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Abstract

The sine - Gordon equation appears in the propagation of fluxions in Josephson
Junctions between two superconductors. It also appears in many scientific fields such
as the notions, and dislocation in crystals where sin (u) is due to periodic structure of
rows of atom. The term sin (u) is the Josephson current across on insulator between

two superconductors.

In this thesis we formally drive exact travelling wave solutions for the modified
Kortewey - De — Vriss (MKdv - sine - Gordon) equation. The proposed analysis
depends mainly on a variable separated ODE method. Two distinct sets of exact
solitary wave solutions, that posse’s distinct physical structure, are formally derived
for each equation. The derived solutions include other results and introduce entirely

new solutions.

The capability of extended tanh-coth sine—cosine
)

as alternative approaches to obtain the analytic solution of different types of applied

and Exp — function methods

differential equations in engineering mathematics has been revealed.

In this study, the generalized nonlinear Schrodinger (GNLS) equation is solved by
different methods. To obtain the single — solution for the equation, the extended
tanh —coth 54 sine — cosine method is used. Furthermore, for this nonlinear evolution
equation the Exp — function method is applied to derive various travelling wave
solution. Results show that while the first two procedures easily provide a concise

solution, the Exp — function method provides powerful evolution equations in

mathematical physics.
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Chapter (1)

The Variable Separated ODE Method for Traveling Wave Solution:
Section (1.}): Introduction

It is well — known that the linear Boussinesq equation isa fourth order PDE

given by [1], [3], [7].
utt_auxx +uxxxx :O (11)

That includes the physical dispersion term. The sine — Gordon equation is a

second order nonlinear PDE given by

u, —u__ +sin u =20 (1.2)

it XX

This equation appeared first in the study of differential geometry of surfaces
with Gaussian curvature K = -1. The sine — Gordon equation is completely
integrable, infinite dimensional Hamiltonian system [1] and it can be solved by
the inverse scattering method [4], [6], [7]. Integral means that there are a
sufficiently large number of conserved quantities [1], [3]. The term sinu is the
Josephson current across an insulator between two superconductors [7], [10],

[20].

u,—u_ +sinu+sin2u =0, (1.3)



Appears in many scientific applications However, the sinh — Gordon equation

u, —u_ +smh u =20, (1.4)

123 xx

Appears in integrable quantum field theory, kink dynamic [1], [2], [3], [7],
[8], [9], [16], and fluid dynamic.The sinh — Gordon equation is completely
integral because it possesses similarity reduction to third Painleve equation

[17], [21], [27], Moreover, the double sinh - Gordon equation

u, —u_ +sinhu +sinh2u =0, (1.5)

has lot of scientific applications as well. it is know that scaling for explicit
solution for nonlinear evolution equation, by using different method many
powerful method such as Backland transformation, inverse scatting method
Hirota bilinear forms pseudo spectral method, the tanh—sec /.
method,[4],[5],[6],[11],[12], the sine — cosine method [10] and many other
techniques were successfully used to investigate these types of equations
practically there is no unified method that can be used to handle all type of
nonlinear problems. In this chapter, the Boussinesq — Double sine Gordon (B
— Sine - Gordon) equation, The Boussinesq — double Sinh — Gordon equation
(Boussinesq — Sinh - Gordon) and the Boussinesq — Liouvill equation.(1.1) and

(1.2) (BL-1) and (BL —Il) Given by:



: 3.
u,—ou  +u_  =sinu +§sm 2u, (1.6)

XXXX

. 3.
u, —ou  +u_ . =sinhu+—sinh 2u,
2

XXXX

(1.7)

u 3 . 2u

u,—au _+u__=e"+—sinhe™,
4 (1.8)
And

—u 3 —2u

u,—au  +u, . =e +—e 7,
4 (1.9)

We aim to emphasize the power of the variable separated ODE method that
will be employed here. This method is developed by Sirendaoreij et at in [9]
used by fu et at in [2] and by Wazwaz,[13],[14]. It works effectively if the
equations involve Sine, Cosine hyperbolic Sine and hyperbolic Cosine function.
In what follows highlight the main features of the method as introduced in [9]

where more details and examples can be found in [9] [2] [13] [14].
Section (1.2): The Variable Separated ODE Method:

The stated before, this method was developed by Sirendaoreij et at [9]. We
first unite the independent variable x and t into one wav variable £=x—ct to
carry out PDE into an equivalent ODE. The method depend mainly on

assuming that u( ¢) satisfies an additional variable separated ODE given by

I du
U = % = G(u) (1.10)



Where G(u) is a suitable function of Sine , Cosine hyperbolic Sine hyperbolic
Cosine Differentiating (1.10) and equating the coefficient of like terms of the
resulting equation with the ODE reduced from the PDE yield a system of
algebraic equations than can be solved to determine the unknown parameter

It is worth noting the variable separated ODE

(1.10) can be solved easily by using the method of separation of variable. It
should be noted that the section of G (u) can be performed in more than one

choice as will be seen later.

Section (1.3): The Boussinesq — double Sine-Gordon

equation, [23].
A variable separated ODE method.

We first examine the Boussinesq — double Sine — Gordon equation [23].

. 3.
u,—au_+u . =sinu+—sn 2u,

XXXX

(1.11)

That by using wave Variable £=x—ct can be converted to the ODE.

- : 3.
(c® —a)u" +u™ =sinu+=sin2u
2 (1.12)

The Variable separated ODE u'(&)= G(u)can be selected in two ways as well

be discussed.



First Selection of G (u):

We assume that u(&) satisfies ODE

,_ du

u'= Ve = acos(%) (1.13)

Where @ is an arbitrary constant. Differentiating (1.13) with respect to ¢ we
obtain:
2

u' :—a—sinu
&) 1

2

ulll(f):—%cosucos% (1.14)

. 3a a’
u™ =——sin( 2u) + —sin u
<) » (2u) 2

Substituting Eq(1.13) and Eq(1.14) into Eq(1.12) gives:

4 2 4
a

(%;—7r@2—a»mnu+

sin 2u = sin u + %sin 2u. (1.15)

Equating the Coefficient of like tragicomic function on both sides gives:
a=2 )
c=+Ja+l ,a2-1 (1.16)

Eq.(1.13) is separable hence we get:

d
- (1.17)
cos( —)
2

c? —k



Where by integrating both sides we find the following solution:

4arctanh

4arc coth

tan(%)_

tan(%)

=a(§—-¢,)

=a(&-¢))

4arctan h[cot(%)} =a(&-¢&,)

4 arc coth [cot( Z—)} =a(é-§&,)

2In tan l:%'f‘%:l =a(&-¢,)

2ln[sec( %) + tan( %)} =a(&-4&,)

at u:09l 5 = 507

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

Where 5 is constant of integration. It is important to note that the lost

solution obtained above for u(x,t) is an implicit solution combining (1.16) with

the previous result leads to the following implicit solitary wave solution.

u,(x,t) = 4arctan

u,(x,t) = 4arctan

tanh(%(x—\/a +1t-¢,)) (1.24)
_coth(%(x— a +1t—§0))_ (1.25)
u,(x,t) = 4arccot_tanh(% (x—va+1t-¢, ))} (1.26)

u,(x,t) =4arc cot[coth(% (x—a+1t-¢, ))} (1.27)

6



us(x,t) = 4arctan lexp(x —Ja + 1t — éO)J— T (1.28)

Second selection of G (u):

We next assume that u (&) satisfies variable separated ODE

du u
u'(§) =— =asin(— 1.2
(9, e (2) (1.29)
Differentiating Eq(1.29) with respectto & we obtain:
i _a .
u (&) 1 sin u
u™ (&) —icosusinl (1.30)
4 2 '
u™ (&) = 3a° sin( 2u) AR,
32 8

Substituting Eq(1.29) and Eq(1.30) into Eq(1.12) gives:

2 4 4
a a . . 3a
—(c"—a)——)sinu +
g (- -gsinu+=y

) ) 3.
sin 2u =sinu + Esm 2u.

(1.31)

Where by equaling the coefficients of like functions on both sides we obtain:



a =2,
c=va+3,a>-3 (1.32)

Eg.(1.29) is separable hence we set:

du

=a dé (1.33)
.U
sm(E)

Where by integrating both sides we find the following solution:

Zm[tan(%)} =a(E-&,) (1.34)

_zln[cot( %)}a(cs—cs()) (1.35)
And

2ln{csc(%)—cot(%)} =a(E-&,) (1.36)

Where 50 is constant of integration. It is important to note that the last

solution obtained above for u(x, t) it is an implicit solution. Combining

(1.32)with the pervious result leads to the following solitary wave solution

us(x,t) = 4arctan |_exp(x —Ja + 1t - éo)J (1.37)



And
u; (x,1) = darc cotlexp(—x — ot + 1t - &,) | (1.38)

Section (1.4): The Boussinesq — double Sinh — Gordon equation [12], [13],
[14], [15], [30]:

We next investigate the Boussinesq — double Sinh — Gordon equation

(Boussinesq —Sinh — Gordon) equation [30].

