆(𝑎) if and only if 𝑄 contains 

a loop 𝛼 ∶ 𝑎 → 𝑎 which is the only arrow starting at 𝑎 and the only one ending at 𝑎. This is 

equivalent to 𝑄 consisting of one loop since 𝑄 is connected. The rest of the statement is well 

known. This completes the proof of the corollary.  

An Artin algebra is called a Nakayama algebra if its indecomposable modules are all 

uniserial. The algebra of a connected bound quiver is a Nakayama algebra if and only if the 

quiver is a single path (maybe trivial) or an oriented cycle. The following is another 

characterization of this class of algebras; compare [118].  

Theorem (4.1.7)[117]: Let 𝐴 be the algebra of a connected bound quiver (𝑄, 𝐼). Then 𝐴 is a 

Nakayama algebra if and only if there exists a 𝜏-orbit 𝒪 consisting of simple 𝐴-modules. In this 

case, 𝒪 contains all simple 𝐴-modules.  

Proof. If 𝑄 is a path 𝑎1 → ⋯ → 𝑎𝑛 with 𝑛 ≥ 1 and the ai pairwise distinct, by Proposition 

(4.1.5), 𝜏𝑆(𝑎𝑖) = 𝑆(𝑎𝑖+1) for 1 ≤ 𝑖 < 𝑛. Since 𝑆(𝑎𝑛) is projective and 𝑆(𝑎1) is injective, the 

𝑆(𝑎𝑖) form a 𝜏-orbit. If 𝑄 is an oriented cycle 𝑎1 → ⋯ → 𝑎𝑛 → 𝑎1 with 𝑛 ≥ 1 and the 𝑎𝑖  

pairwise distinct, then 𝜏𝑆(𝑎𝑖) = 𝑆(𝑎𝑖+1) for 1 ≤ 𝑖 < 𝑛, and 𝜏𝑆(𝑎𝑛) = 𝑆(𝑎1). Hence the 𝑆(𝑎𝑖) 

form a 𝜏-orbit.  

Conversely, let 𝒪 = {𝑆(𝑎1), . . . , 𝑆(𝑎𝑛)} be a 𝜏-orbit with the 𝑎𝑖  pairwise distinct vertices 

of 𝑄. Consider first the case 𝑛 = 1. If 𝑆(𝑎𝑖) is projective, then 𝑄 consists of the vertex 𝑎1. 

Otherwise, 𝜏𝑆(𝑎1) = 𝑆(𝑎𝑖), and hence 𝑄 consists of one loop by Corollary (4.1.6). Assume 
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now that 𝑛 > 1 and that 𝜏𝑆(𝑎𝑖) = 𝑆(𝑎𝑖+1) for 1 ≤ 𝑖 < 𝑛. For each 1 ≤ 𝑖 < 𝑛, by Proposition 

(4.1.5), 𝑄 contains an arrow 𝑎𝑖 ∶ 𝑎𝑖 → 𝑎𝑖+1, the only one starting at ai and the only one ending 

at 𝑎𝑖+1. If 𝑆(𝑎𝑛) is projective, then 𝑆(𝑎1) is injective. Hence 𝑄 contains no arrow starting at 𝑎𝑛 

or ending at 𝑎1. Thus 𝑄 consists of the path 𝑎1 → ⋯ → 𝑎𝑛−1 → 𝑎𝑛. Otherwise, 𝜏𝑆(𝑎𝑛) =

𝑆(𝑎1). Then 𝑄 contains an arrow 𝛼𝑛 ∶ 𝑎𝑛 → 𝑎1, the only one starting at 𝑎𝑛 and the only one 

ending at 𝑎1. Thus 𝑄 consists of the oriented cycle 𝑎1 → ⋯ → 𝑎𝑛 → 𝑎𝑛. The proof of the 

theorem is completed.  

The objective of this section is to establish the conjecture for special biserial algebras. 

Recall that a finite-dimensional 𝑘-algebra is called special biserial if it is isomorphic to the 

algebra of a bound quiver (𝑄, 𝐼) satisfying (1) each vertex is the start-point of at most two 

arrows and the end-point of at most two arrows; and (2) for each arrow 𝛽, there exists at 

most one arrow 𝛼 such that 𝛼𝛽 ∉ 𝐼 and at most one arrow 𝛾 such that 𝛽𝛾 ∉ 𝐼. We call such a 

bound quiver special biserial.  

Let (𝑄, 𝐼) be a special biserial bound quiver. Then a relation on 𝑄 is either monomial or 

binomial; see [126]. Moreover, if a vertex is the start-point of a binomial relation, then such a 

relation is unique up to a scalar. Thus we may assume, without changing its algebra, that 

every binomial relation of (𝑄, 𝐼) is a multiple of a binomial relation of the form 𝑝 − 𝑞. In this 

case, we call (𝑝, 𝑞) a binomial pair.  

For a vertex 𝑎, the trivial path at 𝑎 is denoted by 𝜀𝑎, and for a path 𝑝, its start-point and 

end-point are denoted by 𝑠(𝑝) and 𝑒(𝑝), respectively. For an arrow 𝛼, we introduce a new 

arrow 𝛼−1, the inverse of 𝛼 with 𝑠(𝛼−1) = 𝑒(𝛼) and 𝑒(𝛼−1) = 𝑠(𝛼). A reduced walk 𝑤 in 𝑄 is 

either a trivial path or 𝑤 = 𝑐1𝑐2…𝑐𝑛 with 𝑛 ≥ 1, where 𝑐𝑖  is either an arrow or the inverse of 

an arrow such that 𝑠(𝑐𝑖+1) = 𝑒(𝑐𝑖) and 𝑐𝑖+1 ≠ 𝑐𝑖
−1 for all 1 ≤ 𝑖 < 𝑛. In the latter case, a path 

𝑝 = 𝛼1⋯𝛼𝑟  with 𝛼𝑖 arrows is contained in 𝑤 if there exists 𝑖 with 1 ≤ 𝑖 ≤ 𝑛 such that either 

𝑐𝑖+𝑗 = 𝛼𝑗+1 for all 0 ≤ 𝑗 < 𝑟 or 𝑐𝑖+𝑗 = 𝛼𝑟−𝑗
−1  for all 0 ≤ 𝑗 < 𝑟. A reduced walk 𝑤 is a string if no 

path contained in 𝑤 is a component of a relation on 𝑄. A string 𝑝 is called serial if it is a path 

and 𝑠(𝑝) is not the start-point of any binomial relation. Finally, we say that a string 𝑤 starts or 

ends in a deep if there is no arrow 𝛾 such that 𝛾−1𝑤 or 𝑤𝛾 is a string, respectively.  
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Let 𝐴 = 𝑘𝑄/𝐼. To each string w, one associates a string module 𝑀(𝑤), compare [127, 

128], as follows: if 𝑤 = 𝜀𝑎 for a vertex 𝑎, then 𝑀(𝑤) = 𝑆(𝑎) with {𝑎} a 𝑘-basis. If 𝑤 =

𝑐1𝑐2⋯𝑐𝑛 with 𝑐𝑖  an arrow or the inverse of an arrow, then 𝑀(𝑤) has as a 𝑘-basis the ordered 

family {𝑎0, 𝑎1, . . . , 𝑎𝑛}, where 𝑎0 = 𝑠(𝑐1) and 𝑎𝑖 = 𝑒(𝑐𝑖) for 1 ≤ 𝑖 ≤ 𝑛. Its multiplication is 

such that for an arrow 𝛼, one has 𝑎𝑖𝛼̅ = 𝑎𝑖+1 if 𝑐𝑖+1 = 𝛼 with 0 ≤ 𝑖 < 𝑛, and 𝑎𝑖𝛼̅ = 𝑎𝑖−1 if 

𝑐𝑖 = 𝛼−1 with 1 ≤ 𝑖 ≤ 𝑛, and 𝑎𝑖𝛼̅ = 0 otherwise. Here 𝑎𝑖  with 0 ≤ 𝑖 < 𝑛 is a top element if 

and only if 𝑐𝑖  is the inverse of an arrow whenever 𝑖 ≥ 1, and 𝑐𝑖+1 is an arrow whenever 𝑖 < 𝑛.  

Furthermore, for a vertex a of 𝑄, we shall fix a 𝑘-basis of 𝑃(𝑎) with a multi-plication. If 

𝜀𝑎 is serial, then there exist paths 𝑝, 𝑞 starting at 𝑎 such that 𝑝−1𝑞 is a string starting and 

ending in a deep. In this case, 𝑃(𝑎) = 𝑀(𝑝−1𝑞). Oth-erwise, there exists a binomial relation 

𝛼1𝛼2⋯𝛼𝑟 − 𝛽1𝛽2⋯𝛽𝑠, where 𝛼𝑖 , 𝛽𝑗  are arrows with 𝑠(𝛼1) = 𝑠(𝛽1) = 𝑎. Then 𝑃(𝑎) has as a 

𝑘-basis the ordered family {𝑎1, . . . , 𝑎𝑟 , 𝑏1, . . . , 𝑏𝑠}, where 𝑎𝑖 = 𝑠(𝛼𝑖) and 𝑏𝑗 = 𝑒(𝛽𝑗). Its 

multiplication is such that for each arrow 𝛼, one has 𝑏𝑗𝛼̅ = 𝑏𝑗+1 if 𝛼 = 𝛽𝑗+1 with 1 ≤ 𝑗 < 𝑠 

and 𝑏𝑗𝛼̅ = 0 otherwise; moreover,  

𝑎𝑖 , 𝛼̅ = {

𝑏1,   𝑖 = 1 and 𝛼 = 𝛽1,       
𝑎𝑖+1, 1 ≤ 𝑖 < 𝑟 and 𝛼 = 𝛼𝑖 ,
𝑏𝑠 ,    𝑖 = 𝑟 and 𝛼 = 𝛼𝑟 ,       
0,     otherwise.                   

 

Here 𝑎1 is the only top element. In all cases, we call the fixed 𝑘-basis of 𝑀(𝑤) or 𝑃(𝑎) its 

canonical basis. Clearly, the classes of the top elements of the canonical basis form a basis for 

the top in each case.  

In order to describe the syzygies of string modules, we need the notion of syzygy 

strings of a string, defined in the following.  

Definition (4.1.8)[117]: Let (𝑄, 𝐼) be a special biserial bound quiver. Let 𝑤 be a string, and 

write  

𝑤 = 𝑝1
−1𝑞1⋯𝑝𝑟

−1𝑞𝑟 , 

where 𝑟 ≥ 1, the 𝑝𝑖 , 𝑞𝑖  are paths with 𝑝1, 𝑞𝑟  the only ones that may be trivial.  

(a) In the case that 𝑝1 is non-serial, we let 𝛼1 be an arrow and 𝑢1, 𝑣1 some paths such that 

(𝑝1𝛼1𝑢1, 𝑞1𝑣1) is a binomial pair. Assume now that 𝑝1 is serial. We first define 𝑣1 to be 

a path such that 𝑞1𝑣1 is a string ending in a deep. Moreover, if 𝑝1
−1𝑞1 does not start in a 
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deep, then let 𝛼1 be an arrow and 𝑢1 a path such that 𝑢1
−1𝛼1

−1𝑝1
−1𝑞1 is a string starting 

in a deep, and we define neither 𝛼1 nor 𝑢1 otherwise. 

(b) Now let 𝑖 be an integer with 1 < 𝑖 < 𝑟. If 𝑝𝑖 is non-serial, then let 𝑢𝑖 , 𝑣𝑖 be the paths 

such that (𝑝𝑖𝑢𝑖 , 𝑞𝑖𝑣𝑖) is a binomial pair. Otherwise, let 𝑢𝑖 , 𝑣𝑖 be paths such that piui and 

𝑞𝑖𝑣𝑖 are strings ending in a deep. 

(c) In the case that 𝑝𝑟  is non-serial, let 𝛼𝑟  be an arrow and 𝑢𝑟 , 𝑣𝑟 some paths such that 

(𝑝𝑟𝑢𝑟 , 𝑞𝑟𝛼𝑟𝑣𝑟) is a binomial pair. Assume now that 𝑝𝑟  is serial. First let 𝑢𝑟  be a path 

such that 𝑝𝑟𝑢𝑟 is a string ending in a deep. Moreover, if 𝑝𝑟
−1𝑞𝑟 does not end in a deep, 

then let 𝛼𝑟  be an arrow and 𝑣𝑟 some path such that 𝑝𝑟
−1𝑞𝑟𝛼𝑟𝑣𝑟 is a string ending in a 

deep; we define neither 𝛼𝑟  nor 𝑣𝑟 otherwise. 

For all 1 ≤ 𝑖 < 𝑟, let 𝑤𝑖 = 𝑣𝑖
−1𝑢𝑖+1, which is clearly a string. Moreover, let 𝑤0 = 𝑢1 if 

𝑢1 is defined, and 𝑤𝑖 = 𝑣𝑖
−1 if 𝑣𝑟 is defined. Denote by 𝑊 the set of defined strings 𝑤𝑖  with 

0 ≤ 𝑖 ≤ 𝑟. We say that 𝑤𝑠 , 𝑤𝑡  with 0 ≤ 𝑠 < 𝑡 ≤ 𝑟 are connected if 𝑝𝑖 is non-serial for all 𝑠 <

𝑖 ≤ 𝑡. This relation of connectedness generates an equivalence relation on 𝑊. It is easy to see 

that if {𝑤𝑖 , 𝑤𝑖+1, . . . , 𝑤𝑗} with 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑟 is an equivalence class of 𝑊, then 𝑤𝑖𝑤𝑖+1⋯𝑤𝑗 is 

a string, called a syzygy string of 𝑤. Note that the number of the syzygy strings of 𝑤 is equal to 

the number of the equivalence classes of 𝑊.  

The following is the promised combinatorial description of the first syzygy of a string 

module.  

Proposition (4.1.9)[117]: Let 𝐴 = 𝑘𝑄/𝐼 with (𝑄, 𝐼) special biserial. Let 𝑤 be a string and Ω(𝑤) 

the set of the syzygy strings of 𝑤. If 𝑀(𝑤) is the string module associated to 𝑤, then 

Ω(𝑀(𝑤)) = ⨁ 𝑀(𝜔)𝜔∈Ω(𝑤) .  

Proof. We keep all the notation introduced in Definition (4.1.8). Let 𝑎𝑖 = 𝑠(𝑝𝑖), 𝑖 = 1, . . . , 𝑟, be 

the top elements of the canonical basis of 𝑀(𝑤). Then a projective cover of 𝑀(𝑤) is given by 

the map 𝜙: 𝑃(𝑎1) ⊕⋯⊕𝑃(𝑎𝑟) → 𝑀(𝑤) such that the top element of the canonical basis of 

𝑃(𝑎𝑖) maps to that of 𝑀(𝑝𝑖
−1𝑞𝑖) for all 1 ≤ 𝑖 ≤ 𝑟. It is easy to see that 𝑀(𝑤) is projective if 

and only if Ω(𝑤) is empty. Assume that Ω(𝑤) is non-empty. Since the result is obvious for the 

case where 𝑟 = 1, we may assume furthermore that 𝑟 > 1.  
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In order to describe the kernel of 𝜙, we need more notation. If 𝑢1 is defined and it is 

non-trivial whenever 𝑝1 is non-serial, then let 𝑏1 be the element of the canonical basis of 

𝑃(𝑎1) corresponding to 𝑠(𝑢1) and let 𝑑0 be the top element of the canonical basis of 𝑀(𝑤0). 

Otherwise, we define neither 𝑏1 nor 𝑑0. In any case, let 𝑐1 be the element of the canonical 

basis of 𝑃(𝑎1) corresponding to 𝑒(𝑞1), and let 𝑑1 be the top element of 𝑀(𝑤1). For each 1 <

𝑖 < 𝑟, let 𝑏𝑖 and 𝑐𝑖  be the elements of the canonical basis of 𝑃(𝑎𝑖) corresponding to 𝑒(𝑝𝑖) and 

𝑒(𝑞𝑖), respectively, and let 𝑑𝑖 be the top element of the canonical basis of 𝑀(𝑤𝑖). Finally, if 𝑣𝑟 

is defined and it is non-trivial whenever 𝑞𝑟  is non-serial, then let 𝑐𝑟  be the element of the 

canonical basis of 𝑃(𝑎𝑟) corresponding to 𝑒(𝑎𝑟), and let 𝑑𝑟 be the top element of the 

canonical basis of 𝑀(𝑤𝑟). Otherwise, we define neither 𝑐𝑟  nor 𝑑𝑟. In any case, let 𝑏𝑟  be the 

element of the canonical basis of 𝑃(𝑎𝑟) corresponding to 𝑒(𝑝𝑟).  

Write 𝑑̂𝑖 = (0, . . . , 0, 𝑑𝑖 , 0, . . . , 0)
𝑇 ∈ ⨁ 𝑀(𝜔)𝜔∈Ω(𝑤)  if 𝑑𝑖 is defined. Then the classes of 

the defined 𝑑𝑖 with 0 ≤ 𝑖 ≤ 𝑟 form a 𝑘-basis of the top of ⨁ 𝑀(𝜔)𝜔∈Ω(𝑤) . Let 

𝜓:⨁ 𝑀(𝜔)𝜔∈Ω(𝑤) → 𝑃(𝑎1) ⊕⋯⊕𝑃(𝑎𝑟) be the map such that  

𝜓(𝑑̂𝑖) = {

(𝑏1, 0, . . . , 0)
𝑇 ,                         𝑖 = 0 and 𝑑0 is defined,

(0, . . . ,0, −𝑐𝑖 , 𝑏𝑖+1, 0, . . . ,0)
𝑇 , 1 ≤ 𝑖 < 𝑟,                          

(0, … ,0, 𝑐𝑟)
𝑇 ,                           𝑖 = 𝑟 and 𝑑𝑟  is defined.

   

One easily verifies that 𝜓 is a monomorphism such that 𝜓𝜙 = 0. By calculating the 

dimensions of the modules, we deduce finally that 𝜓 is the kernel of 𝜙. This completes the 

proof of the proposition.  

By Corollary (4.1.3), we need consider only special biserial bound quivers with a loop 

such that at least one of its powers is a component of a binomial relation. For convenience, 

we make the following two definitions.  

Definition (4.1.10)[117]: Let (𝑄, 𝐼) be a special biserial bound quiver, containing a loop 𝛼 at a 

vertex 𝑎 and a binomial pair (𝛼𝑛+1, 𝛼1⋯𝛼𝑚) with 𝑛 ≥ 1 and 𝑚 ≥ 2. We shall consider 

strings of the following forms:  

(a) The trivial string 𝜀𝑎.  

(b) The string  

𝑞𝑟+1𝑞𝑟
−1⋯𝑞2𝑞1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑟

−1𝑝𝑟+1, 
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where 𝑟 ≥ 1 is odd, the 𝑝𝑖 , 𝑞𝑖 are paths that are non-trivial for 1 ≤ 𝑖 ≤ 𝑟 such that 

(𝑝𝑖𝑞𝑖 , 𝑝𝑖+1𝑞𝑖+1) is a binomial pair for each odd 𝑖 with 1 ≤ 𝑖 ≤ 𝑟, and there exists a 

binomial pair (𝑝𝑟𝑞𝑟 , 𝑝𝑟+1𝛽𝑟+1𝑞𝑟+1) with 𝛽𝑟+1 an arrow.  

(c) The string  

𝑞𝑠
−1𝑞𝑠−1⋯𝑞2𝑞1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑠−1𝑝𝑠

−1⋯𝑝𝑟
−1𝑝𝑟+1, 

where 𝑠, 𝑟 are odd with 1 ≤ 𝑠 ≤ 𝑟, the 𝑝𝑖 , 𝑞𝑗  are paths that are non-trivial for 1 ≤ 𝑖 ≤

𝑟 and 1 ≤ 𝑗 < 𝑠 such that (𝑝𝑖𝑞𝑖 , 𝑝𝑖+1𝑞𝑖+1) is a binomial pair for each odd 𝑖 with 1 ≤

𝑖 < 𝑠, and 𝑝𝑠𝑞𝑠 is a serial string ending in a deep.  

Definition (4.1.11)[117]: Let (𝑄, 𝐼) be as in Definition (4.1.10). We shall consider strings of the 

following forms:  

(a) The string  

𝑝𝑟+1𝑝𝑟
−1⋯𝑝2

−1𝑝1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑟
−1𝑞𝑟+1, 

where 𝑟 ≥ 0 is even, the 𝑝𝑖 , 𝑞𝑖  are paths that are non-trivial for 1 ≤ 𝑖 ≤ 𝑟 such that 

(𝑞𝑖𝑝𝑖 , 𝑞𝑖+1𝑝𝑖+1) is a binomial pair for each even 0 ≤ 𝑖 < 𝑟 and there exists a binomial 

pair (𝑞𝑟𝑝𝑟 , 𝛽𝑟+1𝑝𝑟+1) with 𝛽𝑟+1 an arrow, 𝑞0 = 𝛼𝑛 and 𝑝0 = 𝛼.  

(b) The string  

𝑝𝑠
−1𝑝𝑠−1⋯𝑝2

−1𝑝1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑠−1𝑞𝑠
−1⋯𝑞𝑟

−1𝑞𝑟+1, 

where 𝑠, 𝑟 are even with 2 ≤ 𝑠 ≤ 𝑟, the 𝑝𝑖 , 𝑞𝑗 are paths that are non-trivial for 1 ≤ 𝑖 <

𝑠 and 1 ≤ 𝑗 ≤ 𝑟, such that (𝑞𝑖𝑝𝑖 , 𝑞𝑖+1𝑝𝑖+1) is a binomial pair for each even 𝑖 with 2 ≤

𝑖 < 𝑠, and 𝑞𝑠𝑝𝑠 is a serial string ending in a deep.  

We shall now apply Proposition (4.1.9) to describe the first syzygy of string modules 

associated to previously defined strings.  

Lemma (4.1.12)[117]: Let 𝐴 = 𝑘𝑄/𝐼 with (𝑄, 𝐼) being as in Definition (4.1.10). If 𝑀 is a string 

module associated to a string as stated in Definition (4.1.10), then Ω(𝑀) has as a direct 

summand a string module associated to a string as stated in Definition (4.1.11). 

Proof. Let 𝑀 = 𝑀(𝑤) with 𝑤 a string. First, if 𝑤 = 𝜀𝑎, then 𝑀 = 𝑆(𝑎). Thus Ω(𝑀) is the string 

module associated to the string (𝛼2⋯𝛼𝑚)𝛼
−𝑛, which is of the form stated in Definition 

(4.1.11)(a) with 𝑟 = 0 and 𝑞1 trivial. Second, we consider the case  

𝑤 = 𝑞𝑟+1𝑞𝑟
−1⋯𝑞2𝑞1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑟

−1𝑝𝑟+1, 
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where 𝑟 ≥ 1 is odd, and the 𝑝𝑖 , 𝑞𝑖 are non-trivial paths such that (𝑝𝑖  𝑞𝑖 , 𝑝𝑖+1𝑞𝑖+1) is a binomial 

pair for each odd 𝑖 with 1 ≤ 𝑖 < 𝑟, and there exists a binomial pair (𝑝𝑟𝑞𝑟 , 𝑝𝑟+1𝛽𝑟+1𝑞𝑟+1) with 

𝛽𝑟+1 an arrow. Note that 𝑞1 = 𝛼1⋯𝛼𝑡 with 1 ≤ 𝑡 < 𝑚.  

Suppose first that 𝑞𝑟+1 is trivial and that there exists no even 𝑖 with 2 ≤ 𝑖 < 𝑟 such that 

𝑞𝑖  is serial. If 𝑟 = 1, then let 𝑢1 be the path (maybe trivial) such that 𝛼𝑡+1⋯𝛼𝑚 = 𝑎𝑡+1𝑢1. 

Note that we have binomial pairs (𝑞𝑖𝛼𝑡+1𝑢1, 𝛼𝛼
𝑛) and (𝑝1𝑞1, 𝑝2𝛽2). By Proposition (4.1.9), 

Ω(𝑀) is the string module associated to the string 𝑢1𝛼
−𝑛𝑞1, which is of the form stated in 

Definition (4.1.11)(a). If 𝑟 ≥ 3, let 𝑢1 = 𝛼𝑡+1⋯𝛼𝑚, and for each even 𝑖 with 2 ≤ 𝑖 ≤ 𝑟 − 3, 

let 𝑢𝑖 , 𝑢𝑖+1 be non-trivial paths such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair, and finally, let 

𝑢𝑟 , 𝑢𝑟−1 be paths with 𝑢𝑟−1 non-trivial and 𝛿1 an arrow such that (𝑞𝑟−1, 𝑢𝑟−1, 𝑞𝑟𝛿𝑟𝑢𝑟) is a 

binomial pair. Since none of the paths contained in 𝑤 is a serial string, Ω(𝑀) is the string 

module associated to the string 𝑢𝑟𝑢𝑟−1
−1 ⋯𝑢3𝑢2

−1𝑢1𝛼
−𝑛𝑞1𝑞2

−1𝑞3⋯𝑞𝑟−1
−1 𝑞𝑟, which is of the form 

stated in Definition (4.1.11)(a) for 𝑟 − 1.  

Suppose now that 𝑞𝑟+1 is non-trivial and that there exists no even 𝑖 with 2 ≤ 𝑖 ≤ 𝑟 + 1 

such that 𝑞𝑗 is serial. Let 𝑢1 = 𝛼𝑡+1⋯𝛼𝑚 and let, for each even 𝑖 with 2 ≤ 𝑖 ≤ 𝑟 − 1, 𝑢𝑖 , 𝑢𝑖+1 

be non-trivial paths such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair, and finally, let 𝑢𝑟+2, 𝑢𝑟+1 be 

non-trivial paths and 𝛿𝑟+2 an arrow such that (𝑞𝑟+1𝑢𝑟+1, 𝛿𝑟+2𝑢𝑟+2) is a binomial pair. For the 

same reason, Ω(𝑀) is the string  module associated to the string 

𝑢𝑟+1𝑢𝑟+1
−1 ⋯𝑢2

−1𝑢1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑟𝑞𝑟+1
−1 , which is of the form stated in Definition (4.1.11)(a for 

𝑟 + 1 with 𝑞𝑟+2 trivial.  

Suppose that neither of the above two situations occurs. Then there exists some 

minimal even integer 𝑠 with 2 ≤ 𝑠 ≤ 𝑟 + 1 such that 𝑞𝑠 is non-trivial and serial. Let 𝑢1 =

𝛼𝑡+1⋯𝛼𝑚 and let, for each even 𝑖 with 2 ≤ 𝑖 < 𝑠, 𝑢𝑖 , 𝑢𝑖+1 be non-trivial paths such that 

(𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair, and finally, let 𝑢𝑠 be a path (maybe trivial) such that 𝑞𝑠𝑢𝑠 is 

a string ending in a deep. Since the 𝑝𝑖 , 𝑞𝑗  with 1 ≤ 𝑖 ≤ 𝑟 and 1 ≤ 𝑗 < 𝑠 are non-serial, Ω(𝑀) 

has as a direct summand the string module associated to the string 

𝑢𝑠
−1𝑢𝑠−1⋯𝑢2

−1𝑢1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑠−1𝑞𝑠
−1⋯𝑞𝑟𝑞𝑟+1

−1 , which is of the form stated in Definition 

(4.1.11)(b) for 𝑠 and 𝑟 − 1 if 𝑠 ≤ 𝑟 − 1 and 𝑝𝑟+1 is trivial, and for 𝑠 and 𝑟 + 1 otherwise.  

