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Chapter	1	
	

Completely bounded mappings of	ܥ∗- algebras 

We establish the necessity of the known sufficient condition for isometry of 
the map, namely that all Glimm ideals of A are primal. However, when the map 
is restricted to tensors with length bounded by a fixed quantity, a weaker 
necessary and sufficient condition is established.  

Section	(1-1)	:	Basic	construction	and	solution	of	isomety	problem	

We consider in some detail an example of a unital ܥ∗-algebra A in which all 
Glimm ideals are primitive except for one particular Glimm ideal ܩஶ which is 
3-primal but not 4-primal. This example is an elaboration of an example in 
Example (1.1.4) which has a Glimm ideal that is 2-primal but not 3-primal, and 
it is also a prototype for variants which seem to be able to exhibit many of the 
phenomena that can occur in general.   

The basic idea is to build a 4-point compactification of a locally compact 
Hausdorff  space, where in each way of approaching the points at infinity one 
actually has three limiting values (but not the fourth). This requires four 
‘directions’ of approach to infinity. A way to visualise such a space is to 
consider a disjoint union T= ⋃ ௝ܴ

ସ
௝ୀଵ  of four  semi-infinite closed rays in the 

plane with four points adjoined as follows. For example  T ={(x, y) : xy=0 , 
ଶݔ ଶݕ	+ ≥1}⊂ܴଶwith (say)	ܴଵ={(x,0) : x	≥1}. Label the four extra points ߱௜ 
(1≤ ݅ ≤4). A basis of neighbourhoods of each	߱௜ is given by the sets  

{߱௜} ⋃ ௝ஷଵ߳	ݐ	} ௝ܴ{t ∈ ௝ܴ:|t|>r},  

Where r >1. So, for example, the sequence (n,0) in the ray ܴଵ of the space 

 T∪ {߱ଵ߱ଶ,	߱ଷ ,	߱ସ } would have each of ߱ଶ, ߱ଷand ߱ସ	as limits as n→∞(but 
not ߱ଵ). 

A ‘discrete’ version of this space would start with T∩ℤଶ in place of T. Clearly 
one can map T∩ℤଶ to N by mapping the four directions to equivalence classes 
in N modulo 4. 
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We now construct a ܥ∗-algebra ((pronounced "C-star") are an important area of 
research in functional analysis, a branch of mathematics. A C*-algebra is 
a complex algebra A of continuous linear operators on a complex Hilbert space with 
two additional properties: A is a topologically closed set in the norm topology of 
operators. And A is closed under the operation of taking adjoints of operators) [5]. As 
such that Prim(A) is (  homeomorphic  to)    T ∪{߱ଵ,	߱ଶ,	߱ଷ,	߱ସ}. We consider 
the ܥ∗-algebra B of bounded continuous functions ݔ: ܶ	 →  ଷ(ℂ) and weܯ
defineAto be the ܥ∗-sub algebra of B consisting of all those  elements ݔ	 ∈  ܤ
for which there exist scalars ߣଵ(x),	ߣଶ (x),	ߣଷ (x),	ߣସ  (x) such that: 

(t)ݔ =ோೕ∋௧→ஶ
௅௜௠	  diag	ߣ௝ାଵ (ݔ),	ߣ௝ାଶ (x),	ߣ௝ାଷ (ݔ)) (1≤ ݆ ≤4), 

where we understand the subscripts	ߣ௝ାଵ (1≤ ݅ ≤3) to be reduced modulo 4 
to lie in the range 1,2,3,4. Next, we introduce notation for what we call 
‘constant’ elements of A. Given four scalars  ߣଵ,	ߣଶ,	ߣଷ,	ߣସ we write 
c(ߣଵ,	ߣଶ,	ߣଷ,	ߣସ) for the element x∈	A where 

x(t)= diag(	ߣ௃ାଵ ,	ߣ௃ାଶ ,	ߣ௃ାଷ ) t∈	 ௝ܴ,	j∈{1,2,3,4}) 

(where we again understand the subscripts modulo 4). The set ܣ௖ 	of all 
constant elements of A forms an a belian ܥ∗- subalgebra isomorphic to		ℂସ	

and  A=ܥ଴(T,ܯଷ(ℂ))+ ܣ௖ . 

We call this A a ‘4-spoke’ example. The centre Z(A)of A consists of elements x 
where each x(t) is a multiple of the identity (and hence ߣ௜(x) does not depend 
on i) and so Z(A)is canonically isomorphic to the algebra of scalar-valued 
continuous functions on the one-point compactification of T. The space 
Glimm(A) can then be identified with this one point compactification , or 

௧ܩ}  : t ∈T}∪{ܩஶ} where ܩ௧  ={x ∈A: x(t)=0} and ܩஶ=ܥ଴(T,	ܯଷ(ℂ)). 

 As A/G∞ is a belian, the irreducible representations of A whose kernels 
contain ܩஶ are  X →	ߣ௜ (x). The remaining irreducible representations of 
Arestrict to irreducible representations of ܥ଴(T,	ܯଷ(ℂ))and hence have the 
form  

௧ߨ A and t ∈T. Thus, as Ker	ଷ(x) =x(t) for x ∈ܯ	ଷ(C) whereܯ→௧:Aߨ ௧ܩ	=  , 
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Prim(A)={ܩ௧  : t ∈T}∪{ker	ߣ௜: 1≤ ݅ ≤4 }. 

As a topological space Prim(A) is homeomorphic to T∪{	߱௜ : 1≤ ݅ ≤4 }. For 
example, to see that as t ∈ ௝ܴ tends to infinity we have ܩ௧  =ker	ߨ௧→ker ߣ௜  for 
each  i ≠j, let us fix i ≠j and consider an open neighbourhood U of  ker	ߣ௜ in 
Prim(A). Then there is a closed two-sided idea J of A with U={I ∈Prim(A): J⊈
௜ߣSince ker .{ܫ  ∈U, there is some x ∈	J with ߣ௜(x)	≠0. Thus there exists r>1 so 
that if  t ∈ ௝ܴ and |t|>r then x(t) ≠0. It follows that ker	ߨ௧∈U whenever t ∈ ௝ܴand 
|t| >r. 

The four ideals	ܬ௜ ={x∈	A: x(t)=0 for all t ∈ ௝ܴ} have product {0} but (for 
Example ) ܬଵ is not contained in ܩஶbecause c(1,0,0,0) ∈	ܬଵ. Hence G∞ is not 

4-primal. To show that ܩஶ is 3-primal, note that there are only four primitive 
ideals of A which contain ܩஶ, namely ker ߣ௜(i = 1,2,3,4). So it suffices to show 
that, for each i,  

ker ߣ௜ାଵ∩ ker ߣ௜ାଶ ∩ ker ߣ௜ାଷ 

 is primal. But we have just shown that ker 	ߨ௧converges in Prim(A) to each of 
ker ߣ௜ାଵ, ker ߣ௜ାଶ and ker ߣ௜ାଷ, as t ∈ ܴ௜  tends to infinity. 

	Proposition(	1.1.1)	[1]	

 For A as above, denote by ˜	 ௝ܽ , ˜ ௝ܾ  ∈ A for 1≤j≤ 4 the following elements:  

෤ܽଵ= c(0,1,1,1), ෨ܾଵ= c(1,0,0,0), 

෤ܽଶ= c(1,0,1,1), ෨ܾଶ = c(0,1,0,0),  (1) 

෤ܽଷ= c(1,1,0,1), ෨ܾଷ= c(0,0,1,0), 

෤ܽସ= c(1,1,1,0), ෨ܾସ= c(0,0,0,1). 

 Then, for u =∑ ෤ܽ௝ସ
௝ୀଵ  ⊗෨ܾ௝  ∈ A⊗A and  T =ߠ(u) ∈ߝℓ(A), 

||u||௭,௛ > ||u||௖௕ . 

Our verification of the proposition will require an analysis of norms of 
elementary operators similar to T but acting on ܯଷand ܯସ. We will use ݁௜௝for 
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the n×n matrix with 1 in the (i,j) position and zeros elsewhere. We also use 
	 .௜௝for the Kronecker delta symbolߜ

Proof	:-	

 We know  that||T||௖,௣  గఢ஺ሗ||ܶ௡||௖,௣where the supremum is over all݌ݑݏ = 
irreducible representations ߨ of A and ܶగ :B(ܪగ) → B(ܪగ) is given by 

ܶగ  (y) =∑ )ߨ ෤ܽ௝ସ
௝ୀଵ )y	ߨ( ෨ܾ௝). 

When ߨ= ߨ௧ (for any t ∈T) we haveܶగ  = ଷܶ and so ||ܶగ||௖௕= 4/3. For ߣ=ߨ௝we 
have ܶగ  = 0. Hence 

||ܶ||௖௕ = 4/3. 

 We now claim that 

||u||௭,௛= || ସܶ ||௖௕ =3/2 for u =∑ ෤ܽ௝ସ
௝ୀଵ  ⊗෨ܾ௝.  

||u||௭,௛= ܵீ݌ݑ|uୋ||௛ where the sup is over all Glimm ideals of A and uୋ ∈ 
(A/G)⊗h (A/G) is uୋ =4 j=1( ෤ܽ௝  +G)⊗(	 ෨ܾ௝ +G). The case G = G∞ yields A/G as a 
four-dimensional commutative algebra. We can identify it as the diagonal in 
 ସ (ℂ) andܯ	∋ ସ(ℂ). Then the elements ෨ܾ௝+ G can be taken to correspond to ௝݁௝ܯ
෤ܽ௝+G to I4 − ௝݁௝ . By injectivity of the Haagerup norm we can compute||uୋ||௛  in 
|| ସ where, by Haagerup’s it givesܯ⊗ସܯ ସܶ||௖௕ which equals 3/2.  

Thus |u||௭,௛ ≥3/2 (and in fact we could easily show equality as all the other 
Glimm ideals are primitive, being the kernels of the representations t for t ∈T). 
Thus we have 

|u||௭,௛ ≥3/2 > 4/3 =||ܶ||௖௕ =   .||௖௕	௭(u)ߠ||

Example(1.1.	2)	[1] 

Consider the (elementary) operator ௡ܶ:	ܯ௡→ ܯ௡ given by 

 ௡ܶ௫ =∑ ௡௡ܫ)
௝ୀଵ  − ௝݁௝)ݔ ௝݁௝ ݔ =  − ∑ ௝݁௝x ௝݁௝ .௡

௝ୀଵ  Then 
 

|| ௡ܶ||=|| ௡ܶ||௖,௕ = 2(n−1)/n. 
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Proof:-	

 Note that ௡ܶ݁௜௝ ௜௝ߜ−1) =   )	݁௜௝  and ௡ܶܫ௡ = 0.  

We can rewrite ௡ܶ௫ = ((n − 1)/n)x −∑ (݁௜௝௡
௝ୀଵ )௡/n)xܫ −  ௝݁௝  ௡/n) = ((n −1 )/n)xܫ − 

− ܵ௡x where ܵ௡ is a completely positive operator. Hence 

 
||ܵ௡||௖,௣  =||ܵ௡|| = ||ܵ௡ (ܫ௡)|| =(n−1)/n  

and thus 
||| ௡ܶ|| ≤ || ௡ܶ||௖,௣	2(n−1)/n. To show that we have equality in both of these 
inequalities, we introduce the unit vector (1,...,1,1) = ߦ/√݊ ∈ ℂ௡ and the rank 
one projection operator ⊗ ∗ߦ	ߦ of ℂ௡  onto the span of ߦ. As a matrix, ߦ⊗∗ߦhas 
1/n in each entry. So we can see that < ௡ܶ (ߦ⊗∗ߦ)	,ߦ	ߦ >=(n−1)/n. Since 
> ௡ is a norm one operator andܫ	−(ߦ⊗∗ߦ)2 ௡ܶ(2(ߦ⊗∗ߦ)−In)	ߦ,ߦ >=2< ௡ܶ 
ߦ	,ߦ	(ߦ⊗∗ߦ) >=2(n−1)/n we have || ௡ܶ||≥2(n−1)/n.  

Remark(1.1	3)[1]	

 The proof can be generalised to produce similar examples where all Glimm 
ideals are n-primal but not all are (n+1)-primal. The elementary operator 
would have length n + 1 and the algebra A would be replaced by an ‘(n + 1)-
spoke’ algebra constructed from a T having n + 1 rays to infinity ܴ௜  (1≤ ݅ ≤n + 
1) and matrices ܯ௡(ℂ). There would be n+1 multiplicative linear functionals  
x→ߣ௜(x)  at ‘infinity’ with x(t) tending to a diagonal using n of the n+1 values 
௜(x)  as t →∞in any ܴ௜ߣ . One would obtain u ∈ A⊗A such that 
|u||௭,௛= 2n/(n+1), = 2(n−1)/n,  ||௖௕ and hence	௭(u)ߠ||
|u||௭,௛/=  ||௖௕ = ݊ଶ/(݊ଶ −1). In Proposition (1.1.1), the (minimal) length	௭(u)ߠ||
of the tensor u is 4, the elementary operator T = Z(u) is self-adjoint T∗(x) = 
T(x∗)∗ = T (x)) and|u||௭,௛/||ܶ||௖௕= 9/8. For the same algebra A, we now exhibit 
a tensor u with length 2 on which Z fails to be isometric. In this case, the 
corresponding elementary operator T is not self-adjoint but|u||௭,௛/||ܶ||௖௕ = 
ସ

ଵା√ହ	
 > 9/8. 
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	Example(1.1.4)	[1] 

 For A the ‘4-spoke’ ℂ∗-algebra introduced above, take T :A → A to be the 
generalised derivation given by Tx= ɑ x−xb where 

ɑ = c(0,−,0,ߡ	ߡ)   , b = c(−1,0,1,0) (1−√= ߡ). Then 

 ||ܶ||௖௕ = 1/2+ඨ5 4ൗ < 2 =||ɑ⊗1−1⊗b||௭,௛. 

Proof:-	

The norm of a generalised derivation S : x→ ɑx−xb on ℬ(H) (any Hilbert space 
H, any ɑ ,b∈	ℬ (H)) is 

 
||S||=݅݊ ఒ݂ఢℂ(||ɑ − ߣ|| + ||b−ߣ||). 

For k = 2,3,..., the operator S(୩) on ܯ௞  (ℬ(H)) given by S(୩)((ݔ௜௝ )௜,௝ୀଵ௞ ) = (Sݔ௜௝  
)௜,௝ୀଵ௞ may be regarded as the generalised derivation on ℬ(H୩) defined by the 
amplifications of a and b. So, by Stampfli’s formula again,||	S(୩)||= ||S|| 
. Hence||ܵ||௖௕ =||S||. As before we compute ||T|| via the representations ߨ௧(t 
∈T). When t ∈ ܴସ we end up with 

 .௧(b) = diag(−1,0,1)ߨ											 (0,ߡ	,0)௧(a) = diagߨ

One can see geometrically that 

 

	= ||ଷܫ	(2/ ߡ	)−௧(b)ߨ	|| + ||ଷܫ(2/ ߡ	)−௧(a)ߨ	||
ଵ
ଶ
 + |1 + ଵ

ଶ
| + ටହ

ସ
 

achieves the minimum in the Stampfli formula, but in any case||ܶగ|| is 
bounded above by this number for = ߨ	ߨ௧  and t ∈ ܴସ. A similar analysis applies 
for all ܴ௜(1≤ ݅ ≤4). In the one-dimensional irreducible representations = ߨ	ߣ௝ 

we have ||ܶగ|| =1 and so we end up with 

||ܶ||௖௕ =ܵ݌ݑగఢ஺෠ ||ܶగ||௖௕ ≤1/2+ටହ
ସ
.  
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Finally, to show that  ||ɑ⊗1−1⊗b||௭,௛ =||a||+||b|| =2 we concentrate on the 
quotient A/	ܩஶ. We then must consider (following the pattern of proof in 
Example (1.1.2) the norm (= cb-norm) of the generalised derivation on ܯସ 
given by 

x→ diag(0,	−,0,ߡ	ߡ)x −xdiag(−1,0,1,0). One may verify that the norm is 2 using 
Stampfli’s formula quoted above.  

We show that if a unital ܥ∗-algebra A has a non-primal Glimm ideal then the 
mapping ߠ௭ is not an isometry. In order to utilise the computations of Example 
(1.1.2) in a more general setting, we shall need the following lemma: 

Lemma(1.1.	5)	[1]	

 Let ௝ܾ(1≤j≤n) be orthogonal, positive elements of norm one in a ܥ∗- algebra A 
(that is, ௝ܾ  ≥0, 
|| ௝ܾ||=1 and ௝ܾܾ௞ = 0 for j ≠ k,1≤j,k≤n) and let X denote their linear span. Let 

௝݀(1≤j≤n) be orthogonal positive elements of a ܥ∗-algebra B and let Y denote 
their linear span. Assume ||݀௝||≤1 for 1≤j≤n. We can define a linear map∅:X 
→ Y by∅ ( ௝ܾ) = ௝݀  and it has the following properties: 

 (i)||	∅||≤1.  

(ii) The map ∅⊗∅:X⊗௛ X → Y ⊗௛Y (with Haagerup tensor norms in each 
case) has norm at most one. 

 (iii) If || ௝݀|| =1 for each j, then∅⊗∅ is an isometry between X⊗௛X and Y ⊗௛Y. 

Proof:-	

 Consider the commutative ܥ∗-algebra generated by the ௝ܾ(1≤j≤n). It is 
isomorphic to an algebra of continuous functions ܥ଴ (ܭ௑) on some locally 
compact Hausdorff space ܭ௑  where the ௝ܾmust be positive functions that are 
non-zero on disjoint open sets. It is clear then that the norm of a linear 
combination ߙ௝ ௝ܾ  is ݉ܽݔ௝ ||௝ߙ|  ௝ܾ|| =maݔ௝ ௝|. (In particular the ௝ܾߙ|   are linearly 
independent and is well-defined.) For similar reasons, we may view Y ⊆ ܥ଴ 
 ௒, andܭ for a locally compact Hausdorff space (௑ܭ)
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||∑ ௝ߙ ௝݀
௡
௝ୀଵ  ||= maݔ௝|ߙ௝||| ௝݀||≤  .|௝ߙ|௝ݔܽ݉

This shows||	∅||≤1. 

For the second part, note that when we compute the Haagerup tensor norm of 
u =∑ ܽ௜ே

௜ୀଵ ⊗ܿ௜∈ X⊗X, we consider an infimum of expressions  
ଵ
ଶ
(∑ ܽ௜ܽ௜∗ே

௜ୀଵ + ||∑ ܿ௜∗ܿ௜ே
௜ୀଵ ||) 

over all representations of u and we can find a representation where this 
infimum is attained (without going outside representations in X⊗X). We can 

compute that applying ⊗ to this same representation produces a 
representation of (∅⊗∅)(u) ∈ Y⊗Y where the corresponding expression is 

reduced. For example if we write ௝ܽ  =∑ ܽ௜௝ ௝ܾ
௡
௝ୀଵ ∈ X then, for ݇߳ܭ௒ ,  

 (∑ ∅(ܽ௜)∅( ௝ܽ)∗)(݇)ே
௜ୀଵ =	∑ (∑ തܽ௜௝ ௝݀

∗(݇))௡
௝ୀଵ

ே
௜ୀଵ  

=∑ ∑ |ܽ௜௝ே
௜ୀଵ

௡
௝ୀଵ |ଶ| ௝݀(݇)|ଶ 

because ௝݀(݇) is non-zero for at most one j. The supremum of this latter sum 
over k ∈ܭ௒	is at most 

maݔ௝ ∑ |ܽ௜௝|ଶே
௜ୀଵ  . 

Thus 
 ||∅⊗∅|| ≤1.  

For the third part, we can apply the second part to the inverse map of	∅	if 
|| ௝݀||=1 for all j. 

Lemma	(1.1.6)	[1]	

 Let ௝ܾ(1≤j≤n) be positive elements of a ܥ∗-algebra with	 ௝ܾܾ௞= 0 for j≠ k 
(1≤j,k≤n). Let  

u =(∑ ௝ܾ)௡
௝ୀଵ ⊗(∑ ௝ܾ)௡

௝ୀଵ − (∑ ௝ܾ ⊗ ௝ܾ)௡
௝ୀଵ .  

(i) If || ௝ܾ|| ≤ 1 for 1≤j≤n, then ||u||௛ ≤2(n−1)/n. 
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 (ii) if || ௝ܾ|| =1 for 1≤j≤n, then ||u||௛ = 2(n−1)/n.  

Proof:- 

 We can deduce this from Lemma (1.1.5) and Example (1.1.2)  We identify 

 ℂ௡with the diagonals in ܯ௡ and consider ∅:	ℂ௡ → Y = span{ ௝ܾ  : 1≤j≤n} given 
by ∅ ( ௝݁௝) = ௝ܾ . Using injectivity of the Haagerup norm, Haagerup’s theorem 
and Example (1.1. 2), we have 

∑) − ||௡ܫ⊗ ௡ܫ|| ݁௜௝ ⊗ ݁௜௝)௡
௝ୀଵ ||௛ =|| ௡ܶ||௖௕ = 2(n−1)/n. 

But the tensor in the left-hand side maps to u under the mapping ∅⊗∅ of 
Lemma (1.1.5).  

Theorem	(1.1.7)	[1]	

 Let A be a unital ܥ∗-algebra containing a Glimm ideal G that is not n-primal 
for some n≥2. Then there exists u=(∑ ௝ܽ ⊗ ௝ܾ)௡

௝ୀଵ  ∈ A⊗A with 
||u||௭,௛>||	ߠ௓ (u)||௖௕. 

 Proof:-	

 By reducing n if necessary, we may assume that G is (n−1)-primal but not n-
primal (where we adopt the convention that all closed two-sided ideals in A 
are 1-primal).  

There must exist n primitive ideals ௝ܲ of A (1	≤ j	≤ n) with G ⊆ ௝ܲ  for all j but J 
	⋂ ௝ܲ

௡
௝ୀଵ  not primal. However  

௝ܴ = ⋂ ௞ܲଵஸ௞ஸ௡,௞ஷ௝  

is primal for each 1≤j≤n. Note that since ܴଵ,	ܴଶ,...,	ܴ௡ are primal but J is not, it 
follows that ௝ܲ ⊉ ௞ܲ for j ≠k. 

There must exist open neighbor hoods ௝ܷ  of ௝ܲ in Prim(A) (1≤j≤n) so that 

⋂ ௝ܷ = ∅௡
௝ୀଵ . 
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For, if no such neighbor hoods existed there would be a net (ܳఈ)ఈ  in Prim(A) 
converging to each of the ௝ܲ  (1≤j≤n) and hence to every primitive ideal 
containing J, contradicting the non-primality of J . Now there are closed two-
sided ideals ܬ௝  in A so that ௝ܷ  = Prim(ܬ௝) (hence ௝ܷ  ={Q ∈ Prim(A) : ܬ௝ ⊈Q}).  

Let ܫ௝ = ܬ௝ ௝ܴ for 1≤j≤n. The ideal ܫ௝ cannot be contained in J because then we 
would have ܬ௝ ௝ܴ  ⊆ ௝ܲ  and since the primitive ideal ௝ܲ is necessarily prime, it 
would follow that ܬ௝  ⊆ ௝ܲ  or ௝ܴ  ⊆ ௝ܲ . Since ௝ܲ ∈ ௝ܷ , we haveܬ௝ ⊈ ௝ܲ . By 
primeness of ௝ܲ , if	 ௝ܴ  ⊆ ௝ܲ, then ௄ܲ ⊆ ௝ܲ for some k ≠ j (again not so).  

Let	Ψ :A → A/J denote the quotient map. Let ܭ௝  =Ψ(ܫ௝), a non-zero closed ideal 
of A/J. Note that ܭ௝ܭ௄  = 0 for j≠ k (as ௝ܴ  ܴ௄  ⊆ J). 

 For 1≤j≤n, choose a positive element ௝݀ ௝ܭ ∋   of norm one and g௝ ௝ܫ ∋   positive 

of norm one with Ψ(g௝) = ௝݀
ଵ ଷ⁄ . Since ௝݀

ଵ ଷ⁄  ݀௞
ଵ ଷ⁄  = 0 for j ≠ k, we can  find ௝ܿ 	∈ A 

(1≤j≤n) withΨ( ௝ܿ) = Ψ(݃௝) = ௝݀
ଵ ଷ⁄  and ௝ܿ ܿ௞	 =0 for j ≠ k. Let ௝ܾ= ௝ܿ ௝݀ ௝ܿ	 ∈ ܫ௝ା. 

Then ௝ܾ
ᇱܾ௞ᇱ  = 0 for j ≠k and Ψ ( ௝ܾ

ᇱ) = ௝݀(1≤j,k≤n).  

Let ݂:[0,∞) →[ 0,∞) be ݂(t)= min(t,1), a uniform limit on any compact subset 
of [0,∞) of polynomials without constant term. Define ௝ܾ   = ݂( ௝ܾ

ᇱ) by functional 
calculus. Then we have ௝ܾ )௝ା , Ψܫ∋  ௝ܾ) = ௝݀ ,|| ௝ܾ||=1 and ௝ܾܾ௞= 0 for j ≠k. 
Consider now 

 U =( ∑ ௝ܾ) ⊗௡
௝ୀଵ (∑ ௝ܾ

௡
௝ୀଵ ) −∑ ௝ܾ ⊗ ௝ܾ

௡
௝ୀଵ  = ∑ ((∑ ܾ௞) − ௝ܾ)௡

௝ୀଵ
௡
௝ୀଵ ⊗ ௝ܾ  

as in Lemma(1.1.6)[1] Note that the canonical quotient map from A/G to A/J 
induces a contraction from A/G ⊗௛A/G to A/J ⊗h A/J. and , we have 
||u||௭,௛ ≥ ௛||ீݑ|| . Applying Lemma(1.1. 6) to A/J, we deduce 
||u||௭,௛ ≥ ௛||ீݑ|| ≥ ௝||௛ݑ||  = 2(n−1)/n. 

On the other hand,  

 
  .{௣ ||௛ : P ∈ Prim(A)ݑ||}௖௕= sup||(ݑ)௓ߠ||
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Let P ∈ Prim(A). There exists j ∈{ 1,...,n} such that P∉ ௝ܷ  and hence ௝ܾ  ௝ܬ ⊇ ௝ܫ ∋ 
⊆ P. Applying Lemma(1.1.6) again (this time to A/P with at most n −1 non-
zero   ܾ௞  +P), we have 

 .௉||≤2(n−2)/(n−1)ݑ||

Thus 

௖௕||(ݑ)௓ߠ|| ≤2(n−2)/(n−1)<2(n−1)/n =||ݑ||௭,௛. 

Combining Theorem(1.1.7) with Theorem (1.1.4), we obtain the following 
result:  

Theorem(1.1.	8)	[1]	

 Let A be a unital ܥ∗-algebra. The mapping ߠ௓ : A⊗௭,௛ A → CB(A) is an 
isometry if and only if every Glimm ideal of A is primal. 

If A is a non-unital ܥ∗-algebra then it is customary to consider the multiplier 
algebra M(A). If Z now denotes the centre of M(A), then we have the natural 
contraction ߠ௓:M(A) ⊗௭,௛M(A) → CB(M(A)) for the unital ܥ∗-algebra M(A). 
But, since A is an ideal in M(A), we obtain a contraction 	Θ௓:M(A) ⊗௭,௛ M(A) → 
CB(A) by defining	Θ௓(u) =ߠ௓(u)|஺ .  

Corollary(1.1.9)	[1]	

 Let A be a non-unital ܥ∗-algebra. The map 	Θ௓:M(A)	⊗௭,௛M(A) → CB(A) is an 
isometry if and only if every Glimm ideal of M(A) is primal. 

	Proof:-	

 Let u ∈ M(A)⊗M(A). By taking a faithful non-degenerate representation of A 
on a Hilbert space H, we may assume the inclusions A ⊆ M(A) ⊆ ܣᇱᇱ ⊆ B(H). By 
tensoring with ܯ௡ (ℂ) and using Kaplansky’s density theorem, one obtains 
that 
  ௖௕. The result now follows from Theorem(1.1.8)||(ݑ)Θ௓	௖௕= ||||(ݑ)௓ߠ||

We can state a necessary condition for 	Θ௓ to be an isometry in terms of 
Glimm ideals of A, something that involves an extension of the notion of 
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Glimm ideal to the non-unital case. In a (not necessarily unital) ܥ∗-algebra A , 
aGlimm ideal is the kernel of an equivalence class in Prim(A), where primitive 
ideals P and Q are defined to be equivalent if ݂(P)= ݂(Q) for all  

 ௕ (Prim(A)). By the Dauns–Hofmann theorem, this definition isܥ ∋ ݂
consistent with the one already given in the unital case. 

Lemma(1.1.10)	[1]	

Let A be a (non-unital) ܥ∗-algebra containing a Glimm ideal G that is not n-
primal (some n≥2). Then M(A) also contains a Glimm ideal that is not n-
primal. 

Proof:-	

 In this proof, we elaborate an argument and use different notation. By the 
Dauns–Hofmann theorem, there is an isomorphism Φof the algebra 
   ,௕(Prim(A))ܥ ∋ ݂ ௕(Prim(A)) onto the centre Z(M(A)) of M(A) such that forܥ
ܽ ∈ A and P ∈ Prim(A), 

(Φ(f)a)+P = f(P)(a+P) 

in A/P. Temporarily fix P ∈ Prim(A) with P ⊇ G and define a multiplicative 
linear functional ߶on ܥ௕(Prim(A)) by߶(f) = ݂(P). Clearly ߶	is independent of 
the choice of P ⊇ G. Let J = ker (߶◦߶ିଵ), a maximal ideal of Z(M(A)), and let H = 
M(A)J, a Glimm ideal of M(A).  

We have H ∩A = M(A)JA = AJ. Let a ∈ A, ݖ ∈ J and let Q be any primitive ideal of 
A containing G. InA/Q we have 

za+Q = (Φିଵ(z))(Q)(a+Q) = (ିߔଵ(z))(a+Q) = 0.  

Hence AJ	⊆ G. (In fact AJ	= G, but we will not need that.) 

 Suppose that H is n-primal. For any closed idealsܫଵ,	ܫଶ,...,	ܫ௡ ⊆ A, with product 
IଵIଶ···I୬ ={ 0} we must have ܫ௜ ⊆ H (for some 1≤i≤n) and so ܫ௜ ⊆ H ∩A = AJ ⊆ G. 

Thus G is n-primal, a contradiction showing that H cannot be n-primal.  

From Lemma(1.1.10) and Corollary (1.1.9), we can make the following 
assertion:  
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Corollary	(1.1.11)	[1] 

 Let A be a (non-unital) ܥ∗-algebra. If the map ߠ௓:M(A)	⊗௭,௛M(A) → CB(A) is 
an isometry then every Glimm ideal of A is primal. 

Proof	:-	

For an odd integer n≥3, let ௡ܹ be the simply connected, 2-step nilpotent, Lie 
group considered and let A = ܥ∗( ௡ܹ). Then A has a Glimm ideal which is not 
(n+1)-primal and so, by Corollary (1.1.11), Z is not an isometry in this case. 
The next example, together with Corollary (1.1.9), shows that the necessary 

condition in Corollary (1.1.11) is not sufficient for 	Θ௓ to be an isometry. 

Example	(1.1.12)	[1]	

  There is a ܥ∗-algebra A with compact, Hausdorff, primitive ideal space (and 
hence with every Glimm ideal primal) such that M(A) has a Glimm ideal which 
is not 2-primal. 

Proof:-	

 Let X be a non-compact, locally compact Hausdorff space such that the Stone– 
 X\X has at least two distinct points y and z (e.g. we couldߚ ech remainderˇܥ
take X = ℕ or X =ℝ). Let B be the ܥ∗-algebra C(ߚX,	ܯଶ (ℂ)), and let ܤଵ be the 
 ∈ B for which there exist	sub algebra consisting of those functions ݂-∗ܥ
complex numbers ߣଵ (݂), ߣଶ (݂), ߣଷ (݂) such that ݂(y)= diag(ߣଵ (݂),	ߣଶ(݂)) 
and	݂(z)= diag(ߣଶ(݂),	ߣଷ (݂)). Let ߨ௫:	ܤଵ → ܯଶ denote the representation ߨ௫(݂) 
= ݂ (x). Then Prim(ܤଵ) ={kerߨ௫  : x ∈X\{y ,z}}∪{ ker ߣଵ,ker ߣଶ,ker ߣଷ} and, for G 
= ker ߣଵ  ∩ker ߣଶ ∩ker ߣଷ, 

Glimm(ܤଵ) ={ker ߨ௫: x ∈X\{y ,z}}∪{G}. 

The Glimm ideal G is not 2-primal. To see this, let U and V be disjoint neighbor 
hoods of y and z, respectively, in ߚX. Let ܭ௎  be the closed ideal of ܤଵ consisting 
of those functions vanishing off U, and similarly let ܭ௏   consist of those f ∈ ܤଵ 
vanishing off V, also a closed ideal of ܤଵ. Then ܭ௎ ௏ܭ	,   ⊈G, but 	ܭ௎ܭ௏  ={ 0}.  

Let A ={ ݂ ∈ ܤଵ :	ߣଵ(݂) =ߣଷ(݂) = 0}, a closed ideal in ܤଵ. 
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We have Prim(A) ={ker ߨ௫|஺ : x ∈ ߚX\{y,z}}∪{ ker (ߣଶ|஺)}. 

Furthermore, Prim(A) is homeomorphic to the compact Hausdorff space 
obtained from  ߚX by identifying the points y and z. In particular, therefore, 
every Glimm ideal of A is primitive and hence primal.  

Now let J = ܥ଴(X,	ܯଶ(ℂ)). Then M(J) = ܥ௕(X,ܯଶ(ℂ)) by Akemann et al.. Note that 
the restriction map f⟼ ݂|௫ is a ∗-isomorphism between B = C(ߚX,	ܯଶ(ℂ)) and 
 Since J is an essential ideal in A, it is also an essential ideal in .(ଶ(ℂ)ܯ	,X)௕ܥ
M(A) and so we now have J ⊆ A ⊆ M(A) ⊆ M(J) = B. Elementary computations 
show that M(A) = ܤଵ. 

Section	(1-2):-	Specific	Result	

If every Glimm ideal of a unital ܥ∗-algebra A is 2-primal (so that ߠ௓is injective) 
but not every Glimm ideal is primal, then one may look for a relationship 
between the degree of primality of the Glimm ideals of A and the length of the 
shortest tensors u ∈ A⊗A on which ߠ௓ fails to be isometric. We begin by 
considering the question of whether n-primality of all the Glimm ideals of A is 
sufficient for ߠ௓ to be isometric on tensors u =∑ ௝ܽ

ℓ
௝ୀଵ ⊗ ௝ܾ  ∈ A⊗A, where n 

and ℓ are related in some way. 

