Chapter 1

Completely bounded mappings of C*- algebras

We establish the necessity of the known sufficient condition for isometry of
the map, namely that all Glimm ideals of A are primal. However, when the map
is restricted to tensors with length bounded by a fixed quantity, a weaker
necessary and sufficient condition is established.

Section (1-1) : Basic construction and solution of isomety problem

We consider in some detail an example of a unital C*-algebra A in which all
Glimm ideals are primitive except for one particular Glimm ideal G, which is
3-primal but not 4-primal. This example is an elaboration of an example in
Example (1.1.4) which has a Glimm ideal that is 2-primal but not 3-primal, and
it is also a prototype for variants which seem to be able to exhibit many of the
phenomena that can occur in general.

The basic idea is to build a 4-point compactification of a locally compact
Hausdorff space, where in each way of approaching the points at infinity one
actually has three limiting values (but not the fourth). This requires four
‘directions’ of approach to infinity. A way to visualise such a space is to
consider a disjoint union T= U§=1 R; of four semi-infinite closed rays in the
plane with four points adjoined as follows. For example T ={(x,y) : xy=0,

x? + y? >1}cR?with (say) R;={(x,0) : x >1}. Label the four extra points w;
(1< i <4). Abasis of neighbourhoods of each w; is given by the sets

{wi} Ujzi{t € Ri{t €R;:|t|>1},
Where r >1. So, for example, the sequence (n,0) in the ray R, of the space

TU {w;w,, w3, w, } would have each of w,, wzand w, as limits as n—oo(but
not wq ).

A ‘discrete’ version of this space would start with TNZ? in place of T. Clearly
one can map TNZ? to N by mapping the four directions to equivalence classes
in N modulo 4.



We now construct a C*-algebra ((pronounced "C-star") are an important area of
research in functional analysis, a branch of mathematics. A C*-algebra is

a complex algebra A of continuous linear operators on a complex Hilbert space with
two additional properties: A is a topologically closed set in the norm topology of
operators. And A is closed under the operation of taking adjoints of operators) [5]. As
such that Prim(A) is ( homeomorphic to) T U{w;, w,, w3, w,}. We consider
the C*-algebra B of bounded continuous functions x: T — M3(C) and we
defineAto be the C*-sub algebra of B consisting of all those elements x € B
for which there exist scalars 1,(x), 4, (x), 43 (x), 44 (x) such that:

R;at55X (1) = diag Aj41 (%), Ajva (%), sz (1)) (1< j <4),

where we understand the subscripts 4;,; (1< i <3) to be reduced modulo 4
to lie in the range 1,2,3,4. Next, we introduce notation for what we call
‘constant’ elements of A. Given four scalars A4, 4,, A3, 1, we write

c(A4, A5, A3, A4) for the element x€ A where

X(t)z dlag( A]+1 , A]+2 , A]+3 ) te R], ]E{1,2,3,4‘})

(where we again understand the subscripts modulo 4). The set A, of all
constant elements of A forms an a belian C*- subalgebra isomorphic to C*

and A=CO (T,M3 ((C))'l‘ AC'

We call this A a ‘4-spoke’ example. The centre Z(A)of A consists of elements x
where each x(t) is a multiple of the identity (and hence 4;(x) does not depend
on i) and so Z(A)is canonically isomorphic to the algebra of scalar-valued
continuous functions on the one-point compactification of T. The space
Glimm(A) can then be identified with this one point compactification , or

{G,: t ET}U{G.,} where G, ={x €A: x(t)=0} and G.,=C, (T, M5(C)).

As A/G is a belian, the irreducible representations of A whose kernels
contain G, are X — 4; (x). The remaining irreducible representations of
Arestrict to irreducible representations of Cy (T, M5(C))and hence have the
form

::A—>M3(C) where M;(x) =x(t) for x € A and t €T. Thus, as Ker r; = G,



Prim(A)={G, : t ET}U{ker A;: 1< i <4}.

As a topological space Prim(A) is homeomorphic to TU{ w; : 1< i <4 }. For
example, to see that as t €R; tends to infinity we have G; =ker m,—ker 4; for

each i #j, letus fix i #j and consider an open neighbourhood U of ker 4; in
Prim(A). Then there is a closed two-sided idea ] of A with U={I €Prim(A): &
I}.Since kerA; €U, there is some x € | with 1;(x) #0. Thus there exists r>1 so
that if t €R; and [t|>r then x(t) #0. It follows that ker ;€U whenever t €R;and

t| >r.

The four ideals J; ={x€ A: x(t)=0 for all t €R;} have product {0} but (for
Example ) /; is not contained in G, because ¢(1,0,0,0) € J;. Hence G is not

4-primal. To show that G, is 3-primal, note that there are only four primitive
ideals of A which contain G, namely ker A;(i = 1,2,3,4). So it suffices to show
that, for each i,

ker A;,1N ker A;,, Nker 4;,5

is primal. But we have just shown that ker m;converges in Prim(A) to each of
ker A;, 1, ker 4;,, and ker 4,3, as t € R; tends to infinity.

Proposition( 1.1.1) [1]
For A as above, denote by ™ a;,” b; € A for 1<j< 4 the following elements:
d,=c(0,1,1,1), b;=c(1,0,0,0),
d,=c(1,0,1,1), b, = ¢(0,1,0,0), (1)
ds=c(1,1,0,1), b3=c(0,0,1,0),
d,=c(1,1,1,0), b,= ¢(0,0,0,1).
Then, for u =Z§=1 a; ®Ej € AQAand T =6(u) €cf(A),
[ullzn > [Tullep -

Our verification of the proposition will require an analysis of norms of
elementary operators similar to T but acting on M3zand M,. We will use e;for
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the nxn matrix with 1 in the (i,j) position and zeros elsewhere. We also use
d;jfor the Kronecker delta symbol.

Proof :-

We know that||T||., = SupgeallT" || pwhere the supremum is over all
irreducible representations  of A and T":B(H,;) = B(H) is given by

T™ (y) =X =1 7(d;)y m(b)).

When m =m, (for any t €T) we haveT™ = T3 and so ||T™||.,= 4/3. For m=1;we
have T™ = 0. Hence

T lcp =4/3.
We now claim that
llullzn=ITs llep =3/2 for u =Y}, d; ®b;.

[[ullzn=Supg |u®||,, where the sup is over all Glimm ideals of Aand u% €
(A/G)®h (A/G) is u® =4 j=1(d; +G)®( b; +G). The case G = Goo yields A/G as a
four-dimensional commutative algebra. We can identify it as the diagonal in
M, (C). Then the elements Ej+ G can be taken to correspond to e;; € M, (C) and
d;+G to 14 -e;;. By injectivity of the Haagerup norm we can compute| [u€|], in
M,Q M, where, by Haagerup’s it gives ||T,||.p which equals 3 /2.

Thus |ul|,, =3/2 (and in fact we could easily show equality as all the other
Glimm ideals are primitive, being the kernels of the representations t for t €T).
Thus we have

lullzn 23/2>4/3 =||T|[cp = 1162(0) |l cp-
Example(1.1. 2) [1]
Consider the (elementary) operator T,,: M,,— M,, given by

=y —e:\xei:=x —Y" . e..xe:
Ty =X 5=1(In —€j;)xejj = x — Y74 ej;xej;. Then

T 1= Tnllcp = 2(n=1)/n.
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Proof:-
Note that Tneij = (1‘611 ) eij and Tnln =0.

We can rewrite T, = ((n - 1)/n)x - }1:1(61-]- - I,/n)x(ejj - In/n) = ((n-1)/n)x
- S,Xx where S,, is a completely positive operator. Hence

[ISnllep =ISnll = 1ISn (]I =(n-1)/n

and thus
| T |l < [ITx||cp 2(n-1)/n. To show that we have equality in both of these

inequalities, we introduce the unit vector & = (1,1,..,1)/v/n € C" and the rank
one projection operator £* @ & of C"* onto the span of ¢. As a matrix, {*@¢&has
1/nin each entry. So we can see that < T;, (§*®¢&) &, & >=(n-1)/n. Since
2(§*®&)- I, is anorm one operator and < T, (2(§*®¢&)-In) &,& >=2< T,
(E*®&) &, & >=2(n-1)/n we have ||T,||=2(n-1)/n.

Remark(1.1 3)[1]

The proof can be generalised to produce similar examples where all Glimm
ideals are n-primal but not all are (n+1)-primal. The elementary operator
would have length n + 1 and the algebra A would be replaced by an ‘(n + 1)-
spoke’ algebra constructed from a T having n + 1 rays to infinity R; (1< i <n +
1) and matrices M,,(C). There would be n+1 multiplicative linear functionals
x—A;(x) at ‘infinity’ with x(t) tending to a diagonal using n of the n+1 values
A;(X) as t »ooin any R;. One would obtain u € AQA such that
lullzn=2n/(n+1),=2(n-1)/n, [|6,(u) ||cp and hence

lullzn/= 116,(0) ||cp = n*/(n* -1). In Proposition (1.1.1), the (minimal) length
of the tensor u is 4, the elementary operator T = Z(u) is self-adjoint T*(x) =
T(x*)" =T (x)) and|ul|,4/|IT||cp= 9/8. For the same algebra A, we now exhibit
a tensor u with length 2 on which Z fails to be isometric. In this case, the
corresponding elementary operator T is not self-adjoint but|ul|, 5 /||T||cp =

4
e 9/8.




Example(1.1.4) [1]

For A the ‘4-spoke’ C*-algebra introduced above, take T :A — A to be the
generalised derivation given by Tx= a x-xb where

a=c¢(0,,0,-t) ,b=c¢(-1,0,1,0) (t=vV—1).Then

T |lep = 1/2+ /5/4< 2 =||a®1-1®b||,p.

Proof:-

The norm of a generalised derivation S : x— ax-xb on B(H) (any Hilbert space
H, any a ,b€ B (H)) is

|ISI|=infaec(lla = Al] + [[b=A[]).

For k = 2,3,..., the operator S® on M, (B(H)) given by S(k)((xij fj:ﬂ = (Sx;;
k

ij=1
amplifications of a and b. So, by Stampfli’s formula again,|| S®||=||S]|
. Hence||S||.» =I|S||- As before we compute ||T|| via the representations m;(t
€T). When t € R, we end up with

may be regarded as the generalised derivation on B(HX) defined by the

m¢(a) = diag(0, ¢,0) n¢(b) = diag(-1,0,1).

One can see geometrically that

| e(@)=( e /2)I]1 + || me(b)=( ¢ /2) I3l =5 + |1+ 5] f

achieves the minimum in the Stampfli formula, but in any case||T™|| is
bounded above by this number for = = m; and t € R4. A similar analysis applies
for all R;(1< i <4). In the one-dimensional irreducible representations 7 = 4;
we have ||T™|| =1 and so we end up with
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Finally, to show that |[[a®1-1&®b]|,, =||al|+||b|| =2 we concentrate on the
quotient A/ G,,. We then must consider (following the pattern of proof in
Example (1.1.2) the norm (= cb-norm) of the generalised derivation on M,
given by

x— diag(0, 1,0, 1)x —xdiag(-1,0,1,0). One may verify that the norm is 2 using
Stampfli’s formula quoted above.

We show that if a unital C*-algebra A has a non-primal Glimm ideal then the
mapping 6, is not an isometry. In order to utilise the computations of Example
(1.1.2) in a more general setting, we shall need the following lemma:

Lemma(1.1.5) [1]

Let b;(1<j<n) be orthogonal, positive elements of norm one in a C*- algebra A
(thatis, b; =0,

[|bj||=1 and bjb; = 0 for j # k,1<j,k<n) and let X denote their linear span. Let
d;(1<j<n) be orthogonal positive elements of a C*-algebra B and let Y denote
their linear span. Assume ||d;||<1 for 1<j<n. We can define a linear map®:X
— Y by® (b;) = d; and it has the following properties:

M1 2l1=1.

(ii) The map RD:XQ, X = Y ®,Y (with Haagerup tensor norms in each
case) has norm at most one.

(iii) If ||d;|| =1 for each j, then@ @ is an isometry between X® X and Y &Y.
Proof:-

Consider the commutative C*-algebra generated by theb;(1<j<n). It is
isomorphic to an algebra of continuous functions C, (Kyx) on some locally
compact Hausdorff space Ky where thebymust be positive functions that are
non-zero on disjoint open sets. It is clear then that the norm of a linear
combination a;b; is max; |a;||b;|| =max; |a;|. (In particular the b; are linearly
independent and is well-defined.) For similar reasons, we may view Y € (,
(Kx) for a locally compact Hausdorff space Ky, and



1271 2y |1= max; |11 | < max| .
This shows|| @]|<1.

For the second part, note that when we compute the Haagerup tensor norm of
u =Z§V=1 a; ®c;€ XQX, we consider an infimum of expressions

1 N N

over all representations of u and we can find a representation where this
infimum is attained (without going outside representations in X®X). We can
compute that applying &  to this same representation produces a
representation of (0&®®?)(u) € YQY where the corresponding expression is

reduced. For example if we write a; = ?:1 a;j bje X then, for keKy,

(Zi18(@)B(@) ) (k) = Tt (XF-1aid; (k)
=21 Xty laij 12 d; (k)2

because d; (k) is non-zero for at most one j. The supremum of this latter sum
over k €Ky is at most

N 2
max; 2=q la;;|” .

Thus
|10Q0]|| <1.

For the third part, we can apply the second part to the inverse map of @ if
||d;||=1 for all}j.

Lemma (1.1.6) [1]

Let bj(1<j<n) be positive elements of a C"-algebra with b;by= 0 for j# k
(1<j,k<n). Let

u=(2jo b1 b)) — =1 by @ by).

(i) If || b;|| < 1 for 1<j<n, then [|u]|, <2(n-1)/n.



(i) if [|bj|| =1 for 1<j<n, then |[|u]|, = 2(n-1)/n.
Proof:-
We can deduce this from Lemma (1.1.5) and Example (1.1.2) We identify

C"with the diagonals in M, and consider @: C" — Y = span{b; : 1<j<n} given
by @ (ej;) = bj. Using injectivity of the Haagerup norm, Haagerup'’s theorem
and Example (1.1. 2), we have

1 L1l = (Xj=1 €5 @ €ij) lIn =l Tullcp = 2(n-1)/n.

But the tensor in the left-hand side maps to u under the mapping @®® of
Lemma (1.1.5).

Theorem (1.1.7) [1]

Let A be a unital C*-algebra containing a Glimm ideal G that is not n-primal
for some n>2. Then there exists u=(Xj-; a; ® b;) € AQA with

[[ullzn>[] 62 (u)]lcp-
Proof:-

By reducing n if necessary, we may assume that G is (n—1)-primal but not n-
primal (where we adopt the convention that all closed two-sided ideals in A
are 1-primal).

There must exist n primitive ideals P; of A (1 <j < n) with G € P; for all j but ]

=1 Pj not primal. However
Rj = Ny<k<nk=j Pk

is primal for each 1<j<n. Note that since Ry, R,,..., R,, are primal but ] is not, it
follows that P; 2 Py for j #k.

There must exist open neighbor hoods U; of P; in Prim(A) (1<j<n) so that

j=1Uj = 0.



For, if no such neighbor hoods existed there would be a net (Q,), in Prim(A)
converging to each of the P; (1<j<n) and hence to every primitive ideal

containing ], contradicting the non-primality of | . Now there are closed two-
sided ideals J; in A so that U; = Prim(J;) (hence U; ={Q € Prim(A) : J; £Q}).

Let I; = J;R; for 1<j<n. The ideal I; cannot be contained in ] because then we
would have J;R; S P; and since the primitive ideal P; is necessarily prime, it
would follow that J; € P; or R; £ P;. Since P; € U;, we havej; £ P;. By
primeness of P;, if R; < P;, then Py < P; for some k # j (again not so).

Let ¥ :A — A/] denote the quotient map. Let K; =¥(/;), a non-zero closed ideal
of A/]. Note that K;Ky = 0 for j# k (as R; Rk S ).

For 1<j<n, choose a positive element d; € K; of norm one and g; € I; positive

of norm one with ¥(g;) = d].1/3. Since djl/3 d;/3 =0 forj#k,wecan find¢; € A
(1<j<n) with¥(c)) = ¥(g;) = d}’* and ¢; ¢, =0 for j # k. Let b= ¢;d;c; € I}*.

Then b;by, = 0 for j #k and ¥ (b;) = d;(1<jk<n).

Let f:[0,00) —=[ 0,00) be f(t)= min(t,1), a uniform limit on any compact subset
of [0,00) of polynomials without constant term. Define b; = f (b]f ) by functional
calculus. Then we have b; €I , W(b;) = d;,||bj||=1 and b;b,= 0 for j #k.
Consider now

as in Lemma(1.1.6)[1] Note that the canonical quotient map from A/G to A/]
induces a contraction from A/G @,A/Gto A/] ®h A/]. and , we have

llull,n = ||| Applying Lemma(1.1. 6) to A/J, we deduce
lullzn 2 [[uCln 2 [|W||n = 2(n-1)/n.

On the other hand,

16z(w)|cp= sup{||u” || : P € Prim(A)}.
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Let P € Prim(A). There exists j €{ 1,..,n} such that P& U; and hence b; € I; € J;

C P. Applying Lemma(1.1.6) again (this time to A/P with at most n -1 non-
zero by +P), we have

[|lu”[|<2(n-2)/(n-1).
Thus

16z(Wllep =2(n-2)/(n-1)<2(n-1)/n =[[u]|zp.

Combining Theorem(1.1.7) with Theorem (1.1.4), we obtain the following
result:

Theorem(1.1. 8) [1]

Let A be a unital C"-algebra. The mapping 8; : AQ,, A - CB(A) is an
isometry if and only if every Glimm ideal of A is primal.

If A is a non-unital C*-algebra then it is customary to consider the multiplier
algebra M(A). If Z now denotes the centre of M(A), then we have the natural
contraction 8;:M(A) ®,,M(A) - CB(M(A)) for the unital C*-algebra M(A).
But, since A is an ideal in M(A), we obtain a contraction ©;:M(A) ®,, M(A) -
CB(A) by defining 0,(u) =0,(u)|4 -

Corollary(1.1.9) [1]

Let A be a non-unital C*-algebra. The map ©;:M(A) ®,,M(A) - CB(A) is an
isometry if and only if every Glimm ideal of M(A) is primal.

Proof:-

Let u € M(A)®QM(A). By taking a faithful non-degenerate representation of A
on a Hilbert space H, we may assume the inclusions A € M(A) € A" € B(H). By
tensoring with M,, (C) and using Kaplansky’s density theorem, one obtains
that

107 (W)||cp= || 7 (W)]|]|cp- The result now follows from Theorem(1.1.8)

We can state a necessary condition for ©®, to be an isometry in terms of
Glimm ideals of A, something that involves an extension of the notion of
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Glimm ideal to the non-unital case. In a (not necessarily unital) C*-algebra A,
aGlimm ideal is the kernel of an equivalence class in Prim(A), where primitive
ideals P and Q are defined to be equivalent if f(P)= f(Q) for all

f € CP? (Prim(A)). By the Dauns-Hofmann theorem, this definition is
consistent with the one already given in the unital case.

Lemma(1.1.10) [1]

Let A be a (non-unital) C*-algebra containing a Glimm ideal G that is not n-
primal (some n>2). Then M(A) also contains a Glimm ideal that is not n-
primal.

Proof:-

In this proof, we elaborate an argument and use different notation. By the
Dauns-Hofmann theorem, there is an isomorphism &of the algebra
C?(Prim(A)) onto the centre Z(M(A)) of M(A) such that for f € C?(Prim(A)),
a € Aand P € Prim(A),

(P(f)a)+P = f(P)(a+P)

in A/P. Temporarily fix P € Prim(A) with P 2 G and define a multiplicative
linear functional ¢on C?(Prim(A)) by (f) = f(P). Clearly ¢ is independent of
the choice of P 2 G. Let ] = ker (¢p°¢p~1), a maximal ideal of Z(M(A)), and let H =
M(A)], a Glimm ideal of M(A).

We have H NA =M(A)JA=A].Leta € A, z € ] and let Q be any primitive ideal of
A containing G. InA/Q we have

za+Q = (71(2))(Q)(a+Q) = (@7*(2))(a+Q) = 0.
Hence AJ € G. (In fact AJ = G, but we will not need that.)

Suppose that H is n-primal. For any closed idealsl;, I5,..., I,, € A, with product
[;1;+1, ={ 0} we must have I; € H (for some 1<i<n) andsol; S HNA=AJ CG.
Thus G is n-primal, a contradiction showing that H cannot be n-primal.

From Lemma(1.1.10) and Corollary (1.1.9), we can make the following
assertion:
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Corollary (1.1.11) [1]

Let Abe a (non-unital) C*-algebra. If the map 6;:M(A) ®, ,M(A) —» CB(A) is
an isometry then every Glimm ideal of A is primal.

Proof :-

For an odd integer n=>3, let W, be the simply connected, 2-step nilpotent, Lie
group considered and let A = C*(W,,). Then A has a Glimm ideal which is not
(n+1)-primal and so, by Corollary (1.1.11), Z is not an isometry in this case.
The next example, together with Corollary (1.1.9), shows that the necessary

condition in Corollary (1.1.11) is not sufficient for ®;, to be an isometry.

Example (1.1.12) [1]

There is a C*-algebra A with compact, Hausdorff, primitive ideal space (and
hence with every Glimm ideal primal) such that M(A) has a Glimm ideal which
is not 2-primal.

Proof:-

Let X be a non-compact, locally compact Hausdorff space such that the Stone-
C ech remainder SX\X has at least two distinct points y and z (e.g. we could
take X = N or X =R). Let B be the C*-algebra C(SX, M, (C)), and let B; be the
C*-sub algebra consisting of those functions f € B for which there exist
complex numbers A, (f), 4, (f), 13 (f) such that f(y)=diag(4, (f), 2,(f))

and f(z)=diag(A,(f), A3 (f)). Let my: B = M, denote the representation m,(f)
= f (x). Then Prim(B;) ={kerm, : x €X\{y ,z}}U{ ker 4, ,ker 4,,ker A3} and, for G
= ker A1; Nker 1, Nker A3,

Glimm(B;) ={ker m,: x €X\{y ,z}}U{G}.

The Glimm ideal G is not 2-primal. To see this, let U and V be disjoint neighbor
hoods of y and z, respectively, in fX. Let K;; be the closed ideal of B; consisting
of those functions vanishing off U, and similarly let K;, consist of those f € B;
vanishing off V, also a closed ideal of B;. Then Ky, K, %G, but KK, ={0}.

Let A={f € By : A1(f) =43(f) = 0}, aclosed ideal in B;.
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We have Prim(A) ={ker 1, |4 : x € fX\{y,z}}U{ ker (4;]4)}-

Furthermore, Prim(A) is homeomorphic to the compact Hausdorff space
obtained from [SX by identifying the points y and z. In particular, therefore,
every Glimm ideal of A is primitive and hence primal.

Now let ] = Cy(X, M,(C)). Then M(]) = C?(X,M,(C)) by Akemann et al.. Note that
the restriction map f— f|, is a *-isomorphism between B = C(fX, M,(C)) and
CP (X, M,(C)). Since ] is an essential ideal in A, it is also an essential ideal in
M(A) and so we now have ] € A € M(A) € M(]) = B. Elementary computations
show that M(A) = B;.