. 3.
u, —ou, +u _s1nhu+§smh2u, (1.39)

That can be converted to the ODE

(> —ou" +u™ =sinhu 2 sinh2u,
2 (1.40)

Upon using the wave variable £= x — ct the separable ODE u'(¢) = G(u)can be

selected in two forms as used before.
First selection of G(u):

We assume that 4, (&) satisfies the variable separated ODE given by:

rEy =B u
u (&)= T acoch(z) (1.41)

Differentiating Eq(1.41) with respect to& we obtain

2
u" (&)= %sinh u



3
u” (&) :%coshucosh% (1.42)

u™ (&)= ﬁ sinhu + a_4 sinhu
32 8

Substituting Eq(1.41) and Eq(1.42) into Eq(1.40) gives

4

2 4

a ., a’ . . 3a” . 3.

—(¢* —a)+—)sinh u = ——sinh u + —sinh 2u,

(4 (c"—a) 8)51 u ™ sinh u 251 u (1.43)

Equating the coefficients from both sides’ yields:

a =2,
c=+a -3,a >1 (1.44)
Eg.(1.41) is separable hence we set:
d
Y -ag (1.45)
u
cosh( E)

Where by integrating both sides we find the following solution:

4arctan[tanh(%)} —a(&-¢&,) (1.46)
~ 4arctan [coth( %)} —a(&-¢,) (1.47)
—dare cot[tanh( %)} =a(&-¢,) (1.48)
darc cot[coth(%)} =a(é-¢,) (1.49)

10



4 arctan [exp( %)} =a(&-&,) (1.50)
— dare cot [exp( %)} =a(é - &) (1.51)

at u:O,, 52503

Where 50 is constant of integration Combining Eq(1.44) with the previous

result leads to the following solution

u,(x,t) = 4arctan h[tan(—%(x— No =1t - 50))_ (1.52)

u,(x,t) =4arc coth[tan(—%(x —a-1t=¢))) (1.53)
u,(x,t) = 4arctan h[cot(—%(x —Ja-1t-¢, ))} (1.54)
u,(x,t)=4arc coth[cot(%(x —a -1t - 50))} (1.55)
us(x,t)=2ln_tan(%(x— a—lt—éo))_ (1.56)
ué(x,t):21n_cot(%(x—«/a—lt—§o))_ (1.57)

Second Selection Of G(u):

We next assume that 4, (&) satisfies the ODE given by:

W' (&) = Z—Z = asinh( %) (1.58)

11



Where @ is parameter that will be determined? Differentiating Eq(1.58) with

respect to 5 we obtain:

2
u" (&) = 2 sinh u
4
a u
u" (&) :?coshu sinhE (1.59)

u™ (&)= ﬁ sinh2u _a_4 sinhu
32 8

Substituting Eq(1.59) into Eq(1.40) gives.

2 4 4

(%(cz —a) —%)sinhu + 33a2 sinh 2u = sinh u +%sinh 2u, (1.60)
That gives:
a=?2
c= Ja-3,02-3 (1.61)

Eg.(1.58) is separable hence we set:

du_ _ qd € (1.62)
sinh(%)

Where by integrating both sides we find the following solution

2ln{tanh(%)} =a(E-&,) (1.63)

12



—2ln{coth(%)} =a(E-¢,) (1.64)
And
2ln{sech(%)—coth(%)} =a(E-&,) (1.65)

Where 50 is constant of integration. To note that the last solution obtained

above for u(x,t) is an implicit solution . Combining (1.61) with the previous

results leads to the following explicit solitary wave solution

u, (x,1) = 4arctanhlexp((x — o + 3t — &) | (1.66)
And
u, (x,£) = darccothlexp((x— o +3t —&,))] (1.67)

Section (1.5): The Boussinesq — Liouville equation:

We next consider the Boussinesq — Liouville (BL — | ) equation

u 3 2u
utt —auxx +uxxxx =e +Ze (168)

That can be converted to the ODE

- 3
2 ll+ (iv) — u+_ 2u
(c"—a)u" +u e 4e , (1.69)

Upon using £=X—Clthe separable ODE u'(£)=G(u) can be selected as

] dl/l %
u(§)=%=be (1.70)

13



Differentiating Eq(1.70) with respect to £ we obtain

u

i _b?
u (&) = e.

3 3u

W@ ="e

(&) = 3ﬁ)4 ¢

Substituting Eq(1.70) and Eq(1.71) into Eq(1.68) gives

Equating the coefficients from both sides’ yields:

b==1
c= Ja+2 ,a2 -2
Eg.(1.70) is separable hence we set

o du =bdé

Where by integrating both sides we find the following solution:

2™ =b(£ - &)

This gives the exact solution
u(x,t)= 21n[(%(x —vo +2t —fo))}

14

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)



at u=0,5=¢,

Section (1.6): The Boussinesq — Liouville equation Il:

We next consider the Boussinesq — Liouville Il (BL - II) equation

3

Uy, — 0o, + U, =—€" —Ze_z (1.77)

That can be converted to the ODE

—2u

: 3
2 1 (iv) — Uy~
(c"—a)u" +u e +4e , (1.78)

Upon using & =x—ct . The separable ODE ul(é) = G (u) can be selected as

used before

U (E)= 2= per

dé (1.79)
Differentiating Eq(1.79) with respect to £we Obtain:
b2 —u
u (&) = ) € _
=
1 _b
ui(e)=—e (1.80)

: 3b
u(zv) - e—2u
©) "

Substituting Eq(1.79) and Eq(1.80) into Eq(1.77) gives

15



7(02 —a)e™ +%e =e "+ e (1.81)
Equating the coefficients from both sides’ yields and proceeding as we find:
b=+=1
c= Ja+2 ,a2-2. (1.82)

Eg.(1.79) is separable hence we set

—u

e 2 du=Dbdt (1.83)

Where by integrating both sides we find the following solution:

—u

—2e? =b(&E-6,), (1.84)
This gives the exact solution.

u(x,1) =—21n[(%(x—«/a+2t—§o))} (1.85)

16



Chapter (2)

Traveling Wave Solutions for Combined and Double Combined Sine and

Cosine — Gordon equation:
Section (2.1): Introduction
The first appearance of the Sine - Gordon equation [30]

u, —u_+sinu=0 (2.1)
is this study of differential geometry of surfaces with Gaussian curvature K = -1.
Eg. (1) gained it is significations because of the coalitional behaviors of a
solution that arise from these equation also appears in the a propagation of
flux one in Josephson [1],[2],[3],[5],[6],[8] between two superconductors ,
then in many sufficiency fields such as the motion of a rigid pendula attached
wire [4], solid state physics nonlinear optic stability of fluid motions . It also
appears in dislocations in crystals where Sinu is due to periodic structure of
rows of atoms [4]. The term Sinu is the Josephson curry across an insulator
between two superconductors [1], [2] the double sine — Gordon equation (2.3)
appears in solution theory of DNA molecular [1],[31]. The sine — Gordon
equation is integrable and can be solved by the inverse scatting method. Many
powerful methods such as Backlund transformation [7], [19], inverse scattering

method Hirota bilinear forms pseudo-spectral method the tanh—sec/method

17



[9], [13], the sine — cosine method [14], and many others were successfully
usedto investigate these types of equations. Practically, there is no unified

method that can be used to handle all types of nonlinearity.

Traveling waves appear as solutions of mathematical physics models in a
wide range of scientific applications that range from chemical reaction to
water surface gravity waves,[18],[24],[25]. Since the significant work in KdV
equation other equations have been used to characterize a broad range of
fields such as nonlinear optics magnet fluid dynamics and ion acoustic waves in

plasmas among several others [27],[28],[30].

Previous work [12], [13] the sine —Gordon and the double sine — Gordon

equation, the sinh — Gordon equation and the double sinh — Gordon equations

given by:
u, —ku  +2asinu=0 (2.2)
u—ku+2asinu+ fBsin(2u)=0 (2.3)
u, —ku_ +2asinhu +0 (2.4)
And
u — ku + a sinh u + B sinh( 2u) =0 (2.5)

Respectively were investigated by using the standard tanh method [9],[13].

As state before these equations were subjected to considerable amount of

18



research work where a variety of methods, were present to drive traveling
wave solution. Recently, Wazwaz, [15] examined the combined sinh — Gordon

and the double combined sinh — cosh — Gordon equations.

u, —ku _ +osinhu + fcoshu =0 (2.6)
And

u, —ku  +asinhu + o coshu + Bsinh(2u) + B cosh(2u) =0 (2.7)

Where two reliable methods, namely the tanh method, and the variable

separated ODE method were used:

In this work we aim to compute travelling wave solutions to two model
problems namely the combined sine — cosine — Gordon equation and the

double combined sine — cosine — Gordon equation given by
u,—ku_+oasinu+ fcosu=0 (2.8)

And

u,—ku_+asinu+acosu+ Bsin(2u)+ fcos(2u) =0 (2.9)

Respectively we adopted for this work a strategy that depends on a variable
separated ODE. The method was developed by Sirendaoreji et al. in [1] and
used by fu et al. In, [2]. And by Wazwaze in [15], [16], [17]. The variable

separated ODE method has been fully described. The method has established

19



scientific value and reliability and the previous works emphasized its power for
equations that involve sine, cosine hyperbolic sine, cosine and hyperbolic

cosine function.