We conclude the proof with the final case:  
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𝑤 = 𝑞𝑠
−1𝑞𝑠−1⋯𝑞2𝑞1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑠−1𝑝𝑠

−1⋯𝑝𝑟
−1𝑝𝑟+1, 

where 𝑠, 𝑟 are odd with 1 ≤ 𝑠 ≤ 𝑟, and the 𝑝𝑖 , 𝑞𝑗 are non-trivial paths for 1 ≤ 𝑖 ≤ 𝑟 and 1 ≤

𝑗 < 𝑠 such that (𝑝𝑖𝑞𝑖 , 𝑝𝑖+1𝑞𝑖+1) is a binomial pair for each odd 𝑖 with 1 ≤ 𝑖 < 𝑠, and 𝑝𝑠𝑞𝑠 is a 

serial string ending in a deep.  

Suppose first that 𝑞𝑖  is non-serial for each odd 𝑖 with 1 ≤ 𝑖 ≤ 𝑠. Let 𝑢𝑠 , 𝑢𝑠−1 be paths 

with 𝑢𝑠−1 non-trivial and 𝛿𝑠 an arrow such that (𝑞𝑠𝛿𝑠𝑢𝑠 , 𝑞𝑠−1𝑢𝑠−1) is a binomial pair, where 

𝑞0 = 𝛼 and 𝑢0 = 𝛼−𝑛 in case 𝑠 = 1; and let 𝑢1 = 𝛼𝑡+1⋯𝛼𝑚 if 𝑠 > 1. Finally for each odd 𝑖 

with 3 ≤ 𝑖 < 𝑠, let 𝑢𝑖 , 𝑢𝑖−1 be non-trivial paths such that (𝑞𝑖−1𝑢𝑖−1, 𝑞𝑖𝑢𝑖) is a binomial pair. 

Since 𝑝𝑠 is serial while the 𝑝𝑖 , 𝑞𝑗  with 1 ≤ 𝑖 < 𝑠 and 1 ≤ 𝑗 ≤ 𝑠 are non-serial, Ω(𝑀) has as a 

direct summand the string module associated to the string 𝑢𝑠𝑢𝑠−1
−1 ⋯𝑢1𝛼

−𝑛𝑞1𝑞2
−1⋯𝑞𝑠−1

−1 𝑞𝑠, 

which is of the form stated in Definition (4.1.11)(a) for 𝑠 − 1. Otherwise 𝑠 ≥ 3 and there 

exists a minimal even integer 𝑑 with 2 ≤ 𝑑 ≤ 𝑠 − 1 such that 𝑞𝑑 is serial. Let 𝑢𝑑 be a path 

(maybe trivial) such that 𝑞𝑑𝑢𝑑 is a string ending in a deep. Being non-trivial, 𝑞1 = 𝛼1⋯𝛼𝑡 for 

some 1 ≤ 𝑡 < 𝑚. Let 𝑢1 = 𝛼𝑡+1⋯𝛼𝑚, and for each even 𝑖 with 2 ≤ 𝑖 < 𝑑, let 𝑢𝑖 , 𝑢𝑖+1 be 

non-trivial paths such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair. Since 𝑞𝑑 and 𝑝𝑠 are serial while 

the others between them are non-serial, Ω(𝑀) has as a direct summand the string module 

associated to the string 𝑢𝑑
−1𝑢𝑑−1⋯𝑢2

−1𝑢1𝑞1𝑞2
−1⋯𝑞𝑠−1

−1 𝑞𝑠, which is of the form stated in 

Definition (4.1.11)(b) for 𝑑 and 𝑠 − 1. This completes the proof.  

Lemma (4.1.13)[117]: Let 𝐴 = 𝑘𝑄/𝐼 with (𝑄, 𝐼) being as in Definition (4.1.10). If 𝑀 is a string 

module associated to a string as stated in Definition (4.1.11), then Ω(𝑀) has as a direct 

summand a string module associated to a string as stated in Definition (4.1.10). 

Proof. Let 𝑀 = 𝑀(𝑤) with 𝑤 a string. Let us begin with the case  

𝑤 = 𝑝𝑟+1𝑝𝑟
−1⋯𝑝2

−1𝑝1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑟
−1𝑞𝑟+1, 

where 𝑟 ≥ 0 is even, the 𝑝𝑖 , 𝑞𝑖  are non-trivial for 1 ≤ 𝑖 ≤ 𝑟 such that for each even 𝑖 with 0 ≤

𝑖 < 𝑟, (𝑞𝑖𝑝𝑖 , 𝑞𝑖+1𝑝𝑖+1) is a binomial pair with 𝑞0 = 𝛼𝑛 and 𝑝0 = 𝛼, and there exists a binomial 

pair (𝑞𝑟𝑝𝑟 , 𝑞𝑟+1𝛽𝑟+1𝑝𝑟+1) with 𝛽𝑟+1 some arrow.  

Suppose first that 𝑝𝑟+1 is trivial and that there exists no odd 𝑖 with 1 ≤ 𝑖 < 𝑟 such that 

𝑝𝑖 is serial. If 𝑟 = 0, then 𝑞𝑖 = 𝛼1⋯𝛼𝑚−1 by hypothesis. Thus Ω(𝑀) = 𝑀(𝜀𝑎). If 𝑟 ≥ 2, then 

𝑝1 = 𝛼1⋯𝛼𝑚 with 1 < 𝑡 ≤ 𝑚. For each odd 𝑖 with 1 ≤ 𝑖 ≤ 𝑟 − 3, let 𝑢𝑖 , 𝑢𝑖+1 be non-trivial 
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paths such that (𝑝𝑖𝑢𝑖 , 𝑝𝑖+1𝑢𝑖+1) is a binomial pair, and let 𝛿𝑟  be an arrow and 𝑢𝑟 , 𝑢𝑟−1 some 

paths with 𝑢𝑟−1 non-trivial such that (𝑞𝑟−1, 𝑢𝑟−1, 𝑞𝑟𝛿𝑟𝑢𝑟) is a binomial pair. Since none of the 

paths contained in 𝑤 is a serial string, Ω(𝑀) is the string module associated to the string 

𝑢𝑟𝑢𝑟−1
−1 ⋯𝑢2𝑢1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑟−1

−1 𝑝𝑟, which is of the form stated in Definition (4.1.10)(a) for 𝑟 −

1.  

Suppose secondly that 𝑝𝑟+1 is non-trivial and that there exists no odd 𝑖 with 1 ≤ 𝑖 ≤

𝑟 + 1 such that 𝑝𝑖 is serial. For each odd 𝑖 with 1 ≤ 𝑖 ≤ 𝑟 − 1, let 𝑢𝑖 , 𝑢𝑖+1 be non-trivial paths 

such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair. Moreover, let 𝛿𝑟+2 be an arrow and 𝑢𝑟+2, 𝑢𝑟+1 

some non-trivial paths such that (𝑞𝑟+1𝑢𝑟+1, 𝛿𝑟+2𝑢𝑟+2) is a binomial pair. For the same reason, 

Ω(𝑀) is the string module associated to the string 𝑢𝑟+2𝑢𝑟+1
−1 ⋯𝑢2𝑢1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑟𝑝𝑟+1

−1 , which 

is of the form stated in Definition (4.1.10)(a) for 𝑟 + 1 with 𝑝𝑟+2 trivial.  

Suppose now that neither of the above two situations occurs. Then there exists a 

minimal odd integer s with 1 ≤ 𝑠 ≤ 𝑟 + 1 such that 𝑝𝑠 is non-trivial and serial. Let us be a 

path (maybe trivial) such that 𝑝𝑠𝑢𝑠 is a string ending in a deep, and for each odd 𝑖 with 1 ≤

𝑖 < 𝑠, let 𝑢𝑖 , 𝑢𝑖+1 be non-trivial paths such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial pair. Since the 

𝑝𝑖 , 𝑞𝑗 with 1 ≤ 𝑖 < 𝑠 and 1 ≤ 𝑗 ≤ 𝑟 are all non-serial, Ω(𝑀) has as a direct summand the 

string module associated to the string 𝑢𝑠
−1𝑢𝑠−1⋯𝑢2𝑢1

−1𝛼𝑝1
−1𝑝2 ⋯𝑝𝑠−1𝑝𝑠

−1⋯𝑝𝑟𝑝𝑟+1
−1 , which is 

of the form stated in Definition (4.1.10)(b) for s and 𝑟 − 1 if 𝑝𝑟+1 is trivial with 𝑠 ≤ 𝑟 − 1; and 

otherwise, for 𝑠 and 𝑟 + 1 with 𝑝𝑟+2 trivial. We shall conclude the proof with the case:  

𝑤 = 𝑝𝑠
−1𝑝𝑠−1⋯𝑝2

−1𝑝1𝛼
−𝑛𝑞1𝑞2

−1⋯𝑞𝑠−1𝑞𝑠
−1⋯𝑞𝑟

−1𝑞𝑟+1, 

where 𝑠, 𝑟 are even with 2 ≤ 𝑠 ≤ 𝑟, and the 𝑝𝑖 , 𝑞𝑗  are non-trivial paths for 1 ≤ 𝑖 < 𝑠 and 1 ≤

𝑗 ≤ 𝑟 such that for each even 𝑖 with 0 ≤ 𝑖 < 𝑠, (𝑞𝑖𝑝𝑖 , 𝑞𝑖+1𝑝𝑖+1) is a binomial pair with 𝑞0 =

𝛼𝑛, 𝑝0 = 𝛼, whereas 𝑞𝑠𝑝𝑠 is a serial string ending in a deep.  

Suppose first that 𝑝𝑖 is non-serial for every odd 𝑖 with 1 ≤ 𝑖 < 𝑠. Let 𝛿𝑠 be an arrow 

and 𝑢𝑠 , 𝑢𝑠−1 some paths with 𝑢𝑠−1 non-trivial such that (𝑝𝑠𝛿𝑠𝑢𝑠 , 𝑝𝑠−1𝑢𝑠−1) is a binomial pair; 

and for each even 𝑖 with 2 ≤ 𝑖 < 𝑠, let 𝑢𝑖  and 𝑢𝑖−1 be non-trivial paths such that 

(𝑞𝑖−1𝑢𝑖−1, 𝑞𝑖𝑢𝑖) is a binomial pair. Since 𝑞𝑠 is serial while the 𝑝𝑖 , 𝑞𝑗 with 1 ≤ 𝑖 ≤ 𝑠 and 1 ≤

𝑗 < 𝑠 are all non-serial, Ω(𝑀) has as a direct summand the string module associated to the 
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string 𝑢𝑠𝑢𝑠−1
−1 ⋯𝑢1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑠−1

−1 𝑝𝑠, which is of the form stated in Definition (4.1.10)(a) for 

𝑠 − 1.  

Otherwise, there exists a minimal odd integer 𝑑 with 1 ≤ 𝑑 ≤ 𝑠 − 1 such that pad is 

serial. Let 𝑢𝑑 be a path (maybe trivial) such that 𝑞𝑑𝑢𝑑 is a string ending in a deep, and for each 

odd 𝑖 with 1 ≤ 𝑖 < 𝑑, let 𝑢𝑠 , 𝑢𝑖+1 be non-trivial paths such that (𝑞𝑖𝑢𝑖 , 𝑞𝑖+1𝑢𝑖+1) is a binomial 

pair. Since 𝑝𝑑 and 𝑞𝑠 are serial while the others between them are all non-serial, Ω(𝑀) has as 

a direct summand the string module associated to the string 𝑢𝑑
−1𝑢𝑑−1⋯𝑢2𝑢1

−1𝛼𝑝1
−1𝑝2⋯𝑝𝑠−1

−1 𝑝𝑠, 

which is of the form stated in Definition (4.1.10)(b) for d and 𝑠 − 1. This completes the proof 

of the lemma.  

Let 𝐴 be the algebra of a bound quiver (𝑄, 𝐼). The convex support of an 𝐴-module 𝑀 is 

the algebra of the bound quiver (𝑄𝑀 , 𝐼𝑀), where 𝑄𝑀 is the convex hull in 𝑄 of the vertices a 

with Hom𝐴(𝑃(𝑎),𝑀) ≠ 0, and 𝐼𝑀 = 𝐼 ∩ (𝑘𝑄𝑀).  

Theorem (4.1.14)[117]: Let 𝐴 be the algebra of a bound quiver (𝑄, 𝐼), and let 𝑆 be a simple 𝐴-

module with a non-split self-extension. If the convex support of 𝑆 is special biserial, then for 

all 𝑖 ≥ 1, Ext𝐴
𝑖 (𝑆, 𝑆) does not vanish.  

Proof. Let 𝐵 be the convex support of 𝑆 in 𝐴. It is well known that Ext𝐴
𝑖 (𝑆, 𝑆) = Ext𝐵

𝑖 (𝑆, 𝑆) for 

all 𝑖 ≥ 1. Hence we may assume, without loss of generality, that (𝑄, 𝐼) is special biserial. Let 𝛼 

be a loop at the vertex a such that 𝑆 = 𝑆(𝑎). If no power of 𝛼 is a component of a binomial 

relation on 𝑄, then the theorem follows from Corollary (4.1.3). Assume now that there exists 

a binomial pair (𝛼𝑛+1, 𝛼1⋯𝛼𝑚) with 𝑛 ≥ 1 and 𝑚 ≥ 2. Note that Ω0(𝑆) = 𝑀(𝜀𝑎). Assume, 

for 𝑖 ≥ 0, that Ω𝑖(𝑆) has as a direct summand a string module associated to a string stated in 

Definitions (4.1.10) or (4.1.11), and in particular, 𝑆(𝑎) is a summand of the top of Ω𝑖(𝑆). By 

Lemmas (4.1.12) and (4.1.13), the same holds true for Ω𝑖+1(𝑆). This completes the proof of 

the theorem.   

We conclude with an even stronger version of the strong no loop conjecture.  

Conjecture (4.1.15)[117]: If 𝑆 is a simple module over an Artin algebra 𝐴 with Ext𝐴
1(𝑆, 𝑆) not 

vanishing, then Ext𝐴
𝑖 (𝑆, 𝑆) does not vanish for infinitely many 𝑖. 
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Section (4.2): Algebras with Two Simples and Radical Cube Zero: 

Let Λ be an artinian ring. Many important problems remain to be solved in connection 

with the homological properties of Λ-modules. We mention the finitistic dimension conjecture 

(see [130], [131]) and the Cartan determinant conjecture (see [132]). Both these problems 

deal with studying homological dimensions of Λ-modules. In this Section we will consider no-

loop conjectures (see [133], [134]). The (weak) no-loop conjecture says that if ExtΛ
1 (𝑆, 𝑆) ≠ 0 

for a simple Λ-module S, then the global dimension of Λ is infinite. The strong no-loop 

conjecture says that if ExtΛ
1 (𝑆, 𝑆) ≠ 0 then the projective dimension of 𝑆 is infinite. 

The weak no-loop conjecture was proven in [133] for a large class of finite-dimensional 

algebras over a field 𝑘, including all finite-dimensional algebras, if 𝑘 is algebraically closed. The 

strong no-loop conjecture seems to be more difficult, in fact it has only been established for 

very special classes of algebras. 

For a Λ-module 𝑈, let pdΛ𝑈 denote the projective dimension of 𝑈. Let gldim Λ denote 

the global dimension of Λ. Let 𝔯 denote the Jacobson radical of Λ. The strong no-loop 

conjecture holds if 𝔯20. For in this case if ExtΛ
1 (𝑆, 𝑆) ≠ 0 then 𝑆 is a summand of its own 

syzygy and so pdΛ𝑆 = ∞. If Λ has only one simple module up to isomorphism then all non-

projective modules have infinite projective dimension. So in this case pdΛ𝑆 = ∞ if 

ExtΛ
1 (𝑆, 𝑆) ≠ 0. For algebras with two simple modules up to isomorphism and for radical cube 

zero algebras the situation is much more complicated. 

The artinian ring Λ is a filtered ring using its radical filtration. Let grΛ = ⨁ (grΛ)𝑖𝑖  

denote the corresponding graded ring of Λ. We say that Λ is graded by its radical if the 

canonical isomorphisms 𝔯𝑖/𝔯𝑖+1 → (grΛ)𝑖  lift to an isomorphism of rings Λ ≅ grΛ. The 

following is our main result. 

Now we only have to note that any basic finite-dimensional algebra over an 

algebraically closed field with radical cube zero is graded by its radical and we obtain the 

following 

 



616 
 

Corollary (4.2.1)[129]: Let Λ be a finite-dimensional 𝑘-algebra over an algebraically closed 

field with 𝔯3 = 0 and with at most two simple modules up to isomorphism. If 𝑆 is a simple 

module of finite projective dimension then ExtΛ
1 (𝑆, 𝑆) = 0. 

Definitions and some basic results. Let Λ be an artinian ring graded by its radical. That is, Λ is 

a graded artinian ring 

Λ =⨁Λ𝑖

𝐿

𝑖=0

 

where Λ0 is semisimple and Λ𝑖Λ𝑗 = Λ𝑖+𝑗 for 𝑖, 𝑗 ∈ {0, … , 𝐿} with 𝑖 + 𝑗 ≤ 𝐿. Unless otherwise 

stated, from now on, all modules will be graded left Λ- modules of finite length and all 

homomorphisms between Λ-modules will be graded of degree 0. For a Λ-module 𝑀 = ⨁ 𝑀𝑖𝑖  

we denote by 𝑀[𝑗] the shifted Λ-module given by 𝑀[𝑗]𝑖 ≔ 𝑀𝑖−𝑗. 

Note that the finiteness of the projective dimension of a simple Λ-module 𝑆 is 

independent of whether we use graded projective resolutions or not. Moreover the extension 

group ExtΛ
1 (𝑆, 𝑇[1])of two simple Λ-modules 𝑆 and 𝑇 generated in the same degree may be 

identified with the group of extensions of 𝑆 by 𝑇 we get by forgetting the grading. So for the 

questions we are interested in we have not lost any generality by considering graded modules 

over a graded ring. 

Let 𝑆1, … , 𝑆𝑛 be a complete set of representatives of simple Λ-modules generated in 

degree 0. Let 𝑃1, … , 𝑃𝑛 be a corresponding set of representatives of indecomposable 

projective Λ-modules. That is, 𝑃𝑖/𝔯𝑃𝑖 ≅ 𝑆𝑖  for 𝑖 = 1,… , 𝑛. 

Let [𝑆𝑖] denote the element of ℤ[𝑡]𝑛 given by [𝑆𝑖]𝑗 = 𝛿𝑖𝑗  where 𝛿𝑖𝑗  denotes the 

Kronecker delta. To every 𝑃𝑖  we associate the element [𝑃𝑖] in ℤ[𝑡]𝑛 given by 

[𝑃𝑖] =∑∑𝐶𝑖𝑗
(𝑟)[𝑆𝑗]𝑡

𝑟

𝑛

𝑗=1

𝐿

𝑟=0

 

where 𝐶𝑖𝑗
(𝑟) is the largest integer m such that 𝔯𝑟𝑃𝑖/𝔯

𝑟+1𝑃𝑖 ≅ 𝑆𝑗[𝑟]
𝑚⨁𝑈. Let 𝐶 = 𝐶(Λ) be the 

graded Cartan matrix of Λ (see [135]). That is, 𝒞 is an 𝑛 by 𝑛 matrix with coefficients in ℤ[𝑡] 

given by 
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𝐶 =∑𝐶(𝑟)𝑡𝑟
𝐿

𝑟=0

 

where 𝐶(𝑟) is a matrix with coefficients in ℤ and where 𝐶𝑖𝑗
(𝑟) was defined above. In other 

words, the 𝑖th column of 𝐶 is [𝑃𝑖]. Note that 𝐶(0) is the identity matrix. 

Example (4.2.2)[129]: Let Λ be the algebra with quiver 

 

 

 

and relations 𝛽𝛾, 𝛼2 − 𝛾𝛽, 𝛽𝛼𝛾. Then Λ is graded by its radical. A basis of the projective 𝑃1 at 

vertex 1 is 𝑒1, 𝛼, 𝛽, 𝛽𝛼, 𝛼
2, 𝛼3. Thus 

[𝑃1] = (1 + 𝑡 + 𝑡2 + 𝑡3

𝑡 + 𝑡2
) 

A basis of the projective 𝑃2 at vertex 2 is 𝑒2, 𝛾, 𝛼𝛾. Thus 

[𝑃2] = (𝑡 + 𝑡2

1
) 

Hence the graded Cartan matrix of Λ is given by 

𝐶 = (1 + 𝑡 + 𝑡2 + 𝑡3 𝑡 + 𝑡2

𝑡 + 𝑡2 1
) 

If 𝑁 and 𝑀 are two 𝑛 by 𝑛 matrices of integers we write 𝑀 ≥ 𝑁 if all entries of 𝑀 −𝑁 

are non-negative. 

Lemma (4.2.3)[129]: The matrices 𝐶(𝑟) satisfy the following inequalities: 

(i) 𝐶(𝑖) ≥ 0 for all 𝑖 = 0,… , 𝐿, 

(ii) 𝐶(𝑙)𝐶(𝑚) ≥ 𝐶(𝑙+𝑚) for all 𝑙, 𝑚 ∈ {0,… , 𝐿} with 𝑙 + 𝑚 ≤ 𝐿. 

Proof. Part (i) is obvious. By the Wedderburn-Artin theorem we have an isomorphism 

Λ0 ≅⨁𝑀𝑛𝑖
(𝐷𝑖)

𝑛

𝑖=1

 

where 𝑀𝑛𝑖
(𝐷𝑖) is the full matrix ring over a division ring 𝐷𝑖. We view this isomorphism as an 

identification and let 𝑒𝑖 denote the identity matrix of the matrix ring 𝑀𝑛𝑖
(𝐷𝑖). Let 𝑙, 𝑚 ∈

𝛼 

𝛾 

𝛽 

 

 
 
1 2   
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{0, … , 𝐿} with 𝑙 + 𝑚 ≤ 𝐿. We have Λ𝑚Λ𝑙 = Λ𝑙+𝑚 and so we get a surjective Λ0-Λ0-

homomorphism 𝑒𝑗Λ𝑚 ⊗Λ0 Λ𝑙𝑒𝑖 → 𝑒𝑗Λ𝑙+𝑚𝑒𝑖 induced by multiplication. Now 

𝑒𝑗Λ𝑚 ⊗Λ0 Λ𝑙𝑒𝑖 ≅⨁𝑒𝑗Λ𝑚𝑒𝑟 ⊗𝑀𝑛𝑟
(𝐷𝑟) 𝑒𝑟Λ𝑙𝑒𝑖

𝑛

𝑟=1

. 

The number of indecomposable left summands of 𝑒𝑗Λ𝑚𝑒𝑟 ⊗𝑀𝑛𝑟
(𝐷𝑟) 𝑒𝑟Λ𝑙𝑒𝑖 is 𝐶𝑖𝑟

(𝑙)𝐶𝑟𝑗
(𝑚)

𝑛𝑖. The 

number of indecomposable left summands of 𝑒𝑗Λ𝑙+𝑚𝑒𝑖 is 𝐶𝑟𝑗
(𝑙+𝑚)

𝑛𝑖. Therefore 𝐶𝑟𝑗
(𝑙+𝑚)

≤

(𝐶(𝑙)𝐶(𝑚))
𝑖𝑗

. This concludes the proof of the lemma. 

The following lemma is well known; see for example [136]. 

Lemma (4.2.4)[129]: We have 𝐶𝑖𝑗
(1)

> 0 if and only if ExtΛ
1 (𝑆𝑖 , 𝑆𝑗[1]) ≠ 0. 

Let 𝑄 = 𝑄(Λ) be the quiver given by the matrix 𝐶(1). That is, 𝑄 is an oriented graph 

with vertices 1, … , 𝑛 and 𝐶𝑖𝑗
(1) arrows from vertex 𝑖 to vertex 𝑗. Thus, by the previous lemma, 

ExtΛ
1 (𝑆𝑖 , 𝑆𝑖[1]) is non-zero for some simple 𝑆𝑖  if and only if 𝑄 has a loop at vertex 𝑖. 

Let ∆= ∑ ∆𝑖𝑡
𝑖𝑛∙𝐿

𝑖=0 =: det 𝐶 denote the graded Cartan determinant of Λ. Let 𝑀𝑖𝑗 be the 

𝑖𝑗th cofactor of the matrix 𝐶. That is, 𝑀𝑖𝑗 is (−1)𝑖+𝑗 times the determinant of the matrix 

obtained by removing the 𝑖th column and the 𝑗th row from 𝐶. Then 

𝐶−1 =
1

∆
(𝑀𝑗𝑖)𝑖𝑗 

is a matrix over the field of rational functions ℚ(𝑡). For non-zero polynomials 𝑎1, … , 𝑎𝑛 ∈ ℤ[𝑡] 

let gcd(𝑎1, … , 𝑎𝑛) denote their greatest common factor. We let the coefficient of the lowest 

degree term of gcd(𝑎1, … , 𝑎𝑛) be positive. 

Lemma (4.2.5)[129]: Let ∆, 𝐶 and 𝑄 be as above. Then 

(i) ∆0 = 1. 

(ii) ∆1 is the number of loops of 𝑄. 

(iii) gcd(𝑀1𝑗 , … ,𝑀𝑛𝑗)|∆ for all 𝑗 = 1, … , 𝑛. 

(iv) If gldim Λ < ∞ then ∆= 1. 

(v) If pdΛ𝑆𝑗 < ∞ then ∆= gcd(𝑀1𝑗 , … ,𝑀𝑛𝑗). 
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Proof. We have ∆0= det 𝐶(0). Now 𝐶(0) is the identity matrix and so (i) follows. The constant 

terms in the polynomials off the diagonal of 𝐶 are all zero. Hence ∆1 is the trace of 𝐶(1). This 

proves (ii). We have ∆= ∑ 𝐶𝑖𝑗𝑀𝑖𝑗
𝑛
𝑖=1 , which proves (iii). 

Let pdΛ𝑆𝑗 < ∞. We have a graded projective resolution 

0 → 𝑄𝑚 → ⋯ → 𝑄1 → 𝑄0 → 𝑆𝑗 → 0 

of 𝑆𝑗. Thus [𝑆𝑗] = ∑ (−1)𝑖[𝑄𝑖]
𝑚
𝑖=0 = ∑ 𝑓𝑖𝑗(𝑡)[𝑃𝑖]

𝑛
𝑖=1  for polynomials 𝑓𝑖𝑗(𝑡) ∈ ℤ[𝑡]. Here 

𝑓𝑖𝑗 =
𝑀𝑖𝑗

∆
 

for 𝑖 = 1, … , 𝑛 and so ∆= gcd(𝑀1𝑗 , … ,𝑀𝑛𝑗) by (iii). This proves (v). 

If gldim Λ < ∞, then again by the graded projective resolution of the simples we see 

that 𝐶−1 is a matrix with entries in ℤ[𝑡] and consequently ∆ is a unit in ℤ[𝑡]. Hence ∆= 1 by 

(i). This proves (iv). 