Section (1-2):- Specific Result

If every Glimm ideal of a unital C*-algebra A is 2-primal (so that 8,is injective)
but not every Glimm ideal is primal, then one may look for a relationship
between the degree of primality of the Glimm ideals of A and the length of the
shortest tensors u € AQA on which 6, fails to be isometric. We begin by
considering the question of whether n-primality of all the Glimm ideals of A is
sufficient for 6, to be isometric on tensors u =Zf=1 a;Qb; € AQA, where n

and ¥ are related in some way.

We will use results in the sequel in order to be able to calculate Haagerup
norms. By injectivity of the Haagerup norm, we can always make our
computation in B(H) for some H and in this setting we have equality of the
Haagerup norm of a tensor u =Zf=1 a;@bjand the cb-norm of the elementary
operator T = 8(u) on B(H) . The difficulty addressed is to be able to recognise
when a tensor u is represented in an optimal way, meaning a way that gives
equality in the infimum

. 1
llull inf2 (lal? + [151]2),

where we now adopt the shorthand b =[ b4, bs,..., bg]t for the (column) +-
tuple of the bj’s and a =[ a4, a,,..., a, ] for the (row) ¢-tuple of the aj’s. Recall
that.

llal|?= ||Zf=1aj a’|| while ||b]|? = ||Z§=1b}k®bj||.
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The infimum for ||u||,can also be written using the geometric mean version
|[lul|x = inf||a[b]|
but there is no loss in restricting to representations u =Zf=1 a;@bjwhere

l|a]| = ||b|| and so the geometric and arithmetic means of ||a||? and||b||? agree

The results use numerical range ideas to characterise the situation where we
have equality in
HeI< 18Iy < Ilall? + [1b]17 (2)

and then an extension of this characterisation to amplifications 8 (u)* of
6(u) in order to deal with the equality in the second inequality only. we use
the notation W, (b) for the matrix numerical range

W (0) = {(<bjb:i§, & >)i iy = (K biE, b€ >)f iy + & € H,||€]| =1}

associated with a column b. This subset of M; (the positive semidefinite
#xfmatrices) is in fact the joint spatial numerical range of the £? operators
b/ b;but it is convenient to consider it as a set of matrices. It is easy to see that

each matrix in W, (b) has trace at most ||b||?and that this is the supremum of
the traces. The ‘extremal matrix numerical range’ W, (b) is defined as the
subset of the closure of W, (b) consisting of those matrices with trace equal to
. (In case H is finite dimensional, W, (b) is already closed and the extremal
matrix numerical range corresponds to restricting € H to be in the
eigenspace for the maximum eigen value of };; b; b;.) The criterion equality in

(2) is
Win(@®) "W (b) #0
(where a* =[ a3, a3,.., a;]" is a column).

Let co(S) denote the convex hull of a set S. Equality in the second inequality of
(2) occurs if and only if

co(Wne(a®))Nco(We (b)) #@ (3)

We have u EB(H)@B(H) of length , it can be written as u =Zf=1 a;Qbj so as
to get

15



llall®+Ibl|?

[lulln =llall* = [Ib]]* =—— (4)
with the same ¢. Via Haagerup’s theorem
lulln =116 (Wllcp

we see that (3) and (4) are equivalent for u €B (H)Q B (H). We will use
this equivalence several times to detect when representations of such u
satisfy (4).

Lemma (1.2.1) [1]

Consider a Hilbert space H which is a (Hilbert space) direct sum of Hilbert
spaces H; (i € I = some index set). Let a; ;, b; ; € B(H;) for eachi €l

with sup;||a; ;|| < % and sup;||b; ;|| n< oo for 1<j< ¢. Consider a; = (a; ;)1 as
a ‘block diagonal’ element in B(H), b; = (b; j)ie1 similarly and u =Zf=1 a;®b; €
B(H)®B(H). For a subset F C I, letH be the direct sum of those H; fori € F
and let a;,F = (a; ;)ie1 € B(Hp), b;,F similarly defined and up = ¥./_, a;®b;,F €
B(Hr)®B(HE). Then

||u||p, = sup{ug||, : F €LF has at most £? +1 elements}.

Proof:-

As remarked above, we know that

[lulln =118 (W)|]p for 8(u) €cf(B(H)) and similarly for

[lupl |-
Let (P) be an increasing net of projections converging in the strong operator

topology to the identity operator on H. Since, for the strong operator topology,
multiplication is jointly continuous on norm-bounded sets, we have
116 (W] = limy, [|6Cu)|lcp
where
uy = Xj-1(Pua;B,Q(F,b;Fy).

Furthermore, for each k=2, the k-fold amplification of P, converges strongly
to the identity on Hk and so

116 (Wlep = limy, [[8Cw)]lcp -
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We may therefore assume that I is finite.

We assume next that u is written so as to get equality in the Haagerup norm
infimum ||u||, = (||a]|?||b]]?)/2, hence (3) holds. Since we are in the case
where | is finite,

2 _ 2 ¢
|[a]|* =max;ef |agy||® maxe||12j=1 aj:(a;)7|l, (5)

where now ag;y =[ a; ;,a,;,.., ap ;] relates to the summand i. A unit vector {€ H
=, H; gives an element of W, (a*) which is a convex combination of elements
of u, (a’fi}) (i €I). Hence, since closed bounded subsets ofM are compact and I

is finite,

co(Wn(a") = co(U,e W, (agy)) = coUier Wi (agy)

To get elements of the extremal matrix numerical range W, , (a*), we must
only use those i €l where the maximum in (5) is attained and matrices from
co(Wi,e (ag3)) in the convex combination. Thus, if Ia denotes the subset of i €1

where the maximum in (5) is attained, we have
CO(Wm,e (a*)) = CO(UiEIal Wm,e(agi} )) (6)

Applying the same argument to b as applied above to a*, we obtain a (possibly
different) I, €[ so that

co(Win,e (b)) = co(Uier, Win,e(bgiy ))- (7)

We claim that there are non-empty subsets F, €I, and F, €I}, such that |F, |+
|F,|<(#2-1)+2 = #? +1and

( CO(UiEFa Wm,e (azi} )N (CO(UiEIa Wm,e (bgi} ))7&@ . (8)

To see this, note that all the matrices we are considering (in the extremal
matrix numerical ranges) are hermitian £x£ matrices with the same trace
||al|?=||b||? and hence they lie in an affine space of real dimension #2-1 (or
affine dimension #2). By Carathéodory’s theorem, any element in the convex
hull of a subset S of R,,can be represented as a convex combination of n+1 or
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fewer elements of S. A slightly less well-known fact is that if the convex hulls
of two non-empty sets S;, S, CR,, (or an affine space equivalent to it)
intersect, then we can find a convex combination of n; elements in S; to equal
a convex combination of n, elements of S,, where n;, n, = 1 and n;+n, < n+2.
This follows by applying Carathéodory’s theorem to the origin, which belongs
to the convex hull of

{(x1):x € S;}U{(-y,-1) :y € S,}cR"*1,

We can apply this fact because we have (3) valid, and therefore the subsets F,
and Fj exist as claimed

.Let ¢ bein intersection (8) and let F = F, UF,,.
Let ar =[ al’F, aZ’F,..., ag’F] and bF =[ bl,F' bZ,F""' bg’F]t.

Applying (6) and (7) to ay and by, respectively, and noting that F NI, 2 F, and
F N[, 2F,, we obtain
llar|l =llall, [|br|| = [Ib]| and that

& € co(Wy,e (a5))Nco(Wy ¢ (br))-

Hence, by criterion (3) we have

lluglln = llag|1? =[1bel1?]lal[*=[|ul | -
Since F has at most #2 +1 elements, the result now follows.
Proposition (1.2.2)[1]

Let A be a unital C*-algebra and ¢ a positive integer. Suppose that every
Glimm ideal in A is (¢2 +1)-primal. Let u =Y_; a; ®@b; € AQA. Then

16z(Wllep = [ullzn

Proof :-
we know that

[[ullzn=sup{u®||p : G € Glimm(A)}
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while
1167(w)|cp = sup{||w/ ||, : ] minimal primal in A}.

Let G € Glimm(A) and consider uG € (A/G) @ (A/G). In order to compute
||u®||, we embed A/G faithfully as an algebra of operators, and use injectivity
of the Haagerup norm . We take as our faithful representation the reduced
atomic representation

o,:A/G2-]],B(H,)cB(D, Hy)
(one irreducible representation 7 from each equivalence class in A/G).

Let € > 0. By Lemma (1.2.1), there exist inequivalent irreducible
representationsmy,..., m,0f A/G such that n< £%2+1 and

lulln —& < [1((or @) (u)Flln,

where Hg = H, @--@H,_ and
=1, P---Pm,. Let P; = ker m,for 1<i<n and let [ =ni=N}., P; . By hypothesis,
is a primal ideal of A.

Since o induces a faithful representation of A/I (given by a+I —»¢ (a) for a € A),
we have ||(o ® o )(u®)||, = || v’ ||, by injectivity of the Haagerup norm.
Now let ] be a minimal primal ideal of A contained in I. We have

Hu Il — & < [u'lln < 11w n < 1102W)]lep -

Since € and G were arbitrary, ||ul|, , < [[(0z(u)||cp. ASZ is a contraction, the
result follows.

Our aim now is to show that the converse of Proposition (1.2.2) holds, and for
that we need some preparation.

Lemma (1.2.3) [1]

Given a positive definite nxn matrix a of trace 1, there exist n? affinely
independent rank one (self-adjoint) projections p;EM,, (1<i< n?) so that
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nZ
a = Z ti pi
=1

is a convex combination of the p;with t;> 0 for each i (and n? i=1¢t; = 1).
Proof:-

Note that positive semidefinite trace 1 matrices pEM,, correspond to states of
M, via x — trace(x,)and the rank one projections correspond to the pure
states. We argue by induction on n. Of course the n = 1 case is obvious and so
we consider n>1.

Recall that we can write any rank one projection p in M,, as p = £* Q¢ for a
unit vector ¢ in the range of p. We can assume the given matrix x is diagonal
with (positive) diagonal entries a;; = a,,°*= a,,, > 0 in descending order (by
replacing the original @ by u* au for some suitable unitary u € M,;and applying
u(-)u” to the rank one projections we find). Since n>1, a;,< 1. Choose § > 0 so
that § < a,,,, / @11 <1 and a4;(1+(n-1) §?)<1. Let € be a primitive mth root of
unity with m = 2n-1. Let

& =(1,68¢8,68%,..,86mI)/ /1 + (n—1)82 (1< i < m)and observe that

a 2
q=Yym, U ey +(1— a1+ (n— 1)62)

m

, where «a is essentially a positive definite diagonal matrix of trace 1 in M,,_;.
Strictly speaking, a' is in M,, and has 0 in the (1,1) entry, but we are able to
apply the inductive hypothesis to it. We end up with aas a convex
combination of a total of m+(n-1)?=n? rank one projections.

Working with the first row and column (and using a Vandermonde
determinant argument), we can check that the projections ¢ ®¢;are affinely
independent among themselves and also when we add in the
(n-1)2projections we get from the inductive step.

There is a simpler argument which does not quite prove the preceding lemma.
The affine dimension of the state space is n? and so it is possible to find n?
affinely independent rank one projections. One can argue that the average

of such a collection of projections has to be positive definite. If not, there is a
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unit vector £€ C,, with (8¢, £)=0 and then each of the projections p would
necessarily satisfy (p¢, £)=0. That is the projections would be restricted to lie
in an affine space of dimension strictly less than n? (in fact in a face of the
state space). So [ has to be non-singular. For us, it is more convenient to be
able to express any pre-assigned, positive definite matrix a¢ with trace(a) =1
as a convex combination of n?rank one projections (though we could actually
manage with a non-specific f). A variant of the inductive argument above is
needed in the next lemma.

Lemma (1.2.4) [1]

For £ >2and (#-1)? +2<N< #? +1 there exists u =Zf=1aj Q b; €
C"®C"such that ||u]|;, = 1(where C" is considered as the commutative
C*algebra of functions on a discrete space with N points) and such that for any
non-empty subset F c{ 1,2,..,.N} of N -1 points or fewer,

lluplln<1

where uF=Zf=1 ajr ® b; r and a; g, bj ¢ are the restrictions of a;, b; to F.
Proof:-

We will adopt a similar notation to that in Lemma(1.2.1) and take [ ={ 1,
2,.,N}, H; = C (eachi€ 1) and H = @;¢ H;. Oura; will be diagonal elements of
B(H) with diagonal entries (a;;)ic and similarly b; = (b; ;)¢ (for scalars
aj; b; ;€ C). We abbreviate a =[ a;, ay,.., a, ] and b =[ by, b,,..,, b,]".

Letm =2(¢-1)and n =N -(( £ -1)% +2). Our a;; will be zero for m<i<N and
bj,i will be zero for 1<i<n. As 0<n<m<N, we shall be able to arrange that for
each i €{ 1,..,N} there will be a j with a;;= 0 or b; ;= 0 (or both). We will
arrange that

— ? — ? —
llall? = [1Ej=1 4 af || = 1<iem =1 lail® =1
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and that the maximum is achieved in each position 1< i< m (so
thath=1 |aj,i|2 =1 for 1< i< m). We will also arrange that

£
|1b]12 = 12521 b bl = o Z18% Xhoi bl =1

and each Z§=1 |bj,i|2 =1 for n <i< N.We will use (3) to ensure

[lullr = (llal|? +[[b]|*)/2 = 1 by ensuring that & € co(Wp, . (a*))Nco(Wy, . (b))
with «a the diagonal £x# matrix with diagonal entries all equal to 1/#. In fact,
will be the only matrix in the intersection. But we achieve this in such a way
that all N summands in H are required and therefore for any choice of F giving
N-1 or fewer summands we do not satisfy criterion (3) (and hence

||ug||p is strictly less than 1 by Timoney . For the a;(1<j< ¢), it is helpful to

think of £ rows aj,..., a, which we will specify column by column (where each
column has length £). We take a primitive mth root of unity and, fori €{ 1,..,,
m }, we define

(al,il aZ,iJ"" a{’,i) = (1rfi152il' " E({J_l)i )/\/?

Recall that a; ; is to be zero for i>m and 1<j< ¢ .Any unit vector {€ H
supported in the summands H;(1<i<m) gives a matrix in W;, ((a*), specifically
the matrix

£
> el arien)
j=1

(a convex combination of the n; ®n;, from which we see that W;,, ,(a*) is
convex)

Where
ni=(1,E75E72. ., e7@=Dy /e,

Taking each §; = 1/4/mwe get the matrix a. For future reference, notice that
&¥=1=-1and so, for 1 < i < m, the matrix n; ®n; has the real number (-1)¢/ £
in the (1, ) position.
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As with the g, it is helpful to think of the b; as £ rows which we will specify
column by column. The first two non-zero columns (column n+1 and column
n+2) are as follows:

0,=(+2,0,..,0,0)//3 and 6,=(+/2,0,..,0,1) /V/3,

where ( = v—1. We choose the remaining (- 1)? columns by using Lemma
(1.2.3). According to that lemma, we can find (£- 1)? affinely independent
rank one projections p; (1<k< (£- 1)?) inM,-1 so that the diagonal
(£-1)x( £-1) matrix

2 — 3 5 X
(£€—1)"
k=1
0 L] 71
\ 2¢ —3 )

is a convex combination of all of the p;, (thatis, t;, > 0 for all k and )}, t,=1).
(Note that only the final diagonal entry of  is reduced to the value 1/(2£-3).)
Take unit vectors u,(1<k< (#- 1)?)in to be in the ranges ofp;, and extend

them to vectors (0, uy) =i, € C’. Let
(bl,i; bZ,i;---' b{’,i) =ﬁk (1 = n+2+k,1SkS ‘f (‘f— 1)2)

We can check that

3, . 3, . £—1)2 2¢-3 X -
a=Z(0;®6:) + — (03®8,) +Zimy ) =2t (i ® i),

a convex combination. Thus a €W,, .(b). Since a € W}, .(a*) also, the criterion
(3) guarantees that||u||, = 1.

We show next that « is the unique element of co(W},, .(a™))N co(W;, (b)) =
Wi e(@)N W, o(b).Suppose that

m

D cini ® fi

i=1
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where ¢;1,s, t; =0,); ¢; =1 and r+s+k t; = 1, and let the common value be

the £ x £ matrix y . By considering the (1,1)-entry of y , we see that 1/ £=
2(r+s)/3. On the other hand, recalling that the (1, £)-entry of y must be real,
we see that -r +s = 0. Thus r =s = 3 /(4 ). By considering the first row of y and
also the entries  y,_; 1,Y¢—2 1, V2,1, We obtain that V. = e; where V is the
mxm matrix whose (i,j)-entry iséJ0~Y | ¢ = (¢4,..., ¢,;y)t and e, = (1,0,..,0)¢. By
inspection, one solution is ¢; = ¢; =--=c; = 1/m (giving y =a ), and this solution
is unique because the determinant of V is a non-zero alternant of
Vandermonde.

What remains, in order to show that

||ug|ln < 1 for any non-empty proper subset F of {1,2,..,N}, is to show that we
cannot find a common element of the convex hulls of the corresponding
extremal matrix numerical ranges when we remove any summand H;(or more
than one H;). However, by the uniqueness established above, the matrix « is
the only possible candidate for being such a common element. Removing the
summand H; implies removing one of the 7n; if 1<i<m, and one of 6,6, or
some i, if n<i<N. (If N<£?+1, then there will be some i falling into both
groups.) But to get a on the ay side, we need all of the n; ®n; (1< i< m)
because they form an affinely independent set (since the equationV4= 0 has
unique solution d = 0). Thus F must contain all i in the range 1< i< m. On the
other hand, it is easily checked that the set {8;® 8, 0; @0, YU{fi;, f : 1 < Kk(
£ -1)? }is affinely independent. Hence, to get a on the bgside, F must contain
all i in the range n<i<N. So if F is a proper subset of {1,2,....N}, then we cannot
satisfy the criterion (3) and so||ug||, < 1.

Theorem (1.2.5) [1]

Let A be a unital C*-algebra. Fix £ >1. Then

”ez(u) ”cp:”ul |z,h

holds for each u =Y%_; a;®b;€ AQA if and only if every Glimm ideal in A is (2
+1)-primal.
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Proof:-

One direction is already done in Proposition (1.2.2) above. For the converse,
suppose that A has a Glimm ideal G which is not (#2 +1)-primal. If G is not 2-
primal then there exists u =a @b € AQA such that
llul|;n # 0and 6,(u) = 0.If Gis 2-primal (so £ >1) then there exists ¢’ €{ 2,..., ¢
}and N €{( #'-1)%+2,.., £'+1} such that G is (N —1)-primal but not N-primal.
Since a tensor with £’summands may be regarded as a tensor with £
summands, by the addition of zeros, we may as well assume (for notational
convenience) that £’ =¢. As in the proof of Theorem (1.2.5), there exist
primitive ideals Pj,..., Py of A such that G € P; for 1<i<N and ] := P;N---NPy is
not primal. Furthermore, there exist mutually orthogonal positive elements
by,..., byof A such that ||b;|| =||b; + j||=1 for 1<i< N and such that for each P €
Prim(A) there exists i €{ 1,..,N} for which b; € P. We now re-label these N
elements as d;,..., dy (to avoid confusion with the elements b;,..., b,

which we are about to import from Lemma (1.2.4) Let v
=Y‘_1a;®b;ECYQC" have the properties of Lemma (1.2.4), let
f=max{||vg ||n: F a proper non-empty subset of {1,..,N}} < 1

and let
u:= f=1(aj,i dl) X (Z?I=1 bj,i d])e AQA.

On the one hand,

[ullzn 21w |la 21w (] =llv]]a=1,

where the penultimate equality follows by applying Lemma (1.1.5) to the
linear map @: CY - span{d,+],.., dy+]} given by @(e;;) = d;+] (where e;; is the
ith standard basis vector). On the other hand, if P € Prim(A) then there exists
i'€{1,..N} such thatd; € P. Let F ={ 1,..,N}\{ i’ }. Then

P [ =1 Z521(Zinir @i (di + P) @ Xiwir by di + P <llve || < B,

where the penultimate inequality follows by applying Lemma (1.1.5) to the
linear map @: span{e;;: i # i'}-span{d; + P:i # i'} given by @:(e;) =d; + P.
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Hence

>116,(u) lleb = peprimeagl 11 1ln < 1.

Finally, we note that we can extend Theorem (1.2.5) to the non-unital case in
the same way as Corollary (1.1.9) extends Theorem (1.1.8).
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Chapter 2

Operator Coefficients

Although some definitions are recalled, we will be assumed to be familiar with
the basics of free probability theory and more precisely with its combinatorial
aspect (non-crossing partitions, free cumulants ,R-diagonal operators ...). For
the vocabulary of non-commutative LP spaces nothing more than the
definitions of the p-norm, the Cauchy-Schwarz inequality

|t(ab)| <allal|;|[b||; and the fact that ||x|| = limy_,e [|x|[pwill be used.

We proved that the same inequality holds for the norms in the associated
non-commutative L, spaces when p is an even integer, p = d and when the
generators of the free group are more generally replaced by *-free R-diagonal
operators. In particular it applies to the case of free circular operators. We
also get inequalities for the non-holomorphic case, with a rate of growth of
order d + 1 as for the classical Haagerup inequality. The proofis of
combinatorial nature and is based on the definition and study of a
symmetrization process for partitions.

Let E.be the free group onr generators and |+| the length function associated
to this set of generators and their inverses. The left regular representation of
E. on £%(E.)is denoted by A, and the C* -algebra generated by A(F.) is denoted
by Cy(F.). Haagerup proved the following result, now known as the
Haagerup inequality: for any function f: F. —C supported by the words of
length d,

D> F@r®

geF,

<@+ DIFlz2- (1)

}C;’(F,.)

This inequality has many applications and generalizations. It indeed gives a
useful criterion for constructing bounded operators in Cy (F.)since it implies in
particular that for f: F. —=C,

> f(g)l(g)‘

geF,

<2 [ (g1 + 1)*r@].

Cr(F) ecFy
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and the so-called Sobolev norm i/zgeFr(lgl + 1)*|f (g)|?is much easier to

compute that the operator norm of A(f )=); f (g)A(g). The groups for which the
same kind of inequality holds for some length function (replacing the
term(d+1)in (1) by some power of(d+1)) are called groups with property and
have been extensively studied; they play for example a role in the proof of the
Baum-Connes conjecture for discrete cocompact lattices of S L;(R).

Another direction in which the Haagerup inequality was studied and extended
is the theory of operator spaces. It concerns the same inequality when the
function fis allowed to take operator values. This question was first studied
by Haagerup and Pisier, and the most complete inequality was then proved by
Buchholz . One of its interests is that it gives an explanation of the (d+1) term
in the classical inequality. Indeed, in the operator valued case, the term

(d+1) [|f|l,is replaced by a sum of d+1 different norms off (which are all
dominated by ||f|[,when fis scalar valued). More precisely if S denotes the
canonical set of generators of F. and their inverses, a function f: F. -M,,(C)
supported by the words of length d can be viewed as a family

----------

.....

