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Abstract 

       The sine - Gordon equation appears in the propagation of fluxions in Josephson 

Junctions between two superconductors. It also appears in many scientific fields such 

as the notions, and dislocation in crystals where sin (u) is due to periodic structure of 

rows of atom. The term sin (u) is the Josephson current across on insulator between 

two superconductors.  

    In this thesis we formally drive exact travelling wave solutions for the modified 

Kortewey - De – Vriss (MKdv – sine - Gordon) equation. The proposed analysis 

depends mainly on a variable separated ODE method. Two distinct sets of exact 

solitary wave solutions, that posse’s distinct physical structure, are formally derived 

for each equation. The derived solutions include other results and introduce entirely 

new solutions.  

    The capability of extended cothtanh , inee cossin   and Exp – function methods 

as alternative approaches to obtain the analytic solution of different types of applied 

differential equations in engineering mathematics has been revealed.  

    In this study, the generalized nonlinear Schrödinger (GNLS) equation is solved by 

different methods. To obtain the single – solution for the equation, the extended   

cothtanh  and sine – cosine method is used. Furthermore, for this nonlinear evolution 

equation the Exp – function method is applied to derive various travelling wave 

solution. Results show that while the first two procedures easily provide a concise 

solution, the Exp – function method provides powerful evolution equations in 

mathematical physics. 
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 الخلاصة

 

ثنین من الموصلات إتظھر معادلة جیب جوردان عند إنتشار التدفق عند تقاطعات جوزیفسون بین      

 الفائقة .

وتظھر أیضآ في العدید من المجالات العلمیة مثل المفاھیم والإضطرابات في البلورات ؛ ویرجع ذلك     

ثنین من إجوزیفسن عبر عازل بین  ھو تیار  usinفي صفوف من الزرة. الحد usinلدوریة 

 الموصلات الفائقة.

 –في ھذا البحث قمنا باشتقاق حلول الموجات المتنقلة المضبوطة لمعادلة كورتوى دي فریس     

جوردان للجیب المعدلة.  التحلیل المقترح یعتمد أساسآ على طریقة المعادلات التفاضلیة من نوع فصل 

ئیة المتغیرات . تم إشتقاق مجموعتین من الحلول الموجیة المنعزلة المضبوطة ذات بنیات فیزیا

  مختلفة ؛ والحلول المشتقة تشمل نتائج أخرى وتقدم حلول جدیدة كلیآ.

inee و cothtanhمتداد إتم إكتشاف  كفاءة طریقة      cossin   الدالة الأسیة كمنھج بدیل

  الھندسیة.للحصول على الحلول التحلیلیة لأنواع مختلفة من المعادلات التفاضلیة في الریاضیات 

 ستخدام طریقإفي ھذة الدراسة تم حل معادلة شرودینجر الغیر خطیة المعممة بطرق مختلفة . وتم     

  cothtanh  inee cossin    الممتدة للحصول على الحل المنفرد المحكم .  إضافة

لذلك تم تطبیق طریقة الدالة الإسیة في ھذة المعادلة غیر الخطیة المتطورة للحصول على حل موجي 

ن طریقة الدالة الأسیة یزود بمفھوم ریاضي قوي في حل المعادلات أمتنقل مختلف . أظھرت النتائج 

في الریاضیات الفیزیائیة عند القیام باول إجرائین ویزود بكل سھولة  التفاضلیة الغیر خطیة المتطورة

       .بحل مختصر
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Chapter (1) 

 

The Variable Separated ODE Method for Traveling Wave Solution:   

     SecƟon (1.١):  Introduction 

    It is well – known that the linear Boussinesq equation is a fourth order PDE 

given by [1], [3], [7]. 

           0 xxxxxxtt uuu                                                                 (1.1) 

  That includes the physical dispersion term. The sine – Gordon equation is a 

second order nonlinear PDE given by  

      
     0sin  uuu xxtt                                                                (1.2) 

   This equation appeared first in the study of differential geometry of surfaces 

with Gaussian curvature K = -1. The sine – Gordon equation is completely 

integrable, infinite dimensional Hamiltonian system [1] and it can be solved by 

the inverse scattering method [4], [6], [7]. Integral means that there are a 

sufficiently large number of conserved quanƟƟes [1], [3]. The term sinu is the 

Josephson current across an insulator between two superconductors [7], [10], 

[20].  

      ,02sinsin  uuuu xxtt                                                                           (1.3) 
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Appears in many scientific applications However, the sinh – Gordon equation        

     
 ,0sinh  uuu xxtt                                                                     (1.4) 

     

     Appears in integrable quantum field theory, kink dynamic [1], [2], [3], [7], 

[8], [9], [16], and fluid dynamic.The sinh – Gordon equation is completely 

integral because it possesses similarity reduction to third Painleve equation 

[17], [21], [27], Moreover, the double sinh - Gordon equation  

      ,02sinhsinh  uuuu xxtt                                                                  (1.5) 

    has lot of scientific applications as well. it is know that scaling for explicit 

solution for nonlinear evolution equation, by using different method many 

powerful method such as Backland transformation, inverse scatting method 

Hirota bilinear forms pseudo spectral method, the .sectanh h

method,[4],[5],[6],[11],[12], the sine – cosine method [10] and many other 

techniques were successfully used to investigate these types of equations 

practically there is no unified method that can be used to handle all type of 

nonlinear problems. In this chapter, the Boussinesq – Double sine    Gordon (B 

– Sine - Gordon) equation, The Boussinesq – double Sinh – Gordon equation 

(Boussinesq – Sinh - Gordon) and the Boussinesq – Liouvill equation.(1.1) and 

(1.2) (BL -I) and (BL – II) Given by:    
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,2sin
2
3sin uuuuu xxxxxxtt                                                                  (1.6) 

      
,2sinh

2
3sinh uuuuu xxxxxxtt 

                                                             (1.7) 

        
,sinh

4
3 2uu

xxxxxxtt eeuuu 
                                                                 (1.8)  

And 

       
,

4
3 2uu

xxxxxxtt eeuuu  
                                                             (1.9)

 

   We aim to emphasize the power of the variable separated ODE method that 

will be employed here.   This method is developed by Sirendaoreij et at in [9] 

used by fu et at in [2] and by Wazwaz,[13],[14]. It works effecƟvely if the 

equations involve Sine, Cosine hyperbolic Sine and hyperbolic Cosine function. 

In what follows highlight the main features of the method as introduced in [9] 

where more details and examples can be found in [9] [2] [13] [14].   