In what follows we present the key ideas of the variable separated ODE

method as introduce in [1.7] where more examples can be found there.
Section (2.2): The Variable Separated ODE method:

We first unite the independent variable x and t [25], [27], [30]. Into one

wave variable £=x—ct to carry out PDE in two independent variables

p(u,u,,u_u_,u__,..) (2.10)
Into an ODE
Q(u,ul,u”,ul”,...) =0 (2.11)

That can be integrated as long as all terms contain deriva tive. Usually the
integration constants are considered to be zero in view of the localized;

however the non — zero constants can be used and handled as well.

The method depends mainly on assume that u (&) satisfies an additional

variable separated ODE given by:

u' =2 G, (2.12)

Where G(u), is a suitable function of sine , cosine hyperbolic sine hyperbolic

20



cosine . Substituting (2.12) into the given equation yields a system of algebraic

equation that can be solved to determine the unknown parameters. It is
noting that the variable separated ODE (2.12) can be solved easily using the

method of separation of variables.
Section (2.3): The Combined Sine — Cosine - Gordon equation [26], [28], [29].
A combined sine — cosine Gordon equation

u, —ku_ +osinu+ fcosu=0 (2.13)
Can be converted to the ODE

(¢ —ku" +asinu+ Bcosu=0 (2.14)
Or equivalent

sin u + cosu=0k#c’. (2.15)

(04
) (2 —k)

We next assume that M(g)satisfies the variable separated ODE given by:

ul(é)zj—g:asin%+bcos%, (2.16)

Where @ and b are parameters that will be determined. Differentiating

Eq(2.16) with respect to £gives

2 2

u”(é)—a ;b sinu—az_bcosuzo. (2.17)
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Comparing Eq(2.15) with Eq(2.17) we obtain:

Clb: 2ﬁ2’ ’
k—c
2 2 4o 2
a —b"=——=,k>c",a#b, (2.18)
k—c
So that
a:L,lw-cz,nw—ﬂ, (2.19)
1/2y(k—c2)
b2 kel p

V2r(k—c?)
Where ¥ is given by:

y=ya’+p’ -a. (2.20)

Eg.(2.16) is separable, hence we set

1

du=d¢, (2.21)
. u u
asin —+bcos—

2 2

Where by integrating both sides we find the following solutions:

btan" —a
arctan hj ——% =&+ &, (2.22)
b*+a’ b*+a’
bcot%+a
arctan | ———— |=&+ &,
b* +a’ b*+a’ ’ (2.23)
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u
btan——a

4
arccoth) ———— =&+ &,
b*+a’ b*+a’ ’ (2.24)
Or
bcot%+a
arccoth) ———— =& +&,,
b*+a’ b* +a’ ’ (2.25)

Whereg is constant of integration. Using Eq(2.19) given the exact

Solutions
u(x,t)= 4ar<:tan[24 f/;_;a tanh[ 2“ N ((x ct)+§o)] f}k ~-c?, (2.26)
u(x,t) =4arccot N +a’ tanh{ o+ ((x ct)+<§o)] L -2,

\/Z 2\/k c’ /4 (2.27)
u(x,t) = 4arctan NP +a COthP « ((x ct)+<§0)] L k-c?,

\/Z 2\/k c’ /4 (2.28)
u(x,t)=4arccot NP +a® Co‘[h{4N i ((x— ct)+<§o)] L -2,

2y k-’ y (2.29)

Section (2.4): The double Combined Sine — Cosine -Gordon equation [22],

[24].

We next consider double combined sine — cosine- Gordon equation
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u, —ku_ +asiu+oacosu+ Bsin2u)+ fcosQu) =0 (2.30)

That can be converted to the ODE:

u +

> sinu + 2ﬂ cosu + 2ﬂ sin(2u) + 2ﬂ
(c”—k) (c”—k) (c”—k) (c”—k)

cos(2u) =0,k # c*.
(2.31)

We next assume that u( ¢) satisfies a variable separated ODE given by:

u’(é):j—g:a+cosu+rsinu, (2.32)

Where a, b andr are parameters that will be determined. Differentiating

Eq(2.32) with respect to & give:
2 2

u" (£) + absinu — arcosu + ——— 2 sin(2u) — br cos(2u) = 0, (2.33)

Comparing Eq(2.31) with Eg(2.33) we obtain

— (2.34)

So that:
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JBEE -k)

g
b=—rrft—e, 2.35
VB =) (2:35)

B

VB =k)

This means that 7 =—b. Eq.(2.32) is separable, hence we s
1

a+bcosu—bsinu

a =

=

du=dé&, (2.36)

Where by integrating both sides we find the following:

#arctan itanz—L =£+¢
a*-b’ a*-2b 2 a’> -2b v (2.37)
22 arccot[ b - tana
a —b a —2b
—#arctanh a—_btanz—L =46,
N2b? - N2b —a> 2 N2b - (2.38)
(2.39)
a—>b u b
— b2_a2 arccoth[mtana—m]:§+§o, (240)

Where & is constant of integration. This in turn gives the exact solutions.

u(x,t) = 2 arctan Ja© - 2f° cot( - o’ ~2p° (x=ct)+ &) [+—L— a2 =252, (2.41)
a=p | 2B - @

u(x,y) = 2arctan {—W{cot(%%((}c ct)+ &)+ aﬂﬂﬂ’az ~2p%(2.42)

u(x,t) =—2arctan va =2h7 tanh(lM(x—ct)Jréo) B 2B -a® (2.43)
o= 2 B -k a—p
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And

u(x,t) = —2arctan No'-2p7 coth(lM((x—ct)+§o) P 28 -a’, (2.44)
a-p 2 JB(c*—k) a-p
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Chapter (3)

The Traveling Wave solution for The MKdv — sine Gordon and the MKdv —

sinh — Gordon equation:
Section (3.1): Introduction

The sine — Gordon equation

u u_ +smnu=0, (3.1)

i~ Yo

Appeared first in study of differential geometry of surface [17], [24], with
Gaussian curvature k =-1 . The sine — Gordon equation is a completed
integrable infinite dimensional Hamiltonian system, [23]. And it can be solved
by the invers scattering method. integrable means that there is a sufficiently
large number of conserved quantities [7],[23] .This equation can be used in

interpreting biological concepts such as DNA dynamic [1], [30].

The sine — Gordon equation (3.1) appears in the propagation of fluxions in
Josepgson junctions [17], [18], [19], [20], [21], [22], between two
superconductors. It also appears in many scientific fields such as the motion
of a rigid pendula a attached to a stretched wire [19], [4]. Solid state physic
optics stability of fluid motions and dislocations in crystals where sine u is due
to periodic structure of rows of atoms [4], [19]. The term sin u is the Josphson

current across an insulator between two superconductors [1], [2].
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The sinh — Gordon equation

u, —u_ +sinh u =0, (3.2)

Appears inintegral quantum filed theory kink dynamics, and fluid dynamic
[18], the sinh — Gordon equation is completely integrable because it possesses

similarity reduction to third Painleve equation. The Kdv equation, [23].
u, +ouu, +u_ =0, (3.3)
And the modified Kdv equation
u, +au’u, +u_, =0, (3.4)

Are the leading equations that paved the way for the development of the
solitary wave theory? Kdv equations are classical paradigm of integrable non
linear evolution equation that arises in many physical phenomena ion as ion —

acoustic waves in plasma s and surface water waves.

It is well — know that searching for explicit solution for nonlinear evolution
equation by using different methods is the goal for many researchers. Many
powerful methods such as Backend transformation inverse scattering method
Hirota bilinear forms pseudo spectral method the tanh—sec/ method,
[9],[13] the sine — cosine method [14] and many other techniques were

successfully used to investigate these types of equations practically.

There is no unified method that can be used to handle all types of nonlinear
problems. in this work we aim to investigate the modified Kdv — sine — Gordon
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( MKdv —sine — Gordon ) equation and the

modified Kdv — sine — Gordon equation (MKdv — sine — Gordon) given by:

XXX XXXX

3, .
uxt+5uu +u,. =sinu, (3.5)

And

u —éuzu +u__ =sinhu, (3.6)

xt X xx XXXX

Respectively. The MKdv -sine — Gordon equation describes nonlinear
wave propagation in one — dimensional mono — atomic lattice in which the an
harmonic potential competes with the dislocation potential and which can be
solved by the inverse scattering transform method, [1] . Sirendaoreji and Jing,
[1] investigate only the modified Kdv — sine — Gordon (MKdv — sine — Gordon)

equation, (3.5).