The family of matrices a = (a )y s« can be seen in various natural ways as a
bigger matrix, for any decomposition of S¢ ~ S!®S% LIfthe a,’s are viewed
as operators on a Hilbert space H(H=C" ), then let us denote by M, the
operator from H® £2(S)®4-! to HRQ £2(S )®!

Having the following block-matrix decomposition:

M) = (ags,1))ses! 1esd-!-
Then the generalization is
Theorem (0.1)[2]

Let f:F. -»M,(C)supported by the words of length d and define (ay);cse and
M, for 0<I<d as above. Then
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> @@ <@+ Difl,
9gEF) C;

The same result has also been extended in [16] to theLp-norms up to
constants that are not bounded as d—oo.

Theorem (0.2) [2]

Let f: E. »C be a function supported on W, . Then

< VevdFIlflla.

CI(Fr)

“ > f(g)l{g)‘
geW,

A similar result has been obtained when the operators A(g;),...A(g,) are
replaced by free R-diagonals elements. These results are proved using
combinatorial methods: to get bounds on operator norms the authors first get
bounds for the norms in the

non-commutativeL,,-spaces forpeven integers, and makeptend to infinity. For
an even integer, the L,-norms are expressed in terms of moments and these
moments are studied using the free cumulants.

In this paper we generalize and improve these results to the operator-valued
case. As for the generalization of the usual Haagerup inequality, the operator

valued inequality we get gives an explanation of the term vd + 1: for operator

coefficients this term has to be replaced by the £ combination of the
norms||M;||lintroduced above. A precise statement is the following. We state
the result for the free group F,, on countably many generators(g;);en, but it of
course applies for a free group with finitely many generators.

Theorem (0.3) [2]

For d €N, denote by W; cF,the set of words of length din the gi’s (but not
their inverses).Fork=(kj,.., kq)EN? let g =gy ..gx, EW; . Let a =(ay)ye be a
finitely supported family of matrices, and for 0 <I < d denote by M, =

.....
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d 1/2
< #Ve (leOMMlMZ) NS

Note that even whena; €C, this really is (up to the constant 4% an
improvement of Theorem (2.1.2). Indeed it is always true that for any |,

M, ||? < T.(M;M,) Yxlax|?. There is equality when 1=0 or d but the inequality
is in general strict when 0<l<d. Thus if the a;’s are scalars such that||(a;)||,=1
and ||M;|| < 1/V/d for 0<l<d , the inequality in Theorem (0.3) becomes

K| 2kend aA(gi)]l < 45\/§||(ak)||2. Since the reverse inequality

I Zkena axA(gi) Il = ll(ax)llz always holds, we thus get that||Xyene axA(gi)ll =
||(ax)||;with constants independent of d. An example of such a family is given

> a®(g)

keN<

.....

exp(2itk;... ky/p)/p®/? for any k; €{1,...p} and a; =0 otherwise then
obviouslyYx|ak|? =1, where as a computation see (Lemma 2.2.9) shows

that||M,||? < gif 0<l<d. It is thus enough to take p> d?.

The same arguments apply for the more general setting of*-free R-diagonal
elements (*-free means that the C*-algebras generated are free). Moreover we
get significant results

already for theL,-norms for peven integers. Recall that on aC*-algebra A
equipped with a trace t ,the p-norm of an element x€A is defined by
lxll, = 7(|x]P)/Pfor 1<p<o, and

that for p=co the L norm is just the operator norm. In the following the
algebra M,, @A will be equipped with the traceT,.@t. The most general
statement we get is thus:

Theorem (0.4) [2]

Let c be an R-diagonal operator and(cg)xen a family of*-free copies of cona
tracial C*-probability space(A,t). Let (ay)

K € Nd be as above a finitely supported family of matrices and M,

..........
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For k=(k;,..., kg)€N%denote Ck=Ck,- C,- Then for any integer m,

d 1/2
_ d
<Aels 2 Ncl3mey/ 1+ = Y 1ml3, | - 3)
2m m =0

For the operator norm,

Zﬂk @ ck

keld

Zﬂk®ﬂ‘k

kenNd

d 1/2
< 45||c||§‘2||c||2¢3( > ||M.r||2) : (4)
=0

When theC,k’s are circular these inequalities are valid without the factor

5 —
£lclg2llcll?.

For The outline of the proof of Theorem (0.4), we first prove the statement
for the L,-norms when p=2m is an even integer (letting p—oo leads to the
statement for the operator norm). This is done with the use of free cumulants
that express moments in terms of non-crossing partitions . More precisely to
any integer n, any non-crossing partition 1 of the set {1,..,n} and any family
b;,..., by €EAthe free cumulant k[ b;,...b,,]EC is defined . When t=1nis the
partition into only one block, k, is denoted by k. The free cumulants have the
following properties:

eMultiplicativity :1f w={V;,..., Vs}, kn [D1,mr B ]=I Loyt [ (Bi) keew |
eMoment-cumulant formula :t(by,..., by)= Xnencm) Kn [P1,---» bpl.

eCharacterization of freeness: A family (4; );of subalgebras is free iff all mixed
cumulants vanish, i.e. for any n, any by € 4;,and any m ENC(n)then
kT[[bli"" bk]=0 unless ikz il

for any k and 1 in a same block of .

The first two properties characterize the free cumulants (and hence could be
taken as a definition), whereas the third one motivates their use in free
probability theory. Since thex-distribution of an Operator c€(A,1)is
characterized by the trace of the polynomials in c and c¢*, the cumulants
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involving only c and c*(that is the cumulants k [(b;)]withb; €{c, c*}for any i)
depend only on the *-distribution of c.

In order to motivate the combinatorial study of certain non-crossing
partitions in the first section, let us shortly sketch the proof of the main
result.With the notation of Theorem (2.1.4) let ,A=), a;, & c.For

.....

(5k)*=C;(1)"'C;(d)' Then

A*=) @ Q ¢, and for p=2m the pth power of the p-norm of A is just the
trace T, @t of (AA™)™, which can be expressed by linearity as the sum of the
terms of the form T, (a,dy, ax,,._, 8k, ) & T(Ck,Cr, Ckyp_;Ck,p)-ThE

expression ¢y, 6,’22... Cyp_Ck _is the product of 2dmterms of the form c; or

2
c; (for ieN).Apply the moment-cumulant formula to its trace. Using the

characterization of freeness with cumulants and then the multiplicativity of
cumulants and the fact that cumulants only depend on the *-distribution we

2m
E ay @ cg

= E kxlCd m] § , Tr(aklafg o 'a-r::zm)‘
keMd

2m TeNC(2dm) (ky..ookom)=m

def

thus get =S(a,m.d.m)

where for k eN*4™ and m eNC(2dm)we write k < if k; =k; when ever i and j
belong to the same block of m and where

2m groups

N

Up to this point we did not use the assumption that c is R-diagonal, since the
R-diagonal operators are those operators for which the list of non-zero
cumulants is very short, we get that the previous sum can be restricted to a
sum over the partitions in the subset NC*(d, m)cNC(2dm), which is defined
and extensively studied in part 1.2:
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Y kalcamlSa, 7, d,m). 5)

2m g eNC*(d.m)

The term k, [cq,m]is easy to dominate (Lemma 2.2.5). When the ay’s are
scalars the second term S(a,m,d,m)can be dominated by||(ay)||$~2 (by the
usual Cauchy-Schwarz inequality). But here the fact that we are dealing with
operators and not scalars forces to derive a more sophisticated Cauchy-
Schwarz type inequality that may control explicitly the expressions
S(a,m,d,m)in terms of norms of the operators M,. This is one of the main
technical results in this section, Corollary (2.2.4). This Corollary states that

d
|S(a,:fr.d.m)| < ||1"r51'.'||23'm‘[F (6)
=l

2m
[

for some non-negativefor some non-negative y; with };; i =1. Moreover the
are explicitely described by some combinatorial properties of . This
inequality is proved through a process of “symmetrization” of partitions. The
basic observation is that if one applies a simple Cauchy-Schwarz inequality to
S(a,m,d,m)(Lemma 2.2.1) , this corresponds on the level of partitions to a
certain combinatorial operation of symmetrization. This observation was
already used implicitely, in some special case: Buchholz indeed notices that
for d=1 and if m is a pairing (i.e. has blocks of size 2), this Cauchy-Schwarz
inequality corresponds to some transformation of pairings (for which he does
not give a combinatorial description), and that iterating this inequality
eventually leads to an domination of the form (6) (for d=1) but in which he
does not compute the exponents iy and ;.

In our more general setting it also appears that repeating this operation in an
appropriate way turns every non-crossing partition m ENC"*(d, m)into one
very simple and fully symmetric partition for which the expression
S(a,m,d,m)is exactly the (2m-power of the 2m-) norm of one of the M,’s. This is
stated and proved in Corollary (2.1.6) and Lemma (2.1.2) One important
feature of our study of the symmetrization operation on NC*(d, m)is the fact
that we are able to determine some combinatorial invariants of this operation
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(see part 1.3). This allows to keep track of the exponents of the||M; ||, that
progressively appear during the symmetrization process, and to compute the
coefficients y; in (6).

The second technical result that we prove and use is a finer study of NC*(d,
m).The main conclusion is Theorem (2.1.7) which expresses that partitions in
NC*(d, m)have mainly blocks of size 2 and that NC*(d, m)is not very far from
the set NC(m)@ of non-decreasing chains of non crossing partitions on m (in
the sense that there is a natural surjection NC* (d, m)—>NC(m)(d) such that the
fiber of any point has a cardinality dominated by a term not depending on d).
This combinatorial result is then generalized in Theorem 1.13 and Lemma
(2.1.16), and then used to transform the sum in (5) into a sum over NC(m)(d)
for which the combinatorics .

We prove also the following results, which are extensions to the non-
holomorphic case of the previous results and their proofs. Let ¢ be an R-
diagonal operator and (cy)keny Na family Of x-free copies of con a tracial C*-
probability space (A ,t).For e=( gj,.., £4)€ {1,*} ¢ and k=(kj,..., kq) € N9 denote
Cre = CE ciz . The result is an extension of Haagerup’s inequality for the space
generated by the cy (for the k, € satisfying k; =k;1=¢; =¢;;, i.e. for which

A(g) ke has length d. Denote by I4 the set of such(k, €).

Theorem(0.5)[2]

Let(a(k,e)) (k,e)enx (1,4 ¢ De a finitely supported family such that a ¢, =0 for (k,
g)¢ Iq.For 0<I<d, let M, be the matrix formed as above from (a,))for the
decomposition(N {1,¥}) 4=(Nx {1,%} )!'x (Nx{1,%}) 91, Then for any

pE2NU{ oo}

Z ak.e @ Ck.¢

(k,e)e(Nx{l,ep9d

Sun2 i .nd—2 ,
sS4 el llelly = (d + 1)01311;1%;! | Mil p-

p ==l

Similarly for self-adjoint operators we have:
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Theorem (0.6) [2]

.Let 1 be a symmetric compactly supported probability measure on R, and ca
self-adjoint element of a tracial C*-algebra distributed as p.

Let(cy)kenbe self-a djoint free copies of c and (ay,, x,)x,.. k enbe a finitely
supported family of matrices such that ay =0 if k; =k;,,for some 1 <i<d.
Then for any p€ 2NU{oo},

-2
D Gk ® k| <Al lelyTHE+ 1) max (M), (7

‘D =t

Fig. 1. A graphical representation of the
partition{{1,3,12},{2,4,8,10},{5,7},{6},{9,11}}.

For the case of the semicircular law and scalar coefficientak, this result is not
new. It is due to, and was reproved using combinatorial methods by Biane and
Speicher, . Our proof is a generalization of their proof and uses it. Note also
that the condition that ay =0 ifk;i =k;,,for some i is crucial to get (7):
indeed if ayx, =0 exceptfora; ;=1then we have the equality || Xxena ax &

Cpr + Ciy llp = ||C§1||p, whereas max;||M;||,=1 and if p is not a Bernoulli

measure ||C| |22,||C| 19-2(d+1)=0(]|C]| |3p) When d—oo. The inequality (7) thus
does not hold for this choice of(ay), even up to a constant. These results are of
some interest since they prove a new version of Haagerup’s inequality in a
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broader setting, but they are still unsatisfactory since one would expect to be
able to replace the term(d+1)maxo<<q||M; ||, by X oM.

The paper is organized as follows: the first part only deals with combinatorics
of non-crossing partitions. In the second part we use the results of the first
part to get inequalities for the expressions S(a,m, d,m) . In the third and last
part we finally prove the main results stated above.

Section (2-1): symmetrization of Non crossing partition

.....

Ve(|[Mgll?+ - - - + |IMgl1?)/?, where M, ..., My are d + 1 different block-
matrices naturally constructed from the family (a; ), .« for each

decomposition of 9~ ' 197! with1= 0,...,d.Itis also proved that the same
inequality holds for the norms in the associated non-commutative L, spaces
when p is an even integer, p = d and when the generators of the free group are
more generally replaced by *-free R-diagonal operators. In particular it
applies to the case of free circular operators. We also get inequalities for the
non-holomorphic case, with a rate of growth of order d + 1 as for the classical
Haagerup inequality. The proof is of combinatorial nature and is based on the
definition and study of a symmetrization process for partitions. Elsevier Inc.
All rights reserved. For any integer n, we denote by [n] the interval {1, 2, ...,n},
which we identify with Z/nZ and which is endowed with the natural cyclic
order: for kq,.., k,€[n] we say that k;<k,<---<k,, for the cyclic order if there
are integers ¢4, ..., £1 such that £; <£, <---< £,,k;=l; mod n and [,,-l; <n. In
other words, if the elements of [n]are represented on the vertices of a regular
polygon with n vertices labelled by elements of[n]as in Fig. 1, then we say
that k,<k,<---<k,if the sequence kj,.., k,can be read on the vertices of the
regular polygon by following the circle clockwise for at most one full circle.

If t is a partition of [n], and i €[n], the element of the partition m to which i
belongs is denoted by m(i). We also write i ~ rr j if i and j belong to the same
block of the partition .
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If the elements of [n] are represented on the vertices of a regular polygon with
n vertices, a partition 1 of[n]is then represented on the regular polygon by
drawing a path between i and j if i~ j. See Fig. 1 for an example.

6

Fig. 2. The operationP 1on the partition{{1,3,12},{2,4,8,10},{5,7},{6}.{9,11}}.

We introduce the operationsP;, on the set of partitions of an even number
n=2N.This definition is motivated by Lemma (2.2.1).

Definition (2.1.1) [2]

Let k€[2N], and [, the subinterval of [2N]of length N and ending with k, [;, =

{k—N+1,k—N+2,..., k}and S,EN)(or simply Spwhen no confusion is
possible) the symmetry S; (i) =2k+1-i (note thatS; is an involution of
[2N]that exchanges [, and[2N]\ [;1k). For a partition m of[2N], si(m)is the
symmetric of m: A€s,(n)if s; *(A)= si(A)EM. In other words i~s, (m)j if and
only If si(i)~1sg(j ).

For any partition m of [2N], we denote by P, (m) the partition of [2N] that we
view as a symmetrization(in mathematics, symmetrization is a process that
converts any function inn variables to a symmetric function in n variables.
Conversely, anti-symmetrization converts any function in n variables into
an antisymmetric function)[6] of m around dy , and which is formally defined
by the following: if one denotes m'=P (1), then

Forl,j€ [, ,i~m'jif and only if i~mj, (8)
Fori,j €[2N]\ l,i~m'jif and only if sj, (i)~Ts(j ), (9)
Fori€ly,j / €ly,i~m'jif and only if i~ms (j Jand 31/ €Il ,i~ml. (10)
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It is straightforward to check that this indeed defines a partition of[2N], and
that it is symmetric with respect tok, that is sk(m')=1'.

The operation P, is perhaps more easily described graphically: represent  on
a regular polygon as above, and draw the symmetry line going through the
middle of the segment[k, k+1].A graphical representation of Py(m)is then
obtained by erasing all the half-polygon not containing kand replacing it by
the mirror-image of the half-polygon containingk. See Fig. 2 for an example.

The following lemma expresses the fact that applying sufficiently many times
appropriate operators Py, one can make a partition symmetric with respect to
all thesk’s. See Fig. 3 to see an example of this symmetrization process.

Lemma( 2.1.2) [2]

Let m be a positive integer. Let k € N such that 2k 2m. Then for any partition
Tt of [2m], the partition 11, =P,k P,k-1... P, P, By, (1)is one of the four following
partitions:

M =0,m={{j}.j€[2m]},

Fig. 3. The symmetrization process starting from the partition{{1,3,12},
{2,4,8,10},{5,7},{6},{9,11}}.
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= ={2j;2j+1},j€[m]},
T =1 ={2j-1;2j},j€[m]},
=12 ={[2m]}.

Proof:-

LetA=I,,nt(1)\{1} and B=([2m]\Im)Nm(1). The four cases correspond
respectively to the four following cases:

(i) A=B=0.

(ii) A=¢andB#0 .
(iii) A# @ andB=0.
(iv) A#=0 andB+ 0 .

In the first case, it is straightforward to prove by induction on k that
includes the blocks{i}for anyi€{1,..,2%*1 }.

If A=¢ and B#0@ , then B,,(m)includes the block {0,1}and this implies

that P; B, () includes the blocks {0,1} and {2,3}, which in turn implies that
P; P, P, () includes the blocks{0,1}, {2,3} and{4,5} ... More generally

m,, includes the blocks {0,1},{2,3},.., {2%*1, 2¥*1+1} (this can be proved by
induction). For 2%*1 >2mthis is exactly T =c,y,.

In the same way, in the third case it is easy to prove by induction on k that
m,, includes the blocks {21 — 1,2[}forl€{1,.., 2% }.

The fourth case follows from a similar proof by induction
that 1, (1)contains{0,1,2,.., 2¥*1 2%*1 +1}. The details are not provided.
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Fig. 4. The partitions 04, 74, cgand 14,.

Although P, (m) is defined for any partition , we will be mainly interested in
the case when T is a non-crossing partition, and more precisely when m €
NC*(d,m).

We first recall the definition of a non-crossing partition. A partition m of[N]is
called non crossing if for any distinct i <j <k <l €|[N],i ~mkand j ~ ml
implies i ~ mj (in this definition either take for<the usual order on{1,...N}or
the cyclic order since it gives to the same notion). More intuitively m is non-
crossing if and only if there is a graphical representation of m (on a regular
polygon with n vertices as explained in the beginning) such that the paths lie
inside the polygon and only intersect (possibly) at the vertices of the regular
polygon. For example the partitions of Figs. 1, 2 are crossing, whereas the
partitions in Figs. 4, 5, 6 are all non-crossing. The set of non-crossing
partitions of [N] is denoted by NC(N). The cardinality of NC(N)is known to be
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equal to the Catalan number (ZN)!/(N! (N + 1)!), but we will only use that it
is less that 4V, we introduce the subset NC*(d, m) of NC(2dm).

In the following, for a real number x one denotes by x the biggest integer
smaller than or equal to x.

Divide the set[2dm]into 2Zmintervals J;... [,mof sized: the first one is
Ji1=1{1,2,...,d}, andthe kth is J, = {(k—1)d +1,...,kga}.

To each element of [2dm]we assign a label in{1,...d}in the following way: in
any interval J, of size d as above, the elements are labelled from 1 to d if k is
odd and from d to 1 if k is even. We shall denote by A, the set of elements
labelled by k.

Fig. 5. A graphical representation of a partition m in N C*(3,6)and the
corresponding restrictions 1| 4,7 4,and| 4,

41



Fig. 6. The map P for the partition meC*(3,6)of Fig. 5.
Definition (2.1.3) [2]

A non-crossing partition m of[2dm] belongs to NC*(d, m) if each block of the
partition has an even cardinality, and if within each block, two consecutive
elements I and j belong to intervals of sized of different parity. Formally, the
last condition means that [(i-1)/d]#[(j-1)/d]Jmod 2 or equivalently
k(i)#k(j)mod 2 when i €J,(i) and Here are some first elementary properties
ofN C*(d, m):

Lemma(2.1.4) [2]
If d=1, a non-crossing partition m ENC(2m)belongs toNC*(1,m)if and only

if it has blocks of even cardinality. A non-crossing partition of[2dm]is in
NC*(d, m)if and only if it has blocks of even cardinality and it connects only
elements with the same labels(i.e. it is finer than the partition {4;,..., A4}).

42



Proof:-

The first statement is a particular case of the second statement, which we now
prove. For any i€[2dm] denote by k(i)the integer such thati €]y ;: k(i) =1+
[(i—1)/d]. Let m € NC*(d,m). Then by the definition of NC*(d, m)every
block of  contains as many elements i such that k(i) is odd than elements i
such that k(i) is even. We have to prove that if s and t are two consecutive
elements of a block of m, then s and t have the same labellings. Assume for
example that s belongs to an odd interval, i.e. k(s)is odd, and denote by
[(s)the label of s Then s= (k(s) — 1)d + I(s).In the same way ,k(t)is then even
and if I(t)is the label of t ,we have that t =k(t)d+1-I(t). Hence the number of
elementsi € {s+1,...,t — 1} such that k(i)(= 1 + [(i — 1)/d])is odd is equal
tod—1I(s)+d-(k(t)—k(s)—1)/2, and the number of elements i such that
k(i)is even is equal to d—I(t) +d - (k(t) — k(s) — 1)/2. But since 1 is non-
crossing, the interval {s + 1,...,t — 1}is a union of blocks of m and therefore
contains as many elements i such that k(i)is odd than elements i such that
k(i)is even. This implies [(s) = I(t). The proof is the same if k(s) is even.

Now assume that m€ NC(dm)has blocks of even cardinality and that 1 is finer
than the partition {4;,.., A4}.Let s and t be two consecutive elements of a block
of m. Then there is i such that s, t€ A;. Since m is non-crossing and m is finer
than {Aj,.., Az}the set {s+1,.,t-1}NA; is a union of blocks of m, and in
particular it has an even cardinality. But {s+1,..,t-1}NA4; is the set of elements
labelled by i in the union of the intervals J; for k(s) < k < k(t)(for the cyclic
order). Hence its cardinality is k(t) — k(s) — 1. Hence k(t)-k(s) is odd. Since s
and t are arbitrary, this proves that®w € NC*(d, m).

Thus to any m € NC*(d, m)we can assign d partitions |4 ,.., |4, Which are the
restrictions of m to Aj,.., A4, respectively. It is immediate that for any i
€{1,..,d}, m4;ENC*(1,m). See Fig. 5 for an example. To study NC*(d, m), we
thus begin with the study of NC*(1,m).

The first lemma shows that if k is a multiple of d, then P, maps NC*(d, m)into
itself:
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Lemma (2.1.5) [2]

If k EN and meNC(2N)then P, (m)ENC(2N). If k € N then for any m ENC*(d, m),
Py 4(m)ENC*(d, m). Moreover if 1t ENC*(d, m), then for any i€{1,...,d}:

Pkd d(T[) |Ai=Pk|Ai)'
We have the following corollary of Lemma (2.1.2)
Corollary (2.1.6) [2]

Let T ENC*(d, m). Then for 2¥ >m, the partition 7 =P,k P k-14..