SecƟon (1.2): The Variable Separated ODE Method:                                     

     The stated before, this method was developed by Sirendaoreij et at [9]. We 

first unite the independent variable x and t into one wav variable  = x – ct to 

carry out   PDE into an equivalent ODE. The method depend mainly on 

assuming that u( ) satisfies an additional variable  separated ODE given by  

lu = 
d
du

 = )(uG                                                                                               (1.10) 
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    Where G(u) is a suitable function of Sine , Cosine hyperbolic Sine hyperbolic 

Cosine  DifferenƟaƟng (1.10) and equaƟng the coefficient of like terms of the 

resulting equation with the ODE reduced from the PDE yield a system of 

algebraic equations than can be solved to determine the unknown parameter 

It is worth noting the variable separated ODE  

(1.10) can be solved easily by using the method of separaƟon of variable. It 

should be noted that the section of G (u) can be performed in more than one 

choice as will be seen later. 

SecƟon (1.3): The Boussinesq – double Sine–Gordon                                                                       

equation, [23].      

    A variable separated ODE method.  

We first examine the Boussinesq – double Sine – Gordon equation   [23].    

 

                                                   (1.11) 

 That by using wave variable  = x – ct   can be converted to the ODE. 

      
uuuuc ivll 2sin

2
3sin)( )(2 

                                                             (1.12)  

 The Variable   separated ODE )()( uGu l  can be selected in two ways as well 

be discussed.  

4  

,2sin
2
3sin uuuuu xxxxxxtt 



 
 

 First Selection of G (u): 

      We assume that )(u  satisfies ODE  

        u
l = 

d
du  = 		ܽcos	( 2

u )                                                                                (1.13)  

 Where ܽ is an arbitrary constant. DifferenƟaƟng (1.13) with respect to   we 

obtain:  

          
uau ll sin

4
)(

2


 
            

          
2

coscos
4

)(
2 uuau lll                                                                               (1.14) 

            uauau iv sin
8

)2sin(
32
3)(

2
)(                                                                                      

Substituting Eq(1.13) and Eq(1.14) into Eq(1.12) gives: 

          ( .2sin
2
3sin2sin

32
3sin))(

48

4
2

24

uuuaucaa
                 (1.15) 

Equating the Coefficient of like tragicomic function on both sides gives:   

    2a 		     , 

   c = 1     , α ≥ -1                                                                                        (1.16) 

 Eq.(1.13) is separable hence we get:

     

           

 
 
 kcu

du


 2
)

2
cos(


                                                                             (1.17)         
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 Where by integrating both sides we find the following solution:  

     
)()

4
tan(arctan4 0 



 auh                                                                        (1.18) 

     
)()

4
tan(coth4 0 



 auarc                                                                         (1.19) 

     
)()

4
cot(arctan4 0 



 auh                                                                            (1.20) 

      
)()

4
cot(coth4 0 



 auarc                                                          (1.21) 

       
)(

44
tanln2 0





  au                                                                            (1.22) 

       
)()

2
tan()

4
sec(ln2 0 



  auu                                                                    (1.23) 

                                   at   ,0u , ,0   

     Where  
is constant of integration. It is important to note that the lost 

soluƟon obtained above for u(x,t)  is an implicit soluƟon combining (1.16) with 

the previous result leads to the following implicit solitary wave solution. 

 
      





  ))1(

2
1tanh(arctan4),( 01  txtxu                                                    (1.24)              

     




  ))1(

2
1coth(arctan4),( 02  txtxu                                                     (1.25)                               





  ))1(

2
1tanh(cot4),( 03  txarctxu                                                      (1.26)     





  ))1(

2
1coth(cot4),( 04  txarctxu                                                      (1.27)   
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             )1exp(arctan4),( 05 txtxu                                        (1.28) 

 

 

Second selection of G (u):  

     We next assume that u ( ) satisfies variable separated ODE  

        )
2

sin()( ua
d
duu l 


                                                                               (1.29) 

Differentiating Eq(1.29) with respect to   we obtain:   

          uau ll sin
4

)(                  

         
2

sincos
4

)(
3 uuau lll                                                                                 (1.30) 

          
uauau iv sin

8
)2sin(

32
3)(

44
)(   

Substituting Eq(1.29) and Eq(1.30) into Eq(1.12) gives: 

       
.2sin

2
3sin2sin

32
3sin)

8
)(

4
(

44
2

2

uuuauaca


                                         (1.31) 

Where by equaling the coefficients of like functions on both sides we obtain: 
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      ,2a  

3,3  c                                                                                      (1.32) 

Eq.(1.29) is separable hence we set:  

       
)

2
sin(u
du

 = ܽ d                                                                                        (1.33)  

Where by integrating both sides we find the following solution: 

        
)()

4
tan(ln2 0 



 au                                                                                  (1.34) 

        
)()

2
cot(ln2 0 



 au                                                                              (1.35) 

And  

          
)()

2
cot()

2
csc(ln2 0 



  auu

                                                           (1.36) 

    Where  0
is constant of integration. It is important to note that the last 

solution obtained above for u(x, t) it is an implicit solution. Combining 

(1.32)with the pervious   result leads to the following solitary wave solution                                         

                                                                                                                                                                                                            

 )1exp(arctan4),( 06   txtxu                                                  (1.37) 
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And  

             )1exp(cot4),( 07   txarctxu                                            (1.38) 

SecƟon (1.4):  The Boussinesq – double Sinh – Gordon equation [12], [13], 

[14], [15], [30]:      

     We next investigate the Boussinesq – double Sinh – Gordon equation 

(Boussinesq –Sinh – Gordon) equaƟon [30].      

     ,2sinh
2
3sinh uuuuu xxxxxxtt                                                              (1.39) 

That can be converted   to the ODE  

       
,2sinh

2
3sinh)( )(2 uuuuc ivll 

                                                            (1.40) 

Upon using the wave variable  = x – ct the separable ODE )()( uGu l  can be 

selected in two forms as used before.   

First selection of G(u): 

 We assume that u ( ) satisfies the variable separated ODE given by: 

        )
2
()( uacoch

d
duu l 


                                                                        (1.41) 

Differentiating Eq(1.41) with respect to   we obtain 

         uau ll sinh
4

)(
2

              
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2
coshcosh

4
)(

3 uuaulll                                                                               (1.42)                                                                    

uauau iv sinh
8

sinh
32
3)(

44
)(   

Substituting Eq(1.41) and Eq(1.42) into Eq(1.40) gives 

          ,2sinh
2
3sinh

32
3sinh)

8
)(

4
(

44
2

2

uuauaca
                                           (1.43) 

Equating the coefficients from both sides’ yields: 

	
     

,2a
 

       1,3  c                                                                                  (1.44)  

Eq.(1.41) is separable hence we set:  

      
)

2
cosh( u

du
 = ܽ d                                                                                     (1.45) 

Where by integrating both sides we find the following solution:                                                     

)()
4

tanh(arctan4 0 



 au                                                                            (1.46)                                                    

)()
4

coth(arctan4 0 



 au                                                                          (1.47)                            