Example (4.2.6)[129]: Let Λ be as in Example (4.2.3). Then 

𝐶−1 =
1

 ∆
(𝑀𝑗𝑖)𝑖𝑗

=
1

 ∆
( 1 −𝑡 − 𝑡2

−𝑡 − 𝑡2 1 + 𝑡 + 𝑡2 + 𝑡3
) . 

Moreover gcd(𝑀11, 𝑀21) = gcd(1,−𝑡, 𝑡2) = 1 and gcd(𝑀12, 𝑀22) = gcd(−𝑡 − 𝑡2, 1 + 𝑡 +

𝑡2 + 𝑡3) = 1 + 𝑡. We see that  ∆= 1 + 𝑡 − 𝑡3 − 𝑡4. Consequently pdΛ𝑆1 = ∞ and pdΛ𝑆2 = ∞ 

by Lemma (4.2.5)(v). 

Theorem (4.2.7)[129]: Let Λ be an artinian ring graded by its radical with 𝔯4 = 0 and with at 

most two simple modules up to isomorphism. If 𝑆 is a simple module of finite projective 

dimension then ExtΛ
1 (𝑆, 𝑆) = 0. 

Proof. Let Λ be an artinian ring graded by its radical with at most two simple modules up to 

isomorphism such that 𝔯4 = 0. That is, Λ = ⨁ Λ𝑖
3
𝑖=0  where Λ0 is semisimple and Λ𝑖Λ𝑗 = Λ𝑖+𝑗  

for 𝑖, 𝑗 ∈ {0, … ,3} with 𝑖 + 𝑗 ≤ 3. We may also assume that Λ2 ≠ 0 and that Λ has exactly two 

simple modules 𝑆1, 𝑆2 up to isomorphism. We assume that ExtΛ
1 (𝑆1, 𝑆1[1]) ≠ 0 and that 

pdΛ𝑆1 < 1. We will obtain a contradiction, which proves the theorem. 

Let 

𝐶 =∑𝐶(𝑖)𝑡𝑖
3

𝑖=0

= (
𝑎 𝑏
𝑐 𝑑

) 
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be the graded Cartan matrix of Λ. We have ∆= 𝑎𝑑 − 𝑏𝑐 and 

𝐶−1 =
1

∆
(
𝑎 −𝑏
−𝑐 𝑑

) , 

where ∆ is the graded Cartan determinant of Λ. Thus by Lemma (4.2.6)(v) we have 

gcd(𝑀11, 𝑀21) = gcd(𝑑, −𝑐) = 𝑎𝑑 − 𝑏𝑐. So there exist polynomials 𝜆 and 𝜇 such that 𝑑 =

𝜆∆, 𝑐 = 𝜇∆ and 𝑎𝜆 − 𝑏𝜇 = 1. Let 𝑎 = ∑ 𝑎𝑖𝑡
𝑖

𝑖  and similarly for 𝑏, 𝑐 and 𝑑. Then 𝑎0 = 1 = 𝑑0 

and 𝑏0 = 0 = 𝑐0. If 𝑏1 = 0 then 𝑏 = 0 by Lemma (4.2.3)(ii). Similarly if 𝑐1 = 0 then 𝑐 = 0. In 

either case pdΛ𝑆1 = ∞ (see [131]) so we may assume that 𝑏1, 𝑐1 > 0. By Lemma (4.2.5) we 

see that 𝑎1 > 0. Since pdΛ𝑆1 < ∞ at least one of the projectives has radical length less than 

4. Hence we have two cases to consider, either 𝑐3 = 0 = 𝑎3 or 𝑑3 = 0 = 𝑏3. 

We consider first the case 𝑑3 = 0 = 𝑏3. We see that deg ∆≤ 2, where deg∆ denotes 

the degree of the polynomial ∆. If deg ∆= 2 then 𝑑 = ∆, which is a contradiction since the 

linear term of ∆ is 𝑎1 + 𝑑1 and 𝑎1 > 0. Thus deg ∆= 1 and ∆= 1 + (𝑎1 + 𝑑1)𝑡. Consequently, 

𝜆 = 1 − 𝑎1𝑡 since 𝑎𝜆 − 𝑏𝜇 = 1. Thus 𝑑 = 𝜆Δ = 1 + 𝑑1𝑡 + (−𝑎1
2 − 𝑎1𝑑1)𝑡

2. But this is a 

contradiction since 𝑑2 ≥ 0. This concludes the proof in the case where 𝑑3 = 0 = 𝑏3. 

We now consider the case 𝑐3 = 0 = 𝑎3. As before, ∆= 1 + (𝑎1 + 𝑑1)𝑡. Thus 𝜇 = 𝑐1𝑡 

and 𝜆 = 1 − 𝑎1𝑡 + 𝜆2𝑡
2 for some integer 𝜆2. Since 𝑑 = 𝜆Δ we get 𝑑2 = 𝜆2 − 𝑎1

2 − 𝑎1𝑑1 and 

𝑑3 = (𝑎1 + 𝑑1)𝜆2. Similarly, 

𝑐2 = 𝑐1(𝑎1 + 𝑑1). 

Since 𝑎𝜆 − 𝑏𝜇 = 1 we see that 𝜆2 = 𝑏1𝑐1 + 𝑎1
2 − 𝑎2. Thus 

𝑑2𝑏1𝑐1 − 𝑎2 − 𝑎1𝑑1, 𝑑3 = 𝑎1𝑏1𝑐1 + 𝑎1
3 − 𝑎1𝑎2 + 𝑏1𝑐1𝑑1 + 𝑎1

2𝑑1 − 𝑎2𝑑1. 

Moreover, again by 𝑎𝜆 − 𝑏𝜇 = 1, we get 

𝑏2 = 𝑎1𝑏1 +
𝑎1
3 − 2𝑎1𝑎2

𝑐1
, 𝑏3 = 𝑎2𝑏1 +

𝑎1
2𝑎2 − 𝑎2

2

𝑐1
. 

By Lemma (4.2.4)(ii) we have 𝐶(2)𝐶(1) ≥ 𝐶(3) and so 𝑑3 ≤ 𝑐1𝑏2 + 𝑑1𝑑2. Thus we get 𝑎1𝑎2 +

𝑎1
2𝑑1 + 𝑎1𝑑1

2 ≤ 0 and so 𝑎2 = 0 and 𝑑1 = 0. Again by Lemma (4.2.3)(ii) we have 𝐶(2)𝐶(1) ≥

𝐶(3) and so 𝑑3 ≤ 𝑐2𝑏1 + 𝑑2𝑑1. But then 𝑎1
3 ≤ 0, which is a contradiction since 𝑎1 > 0. This 

completes the proof of the theorem. 
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Section (4.3): Strong No Loop Conjecture is True for Mild Algebras: 

Let Λ be a finite dimensional associative algebra over a fixed algebraically closed field 𝑘 

of arbitrary characteristic. We consider only 𝛬-right modules of finite dimension. 

The strong no loop conjecture says that a simple 𝛬-module 𝑆 of finite projective 

dimension satisfies Ext𝛬
1(𝑆, 𝑆) = 0. To prove this conjecture for a given algebra we can switch 

to the Morita-equivalent basic algebra and therefore assume that 𝛬 = 𝐤𝒬 𝐼⁄  for some quiver 

𝒬 and some ideal 𝐼 generated by linear combinations of paths of length at least two. Then 𝑆 =

𝑆𝑥 is the simple corresponding to a point 𝑥 in 𝒬 and the conjecture means that there is no 

loop at 𝑥 provided the projective dimension pdimΛ𝑆𝑥 is finite. 

The conjecture is known in [138, 139, 140, 141, 142]. 

 We prove the conjecture for another class of algebras including all representation finite 

algebras. To state our result precisely we introduce for any point 𝑥 in 𝒬 its neighborhood 

Λ(𝑥) = 𝑒 Λ 𝑒. Here 𝑒 is the sum of all primitive idempotents 𝑒𝑧 ∈ Λ such that 𝑧 belongs to the 

support of the projective 𝑃𝑥 ∶= 𝑒𝑥 Λ or such that there is an arrow 𝑧 → 𝑥 in 𝒬 or a 

configuration 𝑦′ ⟵ 𝑥 ⇄ 𝑦 ⟵ 𝑧 with 4 different points 𝑥, 𝑦, 𝑦′ and 𝑧. 

Recall that an algebra Λ is called distributive if it has a distributive lattice of two-sided 

ideals and mild if it is distributive and any proper quotient Λ 𝐽⁄  is representation-finite. 

Our main result reads as follows: 

Theorem (4.3.1)[137]: Let Λ = 𝐤𝒬 𝐼⁄  be a finite dimensional algebra over an algebraically 

closed field k. Let 𝑥 be a point in 𝒬 such that the corresponding simple Λ- module 𝑆𝑥 has finite 

projective dimension. If Λ(𝑥) is mild, then there is no loop at 𝑥. 

Of course, it follows immediately that the strong no loop conjecture holds for all mild 

algebras, in particular for all representation-finite algebras. 

Corollary (4.3.2)[137]: Let Λ be a mild algebra over an algebraically closed field. Let 𝑆 be a 

simple Λ-module. If the projective dimension of 𝑆 is finite, then ExtΛ
1(𝑆, 𝑆) = 0. 

In order to prove the theorem we do not look at projective resolutions. Instead we 

refine a little bit the 𝐾-theoretic arguments of Lenzing [143], also used by Igusa in his proof of 

the strong no loop conjecture for monomial algebras [138, Corollary 6.2], to obtain the 

following result: 
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Proposition (4.3.3)[137]: Let Λ = k𝒬 𝐼⁄  be a finite dimensional algebra, 𝑥 a point in 𝒬 and 𝛼 

an oriented cycle at 𝑥. If 𝑃𝑥 has an 𝛼-filtration of finite projective dimension, then 𝛼 is not a 

loop. 

Here an 𝛼-filtration ℱ of 𝑃𝑥 is a filtration 

𝑃𝑥 = 𝑀0 ⊃ 𝑀1 ⊃ ⋯ ⊃ 𝑀𝑛 = 0 

by submodules with 

𝛼𝑀𝑖 ⊂ 𝑀𝑖+1 ∀𝑖 = 0…𝑛 − 1. 

The filtration ℱ has finite projective dimension if pdimΛ𝑀𝑖 < ∞ holds for all 𝑖 = 1…𝑛 − 1. 

This proposition is shown by Lenzing in [143] for the special filtration 𝑀𝑖 = 𝛼𝑖Λ, but his 

proof remains valid for all 𝛼-filtrations. 

Our strategy to prove Theorem (4.3.1) is then as follows: We consider the point 𝑥 with 

pdimΛ𝑆𝑥 < ∞ and its mild neighborhood 𝐴 ∶= Λ(𝑥). We assume in addition that there is a 

loop 𝛼 in 𝑥. Then we deduce a contradiction either by showing that pdimΛ𝑆𝑥 = ∞ or by 

constructing a certain 𝛼-filtration ℱ of 𝑃𝑥 having finite projective dimension in mod-Λ and 

implying that 𝛼 is not a loop by Proposition (4.3.3). Since 𝛼(𝑥) contains the support of 𝑃𝑥, this 

filtrations coincide for 𝑃𝑥 as a Λ-module and as a Λ(𝑥)-module. Thus we are dealing with a 

mild algebra, and we use in an essential way the deep structure theorems about such algebras 

given in [144] and [145] to obtain the wanted 𝛼-filtrations. In particular, we show that we 

always work in the ray-category attached to Λ(𝑥). This makes it much easier to use cleaving 

diagrams. But still the construction of the appropriate 𝛼-filtrations depends on the study of 

several cases and it remains a difficult technical problem. The 𝛼-filtrations are always built in 

such a way that they have finite projective dimension in mod- Λ provided pdimΛ𝑆𝑥 < ∞. 

To illustrate the method by two examples we define 〈𝑤1, … , 𝑤𝑘〉 as the submodule of 

𝑃𝑥 generated by elements 𝑤1, … , 𝑤𝑘 ∈ 𝑃𝑥. 

Example (4.3.4)[137]: Let Λ be an algebra such that Λ(𝑥) is given by the quiver 
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and a relation ideal 𝐼 such that the projective module 𝑃𝑥 is described by the following graph: 

 

 

 

 

 

 

 

Notice that the picture means that there are relations 𝛼2 − 𝜆1𝛽1𝛽2𝛽3, 𝛼𝛽1 − 𝜆2𝛾1𝛾2 ∈ 𝐼 for 

some 𝜆𝑖 ∈ k\{0}. From the obvious exact sequences 

0 → rad 𝑃𝑥 → 𝑃𝑥 → 𝑆𝑥 → 0 

0 → 〈𝛽1, 𝛾1〉 → rad 𝑃𝑥 → 𝑆𝑥 → 0 

0 → 〈𝛼2, 𝛾1〉 → 〈𝛼, 𝛾1〉 → 𝑆𝑥 → 0 

we see that pdimΛ𝑆𝑥 < ∞ leads to pdimΛrad 𝑃𝑥 < ∞ and pdimΛ〈𝛽1, 𝛾1〉 < ∞. Since 

〈𝛽1, 𝛾1〉 = 〈𝛽1〉 ⊕ 〈𝛾1〉 and 〈𝛼2, 𝛾1〉 = 〈𝛼2〉 ⊕ 〈𝛾1〉 in this example, both pdimΛ〈𝛾1〉 and 

pdimΛ〈𝛼, 𝛾1〉 are finite. Then the following 𝛼-filtration ℱ: 𝑃𝑥 ⊃ 〈𝛼, 𝛾1〉 ⊃ 〈𝛼2〉 ⊃ 0 has finite 

projective dimension in mod- Λ. 

In the next example we see that this method may not work if the neighborhood Λ(𝑥) is 

not mild, even if the support of 𝑃𝑥 is mild. 

Example (4.3.5)[137]: Let Λ(𝑥) = 𝐤𝒬 𝐼⁄  be given by the quiver 

 

             𝛼 

           𝑄 =               𝑥 

                    𝛾1           𝛽1     𝛽3 

 

              𝑧
      𝛾2      
→        𝑦1    

      𝛽2      
→     𝑦2 

      𝑒𝑥 

 

        𝛾1           𝛼           𝛽1 

                     𝛾2 
 

             𝛼𝛽1       𝛼2          𝛽1𝛽2 
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and by a relation ideal 𝐼 such that 𝑃𝑥 is represented by 

 

 

 

 

 

 

 

 

Here we get stuck because the uniserial module with basis {𝛾, 𝛼𝛾} allows only the 

composition series as an 𝛼-filtration. Since we do not know pdimΛ𝑆𝑥, which depends on Λ and 

not only on Λ(𝑥), our method does not apply. 

We recall some well-known facts from [144], [146]. 

Let 𝐴 ∶= Λ(𝑥) = 𝐤𝒬𝐴 𝐼𝐴⁄  be a basic distributive 𝐤-algebra. Then every space 𝑒𝑥𝐴𝑒𝑦 is a 

cyclic module over 𝑒𝑥𝐴𝑒𝑥 or 𝑒𝑦𝐴𝑒𝑦 and we can associate to 𝐴 its ray-category 𝐴⃗⃗  . Its objects 

are the points of 𝑄𝐴. The morphisms in 𝐴⃗⃗  are called rays and 𝐴⃗⃗ (𝑥, 𝑦) consists of the orbits 𝜇  

in 𝑒𝑥𝐴𝑒𝑦 under the obvious action of the groups of units in 𝑒𝑥𝐴𝑒𝑥 and 𝑒𝑦𝐴𝑒𝑦. The 

composition of two morphisms 𝜇  and 𝜈⃗  is either the orbit of the composition 𝜇𝜈, in case this is 

independent of the choice of representatives in  𝜇⃗⃗⃗   and  𝜈⃗⃗ , or else 0. We call a non-zero 

morphism 𝜂 ∈𝐴⃗⃗  long if it is non-irreducible and satisfies 𝜈𝜂 = 0 = 𝜂𝑣′ for all non-

       𝑒𝑥 

 

           𝛾            𝛼         𝛽1    

𝛿                           𝛽2 

        𝛼𝛾             𝛼2                          

𝛼             𝛽1 

𝒬 =         𝑥                𝑦 

              𝛽2 

 
             𝑧                  𝑧′  

𝛾 

𝛿 
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isomorphisms 𝜈𝑣′ ∈ 𝐴⃗⃗ . One crucial fact about ray-categories frequently used in this paper is 

that 𝐴 is mild iff 𝐴⃗⃗  is so [146]. 

The ray-category is a finite category characterized by some nice properties. For 

instance, given 𝜆𝜇𝜅 = 𝜆𝜈𝜅 ≠ 0 in 𝐴⃗⃗ , 𝜇 = 𝜈 holds. We shall refer to this property as the 

cancellation law. 

Given 𝐴⃗⃗ , we construct in a natural way its linearization 𝐤(𝐴⃗⃗ ) and obtain a finite 

dimensional algebra 

𝐴⃗⃗ =
⊕

𝑥, 𝑦 ∈ 𝒬𝐴
𝐾(𝐴⃗⃗ )(𝑥, 𝑦), 

the standard form of 𝐴. In general, 𝐴 and 𝐴⃗⃗  are not isomorphic, but they are if either 𝐴 is 

minimal representation-infinite [145] or representation-finite with char 𝐤 ≠ 2 [146]. 

Similar to 𝐴, the ray-category 𝐴⃗⃗  admits a description by quiver and relations. Namely, 

there is a canonical full functor    ⃗⃗  ∶ 𝒫 𝒬𝐴 →𝐴⃗⃗  from the path category of 𝒬𝐴 to 𝐴⃗⃗ . Two paths in 

𝒬𝐴 are interlaced if they belong to the transitive closure of the relation given by 𝑣 ∼ 𝑤 iff 𝑣 =

𝑝𝑣 ′𝑞,𝑤 = 𝑝𝑤 ′𝑞 and 𝑣 ′⃗⃗⃗  =𝑤 ′⃗⃗⃗⃗ ≠ 0, where 𝑝 and 𝑞 are not both identities.  

A contour of 𝐴⃗⃗  is a pair (𝑣, 𝑤) of non-interlaced paths with 𝑣⃗⃗ = 𝑤⃗⃗ ≠ 0. Note that these 

contours are called essential contours in [144]. Throughout this Section we will need a special 

kind of contours called penny farthings. A penny-farthing 𝑃 in 𝐴⃗⃗  is a contour (𝜎2, 𝜌1…𝜌𝑠) 

such that the full subquiver 𝒬𝑃 of 𝒬𝐴 that supports the arrows of 𝑃 has the following shape: 

 

Moreover, we ask the full subcategory 𝐴𝑃 ⊂ 𝐴 living on 𝒬𝑃 to be defined by 𝒬𝑃 and one of 

the following two systems of relations 

                       0 = 𝜎2 − 𝜌1…𝜌𝑠 = 𝜌𝑠𝜌1 = 𝜌𝑖+1…𝜌𝑠𝜎𝜌1…𝜌𝑓(𝑖),                                (1) 

                     0 = 𝜎2 − 𝜌1…𝜌𝑠 = 𝜌𝑠𝜌1 − 𝜌𝑠𝜎𝜌1 = 𝜌𝑖+1…𝜌𝑠𝜎𝜌1…𝜌𝑓(𝑖),                (2) 
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where 𝑓 ∶ {1, 2, … . , 𝑠 − 1} → {1, 2, … , 𝑠} is some non-decreasing function (see [144]. For 

penny-farthings of type (1) 𝐴𝑃 is standard, for that of type (2) 𝐴𝑃 is not standard in case the 

characteristic is two. 

A functor 𝐹: 𝐷 →𝐴⃗⃗  between ray categories is cleaving ([146]) iff it satisfies the 

following two conditions and their duals: 

(a) 𝐹(𝜇) = 0 iff 𝜇 = 0. 

(b) If 𝜂 ∈ 𝐷(𝑦, 𝑧) is irreducible and 𝐹(𝜇) ∶  𝐹(𝑦) → 𝐹(𝑧′) factors through 𝐹(𝜂) then 𝜇 

factors already through 𝜂. 

The key fact about cleaving functors is that 𝐴⃗⃗  is not representation finite if 𝐷 is not. In 𝐷 will 

always be given by its quiver 𝒬𝐷, that has no oriented cycles and some relations. Two paths 

between the same points give always the same morphism, and zero relations are indicated by 

a dotted line. As in [146], the cleaving functor is then defined by drawing the quiver of 𝐷 with 

relations and by writing the morphism 𝐹(𝜇) in 𝐴⃗⃗  close to each arrow 𝜇. 

By abuse of notation, we denote the irreducible rays of 𝐴⃗⃗  and the corresponding 

arrows of 𝒬𝐴 by the same letter. 

Using the above notations let 𝑃 = (𝜎2, 𝜌1…𝜌𝑠) be a penny-farthing in 𝐴⃗⃗  . We shall 

show now that 𝑥 = 𝑧1. Therefore 𝜎 = 𝛼 and 𝑃 is the only penny-farthing in 𝐴⃗⃗  by [146]. 

Lemma (4.3.6)[137]: If there is a penny-farthing 𝑃 = (𝜎2, 𝜌1…𝜌𝑠) in 𝐴⃗⃗ , then 𝑧1 = 𝑥. 

Proof. We consider two cases: 

(a) 𝑥 ∈ 𝒬𝑃 : Hence 𝒬𝑃 has the following shape: 

 

 

 

 

 

But this can be the quiver of a penny-farthing only for 𝑧1 = 𝑥. 

(b) 𝑥 ∉ 𝑄𝑃 : Since 𝐴 is the neighborhood of 𝑥, only the following cases are possible: 

𝜌1…𝜌𝑙 

          𝜎       𝑧1                  𝑥       𝛼 

𝜌𝑙+1…𝜌𝑠  
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(a) 𝑒𝑥𝐴𝑒𝑧 ≠ 0 : Since 𝑥 ∉ 𝒬𝑃 we can apply the dual of [147] or [146] to 𝐴⃗⃗  and we see 

that the following quivers occur as subquivers of 𝒬𝐴: 

 

 

 

 

 

 

 

Moreover, there can be only one arrow starting in 𝑥. This is a contradiction to the 

actual setting. 

(b) ∃𝑧1 → 𝑥: By applying [147] or the dual of [146] we deduce that the following quiver 

occurs as a subquiver of 𝒬𝐴: 

 

 

 

 

 

 

 

and there can be only one arrow ending in 𝑥 contradicting the present case. 

(c) ∃𝑦′ ⟵ 𝑥 ⇄ 𝑦 ⟵ 𝑧1: If 𝑦 ∉ 𝒬𝑃 , then 

 

 

 

 

 

 

 

                       𝜌1                                              𝜌1 

  𝜎       𝑧1                  𝑧2     𝑟𝑒𝑠𝑝.     𝜎       𝑧1                  𝑧2 

                      𝜌2                                              𝜌2 

 

 𝛼       𝑥                                                                𝛼        𝑥 

 

𝜌1 

  𝜎       𝑧1                  𝑧2 

𝜌2 

 

  𝛼       𝑥 

 

𝜌1 

  𝜎       𝑧1                  𝑧2                                    

                      𝜌2                                               

 

         𝑦                       𝑥                                                
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is a subquiver of 𝒬𝐴 leading to the same contradiction as in b). 

If ∈ 𝒬𝑃  , then 𝑦 = 𝑧2 and the quiver 

 

 

 

 

 

 

 

is a subquiver of 𝒬𝐴. Since ∉ 𝒬𝑃  , all morphisms occurring in the following diagram 

 

 

 

 

 

are irreducible and pairwise distinct. Therefore 𝐷 is a cleaving diagram in 𝐴⃗⃗ . Moreover, some 

long morphism 𝜂 = 𝑣𝜎3𝑣 ′ does not occur in 𝐷; hence 𝐷 is still cleaving in 𝐴⃗⃗ 𝜂⁄  by [145]. Since 

𝐷 is of representation-infinite Euclidean type 𝐸̃7, 𝐴⃗⃗ 𝜂⁄  is representation-infinite contradicting 

the mildness of 𝐴. 

Now, we show that, provided the existence of a penny-farthing in 𝐴⃗⃗ , there exists an 𝛼-

filtration of 𝑃𝑥 having finite projective dimension. 

Lemma (4.3.7)[137]: Let 𝐴 = Λ(𝑥) be mild and standard. If there is a penny-farthing in 𝐴⃗⃗  , 

then there exists an 𝛼-filtration ℱ of 𝑃𝑥 having finite projective dimension. 

Proof. If there is a penny-farthing 𝑃 in 𝐴⃗⃗ , then 𝑃 = (𝛼2, 𝜌1…𝜌𝑠) is the only penny-farthing in 

𝐴⃗⃗  by the last lemma. Since 𝐴 is standard and mild, there are three cases for the graph of 𝑃𝑥 

which can occur by [147] or the dual of [146]. 

(i) There exists an arrow  𝛾: 𝑥 → 𝑧, 𝛾 ≠ 𝜌1. Then 𝑠 = 2, the quiver 

                      𝛽1 

  𝜎       𝑥                     𝑧2  
      𝜌1   
←      𝑧1        𝜎 

                      𝛽2 

         𝛾 

          𝑦′ 

 

 

𝐷 ≔•
    𝜌2    
←   •

    𝛽2    
→   •

    𝛼    
←   •

    𝛽1    
→   •

      𝜌1      
←     •

    𝜎    
→   • 

   𝛾 

      • 
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is a subquiver of 𝒬𝐴, and 𝑃𝑥 is represented by the following graph: 

 

 

 

 

 

 

 

 

 

Let 𝑀 be a quotient of 𝑃𝑥 defined by the following exact sequence: 

0 → 〈𝛾〉 ⊕ 〈𝜌1, 𝛼𝜌1〉 → 𝑃𝑥 → 𝑀 → 0. 

Then 𝑀 has 𝑆𝑥 as the only composition factor. Hence pdimΛ𝑀 < ∞ and pdimΛ〈𝜌1, 𝛼𝜌1〉 <

∞. Now, we consider the exact sequence 

0 → 〈𝛼3〉 → 〈𝜌1, 𝛼𝜌1〉 → 〈𝜌1〉 〈𝛼3〉⁄ ⊕ 〈𝛼𝜌1〉 〈𝛼3〉⁄ → 0. 

But 〈𝛼3〉 ≅ 𝑆𝑥  and pdimΛ𝑆𝑥 < ∞, hence 〈𝛼𝜌1〉 〈𝛼3〉⁄ ≅ 𝑆𝑦Sy has finite projective 

dimension in mod-Λ. Finally, the Λ-filtration 𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃ 〈𝛼3〉 ⊃ 0 has finite projective 

dimension since all filtration modules ≠ 𝑃𝑥 have 𝑆𝑥 and 𝑆𝑦 as the only composition factors. 

(ii) In the second case there exists a point 𝑧 ∉ 𝒬𝑃 such that 𝐴(𝑥, 𝑧) ≠ 0. Then 𝑠 = 2, the 

quiver 

 

𝜌1 

   𝛼       𝑥                   𝑦 

                        𝜌2 

             𝛾 

        𝑧 

 

𝑒𝑥 

 

𝛾         𝛼       𝜌1 

 

         𝛼2         𝛼𝜌1 

 

𝛼3 
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is a subquiver of 𝒬𝐴, and 𝑃𝑥 is represented by: 

 

 

 

 

 

 

 

 

 

With similar considerations as in I) we obtain that the same filtration fits. 