Py 4 PyPpq () is one of the 2d+1partitions ogd’m) for1=0,1,..d and Egd’m)for
[=1,2,...,d defined by
(d,m) _ {Cm lf 1<i< l,}
o AT ifi<i<d,
cn If151<
51" kd|4,= 4 1am if i=},

T fLl<i<d.

@m) ¢or

Moreover for any integer i, P;; ()= when T is one of the partitions o;

[=0,1,...d and 5*™1 for 1=1,2,...d.
Proof:-

Let k and m as above. By Lemma (2.1.5), Ty|s, =P,kPk-1.. P, PiBy (Tt4),
which is by Lemma (2.1.2) one of 0,,,, i, ¢ and 1,,,. But since 0,,,does not
have blocks of even sizes, only the three 7;,,, c,;yand 1,,,are possible.

Let 1<i<j<d.If mg|s,= %y or 1yp,then in particular i~m2d+1-i. Since Ty is
noncrossing ,j “m; 1-j, which implies that Tla,= Cmy 1om- Thus |4, =1 In

the same way if |4, =cor 1,,,then 1y |4.=c,,. This concludes the proof.
y klA;j m m klA;=tm p

Similarly, the second claims follows from the fact (easy to verify) that P; (m)=n
for any i€[2m]when nti=1,,,, 1;,,0r¢;;,.
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An important subset of NC*(d,m)is the subset NC,(d, m)of partitions in
NC*(d,m) with blocks of size 2. NC;(d, m)is naturally in bijection with the
non-decreasing chains (for the natural lattice structure on NC(m)) of length d

of non-crossing partitions of[m]. Let us denote by NC(m) @this set of non-
decreasing chains in NC (m),for the order of refinement, given by m < n’ if ’
is finer that . The bijective map NC; (d, m)>NC (m)® extends naturally to a
(of course non-bijective) map NC*(d, m) — NC (m)®which is of interest. We
now describe the construction of this map.

Let T ENC*(1,m), that is a non-crossing partition of [2m]with blocks of even
size. Then ®(m)is the partition of[m]defined by the fact that ~ &) is the
transitive closure of the relation that relates kand [ if 2k~ 21 or

2k —1 ~; 2l or 2k ~; 2l — lor2k — 1 ~; 21 — 1. That is ®(m)is the partition
obtained by identifying the 2k-1 and 2k in[2m]to get kE[m].

If Tt eNC"(d, m), we define the map PbyP(m)=(®(m|Al),..,P(1t|4,)). See Fig. 6.
The map P is a good tool to make a finer study of NC*(d, m).

The result is that partitions in NC*(d, m)are not far from belonging to NC, (d,
m):

Theorem (2.1.7) [2]

For any 6 ENC; (d, m)there are less than 42™partitions m ENC*(d, m)such That
p(m) = p(o).

Moreover for such a m, the partition o is finer than ™ and the number of blocks
of  of size2 is greater thandm-2m, and every block has size at most 2m.

Proof :-

Let 6 ENC, (d, m).If Tt ENC*(d, m) satisfies p(m)=0 then Lemma (2.1.8) applied
to o[4,and 1 |4 fori=1,.., d, roves that o is finer than , and 1.9 implies that 1t
has at least dm — 2m blocks of size 2. The fact that every block of i has size at

Most m just follows from the definition of NC*(d, m):m is indeed finer
than{ A;,.., Ag}with|4;|=2m.

45



We now prove the first statement of Theorem (2.1.7) Let A be the subset
of[2dm] given by Lemma (2.1.11) Then there is an injection:

mEeN C*(d, m), p(m)=p(o ) >NC[2dm]\A, 1= T |[2am)\a-

In particular since there are less than 4"non-crossing partitions on[N], the
first statement of the theorem follows with 4™ replaced by 4*™because
[2dm]\A has cardinality less than 4m.To get the 42™ just replace [2dm]\A by
a set B that contains exactly one element of o(k)for any k€[2dm]\A. Then B
has cardinality less than 2m because [2dm]\A is a union of blocks (=pairs) of
o, and the previous map is still an injection since m €N C*(d, )Jand P(m)=P(c )
implies that o is finer that .

Motivated by Lemma(2.2.1) we are interested in invariants of the operations
Prxa on NC*(d, m).For m ENC*(1,m)let B(m)be the number of blocks in ®(m).
This is the fundamental observation:

This theorem will follow from a series of lemmas. Here is the first one, which
treats the case d=1:

Lemma (2.1.8) [2]

Let 0 ENC, (1,m)and € NC*(1,m)such that ®(m)=P(c). Then o is finer than .
More precisely if T ENC*(1,m) and if {k;<k,<---<k,}is a block of ® (), then for
Any i, 2k; ~m2k;, -1 (with the convention k,,,,=k;).

Proof:-

The first statement follows easily from the second one. We thus focus on the
second statement. At least as far as partitions in NC; (1,m)are concerned, this
is explained in the discussion .The proof is the same for a general m
€NC*(1,m), but for completeness we still provide a proof.

It is clear that ®(m)(k)={k} implies that 2k~ 2k-1. Thus to prove the
statement we have to prove that if k and [ are consecutive and distinct
elements of a block of ®(m)then 2k ~, 21 — 1.
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The first element in w(2k) after 2k is odd, that is of the form 2p-1, because 2k
is even and the parity alternates in blocks of m. We claim that p = [. Note that
we necessarily have k <[ < p(again for the cyclic order) because k ~g ) p-

Suppose that k<l<p. We get to a contradiction: indeed since [ ~gp k
and{2l -1,21} c {2k + 1,2k + 2,...,2p — 2}there is at least one j € {2k +
1,2k +2,....2p—2} and i € {2p —1,2p...2k} such that i ~m;. But by
definition of p, j “m 2k and j “m 2p-1. This contradicts the fact that m is non
crossing.

We can now check that p is well defined:

Lemma (2.1.9) [2]

The map P from N C*(d, m)takes values in NC(m)®,
Proof:-

Let me N C*(d, m);we have to prove that if 1 < i<j < d then ®(nt |Aj) is finer
than

D |4,)-

Let{ ki< k,<-<kptbe a block of ®(m|,]). Suppose that ®&(m|,])(k,)
Z{ky, ky..kp}. Then there exist 1 <s <p andlé&{ky, k;..kpy}such
that k;and | are consecutive elements of ®(m |Aj)( k,)(for the cyclic order). If

1<t <p is such that k; <I<k;,, (with again the convention k,,,=k,), we
have by Lemma (2.1.8) that 2 k; ~r, 2ki44-1 and 2ks )™ ~p, 21— 1, which
i ]

contradicts the fact that m is non-crossing. This shows that
d(m |Aj)( k1)S{ k1, kz... kp}=®(1 |Aj)( kq). Since k,was arbitrary, the proof is

complete.

Here is a last elementary lemma concerning general non-crossing partitions:
Lemma(2.1.10) [2]

Let N €N and T ENC(N)with a blocks. Then the number of k€[N]such that

k~_k+1 is greater or equal toN-2(a-1).
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Proof:-

For m ENC(N), let us denote by c(m)the number of k€[N]such that k~ k+1. We
prove by induction on a that if 1 ENC(N)has a blocks, then c(m)N-2(a-1).If
a=1, this is clear since c(m)=N.

Assume that the statement of the lemma is true for all N and all m ENC(N)with
a blocks. Take m ENC(N)witha+1 blocks. Since m is non-crossing there is a
block of m, say A, which is an interval of size S .Ifrt|y\a is regarded as an

element of NC(N-S)then c(m)= S-1+c(m|npa)-1. By the induction hypothesis
c(m|np\a) ZN-S-2(a-1), which implies c(m) =ZN-2aand thus concludes the
proof.

We have The next lemma, and Theorem (2.1.7) will easily follow from it:
Lemma (2.1.11) [2]

Let 0 ENC, (d, m). Then there is a subset A of [2dm]of size greater than 2dm —
4m, which is a union of blocks of ¢, and such that for any meNC *(d, m)with

p ()= p(o) and any k €A, t(k)=0(Kk).

Proof:-

For any 1<j=<d, denote by oj =®(c|, ). Denote by d 0441 +1=0,, Fix now 1 <
i < d and{k;<k,<:--<k,}a block of o; . As usual we take the convention that
kp+1=k1.We claim that if ks ~ 0,41 ksyithen for any m ENC*(d, m) with
p(n)=p(oc ), m(2dk; -i+ 1)= {2dk,-i+1,2dks+1 — 2d + i}(=0(2dks-i + 1)by
Lemma (2.1.8).

Let us first check that this claim implies the lemma. By Lemma (2.1.9)
, 0;4+1finer than o; and in particular its restriction to {k,, k... k,}makes sense.
By Lemma (2.1.10), the number of s’s in {1,..p}such that ks ~0;,1ks+1is
greater than p-2(|o;41 |{k1,k2___kp}|—1)where |o| is the number of blocks of o.
Thus summing over all blocks of 6; we get at least 2m-4(|o;,1|—|0;|)Elements
k inA;such that t(k)=o(k)for any m eNC"*(d,m)with p(m)=p(o ). This allows to
conclude the proof since
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L,2m—4(lop1] = l0;)) = 2md — 4(|og41]| — 01| > 2md — 4m.
Note that A is constructed as a union of blocks of o.

We now only have to prove the claim. Assume that k; ~0;,,ks,,and take @
€ENC*(d, m) such that P(m)=P(c ). By Lemma (2.1.8) applied to
®(0]4,)= 0;,2dkg —i+1~m2dks+1- 2d+i. Thus we only have to prove that if ks

~oi+1
ks+1there is no k€{{k,, k;... k,}}\{ks+1}such that 2dks-i + 1~m2dk — 2d+i.

But if ki~0;41kgy; then i +#d(because od+1=0,,) and by
Lemma(2.1.9)k;andk+1 are consecutive elements ino;,q(ks;). Thus by
Lemma (2.1.8) , 2dk; -i~m2dks+1-2d+i+1. The condition that m is non-
crossing implies the claim since fork€{{ky, k;... kp}}\{kss1},

2dks-i<2dks-i+1<2dks+1-2d + i+ 1 < 2dk — 2d + i,

thatis(2dks-i + 1,2dk — 2d + i)and(2dk,-i,2dks+1-2d + i + 1)are crossing.
We can now prove the theorem.

Lemma (2.1.12):-

For any m ENC*(1,m)

B(m)=5(B(px (M)+B (Psm (M))).

This lemma is a consequence of the following description, which proves that
for any k ,the set of blocks of ®(m)but one is in bijection with the set of blocks
of t that do not contain k and that begin with an odd element (after k for the
cyclic order):

Proof :-

We use Lemma (2.1.13) with k+1 instead of k. For any m ENC*(1,m)we denote
by F(m, k)the set of odd [€[2m]\{k + 1}such that | ~ [= [ < ' <k + 1. We
know that |F(m k)|=B(m)-1. Moreover let us decompose F(m ,k)as the disjoint
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union of F; (m, k) andF,(m, k)defined by : [€F; (m, k)if and only [€ F(m ,k)and
(1)< ly4m ; and F,(m, K)is the set of [EF(m k)such thatt(()Nn1; # .

If l€l},, then lEF(py4m (1), k) if and only if [ €F (m ,k)because if k+1< I'<],
thenl~pym(m) Lifand only if [ ~ L.

Take now [ &€ I, ,,. By definition of F(-, k), [ is inF(py4., (), k)if and only iflis
odd and [ is the first element (after k+1 for the cyclic order) of a block of py4m
(m)contained in I, which is equivalent to the fact that si(1)=2k+1-[ is even
and is the last element of a block of  contained in I ,,. Such a block then has
first element odd, and thus belongs to F;(m, k)except if it is equal tok+1. To
summarize, we have thus proved that

|F(Pk+m (K| = [F(0,K)N Leym| + [F(m K)| +1
If k+1 is odd and m(k+1)< I}, ,,,={k+1,k+2,...,k+m}, and

|F(Dk+m (K[ = [F(1t ,K)N [ pm| + [F1(TT,K)| (12)
Otherwise.

We now compute |F(py (1), k)|.If [ €]} then as above [ €F(py (1), k)if and only if
l e F(mt k).If /€], then | €F(py(m), k)if and only if [ is odd and [ is the first
element strictly After k+1 (in the cyclic order) of a block of p,(m)not
containing k+1. By construction of p,(m) this is equivalent to the fact that
sk(1)=2k+1-1is even, belongs to I, is different from K and is the last element
before in a block of m. The first element (strictly after kin the cyclic order) of
such a block is then in F,(m, k) except if it is equal to k+1. Reciprocally, if [ is
the last element of a block containing an element of F,(m, k) then [ =s;(l')€
F(px (m), k) except if [ =k. The same is true if m(k+1)Z I, Kk+1 is odd and if
[ denotes the last element in m(k+1). Thus

|F(p () k| = |F(mt ,K)N I | + |Fo(mt k)| —I is even +I} kis even and
-1kis even and t(k+1) & ;41

|F(py (),Kk| = |F(t k)N I | + |F,(mt k)| —I is even and m(K+1)c Summing this
last equality with (11) or (12) yields
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|Epi (1), K)[+|FDpe 4 (1), K|

=F(m, K)N I, F,(m, K) F(t, k)N I 4 F; (0, K) =2F(1,K).

This concludes the proof since by Lemma (2.1.13) for any o ENC*(1,m),
|F(o ,k)|=B(0)-1.

Another relevant subset of NC(2dm)is the set NC(d ,m)of partitions m with
blocks of even cardinality and that connect only elements of different intervals
I.. In other words for all i, j €[2dm], I "tj ifi, j €].

The following observation is very simple but, it is the motivation for the
introduction of NC(d ,m):

Lemma (2.1.13) [2]
Letk € [2m]andm € N (1,m). Then B(mr) — 1is equal to the number of

| € [2m]\{k}such that [ is odd and such that for any ' ~nt[,l < I'<k (for the
cyclic order).

Proof :-

Indeed the set of odd !’s different from k such that I’ ~; [ =1 <[’ <k(for the
cyclic order) is in bijection with the blocks of ®(m)that do not contain(k+1)/2.

The direct map consists in mapping to any such [ the block ®(m)( |(1+1)/2])
and the reverse map gives to any block A of ®(m)no containing [( k+1)/2]the
smallest [ greater thank(again for the cyclic order) such that|(1+1)/2]€A. The
reader can check using Lemma (2.1.8) that these maps are indeed inverses of
each other.

Lemma (2.1.14) [2]
Let m ENC(2dm)with blocks of even cardinality. Then T ENC(d ,m)if and
only ift does not connect two consecutive elements of a same subinterval J;

. In other words, i~m; +1only if i is a multiple of d.
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Proof:-

The only if part of the proofis obvious. The converse follows from the fact that
a non-crossing partition always contains an interval (if 7 is non-crossing with
blocks of even size, and s<t€]; with s~m; and t #s+1, apply this fact

We show the following.
Theorem (2.1.15) [2]
The cardinality of NC(d ,m)is less than (4d+4)™.

Moreover for any T ENC(d ,m)the number of blocks of m of size 2 is greater
than(d-2)m.

The idea of the proof is similar to the proof of we try to reduce to the subset of
NC(d ,m)consisting of partitions into pairs. For this we introduce the map
Q=Q(N) from the set of non-crossing partitions of [2N] into blocks of even
sizes to the set of non-crossing partitions of[2N]into pairs. The map Q has the
property that if m ENC(2N)has blocks of even sizes, then Q(m)is finer than m
and any block{ky,..., ky,}of T with 1< k;<---<k,, <2N Becomes p blocks of
Q(m), namely{ky, k3 },...{Kk2p—1, k2p}. It is straight forward to check that this
indeed defines a non-crossing partition of [2N] into pairs. Note that unlike
here the element 1€[2N]plays a specific role in the definition of Q and we
abandon the cyclic symmetry of [2N]. But this has the advantage to allow to
define an order relation on the set of pairs of elements of[2N]: we will say that
apair (i,j) coversapair(k 1) ifl <i<k <l <j<2N.

A noteworthy property of Q is that if 0=Q(m)then two blocks (=pairs) of o
cannot be contained in the same block of m if one covers the other. In other
words if 1<i<k<I<j<2N with i~ jand k~; [ then i~ k.

Following the notation of, the image Q(NC(d, m))is denoted by (d, m); it is the
set of partitions of m into pairs that do not connect elements of a same
subinterval J, for k=1,..,2m. We are not aware of any nice combinatorial
description of I(d, m)as for NC;(d, m), but a precise bound for its cardinality is
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known: ,the cardinality of I(d, m)is equal to t(Ty; (s)?™)where T, is the dth
Tchebycheff polynomial and s is a semicircular element of variance 1 in a
tracial C*-algebra (A, Tt ). In particular since T;(s)=d+1 we have that |I(d,
m)| < (d+1)?™. Theorem (2.1.15) will thus follow from the following more
general statement:

Lemma(2.1.16) [2]

Suppose that [2N] is divided into k non-empty intervalsSj,.., S, and let o be
anon-crossing partition of[2N]into pairs that do not connect elements of a
same subinterval S;. Then there are at most 4*~2non-crossing partitions m of
[2N]that do not connect elements of a same subinterval S; and such that Q(m)=
o . Moreover for such a 1 there are at most2k-4 element S; €[2N]for which
1t(i)is not a pair.

Proof:-

We prove this statement by induction on N. For simplicity of notation we will
assume that the intervalsS$;j,..,, Syare ordered, i.e .that if i€Ss and j €S; with s<t
then i<j.

If N=1 and o is as above then 0=12, k=2, and there is only one m ENC(2) with
Q(m)=0. This proves the assertion for N=1.

Assume that the above statement holds for 1,2,..,N-1 and take o as above.
Consider the set{{s;, t;},i=1..p}of outermost blocks (=pairs) of o, i.e. the set of
pairs of o that are not being covered by another block of o. If we order the s;’s
and t;’s so that s;<t; and s;<s;; then we have that s,=1, s;;1=t; + 1 and t,=2N.

By the property of Q mentioned above, a partition m ENC(2N)that does not
connect elements of the same interval §; (for j=1,..,k) satisfies Q(m)=0 if and

only if the following properties are satisfied:

eFor any 1<i<p, {s; +1,.., t; —1}is a union of blocks of m, the non-crossing

.....

..........
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eAny block ofm| 41,.¢,-13is @ union of pairs {s;, t;}and does not contain 2

elements of a same interval Sj.

Define K, (i) and K_ (i) for 1<i<p by s; €S;_(;) and t; €Sy, ;). Then for any 1
<i <p, K_ (i) < k+(i)and for i<p, K, (i) < K_ (i+1).

Since {s;+1,..,, s;—1} intersects at most K, (i) — K_ (i)+1 different intervals S;,
we have by the induction hypothesis that the number of non-crossing
partitions of{s;+1,.., t; —-1}that satisfy the first point above is at most
4K+ O=K-O+1 and for such a partition at most 2(K, (i)— K_ (I )—1)elements
of{s;+1,.., t; =1}do not belong to a pair.

Moreover the set of non-crossing partitions of{s;, t;, sy, t3,.., Spt,}that satisfy
the second point is in bijection with the set of non-crossing partitions
of{s;,i=1..p}such that s; “s;,,if K, (i) =K_ (i+1) .Its cardinality is in particular
less than (or equals) the number of non-crossing partitions of[p], which is less
than 4771, Therefore the total number of non-crossing partitions

T of[2N]that do not connect elements of a same subinterval S; and such that
Q(m)=0is less than

P
4p—1 1_[ gr+D-K_ (D=1 < gh-2

=1

We used the inequality ¥*_ K, (i) — K_ (i) <k —1—p. To prove that for
such a  at most 2k-4 elements of [2N]do not belong to a pair of m, note

that for an element j€[2N]the block m(j)is not a pair either if

.....

some 1<i<p. If K, (i) < K_ (i+1) for some i then we are done since
2p+2?=1 2K, (i) — 2K_ (i) — 2 < 2k — 4. To conclude the proof we thus have
to check that ifk+(i)=k-(i+1)for any 1<i<p then there are at least
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2 elements of{sy, ty,.., Sp, tp}that belong to a pair of 1. But this amounts to
showing that a non-crossing partition of[p]such that i *i+1 for any 1<i<p
contains at least one singleton, which is clear.

The following lemma is also an easy extension of Lemma (2.1.2). Remember

l(d’m)and 6§d’m) are defined in Corollary (2.1.6).

that the partitions o
Lemma (2.1.17) [2]
Fix integers d and m. For any k€[2m] and m ENC(d ,m)the partition P ;(1)

also belongs to NC(d ,m) Let k €N such that 2% > m. Then for any partition 7 €
NC(d ,m), the partition 1y, = P,xP,k-1..P1 P, P, (1) is one of the 2d+1partitions

ogd’m)for 0<l<dor 6§d’m) for 1<1<d.
Proof:-
The first point is straightforward.

The proof of the second point is the same as Lemma(2.1.2): depending on the
fact that {1,2,...dm}Nm(i)\{i} and{dm+1,..,2dm}Nt(i)are empty or not for i
=1,..,d, we prove by induction on k that r;, has the right properties.

Section(2-2):-

Inequalities and A main Result

For any partition 7 of [2N], and any k=( K,.., K,y JEN?Y, we write k< m if for
any i, j €[2N]such thati~mj, k; = k;.

Let a=(ay)yenv be a finitely supported family of matrices. For any
k=(Kj,.... Ky)€ NVlet @, =a(Ky, Ky_1,-» K1)

For such a and for a partition m of[2N], we denote by S(a,m,N,1)the following
quantity:
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S(a N, 1)=Xp 1en (k1)< TT Ak 8y - (13)

More generally for integers m, d, for a finitely supported family of matrices
a=(ay);ene and a partition 1 of [2dm], we define

S(amdm)= Yk k. eNd(k,,..kpm)<m I T (Qe, Tk, Ay - Ay, Ok, )- (14)

In this equation and in the rest of the section an element k=(Kj,.., K;,;,) €
(N4)2™M is identified with an element of N2™4, Therefore the expression k< m
has a meaning for 1 €NC(2dm).

The following application of the Cauchy-Schwarz inequality is what motivates
the introduction of the operations P, on the partitions of[2N]. The same use of
the Cauchy-Schwarz inequality has been made in the second part of [4].

Lemma (2.1.1)[2]
For a partition  of[2N]and a finitely supported family of matrices a=(ay) ,enn,
|S(a,m,N,1)| <S(a, Py (1), N,1)*/2(S(a, Py(m), N,1)/2,

More generally for a partition  of[2dm], for a finitely supported family of
matrices a= (ag),eyv and any integer |,

|S(a,n,d,m)| S(S(a, Pdi (T[)' dr m))l/Z (S (a, P(m+i)d(T[)' d, m)l/z' (15)
Proof:-

The second statement for i=0 follows from the first one by replacing N by dm.
Indeed for any and k=(kj,..., kp,)€( N*)™ = N™, denote By=ay, dy,, ay,. A, if
mis odd and By= ay, dy,a,-" dy, if miseven. We claim that
S(a,m,d,m)=S(B,m,dm,1).We give a proof

When m is odd, the case when m is even is similar. It is enough to prove that if
k=(ky., k)€ N)™ thenfy, =ay, ay,... dy, Butif r: N®>N? denotes the map

r(S1, Sa)=( Sq,~» S1) We have that
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B; = B;(km),..., r(k,)
Ay (Km)= Qr (e, Ar(iey))”
ar(kl)d:(kz) d:(km)'
r (i) Qe Ak, -

For a general i the following argument based on the trace property allow to
reduce to the case i =0: for a partition  of [2dm] and any n€[2dm] denote

T, (m) the partition such that s~t, (m)t if and only if s+n~ t +n, so that

P,k (M)=(t,1°(Py)° T,,) () for any integer k. Moreover by the trace property
S(a,m,d,m)=S(a, t4; (m), d, m) if nis even and S(a,m,d,m)=S(a", ty4; (m), d, m) ifi
is even (here @* denotes the family ( @), cna)- Therefore if one assumes that
the inequality (15) is satisfied for any m and any a but only for i=0, then we
can deduce it for a general i in the following way. Denote b=(ay ), cya ifiis
even and b=( d},), ¢y ifiis odd and:

IS(a, m,d, m)|*> = |S(b, T4 (), d, m|?