)()
4

tanh(cot4 0 



 auarc                                                                           (1.48)

)()
4

coth(cot4 0 



 auarc                                                                               (1.49) 
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   )()
2

exp(arctan4 0 



 au                                                                         (1.50)                          

)()
2

exp(cot4 0 



 auarc                                                                     (1.51)         

                                                           at ,0u ,         ,0             

    Where  0
is constant of integration Combining Eq(1.44) with the previous 

result leads to the following solution   





  ))1(

2
1tan(arctan4),( 01  txhtxu                                                       (1.52) 





  ))1(

2
1tan(coth4),( 02  txarctxu                                                         (1.53)                          





  ))1(

2
1cot(arctan4),( 03  txhtxu                                                         (1.54) 





  ))1(

2
1cot(coth4),( 04  txarctxu                                                            (1.55)                                  





  ))1(

2
1tan(ln2),( 05  txtxu                                                                     (1.56) 





  ))1(

2
1cot(ln2),( 06  txtxu                                                                     (1.57) 

Second Selection Of G(u): 

       We next assume that u ( )   satisfies the ODE given by:  

       )
2

sinh()( ua
d
duu l 


                                                                                 (1.58) 
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Where	ܽ is parameter that will be determined? Differentiating Eq(1.58) with 

respect to   we obtain:  

            uau ll sinh
4

)(
2

  

           
2

sinhcosh
4

)(
3 uuaulll                                                                                   (1.59) 

         uauau iv sinh
8

2sinh
32
3)(

44
)(                                                      

Substituting Eq(1.59) into Eq(1.40) gives.    

,2sinh
2
3sinh2sinh

32
3sinh)

8
)(

4
(

44
2

2

uuuauaca
                               (1.60) 

That gives: 

								 2a  

    c =  3  , α ≥ -3                                                                                   (1.61)  

Eq.(1.58) is separable hence we set: 

       
)

2
sinh( u
du

 = 	  ad                                                                                (1.62)

  

Where by integrating both sides we find the following solution 

          )()
4

tanh(ln2 0 



 au

                                                                     (1.63) 
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        )()
4

coth(ln2 0 



 au

                                                                       (1.64) 

And 

          )()
2

coth()
2
(secln2 0 



  auuh                                                  (1.65)  

    Where  0
is constant of integration. To note that the last solution obtained 

above for u(x,t) is an implicit soluƟon . Combining (1.61) with the previous 

results leads to the following explicit solitary wave solution    

         ))3exp((arctan4),( 01   txhtxu                                                     (1.66)              

And 

             ))3exp((coth4),( 02   txarctxu                                                (1.67) 

SecƟon (1.5): The Boussinesq – Liouville equation:   

  We next consider the Boussinesq – Liouville (BL – I ) equation                                                                       
uu

xxxxxxtt eeuuu 2

4
3

                                                                         (1.68)    

That can be converted to the ODE  

   ,
4
3)( 2)(2 uuivll eeuuc                                                                   (1.69)  

Upon using  ctx  the separable ODE )()( uGu l   can be selected as 

       ( ) = 
d
du

 = 2
u

be                                                                                 (1.70) 
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Differentiating Eq(1.70) with respect to    we obtain 

            ulL ( )   =
2

2b
 
eu

. 

             
2
33

2
)(

u
lll ebu 

                                                                                   (1.71) 

              u
iv)( ( )   =   

4
3 4b e

u2

                                                                            

Substituting Eq(1.70) and Eq(1.71) into Eq(1.68) gives 

           
.

4
3

4
3)(

2
22

4
2

2
uuuu eeebecb

                                                        (1.72) 

Equating the coefficients from both sides’ yields:  

                  1b  

               c =  2  , α ≥   -2                                                                      (1.73)  

Eq.(1.70) is separable hence we set  

             e
u
2 du  = bd                                                                                (1.74) 

 Where by integrating both sides we find the following solution:  

            )(2 0
2   be u                                                                               (1.75) 

 This gives the exact solution 

    



  ))2(
2
1(ln2),( 0 txtxu                                                               (1.76) 
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  SecƟon (1.6): The Boussinesq – Liouville equation II: 

     We next consider the Boussinesq – Liouville II (BL - II) equation  

         
uu

xxxxxxtt eeuuu 2

4
3                                                                 (1.77)   

That can be converted to the ODE  

      ,
4
3)( 2)(2 uuivll eeuuc                                                                     (1.78)  

Upon using ctx  . The separable ODE ul ( ) = G (u) can be selected as 

used before 

       ul ( ) = 
d
du  = be

u
2


                                                                                (1.79) 

Differentiating Eq(1.79) with respect to we Obtain: 

           ulL ( )   =  -
2

2b
 
e u

. 

           
2
33

2
)(

u
lll ebu



                                                                                    (1.80)  

  
 
          uiv ebu 2)(

4
3)(               

Substituting Eq(1.79) and Eq(1.80) into Eq(1.77) gives 
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uuuu eeebecb 22

4
2

2

4
3

4
3)(

2
   

 
                                                           (1.81) 

Equating the coefficients from both sides’ yields and proceeding as we find:  

              1b  

           c =  2  , α ≥ -2.                                                                         (1.82)  

Eq.(1.79) is separable hence we set  

                 bddue
u



2                                                                                  (1.83) 

Where by integrating both sides we find the following solution:  

         ),(2 0
2  


be
u

                                                                    (1.84) 

This gives the exact solution.   

         



  ))2(
2
1(ln2),( 0 txtxu                                                       (1.85) 

 

 

 

 

 

 

16  



 
 

Chapter (2) 

    

Traveling Wave Solutions for Combined and Double Combined Sine and 

Cosine – Gordon equation: 

SecƟon (2.1): IntroducƟon 

      The first appearance of the Sine - Gordon equaƟon [30] 

          0sin  uuu xxtt                                                                                  (2.1)          

is this study of differential geometry of surfaces with Gaussian curvature K = -1. 

Eq. (1) gained it is significaƟons because of the coaliƟonal behaviors of a 

solution that arise from these equation also appears in the a propagation of 

flux one in Josephson [1],[2],[3],[5],[6],[8] between two superconductors  , 

then in many sufficiency fields such as the motion of a rigid pendula attached 

wire [4], solid state physics nonlinear optic stability of fluid motions . It also 

appears in dislocations in crystals where Sinu is due to periodic structure of 

rows of atoms [4]. The term Sinu is the Josephson curry across an insulator 

between two superconductors [1], [2] the double sine – Gordon equaƟon (2.3) 

appears in solution theory of DNA molecular [1],[31]. The sine – Gordon 

equation is integrable and can be solved by the inverse scatting method. Many 

powerful methods such as Backlund transformaƟon [7], [19], inverse scattering 

method Hirota bilinear forms pseudo-spectral method the hsectanh method  
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[9], [13], the sine – cosine method [14], and many others were successfully 

usedto investigate these types of equations. Practically, there is no unified                                                                   

method that can be used to handle all types of nonlinearity.  