 We will use results  in the sequel in order to be able to calculate Haagerup 
norms. By injectivity of the Haagerup norm, we can always make our 
computation in ℬ(H) for some H and in this setting we have equality of the 
Haagerup norm of a tensor u =∑ ௝ܽ

ℓ
௝ୀଵ ⊗ ௝ܾand the cb-norm of the elementary 

operator T = ߠ(u) on ℬ(H) . The difficulty addressed is to be able to recognise 
when a tensor u is represented in an optimal way, meaning a way that gives 
equality in the infimum 

||u||௛ inf ଵ
ଶ
(||ܽ||ଶ + ||ܾ||ଶ), 

 where we now adopt the shorthand b =[ ܾଵ,	ܾଶ,...,	ܾℓ]௧  for the (column) ℓ-
tuple of the bj’s and a =[ ܽଵ,	ܽଶ,...,	ܽℓ ] for the (row) ℓ-tuple of the aj’s. Recall 
that. 

||ܽ||ଶ= |ห∑ ௝ܽ
ℓ
௝ୀଵ ௝ܽ

∗ห| while ||ܾ||ଶ = ||∑ ௝ܾ
∗ℓ

௝ୀଵ ⊗ ௝ܾ||.  
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The infimum for ||u||௛can also be written using the geometric mean version 
||u||௛ = inf||a||b|| 

but there is no loss in restricting to representations u =∑ ௝ܽ
ℓ
௝ୀଵ ⊗ ௝ܾwhere 

||a|| = ||b|| and so the geometric and arithmetic means of ||a||ଶ and||ܾ||ଶ agree 

The results use numerical range ideas to characterise the situation where we 
have equality in 

≥||(u)ߠ	|| ௖௕||(u)ߠ|| ≤ ||a||ଶ + ||ܾ||ଶ                                             (2) 

  and then an extension of this characterisation to amplifications ߠ (u)௞ of 
 in order to deal with the equality in the second inequality only.  we use (u)ߠ	
the notation ௠ܹ(b) for the matrix numerical range 

௠ܹ(b) = {(< ௝ܾ
∗

௜ܾߦ, ߦ >)௜,௝ୀଵℓ =	 {(< ௜ܾߦ, ௝ܾߦ >)௜,௝ୀଵℓ ∶ ߦ	 ∈ ,ܪ  {1=	||ߦ||

 associated with a column b. This subset of ܯℓ
ା(the positive semidefinite 

ℓ×ℓmatrices) is in fact the joint spatial numerical range of the ℓଶ operators 
௝ܾ
∗

௜ܾbut it is convenient to consider it as a set of matrices. It is easy to see that 
each matrix in ௠ܹ(b) has trace at most ||ܾ||ଶand that this is the supremum of 
the traces. The ‘extremal matrix numerical range’ ௠ܹ௘(b)  is defined as the 
subset of the closure of ௠ܹ(b) consisting of those matrices with trace equal to 
. (In case H is finite dimensional, ௠ܹ(b)  is already closed and the extremal 
matrix numerical range corresponds to restricting ߦ∈ H to be in the 
eigenspace for the maximum eigen value of	∑ ௝ܾ

∗
௝ܾ௝ .) The criterion equality in 

(2) is  

௠ܹ(ܽ∗) ∩ ௠ܹ௘(b) ≠∅	

 (where ܽ∗ =[ ܽଵ∗,	ܽଶ∗ ,...,	ܽℓ∗]௧  is a column). 

 Let co(S) denote the convex hull of a set S. Equality in the second inequality of 
(2) occurs if and only if  

co( ௠ܹ௘(ܽ∗))∩co( ௠ܹ௘(b)) ≠∅                                                                               (3) 

We have  u ∈B(H)⊗B(H) of length , it can be written as u =∑ ௝ܽ
ℓ
௝ୀଵ ⊗ ௝ܾ  so as 

to get 
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||u||௛ =||a||ଶ =	 ||ܾ||ଶ = ||௔||
మା||௕||మ

ଶ
                                                                         (4) 

with the same	ℓ. Via Haagerup’s theorem 
||u||௛  = ||ߠ (u)||௖௕, 

 we see that (3) and (4) are equivalent for u ∈ℬ (H)⊗	ℬ (H). We will use 
this equivalence several times to detect when representations of such u 
satisfy (4). 

 

Lemma	(1.2.1)	[1]	

 Consider a Hilbert space H which is a (Hilbert space) direct sum of Hilbert 
spaces	ܪ௜ (i ∈ I = some index set). Let ܽ௜,௝,	 ௜ܾ,௝	∈ B(ܪ௜) for each i ∈ I	

with su݌௜ ||ܽ௜,௝|| < ∞ and su݌௜|| ௜ܾ ,௝|| n< ∞ for 1≤j≤ ℓ. Consider ௝ܽ  = (ܽ௜,௝)௜∈۷	 as 
a ‘block diagonal’ element in B(H), ௝ܾ  = ( ௜ܾ,௝)௜∈۷	 similarly and u =∑ ௝ܽ

ℓ
௝ୀଵ ⊗ ௝ܾ 	∈ 

B(H)⊗B(H). For a subset F ⊆ I, letܪி  be the direct sum of those ܪ௜ for i ∈ F 
and let ௝ܽ ,F = (ܽ௜,௝)௜∈۷	∈ ℬ(ܪி),	 ௝ܾ ,F similarly defined and ݑி = ∑ ௝ܽ

ℓ
௝ୀଵ ⊗ ௝ܾ ,F ∈ 

B(ܪி)⊗B(ܪி). Then 
||u||௛ = sup{ݑி||௛ : F ⊆I,F has at most ℓଶ +1 elements}.  
Proof:- 
 As remarked above, we know that 
||u||௛ = ||ߠ (u)||௖௕ for ߠ(u) ∈ߝℓ(B(H)) and similarly for 
ி||௛ݑ|| . 

Let (P) be an increasing net of projections converging in the strong operator 
topology to the identity operator on H. Since, for the strong operator topology, 

multiplication is jointly continuous on norm-bounded sets, we have 
limఓ =||(u)ߠ|| ||θ(uஜ)||௖௕ 

where 
ఓݑ =	∑ ( ఓܲܽ௝ ఓܲ

௡
௝ୀଵ ⊗( ఓܲ ௝ܾ ఓܲ). 

	

Furthermore, for each k≥2, the k-fold amplification of ఓܲ  converges strongly 
to the identity on Hk and so 
௖௕ = limఓ||(u) ߠ|| ||θ(uஜ)||௖௕ . 
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We may therefore assume that I is finite.  

We assume next that u is written so as to get equality in the Haagerup norm 
infimum ||u||௛ = (||a||ଶ||ܾ||ଶ)/2, hence (3) holds. Since we are in the case 
where I is finite, 

 
||a||ଶ =maݔ௜∈य़||a{௜}||ଶ maݔ௜∈ூ||∑ ௝ܽ,௜

ℓ
௝ୀଵ ( ௝ܽ ,௜)∗||,                                (5) 

where now a{௜} =[ aଵ,௜ ,aଶ,௜ ,...,	aℓ,௜] relates to the summand i. A unit vector ߦ∈ H 
=⊕௜ ܪ௜ gives an element of ఓܹ (a∗) which is a convex combination of elements 
of ݑఓ (ܽ{௜}∗ ) (i ∈I). Hence, since closed bounded subsets ofM are compact and I 
is finite, 

co( ௠ܹ(a∗)തതതതതതതതതത) = co(⋃ ௠ܹప∈य़ (ܽ{ప}
∗ ))	തതതതതതതതതതതതതതതതതതത = co⋃ ௠ܹ(ܽ{ప}∗ )തതതതതതതതതതത௜∈य़  

To get elements of the extremal matrix numerical range ௠ܹ,௘  (a∗), we must 
only use those i ∈य़ where the maximum in (5) is attained and matrices from 
co( ௠ܹ,௘  (a{௜})) in the convex combination. Thus, if Ia denotes the subset of i ∈य़ 
where the maximum in (5) is attained, we have 

co( ௠ܹ,௘  (a∗)) = co(⋃ ௠ܹ,௘௜∈य़౗ (ܽ{௜}∗  )).                             (6) 

 Applying the same argument to b as applied above to a∗, we obtain a (possibly 
different) य़ୠ ⊆य़ so that 

co( ௠ܹ,௘  (b)) = co(⋃ ௠ܹ,௘௜∈य़౗ (ܾ{୧} )).                                                      (7) 

We claim that there are non-empty subsets ܨ௔  ⊆य़ୟ and ܨୠ ⊆य़ୠ such that |ܨ௔|+ 
 ୠ|≤(ℓଶ−1)+2 = ℓଶ +1 andܨ|

( co(⋃ ௠ܹ,௘௜∈ிೌ (ܽ{௜}∗ ⋃)݋ܿ)⋂((  ௠ܹ,௘௜∈य़౗ ( {ܾ௜}
∗  ))≠∅ .                     (8) 

To see this, note that all the matrices we are considering (in the extremal 
matrix numerical ranges) are hermitian ℓ×ℓ matrices with the same trace 
||a||ଶ= ||b||ଶ and hence they lie in an affine space of real dimension ℓଶ−1 (or 
affine dimension ℓଶ). By Carathéodory’s theorem, any element in the convex 
hull of a subset S of ℝ௡can be represented as a convex combination of n+1 or 
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fewer elements of S. A slightly less well-known fact is that if the convex hulls 
of two non-empty sets ଵܵ,	ܵଶ ⊂ℝ௡ (or an affine space equivalent to it) 
intersect, then we can find a convex combination of ݊ଵ elements in ଵܵ to equal 
a convex combination of ݊ଶ elements of ܵଶ, where ݊ଵ,	݊ଶ ≥ 1 and	݊ଵ+݊ଶ ≤ n+2. 
This follows by applying Carathéodory’s theorem to the origin, which belongs 
to the convex hull of  

{(x,1) : x ∈ ଵܵ}∪{ (−y,−1) : y ∈ ܵଶ}⊂ℝ௡ାଵ. 

We can apply this fact because we have (3) valid, and therefore the subsets ܨ௔  
and ܨ௕  exist as claimed 

. Let ߙ  be in intersection (8) and let F = ܨ௔   .ୠܨ∪ 

Let ܽி =[ ܽଵ,ி,	ܽଶ,ி,...,	ܽℓ,ி] and ܾி  =[ ܾଵ,ி,	ܾଶ,ி,...,	ܾℓ,ி]௧.  

Applying (6) and (7) to aி∗  and ܾி , respectively, and noting that F ∩य़ୟ ⊇ ܨ௔  and 
F ∩य़ୠ  ୠ, we obtainܨ⊆ 
||aி|| =||a|| , ||ܾி|| = ||b|| and that 

)co ∋ ߙ ௠ܹ,௘ (aி∗ ))∩co( ௠ܹ,௘(ܾி)).  

Hence, by criterion (3) we have 
ி||௛ݑ||  = ||aி||ଶ =||bி||ଶ||a||ଶ=||u||௛ . 

 Since F has at most ℓଶ +1 elements, the result now follows.  

	Proposition	(1.2.2)[1]  

 Let A be a unital ܥ∗-algebra and ℓ	a positive integer. Suppose that every 
Glimm ideal in A is (ℓଶ +1)-primal. Let u =∑ ௝ܽ

ℓ
௝ୀଵ  ⊗ ௝ܾ  ∈ A⊗A. Then 

 ௓(u)||௖௕  = ||u||௭,௛ߠ||

	

Proof	:-	

we know that 

||u||௭,௛= sup{ீݑ||௛ : G ∈ Glimm(A)} 
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while 

 .{௃||௭,௛ : J minimal primal in Aݑ||}௓(u)||௖௕ = supߠ||

 Let G ∈ Glimm(A) and consider uG ∈ (A/G)	⊗௛ (A/G). In order to compute 
 ௛ we embed A/G faithfully as an algebra of operators, and use injectivity||ீݑ||
of the Haagerup norm . We take as our faithful representation the reduced 
atomic representation 

 
௥ߪ  : A/G 2→∏ ℬ(ܪగ)గ ⊂ℬ(⊕గ  (గܪ
(one irreducible representation ߨ from each equivalence class in  ܩ/ܣ෢ ). 

 Let 0 < ߝ. By Lemma (1.2.1), there exist inequivalent irreducible 
representationsߨଵ,...,	ߨ௡of A/G such that n≤ ℓଶ+1 and 
||u||௛ −ߝ <  ,ி||௛((ீݑ	)(௥ߪ⊗ ௥ߪ))||

 where ܪி = ܪగభ⊕···⊕ܪగ೙ and 
௡ߨ⊕···⊕ଵߨ= . Let ௜ܲ = ker ߨଵfor 1≤i≤n and let य़ =n i=⋂ ௜ܲ	௡

௜ୀଵ . By hypothesis, य़ 
is a primal ideal of A. 

Since ߪ induces a faithful representation of A/I (given by a+I →ߪ (a) for a ∈ A), 
we have ||( ⊗ ߪ	ߪ )(	ீݑ)||௛ ூݑ	|| =  ||௛ by injectivity of the Haagerup norm. 
Now let J be a minimal primal ideal of A contained in I. We have 

ீݑ	||  ||௛ − ߝ < ூ||௛ݑ|| ௃ ||௛ݑ	|| ≥ ≤  . ௓(u)||௖௕ߠ)||

 Since ߝ and G were arbitrary, ||u||௭,௛ ≤  ௓(u)||௖௕. AsZ is a contraction, theߠ)||
result follows.  

Our aim now is to show that the converse of Proposition (1.2.2) holds, and for 
that we need some preparation. 

 

 Lemma	(1.2.3)	[1]	

 Given a positive definite n×n matrix ߙ of trace 1, there exist ݊ଶ affinely 
independent rank one (self-adj݅݋nt) projections ݌௜∈ܯ௡ (1≤i≤ ݊ଶ) so that 
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ߙ =෍ ௜ݐ
௡మ

௜ୀଵ
 ௜ߩ

is a convex combination of the ߩ௜with ݐ௜> 0 for each i (and ݊ଶ i=1 ݐ௜  = 1). 
Proof:- 

Note that positive semidefinite trace 1 matrices  ܯ∋ߩ௡ correspond to states of 
 and the rank one projections correspond to the pure(ఘݔ)trace → ݔ ௡ viaܯ
states. We argue by induction on n. Of course the n = 1 case is obvious and so 
we consider n>1.  

Recall that we can write any rank one projection ߩ in ܯ௡ as ߦ⊗∗ߦ = ߩ for a 
unit vector ߦ in the range of ߩ. We can assume the given matrix	ݔ is diagonal 
with (positive) diagonal entries ߙଵଵ ≥ ≤···ଶଶߙ  ௡௡ > 0 in descending order (byߙ
replacing the original ߙ by ݑߙ∗ݑ for some suitable unitary ܯ∋ ݑ௡and applying 
u(·)ݑ∗ to the rank one projections we find). Since n>1, ߙଵଵ< 1. Choose 0 < ߜ so 
that ߙ > ߜ௡௡ /	ߙଵଵ ≤1 and ߙଵଵ(1+(n−1)	ߜଶ)<1. Let ߦ be a primitive mth root of 
unity with m = 2n−1. Let  

௜ߦ ௜ߦߜ	,1) =  ௜(௡ି)ߦߜ	,...,ଶ௜ߦߜ	, ) ඥ1 + (݊ − ⁄ଶߜ(1   (1≤ ݅ ≤ ݉)and observe that 

ߙ = ∑
ఈభభඥభశ(೙షభ)ഃమ

௠
௠
௜ୀଵ (௜ߦ∗ଵߦ) ଵଵඥ1ߙ	− 1)+ + (݊ −  ᇱߙ	(ଶߜ(1

, where ߙ is essentially a positive definite diagonal matrix of trace 1 in ܯ௡ିଵ. 
Strictly speaking, ߙᇱ is in ܯ௡ and has 0 in the (1,1) entry, but we are able to 
apply the inductive hypothesis to it. We end up with ߙas a convex 
combination of a total of m+(n−1)ଶ= ݊ଶ rank one projections. 

 Working with the first row and column (and using a Vandermonde 
determinant argument), we can check that the projections ߦ௜∗ ⊗ߦ௜are affinely 
independent among themselves and also when we add in the 
(n−1)ଶprojections we get from the inductive step.  

There is a simpler argument which does not quite prove the preceding lemma. 
The affine dimension of the state space is ݊ଶ and so it is possible to find	݊ଶ 
affinely independent rank one projections. One can argue that the average  
 of such a collection of projections has to be positive definite. If not, there is a 
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unit vector ߦ∈ ℂ௡ with (ߦߚ,  and then each of the projections p would 0=(ߦ
necessarily satisfy (ߦ݌,  That is the projections would be restricted to lie .0=(ߦ
in an affine space of dimension strictly less than ݊ଶ (in fact in a face of the 
state space). So ߚ has to be non-singular. For us, it is more convenient to be 
able to express any pre-assigned, positive definite matrix ߙ with trace(ߙ) = 1 
as a convex combination of ݊ଶrank one projections (though we could actually 
manage with a non-specific  ߚ). A variant of the inductive argument above is 
needed in the next lemma. 

 

 Lemma	(1.2.4)	[1]	

For ℓ ≥2 and (ℓ−1)ଶ +2≤N≤ ℓଶ +1 there exists u =∑ ௝ܽ ⊗ ௝ܾ
ℓ
௝ୀଵ  ∈ 

ℂ௡⊗ℂ௡such that ||u||௛ = 1(where ℂ௡ is considered as the commutative 
 algebra of functions on a discrete space with N points) and such that for any∗ܥ
non-empty subset F ⊂{ 1,2,...,N} of N −1 points or fewer, 

 ி||௛< 1ݑ||

 where ݑி=∑ ௝ܽ,ி ⊗ ௝ܾ,ி
ℓ
௝ୀଵ  and ௝ܽ,ி,	 ௝ܾ,ி	are the restrictions of ௝ܽ ,	 ௝ܾ  to F. 

Proof:- 

 We will adopt a similar notation to that in Lemma(1.2.1) and take य़ ={ 1, 
2,...,N}, ܪ௜  = C (each i ∈ य़) and H = ⨁௜∈य़ ܪ௜ . Our ௝ܽ  will be diagonal elements of 
ℬ(H) with diagonal entries ( ௝ܽ,௜)୧∈	य़	 and similarly ௝ܾ  = ( ௝ܾ ,௜)௜∈य़ (for scalars 

௝ܽ,௜	 ௝ܾ,௜∈	ℂ). We abbreviate a =[ aଵ,	aଶ,...,	aℓ ] and b =[ ܾଵ,	ܾଶ ,...,	ܾℓ]௧. 

 Let m = 2(ℓ −1) and n = N −(( ℓ −1)ଶ +2). Our ௝ܽ,௜ will be zero for m<i≤N and 

௝ܾ,௜ will be zero for 1≤i≤n. As 0≤n≤m<N, we shall be able to arrange that for 
each i ∈{ 1,...,N} there will be a j with ௝ܽ,௜= 0 or	 ௝ܾ,௜= 0 (or both). We will 
arrange that 

 
 ||a||ଶ = ||∑ ௝ܽ ௝ܽ

∗ℓ
௝ୀଵ ||  = 	∑ | ௝ܽ,௜|ଶℓ

௝ୀଵଵஸ௜ஸ௠
௠௔௫  = 1  
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and that the maximum is achieved in each position 1≤ i≤ m (so 
that∑ | ௝ܽ,௜|ଶℓ

௝ୀଵ  = 1 for 1≤ i≤ m). We will also arrange that 
||b||ଶ = ||∑ ௝ܾ

∗ℓ
௝ୀଵ ௝ܾ||  = 	∑ | ௝ܾ ,௜|ଶℓ

௝ୀଵ௡ஸ௜ஸே
௠௔௫   = 1  

and each  ∑ | ௝ܾ,௜|ଶℓ
௝ୀଵ   = 1  for n < i≤	N. We will use (3) to ensure 

||u||௛ = (||a||ଶ +||b||ଶ )/2 = 1 by ensuring that ߙ ∈ co( ௠ܹ,௘ (ܽ∗))∩co( ௠ܹ,௘ (b)) 
with  ߙ	the diagonal	ℓ×ℓ matrix with diagonal entries all equal to 1/ℓ. In fact,  
will be the only matrix in the intersection. But we achieve this in such a way 
that all N summands in H are required and therefore  for any choice of F giving 
N−1 or fewer summands we do not satisfy criterion (3) (and hence 

ி||௛ݑ||  is strictly less than 1 by Timoney . For the a௝(1≤j≤ ℓ), it is helpful to 
think of ℓ	rows  aଵ,...,	aℓ which we will specify column by column (where each 
column has length ℓ). We take a primitive mth root of unity  and, for i ∈{ 1,..., 
m }, we define 

(ܽଵ,௜,	ܽଶ,௜,...,	ܽℓ,௜) = (1,ߦ௜,ߦଶ௜ ௜(ℓିଵ)ߦ	,. . ., ) √ℓ⁄ . 

Recall that ௝ܽ,௜ is to be zero for i>m and 1≤j≤ ℓ . Any unit vector ߦ∈ H 
supported in the summands ܪ௜(1≤i≤m) gives a matrix in ௠ܹ,௘(a∗), specifically 
the matrix				 

	෍ (௜ߟ⨂∗௜ߟ)௜|ଶߦ|
ℓ

௝ୀଵ

 

(a convex combination of the ߟ௜∗⨂ߟ௜ , from which we see that ௠ܹ,௘(ܽ∗) is 
convex) 

 Where 

௜(ℓିଵ)ିߦ	,. . .,ଶ௜ିߦ,௜ିߦ,௜= (1ߟ ) √ℓ⁄ . 

 Taking each ߦ௜ = 1/√݉we get the matrix	ߙ. For future reference, notice that 
ℓିଵ= −1 and so, for 1ߦ ≤ ݅ ≤ ݉, the matrix ߟ௜∗⨂ߟ௜  has the real number (−1)௜/	ℓ 
in the (1,	ℓ) position. 
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 As with the ௝ܽ , it is helpful to think of the	 ௝ܾ  as ℓ rows which we will specify 
column by column. The first two non-zero columns (column n+1 and column 
n+2) are as follows:  

 ,3√/(ߡ,2,0,...,0√)=ଶߠ and 3√/(ߡ,2,0,...,0√)=ଵߠ

 where 1−√ = ߡ. We choose the remaining (ℓ− 1)ଶ columns by using Lemma 
(1.2.3). According to that lemma, we can find (ℓ− 1)ଶ affinely independent 
rank one projections ߩ௞(1≤k≤ (ℓ− 1)ଶ) inܯℓ−1 so that the diagonal 
(ℓ−1)×(	ℓ−1) matrix 

 

is a convex combination of all of the ߩ௞ (that is, ݐ௞ > 0 for all k and ∑ ௞௞ݐ = 1). 
(Note that only the final diagonal entry of ߚ  is reduced to the value 1/(2ℓ−3).) 
Take unit vectors  ߤ௞(1≤k≤ (ℓ− 1)ଶ) in  to be in the ranges ofߩ௞, and extend 
them to vectors (0,	ߤ௞) =ߤ෤௞ ∈ ℂℓ. Let 

 (ܾଵ,௜ ,	ܾଶ,௜,...,	ܾℓ,௜) =ߤ෤௞  (i = n+2+k,1≤k≤ ℓ (ℓ− 1)ଶ). 

We can check that 

ଷ =ߙ
ସℓ
(ଵߠ⊗∗ଵߠ) +	

ଷ
ସℓ
∑+	(ଶߠ⊗∗ଶߠ)

ଶℓିଷ
ଶℓ

(ℓି	ଵ)మ
௞ୀଵ ∗௞ߤ)௞ݐ  ,(෤௞ߤ⊗

a convex combination. Thus	ߙ ∈ ௠ܹ,௘(b). Since ߙ ∈ ௠ܹ,௘(a∗) also, the criterion 
(3) guarantees that||u||ଶ = 1. 

 We show next that ߙ is the unique element of co( ௠ܹ,௘(a∗))∩ co( ௠ܹ,௘(b)) = 
௠ܹ,௘(a∗)∩	 ௠ܹ,௘(ܾ).Suppose that  

෍ܿ௜ߟଵ∗
௠

௜ୀଵ

 ,෤௞ߤ⊗
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where ܿ௜,r,s,	ݐ௞ ≥0,∑ 	ܿ௜௜  = 1 and r+s+k ݐ௞ = 1, and let the common value be 
the	ℓ ×	ℓ matrix ߛ . By considering the (1,1)-entry of ߛ , we see that 1/	ℓ= 
2(r+s)/3. On the other hand, recalling that the (1,	ℓ)-entry of ߛ must be real, 
we see that −r +s = 0. Thus r = s = 3/(4	ℓ). By considering the first row of ߛ and 
also the entries  ߛℓିଵ,ଵ,ߛℓିଶ,ଵ,...,	ߛଶ,ଵ, we obtain that ௖ܸ  = ݁ଵ where V is the 
m×m matrix whose (i,j)-entry isߦ୨(୧ିଵ) , c = (ܿଵ,...,	ܿ௠)௧ and ݁ଵ = (1,0,...,0)௧. By 
inspection, one solution is ܿ௜ = ܿ௜ =···=ܿ௜ = 1/m (giving ߙ= ߛ ), and this solution 
is unique because the determinant of V is a non-zero alternant of 
Vandermonde. 

 What remains, in order to show that 
ி||௛ݑ||  < 1 for any non-empty proper subset F of {1,2,...,N}, is to show that we 
cannot find a common element of the convex hulls of the corresponding 
extremal matrix numerical ranges when we remove any summand ܪ௜(or more 
than one ܪ௜). However, by the uniqueness established above, the matrix ߙ  is 
the only possible candidate for being such a common element. Removing the 
summand ܪ௜  implies removing one of the ߟ௜ if 1≤i≤m, and one of ߠଵ,ߠଶ or 
some ߤ෤௞  if n<i≤N. (If N<ℓଶ+1, then there will be some i falling into both 
groups.) But to get ߙ on the aி∗  side, we need all of the ߟଵ∗ ௜ߟ⊗   (1≤	i≤	m) 
because they form an affinely independent set (since the equationVୢ= 0 has 
unique solution d = 0). Thus F must contain all i in the range 1≤	i≤	m. On the 
other hand, it is easily checked that the set {ߠଵ∗⊗ߠଵ,	ߠଶ∗ ⊗ߠଶ}∪{ߤ෤௞∗  )≤ k	෤௞ : 1ߤ⊗ 
ℓ −1	)ଶ } is affinely independent. Hence, to get  ߙ on the ܾிside, F must contain 
all i in the range n<i≤N. So if F is a proper subset of {1,2,...,N}, then we cannot 
satisfy the criterion (3) and so||ݑி||௛  < 1. 

Theorem	(1.2.5)	[1]	

 Let A be a unital ܥ∗-algebra. Fix ℓ ≥1. Then 

 
||θ୸(u)	||ୡ୮=||u||௭,௛ 

holds for each u =∑ ௝ܽ
ℓ
௝ୀଵ ⊗ ௝ܾ∈ A⊗A if and only if every Glimm ideal in A is (ℓଶ 

+1)-primal. 
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Proof:-	

 One direction is already done in Proposition (1.2.2) above. For the converse, 
suppose that A has a Glimm ideal G which is not (ℓଶ +1)-primal. If G is not 2-
primal then there exists u = a ⊗b ∈ A⊗A such that 
||u||௭,௛ ≠ 0 and ߠ௭(u) = 0 .If G is 2-primal (so	ℓ >1) then there exists ℓᇱ ∈{ 2,...,	ℓ 
} and N ∈{( ℓᇱ−1)ଶ+2,..., ℓᇱଶ+1} such that G is (N −1)-primal but not N-primal. 
Since a tensor with ℓᇱsummands may be regarded as a tensor with ℓ  
summands , by the addition of zeros, we may as well assume (for notational 
convenience) that ℓᇱ =ℓ. As in the proof of Theorem (1.2.5), there exist 
primitive ideals ଵܲ,...,	 ேܲ of A such that G ⊆ ௜ܲ for 1≤i≤N and J :=	 ଵܲ∩···∩ ேܲ is 
not primal. Furthermore, there exist mutually orthogonal positive elements 
ܾଵ,...,	ܾேof A such that || ௜ܾ|| =|| ௜ܾ + ݆||=1 for 1≤i≤	N and such that for each P ∈ 
Prim(A) there exists i ∈{ 1,...,N} for which ܾ௜ ∈ P. We now re-label these N 
elements as ݀ଵ,...,	݀ே  (to avoid confusion with the elements ܾଵ,...,	ܾℓ	
 which we are about to import from Lemma (1.2.4) Let 	ݒ 
=∑ ௝ܽ

ℓ
௝ୀଵ ⊗ ௝ܾ∈ℂே⊗ℂே have the properties of Lemma (1.2.4), let  

ிݒ||}max =ߚ 	||୦: F a proper non-empty subset of {1,...,N}} < 1 

and let 

u := ∑ (ܽ௝,௜ℓ
௝ୀଵ ݀௜) ⊗ (∑ ௝ܾ,௜

ே
௝ୀଵ ௝݀)∈ A⊗A. 

On the one hand, 

 
||u	||୸,୦ ீݑ||≤  ||௛ ௃ݑ||≤  ||௛   ,௛= 1||ݒ||= 
where the penultimate equality follows by applying Lemma (1.1.5) to the 
linear map  ∅: ℂே → span{݀ଵ+J,...,	݀ே+J} given by  ∅(݁௜௜) = ݀௜+J (where ݁௜௜ is the 
ith standard basis vector). On the other hand, if P ∈ Prim(A) then there exists 
݅ᇱ∈{ 1,...,N} such that݀௜ᇲ∈ P. Let F ={ 1,...,N}\{ ݅ᇱ }. Then 
∑ ||=  ௉ ||௛ݑ|| (	∑ ௝ܽ ,௜௜ஷ௜ᇲ

ℓ	
௝ୀଵ (݀௜ + ܲ)⊗ ∑ ௝ܾ,௜௜ஷ௜ᇲ ݀௜ + ܲ)||௛ ≤||ݒி   ||௛ ≤  ,ߚ

  

where the penultimate inequality follows by applying Lemma (1.1.5) to the 
linear map ∅: span{݁௜௜ : ݅ ≠ ݅ᇱ}→span{݀௜ + ܲ: ݅ ≠ ݅ᇱ} given by ∅:(݁௜௜) =݀௜ + ܲ. 
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Hence 
௉ݑ|| = ௖௕|| (ݑ)௭ߠ||≤ 	||௛୔∈୔୰୧୫(୅)

௦௨௣  < 1.  
Finally, we note that we can extend Theorem (1.2.5) to the non-unital case in 
the same way as Corollary (1.1.9) extends Theorem (1.1.8). 
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Chapter 2 

Operator Coefficients	

Although some definitions are recalled, we will be assumed to be familiar with 
the basics of free probability theory and more precisely with its combinatorial 
aspect (non-crossing partitions, free cumulants ,R-diagonal operators ...). For 
the vocabulary of non-commutative L୮	spaces nothing more than the 
definitions of the p-norm, the  Cauchy–Schwarz inequality 
|τ(ab)|	≤a‖ܽ‖2‖ܾ‖2	and the fact that ‖ݔ‖ஶ= lim୮→ஶ	  .୮will be used‖ݔ‖

We  proved that the same inequality holds for the norms in the associated 
non-commutative ܮ௣ spaces when p is an even integer, p ≥ d and when the 
generators of the free group are more generally replaced by ∗-free R-diagonal 
operators. In particular it applies to the case of free circular operators. We 
also get inequalities for the non-holomorphic case, with a rate of growth of 
order d + 1 as for the classical Haagerup inequality. The proof is of 
combinatorial nature and is based on the definition and study of a 
symmetrization process for partitions. 

Let ܨ௥be the free group on r generators and |·| the length function associated 
to this set of generators and their inverses. The left regular representation of 
௥ܨ  on ℓௗ(ܨ௥)is denoted by λ, and the ܥ∗ -algebra generated by λ(ܨ௥) is denoted 
by  ܥ஛

 Haagerup proved the following result, now known as the,  .(௥ܨ)∗
Haagerup inequality: for any function f: ܨ௥  →ℂ supported by the words of 
length d, 

 

This inequality has many applications and generalizations. It indeed gives a 
useful criterion for constructing bounded operators in ܥ஛

 since it implies in(௥ܨ)∗
particular that for f: ܨ௥  →ℂ, 
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and the so-called Sobolev norm ට∑ (|g| + 1)ସ|݂(g)|ଶ୥∈ிೝ
మ is much easier to 

compute that the operator norm of λ(f )=∑ f	(g)λ(g). The groups for which the 
same kind of inequality holds for some length function (replacing the 
term(d+1)in (1) by some power of(d+1)) are called groups with property and 
have been extensively studied; they play for example a role in the proof of the 
Baum–Connes conjecture for discrete cocompact lattices of S	ܮଷ(ℝ). 

Another direction in which the Haagerup inequality was studied and extended 
is the theory of operator spaces. It concerns the same inequality when the 
function f is allowed to take operator values. This question was first studied 
by Haagerup and Pisier , and the most complete inequality was then proved by 
Buchholz . One of its interests is that it gives an explanation of the (d+1) term 
in the classical inequality. Indeed, in the operator valued case, the term 
(d+1)	‖݂‖ଶis replaced by a sum of d+1 different norms off (which are all 
dominated by ‖݂‖ଶwhen f is scalar valued). More precisely if S denotes the 
canonical set of generators of ܨ௥  and their inverses, a function f: ܨ௥  ௡(ℂ)ܯ→ 
supported by the words of length d can be viewed as a family 
(: ܽ(௛భ,...,௛೏))(௛భ ,...,௛೏)∈ௌ೏ of matrices indexed by S d in the following 
way: ܽ(௛భ,...,௛೏))(௛భ ,...,௛೏) if|ℎଵ...	ℎௗ|=d and a(ℎଵ,...,	ℎௗ)=0  otherwise.  

The family of matrices a = (ܽ௛	)୦∈	ௌ೏ can be seen in various natural ways as a 
bigger matrix, for any decomposition of  ܵௗ ≃ ܵ௟⨂ܵௗି௟ .If the ܽ௛’s are viewed 
as operators on a Hilbert space H(H=ℂ௡ ), then let us denote by ܯ௟ the 
operator from H⊗	ℓଶ(S)⊗ୢି୪	 to H⊗ℓଶ(S	)⊗୪ 

Having the following block-matrix decomposition: 

 

Then the generalization is 

Theorem	(0.1)[2] 

 Let f:ܨ௥  ௡(ℂ)supported by the words of length d and define (ܽ௛)௛∈ௌ೏ andܯ→ 
 ௟  for 0≤l≤d  as above. Thenܯ
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ቯ ෍ (݃)ߣ(݃)݂
௚∈ிೝ)	

ቯ

௖ഊ
∗

≤ (݀ + 1)‖݂‖2																																	 

The same result has also been extended in [16] to theLp-norms up to 
constants that are not bounded as d→∞.  