(iii) In the last possible case we have 𝐴(𝑥, 𝑧) = 0 for all points 𝑧 ∉ 𝒬𝑃. Hence 𝑃𝑥 is 

represented by: 

 

 

 

 

 

 

 

 

𝜌1 

   𝛼       𝑥                    𝑦 

           𝜌2           𝛿 

 

                  𝑧 

 

     𝑒𝑥 

 

     𝛼           𝜌1 

 

    𝛼2        𝛼𝜌1       𝜌1𝛿 

 

      𝛼3  

                     𝑒𝑥                   𝜌1 

 

      𝛼𝜌1              𝛼                   𝜌1𝜌2 

 

           𝛼𝜌1𝜌2           𝛼2              𝜌1𝜌2…𝜌𝑠−1 

 

     𝛼𝜌1𝜌1…𝜌𝑠−1          𝛼3 
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As a Λ-Module, 𝑀 ∶= 𝑃𝑥 〈𝛼2〉⁄  has finite projective dimension since 〈𝛼2〉 has 𝑆𝑥 as the only 

composition factor. Let 𝐾 be the kernel of the epimorphism 𝑀 → 〈𝛼2〉, 𝑒𝑥 ⟼ 𝛼2, then 𝐾 =

〈𝜌1〉 〈𝛼2〉⁄ ⊕ 〈𝛼𝜌1〉 〈𝛼3〉⁄  has finite projective dimension. Moreover, 

pdimΛ〈𝜌1〉, pdimΛ〈𝛼𝜌1〉 < ∞. Since 

0 → 〈𝛼𝜌1〉 → 〈𝛼〉
𝜆𝛼
→ 〈𝛼2〉 → 0 

is exact, pdimΛ〈𝛼〉 < ∞. Thus the same filtration as in the first two cases fits again. 

Lemma (4.3.8)[137]: With above notations let 𝐴 = Λ(𝑥) be mild and non-standard. There 

exists an 𝛼-filtration ℱ of 𝑃𝑥 having finite projective dimension. 

Proof. If 𝐴 is non-standard, then 𝐴 is representation finite by [145], char 𝐤 = 2 and there is a 

penny-farthing in 𝐴⃗⃗  by [146]. Since Lemma (4.3.6) remains valid, the penny-farthing 

(𝛼2, 𝜌1…𝜌𝑠), 𝜌𝑖: 𝑧𝑖 → 𝑧𝑖+1, 𝑧1 = 𝑧𝑠+1 = 𝑥, is unique. By [146] the difference between 𝐴 and 𝐴 

in the composition of the arrows shows up in the graphs of the projectives to 𝑧2, … , 𝑧𝑠 only. 

Thus the graph of 𝑃𝑥 remains the same in all three cases of the proof of Lemma (4.3.7) and the 

filtrations constructed there still do the job. 

If there is no penny-farthing in 𝐴⃗⃗ , then 𝐴 = 𝐴 is standard by Gabriel, Roiter [146] and 

Bongartz [145]. By a result of Liu, Morin [141], deduced from a proposition of Green, Solberg, 

Zacharia [140], a power of 𝛼 is a summand of a polynomial relation in 𝐼 = 𝐼Λ. Otherwise 

pdimΛ𝑆𝑥 would be infinite contradicting the choice of 𝑥. Furthermore, 𝛼 is a summand of a 

polynomial relation in 𝐼𝐴 by definition of 𝐴. But 𝐼𝐴 is generated by paths and differences of 

paths in 𝒬𝐴. Hence we can assume without loss of generality that there is a relation  𝛼𝑡 −

𝛽1𝛽2…𝛽𝑟  in 𝐼𝐴 for some 𝑡 ∈ ℕ and arrows 𝛽1, 𝛽2… , 𝛽𝑟. Among all relations of this type we 

choose one with minimal 𝑡. Hence (𝛼𝑡 , 𝛽1𝛽2…𝛽𝑟) is a contour in 𝐴⃗⃗  with 𝑡, 𝑟 ≥ 2. Let 𝑦 =

𝑒(𝛽1) be the ending point of 𝛽1 and 𝛽̃ = 𝛽2…𝛽𝑟 . 

By the structure theorem for non-deep contours in [144] the contour (𝛼𝑡 , 𝛽1𝛽2…𝛽𝑟) is 

deep, i.e. we have 𝛼𝑡+1 =  0 in 𝐴. Since 𝐴 is mild, the cardinality of the set 𝑥+ of all arrows 

starting in 𝑥 is bounded by three. Before we consider the cases |𝑥+| = 2 and |𝑥+| = 3 

separately we shall prove some useful general facts. 

The following trivial fact about standard algebras will be essential hereafter. 
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Lemma (4.3.9)[137]: Let 𝐴 = 𝐴 be a standard 𝐤-algebra. Consider rays 𝑣𝑖 , 𝑤𝑗 ∈𝐴⃗⃗ \{0} for 𝑖 =

1…𝑛 and 𝑗 = 1…𝑚 such that 𝑣𝑙 ≠ 𝑣𝑘 and 𝑤𝑙 ≠ 𝑤𝑘  for 𝑙 ≠ 𝑘. If there are 𝜆𝑖 , 𝜇𝑗 ∈ 𝑘\{0} such 

that ∑ 𝜆𝑖𝑣𝑖
𝑛
𝑖=1 = ∑ 𝜇𝑗𝑤𝑗

𝑚
𝑗=1 , then 𝑛 = 𝑚 and there exists a permutation 𝜋 ∈ 𝑆(𝑛) such that 

𝑣𝑖 = 𝑤𝜋(𝑖) and 𝜆𝑖 = 𝜇𝜋(𝑖) for 𝑖 = 1…𝑛. 

Proof. Since the set of non-zero rays in 𝐴⃗⃗  forms a basis of 𝐴, it is linearly independent and the 

claim follows. 

We denote by ℒ the set of all long morphisms in 𝐴⃗⃗ . And by 𝜇 we denote some long 

morphism 𝑣𝛼𝑡𝑣 ′ which exists since 𝛼𝑡 ≠ 0. 

Lemma (4.3.10)[137]: Using the above notations we have: 

〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0 

Proof. We assume to the contrary that 〈𝛽1〉 ∩ 〈𝛼𝛽1〉 ≠ 0. Then, by Lemma (4.3.9), there are 

rays 𝑣,𝑤 ∈𝐴⃗⃗  such that 𝛽1𝑣 = 𝛼𝛽1𝑤 ≠ 0. We claim that 

 

 

 

 

 

is a cleaving diagram in 𝐴⃗⃗ . It is of representation-infinite, Euclidean type 𝐴̃3. Since all 

morphisms occurring in 𝐷 are not long, the long morphism 𝜇 = 𝑣𝛼𝑡𝑣 ′ does not occur in 𝐷 and 

𝐷 is still cleaving in 𝐴⃗⃗ 𝜇⁄  by [145]. Thus 𝐴⃗⃗ 𝜇⁄  is representation-infinite contradicting the 

mildness of 𝐴. 

Now we show in detail, using [145], that 𝐷 is cleaving. First of all we assume that there 

is a ray 𝜌 with 𝜌𝛽̃ = 𝛼𝑡−1. Then we get 0 ≠ 𝛼𝑡 = 𝛼𝜌𝛽̃ = 𝛽1𝛽̃, whence 𝛼𝜌 = 𝛽1 by the 

cancellation law. This contradicts the fact that 𝛽1 is an arrow. In a similar way it can be shown 

that 𝜌𝛼𝑡−1 = 𝛽̃, 𝜌𝑣 = 𝛽1𝑤 and 𝜌𝛽1𝑤 = 𝑣 are impossible. 

The following four cases are left to exclude. 

(i) 𝛼𝑡−1𝜌 = 𝛽1𝑤: Left multiplication with 𝛼 gives us 𝛼𝑡𝜌 = 𝛼𝛽1𝑤 ≠ 0. Hence there is a 

non-deep contour (𝛼𝑡−1𝜌1…𝜌𝑘, 𝛽1𝑤1…𝑤𝑙) in 𝐴⃗⃗ . Here 𝜌 = 𝜌1…𝜌𝑘 resp. 𝑤 =

 𝐷 ≔       •    𝛽1𝑤         𝛽̃     • 

     𝛼𝑡−1                                 𝜐 

                 •                           •  
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𝑤1…𝑤𝑙 is a product of irreducible rays (arrows). Since the arrow 𝛽1 is in the 

contour, the cycle 𝛽1𝛽̃ and the loop 𝛼 belong to the contour. Hence it can only be a 

penny-farthing by the structure theorem for non-deep contours [144]. But this case 

is excluded in the current section. 

(ii) 𝛽̃𝜌 = 𝑣: We argue as before and deduce 𝛽1𝛽̃𝜌 = 𝛽1𝑣 = 𝛼𝑡𝜌 = 𝛼𝛽1𝑤 ≠ 0. Hence 

there is a non-deep contour (𝛼𝑡𝜌1…𝜌𝑘, 𝛽1𝑤1…𝑤𝑙) leading again to a 

contradiction. 

(iii) 𝛽1𝑤𝜌 = 𝛼𝑡−1: Since 𝑡 − 1 < 𝑡 we have a contradiction to the minimality of 𝑡. 

(iv) 𝑣𝜌 = 𝛽̃: Then 𝛽1𝑣𝜌 = 𝛽1𝛽̃ = 𝛼𝑡 = 𝛼𝛽1𝑣𝜌 = 0. Using the cancellation law we get 

𝛼𝑡−1 = 𝛽1𝑣𝜌 a contradiction as before. 

Lemma (4.3.11)[137]: If 𝑡 ≥ 3 and ℒ ⊈ {𝛼3, 𝛼2𝛽1}, then 𝛼2𝛽1 = 0. 

Proof. If 𝛼2𝛽1 ≠ 0, then 

 

 

 

 

is a cleaving diagram of Euclidian type 𝐷̃5 in 𝐴⃗⃗ . It is cleaving since: 

(i) 𝛼𝑡 = 𝛽1𝜌 ≠ 0 contradicts the choice of 𝑡 ≥ 3. 

(ii) 𝛼𝛽1 = 𝛽1𝜌 ≠ 0 contradicts Lemma (4.3.10). 

It is also cleaving in 𝐴⃗⃗ 𝜂⁄  for 𝜂 ∈ ℒ\{𝛼3, 𝛼2𝛽1} ≠ ∅ contradicting the mildness of 𝐴. 

Lemma (4.3.12)[137]: If 〈𝛼2〉 ∩ 〈𝛼𝛽1〉 = 0 = 〈𝛽1〉 ∩ 〈𝛼𝛽1〉, then 〈𝛼2, 𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0. 

Proof. Let 𝛼2𝑢 + 𝛽1𝑣 = 𝛼𝛽1𝑤 ≠ 0 be an element in 〈𝛼2, 𝛽1〉 ∩ 〈𝛼𝛽1〉. By Lemma (4.3.9) we 

can assume that 𝑢, 𝑣, 𝑤 are rays and the following two cases might occur: 

(i) 𝛽1𝑣 = 𝛼𝛽1𝑤 ≠ 0: This is a contradiction since 〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0. 

(ii) 𝛼2𝑢 = 𝛼𝛽1𝑤 ≠ 0: This is impossible because 〈𝛼2〉 ∩ 〈𝛼𝛽1〉 = 0. 

Lemma (4.3.13)[137]: If 𝑥+ = {𝛼, 𝛽1} and ℒ ⊆ {𝛼3, 𝛼2𝛽1}, then there exists an 𝛼-filtration ℱ 

of 𝑃𝑥 having finite projective dimension. 

Proof. We treat two cases: 

    𝐷𝑛−1 ≔•
     𝛼𝑛−1     
→      •

    𝛽𝑛     
→    •  

                  𝛼𝑛−1 

•
       𝛼𝑛−1    
←       •

    𝛽𝑛     
→    • 
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(i) 𝛼𝛽1 = 0: Then for 〈𝛼𝑘〉 with 𝑘 ≥ 1 only 𝑆𝑥 is possible as a composition factor; 

hence pdimΛ〈𝛼
𝑘〉 < ∞. Thus 𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃ 〈𝛼3〉 ⊃ 0 is the wanted 𝛼-

filtration. 

(ii) 𝛼𝛽1 ≠ 0: Since 𝛼3 and 𝛼2𝛽1 are the only morphisms in 𝐴⃗⃗  which can be long, we 

have 𝑡 = 3, 0 ≠ 𝛼3 ∈ ℒ, 〈𝛼𝛽1〉 = 𝐤𝛼𝛽1 ≅ 𝑆𝑦  and 〈𝛼2𝛽1〉 ∈ {𝐤𝛼2𝛽1, 0}. 

Now we show that 〈𝛼2〉 ∩ 〈𝛼𝛽1〉 = 0. If there are rays 𝑣 = 𝑣1…𝑣𝑠 , 𝑤 ∈𝐴⃗⃗  with irreducible 

𝑣𝑖 , 𝑖 = 1… , 𝑠 such that 𝛼2𝑣 = 𝛼𝛽1𝑤 ≠ 0, then 𝑠 > 0 because 𝑠 = 0 would contradict the 

irreducibility of 𝛼. Therefore 𝑣1 = 𝛼 or 𝑣1 = 𝛽1. 

(a) If 𝑣1 = 𝛼, then 𝑣 ′ = 𝑣2…𝑣𝑠 = 𝑖𝑑 since 𝛼3 is long and 0 ≠ 𝛼2𝑣 = 𝛼3𝑣 ′. Hence 0 ≠

𝛼3 = 𝛼2𝑣 = 𝛼𝛽1𝑤 and 𝛼3 = 𝛽1𝑤 contradicts the minimality of 𝑡. 

(b) If 𝑣1 = 𝛽1, then 0 ≠ 𝛼2𝑣 = 𝛼2𝛽1𝑣
′ = 𝛼𝛽1𝑤; hence 0 ≠ 𝛼𝛽1𝑣

′ = 𝛽1𝑤 ∈ 〈𝛽1〉 ∩

〈𝛼𝛽1〉 = 0. 

Since 〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 〈𝛼2〉 ∩ 〈𝛼𝛽1〉, we deduce 〈𝛽1, 𝛼
2𝛽1〉 = 〈𝛽1, 𝛼

2〉 ⊕ 〈𝛼𝛽1〉 by Lemma 

(4.3.12). Therefore the graph of 𝑃𝑥 has the following shape: 

 

 

 

 

 

 

 

 

 

Here 〈𝛽1〉 stands for the graph of the submodule 〈𝛽1〉 which is not known explicitly. 

Consider the module 𝑀 defined by the following exact sequence: 

0 → 〈𝛽1, 𝛼
2, 𝛼𝛽1〉 → 𝑃𝑥 → 𝑀 → 0 

  𝑒𝑥 

 

   𝛼                      〈𝛽1〉 

 

  𝛼2               𝛼𝛽1 

 

  𝛼3             𝛼2𝛽1 
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Then pdimΛ𝑀 < ∞ since 𝑀 is filtered by 𝑆𝑥 and pdimΛ(〈𝛽1, 𝛼
2〉 ⊕ 〈𝛼𝛽1〉) =

pdimΛ〈𝛽1, 𝛼
2, 𝛼𝛽1〉 < ∞. Thus pdimΛ(〈𝛼𝛽1〉 ≅ 𝑆𝑥) is finite too and the wanted 𝛼-filtration is 

𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃ 〈𝛼3〉 ⊃ 0. 

Lemma (4.3.14)[137]: If 𝑥+ = {𝛼, 𝛽1}, 𝑡 ≥ 3 and ℒ ⊈ {𝛼3, 𝛼2𝛽1}, then 𝛼2𝜌 = 0 for all rays 𝜌 ∉

{𝑒𝑥 , 𝛼, … , 𝛼𝑡−2}. Moreover, 〈𝛼2〉 ∩ 〈𝛼𝛽1〉 = 0. 

Proof. Let 𝜌 ∈ 𝐴  with 𝛼2𝜌 ≠ 0 be written as a composition of irreducible rays 𝜌 = 𝜌1…𝜌𝑠. 

Then the following two cases are possible: 

(i) 𝜌 = 𝛼𝑠: Since 0 ≠ 𝛼2𝜌 = 𝛼2+𝑠 and 𝛼𝑡+1 = 0 we have 𝑠 ≤ 𝑡 − 2 and 𝜌 = 𝛼𝑠 ∈

{𝑒𝑥 , 𝛼, … , 𝛼𝑡−2}. 

(ii) There exists a minimal 1 ≤ 𝑖 ≤ 𝑠 such that 𝜌𝑖 ≠ 𝛼. Since 𝑥+ = {𝛼, 𝛽1}, we have 𝜌𝑖 = 𝛽1 

and 0 ≠ 𝛼2𝜌 = 𝛼2+𝑖−1𝛽1𝜌𝑖+1…𝜌𝑠 = 0 by Lemma (4.3.11). 

If 0 ≠ 𝛼2𝜐 = 𝛼𝛽1𝑤, then 𝜐 = 𝛼2 with 0 ≤ 𝑠 ≤ 𝑡 − 2. Hence 0 = 𝛼2𝜐 = 𝛼𝑠+2 = 𝛼𝛽1𝑤 and 

𝛼𝑠+1 = 𝛽1𝑤 by cancellation law. This contradicts the minimality of 𝑡. 

Corollary (4.3.15)[137]: If 𝑥+ = {𝛼, 𝛽1}, 𝑡 ≥ 3 and ℒ ⊈ {𝛼3, 𝛼2𝛽1}, then 〈𝛼2, 𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0. 

Proof. The claim is trivial using Lemmas (4.3.10), (4.3.12) and (4.3.14). 

Proposition (4.3.16)[137]: If 𝑥+ = {𝛼, 𝛽1}, then there exists an 𝛼-filtration ℱ of 𝑃𝑥 having 

finite projective dimension. 

Proof. If ℒ ⊆ {𝛼3, 𝛼2𝛽1}, then the claim is the statement of Lemma (4.3.13). If ℒ ⊈ {𝛼3, 𝛼2𝛽1}, 

then we consider the value of 𝑡: 

(i) 𝑡 = 2: Then the graph of 𝑃𝑥 has the following shape: 

 

 

 

 

 

 

 

 

 

    𝑒𝑥 

 

    𝛼           〈𝛽1〉 

 

𝛼2         〈𝛼𝛽1〉 

 

〈𝛼2𝛽1〉 
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Let a subquotient 𝑀 of 𝑃𝑥 be defined by the following exact sequence: 

0 → 〈𝛽1, 𝛼𝛽1〉 → 𝑃𝑥 → 𝑀 → 0 

Then 𝑀 and 〈𝛽1, 𝛼𝛽1〉 have finite projective dimension in mod-Λ. By Lemma (4.3.10) we 

have 〈𝛽1, 𝛼𝛽1〉 = 〈𝛽1〉  ⊕ 〈𝛼𝛽1〉; hence pdimΛ〈𝛽1〉 and pdimΛ〈𝛼𝛽1〉 are both finite. 

Let 𝐾 be the kernel of the epimorphism 𝜆𝛼: 〈𝛽1〉 → 〈𝛼𝛽1〉, 𝜆𝛼(𝜌) = 𝛼𝜌. Then 

pdimΛ𝐾 < ∞ and for the 𝛼-filtration ℱ we take the following: 𝑃𝑥 ⊃ 〈𝛼𝛽1〉 ⊃ 〈𝛽1〉 ⊕

〈, 𝛼𝛽1〉 ⊃ 〈𝛼𝛽1〉 ⊕ 𝐾 ⊃ 𝐾 ⊃ 0. 

(ii) 𝑡 ≥ 3: Consider the following exact sequences: 

0 →, 〈, 𝛼, 𝛽1〉 → 𝑃𝑥 → 𝑆𝑥 → 0 

0 → 〈𝛼2, 𝛽1, 𝛼𝛽1〉 → 〈𝛼, 𝛽1〉 → 𝑆𝑥 → 0 

Hence pdimΛ〈𝛼, 𝛽1〉 and pdimΛ〈𝛼
2, 𝛽1, 𝛼𝛽1〉 are finite. By Corollary (4.3.15) 〈𝛼2, 𝛽1, 𝛼𝛽1〉 =

〈𝛼2, 𝛽1〉 ⊕ 〈𝛼𝛽1〉, that means pdimΛ〈𝛼𝛽1〉 is finite too. With Lemma (4.3.14) it is easily 

seen that for 2 ≤ 𝑘 ≤ 𝑡 the module 〈𝛼𝑘〉 is a uniserial module with 𝑆𝑥 as the only 

composition factor. Hence pdimΛ〈𝛼
𝑘〉 is finite for 2 ≤ 𝑘 ≤ 𝑡. Thereby we have the wanted 

𝛼-filtration 

𝑃𝑥 ⊃ 〈𝛼, 𝛽1〉 ⊃ 〈𝛼2〉 ⊕ 〈𝛼𝛽1〉 ⊃ 〈𝛼3〉 ⊃ 〈𝛼4〉 ⊃. . . ⊃ 〈𝛼𝑡〉 ⊃ 0. 

With previous notations 𝑥+ = {𝛼, 𝛽1, 𝛾}, (𝛼
2, 𝛽1𝛽2…𝛽𝑟) is a contour in 𝐴 ⃗⃗  ⃗, 𝑡 ≥ 2, 𝛼𝑡+1 =

0, 𝛽̃ ≔ 𝛽2…𝛽𝑟  and 𝜇 = 𝜈𝛼𝑡𝜈′ is a long morphism in 𝐴 ⃗⃗  ⃗. 

The 𝛼-filtrations will be constructed depending on the set ℒ of long morphisms in 𝐴 ⃗⃗  ⃗. The 

case ℒ ⊆ {𝛼2, 𝛼𝛽1, 𝛼𝛾} is treated in Lemma (4.3.24), the case ℒ ⊆ {𝛼𝑡 , 𝛼2𝛽1} in (4.3.25) and 

the remaining case in (4.3.26). 

But first, we derive some technical results. 

Lemma (4.3.17)[137]: If 𝑟 = 2 and 𝛿: 𝑧′ → 𝑧 is an arrow in 𝒬𝐴 ending in 𝑧 = 𝑒(𝛾), then 𝛿 = 𝛾. 

Proof. Assume to the contrary that  𝛾 ≠ 𝛿: 𝑧′ → 𝑧, then there is no arrow 𝛽1 ≠ 𝜀: 𝑦′ → 𝑦 in 

𝒬Λ. If there is such an arrow, then by the definition of a neighborhood 𝜀 belongs to 𝒬𝐴. This 

arrow induces an irreducible ray 𝛽1 ≠ 𝜀: 𝑦′ → 𝑦 in 𝐴 ⃗⃗  ⃗ and 
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is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇 of Euclidian type 𝐸̃6. 

In a similar way an arrow 𝛼, 𝛽2 ≠ 𝜀: 𝑥′ → 𝑥 in 𝒬Λ leads to a cleaving diagram of type 𝐷̃5 

in 𝐴 ⃗⃗  ⃗/𝜇. Hence the full subcategory 𝐵 of Λ supported by the points 𝑥, 𝑦 is a convex 

subcategory of Λ. Therefore the projective dimensions of 𝑆𝑥 is finite in mod-𝐵 since it is finite 

in mod-Λ. But in 𝐵 we have 𝑥+ = {𝛼, 𝛽1}, whence we can apply Proposition (4.3.16) together 

with (4.3.3) to get the contradiction that 𝛼 is not a loop. 

Lemma (4.3.18)[137]: If 𝛼𝛾 ≠ 0, then 𝛽1𝜐 ≠ 𝛼𝛾 ≠ 𝛾𝑤 for all rays 𝜐, 𝑤 ∈ 𝐴 ⃗⃗  ⃗. 

Proof. 

(i) Assume that there exists a ray 𝜐 ∈ 𝐴 ⃗⃗  ⃗ such that 𝛽1𝜐 = 𝛼𝛾 ≠ 0. Then 

 

 

 

 

 

is a cleaving diagram of Euclidian type e 𝐴̃3 in 𝐴 ⃗⃗  ⃗/𝜇. 

(a) For 𝛾𝜌 = 𝛼𝑡−1 or 𝜐𝜌 = 𝛽̃ we have 𝛼𝛾𝜌 = 𝛽1𝜐𝜌 = 𝛽1𝛽̃ = 𝛼𝑡 ≠ 0. Thus 𝛼𝑡−1 = 𝛼𝜌 

contradicts the choice of 𝑡. 

(b) If 𝛼𝑡−1𝜌 = 𝛾 or 𝛽̃𝜌 = 𝜐, then 𝛼𝑡𝜌 = 𝛽1𝛽̃𝜌 = 𝛽1𝜐 = 𝛼𝛾 ≠ 0. Then 𝛼𝑡𝜌 = 𝛾 contradicts 

the irreducibility of 𝛾. 

𝐷 ≔•
    𝛿    
→   •

    𝛾    
←   •

    𝛽1    
→   •

    𝜀      
←   • 

            𝛼 

      • 

                𝛽2 

      • 

 𝐷 ≔     •       𝛼𝑡−1    𝜐     •       

            𝛾                                 𝛽̃ 

             •                           • 
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(ii) Assume that there exists a ray 𝑤 = 𝑤1. . . 𝑤𝑠: 𝑧 ⇝ 𝑧 ∈ 𝐴 ⃗⃗  ⃗ with irreducible 𝑤𝑖  such that 

𝛾𝑤 = 𝛼𝛾 ≠ 0. 

𝑟 = 2: Since 𝑤𝑠 is an irreducible ray ending in 𝑧, 𝑤𝑠 = 𝛾 by Lemma (4.3.17). Thus we get a 

contradiction 𝛾𝑤𝑠…𝑤𝑠−1 = 𝛼. 

𝑟 ≥ 3: We look at the value of s. If 𝑠 = 1, then 𝑤 = 𝑤1 is a loop and 

 

 

 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇. 

If 𝑠 ≥ 2, then 

 

 

 

 

is cleaving in 𝐴 ⃗⃗  ⃗/𝜇. 

     We still have to show that not any morphisms indicated by the dotted lines make 

the diagrams commute. 

(a) : 𝛾𝜌 = 𝛽1𝛽2, with 𝜌 = 𝜌1…𝜌𝑙. If 𝜌 = 𝑤1
𝑙 = 𝑤𝑙 , then 𝛽1𝛽2 = 𝛾𝜌 = 𝛾𝑤𝑙 = 𝛼𝛾𝑤𝑙−1 and 

𝛽1𝛽2…𝛽𝑟 = 𝛼𝑡 = 𝛼𝛾𝑤𝑙−1𝛽3…𝛽𝑟 ≠ 0. Therefore 𝛼𝑡−1 = 𝛾𝑤𝑙−1𝛽3…𝛽𝑟  is a 

contradiction. If 𝜌 ≠ 𝑤1
𝑙 , then one of the irreducible rays 𝜌𝑖 ≠ 𝑤1 starts in 𝑧 and 

 

 

 

 𝐷 ≔•
    𝑤1𝑤    
→     •

    𝛾    
←   •

     𝛼    
→   •

    𝛽𝑟      
←    •  

               𝛽1 

    (1)                    •                (2) 

                  𝛽2            
 

      
•

 

𝐷 ≔•
 𝑤𝑠−1 
→   •

    𝑤𝑠    
→    •

    𝛾    
←   •

    𝛼   
→  •

      𝛽𝑟      
←     •

    𝛽𝑟−1    
→     • 

             𝛽1 

                        (3)            •                 (4) 
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is cleaving in 𝐴 ⃗⃗  ⃗/𝜇. 