The objectives of this work are two folds. The first goal is to extend the
study presented in [1] to drive more exact solitary wave solution in addition to
that obtained in [1]. Secondly we aim to investigate the modified Kdv — sinh —

Gordon equation ( MKdv — sinh — Gordon ) (6) to formally sole this equation .

As stated before our approach is based on a variable separated ODE
method developed by Sirendaoreji et al. in [1] used by fu et al. in [2] and by
Wazwaz, [15], [16] . The method has scientific value and reliability. It works
effectively if the equation involves sine, cosine, and hyperbolic cosine

functions.
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In what follows we highlight the main features of the method as introduced in

[1] where more details and example can be found in [[1], [2], [15], [16].
Section (3.2): The Variable Separated ODE Method:

As stated before this method was developed by Sirendaoreji et al, [1]. We
first unite the in developed variable x and t into one wave variable & =x—cf to
carry out a PDE into an equivalent ODE. The method depends mainly on

assuming that u(&) satisfies an additional variable separated ODE given by

u =——=0G(u), (3.7)

Where G(u) is a suitable function of sine , cosine, hyperbolic cosine .
Differentiating (3.7) and equating the coefficients of like terms of the resulting
equation with the ODE reduced from the PDE yields a system of algebraic
equations that can be solved to determine the unknown parameters. It is
worth noting that the variable separated ODE (3.7) can be solved easily by
using the method of separation of variables. It should be noted that the
selection of G (u) can be performed in more than one choice as will be seen

later.
Section (3.3): The MKdv - sine — Gordon equation.
avariable separated ODE method:

We first examine the modified Kdv — sine — Gordon (MKdv — sine — Gordon)
equation
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uxt+%u2u +u__ =sinu, (3.8)

XXX XXXX

That by using the wave variable & =x—ct can be covert to the ODE

—cu"” +%(u1)2u” +u™ =sinu. (3.9)

To achieve our gold we can select u' (&) = G(u) in two forms.
First Selection of G (u):

Following [1] we assume that u(&) satisfies the variable separated ODE

given by

ey =T _ oot
u(f)—dg acosz, (3.10)

Where a is an arbitrary constant. Differentiating Eq(3.10) with respect to &

we obtain:
2

1 a .
u =——sinu,
9] 1

2

u" :—a—coszcosu, 3.11
4 2 ( )

: 3a* . at .
u™ (&) ="—sinucosu +—sinu,
16 8

Substituting Eq(3.10) and Eq(3.11) into Eq(3.9) gives:

(a* —4ca” +16)sinu =0, (3.12)
That gives
a*+16
c= VPR (3.13)
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Where 4 is an arbitrary constant. The result Eq(3.13 is consistent with

The result in [1]:

Eqg.(3.10) is separable hence we set

du

= ad & (3.14)
cos —
2

Where by integrating both sides we find the following solution:

4arctan h[tan(%)} =a(é-¢&)), (3.15)
4arc coth_tan(%)} =a(&-¢&)), (3.16)
4arctan h cot(%)} =a(E-¢&)), (3.17)
darc coth_cot(%)} =a(é-¢&)), (3.18)

2 ln[sec(%) + tan(%)} =a(E-&,), (3.19)

Where éois a constant of integration. It is important to note that the last

solution obtained above for u(x,t) is an implicit . Combining Eq(3.13) with the

previous result leads to the following explicit solitary wave solution:

u(x,0)=4 arctan{tanh(%(x - “;+216 (-, ))}, (3.20)
a

4
u,(x,t)=4 arctan{coth(% (x— a4—+216t -¢, ))}, (3.21)
a
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4
uy(x,1) = 4arc co‘{tanh(%(x _4 4:21 6,_ £, ))} (3.22)

u, (x,1) = darc cot{coth(%(x —‘ﬁT;mt - (50))} (3.23)
us(x,1) = 4arctan{exp(§ (x— a;;—216 t—&, ))} — 7. (3.24)

Second Selection Of G(u):

Following [1], we assume that u(&) satisfies the variable separated ODE
given by:

du u
u'(£)=—=asin—,
(<) e > (3.25)
Differentiating Eq(3.25) with respect to £we obtain

2

u' (€)=~ asinu (3.26)

Substituting Eq(3.25) and Eq(3.26) into Eq(3.9) gives:

(a* —4ca® —16)sinu =0, (3.27)
That gives
a’-16
c = PRI (3.28)

Eq.(3.25) is separable hence we set:

du

= ad ¢ (3.29)

sin —
2
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Where by integrating both sides we find the following solution:

2 ln[tan(%)} —a(E-&,), (3.30)
) h{m(%)} =a(E-&), (3.31)
And
2ln[csc(§> - cot(%)} =a(£-&,), (3.32)

Where 50 is a constant of integration It is important to note that the last

solution obtained above for u(x,t) is an implicit . Combining Eq(3.28) with the

previous result leads to the following solitary wave solution:

u(x,1) = 4arctan{exp(£(x 4 _216 - e:o))} (3.33)
2 4a
And
u,(x,t)=4arc cot{exp(—g(x —a—_216t -¢, ))}, (3.34)
2 4a

Section (3.4): The MKdv - sinh — Gordon equation

We next examine the modified Kdv — sinh — Gordon (MKdv — sinh—

Gordon) equation

u —Euxuxx +u

xt

= sinh u, (3.35)

XXXX

That by using the wave variable & =x —cf can be covert to the ODE
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3 .
—eu” _E(ul)zull Y

=sinhu, (3.36)

We can select u'(£) = G(u)in two forms as used before. We believe that this

equation has not been examined before.
First select of G(u):

We assume thatu(&) satisfies the variable separated ODE given by

u' (€) =Z—g = acosh%, (3.37)

Differentiating Eq(3.37) with respect to & we obtain

2

1y (©)= %sinhu

i a’ u
u (é)zTcoshucoshE, (3.38)

4 4

A% 3 . .
u &)= %smhu coshu + %smhu

Substituting Eq(3.36) and Eq(3.37) into Eq(3.35) gives:

(a* +4ca’® +16)sinh u =0, (3.39)
That gives
a*+16
c=-—r5 (3.40)

Eq.(3.37) is separable hence we set:
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1
———du =ad¢, (3.41)

u
cosh( —
( 2)

Where by integrating both sides we find the following solution:

4arctan[tanh(%)} =a(&-¢&)), (3.42)
—4 arctan[coth(%)} =a(&-¢&,), (3 .4")
—4arc cot[tanh(%)} =a(-¢&)), (3.4 5)

4arc cot[coth(%)} =a(&-&)),
(3.45)

4 arctan[exp(%)} =a(&—&),
(3.46)

—darc cot[exp(%)} —a(E—¢&,), (3.4Y)

Where gois a constant of integration Combining Eq(3.4*) with the

previous results leads to the following solution:

2

u, (x,t) = daec tanh[tan(%(x + “4+216 t—&))] (3.47)
a
2
u, (x,t) = 4aec coth[tan(—%(x _ 4+21 6 t—EN] (3.£9)
a
a’ +16

t=5))] (3.5+)

u,(x,t) = 4aec tanh[cot(% (x+ 0
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u, (x,0) = 4aeccoth[cot(3(x+"2—+216z—§o))] (3.5Y)

4 4a
us(x,r):21n[tan(ﬁ(x+“—+216z—§o))] (3.5Y)

4 4a

2

1
e (1) = 2 oot (r+ 18 e ) (3.57
4 4a

Second selection of G (u):

We next assume that 4, (£) satisfies the variable separated ODE given by:

ul(é)zj—gzasinh%, (3.5¢)

Where  is parameter that will determine Differentiating Eq(3.54) with

respect to «f we obtain:
2

1y (©)= %sinhu
3

u (&) :aTsinh %cosh u, (3.5°)

4 4

A% 3 . .
u &)= %smhu coshu — %smhu

Substituting Eq(3.5¢) and Eq(3.5°) into Eq(3.37) gives.
(a* —4ca® —16)sinu =0, (3.57)

This gives
B a’-16
4a’

(3.5Y)

c
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Eq.(3.5¢) is separable hence we set:

1

— du = adé, (3.5M)
sinh 5

Where by integrating both sides we find the following solutions:

2ln[tanh( %)} =a(& - &), (3.29)
—21n| coth(%) | = a(& -
n[cot (4)} a(s — &), (3.60)
And
2 ln[cosh(%) - coth(%)} =a(E-¢&), (3.61)

Where gois a constant of integration It is important to note that the last

solution obtained above for u(x,t) is an implicit . Combining Eq(3.57) with the

previous result leads to the following solitary wave solution

4

1y, (x,1) = 4arctan hfexp( %(x — a4;16 ‘- é: Bl (3.62)
And
a a*-16
u, (&)= 4arccoth{exp(z(x— v t—§o))} (3.63)
a
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Chapter (4)

Exact Traveling Wave Solutions for the Generalized Nonlinear Schrodinger

Equation
Section (4.1): Introduction.