    Traveling waves appear as solutions of mathematical physics models in a 

wide range of scientific applications that range from chemical reaction to 

water surface gravity waves,[18],[24],[25]. Since the significant work in KdV 

equation other equations have been used to characterize a broad range of 

fields such as nonlinear optics magnet fluid dynamics and ion acoustic waves in 

plasmas among several others [27],[28],[30]. 

     Previous work [12], [13] the sine –Gordon and the double sine – Gordon 

equation, the sinh – Gordon equation and the double sinh – Gordon equations 

given by:  

0sin2  ukuu xxtt                                                                          (2.2)
      

                                              

0)2sin(sin2  uukuu                                                                (2.3) 

      0sinh2  ukuu xxtt                                                                           (2.4) 

And  

       0)2sinh(sinh  uukuu 
 
                                                    (2.5) 

    RespecƟvely were invesƟgated by using the   standard tanh method [9],[13].  

As state before these equations were subjected to considerable amount of  
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research work where a variety of methods, were present to drive traveling 

wave soluƟon. Recently, Wazwaz, [15] examined the combined sinh – Gordon 

and the double combined  sinh – cosh – Gordon equations.                                                                                          

        0coshsinh  uukuu xxtt                                                   (2.6)  

And 

      0)2cosh()2sinh(coshsinh  uuuukuu xxtt               (2.7) 

    Where two reliable methods, namely the tanh method, and the variable 

separated ODE method were used:  

    In this work we aim to compute travelling wave solutions to two model 

problems namely the combined sine – cosine – Gordon equation and the 

double combined sine – cosine – Gordon equation given by 

      0cossin  uukuu xxtt 
 
                                                          (2.8) 

And             

  
0)2cos()2sin(cossin  uuuukuu xxtt                                 (2.9)     

               

    Respectively we adopted for this work a strategy that depends on a variable 

separated ODE. The method was developed by Sirendaoreji et al. in [1] and 

used by fu et al. In, [2]. And by Wazwaze in [15], [16], [17]. The variable 

separated ODE method has been fully described. The method has established 
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 scientific value and reliability and the previous works emphasized its power for 

equations that involve sine, cosine hyperbolic sine, cosine and hyperbolic 

cosine function.  

   In what follows we present the key ideas of the variable separated ODE 

method as introduce in [1.7] where more examples   can be found there.  

SecƟon (2.2): The Variable Separated ODE method: 

    We first unite the independent variable x   and t [25], [27], [30]. Into one 

wave variable  = x – ct   to carry out PDE in two independent variables  

      ,...),,,,( xxxxxxt uuuuup                                                                       (2.10) 

Into an ODE  

        0,...),,,( llllll uuuuQ                                                                 (2.11) 

That can be integrated as long as all terms contain deriva tive. Usually the 

integration constants are considered to be zero in view of the localized; 

however the non – zero constants can be used and handled as well. 

The method depends mainly on assume that u ( ) satisfies an additional 

variable separated ODE given by: 

         ),(uG
d
duu l 


                                                                                 (2.12) 

Where G(u),  is a suitable function of sine , cosine hyperbolic sine hyperbolic  
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cosine . SubsƟtuƟng (2.12) into the given equaƟon yields a system of algebraic 

 equation that can be solved to determine the unknown parameters. It is 

noƟng that the variable separated ODE (2.12) can be solved easily using the 

method of separation of variables.  

SecƟon (2.3): The Combined Sine – Cosine - Gordon equation [26], [28], [29]. 

A combined sine – cosine Gordon equation  

       0cossin  uukuu xxtt 
 
                                                              (2.13) 

Can be converted to the ODE  

      0cossin)( 2  uuukc ll                                                                   (2.14) 

Or equivalent 

         .,0cos
)(

sin
)(

2
22 cku
kc

u
kc

u ll 






                                               (2.15)    

We next assume that )(u satisfies the variable separated ODE given by: 

             ,
2

cos
2

sin)( ubua
d
duu l 


                                                              (2.16) 

    Where a  and b are parameters that will be determined.  Differentiating 

Eq(2.16) with respect to  gives  

            .0cos
2

sin
4

)(
22




 uabubau ll                                                      (2.17) 
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Comparing Eq(2.15) with Eq(2.17) we obtain: 

								 ,2
2ck

ab





 , 

            ,,,4 2
2

22 back
ck

ba 


 


                                                          (2.18) 

 So that 

							   



 ack

ck
a ,,

)(2
2 2

2
 ,                                                          (2.19)

   

          





 ,,

)(2
2 2

2
ck

ck
b


  

Where ߛ  is given by:    

          .22                                                                              (2.20) 

Eq.(2.16) is separable, hence we set  

               

,

2
cos

2
sin

1
dduubua




                                                                 (2.21) 

Where by integrating both sides we find the following solutions:  

    
,4

tan
arctan4

02222
 





















 ab

aub
h

ab                                                              
(2.22)  

    
,4

cot
arctan4

02222
 





















 ab

aub
h

ab                                                          (2.23) 
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,4

tan
coth4

02222
 





















 ab

aub
arc

ab                                                         (2.24) 

Or 

      
,4

cot
coth4

02222
 





















 ab

aub
arc

ab                                                        (2.25) 

   Where 0
is constant of integration. Using Eq(2.19) given the exact  

Solutions 

,,))((
2

tanh
2

2
arctan4),( 2

02

4 224 22

ckctx
ck

txu 





































                   (2.26) 

,,))((
2

tanh
2

2
cot4),( 2

02

4 224 22

ckctx
ck

arctxu 









































                 (2.27) 

,,))((
2

coth
2

2
arctan4),( 2

02

4 224 22

ckctx
ck

txu 









































                  (2.28)
 

,,))((
2

coth
2

2
cot4),( 2

02

4 224 22

ckctx
ck

arctxu 









































                  (2.29) 

 

Section (2.4): The double Combined Sine – Cosine -Gordon equation [22], 

[24]. 