(b) : If 𝛼𝜌 = 𝛽1𝛽2, then 𝛼𝜌𝛽3…𝛽𝑟 = 𝛽1𝛽2…𝛽𝑟 = 𝛼𝑡 ≠ 0 and 𝛼𝑡−1 = 𝜌𝛽3…𝛽𝑟  contradicts 

the minimality of 𝑡. 

(c) : If 𝜌𝛾 = 𝑤𝑠−1𝑤𝑠, then 𝛾𝑤1…𝑤𝑠−2𝜌𝛾 = 𝛾𝑤 = 𝛼𝛾 ≠ 0 and 𝛼 = 𝛾𝑤1…𝑤𝑠−2𝜌 

contradicts the irreducibility of 𝛼. 

(d) : If 𝜌𝛼 = 𝛽𝑟−1𝛽𝑟, then 𝛽1𝛽2…𝛽𝑟−2𝜌𝛼 = 𝛽1𝛽2…𝛽𝑟 = 𝛼𝑡 ≠ 0 and 𝛼𝑡−1 = 𝛽1𝛽2…𝛽𝑟−2𝜌 

contradicts the minimality of 𝑡. 

Lemma (4.3.19)[137]: If 𝑡 ≥ 3, then 𝛼𝛾 = 0. 

Proof. Assume that 𝛼𝛾 ≠ 0, then 

 

 

 

 

 

is a cleaving diagram of Euclidian type in 𝐴 ⃗⃗  ⃗/𝜇. It is cleaving since: 

(i) 𝛾𝜌 = 𝛼𝛾 or 𝛽1𝜌 = 𝛼𝛾 contradicts Lemma (4.3.18), 

(ii) 𝛾𝜌 = 𝛼2 or 𝛽1𝜌 = 𝛼2 contradicts the minimality of 𝑡 ≥ 3. 

Lemma (4.3.20)[137]: 

(a) If ℒ ⊈ {𝛼2, 𝛼𝛽1, 𝛼𝛾}, then 𝛼𝛽1 = 0 or 𝛼𝛾 = 0. 

(b) If 𝛼2𝛽1 ≠ 0, then 𝛾𝑤 ≠ 𝛼𝛽1 for all 𝑤 ∈ 𝐴 ⃗⃗  ⃗. 

Proof. 

(a) If 𝛼𝛽1 ≠ 0 and 𝛼𝛾 ≠ 0, then 

𝐷 ≔•
 𝜌𝑖 
→ •

    𝑤1    
→    •

    𝛾    
←   •

    𝛼     
→   •

      𝛽𝑟      
←     •

    𝛽𝑟−1    
→     • 

             𝛽1 

                                          •                 (4)  

𝐷 ≔•
       𝛾    
←    •

    𝛽1     
→    • 

               𝛼 

        •
       𝛾    
←    •

    𝛼     
→   • 
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is a cleaving diagramof Euclidian type 𝐷̃4 in 𝐴 ⃗⃗  ⃗. It is still cleaving in 𝐴 ⃗⃗  ⃗/𝜂 for 𝜂 ∈

ℒ\{𝛼2, 𝛼𝛽1, 𝛼𝛾} ≠ ∅. 

(b) Since 𝛼2𝛽1 ≠ 0, we have 𝛼𝛾 = 0 by a). But 𝛾𝑤 = 𝛼𝛽1 leads to the contradiction 0 ≠

𝛼2𝛽1 = 𝛼𝛾𝑤 = 0. 

Lemma (4.3.21)[137]: If 𝑡 = 2 or ℒ ⊈ {𝛼𝑡 , 𝛼2𝛽1}, then: 

(a) 𝛼2𝛽1 = 0 = 𝛼2𝛾, 𝛼2𝜌 = 0 for all rays 𝜌 ∉ {𝑒𝑥 , 𝛼, … , 𝛼𝑡−2}. 

(b) 〈𝛽1〉 ∩ 〈𝛼𝛾〉 = 0. 

(c) If 〈𝛾〉 ∩ 〈𝛽1〉 =  0, then 〈𝛾〉 ∩ 〈𝛼2〉 =  0. 

(d) 〈𝛾〉 ∩  〈𝛼𝑡〉 =  0 or 〈𝛾〉 ∩ 〈𝛼𝛽1〉  =  0. 

(e) 〈𝛾〉  ∩ 〈𝛼𝛽1〉  =  0 or 〈𝛾〉 ∩  〈𝛽1〉 =  0. 

(f) 〈𝛼𝛽1〉 ∩  〈𝛼
2〉 =  0 and 〈𝛼𝛾〉 ∩ 〈𝛼2〉  =  0. 

Proof. 

(a) Consider the case 𝑡 = 2. 

(i) If 𝛼2𝛽1 ≠ 0, then 𝛽𝑟𝛽1 ≠ 0 and 

 

 

 

 

 

is a cleaving diagram of Euclidian type 𝐷̃5 in 𝐴 ⃗⃗  ⃗/𝜇. The diagram is cleaving because: 

 𝛽1𝜌 = 𝛼𝛽1 ≠ 0 is a contradiction of Lemma (4.3.10), 

𝐷 ≔  •   

               𝛼 

        •
      𝛾    
←   •

    𝛽1     
→    • 

               𝛼 

         
 
• 

                     •
       𝛾    
←    •

    𝛽1     
→    • 

        𝛼 

•
       𝛽1    
←     •

    𝛽𝑟     
→    • 
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 𝛾𝜌 = 𝛼𝛽1 ≠ 0 contradicts Lemma (4.3.20) b). 

(ii) If 𝛼2𝛾 ≠ 0, then 𝛽𝑟𝛾 ≠ 0 and 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇. It is cleaving since 𝛽1𝜌 = 𝛼𝛾 resp. 𝛾𝜌 = 𝛼𝛾 contradicts 

Lemma (4.3.18). 

In the case 𝑡 ≥ 3, 𝛼2𝛾 = 0 by Lemma (4.3.19). If 𝑡 = 3, then ℒ ⊈ {𝛼3, 𝛼2𝛽1} by assumption. If 

𝑡 > 3, then 𝜇 = 𝛼𝑡𝜈′ ∈ ℒ\{𝛼3, 𝛼2𝛽1}. Hence 𝛼2𝛽1 = 0 by Lemma (4.3.11) in both cases. 

(b) If 𝜐, 𝑤 are rays in 𝐴 ⃗⃗  ⃗ such that 𝛽1𝜐 = 𝛼𝛾𝑤 ≠ 0, then the diagram 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇. 

(i) If 𝛾𝑤𝜌 = 𝛼𝑡−1 or 𝜐𝜌 = 𝛽̃, then 𝛽1𝜐𝜌 = 𝛽1𝛽̃ = 𝛼𝑡 = 𝛼𝛾𝑤𝜌 ≠ 0. Hence 𝛾𝑤𝜌 = 𝛼𝑡 

contradicts the minimality of 𝑡. 

(ii) If 𝛼𝑡−1𝜌 = 𝛾𝑤 or 𝛽̃𝜌 = 𝜐, then 0 ≠ 𝛽1𝜐 = 𝛽1𝛽̃𝜌 = 𝛼𝛾𝑤 = 𝛼𝑡𝜌 = 0 by a). 

(c) Let 𝑣, 𝑤 be rays such that 𝛾𝜐 = 𝛼2𝑤 ≠ 0. By a) we have 𝑤 = 𝛼𝑘 with 0 ≤ 𝑘 ≤ 𝑡 − 2, 

that means 𝛾𝜐 = 𝛼2+𝑘. Since 𝑡 is minimal, we have t=2+k and 0 ≠ 𝛾𝜐 = 𝛼𝑡 = 𝛽1𝛽̃ ∈

〈𝛾〉 ∩ 〈𝛽1〉 =  0. 

(d) Let 𝜐, 𝑤, 𝜐′, 𝑤′ be rays in 𝐴 ⃗⃗  ⃗such that 𝛾𝑤 = 𝛼𝑡𝜐 ≠ 0 and 𝛾𝑤 ′ = 𝛼𝛽1𝜐′ ≠ 0. Then 

 

 

 

 

                     •
       𝛾    
←    •

    𝛽1     
→    • 

        𝛼 

•
        𝛾    
←    •

    𝛽𝑟     
→    • 

 𝐷 ≔       •    𝛼𝑡−1         𝜐     • 

           𝛾𝑤                                 𝛽̃ 

                 •                           •  

 𝐷 ≔       •    𝑤′         𝛼𝑡−1𝜐     • 

             𝑤                                𝛽1𝜐′ 

                 
 
•                           •  
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is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇. 

(i) If 𝑤𝜌 = 𝑤′ or 𝛼𝑡−1𝜐𝜌 = 𝛽1𝜐′, then 𝛾𝑤𝜌 = 𝛾𝑤 ′ = 𝛼𝑡𝜐𝜌 = 𝛼𝛽1𝜐′ ≠ 0. Hence there is 

a nondeep contour (𝛼𝑡−1𝜐1. . . 𝜐1. . . 𝜐𝑘𝜌1…𝜌𝑙 , 𝛽1𝜐1
′ . . . 𝜐𝑠

′ ) in 𝐴 ⃗⃗  ⃗ which can only be a 

penny-farthing by the structure theorem for non-deep contours. But this case is 

excluded in the current section. 

(ii) If 𝑤 ′ = 𝜌 = 𝑤 or 𝛽1𝜐
′𝜌 = 𝛼𝑡−1𝜐, then 𝛾𝑤 ′𝜌 = 𝛾𝑤 = 𝛼𝛽1𝜐

′𝜌 = 𝛼𝑡𝜐 ≠ 0. Again, we 

have a non-deep contour (𝛼𝑡−1𝜐1…𝜐𝑘, 𝛽1𝜐1
′ …𝜐𝑙

′𝜌1…𝜌𝑠) which leads to a 

contradiction as before. 

(e) Let 𝜐, 𝑤, 𝜐′, 𝑤′ be rays such that 𝛽1𝜐 = 𝛾𝑤 ≠ 0 and 𝛼𝛽1𝜐
′ = 𝛾𝑤′ ≠ 0. Then 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗/𝜇. 

(i) If 𝑤𝜌 =  𝑤′, we get the contradiction 0 ≠ 𝛾𝑤𝜌 = 𝛾𝑤′ = 𝛽1𝜐 = 𝛼𝛽1𝜐′ ∈  〈𝛽1〉  ∩

 〈𝛼𝛽1〉 =  0. 

(ii) If 𝑤′𝜌 = 𝑤, then 0 ≠ 𝛾 𝑤 ′𝜌 = 𝛾 𝑤 = 𝛼𝛽1𝜐′𝜌 = 𝛽1𝜐 ∈ 〈𝛽1〉 ∩ 〈𝛼𝛽1〉 =  0. 

(iii) If 𝜐𝜌 = 𝛽̃, then 0 ≠ 𝛽1𝜐𝜌 = 𝛽1𝛽̃ = 𝛾𝑤𝜌 = 𝛼𝑡 ∈ 〈𝛾〉 ∩ 〈𝛼𝑡〉 =  0 by d). 

(iv) If 𝛽̃𝜌 = 𝜐, then 𝛽1𝛽̃𝜌 = 𝛽1𝜐 = 𝛼𝑡𝜌 = 𝛾𝑤 ∈ 〈𝛾〉 ∩ 〈𝛼𝑡〉 =  0 by d). 

(v) If 𝛼𝑡−1𝜌 = 𝛽1𝜐′, then 0 ≠ 𝛼𝑡𝜌 = 𝛼𝛽1𝜐′ = 𝛾𝑤′ ∈ 〈𝛾〉 ∩ 〈𝛼𝑡〉 =  0 by d). 

The case 𝛽1𝜐
′𝜌 = 𝛼𝑡−1 contradicts the minimality of 𝑡. 

(f) If 𝜐, 𝑤 are rays in 𝐴 ⃗⃗  ⃗ such that 𝛼𝛽1𝜐 = 𝛼2𝑤 ≠ 0 resp. 𝛼𝛾𝜐 = 𝛼2𝑤 ≠ 0, then 𝑤 = 𝛼𝑘  

with 0 ≤ 𝑘 ≤ 𝑡 − 2 and 𝛽1𝜐 = 𝛼1+𝑘 resp. 𝛾𝜐 = 𝛼1+𝑘. Since 𝑡 is minimal, we get the 

contradiction 𝑡 = 1 + 𝑘 < 𝑡. 

Lemma (4.3.22)[137]: If ℒ ⊈ {𝛼2, 𝛼𝛽1, 𝛼𝛾}, then 〈𝛾〉 ∩ 〈𝛼𝛾〉 = 0. 

Proof. In the case 𝑡 ≥ 3, the claim is trivial since 𝛼𝛾 = 0 by (4.3.19). 

                 •    𝑤′            𝜐     •      𝛽̃        𝛽1𝜐′    • 

             𝑤                                                                𝛼𝑡−1 

                  
 
•                             

 
•                           

 
•    
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Consider the case 𝑡 = 2. Assume that there exist rays 𝜐, 𝑤 in 𝐴 ⃗⃗  ⃗ such that 𝛾𝜐𝑤 ≠ 0. 

First of all, we deduce that 𝑤 ≠ 𝑖𝑑 by Lemma (4.3.18) and 𝜐 ≠  𝑖𝑑 since  is an arrow. 

Therefore we can write 𝜐 = 𝜐1. . . 𝜐𝑠 , 𝑤 = 𝑤1. . . , 𝑤𝑞 with irreducible rays 𝜐𝑖 , 𝑤𝑗 ∈ 𝐴 ⃗⃗  ⃗. Consider 

the value of 𝑞: 

(a) If 𝑞 = 1, then the diagram 

 

 

 

 

 

 

 

is a cleaving diagram of Euclidian type 𝐸̃7 in 𝐴 ⃗⃗  ⃗/𝜇 (see [146]). 

(b) If 𝑞 ≥ 2, then the diagram 

 

 

 

 

 

 

 

is cleaving in 𝐴 ⃗⃗  ⃗/𝜇. 

The diagrams are cleaving because: 

(i) 𝛼𝜌 = 𝛾𝑤 ≠ 0: Then 0 ≠ 𝛼𝛾𝑤 = 𝛼2𝜌 = 0 by Lemma (4.3.21) a). 

(ii) 𝛾𝜌 = 𝛼𝛾 ≠ 0 contradicts Lemma (4.3.18). 

(iii) 𝛽1𝜌 = 𝛾𝑤 ≠ 0 : Then 0 ≠ 𝛼𝛾𝑤 = 𝛼𝛽1𝜌 = 0 since 𝛼𝛽1 = 0 by Lemma (4.3.20). 

(iv) 𝜌𝜐𝑠 = 𝛾𝑤 ≠ 0 : Then 𝛼𝜌𝜐𝑠 = 𝛼𝛾𝑤 ≠ 0. If 𝜌 = 𝛽1𝜌′, then 0 = 𝛽1𝜌
′𝜐𝑠 = 𝛼𝛾𝑤 ≠ 0. If 

𝜌 = 𝛾𝜌′, then 𝛼𝛾𝜌′𝜐𝑠 = 𝛼𝛽𝑤 and 𝑤1 = 𝑤 = 𝜌′𝜐𝑠. Hence 𝜌′ = 𝑖𝑑 and 𝜐𝑠 = 𝑤1. 

•
    𝜐𝑠    
→   •

  𝑤1=𝑤 
←    •

      𝛾      
←    •

    𝛽1    
→   • 

                    𝛼   

                                         • 
     𝛽𝑟    
←    • 

                     𝛾   

                          
 
• 

•
 𝑤2…𝑤𝑞 
←     •

     𝑤1   
←    •

      𝛾      
←    •

    𝛽1    
→   • 

                      𝛼    

                                         • 
     𝛽𝑟    
←    • 

                       𝛾   

                            
 
• 
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Therefore 0 ≠ 𝛾𝜐 = 𝛾𝜐1…𝜐𝑠−1𝑤1 = 𝛼𝛾𝑤1 and 𝛾𝜐1…𝜐𝑠−1 = 𝛼𝛾 contradicting 

Lemma (4.3.18). If 𝜌 = 𝛼𝜌′, then 0 ≠ 𝛼𝛾𝑤 = 𝛼2𝜌′𝜐𝑠 = 0 by Lemma (4.3.21) a). 

(v) 𝛽1𝜌 = 𝛼𝛾 ≠ 0 contradicts Lemma (4.3.18). 

Lemma (4.3.23)[137]: Let ℒ ⊈ {𝛼𝑡 , 𝛼2𝛽1} and ℒ ⊈ {𝛼2, 𝛼𝛽1, 𝛼𝛾}. 

(a) If 〈𝛼𝛾〉 = 0 = 〈𝛾〉 ∩ 〈𝛼𝛽1〉, then 〈𝛽1, 𝛾, 𝛼
2〉 ∩ 〈𝛼𝛽1〉 = 0. 

(b) If 〈𝛼𝛾〉 = 0 = 〈𝛾〉 ∩ 〈𝛽1〉, then 〈𝛽1, 𝛼
2〉 ∩ 〈𝛾, 𝛼𝛽1〉 = 0. 

(c) If 〈𝛼𝛽1〉 = 0, then 〈𝛽1, 𝛾, 𝛼
2〉 ∩ 〈𝛼𝛾〉 = 0. 

Proof.  We only prove b); the other cases are proven analogously. Let 𝜐, 𝜐′, 𝑤, 𝑤′ ∈ 𝐴 be such 

that 𝛽1𝜐 + 𝛼2𝜐 ′ = 𝛾𝑤 + 𝛼𝛽1𝑤′ ≠ 0. That means we have rays 𝜐𝑖 , 𝑤𝑗 ∈ 𝐴 ⃗⃗  ⃗, numbers 𝜆𝑖 , 𝜇𝑗 ∈ 𝑘 

and integers 𝑠1, 𝑠2 ≥ 0, 𝑛1, 𝑛2 ≥ 1 such that 

∑𝜆𝑖𝛽1𝜐𝑖

𝑠1

𝑖=1

+ ∑ 𝜆𝑖𝛼
2𝜐𝑖

𝑛1

𝑖=𝑠1+1

=∑𝜇𝑗𝛾𝑤𝑗

𝑠2

𝑗=1

+ ∑ 𝜇𝑗𝛼𝛽1𝑤𝑗

𝑛2

𝑗=𝑠2+1

 

and 𝛽1𝜐𝑖 ≠ 𝛽1𝜐𝑗 , 𝛼
2𝜐𝑖 ≠ 𝛼2𝜐𝑗 , 𝛾𝑤𝑖 ≠ 𝛾𝑤𝑗 , 𝛼𝛽1𝑤𝑖 ≠ 𝛼𝛽1𝑤𝑗 for 𝑖 ≠ 𝑗. Without loss of generality 

we can assume that all 𝜆𝑖 , 𝜇𝑗 are non-zero, that 𝛽1𝜐𝑖 ≠ 𝛼2𝜐𝑗 for 𝑖 = 1. . . 𝑠1, 𝑗 = 𝑠1+1. . . 𝑛1 and 

𝛾𝑤𝑖 ≠ 𝛼𝛽1𝑤𝑗  for 𝑖 = 1. . . 𝑠2, 𝑗 = 𝑠2 + 1. . . 𝑛2. Then by Lemma (4.3.9) we have 𝑛1 = 𝑛2 and 

there exists a permutation 𝜋 such that 𝛽1𝜐𝑖 = 𝛾𝑤𝜋(𝑖) ∈ 〈𝛽1〉 ∩ 〈𝛾〉 = 0 or 𝛽1𝜐𝑖 = 𝛼𝛽1𝑤𝜋(𝑖) ∈

〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0 by Lemma (4.3.10). Hence 𝑠1 = 0. Moreover, by Lemma (4.3.21) we have 

𝛼2𝜐𝑖 = 𝛾𝑤𝜋(𝑖) ∈ 〈𝛼2〉 ∩ 〈𝛾〉 = 0 or 𝛼2𝜐𝑖 = 𝛼𝛽1𝑤𝜋(𝑖) ∈ 〈𝛼2〉 ∩ 〈𝛼𝛽1〉 = 0; this is possible for 

𝑛1 − 𝑠1 = 0 only. Hence 𝑛1 = 0, contradicting the choice of 𝑛1. 

Lemma (4.3.24)[137]: If ℒ ⊆ {𝛼2, 𝛼𝛽1, 𝛼𝛾}, then there exists an 𝛼-filtration ℱ of 𝑃𝑥 having 

finite projective dimension. 

Proof. Since ℒ ⊆ {𝛼2, 𝛼𝛽1, 𝛼𝛾}, 𝜇 = 𝛼2 is long and 𝑡 = 2. Now it is easily seen that 〈𝛼2〉 =

𝐤𝛼2 ≅ 𝑆𝑥 , 〈𝛼𝛾〉 = 𝐤𝛼𝛾, 〈𝛼𝛽1〉 = 𝐤𝛼𝛽1 and 〈𝛼〉 has a 𝐤 basis {𝛼, 𝛼2, 𝛼𝛽1, 𝛼𝛾}. Using Lemma 

(4.3.10) and (4.3.18) we conclude 〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0 and 〈𝛾〉 ∩ 〈𝛼𝛾〉 = 0 = 〈𝛽1〉 ∩ 〈𝛼𝛾〉. 

By Lemma (4.3.21) d) 〈𝛾〉 ∩ 〈𝛼2〉 = 0 or 〈𝛾〉 ∩ 〈𝛼𝛽1〉 = 0. Thus the graph of 𝑃𝑥 has one 

of the following shapes: 
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In the first case we consider the following exact sequence: 

0 → 〈𝛼2〉 → 〈𝛼, 𝛽1, 𝛾〉 → 〈𝛼, 𝛽1, 𝛾〉/〈𝛼
2〉 → 0 

Since 〈𝛼〉 has 𝐤 basis {𝛼, 𝛼2, 𝛼𝛽1, 𝛼𝛾} and ℒ ⊆ {𝛼2, 𝛼𝛽1, 𝛼𝛾} we have 〈𝛼, 𝛽1, 𝛾〉/〈𝛼
2〉 =

〈𝛼〉/〈𝛼2〉 ⊕ 〈𝛽1, 𝛾〉/〈𝛼
2〉. Hence pdimΛ〈𝛼〉 < ∞ and 𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃ 0 is the wanted 

filtration. 

In the second case we have 〈𝛼, 𝛽1, 𝛾〉/〈𝛼
2〉 = 〈𝛼, 𝛾〉/〈𝛼2〉 ⊕ 〈𝛽1〉/〈𝛼

2〉. Thus 

pdimΛ〈𝛼, 𝛾〉 < ∞. Now we consider 

0 → 〈𝛽1, 𝛾, 𝛼𝛾〉 → 〈𝛼, 𝛽1, 𝛾〉 → 𝑆𝑥 → 0. 

Since 〈𝛽1, 𝛾, 𝛼𝛾〉 = 〈𝛽1, 𝛾〉 ⊕ 〈𝛼𝛾〉, we have pdimΛ〈𝛼𝛾〉 < ∞ and 𝑃𝑥 ⊃ 〈𝛼, 𝛾〉 ⊃ 〈𝛼2, 𝛼𝛾〉 ⊃ 0 

is a suitable filtration. 

Lemma (4.3.25)[137]: If ℒ ⊆ {𝛼𝑡 , 𝛼2𝛽1}, then there exists an 𝛼-filtration ℱ of 𝑃𝑥 having finite 

projective dimension. 

Proof. If 𝑡 = 2, then 𝛼2𝛽1 = 0 by Lemma (4.3.21) a). Hence ℒ ⊆ {𝛼2} and the filtration exists 

by Lemma (4.3.24). 

If 𝑡 ≥ 3, then 𝛼𝛾 = 0 by Lemma (4.3.19). From the assumption ℒ ⊆ {𝛼𝑡 , 𝛼2𝛽1} it is easily 

seen that 〈𝛼𝛽1〉 = 𝐤𝛼𝛽1 and 〈𝛼2𝛽1〉 = 𝐤𝛼2𝛽1. 

(i) If 𝛼2𝛽1 = 0, then 𝛼𝑡 is the only long morphism in 𝐴 ⃗⃗  ⃗ ; hence 𝛼𝛽1 = 0 and 〈𝛼𝑘〉, 𝑘 ≥ 1, 

is uniserial of finite projective dimension. Thus 𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃. . . ⊃ 〈𝛼𝑡〉 ⊃ 0 is a 

suitable 𝛼-filtration. 

(ii) If 𝛼2𝛽1 ≠ 0, then 〈𝛼𝛽1〉 = 𝐤𝛼𝛽1 ≅ 𝑆𝑦 ≅ 〈𝛼2𝛽1〉. By (4.3.10) and (4.3.20) b) 

〈𝛽1〉 ∩ 〈𝛼𝛽1〉 = 0 = 〈𝛾〉 ∩ 〈𝛼𝛽1〉. Therefore the graph of 𝑃𝑥 has the following shape: 

𝑒𝑥                          or                             𝑒𝑥 

 

〈𝛾〉        𝛼        〈𝛽1〉                               〈𝛾〉        𝛼         〈𝛽1〉 

 

𝛼𝛾        𝛼2          𝛼𝛽1                             𝛼𝛾       𝛼2          𝛼𝛽1 
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Moreover, 〈𝛼𝛽1〉 ≅ 𝑆𝑦  is a direct summand of the module 〈𝛼2, 𝛽1, 𝛾, 𝛼𝛽1〉, which has finite 

projective dimension. Since the modules 〈𝛼〉, 〈𝛼2〉, … , 〈𝛼𝑡〉 have 𝑆𝑥 and 𝑆𝑦 as the only 

composition factors, they are of finite projective dimension. Thus 𝑃𝑥 ⊃ 〈𝛼〉 ⊃ 〈𝛼2〉 ⊃

. . . 〈𝛼𝑡〉 ⊃ 0 is a suitable 𝛼-filtration. 

Proposition (4.3.26)[137]: If 𝑥+ = {𝛼, 𝛽1, 𝛾}, then there exists an 𝛼-filtration ℱ of 𝑃𝑥 having 

finite projective dimension. 

Proof. By lemmata (4.3.24) and (4.3.25) we can assume that ℒ ⊈ {𝛼2, 𝛼𝛽1, 𝛼𝛾}. Then 

pdimΛ〈𝛼
𝑘〉 < ∞ for 2 ≤ 𝑘 ≤ 𝑡 since 〈𝛼𝑘〉 has only 𝑆𝑥 as a composition factor by (4.3.21)(a). 

Moreover, pdimΛ〈𝛼, 𝛽1, 𝛾〉 < ∞ since it is the left hand term of the following exact sequence: 

0 → 〈𝛼, 𝛽1, 𝛾〉 → 𝑃𝑥 → 𝑆𝑥 → 0. 