The nonlinear partial differential equation (NPDEs) are widely used to
describe many important phenomena and dynamic process in physics
chemistry biology , fluid dynamic, plasma, optical fibers and other areas of
engineering[11],[12],[13] . Many efforts have been made to study NPDEs.
One of the most exciting advances of nonlinear science and theoretical
physics has been development of methods that look for exact solution for
nonlinear evolution equations [16],[26]. The availability of dynamic
computations such as Mathematic or maple has popularized direct seeking
for exact solutions of nonlinear equations [5], [8], [11], [16].

Therefore, exact solution methods of nonlinear evolution equations have
become more and more important resulting in methods like variation
iteration method, Homotopy perturbation method,[6] .Exp — function
method ,the sine — cosine method, the homogenous balance method,
tanh—sec/ method and Extended tanh— coth method,[30]. Most of
exact solution has been obtained by these methods, including the solitary

wave solution, shock wave solutions periodic wave solutions and the like.
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In this chapter. We propose Extended tanh — coth , sine — cosine and Exp —
function methods to obtain an exact single — solution and travelling wave
solutions of the generalized nonlinear Schrodinger

(GNLS) equation with a source [30]. In order to illustrate the effectiveness
and convenience of these methods, we consider the GNLS equation in the
form [13],[14],[30],

iu, +au_ +bu |u|2 +icu, + id(u|u|2) = ke'*(&)) (4.1)
Where & =a(x—v¢) isareal functionanda, b, c, d, k, o, vand w are all real.
The GNLS equation (1.1) plays an important role in many nonlinear sciences.

It arises as an asymptotic limit for a slowly varying dispersive wave envelope
in nonlinear medium. For example, its signification in optical solution
communication plasma physics has been proved [5], [21], [24].

Furthermore the GNLS equation enjoys remarkable (e.g., bright and
solution, lax pair Liouvile inerrability, inverse scattering transformation
conservation laws Backland transformation, etc)[3],[8],[11].

The rest of this chapter is as follow: we provide in simple way the
mathematical framework of Extended tanh — coth , sine — cosine and Exp —
function methods, respectively. In order to illustrate the application of these
methods, generalized nonlinear Schrédinger equation with a source in
investigated, and several exact solutions, including Soliton like solutions and

trigonometric functions solution, are obtained [30].
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Section (4.2): tanh Method and Extended tanh method:

We now describe the tanh method for a given partial differential equation.

This method was defined by Malfliet and Fan and Han.

Wazwaz summarized the main steps of using this method as follows, [10], [11],

[12], [13], [14].
(i) .Wazwaz first considered a general form of nonlinear equation:

N(u,u,,u_,u ) =0 (4.2)

Xx o

(ii) . To find the travelling wave solution of Eq.(3.1), he introduced the wave

variable:
E=k(x+Ab), (4.3)

So that:
u(x,t)=U (&), (4.4)

Therefore Eq.(4.1) constructs ODE of form:
NWU,KAU', KU ',K*U",.) =0 (4.5)

(iii) f all terms of the resulting ODE contain derivation in &, then by
integrating this equation, and by considering the constant of integration to be

zero, we obtain simplified ODE.
(iV) . Introducing a new independent variable:

Y = tanh( &) or (Y = coth( &) (4.6)
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Leads to a change in the derivatives:

d’ (1—Y2)—2Ydd7+ -y d__|| (4.7)
dé’ dy?
d (_v)ivioond _eya_ve_d 2 d’
Y6y -2--6ra-y? + (1= ,
d§3( { dY de ( Y)dy3ﬂ

And the remaining derivatives may be derived similarly.
(V). Introduce the answer and then solution of U(&) is in the form of:
(a) tanh Method:
uer=3"a,Y =a+t-+a,Y" (4.8)

(b) Extended tanh method:

U(E)= Z'Z?mapyp =a.Y "*ta,*-+a,Y" (4.9)

Where m is appositive integer which is unknown to be later determined and

a , are unknown constants.

(Vi) .To determine the parameter m, we usually balance linear terms of the

highest order in the resulting equation with the highest order nonlinear terms.

With m, determined as described by balancing the coefficients with the same

power in the resulting equation, a system of algebraic equations involving the

a, (p=-m...0... m) k and A is derived.
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Section (4.3): Sine — cosine method

Wazwaz has summarized the main steps of using sine — cosine method, as

listed below:

(i) . Introducing the wave variable £=x-ctin to the PDE the following function

is obtained;

¢ (u ’ut’ux’utt’uxx’uxt’uxxx”'): 0 (4.10)

Where u(X,?) is travelling wave solution. This allows the following changes:

u(x,1)=U(S), (4.11)
o __d 0o _.,.d

or  de’ Ot dé

o4 s g (4.12)
ox dé S e

And so for the other derivates.Using Eqgs.(4.3) and Eq(4.1), the nonlinear PDE
Eq(4.1) is changed to a nonlinear ODE:
N U ’_CUZ’CZU”’UH’_CUZ’UZH"')ZO (413)

(i) If all terms of the resulting ODE contain derivative of &, then by
intenerating this equation and considering the constant of integration zero, a

simplified ODE is obtained.

(iii) By virtue of this solution the answer is introduced as:



U@ =u(x,)=2gin” (ué),  |us |< = (4.14)

2
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Or
UE) =u(x,0)=2Acos (&), |ué|=< % (4.15)

Where A, land 8 are parameters to be determined later. 1 and C is the
wave number and the wave speed, respectively. By sequence differentiating on
the power of Esq.(3.5) and Eq(3.6) with respectto & the following equations

are attained:
U(€)=Agin " (ué),
U =2"sin "P(ué) -
(U "), =8 A" cos( ué )sin "P M (pé ) (4.16)

U =0 B A sin "P(uE)+np® 2" B(nf~1)sin "P 72 (ué):
(U™ =rA " B(nB>=38+2)sin " 3(ué Ycos (k)
v A" nB(3Bn—2)sin "P g )cos( ué ).

And
U)= 2 cos (4&),

U'&)=2"cos "P(ué) .

(U™, =-nu8 A"sin( pé )cos "F 1 (ué ) (4.17)



UM, =—n' i B A cos"P (uE)+np’ A" B(nB—1)cos " ~2(ué)-
(Un)555 :”lrzﬂlﬁ(—nﬁ2+3nﬁ—2)cos ”ﬁ_3(,u§ )sin ()
v n B3 Bn—2)sin " weHsin( ué ).
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And so for the other derivatives:

(iv) After substituting Eq.(4.7) or Eq. (4.8) into the reduced Eq.(4.4) obtained
above by equating the two sides of the equation a system of algebraic
equations is obtained which can be solved with computerized Symbolic

calculation.
Section (4.4): Summary of Exp — Function method.

In addition, this method was successfully applied to Kdv equation with
variable coefficients high — dimensional nonlinear evolution equation Burgers

and combine Kdv — m Kdv (Extended Kdv) equations etc.

In this section for a given PDE we commence by looking for an Exp — function

type solution of the following form in terms of exp (¢):

Zd:anexp( né) q.exp( c&)+..+a_qgexp( —d&) (4.18)
U&= = _
Z b,exp( mé&) a,exp( p&)+..+a_qsexp( =g <)

Where c, d, pand qare positive integers which are the unknowns
to be later determined (4 and }, are unknowns constant.

Alternatively, we can also assume that the solution can be expressed in this

form:



U(«f):iajgpj (4.19)

/ 2
Where ¢ is the solution of the sub-equation ¢ =r+po+q@
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Section (4.5): Exact Solution Of GNLS Equation With a source
Using extended tanh method

To study the exact travelling wave solutions of the GNLS Eq.(4.1), we consider a

plane wave transformation in this form:
_ i‘x(é)fwt‘
u(x,t) =¥ (&)e (4.20)

Where ¥(&)is a real function for convenience let y =&+ x, where g and
are real constants and £ =a(x—vf). Then by replacing Eq. (4.1) and its
appropriate derivative in Eq.(4.1) and separating the real and imaginary parts

of the result we obtain the two following ordinary differential equations:
co'y H(av+2af g’ -3cg By Bday Ty =0 (4.21)
@'y ey Py v@pviw-agq B req By +b-dapry —k=0 (4.22)
Integrating Eq.(4.2) once with respect to & yields:
ca’y" (&) + py (&) +dy’(&)—c=0 (4.23)

Where p = -v+2apa -3cq” B * and Cis an integration constant. Since the

same function y(&)satisfies two Egs.(4.3) and Eq(5.4) we obtain the following

constraint condition:



(agq’=3cy p)_(@pvrw-ag B req B (b-dap) & (4.24)
Caz p d ¢

Our main purpose is solving Eqg.(4.4). Considering the homogenous balance
between y, “(¢) and y, ') in Eq.(4.4) yields m=1. We suppose that the solution
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of Eq.(4.4) can be expressed by:
v ©=X,.a,Y =a.Y +a,+Y' (4.25)