      We next consider double combined sine – cosine- Gordon equation 
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0)2cos()2sin(cossin  uuuukuu xxtt 

                           (2.30) 

That can be converted to the ODE: 

     
.,0)2cos(

)(
)2sin(

)(
cos
)(

sin
)(

2
2222 cku
kc

u
kc

u
kc

u
kc

u ll 














         (2.31) 

   We next assume that u( ) satisfies a variable separated ODE given by: 

       ,sincos)( urua
d
duu l 


                                                                        (2.32) 

     Where  ba ,  and r are parameters that will be determined. Differentiating 

Eq(2.32) with respect to  give:             

,0)2cos()2sin(
2

cossin)(
22




 ubruabuaruabu ll 
                              (2.33)

 

Comparing Eq(2.31) with Eq(2.33) we obtain 

          ,2 kc
ab




  

           ,2ck
ar




                                                                                 (2.34) 

           ,2ck
br





     

           ,
2 2

22

kc
rb




         

So that: 
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,

)( 2 kc
a






                                                                                                                                                                                                                                                           

,
)( 2 kc

b







                                                                                               

(2.35)                                                                                                                       

,
)( 2 kc

r





     

This means that br  . Eq.(2.32) is separable, hence we s    
                             

,
sincos

1 ddu
ububa




                                                                           (2.36) 

Where by integrating both sides we find the following: 

                                     (2.37) 

    

22
tan

2
cot2

222222 















 ba
bu

ba
baarc

ba

                                    (2.38) 

                                 (2.39) 

                                  (2.40) 

    Where  is constant of integration. This in turn gives the exact solutions.

 
,2,))((

)(
2

2
1cot(2arctan2),( 22

02

2222















































 ctx
kc

txu
          

(2.41) 

22
02

2222

2,))((
)(

2
2
1cot(2arctan2),( 














































 ctx
kc

yxu (2.42) 

22
02

2222

2,))(
)(

2
2
1tanh(

2
arctan2),( 














































 ctx
kc

txu
    

(2.43) 

,
22

tan
2

arctan2
0222222

 















 ba
bu

ba
ba

ba

,
22

tan
2

arctan
2
2

0222222
 



















ab
bu

ab
bah

ab

,
22

tan
2

coth2
0222222

 


















ab
bu

ab
baarc

ab
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And 

,2,))((
)(

2
2
1coth(

2
arctan2),( 22

02

2222















































 ctx
kc

txu
    

(2.44) 
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Chapter (3) 

 

The Traveling Wave solution for The MKdv – sine Gordon and the MKdv – 

sinh – Gordon equation: 

SecƟon (3.1): IntroducƟon 

The sine – Gordon equation  

      ,0sin  uuu xxtt                                                                      (3.1) 

      Appeared first in study of differenƟal geometry of surface [17], [24], with 

Gaussian curvature k = -1 . The sine – Gordon equation is a completed 

integrable infinite dimensional Hamiltonian system, [23]. And it can be solved 

by the invers scattering method. integrable means that  there is a sufficiently 

large number of conserved quanƟƟes [7],[23] .This equaƟon can be used in 

interpreƟng biological concepts such as DNA dynamic [1], [30]. 

    The sine – Gordon equaƟon (3.1) appears in the    propagation of fluxions in 

Josepgson juncƟons [17], [18], [19], [20], [21], [22], between two 

superconductors. It also appears   in many scientific fields such as the motion 

of a rigid pendula a aƩached to a stretched wire [19], [4]. Solid state physic 

optics stability of fluid motions and dislocations in crystals where sine u is due 

to periodic structure of rows of atoms [4], [19]. The term sin u is the Josphson 

current across an insulator between two superconductors [1], [2]. 
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The sinh – Gordon equation 

          ,0sinh  uuu xxtt                                                                   (3.2) 

     Appears   in integral quantum filed theory kink dynamics, and fluid dynamic 

[18], the sinh – Gordon equation is completely integrable because it possesses 

similarity reduction to third Painleve equation. The Kdv equaƟon, [23]. 

       ,0 xxxxt uuuu                                                                                (3.3) 

And the modified Kdv equation 

         ,02  xxxxt uuuu                                                                     (3.4) 

    Are the leading equations that paved the way for the development of the 

solitary wave theory? Kdv equations are classical paradigm of integrable non 

linear evolution equation that arises in many physical phenomena ion as ion – 

acoustic waves in plasma s and surface water waves. 

    It is well – know that searching for explicit solution for nonlinear evolution 

equation by using different methods is the goal for many researchers. Many 

powerful methods such as Backend transformation inverse scattering method 

Hirota bilinear forms pseudo spectral method the hsectanh  method, 

[9],[13] the sine – cosine method [14] and many other techniques were 

successfully used to investigate these types of equations practically.   

   There is no unified method that can be used to handle all types of nonlinear 

problems.  in this work we aim to investigate the modified Kdv – sine – Gordon  
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( MKdv – sine – Gordon ) equation and the  

modified Kdv – sine – Gordon equation (MKdv – sine – Gordon) given by:  

        ,sin
2
3 2 uuuuu xxxxxxxxt                                                                     (3.5) 

And 

       ,sinh
2
3 2 uuuuu xxxxxxxxt                                                                     (3.6) 

     Respectively. The  MKdv   - sine – Gordon equation describes nonlinear  

wave propagation in  one – dimensional mono – atomic lattice in which the an 

harmonic potential competes with the dislocation potential and which can be 

solved by the inverse scaƩering transform method, [1] . Sirendaoreji and Jing, 

[1] invesƟgate only the modified Kdv – sine – Gordon (MKdv – sine – Gordon) 

equaƟon, (3.5).  

     The objectives of this work are two folds. The first goal is to extend the 

study presented in [1] to drive more exact solitary wave soluƟon in addiƟon to 

that obtained in [1]. Secondly we aim to invesƟgate the modified Kdv – sinh – 

Gordon equation ( MKdv – sinh – Gordon ) (6) to formally sole this equaƟon . 

    As stated   before our approach is based on a variable separated ODE 

method developed by Sirendaoreji et al. in [1] used by fu et al. in [2] and by 

Wazwaz, [15], [16] . The method has scienƟfic value and reliability. It works 

effectively if the equation involves sine, cosine, and hyperbolic cosine 

functions. 
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In what follows we highlight the main features of the method as introduced in 

[1] where more details and example can be found in [[1], [2], [15], [16]. 

SecƟon (3.2): The Variable Separated ODE Method: 

    As stated before this method was developed by Sirendaoreji et al, [1]. We 

first unite the in developed variable x and t into one wave variable ctx  to 

carry out a PDE into an equivalent   ODE. The method depends mainly on 

assuming that )(u  satisfies an additional variable   separated ODE given by  

         ),(uG
d
duu l 


                                                           (3.7)  

    Where G(u) is a suitable function of sine , cosine,  hyperbolic cosine . 

DifferenƟaƟng (3.7) and equaƟng the coefficients of like terms of the resulƟng 

equation with the ODE reduced from the PDE yields a system of algebraic 

equations that can be solved to determine the unknown parameters. It is 

worth noƟng that the variable   separated ODE (3.7) can be solved easily by 

using the method of separation of variables. It should be noted that the 

selection of G (u) can be performed in more than one choice as will be seen 

later.                          