< S(b,Pyty; (m)),d, m)S(b, Pgytai(m), d ,m)

= S(b,7qi(Pgi (1), d,m)S(, 74i (Pam+ia (1) , d, m).
= S(a, Pyi(m),d,m)S(a, Punyiay (), d, m).

We now prove the first statement. We take the same notation as in Definition
(2.1.1).Let us clarify the notation for the rest of the proof. In the whole proof,
for a set X we see a; ENX as a function from X to N, and for an integer N we
will identify NV With N[¥l.In particular, if X and Yare disjoint subsets of a set
Z, and if k ENX and 1eNY, [k, [Jwill denote the element of N X U Y
corresponding to the function on XUY that has k as restriction to X and las
restriction to Y.

Let us denote by A the union of the blocks of  that are contained in
[_N={1,..,N},by B the union of the blocks of m that are contained in
[2N]\Iy ={N + 1,...,2N} = I, yand By C the rest of [2N]. In the following
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equations, swill vary in N4, t in N'"\4 uin N? And vin N’2¥ \B . For such s, t,
u and v and with the previous notation, [s, t,u, v] <mif and only if s< 1|4, [t
v]<m|c and u <m |5.F or k N’z (i.e kis a function k: I,y —N), we will also
abusively denote djy = dy(y+1),. kzny). With this notation the definition in (13)

becomes

S(a) T(:; N; 1) = Z Tr(a[s’t]dru’v] S E N,
SeNA teN/N\A yeNB v eNI2N\B
[s.tuv]<m
= )T ap( ) G
tv S<T|4 u<m|pg
[tv]<m|c
Thus

S@ENDIS D T ) ) ) )"

tv S<7T|A ‘Ll.<7T|B
[tv]<m|c

Applying the Cauchy-Schwarz inequality for the trace, we get

S(a,m,N,1) = z I z ags, 1211 z Aryv) | 2-

t,v S<7T|A ‘Ll.<7T|B
[tv]<m|c

The classical Cauchy-Schwarz inequality yields
S(amN,1) < (1)1/2(2)1/2

Where
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M= > | awa

[ru]=<m|c " s=<m|4

{2): Z Z &[ILL-‘]

[t.v]=m|c "u=<m|g

We claim that(1)=S(a, Py(m), N,1) and(2)=S(a, Py(m), N,1).We only prove the
first equality, the second is proved similarly(or follows from the first).But

()= Z Za[m]

2

[tu]=<m|c "s=m|4 -
*
- £ Az (o)
[t.u]=m|¢ 5T 4 §=<T|A

LIPS

[t,v]=<mlc s<m|a 8" <7 |4

=TI‘( Z Z Z a[s.f]&:([s'.r]))’
[

tu]=<m|c s=<m|g s’ <y

where on the last line for any k=(kg,..., ky)€ N*¥, r(k)e N’V is defined by r(k)=
K, Ky k).

By definition of B, for any j€l,,\B there is i €y \A such thati ~ j. Thus for

any t NN\ there is exactly one or zero ve N I[2N]\B such that[t, v]<mnC,
depending whether t <m IN\A or not.
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The claim that (1)=S(a, Py(m), N,1)thus follows from the observation that for
k,1 €NV, (k,1)< Py(m) if and only there are s, s’ € N4and t eN¥\4such that
k=[s, t], L =r([s",t]) and s <m|4, s" < |4 and t < T [ \A.

We now have to observe that the quantities S(a ,ogd’m),d, m) for [ =0,....d and
Ei(d’m),d ,m) for 1=0,...,d have simple expressions.

A (finitely supported) family of matrices a= (ay), ¢ye¢ €an be made in various
natural ways in to a bigger matrix, for any decomposition of N¢ ~ N! x N¢~1 If
the a;’s are viewed as operators on a Hilbert space H(H=C? if the a;’s are in

M,(C)), then let us denote by M, the operator from HQ£?(N)®4-! To HR£?
(N)®'having the following block-matrix decomposition:

(a[s,t])s EN{l,...,l},t € N{l+ 1,,d}

Note that since (a;) has finite support, the above matrix has only finitely many
non-zero entries, and hence corresponds to a finite rank operator. In

particular, it belongs tos, (H @ #?(N)®") for any pe(0,%].
Lemma(2.2.2)[2]

Letd, m, a=(ay), ¢ye and M, as above, and o;anda, defined in Corollary(2.1.6)
Then for 1€{0,1,...,d}:

S (a, ™™ d,m)=||M||2"

&2 () ©]
am(H@e2 ()B4 HH®? (m®).

Moreover forl € {1,...,d}

~(d,
S(a,()'g m);d;m)l |Ml—1| |§:71n(H®f2(N)®d_1 H® P2 (N)®l;

Remark.

[t is also true that

~(dm)~(d,
S(a; O-g m)()'g ™) )dlm) < ||Ml_1||§::n(H®f2(N)®d_1;H®{’2 (N)®l;
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but we will only use the inequality stated in the lemma. This inequality follows
from the one stated by conjugating by the rotation ke[2dm]—k +d.

Proof :-
We fix 1 €{0,....d}. For any s=(sy,..,, 5;)€ N

we denote by As =(a; ¢)cna-t Viewed as a row matrix. As an operator ,As thus
acts from H® 2 (N\)®N"" to H For's, s'€NY, if (k. kg)=( kgpe k1)

* ~% ~%
AS AS, - ZteNd—l as’tasl’t - ZteNd—l as’tar(sl’t).

Hence for s, s@ . sMeN!if sm+D = g(1)

Hﬁl As(i) A:(i+1) =

2, pm)end-t A1) t(l)d:(s(zyt(l))asmt(Z)d:(s(s),tm) ---d:(s(l),t(m))_

But for k eN[24m] k <o§d’m) if and only if there exist s, s(®),... s(MeN!

And tW,t@ (™ eN?~Isuch that for all i, (kygi41, Kogisore Kaditd)
=(s®, t®) and

(K2ai+2ar K2ai+2d—1r Kzaiva+1)=( s, £ D). Thus summing over s

s, 5@ sMeNin the preceding equation leads to

m

# 7F ar
2 : 1_[ Ay AZyry = Z A Ay, Ay - - - Ay, A, -

s g2 glmlepl i=1 (R|...u.kz,,,J-:O':d'm]

Taking the trace and using the trace property we get
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mn

s @ s e =1

o (saa)]

sk

= Tr[ (M]M;)"]

where the last identity follows from the fact that M;=), A,Qas1. This

concludes the proof for ogd’m).For Egd’m)with 1<1<d, the same kind of

computations yield to

m
S(a. &!(d-.'n), d, m) = Z Tr[( Z Attj”ﬂ(s.s;]) ]

sjeM seli—1

To conclude we only have to use Lemma (2.2.3) below.
Lemma (2.2.3) [2]

Let X1, X;... Xybe matrices. Then for any integer m=>1,

i Tr((XFXx;)") < Tr(( i x;‘xl)m).

i=l1 i=l1

Proof:-

This is a general inequality for the non-commutative Lp-norms. Indeed, for
any o, NE N, and p€[2,00],the map

T: My (Ma(@)) — MN(MCE({:)):
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X X 0 0
. =1 o . 0
XN 0 0 X

is a contraction for all p-norms. For p=2, this is easy because T is an isometry.
For p=cothis is also obvious. For a general p€(2,00)the claim follows by
interpolation. Applied for p=2m, this concludes the proof since for an integer

X 2o N i
: _Tr((ZX;*‘X,-) )
XN i=1

2m

m,

And
X, 0 0 2m

N
0o . o0 = " Tr((X7X:)")-
i=l1

0 0 XN 2m

We are now able to state and prove the ollowing result. Recall that for a
partition T of N C*(1,m), B(m)was defined as the number of blocks of the
partition ®(m)(the map ® was defined after Corollary(2.1.6).

Corollary (2.2.4) [2]

LetmreNC*(d, m). Then if a andM; are as in Lemma(2.2.2),

d 2mul
|S(a,T[,d,m)|S Hi:O | |M| |52m(H®f2N®d_lH®f2N®l)

wherep; =(B(mt|4,, )-B(ml4,))/(m-1)where we take the convention that
B(m|4,)=1and B(m|,,, )=m.

Proof:-

The idea is, as in, to iterate the inequality of Lemma(2. 2.1), except that here
the combinatorial invariants of the map = (Py4(1), Prg+ma (™)) (Lemma
2.1.12) allow us to precisely determine the exponents of each||M; ||, In the
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rest of the proof since no confusion is possible, we will simply denote o; =
6% ™and G;= 5*™, and S will denote the set {5,,0<1<d}U{;,0<I<d}.Fix 1

eNC*(d, m).

Maybe the clearest way to write out a proof is using the basic vocabulary of
probability theory. Let us consider the (homogeneous) Markov chain (1, )50
on (the finite state space) NC*(d, m) given by my=m and 1, ,,=P;4(m,)where i
is uniformly distributed in[2m]and independent from(m) g<x<n(note that

T, +1ENC*(d, m)if m,ENC"(d, m)by Lemma (2.1.5). Corollary (2.1.6) implies
that the sequence(T, )nis almost surely eventually equal to one of the o; or G;.
Its second statement indeed expresses that if m,, €S then my=m, for all N>n; it
suffices therefore to prove that P, £P(m,, €S)—0as n—oo.But if k is fixed with
2%=2 >m, its first statement implies that P, <1-(1/2m)*=c <1 for any starting
statem. From the equality P, =P, (T, 11 €S|m,/€ S)and the Markov
property we get that P, <cp,for any integer n€N, from which we deduce
that p,, < ¢-™*~-0 as n—oo.

Let us denoteA, (m)=P(lim,m,=0,;) and A; (m)=P(lim,m,=5,) for 0 <] <d(take

Ao ()=0); note that A;(m)+ A, (m)=1.

Lemma (2.1.12) and the last statement of Lemma (2.1.5) show that for any
i€{1,...d}the sequence

B(m,|4A;) is a martingale. In particular since ny=m, B(m, |A;)=E[B(m,|4A;)] for
any n = 0. Letting n—»>ocowe get

d d
B(r|a,) =) M(m)B(ola,) + ) ki(w)B(@ila,)

We used the fact that B(o;|A;)=B(6;]|A;)=1+(m-1) 1,<i. This follows from the
observations that since ®(c,;,)=®(1,,,)= 1., B(c)=| 1,,|=1 and that
since®(r,,)= 0,,, B(r;»)=m. Subtracting the equalities above for i and i+1gives

Ai(m)+ & (M) (m-1)=B(m 7|y, ,)-B(mla,) (16)
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with the convention that B(m|, )=1 and B(m|A;)=m.

On the other hand Lemma (2.2.1) implies that the sequence
M,,=log|S(a, m,,d,m)| is a sub martingale. As above letting n—ooin the
inequality M, < E [M,,]yields

Log |S(a,m,d m)| < Y% A (m)log |S( a, o;, d, m)|+X%, A, log|S(a, &, d, m)

If we denote simply by |[|M,;]|,,, the quantity||M;| |52m(H®12(N)®1' then by
Lemma (2.2.2) this inequality becomes

2m(A, (M)+4; (1)
2m

IS(a,md,m)| < T [IM, ]|
This inequality, combined with (16), concludes the proof.

We first treat the “holomorphic” setting for which the results we get are
completely satisfactory.

It is a generalization to operator coefficients of the main result . When the
coefficients ajare taken to be scalars, the techniques of our Theorem( 0.4)
give a new proof and an improvement of , Kemp and Speicher introduce free
Poisson variables to get an upper bound, whereas the proof is more
combinatorial and lies is the study of N(d, m) that is done for definitions and
facts on free Cumulants and ‘R-diagonal operators. We just recall that the *-
distribution of a variable c in a C*-probability space is characterized by its free
cumulants, which are the family of complex Numbers k, [c*t,..., c®],for n EN
and ¢; €{1,*}. Moreover the R-diagonal operators are exactly the operators c
for which the cumulants k,,[c®1,.., c®#]vanish except ifnis even and if 1’s and*’s
alternate in the sequencegy,..., €,. Since the family A(g4), ...,

A(g,)(whereg,,.., g, are the generators of the free group F,.) form an example
of*-free R-diagonal operators , Theorem (0.3) is a particular case of Theorem
(0.4), that is why do not include a proof.

The start of the proof is the same as in the proof of Theorem (2.2.5) , and was
sketched in the Introduction. Fix p=2me2N.
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As in (14), if k=(Kq,..., k4)€ N%denote by dx=a(Ky,.., k4) and &,=c(kg,..., K1)
=Ck,-- Ck,- First develop the norms:

2m
- E Tr(akl a;f:’ T aflni )T (Ckl sz T Czlm)

Tr(ﬂkl ak: o 5;2131 )T (C‘El E;:l o Ezlm) )

[
5 ™

Takeky,..., ko, EN%if k; =(K; (1), kK;(2),..., k; (d))then

Chty Gy Ciepm =y (1) Chy @) Chia(@) Ciepay+ + Chep(@)*+  Cheom (@)

and by the fundamental property of cumulants:

T(Cx, Ck,... Cyp) = ZmeNc(zdm) Knl Ck, (1) iy (@) Chypayr - =+ Chy(d) - Chigm(@)]-

Denote k=(Kky,..., Ky, JE( N4)2™ ~ N24™ Since freeness is characterized by the
vanishing of mixed cumulants, k;; [ckl, e 5§2m(d)]is non-zero only if k <m, and

in this case we claim that it is equal to k; [cq,m]where

2m goups

*

Cgym= ¢,..c,c*,..,c*¢c, ..,cc’, ..., c” (17)
d d d d

Relabel indeed the sequence k,(1),..., k5, (d) byky,..., K> 4m, and denote also by
€1, E24m the corresponding sequence of 1’s and #’s, in such a way that k;,

[Cly 1y oy 1= Kl (€ 1i42am] and K [cqm]= ke [(¢)1< i <i2dm]. By the

definition of k,;,we have
kn[(cliii)lsiszdm]z [Iver k) [c¥)iev]
where the products runs over by the blocks of 1. Similarly

ke [ca m]=[Iyen k) [c%)iev]

66



Our claim thus follows from the observation that if k <m then for any block V
of m there is an

Index s such that k;=s for all I €V, and the equality ky, [(c:i)iev]z kv [(c*)iev ]
expresses just the fact that c and cg have the samex-distribution and therefore
the same cumulants. The next claim is that since c is R-diagonal , k;[cq,m] is
non-zero only if m ENc*(d, m). Since with the previous notation k;[cq,m]=
[Tver k| [c)iev], this amounts to showing that if there is a block V of
which is not of even cardinality or for which 1’s and #’s do not alternate

in the sequence(g;);ey, then kyy| [(c*);ey]=0. But this is exactly the definition
of R-diagonal operators. Thus we get

1) a®alip =) kelcam) Y Tr(agdi, -,

kend menc*(d,m) (K1,euKomy <t

or with the notation introduced in (14)

| Zkene ax ® ci |13 = || Znenc(am) ax & ck |13 - (18)

We can now use the study ofNC*(d, m)that we did Recall in particular that
there is a mapP: NC*(d, m)—>NC(m) @ the properties of which are
summarized in Theorem (2.1.7) Take(o4,..., 64)ENC(m)® and denote
Ww=(lo1+1]=-101 |)/(m-1)where |o| denotes the number of blocks of o with the
convention|oy|=1 and|o 4,1 |=m. [f TtENC*(d, m)and

P(m)=( 04,..., 64)then by Corollary (2.2.4),|S(a,t,d,m)| < ]_[fl=0 ||wi| |57 .Thus by
the first part of Theorem (2.1.7), we have that

> Kkxlcam)S(a.mw.d.m)

TeNC*(d,m), P(m)=(o),....04)

d
< 42m | I ||M.’”§j:#: max ‘Kﬁ [Cﬂ'.m]l-
Plmi=i(oy.....04)
=0
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But by the second statement of Theorem (2.1.7)and Lemma (2.2.5) below
(recall that for t(c)= k4 [c]=0 sincecis R-diagonal)

|k [edm]] < [lellZmE 52

which implies

| Zrcenc*(d,m),P (m)=(01,-404) th [Cd: m],S(a,Tt,d,m) |

16]jcl]
2 2
<aon [ iz < g q9)

But for any non-negative integers s,..., Sq)€such that }}; s; =m-1, the number
of (61,..., 64)ENC(m)@such that|oy,,|~|oy|=s; for any 0<1<d(with the

conventions |oy|=1 and|o441|=m) is equal to (l/m)(gg) (m) (:) Thus

S1
§ 2
ax Q cx ||5m

kend

< 410m 1_[ m ||2mu1 Z (1/m) (;’;) (;’11) 1_[7 m ||2m51/(m 0}

Sot:+sq=m—1

from (18) we Deduce

Denote for simplicity y; =||y| |2m/(m . Since the number of Sg,» Sq)EN such

(m +j B 1), this inequality becomes

1) @ ® iz

that sy+---+sg=m-1 is equal to

keNd
_ Sur 1
< 410m) || 2dm ||| ||||22m)4m (m +Ccll 1) SO+._.+Sd=m_1(B) (ZS) (le) (:)
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Now use the fact that for any integers Nand n, (I’r\z,) < (N/n)"(N/(N —n))N "

with the Convention (N/0)°=1. For a fixed N, this can be proved by induction
on n<N/2 using the fact that xeR" + xlog(1+1/x)is increasing. Thus

("< < (D) (1)

But sice log is concave, if sy + - +sqg=m—1

S

Mo (-2)" " = exp ((md + 1) ¢

m-—s;

“log(myi/s1)).

m-—

d
< exp ((md + 1)log (Z m/(md + 1))
0

=exp) (md + 1)logl+(m — 1)/ (md + 1))) <exp(m)

And

Mo (22 = exp ((m — 1) £4 -log(myy/s))).

S]

d
< exp ((m — Dlog (m/(m — 1) Z 1))
0

=(Yo+ ..ty)™?! (i)m_l.

m-—1

Butm/(m — 1)™ 1 < m for any m = 1leads to

1) a® iz

keNd
[l my 4 d\"™ _
< 410m||c||§dm—|cllzm)4m (1+-) (1 +E) exp (M) (Yo+ ... +y))™ L. (20)
2

Noting that since 2m/(m — 1) > 2,

Yot - HyD™ = UMl zmdil [gzmion-0 go,...apy. < =UIMl L2l le2go,...a3)
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And taking the 2mth root in 20 one finally gets

|| Z ar @ ck |l2m

keNd
5 m\4/2m - llellama 2
<4 e(l+d/m){1+— ez === UM zmhl le2go,....ay)-
d lcl|,

d/m
To conclude for the case m<oo, just note that (1 + %) <e.

m\a/m
Letting m—ooand noting that(l + E) —1 concludes the proof for the

operator norm.

When the c|’s are circular, since k[cq, m]1 if T ENC; (d, m) and kK [cg, m] =0
otherwise, we can replace (19) by

2
|Znenc*(d,m),P(rt)=(01 ..... o4) th [CdJ m],S(a,n,d,m)l < H?:O ”Ul ”22”1-

Following the rest of the arguments we get the claimed results.

We still have to prove this lemma that was used in the above proof.

Lemma (2.2.5)[2]

Let m ENC(n)a non-crossing partition that has at least K blocks of size2and in
which all blocks have a size at most N.

Letcy,..,c,be elements of a tracial C*-probability space (A ,t) that are centered:
T(ck)=0 for all k. Letmy,=max||c]||, for p=2,N. Then

|Kr[Cqpen Cp]| < m%K(16mN)”‘2k.
Proof:-

Since both m— k;; and the right-hand side of (21) are multiplicative, we only
have to prove (21) when m=1,with n<N. Then as usual kis denoted by k,,.If
n=1 it is obvious since k; (c;)=¢(c,)=0.

If n=2, then K=1 and k, (¢, ¢;)=1(ck ¢;)-t(cx)T (c;)=T(ckc;). By the Cauchy-
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Schwarz inequality we get |k, (ck, ¢))|< m53.

We now focus on the case n >2, and then K=0. This is essentially done in the
but we have to replace the inequality |t(cy, ... cx )| < m; by Hélder’s
inequality| t(cy, ... cx )| < m}, for any 1 <n <N. Following the proof of Lemma
4.3 in [12], we thus get that

-1 2
Kp[Cp Cn] < 4777 Ygencm) Mn < 4°'mmy.

Here we consider Theorems (0.5) and (0.6). We only sketch their proofs. The
idea is the same as in the holomorphic setting, except that here the relevant
subset of non-crossing partitions is the set NC(d ,m)introduced and studied .
proof of Theorem (0.6).

We will use that if c has a symmetric distribution, then ¢ has vanishing odd
cumulants. This means that k[c,...c]=0 unless m has only blocks of even
cardinality. To check this, by the multiplicativity of free cumulants, we have to
prove thatky[c,...c]=k;_[c,...c] =0 if nis odd. But this is clear: since-c and c
have the same distribution, k[c,....c]= k,[-C,...,—c]. On the other hand since k n
is n-linear, k, [-c,..,—C]=

(-1D)"ky[c,.C]-

Take (cx)ken N and (ay)yena as in Theorem (0.6) and define dgand cy_ ..., Kg
as in the proof of Theorem (0.4). Assume for simplicity that cy is normalized
by [|ck ||=1. Denote by I the set of k=(Kj,..., kq)€ N9such that for any
1<i<dk; # kj;1. Then for p=2m we have that

2 _ ~ ~
| |ZkENd ak ® Ckl |2¥l’l - Zkl kZmEl Tr( ak1 ai‘;z " ai‘;Zm) T(Cklckz " CkZm)'
Expanding the moment

T(cy, O, - Cky )| Zenczam) Kn(Cr, (1) vy €k, (), €, (), ..., ek, (d)]-

By freeness of the family((ayg)xen, by the assumption on the vanishing of odd
moments and by Lemma (2.1.14) such a cumulant is equal to 0 except If
meNC(d,m)and(ky,..., k,,)<m, in which case it is equal to k[c,c...c]. We get

71



| Zkene ak ® ck |13 = Znencam) knlc, ..., )s(a,m, d, m).

But by Lemma (2.1.17), Lemma 2.2 and an iteration of Lemma (2.2.1) we get
that for any m€ NC(d,m)

S(a,m d,m) < o231 |I57-

On the other hand (remembering that||c||,), Theorem (2.1.15) and Lemma
(2.2.5) imply that for m eNC(d ,m),

ke lc, ..., c]I< (16]lcl|zm)*™.
This yields
IXkend ax @ cxllzm < rencam)( 16]lcll2m)*™.