By Lemma (4.3.20)(a) only the following two cases are possible: 

(i) 𝛼𝛽1 = 0: Consider the following exact sequence: 

0 → 〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛾〉 → 〈𝛼, 𝛽1, 𝛾〉 → 𝑆𝑥 → 0. 

Then pdimΛ〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛾〉 < ∞. By (4.3.23)(c) we have 〈𝛽1, 𝛾, 𝛼

2, 𝛼𝛾〉 = 〈𝛽1, 𝛾, 𝛼
2〉 ⊕

〈𝛼𝛾〉; hence pdimΛ〈𝛼𝛾〉 < ∞. Therefore 𝑃𝑥 ⊃ 〈𝛼, 𝛽1, 𝛾〉 ⊃ 〈𝛼2〉 ⊕ 〈𝛼𝛾〉 ⊃ 〈𝛼3〉 ⊃. . . 〈𝛼𝑡〉 ⊃ 0 

is a suitable 𝛼-filtration. 

𝑒𝑥 

 

〈𝛾〉          𝛼          〈𝛽1〉 

 

                 𝛼2          𝛼𝛽1 

 

               𝛼3          𝛼2𝛽1 

 

𝛼𝑡 
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(ii) 𝛼𝛾 = 0: Then pdimΛ〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛽1〉 < ∞ since we have the exact sequence 

0 → 〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛽1〉 → 〈𝛼, 𝛽1, 𝛾〉 → 𝑆𝑥 → 0. 

If 〈𝛾〉 ∩ 〈𝛼𝛽1〉 = 0, then by (4.3.23)(a) we have 〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛽1〉 = 〈𝛽1, 𝛾, 𝛼

2〉 ⊕ 〈𝛼𝛽1〉; hence 

pdimΛ〈𝛼𝛽1〉 < ∞. Therefore 𝑃𝑥 ⊃ 〈𝛼, 𝛽1, 𝛾〉 ⊃ 〈𝛼2〉 ⊕ 〈𝛼𝛽1〉 ⊃ 〈𝛼3〉 ⊃. . . 〈𝛼𝑡〉 ⊃ 0 is a 

suitable 𝛼-filtration. 

By Lemma (4.3.21)(e) it remains to consider the case 〈𝛾〉 ∩ 〈𝛽1〉 = 0: Then 

〈𝛽1, 𝛾, 𝛼
2, 𝛼𝛽1〉 = 〈𝛽1, 𝛼

2〉 ⊕ 〈𝛾, 𝛼𝛽1〉 by (4.3.23)(b). Thus pdimΛ〈𝛾, 𝛼𝛽1〉 < ∞. Now 𝑃𝑥 ⊃

〈𝛼, 𝛽1, 𝛾〉 ⊃  〈𝛼2〉 ⊕ 〈𝛾, 𝛼𝛽1〉 ⊃ 〈𝛼3〉 ⊃. . . 〈𝛼𝑡〉 ⊃ 0 is a suitable 𝛼-filtration. 

Corollary (4.3.27)[250]: If there are penny-farthings 𝑃𝑛−1 = ((𝜎𝑛−1)
2, 𝜌𝑛…𝜌𝑛+𝑠−1) in 𝐴 𝑛−1, 

then 𝑧𝑛 = 𝑥𝑛−1. 

Proof. We consider two cases: 

(a) 𝑥𝑛−1 ∈ (𝒬𝑛−1)𝑝𝑛−1 : Hence  (𝒬𝑛−1)𝑝𝑛−1 has the following shape: 

 

 

 

 

But these can be the quivers of penny-farthings only for 𝑧𝑛 = 𝑥𝑛−1. 

(b) 𝑥𝑛−1 ∉ (𝒬𝑛−1)𝑝𝑛−1: Since 𝐴𝑛−1 are the neighborhoods of 𝑥𝑛−1, only the following 

cases are possible: 

(i) 𝑒𝑥𝑛−1𝐴𝑛−1𝑒𝑧𝑛−1 ≠ 0 : Since 𝑥𝑛−1 ∉ (𝒬𝑛−1)𝑝𝑛−1 we can apply the dual of [147] or 

[146] to 𝐴 ⃗⃗  ⃗𝑛−1 and we see that the following quivers occurs as subquivers of  

(𝒬𝑛−1)𝐴𝑛−1: 

 

 

 

 

 

 

                             𝜌𝑛                                                         𝜌𝑛 

  𝜎𝑛−1       𝑧𝑛                  𝑧𝑛+1    𝑟𝑒𝑠𝑝.      𝜎𝑛−1       𝑧𝑛            𝑧𝑛+1 

                         𝜌𝑛+1                                                       𝜌𝑛+1 

 
 𝛼𝑛−1       𝑥𝑛−1                                                                  𝛼𝑛−1     𝑥𝑛−1 

 

𝜌𝑛 …𝜌𝑛+𝑙−1 

𝜎𝑛−1       𝑧𝑛                𝑥𝑛−1       𝛼𝑛−1 
 

 𝜌𝑛+𝑙…𝜌𝑛+𝑠−1 
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Moreover, there can be only one arrow starting in 𝑥𝑛−1. This is a contradiction to the actual 

setting. 

(ii) ∃𝑧𝑛 → 𝑥𝑛−1: By applying [147] or the dual of [146] we deduce that the following 

quivers occurs as  subquivers of  (𝒬𝑛−1)𝐴𝑛−1: 

 

 

 

 

 

 

 

and there can be only one arrow ending in 𝑥𝑛−1 contradicting the present case. 

(iii) ∃𝑦′
𝑛−1

⟵ 𝑥𝑛−1 ⇄ 𝑦𝑛−1 ⟵ 𝑧𝑛: If  𝑦𝑛−1 ∉ (𝒬𝑛−1)𝑝𝑛−1 , then 

 

 

 

 

 

 

 

 

are subquivers of  (𝒬𝑛−1)𝐴𝑛−1 leading to the same contradiction as in b). 

If  𝑦𝑛−1 ∈ (𝒬𝑛−1)𝑝𝑛−1 , then 𝑦𝑛−1 = 𝑧𝑛+1 and the quivers 

 

 

 

 

 

 

𝜌𝑛 
 

𝜎𝑛−1         𝑧𝑛                   𝑧𝑛+1 

              𝜌𝑛+1 

 

             𝑦𝑛−1                    𝑥𝑛−1                                                

 

𝛽𝑛 

   𝛼𝑛−1        𝑥𝑛−1        𝑧𝑛+1  
      𝜌𝑛   
←      𝑧𝑛       𝜎𝑛−1 

                            𝛽𝑛+1 

           𝛾𝑛−1 

 

                𝑦′𝑛−1 

 

𝜌𝑛 

𝜎𝑛−1       𝑧𝑛                      𝑧𝑛+1 

               𝜌𝑛+1                                           
                

 

𝛼𝑛−1         𝑥𝑛−1                                  
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are subquivers of  (𝒬𝑛−1)𝐴𝑛−1. Since  𝑥𝑛−1 ∉ (𝒬𝑛−1)𝑝𝑛−1 , all morphisms occurring in the 

following diagram 

 

 

 

 

are irreducible and pairwise distinct. Therefore 𝐷𝑛−1 is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1. Moreover, 

some long morphism 𝜂𝑛−1 = 𝜈𝑛−1(𝜎𝑛−1)
3𝜈′𝑛−1 does not occur in 𝐷𝑛−1; hence 𝐷𝑛−1 is still 

cleaving in 𝐴 ⃗⃗  ⃗𝑛−1 𝜂𝑛−1⁄  by [145]. Since 𝐷𝑛−1 is of representation-infinite Euclidean type 

(𝐸̃𝑛−1)7, 𝐴 ⃗⃗  ⃗𝑛−1 𝜂𝑛−1⁄  is representation-infinite contradicting the mildness of 𝐴𝑛−1. 

We show that, provided the existence of penny-farthings in 𝐴 ⃗⃗  ⃗𝑛−1, there exist 𝛼𝑛−1-

filtrations of 𝑃𝑥𝑛−1 having finite projective dimension. 

Corollary (4.3.28)[250]: Let 𝐴𝑛−1 = Λ(𝑥𝑛−1) be mild and standard. If there are penny-

farthings in 𝐴 ⃗⃗  ⃗𝑛−1 , then there exist 𝛼𝑛−1-filtrations ℱ of 𝑃𝑥𝑛−1 having finite projective 

dimension. 

Proof. If there are penny-farthings 𝑃𝑛−1 in 𝐴 ⃗⃗  ⃗𝑛−1, then 𝑃𝑛−1 = ((𝛼𝑛−1)
2, 𝜌𝑛 …𝜌𝑛+𝑠−1) are the 

only penny-farthings in 𝐴 ⃗⃗  ⃗𝑛−1 by the last lemma. Since 𝐴𝑛−1 is standard and mild, there are 

three cases for the graph of 𝑃𝑥𝑛−1 which can occur by [147] or the dual of [146]. 

(i) There exist arrows  𝛾𝑛−1: 𝑥𝑛−1 → 𝑧𝑛−1, 𝛾𝑛−1 ≠ 𝜌𝑛. Then 𝑠 = 2, the quivers 

 

 

 

 

 

 

 

 

𝐷𝑛−1 ≔•
    𝜌𝑛+1    
←     •

    𝛽𝑛+1    
→     •

    𝛼𝑛−1    
←     •

    𝛽𝑛    
→    •

      𝜌𝑛      
←     •

    𝜎𝑛−1    
→     •      

𝛾𝑛−1 

               • 

   𝜌𝑛 

  𝛼𝑛−1         𝑥𝑛−1                𝑦𝑛−1 

    𝜌𝑛+1 

           𝛾𝑛−1 

                𝑧𝑛−1 
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are subquivers of  (𝒬𝑛−1)𝐴𝑛−1, and 𝑃𝑥𝑛−1 is represented by the following graph: 

 

 

 

 

 

 

 

 

 

 

Let 𝑀 be a quotient of 𝑃𝑥𝑛−1 defined by the following exact sequence: 

0 → 〈𝛾𝑛−1〉 ⊕ 〈𝜌𝑛, 𝛼𝑛−1𝜌𝑛〉 → 𝑃𝑥𝑛−1 → 𝑀 → 0. 

Then 𝑀 has 𝑆𝑥𝑛−1 as the only composition factor. Hence pdimΛ𝑀 < ∞ and 

pdimΛ〈𝜌𝑛, 𝛼𝑛−1𝜌𝑛〉 < ∞. Now, we consider the exact sequence 

0 → 〈(𝛼𝑛−1)
3〉 → 〈𝜌𝑛, 𝛼𝑛−1𝜌𝑛〉 → 〈𝜌𝑛〉 〈(𝛼𝑛−1)

3〉⁄ ⊕ 〈𝛼𝑛−1𝜌𝑛〉 〈(𝛼𝑛−1)
3〉⁄ → 0. 

But 〈(𝛼𝑛−1)
3〉 ≅ 𝑆𝑥𝑛−1  and pdimΛ𝑆𝑥𝑛−1 < ∞, hence 〈𝛼𝑛−1𝜌𝑛〉 〈(𝛼𝑛−1)

3〉⁄ ≅ 𝑆𝑦𝑛−1 has finite 

projective dimension in mod-Λ. Finally, the Λ-filtrations 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊃

〈(𝛼𝑛−1)
3〉 ⊃ 0 have finite projective dimension since all filtration modules ≠ 𝑃𝑥𝑛−1 have 𝑆𝑥𝑛−1  

and 𝑆𝑦𝑛−1 as the only composition factors. 

(ii) In the second case there exist the points 𝑧𝑛−1 ∉ (𝒬𝑛−1)𝑝𝑛−1 such that 

𝐴𝑛−1(𝑥𝑛−1, 𝑧𝑛−1) ≠ 0. Then 𝑠 = 2, the quivers 

 

 

 

 

 

 

𝜌𝑛 

𝛼𝑛−1       𝑥𝑛−1                𝑦𝑛−1 

                             𝜌𝑛+1          𝛿𝑛−1 

 

                                𝑧𝑛−1 

 

𝑒𝑥𝑛−1 

 

𝛾𝑛−1      𝛼𝑛−1    𝜌𝑛 

 

(𝛼𝑛−1)
2      𝛼𝑛−1𝜌𝑛 

 

(𝛼𝑛−1)
3 
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are subquivers of (𝒬𝑛−1)𝑦𝑛−1, and 𝑃𝑥𝑛−1 is represented by: 

 

 

 

 

 

 

 

 

 

With similar considerations as in I) we obtain that the same filtrations fits. 

(iii) In the last possible case we have 𝐴𝑛−1(𝑥𝑛−1, 𝑧𝑛−1) = 0 for all points 𝑧𝑛−1 ∉

(𝒬𝑛−1)𝑃𝑛−1. Hence 𝑃𝑥𝑛−1 is represented by: 

 

 

 

 

 

 

 

 

 

 

As a Λ-Module, 𝑀 ∶= 𝑃𝑥𝑛−1 〈(𝛼𝑛−1)
2〉⁄  has finite projective dimension since 〈(𝛼𝑛−1)

2〉 has 

𝑆𝑥𝑛−1 as the only composition factor. Let 𝐾 be the kernel of the epimorphism 𝑀 →

〈(𝛼𝑛−1)
2〉, 𝑒𝑥𝑛−1 ⟼ (𝛼𝑛−1)

2, then 𝐾 = 〈𝜌𝑛〉 〈(𝛼𝑛−1)
2〉⁄ ⊕ 〈𝛼𝑛−1𝜌𝑛〉 〈(𝛼𝑛−1)

3〉⁄  has finite 

projective dimension. Moreover, pdimΛ〈𝜌𝑛〉, pdimΛ〈𝛼𝑛−1𝜌𝑛〉 < ∞. Since 

       𝑒𝑥𝑛−1 

 

       𝛼𝑛−1        𝜌𝑛 

 

(𝛼𝑛−1)
2    𝛼𝑛−1𝜌𝑛    𝜌𝑛𝛿𝑛−1 

 

      (𝛼𝑛−1)
3 

                          𝑒𝑥𝑛−1                    𝜌𝑛 

 

          𝛼𝑛−1𝜌𝑛              𝛼𝑛−1             𝜌𝑛𝜌𝑛+1 

 

                    𝛼𝑛−1𝜌𝑛𝜌𝑛+1    (𝛼𝑛−1)2            𝜌𝑛𝜌𝑛+1…𝜌𝑛+𝑠−2 

 

               𝛼𝑛−1𝜌𝑛𝜌𝑛…𝜌𝑛+𝑠−2              (𝛼𝑛−1)3 
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0 → 〈𝛼𝑛−1𝜌𝑛〉 → 〈𝛼𝑛−1〉
𝜆𝛼𝑛−1
→   〈(𝛼𝑛−1)

2〉 → 0 

is exact, pdimΛ〈𝛼𝑛−1〉 < ∞. Thus the same filtrations as in the first two cases fits again. 

Corollary (4.3.29)[250]: With above notations let 𝐴𝑛−1 = Λ(𝑥𝑛−1) be mild and non-standard. 

There exist 𝛼𝑛−1-filtrations ℱ of 𝑃𝑥𝑛−1 having finite projective dimension. 

Proof. If 𝐴𝑛−1 is non-standard, then 𝐴𝑛−1 is representation finite by [145], char 𝐤 = 2 and 

there are penny-farthings in 𝐴 𝑛−1 by [146]. Since Corollary (4.3.27) remains valid, the penny-

farthings ((𝛼𝑛−1)
2, 𝜌𝑛…𝜌𝑛+𝑠−1), 𝜌𝑛+𝑖−1: 𝑧𝑛+𝑖−1 → 𝑧𝑛+𝑖 , 𝑧𝑛 = 𝑧𝑛+𝑠 = 𝑥𝑛−1, are unique. By 

[146] the difference between 𝐴𝑛−1 and 𝐴𝑛−1 in the composition of the arrows shows up in the 

graphs of the projectives to 𝑧𝑛+1, … , 𝑧𝑛+𝑠−1 only. Thus the graph of 𝑃𝑥𝑛−1 remains the same in 

all three cases of the proof of Corollary (4.3.28) and the filtrations constructed there still do 

the job. 

Corollary (4.3.30)[250]: Let 𝐴𝑛−1 = 𝐴̅𝑛−1be a standard 𝐤-algebra. Consider rays 

(𝑣𝑛−1)𝑖 , (𝑤𝑛−1)𝑗 ∈ 𝐴 ⃗⃗  ⃗𝑛−1\{0} for 𝑖 = 1…𝑛 and 𝑗 = 1…𝑚 such that (𝑣𝑛−1)𝑙 ≠ (𝑣𝑛−1)𝑘 and 

(𝑤𝑛−1)𝑙 ≠ (𝑤𝑛−1)𝑘 for 𝑙 ≠ 𝑘. If there are (𝜆𝑛−1)𝑖 , (𝜇𝑛−1)𝑗 ∈ 𝑘\{0} such that 

∑ (𝜆𝑛−1)𝑖(𝑣𝑛−1)𝑖
𝑛
𝑖=1 = ∑ (𝜇𝑛−1)𝑗(𝑤𝑛−1)𝑗

𝑚
𝑗=1 , then 𝑛 = 𝑚 and there exist permutations 𝜋 ∈

𝑆𝑛−1(𝑛) such that (𝑣𝑛−1)𝑖 = (𝑤𝑛−1)𝜋(𝑖) and (𝜆𝑛−1)𝑖 = (𝜇𝑛−1)𝜋(𝑖) for 𝑖 = 1…𝑛. 

Proof. Since the set of non-zero rays in 𝐴 ⃗⃗  ⃗𝑛−1 forms a basis of 𝐴𝑛−1, it is linearly independent 

and the claim follows. 

We denote by ℒ the set of all long morphisms in 𝐴 ⃗⃗  ⃗𝑛−1. By 𝜇𝑛−1 we denote some long 

morphisms 𝜈𝑛−1(𝛼𝑛−1)
𝑡𝜈′𝑛−1 which exist since (𝛼𝑛−1)

𝑡 ≠ 0. 

Corollary (4.3.31)[250]: Using the above notations we have: 

〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0 

Proof. We assume to the contrary that 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 ≠ 0. Then, by Corollary (4.3.30), 

there are rays 𝜐𝑛−1, 𝑤𝑛−1 ∈𝐴⃗⃗ 𝑛−1 such that 𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0. We claim that 

 

 

 

 

 𝐷𝑛−1 ≔   •   𝛽𝑛𝑤𝑛−1  𝛽𝑛−1  • 

 (𝛼𝑛−1)
𝑡−1                                 𝜐𝑛−1 

                   •                           •  
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are cleaving diagrams in 𝐴 ⃗⃗  ⃗𝑛−1. It is of representation-infinite, Euclidean type (𝐴̃𝑛−1)3. Since 

all morphisms occurring in 𝐷𝑛−1 are not long, the long morphisms 𝜇𝑛−1 = 𝜈𝑛−1(𝛼𝑛−1)
𝑡𝜈′𝑛−1 

do not occurs in 𝐷𝑛−1 and 𝐷𝑛−1 still cleaving in 𝐴 ⃗⃗  ⃗𝑛−1 𝜇𝑛−1⁄  by [145]. Thus 𝐴 ⃗⃗  ⃗𝑛−1 𝜇𝑛−1⁄  is 

representation-infinite contradicting the mildness of 𝐴𝑛−1. 

Now we show (using [145)], that 𝐷𝑛−1 is cleaving. First of all we assume that there is a ray 

𝜌𝑛−1 with 𝜌𝑛−1𝛽̃𝑛−1 = (𝛼𝑛−1)
𝑡−1. Then we get 0 ≠ (𝛼𝑛−1)

𝑡 = 𝛼𝑛−1𝜌𝑛−1𝛽̃𝑛−1 = 𝛽𝑛𝛽̃𝑛−1, 

whence 𝛼𝑛−1𝜌𝑛−1 = 𝛽𝑛 by the cancellation law. This contradicts the fact that 𝛽𝑛 is an arrow. 

In a similar way it can be shown that 𝜌𝑛−1(𝛼𝑛−1)
𝑡−1 = 𝛽̃𝑛−1, 𝜌𝑛−1𝜐𝑛−1 = 𝛽𝑛𝑤𝑛−1 and 

𝜌𝑛−1𝛽𝑛𝑤𝑛−1 = 𝜐𝑛−1 are impossible. 

The following four cases are left to exclude. 

(i) (𝛼𝑛−1)
𝑡−1𝜌𝑛−1 = 𝛽𝑛𝑤𝑛−1: Left multiplication with 𝛼𝑛−1 gives us (𝛼𝑛−1)

𝑡𝜌𝑛−1 =

𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0. Hence there is a non-deep contour 

((𝛼𝑛−1)
𝑡−1𝜌𝑛…𝜌𝑛+𝑘−1, 𝛽𝑛𝑤𝑛…𝑤𝑛+𝑙−1) in 𝐴 ⃗⃗  ⃗𝑛−1. Here 𝜌𝑛−1 = 𝜌𝑛…𝜌𝑛+𝑘−1 resp. 

𝑤𝑛−1 = 𝑤𝑛…𝑤𝑛+𝑙−1 is a product of irreducible rays (arrows). Since the arrow 𝛽𝑛 is in 

the contour, the cycle 𝛽𝑛𝛽̃𝑛−1 and the loop 𝛼𝑛−1 belong to the contour. Hence they 

can only be penny-farthings by the structure theorem for non-deep contours [144]. 

But this case is excluded in the current section. 

(ii) 𝛽̃𝑛−1𝜌𝑛−1 = 𝜐𝑛−1: We argue as before and deduce 𝛽𝑛𝛽̃𝑛−1𝜌𝑛−1 = 𝛽𝑛𝜐𝑛−1 =

(𝛼𝑛−1)
𝑡𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0. Hence there is a non-deep contour 

((𝛼𝑛−1)
𝑡𝜌𝑛…𝜌𝑛+𝑘−1, 𝛽𝑛𝑤𝑛…𝑤𝑛+𝑙−1) leading again to a contradiction. 

(iii) 𝛽𝑛𝑤𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
𝑡−1: Since 𝑡 − 1 < 𝑡 we have a contradiction to the minimality 

of 𝑡. 

(iv) 𝜐𝑛−1𝜌𝑛−1 = 𝛽̃𝑛−1:Then𝛽𝑛𝜐𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽̃𝑛−1 = (𝛼𝑛−1)
𝑡 = 𝛼𝑛−1𝛽𝑛𝜐𝑛−1𝜌𝑛−1 ≠ 0. 

Using the cancellation law we get (𝛼𝑛−1)
𝑡−1 = 𝛽𝑛𝜐𝑛−1𝜌𝑛−1 a contradiction as before. 

Corollary (4.3.32)[250]: If 𝑡 ≥ 3 and ℒ ⊈ {(𝛼𝑛−1)
3, (𝛼𝑛−1)

2𝛽𝑛}, then (𝛼𝑛−1)
2𝛽𝑛 = 0. 

Proof. If (𝛼𝑛−1)
2𝛽𝑛 ≠ 0, then 
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are cleaving diagrams of Euclidian type (𝐷̃𝑛−1)5 in 𝐴 ⃗⃗  ⃗𝑛−1. It is cleaving since: 

(i) (𝛼𝑛−1)
𝑡 = 𝛽𝑛𝜌𝑛−1 ≠ 0 contradicts the choice of  𝜖 ≥ 0. 

(ii) 𝛼𝑛−1𝛽𝑛 = 𝛽𝑛𝜌𝑛−1 ≠ 0 contradicts Corollary (4.3.31). 

It is also cleaving in 𝐴 ⃗⃗  ⃗𝑛−1 𝜂𝑛−1⁄  for 𝜂𝑛−1 ∈ ℒ\{(𝛼𝑛−1)
3, (𝛼𝑛−1)

2𝛽𝑛} ≠ ∅ contradicting the 

mildness of 𝐴𝑛−1. 

Corollary (4.3.33)[250]: If 〈(𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0 = 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉, then 〈(𝛼𝑛−1)

2, 𝛽𝑛〉 ∩

〈𝛼𝑛−1𝛽𝑛〉 = 0. 

Proof. Let (𝛼𝑛−1)
2𝑢𝑛−1 + 𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0 be an element in 〈(𝛼𝑛−1)

2, 𝛽𝑛〉 ∩

〈𝛼𝑛−1𝛽𝑛〉. By Corollary (4.3.30) we can assume that 𝑢𝑛−1, 𝜐𝑛−1, 𝑤𝑛−1 are rays and the 

following two cases might occur: 

(i) 𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0: This is a contradiction since 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. 

(ii) (𝛼𝑛−1)
2𝑢𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0: This is impossible because 〈(𝛼𝑛−1)

2〉 ∩

〈𝛼𝑛−1𝛽𝑛〉 = 0. 

Corollary (4.3.34)[250]: If (𝑥𝑛−1)
+ = {𝛼𝑛−1, 𝛽𝑛} and ℒ ⊆ {(𝛼𝑛−1)

3, (𝛼𝑛−1)
2𝛽𝑛}, then there 

exist 𝛼𝑛−1-filtrations ℱ of 𝑃𝑥𝑛−1 having finite projective dimensions. 

Proof. We treat two cases: 

(i) 𝛼𝑛−1𝛽𝑛 = 0: Then for 〈(𝛼𝑛−1)
𝑘〉 with 𝑘 ≥ 1 only 𝑆𝑥𝑛−1  is possible as a composition 

factor; hence pdimΛ〈(𝛼𝑛−1)
𝑘〉 < ∞. Thus 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃ 〈(𝛼𝑛−1)

2〉 ⊃

〈(𝛼𝑛−1)
3〉 ⊃ 0 are the wanted 𝛼𝑛−1-filtrations. 

(ii) 𝛼𝑛−1𝛽𝑛 ≠ 0: Since (𝛼𝑛−1)
3 and (𝛼𝑛−1)

2𝛽𝑛 are the only morphisms in 𝐴⃗⃗ 𝑛−1 which 

can be long, we have 𝑡 = 3, 0 ≠ (𝛼𝑛−1)
3 ∈ ℒ, 〈𝛼𝑛−1𝛽𝑛〉 = 𝐤𝛼𝑛−1𝛽𝑛 ≅ 𝑆𝑦𝑛−1 and 

〈(𝛼𝑛−1)
2𝛽𝑛〉 ∈ {𝐤(𝛼𝑛−1)

2𝛽𝑛, 0}. 

    𝐷𝑛−1 ≔•
     𝛼𝑛−1     
→      •

    𝛽𝑛     
→    •  

                  𝛼𝑛−1 

•
       𝛼𝑛−1    
←       •

    𝛽𝑛     
→    • 
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Now we show that 〈(𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. If there are rays 𝜐𝑛−1 = 𝜐𝑛…𝜐𝑛+𝑠−1,

𝑤𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1 with irreducible 𝜐𝑛+𝑖−1, 𝑖 = 1… , 𝑠 such that (𝛼𝑛−1)
2𝜐𝑛−1 =

𝛼𝑛−1𝛽𝑛𝑤𝑛−1 ≠ 0, then 𝑠 > 0 because 𝑠 = 0 would contradict the irreducibility of 

𝛼𝑛−1. Therefore 𝜐𝑛 = 𝛼𝑛−1 or 𝜐𝑛 = 𝛽𝑛. 