Theorem	(0.2)	[2]	

Let f:	ܨ௥  →ℂ	be a function supported on	 ௗܹ
ା . Then 

 

A similar result has been obtained when the operators λ(݃1),...,λ(݃௥) are 
replaced by free R-diagonals elements. These results are proved using 
combinatorial methods: to get bounds on operator norms the authors first get 
bounds for the norms in the 

non-commutativeܮ௣-spaces forpeven integers, and makeptend to infinity. For 
an even integer, the ܮ௣-norms are expressed in terms of moments and these 
moments are studied using the free cumulants. 

In this paper we generalize and improve these results to the operator-valued 
case. As for the generalization of the usual Haagerup inequality, the operator 
valued inequality we get gives an explanation of the term √݀ + 1: for operator 
coefficients this term has to be replaced by the 	ℓ2 combination of the 
norms‖ܯ௟‖introduced above. A precise statement is the following. We state 
the result for the free group F∞ on countably many generators( ௜݃)i∈N, but it of 
course applies for a free group with finitely many generators. 

Theorem	(0.3)	[2] 

Fo r d ∈ℕ, denote by ௗܹ
ା⊂ܨ∞the set of words of length din the gi’s (but not 

their inverses).Fork=(݇1,...,	݇ௗ)∈ℕௗ  let ݃௞  =݃௞1...݃௞೏ ∈ ௗܹ
ା. Let a =(ܽ௞)k∈ℕ೏ be a 

ϐinitely supported family of matrices, and for  0 ≤l ≤	d denote by ܯ௟ = 
(ܽ(௞1,...,௞೗),(௞೗శ1,...,௞೏))the corresponding  ℕ௟×ℕௗି1 block-matrix. Then 
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ะ෍ ܽ௞⨂ߣ(݃௞)
k∈ℕ೏

ะ ≤ 45√݁ ቆ෍ ௟‖2ܯ‖
ௗ

௟ୀ0
ቇ

1/2

		.											(2) 

Note that even whenܽ௞∈ℂ	, this really is (up to the constant 45 an 
improvement of Theorem (2.1.2). Indeed it is always true that for any l, 
௟‖2ܯ‖ ≤ ௥ܶ(ܯ௟

∑ (௟ܯ∗ |ܽ௞|2௞ . There is equality when l=0 or d but the inequality 
is in general strict when 0<l<d. Thus if the ܽ௞’s are scalars such that‖(ܽ௞)‖2=1 
and ‖ܯ௟‖ ≤ 1/√݀ for 0<l<d , the inequality in Theorem (0.3) becomes 
k‖∑ ܽ௞ߣ(݃௞)k∈ℕ೏ ‖ ≤ 45√3݁‖(ܽ௞)‖2. Since the reverse inequality 
‖∑ ܽ௞ߣ(݃௞)k∈ℕ೏ ‖ ≥ ‖(ܽ௞)‖2 always holds, we thus get that‖∑ ܽ௞ߣ(݃௞)k∈ℕ೏ ‖ ≃
‖(ܽ௞)‖2with constants independent of d. An example of such a family is given 
by the following construction: if p is a prime number and ܽ௞1,...,௞೏ = 
exp(2iπ݇1...	݇ௗ/p)/݌ௗ/2 for any ݇௜  ∈{1,...,p} and ܽ௞ =0 otherwise then 
obviously∑ |ܽ௞|2௞  =1, where as a computation see (Lemma 2.2.9) shows 
that‖ܯ௟‖2 ≤ ௗ

௣
݂݅ 0<l<d. It is thus enough to take p≥ ݀2. 

The same arguments apply for the more general setting of∗-free R-diagonal 
elements (∗-free means that the ܥ∗-algebras generated are free). Moreover we 
get significant results 

already for theܮ௣-norms for peven integers. Recall that on aܥ∗-algebra A 
equipped with a trace τ ,the p-norm of an element x∈A is deϐined by 
௣‖ݔ‖ =  1/௣for 1≤p<∞, and(௣|ݔ|)߬

that for p=∞ the ܮ∞norm is just the operator norm. In the following the 
algebra ܯ௡⊗A will be equipped with the trace ௥ܶ⊗τ. The most general 
statement we get is thus: 

Theorem	(0.4)	[2]	

Let c be an R-diagonal operator and(ܿ௞)௞∈୒	 a family of∗-free copies of c on a 
tracial ܥ∗-probability space(A,τ). Let (ܽ௞) 

K ∈ Nd be as above a finitely supported family of matrices and ܯ௟  
=(ܽ(௞1,...,௞೗),(	௞೗శ1,...,௞೏)) zzfor 0≤l≤ d the correspondingℕ௟×ℕௗି1block-matrix. 
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For k=(݇1,...,	݇ௗ)∈ℕௗdenote ܿ௞=ܿ௞1...	ܿ௞೏. Then for any integer m, 

	 

For the operator norm, 

 

When theܥ௣௄’s are circular these inequalities are valid without the factor 
45‖ܿ‖2

ௗି2‖ܿ‖2. 

    For The outline of the proof of Theorem (0.4), we first prove the statement 
for the ܮ௣-norms when p=2m is an even integer (letting p→∞ leads to the 
statement for the operator norm). This is done with the use of free cumulants 
that express moments in terms of non-crossing partitions . More precisely to 
any integer n, any non-crossing partition π of the set {1,...,n} and any family 
ܾ1,...,	ܾ௡∈Athe free cumulant ݇π[ܾ1,...,ܾ௡]∈ℂ		is defined . When π=1nis the 
partition into only one block, ݇π is denoted by ݇n. The free cumulants have the 
following properties: 

•Multiplicativity :If π={ 1ܸ,...,	 ௦ܸ}, ݇π [ܾ1,...,	ܾn]=∏ ൣ(ܾ௞)௞∈௩೔൧௜ೖหೡ೔ห . 

•Moment-cumulant formula :τ(ܾ1,...,	ܾ௡)= ∑ ݇π	[ܾ1, . . . , ܾ௡].π∈NC(n)	  

•Characterization of freeness: A family (ܣ௜ 	)௜of subalgebras is free iff all mixed 
cumulants vanish, i.e. for any n, any ܾ௞∈	ܣ௜௞and any π ∈NC(n)then 
݇π[ܾ1,...,	ܾ௞]=0 unless ݅௞=	݅௟ 

for any k and l in a same block of π. 

The first two properties characterize the free cumulants (and hence could be 
taken as a definition), whereas the third one motivates their use in free 
probability theory. Since the∗-distribution of an Operator c∈(A,τ)is 
characterized by the trace of the polynomials in c and ܿ∗, the cumulants 
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involving only c and	ܿ∗(that is the cumulants ݇π [( ௜ܾ)]with ௜ܾ ∈{c, ܿ∗}for any i) 
depend only on the ∗-distribution of c. 

In order to motivate the combinatorial study of certain non-crossing 
partitions in the first section, let us shortly sketch the proof of the main 
result.With the notation of Theorem (2.1.4)	let  ,A=∑ܽ௞ ⊗ ܿ௞.For 
k=(k(1),...,k(d))∈ℕௗ  set ෤ܽ௞=ܽ(k(d),...,k(1)) and	ܿ̃௞=ܿ௞(ௗ) ...	ܿ௞(1) so that 
(ܿ̃௞)∗=ܿ௞(1)∗ ···ܿ௞(ௗ)∗ . Then 

∑=∗ܣ  ෤ܽ௞∗௞ ⊗ ܿ̃௞∗ , and for p=2m the pth power of the p-norm of A is just the 
trace	 ௥ܶ⊗τ of (Aܣ∗)௠, which can be expressed by linearity as the sum of the 
terms of the form 	 ௥ܶ  (ܽ௞1 ෤ܽ௞2

∗ ···ܽ௞2೘ష1 ෤ܽ௞2೘
∗ ) ⊗ τ(ܿ௞1 ܿ̃௞2

∗ ...	ܿ௞2೘ష1ܿ̃௞2೘
∗ ).The 

expression ܿ௞1 ܿ̃௞2
∗ ...	ܿ௞2೘ష1ܿ̃௞2೘

∗ is the product of 2dmterms of the form ܿ௜ or 
ܿ௜∗(for i∈ℕ).Apply the moment-cumulant formula to its trace. Using the 
characterization of freeness with cumulants and then the multiplicativity of 
cumulants and the fact that cumulants only depend on  the ∗-distribution we 

thus get  

where for k ∈ℕ2ௗ௠  and π ∈NC(2dm)we write k ≺π if ݇௜ = ௝݇  when ever i and j 
belong to the same block of π and where 

 

Up to this point we did not use the assumption that c is R-diagonal, since the 
R-diagonal operators are those operators for which the list of non-zero 
cumulants is very short , we get that the previous sum can be restricted to a 
sum over the partitions in the subset Nܥ∗(d, m)⊂NC(2dm), which is deϐined 
and extensively studied in part 1.2: 
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The term ݇஠ [ܿୢ,m]is easy to dominate (Lemma 2.2.5). When the ܽ୩’s are 
scalars the second term S(a,π,d,m)can be dominated by‖(ܽ୩)‖ଶௗିଶ (by the 
usual Cauchy–Schwarz inequality). But here the fact that we are dealing with 
operators and not scalars forces to derive a more sophisticated Cauchy–
Schwarz type inequality that may control explicitly the expressions 
S(a,π,d,m)in terms of norms of the operators ܯ୪. This is one of the main 
technical results in this section, Corollary (2.2.4). This Corollary states that 

 

for some non-negativefor some non-negative μ୪ with ∑ μ୪	୪  =1. Moreover the	μ୪  
are explicitely described by some combinatorial properties of π. This 
inequality is proved through a process of “symmetrization” of partitions. The 
basic observation is that if one applies a simple Cauchy–Schwarz inequality to 
S(a,π,d,m)(Lemma 2.2.1) , this corresponds on the level of partitions to a 
certain combinatorial operation of symmetrization. This observation was 
already used implicitely, in some special case: Buchholz indeed notices that 
for d=1 and if π is a pairing (i.e. has blocks of size 2), this Cauchy–Schwarz 
inequality corresponds to some transformation of pairings (for which he does 
not give a combinatorial description), and that iterating this inequality 
eventually leads to an domination of the form (6) (for d=1) but in which he 
does not compute the exponents μ଴ and	μ୪. 

In our more general setting it also appears that repeating this operation in an 
appropriate way turns every non-crossing partition π	∈Nܥ∗(d, m)into one 
very simple and fully symmetric partition for which the expression 
S(a,π,d,m)is exactly the (2m-power of the 2m-) norm of one of the M୪’s. This is 
stated and proved in Corollary (2.1.6) and Lemma (2.1.2) One important 
feature of our study of the symmetrization operation on Nܥ∗(d, m)is the fact 
that we are able to determine some combinatorial invariants of this operation 
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(see part 1.3). This allows to keep track of the exponents of the‖M୪	‖ଶ௠ that 
progressively appear during the symmetrization process, and to compute the 
coefficients μ୪ in (6). 

The second technical result that we prove and use is a finer study of Nܥ∗(d, 
m).The main conclusion is Theorem (2.1.7) which expresses that partitions in 
Nܥ∗(d, m)have mainly blocks of size 2 and that Nܥ∗(d, m)is not very far from 
the set NC(m)(ୢ)	of non-decreasing chains of non crossing partitions on m (in 
the sense that there is a natural surjection Nܥ∗ (d, m)→NC(m)(ୢ)	 such that the 
fiber of any point has a cardinality dominated by a term not depending on d). 
This combinatorial result is then generalized in Theorem 1.13 and Lemma 
(2.1.16), and then used to transform the sum in (5) into a sum over NC(m)(d) 
for which the combinatorics . 

We prove also the following results, which are extensions to the non-
holomorphic case of the previous results and their proofs. Let c be an R-
diagonal operator and (c୩)୩∈ℕ Na family Of ∗-free copies of con a tracial ܥ∗-
probability space (A ,τ).For ε=(	ε୪,...,	εୢ)∈	{1,∗}	ୢ and k=(k୪,...,	kୢ) ∈	ℕୢ denote 
c୩,க = c୩ౢ

கౢ ...	c୩ౚ
கౚ . The result is an extension of Haagerup’s inequality for the space 

generated by the c୩,கfor the k, ε satisfying k୧  =k୧ାଵ⇒ε୧ =ε୧ାଵ, i.e. for which 
λ(g)	୩,க	has length d. Denote by Iୢ the set of such(k, ε). 

Theorem(0.5)[2]	

Let(ܽ(௞,க))(୩,∈)∈ℕ×	{1,∗}	ౚ be a finitely supported family such that	ܽ(௞,க)  =0 for (k, 
ε)∉ 	 Iୢ.For 0≤l≤d, let M୪ be the matrix formed as above from (ܽ(௞,க))for the 
decomposition(ℕ	{1,∗})	ୢ=(ℕ×	{1,∗}	)୪× (N×{1,∗})	ୢି୪ . Then for any 
p∈2ℕ∪{∞} 

 

Similarly for self-adjoint operators we have: 
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Theorem	(0.6)	[2]	

.Let μ be a symmetric compactly supported probability measure on ℝ, and ca 
self-adjoint element of a tracial ܥ∗-algebra distributed as μ. 

Let(c୩)୩∈ℕbe self-a djoint free copies of c and (a୩ౢ,…,୩ౚ)୩ౢ,…,୩ౚ∈ℕbe a finitely 
supported family of matrices such that a୩ౢ,…,୩ౚ=0 if k୧ =k୧ାଵfor some 1 ≤i<d. 
Then for any p∈ 2ℕ∪{∞}, 

 

 

Fig. 1. A graphical representation of the 
partition{{1,3,12},{2,4,8,10},{5,7},{6},{9,11}}. 

For the case of the semicircular law and scalar coefficientak, this result is not 
new. It is due to, and was reproved using combinatorial methods by Biane and 
Speicher, . Our proof is a generalization of their proof and uses it. Note also 
that the condition that a୩	ౢ,…,୩ౚ=0 if k୧i =k୧ାଵfor some i is crucial to get (7): 
indeed if a୩ౢ,…,୩ౚ=0 except for a1,…,1=1 then we have the equality || ∑ ܽ௞ ⊗୩∈ℕౚ

c୩	ౢ , … c୩ౚ ||୮ = ฮC1
ୢฮ୮, whereas max୪‖M୪‖௣=1 and if μ is not a Bernoulli 

measure ||C||௣ଶ||C||ଶୢିଶ(d+1)=o(||C||ௗ௣ୢ ) When d→∞. The inequality (7) thus 
does not hold for this choice of(a୩), even up to a constant. These results are of 
some interest since they prove a new version of Haagerup’s inequality in a 
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broader setting, but they are still unsatisfactory since one would expect to be 
able to replace the term(d+1)max଴ஸ୪ஸௗ‖M୪‖௣ by ∑ ‖M୪‖ௗ

௟ୀ଴ . 

The paper is organized as follows: the first part only deals with combinatorics 
of non-crossing partitions. In the second part we use the results of the first 
part to get inequalities for the expressions S(a,π, d,m) . In the third and last 
part we finally prove the main results stated above. 

Section	(2-1):	symmetrization	of	Non	crossing	partition	

the norm of an element of the form ∑ ܽ௜ ⊗ λ	( ௜݃భ , … , ݃௜೏௜ୀ(௜భ ,...,௜೏)  less than 45 ݏ݅ 
-are d + 1 different block	ௗܯ , . . . ,଴ܯ 1/2, where(ௗ‖2ܯ‖ + · · · +଴‖2ܯ‖)݁√
matrices naturally constructed from the family (ܽ௜ )୧∈Id	 for each 
decomposition of  Id ≃ Il× Idିl  with l = 0, . . . , d. It is also proved that the same 
inequality holds for the norms in the associated non-commutative ܮ௣ spaces 
when p is an even integer, p ≥ d and when the generators of the free group are 
more generally replaced by ∗-free R-diagonal operators. In particular it 
applies to the case of free circular operators. We also get inequalities for the 
non-holomorphic case, with a rate of growth of order d + 1 as for the classical 
Haagerup inequality. The proof is of combinatorial nature and is based on the 
definition and study of a symmetrization process for partitions. Elsevier Inc. 
All rights reserved. For any integer n, we denote by [n] the interval {1, 2, …,n}, 
which we identify with	ℤ/nℤ	and which is endowed with the natural cyclic 
order: for	݇ଵ,...,	 ݇௣∈[n] we say that ݇ଵ<݇ଶ<···<݇௣	for the cyclic order if there 
are integers ℓଵ, ... ,	ℓଵ such that	ℓଵ <	ℓଶ <···< ℓ௣,݇௜=݈௜  mod n and ݈௣−݈ଵ ≤	n. In 
other words, if the elements of [n]are represented on the vertices of a regular 
polygon with n vertices labelled by elements of[n]as in Fig.	 1, then we say 
that	݇ଵ<݇ଶ<···<݇௣if the sequence ݇ଵ,...,	݇௣can be read on the vertices of the 
regular polygon by following the circle clockwise for at most one full circle. 

If π is a partition of [n], and i ∈[n], the element of the partition π to which i 
belongs is denoted by π(i). We also write ݅ ∼  j if ݅ and j belong to the same ߨ
block of the partition π. 
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If the elements of [n] are represented on the vertices of a regular polygon with 
n vertices, a partition π of[n]is then represented on the regular polygon by 
drawing a path between i and j if ݅∼π j. See Fig. 1 for an example. 

 

Fig. 2. The operationP1on the partition{{1,3,12},{2,4,8,10},{5,7},{6},{9,11}}. 

We introduce the operations ௞ܲ  on the set of partitions of an even number 
n=2N.This definition is motivated by Lemma (2.2.1). 

Deϐinition	(2.1.1)	[2] 

Let k∈[2N], and ݈௞ the subinterval of [2N]of length N and ending with k,	݈௞ = 

{݇ − ܰ + 1, ݇ − ܰ + 2, . . . , ݇}and ܵ௞
(ே)(or simply ܵ௞when no confusion is 

possible) the symmetry ܵ௞(݅) =2k+1−i (note that	ܵ௞  is an involution of 
[2N]that exchanges ݈௞ and[2N]\	݈௞Ik). For a partition π of[2N], ݏ௞(π)is the 
symmetric of π: A∈ݏ௞(π)if ݏ௞ିଵ(A)=	ݏ௞(A)∈π. In other words i∼ݏ௞ (π)j if and 
only If	ݏ௞(i)∼πݏ௞(j ). 

For any partition π of [2N], we denote by ௞ܲ(π) the partition of [2N] that we 
view as a symmetrization(in mathematics, symmetrization is a process that 
converts any function in n variables to a symmetric function in n variables. 
Conversely, anti-symmetrization converts any function in n variables into 
an antisymmetric function)[6] of π around d୩ , and which is formally defined 
by the following: if one denotes  πᇱ= ௞ܲ(π), then 

For I , j ∈	݈௞ ,i∼πᇱj if and only if i∼πj,                                                               (8) 

    For i, j ∈[2N]\	݈௞,i∼πᇱj if and only if ݏ௞ (i)∼πݏ௞(j ),                                   (9) 

         For i∈݈௞,j / ∈݈௞,i∼πᇱj if and only if i∼πݏ௞(j )and ∃l/∉I݈௞ ,i∼πl.            (10) 
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It is straightforward to check that this indeed deϐines a partition of[2N], and 
that it is symmetric with respect tok, that is sk(πᇱ)=	πᇱ. 

The operation	 ௞ܲis perhaps more easily described graphically: represent π on 
a regular polygon as above, and draw the symmetry line going through the 
middle of the segment[k, k+1].A graphical representation of	 ௞ܲ(π)is then 
obtained by erasing all the half-polygon not containing kand replacing it by 
the mirror-image of the half-polygon containingk. See Fig. 2 for an example. 

The following lemma expresses the fact that applying sufficiently many times 
appropriate operators	 ௞ܲ, one can make a partition symmetric with respect to 
all thesk’s. See Fig. 3 to see an example of this symmetrization process. 

Lemma(	2.1.2)	[2]	

Let m be a positive integer. Let ݇ ∈ ℕ such that 2k ≥m. Then for any partition 
π of [2m], the partition π௞=ܲଶೖܲଶೖషభ...	 ଶܲ ଵܲ ௠ܲ(π)is one of the four following 
partitions:  

π௞=0ଶ௠={{j},j∈[2m]}, 

 

Fig. 3. The symmetrization process starting from the partition{{1,3,12}, 
{2,4,8,10},{5,7},{6},{9,11}}. 
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π௞=ܿ௠={2j;2j+1},j∈[m]}, 

π௞=ݎ௠={2j−1;2j},j∈[m]}, 

π௞=1ଶ௠={[2m]}. 

Proof:-	

LetA=ܫ௠∩π(1)\{1} and B=([2m]\Im)∩π(1). The four cases correspond 
respectively to the four following cases: 

(i) A=B=∅. 

(ii) A=∅andB≠∅ . 

(iii) A≠ ∅ andB=∅. 

(iv) A≠∅ andB≠ ∅ . 

In the first case, it is straightforward to prove by induction on k that π௞ 
includes the blocks{i}for anyi∈{1,...,2௞ାଵ }. 

If A=∅	and B≠∅ , then ௠ܲ(π)includes the block {0,1}and this implies 
that	 ଵܲ ௠ܲ(π) includes the blocks {0,1} and {2,3}, which in turn implies that 
	 ଵܲ ଶܲ ௠ܲ(π) includes the blocks{0,1}, {2,3} and{4,5} . . . More generally 
	π௞	includes the blocks {0,1},{2,3},..., {2௞ାଵ,	2௞ାଵ+1} (this can be proved by 
induction). For 2௞ାଵ ≥2mthis is exactly π௞ =ܿ௠.  

In the same way, in the third case it is easy to prove by induction on k that 
π௞	includes the blocks {2݈ − 1,2݈}for݈∈{1,...,	2௞ }. 

 The fourth case follows from a similar proof by induction 
that	π௞(1)contains{0,1,2,...,	2௞ାଵ 2௞ାଵ +1}. The details are not provided. 



40 
 

 

Fig. 4. The partitions 0ଵଶ, ݎ଺, ܿ଺and 1ଵଶ. 

Although ௞ܲ(π) is defined for any partition ߨ, we will be mainly interested in 
the case when π is a non-crossing partition, and more precisely when ߨ ∈	
 .(݉,݀)∗ܥܰ

We first recall the definition of a non-crossing partition. A partition π of[N]is 
called non crossing if for any distinct  ݅ < ݆ < ݇ < ݈ ∈ [ܰ], ݅	 ∼ ݆ and ݇	ߨ ∼  ݈ߨ
implies  ݅	 ∼  in this definition either take for<the usual order on{1,...,N}or) ݆ߨ
the cyclic order since it gives to the same notion). More intuitively π is non-
crossing if and only if there is a graphical representation of π (on a regular 
polygon with n vertices as explained in the beginning) such that the paths lie 
inside the polygon and only intersect (possibly) at the vertices of the regular 
polygon. For example the partitions of Figs. 1, 2 are crossing, whereas the 
partitions in Figs. 4, 5, 6 are all non-crossing. The set of non-crossing 
partitions of [ܰ] is denoted by NC(N). The cardinality of ܰܥ(ܰ)is known to be 
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equal to the Catalan number (2ܰ)!/(ܰ! (ܰ + 1)!),  but we will only use that it 
is less that 4ேିଵ. we introduce the subset ܰܥ∗(݀,݉) of  ܰ(2݀݉)ܥ.  

       In the following, for a real number ݔ one denotes by ݔ the biggest integer 
smaller than or equal to x. 

Divide the set[2dm]into 2mintervals ܬଵ...	ܬଶmof sized: the first one is 

1ܬ	 = {1,2, . . . , ݀},			and	the		݇ݐℎ		is		ܬ௞ = {(݇ − 1)݀ + 1, . . . , ݇ௗ}. 

 To each element of [2dm]we assign a label in{1,...,d}in the following way: in 
any interval  ܬ௞ of size d as above, the elements are labelled from 1 to d if ݇ is 
odd and from d to 1 if ݇ is even. We shall denote by	ܣ௞the set of elements 
labelled by k. 

 

 

 

Fig. 5. A graphical representation of a partition π in N	C∗(3,6)and the 
corresponding restrictions π|஺భ,π|஺మandπ|஺య  



42 
 

 

Fig. 6. The map P for the partition π∈C∗(3,6)of Fig. 5. 

Deϐinition	(2.1.3)	[2] 

A non-crossing partition π of[2݀݉] belongs to NC∗(d, m) if each block of the 
partition has an even cardinality, and if within each block, two consecutive 
elements I and j belong to intervals of sized of different parity. Formally, the 
last condition means that [(i−1)/d]≠[(j−1)/d]mod 2 or equivalently 
k(i)≠k(j)mod 2 when i ∈ܬ௞(i) and Here are some first elementary properties 
ofN C∗(d, m): 

Lemma(2.1.4)	[2]	

If d=1, a non-crossing partition π ∈NC(2m)belongs toNC∗(1,m)if and only 

if it has blocks of even cardinality. A non-crossing partition of[2dm]is in 
NC∗(d, m)if and only if it has blocks of even cardinality and it connects only 
elements with the same labels(i.e. it is finer than the partition {ܣଵ,...,	ܣௗ}). 
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Proof:-	

The first statement is a particular case of the second statement, which we now 
prove. For any i∈[2dm] denote by ݇(݅)the integer such that i ∈ܬ௞(௜): ݇(݅) = 1 +
[(݅ − 1)/݀]. Let ߨ ∈ ,݀)∗ܥܰ	 ݉). Then by the definition of NC∗(d, m)every 
block of π contains as many elements i such that ݇(݅) is odd than elements i 
such that ݇(݅) is even. We have to prove that if s and t are two consecutive 
elements of a block of π, then s and t have the same labellings. Assume for 
example that s belongs to an odd interval, i.e. ݇(ݏ)is odd, and denote by 
=the label of s Then s(ݏ)݈ (ݏ)݇) − 1)݀ +  In the same way ,k(t)is then even.(ݏ)݈
and if l(t)is the label of t ,we have that t =k(t)d+1−l(t). Hence the number of 
elements ݅ ∈ ݏ} + 1, . . . , ݐ − 1} such that ݇(݅)(= 1 + [(݅ − 1)/݀])is odd is equal 
to ݀ − (ݏ)݈ + ݀ · (ݐ)݇) − (ݏ)݇ − 1)/2, and the number of elements i such that 
݇(݅)is even is equal to d−݈(ݐ) + ݀ · (ݐ)݇) − (ݏ)݇ − 1)/2. But since π is non-
crossing, the interval {ݏ + 1, . . . , ݐ − 1}is a union of blocks of π and therefore 
contains as many elements i such that ݇(݅)is odd than elements i such that 
݇(݅)is even. This implies ݈(ݏ) =   .is even (ݏ)݇ The proof is the same if .(ݐ)݈

Now assume that π∈	ܰܥ(݀݉)has blocks of even cardinality and that π is finer 
than the partition {ܣଵ,...,	ܣௗ}.Let s and t be two consecutive elements of a block 
of π. Then there is i such that s, t∈	ܣ௜ . Since π is non-crossing and π is finer 
than {ܣଵ,...,	ܣௗ},the set {s+1,...,t−1}∩ܣ௜ is a union of blocks of π, and in 
particular it has an even cardinality. But {s+1,...,t−1}∩ܣ௜  is the set of elements 
labelled by i in the union of the intervals ܬ௞	݂ݎ݋	(ݏ)݇ < ݇ <  for the cyclic)(ݐ)݇
order). Hence its cardinality is ݇(ݐ) − (ݏ)݇ − 1. Hence k(t)−k(s) is odd. Since s 
and t are arbitrary, this proves that ߨ	 ∈  	.(݉,݀)∗ܥܰ

Thus to any ߨ ∈ we can assign d partitions π|஺భ(݉,݀)∗ܥܰ ,...,	|஺೏ , which are the 
restrictions of π to	ܣଵ,...,	ܣௗ , respectively. It is immediate that for any i 
∈{1,...,d}, πܣ௜∈NC∗(1,m). See Fig.	 5 for an example. To study NC∗(d, m), we 
thus begin with the study of NC∗(1,m). 

The first lemma shows that if k is a multiple of d, then ௞ܲ maps NC∗(d, m)into 
itself: 
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Lemma	(2.1.5)	[2]	

If k ∈N and π∈ℕC(2N)then ௞ܲ(π)∈NC(2N). If k ∈	ℕ then for any π ∈NC∗(d, m), 
௞ܲௗ(π)∈NC∗(d, m). Moreover if π ∈NC∗(d, m), then for any i∈{1,...,d}: 

௞ܲௗ d(π)	|஺೔=P௞|஺೔). 

We have the following corollary of Lemma (2.1.2) 

Corollary	(2.1.6)	[2]	

Let π ∈NC∗(d, m). Then for 2௞ ≥m, the partition ߨ௞ =ܲଶೖௗܲଶೖషభௗ... 

ଶܲௗ ௗܲ ௠ܲௗ (π) is one of the 2d+1partitions σ௜
(ௗ,௠) for l =0,1,...,d and σ෥௜

(ௗ,௠)for     
l =1,2,...,d defined by 

σ௜
(ௗ,௠) |஺೔=  ൜

ܿ௠					݂݅	1 ≤ ݅ ≤ ݈,
݈		݂݅			௠ݎ ≤ ݅ ≤ ݀, ൠ 

σ෥௜
(ௗ,௠)݇݀|஺೔= ቐ

ܿ௠					݂݅	1 ≤ ݅ ≤ ݈,
1ଶ௠																											௜௙	௜ୀ௝,
݈	݂݅					௠ݎ ≤ ݅ ≤ ݀.

ቑ 

Moreover for any integer i, ௜ܲௗ  (π)=π when π is one of the partitions σ௜
(ௗ,௠) for 

݈	=0,1,...,d and σ෥௜
(ௗ,௠)l for l=1,2,...,d. 

Proof:-	

Let k and π as above. By	 Lemma (2.1.5), π௞|஺೔  =ܲଶೖܲଶೖషభ...	 ଶܲ ଵܲ ௠ܲ (π|஺೔), 
which is by Lemma (2.1.2) one of 0ଶ௠, ݎ௠, ܿ௠	and 1ଶ௠. But since 0ଶ௠does not 
have blocks of even sizes, only the three ݎ௠, ܿ௠and 1ଶ௠are possible. 

Let 1≤i<j≤d.If π௞|஺೔= ݎ௠ or 1ଶ௠then in particular i∼π௞2d+1−i. Since π௞	is 
noncrossing  ,j  ͊π௞ 1−j, which implies that π௞|஺ೕ= ܿ௠,	1ଶ௠. Thus π௞|஺ೕ=ݎ௠ .In 
the same way if π௞|஺ೕ =ܿ௠or 1ଶ௠then	π௞|஺ೕ=ܿ௠. This concludes the proof. 

Similarly, the second claims follows from the fact (easy to verify) that ௜ܲ (π)=π 
for any i∈[2m]when π=1ଶ௠, ݎ௠orܿ௠.  
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An important subset of ܰܥ∗(݀,݉)is the subset ܰܥଶ∗(݀,݉)of partitions in 
,݀)∗ଶܥܰ .with blocks of size 2 (݉,݀)∗ܥܰ ݉)is naturally in bijection with the 
non-decreasing chains (for the natural lattice structure on NC(m)) of length d 
of non-crossing partitions of[m]. Let us denote by ܰܥ(݉)(ௗ)this set of non-
decreasing chains in ܰܥ(݉),for the order of refinement, given by π ≤ πᇱ if πᇱ 
is finer that π. The bijective map Nܥଶ∗(d, m)→ܰܥ(݉)(ௗ) extends naturally to a 
(of course non-bijective) map ܰܥ∗(݀,݉) →  which is of interest. We(ௗ)(݉)ܥܰ
now describe the construction of this map. 

Let π ∈Nܥ∗(1,m), that is a non-crossing partition of [2m]with blocks of even 
size. Then Φ(π)is the partition of[m]defined by the fact that ∼	Φ(஠)  is the 
transitive closure of the relation that relates ݇ܽ݊݀	݈	if 2k∼஠ 2݈	or 

	2݇ − 1 ∼஠ 2݈	 or 2݇ ∼஠ 2݈ − 2݇ݎ݋1 − 1 ∼஠ 2݈ − 1. That is Φ(π)is the partition 
obtained by identifying the 2k−1 and 2k in[2m]to get k∈[m]. 

If π ∈Nܥ∗(d, m), we deϐine the map PbyP(π)=(Φ(π|A1),...,Φ(π|஺೏)). See Fig. 6. 
The map P is a good tool to make a finer study of Nܥ∗(d, m). 

The result is that partitions in Nܥ∗(d, m)are not far from belonging to Nܥଶ∗(d, 
m): 

Theorem	(2.1.7)	[2]	

For any σ ∈Nܥଶ∗(d, m)there are less than 4ଶ௠partitions π ∈Nܥ∗(d, m)such That 
(ߨ)݌ =  .(	ߪ)݌

Moreover for such a π, the partition σ is finer than π and the number of blocks 
of π of size2 is greater thandm−2m, and every block has size at most 2m. 

Proof	:-	

Let σ ∈Nܥଶ∗(d, m).If π ∈Nܥ∗(d, m) satisfies ݌(π)=σ then Lemma (2.1.8)  applied 
to σ|஺೔and π |஺೔for i =1,...,	݀௣  roves that σ is ϐiner than π, and 1.9 implies that π 
has at least ݀݉ − 2݉ blocks of size 2. The fact that every block of π has size at 

Most m  just follows from the definition of Nܥ∗(d, m):π is indeed finer 
than{	ܣଵ,...,	ܣௗ}with|ܣ௝|=2m. 
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 We now prove the ϐirst statement of Theorem (2.1.7) Let A be the subset 
of[2݀݉] given by Lemma (2.1.11) Then there is an injection: 

π ∈N	ܥ∗(d, m),	݌(π)=	݌(σ ) →ܰ[2݀݉]ܥ\A, π→ π	|[ଶௗ௠]\஺. 

 In particular since there are less than 4ேnon-crossing partitions on[N], the 
first statement of the theorem follows with 4ଶ௠ replaced by 4ସ௠because 
[2dm]\A has cardinality less than 4m.To get the 4ଶ௠ just replace [2dm]\A by 
a set B that contains exactly one element of σ(k)for any k∈[2dm]\A. Then B 
has cardinality less than 2m because [2dm]\A is a union of blocks (=pairs) of 
σ, and the previous map is still an injection since π ∈N	ܥ∗(d, )and P(π)=P(σ ) 
implies that σ is finer that π.  

Motivated by Lemma(2.2.1) we are interested in invariants of the operations 
 .let B(π)be the number of blocks in Φ(π)(m,1)∗ܥFor π ∈N.(d, m)∗ܥ௞ௗ on N݌
This is the fundamental observation: 

This theorem will follow from a series of lemmas. Here is the first one, which 
treats the case d=1: 

Lemma	(2.1.8)	[2]	

Let σ ∈Nܥଶ∗(1,m)and π∈	Nܥ∗(1,m)such that Φ(π)=Φ(σ). Then σ is finer than π. 