SecƟon (3.3): The MKdv – sine – Gordon equation. 

  avariable separated ODE method:  

     We first examine the modified Kdv – sine – Gordon (MKdv – sine – Gordon) 

equation  
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   ,sin
2
3 2 uuuuu xxxxxxxxt                                                                     (3.8) 

That by using the wave variable ctx can be covert to the ODE 

     
 .sin)(

2
3 )(2 uuuucu ivlllll                                                               (3.9) 

To achieve our gold we can select )()( uGu l  in two forms.  

 First Selection of G (u): 

    Following [1] we assume that )(u  satisfies the variable   separated ODE 

given by  

           
,

2
cos)( ua

d
duu l 


                                                                       (3.10) 

  Where a is an arbitrary constant. Differentiating Eq(3.10) with respect to   

we obtain:  

          
,sin

4
)(

2

uau ll                                  

          ,cos
2

cos
4

2

uuau lll                                                                             (3.11)  

           
,sin

8
cossin

16
3)(

44
)( uauuau iv  .  

Substituting Eq(3.10) and Eq(3.11) into Eq(3.9) gives: 

        ,0sin)164( 24  ucaa                                                                          (3.12) 

That gives 

         
,

4
16
2

4

a
ac 

                                                                                       (3.13) 
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Where a   is an arbitrary constant. The result Eq(3.13 is consistent with  

The result in [1]:  

Eq.(3.10) is separable hence we set   

          

adu
du



2
cos

                                                                                   (3.14) 

Where by integrating both sides we find the following solution:  

   ),()
4

tan(arctan4 0 



 auh                                                                            (3.15)        

),()
4

tan(coth4 0 



 auarc                                                                               (3.16)    

),()
4

cot(arctan4 0 



 auh                                                                               (3.17)        

),()
4

cot(coth4 0 



 auarc                                                                               (3.18)  

    ),()
2

tan()
2

sec(ln2 0 



  auu                                                                      (3.19) 

   Where  0
is a constant of integration. It is important to note that the last 

solution obtained above for u(x,t) is an implicit . Combining Eq(3.13) with the 

previous result leads to the following explicit solitary wave solution:  

       ,))
4

16(
4

tanh(arctan4),( 02

4

1 










 t

a
axatxu                                                (3.20)  

        
,))

4
16(

4
coth(arctan4),( 02

4

2 










 t

a
axatxu                                              (3.21)  
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,))

4
16(

4
tanh(cot4),( 02

4

3 







 t

a
axaarctxu                                              (3.22) 

      
,))

4
16(

4
coth(cot4),( 02

4

4 










 t

a
axaarctxu                                                (3.23) 

        
.))

4
16(

4
exp(arctan4),( 02

4

5  










 t

a
axatxu                                          (3.24)  

Second Selection Of G(u): 

     Following [1], we assume that )(u  satisfies the variable separated ODE 

given by:  

            
,

2
sin)( ua

d
duu l 


                                                                       (3.25) 

Differentiating Eq(3.25) with respect to we obtain 

               
uaaull sin

4
)(

2

                                                                             (3.26) 

Substituting Eq(3.25) and Eq(3.26) into Eq(3.9) gives: 

.       ,0sin)164( 24  ucaa                                                                             (3.27)  

That gives  

             ,
4

16
2

2

a
ac 

                                                                                    (3.28) 

  Eq.(3.25) is separable hence we set:  

               adu
du



2
sin

                                                                                (3.29) 
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     Where by integrating both sides we find the following solution: 

             ),()
4

tan(ln2 0 



 au

                                                                    (3.30) 

             
),()

4
tan(ln2 0 



 au

                                                                 (3.31) 

        And  

         ),()
2

cot()
2

csc(ln2 0 



  auu                                                               (3.32) 

    Where  0
is a constant of integration It is important to note that the last 

solution obtained above for u(x,t) is an implicit . Combining Eq(3.28) with the 

previous result leads to the following solitary wave solution:  

      ,))
4

16(
2

exp(arctan4),( 02

4

6 










 t

a
axatxu                                                (3.33) 

And 

         
,))

4
16(

2
exp(cot4),( 02

4

7 










 t

a
axaarctxu                                          (3.34) 

 

SecƟon (3.4): The MKdv – sinh – Gordon equation 

  We next examine the modified Kdv – sinh – Gordon (MKdv – sinh– 

Gordon) equation  

     ,sinh
2
3 uuuuu xxxxxxxxt                                                                 (3.35) 

That by using the wave variable ctx  can be covert to the ODE 
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 ,sinh)(

2
3 )(2 uuuucu ivlllll                                                              (3.36) 

     We can select )()( uGul  in two forms as used before. We believe that this 

equation has not been examined before.  

 First select of G(u): 

    We assume that )(u  satisfies the variable   separated ODE given by                                                     

      ,
2

cosh)( ua
d
duu l 


                                                                              (3.37) 

Differentiating Eq(3.37) with respect to   we obtain 

         
uaull sinh

4
)(

2

                                                                                                         

        ,
2

coshcosh
4

)(
3 uuau lll                                                                           (3.38) 

        
uuu aauiv sinh

8
coshsinh

16
3

)(
44

    

Substituting Eq(3.36) and Eq(3.37) into Eq(3.35) gives: 

.        ,0sinh)164( 24  ucaa                                                                     (3.39)  

That gives  

             
,

4
16
2

4

a
ac 

                                                                                    (3.40) 

  Eq.(3.37) is separable hence we set: 
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        ,
)

2
cosh(

1 adduu                                                                              (3.41) 

      Where by integrating both sides we find the following solution:  

),()
4

tanh(arctan4 0 



 au 																																																																		(3.42)

	

				 ),()
4

coth(arctan4 0 



 au 																																																																												൫3.4٣൯		 

			 ),()
4

tanh(cot4 0 



 auarc 																																																																			(3.4٤)		

							 ),()
4

coth(cot4 0 



 auarc

																																																																					(3.45)							 

					 ),()
2

exp(arctan4 0 



 au

																																																																									(3.46)						 

	 ),()
2

exp(cot4 0 



 auarc 																																																																					(3.4٧)		

					Where  0
is a constant of integration Combining Eq(3.4٠) with the 

previous results leads to the following solution: 

        
))]

4
16(

4
tanh[tan(4),( 02

2

1 
 t

a
axaaectxu                                              (3.4٨)  

))]
4

16(
4

coth[tan(4),( 02

2

2 
 t

a
axaaectxu                                                   (3.٤٩) 

          
))]

4
16(

4
tanh[cot(4),( 02

2

3 
 t

a
axaaectxu                                              (3.5٠) 
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))]
4

16(
4

coth[cot(4),( 02

2

4 
 t

a
axaaectxu 																																																																	(3.5١)

	

        
))]

4
16(

4
ln[tan(2),( 02

2

5 
 t

a
axatxu                                                          (3.5٢) 

         
))]

4
16(

4
ln[cot(2),( 02

2

6 
 t

a
axatxu                                                      (3.5٣ 

 Second selection of G (u): 

  We next assume that )(u  satisfies the variable   separated ODE given by: 

              ,
2

sinh)( ua
d
duu l 


                                                      (3.5٤) 

     Where a is parameter that will determine Differentiating Eq(3.54) with 

respect to   we obtain:  

uaull sinh
4

)(
2

                                                                         

,cosh
2

sinh
4

)(
3

uuau lll                                                                         (3.5٥) 

uuu aauiv sinh
8

coshsinh
16
3

)(
44


 

Substituting  Eq(3.5٤) and Eq(3.5٥) into Eq(3.3٦) gives. 