Where Y =tanh(¢) orY =coth(), substituting Eq. (4.6) into Eq. (4.4) and then
setting the coefficients of all independent terms in Y, the following algebraic

relations are obtained:

db +2cq’b,=0

3dbia,=0

3dabi+3db.a,-2c a’b+2aaf by ~3ca’ B bi-vb,=0 (4.26)

2 3
—C+2aaﬁ a(,—Va(,—?aca ao+6da1b1ao+da o:O

-2cq*+2aaPf a+3daiai-3ca’p a +3dat b -va =0
3daia,=0’
2 3
2ca *tda,=0"

The above equations are cumbersome to solve. Using a modern computer

algebra system, say maple gives:

Casel:



a,=0,a,=0,b =b,a=a,f=p,a=a,c=c (4.27)

2

d =—2c? ,v==2ca’ +2aaf —3ca’f*,c=0
al
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Case2:
a,=a,a,=0,b =0,a=a,f=p,a=a,c=c (4.28)
2
d=—2c—?,v=—20a2 +2aaf —3ca’f?,c=0
a
Case 3:
2ca’
a,=-b,a,=0,b =b,a=a,f=p,a=a,c=c,d=— 2 (4.29)
1
v=4ca’ +2aaf -3’ B>,c=0
Case 4:
a,=b,a,=0,b=b,a=0a,f=p,a=a,c=c. (4.30)
2
d=—2cb—02£,v=—80a2+2aaﬂ—3ca2ﬂ2,c=0.
1

Substituting Eq.(4.8) and Eq(4.11) into Eq.(4.6), we obtain the following exact
solution for Eq.(4.1).

v (&) =p,coth( &), ¢ =a(x—(-2ca’ +2aaf —3ca’B)). (4.31)
W (&) =g tanh( &), E=a(x—(2ca’ +2aof-3ca’ fH)r). (4.32)

w (&)=—p, (coth( &)—coth( &)), & =a(x—(4ca’ +2aap—3ca’B)). (4.33)



W (&) =p, (coth( &)+ coth( &)), f.f:a(x—(—8ca2 +2aaﬂ—3ca2ﬂ2)t). (434)
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Or
1, (&) = b, coth( g)Xei(ﬂaf —wt +Xx) ), E=a(x—(2ca’ +2aaf —3ca’ B)r). (4.35)

uz(§)=a|tanh( g)xei(ﬂé—wt+x0), cf:a(x—(—2caz+2aaﬂ—3ca2ﬂ2)t). (436)

u (&)= —p (tanh( &)—coth( &))x e (B~ +xq), (4.37)
E=a(x—(4ea’ +2aaf—3ca’ B)Y).

1. (&) =b,(tanh( &)+ coth( &))x e &~ +x0)
E=a(x—(=8ca’ +2aaf —3ca’B>)t). (4.38)

Defining a and B as two imaginary numbers; the obtained solitary solution

can be converted into periodic solution. Therefore we define:

a=id,p =iB

Where = J-1 and then apply the following transformations:

sinh( &) =isinh( &), cosh(i&)=cos(&), tanh(i&)=itan(£), (4.39)

cothfé)=—icot€), sech(i&)=sec(), csch(i&)=—icsc(),
In Eq.(4.12) and Eq.(4.19), the results are:

y (v.0=—jbcot( Ax —(2¢cA >—2ad *B-3cd *B*)1), (4.40)



w ,(x.0=jg tan( Ax —(2¢A>—2ad *B—-3¢cA>B*)1), (4.41)

v, (x,0) =—ib (tan@x+(4cA +2a4 B+3cA B )t)+cotdx+(4cA +2a4 B+3cA B*)))...6.42)
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w,(x,)=ih (tandx+(-8cA +2a4 B+3cA B*)t)—cot@x+(-8cA +2a4 B+3cABY)).. 443

Or

u,(x.0 :_iblcot( Ax—(2cA3 —2aA 2B—3CA3B2)f)Xei(BA(_x+(2aAB_3CA232)t)_Wt+x0),

u,(x,t)= ialtan( Ax _(2CA3 —2ad ZB_3CA 3Bz)f)Xei(BA (=x+(2aA4B —3cA232)t)—Wt+x0),

u, (x,) =—ib(tan(Ax+ (4cA’ +2aA B+3cA B*)t))+cot(dx+(4cA’ B+3cA B*))).@.44)

% ei(BA(—x—(4cA2 +2aaf+3cA B ) )-wi+x,)

u, (&) =b, (tanh€) + coth¢)) x """ & = q(x — (-8ca® +2aaff —3ca’ f)r). (4.45)

Using sine — cosine function methods

In this section, the sine — cosine method is applied to the GNLS equation

solution.

Substituting Eqg.(4.6) and Eq(3.8) with n =1 into Eq.(4.4) and rewriting the
equation in terms of cosine function gives.

ca’ AP u* cos(uE)’? —ca’ BP A’ cos(ué)’ —ca’ AP’ cos(ué)’ — Aveos(ué)”

+22aapfcos(ué)’ —3ica’ B cos(ué)” +di’ cos(ué) —c=0 (4.46)

Balancing the terms of the cosine function in Eq.(4.30), we have

3B=p-2=p=-1



Substituting Eq.(4.31) into Eqg.(4.4) and equating the exponents and the

coefficients of each pair of the cosine function, we obtain a system of algebraic

equation:
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cos’(ué):—c=0 (4.47)
cos ' (uéE):=Av+2aaf —3ica’ B’ —ca’iu’ =0 (4.48)
cos (uE):2ca’iu’ +dr’ =0 (4.49)

Solving Eq(4.32) , Eq(4.33) andEq( 4.34) equations by Maple we obtain:

c=0,v=2a0f -3ca’p’ —ca’u’,A=2,
_—2cocz,u2

d PE

JMU=Mnc=c,a=a,p=p,a=a. (4.50)

The results in Eg.(4.35) can be easily obtained if we use the sine method,

Eqg.(4.5) as well.

Combining Eq.(4.35) and Eq(4.6) the following exact solution will be

obtained:
A
0) = ’
V) = S pa (r = (2aaB —3a B —ca’n)) (4.51)
lei(ﬁa (x—(2aaf -3ca’B?—ca’u’)t)-wt+x )
u(x,t) = P ) >
cos( po (x = (2aaf —3a B" —ca u-)t)) (4.52a)

Eqg.(4.37) satisfies Eq.(4.1).In addition using Eq.(4.20) and Eq(4.21) into Eq.
(4.37) we have:



u(x’ t) — }, SeCh(/lA(x + (2aAB+ 3CA2B2 _CAZ‘LlZ)t)) x ei(AB(—x+(—2aAB—3CAsz+CA2,uz)l)—wl+x0)

(4.52a) this is the exact kink — shaped solitary wave solution of GNLS equation,

[12].
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Section (4.6): Using Exp —Function method [30].

In this section the exp — Function method is applied to solve the GNLS
equation. To determine the value of c and p, we balance the linear term of the

i
highest order with the highest order v (é)nonlinear termin Eq. (4.1). We have:

i gy _ G exp[Bp+c)E]+...
Vi) c,exp[4pEl+... (4.53)

() = c;exp[3cé]+... 8 exp(pé) _ G exp[(3c + p)E]+...
c,exp[3p&l+... exp(pé) c,exp[4pél+... (4.54)

Where € i is determined coefficient only for simplicity balancing the

highest order of Exp — function in Esq. (4.38) and (4.39).gives.

3p+c=p+3c (4.55)
So
p = (4.56)

Similarly to determine value of d and g the linear term of lowest order in Eq.

(4.1) is balanced:

And



..t+d, exp[-(Bq +d)&]

V&)= ..+d,exp[-4q&] (4.57)
And
3,6y -t dyexp[-(3d +q)E]
Vi) ot d, exp[-4dE] (4.58)
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Where 4. is determined coefficient only for simplicity, Balancing the highest

order of Exp — Function in Eq.(4.43) and Eq(4.42).we have
—(Bg+d)=—(qg+3d) (4.59)
So
g = d (4.60)
Casel:p=c=1,d=q=1

According to case 1: Eq.(4.1) reduces to

v(E) = exp(&) +a, +a,exp(—¢)
b exp(&)+b, +b_ exp(—E) (4.61)

Substituting Eq.(4.46) into Eq(4.4) and using Maple we have

(4.62)
Where

A=(bexp(&)+b,+b, exp(—£))’

And ¢, are coefficients of €XP(S)  The coefficients of exp@&) must be zero,

therefore we have



C,= —Cb_31 + Zaaﬂa_lbfl - 3ca2ﬂ2a_1b_21 + da: o Va—lb—zl =0

c, =2aaPa,b’ +ca’ab’, —va_bb_, —3ca’B’a,b’ +4aaPa_byb_
—ca’a_byb_ —vay,b’, +3da’,a, —3ch,b’, —6ca’ fra_b,b_, =0
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¢, =4aafabb —cbg +2aﬁb0b02 +4aafta bb —2vabb —vaobg
+3ca’ayb b, —6ca’ Brabb, —6ca’ fabb., +da —2vabpb  —6chbb,
+3ca’a_bb, —2va b b,—6ca’abb., +4acfabb , —3ca’ ap; —6co’ Bab, +6daa a, =0

c, =ca’a,b} —2va,bb, +2aafa,b} —3ca’Ba,b —ca’a,b;
—ca’abb, +3da’a, —va,b’ —3ch’b, —6ca’Bab,b,

+4aafab,b, =0

¢, =2aafab, —3ca’Bab, +da, —cb} —vab} =0,

(4.63)
v —a. a,=a,,q ~D@btab) \_yopo_p o blabitab)
1 1> 70 0 1 8b2 1 1> 0 0 1 3
1 ab,
b (—a,b, +ab,) —b’ch _
S ACABLa) -y W g —a, po=p,
o’ a,(ab, +agh;) a, (a,b, +a,b))
b 2aafa’b, +2aafaa.b, +3b’cB’a, —3b,cB’ab, —2chbya, — abc
al(albo + Clobl) ’ (464)

b

Where %0>%1> b o5 and P10 are arbitrary constant parameters which are

determine according to the boundary initial condition.