But by Theorem (2.1.15) NC(d,m)has cardinality less than 42™ (d+1)*™,
Taking the 2Zmth root in the preceding equation we thus get

|| Ziend ax @ i llzm < 4°(d + 1) [[cl[5m = oSi2al Ml 2m.
This proves Theorem( 0.6) for the case when p€2N.For p=00 just make p—oo

For Theorem (0.5) the proofis the same except that we have to be slightly
more careful in the beginning. Recall that Id is the set of (kq,€q ,..., kg4, €4)E(N
x{1,#} )9 such that A(gk,)1... A(gk, )¥¢ corresponds to an element of length d
in the free group F,For a family of matrices (ay,€)e)e;, denote by

dk’g - a(kd, ey kl)(gdi "'igl)

Where ¥=1 and1=+. The motivation for this notation is the following: for
(k,e)€e [;denote by Ck,s=C;2»--- CZZ so that if Cv'k,s, is defined as

dy e wehavethatCy =Cy
For k=(g1,.., kypm) € (NH)2™, £=(g4,mm., €2,) E({1,%} )2™and m ENC(2dm)with
blocks of even cardinality we will also write(k, €)<m if k; =k; for alli ~ jand

if in addition for each block{ i; <:-:< iy, }of m, 1's and «’s alternate in the
Sequence g; , & ..., sizp.Last we denote, for m ENC(d, m)
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Wk

S (a,m,d,m)= Y ke)<n T ( Ak, ¢, i, ¢, Aises - Aic,, £y )-

The proofs of Lemma (2.2.1 )and Lemma (2.2.2) still apply with this notation:
Lemma (2.2.6)[2]

Let m € NC(d ,m), and take a finitely supported family of matrices a=
(ak,e) ik e)er, as above. For any integer i

1S (amdm)| < ($(a, Pi(0), d,m)V*(S(a, Pivay(m0), d, m))*/?

Lemma (2.2.7)[2]

Letd,m,a = (ag¢)ke)er,, and M, be as in Theorem0.5, and g; and 6; as
defined in Corollary1.4. Then for [ € {0,1, ..., d}:

d,
S (a; O-l( m); d; m) = ”Ml||§::n(H®f2(N)®d_l;H®f2(N)®l)'

Moreover forle{1,..,d}

~ - d,
S (a; O-l( m); d; m) = ”Mll é::n(H®f2(N)®d_l;H®f2(N)®1)'

We leave the proofs to the reader.

Sketch of the proof of Theorem (0.5).Use the same notation as above. Take
meN. Then as for the self-adjoint case we expand the 2Zm-norm as follows:

2m _
| Xcerer, Qe @ Crellzm =
Z(k1'81)51d TT'( akpsléi‘;z,sz &ﬂzm,szm)' T(ck1'81ck2'82’ Y Ckzm'szm)'

By the freeness, the definition of I; ,Lemma (2.1.14) and the fact that the ¢;’s
are R-diagonal, the expression of the moment t(ck, ¢, - Ck,, ¢, JDECOMES
simply

1 n(d
T(Ck, e, = Ckyepy,)=T ENC(d ,m) = Y renciam) Like)<ky [Cil(l)»---' C (d)]-
1(1) 2m(d)

Where if (k, €)<mand o, (c)= xyy, [c, ¢¥,c, ¢¥,..., ¢*, c] we have that
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1 m(d) —
K [Cﬁiglgl ’ Cliimgd%] = Iy biock of T O(%(C).

In particular this quantity (which we will abusively denote by k((c)) does
not depend on(k, €). We therefore get

1) a®cldm > ki€l §@,m,d,m).

keNd neNC(d,m)

From this point the proof of Theorem (0.6) applies except that we use Lemma
(2.2.7) and an iteration of Lemma (2.2.6) instead of Lemma (2.2.2) and an
iteration of Lemma (2.2.1).

Here we get some lower bounds on the norms we investigated before. For
example the following minoration is classical:

Lemma (2.2.8)[2]

Let(cy)xen be circular-free elements with||C||;=1. Then for any finitely

.....

12k, ... kgeN Ay, ky @Chys s Cregll = ogizall My l.

Proof:-

We use the following (classical) realization of free circular elements on a Fock
space. Let H=H; @, H, be a Hilbert space with an orthonormal basis given by
(ex)kenYU(fi)ken ((er)is a basis of H; and(fx)ofH,). Let F(H )= Coq Dot H®n
be the full Fock space constructed on Hand for k€ N s(k)(resp “5(k)) the
operator of creation bye (resp. f; ). Define finally c;=s; +”S,*c. It is well that

(ck)kenform of*-free family of circular variables for the state (€, Q) which is
tracial on theC™ -algebra generated by the c;’s.

Let K be the Hilbert space on which the a;’s act (K=C?%if a;, €M, (C)). Then if
P, denotes the orthogonal projection from F(H )— H?k,forOSl <d the operator

..........
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viewed as an operator from K& H?d_l ~ k@ 22N g

k ® H®Y ~k®#2(N)® for the identification H, ~ 2

And H, ~ £?with the orthonormal bases(ej)and(f; ).This proves the lemma.
We also prove the following lemma which was stated in the introduction.
Lemma (2.2.9)[2]

Let p be a prime number and define ay,,..., ax,=exp(2ink;... kq/p)for any k; €

{1,...p}.Then ||(ax)||, =p%/?and for any 1< [ < d-1 the matrix M;defined by
My=(a(k1, k1),( ki1 kKa))E M1 a-1(C) satisfies || My|| < p%/2/(d — 1)/p.

Proof:-
Since ||M;||?= ||M;M]|| we compute the matrixM;M; € p'p'(C).

For any s=(sy,..., s;)and t =(ty,..., t;)€{1,...p}'thes, tth entry ofM; M is equal to

exp(ZiT[(Sl. S —t... tl)/kl+1 kd/p)
(Kig1,0ek)E[L,...,p]% 1

If 5,..5; =t;... t; mod p then this quantity is equal to p¢~*

Where as otherwise, w=exp(2im(sy... S; —=t;1... t;)/p)is a primitive pth root of 1,
and it is straightforward to check that for such an w,
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We therefore have that
MM % = p( — DD Dt + 2@ — DT, mty )5 e
The norm of an NxN matrix with entries all equal to 1 is N.

Moreover if[p]‘={(sy,.., 5;)}is decomposed depending on the value ofs;... s
modulo p, the matrix (151___Sl=t1___tl)s’te\p]l is a block-diagonal matrix with

blocks having all entries equal to 1. Its norm is therefore equal to
iep]l {51, -, 50) € [p]% 51 ...5; = i mod p}| = |{s1, ...,s1) € [p]’, 51 ...5; = O}
=p'— (-1

P T - -DTTH+pe - - - 1Y

p? —pp—-1D*t<(d-1p+t
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Chapter 3

C*-algebras and Haageup property

Let I'be a discrete group and A a normal subgroup of I', we show that the
inclusion A X, - A € A X, .I"has the relative Haagerup property if and only if
the quotient group I'/A has the Haagerup property. In particular, the inclusion
Cr(A) € C; (T ) has the relative Haagerup property if and only if I'/A has the
Haagerup property; C; (T ) has the Haagerup property if and only if I has the
Haagerup property. We also characterize the Haagerup property for I' in
terms of its Fourier algebra A(T").

Section (3.1): Haagerup Property for C*-algebras

In the following we first recall some facts about crossed products. Let I' be a
discrete group and A be a unital C*-algebra. An action of I" on A is a group
homomorphism «a from I' into the group of *-automorphisms(is
an isomorphism from a mathematical object to itself. It is, in some sense,
a symmetry of the object, and a way of mapping the object to itself while
preserving all of its structure. The set of all automorphisms of an object forms
a group, called the automorphism group. It is, loosely speaking, the symmetry
group of the object. )[4] on A. A C*-algebra equipped with a I'-action is called a
I'-C*-algebra. For a I'-C*-algebra A, we denote by C.(T, A) the linear space of
finitely supported function on I" with values in A. A typical element S in C.(I", A)
is written as a finite sum

S = Z asS,

Ser

where a; € A. We equip C.(I',A) with an a-twisted convolution product and *-
operation as follows: for S = YoerasS, T = Yier bt € C.(I', A), we define

S, T= Z asag(by)st and S* = Z as-1(a)S L.
s,ter ser

Note that when <A = C and the action « is trivial, we simply recover the group ring
C[T']. Now the question is: how shall we complete C,.(I", A)? Just as for group C*-
algebras, there are two natural choices, a universal and reduced completion.
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A covariant representation (u,m,H) of the I'-C*-algebra A consists of a
unitary representation (u,H) of I' and a *-representation (1, H) of A such that
usm(a@)ug = n(as (a)) for every s € I' and a € A. For a covariant representation
of (u, m, H), we denote by u X m the associated *-representation of C.(I",A).

Definition (3.1.1)[3]

The full crossed product of a C*-dynamical system (A, a,l"), denoted by
A X, I, is the completion of C.(I", A) with respect to the norm

Ixlly = supllzQOIl,
where the supremum is over all cyclic *-homomorphisms 7 : C.(I", A) = B(H).

To define the reduced crossed product, we begin with a faithful representation
A S B(H). Define a new representation 1 : A — B(}f & £,(I )) by

m(a) (v X Sg) = ag-1(a)(v) ® &g,

where {6g}gel" the canonical orthonormal basis of [(I"). Under the identification

H Q> = ger H we have simply taken the direct sum representation
w = D@ e (@ }‘“).
gerl gerl
For all elementary tensors we can check that
(1 X )lp(s))n(a)(l X Ap(s)*)(v X Sg) = n(as(a))(v X Sg).

Hence we get an induced covariant representation (I @ Ap) X m, called a regular
representation.

Definition (3.1.2) [3]

The reduced crossed product of a C*-dynamical system (A, ', @), denoted by
A X, I' 1s defined to be the norm closure of the image of a regular representation

C.(I'yA) - B(}f X lZ(F)). We often denote a typical element x € C.(I', A) S
A Xy I as a finite sum x = Yser asAr(s).
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Let 7 be a faithful tracial state on a unital C*-algebra A. By the GNS-
construction, T defines an A-Hilbert bimodule, denoted by L, (A, T), which has a
unit central vector &, € L,(A, ) such that t(a) = (a&,, &;) for all a € A. More
precisely, let

N ={a€ A:1(a*a) = 0}.

N i1s a two-sided #-ideal in A. For each a € A, we often denote the associated
vector a + V' by a, . Define an inner product on the quotient A /N by

(ag,br) = t(b*a).
Let L, (A, T) be the Hilbert space completion of A/N. Let &, = I + V', we have
t(a) =(a+ N,I+NV)
= (aé;, &), Va€eA,

We also denote by || - ||, the associated Hilbert norm on A (we simply write

|| - ||, when 7 is fixed and when there is no danger of confusion). Thus for each
a€A,

lallz = lla.ll = 7(a*a@)*/? < |lall,

If @: A — A is a unital completely positive map such that 7 o @ < 7, then @ can
be extended to a contraction Ty : L, (A, T) = L, (A, T) via the equality

To(a;) = ®(a),, Va € A.
Indeed,
1T (ap)|I? = l|@(a)]I?
= 1(@(a)* ®(a))
<t(®(a*a)) (since @(a)*®(a) < ?(a*a))
<1(a*a) (sinceto® <7)
= llall*.

We say @ is L,-compact if Ty is a compact operator on L, (A, T).
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Definition (3.1.3) [3]

Let A be a unital C*-algebra admitting a faithful tracial state . We say that A
has the Haagerup approximation property with respect to t (shortly A has the
Haagerup property) if there exists a sequence {®,},»; of unital completely
positive maps from A into itself such that

(1) tod, <tand P, is L,-compact for every n;
(il) Foreverya € A,||®P,(a) —all, » 0asn - +oo.

The following lemma will be needed in the proof of Theorem (3.1.5).
Lemma (3.1.4) [3]

(i) Assume that A is a unital separable C*-algebra with a faithful tracial
state 7 and there exist a sequence of unital C*-algebras A,, each of
which has the Haagerup property with respect to faithful tracial states 7,
and the following approximately commutative diagram of unital
completely positive maps

N,

»

A > A

which 7,05, <71,7°T, <7,and
ITy © Sp(a)ll; » 0, Va €A,
Then A has the Haagerup property with respect to .

(1)  Suppose that A has the Haagerup property with respect to a faithful
tracial state 7. Then for each k € N, M;(cA) has the Haagerup property
with respect to the induced trace .

Proof:-

(i)  Suppose that A is separable with a countable dense subset {a,:n > 1}.
Then for each n, the argument in (ii) gives a unital completely positive
map ®@,: A = A such that @, is L,-compact and satisfies
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1
[n(a;) —a|, < — for j=12,.,n

Since |[-]l, <|l: ]| on A and ||®,|| =1, then for x € A and € > 0, and g-

argument gives ||®,(x) — x||, < € for all large enough n. So A has the Haagerup
property with respect to t.

(i) Since A has the Haagerup property with respect to 7, there exists a

sequence of unital completely positive maps {@,} with the conditions in
Definition (3.1.3). So each

idy, & Pp: My(A) > M(A)
is a unital completely positive map with
Tk © (ide ® d)n) < Tk-

Indeed, for a = (aij) € My (A) we have

1
Ty © (ide ® q)n)(a*a) = EZT ° d)n(a;jaif)
ij

1
< Ez T(aijaij)
L]

= 1 (a*a).
For a = (aij) € M, (A), we check that

lics, ® ®n(a) - a||;,k = [[en(ay) — ayll;

2,Tk
1 2
- EZHCDn(aif) — il
i,j

-0, as n - +oo.

In the following we will show that each idy, is L,-compact. We omit the suffix
'n' of @, for simplicity. Define
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[M: Ly(My(A), T1) = La(My, try) @ Ly(A, 1)

N(a;,) = Z e ® (ai’j)‘[’ for any a = (a; ;) € My (A).
L

We can check that for a = (ai,j) € My (A),

lac,II* = 7i(a*a
1
= 2. (aija))
i,j

- Z tric(efjei,i)t(ai;ai,)
Lj
2
= Z ei’j ® (ai,j)T '
Lj

This implies that J] is an isometric isomorphism between L,(M(A),T;) and
Ly(Mp, try) Q L,(A, ). Since @ is L,-compact, then for any € > 0 there exists a
finite dimensional linear map Q on L, (A, T) such that

ITe X)) = QU < €+ lixell, Vx €A

Now for any a = (aij) € My (A), we can identify a;, with X;;e;; ® (ai’j)‘[

from the above isomorphism. So we have

”Tide@qb(ark) —idy, ® Q(afk)“Z - Z ¢ ® (To = Q) ((ai’j)f)
i,Jj

2

= % Z(Tqb - Q) ((ai,j)r)
Lj
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%Z ” (au)

2
=€’ [lar |

Therefore My, (A) has the Haagerup property.

In the following result, we suppose that A is a unital separable C*-algebra with
a faithful tracial state 7 and a 7-preserving action a of a countable discrete group
I'. Through the result is a C*-version, the proof is quite different.

Theorem (3.1.5) [3]

If I' is amenable and A has the Haagerup property, then A X ,. I' has also the
Haagerup property.

Proof :-
If Fy €T 1s a finite set for every n €N, we define ¢, : A Xy, I' -
A Qmin Mg, (C) such that
Qon(akl"(s)) = Z a;l(a) b3y €p,s~1p
PEF,NSE,

and Yy, : A Qmin Mg, (C) = A X, I such that

wn(a ® ep q) ap(a)}\l"(pq )

We know that ¢,, 1, are unital completely positive maps. First we want to show
that T, 0 @, < 1',7" oy, < T, where 7, and T’ are the induced traces of T on
A @min Mg, (C) and X, I' respectively. For that, let x = X xgAr(g) € A X, I
with xg = 0 except for finitely many g's. We have

XX = Z Z ap-1 (Xpxhs) |Ar(s),
S h

and
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° P (X'X) = T Z Z -1 Z ap-1 (XrXns) | & €ps-1p

S pEFLNSF,

1
T z T| 0p-1 z -1 (XpXn)
n PEF, h
|F | Z ZT(XhXh)

PEF,

|~

=R Z T X =T M0,

PEF,N

:T]

where the third equality follows from that a is T-preserving. To prove 7’ o Y, <
T,, that we only need to check that for any set {ap}pan C A,

(ACRT/N Z al’;aq X €pq | < Tn Z af,aq X €pq |

P.q€F, P.q€F,

But

1
T’ o, Z apaq ®epq | = mr’ Z ap (al’;aq)kp(pq_l)

P.q€F, P.q€F,

|F | Z T(apap)

PEFy

= Tn z apaq @ epq |-

PEFy,

Secondly, since I' is amenable, we can choose F, as a Folner sequence and
®n, Pn, are the corresponding maps constructed above. Let x = X xgAr(g) €
C.(I',A), we want to prove that
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lYn © on (O — X”z,r’ - 0.
Indeed,

”¢n ° q)n(X) - X”z,z" < ”¢n ° q)n(X) - X”Jlxa’TF

|[Fa N Ryl
= Z (T) XgAr(8)

8 AXg T
- 0,

since {F,} is a Folner sequence and only finite many X,'s are non-zero. Since
Il I, < |l - || on the cross product and each ¥, o ¢, is unital completely positive,
so a routine € /3-argument shows the convergence for general x in A Xy, I

Since A has the Haagerup property, implies that A @ min Mg (C) has also the
Haagerup property. From above, we have the following approximately
commutative diagram of unital completely positive maps

c’q®min]an ((C)

AN

A X, I > A Xy, T

whicht,o ¢, <t',7" oY, < 1, and
¥ e @n00 = xllzr = 0, VX EA X, T.
in Lemma (3.1.4) shows that A X ,. I has the Haagerup property.

We will concern at the Haagerup property for reduced group C*-algebras.
Theorem (3.1.6) [3]

Let I' be a countable discrete group. Then the following properties are
equivalent.
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(1) I has the Haagerup property;
(i)  The reduced group C*-algebra C; (I") has the Haagerup property;
(iii)  The group von Neumann algebra L(I") has the Haagerup property.

Proof:

The equivalence of (i) and (ii) was proved first by Choda. So we only need to
show the equivalence of (i) and (ii).

(1)=(ii) Suppose that I' has the Haagerup property and take a sequence {¢;} of
positive definite functions such that ¢;(e) = 1, @; € co(I') and ¢; — 1 pointwise.
We define corresponding multipliers m,, : C[I'] - C[I'] by

My, (Z atxr(w) =) ai®ar (.

ter ter

The multipliers {m<pi} can be extended to unital completely positive maps from

C:(I') to C:(I'). In the following, we will prove that the multipliers {m<pi} satisfy
the conditions of the Haagerup property for C;(I"). Since each ¢; vanishes at the

infinity of , then for each k € N, we have a finite subset Fi(k) C I'such that
1 W)
lp; ()] < o VLE F\F™.
Set, for each k € N

m ) (Z at%(ﬂ) = Z @i(t) arAr (t).

ter teFi(k)

+ o0
Then {m(p(k)} is a sequence of finite rank linear maps on C;(I"). For each
i Jg=1

X = Xeer aAr(t) € C[I'] € G (),
2

0,00 =m 000 = | D @i@acn©

ter\F® ,
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= ) lo®Plal
ter\F®

<| D lal? )/

ter\F

< IIxll3 /K2,

where 7 is the canonical trace on Cy(I'). Note that since multipliers m,,, m ok are

contractive completely positive, so their associated operators on L,(C:(I"), T) are

contractive. Hence the norm |(|T. —T 1s determined on the dense subspace
My, mk
1

C[I'] of L,(C}(I'), T) and hence

1
<E_)0' as k — +oo,

[Ty, = T

¥j

Hence m,, is Lp-compact. Since for any t € I', [;(t)| < ¢@;(e) = 1, so it is
obvious that 7 om, < 7. Let ¢ € (7' (I') and € > 0, then there is a finite subset F
of I' and elements a; € A(t € F) such that

<_
I =xell < 3,

where xg = Ytep @cAr(t). Therefore, for each x € C(I'), we have

;00 = xl, < [Im, 00 =m0, + || Ty, 0 = x|+ ke =l

1

<<+ (Zwl(t) 1P |at|2) +2

teF

<€

for sufficiently large i, by the assumption for the sequence {¢;}. Hence C; (I') has
the Haagerup property.
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(i))=(i) Assume that C;(I") has the Haagerup property. Then there is a
sequence {¢;}i=1 of unital completely positive maps from C; (I') to C;(I") which
satisfy the conditions in Definition (3.1.3). For each i € N, set

oi(6) = (A % (A (D)),

@i(e) = 1. We know that m,, is a unital completely positive map from Cy (I")to
Cr(I'). So .iis positive definite. For each t € I', we have

2;() — 1] = [t(Ar @) &1 (A (®) — 1))
= ¢ (A @ &, () = 2|

< [ & (0) = 2O, - 0.

In the following we will show that each ¢; (i fixed) vanishes at the infinity of I'.
By the Cauchy.Schwarz inequality,

|@;(t)| < ||q5i(7\r(t))||2 = ||T¢i(7\r(t)r)”,

where {A;(t).} is the standard basis for L,(C;(I'), 7). Now, it is a well-known and
elementary fact that if T is a compact operator on a Hilbert space with orthonormal
basis {e#}ueA, then, given € > 0, there is a finite subset F of A such that

||T(e#) || < € for all u € A\F. Thus it follows from the compactness of T®; and the
above argument that each ¢; vanishes at the infinity of I and I' has the Haagerup
property.

Section (3.2): Relative Haagerup property for C*-algebras

We now extend the definition of the Haagerup property from the above single
C*-algebra case to the relative case of inclusions of C*-algebras, by using a similar
strategy to the way notions of amenability and Property (T) were extended from
single algebras to inclusions of algebras.

Let 1 € B € A be C*-algebras, T be a fixed faithful trace on A, which acts by
left multiplication on L, (A, T) in the GNS representation of t. Let X € L,(A, T)

88



be the appropriate vector for each x € A. Suppose that there exists a T-preserving
conditional expectation Eg from A onto B. Let @: A € A be an Eg-preserving B-
bimodule unital completely positive map. Then the Cauchy-Schwartz inequality

X)) P(x) < DP(X*X), x € A, yields the construction Ty € B(LZ (A, T)),
To(Xo) = (2(0), X €A

The B-linearity of @ yields Ty () = ((l)(x))T = Xz, VX € B; hence Ty, (B 1)-
For a € A, x € B, we have

(To (@), xo) = (1" ®(a))
= 1(Es(x"®(@)))
=7 (x"Ez(2(@)))
= 1(x*Ep(a))
= 1(Ez(x"@))
=1(x"a)

= <ar» Xr>-

This implies that Ty (x;) = X¢, VX € B. Therefore

T _(1 0 )
®7N\0 Tl @0t

subject to the orthogonal decomposition L,(A,T) = L,(B, 1) @ L,(B, 7). We
define eg = Tg,, so for any x € A, ez(X;) = Tg,(Xc) = (EB(X))T‘ Note that eg is
just the associated projection from L,(A,t) onto L,(B,t). An operator
aegb,a,b € A, acts on L,(A, T) by

aegbx; = (aEB (bx))r, xA.