.          ,0sin)164( 24  ucaa                                                            (3.5٦)  

This gives  

              
     2

2

4
16

a
ac 

                                                                    (3.5٧) 
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  Eq.(3.5٤) is separable hence we set:  

             ,

2
sinh

1 adduu                                                                                  (3.5٨) 

    Where by integrating both sides we find the following solutions:  

           ),()
4

tanh(ln2 0 



 au                                                                  (3.٥٩)  

            ),()
4

coth(ln2 0 



 au

                                                             (3.60) 

And   

             ),()
2

coth()
2

cosh(ln2 0 



  auu                                                                 (3.61) 

     Where  0
is a constant of integration It is important to note that the last 

solution obtained above for u(x,t) is an implicit . Combining Eq(3.57) with the 

previous result leads to the following solitary wave solution  

             
))]

4
16

(
4

[exp(arctan4),(
02

4

1 
 txahtx

a
au                                    (3.62) 

And 

 
     











 ))

4
16(

4
exp(coth4)( 02

4

2  t
a

axaarcu                                                  (3.63) 
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Chapter (4) 

 

Exact Traveling Wave Solutions for the Generalized Nonlinear Schrödinger 

Equation  

SecƟon (4.1): IntroducƟon.  

     The nonlinear partial differential equation (NPDEs) are widely used to 

describe many important phenomena and dynamic process in physics 

chemistry biology , fluid dynamic , plasma , optical fibers and other areas of 

engineering[11],[12],[13] . Many efforts have been made to study NPDEs. 

One of the most exciting advances of nonlinear science and theoretical 

physics has been development of methods that look for exact solution for 

nonlinear evoluƟon equaƟons [16],[26]. The availability of dynamic 

computations such as Mathematic or maple has popularized direct seeking 

for exact soluƟons of nonlinear equaƟons [5], [8], [11], [16].  

    Therefore, exact solution methods of nonlinear evolution equations have 

become more and more important resulting in methods like variation 

iteraƟon method, Homotopy perturbaƟon method,[6] .Exp – function 

method ,the sine – cosine method, the homogenous balance method,

hsectanh  method and Extended cothtanh method,[30]. Most of 

exact solution has been obtained by these methods, including the solitary 

wave solution, shock wave solutions periodic wave solutions and the like.  
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  In this chapter. We propose Extended cothtanh   , sine – cosine and Exp – 

function methods to obtain an exact single – solution and travelling wave 

solutions of the  generalized nonlinear Schrödinger 

 (GNLS) equation with a source [30]. In order to illustrate the effectiveness 

and convenience of these methods, we consider the GNLS equation in the 

form [13],[14],[30], 

       ))((22
)( |||| wtxi

xxxxxt keuidicubuauiu uu                                          (4.1) 

 Where )( vtx  is a real function and a, b, c, d, k, α, v and w are all real.  

 The GNLS equaƟon (1.1) plays an important role in many nonlinear sciences. 

It arises as an asymptotic limit for a slowly varying dispersive wave envelope 

in nonlinear medium. For example, its signification in optical solution 

communication plasma physics has been proved [5], [21], [24].  

     Furthermore the GNLS equation enjoys remarkable (e.g., bright and 

solution, lax pair Liouvile inerrability, inverse scattering transformation 

conservaƟon laws Backland transformaƟon, etc)[3],[8],[11]. 

   The rest of this chapter is as follow: we provide in simple way the 

mathematical framework of Extended cothtanh  , sine – cosine and Exp – 

function methods, respectively. In order to illustrate the application of these 

methods, generalized nonlinear Schrödinger equation with a source in 

investigated, and several exact solutions, including Soliton like solutions and 

trigonometric funcƟons soluƟon, are obtained [30]. 
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SecƟon (4.2): tanh Method and Extended tanh method:   

      We now describe the tanh method for a given partial differential equation. 

This method was defined by Malfliet and Fan and Han.   

Wazwaz summarized the main steps of using this method as follows, [10], [11], 

[12], [13], [14]. 

)(i .Wazwaz first considered a general form of nonlinear equation:  

   0,...),,,( xxxt uuuuN                                                                        (4.2) 

)(ii . To find the travelling wave solution of Eq.(3.1), he introduced the wave 

variable: 

       ),( txk                                                                              (4.3) 

So that: 

 ),(),( Utxu                                                                        (4.4) 

Therefore Eq.(4.1) constructs ODE of form: 

0,...),,,( //2// UKKUUKUN                                                       (4.5) 

)(iii .If all terms of the resulting ODE contain derivation in   , then by 

integrating this equation, and by considering the constant of integration to be 

zero, we obtain simplified ODE. 

)(iv . Introducing a new independent variable:  

      )tanh( Y             ))coth(( Yor                                                  (4.6) 



 
 

 

42  

Leads to a change in the derivatives: 

   
,

2
1221

2

2
2

2






































 

yd
dyY

d
d

dY
dY


                                             (4.7)

 

  ,
3

2
2

)1(6)26(1
3

3
2

2
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3
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


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


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











 
yd
dY

Yd
dYYY

d
d Y

dY
d



 

 

And the remaining derivatives may be derived similarly.  

 )(v . Introduce the answer and then solution of )(U   is in the form of: 

(a)    tanh Method: 

      ....)( 00 YaaYa m
m

m

p

p
pU  

                                                   (4.8) 

(b)   Extended tanh  method: 

.......)( 0 YaaYaYa m
m

m
m

m

mp

p
pU  

                      (4.9) 

    Where m is appositive integer which is unknown to be later determined and 

a p  are unknown constants.  

)(vi .To determine the parameter m, we usually balance     linear terms of the 

highest order in the resulting equation with the highest order nonlinear terms. 