More precisely if π ∈Nܥ∗(1,m) and if {݇ଵ<݇ଶ<···<݇௣}is a block of Φ(π), then for 

Any i, 2݇௜  ∼π2݇௜ାଵ−1 (with the convention ݇௣ାଵ=݇ଵ). 

Proof:-	

The first statement follows easily from the second one. We thus focus on the 
second statement. At least as far as partitions in Nܥଶ∗(1,m)are concerned, this 
is explained in the discussion  .The proof is the same for a general π 
∈Nܥ∗(1,m), but for completeness we still provide a proof.  

It is clear that Φ(π)(k)={k} implies that 2k∼஠2k−1. Thus to prove the 
statement we have to prove that if k and l are consecutive and distinct 
elements of a block of Φ(π)then 2݇ ∼గ 2݈ − 1. 
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The first element in (2݇)ߨ after 2݇ is odd, that is of the form 2p−1, because 2k 
is even and the parity alternates in blocks of π. We claim that  ݌ = ݈. Note that 
we necessarily have ݇ < ݈ ≤ ݇	 because (again for the cyclic order)݌ ∼஍(గ)  .݌
Suppose that k<l<p. We get to a contradiction: indeed since ݈ ∼஍(గ) 	݇ 
and{2݈	−1,2݈} ⊂ {2݇ + 1,2݇ + 2, . . . ݌2, − 2}there is at least one ݆ ∈ {2݇ +
1,2݇ + 2, . . . ݌2, − 2}	 and ݅	 ∈ ݌2} − .݌1,2 . .2݇} such that i ∼ߨ௝ . But  by 
definition of p, j  ͊2 ߨk and j  ͊2 ߨp−1. This contradicts the fact that π is non 
crossing.  

We can now check that	݌  is well defined: 

Lemma	(2.1.9)	[2]	

The map P from N	ܥ∗(d, m)takes values in NC(m)(ௗ). 

Proof:-	

Let π∈	N	ܥ∗(d, m);we have to prove that if 1	≤ i<j	≤ d then Φ(π	|஺ೕ) is finer 
than 

Φ(π	|஺೔). 

Let{	݇ଵ<	݇ଶ<···<	݇௣}be a block of Φ(π	|஺೔). Suppose that Φ(π	|஺೔)(	݇ଵ) 
⊈{	݇ଵ,	݇ଶ...	݇௣}. Then there exist 1	 ≤ 	ݏ ≤ ݈	and ݌ ∉{	݇ଵ,	݇ଶ ...	݇௣}such 
that	݇௦and l are consecutive elements of Φ(π	|஺ೕ)(	݇ଵ)(for the cyclic order). If 
1	≤t ≤	p is such that ݇௧ <݈<	݇௧ାଵ (with again the convention ݇௣ାଵ=	݇ଵ), we 
have by Lemma (2.1.8) that 2	݇௧ ∼஠|ಲ೔

2݇௧ାଵ−1 and 2݇௦ )௠ ∼஠|ಲೕ
2݈ − 1, which 

contradicts the fact that π is non-crossing. This shows that 
Φ(π	|஺ೕ)(	݇ଵ)⊆{	݇ଵ,	݇ଶ...	݇௣}=Φ(π	|஺ೕ)(	݇ଵ).  Since ݇ଵwas arbitrary, the proof is 
complete.  

Here is a last elementary lemma concerning general non-crossing partitions: 

Lemma(2.1.10)	[2]	

Let N ∈ℕ and π ∈NC(N)with α blocks. Then the number of k∈[N]such that 

k∼గk+1 is greater or equal toN−2(α−1). 
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Proof:-	

 For π ∈NC(N), let us denote by c(π)the number of k∈[N]such that k∼గk+1. We 
prove by induction on α that if π ∈NC(N)has α blocks, then c(π)N−2(α−1).If 
α=1, this is clear since c(π)=N. 

Assume that the statement of the lemma is true for all N and all π ∈NC(N)with 
α blocks. Take π ∈NC(N)withα+1 blocks. Since π is non-crossing there is a 
block of π, say A, which is an interval of size S .Ifπ|[୒]\୅ is regarded as an 
element of NC(N−S)then c(π)≥ S−1+c(π|[୒]\୅)−1. By the induction hypothesis 
c(π|[୒]\୅)	≥N−S−2(α−1), which implies c(π)	≥N−2αand thus concludes the 
proof. 

We have The next lemma, and Theorem (2.1.7) will easily follow from it: 

Lemma	(2.1.11)	[2]	

Let σ ∈Nܥଶ∗(d, m). Then there is a subset A of [2dm]of size greater than 2݀݉ − 

4݉, which is a union of blocks of σ, and such that for any π∈Nܥ∗(d, m)with 

 .and any k ∈A , π(k)=σ(k) ( σ)݌	=(π) ݌ 

Proof:-	

For any 1≤j≤d, denote by σj =Φ(σ|஺ೕ). Denote by d	 σௗାଵ +1=0௠.Fix now 1	≤ 
i	≤ d and{݇ଵ<݇ଶ<···<݇௣}a block of σ௜ . As usual we take the convention that 
݇௣ାଵ=݇ଵ.We claim that if ݇௦ ∼ σ௜ାଵ ݇௦ାଵthen for any π ∈Nܥ∗(d, m) with 
݅− π(2d݇௦ ,( σ)݌	=(π)݌ + 1)= {2d݇௦−i+1,2d݇௦+1 − 2݀ + ݅}(=σ(2d݇௦−݅ + 1)by 
Lemma (2.1.8). 	

Let us first check that this claim implies the lemma. By Lemma (2.1.9) 
,	σ௜ାଵfiner than	σ௜ and in particular its restriction to {݇ଵ,	݇ଶ...	݇௣}makes sense. 
By Lemma (2.1.10), the number of s’s in {1,...,p}such that ݇௦ ∼σ௜ାଵ݇௦+1is 
greater than p−2(|σ௜ାଵ |{௞భ ,௞మ...௞೛}|−1)where |σ| is the number of blocks of σ. 
Thus summing over all blocks of	σ௜  we get at least 2m−4(|σ௜ାଵ|−|σ௜|)Elements 
k inܣ௜such that π(k)=σ(k)for any π ∈Nܥ∗(d,m)with	݌(π)=	݌(σ ). This allows to 
conclude  the proof since 
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∑ (2m − 4(|σ௜ାଵ| − |σ௜|ௗ
୧ୀଵ )) = 2݉݀ − 4(|σௗାଵ| − |σଵ| > 2݉݀ − 4݉.  

Note that A is constructed as a union of blocks of σ. 

We now only have to prove the claim. Assume that ݇௦  ∼σ௜ାଵ݇௦ାଵand take π 
∈Nܥ∗(d, m) such that P(π)=P(σ ). By Lemma (2.1.8) applied to 
Φ(σ|஺೔)=	σ௜ ,2d݇௦ −i+1∼π2d݇௦+1− 2d+i. Thus we only have to prove that if ks 
∼σi+1 

ks+1there is no k∈{{݇ଵ,	݇ଶ...	݇௣}}\{ks+1}such that 2d݇௦−݅ + 2݀݇ߨ∽1 − 2݀+i. 

But if ݇௦∼σ௜ାଵ݇௦ାଵ then i ≠d(because σd+1=0௠) and by 
Lemma(2.1.9)݇௦and݇௦+1 are consecutive elements inσ௜ାଵ(݇௦). Thus by 
Lemma (2.1.8) , 2d݇௦  −i∼π2dks+1−2d+i+1. The condition that π is non-
crossing implies the claim since fork∈{{݇ଵ,	݇ଶ...	݇௣}}\{݇௦ାଵ}, 

2d݇௦−i<2d݇௦−i+1<2d݇௦+1−2݀ + ݅ + 1 < 2݀݇ − 2݀ + ݅, 

that is(2d݇௦−݅ + 1,2݀݇ − 2݀ + ݅)and(2d݇௦−i,2d݇௦+1−2݀ + ݅ + 1)are crossing.  

We can now prove the theorem. 

Lemma	(2.1.12):-	

For any π ∈Nܥ∗(1,m) 

B(π)=ଵ
ଶ
(B(݌௞(π)+ܤ	(݌௞ା௠ (π))). 

This lemma is a consequence of the following description, which proves that 
for any k ,the set of blocks of Φ(π)but one is in bijection with the set of blocks 
of π that do not contain k and that begin with an odd element (after k for the 
cyclic order): 

Proof	:-	

We use Lemma (2.1.13) with k+1 instead of k. For any π ∈Nܥ∗(1,m)we denote 
by ߨ)ܨ, ݇)the set of odd ݈∈[2݉]\{݇ + 1}such that ݈ ∼஠ ݈⇒	 ݈ ≤ ݈ᇱ <݇ + 1. We 
know that |F(π ,k)|=B(π)−1. Moreover let us decompose F(π ,k)as the disjoint 
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union of	ܨଵ (π, k) andܨଶ(π, k)defined by :	݈∈ܨଵ(π, k)if and only ݈∈	F(π ,k)and 
π(݈)⊂	݈௞ା௠ ; and ܨଶ(π, k)is the set of ݈∈F(π ,k)such that π(݈)∩	ܫ௟ ≠ ∅ . 

If ݈∈݈௞ା௠ then ݈∈F(݌௞ା௠(ߨ), ݇)	if and only if ݈ ∈F (π ,k)because if k+1≤ ݈ᇱ<l, 
then݈∼݌௞ା௠(π) ݈ if and only if ݈ ∼஠ ݈. 

Take now ݈ ∉  if and only if݈is(݇ ,௞ା௠(π)݌)݈ is inF	௞ା௠. By definition of F(· , k),ܫ
odd and	݈ is the ϐirst element (after k+1 for the cyclic order) of a block of	݌௞ା௠ 
(π)contained in	ܫ௞, which is equivalent to the fact that ݏ௞(l)=2k+1−݈ is even 
and is the last element of a block of π contained in ܫ௞ା௠. Such a block then has 
first element odd, and thus belongs to ܨଵ(π, k)except if it is equal tok+1. To 
summarize, we have thus proved that 

|F(݌௞ା௠(π),k| = |F(π ,k)∩  ଵ(π ,k)|  +1ܨ| + |௞ା௠ܫ

If k+1 is odd and π(k+1)⊂	ܫ௞ା௠={k+1,k+2,...,k+m}, and 

|F(݌௞ା௠(π),k| = |F(π ,k)∩  ଵ(π ,k)|                                              (12)ܨ| + |௞ା௠ܫ

Otherwise. 

We now compute |F(݌௞(π), k)|.If ݈ ∈ܫ௞ then as above ݈ ∈F(݌௞(π), k)if and only if 
݈	∈ F(π  ,k).If ݈/∈ܫ௞ then ݈ ∈F(݌௞(π), k)if and only if ݈	is odd and ݈ is the first 
element strictly After k+1 (in the cyclic order) of a block of	݌௞(π)not 
containing k+1. By construction of ݌௞(π) this is equivalent to the fact that 
 ௞, is different from K and is the last elementܫ	is even, belongs to	௞(l)=2k+1−݈ݏ
before in a block of π. The first element (strictly after kin the cyclic order) of 
such a block is then in ܨଶ(π, k) except if it is equal to k+1. Reciprocally, if ݈ is 
the last element of a block containing an element of ܨଶ(π, k) then ݈ =ݏ௞(݈ᇱ)∈	
F(݌௞  (π), k) except if ݈ =k. The same is true if π(k+1)⊈ 	   ,k+1 is odd and if	௞ା௠ܫ
݈ denotes the last element in  π(k+1). Thus 

|F(݌௞(π),k| = |F(π ,k)∩ ௞ܫ+ ௞ is evenܫ−  |ଶ(π ,k)ܨ| + |௞ܫ 	k is even and  

−1kis even and π(k+1)	⊈   .௞ା௠ܫ

|F(݌௞(π),k| = |F(π ,k)∩  ௞ is even and π(K+1)⊂ Summing thisܫ− |ଶ(π ,k)ܨ| + |௞ܫ
last equality with (11) or (12) yields 
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|F݌௞(π), k)|+|F݌௞ା௠ (π), k| 

= F(π, k)∩	ܫ௞ ܨଶ(π, k) F(π ,k)∩	ܫ௞ା௠ܨଵ(π, k) =2F(π,k). 

This concludes the proof since by Lemma (2.1.13) for any σ ∈Nܥ∗(1,m), 

 |F(σ ,k)|= B(σ)−1.  

Another relevant subset of  NC(2dm)is the set NC(d ,m)of partitions π with 
blocks of even cardinality and that connect only elements of different intervals 
 .௞ܬ∋ ௞. In other words for all i, j ∈[2dm], I   ͊π j if i, jܫ

The following observation is very simple but, it is the motivation for the 
introduction of NC(d ,m): 

Lemma	(2.1.13)	[2]	

Let ݇	 ∈ [2݉] and ߨ	 ∈ ܰ	(1,݉). Then (ߨ)ܤ − 1is equal to the number of 

݈	∈ 	 [2݉]\{݇}such that ݈ is odd and such that for any ݈ᇱ ∼π݈,	݈ ≤ ݈ᇱ<k  (for the 
cyclic order). 

Proof	:-	

Indeed the set of odd ݈’s different from k such that ݈ᇱ ∼஠ ݈ ⇒݈	 ≤ ݈ᇱ <k(for the 
cyclic order) is in bijection with the blocks of Φ(π)that do not contain(k+1)/2. 

   The direct map consists in mapping to any such ݈ the block Φ(π)(	⌊(� l+1)/ �2⌋) 
and the reverse map gives to any block A of Φ(π)no containing ⌊(� k+1)/ �2⌋the 
smallest ݈ greater thank(again for the cyclic order) such that⌊(� l+1)/ �2⌋∈A. The 
reader can check using Lemma (2.1.8)	that these maps are indeed inverses of 
each other. 	

Lemma	(2.1.14)	[2] 

Let π ∈NC(2dm)with blocks of even cardinality. Then π ∈NC(d ,m)if and 

only ifπ does not connect two consecutive elements of a same subinterval ܬ௜ 

. In other words, i∼π௜  +1only if i is a multiple of d. 
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Proof:- 

The only if part of the proof is obvious. The converse follows from the fact that 
a non-crossing partition always contains an interval (if π is non-crossing with 
blocks of even size, and s<t∈ܬ௜ with s∼π௧ and t ≠s+1, apply this fact 
toπ|{ୱ,ୱାଵ,...,୲ିଵ}).  

We show the following. 

Theorem	(2.1.15)	[2]	

The cardinality of NC(d ,m)is less than (4d+4)ଶ௠. 

Moreover for any π ∈NC(d ,m)the number of blocks of π of size 2 is greater 
than(d−2)m. 

The idea of the proof is similar to the proof of we try to reduce to the subset of 
NC(d ,m)consisting of partitions into pairs. For this we introduce the map 
Q=Q(N) from the set of non-crossing partitions of [2N] into blocks of even 
sizes to the set of non-crossing partitions of[2N]into pairs. The map Q has the 
property that if π ∈NC(2N)has blocks of even sizes, then Q(π)is finer than π 
and any block{݇ଵ,...,	݇ଶ௣}of π with 1≤ ݇ଵ<···<݇ଶ௣ ≤2N Becomes p blocks of 
Q(π), namely{݇ଵ,	݇ଶ},...,{݇ଶ௣ିଵ,	݇ଶ௣}. It is straight forward to check that this 
indeed defines a non-crossing partition of [2N] into pairs. Note that unlike 
here the element 1∈[2N]plays a speciϐic role in the definition of Q and we 
abandon the cyclic symmetry of [2N]. But this has the advantage to allow to 
define an order relation on the set of pairs of elements of[2N]: we will say that 
a pair (i, j ) covers a pair(k, l) if1 ≤ ݅ < ݇ < ݈ < ݆ ≤ 2ܰ. 

A noteworthy property of Q is that if σ=Q(π)then two blocks (=pairs) of σ 
cannot be contained in the same block of π if one covers the other. In other 
words if 1≤i<k<l<j≤2N with i∼஢ j and k∼஢ ݈ then i∼஠k. 

Following the notation of, the image Q(NC(d, m))is denoted by (d, m); it is the 
set of partitions of π into pairs that do not connect elements of a same 
subinterval ܬ௞ for k=1,...,2m. We are not aware of any nice combinatorial 
description of I(d, m)as for Nܥଶ∗(d, m), but a precise bound for its cardinality is 
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known: ,the cardinality of I(d, m)is equal to τ( ௗܶ  (s)ଶ௠)where ௗܶ  is the dth 
Tchebycheff polynomial and s is a semicircular element of variance 1 in a 
tracial ܥ∗-algebra (A, τ ). In particular since ௗܶ(s)=d+1 we have that |I(d, 
m)|	≤ (d+1)ଶ௠. Theorem (2.1.15) will thus follow from the following more 
general statement: 

Lemma(2.1.16)	[2]	

Suppose that [2N] is divided into k non-empty intervals ଵܵ,...,	ܵ௞ and let σ be 
anon-crossing partition of[2N]into pairs that do not connect elements of a 
same subinterval ௜ܵ . Then there are at most	4௞ିଶnon-crossing partitions π of  
[2N]that do not connect elements of a same subinterval ௜ܵ  and such that Q(π)= 
σ . Moreover for such a π there are at most2k−4 element ܵଵ ∈[2N]for which 
π(i)is not a pair.	

Proof:-	

We prove this statement by induction on N. For simplicity of notation we will 
assume that the intervals ଵܵ,...,	ܵ௞are ordered, i.e .that if i∈ܵ௦ and j ∈ ௧ܵ  with s<t 
then i<j. 

If N=1 and σ is as above then σ=12, k=2, and there is only one π ∈NC(2) with 

Q(π)=σ. This proves the assertion for N=1. 

Assume that the above statement holds for 1,2,...,N−1 and take σ as above. 
Consider the set{{ݏ௜ ,	ݐ௜},i=1...p}of outermost blocks (=pairs) of σ, i.e. the set of 
pairs of σ that are not being covered by another block of σ. If we order the ݏ௜’s 
and ݐ௜’s so that ݏ௜<ݐ௜  and ݏ௜<ݏ௜ାଵthen we have that	ݏଵ=1,	ݏ௜ାଵ=ݐ௜ + 1 and ݐ௣=2N. 

By the property of Q mentioned above, a partition π ∈NC(2N)that does not 
connect elements of the same interval ௝ܵ  (for j=1,...,k) satisϐies Q(π)=σ if and 
only if the following properties are satisfied: 

•For any 1≤i≤p, {ݏ௜ +1,...,	ݐ௜ −1}is a union of blocks of π, the non-crossing 
partition π|{௦೔ାଵ,...,௧೔ିଵ} does not connect elements of the same subinterval Sj 
 .For j=1,...,k, and Q(π|{௦೔ାଵ,...,௧೔ିଵ})=σ|{௦೔ାଵ,...,௧೔ିଵ} {௜ −1ݐ	,...,௜+1ݏ}∩
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•Any block ofπ|{௦೔ାଵ,...,௧೔ିଵ}is a union of pairs {ݏ௜  ௜}and does not contain 2ݐ	,
elements of a same interval ௝ܵ . 

Define	ܭା (i) and ିܭ (i) for 1≤i≤p by ݏ௜ ∈ܵ௞ି(௜) and ݐ௜  ∈ܵ௞ା(௜). Then for any 1 
≤i ≤p,	ିܭ (i) < k+(i)and for i<p, ܭା (i) ≤  .(i+1) ିܭ

Since {ݏ௜+1,...,	ݏ௜−1} intersects at most ܭା (i)	−	ିܭ (i)+1  different intervals ௝ܵ , 
we have by the induction hypothesis that the number of non-crossing 
partitions of{ݏ௜+1,...,	ݐ௜ −1}that satisfy the first point above is at most 
4௄శ 	(୧)ି௄ష	(୧)ାଵ ,and for such a partition at most 2(ܭା (i)−	ିܭ (I )−1)elements 
of{ݏ௜+1,...,	ݐ௜ −1}do not belong to a pair. 

Moreover the set of non-crossing partitions of{ݏଵ, ,ଵݐ ,ଶݏ  ௣}that satisfyݐ௣ݏ	,...,ଶݐ
the second point is in bijection with the set of non-crossing partitions 
of{ݏ௜ ,i=1...p}such that ݏ௜   ͊ ݏ௜ାଵif ܭା (i) =ିܭ (i+1) .Its cardinality is in particular 
less than (or equals) the number of non-crossing partitions of[p], which is less 
than 4௣ିଵ. Therefore the total number of non-crossing partitions 

π of[2N]that do not connect elements of a same subinterval ௝ܵ  and such that 
Q(π)=σ is less than 

4௣ିଵෑ4௞ା(௜)ି௄ష	(୧)ିଵ
௣

௜ୀଵ

≤ 4௞ିଶ. 

 

We used the inequality ∑ (i)	ାܭ (i)	ିܭ	− ≤ ݇ − 1 − ௣݌
௜ୀଵ . To prove that for 

such a π at most 2k−4 elements of [2N]do not belong to a pair of π, note  

that  for an element j∈[2N]the block π(j)is not a pair either if 
j∈{ݏଵ,	ݐଵ,...	ݏ௣,	ݐ௣}or if j belongs to a block of π|{௦೔ାଵ,...,௧೔ିଵ}which is not a pair for 
some 1≤i≤p. If ܭା (i) < ିܭ (i+1) for some i then we are done since 
2p+∑ (i)	ାܭ2 − 	(i)	ିܭ2

௣
௜ୀଵ − 2 ≤ 2݇ − 4. To conclude the proof we thus have 

to check that ifk+(i)=k−(i+1)for any 1≤i<p then there are at least 
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2 elements of{ݏଵ,	ݐଵ,...,	ݏ௣,	ݐ௣}that belong to a pair of π. But this amounts to 
showing that a non-crossing partition of[p]such that i   ͊ i+1 for any 1≤i<p 
contains at least one singleton, which is clear.  

The following lemma is also an easy extension of Lemma (2.1.2). Remember 
that the partitions 	σ௟

(ௗ,௠)and σ෥௟
(ௗ,௠)are defined in Corollary (2.1.6).	

Lemma	(2.1.17)	[2]	

Fix integers d and m. For any k∈[2m] and π ∈NC(d ,m)the partition ௞ܲௗ(π) 

also belongs to NC(d ,m) Let k ∈ℕ such that 2௞ ≥ m. Then for any partition π ∈	
NC(d ,m), the partition π௞ = ܲଶೖܲଶೖషభ... ଵܲ ଶܲ ௠ܲ (π) is one of the 2d+1partitions 
σ௟
(ௗ,௠)for 0≤l ≤d or σ෥௟

(ௗ,௠)for 1≤l≤d. 

Proof:-	

The first point is straightforward. 

The proof of the second point is the same as Lemma(2.1.2): depending on the 
fact that {1,2,...,dm}∩π(i)\{i} and{dm+1,...,2dm}∩π(i)are empty or not for i 
=1,...,d, we prove by induction on k that π௞  has the right properties. 

 

Section(2-2):-	

Inequalities	and	A	main	Result 

 

For any partition π of [2N], and any k=(	ܭଵ,...,	ܭଶே  )∈ℕଶே, we write k≺ π if for 
any i, j ∈[2N]such that i∼π j, ݇௜  =	 ௝݇ . 

Let a=(ܽ௞)௞∈ℕಿ be a finitely supported family of matrices. For any 
k=(ܭଵ,...,	ܭே)∈	ℕேlet ෤ܽ௞ =a(ܭே  .(ଵܭ	,...,ேିଵܭ	,

For such ܽ	and for a partition π of[2N], we denote by S(a,π,N,1)the following 
quantity: 
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S(a,π,N,1)=∑ ௞ܽݎܶ ෤ܽ௟∗௞,௟∈ℕಿ,(௞,௟)≺஠ .                                                              (13) 

More generally for integers m, d, for a finitely supported family of matrices 
a=(ܽ௞)௞∈ℕ೏  and a partition π of [2dm], we deϐine 

S(a,π,d,m)= ∑ ௞భܽ)ݎܶ ෤ܽ௞మ
∗

௄భ ,…,௄మ೘∈ℕ೏(௄భ,…,௄మ೘)≺஠ ܽ௞య …ܽ௞మ೘షభ ෤ܽ௞మ೘
∗ ). (14) 

In this equation and in the rest of the section an element k=(ܭଵ,...,	ܭଶ௠)	∈
(ℕௗ)ଶ௠ is identified with an element of	ℕଶ௠ௗ . Therefore the expression k≺	π 
has a meaning for π  ∈NC(2dm). 

The following application of the Cauchy–Schwarz inequality is what motivates 
the introduction of the operations ௞ܲ  on the partitions of[2N]. The same use of 
the Cauchy–Schwarz inequality has been made in the second part of [4]. 

Lemma	(2.1.1)[2]	

For a partition π of[2N]and a ϐinitely supported family of matrices a=(ܽ௞)௞∈ℕಿ , 

|S(a,π,N,1)| ≤S(a, ଴ܲ (π), N,1)ଵ/ଶ(S(a, ேܲ(π), N,1)ଵ/ଶ. 

More generally for a partition π of[2dm], for a finitely supported family of 
matrices a= (ܽ௞)௞∈ℕಿ  and any integer i, 

 

|S(a,π,d,m)| ≤(S(a, ௗܲ௜ (π), d, m))ଵ/ଶ (S(a, (ܲ௠ା௜)ௗ(π), d, m)ଵ/ଶ. (15) 

Proof:-	

The second statement for i=0 follows from the ϐirst one by replacing N by dm. 
Indeed for any and k=(݇ଵ,...,	݇௠)∈(	ℕௗ)௠ ≃ ℕௗ௠, denote β௞=ܽ௞భ ෤ܽ௞మ

∗ ܽ௞య ...	ܽ௞೘	if 
m is odd and  β௞= ܽ௞భ ෤ܽ௞మ

∗ ܽ௞య ...˜ ෤ܽ௞೘
∗  if m is even. We claim that 

S(a,π,d,m)=S(β,π,dm,1).We give a proof 

When m is odd, the case when m is even is similar. It is enough to prove that if 
݇=(݇ଵ,...,	݇௠)∈ ℕௗ)௠	thenβ෨௞∗= ෤ܽ௞భ

∗ ܽ௞మ...	 ෤ܽ௞೘
∗ .But if  r:	ℕௗ→ℕௗ  denotes the map 

r(ݏଵ,...,	ݏௗ)=(	ݏௗ   ଵ) We  have thatݏ	,...,
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β෨௞∗  = β෨௥(௞೘)
∗  (ଵ݇)ݎ	,…,

ܽ௥(݇௠)=	 ෤ܽ௥(௞మ)
∗ ܽ௥(௞భ))

∗ 

ܽ௥(௞భ) ෤ܽ௥(௞మ)
∗ … ෤ܽ௥(௞೘)

∗ . 

෤ܽ௥(௞భ)
∗ ܽ௞మ… ෤ܽ௞೘

∗ . 

For a general i the following argument based on the trace property allow to 
reduce to the case i =0: for a partition π of [2dm] and any n∈[2dm] denote  

τ௡(π) the partition such that s∼τ௡(π)t if and only if s+n∼஠ t +n, so that  

P௡ା௞ (π)=(τ௡ିଵ◦( ௞ܲ)◦	τ௡)(π) for any integer k. Moreover by the trace property 
S(a,π,d,m)=S(a,	τௗ௜ (π), d, m) if n is even and S(a,π,d,m)=S( ෤ܽ∗,	τௗ௜ (π), d, m)  if i 
is even (here ෤ܽ∗ denotes the family (	 ෤ܽ௞∗ )௞∈ℕ೏). Therefore if one assumes that 
the inequality (15) is satisϐied for any π and any a but only for i=0, then we  
can deduce it for a general i in the following way. Denote b=(ܽ௞)௞∈ℕ೏   if i is 
even and b=(	 ෤ܽ௞∗ )௞∈ℕ೏ 	if i is odd and: 

|ܵ(ܽ, ,ߨ ݀,݉)|ଶ 	 = |ܵ(ܾ, ߬ௗ௜(ߨ), ݀,݉|ଶ	

≤ 	ܵ(ܾ, ଴ܲ߬ௗ௜	(ߨ)), ݀,݉)ܵ(ܾ, ௗܲ௠߬ௗ௜(ߨ), ݀	,݉)	

= ܵ(	ܾ, ߬ௗ௜( ௗܲ௜	(ߨ), ݀,݉)ܵ(ܾ, ߬ௗ௜( ௗܲ௠ା௜ௗ(ߨ)	, ݀,݉).	

= ܵ(ܽ, ௗܲ௜(ߨ), ݀,݉)ܵ(ܽ, (ܲ௠ା௜ௗ)	(ߨ), ݀,݉).	

We now prove the first statement. We take the same notation as in Definition 
(2.1.1).Let us clarify the notation for the rest of the proof. In the whole proof, 
for a set X we see	ܽ௞∈ℕ௑  as a function from X to ℕ, and for an integer ܰ we 
will identify ℕே  With ℕ[ே].In particular, if X and Yare disjoint subsets of a set 
Z, and if k ∈ℕ௑  and l∈ℕ௒, [k, ݈]will denote the element of ܰ	ܺ ∪ ܻ 
corresponding to the function on X∪Y that has k as restriction to X and las 
restriction to Y. 

Let us denote by A the union of the blocks of π that are contained in 
I_N={1,...,N},by B the union of the blocks of π that are contained in 
ேܫ\[2ܰ] = {ܰ + 1, . . . ,2ܰ} =  ଶேand By C the rest of [2N]. In the followingܫ
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equations, swill vary in ℕ஺ , t in ℕூಿ \஺ , u in ℕ஻  And v in ℕூమಿ  \B . For such s, t, 
,and with the previous notation ݒ	݀݊ܽ	ݑ ,ݏ] ,ݐ ,ݑ [ݒ ≺π if and only if s≺	π|஺ , [t 
,v]≺π|஼ 	and u ≺π |஻.F or k	∈ℕூమಿ  (i.e .k is a function k:	ܫଶே→ℕ), we will also  
abusively denote ෤ܽ௞ ≝ ෤ܽ௞(ேାଵ),...,୩(ଶ୒)).With this notation the deϐinition in (13) 
becomes 

ܵ(ܽ, ,ߨ ܰ, 1) = ෍ [௦,௧]ܽ)ݎܶ ෤ܽ[௨,௩]∗

௦∈ℕಲ,௧∈ℕ಺ಿ\ಲ,௨∈ℕಳ 	,௩	∈ℕ಺మಿ\ಳ
[௦,௧,௨,௩]≺గ

	ݏ	 ∈ ܰ,	

= ෍ ))ݎܶ ෍ ܽ[௦,௧]
௦≺గ|ಲ௧,௩

[௧,௩]≺గ|಴

)( ෍ ෤ܽ[௨,௩]
௨≺గ|ಳ

)∗.	

 

Thus 

|ܵ(ܽ, ,ߨ ܰ, 1)| ≤ ෍ ))ݎܶ ෍ ܽ[௦,௧]
௦≺గ|ಲ௧,௩

[௧,௩]≺గ|಴

)( ෍ ෤ܽ[௨,௩]
௨≺గ|ಳ

)∗.	

Applying the Cauchy–Schwarz inequality for the trace, we get 

 

ܵ(ܽ, ,ߨ ܰ, 1) 	= ෍ || ෍ ܽ[௦,௧]
௦≺గ|ಲ௧,௩

[௧,௩]≺గ|಴

||ଶ|| ෍ ෤ܽ[௨,௩]
௨≺గ|ಳ

||ଶ.	

The classical Cauchy–Schwarz inequality yields 

S(a,π,N,1) ≤ (1)ଵ/ଶ(2)ଵ/ଶ 

Where 
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We claim that(1)=S(a, ேܲ(π), N,1) and(2)=S(a,	 ଴ܲ(π), N,1).We only prove the 
first equality, the second is proved similarly(or follows from the first).But 

 

 

 

where on the last line for any k=(݇ଵ,...,	݇ே)∈	ℕூே, r(k)∈	ℕூே  is defined by r(k)= 

(݇ே, ݇ேିଵ,...,	݇ଵ).  

By definition of B, for any j∈ܫଶே\B there is i ∈ܫே\A such that i ∼஠ ݆. Thus for 
any t ∈ℕூಿ\஺ there is exactly one or zero v∈	N I[2N]\B such that[t, v]≺πC, 
depending whether t ≺π IN\A or not. 
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The claim that (1)=S(a,	 ேܲ(π), N,1)thus follows from the observation that for 
k, l ∈ℕே , (k, l)≺	 ேܲ(π) if and only there are s ,	ݏᇱ ∈	ℕ஺and t ∈ℕூಿ\஺such that 
k=[s, t], ݈ =r([ݏᇱ,t]) and s ≺π|஺, ݏᇱ ≺	π |஺ and t ≺	π |ூಿ \୅.  

We now have to observe that the quantities S(a ,σ௟
(ௗ,௠),d, m) for ݈ =0,...,d and 

σ෥௟
∗(ௗ,௠),d ,m) for l=0,...,d have simple expressions. 

 A (finitely supported) family of matrices a= (ܽ௞)୩	∈ℕ೏		 can be made in various 
natural ways in to a bigger matrix, for any decomposition of ℕௗ  ≃ ℕ௟  ×	ℕௗିଵ.If  
the 	ܽ௞ ’s are viewed as operators on a Hilbert space H(H=ℂఈ  if the ܽ௞ ’s are in 
௟ܯ ఈ(C)), then let us denote byܯ  the operator from H⊗ℓଶ(ℕ)⊗ୢି୪ To H⊗ℓଶ 
(N)⊗୪having the following block-matrix decomposition: 

(ܽ[௦	,௧])	ݏ	 ∈ ܰ{1, . . . , ݈}	, 	ݐ ∈ ܰ{݈ + 1, . . . , ݀}. 

Note that since (ܽ௞) has finite support, the above matrix has only finitely many 
non-zero entries, and hence corresponds to a finite rank operator. In 
particular, it belongs toݏ௣(H ⊗ℓଶ(ℕ)⊗୪) for any p∈(0,∞]. 

Lemma(2.2.2)[2]	

.Let d, m, a=(ܽ௞)୩	∈ℕ೏  and ܯ௟  as above, and σ௟andσ෥௟ defined in Corollary(2.1.6) 
Then for l∈{0,1,...,d}:  

S (a, σ௟
(ௗ,௠) ,d,m)=||M||ௌ

మ೘(ಹ⊗ℓమ(ℕ)⊗ౚషభ;ౄ⊗ℓమቀℕ)⊗ౢቁ.

ଶ௠  

Moreover for ݈ ∈ {1, . . . , ݀}	

S(a,σ෥௟
(ௗ,௠) ,d,m)||ܯ௟ିଵ||௦మ೘(ு⊗ℓమ(ℕ)⊗ౚషభ	;ு⊗ℓమ

ଶ௠ (ℕ)⊗୪, 

Remark.	