Set
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Fz(A) ={T € B'NB(Ly(A,17)): T = Z a,egh;, F finite set and a;, b; € A

ieF
and let K5 (A) be the norm closure of Fz(A) in B(L2 (A, T)).
Definition (3.2.1) [3]

We say that the inclusion B € A has the relative Haagerup property if there
exists a sequence {®,},s; of Eg-preserving, B-bimodule, unital completely
positive maps from A to itself such that

(D) limy40llP, (0 — xll; = 0 for every x € A;
(i) Ty € Kz(A) forall n.

Lemma (3.2.2) [3]

Suppose that A is a unital C*-algebra with a faithful tracial trace 7 and « is a 7-
preserving action of a countable discrete group I' on A. If A is a normal subgroup
of I', then the corresponding Y ;cp @:Ap(t) = Drep @A (t) extends to an isometric
C*-algebraic embedding ] : A X, A = A Xy, I'. Moreover, there is a 7'-
preserving conditional expectation E from A X, I' onto the range of this
embedding and E(a)\p (t)) = aAp(t) if t € A and zero otherwise.

Proof:

Let (u,id4, H) be a covariant representation. By Fell's absorption principle, we
may view A X, ' as the C*-algebra generated by A &@ I and (u @ A)(I').
Similarly, A Xy, A is a C*-algebra generated by A @ I and (u @ A)(A). Let
Q =TI'/A, thus I' = Ugeq Atq is the decomposition of I' into disjoint right cosets,
where tq =1 for the trivial coset A. Then 6stq -6, R Stq extends to a unitary
from £, (I") onto £, (A) ® ¥,(Q), so we have an identification

L,(I') = L,(A) ®; L,(Q)

such that

M) =20, () @I, tEA 1)
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Since A Xy, A is a C*-algebra generated by A @ I and (u @ A)(A), we can
define J as the restriction of the *-isomorphism y = x @ I of B(}f ® 4, (A)) into

B(}f Q (N ® fz(Q))- Thus,

J (Z aMt)) = e O ® 1= ah(®)

teA teA teA
Define an isometry V: H @ £,(A) - H & £,(Q) by
V() =1 @ 6;.

In particular, V(¢ @ 65) = & @ 6;. Then we define
EQO =J(V'XV), VXE AN, T

It is routine to check that E is the required conditional expectation and it is 7’'-
preserving. Also, E (a]\r(t)) = aAp(t) if t € A and zero otherwise.

In the following, we always set B = A X,, A for simplicity and EgB the
conditional expectation from A X, I' onto B = A X, - A in Lemma (3.2.2).

Lemma (3.2.3) [3]

For each continuous normalized positive definite function @ on I' /A, there is an
Eg-preserving, unital completely positive map @ from A X, . I' into itself such
that

@(axb) = a®()b, Va,bE€B=AXy, A, XE ANy, T.

Proof:
For any g € I', we can define ¢ (g) = @¢(gA). Define
®: C.(I',A) - C.(I',A)

by
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? (Z asxr(s)) =) p©a ()

ser ser
Suppose that x = Y.ser asAp(s) € C (I, A) is positive in A X, I'. That for any

SiSj

finite sequence sy, ...,S, € I', the operator matrix [as_il (a -1)]_ € Mp(A) is
Lj

positive. So the Schur product [go(sisj_l)as_il (a -1)]__ is positive, as the
1j

SiSj
. . .o, . . _1 _1
pointwise product of two positive matrices [(p(sisj )]i]_ and [asi (asisj-l)]__.
) 1,
D) = Xser ¢(s)asAp(s) € C.(I',A) is also positive in A Xy, I'. This
following natural commutative diagram implies that @ is a unital completely
positive map,

M@ (A Xg T) — s My ®(A X T)

Dn
Mn (C’q) >ql®oz,‘r' [— Mn®(dq) >ql®oz,‘r' r

where (I ® a)(g) = idy, ® ag. Since @(g) =1, for any g € A, it follows that
Eg® = Egz. Now we only need to check that @ has B-bimodule property. By the
continuity of multiplication and of @, we only need to check on elements in
C.(I',A). Suppose that x = Y.ocragAr(s) and a = Yep biAp(t) in C.(T, A), we
have

q>(ax)=q>< > btat(as)xp(ts>)= > 0l (a(ts)

SErtEA SErteEA
and
ad(x) = (Z btxA(w) (Z <p(s)asxr(s>) = D b a(ts).
teA ser SEltEA

Since sA = As = Ats = tsA, so @(s) = @(ts) and a® = P(ay). Similarly
P (xb) = 2(X)Db.
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We have The following theorem.
Theorem (3.2.4) [3]

Let A be a unital C*-algebra with a faithful tracial trace T and let @ be a 7-
preserving action of a countable discrete group I' on A. If A is a normal subgroup
of I, then the inclusion A X, A € A X, ,. I' has the relative Haagerup property
if and only if the quotient group I' /A has the Haagerup property.

Proof:

Necessity. Suppose that the inclusion A X, A © A X, . I has the relative
Haagerup property, and let {®,},>; be as in Definition (3.2.1). Define ¢,: " + C

by
on(®) = 7(G(r@)r(g ™).

For any fixed n, clearly ¢,(e) = 1 and the positivity of 7 yields

m

Z aidjq)n(gj_lgi) = Z T (djkl"(gj)) Py (}\F(gj_l)}\l"(gi)) aiAr ((gi_l))
=1

ij=1
>0

for all g4,...,8m € ' and aq, ..., a;, € C; hence ¢, is positive definite on I'. Since
each @, is an A X, ;- A-bimodule map, so for g € I', gy € A we have

on(g80) = 7 (2 (A (8280))Ar (858 ™)

=T ((Dn(kr(g))kf(g_l))

= &,(g)

and

P (808) = 7 (@u(Ar(880))Ar (8 80 Y))

= 7 (A (8o (A () (8™ (851
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=1 (2a(Ar (@) (g7D)
= &, (g).
Therefore ¢, (g0,8) = ¢,(gg,) and so we can define @,: I'/A — Cby

5n(gA) = q)n(g); Vger.
Indeed, if gA = hA, we have h™1g € A. So by the above equations,

@n(gA) = q)n(g) = q)n(h(h_lg)) = q)n(h) = @n(hA)-

So @, is also a positive definite function on I'/A and ¢,(A) = 1. For any g € I,
we have

|Pn(gA) — 1] = |gn(g) — 1]
= |t (e (@& ™) - 1
= |T (qbn(xr(g))kp(g‘l)) — T(Kr(g)lr(g_l))|

= [e (@) - 2 @) 2|
= [(n(2r () = Ar (), Ar ()]

= ”an(}\l"(g)) - 7\r(§)||2 -0, as n— +oo,

Finally, to show that I' /A has the Haagerup property, it suffices to cheek that @,
vanishes at the infinity of I'/A. We set B = A X, A and fix n and € > 0. Since

To, € JCB(JZ Xor F), there exist ag,..,aym m A Xy, I' and by,...,by €
C.(I',A) such that

<e/2.

m
To, — Z ajepb;
im1

In particular,
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<e/2. 2)
2

sup
ger

(@) - ) aiEs(br ()

Let S be a complete system of representations in I for I'/A. Now for any b =
2ter behr(t) € Co(I', A), we get

b= z b (D)

ter

= ) MO (b)
ter

=D 0@ D A e ()
ges tegA

=) @ D (a0 @ Dar(b)

gES tegA
= > M @F5(r(g)b).
geS

So

2

1513 = || > A @Es O gIB)|| = D B0 (87D <+

gEesS 2 geS

Let § > 0. Then there exists a finite set F, s & & such that

> IO OB < 62 3)

g8ES\Fp,s

Let M = max <j<pmllaillz, 6 = (T and F, = Uil F); 5. For any g € S\F, it

follows from the inequalities (2) and (3)
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20 (@1 = |7 (20 (A @)Ar(g™))|

IA

T <¢n(}\[‘ (g) - Z a;iEp (bikr(g))> Ar(g™h)

+ z |1' (aiEB(biAF(g))}\F(g_l)N

i=1

m

¢ ZMaln |Es(biAr @),

\S)

m
€
= =+ Y llasll2 B O (g™b)II
i=1

Ma

E
=3t 2(M + Dm

i=1
<E.

This implies that @, € co(I'/A) and so the quotient group I' /A has the Haagerup
property.

Sufficiency. Suppose that the quotient group I'/A has the Haagerup property.
So there exists a sequence of normalized positive definite functions {@,} on I'/A
that vanish at the infinity of I'/A and such that lim,, @, (gA) = 1, for all gA €
r'/A. We can define ¢,: I’ - C by

q)n(g) = @n(gA); Vger.

It is routine to check that ¢,(e) = 1, ¢, is a positive definite function on I" and
¢n(880) = #n(go8), limeu(g) =1 VgET, g €A

By Lemma (3.2.3), there exists a sequence {@,},>; of Eg-preserving, B-bimodule,
unital completely positive maps from A X, I' to itself. In order to check
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lim, |[@,(0) — xll, =0, Vx € A X, I', note that, since ||T¢,n|| < 1, it is enough
to consider only the case x = aAr(s),a € A, and s € I'. Now we compute

[2a(arr () = arr ([ = I1(@als) = Darr(s)II3
= (gn(s) = D21(Ar DA aAr(5))
= (p,(s) — D?t(a*a) - 0, as n— +oo.

We also need to show Ty € Kp (c/l Moy T ) For simplicity of notation, we fix
n and denote ¢ = ¢, ® = &,,. Let S be a complete system of representations for
F'/AinT. Let §§ €8, S -+ S § be an increasing sequence of finite sets whose
union equals §, and set foreach m > 1

Tn= > oM @estr (™).

BESm

First, we want to show that T, € B' = (c/l X r A)’. By linearity and continuity,
we only need to check that for x = bAr(t) € C.(I',A) € A Xy, I,

Ar(8)epAr (8™ arr(go)x: = ara(go)Ar(®)esAr (g™ DX,

withg,t €I',go € Aand a,b € A. Now we have
Ar(@ezAr (g Dats (o) x: = Ar(8)Ez(Ar (g7 as(go)bAr (1))

= Ar(@)E5 (Ar(g™Daag, (0)Ar(got))

= 2 (@)Es (g (g, () 2r (8 "go0))

_ aag,(b)Ar(got) = aln(go)bAr(t), ifg 'get € A;
0, if g™ got & A;

and

ala(8o)Ar (@ epAr (g™ x, = ala(8o)Ar(8)Ep (Ar (g )by (t))

= aln(80)Ar(8)Es (g1 (B)Ar(g711))
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_ {aAA(gO))lp(g)ag—1(b)Ap(g_lt) = aAp(go)bAr(t), fg 't & A;
0, fg_lt € A;

Since A isnormal in I" and g, € A, so
g lgsteN © teAgylg=Ag & glteA
Therefore Ty, € B' = (A Mg, A)I.

Secondly, we need to check that T, = Tp in the operator norm. Let x =
Yter AAp(t) € Co(I', A) € A Xg, I'. From the proof of necessity, we have

X = Ar@Fs(r(g™n)
geS
and so
13 = > IEs(r g0 < +oo.
gEeS

It follows that for any € > 0, there exists k(e) = 1 such that

2 2

x= ) @B 0| = || D A @FG-E 0

gESk 2 gES\Sk 2
= > IEsGrE )1
8ES\Sk
< €e?|lxll3, Yk = k(e).

Since @ vanishes at the infinity of I' /A, there exists a subsequence {k} such that

SUPges\sy,. lp(g)| < i Pick an m > 1, and choose that k(€) = k,,. We have

| Toxz = T Xel| = |200 2 — T, X:||

=12 0@1 @B @0 - ) 0@ @FsGr (80

gESk gESm 2
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<|| D v@u@EsGre™D| +| D e@Ar@Es(re 0

8ESk(e 2 8ESk(©) \Skm 2

1
2

<elixl+| ) le@PIEGrED0I3
8ESk(e) \Skmm

1
< (e W) lxll,.

Therefore ||T¢, — Tkm” Si and Ty € Kp (c/l Moy I ) This implies that the

inclusion A Xy A € A X, I has the relative Haagerup property.

Corollary (3.2.5) [3]

Let A be a normal subgroup of I, then the inclusion C;(A) € C;(I') has the
relative Haagerup property if and only if the quotient group I" /A has the Haagerup

property.
Corollary (3.2.6) [3]

The assumption is the same as that in Theorem (3.2.4). Then the inclusion
A S A X, I' has the relative Haagerup property if and only if I' has the
Haagerup property.

The Haagerup property is a strong negation to Property (T), in that each of
equivalent characterizations stands opposite to a characterization of Property (T).
Connes and Jones introduced the notion of correspondences for von Neumann
algebras. A correspondence of a von Neumann algebra M is a Hilbert space H
endowed with two normal, commuting, unital actions: one of M (denoted by
(x, &) = x%) for x in M and & in H) and one of the opposite algebra M'° of M
(denoted by (y°,&) — &). Correspondences are analogous to group representations
in the theory of von Neumann algebras. At the group level, Jolissaint define an
ideal Bin(I") of the Fourier-Stieltjes algebra B(I" X I'): Bin(I") is the subset of
elements ¢ in B(I" X I') such that ¢(g,-) and ¢ (-, h) belong to the Fourier algebra
A(T") for all fixed g,h € I'. Moreover, the set T A(I") of element ¥ of A(I") which
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is constant on conjugacy classes embeds naturally in Bin(I') by: ¢y (g h) =
Y(gh™1). Denote by Bin+(F)(resp.TA+(F)) the subset of elements of

Bin(I'") (resp.TA+(F )) which are positive definite. Jolissaint characterized
Property (T) in terms of functions in Bin,(I') and T A, (I").We will give a
characterization of Haagerup property for a discrete group I' which is strong
opposite to Jolissaint fs result.we need The following

Lemma (3.2.7) [3]

For any ¢ in Bin,(I') there exists a unique binormal positive form on its von
Neumann algebra L(I")(f;), still denoted by ¢, such that

e(gh) = (8 @ Ar(h™)%) = A (@EpAr(h™),8p)

for all g,h in I, where §,. denotes the cyclic vector of the correspondence 3.

associated to ¢.
Definition (3.2.8) [3]
Suppose that ¢ € Bin,(I'), if the function defined by

Y =o9(gg) ger.

belongs to the abelian C*-algebra cy(I"), we say ¢ € Biny(I').

Theorem (3.2.9) [3]
Let I" be a countable discrete group. Then the following are equivalent:

(1) I has the Haagerup property;
(i) There exists a sequence {¢@,},s10f functions in Biny(I') converging
pointwise to a non-zero element of T A, (I").

Proof:

(i1)=(i) Suppose that there exists a sequence {¢,}n>1 of functions in Biny(I")
converging pointwise to a non-zero element ¢ of T A, ("), we may assume that
o(1,1) = ¢,(1,1) =1 for all n. Denote by H, the correspondence given by
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Lemma (3.2.7) and denote by &, the corresponding unit cyclic vector in H,,. The
associated representation 1, of m, on H, is defined by

m(@)¢ = Ar(@EAr(g™), gET,§ EH,.
Thus
Yn(g) £ ¢n(g 8)
= (mn(8)¢,$)
- ¢(gg) =1 (sincep €TA.())

Therefore the abelian C*-algebra cy(I") possesses an approximate unit of
normalized positive definite functions and this implies that I' has the Haagerup

property.

(1)=(i1) The ideas of the [3]. Suppose that I' has the Haagerup property, so there
exists a ¢y unitary representation (mr, ) of I' which weakly contains the trivial
representation 1. Thus there exists a sequence of unit vectors {&,} in H such that

(m(8)én, én) > 1, VBET. (4)

We associate a correspondence with 7 as see[3]. Denote by H the Hilbert space
22(I') ® H endowed with the actions:

Ar(@) - (f @n) =Ar(8)f ® m(g)n
and
fn -Ar(g) =fAr(g) ®n

for g€, f € ¢*(I") and n € H. H is a correspondence of L(I"). Let us denote
£, = 6,®¢&, € H and define {¢,} in Bin, (') by

on(g h) 2 (Ar@ér(h™), &)
= (M (@8:Ar(h™) ® m(g)én, 61 ® &)
= (Ar(8)8:1Ar(h™h), 81) - (m(8)én, 61, ¢n)
= Xxa(g h)(m(g)én, &n)
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= xa(gh)n(g h),

where y, is the characteristic function of the diagonal group A in I X I'. Since 7 is

a c, unitary representation, it follows from the above equations that ¢,, € Biny(I").
Therefore the above equations and Equation (4) show that

on(g h) = xa(g h), gher.
It is obvious that y, € TA,(I').
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Chapter 4
Rigidity of C*- algebras with property (T)

As aconsequence ,the class of all C*-algebras with the Haagerup property
turns out to be quite large. We then apply Popa’s results and show the C*-
algebras with property(T) have a certain rigidity property. Unlike the case of
von Neumann algebras ,for the reduced group C*-algebra so f groups with
relative property(T),the rigidity property strongly fails in general .Never the
less ,for some groups without nontrivial property(T)subgroups ,we show
arigidity property in some cases .As examples ,we prove the reduced group
C*-algebras of the (non-amenable ) affine groups of the affine planes have
arigidity property.

Section (4-1)
Applications of Haagerup property for C*-algebra

The goal of this section is to prove Theorems (4.1.5) and (4.1.9). As the study
of nuclearity of C*-algebras (e.g., a proof of the fact that nuclearity passes to a
quotient in order to prove Theorem (4.1.5), we need a deep theorem from the
theory of von Neumann algebras. To state and apply the theorem of Connes
below, we need the following concepts of von Neumann algebras.

Definition (4.1.1) [4]

Let M be a von Neumann algebra. It is said to be injective if for any unital C*-
algebra A and for any its closed self-adjoint subspace N containing the unit of
A, any u.c.p. map from N to M can be extended to a u.c.p. map from A to M.

Definition (4.1.2) [4]

Let M bea von Neumann algebra with the separable predual. It is said to be
AFD (abbreviation of “Approximately Finite Dimensional”) if there is an
increasing sequence of finite dimensional *-sub algebras of M whose union is
dense in M in the strong operator topology.
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The following theorem of Connes states these two properties are equivalent in
the separable case.

Theorem (4.1.3) [4]

For a von Neumann algebra M with the separable
Predual , the following are equivalent:

1- The von Neumann algebra M is injective;

2- The von Neumann algebra M is AFD.

Lemma (4.1.4) [4]

Let M be a(not necessarily separable)injective von Neumann algebra with a
faithful normal tracial state t. Then there exists a net (®,,),,0f conditional
expectations on M which

satisfies the following three conditions:
1- Each image of®,is finite dimensional;
2- Each®,, preservesr;

3- The net (®,,) ,converges to the identity map in the pointwise strong
operator topology.

Proof:-

Note first that since M has a faithful normal tracial state with each von
Neumann sub algebra of M is injective. From this, for each finite Subset F of M,
the von Neumann sub algebra W*(F) of M generated by F is injective and
separable. From this, by Connes’s theorem, each von Neumann algebra
W*(F)is an AFD von Neumann algebra. Consequently, for each finite sub set F
of M, there is a finite dimensional *-sub algebra M F of M, such that dist t(x,
MF)<1/|F]| for all x€ F(where |F |is the cardinality of F). Then again, for each
finite sub set F of M, there is a t-preserving conditional expectation EF from M
onto MF. Then notice that for any t-preserving conditional expectation E with
the range N, we have
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llx = E(0)]l; =dist; (x, N).

On the other hand, for each x€ M, dist,(x, MF)converges to zero as F tends to
infinity. From this, the net(E F)F satisfies the desired three conditions.

Now we have.

Theorem (4.1.5) [4]

Let (A, T ) be a pair of a unital nuclear C*-algebra and a faithful tracial state.
Then it has the Haagerup property.

Proof:-

Let A be a unital nuclear C*-algebra,t be a faithful tracial state on A. We will
show the pair(A, t )has the Haagerup property. Let ; be the GNS
representation of t. Then, since A is nuclear, it is easy to show m(A) is an
injective von Neumann algebra. Using Lemma (4.1.4)

we can choose a net (®,),0f conditional expectations on m.(A) satisfying the
following three conditions:

(i) Each image of @, has a finite dimension;
(ii) Each®, preserves T;

(iii) The net (¥, ), converges to the identity map in the pointwise strong
operator topology.

From these conditions, each @, is L?-compact, and it converges to id;z(A,T)

strongly, as in the definition of the Haagerup property. However,
unfortunately, these ranges are not contained in A in general. So we have to
modify @ to take its values in A. To do this, we need the following

notations. We identify m(A) with the direct summand A**c(m)of A™

, where c(m)is the central cover of 1, . Denote the image of &, by E, , and
denote the linear
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span of 14+-and E, by F, ,which is a finite dimensional C*-sub algebra of A**

. Denote the canonical inclusionF, < A** by (. Since ,is a*-homomorphism,
in particular it is contained in CP(F,, A**). Then, by using the canonical
bijective correspondence between CP(F,, A**)and(4A™*®F,) and the density of
AQF, in A" ®F,in the strong operator topology, we can find a bounded

net(lI’B(a))B from CP(F,,A)that converges to wa in the point wise strong
operator topology, as 3 tends to infinity (by the Kaplan sky density theorem).
Then, since each lI’B(Oo(l) is contained in ACA™ and it converges to 14+ =1, €EA
weakly as 3 tends to infinity, by retaking a net of c.p. maps from the convex

hull of{ll’ﬁ(a)}ﬁ, we may assume(lI’B(a)(l) g converges to 1 in norm. (Recall the

Hahn-Banach separation theorem.) We remark that each support of t° lI’B(a)lEa

is contained in that of t|g, , which is equal to E,, and the former net converges
to t|g _pointwise as {3 tends to infinity. From this and the fact E has a finite

dimension, we can choose a net céa))ﬁof positive numbers, such that céa))g

converges tolasftends to infinity and roll’ﬁ(a)lEa < céa))ﬁrlEa . Put

déa) :=max{ Céa), IILI’B(O‘)(I) |1}

for each a and . Then by definition of déa), each map ( déoo)_1 lI’B(O()is a c.c.p.
map that decreases t. Now it is easy to take the desired net from the set
{c(m;) W5 *®y)q 5, here we identify A with the C*-subalgebra m,(A) of ,(A)

=A""c(m;), not with the canonical C*-subalgebra of A*).

Indeed, in the above proof, we only use the injectivity of m;(A) . From this, we
can also apply the proof of Theorem (4.1.5)for some other cases. Here we
summarize the cases Theorem (4.1.5)is applicable. Part (1) is pointed out by
Professor Narutaka Ozawa.

Corollary (4.1.6) [4]
1-Let A be a unital exact C*-algebra with a faithful amenable tracial statert.

Then the pair (A, T )has the Haagerup property.
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2- Let Abe a unital residually finite dimensional C*-algebra with a faithful
tracial state. Then A has a faithful tracial state t with the Haagerup property.