(a) If 𝜐𝑛 = 𝛼𝑛−1, then 𝜐𝑛−1
′ = 𝜐𝑛+1…𝜐𝑛+𝑠−1 = 𝑖𝑑 since (𝛼𝑛−1)

3 is long and 0 ≠

(𝛼𝑛−1)
2𝑣𝑛−1 = (𝛼𝑛−1)

3𝜐𝑛−1
′ . Hence 0 ≠ (𝛼𝑛−1)

3 = (𝛼𝑛−1)
2𝑣𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 

and (𝛼𝑛−1)
3 = 𝛽𝑛𝑤𝑛−1 contradicts the minimality of 𝑡. 

(b) If 𝜐𝑛 = 𝛽𝑛, then 0 ≠ (𝛼𝑛−1)
2𝜐𝑛−1 = (𝛼𝑛−1)

2𝛽𝑛𝜐𝑛−1
′ = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1; hence 0 ≠

𝛼𝑛−1𝛽𝑛𝜐𝑛−1
′ = 𝛽𝑛𝑤𝑛−1 ∈ 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. 

Since 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 〈(𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉, we deduce 〈𝛽𝑛, (𝛼𝑛−1)

2𝛽𝑛, 𝛼𝑛−1𝛽𝑛〉 =

〈𝛽𝑛, (𝛼𝑛−1)
2〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉 by Corollary (4.3.33). Therefore the graph of 𝑃𝑥𝑛−1 has the following 

shape: 

 

 

 

 

 

 

 

 

 

Here 〈𝛽𝑛〉 stands for the graph of the submodule 〈𝛽𝑛〉 which is not known explicitly. Consider 

the module 𝑀 defined by the following exact sequence: 

0 → 〈𝛽𝑛, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 → 𝑃𝑥𝑛−1 → 𝑀 → 0 

Then pdimΛ𝑀 < ∞ since 𝑀 is filtered by 𝑆𝑥𝑛−1 and pdimΛ(〈𝛽𝑛, (𝛼𝑛−1)
2〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉) =

pdimΛ〈𝛽𝑛, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 < ∞. Thus pdimΛ(〈𝛼𝑛−1𝛽𝑛〉 ≅ 𝑆𝑥𝑛−1) is finite too and the 

wanted 𝛼𝑛−1-filtrations are 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊃ 〈(𝛼𝑛−1)

3〉 ⊃ 0. 

    𝑒𝑥𝑛−1 

 

𝛼𝑛−1                   〈𝛽𝑛〉 

 

(𝛼𝑛−1)
2      𝛼𝑛−1𝛽𝑛 

 

(𝛼𝑛−1)
3     (𝛼𝑛−1)

2𝛽𝑛 



166 
 

Corollary (4.3.35)[250]: If 𝑥𝑛−1
+ = {𝛼𝑛−1, 𝛽𝑛}, 𝑡 ≥ 3 and ℒ ⊈ {(𝛼𝑛−1)

3, (𝛼𝑛−1)
2𝛽𝑛}, then 

(𝛼𝑛−1)
2𝜌𝑛−1 = 0 for all rays 𝜌𝑛−1 ∉ {𝑒𝑥𝑛−1 , 𝛼𝑛−1, … , (𝛼𝑛−1)

𝑡−2}. Moreover, 〈(𝛼𝑛−1)
2〉 ∩

〈𝛼𝑛−1𝛽𝑛〉 = 0. 

Proof. Let 𝜌𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1 with (𝛼𝑛−1)
2𝜌𝑛−1 ≠ 0 be written as a composition of irreducible rays 

𝜌𝑛−1 = 𝜌𝑛…𝜌𝑛+𝑠−1. Then the following two cases are possible: 

(i) 𝜌𝑛−1 = (𝛼𝑛−1)
𝑠: Since 0 ≠ (𝛼𝑛−1)

2𝜌𝑛−1 = (𝛼𝑛−1)
2+𝑠 and (𝛼𝑛−1)

𝑡+1 = 0 we have 𝑠 ≤

𝑡 − 2 and 𝜌𝑛−1 = (𝛼𝑛−1)
𝑠 ∈ {𝑒𝑥𝑛−1 , 𝛼𝑛−1, … , (𝛼𝑛−1)

𝑡−2}. 

(ii) There exists a minimal 1 ≤ 𝑖 ≤ 𝑠 such that 𝜌𝑛+𝑖−1 ≠ 𝛼𝑛−1. Since (𝑥𝑛−1)
+ = {𝛼𝑛−1, 𝛽𝑛}, 

we have 𝜌𝑛+𝑖−1 = 𝛽𝑛 and 0 ≠ (𝛼𝑛−1)
2𝜌𝑛−1 = (𝛼𝑛−1)

1+𝑖𝛽𝑛𝜌𝑛+𝑖 …𝜌𝑛+𝑠−1 = 0 by 

Corollary (4.3.32). 

If 0 ≠ (𝛼𝑛−1)
2𝜐𝑛−1 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1, then 𝜐𝑛−1 = (𝛼𝑛−1)

𝑠 with 0 ≤ 𝑠 ≤ 𝑡 − 2. Hence 0 =

(𝛼𝑛−1)
2𝜐𝑛−1 = (𝛼𝑛−1)

𝑠+2 = 𝛼𝑛−1𝛽𝑛𝑤𝑛−1 and (𝛼𝑛−1)
𝑠+1 = 𝛽𝑛𝑤𝑛−1 by cancellation law. This 

contradicts the minimality of 𝑡. 

Corollary (4.3.36)[250]: If 𝑥𝑛−1
+ = {𝛼𝑛−1, 𝛽𝑛}, 𝑡 ≥ 3 and ℒ ⊈ {(𝛼𝑛−1)

3, (𝛼𝑛−1)
2𝛽𝑛}, then 

〈(𝛼𝑛−1)
2, 𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. 

Proof. The claim is trivial using Corollarys (4.3.10), (4.3.12) and (4.3.14). 

Corollary (4.3.37)[250]: If 𝑥𝑛−1
+ = {𝛼𝑛−1, 𝛽𝑛}, then there exist 𝛼𝑛−1-filtrations ℱ of 𝑃𝑥𝑛−1 

having finite projective dimension. 

Proof. If ℒ ⊆ {(𝛼𝑛−1)
3, (𝛼𝑛−1)

2𝛽𝑛}, then the claim is the statement of Corollary (4.3.24). If 

ℒ ⊈ {(𝛼𝑛−1)
3, (𝛼𝑛−1)

2𝛽𝑛}, then we consider the value of 𝑡: 

(i) 𝑡 = 2: Then the graph of 𝑃𝑥𝑛−1 has the following shape: 

 

 

 

 

 

 

 

 

𝑒𝑥𝑛−1  

 

𝛼𝑛−1     〈𝛽𝑛〉 

 

(𝛼𝑛−1)
2    〈𝛼𝑛−1𝛽𝑛〉 

 

〈(𝛼𝑛−1)
2𝛽𝑛〉 
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Let a subquotient 𝑀 of 𝑃𝑥𝑛−1 be defined by the following exact sequence: 

0 → 〈𝛽𝑛, 𝛼𝑛−1𝛽𝑛〉 → 𝑃𝑥𝑛−1 → 𝑀 → 0 

Then 𝑀 and 〈𝛽𝑛, 𝛼𝑛−1𝛽𝑛〉 have finite projective dimension in mod-Λ. By Corollary (4.3.31) 

we have 〈𝛽𝑛, 𝛼𝑛−1𝛽𝑛〉 = 〈𝛽𝑛〉  ⊕ 〈𝛼𝑛−1𝛽𝑛〉; hence pdimΛ〈𝛽𝑛〉 and pdimΛ〈𝛼𝑛−1𝛽𝑛〉 are 

both finite. 

Let 𝐾 be the kernel of the epimorphism 𝜆(𝛼𝑛−1): 〈𝛽𝑛〉 → 〈𝛼𝑛−1𝛽𝑛〉, 𝜆(𝛼𝑛−1)(𝜌𝑛−1) =

𝛼𝑛−1𝜌𝑛−1. Then pdimΛ𝐾 < ∞ and for the 𝛼𝑛−1-filtrations ℱ we take the following: 

𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1𝛽𝑛〉 ⊃ 〈𝛽𝑛〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉 ⊃ 〈𝛼𝑛−1𝛽𝑛〉 ⊕ 𝐾 ⊃ 𝐾 ⊃ 0. 

(ii) 𝑡 ≥ 3: Consider the following exact sequences: 

0 →, 〈𝛼𝑛−1, 𝛽𝑛〉 → 𝑃𝑥𝑛−1 → 𝑆𝑥𝑛−1 → 0 

0 → 〈(𝛼𝑛−1)
2, 𝛽𝑛 , 𝛼𝑛−1𝛽𝑛〉 → 〈𝛼𝑛−1, 𝛽𝑛〉 → 𝑆𝑥𝑛−1 → 0 

Hence pdimΛ〈𝛼𝑛−1, 𝛽𝑛〉 and pdimΛ〈(𝛼𝑛−1)
2, 𝛽𝑛, 𝛼𝑛−1𝛽𝑛〉 are finite. By Corollary (4.3.36) 

〈(𝛼𝑛−1)
2, 𝛽𝑛 , 𝛼𝑛−1𝛽𝑛〉 = 〈(𝛼𝑛−1)

2, 𝛽𝑛〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉, that means pdimΛ〈𝛼𝑛−1𝛽𝑛〉 is finite 

too. With Corollary (4.3.35) it is easily seen that for 2 ≤ 𝑘 ≤ 𝑡 the module 〈(𝛼𝑛−1)
𝑘〉 is a 

uniserial module with 𝑆𝑥𝑛−1  as the only composition factor. Hence pdimΛ〈(𝛼𝑛−1)
𝑘〉 is 

finite for 2 ≤ 𝑘 ≤ 𝑡. There by we have the wanted 𝛼𝑛−1-filtrations 

𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1, 𝛽𝑛〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉 ⊃ 〈(𝛼𝑛−1)

3〉 ⊃ 〈(𝛼𝑛−1)
4〉 ⊃. . . ⊃ 〈(𝛼𝑛−1)

𝑡〉 ⊃ 0. 

With previous notations (𝑥𝑛−1)
+ = {𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1}, ((𝛼𝑛−1)

𝑡 , 𝛽𝑛𝛽𝑛+1…𝛽𝑛+𝑟−1) is a 

contour in 𝐴⃗⃗ 𝑛−1, 𝑡 ≥ 2, (𝛼𝑛−1)
𝑡+1 = 0, 𝛽̃𝑛−1 ≔ 𝛽𝑛+1…𝛽𝑛+𝑟−1 and  𝜇

𝑛−1
= 𝜈𝑛−1(𝛼𝑛−1)

𝑡𝜈′′𝑛−1 

is a long morphism in 𝐴⃗⃗ 𝑛−1. 

Corollary (4.3.38)[250]: If 𝑟 = 2 and 𝛿𝑛−1: 𝑧′𝑛−1 → 𝑧𝑛−1 is an arrow in (𝒬𝑛−1)𝐴𝑛−1 ending in 

𝑧𝑛−1 = 𝑒𝑛−1(𝛾𝑛−1), then 𝛿𝑛−1 = 𝛾𝑛−1. 

Proof. Assume to the contrary that  𝛾𝑛−1 ≠ 𝛿𝑛−1: 𝑧′𝑛−1 → 𝑧𝑛−1, then there is no arrow 𝛽𝑛 ≠

𝜀𝑛−1: 𝑦′𝑛−1 → 𝑦𝑛−1 in (𝒬𝑛−1)Λ. If there is such an arrow, then by the definition of a 

neighborhood 𝜀𝑛−1 belongs to (𝒬𝑛−1)𝐴𝑛−1. This arrow induces an irreducible ray 𝛽𝑛 ≠

𝜀𝑛−1: 𝑦′𝑛−1 → 𝑦𝑛−1 in 𝐴 ⃗⃗  ⃗𝑛−1 and 
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is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1 of Euclidian type (𝐸̃𝑛−1)6. 

Corollary (4.3.39)[250]: If 𝛼𝑛−1𝛾𝑛−1 ≠ 0, then 𝛽𝑛𝜐𝑛−1 ≠ 𝛼𝑛−1𝛾𝑛−1 ≠ 𝛾𝑛−1𝑤𝑛−1 for all rays 

𝜐𝑛−1, 𝑤𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1. 

Proof. 

(i) Assume that there exists a ray 𝜐𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1 such that 𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 ≠ 0. Then 

 

 

 

 

is a cleaving diagram of Euclidian type e (𝐴̃𝑛−1)3 in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

(a) For 𝛾𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
𝑡−1 or 𝜐𝑛−1𝜌𝑛−1 = 𝛽̃𝑛−1 we have 𝛼𝑛−1𝛾𝑛−1𝜌𝑛−1 =

𝛽𝑛𝜐𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽̃𝑛−1 = (𝛼𝑛−1)
𝑡 ≠ 0. Thus (𝛼𝑛−1)

𝑡−1 = 𝛼𝑛−1𝜌𝑛−1 contradicts the 

choice of 𝑡. 

(b) If (𝛼𝑛−1)
𝑡−1𝜌𝑛−1 = 𝛾𝑛−1 or 𝛽̃𝑛−1𝜌𝑛−1 = 𝜐𝑛−1, then (𝛼𝑛−1)

𝑡𝜌𝑛−1 = 𝛽𝑛𝛽̃𝑛−1𝜌𝑛−1 =

𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 ≠ 0. Then (𝛼𝑛−1)
𝑡𝜌𝑛−1 = 𝛾𝑛−1 contradicts the irreducibility of 

𝛾𝑛−1. 

(ii) Assume that there exist rays 𝑤𝑛−1 = 𝑤𝑛. . . 𝑤𝑛+𝑠−1: 𝑧𝑛−1 ⇝ 𝑧𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1 with 

irreducible 𝑤𝑛+𝑖−1 such that 𝛾𝑛−1𝑤𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 ≠ 0. 

𝑟 = 2: Since 𝑤𝑛+𝑠−1 is an irreducible ray ending in 𝑧𝑛−1, 𝑤𝑛+𝑠−1 = 𝛾𝑛−1 by Corollary 

(4.3.38). Thus we get a contradiction 𝛾𝑛−1𝑤𝑛+𝑠−1…𝑤𝑛+𝑠−2 = 𝛼𝑛−1. 

𝐷𝑛−1 ≔•
    𝛿𝑛−1    
→     •

    𝛾𝑛−1    
←     •

    𝛽𝑛    
→    •

    𝜀𝑛−1      
←      • 

                             𝛼𝑛−1 

                • 

                             𝛽𝑛+1 

                • 

 𝐷𝑛−1 ≔ •    (𝛼𝑛−1)
𝑡−1𝜐𝑛−1  • 

       𝛾𝑛−1                                     𝛽𝑛−1 

                 •                               •  



161 
 

         𝐷𝑛−1 ≔•
 𝑤𝑛+𝑠−2 
→     •

    𝑤𝑛+𝑠−1    
→       •

    𝛾𝑛−1    
←     •

    𝛼𝑛−1   
→     •

      𝛽𝑛+𝑟−1      
←         •

    𝛽𝑛+𝑟−2    
→       • 

      𝛽𝑛 

                                             (3)                                         (4) 

• 

𝑟 ≥ 3: We look at the value of s. If 𝑠 = 1, then 𝑤𝑛−1 = 𝑤𝑛 is a loop and 

 

 

 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

If 𝑠 ≥ 2, then 

 

 

 

 

 

is cleaving in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

  We still have to show that not any morphisms indicated by the dotted lines make the 

diagrams commute. 

(a) : 𝛾𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽𝑛+1, with 𝜌𝑛−1 = 𝜌𝑛…𝜌𝑛+𝑙−1. If 𝜌𝑛−1 = (𝑤𝑛)
𝑙 = 𝑤𝑛

𝑙 , then 𝛽𝑛𝛽𝑛+1 =

𝛾𝑛−1𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1
𝑙 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1

𝑙 and 𝛽𝑛𝛽𝑛+1…𝛽𝑛+𝑟−1 = (𝛼𝑛−1)
𝑡 =

𝛼𝑛−1𝛾𝑛−1(𝑤𝑛−1)
𝑙−1  𝛽𝑛+2…𝛽𝑛+𝑟−1 ≠ 0. Therefore (𝛼𝑛−1)

𝑡−1 = 

𝛾𝑛−1𝑤𝑛−1
𝑙−1𝛽𝑛+2…𝛽𝑛+𝑟−1 is a contradiction. If 𝜌𝑛−1 ≠ (𝑤𝑛)

𝑙, then one of the irreducible 

rays 𝜌𝑛+𝑖−1 ≠ 𝑤𝑛+𝑖−1 starts in 𝑧𝑛−1 and 

 

 

 

 

𝐷𝑛−1 ≔•
 𝜌𝑛+𝑖−1 
→     •

    𝑤𝑛    
→    •

    𝛾𝑛−1    
←     •

    𝛼𝑛−1     
→      •

      𝛽𝑛+𝑟−1      
←         •

    𝛽𝑛+𝑟−2    
→       •  

                               𝛽𝑛 

                                                                    •                  (4)  

 𝐷𝑛−1 ≔•
    𝑤𝑛=𝑤𝑛−1    
→         •

    𝛾𝑛−1    
←     •

    𝛼𝑛−1    
→     •

    𝛽𝑛+𝑟−1      
←        •  

               𝛽𝑛 

       (1)                      
 
•                   (2) 

              

 

        • 

𝛽𝑛+1 
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is cleaving in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

(b) : If 𝛼𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽𝑛+1, then 𝛼𝑛−1𝜌𝑛−1𝛽𝑛+2…𝛽𝑛+𝑟−1 = 𝛽𝑛𝛽𝑛+1…𝛽𝑛+𝑟−1 =

(𝛼𝑛−1)
𝑡 ≠ 0 and (𝛼𝑛−1)

𝑡−1 = 𝜌𝑛−1𝛽𝑛+2…𝛽𝑛+𝑟−1 contradicts the minimality of 𝑡. 

(c) : If 𝜌𝑛−1𝛾𝑛−1 = 𝑤𝑛+𝑠−2𝑤𝑛+𝑠−1, then 𝛾𝑛−1𝑤𝑛…𝑤𝑛+𝑠−3𝜌𝑛−1𝛾𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 =

𝛼𝑛−1𝛾𝑛−1 ≠ 0 and 𝛼𝑛−1 = 𝛾𝑛−1𝑤𝑛…𝑤𝑛+𝑠−3𝜌𝑛−1 contradicts the irreducibility of 𝛼𝑛−1. 

(d) : If 𝜌𝑛−1𝛼𝑛−1 = 𝛽𝑛+𝑟−2𝛽𝑛+𝑟−1, then 𝛽𝑛𝛽𝑛+1…𝛽𝑛+𝑟−3𝜌𝛼𝑛−1 = 𝛽𝑛𝛽𝑛+1… 𝛽𝑛+𝑟−1 =

(𝛼𝑛−1)
𝑡 ≠ 0 and (𝛼𝑛−1)

𝑡−1 = 𝛽𝑛𝛽𝑛+1…𝛽𝑛+𝑟−3𝜌𝑛−1 contradicts the minimality of 𝑡. 

Corollary (4.3.40)[250]: If 𝑡 ≥ 3, then 𝛼𝑛−1𝛾𝑛−1 = 0. 

Proof. Assume that 𝛼𝑛−1𝛾𝑛−1 ≠ 0, then 

 

 

 

 

 

is a cleaving diagram of Euclidian type in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. It is cleaving since: 

(i) 𝛾𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 or 𝛽𝑛𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 contradicts Corollary (4.3.30), 

(ii) 𝛾𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
2 or 𝛽𝑛𝜌𝑛−1 = (𝛼𝑛−1)

2 contradicts the minimality of 𝑡 ≥ 3. 

Corollary (4.3.41)[250]: 

(a) If ℒ ⊈ {(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}, then 𝛼𝑛−1𝛽𝑛 = 0 or 𝛼𝑛−1𝛾𝑛−1 = 0. 

(b) If (𝛼𝑛−1)
2𝛽𝑛 ≠ 0, then 𝛾𝑛−1𝑤𝑛−1 ≠ 𝛼𝑛−1𝛽𝑛 for all 𝑤𝑛−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1. 

Proof. 

(a) If 𝛼𝑛−1𝛽𝑛 ≠ 0 and 𝛼𝑛−1𝛾𝑛−1 ≠ 0, then 

 

 

 

 

 

 

    𝐷𝑛−1 ≔•
       𝛾𝑛−1    
←      •

    𝛽𝑛     
→    •     

                       𝛼𝑛−1 

        •
       𝛾𝑛−1    
←      •

    𝛼𝑛−1     
→      • 

                       𝐷𝑛−1 ≔    • 

                  𝛼𝑛−1 

        •
               𝛾𝑛−1        
←           •

         𝛽𝑛             
→         •     

                   𝛼𝑛−1 

       • 
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is a cleaving diagram of Euclidian type (𝐷̃𝑛−1)4 in 𝐴 ⃗⃗  ⃗𝑛−1. It is still cleaving in 𝐴 ⃗⃗  ⃗𝑛−1/𝜂𝑛−1 for    

𝜂𝑛−1 ∈ ℒ\{(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1} ≠ ∅. 

(b) Since (𝛼𝑛−1)
2𝛽𝑛 ≠ 0, we have 𝛼𝑛−1𝛾𝑛−1 = 0 by a). But 𝛾𝑛−1𝑤𝑛−1 = 𝛼𝑛−1𝛽𝑛 leads to 

the contradiction 0 ≠ (𝛼𝑛−1)
2𝛽𝑛 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 = 0. 

Corollary (4.3.42)[250]: If 𝑡 = 2 or ℒ ⊈ {(𝛼𝑛−1)
𝑡 , (𝛼𝑛−1)

2𝛽𝑛}, then: 

(a) (𝛼𝑛−1)
2𝛽𝑛 = 0 = (𝛼𝑛−1)

2𝛾𝑛−1, (𝛼𝑛−1)
2𝜌𝑛−1 = 0 for all rays 

 𝜌𝑛−1 ∉ {𝑒𝑥𝑛−1 , (𝛼𝑛−1), … , (𝛼𝑛−1)
𝑡−2}. 

(b) 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛾𝑛−1〉 = 0. 

(c) If 〈𝛾𝑛−1〉 ∩ 〈𝛽𝑛〉 =  0, then 〈𝛾𝑛−1〉 ∩ 〈(𝛼𝑛−1)
2〉 =  0. 

(d) 〈𝛾𝑛−1〉 ∩  〈(𝛼𝑛−1)
𝑡〉 =  0 or 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉  =  0. 

(e) 〈𝛾𝑛−1〉  ∩  〈𝛼𝑛−1𝛽𝑛〉  =  0 or 〈𝛾𝑛−1〉 ∩  〈𝛽𝑛〉 =  0. 

(f) 〈𝛼𝑛−1𝛽𝑛〉 ∩ 〈(𝛼𝑛−1)
2〉 =  0 and 〈𝛼𝑛−1𝛾𝑛−1〉 ∩ 〈(𝛼𝑛−1)

2〉  =  0. 

Proof. 

(a) Consider the case 𝑡 = 2. 

(i) If (𝛼𝑛−1)
2𝛽𝑛 ≠ 0, then 𝛽𝑛+𝑟−1𝛽𝑛 ≠ 0 and 

 

 

 

 

 

is a cleaving diagram of Euclidian type (𝐷̃𝑛−1)5 in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. The diagram is cleaving 

because: 

 𝛽𝑛𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛 ≠ 0 is a contradiction of Corollary (4.3.31), 

 𝛾𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛 ≠ 0 contradicts Corollary (4.3.41)(b). 

(ii) If (𝛼𝑛−1)
2𝛾𝑛−1 ≠ 0, then 𝛽𝑛+𝑟−1𝛾𝑛−1 ≠ 0 and 

 

 

           •
       𝛾𝑛−1    
←      •

    𝛽𝑛     
→    • 

            𝛼𝑛−1 

•
          𝛽𝑛        
←       •

          𝛽𝑛+𝑟−1      
→          • 



161 
 

 

 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. It is cleaving since 𝛽𝑛𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 resp. 

𝛾𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 contradicts Corollary (4.3.40). 

In the case 𝑡 ≥ 3, 𝛼𝑛−1
2 𝛾𝑛−1 = 0 by Corollary (4.3.41). If 𝑡 = 3, then ℒ ⊈ {(𝛼𝑛−1)

3, (𝛼𝑛−1)
2𝛽𝑛} 

by assumption. If 𝑡 > 3, then 𝜇𝑛−1 = 𝜈𝑛−1(𝛼𝑛−1)
𝑡𝜈′𝑛−1 ∈ ℒ\{(𝛼𝑛−1)

3, (𝛼𝑛−1)
2𝛽𝑛}. Hence 

(𝛼𝑛−1)
2𝛽𝑛 = 0 by Corollary (4.3.32) in both cases. 

(b) If 𝜐𝑛−1, 𝑤𝑛−1 are rays in 𝐴 ⃗⃗  ⃗𝑛−1 such that 𝛽𝑛𝜐𝑛−1 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 ≠ 0, then the 

diagram 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

(iii) If 𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
𝑡−1 or 𝜐𝑛−1𝜌𝑛−1 = 𝛽̃𝑛−1, then 𝛽𝑛𝜐𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽̃𝑛−1 =

(𝛼𝑛−1)
𝑡 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 ≠ 0. Hence 𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)

𝑡−1 contradicts 

the minimality of 𝑡. 

(iv) If (𝛼𝑛−1)
𝑡−1𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 or 𝛽𝑛−1𝜌𝑛−1 = 𝜐𝑛−1, then 0 ≠ 𝛽𝑛𝜐𝑛−1 = 𝛽𝑛𝛽𝑛−1𝜌𝑛−1 =

𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 = (𝛼𝑛−1)
𝑡𝜌𝑛−1 = 0 by a). 

(c) Let 𝜐𝑛−1, 𝑤𝑛−1 be rays such that 𝛾𝑛−1𝜐𝑛−1 = (𝛼𝑛−1)
2𝑤𝑛−1 ≠ 0. By a) we have 𝑤𝑛−1 =

(𝛼𝑛−1)
𝑘 with 0 ≤ 𝑘 ≤ 𝑡 − 2, that means 𝛾𝑛−1𝜐𝑛−1 = (𝛼𝑛−1)

2+𝑘. Since 𝑡 is minimal, we 

have 𝑡 = 2 + 𝑘 and 0 ≠ 𝛾𝑛−1𝜐𝑛−1 = (𝛼𝑛−1)
𝑡 = 𝛽𝑛𝛽̃𝑛−1 ∈ 〈𝛾𝑛−1〉 ∩ 〈𝛽𝑛〉 =  0. 