It is also true that 

S(a,	σ෥௟
(ௗ,௠)σ෥௟

(ௗ,௠) ,d,m) ≤ ;ு⊗ℓమ	௟ିଵ||௦మ೘(ு⊗ℓమ(ℕ)⊗ౚషభܯ||
ଶ௠ (ℕ)⊗୪, 
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but we will only use the inequality stated in the lemma. This inequality follows 
from the one stated by conjugating by the rotation k∈[2dm]→k +d. 

Proof	:-	

We fix l ∈{0,...,d}. For any s=(ݏଵ,...,	ݏ௟)∈	ℕ௟ 

we denote by As =(ܽ௦,௧)௧∈ℕ೏ష೗  viewed as a row matrix. As an operator ,As thus 
acts from H⊗ℓଶ (N)⊗ℕ೏ష೗  to H .For s, ݏᇱ∈ℕ௟ , if r(݇ଵ,...,	݇ௗ)=(	݇ௗ,...,	݇ଵ)  

௦ᇲܣ	௦ܣ
∗   = ∑ ܽ௦,௧ ෤ܽ௦ᇲ,௧

∗
௧∈ℕ೏ష೗  = ∑ ܽ௦,௧ ෤ܽ௥(௦ᇲ,௧)

∗
௧∈ℕ೏ష೗ . 

 

Hence for ݏ(ଵ),	ݏ(ଶ), … , ℕ௟∋(௠)ݏ ,if	ݏ(௠ାଵ)=	ݏ(ଵ), 

∏ ௦(೔)ܣ
௠
௜ୀଵ 	௦(೔శభ)ܣ

∗ =
∑ ܽ௦(భ)௧(భ) ,…,௧(೘)∈ℕ೏ష೗ (ଵ)ݐ ෤ܽ௥(௦(మ),௧(భ))

∗ ܽ௦(మ)ݐ
(ଶ) ෤ܽ௥(௦(య),௧(మ))

∗ … ෤ܽ௥൫௦(భ),௧(೘)൯.
∗  

But for k ∈ℕ[ଶௗ௠] , k ≺σ௟
(ௗ,௠) if and only if there exist  ݏ(ଵ), ℕ௟∋(௠)ݏ	,…,(ଶ)ݏ  

And ݐ(ଵ), ,(ଶ)ݐ … ,  ݇ଶௗ௜ାௗ)	݇ଶௗ௜ାଶ,...,	ℕௗି௟such that for all i, (݇ଶௗ௜ାଵ,∋ (௠)ݐ
,(௜)ݏ)=  and ((௜)ݐ

(݇ଶௗ௜ାଶௗ,	݇ଶௗ௜ାଶௗିଵ,...,	݇ଶௗ௜ାௗାଵ)=(	ݏ(௜ାଵ),  Thus summing over s .((௜)ݐ

,(ଵ)ݏ    ℕ௟in the preceding equation leads to∋(௠)ݏ	,…,(ଶ)ݏ

 

 

Taking the trace and using the trace property we get 
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where the last identity follows from the fact that ܯ௟=∑ܣ௦⊗ܽ௦1. This 
concludes the proof for σ௟

(ௗ,௠).For	σ෥௟
(ௗ,௠)with 1≤l≤d, the same kind of 

computations yield to 

 

To conclude we only have to use Lemma (2.2.3) below.  

Lemma	(2.2.3)	[2] 

Let ଵܺ,	ܺଶ ...	ܺேbe matrices. Then for any integer m≥1, 

 

	

Proof:-	

This is a general inequality for the non-commutative ܮ௉-norms. Indeed, for 
any α, N∈	ℕ, and p∈[2,∞],the map 
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is a contraction for all p-norms. For p=2, this is easy because T is an isometry. 
For p=∞this is also obvious. For a general p∈(2,∞)the claim follows by 
interpolation. Applied for p=2m, this concludes the proof since for an integer 
m, 

 

And 

 

We are now able to state and prove the ollowing result. Recall that for a 
partition π of N ܥ∗(1,m), B(π)was deϐined as the number of blocks of the 
partition Φ(π)(the map Φ was defined after Corollary(2.1.6). 

Corollary	(2.2.4)	[2]	

Letπ∈Nܥ∗(d, m). Then if a andܯ௟ are as in Lemma(2.2.2), 

|S(a,π,d,m)|≤ ∏ ௦మ೘(ு⊗ℓమℕ⊗೏ష೗ு⊗ℓమℕ⊗ౢ)||ܯ||
ଶ௠ఓ௟ௗ

௜ୀ଴  

whereߤ௟ =(B(π|஺೗శభ)−B(π|஺೗))/(m−1)where we take the convention that 
B(π|஺బ)=1 and B(π|஺೏శ೗)=m. 

Proof:-	

The idea is, as in , to iterate the inequality of Lemma(2. 2.1), except that here 
the combinatorial invariants of the map π ↦ ( ௞ܲௗ(π), ௞ܲௗା௠ௗ(π))(Lemma 
2.1.12) allow us to precisely determine the exponents of each||ܯ௟  ||ଶ௠. In the 
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rest of the proof since no confusion is possible, we will simply denote σ௟   = 
σ௟
(ௗ,௠)and σ෥௟=	σ෥௟

(ௗ,௠) , and S will denote the set {σ௟ ,0≤l≤d}∪{σ෥௟ ,0≤l≤d}.Fix π 
∈Nܥ∗(d, m). 

 Maybe the clearest way to write out a proof is using the basic vocabulary of 
probability theory. Let us consider the (homogeneous) Markov chain (π௡)௡ஹ଴	 
on (the finite state space) Nܥ∗(d, m) given by π଴=π and π௡ାଵ= ௜ܲௗ(π௡)where i 
is uniformly distributed in[2m]and independent from(π௞)଴ஸ௞ஸ௡(note that 
π௡ାଵ∈Nܥ∗(d, m)if π௡∈Nܥ∗(d, m)by Lemma (2.1.5). Corollary (2.1.6) implies 
that the sequence(π௡)nis almost surely eventually equal to one of the	σ௟ or	σ෥௟ . 
Its second statement indeed expresses that if π௡∈S then πே=π௡	for all N≥n; it 
suffices therefore to prove that P௡ ≝P(π௡ ∉S)→0as n→∞.But if k is fixed with 
2௞ିଶ ≥m, its first statement implies that P௞ ≤1−(1/2m)௞=c <1 for any starting 
stateπ଴. From the equality P௡ା௞=P௡ঐ(π௡ା௞ ∉S|π௡/∉ S)and the Markov 
property we get that P௡ା௞ ≤cp௡for any integer n∈ℕ, from which we deduce 
that p௡ ≤ ܿ⨽௡/௞⨼→0 as n→∞. 

Let us denoteλଵ(π)=P(lim௡π௡=σ௟) and λ෨௟ (π)=P(lim௡π௡=σ෥௟) for 0	≤l ≤d(take 
λ෨଴ (π)=0); note that  λ௟(π)+	λ෨௟(π)=1. 

Lemma (2.1.12) and the last statement of Lemma (2.1.5) show that for any 
i∈{1,...,d}the sequence 

B(π௡|A௜) is a martingale. In particular since π଴=π, B(π௡|A௜)=E[B(π௡|A௜)] for 
any n	≥	0. Letting n→∞we get 

 

 

We used the fact that B(σ௟|A௜)=B(σ෥௟|A௜)=1+(m−1)	1௟< i. This follows from the 
observations that since Φ(c௠)=Φ(1ଶ௠)=	1௠, B(c௠)=|	1௠|=1 and that 
sinceΦ(r௠)=	0௠, B(r௠)=m. Subtracting the equalities above for i and i+1gives 

λ௜(π)+	λ෨௜ (π)(m−1)=B(π π|୅೔శభ)−B(π|୅೔)                                       (16) 
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with the convention that B(π|୅బ)=1 and B(π|A௜)=m. 

On the other hand Lemma (2.2.1) implies that the sequence 
		M௡=log|S(a,	π௡,d,m)|  is a sub martingale. As above letting n→∞in the 
inequality	M଴ 	≤ ॱ [M௡]yields 

Log |S(a ,π ,d ,m)|	≤ ∑ λଵ(π)ௗ
௟ୀ଴ log |S(	ܽ, σ௟ , ݀,݉)|+∑ λ෨ଵ	ௗ

௟ୀଵ log|S(a,	σ෥௟, ݀,݉) 

If we denote simply by  ||M௟||ଶ௠ the quantity||M௟||௦మ೘(ு⊗୪మ(ℕ)⊗ౢ , then by 
Lemma (2.2.2) this inequality becomes 

|S(a,π,d,m)|	≤ ∏ ||M௟||ଶ௠
ଶ௠(஛భ(஠)ା஛෩೗	(஠)ௗ

௟ୀ଴  

This inequality, combined with (16), concludes the proof.  

 We first treat the “holomorphic” setting for which the results we get are 
completely satisfactory. 

It is a generalization to operator coefficients of the main result . When the 
coefficients a௞are taken to be scalars, the techniques of our Theorem( 0.4) 
give a new proof and an improvement of , Kemp and Speicher introduce free 
Poisson variables to get an upper bound, whereas the proof is more 
combinatorial and lies is the study of N(d, m) that is done for definitions and 
facts on free Cumulants and ℜ-diagonal operators. We just recall that the ∗-
distribution of a variable c in a ܥ∗-probability space is characterized by its free 
cumulants, which are the family of complex Numbers k௡[ܿகభ,...,	ܿக೙],for n ∈N 
and ε௜ ∈{1,∗}. Moreover the R-diagonal operators are exactly the operators c 
for which the cumulants k௡[ܿகభ,...,	ܿக೙]vanish except ifnis even and if 1’s and∗’s 
alternate in the sequenceεଵ,...,	ε௡ . Since the family λ(gଵ), . . . , 
λ(g௥)(wheregଵ,..., g௥	are the generators of the free group F௥) form an example 
of∗-free ℜ-diagonal operators , Theorem (0.3) is a particular case of Theorem 
(0.4), that is why do not include a proof.  

The start of the proof is the same as in the proof of Theorem (2.2.5) , and was 
sketched in the Introduction. Fix p=2m∈2ℕ. 
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 As in (14), if k=(kଵ,...,	kௗ)∈	ℕௗdenote by		a෥௞=a(kଵ,...,	kௗ) and c෤௞=c(kௗ ,...,	kଵ) 
=c୩೏...	c୩భ . First develop the norms: 

 

 

 

Takekଵ,...,	kଶ௠∈ℕௗ;if k௟  =(k௟  (1), k௟(2),...,	k௟(d))then 

c୩భܿ̃୩మ…	
∗ ܿ̃୩మ೘

∗ =c୩భ(ଵ)	c୩భ(ଶ)...	c୩భ(ௗ)	ܿ̃୩మ(భ)
∗ ,. . . ܿ̃୩మ(ௗ)

∗ . . . ܿ̃୩మ೘(ௗ)
∗  

and by the fundamental property of cumulants: 

τ(c୩భ ܿ̃୩మ…	
∗ ܿ̃୩మ೘

∗ ) = 	∑ k஠[஠∈୒େ(ଶୢ୫) c୩భ(ଵ),...	, c୩భ(ௗ)	ܿ̃୩మ(భ)
∗ , . . . ܿ̃୩మ(ௗ)

∗ . . . ܿ̃୩మ೘(ௗ)
∗ ]. 

Denote k=(kଵ,...,	kଶ௠)∈(	ℕௗ)ଶ௠ ≃ ℕଶௗ௠. Since freeness is characterized by the 
vanishing of mixed cumulants ,	k஠[c୩భ , … , ܿ̃୩మ೘(ௗ)

∗ ]is non-zero only if k ≺π, and 
in this case we claim that it is equal to k஠ [cୢ,m]where 

cୢ,m = 	ܿ, … ܿ,ᇣᇤᇥ
ௗ

ܿ∗, … ,ᇣᇤᇥ
ௗ

ܿ∗ ܿ, … , ܿᇣᇤᇥ
ௗ

ܿ∗, … . , ܿ∗ᇣᇧᇧᇤᇧᇧᇥ
ௗ

ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇭᇫ
ଶ௠	௚௢௨௣௦

              (17) 

Relabel indeed the sequence	kଵ(1),...,	kଶ௠(d) bykଵ,...,	kଶௗ௠, and denote also by 
εଵ,...,	εଶௗ௠ the corresponding sequence of 1’s and ∗’s, in such a way that k஠ 
[c୩భ(ଵ),...,	ܿ୩మ೘(ௗ)

∗ ]= k஠[(ܿ୩౟
க೔)ଵஸ୧ஸଶୢ୫] and	k஠[cୢ,m]=	k஠[(ܿக೔)1≤ ݅ ≤i2dm]. By the 

definition of k஠,we have 

k஠[(ܿ୩౟
க೔)ଵஸ୧ஸଶୢ୫]= ∏ ݇|௏|௏∈஠ [ܿக೔)௜∈௏] 

where  the products runs over by the blocks of π. Similarly 

k஠ [cୢ, ݉]= ∏ ݇|௏|௏∈஠ [ܿக೔)௜∈௏] 
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Our claim thus follows from the observation that if k ≺π then for any block V 
of π there is an 

Index s such that k୧=s for all I ∈V, and the equality ݇|௏|[(ܿ௦
க೔)୧∈୚]=	݇|௏|[(ܿக೔)୧∈୚ ] 

expresses just the fact that c and c௦ have the same∗-distribution and therefore 
the same cumulants. The next claim is that since c is ℜ-diagonal ,	k஠[cୢ,m] is 
non-zero only if π ∈Nܿ∗(d, m). Since with the previous notation k஠[cୢ,m]= 
∏ ݇|௏|௏∈஠ [ܿக೔)௜∈௏], this amounts to showing that if there is a block V of π 
which is not of even cardinality or for which 1’s and ∗’s do not alternate 

in the sequence(ε௜)୧∈୚, then ݇|௏| [(ܿக೔)୧∈୚]=0. But this is exactly the definition 
of R-diagonal operators. Thus we get 

|| ෍ ܽ௞ ⊗ ܿ௞
௞∈ℕ೏

||ଶ௠ଶ௠ 	 = 	 ෍ k஠(cୢ,݉)
గ∈௡௖∗(ௗ,௠)

෍ ୩మ	୩భܽ	ܽ)ݎܶ
∗ 	… ෤ܽ୩మ೘

∗

(	୩భ ,…,୩మ೘)	≺ಘ	

	

 

or with the notation introduced in (14) 

||∑ ܽ୩⊗ c୩௞∈ℕ೏ ||ଶ௠ଶ௠ = ||∑ ܽ୩ ⊗ c୩஠∈୒஼∗(ௗ,௠) ||ଶ௠ଶ௠ .                        (18) 

We can now use the study ofNܥ∗(d, m)that we did Recall in particular that 
there is a mapP: Nܥ∗(d, m)→NC(m)(ௗ) the properties of which are 
summarized in Theorem (2.1.7) Take(σଵ,...,	σୢ)∈NC(m)(ௗ) and denote 
μ୪=(|σ୪ାଵ|−|σ୪ |)/(m−1)where |σ| denotes the number of blocks of σ with the 
convention|σ଴|=1 and|σୢାଵ|=m. If π∈Nܥ∗(d, m)and 

P(π)=(	σଵ,...,	σୢ)then by Corollary (2.2.4),|S(a,π,d,m)|	≤ 	∏ ||μ୪ௗ
௟ୀ଴ ||ଶ௠ଶ௠ .Thus by 

the first part of Theorem (2.1.7), we have that 

 



68 
 

But by the second statement of Theorem (2.1.7)and Lemma (2.2.5) below 
(recall that for τ(c)=	κଵ[c]=0 sincecis ℜ-diagonal) 

| k஠ [cd,m]|	≤ ||ܿ||ଶ௠ଶ௠(
ଵ଺||௖||మ೘
|௖||మ

)ସ௠ 

which implies 

| ∑ k஠[cୢ,݉]గ∈௡௖∗(ௗ,௠),௉(గ)ୀ(஢భ,...,஢ౚ) ,S(a,π,d,m)| 

≤ 4ଵ଴௠ෑ ||μ୪
ௗ

௟ୀ଴
||ଶ௠
ଶ௠ஜౢ ≤ ||ܿ||ଶଶ௠(

16||ܿ||ଶ௠
|ܿ||ଶ

).ସ௠																		 (19)						 

But for any non-negative integers s଴,...,	sୢ)∈such that ∑ s୧௜  =m−1, the number 
of (σଵ,...,	σୢ)∈NC(m)(ௗ)such that|σ୪ାଵ|−|σ୪|=s୪ for any 0≤l≤d(with the 

conventions |σ଴|=1 and|σୢାଵ|=m) is equal to (1/m)ቀ
݉
s଴ቁ ቀ

݉
sଵቁ…ቀ

݉
sୢቁ.  Thus 

from (18) we Deduce 

෍ ܽ୩⊗ c୩
௞∈ℕ೏

||ଶ௠ଶ௠ 

≤ 4ଵ଴௠ෑ ||μ୪
ௗ

௟ୀ଴
||ଶ௠
ଶ௠ஜౢ ෍ (1/m) ቀ

݉
s଴ቁ ቀ

݉
sଵቁෑ ||μ୪

ௗ

௟ୀ଴
||ଶ௠
ଶ௠ୱౢ/(௠ିଵ).		

ୱబା⋯ାୱౚୀ௠ିଵ

 

 

Denote for simplicity γ୪ =||μ୪||ଶ௠
ଶ௠/(௠ିଵ). Since the number of s଴,...,	sୢ)∈ℕ such 

that s଴+···+sୢ=m−1 is equal toቀ݉ + ݀ − 1
݀ ቁ, this inequality becomes 

|| ෍ ܽ୩ ⊗ c୩
௞∈ℕ೏

||ଶ௠ଶ௠ 

≤ 4ଵ଴௠||ܿ||ଶଶௗ௠
||ܿ||ଶ௠
|ܿ||ଶ

)ସ௠	 ቀ݉ + ݀ − 1
݀ ቁ ൬

1
m
൰ቀ
݉
s଴ቁ ቀ

݉
sଵቁ…ୱబା⋯ାୱౚୀ௠ିଵ

௦௨௣
ቀ
݉
sୢቁෑ γ௟௦௟

ௗ

௟ୀ଴
. 
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Now use the fact that for any integers Nand n,	ቀܰ݊ቁ ≤ (ܰ/݊)௡(ܰ/(ܰ − ݊))ேି௡ 

with the Convention (N/0)଴=1. For a ϐixed N, this can be proved by induction 
on n≤N/2 using the fact that x∈ℝା ⟼ xlog(1+1/x)is increasing. Thus 

ቀ݉ + ݀ − 1
݀ ቁ ≤ ቀ݉ + ݀

݀ ቁ ≤ ቀ1 +
݉
݀
ቁ
ௗ
൬1 +

݀
݉
൰
௠

. 

But sice log is concave, if s଴ +⋯+ sୢ = ݉ − 1 

∏ ቀ ௠
௠ିୱౢ

ቁ
௠ିୱౢ

= exp	((݉݀ + 1)∑ ୱభ
௠ିଵ

ௗ
଴

ௗ
௟ୀ଴ log(mγ୪/s୪)). 

≤ exp	((݉݀ + 1)log	(෍݉/(݉݀ + 1))
ௗ

଴

 

=exp)	(݉݀ + 1)log1+(݉ − 1)/	(݉݀ + 1))) 	≤exp(m) 

And 

∏ ቀ௠ஓౢ	
ୱౢ
ቁ
ୱౢ
= exp	((݉ − 1)∑ ୱభ

௠ିଵ
ௗ
଴

ௗ
௟ୀ଴ log(mγ୪/s୪)). 

≤ exp	((݉ − 1)log	(݉/(݉ − 1)෍γ୪	))
ௗ

଴

 

= (γ଴ +	…+ γ୪ )௠ିଵ ቀ ௠
௠ିଵ

ቁ
௠ିଵ

. 

But ݉/(݉ − 1)௠ିଵ ≤ ݉	ݕ݊ܽ	ݎ݋݂	݉ ≥ 1	leads to 

|| ෍ ܽ୩ ⊗ c୩
௞∈ℕ೏

||ଶ௠ଶ௠ 

≤ 4ଵ଴௠||ܿ||ଶଶௗ௠
||ܿ||ଶ௠
|ܿ||ଶ

)ସ௠	 ቀ1 +
݉
݀
ቁ
ௗ
൬1 +

݀
݉
൰
௠

exp	(݉)(γ଴+	. . . +γ୪)௠ିଵ. (20) 

Noting that since 2݉/(݉ − 1) ≥ 2, 

(γ଴+	. . . +γ୪)௠ିଵ=||(||M୪||ଶ୫)୪||ℓమ೘/(೘షభ)({଴,…,ௗ}).
ଶ௠ ≤ =||(||M୪||ଶ୫)୪||ℓమ{଴,…,ௗ}) 
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And taking the 2mth root in 20 one ϐinally gets 

|| ෍ ܽ௞ ⊗ ܿ௞
௞∈ℕ೏

||ଶ௠ 

≤ 4ହඥ݁(1 + ݀/݉)ቀ1 + ௠
ௗ
ቁ
ௗ/ଶ௠

||ܿ||ଶௗ
||௖||మ೘
|௖||మ

)ଶ||(||M୪||ଶ୫)୪||ℓమ{଴,…,ௗ}). 

To conclude for the case m<∞, just note that ቀ1 + ௠
ௗ
ቁ
ௗ/௠

≤ ݁. 

Letting m→∞and noting thatቀ1 + ௠
ௗ
ቁ
ௗ/௠

→1 concludes the proof for the 
operator norm. 

When the c୩’s are circular, since k஠[cୢ,݉]1 if π ∈Nܥଶ∗(d, m) and k஠[cୢ, ݉] =0 
otherwise, we can replace (19) by 

|∑ k஠[cୢ,݉]గ∈௡௖∗(ௗ,௠),௉(గ)ୀ(஢భ,...,஢ౚ) ,S(a,π,d,m)|	≤ ∏ ||μ୪ௗ
௟ୀ଴ ||ଶ௠

ଶ௠ஜౢ. 

Following the rest of the arguments we get the claimed results.  

We still have to prove this lemma that was used in the above proof. 

Lemma	(2.2.5)[2]	

Let π ∈NC(n)a non-crossing partition that has at least K blocks of size2and in 

which all blocks have a size at most N. 

Letcଵ,...,c୬be elements of a tracial ܥ∗-probability space (A ,τ) that are centered: 
τ(c୩)=0 for all k. Letm୮=max୩||c||୮ for p=2,N. Then 

|k஠[cଵ,...,	c୬]|	≤ ݉ଶ
ଶ௄(16m୒)௡ିଶ௞. 

Proof:-	

Since both π⟼ k஠ and the right-hand side of (21) are multiplicative, we only 
have to prove (21) when π=1୬with n≤N. Then as usual k஠is denoted by k୬.If 
n=1 it is obvious since kଵ(cଵ)=φ(cଵ)=0. 

If n=2, then K=1 and kଶ(c୩,	c୪)=τ(c୩	c୪)−τ(c୩)τ (c୪)=τ(c୩c୪). By the Cauchy– 
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Schwarz inequality we get |kଶ(c୩,	c୪)|≤ 	݉ଶ
ଶ. 

We now focus on the case n >2, and then K=0. This is essentially done in the 
but we have to replace the inequality |τ(c୩భ … c୩ౢ)| 	≤ ݉௟

ஶby Hölder’s 
inequality| τ(c୩భ …c୩ౢ)| ≤ ݉ே

௟  for any l	≤n	≤N.  Following the proof of Lemma 
4.3 in [12], we thus get that  

k୬[cଵ,...,	c୬]	≤ 4௡ିଵ∑ ݉௡
௡ ≤ 4ଶ௡஢∈୒େ(୬) m݉ே

௡ . 

Here we consider Theorems (0.5)	and (0.6). We only sketch their proofs. The 
idea is the same as in the holomorphic setting, except that here the relevant 
subset of non-crossing partitions is the set NC(d ,m)introduced and studied .  
proof of Theorem (0.6).  

We will use that if c has a symmetric distribution , then c has vanishing odd 
cumulants. This means that k஠[c,...,c]=0 unless π has only blocks of even 
cardinality. To check this, by the multiplicativity of free cumulants, we have to 
prove that k୬[c,...,c]=	kଵಘ[c,...,c] =0  if n is odd. But this is clear: since−c and c 
have the same distribution, k୬[c,...,c]=	k୬[−c,...,−c]. On the other hand since κ n 
is n-linear ,	k୬[−c,...,−c]= 

(−1)௡k୬[c,...,c].  

Take (c୩)௞∈ℕ N and (ܽ୩)௞∈ℕౚ as in Theorem (0.6) and deϐine ෤ܽ௞and c୩భ 	,,...,	kୢ 
as in the proof of Theorem (0.4). Assume for simplicity that c୩ is normalized 
by ||c୩	||ଶ=1. Denote by I the set of k=(kଵ,...,	kୢ)∈	ℕୢsuch that for any 
1≤i<dk୧ ≠ k୧ାଵ. Then for p=2m we have that 

ቚ|∑ ܽ୩⊗ c୩௞∈ℕ೏ ||ଶ௠ଶ௠ = 	∑ ౢ∋୩మౣ	୩భ…)ݎܶ ܽ୩భ	 ෤ܽ୩మ
∗ 	. . . ෤ܽ୩మౣ

∗ ቁ ߬൫c୩భc୩మ …c୩మౣ൯.  

Expanding the moment  

߬൫c୩భc୩మ… c୩మౣ൯|| ∑ k஠(c୩భ	(1)஠∈ே஼(ଶௗ௠) , … , c୩భ	(݀),	c୩మ(݀), … , c୩మౣ(݀)]. 

By freeness of the family((ܽ୩)௞∈ℕ	, by the assumption on the vanishing of odd 
moments and by Lemma (2.1.14) such a cumulant is equal to 0 except If 
π∈NC(d,m)and(kଵ,...,	kଶ୫)≺π, in which case it is equal to k஠[c ,c...,c]. We get 
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|| ∑ ܽ୩ ⊗ c୩௞∈ℕ೏ ||ଶ௠		ଶ௠ = ∑ k஠(ܿ, … , ,ܽ)ݏ(ܿ π, d,m).஠∈ே஼(ଶௗ௠)  

But by Lemma (2.1.17), Lemma 2.2 and an iteration of Lemma (2.2.1) we get 
that for any π∈ NC(d,m)  

S(a ,π, d ,m)	≤ ||M୪||ଶ௠ଶ௠଴ஸ௟ஸௗ
୫ୟ୶ . 

On the other hand (remembering that||c||ଶ), Theorem (2.1.15) and Lemma 
(2.2.5) imply that for π ∈NC(d ,m), 

|k஠[ܿ, … , ܿ]|≤ (	16||ܿ||ଶ୫)ସ௠. 

This yields 

‖∑ ܽ୩⊗ c୩௞∈ℕ೏ ‖ଶ௠ଶ௠ ≤ ∑ (	16||ܿ||ଶ୫)ସ௠గ∈୒େ(ୢ,୫) . 

But by Theorem (2.1.15) NC(d,m)has cardinality less than 4ଶ୫ (d+1)ସ୫. 
Taking the 2mth root in the preceding equation we thus get 

|| ∑ ܽ୩ ⊗ c୩௞∈ℕ೏ ||ଶ௠ ≤ 4ହ(d + 1)	||ܿ||ଶ௠ଶ = ||M୪||ଶ௠଴ஸ௟ஸௗ
୫ୟ୶ . 

This proves Theorem( 0.6) for the case when p∈2N.For p=∞ just make p→∞  

For Theorem (0.5) the proof is the same except that we have to be slightly 
more careful in the beginning. Recall that Id is the set of (݇ଵ,εଵ ,...,	݇ௗ, εௗ)∈(ℕ 
×{1,∗}	)ୢ	such that λ(g݇ଵ)கభ ... λ(g݇ௗ  )க೏  corresponds to an element of length d 
in the free group  FஶFor a family of matrices (ܽ୩,ε)(୩,க)∈ூ೏   denote by  

෤ܽ௞,க = ܽ(݇ௗ, … , ݇ଵ)(εതௗ, … , εതଵ) 

Where	∗ത=1 and1ത=∗. The motivation for this notation is the following: for 
(k,ε)∈	Iௗdenote by c୩,க=ܿ௞భ

கభ,… ܿ௞೏
க೏  so that if ܥሙ௞,க, is defined as 

ܽු௞,க,wehavethatܥሙ୩,க
∗  ୩,கܥ=

For k=(εଵ,...,	݇ଶ௠) ∈ (ℕௗ)ଶ௠, ε=(εଵ,...,	εଶ௠)∈({1,∗}	)ଶ௠and π ∈NC(2dm)with 
blocks of even cardinality we will also write(k, ε)≺π if ݇௜  = ௝݇ for all i ∼஠ j and 
if in addition for each block{	iଵ <···<	iଶ௣ }of π, 1’s and ∗’s alternate in the 
sequence	ε୧భ ,	ε୧మ ,...,	ε୧మ೛ .Last we denote, for π ∈NC(d, m) 
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ሚܵ (a ,π ,d ,m)= ∑ ஠≻(୩,க))ݎܶ 	ܽ୩భ,கభ ܽු୩మ ,கమ
∗ ܽ୩యகయ …ܽු୩మ೘,கమ೘

∗ ). 

The proofs of Lemma (2.2.1 )and Lemma (2.2.2) still apply with this notation: 

Lemma	(2.2.6)[2] 

Let π ∈	NC(d ,m), and take a finitely supported family of matrices a= 

(ak,ε)(୩,க)∈୍ౚ as above. For any integer i 

| ሚܵ (a,π,d,m)| ≤ ( ሚܵ(ܽ, ୧ܲୢ(π), ݀,݉))ଵ/ଶ( ሚܵ൫ܽ, ܲ(୧ାୢ)(π), ݀, ݉൯)ଵ/ଶ 

Lemma	(2.2.7)[2]	

Let ݀	, ݉	, ܽ = (ܽ௄,ఌ)(௄,ఌ)∈ூ೏ , and ܯ௟  be as in Theorem0.5, and ߪ௟  and ߪ෤௟   as 
defined in Corollary1.4. Then for ݈ ∈ {0,1, … , ݀}: 

ሚܵ ቀܽ, ௟ߪ
(ௗ,௠), ݀,݉ቁ = ௟‖ௌమ೘(ு⨂ℓమ(ℕ)⨂೏ష೗;ு⨂ℓమ(ℕ)⨂೗)ܯ‖

ଶ௠ . 

Moreover forl∈{1,...,d} 

ሚܵ ቀܽ, ෤௟ߪ
(ௗ,௠), ݀, ݉ቁ = ௟‖ௌమ೘(ு⨂ℓమ(ℕ)⨂೏ష೗;ு⨂ℓమ(ℕ)⨂೗)ܯ‖

ଶ௠ . 

We leave the proofs to the reader. 

Sketch of the proof of Theorem (0.5).Use the same notation as above. Take 
m∈ℕ. Then as for the self-adjoint case we expand the 2m-norm as follows: 

|| ∑ ܽ௞,க ⊗ ܿ௞,க(୩,க)∈ூ೏ ||ଶ௠ଶ௠ =	
∑ ூ೏∋(୩భ,கభ))ݎܶ 	ܽ୩భ,கభܽු୩మ ,கమ

∗ … ܽු୩మ೘,கమ೘
∗ ). ߬(ܿ୩భ,கభܿ୩మ,கమ, … , ܿ୩మ೘,கమ೘). 

By the freeness, the definition of ܫௗ ,Lemma (2.1.14) and the fact that the ܿ௞’s 
are R-diagonal, the expression of the moment τ(ܿ୩భ,கభ ...	ܿ୩మ೘கమ೘)becomes 
simply  

τ(ܿ୩భ ,கభ ...	ܿ୩మகమ೘)=π ∈NC(d ,m) = ∑ 1(௞,க)≺	୩ಘ[ܿ୩భ(ଵ)
கభ(ଵ)

஠∈୒େ(ୢ,୫) ,…,	ܿ୩మ೘(ௗ)
கమ೘(ௗ)]. 

Where if (k, ε)≺π and α௡(c)=	κଶ௡ [c, ܿ∗,c,	ܿ∗,…,	ܿ∗, ܿ] we have that 
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	k஠[ܿ୩భ(ଵ)
கభ(ଵ),…	, ܿ୩మ೘(ௗ)

கమ೘(ௗ)] = ∏ α|ೡ|
మ
(ܿ)௩	௕௟௢௖௞	௢௙	஠ . 

In particular this quantity (which we will abusively denote by 	k஠((c)) does 
not depend on(k, ε). We therefore get  

|| ෍ ܽ௞ ⊗ ܿ௞
௞∈ℕ೏

||ଶ௠ଶ௠ ෍ 	k஠[ܥ]
஠∈୒େ(ୢ,୫)

	 ሚܵ	(a	, π	, d	, m). 

From this point the proof of Theorem (0.6) applies except that we use Lemma 
(2.2.7) and an iteration of Lemma (2.2.6) instead of Lemma (2.2.2) and an 
iteration of Lemma (2.2.1).  

Here we get some lower bounds on the norms we investigated before. For 
example the following minoration is classical: 

Lemma	(2.2.8)[2] 

Let(c௞)௞∈ℕ be circular∗-free elements with||C||ଵ=1. Then for any ϐinitely 
supported family of matrices(ܽ୩భ,...,୩೏)୩భ ,...,୩೏∈ℕ	the following inequality holds: 

||∑ ܽ୩భ,...,୩೏୩భ ,...,୩೏∈ℕ ⊗ܿ୩భ , . . . , c௞ௗ|| ≥ ଵ‖଴ஸ௟ஸௗܯ‖
௠௔௫ .	

	

Proof:- 

We use the following (classical) realization of free circular elements on a Fock 
space. Let H=Hଵ ⊕ଶ Hଶ be a Hilbert space with an orthonormal basis given by 
(e௞)௞∈ℕ∪(f௞)௞∈ℕ ((e௞)is a basis of  Hଵ 	and(f௞)ofHଶ). Let F(H )=	ℂஐ⊕⊕௡ஹଵ ܪ⊕୬	 
be the full Fock space constructed on Hand for k∈	ℕ s(k)(resp	˜௦(k)) the 
operator of creation bye௞(resp.	f௞). Define finally c௞=s௞+˜௦௞

∗ . It is well that 
(c௞)௞∈ℕform of∗-free family of circular variables for the state 〈Ω, Ω〉 which is 
tracial on theܥ∗ -algebra generated by the c௞ ’s. 