Proof:-

1-It suffices to show m (A)" is injective. By amenability of T, the productx*-
homomorphism

m, xm.t :AQA°P—B(L*(A, 1))

is continuous with respect to the spatial tensor product norm [4] . Then by
universality of the double dual, it extends to the normal*-homomorphism
from (A®A°P)**to B(L? (A, T )). Notice that sinceAis exact, it has property
C''[4] .So the canonical inclusion

is continuous with respect to the spatial tensor product norm. Consequently,
the product*-homomorphism

m.(A)"Or.F (A°P) > B(L*(A, 1))

is continuous with respect to the spatial tensor product norm. Note that
(7P (A°P))") =m.(A)" [4].Now injectivity of m,(A)"” follows from Lance’s trick.

2- By assumption, there exists a faithful tracial state Tt onAsuchthat m; (A) is a
type I von Neumann algebra. Since a type I von Neumann algebra is injective,
we obtain the desired result.

Lemma (4.1.7) [4]
Let Abe a C*-algebra,t be a faithful tracial state on A, (4;); be an increasing

net of C*-sub algebras of A whose union is dense in A with respect to the
L?norm determined by t. Assume for each i, there is a trace-preserving
conditional expectation E; from A on to 4; .Then the pair(A, t )has the
Haagerup property if and only if each pair(4;,t)has the Haagerup property.

Now we establish the permanence properties of the Haagerup property. Here
we restate Theorem(4.1.9).
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Definition(4.1.8)[4]

Let A b aunital C*-algebra ,ta faithful tracial state on A .The pair(A,t) is said to
have the Haagerup property if there is anet (@;);¢; of u.c.p. maps from A to it
self satisfying the following conditions:

(1)Each ¢; decreases T ;i.e., for any positive element a €A ,we have t(¢;

(a))=t(a);

(2)For any a €A ,||¢;(a)-a||; converges to 0 as it endstoinfinity;

(3)Each ¢; isL?-compact ;i.e., from the first condition , ¢; extends to abounded
operator on its GNS-space L?(A ,t),which is compact.

Theorem (4.1.9)[4]
Let (4;, T;)ic; be a family of C*- algebras with the Haagerup property indexed
By as set I. Then the following hold:

1- If I is countable, then the direct product ( [];¢; 4;,T)has the Haagerup
property for any tracial state T of the form t= ), ;c; ¢;T; , where (c;);e1 is a
family of positive numbers whose sum is1. More generally, any C*-subalgebra
of ([1;e1 A;,T Jwhich contains both @;c;and1has the Haagerup property with
respect to the restriction tracial state;

2- The spatial tensor product(@;ey, 4; Dier Ti) has the Haagerup property;
3- Thereduced free product (A, T )= *;¢1 (4;, T;)has the Haagerup property.
Proof:-

1- We may assume I=N. For each n€ N, take an approximation net (®,,j ) je;,

Of u.c.p. maps of the Haagerup property of(4,, t,)- Replace j,by for each
neN,wemay assume all index sets of the nets are the same one, say J. Then for
each n€N and j€ ], we define a u.c.p. map ¥, jon([,en An, THEN 4, by

W= (Dr<n Prj D Xk>n Ck T )

Then the net (¥, ;) ; satisfies the desired condition. Moreover, each range of
W, is contained in the unitization of n €N An. So the second part of the claim
also follows.
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2- By the previous lemma, it suffices to consider the case [={1,2}.Let(A, T ),(B,
v)be two pairs of C*-algebras and faithful tracial states both of which have the
Haagerup property. By assumption [4],we can choose nets of trace-preserving
u.c.p. maps(@;) je;(W;) je; which give the Haagerup property of(A, t), (B, V)
respectively. Then the net (¢; @) je; obviously gives the Haagerup
property of (AQ B, t® v).

3- Similarly, it suffices to consider the case [={1,2}. With the notations as
above, we define

Bjai=cuhy +(1-60) Bysimcily + (-6

for each je] and k €N, where ck=1-1/k. (For the notion of reduced free
product, We will show the net ( <T>j,k *@j )G kexn gives the Haagerup
property of(A, T )*(B, v). Note that by definition of §’s and ~ {/’s, it obviously
satisfies the conditions listed on Definition(4.1.8)excepting the L?-
compactness. For the L?-compactness, notice that the GNS-space of the
reduced free product 2 ((A, T )*(B, v))is canonically isomorphic to the free
product(L? (A, t),15)*( L?(B, v), 1%) of GNS-spaces .Then since the restriction
of (¢;to L?(A,t)° =L?(A,t) © C1} has the norm less than or equal tock and
similarly for §i; . , @, *U; x is a co-direct sum of compact operators as a
bounded operator on(L? (A, t ), 15)*( L?(B, v), 1})by definition. Therefore it is
a compact operator, as desired.

Next we study the permanence of the Haagerup property under the reduced

crossed product construction. As we will see in Theorem (4.2.1), this is no
longer true in general. However, in the following AF-setting, we have the
permanence property. This is pointed out by the referee.

Theorem (4.1.10) [4]

Let I' be a group with the Haagerup property acting on a unital C*-algebraA.
Assume the following hold:

(i) A has a I'-invariant faithful tracial state T;

(ii) ' is he union of an increasing net(I;);¢;0f subgroups;
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(iii) There is an increasing net(4;);¢;of finite dimensionalC*-sub algebras of A,
whose union is dense in A with respect to the L?-norm determined by T, and
each A; is I-invariant.

Then the reduced crossed product Ax,. I'has the Haagerup property.
Proof:-

We will show Ax,. I" has the Haagerup property with respect to the canonical
extension? of . For each i€l, there exists a unique t-preserving conditional
expectation E;from A On to A;. Notice that, by uniqueness, it must be [;-
equivariant. Hence, E; extends to a conditional expectation from A,
[jontoA; %, I;, which preserves Tby definition. At the same time, we also have
at-preserving conditional expectation From Ax,. I onto A, [;. Indeed, first
represent AX,. I' on L? (A, T )® [?(T )in the canonical way and similarly
forAx,. I;. Consider the conditional expectation on B(L?(A, T)® [?(T'))
induced by the projection p=1Qx[; . Then the restriction of it to Ax,. I" gives
the desired conditional expectation. Composing these two maps, we have a T-
preserving conditional expectation from Ax,['ontoA; X, [}. [4], eachA; %,
[7has the Haagerup property with respect to T. Then, since the union of A; X,
I’s is dense in Ax,. I' with respect to the L? -topology,Lemma
(4.1.11)completes the proof.

Remark (4.1.11) [4]

In this, we give an application of the Haagerup property for C*-algebras. The
results rely heavily on techniques in von Neumann algebras which trace back
to the work of Poparom .Popa’s theorem says the Haagerup property is a
strong negation of relative property (T) in the context of von Neumann
algebras. We extend this rigidity theorem to the context of C*-algebras. The
theorem does not depend on the tracial states, therefore it is convenient to
introduce the following class of C*-algebras.

Definition(4.1.12) [4]

Set H be the class of all C*-algebras which has a faithful tracial statetwith the
Haagerup property. By the results, the class H is quite large. It contains all
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nuclear C*-algebras with a faithful tracial state, many exact C*-algebras (for
example, unital simple exact quasi-diagonalC*-algebras), residually finite
dimensional C*-algebras with a faithful tracial state, the reduced group C*-
algebras of groups with the Haagerup property, and is closed under taking the
direct product, the spatial tensor product and the reduced free product.
However, we need to remark that the class His not closed under taking a
quotient, even if the quotient has a faithful tracial state. To see this, consider
the full group C*-algebra C*(F,,)of the free group F,of countably many
generators. Then it is residually finite dimensional by Choi’s theorem.From
this and separability of C* (F,), it is contained in the class H by Corollary
(4.1.6). Note that any unital separable C*-algebra arises as a quotient of
C*(Fo), and as we soon see in Corollary (4.1.17), there is a unital separable
C*-algebra which has a faithful tracial state but is not contained in the class H.

The following theorem, due to Pop .
Theorem (4.1.13) [4]

Let M be a von Neumann algebra with a faithful normal tracial state ,B a von
Neumann sub algebra of M .If M has the Haagerup property and the pair(M,
B)has relative property(T), then Bis not diffuse.

We now apply Popa’s theorem to the context of C*-algebras. The proofs of the
following lemmas are straightforward, so we only give sketches of the proofs.

Lemma (4.1.14) [4]
Let(A, t) be a pair of a unital C*-algebra and a faithful tracial state onA. Let

1. be the GNS-representation of t. If the pair (A, T )has the Haagerup property,
then so does (m(A)" ,1).

Proof:-

Note that any trace-preserving u.c.p. map on A extends to a trace preserving
u.c.p. map on the GNS-closure, which is L? -compact if the original one is. The
extensions of approximation maps of the Haagerup property for(A, t)establish
the Haagerup property of(m.(A)",1).
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Lemma (4.1.15) [4]

Let Abe aC*-algebra, B be aC*-subalgebra of Aandt be a tracial state on A. If
the pair (A, B) has relative property(T) (in the sense of Leung-Ng), then the
pair (1t (A)", m(B)" )Jof GNS-closures has relative property(T)in the sense of
Popa.

Proof :-
Since the left and right actions of a Hilbert bimodule of a von Neumann

Algebra M are normal, for anyo-strongly dense subset S of M, any S-central
vector of H is indeed M-central. From this, our claim follows easily.

Now, we obtain the rigidity result ,Theorem (4.1.15).

Theorem (4.1.16) [4]

Let A€H, B be its C*-subalgebra. If the pair(A, B)has relative property(T),
Then B is residually finite dimensional.

Proof:-

Choose a faithful tracial state T on A with the Haagerup property. Then by
Lemmas (4.1.14) and (4.1.15),( m.(A)"’ ,t)has the Haagerup property and the
pair (mt.(A)", m(B)"" ) has relative property (T). Hence, by Popa’s

theorem, (B)"’ is a direct sum of matrix algebras.

Corollary (4.1.17) [4]

Let I'be a property (T) group ,A€EH. Then any unitary representation of I' on A
is weakly equivalent to a direct sum of finite dimensional representations. In
particular, if T' is an infinite property (T) group, then there is no nonzerox*-
homomorphism from the reduced group C*-algebra C; (T )into A.

Proof:-

By Leung-Ng’s theorem, the full group C* -algebra C* (I" )of I has property
(T). Since property (T) passes to a quotient, for any representation w of I'on A
,the C*-sub algebra of A generated by the image of , which is isomorphic to a
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quotient of the full group C*-algebra of ', has property (T). Since itis a C*-sub
algebra of a C*-algebra in the lass H, it is residually finite dimensional by
Theorem (4.1.16) This proves our first claim. For the last statement, recall the
reduced group C* -algebra has a finite dimensional representation if and only
if the group is amenable.

Proposition (4.1.18) [4]

If A is a unital C*-algebra which is residually finite dimensional with
property(T)and a faithful tracial state, then A is contained in the class H.
Before the proof, we need a comment. Although this is a special case of
Corollary (4.1.6) , we prefer to give an independent proof, which is much more
elementally, by using a result of Brown about property (T) C*-algebras.

Proof:-

Let A be as above. Let{m;};c; be a complete representation system of the set of
all equivalent classes of finite dimensional irreducible representations of A.
Then @;¢m; is a faithful representation of A by assumption. Hence we can
regard A as a unital C* -sub algebra of [[;¢; M4, where di is the dimension

of ;. Then by the existence of Kazhdan projections, the unit of the ith direct
summand IMdiis contained in A for all i€l. Then, by irreducibility ofm; , ith

direct sum and M, is contained in A for all i€l. Hence

@My, is contained in A. Then by the existence of a faithful tracial state, [
must be countable. Hence A is contained in the class H by Theorem (4.1.9) .

Here we give an infinite dimensional example of C*-algebra which has both
property (T) and the Haagerup property.

Example (4.1.19) [4]
Let n>3. on the group algebra C[SL,, (Z)]of SLn(Z), define the C* -semi norm

||. || finas follows:
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llx |l fin := :sup{ ||~r (x) || | 7 1s a finite representation of SL,,{E}}.

Then define the C* -algebraCg,, (SL,(Z))as the completion ofC[SL,,(Z)] with
respect to the

Semi norm||. ||fin. Since SL,,(Z)is residually finite, the left regular
representation is weakly contained in a direct sum of finite dimensional
representations. Therefore the seminorm ||. ||¢,is (strictly) greater than the
reduced norm |[|. ||.. Hence this is indeed a norm and consequently

Cfin (SL,(Z)) is infinite dimensional. Moreover, since property (T) passes to a
quotient Cg, (SL,(Z))has property (T). On the other hand, since Cg,, (SL,,(Z))is
residually finite dimensional, it is contained in the class H by Proposition
(4.1.18).

Theorem(4.1.20) [4]

The Haagerup property for C* -algebras does depend on the choice of a
faithful tracial state.

Proof:-

Let A= C;,(SL,(Z)), where n>3. We already know it has a faithful tracial state
with the Haagerup property. So to show the claim, it suffices to find a faithful
tracial state T on A without the Haagerup property. Remark that, since the left
regular representation A of SL,,(Z) is weakly contained in a direct sum of finite
dimensional representations, §, extends to a tracial state of A, say the
extension 7;. Define t=(t 1+1 ,)/2, wheret , is an arbitrary faithful tracial
state on A. We will show the pair (A, T )does not have the Haagerup property.
Assume by contradiction that(A, T )has the Haagerup property, i.e., there
exists a sequence(®d,,),of u.c.p. maps on A satisfying the properties listed on
Definition(4.1.8) . Consider [2(SL,,(Z)), which is the GNS-space of t. For any
fec. (SL,(Z) ),we have ||f113 < |IfI?, hence the identity map on
c.(SL,(Z))extends to a bounded operator from!? (SL,(Z) )into 1? (SL,,(Z)).
Denote the extension by . Now for each k, we define a complex valued
function Yy, on SL,(Z) by

Wi (8):= 8g,m( Py (g8) 8¢ )2=8g AP (g) S¢)2-

Then Y, converges to 1 pointwise asktends to infinity. On the other hand,
since A®,, is u.c.p., Py, is positive definite. Hence the convergence of s, is
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indeed uniform (since SL,,(Z) has property (T)). However, note that the family
(8¢)gest,(z) is an orthonormal basis of 12(SL,(Z)), whereas the set {mt(® (g)52

)}g€ SL,(Z) is relatively compact in [2SL,,(Z) )by the [?-compactness
ofdkand the boundedness ofm, which is a contradiction.

In the context of von Neumann algebras, the non-embeddable result of
Corollary(4.1.17) still holds for the group von Neumann algebra of a group
which has relative property (T) with respect to an infinite subgroup. This is
because the group von Neumann algebra of an infinite group is always diffuse.
The corresponding result is not true in the context of C*-algebras, because the

reduced group C*-algebra of an infinite group can be residually finite
dimensional. Indeed, many typical relative property (T) groups fail to have the
rigidity property.

Lemma (4.1.21) [4]

Let A be a unital C*-algebra with an action of a group I' with the Haagerup
property. Assume A admits a countable family (m, ), of I'-equivariant finite
dimensional representations which separates the points ofA. Then the
reduced crossed product Ax, 'embeds into a C*-algebra in the class H.

Proof:-

Take a countable separating family(m,, ), of ['-equivariant finite dimensional
representations. Then we have al’-equivariant embedding

@m, ‘A — I_[A/kerrr”-
n n

By taking the reduced crossed products, we have an embedding

Ax, I [[((A/kermy) x, I).

n

Since each A/ker m,, is finite dimensional and I" has the Haager up property,
the range of the above map is contained in the classH'.
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Lemma (4.1.22) [4]

can apply to many reduced group Cx-algebras of groups without the Haagerup
property. Here we recall the examples of groups which have relative property

(T).
Definition (4.1.23) [4]

Let K be an algebraic number field (i.e., a finite extension of the rational
number field Q), R be the ring of integers of K (i.e., the ring of all elements of
K which are roots of a nonzero monic polynomial with the integer
coefficients). The three-dimensional Heisenberg group with the coefficients in
R, denoted by H;(R), is the subgroup of SL;(R)which consists of all upper
triangular matrices with the diagonal entries 1. Equivalently, H;(R)is defined
as the Set R, xR with the group operation

(% A)(y, )= (x+y A+p)+w(xy),

Where w(x,y):=x1y,-x,y; is the symplectic form. In the latter picture, SL, (R)
canonically acts on H3(R)by acting on the first coordinate. (Since SL;(R)
preserves w , this indeed defines an action on the groupH3(R).)

Proposition (4.1.24) [4]

Let K be an algebraic number field ,R be the ring of integers of K.

Then the following hold:

(1) The pair(R? XSL,(R), R?)has relative property(T);

(2) The pair(H3(R) xSL,(R), H;(Z))has relative property(T);

(3) The group SL,(R) has the Haagerup property.

Theorem (4.1.25) [4]

Let Kbe an algebraic number field, R be the ring of integers of K. Then the

reduced group C*-algebras of R? xSL,(R), H5(R) XSL,(R)embed into C*-
algebras in the class H.
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Proof:-

First note that since both R?and H;(R) are amenable, the full and reduced
group C*-algebras of these groups are equal. Since R is finitely generated as an
additive group, for any natural number n €N, R/n R is a finite ring. So

(R/nR)? and H3(R/nR) are also finite.

Moreover, it is obvious that these quotients are SL,(R)-equivariant.
Consequently, we obtain SL,(R)-equivariant finite dimensional
representations

7 :CH(R?) = CX((R/nR)?),
o :C(H3(R)) = C;(H3(R/nR)).

Now it is easy to check these families separate points. Consequently, we can
apply Lemma (4.1.21) to the C*-algebras we have considered.

Section (4.2): Arigidity property of the affine groups of the affine
planes

We have seen that, unlike the case of von Neumann algebras, the non-
embeddable theorem for the reduced group C*-algebras of relative property (T)
groups fails in general. The difficulty comes from the fact C*-algebras admit many
“mutually singular” faithful tracial states. However, if we overcome this difficulty,
then we can prove a rigidity theorem for a group, even if the group has no infinite
property (T) subgroups. For instance, we will consider the two classes of groups.
The first class consists of groups with Powers’s property. For a Powers group
without the Haagerup property, the non-embeddable theorem follows from the
uniqueness of the tracial state on the reduced group C*-algebra. By using the free
product, it is easy to construct an artificial group in this class without both the
Haagerup property and infinite property (T) subgroups (e.g., (Z? % SL,(Z) * 7).
However, we does not know an example of group as above which naturally arises.
So we also study the other class. These groups do not contain infinite property (T)
subgroups and naturally arise in many fields: Namely, we study a rigidity property
of the reduced group C*-algebras of the affine groups K? x GL,(K) of the affine
planes (or more strongly for the subgroup K? x SL,(K)) over the fields K. Note
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that the group K? x GL, (K) is the automorphism group of the affine plane over K,
so this is a very natural object. First we remark that a rigidity property obviously
fails when K is an algebraic extension of a finite field. In this case, K is an
increasing union of finite subfields. From this, the affine group over K is an
increasing union of finite subgroups, in particular it is amenable. We will show that
excepting these amenable cases, the affine groups have a rigidity property.

Theorem (4.2.1) [4]

Let K be a field which is not an algebraic extension of a finite field. Then
Cy (]KZ x SL, (]K)) cannot be embedded into any C*-algebra in the class H .

Proof:-
We divide the proof into two cases:

Case 1: K has characteristic zero.

Assume by contradiction C; (]K2 1 SL, (]K)) embeds into a C*-algebra
contained in the class . Then since the Haagerup property passes to the GNS-
closure, and the Haagerup property passes to von Neumann subalgebras, we have a

faithful tracial state T on C; (]K2 x SL, (]K)) such that the GNS-closure 7, C;, (]K2 X

SL, (]K))” has the Haagerup property. We study the tracial state . Consider the

restriction 7, of T to C;(K?). Then 7, is an SL,(K)-invariant tracial state on

C;(K?). Since the action of SL, (KK) on K2{0} is transitive, T, must be of the form
To = CX{o0} + 1(1 — ¢)yke-

where ¢ € [0,1]. (Here we identify a state on the reduced group C*-algebra C;-(T')
with the restriction of it to the group I', which is a positive definite function of I'.)
By faithfulness of 7y, we further have ¢ > 0. From this, the restriction 7, of 7 to
C;(Z?) is of the form

Ty =Xy + (1 — ) xz2

with ¢ > 0. From this form, the GNS-closure C;:(Z?)" of C;(Z?) has the diffuse
direct sum and L(Z?). On the other hand, since the pair
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(K? x4 SL, (K), Z2)
has relative property (T), the pair
C; (K2 % SL,(K)), G (Z%)
also has relative property (T). Then by taking GNS-closures, we further have the
pair

((nr (cr (2 = SLZ(K))))”,(M(C;‘(ZZ))) )

has relative property (T). Then notice that (nT(Cr* (ZZ))) has a nonzero diffuse

direct summand, whereas (nr (C;*(]KZ x SL, (]K)))) has the Haagerup property.
This contradicts Theorem (4.2.2)

Case 2: K has characteristic p.

This case is also proved by the same method as in Case 1. Take a transcendental
element 7 over the prime field [F,. Then, notice that the ring IF,,[] is isomorphic

to the polynomial ring over [F,,. Therefore the pair
(K2  SL, (K), F,[r]?)

has relative property (T). Now the same proof as in Case 1 works with [Fj,[m] plays
the same role as Z.

Remark (4.2.2) [4]

Guentner, Higson and Weinberger show the group SL,(IK) has the Haagerup
property for any field K, as a discrete group. From this, the von Neumann algebra

L(]K2 x SL, (]K)) has the relative Haagerup property with respect to the type I von
Neumann subalgebra L(K?) in the sense of Popa. Then Popa’s theorem shows any
von Neumann subalgebra of L(]K2 x SL, (]K)) with property (T) is of type L
Consequently, we have any C*-subalgebra of C, (]K2 x SL, (]K)) with property (T)
is residually finite dimensional. That is, any property (T) C*-subalgebra of
Cy (]KZ x SL, (]K)) does not say anything in our rigidity theorem Theorem( 4.1.15).
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However, these C*-algebras have a rigidity property relative to the class . This in
particular shows the class H is strictly larger than the complement of the class of
C*-algebras containing a nontrivial property (T) C*-subalgebra.

Remark (4.2.3) [4]

From Theorem (4.1.1), the class H is not closed under taking the reduced
crossed product by a group with the Haagerup property even if the resulting
algebra has a faithful tracial state. (As we have seen in, this is not so obvious.)

Remark (4.2.4) [4]

From Theorems (4.1.2) and (4.2.1), we obtain the reduced group C*-algebra of
Q? x L, (Q) cannot embed into that of Z? X L, (Z). The corresponding result in the
context of von Neumann algebras is not known.
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List of symbols

symbol page
Gs :Glimmideal 1
diag :diagonal 2
Ker :Kernal 3
® : Tensor Product 3
Sup : Supremum 4
Inf :infimum 6
max :maximum 7
Prim : prime 10
Co :convex 17
@ :orthogonal Sum 19
LP . Lebesgue Space 27
mod : modular 42
Tr :Trace 56
H, :Hilbert Space 74
L, :HilbertSpace 79
min : minimum 85
AFD : Approximately Finite Dimensional 103
dist :distance 105
op :operator 107
O : Special tensor product 107
©  :Direct difference 109
F,  :Freegroup 111
fin :finite 114
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