Substituting this result into Eq(4.46), we obtain the following generalized

solitary solutions of Eq.(4.4).



by(a,by + ayb)) ex

a exp(&)+a, + 3> p(=¢&)
(&)= ‘ ,
b, exp(&) +b, +Wexp(—§) (4.65)
Or
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al exp( §)+ aO + bO(albgob-Z aobl)
1

u(&) =
e

exp( —&)
x e“ﬂf*W’*«Vo)

exp( —&) ’ (4.66)

Where
2aafalb, +2aafa,ab, +3b cB’a, —3b,cB’ab, — 2ch,bya, —a,b’c
E =a(x- t).
a,(a,b, +ayb,)

Case: (1.2).

_a_b, a_ (—=b; +8bb_))
%= b_l S | boob1 - > 4y :afl’bl :bl’bo :bo’bfl =b71,a =a,

272

_ _ _c(=bi+4bp,) 4 _—bibe
a a,ﬂ ﬂ’ ¢ = 4a2b0a71 D Sailbl 2
b —byc —8bb_c—6¢cB°b; +24cB’bb_, +16aafa_b,

8a_b, (4.67)

Substituting Eq.(4.53) into Eq(4.46) gives the following solution:

a_b, ot 4 8 (=b; +8+b_b)+a e~
b, 8b;
bleé +b0 +b_1€_§ (4 68)

w(&)=

Or



a_ b, of 4 a_](—bo2 +8+0b b))+ a_]e"5
u(&) = b, 8b]2 x @/ (PEmx0)
b]eg +b0+b_]€_§ (4 69)
Where
Eoma(x-" boc—8b_bc—6chb; B +24cBbb  +16aaf b,a_, 0.
8a_,b,
56

This is exact solutions of generalized nonlinear Schrodinger (GNLS) equation.
Case2. p=cd=q=2

As mentioned above the value of c and d can be freely chosen, we set p=c =

2 and d = g = 2, then the trial function, Eq.(4.1), is:

a,exp(28) +a,exp($) +a, +a_ exp(=&) +a_, exp(-28)
b, exp(2&) + b, exp(&) + b, +b_ exp(—&) +b_, exp(-2&) (4.70)

(&)=

By the same operation illustrated above we, obtain:

Case ( 2.1):

2

2

ch bo(a’, +¢) c

__ 0 _ _ bo\&, — — — 0 — — —

a,=——2%,a,=0,q,="092"% g =0,a,=a,,b,=——",b=0,b,=b,, b, =0,
8(1_2 a_, a_,

3
b2:15a :a,C:2a722+C’a :a’ﬂ :ﬂ’d :d,
a_,

——4c+4a’, +6pa’, +3p%c+8aapa.,

4a_, (4.71)

Substituting Eq.(4.57) into Eq(4.56) gives the following solution:



cb; R by(a; +c)+

_ o
8a’, a’, -
w(&)= — :
e b +e (4.72)
8a’,
Or
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cbe o by(a; +c)+ e
- e - 5 a_,e
u(€) = 8a’, - a, x @ BE )
_0730@25 +b,+e " (4.73)
8a’,

Where

E—a(x—" 4c+4a’, +6¢ca’, B +3cp’ +8aafa._, ).
4a_,

Case: (2.2):

_ by(ayb_, +a_,b,)
8h 2 ’
b,=0,b,=b,,a =a,p =p,a =a,

a, =0, Ay =y, g a,=0,, bz = bo(a()b,Z +a,2bo) , bl =0, bO :b05
8a ,b_,

a,

cb(ayb_, —a_,b,) J cb’,b,

" 4a,a’(agbh_,+a b))’ a(ab,+a,b,)’

—4ay,b’,c—8chya_, +3ch’, B a, —3ch_,Ba_,b, +8aafayb ,a_, +8aafa’,b,
Vv =

4a_,(ab_, +a_,b,) (4.74)

Substituting Eq.(4.60) into Eq(4.56) gives the following solution:

b.(ab, +a,b _
0(10 01)e2§+a +a7€25
8b> 0
-2

by (a,by + a,b,) X 1b +b e (4.75)
8a,b, c

y(S)=

5




Or
by(a,by +a,b))

e* +a,+a e
8b2 0 -2 ) -
u((f) — -2 x el(ﬁﬁf*WH'Xo),
by(a,b, + ayb,) X 1bh b ek (4.76)
8a,b, ’ ?
Eoma(x- 4cb’, —8b_,byca_, +3ch>,B*a, —3cB’b,b ,a_, +8aafab ,a_, +8aafa’,b, 0
8a_,(ayb_, +a_,b,) '
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Case: (2.3).
b, (@ +¢) cb;
ay =0y, a,=0,a,=22"" 4 =0,a,=——%,b=0,p,=1,b,=b,,
a, 8a;
ch’ 3
b =0,b, = g —a,a =a, B =B, c=-22TC 4 —q,
1 2 8 3
a 4aa,
- 8aafa, —4c+4al +6B°a; +3B°c
4a, (4.77)
Substituting Eq.(4.63) into Eq(4.56) gives the following solution:
2. — bo(ag +c)+ _ Cbg o2
2 2 8 2
w(&)= “ -
ch; ’
e +hy—_ e (4.78)
8a;
Or
26 bo(ag +to)+ Cbg -2¢
“e a; 8a; ¢ ;
u(g) — 2 b2 2 Xd(ﬂf*“’”xo)’
% 4 by — 0 g (4.79)
a,

Where



_Saaﬂaz—4c+4a§+6a§ﬂ2+3cﬂ2t

¢ =a(x 4a, )-
Case (2.4):
3a’ 9a’ 2b.a’
a,=a,,a,=a,a,=0,q, =L g =21 p =202 p_0b,=b
2 2 1 1 0 -1 86122 , ) 6461; 2 36112 1 0 0°
b 0. b 3b0a12 B =p.a=a,d 2¢b’al
= L, = , (04 :a, = ) -_ = 0 .
SR U V% ’ 9a°
59
= Tchya, +12aBa’ + 6¢hya, B’
- 2
6a, (4.80)

Substituting Eq.(4.69) into Eq(4.56) gives the following solution:

3a; . 9a' _
a,e’ +ae + e+ e

8a; 8a;
W(é): 2b 2 : 3b 2 2 ’
06212 e +b,— oa; o2
3aq, 32a;
Or
3 4
a,e’* +ae° + ;a'z et + Za'z e ’*
a a i — Wt + X
u(é) — . 2 , 2 X e (B —mwt )’
2bo‘§2 e + b, - 3b0a21 o2
3a, 32 a;
Where
£ = o (x— Tch,a, +12aafal + 6¢ch,a, B’ )

2
6a,

Case: (2.5):



_(4da} +3ch)dia | _ cabad __ac’bhaid’

= = = - )a, - 9
G GTh ST gl vty 8Q2dd +cB)  642dd +cb)’
(4da§ +cb23 )dazal2 5 aiczb;af 2
b,=b,, b =0, b,=— b =0.b,= s o = _
2= = 4024 +eb): T 6d2dd +cb) T E T T

__Matel _da)—cb} +2aafa,b? +6da} + 3 ch;
a2a2b22 bzzaz ’ (4.81)

g =8 ¢

Substituting Eq.(4.72) into Eq(4.56) gives the following solution:
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(a,e* +ae’ + (4day +3cb))daa; _ carbyaid . ac’byajd” %)
)= ’ ! 42dal +chl)*  8Q2dal +cbl)  64(2dal +chl) (452
v (b — da,a’b,(4da; +cb;) N c’blaiald’ o) B
’ 42da +cb})*  64(2dal +cb?)*
or
(@, +aef + (4da; +3ch])da a; B ca,bya’d - acblatd? o)
3 312 3 312 3 3\4
u(@) = 4(2da; +2cb2) : 8(23ala2 +c1;2)7 _ 264(201012 +cby) e 4.83)
b ok da,a;b,(4da, +cb;) c'byaya’d 8_25)
’ 42da +cb))’  642da +cb)’
Where
£=a(x- da; —cb; +2aafa,b; + 6da; B’ +3Bch; )

a2b§
There are exact solutions of generalized nonlinear Schrodinger (GNLS)
equation.