Let K be the Hilbert space on which the ܽ௞’s act (K=ℂఈif ܽ௞∈Mఈ(ℂ)). Then if 
P௞denotes the orthogonal projection from F(H )→ ܪଶ

⊗୩,for0≤l ≤d the operator 
(id⊗P௟)◦ ∑ ܽ୩భ,...,୩೏୩భ ,...,୩೏∈ℕ ⊗ܿ୩భ, . . . , c௞ௗ|௞⊗ுభ

⊗ౚషౢ corresponds to M௟  if it is 
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viewed as an operator from  K⊗	ܪଵ
⊗ୢି୪ ≃ ݇⊗ ℓଶ(ℕ)⊗೏షభ	to	

k	⊗ Hଶ
⊗ℓమ ≃k⊗ℓଶ(ℕ)⊗௟	for the identification ܪଵ ≃ ℓଶ 

And ܪଶ ≃ ℓଶwith the orthonormal bases(݁௞)and(f௞).This proves the lemma.  

We also prove the following lemma which was stated in the introduction. 

Lemma	(2.2.9)[2] 

Let p be a prime number and define ܽ௞భ ,...,	ܽ௞೏=exp(2iπ݇ଵ...	݇ௗ/p)for any ݇௜ ∈ 

{1,...,p}.Then ||(ܽ௞)||ଶ =݌ௗ/ଶand for any l≤ ݈ ≤ ݀-1 the matrix ܯ௟defined by 
||௟ܯ|| ௣೗௣೏షభ(ℂ),satisfiesܯ	∋݇ௗ))	݇௟ାଵ,...,	݇௟),(	௟=(a(݇ଵ,...,ܯ ≤ ݀)ௗ/ଶඥ݌ −  .݌/(1

Proof:-	

Since	||ܯ௟||ଶ= ||ܯ௟ܯ௟
∗|| we compute the matrixܯ௟ܯ௟

∗ ∈  .௟(ℂ)݌௟݌

For any s=(ݏଵ,...,	ݏ௟)and t =(ݐଵ,...,	ݐ௟)∈{1,...,p}௟thes, tth entry ofܯ௟ܯ௟
∗is equal to 

 

෍ .ଵݏ)2iπ)݌ݔ݁ . . ௟ݏ 	− .ଵݐ . . .(௟)/݇௟ାଵ…݇ௗ/pݐ
(௞೗శభ ,……௞೏)∈[௟,…,௣]೏షభ

 

If	ݏଵ...ݏ௟ =ݐଵ...	ݐ௟ mod p then this quantity is equal to ݌ௗି௟ 

Where as otherwise, ω=exp(2iπ(ݏଵ...	ݏ௟ −ݐଵ...	ݐ௟)/p)is a primitive pth root of 1, 
and it is straightforward to check that for such an ω, 

 

∑ ߱௞೗శభ…௞೏(௞೗శభ ,……௞೏)∈[௟,…,௣]೏షభ  = ∑ (߱௞೗శభ…௞೏(௞೗శభ ,……௞೏)∈[௟,…,௣]೏షభ )௞೏. 

෍ ݈ܲ௞೗శభ…ೖ೏షభసబ	೘೚೏	೛
(௞೗శభ,……௞೏)

 

=p(݌ௗି௟ିଵ − ݌) − 1)ௗି௟ିଵ 
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We therefore have that 

௟ܯ௟ܯ
ௗିଵ݌)∗ − ݌)݌ − 1)ௗି௟ିଵ)(1)௦,௧∈\௣]೗ + ݌)݌ − 1)ௗି௟ିଵ(1௦భ…௦೗ୀ௧భ…௧೗)௦,௧∈\௣]೗  

The norm of an N×N matrix with entries all equal to 1 is N. 

Moreover if[p]௟={(ݏଵ,...,	ݏ௟)}is decomposed depending on the value ofݏଵ...	ݏ௟ 
modulo p, the matrix (1௦భ…௦೗ୀ௧భ…௧೗)௦,௧∈\௣]೗ is a block-diagonal matrix with 
blocks having all entries equal to 1. Its norm is therefore equal to 

|{௜∈[௣]
௠௔௫ ,ଵݏ … , (௟ݏ ∈ ௟ݏ…ଵݏ	,௟[݌] = |{݌	݀݋݉	݅ = ,ଵݏ}| … , (௟ݏ ∈ ௟[݌] , ௟ݏ…ଵݏ = 0}| 

௟݌= − ݌) − 1)௟ . 

ௗି௟ିଵ݌)݌ − ݌) − 1)ௗି௟ିଵ) + ݌)݌ − 1)ௗି௟ିଵ(݌௟ ݌)	− − 1)௟) 

ௗ݌ − ݌)݌ − 1)ௗିଵ ≤ (݀ −  .ௗିଵ݌(1
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Chapter 3 

 algebras and Haageup property-∗࡯

Let Γ be a discrete group and Λ a normal subgroup of Γ , we show that the 
inclusion A ⋊ఈ,௥ Λ ⊆ A ⋊ఈ,௥Γ has the relative Haagerup property if and only if 
the quotient group Γ/Λ has the Haagerup property. In particular, the inclusion 
 ୰∗ (Γ ) has the relative Haagerup property if and only if Γ/Λ has theܥ ⊇ ୰∗(Λ)ܥ
Haagerup property; ܥ୰∗ (Γ ) has the Haagerup property if and only if Γ has the 
Haagerup property. We also characterize the Haagerup property for Γ in 
terms  of its Fourier algebra A(Γ ).  
 

Section (3.1): Haagerup Property for ࡯∗-algebras 

 
In the following we first recall some facts about crossed products. Let ߁ be a 
discrete group and ࣛ be a unital ܥ∗-algebra. An action of ߁ on ࣛ is a group 
homomorphism ߙ from ߁ into the group of ∗-automorphisms(is 
an isomorphism from a mathematical object to itself. It is, in some sense, 
a symmetry of the object, and a way of mapping the object to itself while 
preserving all of its structure. The set of all automorphisms of an object forms 
a group, called the automorphism group. It is, loosely speaking, the symmetry 
group of the object. )[4] on ࣛ.	A ܥ∗-algebra equipped with a ߁-action is called a 
 ௖(Γ,ࣛ) the linear space ofܥ algebra ࣛ, we denote by-∗ܥ-߁ algebra. For a-∗ܥ-߁
finitely supported function on ߁ with values in ࣛ. A typical element ܵ in ܥ௖(߁,ࣛ) 
is written as a finite sum 

ܵ =෍ܽ௦ܵ
௦∈௰

, 

where ܽ௦ ∈ ࣛ. We equip ܥ௖(߁,ࣛ) with an ߙ-twisted convolution product and ∗-
operation as follows: for ܵ = ∑ ܽ௦ܵ௦∈୻ , T = ∑ ܾ௧ݐ௧∈୻ ∈  we define ,(ࣛ,߁)௖ܥ

ܵ ∗ఈ T = ෍ ܽ௦ߙ௦(ܾ௧)ݐݏ
௦,௧∈௰

			and					ܵ∗ =෍ߙ௦షభ(ܽ௦∗)ܵିଵ
௦∈௰

. 

Note that when ࣛ = ℂ and the action ߙ is trivial, we simply recover the group ring 
ℂ[Γ]. Now the question is: how shall we complete ܥ௖(߁,ࣛ)? Just as for group  ܥ∗-
algebras, there are two natural choices, a universal and reduced completion. 
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A covariant representation (ݑ,   algebra ࣛ consists of a-∗ܥ-߁ ℋ) of the,ߨ
unitary representation (ݑ,ℋ) of ߁ and a ∗-representation (ߨ,ℋ) of ࣛ such that 
∗௦ݑ(ܽ)ߨ௦ݑ = ݏ ௦(ܽ)൯ for everyߙ൫ߨ ∈ ܽ and ߁ ∈ ࣛ. For a covariant representation 
of (ݑ, ݑ ℋ), we denote by,ߨ ×  .(ࣛ,߁)௖ܥ the associated ∗-representation of ߨ

Definition (3.1.1)[3] 

The full crossed product of a ܥ∗-dynamical system (ࣛ, ,ߙ  denoted by ,(߁
ࣛ ⋊ఈ  with respect to the norm (ࣛ,߁)௖ܥ is the completion of ,߁

‖χ‖୳ = sup‖ߨ(χ)‖, 

where the supremum is over all cyclic ∗-homomorphisms ߨ ∶ (ࣛ,߁)௖ܥ → ℬ(ℋ). 

To define the reduced crossed product, we begin with a faithful representation 
ࣛ ⊆ ℬ(ℋ). Define a new representation ߨ ∶ ࣛ → ℬ൫ℋ ⊗ ℓଶ(߁)൯ by 

ݒ൫(ܽ)ߨ ⊗ ୥൯ߜ = (ݒ)(ܽ)୥షభߙ ⊗  ,୥ߜ

where ൛ߜ୥ൟ୥∈௰ the canonical orthonormal basis of ݈ଶ(߁). Under the identification 

ℋ⊗ ݈ଶ(߁) ≅⊕୥∈௰ ℋ we have simply taken the direct sum representation 

(ܽ)ߨ =ໄߙ୥షభ(ܽ) ∈ ℬ
g ∈ 																					߁

൭ໄℋ
	g ∈ 				߁

൱. 

For all elementary tensors we can check that 

൫ܫ ⊗ ܫ)(ܽ)ߨ൯(ݏ)௰ߣ ⊗ λ௰(ݏ)∗)൫ݒ ⊗ ୥൯ߜ = ݒ௦(ܽ)൯൫ߙ൫ߨ ⊗  .୥൯ߜ

Hence we get an induced covariant representation (ܫ ⊗ λ௰) ×  called a regular ,ߨ
representation. 

Definition (3.1.2) [3] 

The reduced crossed product of a ܥ∗-dynamical system (ࣛ, ,߁   denoted by ,(ߙ
ࣛ ⋊௔,௥  is defined to be the norm closure of the image of a regular representation ߁
(ࣛ,߁)௖ܥ → ℬ൫ℋ ⊗ ݈ଶ(߁)൯. We often denote a typical element ݔ ∈ (ࣛ,߁)௖ܥ ⊆
ࣛ ⋊ఈ,௥ ݔ as a finite sum ߁ = ∑ ܽ௦λ௰(ݏ)௦∈௰ .  
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Let ߬ be a faithful tracial state on a unital ܥ∗-algebra ࣛ. By the GNS-
construction, ߬ defines an ࣛ-Hilbert bimodule, denoted by ܮଶ(ࣛ, ߬), which has a 
unit central vector ߦఛ ∈ ,ࣛ)ଶܮ ߬) such that ߬(ܽ) = ,ఛߦܽ〉 ܽ ఛ〉 for allߦ ∈ ࣛ. More 
precisely, let 

ࣨ = {ܽ ∈ ࣛ:	߬(ܽ∗ܽ) = 0}. 

ࣨ is a two-sided ∗-ideal in ࣛ. For each ܽ ∈ ࣛ, we often denote the associated 
vector ܽ +ࣨ by ܽఛ  . Define an inner product on the quotient ࣛ ࣨ⁄  by 

〈ܽఛ , ܾఛ〉 = ߬(ܾ∗ܽ). 

Let ܮଶ(ࣛ, ߬) be the Hilbert space completion of ࣛ ࣨ⁄ . Let ߦఛ = ܫ +ࣨ, we have 

߬(ܽ) = 〈ܽ +ࣨ, ܫ +ࣨ〉 

																= ఛߦܽ〉 , ܽ∀			,〈ఛߦ ∈ ࣛ, 

We also denote by ‖	⋅	‖ଶ,௥ the associated Hilbert norm on ࣛ (we simply write  
‖	⋅	‖ଶ when ߬ is fixed and when there is no danger of confusion). Thus for each 
ܽ ∈ ࣛ, 

‖ܽ‖ଶ = ‖ܽఛ‖ = ߬(ܽ∗ܽ)ଵ ଶ⁄ ≤ ‖ܽ‖, 

If ߔ:	ࣛ → ࣛ is a unital completely positive map such that ߬ ∘ ߔ ≤ ߬, then ߔ can 
be extended to a contraction ஍ܶ ∶ ,ࣛ)ଶܮ ߬) → ,ࣛ)ଶܮ ߬) via the equality 

஍ܶ(ܽఛ) = ܽ∀			,ఛ(ܽ)ߔ ∈ ࣛ. 

Indeed, 

‖ ఃܶ(ܽఛ)‖ଶ =  																									ఛ‖ଶ(ܽ)ߔ‖

						= ߬൫ߔ∗(ܽ)ߔ(ܽ)൯ 

																																																														≤ ߬൫ߔ(ܽ∗ܽ)൯					൫since	ߔ∗(ܽ)ߔ(ܽ) ≤  ൯(ܽ∗ܽ)ߔ

																														≤ ߬(ܽ∗ܽ)					(since	߬ ∘ ߔ ≤ ߬) 

= ‖ܽఛ‖ଶ.								 

We say ߔ is ܮଶ-compact if ఃܶ  is a compact operator on ܮଶ(ࣛ, ߬). 
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Definition (3.1.3) [3] 

Let ࣛ be a unital ܥ∗-algebra admitting a faithful tracial state ߬. We say that ࣛ 
has the Haagerup approximation property with respect to ߬ (shortly ࣛ has the 
Haagerup property) if there exists a sequence {Φ୬}୬ஹଵ of unital completely 
positive maps from ࣛ into itself such that 

(i) ߬ ∘ Φ୬ ≤ ߬ and ߔ୬ is ܮଶ-compact for every n; 
(ii) For every ܽ ∈ ࣛ, (ܽ)୬ߔ‖ − ܽ‖ଶ → 0 as ݊ → +∞. 

The following lemma will be needed in the proof of Theorem (3.1.5). 

Lemma (3.1.4) [3] 

(i) Assume that ࣛ is a unital separable ܥ∗-algebra with a faithful tracial 
state ߬ and there exist a sequence of unital ܥ∗-algebras ࣛ௡, each of 
which has the Haagerup property with respect to faithful tracial states ߬୬, 
and the following approximately commutative diagram of unital 
completely positive maps 

 

 

 

which ߬୬ ∘ ܵ୬ ≤ ߬, ߬ ∘ T୬ ≤ ߬୬ and 

‖T୬ ∘ S୬(ܽ)‖ଶ → 0,			∀ܽ ∈ ࣛ. 

Then ࣛ has the Haagerup property with respect to ߬. 

(ii) Suppose that ࣛ has the Haagerup property with respect to a faithful 
tracial state  ߬. Then for each ݇ ∈ ℕ,ܯ௞(ࣛ) has the Haagerup property 
with respect to the induced trace ߬௞. 

Proof:- 

(i) Suppose that ࣛ is separable with a countable dense subset {ܽ୬: n ≥ 1}. 
Then for each n, the argument in (ii) gives a unital completely positive 
map ߔ୬:	ࣛ → ࣛ such that ߔ୬ is ܮଶ-compact and satisfies 

                     ࣛ௡ 

       ܵ௡                       ௡ܶ 

  ࣛ                              ࣛ 
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ฮߔ୬൫ ௝ܽ൯ − ܽฮ
ଶ
<
1
n
			for			݆ = 1,2, … , n. 

Since ‖	⋅	‖ଶ ≤ ‖	⋅	‖ on ࣛ and ‖ߔ୬‖ = 1, then for ݔ ∈ ࣛ and ߳ > 0, and ఢ
ଷ
-

argument gives ‖ߔ୬(ݔ) − χ‖ଶ < ߳ for all large enough ݊. So ࣛ has the Haagerup 
property with respect to ߬. 

(ii) Since ࣛ has the Haagerup property with respect to ߬, there exists a 
sequence of unital completely positive maps {ߔ୬} with the conditions in 
Definition (3.1.3). So each 

݅dெೖ (ࣛ)௞ܯ:୬ߔ⊗ →  (ࣛ)௞ܯ

is a unital completely positive map with 

߬௞ ∘ ൫݅dெೖ ୬൯ߔ⊗ ≤ ߬௞. 

Indeed, for ܽ = ൫ܽ௜௝൯ ∈  ௞(ࣛ) we haveܯ

߬௞ ∘ ൫݅dெೖ (ܽ∗ܽ)୬൯ߔ⊗ =
1
݇
෍߬ ∘ ∗୬൫ܽ௜௝ߔ ܽ௜௝൯
௜,௝

 

																																					≤
1
݇
෍߬൫ܽ௜௝∗ ܽ௜௝൯
௜,௝

 

																										= ߬௞(ܽ∗ܽ). 

For ܽ = ൫ܽ௜௝൯ ∈  ௞(ࣛ), we check thatܯ

ฮ݅dெೖ (ܽ)୬ߔ⊗ − ܽฮ
ଶ,ఛೖ

ଶ = ฮߔ୬൫ܽ௜௝൯ − ܽ௜௝ฮଶ,ఛೖ
ଶ  

																																																								=
1
݇
෍ฮߔ୬൫ܽ௜௝൯ − ܽ௜௝ฮଶ,ఛ

ଶ

௜,௝

 

																																												→ 0,			as			n → +∞. 

In the following we will show that each ݅dெೖ  is ܮଶ-compact. We omit the suffix  
' ݊' of Φ୬ for simplicity. Define 
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⨅ ∶ ,(ࣛ)௞ܯ)ଶܮ		 ߬௞) → ,௞ܯ)ଶܮ (௞ݎݐ ⊗ ,ࣛ)ଶܮ ߬) 

by 

⨅൫ܽఛೖ൯ =෍݁௜,௝
୧,୨

⊗ ൫ܽ௜,௝൯ఛ,					for	any	ܽ = ൫ܽ௜,௝൯ ∈  .(ࣛ)௞ܯ

We can check that for ܽ = ൫ܽ௜,௝൯ ∈  ,(ࣛ)௞ܯ

ฮܽఛೖฮ
ଶ = ߬௞(ܽ∗ܽ) 

																															=
1
݇
෍߬൫ܽ௜,௝∗ ܽ௜,௝൯
௜,௝

 

																																																	= ෍ݎݐ௞൫݁௜,௝∗ ݁௜,௝൯߬൫ܽ௜,௝∗ ܽ௜,௝൯
௜,௝

 

																																										= ቯ෍݁௜,௝ ⊗ ൫ܽ௜,௝൯ఛ
௜,௝

ቯ

ଶ

. 

This implies that ∏ is an isometric isomorphism between ܮଶ(ܯ௞(ࣛ), ߬௞) and 
,௞ܯ)ଶܮ ⊗(௞ݎݐ ,ࣛ)ଶܮ ߬). Since ߔ is ܮଶ-compact, then for any ߳ > 0 there exists a  
finite dimensional linear map ܳ on ܮଶ(ࣛ, ߬) such that 

‖Tః(χఛ) − ܳ(χఛ)‖ ≤ ߳ ⋅ ‖χఛ‖,			∀ݔ ∈ ࣛ 

Now for any ܽ = ൫ܽ௜௝൯ ∈ ∑ ௞(ࣛ), we can identify ܽఛೖ withܯ ݁௜,௝௜,௝ ⊗ ൫ܽ௜,௝൯ఛ 
from the above isomorphism. So we have 

ቛT௜ୢಾೖ⊗ః(௔ఛೖ) − ݅dெೖ ⊗ܳ(ܽ߬௞)ቛ
ଶ
= ቯ෍݁௜,௝ ⊗ ( ఃܶ − ܳ) ቀ൫ܽ௜,௝൯ఛቁ

௜,௝

ቯ

ଶ

 

																																																										=
1
݇
ቯ෍(Tః − ܳ) ቀ൫ܽ௜,௝൯ఛቁ

௜,௝

ቯ

ଶ
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																																															≤
1
݇
෍߳ଶ
௜,௝

ቛቀ൫ܽ௜,௝൯ఛቁቛ
ଶ
 

																												= ߳ଶ ⋅ ฮܽఛೖฮ
ଶ. 

Therefore ܯ௞(ࣛ) has the Haagerup property. 

In the following result, we suppose that ࣛ is a unital separable ܥ∗-algebra with 
a faithful tracial state ߬ and a ߬-preserving action ߙ of a countable discrete group 
 .version, the proof is quite different-∗ܥ Through the result is a .߁

Theorem (3.1.5) [3] 

If ߁ is amenable and ࣛ has the Haagerup property, then ࣛ ⋊ఈ,௥  has also the ߁
Haagerup property. 

Proof :- 

If F୬ ⊆ ݊ is a finite set for every ߁ ∈ ℕ, we define ߮௡ ∶ ࣛ ⋊ఈ,௥ ߁ →
ࣛ⊗୫୧୬	ܯ୊౤(ℂ) such that 

߮୬൫ܽλ௰(ݏ)൯ = ෍ α୮ିଵ(ܽ) ⊗ ݁୮,ୱషభ୮
୮∈ி౤∩ୱி೙

 

and ߰୬ ∶ ࣛ ⊗୫୧୬ܯ୊౤(ℂ) → ࣛ ⋊ఈ,௥  such that ߁

߰୬൫ܽ ⊗ ݁୮,୯൯ =
1
|୬ܨ|

 .୮(ܽ)λ௰(pqିଵ)ߙ

We know that ߮୬, ߰୬ are unital completely positive maps. First we want to show 
that ߬୬ ∘ ߮୬ ≤ ߬ᇱ, ߬ᇱ ∘ ߰୬ ≤ ߬୬ where ߬୬ and ߬ᇱ are the induced traces of ߬ on 
ࣛ⊗୫୧୬ ୊౤(ℂ) and ⋊ఈ,௥ܯ ݔ respectively. For that, let ߁ = ∑ χ୥λ௰(g) ∈ ࣛ ⋊ఈ,௥  ߁
with χ୥ = 0 except for finitely many g's. We have 

χ∗χ = ෍ቌ෍α୦షభ
௛

(χ௛∗ χhs)ቍ
ୱ

λ௰(ݏ), 

and 
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߬୬ ∘ ߮୬(χ∗χ) = τ௡ ቌ෍ ෍ α୮షభ
୮∈ி౤∩ୱி೙

ቌ෍α୦షభ
௛

(χ௛∗ χ୦ୱ)ቍ
ୱ

⊗ ݁୮,ୱషభ୮ቍ 

=
1
|୬ܨ|

෍ τ
୮∈ி౤

ቌα୮షభ෍α୦షభ
௛

(χ௛∗ χ୦)ቍ											 

=
1
|୬ܨ|

෍ ෍τ
௛

(χ௛∗ χ୦)
୮∈ி౤

																																					 

=
1
|୬ܨ|

෍ τᇱ
୮∈ி౤∩

(χ∗χ) = τᇱ(χ∗χ),																							 

where the third equality follows from that ߙ is ߬-preserving. To prove ߬ᇱ ∘ ߰୬ ≤
߬୬, that we only need to check that for any set ൛ܽ୮ൟ୮∈ி౤ ⊆ ࣛ, 

߬ᇱ ∘ ߰୬ቌ ෍ ܽ୮∗ܽ୯⊗ ݁୮,୯
୮,୯∈ி౤

ቍ ≤ τ୬ቌ ෍ ܽ୮∗ܽ୯ ⊗ ݁୮,୯
୮,୯∈ி౤

ቍ. 

But 

߬ᇱ ∘ ߰୬ ቌ ෍ ܽ୮∗ܽ୯⊗ ݁୮,୯
୮,୯∈ி౤

ቍ =
1
|୬ܨ|

߬ᇱ൮ ෍ α୮
୮,୯∈ி౤

൫ܽ୮∗ܽ୯൯λ௰(pqିଵ)൲ 

																				=
1
|୬ܨ|

෍ τ൫ܽ௣∗ܽ୮൯
୮∈ி౤

 

																																= τ୬ ቌ෍ ܽ୮∗ܽ୯
୮∈ி౤

⊗ ݁୮,୯ቍ. 

Secondly, since ߁ is amenable, we can choose ܨ୬ as a Folner sequence and 
߮୬, ߰୬, are the corresponding maps constructed above. Let ݔ = ∑χ୥λ௰(g) ∈
 we want to prove that ,(ࣛ,߁)௖ܥ
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‖߰୬ ∘ ߮୬(χ) − χ‖ଶ,ఛᇲ → 0. 

Indeed, 

‖߰୬ ∘ ߮୬(χ) − χ‖ଶ,ఛᇲ ≤ ‖߰୬ ∘ ߮୬(χ) − χ‖ࣛ⋊ഀ,ೝ௰ 

																																																								= ቯ෍ቆ
୬ܨ| ∩ |୬ܨ
|୬ܨ|

ቇ χ୥λ௰(g)
୥

ቯ

ࣛ⋊ഀ,ೝ௰

 

→ 0, 

since {ܨ୬} is a Folner sequence and only finite many χ୥'s are non-zero. Since 
‖	⋅‖ଶ ≤ ‖	⋅	‖ on the cross product and each ߰୬ ∘ ߮୬ is unital completely positive, 
so a routine ߳ 3⁄ -argument shows the convergence for general χ in ࣛ ⋊ఈ,௥   .߁

Since ࣛ has the Haagerup property, implies that ࣛ⊗୫୧୬  ୊౤(ℂ) has also theܯ
Haagerup property. From above, we have the following approximately 
commutative diagram of unital completely positive maps 

 

 

 

 

which ߬୬ ∘ ߮୬ ≤ ߬ᇱ, ߬ᇱ ∘ ߰୬ ≤ ߬୬ and 

‖߰୬ ∘ ߮୬(χ) − χ‖ଶ,ఛᇲ → 0,					∀χ ∈ ࣛ ⋊ఈ,௥  .߁

in Lemma (3.1.4) shows that ࣛ ⋊ఈ,௥   .has the Haagerup property ߁

 We will concern at the Haagerup property for reduced group ܥ∗-algebras.  

Theorem (3.1.6) [3] 

Let ߁ be a countable discrete group. Then the following properties are 
equivalent.  

                            ࣛ⨂௠௜௡ܯி೙(ℂ) 

                ߮௡                                        ߰௡  

  ࣛ ⋊ఈ,௥ ࣛ                                          ߁ ⋊ఈ,௥  ߁
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(i) ߁ has the Haagerup property; 
(ii) The reduced group ܥ∗-algebra ܥ୰∗(߁) has the Haagerup property; 

(iii) The group von Neumann algebra (߁)ܮ has the Haagerup property. 

Proof: 

The equivalence of (i) and (ii) was proved first by Choda. So we only need to 
show the equivalence of (i) and (ii). 

(i)⇒(ii) Suppose that ߁ has the Haagerup property and take a sequence {߮௜} of 
positive definite functions such that ߮௜(݁) = 1, ߮௜ ∈ ܿ଴(߁) and ߮௜ → 1 pointwise. 
We define corresponding multipliers ݉ఝ೔:	ℂ[߁] → ℂ[߁] by 

݉ఝ೔ ൭෍ܽ௧λ௰(ݐ)
௧∈௰

൱ =෍߮୧(ݐ)ܽ௧λ௰(ݐ)
௧∈௰

. 

The multipliers ൛݉ఝ೔ൟ can be extended to unital completely positive maps from  
 In the following, we will prove that the multipliers ൛݉ఝ೔ൟ satisfy .(߁)∗୰ܥ to (߁)∗୰ܥ
the conditions of the Haagerup property for ܥ୰∗(߁). Since each ߮௜  vanishes at the 
infinity of  , then for each ݇ ∈ ℕ, we have a finite subset ܨ୧

(௞) ⊆  such that߁

|߮୧(ݐ)| <
1
݇
ݐ∀					, ∈ ୧ܨ\߁

(௞). 

Set, for each ݇ ∈ ℕ 

݉ఝ౟
(ೖ) ൭෍ܽ௧λ௰(ݐ)

௧∈௰

൱ = ෍ ߮୧(ݐ)ܽ௧λ௰(ݐ)
௧∈ி౟

(ೖ)

. 

Then ቄ݉ఝ౟
(ೖ)ቅ

௞ୀଵ

ାஶ
 is a sequence of finite rank linear maps on ܥ୰∗(߁). For each 

χ = ∑ ܽ௧λ௰(ݐ)௧∈௰ ∈ ℂ[߁] ⊆  ,(߁)∗୰ܥ

ቛ݉ఝ౟(χ) −݉ఝ౟
(ೖ)(χ)ቛ

ଶ

ଶ
= ቱ ෍ ߮୧(ݐ)ܽ௧

௧∈௰\ி౟
(ೖ)

λ௰(ݐ)ቱ

ଶ

ଶ
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																																		= ෍ |߮୧(ݐ)|ଶ|ܽ௧|ଶ

௧∈௰\ி౟
(ೖ)

 

																																		≤ ൮ ෍ |ܽ௧|ଶ

௧∈௰\ி౟
(ೖ)

൲ ݇ଶ൘  

														≤ ‖χ‖ଶଶ ݇ଶ⁄ , 

where ߬ is the canonical trace on ܥ୰∗(߁). Note that since multipliers ݉ఝ౟ ,݉ఝ౟
ೖ are 

contractive completely positive, so their associated operators on ܮଶ(ܥ୰∗(߁), ߬) are 

contractive. Hence the norm ฯT௠ക౟
− T௠ക౟

ೖฯ is determined on the dense subspace 

ℂ[߁] of ܮଶ(ܥ୰∗(߁), ߬) and hence 

ฯT௠ക౟
− T௠ക౟

ೖฯ ≤
1
݇
→ 0,					as		݇ → +∞. 

Hence ݉ఝ౟  is ܮଶ-compact. Since for any ݐ ∈ ,߁ |߮୧(ݐ)| ≤ ߮୧(݁) = 1, so it is  
obvious that ߬ ∘ ݉ఝ౟ ≤ ߬. Let ܿ ∈ ߳ and (߁)∗୰ܥ > 0, then there is a finite subset ܨ 
of ߁ and elements ܽ௧ ∈ ݐ)ࣛ ∈  such that (ܨ

‖χ − χ୊‖ ≤
߳
3
, 

where χி = ∑ ܽ௧λ௰(ݐ)௧∈ி . Therefore, for each χ ∈  we have ,(߁)∗୰ܥ

ฮ݉ఝ౟(χ) − χฮ
ଶ
≤ ฮ݉ఝ౟(χ) −݉ఝ೔(χி)ฮଶ + ቛT௠ക౟

(χி) − χிቛ
ଶ
+ ‖χி − χ‖ଶ 

≤
߳
3
+ ൭෍|߮୧(ݐ) − 1|ଶ

௧∈ி

|ܽ௧|ଶ൱

ଵ
ଶ
+
߳
3
												 

< ߳																																																																							 

for sufficiently large i, by the assumption for the sequence {߮୧}. Hence ܥ୰∗(߁) has 
the Haagerup property. 
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(ii)⇒(i) Assume that ܥ୰∗(߁) has the Haagerup property. Then there is a 
sequence {߮୧}୧ஹଵ of unital completely positive maps from ܥ୰∗(߁) to ܥ୰∗(߁) which 
satisfy the conditions in Definition (3.1.3). For each i ∈ ℕ, set 

(ݐ)୧ߔ = ߬ ቀλ௰(ݐ)∗ߔ୧൫λ௰(ݐ)൯ቁ, 

߮୧(݁) = 1. We know that ݉ఝ౟ is a unital completely positive map from ܥ୰∗(߁)to 
ݐ So .i is positive definite. For each .(߁)∗୰ܥ ∈  we have ,߁

(ݐ)୧ߔ| − 1| = ห߬൫λ௰(ݐ)∗ߔ୧൫λ௰(ݐ)൯ − 1൯ห 

																															= ቚ߬ ቀλ௰(ݐ)∗ߔ୧൫λ௰(ݐ)൯ − λ௰(ݐ)ቁቚ 

																										≤ ฮߔ୧൫λ௰(ݐ)൯ − λ௰(ݐ)ฮଶ → 0. 

In the following we will show that each ߮୧ (i fixed) vanishes at the infinity of ߁. 
By the Cauchy.Schwarz inequality, 

|(ݐ)୧ߔ| ≤ ฮߔ୧൫λ௰(ݐ)൯ฮଶ = ฮTః౟
(λ௰(ݐ)ఛ)ฮ, 

where {λ௰(ݐ)ఛ} is the standard basis for ܮଶ(ܥ୰∗(߁), ߬). Now, it is a well-known and 
elementary fact that if T is a compact operator on a Hilbert space with orthonormal 
basis ൛݁ఓൟఓ∈∆¸ then, given ߳ > 0, there is a finite subset ܨ of ∆ such that 

ฮT൫ ఓ݁൯ฮ < ߳ for all ߤ ∈  ୧ and theߔܶ Thus it follows from the compactness of .ܨ\∆
above argument that each ߮୧ vanishes at the infinity of ߁ and ߁ has the Haagerup 
property.  

 

Section (3.2): Relative Haagerup property for ࡯∗-algebras 

We now extend the definition of the Haagerup property from the above single 
 algebras, by using a similar-∗ܥ algebra case to the relative case of inclusions of-∗ܥ
strategy to the way notions of amenability and Property (T) were extended from 
single algebras to inclusions of algebras. 

Let 1 ∈ ℬ ⊆ ࣛ be ܥ∗-algebras, ߬ be a fixed faithful trace on ࣛ, which acts by 
left multiplication on ܮଶ(ࣛ, ߬) in the GNS representation of ߬. Let χத ∈ ,ࣛ)ଶܮ ߬) 
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be the appropriate vector for each χ ∈ ࣛ. Suppose that there exists a ߬-preserving 
conditional expectation Eℬ  from ࣛ onto ℬ. Let ߔ:	ࣛ ∈ ࣛ be an Eℬ-preserving ℬ-
bimodule unital completely positive map. Then the Cauchy-Schwartz inequality 
(χ)ߔ∗(χ)ߔ ≤ ,(χ∗χ)ߔ χ ∈ ࣛ, yields the construction Tః ∈ ℬ൫ܮଶ(ࣛ, ߬)൯, 

Tః(χఛ) = ൫ߔ(χ)൯ఛ,					χ ∈ ࣛ. 

The ℬ-linearity of ߔ yields Tః(χఛ) = ൫ߔ(χ)൯ఛ = χఛ , ∀χ ∈ ℬ; hence Tః|௅మ(ℬ,ఛ). 
For ܽ ∈ ࣛ, χ ∈ ℬ, we have 

〈 ఃܶ(ܽఛ), ߯ఛ〉 = ߬൫߯∗ߔ(ܽ)൯ 

																																	= ߬ ቀܧℬ൫߯∗ߔ(ܽ)൯ቁ 

																																= ߬ ቀ߯∗ܧℬ൫ߔ(ܽ)൯ቁ 

																								= ߬൫߯∗ܧℬ(ܽ)൯ 

																							= ߬൫ܧℬ(߯∗ܽ)൯ 

														= ߬(߯∗ܽ) 

															= 〈ܽఛ, ߯ఛ〉. 

This implies that Tః∗ (χఛ) = χఛ,			∀χ ∈ ℬ. Therefore 

Tః = ൬
1 0
0 T|௅మ(ℬ,ఛ)఼

൰ 

subject to the orthogonal decomposition ܮଶ(ࣛ, ߬) = ,ଶ(ℬܮ ߬) ⊕ ,ଶ(ℬܮ ߬)ୄ. We 
define ݁ℬ = T୉ℬ, so for any χ ∈ ࣛ, ݁ℬ(χఛ) = T୉ℬ(χఛ) = ൫Eℬ(χ)൯ఛ. Note that ݁ℬ  is 
just the associated projection from ܮଶ(ࣛ, ߬) onto ܮଶ(ℬ, ߬). An operator 
ܽ݁ℬܾ, ܽ, ܾ ∈ ࣛ, acts on ܮଶ(ࣛ, ߬) by 

ܽ݁ℬܾईఛ = ൫ܽܧℬ(ܾχ)൯ఛ, ईࣛ. 