(d) Let 𝜐𝑛−1, 𝑤𝑛−1, 𝜐′𝑛−1, 𝑤′𝑛−1 be rays in 𝐴 ⃗⃗  ⃗𝑛−1such that 𝛾𝑛−1𝑤𝑛−1 = (𝛼𝑛−1)
𝑡𝜐𝑛−1 ≠ 0 

and 𝛾𝑛−1𝑤
′
𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜐′𝑛−1 ≠ 0. Then 

                     •
            𝛾𝑛−1      
←         •

           𝛽𝑛        
→        • 

                     𝛼𝑛−1 

       •
            𝛾𝑛−1         
←          •

        𝛽𝑛+𝑟−1       
→          • 

 𝐷𝑛−1 ≔    •  (𝛼𝑛−1)
𝑡−1  𝜐𝑛−1  • 

 𝛾𝑛−1𝑤𝑛−1                                     𝛽𝑛−1 

                   •                                •  
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is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

(v) If 𝑤𝑛−1𝜌𝑛−1 = 𝑤𝑛−1
′  or (𝛼𝑛−1)

𝑡−1𝜐𝑛−1𝜌𝑛−1 = 𝛽𝑛𝜐′𝑛−1, then 𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 =

𝛾𝑛−1𝑤
′
𝑛−1 = (𝛼𝑛−1)

𝑡𝜐𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜐′𝑛−1 ≠ 0. Hence there is a non-deep 

contour ((𝛼𝑛−1)
𝑡−1𝜐𝑛. . . 𝜐𝑛+𝑘−1𝜌𝑛…𝜌𝑛+𝑙−1, 𝛽𝑛𝜐𝑛

′ . . . 𝜐𝑛+𝑠−1
′ ) in 𝐴 ⃗⃗  ⃗𝑛−1 which can only be 

a penny-farthing by the structure theorem for non-deep contours. But this case is 

excluded in the current section. 

(vi) If 𝑤′
𝑛−1𝜌𝑛−1 = 𝑤𝑛−1 or 𝛽𝑛𝜐𝑛−1

′ 𝜌𝑛−1 = (𝛼𝑛−1)
𝑡−1𝜐𝑛−1, then 𝛾𝑛−1𝑤

′
𝑛−1𝜌𝑛−1 =

𝛾𝑛−1𝑤𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜐
′
𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)

𝑡𝜐𝑛−1 ≠ 0. Again, we have a non-deep 

contour ((𝛼𝑛−1)
𝑡−1𝜐𝑛…𝜐𝑛+𝑘−1, 𝛽𝑛𝜐𝑛

′ …𝜐𝑛+𝑙−1
′ 𝜌𝑛…𝜌𝑛+𝑠−1) which leads to a 

contradiction as before. 

(e) Let 𝜐𝑛−1, 𝑤𝑛−1, 𝜐′𝑛−1, 𝑤′𝑛−1 be rays such that 𝛽𝑛𝜐𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 ≠ 0 and 

𝛼𝑛−1𝛽𝑛𝜐
′
𝑛−1 = 𝛾𝑛−1𝑤′𝑛−1 ≠ 0. Then 

 

 

 

 

is a cleaving diagram in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

(i) If 𝑤𝑛−1𝜌𝑛−1 = 𝑤𝑛−1
′ , we get the contradiction 0 ≠ 𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 = 𝛾𝑛−1𝑤′𝑛−1  =

𝛽𝑛𝜐𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜐′𝑛−1 ∈  〈𝛽𝑛〉  ∩  〈𝛼𝑛−1𝛽𝑛〉 =  0. 

(ii) If 𝑤′𝑛−1𝜌𝑛−1 = 𝑤𝑛−1, then 0 ≠ 𝛾𝑛−1 𝑤𝑛−1
′ 𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1   = 𝛼𝑛−1𝛽𝑛𝜐′𝑛−1𝜌𝑛−1 =

𝛽𝑛𝜐𝑛−1 ∈ 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 =  0. 

(iii) If 𝜐𝑛−1𝜌𝑛−1 = 𝛽̃𝑛−1, then 0 ≠ 𝛽𝑛𝜐𝑛−1𝜌𝑛−1 = 𝛽𝑛𝛽̃𝑛−1 = 𝛾𝑛−1𝑤𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
𝑡 ∈

〈𝛾𝑛−1〉 ∩  〈(𝛼𝑛−1)
𝑡〉 =  0 by d). 

 𝐷𝑛−1 ≔         •  𝑤′𝑛−1 (𝛼𝑛−1)
𝑡−1𝜐𝑛−1   • 

               𝑤𝑛−1                                                𝛽𝑛𝜐′𝑛−1 

                         •                                           •  

                    •   𝑤′𝑛−1      𝜐𝑛−1    •   𝛽𝑛−1   𝛽𝑛𝜐′𝑛−1 • 

          𝑤𝑛−1                                                                      (𝛼𝑛−1)
𝑡−1 

                     •                                  •                              • 
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•
    𝜐𝑛+𝑠−1    
→       •

  𝑤𝑛=𝑤𝑛−1 
←       •

      𝛾𝑛−1      
←       •

    𝛽𝑛    
→    • 

                                          𝛼𝑛−1           

                              • 
        𝛽𝑛+𝑟−1      
←         • 

                                         𝛾𝑛−1     

                                                  • 

(iv) If 𝛽̃𝑛−1𝜌𝑛−1 = 𝜐𝑛−1, then 𝛽𝑛𝛽̃𝑛−1𝜌𝑛−1 = 𝛽𝑛𝜐𝑛−1 = (𝛼𝑛−1)
𝑡𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1  ∈

〈𝛾𝑛−1〉 ∩ 〈(𝛼𝑛−1)
𝑡〉 =  0 by d). 

(v) If (𝛼𝑛−1)
𝑡−1𝜌𝑛−1 = 𝛽𝑛𝜐′𝑛−1, then 0 ≠ (𝛼𝑛−1)

𝑡𝜌𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜐′𝑛−1 = 𝛾𝑛−1𝑤′𝑛−1 ∈

〈𝛾𝑛−1〉 ∩  〈(𝛼𝑛−1)
𝑡〉 =  0 by d).  

The case 𝛽𝑛𝜐′𝑛−1𝜌𝑛−1 = (𝛼𝑛−1)
𝑡−1 contradicts the minimality of 𝑡. 

(vi) If 𝜐𝑛−1, 𝑤𝑛−1 are rays in 𝐴 ⃗⃗  ⃗𝑛−1 such that 𝛼𝑛−1𝛽𝑛𝜐𝑛−1 = (𝛼𝑛−1)
2𝑤𝑛−1 ≠ 0 resp. 

𝛼𝑛−1𝛾𝑛−1𝜐𝑛−1 = (𝛼𝑛−1)
2𝑤𝑛−1 ≠ 0, then 𝑤𝑛−1 = (𝛼𝑛−1)

𝑘 with 0 ≤ 𝑘 ≤ 𝑡 − 2 and 

𝛽𝑛𝜐𝑛−1 = (𝛼𝑛−1)
1+𝑘 resp. 𝛾𝑛−1𝜐𝑛−1 = (𝛼𝑛−1)

1+𝑘. Since 𝑡 is minimal, we get the 

contradiction 𝑡 = 1 + 𝑘 < 𝑡. 

Corollary (4.3.43)[250]: If ℒ ⊈ {(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}, then 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛾𝑛−1〉 = 0. 

Proof. In the case 𝑡 ≥ 3, the claim is trivial since 𝛼𝑛−1𝛾𝑛−1 = 0. 

Consider the case 𝑡 = 2. Assume that there exist rays 𝜐𝑛−1, 𝑤𝑛−1 in 𝐴 ⃗⃗  ⃗𝑛−1 such that 

𝛼𝑛−1𝑣𝑛−1 = 𝛾𝑛−1𝜐𝑛−1𝑤𝑛−1 ≠ 0. First of all, we deduce that 𝑤𝑛−1 ≠ 𝑖𝑑 by Corollary (4.3.40) 

and 𝜐𝑛−1 ≠  𝑖𝑑 since is an arrow. Therefore we can write 𝜐𝑛−1 = 𝜐𝑛. . . 𝜐𝑛+𝑠−1, 𝑤𝑛−1 =

𝑤𝑛. . . , 𝑤𝑛+𝑞−1 with irreducible rays 𝜐𝑛+𝑖−1, 𝑤𝑛+𝑗−1 ∈ 𝐴 ⃗⃗  ⃗𝑛−1. Consider the value of 𝑞: 

(a) If 𝑞 = 1, then the diagram 

 

 

 

 

 

 

is a cleaving diagram of Euclidian type (𝐸̃𝑛−1)7 in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1 (see [146]). 

(b) If 𝑞 ≥ 2, then the diagram 
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is cleaving in 𝐴 ⃗⃗  ⃗𝑛−1/𝜇𝑛−1. 

The diagrams are cleaving because: 

(i) 𝛼𝑛−1𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 ≠ 0: Then 0 ≠ 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 = (𝛼𝑛−1)
2𝜌𝑛−1 = 0 by Corollary 

(4.3.42) a). 

(ii) 𝛾𝑛−1𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 ≠ 0 contradicts Corollary (4.3.41). 

(iii) 𝛽𝑛𝜌𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 ≠ 0: Then 0 ≠ 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 = 𝛼𝑛−1𝛽𝑛𝜌𝑛−1 = 0 since 𝛼𝑛−1𝛽𝑛 =

0 by Corollary (4.3.41). 

(iv) 𝜌𝑛−1𝜐𝑛+𝑠−1 = 𝛾𝑛−1𝑤𝑛−1 ≠ 0 : Then 𝛼𝑛−1𝜌𝑛−1𝜐𝑛+𝑠−1 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 ≠ 0. If 𝜌𝑛−1 =

𝛽𝑛𝜌′𝑛−1, then 0 = 𝛼𝑛𝛽𝑛𝜌′𝑛−1𝜐𝑛+𝑠−1 = 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 ≠ 0. If 𝜌𝑛−1 = 𝛾𝑛−1𝜌′𝑛−1, then 

𝛼𝑛−1𝛾𝑛−1𝜌′𝑛−1𝜐𝑛+𝑠−1 = 𝛼𝑛−1𝛽𝑛−1𝑤𝑛−1 and 𝑤𝑛 = 𝑤𝑛−1 = 𝜌′𝑛−1𝜐𝑛+𝑠−1. Hence 

𝜌′𝑛−1 = 𝑖𝑑 and 𝜐𝑛+𝑠−1 = 𝑤𝑛. Therefore 0 ≠ 𝛾𝑛−1𝜐𝑛−1 = 𝛾𝑛−1𝜐𝑛…𝜐𝑛+𝑠−2𝑤𝑛 =

𝛼𝑛−1𝛾𝑛−1𝑤𝑛 and 𝛾𝑛−1𝜐𝑛…𝜐𝑛+𝑠−2 = 𝛼𝑛−1𝛾𝑛−1 contradicting Corollary (4.3.41). If 

𝜌𝑛−1 = 𝛼𝑛−1𝜌′𝑛−1, then 0 ≠ 𝛼𝑛−1𝛾𝑛−1𝑤𝑛−1 = (𝛼𝑛−1)
2𝜌′𝑛−1𝜐𝑛+𝑠−1 = 0 by Corollary 

(4.3.42) a). 

(v) 𝛽𝑛𝜌𝑛−1 = 𝛼𝑛−1𝛾𝑛−1 ≠ 0 contradicts Corollary (4.3.41). 

Corollary (4.3.44)[250]: Let ℒ ⊈ {(𝛼𝑛−1)
𝑡 , (𝛼𝑛−1)

2𝛽𝑛} and ℒ ⊈ {(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}. 

(a) If 〈𝛼𝑛−1𝛾𝑛−1〉 = 0 = 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉, then 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. 

(b) If 〈𝛼𝑛−1𝛾𝑛−1〉 = 0 = 〈𝛾𝑛−1〉 ∩ 〈𝛽𝑛〉, then 〈𝛽𝑛, (𝛼𝑛−1)
2〉 ∩ 〈𝛾𝑛−1, 𝛼𝑛−1𝛽𝑛〉 = 0. 

(c) If 〈𝛼𝑛−1𝛽𝑛〉 = 0, then 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛾𝑛−1〉 = 0. 

Proof. We only show b); the other cases are shown analogously. Let 

𝜐𝑛−1, 𝜐′𝑛−1, 𝑤𝑛−1, 𝑤′𝑛−1 ∈ 𝐴𝑛−1 be such that 𝛽𝑛𝜐𝑛−1 + (𝛼𝑛−1)
2𝜐′𝑛−1 = 𝛾𝑛−1𝑤𝑛−1 +

•
 𝑤𝑛+1…𝑤𝑛+𝑞−1 
←           •

          𝑤𝑛         
←        •

      𝛾𝑛−1      
←       •

      𝛽𝑛    
→    • 

                                             𝛼𝑛−1           

                                    • 
     𝛽𝑛+𝑟−1    
←        • 

                                             𝛾𝑛−1 

                                                       • 
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𝛼𝑛−1𝛽𝑛𝑤′𝑛−1 ≠ 0. That means we have rays (𝜐𝑛−1)𝑖 , (𝑤𝑛−1)𝑗 ∈ 𝐴 ⃗⃗  ⃗𝑛−1, numbers 

(𝜆𝑛−1)𝑖 , (𝜇𝑛−1)𝑗 ∈ 𝑘 and integers 𝑠1, 𝑠2 ≥ 0, 𝑛1, 𝑛2 ≥ 1 such that 

∑(𝜆𝑛−1)𝑖𝛽𝑛(𝑣𝑛−1)𝑖

𝑠1

𝑖=1

+ ∑ (𝜆𝑛−1)𝑖(𝛼𝑛−1)
2(𝑣𝑛−1)𝑖

𝑛1

𝑖=𝑠1+1

=∑(𝜇𝑛−1)𝑗𝛾𝑛−1(𝑤𝑛−1)𝑗

𝑠2

𝑗=1

+ ∑ (𝜇𝑛−1)𝑗𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝑗

𝑛2

𝑗=𝑠2+1

 

and 𝛽𝑛(𝑣𝑛−1)𝑖 ≠ 𝛽𝑛(𝑣𝑛−1)𝑗 , (𝛼𝑛−1)
2(𝑣𝑛−1)𝑖 ≠ (𝛼𝑛−1)

2(𝑣𝑛−1)𝑗 , 𝛾𝑛−1(𝑤𝑛−1)𝑖 ≠ 𝛾𝑛−1(𝑤𝑛−1)𝑗 , 

𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝑖 ≠ 𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝑗 for 𝑖 ≠ 𝑗. Without loss of generality we can assume that all 

(𝜆𝑛−1)𝑖 , (𝜇𝑛−1)𝑗 are non-zero, that 𝛽𝑛(𝑣𝑛−1)𝑖 ≠ (𝛼𝑛−1)
2(𝑣𝑛−1)𝑗 for 𝑖 = 1. . . 𝑠1, 𝑗 = 𝑠1 +

1. . . 𝑛1 and 𝛾𝑛−1(𝑤𝑛−1)𝑖 ≠ 𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝑗 for 𝑖 = 1. . . 𝑠2, 𝑗 = 𝑠2 + 1. . . 𝑛2. Then by Corollary 

(4.3.30) we have 𝑛1 = 𝑛2 and there exists a permutation 𝜋 such that 𝛽𝑛(𝑣𝑛−1)𝑖 =

𝛾𝑛−1(𝑤𝑛−1)𝜋(𝑖) ∈ 〈𝛽𝑛〉 ∩ 〈𝛾𝑛−1〉 = 0 or 𝛽𝑛(𝑣𝑛−1)𝑖 = 𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝜋(𝑖) ∈ 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 =

0 by Corollary (4.3.31). Hence 𝑠𝑛 = 0. Moreover, by Corollary (4.3.41) we have 

(𝛼𝑛−1)
2(𝑣𝑛−1)𝑖 = 𝛾𝑛−1(𝑤𝑛−1)𝜋(𝑖) ∈ 〈(𝛼𝑛−1)

2〉 ∩ 〈𝛾𝑛−1〉 = 0 or (𝛼𝑛−1)
2(𝑣𝑛−1)𝑖 =

𝛼𝑛−1𝛽𝑛(𝑤𝑛−1)𝜋(𝑖) ∈ 〈(𝛼𝑛−1)
2〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0; this is possible for 𝑛1 − 𝑠1 = 0 only. Hence 

𝑛1 = 0, contradicting the choice of 𝑛1. 

Corollary (4.3.45)[250]: If ℒ ⊆ {(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}, then there exist 𝛼𝑛−1-filtrations 

ℱ of 𝑃𝑥𝑛−1 having finite projective dimension. 

Proof. Since ℒ ⊆ {(𝑥𝑛−1)
2, 𝑥𝑛−1𝛽𝑛, 𝑥𝑛−1𝛾𝑛−1}, 𝜇𝑛−1 = (𝛼𝑛−1)

2 is long and 𝑡 = 2. It is easily 

seen that 〈(𝛼𝑛−1)
2〉 = 𝐤(𝛼𝑛−1)

2 ≅ 𝑆𝑥𝑛−1, 〈𝛼𝑛−1𝛾𝑛−1〉 = 𝐤𝛼𝑛−1𝛾𝑛−1, 〈𝛼𝑛−1𝛽𝑛〉 = 𝐤𝛼𝑛−1𝛽𝑛 and 

〈𝛼𝑛−1〉 has a 𝐤 basis {𝛼𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}. Using Corollary (4.3.31) we conclude 

〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0 and 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛾𝑛−1〉 = 0 = 〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛾𝑛−1〉. 

By Corollary (4.3.42) d) 〈𝛾𝑛−1〉 ∩ 〈(𝛼𝑛−1)
2〉 = 0 or 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0. Thus the graph of 

𝑃𝑥𝑛−1 has one of the following shapes: 

 

 

 

 

 

 

 

 

𝑒𝑥𝑛−1                             𝑜𝑟                              𝑒𝑥𝑛−1 

 

〈𝛾𝑛−1〉        𝛼𝑛−1      〈𝛽𝑛〉                               〈𝛾𝑛−1〉        𝛼𝑛−1     〈𝛽𝑛〉 

 

𝛼𝑛−1𝛾𝑛−1   (𝛼𝑛−1)
2    𝛼𝑛−1𝛽𝑛                  (𝛼𝑛−1)

2𝛾𝑛−1  (𝛼𝑛−1)
2   𝛼𝑛−1𝛽𝑛 
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In the first case we consider the following exact sequence: 

0 → 〈(𝛼𝑛−1)
2〉 → 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 → 〈𝛼𝑛−1, 𝛽𝑛 , 𝛾𝑛−1〉/〈(𝛼𝑛−1)

2〉 → 0 

Since 〈𝛼𝑛−1〉 has 𝐤 basis {𝛼𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1} and ℒ ⊆

{(𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1} we have 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉/〈(𝛼𝑛−1)

2〉 = 〈𝛼𝑛−1〉/〈(𝛼𝑛−1)
2〉 ⊕

〈𝛽𝑛, 𝛾𝑛−1〉/〈(𝛼𝑛−1)
2〉. Hence pdimΛ〈𝛼𝑛−1〉 < ∞ and 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃ 〈(𝛼𝑛−1)

2〉 ⊃ 0 are the 

wanted filtrations. 

In the second case we have 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉/〈(𝛼𝑛−1)
2〉 = 〈𝛼𝑛−1, 𝛾𝑛−1〉/〈(𝛼𝑛−1)

2〉 ⊕

〈𝛽𝑛〉/〈(𝛼𝑛−1)
2〉. Thus pdimΛ〈𝛼𝑛−1, 𝛾𝑛−1〉 < ∞. Now we consider 

0 → 〈𝛽𝑛, 𝛾𝑛−1, 𝛼𝑛−1𝛾𝑛−1〉 → 〈𝛼𝑛−1, 𝛽𝑛 , 𝛾𝑛−1〉 → 𝑆𝑥𝑛−1 → 0. 

Since 〈𝛽𝑛, 𝛾, 𝛼𝑛−1𝛾𝑛−1〉 = 〈𝛽𝑛, 𝛾𝑛−1〉 ⊕ 〈𝛼𝑛−1𝛾𝑛−1〉, we have pdimΛ〈𝛼𝑛−1𝛾𝑛−1〉 < ∞ and 

𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1, 𝛾𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2, 𝛼𝑛−1𝛾𝑛−1〉 ⊃ 0 are suitable filtrations. 

Corollary (4.3.46)[250]: If ℒ ⊆ {(𝛼𝑛−1)
𝑡 , (𝛼𝑛−1)

2𝛽𝑛}, then there exist 𝛼𝑛−1-filtrations ℱ of 

𝑃𝑥𝑛−1 having finite projective dimension. 

Proof. If 𝑡 = 2, then (𝛼𝑛−1)
2𝛽𝑛 = 0 by Corollary (4.3.41) a). Hence ℒ ⊆ {(𝛼𝑛−1)

2} and the 

filtrations exist by Corollary (4.3.45). 

If 𝑡 ≥ 3, then 𝛼𝑛−1𝛾𝑛−1 = 0 by Corollary (4.3.42). From the assumption ℒ ⊆

{(𝛼𝑛−1)
𝑡 , (𝛼𝑛−1)

2𝛽𝑛} it is easily seen that 〈𝛼𝑛−1𝛽𝑛〉 = 𝐤𝛼𝑛−1𝛽𝑛 and 〈(𝛼𝑛−1)
2𝛽𝑛〉 =

𝐤(𝛼𝑛−1)
2𝛽𝑛. 

(i) If (𝛼𝑛−1)
2𝛽𝑛 = 0, then (𝛼𝑛−1)

𝑡 is the only long morphism in 𝐴 ⃗⃗  ⃗𝑛−1 ; hence 𝛼𝑛−1𝛽𝑛 = 0 

and 〈(𝛼𝑛−1)
𝑘〉, 𝑘 ≥ 1, is uniserial of finite projective dimension. Thus 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃

〈(𝛼𝑛−1)
2〉 ⊃. . . ⊃ 〈(𝛼𝑛−1)

𝑡〉 ⊃ 0 are suitable 𝛼𝑛−1-filtrations. 

(ii) If (𝛼𝑛−1)
2𝛽𝑛 ≠ 0, then 〈𝛼𝑛−1𝛽𝑛〉 = 𝐤𝛼𝑛−1𝛽𝑛 ≅ 𝑆𝑦𝑛−1 ≅ 〈(𝛼𝑛−1)

2𝛽𝑛〉.  

〈𝛽𝑛〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0 = 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉. Therefore the graph of 𝑃𝑥𝑛−1 has the following 

shape 
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Moreover, 〈𝛼𝑛−1𝛽𝑛〉 ≅ 𝑆𝑦𝑛−1 is a direct summand of the module 

〈(𝛼𝑛−1)
2, 𝛽𝑛 , 𝛾𝑛−1, 𝛼𝑛−1𝛽𝑛〉, which has finite projective dimension. Since the modules 

〈𝛼𝑛−1〉, 〈(𝛼𝑛−1)
2〉, … , 〈(𝛼𝑛−1)

𝑡〉 have 𝑆𝑥𝑛−1 and 𝑆𝑦𝑛−1 as the only composition factors, they 

are of finite projective dimension. Thus 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊃. . . 〈(𝛼𝑛−1)

𝑡〉 ⊃ 0 

are suitable 𝛼𝑛−1-filtrations. 

Corollary (4.3.47)[250]: If 𝑥𝑛−1
+ = {𝛼𝑛−1, 𝛽𝑛 , 𝛾𝑛−1}, then there exist 𝛼𝑛−1-filtrations ℱ of 𝑃𝑥𝑛−1 

having finite projective dimension. 

Proof. By Lemmas (4.3.24) and (4.3.25) we can assume that ℒ ⊈ {(𝛼𝑛−1)
𝑡 , (𝛼𝑛−1)

2𝛽𝑛} and 

ℒ ⊈ {(𝛼𝑛−1)
𝑡 , 𝛼𝑛−1𝛽𝑛, 𝛼𝑛−1𝛾𝑛−1}. Then pdimΛ〈(𝛼𝑛−1)

𝑘〉 < ∞ for 2 ≤ 𝑘 ≤ 𝑡 since 〈(𝛼𝑛−1)
𝑘〉 

has only 𝑆𝑥𝑛−1 as a composition factor by Lemma (4.3.21)(a). Moreover, 

pdimΛ〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 < ∞ since it is the left hand term of the following exact sequence: 

0 → 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 → 𝑃𝑥𝑛−1 → 𝑆𝑥𝑛−1 → 0. 

By Corollary (4.3.41)(a) only the following two cases are possible: 

(i) 𝛼𝑛−1𝛽𝑛 = 0: Consider the following exact sequence: 

0 → 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛾𝑛−1〉 → 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 → 𝑆𝑥𝑛−1 → 0. 

𝑒𝑥𝑛−1  

 

                    〈𝛾𝑛−1〉              𝛼𝑛−1     〈𝛽𝑛〉 

 

            (𝛼𝑛−1)
2      𝛼𝑛−1𝛽𝑛 

 
 

                     (𝛼𝑛−1)
3          (𝛼𝑛−1)

2𝛽𝑛 

 

  (𝛼𝑛−1)
𝑡 
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Then pdimΛ〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛾𝑛−1〉 < ∞. By Lemma (4.3.23) c) we have 

〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛾𝑛−1〉 = 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)

2〉 ⊕ 〈𝛼𝑛−1𝛾𝑛−1〉; hence 

pdimΛ〈𝛼𝑛−1𝛾𝑛−1〉 < ∞. Therefore 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1, 𝛽1, 𝛾𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊕ 〈𝛼𝑛−1𝛾𝑛−1〉 ⊃

〈(𝛼𝑛−1)
3〉 ⊃. . . 〈(𝛼𝑛−1)

𝑡〉 ⊃ 0 are suitable 𝛼𝑛−1-filtrations. 

(ii) 𝛼𝑛−1𝛾𝑛−1 = 0: Then pdimΛ〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 < ∞ since we have the exact 

sequence 

0 → 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 → 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 → 𝑆𝑥𝑛−1 → 0. 

If 〈𝛾𝑛−1〉 ∩ 〈𝛼𝑛−1𝛽𝑛〉 = 0, then by Lemma (4.3.23) a) we have 

〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 = 〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)

2〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉; hence pdimΛ〈𝛼𝑛−1𝛽𝑛〉 < ∞. 

Therefore 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1, 𝛽𝑛 , 𝛾𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉 ⊕ 〈𝛼𝑛−1𝛽𝑛〉 ⊃ 〈(𝛼𝑛−1)

3〉 ⊃. . . 〈(𝛼𝑛−1)
𝑡〉 ⊃ 0 

are suitable 𝛼𝑛−1-filtrations. 

By Corollary (4.3.42)(e) it remains to consider the case 〈𝛾𝑛−1〉 ∩ 〈𝛽𝑛〉 = 0: Then 

〈𝛽𝑛, 𝛾𝑛−1, (𝛼𝑛−1)
2, 𝛼𝑛−1𝛽𝑛〉 = 〈𝛽𝑛, (𝛼𝑛−1)

2〉 ⊕ 〈𝛾𝑛−1, 𝛼𝑛−1𝛽𝑛〉 by Lemma (4.3.23)(b). Thus 

pdimΛ〈𝛾𝑛−1, 𝛼𝑛−1𝛽𝑛〉 < ∞. Now 𝑃𝑥𝑛−1 ⊃ 〈𝛼𝑛−1, 𝛽𝑛, 𝛾𝑛−1〉 ⊃ 〈(𝛼𝑛−1)
2〉  ⊕ 〈𝛾𝑛−1, 𝛼𝑛−1𝛽𝑛〉 ⊃

〈(𝛼𝑛−1)
3〉 ⊃. . . 〈(𝛼𝑛−1)

𝑡〉 ⊃ 0 are suitable 𝛼𝑛−1-filtrations. 