Case (2.6): P=c¢=3d=q=1



As mentioned above the values of c and d can selected without limits. Setting
p=c=3,

And 9=9=1then the trial function, Eq.(4.1),changes to

a3e(35) + aze(zé) + ale(é) +a,+ afle(’é)

V) = T b, 4 be® 1 by 1 b e D (4.83)
By the same approach as demonstrated above we obtain:
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Case :( 3.1):
b,(a,b, +ab,) b,(a,b, +ab,)
a, =212 281[912 2=, a,=a,,a =a,0a,=0,a,=0, by=-=2 gclllb—l =2, b, =b,,
_ b’ch
b=b.by=0 a =a,c="0@bzab) ;D p_p o, g
! a’a,(a,b, +ab,) a (a,b, +a,b,)
Substituting Eq.(4.76) into Eq(4.75) gives the following solution:
b,(a,b, —;alb2) o +6126(25) +ale§
V&) =2
b,(a,b, +ab,) et +[)26(25) +ble§ ,
8a,b,
Or
b,(a,b, +a,b,) P aze(Zé) n aleé (4. 84)

_ 8b;
u(z)= b,(a,b, +a,b,)
8a,b,

x g (PEx0)
e’ +b,e) +be°




Where

3b)B*a, —3ch, B*ab, —a,b’c—2cab,b, +2aafa,a,b, +2aafa’b

sl a,(a,b, +a,b,) g
Case :(3.2):
b (a,b b b (a,b b
a; = (@, _:a—l 1)’ a2=O, a =a, a, =0,a,=a_, b= (@b, +a, 1)’
8b7, 8a_ b,
_cb,(ab,+a b)

a,=0,p =b,b,=0 b =b,,a =a,c= ’
2 1 1> 20 , -1 -1 ¢ 4a,1(b,1a1+bla71)
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ch’ b
d=-— Sk oo =a, p =6, B =5,
aEl (b—lal +bla—l)
b 3cbfﬂ2a2 —3cb1ﬂ2b2al —azblzc —2ch,ba, +2aafa,a,b, + 2aaﬂa12b2 (4.85)
a,(a,b, +ab,) '
Substituting Eq.(4.79) into Eq(4.75) gives the following solution:
b(ab_,+a_ b)) 00 4 000 4 g o
8[)_21 1 -1
lr//(g) = b b b >
(@b, +a b)) B9 L p e 1 p oD (4.86)
8a b, : B
Or
b(ab_ +a_ b)) %) 1 g e g o0
8h* - o
u(g) — -1 % el(ﬂf Wt“‘o),
b (ab_ +a_b) 2B 1L p e 1 p oD (4.87)
8a_ b, 1 - '

Where



E=alx-

—4a,ch’, —8ch,a_b_, +3ch’, fa, —3chb_ f’ba_, +8aafa_b_a, +8dofa’b,

4a (b ,a,+a_ b))

Case (3.1) and (3.2) are the same as case (2.4) and (2.2) respectably.

Therefore we conclude the Eq.(4.75) is equal toEq.(4.56):

Case4:p=c=3,d=q=3
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£),...(5.81)

In this case we consider p=c=3and d =c = 3. Then the trial function Eq. (4.1)

a3e(3‘:) + aze(z‘:) + ale(‘:) +a, + afle(":) + afze(’z‘:) + a73e(’3‘:)

w(s)= 3 ; - > =5
is presented as: bye®) +b,e™ 1 bet + by +b,e D +h e 4 b e

By the same approach illustrated above we obtain:

Case: (4.1):

b, (a.b b
a, =a,,a, =0,a, =0,a,a,,a, =0,a_,=0,a, = (s 42—a0 3),193 =b,=0,b,=0

3

h):h)a bflz 0, bfz =0, b 3 =M, a=a,,- cby(—ayb; +asb,) ,
_ 8asb, 9a’a,(a;b, + ayby)

bjcbO
& (ash, +ah,)’
6¢h,azb, +3ch;a, —cb; B*a, + cb,B’b,a, — 6a(xﬁboaf —6aybaafa,
B 3a; (byas + a,by) ,

a =a, B =0,

\%

Substituting Eq.(4.83) into Eq(4.82) gives the following solution:

(4.89)



3¢
ae” +a,

" by(a;b, ‘; a,bs) e 3
8a,
b, (a;b, +a,by) e3¢ , (4.90)
8a, b,

w($)=

2¢
bie™ + b, +

Or

" b,(a;b, 42‘ aybs) e 3¢
8a, @ (PE—w+xp)
by (asb, + ayby) e3¢ (4.92)
8a,b,

3¢
ase’ +a,

u(g) =

2¢
bye™ +b, +

Where
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6¢hyasb, +3chia, —bicf’a, +cb,fbya; — 6aaﬂb0af —6a,b,aafa, N (5.86)
S, + aby) peeveneenes . (4.93)

E=a(x-

Case: (4.2):

3 2
a, . a_ _ _ _
a, =— ,a,=0,a =—",0a,=0,a,=a_,a ,=0,a,=a,,
3 216af3 =Y, q 6a , 0— Y U 1> ¥ r=Y,d 4 3
b—2ca2ai‘b 0,5,=0,b ,=0,b,=0,b
’ 8lea’, = 7 O T RIS T s,

2 6
d:—5122+f‘,a =a, B =P,
C

2
16caa_3,a =a,a =a,

Substituting Eq.(4.1Y) into Eq(4.82) gives the following solution:

3 2
a a B B
-— ot ta et ta et
__2l6aZ, 6a_, i(pE—wt+x))
wi)= 2ca’a’ l6ca’a e ’
— = 835 7 78 e_3§ (494)
8la’, 3c

Or



3 2
a, 3¢ a4, ¢

- —e — e +a_le"§ +a_3e_35
u(E) = 216a7, 6a_, x o (BE—w1+%0)
2 3 2 ’
2ca 261_1 635 _ l6ca a_s e—3§ (4.95)
81a’, 3c
Where

& :a(x—a(—2aﬁ ~6ca +3caﬁ2)‘)

Case: (4.3):
2 _4 2 4 2 2 272
a, =4 (o ay 56406 3a0b0 +3e bO)a a,=a,, a,=4dy,a,=0,a,=0,a,=0,
l6c a’a,

b — a’byc(c’ata; +2Cca’ayb, +c’by) b — a’b,(4c’a’a; + 7Cca’ayb, +3c’b;) h=0

. 32¢’a’ag e 16c’a’a; T
by=by,b ,=0,b,=0,b,=0,a =a ,a =a,
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J bj(cbO +ca,a’) 5 =P

= — N (04 =O£, = D)

2b;
N ca’a,+6ca’B’a, —4aafa, +3cbh,
24 (4.96)

Substituting Eq.(4.93) into Eq(4.82) gives the following solution:

by, C(c’a*al +2Caa’bya,, +C2b(f)e3§ _aj(Aca'ay —Caa’a,b, +3C2bg)ezf ragt +ay)

o Hodd by 8+’ 9
aiby, Clea’a, +2Ccha, +C°h) . byal(4c’a’ay +1Ccha, +3C°] o ) o
- 0
42dd +cb} )’ 642dd, +cby)' (4.97)
bya’C(c*atal + 3Ccaja;b0 +C?bY) o al(~4c’a‘al _;Ccazilozbo +3Ch) & +aet +a,
(&)= 4Q2da’ +cb?) 8Q2dda’ +cb) o/ PEt)
(a;b; C(ca*ag +2Cchya, +C*b;) o bya (4c*a’*a; +7Cchya, +3Ch; o ia
3 332 - 3 314 0
4Q2da +cb?) 64(2da; +cby) (4.98)

Or



Where

ca’a, +6ca’B’a, —4aafa, +3ch

E=alx- =)

2a,

There are other exact solutions of generalized nonlinear Schrédinger (GNLS)

equation.
Case5 p=c=4,d=q=2

Finally we consider p =c 4 and d = q = 2 then the trial function, Eq.(4.1)

changes to.
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a4e(4§) + a3e(3§) + azez(é) + ale(é) +a,+a, e+ afze(%)

l//(g) - (48) (3%) (28) (&) (=¢) (-2%)
b,e™ +be ™ +b,e”™ +be’ +b,+b,e "’ +b e (4.99)
We rewrite Eq.(4.92) in the following form:
W (&) = a4e(3§) + a3e(2§) + aze(é) +a, + aoe“é) + afle(fzé) + afzeHé)
- 39 (28) @) &) (26 (-38)
b +be " +be +b +be " +b e +b e (4.100)

This has the same form as Eq.(4.93). Therefore, Case 5 is equivalent to Case 4:
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