Set 
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ℱℬ(ࣛ) = ൝T ∈ ℬᇱ ∩ ℬ൫ܮଶ(ࣛ, ߬)൯: T =෍ܽ୧݁ℬ ୧ܾ
୧∈ி

, ܽ୧	and	set	ϐinite	ܨ , ܾ୧ ∈ ࣛൡ 

and let ࣥℬ(ࣛ) be the norm closure of ℱℬ(ࣛ) in ℬ൫ܮଶ(ࣛ, ߬)൯. 

Definition (3.2.1) [3] 

We say that the inclusion ℬ ⊆ ࣛ has the relative Haagerup property if there 
exists a sequence {ߔ୬}୬ஹଵ of Eℬ-preserving, ℬ-bimodule, unital completely 
positive maps from ࣛ to itself such that 

(i) lim୬→ାஶ‖ߔ୬(χ) − χ‖ଶ = 0 for every χ ∈ ࣛ; 
(ii) Tః౤ ∈ ࣥℬ(ࣛ) for all n. 

Lemma (3.2.2) [3] 

Suppose that ࣛ is a unital ܥ∗-algebra with a faithful tracial trace ߬ and ߙ is a ߬-
preserving action of a countable discrete group ߁ on ࣛ. If ߉ is a normal subgroup 
of ߁, then the corresponding ∑ ܽ௧λஃ(ݐ)௧∈ஃ → ∑ ܽ௧λ௰(ݐ)௧∈ஃ  extends to an isometric 
ܬ algebraic embedding-∗ܥ ∶ ࣛ ⋊ఈ,௥ ߉ → ࣛ ⋊ఈ,௥ -Moreover, there is a ߬ᇱ .߁
preserving conditional expectation E from ࣛ ⋊ఈ,௥  onto the range of this ߁
embedding and E൫ܽλ௰(ݐ)൯ = ܽλ௰(ݐ) if ݐ ∈ Λ and zero otherwise. 

Proof: 

Let (ݑ, ݅dࣛ ,ℋ) be a covariant representation. By Fell's absorption principle, we 
may view ࣛ ⋊ఈ,௥ ⊗ࣛ algebra generated by-∗ܥ as the ߁ ݑ) and ܫ	 ⊗ λ)(߁). 
Similarly, ࣛ ⋊ఈ,௥ ⊗ࣛ algebra generated by-∗ܥ is a ߉ ݑ) and ܫ	 ⊗ λ)(Λ). Let 
ܳ = ߁ Λ⁄ , thus ߁ = ⋃ Λt୯௤∈ொ  is the decomposition of ߁ into disjoint right cosets, 
where ݐ୯ = 1 for the trivial coset Λ. Then ߜ௦௧౧ → ௦ߜ ⊗ ௧౧ݏ  extends to a unitary 
from ℓଶ(߁) onto ℓଶ(Λ) ⊗ ℓଶ(ܳ), so we have an identification 

(߁)ଶܮ ≅ ଶ(Λ)ܮ ⊗ଶ  (ܳ)ଶܮ

such that 

																																																	λ௰(ݐ) = λஃ(ݐ) ⊗ ݐ				,ܫ ∈ Λ.																																											(1) 
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Since ࣛ ⋊ఈ,௥ Λ is a ܥ∗-algebra generated by ࣛ⊗ ݑ) and ܫ	 ⊗ λ)(Λ), we can 
define ܬ as the restriction of the ∗-isomorphism χ → χ⊗ of ℬ൫ℋ ܫ	 ⊗	ℓଶ(Λ)൯ into 
ℬ൫ℋ ⊗	ℓଶ(Λ) ⊗ ℓଶ(ܳ)൯. Thus, 

ܬ ൭෍ܽ௧λஃ(ݐ)
௧∈ஃ

൱ =෍ܽ௧λஃ(ݐ)
௧∈ஃ

⊗ ܫ =෍ܽ௧λ௰(ݐ)
௧∈ஃ

 

Define an isometry V ∶ ℋ ⊗ ℓଶ(Λ) → ℋ ⊗ ℓଶ(ܳ) by 

V(ߟ) = ߟ ⊗  .ଵߜ

In particular, V(ߦ ⊗ (௦ߜ = ߦ ⊗  ଵ. Then we defineߜ

E(χ) = χ∀					,(V∗χV)ܬ ∈ ࣛ ⋊ఈ,௥  .߁

It is routine to check that E is the required conditional expectation and it is ߬ᇱ-
preserving. Also, ܧ൫ܽλ௰(ݐ)൯ = ܽλ௰(ݐ) if ݐ ∈ Λ and zero otherwise. 

In the following, we always set ℬ = ࣛ ⋊ఈ,௥ Λ for simplicity and EℬB the 
conditional expectation from ࣛ ⋊ఈ,௥ onto ℬ ߁ = ࣛ ⋊ఈ,௥ Λ in Lemma (3.2.2). 

Lemma (3.2.3) [3] 

For each continuous normalized positive definite function ෤߮  on ߁ Λ⁄ , there is an 
Eℬ-preserving, unital completely positive map ߔ from ࣛ ⋊ఈ,௥  into itself such ߁
that 

(χbܽ)ߔ = ,ܽ∀					,ܾ(χ)ߔܽ ܾ ∈ ℬ = ࣛ ⋊ఈ,௥ Λ,				χ ∈ ࣛ ⋊ఈ,௥  .߁

 

Proof: 

For any g ∈ we can define ߮(g) ,߁ = ෤߮(gΛ). Define 

ߔ ∶ 	 (ࣛ,߁)௖ܥ ↦  (ࣛ,߁)௖ܥ

by 
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(ݏ)൭෍ܽ௦λ௰ߔ
௦∈௰

൱ =෍߮(ݏ)ܽ௦λ௰(ݏ)
௦∈௰

 

Suppose that χ = ∑ ܽ௦λ௰(ݏ)௦∈௰ ∈ ࣛ is positive in (ࣛ,߁)௖ܥ ⋊ఈ,௥  That for any .߁

finite sequence ݏଵ, … , ୬ݏ ∈ ௦౟ߙthe operator matrix ቂ ,߁
ିଵ ቀܽ௦౟௦ౠషభቁቃ௜,௝

∈  ୬(ࣛ) isܯ

positive. So the Schur product ቂ߮൫ݏ୧ݏ୨ିଵ൯ߙ௦౟
ିଵ ቀܽ௦౟௦ౠషభቁቃ୧,୨

 is positive, as the 

pointwise product of two positive matrices ൣ߮൫ݏ୧ݏ୨ିଵ൯൧୧,୨ and ቂߙ௦౟
ିଵ ቀܽ௦౟௦ౠషభቁቃ୧,୨

. 

(χ)ߔ = ∑ ௦∈௰(ݏ)௦λ௰ܽ(ݏ)߮ ∈ ࣛ is also positive in (ࣛ,߁)௖ܥ ⋊ఈ,௥  This .߁
following natural commutative diagram implies that ߔ is a unital completely 
positive map, 

 

 

 

 

where (I ⊗ (g)(ߙ = ݅dெ౤ ୥. Since ߮(g)ߙ⊗ = 1, for any g ∈ Λ, it follows that 
Eℬߔ = Eℬ. Now we only need to check that ߔ has ℬ-bimodule property. By the 
continuity of multiplication and of ߔ, we only need to check on elements in 
Suppose that χ .(ࣛ,߁)௖ܥ = ∑ ܽ௦λ௰(ݏ)௦∈௰  and ܽ = ∑ ܾ௧λஃ(ݐ)௧∈ஃ  in ܥ௖(߁,ࣛ), we 
have 

(χܽ)ߔ = ߔ ൭ ෍ ܾ௧ߙ௧(ܽ௦)λ௰(ݏݐ)
௦∈௰,௧∈ஃ	

൱ = ෍ (ݏݐ)௧α௧(ܽ௦)λ௰ܾ(ݏݐ)߮
௦∈௰,௧∈ஃ	

 

and 

(χ)ߔܽ = ൭෍ܾ௧λஃ(ݐ)
௧∈ஃ

൱൭෍߮(ݏ)ܽ௦λ௰(ݏ)
௦∈௰

൱ = ෍ (ݏݐ)௧α௧(ܽ௦)λ௰ܾ(ݏ)߮
௦∈௰,௧∈ஃ

. 

Since ݏΛ = Λݏ = Λݏݐ = (ݏ)߮ Λ, soݏݐ = ߔܽ and (ݏݐ)߮ =  Similarly .(χܽ)ߔ
(χܾ)ߔ =  .ܾ(χ)ߔ

௡⨂൫ࣛܯ ⋊ఈ,௥ Γ൯
							ఝ೙							ሱ⎯⎯⎯⎯⎯ሮܯ௡⨂൫ࣛ ⋊ఈ,௥ Γ൯ 

(ࣛ)௡ܯ		 ⋊௟⨂ఈ,௥ Γ
							ఝ೙							ሱ⎯⎯⎯⎯⎯ሮܯ௡⨂(ࣛ) ⋊௟⨂ఈ,௥ Γ										 
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We have The following theorem. 

Theorem (3.2.4) [3] 

Let ࣛ be a unital ܥ∗-algebra with a faithful tracial trace ߬ and let ߙ be a ߬-
preserving action of a countable discrete group ߁ on ࣛ. If Λ is a normal subgroup 
of ߁, then the inclusion ࣛ ⋊ఈ,௥ Λ ⊆ ࣛ ⋊ఈ,௥  has the relative Haagerup property ߁
if and only if the quotient group ߁ Λ⁄  has the Haagerup property. 

Proof: 

Necessity. Suppose that the inclusion ࣛ ⋊ఈ,௥ Λ ↪ ࣛ ⋊ఈ,௥  has the relative ߁
Haagerup property, and let {ߔ୬}୬ஹଵ be as in Definition (3.2.1). Define ߮୬:	߁ ↦ ℂ 
by 

߮୬(g) = ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁ. 

For any fixed n, clearly ߮୬(݁) = 1 and the positivity of ߬ yields 

෍ ܽ୧ ෤ܽ୨߮୬൫g୨ିଵg୧൯
୫

୧,୨ୀଵ

= ෍ ߬ ቀ ෤ܽ୨λ௰൫g௝൯ቁߔ୬ ቀλ௰൫g୨ିଵ൯λ௰(g୧)ቁ ܽ୧λ௰ ቀ(g୧ିଵ)ቁ
୫

୧,୨ୀଵ

 

≥ 0																																																						 

for all gଵ, … , g୫ ∈ ,and ܽଵ ߁ … , ܽ୫ ∈ ℂ; hence ߮୬ is positive definite on ߁. Since 
each ߔ୬ is an ࣛ ⋊ఈ,௥ Λ-bimodule map, so for g ∈ ,߁ g଴ ∈ Λ we have 

߮୬(gg଴) = ߬ ቀߔ୬൫λ௰(gg଴)൯λ௰(g଴ିଵgିଵ)ቁ 

					= ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁ 

=  																										୬(g)ߔ

and 

୬(g଴g)ߔ = ߬ ቀߔ୬൫λ௰(gg଴)൯λ௰(gିଵg଴ିଵ)ቁ 

																																	= ߬ ቀλ௰(g଴)ߔ୬൫λ௰(g)൯λ௰(gିଵ)λ௰(g଴ିଵ)ቁ 
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						= ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁ 

=  																								.୬(g)ߔ

Therefore ߮୬(g଴g) = ߮୬(gg଴) and so we can define ෤߮୬ ߁	: Λ⁄ ↦ ∁ by 

෩୬(gΛ)ߔ = ߮୬(g),					∀g ∈  .߁

Indeed, if gΛ = hΛ, we have hିଵg	∈ Λ. So by the above equations, 

෤߮୬(gΛ) = ߮୬(g) = ߮୬൫h(hିଵg)൯ = ߮୬(h) = ෤߮୬(hΛ). 

So ෤߮୬ is also a positive definite function on ߁ Λ⁄  and ෤߮୬(Λ) = 1. For any g ∈  ,߁
we have 

| ෤߮୬(gΛ) − 1| = |߮୬(g) − 1|																						 

																																			= ቚ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁ − 1ቚ 

																																																																= ቚ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁ − ߬൫λ௰(g)λ௰(gିଵ)൯ቚ 

																																																	= ቚ߬ ൬ቀߔ୬൫λ௰(g)൯ − λ௰(g)ቁ λ௰(gିଵ)൰ቚ 

																																							= ห〈ߔ୬൫λ௰(g)൯ − λ௰(g), λ௰(g)〉ଶห 

																																																																≤ ฮߔ୬൫λ௰(g)൯ − λ௰(g)ฮଶ → 0,					as		n → +∞. 

Finally, to show that ߁ Λ⁄  has the Haagerup property, it suffices to cheek that ෤߮୬ 
vanishes at the infinity of  ߁ Λ⁄ . We set ℬ = ࣛ ⋊ఈ,௥ Λ and fix n and ߳ > 0. Since 
Tః౤ ∈ ࣥℬ൫ࣛ ⋊ఈ,௥ ,൯, there exist ܽଵ߁ … , ܽ୫ in ࣛ ⋊ఈ,௥ ,and ܾଵ ߁ . . . , ܾ୫ ∈
 such that (ࣛ,߁)௖ܥ

ะTః౤ −෍ܽ୧݁ℬܾ୧

୫

୧ୀଵ

ะ ≤ ߳ 2⁄ . 

In particular, 
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																														sup
୥∈௰

ะߔ୬൫λ௰(g)൯ −෍ܽ୧Eℬ൫ ୧ܾλ௰(g)൯
୫

୧ୀଵ

ะ
ଶ

≤ ߳ 2⁄ .																									(2) 

Let ࣭ be a complete system of representations in ߁ for ߁ Λ⁄ . Now for any ܾ =
∑ ܾ௧λ௰(ݐ)௧∈௰ ∈  we get ,(ࣛ,߁)௖ܥ

ܾ =෍ܾ௧λ௰(ݐ)
௧∈௰

 

													= ෍λ௰(ݐ)ߙ௧షభ(ܾ௧)
௧∈௰

 

																																														= ෍λ௰(g)
୥∈࣭

൮෍ λ௰(gିଵݐ)ߙ௧షభ
௧∈୥ஃ

(ܾ௧)൲ 

																																																								= ෍λ௰(g)
୥∈࣭

ቌ෍(λஃ(gିଵݐ) ⊗ ௧షభ(ܾ௧)ߙ(ܫ
௧∈୥ஃ

ቍ 

																								= ෍λ௰(g)Eℬ(λ௰(gିଵ)ܾ)
୥∈࣭

. 

So 

‖ܾ‖ଶଶ = ቯ෍λ௰(g)Eℬ(λ௰(gିଵ)ܾ)
௚∈࣭

ቯ

ଶ

ଶ

=෍‖Eℬ(λ௰(gିଵ)ܾ)‖ଶଶ
୥∈࣭

< +∞. 

Let ߜ > 0. Then there exists a finite set ܨ௕,ఋ ⊆ ࣭ such that 

																																														 ෍ ‖Eℬ(λ௰(gିଵ)ܾ)‖ଶଶ
୥∈࣭\ி್,ೞ

≤  (3)																																									ଶ.ߜ

Let ܯ = maxଵஸ௜ஸ୫‖ܽ୧‖ଶ , ߜ =
ఢ

ଶ(ெାଵ)୫
  and ܨఢ = ⋃ ௕౟∗,ఋܨ

୫
୧ୀଵ . For any g ∈  ఢ, itܨ\ܵ

follows from the inequalities (2) and (3) 
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|୬(g)ߔ| = ቚ߬ ቀߔ୬൫λ௰(g)൯λ௰(gିଵ)ቁቚ																																							 

																							≤ ቮ߬ ቌ൭ߔ୬൫λ௰(g)൯ −෍ܽ୧Eℬ൫ ୧ܾλ௰(g)൯
୫

୧ୀଵ

൱ λ௰(gିଵ)ቍቮ

+෍ ቚ߬ ቀܽ୧Eℬ൫ ୧ܾλ௰(g)൯λ௰(gିଵ)ቁቚ
୫

୧ୀଵ

 

≤
߳
2
+෍‖ܽ୧‖ଶฮEℬ൫ ୧ܾλ௰(g)൯ฮଶ

୫

୧ୀଵ

																														 

=
߳
2
+෍‖ܽ௜‖ଶ‖Eℬ(λ௰(gିଵ) ௜ܾ

∗)‖ଶ

୫

୧ୀଵ

																													 

≤
߳
2
+෍ܯ

߳
ܯ)2 + 1)݉

୫

୧ୀଵ

																																															 

< ߳.																																																																																				 

This implies that ෤߮୬ ∈ ܿ଴(߁ Λ⁄ ) and so the quotient group ߁ Λ⁄  has the Haagerup 
property. 

Sufficiency. Suppose that the quotient group ߁ Λ⁄  has the Haagerup property. 
So there exists a sequence of normalized positive definite functions { ෤߮୬} on ߁ Λ⁄  
that vanish at the infinity of ߁ Λ⁄  and such that lim௡ ෤߮୬ (gΛ) = 	1, for all gΛ ∈
߁ Λ⁄ . We can define ߮୬:	߁ → ℂ by 

߮୬(g) = ෤߮୬(gΛ),					∀g ∈  .߁

It is routine to check that ߮୬(݁) = 1, ߮୬ is a positive definite function on ߁ and 

߮୬(gg଴) = ߮୬(g଴g),					 lim୬ ߮୬(g) = 1,					∀g ∈ ,߁ g଴ ∈ Λ. 

By Lemma (3.2.3), there exists a sequence {ߔ୬}୬ஹଵ of Eℬ-preserving, ℬ-bimodule, 
unital completely positive maps from ࣛ ⋊ఈ,௥  to itself. In order to check ߁
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lim௡‖ߔ୬(χ) − χ‖ଶ = 0, ∀χ ∈ ࣛ ⋊ఈ,௥ note that, since ฮTః౤ฮ ,߁ ≤ 1, it is enough 
to consider only the case χ = ܽλ௰(ݏ), ܽ ∈ ࣛଵ and ݏ ∈  Now we compute .߁

ฮߔ୬൫ܽλ௰(ݏ)൯ − ܽλ௰(ݏ)ฮଶ
ଶ = (ݏ)୬ߔ)‖ − 1)ܽλ௰(ݏ)‖ଶଶ 

= (߮୬(ݏ) − 1)ଶ߬൫λ௰(ିݏଵ)ܽ∗ܽλ௰(ݏ)൯ 

= (߮୬(ݏ) − 1)ଶ߬(ܽ∗ܽ) → 0,					as			n → +∞. 

We also need to show Tః౤ ∈ ࣥℬ൫ࣛ ⋊ఈ,௥  ൯. For simplicity of notation, we fix߁
n and denote ߮ = ߮୬, ߔ =  ୬. Let ࣭ be a complete system of representations forߔ
߁ Λ⁄  in ߁. Let ଵ࣭ ⊆ ࣭ଶ ⊆ ⋯ ⊆ ࣭ be an increasing sequence of finite sets whose 
union equals ࣭, and set for each m ≥ 1 

T୫ = ෍ ߮(g)λ௰(g)݁ℬλ௰(gିଵ)
୥∈ୗ೘

. 

First, we want to show that T୫ ∈ ℬᇱ = ൫ࣛ ⋊ఈ,௥ Λ൯
ᇱ. By linearity and continuity, 

we only need to check that for χ = ܾλ௰(ݐ) ∈ (ࣛ,߁)௖ܥ ⊆ ࣛ ⋊ఈ,௥  ,߁

λ௰(g)݁ℬλ௰(gିଵ)ܽλஃ(g଴)χఛ = ܽλஃ(g଴)λ௰(g)݁ℬλ௰(gିଵ)χఛ 

with g, ݐ ∈ ,߁ g଴ ∈ Λ and ܽ, ܾ ∈ ࣛ. Now we have 

ஃ(g଴)߯ఛߣܽ௰(gିଵ)ߣ௰(g)݁ℬߣ =  																															൯(ݐ)௰ߣܾஃ(g଴)ߣܽ௰(gିଵ)ߣℬ൫ܧ௰(g)ߣ

																= ℬܧ௰(g)ߣ ቀߣ௰(gିଵ)ܽߙ୥బ(ܾ)ߣ௰(g଴ݐ)ቁ 

																																		= ℬܧ௰(g)ߣ ൬ߙ୥షభ ቀܽߙ୥బ(ܾ)ቁ ௰(gߣ
ିଵg଴ݐ)൰												 

																																																= ቊ
(ݐg଴)௰ߣ(ܾ)୥బߙܽ = ,(ݐ)௰ߣܾஃ(g଴)ߣܽ if	gିଵg଴ݐ ∈ Λ;
0,																																																														 if	gିଵg଴ݐ ∉ Λ;

� 

and 

௰(gିଵ)߯ఛߣ௰(g)݁ℬߣஃ(g଴)ߣܽ =  ൯(ݐ)௰ߣܾ௰(gିଵ)ߣℬ൫ܧ௰(g)ߣஃ(g଴)ߣܽ

																																																									= ℬܧ௰(g)ߣஃ(g଴)ߣܽ ቀߙ୥షభ(ܾ)ߣ௰(gିଵݐ)ቁ 
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= ቊ
(ݐgିଵ)௰ߣ(ܾ)୥షభߙ௰(g)ߣஃ(g଴)ߣܽ = ,(ݐ)௰ߣܾஃ(g଴)ߣܽ f	gିଵݐ ∉ Λ;
0,																																																																																								 f	gିଵݐ ∉ Λ;

� 

Since Λ is normal in ߁ and g଴ ∈ Λ, so 

gିଵg଴ݐ ∈ Λ					 ⇔ ݐ					 ∈ Λg଴ିଵg = Λg				 ⇔ 					 gିଵݐ ∈ Λ. 

Therefore T୫ ∈ ℬᇱ = ൫ࣛ ⋊ఈ,௥ Λ൯
ᇱ. 

Secondly, we need to check that T୫ ↦ Tః in the operator norm. Let χ =
∑ ܽ௧λ௰(ݐ)௧∈௰ ∈ (ࣛ,߁)௖ܥ ⊆ ࣛ ⋊ఈ,௥  From the proof of necessity, we have .߁

߯ =෍ߣ௰(g)ܧℬ(ߣ௰(gିଵ)߯)
୥∈ௌ

 

and so 

‖߯‖ଶଶ =෍‖ܧℬ(ߣ௰(gିଵ)߯)‖ଶଶ
୥∈ௌ

< +∞. 

It follows that for any ߳ > 0, there exists ݇(߳) ≥ 1 such that 

ቯ߯ − ෍ (߯௰(gିଵ)ߣ)ℬܧ௰(g)ߣ
୥∈ௌೖ

ቯ

ଶ

ଶ

= ቯ ෍ (߯௰(gିଵ)ߣ)ℬܧ௰(g)ߣ
୥∈ௌ\ௌೖ

ቯ

ଶ

ଶ

 

= ෍ ଶଶ‖(߯௰(gିଵ)ߣ)ℬܧ‖
୥∈ௌ\ௌೖ

 

≤ ߳ଶ‖߯‖ଶଶ,				∀݇ ≥ ݇(߳).								 

Since ෤߮  vanishes at the infinity of ߁ Λ⁄ , there exists a subsequence {݇୫} such that 
sup୥∈ௌ\ௌೖౣ|߮(g)| ≤

ଵ
୫

. Pick an m ≥ 1, and choose that ݇(߳) ≥ ݇୫. We have 

ฮTఃχఛ − T௞ౣχఛฮ = ฮߔ(χ)ఛ − T௞ౣχఛฮ 

= ቯ෍ ߮(g)ߣ௰(g)ܧℬ(ߣ௰(gିଵ)߯)
୥∈ௌೖ

− ෍ ߮(g)ߣ௰(g)ܧℬ(ߣ௰(gିଵ)߯)
୥∈ௌ೘

ቯ

ଶ
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	≤ ቯ ෍ ߮(g)ߣ௰(g)ܧℬ(ߣ௰(gିଵ)߯)
୥∈ௌೖ(ച)

ቯ

ଶ

+ ቯ ෍ ߮(g)ߣ௰(g)ܧℬ(ߣ௰(gିଵ)߯)
୥∈ௌೖ(ച)\ௌೖ೘

ቯ

ଶ

 

≤ ߳‖߯‖ଶ +ቌ ෍ |߮(g)|ଶ‖ܧℬ(ߣ௰(gିଵ)߯)‖ଶଶ
୥∈ௌೖ(ച)\ௌೖ೘

ቍ

ଵ
ଶ

																																																						 

≤ ൬߳ +
1
݉
൰‖߯‖ଶ.																																																																																																																					 

Therefore ฮTః − T௞ౣฮ ≤
ଵ
୫

 and Tః ∈ ࣥℬ൫ࣛ ⋊ఈ,௥  ൯. This implies that the߁

inclusion ࣛ ⋊ఈ,௥ Λ ⊆ ࣛ ⋊ఈ,௥  .has the relative Haagerup property ߁

Corollary (3.2.5) [3] 

Let Λ be a normal subgroup of ߁, then the inclusion C୰∗(Λ) ⊆ C୰∗(߁) has the 
relative Haagerup property if and only if the quotient group ߁ Λ⁄  has the Haagerup 
property. 

Corollary (3.2.6) [3] 

The assumption is the same as that in Theorem (3.2.4). Then the inclusion 
ࣛ ⊆ ࣛ ⋊ఈ,௥  has the ߁ has the relative Haagerup property if and only if ߁
Haagerup property. 

The Haagerup property is a strong negation to Property (T), in that each of 
equivalent characterizations stands opposite to a characterization of Property (T). 
Connes and Jones introduced the notion of correspondences for von Neumann 
algebras. A correspondence of a von Neumann algebra ℳ is a Hilbert space ℋ 
endowed with two normal, commuting, unital actions: one of ℳ (denoted by 
(χ, (ߦ → χξ) for χ in ℳ and ߦ in ℋ) and one of the opposite algebra ℳ଴ of ℳ 
(denoted by (ݕ଴, (ߦ →  Correspondences are analogous to group representations .(ߦ
in the theory of von Neumann algebras. At the group level, Jolissaint define an 
ideal (߁)݊݅ܤ of the Fourier-Stieltjes algebra ߁)ܤ ×  is the subset of (߁)݊݅ܤ	:(߁
elements ߮ in ߁)ܤ × ,⋅)߮ such that ߮(g,⋅) and (߁ h) belong to the Fourier algebra 
,for all fixed g (߁)ܣ h ∈  which (߁)ܣ of element ߰ of (߁)ܣ	Moreover, the set T .߁
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is constant on conjugacy classes embeds naturally in (߁)݊݅ܤ by: ߮ట(g, h) =
߰(ghିଵ). Denote by ݊݅ܤା(߁)൫resp. T	ܣା(߁)൯ the subset of elements of 
.൫resp	(߁)݊݅ܤ T	ܣା(߁)൯ which are positive definite. Jolissaint characterized 
Property (T) in terms of functions in ݊݅ܤା(߁) and T	ܣା(߁).We will give a 
characterization of Haagerup property for a discrete group ߁ which is strong 
opposite to Jolissaint fs result.we need The following  

Lemma (3.2.7) [3] 

For any ߮ in ݊݅ܤା(߁) there exists a unique binormal positive form on its von 
Neumann algebra (߁)ܮ(ƒ¡ ), still denoted by ߮, such that 

߮(g, h) = ߮(λ௰(g) ⊗ λ௰(hିଵ)଴) = 〈λ௰(g)ߦఝλ௰(hିଵ),  〈ఝߦ

for all g, h in ߁, where ߦఝ. denotes the cyclic vector of the correspondence ℋఝ. 
associated to ߮. 

Definition (3.2.8) [3] 

Suppose that ߮ ∈  if the function defined by ,(߁)ା݊݅ܤ

߰(g) ≜ ߮(g, g),					g ∈  .߁

belongs to the abelian ܥ∗-algebra ܿ଴(߁), we say ߮ ∈  .(߁)଴݊݅ܤ

 

Theorem (3.2.9) [3] 

Let ߁ be a countable discrete group. Then the following are equivalent: 

(i) ߁ has the Haagerup property; 
(ii) There exists a sequence {߮୬}୬ஹଵof functions in ݊݅ܤ଴(߁) converging 

pointwise to a non-zero element of T	ܣା(߁). 

Proof: 

(ii)⇒(i) Suppose that there exists a sequence {߮୬}୬ஹଵ of functions in ݊݅ܤ଴(߁) 
converging pointwise to a non-zero element ߮ of T	ܣା(߁), we may assume that 
߮(1,1) = ߮୬(1,1) = 1 for all n. Denote by ℋ୬ the correspondence given by  
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Lemma (3.2.7) and denote by ߦ୬ the corresponding unit cyclic vector in ℋ୬. The 
associated representation ߨ୬ of ߨ୬ on ℋ୬ is defined by 

ߦ୬(g)ߨ = λ௰(g)ߦλ௰(gିଵ),					g ∈ ,߁ ߦ ∈ ℋ୬ . 

Thus 

߰୬(g) ≜ ߮୬(g, g) 

																	= ,ߦ୬(g)ߨ〉  〈ߦ

																																																														→ ߮(g, g) = 1					൫since	߮ ∈ T	ܣା(߁)൯. 

Therefore the abelian ܥ∗-algebra ܿ଴(߁) possesses an approximate unit of 
normalized positive definite functions and this implies that ߁ has the Haagerup 
property. 

(i)⇒(ii) The ideas of the [3]. Suppose that ߁ has the Haagerup property, so there 
exists a ܿ଴ unitary representation (ߨ,ℋ) of ߁ which weakly contains the trivial 
representation 1௰. Thus there exists a sequence of unit vectors {ߦ୬} in ℋ such that 

,୬ߦ(g)ߨ〉																																																	 〈୬ߦ → 1,					∀g ∈  (4)																																													.߁

We associate a correspondence with ߨ as see[3]. Denote by ℋ෡  the Hilbert space 
ℓଶ(߁) ⊗ℋ endowed with the actions: 

λ௰(g) ⋅ (݂ ⊗ (ߟ = λ௰(g)݂ ⊗  ߟ(g)ߨ

and 

(݂ ⊗ (ߟ ⋅ λ௰(g) = ݂λ௰(g) ⊗  ߟ

for g ∈ ,߁ ݂ ∈ ℓଶ(߁) and ߟ ∈ ℋ. ℋ෡  is a correspondence of (߁)ܮ. Let us denote 
መ௡ߦ = ௡ߦ⨂ଵߜ ∈ ℋ෡  and define {߮௡} in ݊݅ܤା(߁) by 

߮୬(g, ℎ) ≜ 〈λ௰(g)ߦመ୬λ௰(hିଵ),  〈መ୬ߦ

= 〈λ௰(g)ߜଵλ௰(hିଵ)⊗ ,୬ߦ(g)ߨ ⊗ଵߜ  〈୬ߦ

= 〈λ௰(g)ߜଵλ௰(hିଵ), 〈ଵߜ ⋅ ,୬ߦ(g)ߨ〉 ,ଵߜ  〈୬ߦ

= χ∆(g, h)〈ߨ(g)ߦ୬,  																																			〈୬ߦ
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= χ∆(g, h)߮୬(g, h),																																										 

where ߯∆ is the characteristic function of the diagonal group ∆ in ߁ ×  is ߨ Since .߁
a ܿ଴ unitary representation, it follows from the above equations that ߮௡ ∈  .(߁)଴݊݅ܤ
Therefore the above equations and Equation (4) show that  

߮୬(g, ℎ) → χ∆(g, ℎ),					g, ℎ ∈  .߁

It is obvious that ߯∆ ∈  .(߁)ାܣܶ
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Chapter	4	

Rigidity	of		࡯∗-	algebras	with	property	(T)	

As aconsequence ,the class of all	ܥ∗-algebras with the Haagerup property 
turns out to be quite large. We then apply Popa’s results and show the ܥ∗-
algebras with property(T) have a certain rigidity property. Unlike the case of 
von Neumann algebras ,for the reduced group ܥ∗-algebra so f groups with 
relative property(T),the rigidity property strongly fails in general .Never the 
less ,for some groups without nontrivial property(T)subgroups ,we show 
arigidity property in some cases .As examples ,we prove the reduced group 
 algebras of the (non-amenable ) affine groups of the affine planes have-∗ܥ
arigidity property.  

Section	(4-1)	

Applications	of	Haagerup	property	for	C*-algebra	

The goal of this section is to prove Theorems (4.1.5) and (4.1.9). As the study 
of nuclearity of ܥ∗-algebras (e.g., a proof of the fact that nuclearity passes to a 
quotient in order to prove Theorem (4.1.5), we need a deep theorem from the 
theory of von Neumann algebras. To state and apply the theorem of Connes 
below, we need the following concepts of von Neumann algebras. 

Deϐinition	(4.1.1)	[4]	

Let M be a von Neumann algebra. It is said to be injective if for any unital ܥ∗-
algebra A and for any its closed self-adjoint subspace N containing the unit of 
A, any u.c.p. map from N to M can be extended to a u.c.p. map from A to M. 

Deϐinition	(4.1.2)	[4]	

Let M bea von Neumann algebra with the separable predual. It is said to be 
AFD (abbreviation of “Approximately Finite Dimensional”) if there is an 
increasing sequence of finite dimensional ∗-sub algebras of M whose union is 
dense in M in the strong operator topology. 
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The following theorem of Connes states these two properties are equivalent in 
the separable case. 

Theorem	(4.1.3)	[4] 

For a von Neumann algebra M with the separable  

 Predual  , the following are equivalent: 

1- The von Neumann algebra M is injective; 

2- The von Neumann algebra M is AFD. 

Lemma	(4.1.4)	[4]	

Let M be a(not necessarily separable)injective von Neumann algebra with a 
faithful normal tracial state τ. Then there exists a net (Φ௡)௡of conditional 
expectations on M which 

satisfies the following three conditions: 

1- Each image ofΦ௡is finite dimensional; 

2- EachΦ௡preservesτ; 

3- The net (Φ௡)௡converges to the identity map in the pointwise strong 
operator topology. 

Proof:-	

Note first that since M has a faithful normal tracial state	with each von 
Neumann sub algebra of M is injective. From this, for each finite Subset F of M, 
the von Neumann sub algebra ܹ∗(F) of M generated by F is injective and 
separable. From this, by Connes’s theorem, each von Neumann algebra  
ܹ∗(F)is an AFD von Neumann algebra. Consequently, for each finite sub set F 
of M, there is a finite dimensional ∗-sub algebra M F of M, such that dist τ(x, 
MF)<1/|F| for all x∈	F(where |F |is the cardinality of F). Then again , for each 
finite sub set F of M, there is a τ-preserving conditional expectation EF from M 
onto MF. Then notice that for any τ-preserving conditional expectation E with 
the range N, we have 
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ݔ‖ −  .ఛ(x, N)ݐݏ݅݀= ఛ‖(ݔ)ܧ

On the other hand, for each x∈	M,	݀݅ݐݏఛ(x, MF)converges to zero as  F tends to 
infinity. From this, the net(E F)F satisfies the desired three conditions. 

Now we have. 

	

Theorem	(4.1.5)	[4]	

Let (A, τ ) be a pair of a unital nuclear ܥ∗-algebra and a faithful tracial state. 
Then it has the Haagerup property. 

Proof:-	

Let A be a unital nuclear ܥ∗-algebra ,τ be a faithful tracial state on A. We will 
show the pair(A, τ )has the Haagerup property. Let πத be the GNS 
representation of τ. Then, since A is nuclear, it is easy to show ߨத(A) is an 
injective von Neumann algebra. Using Lemma (4.1.4) 

we can choose a net (Φ஑)஑of conditional expectations on πத(A) satisfying the 
following three conditions: 

(i) Each image of Φ஑  has a finite dimension; 

(ii) EachΦ஑ preserves τ; 

(iii) The net	(Φ஑)஑	converges to the identity map in the pointwise strong 
operator topology. 

From these conditions, each Φ஑  is ܮଶ-compact, and it converges to id௅మ(A ,τ ) 

strongly, as in the definition of the Haagerup property. However, 
unfortunately, these ranges are not contained in A in general. So we have to 
modify Φ஑ to take its values in A. To do this, we need the following 

notations. We identify πத(A) with the direct summand ܣ∗∗c(πத)of	ܣ∗∗ 

, where c(πத)is the central cover of πத . Denote the image of Φ஑  by E஑  , and 
denote the linear 
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span of 1஺∗∗and E஑  by	F஑ ,which is a finite dimensional ܥ∗-sub algebra of ܣ∗∗ 

. Denote the canonical inclusionF஑  ,ι஑. Since ι஑is a∗-homomorphism	by ∗∗ܣ ↪
in particular it is contained in CP(F஑,	ܣ∗∗). Then, by using the canonical 
bijective correspondence between CP(F஑,	ܣ∗∗)and(ܣ∗∗⊗F஑) and the density of 
A⊗F஑ in ܣ∗∗⊗F஑in the strong operator topology, we can find a bounded 
net(ߖஒ

(஑))ஒ from CP(F஑,A)that converges to ια in the point wise strong 
operator topology, as β tends to infinity (by the Kaplan sky density theorem). 
Then, since each	ߖஒ

(஑)(1) is contained in A⊂ܣ∗∗ and it converges to 1஺∗∗ =1୅ ∈A 
weakly as β tends to infinity, by retaking a net of c.p. maps from the convex 
hull of {ߖஒ

(஑)}β, we may assume(ߖஒ
(஑)(1)	ஒ	 converges to 1 in norm. (Recall the 

Hahn–Banach separation theorem.) We remark that each support of τ◦	ߖஒ
(஑)|୉ಉ  

is contained in that of τ|୉஑ , which is equal to E஑, and the former net converges 
to τ|୉ಉpointwise as β tends to infinity. From this and the fact E஑ has a finite 

dimension, we can choose a net	ܿஒ
(஑))ஒof positive numbers, such that	ܿஒ

(஑))ஒ 

converges to1asβtends to inϐinity and τ◦ߖஒ
(஑)|୉ಉ ≤ 	ܿஒ

(஑))ஒ߬|୉஑ . Put 

	݀ஒ
(஑) :=max{	ܿஒ

(஑), ஒߖ||
(஑)(1) ||} 

for each α and β. Then by definition of 	݀ஒ
(஑), each map (	݀ஒ

(஑))ିଵ ߖஒ
(஑)is a c.c.p. 

map that decreases τ. Now it is easy to take the desired net from the set 
{c(ߨఛ)	ߖஒ

(஑)◦Φ஑)஑,ஒ	, here we identify A with the ܥ∗-subalgebra ߨఛ(A) of	ߨఛ(A) 
 .(∗∗ܣ subalgebra of-∗ܥ not with the canonical ,(ఛߨ)c∗∗ܣ=

Indeed, in the above proof, we only use the injectivity of	ߨఛ(A) . From this, we 
can also apply the proof of Theorem (4.1.5)for some other cases. Here we 
summarize the cases Theorem (4.1.5)is applicable. Part (1) is pointed out by 
Professor Narutaka Ozawa. 

Corollary	(4.1.6)	[4]	

1-Let A be  a unital exact ܥ∗-algebra with a faithful amenable tracial stateτ. 
Then the pair (A, τ )has the Haagerup property. 
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2- Let Abe a unital residually finite dimensional	ܥ∗-algebra with a faithful 
tracial state. Then A has a faithful tracial state τ with the Haagerup property. 

Proof:-	

1-It suffices to show	ߨఛ(A)ᇱᇱ is injective. By amenability of τ, the product∗-
homomorphism 

ఛߨ ఛߨ× 	
௢௣   :Aʘܣ௢௣→B(ܮଶ(A, τ )) 

 is continuous with respect to the spatial tensor product norm [4] . Then by 
universality of the double dual, it extends to the normal∗-homomorphism 
from (A⊗ܣ௢௣)∗∗to B(ܮଶ (A, τ )). Notice that sinceAis exact, it has property 
 ᇱᇱ[4] .So the canonical inclusionܥ

 ∗∗(	⊗A→	(௢௣ܣ)ʘ	∗∗ܣ

is continuous with respect to the spatial tensor product norm. Consequently, 
the product∗-homomorphism 

ఛߨఛ(A)ᇱᇱʘߨ
௢௣(ܣ௢௣) → B൫ܮଶ(A, τ	)൯ 

is continuous with respect to the spatial tensor product norm. Note that 
ఛߨ)

௢௣(ܣ௢௣))ᇱ)) =ߨఛ(A)ᇱᇱ [4].Now injectivity of ߨఛ(A)ᇱᇱ follows from Lance’s trick. 

2- By assumption, there exists a faithful tracial state τ onAsuchthat πத (A) is a 
type I von Neumann algebra. Since a type I von Neumann algebra is injective, 
we obtain the desired result.  

Lemma	(4.1.7)	[4]	

.Let A be a ܥ∗-algebra,τ be a faithful tracial state on A, (ܣ௜)௜ be an increasing 

net of ܥ∗-sub algebras of A whose union is dense in A with respect to the 
 ଶnorm determined by τ. Assume for each i, there is a trace-preservingܮ
conditional expectation ܧ௜  from A on to ܣ௜  .Then the pair(A, τ )has the 
Haagerup property if and only if each pair(ܣ௜ ,τ)has the Haagerup property. 

Now we establish the permanence properties of the Haagerup property. Here 
we restate Theorem(4.1.9). 
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Deϐinition(4.1.8)[4]	
Let A b aunital	ܥ∗-algebra ,τa faithful tracial state on A .The pair(A,τ) is said to 
have the Haagerup property if there is anet (φ௜)୧∈୍	 of u.c.p. maps from A to it 
self satisfying the following conditions: 
(1)Each φ௜  decreases τ ;i.e. , for any positive element a ∈A  ,we have τ(φ௜ 
(a))≤τ(a); 
(2)For any a ∈A ,||φ௜(a)−a||௜ converges to 0 as it endstoinϐinity; 
(3)Each φ௜ 	is2ܮ-compact ;i.e., from the first condition ,	φ௜  extends to abounded 
operator on its GNS-space 2ܮ(A ,τ),which is compact. 
	

Theorem	(4.1.9)[4]	

Let (ܣ௜ ,	τ௜)௜∈୍ be a family of ܥ∗- algebras with the Haagerup property indexed 

By as  set  I. Then the following hold: 

1- If I is countable, then the direct product (	∏ ୍∋௜௜ܣ ,τ)has the Haagerup 
property for any tracial state τ of the form τ= ∑ ܿ௜߬௜௜∈୍  , where (ܿ௜)௜∈୍	is a 
family of positive numbers whose sum is1. More generally, any ܥ∗-subalgebra 
of (∏ ୍∋௜௜ܣ ,τ )which contains both  ⊕௜∈୍and1has the Haagerup property with 
respect to the restriction tracial state; 

2- The spatial tensor product(⊕௜∈୍, ௜ܣ ⊕௜∈୍ τ௜) has the Haagerup property; 

3- Thereduced free product (A, τ )=	∗௜∈୍ (ܣ௜ ,	τ௜)has the Haagerup property. 

Proof:-	

1- We may assume I=ℕ. For each n∈	ℕ, take an approximation net (Φ௡ ,j	)௝∈௝೙ 

Of u.c.p. maps of the Haagerup property of(ܣ௡ ,	τ௡). Replace ݆௡by for each 
n∈ℕ,wemay assume all index sets of the nets are the same one, say J. Then for 
each n∈ℕ and j∈	J, we define a u.c.p. map Ψ௡,௝on(∏ ௡௡∈ℕܣ ,	τ௡∈ℕ	ܣ௡ by 

Ψ௡,௝ := ( ⊕௞ஸ௡ Φ௞,௝ ⊕∑ c௞	τ௞	௞வ௡ ). 

Then the net (Ψ௡,௝)௡,௝  satisfies the desired condition. Moreover, each range of 
Ψ௡,௝  is contained in the unitization of n ∈N An. So the second part of the claim 
also follows. 
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2- By the previous lemma, it suffices to consider the case I={1,2}.Let(A, τ ),(B, 
ν)be two pairs of ܥ∗-algebras and faithful tracial states both of which have the 
Haagerup property. By assumption [4],we can choose nets of trace-preserving 
u.c.p. maps(φ௝)௝∈௃(ψ௝)௝∈௃ which give  the Haagerup property of(A, τ ), (B, ν) 
respectively. Then the net (ϕ௝  ⊗ψ௝)௝∈௃ obviously gives the Haagerup 
property of ( A⊗	B ,τ⊗	ν). 

3- Similarly, it sufϐices to consider the case I={1,2}. With the notations as 
above, we define 

ϕ෩௝,௞:=ܿ௞ϕ௝ +(1−ܿ௞)τ,                            ψ෩௝,௞:=ܿ௞ψ௝  +(1−ܿ௞)v 

for each j∈J and k ∈N, where ck=1−1/k. (For the notion of reduced free 
product, We will show the net ( ϕ෩௝,௞	∗φ௝,௞)(୨,୩)∈୎×ℕ	 gives the Haagerup 
property of(A, τ )∗(B, ν). Note that by definition of φ෥’s	and ˜ ψ෩ ’s, it obviously 
satisfies the conditions listed on Deϐinition(4.1.8)excepting the ܮଶ-
compactness. For the ܮଶ-compactness, notice that the GNS-space of the 
reduced free product 2 ((A, τ )∗(B, ν))is canonically isomorphic to the free 
product(ܮଶ(A, τ ),1஺த)∗(	ܮଶ(B, ν),	1஻୴ ) of GNS-spaces .Then since the restriction 
of (φ௝to ܮଶ(A, τ )୭ =ܮଶ(A, τ ) ⊖ℂ1஺த  has the norm less than or equal tock and 
similarly for ψ෩௝,௞ , φ෥௝,௞∗ψ෩௝,௞	is a ܿ଴-direct sum of compact operators as a 
bounded operator on(ܮଶ (A, τ ),	1஺த)∗(	ܮଶ(B, ν),	1஻୴ )by definition. Therefore it is 
a compact operator, as desired. 	
Next we study the permanence of the Haagerup property under the reduced 
crossed product construction. As we will see in Theorem	(4.2.1), this is no 
longer true in general. However, in the following AF-setting, we have the 
permanence property. This is pointed out by the referee. 

Theorem	(4.1.10)	[4]	

Let Γ be a group with the Haagerup property acting on a unital ܥ∗-algebraA. 

Assume the following hold: 

(i) A has a Γ-invariant faithful tracial state τ; 

(ii) Γ is he union of an increasing net(Γ௜)௜∈ூof subgroups; 
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(iii) There is an increasing net(ܣ௜)௜∈ூof finite dimensionalܥ∗-sub algebras of A, 
whose union is dense in A with respect to the ܮଶ-norm determined by τ, and 
each A௜ is Γ௜-invariant. 

Then the reduced crossed product A⋊௥ Γhas the Haagerup property. 

Proof:-	

We will show A⋊௥ Γ has the Haagerup property with respect to the canonical 
extensionτ෤ of τ. For each i∈I, there exists a unique τ-preserving conditional 
expectation ܧ௜from A On to A௜ . Notice that, by uniqueness, it must be Γ௜-
equivariant. Hence,	E௜ extends to a conditional expectation from A⋊௥ 
Γ௜ontoA௜ ⋊௥  Γ௜ , which preserves τ෤by definition. At the same time, we also have 
aτ෤-preserving conditional expectation From A⋊௥  Γ onto A⋊௥ Γ௜ . Indeed, first 
represent A⋊௥ Γ on ܮଶ (A, τ )⊗	݈ଶ(Γ )in the canonical way and similarly 
forA⋊௥ Γ௜ . Consider the conditional expectation on B(ܮଶ(A, τ )⊗	݈ଶ(Γ )) 
induced by the projection p=1⊗χΓ௜ . Then the restriction of it to A⋊௥  Γ gives 
the desired conditional expectation. Composing these two maps, we have a	τ෤-
preserving conditional expectation from A⋊௥ΓontoA௜ ⋊௥ Γ௜. [4], eachA௜ ⋊௥ 
Γ௜has the Haagerup property with respect to	τ෤. Then, since the union of A௜ ⋊௥ 
Γ௜’s is dense in A⋊௥ Γ with respect to the ܮଶ -topology,Lemma 
(4.1.11)completes the proof.  

Remark	(4.1.11)	[4]	

In this , we give an application of the Haagerup property for ܥ∗-algebras. The 
results rely heavily on techniques in von Neumann algebras which trace back 
to the work of Poparom .Popa’s theorem says the Haagerup property is a 
strong negation of relative property (T) in the context of von Neumann 
algebras. We extend this rigidity theorem to the context of ܥ∗-algebras. The 
theorem does not depend on the tracial states, therefore it is convenient to 
introduce the following class of ܥ∗-algebras. 

Deϐinition(4.1.12)	[4]	

.Set H be the class of all ܥ∗-algebras which has a faithful tracial stateτwith the 
Haagerup property. By the results , the class H is quite large. It contains all 
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nuclear ܥ∗-algebras with a faithful tracial state, many exact ܥ∗-algebras (for 
example, unital simple exact quasi-diagonalܥ∗-algebras), residually finite 
dimensional ܥ∗-algebras with a faithful tracial state, the reduced group ܥ∗-
algebras of groups with the Haagerup property, and is closed under taking the 
direct product, the spatial tensor product and the reduced free product. 
However, we need to remark that the class His not closed under taking a 
quotient, even if the quotient has a faithful tracial state. To see this, consider 
the full group ܥ∗-algebra ܥ∗(ܨஶ)of the free group ܨஶof countably many 
generators. Then it is residually finite dimensional by Choi’s theorem.From 
this and separability of ܥ∗ (ܨஶ), it is contained in the class H by Corollary 
(4.1.6). Note that any unital separable ܥ∗-algebra arises as a quotient of 
 and as we soon see in Corollary (4.1.17), there is a unital separable ,(∞F)∗ܥ
 .algebra which has a faithful tracial state but is not contained in the class H-∗ܥ

The following theorem, due to Pop . 

Theorem	(4.1.13)	[4]	

Let M be a von Neumann algebra with a faithful normal tracial state ,B a von 
Neumann sub algebra of M .If M has the Haagerup property and the pair(M, 
B)has relative property(T), then Bis not diffuse. 

We now apply Popa’s theorem to the context of ܥ∗-algebras. The proofs of the 
following lemmas are straightforward, so we only give sketches of the proofs. 

Lemma (4.1.14)	[4] 

Let(A, τ ) be a pair of a unital ܥ∗-algebra and a faithful tracial state onA. Let 

πத be the GNS-representation of τ. If the pair (A, τ )has the Haagerup property, 
then so does (πத(A)ᇱᇱ ,τ). 

	Proof	:-	

 Note that any trace-preserving u.c.p. map on A extends to a trace preserving 
u.c.p. map on the GNS-closure, which is ܮଶ -compact if the original one is. The 
extensions of approximation maps of the Haagerup property for(A, τ)establish 
the Haagerup property of(πத(A)ᇱᇱ,τ).  
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Lemma	(4.1.15)	[4] 

Let A be aܥ∗-algebra, B be aܥ∗-subalgebra of Aandτ be a tracial state on A. If 
the pair (A, B) has relative property(T) (in the sense of Leung–Ng), then the 
pair (πத(A)ᇱᇱ ,	πத(B)ᇱᇱ )of GNS-closures has relative property(T)in the sense of 
Popa. 

	Proof :- 

Since the left and right actions of a Hilbert bimodule of a von Neumann 

Algebra M are normal, for anyσ-strongly dense subset S of M, any S-central 
vector of H is indeed M-central. From this, our claim follows easily.  

Now, we obtain the rigidity result ,Theorem (4.1.15). 

Theorem	(4.1.16)	[4]	

Let A∈H, B be its ܥ∗-subalgebra. If the pair(A, B)has relative property(T), 

Then B is residually finite dimensional. 

Proof:-	

Choose a faithful tracial state τ on A with the Haagerup property. Then by 
Lemmas (4.1.14) and (4.1.15),(	πத(A)ᇱᇱ ,τ)has the Haagerup property and the 
pair (πத(A)ᇱᇱ ,	πத(B)ᇱᇱ ) has relative property (T). Hence, by Popa’s 
theorem,	πத(B)ᇱᇱ is a direct sum of matrix algebras.   

Corollary	(4.1.17)	[4]	

Let Γ be a property (T) group ,A∈H. Then any unitary representation of Γ on A 
is weakly equivalent to a direct sum of finite dimensional representations. In 
particular, if Γ is an infinite property (T) group, then there is no nonzero∗-
homomorphism from the reduced group ܥ∗-algebra ܥ௥∗(Γ )into A. 

Proof:-		

By Leung–Ng’s theorem, the full group ܥ∗ -algebra ܥ∗ (Γ )of Γ has property 
(T). Since property (T) passes to a quotient	, for any representation π of Γ on A 
,the ܥ∗-sub algebra of A generated by the image of π,  which is isomorphic to a 
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quotient of the full group ܥ∗-algebra of Γ, has property (T). Since it is a ܥ∗-sub 
algebra of a ܥ∗-algebra in the lass H, it is residually finite dimensional by 
Theorem (4.1.16) This proves our first claim. For the last statement, recall the 
reduced group ܥ∗ -algebra has a finite dimensional representation if and only  
if the group is amenable.  

	

Proposition	(4.1.18)	[4]	

If A is a unital ܥ∗-algebra which is residually finite dimensional with 
property(T)and a faithful tracial state, then A is contained in the class H. 
Before the proof, we need a comment. Although this is a special case of 
Corollary (4.1.6)	, we prefer to give an independent proof, which is much more 
elementally, by using a result of Brown about property (T) ܥ∗-algebras .	

Proof:-	

Let A be as above. Let{π୧}௜∈ூ be a complete representation system of the set of 
all equivalent classes of finite dimensional irreducible representations of A. 
Then ⨁௜∈୍π୧ is a faithful representation of A by assumption. Hence we can 
regard A as a unital ܥ∗ -sub algebra of ∏ ॸௗ౟௜∈ூ , where di is the dimension 
of	π୧ . Then by the existence of Kazhdan projections , the unit of the ith direct 
summand 1ॸ೏౟

is contained in A for all i∈I. Then, by irreducibility ofπ୧ , ith 
direct sum and	ॸௗ౟  is contained in A for all i∈I. Hence 

⨁௜∈୍ॸௗ౟is contained in A. Then by the existence of a faithful tracial state,  I 
must be countable. Hence A is contained in the class H by Theorem (4.1.9) .  

Here we give an infinite dimensional example of ܥ∗-algebra which has both 
property (T) and the Haagerup property. 

Example	(4.1.19)	[4]	

Let n≥3. on the group algebra C[Sܮ௡ (ℤ)]of SLn(ℤ), define the ܥ∗ -semi norm 

‖. ‖	finas follows: 
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Then define the ܥ∗ -algebraCϐ୧୬∗  (Sܮ௡(ℤ))as the completion ofC[Sܮ௡(ℤ)] with 
respect to the 

Semi norm‖. ‖fin. Since Sܮ௡(ℤ)is residually finite, the left regular 
representation is weakly contained in a direct sum of finite dimensional 
representations. Therefore the seminorm ‖. ‖ϐ୧୬is (strictly) greater than the 
reduced norm ‖. ‖୰.  Hence this is indeed a norm and consequently 
Cϐ୧୬∗ (Sܮ௡(ℤ)) is infinite dimensional. Moreover, since property (T) passes to a 
quotient Cϐ୧୬∗  (Sܮ௡(ℤ))has property (T). On the other hand, since Cϐ୧୬∗ (Sܮ௡(ℤ))is 
residually finite dimensional, it is contained in the class H by Proposition 
(4.1.18). 

Theorem(4.1.20)	[4] 

The Haagerup property for ܥ∗ -algebras does depend on the choice of a 
faithful tracial state. 

Proof:-	

Let A=	Cϐ୧୬∗  where n≥3. We already know it has a faithful tracial state ,(௡(ℤ)ܮܵ)
with the Haagerup property. So to show the claim, it suffices to find a faithful 
tracial state τ on A without the Haagerup property. Remark that, since the left 
regular representation λ of Sܮ௡(ℤ) is weakly contained in a direct sum of finite 
dimensional representations, δ௘  extends to a tracial state of A, say the 
extension ߬ଵ. Define τ=(τ	ଵ+τ	ଶ)/2, whereτ	ଶ is an arbitrary faithful tracial 
state on A. We will show the pair (A, τ )does not have the Haagerup property. 
Assume by contradiction that(A, τ )has the Haagerup property, i.e., there 
exists a sequence(Φ௡)ଶof u.c.p. maps on A satisfying the properties listed on 
Deϐinition(4.1.8) . Consider ݈தଶ(Sܮ௡(ℤ)), which is the GNS-space of τ. For any 
f∈ܿ௖ (Sܮ௡(ℤ) ),we have ‖݂‖ଶଶ ≤ ‖݂‖தଶ, hence the identity map on  
ܿ௖(Sܮ௡(ℤ))extends to a bounded operator from݈தଶ (Sܮ௡(ℤ) )into ݈ଶ (Sܮ௡(ℤ)). 
Denote the extension by π. Now for each k, we define a complex valued 
function ψ௞on Sܮ௡(ℤ) by	

ψ௞(g):=	δ୥,π(Φ௞  (g)	δୣத	)ଶ=δg,λΦ௞(g)	δୣ)ଶ. 

Then ψ௞  converges to 1 pointwise asktends to inϐinity. On the other hand, 
since λ◦Φ௞  is u.c.p.,	ψ௞  is positive definite. Hence the convergence of ψ௞  is 
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indeed uniform (since Sܮ௡(ℤ) has property (T)). However, note that the family 
(δ୥)୥∈ୗ௅೙(ℤ)	 is an orthonormal basis of	݈ଶ(Sܮ௡(ℤ)), whereas the set {π(Φ௞(g)ߜ௘த 

)}g∈	Sܮ௡(ℤ)  is relatively compact in ݈ଶSܮ௡(ℤ)	)by the ݈ଶ-compactness 
ofΦkand the boundedness ofπ, which is a contradiction.  

In the context of von Neumann algebras, the non-embeddable result of 
Corollary(4.1.17)	still holds for the group von Neumann algebra of a group 
which has relative property (T) with respect to an infinite subgroup. This is 
because the group von Neumann algebra of an infinite group is always diffuse. 
The corresponding result is not true in the context of ܥ∗-algebras, because the 

reduced group ܥ∗-algebra of an infinite group can be residually finite 
dimensional. Indeed, many typical relative property (T) groups fail to have the 
rigidity property. 

Lemma	(4.1.21)	[4]	

Let A be a unital ܥ∗-algebra with an action of a group Γ with the Haagerup 
property. Assume A admits a countable family (π௡)௡of Γ-equivariant finite 
dimensional representations which separates the points ofA. Then the 
reduced crossed product A⋊௥Γembeds into a ܥ∗-algebra in the class ℋ. 

Proof:-	

Take a countable separating family(π௡)௡of Γ-equivariant finite dimensional 
representations. Then we have aΓ-equivariant embedding  

 

By taking the reduced crossed products, we have an embedding 

 

Since each A/ker π௡ is finite dimensional and Γ has the Haager up property, 
the range of the above map is contained in the classℋ.  
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Lemma	(4.1.22)	[4]	

can apply to many reduced group C∗-algebras of groups without the Haagerup 
property. Here we recall the examples of groups which have relative property 
(T). 

Deϐinition	(4.1.23)	[4]	

Let ॶ be an algebraic number field (i.e., a finite extension of the rational 
number field ℚ), R be the ring of integers of ॶ (i.e., the ring of all elements of 
ॶ which are roots of a nonzero monic polynomial with the integer 
coefficients). The three-dimensional Heisenberg group with the coefficients in 
R, denoted by ܪଷ(R), is the subgroup of S3ܮ(R)which consists of all upper 
triangular matrices with the diagonal entries 1. Equivalently,	ܪଷ(R)is defined 
as the Set ܴ2×R with the group operation 

(x, λ)(y, μ):= (x+y ,λ+μ)+ω(x,y), 

Where ω(x,y):=ݔଵݕଶ−ݔଶݕଵ is the symplectic form. In the latter picture, S2ܮ (R) 
canonically acts on	ܪଷ(R)by acting on the first coordinate. (Since S2ܮ(R) 
preserves ω , this indeed defines an action on the groupܪଷ(R).) 

Proposition (4.1.24)	[4] 

Let ॶ be an algebraic number field ,R be the ring of integers of ॶ. 

Then the following hold: 

(1) The pair(ܴଶ ⋊S2ܮ(R), ܴଶ)has relative property(T); 

(2) The pair(ܪଷ(R)	⋊S2ܮ(R), ܪଷ(ℤ))has relative property(T); 

(3) The group Sܮଶ(R) has the Haagerup property. 

Theorem (4.1.25)	[4] 

Let ॶbe an algebraic number field, R be the ring of integers of ॶ. Then the 

reduced group C*-algebras of ܴଶ ⋊S2ܮ(R), ܪଷ(R)	⋊S2ܮ(R)embed into ܥ∗-
algebras in the class ℋ. 
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Proof:- 

First note that since both ܴଶand ܪଷ(R) are amenable, the full and reduced 
group ܥ∗-algebras of these groups are equal. Since R is finitely generated as an 
additive group, for any natural number n	∈ℕ, R/n R is a finite ring. So 
(R/nR)ଶ	and	ܪଷ(R/nR) are also finite. 

Moreover, it is obvious that these quotients are S2ܮ(R)-equivariant. 
Consequently, we obtain S2ܮ(R)-equivariant finite dimensional 
representations 

 

Now it is easy to check these families separate points. Consequently, we can 
apply Lemma (4.1.21) to the C*-algebras we have considered.  

Section (4.2): Arigidity property of the affine groups of the affine 
planes 

We have seen that, unlike the case of von Neumann algebras, the non-
embeddable theorem for the reduced group ܥ∗-algebras of relative property (T) 
groups fails in general. The difficulty comes from the fact ܥ∗-algebras admit many 
“mutually singular” faithful tracial states. However, if we overcome this difficulty, 
then we can prove a rigidity theorem for a group, even if the group has no infinite 
property (T) subgroups. For instance, we will consider the two classes of groups. 
The first class consists of groups with Powers’s property. For a Powers group 
without the Haagerup property, the non-embeddable theorem follows from the 
uniqueness of the tracial state on the reduced group ܥ∗-algebra. By using the free 
product, it is easy to construct an artificial group in this class without both the 
Haagerup property and infinite property (T) subgroups (e.g., (ℤଶ ⋊ SLଶ(ℤ) ∗ ℤ)). 
However, we does not know an example of group as above which naturally arises. 
So we also study the other class. These groups do not contain infinite property (T) 
subgroups and naturally arise in many fields: Namely, we study a rigidity property 
of the reduced group ܥ∗-algebras of the affine groups ॶଶ ⋊  ଶ(ॶ) of the affineܮܩ
planes (or more strongly for the subgroup ॶଶ ⋊ SLଶ(ॶ)) over the fields ॶ. Note 
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that the group ॶଶ ⋊ GLଶ(ॶ) is the automorphism group of the affine plane over ॶ, 
so this is a very natural object. First we remark that a rigidity property obviously 
fails when ॶ is an algebraic extension of a finite field. In this case, ॶ is an 
increasing union of finite subfields. From this, the affine group over ॶ is an 
increasing union of finite subgroups, in particular it is amenable. We will show that 
excepting these amenable cases, the affine groups have a rigidity property. 

Theorem (4.2.1) [4] 

Let ॶ be a field which is not an algebraic extension of a finite field. Then 
௥∗൫ॶଶܥ ⋊ SLଶ(ॶ)൯ cannot be embedded into any ܥ∗-algebra in the class ℋ. 

Proof:- 

We divide the proof into two cases: 

Case 1: ॶ has characteristic zero. 

Assume by contradiction ܥ௥∗൫ॶଶ ⋊ SLଶ(ॶ)൯ embeds into a ܥ∗-algebra 
contained in the class ℋ. Then since the Haagerup property passes to the GNS-
closure, and the Haagerup property passes to von Neumann subalgebras, we have a 
faithful tracial state ߬ on ܥ௥∗൫ॶଶ ⋊ SLଶ(ॶ)൯ such that the GNS-closure ߨఛܥ௥∗൫ॶଶ ⋊

SLଶ(ॶ)൯
ᇱᇱ

 has the Haagerup property. We study the tracial state ߬. Consider the 
restriction ߬଴ of ߬ to ܥ௥∗(ॶଶ). Then ߬଴ is an SLଶ(ॶ)-invariant tracial state on 
 ௥∗(ॶଶ). Since the action of SLଶ(ॶ) on ॶଶ{0} is transitive, ߬଴ must be of the formܥ

߬଴ = ܿ߯{଴} + 1(1 − ܿ)߯ॶమ . 

where ܿ ∈ [0,1]. (Here we identify a state on the reduced group ܥ∗-algebra ܥ௥∗(Γ) 
with the restriction of it to the group ߁, which is a positive definite function of ߁.) 
By faithfulness of ߬଴, we further have ܿ > 0. From this, the restriction ߬ଵ of ߬ to 
 ௥∗(ℤଶ) is of the formܥ

߬ଵ = ܿ߯{଴} + (1 − ܿ)߯ℤమ 

with ܿ > 0. From this form, the GNS-closure ܥ௥∗(ℤଶ)ᇱᇱ of ܥ௥∗(ℤଶ) has the diffuse 
direct sum and ܮ(ℤଶ). On the other hand, since the pair 
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(ॶଶ ⋊ SLଶ(ॶ), ℤଶ) 

has relative property (T), the pair 

௥∗൫ॶଶܥ ⋊ SLଶ(ॶ)൯,  ௥∗(ℤଶ)ܥ

also has relative property (T). Then by taking GNS-closures, we further have the 
pair 

൬൬ߨఛ ቀܥ௥∗൫ॶଶ ⋊ SLଶ(ॶ)൯ቁ൰
ᇱᇱ
, ቀߨఛ൫ܥ௥∗(ℤଶ)൯ቁ

ᇱᇱ
൰ 

has relative property (T). Then notice that ቀߨఛ൫ܥ௥∗(ℤଶ)൯ቁ
ᇱᇱ

 has a nonzero diffuse 

direct summand, whereas ൬ߨఛ ቀܥ௥∗൫ॶଶ ⋊ SLଶ(ॶ)൯ቁ൰
ᇱᇱ

 has the Haagerup property. 

This contradicts Theorem (4.2.2)  

Case 2: ॶ has characteristic ݌. 

This case is also proved by the same method as in Case 1. Take a transcendental 
element ߨ over the prime field ॲ௣. Then, notice that the ring ॲ௣[ߨ] is isomorphic 
to the polynomial ring over ॲ௣. Therefore the pair 

൫ॶଶ ⋊ SLଶ(ॶ), ॲ௣[ߨ]ଶ൯ 

has relative property (T). Now the same proof as in Case 1 works with ॲ௣[ߨ] plays 
the same role as ℤ.  

Remark (4.2.2) [4]   

Guentner, Higson and Weinberger show the group SLଶ(ॶ) has the Haagerup 
property for any field ॶ, as a discrete group. From this, the von Neumann algebra 
൫ॶଶܮ ⋊ SLଶ(ॶ)൯ has the relative Haagerup property with respect to the type I von 
Neumann subalgebra ܮ(ॶଶ) in the sense of Popa. Then Popa’s theorem shows any 
von Neumann subalgebra of ܮ൫ॶଶ ⋊ SLଶ(ॶ)൯ with property (T) is of type I. 
Consequently, we have any ܥ∗-subalgebra of ܥ௥∗൫ॶଶ ⋊ SLଶ(ॶ)൯ with property (T) 
is residually finite dimensional. That is, any property (T) ܥ∗-subalgebra of 
௥∗൫ॶଶܥ ⋊ SLଶ(ॶ)൯ does not say anything in our rigidity theorem Theorem( 4.1.15). 
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However, these ܥ∗-algebras have a rigidity property relative to the class ℋ. This in 
particular shows the class ℋ is strictly larger than the complement of the class of 
 .subalgebra-∗ܥ algebras containing a nontrivial property (T)-∗ܥ

Remark (4.2.3) [4] 

From Theorem (4.1.1), the class ℋ is not closed under taking the reduced 
crossed product by a group with the Haagerup property even if the resulting 
algebra has a faithful tracial state. (As we have seen in, this is not so obvious.) 

Remark (4.2.4) [4] 

From Theorems (4.1.2) and (4.2.1), we obtain the reduced group ܥ∗-algebra of 
ℚଶ ⋊ ଶ(ℚ) cannot embed into that of ℤଶܮ ⋊  ଶ(ℤ). The corresponding result in theܮ
context of von Neumann algebras is not known. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



121 
 

List of symbols 

symbol page 
 ஶ     : Glimm ideal  1ܩ
diag   : diagonal 2 
Ker    : Kernal 3 
⊗       :  Tensor Product 3 
Sup    :  Supremum 4 
Inf      : infimum 6 
max   : maximum 7 
Prim  : prime  10 
Co      : convex  17 
⊕					 : orthogonal Sum  19 
L୮      : Lebesgue Space 27 
mod   : modular 42 
Tr       : Trace  56 
Hଶ      : Hilbert Space  74 
Lଶ       : Hilbert Space 79 
min    : minimum 85 
AFD   : Approximately Finite Dimensional 103 
dist    : distance  105 
op      : operator 107 
ʘ        : Special tensor product 107 
⊖       : Direct difference 109 
ஶܨ 					 ∶ Free group 111 
fin      :finite 114 
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