With m, determined as described by balancing the coefficients   with the same 

power in the resulting equation, a system of algebraic equations involving the 

a p (p = -m… 0… m) k and  is derived. 
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SecƟon (4.3): Sine – cosine method 

   Wazwaz has summarized the main steps of using sine – cosine method, as 

listed below: 

)(i . Introducing the wave variable ctx in to the PDE the following function 

is obtained;  

         0...),,,,,,( uuuuuuu xxxxtxxttxt                                (4.10) 

Where ),( txu  is travelling wave solution. This allows the following changes: 

)(),( Utxu  ,                                                          (4.11) 

d
dct 2

2
2

2

2



 ,      

,
d
d

x





      ,...2

2

2

2

d
d

x



                                        (4.12) 

   And so for the other derivates.Using Eqs.(4.3) and Eq(4.1), the nonlinear PDE 

Eq(4.1) is changed to a nonlinear ODE:  

0...),,,,,( 2  UUUUcUUN lllllllll cc                       (4.13) 

)(ii  If all terms of the resulting ODE contain derivative of , then by 

intenerating this equation and considering the constant of integration zero, a 

simplified ODE is obtained. 

)(iii  By virtue of this solution the answer is introduced as:  

,
d
dc

t







 
 

          ),(),()( sin   txuU        
2


                          (4.14)  
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  Or  

),(),()( cos   txuU        


2

                           (4.15) 

  Where,  and   are parameters to be determined later.   and C is the 

wave number and the wave speed, respectively. By sequence differentiating on 

the power of Esq.(3.5) and Eq(3.6) with respect to     the following equations 

are attained: 

),()( sin  U  

,)( )(sin   nnU n   

,1 )(sin)cos()(  


 nnn n

U                                                  (4.16) 

,22 )(sin)1()(sin)( 222  


  nnnn nnnU
n  

,)(1

)(32

)cos(sin)23(

cos)(sin)23()(
3

33


















n

nnn

nn

nU
n

n  

And  

),()( cos  U
 

,)( )(cos   nnU n   

,1 )(cos)sin()(  


 nnn n

U                                               (4.17) 



 
 

,22 )(cos)1()(cos)( 222  


  nnnn nnnU
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,)(1

)(32

)sin(sin)23(
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


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


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And so for the other derivatives:  

)(iv   After substituting Eq.(4.7) or Eq. (4.8) into the reduced Eq.(4.4) obtained 

above by equating the two sides of the equation a system of algebraic 

equations is obtained which can be solved with computerized Symbolic 

calculation. 

SecƟon (4.4): Summary of Exp – Function method. 

   In addition, this method was successfully applied to Kdv equation with 

variable coefficients high – dimensional nonlinear evolution equation Burgers 

and combine Kdv – m Kdv (Extended Kdv) equations etc. 

    In this section for a given PDE we commence by looking for an Exp – function 

type solution of the following form in terms of exp )( : 

)exp(...)exp(
)exp(...)exp(

)exp(

)exp(
)(









qapa

daca
mb

na
q

d
U

p

c

q

pm
m

d

cn
n

















          

(4.18) 

     Where   c, d, p and q are positive integers which are the unknowns  

to be later determined an and bm
are unknowns constant. 

     Alternatively, we can also assume that the solution can be expressed in this 

form: 



 
 

      




n

j

j

jaU
1

)(                                                                   (4.19) 

   Where  is the solution of the sub-equation  
2/

qpr   
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SecƟon (4.5): Exact SoluƟon Of GNLS EquaƟon With a source 

    Using extended tanh  method  

To study the exact travelling wave solutions of the GNLS Eq.(4.1), we consider a 

plane wave transformation in this form:  

      e wtxitxu  )()(),(                                                                   (4.20) 

    Where )( is a real function for convenience let x0  where   and x 0

are real constants and )( vtx . Then by replacing Eq. (4.1) and its 

appropriate derivative in Eq.(4.1) and   separaƟng the real and imaginary parts 

of the result we obtain the two following ordinary differential equations: 

03)32(
2232///3   

ll
dcavc             (4.21) 

0)()()3(
333223///2  kdbcawvc

ll               (4.22) 

IntegraƟng Eq.(4.2) once with respect to   yields: 

                 0)()()( 32  cdpc ll                                                             (4.23) 

    Where 
2232 cavp   and C is an integration constant. Since the 

same function )( satisfies two Eqs.(4.3) and Eq(5.4) we obtain the following 

constraint condition: 



 
 

c
k

d
db

p
cawv

c

ca








 )()()3(
3322

2

32
 


             (4.24) 

Our main purpose is solving Eq.(4.4). Considering the homogenous balance 

between )( ll  and )(
3
 in Eq.(4.4) yields m=1. We suppose that the solution  
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of Eq.(4.4) can be expressed by: 

     YaYaYa p

p p

1

0

1

1

1

1
)(  

                                               (4.25) 

Where )tanh(Y  or )coth(Y , subsƟtuƟng Eq. (4.6) into Eq. (4.4) and then 

setting the coefficients of all independent terms in Y, the following algebraic 

relations are obtained: 

02 1

23

1  bbd c      , 

00

2

13 abd  

0133
11

22

1

22

01

2

11 322  bbcbabcadbbad v                  (4.26) 

06 3

00110

2

00 32  daabdaacaaac v   

02
1

22
01

2
111

2

1 33322   vabadacaadaac   

      
03 0

2

1 aad , 

        
03

1

22  dac , 

   The above equations are cumbersome to solve. Using a modern computer 

algebra system, say maple gives:  

    Case1:  



 
 

        ccaabbaa  ,,,,,0,0 1101                                                 (4.27) 

        
0,322,2 222

2
1

2

 ccacv
a
cd   
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   Case2:  

       ccaabaaa  ,,,,0,0, 1011                                                (4.28) 

        
0,322,2 222

2
1

2

 ccacv
a
cd   

    Case 3:  

         2
1

2

11011
2,,,,,,0,
b
cdccaabbaba  

                      
   (4.29) 

               0,324 222  cacv   

   Case 4: 

         
.,,,,,0, 11011 ccaabbaba  
                                                (4.30) 

          
.0,328,2 222

2
1

2

 ccacv
b
cd 

 

   SubsƟtuƟng Eq.(4.8) and Eq(4.11) into Eq.(4.6), we obtain the following exact 

solution for Eq.(4.1). 

),coth(11
)(   b ).)322(( 222 tcacx                                (4.31) 

),tanh(12
)(   a ).)322(( 222 tcacx                                  (4.32) 

)),coth()coth(()(
13    b ).)324(( 222 tcacx               (4.33) 



 
 

)),coth()coth(()(
14    b ).)328(( 222 tcacx                (4.34) 
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Or 

 ,)coth( 0)(
11 ebu xwti     ).)322(( 222 tcacx              (4.35) 

 ,)tanh( 0)( 12 eau xwti        ).)322(( 222 tcacx            (4.36)   

 ,))coth()tanh( 0()(
13 ebu xwti                                

           (4.37)  

).)324(( 222 tcacx                                                            
 ,))coth()tanh( 0()( 14 ebu xwti    

).)328(( 222 tcacx                                                        (4.38) 

      Defining α and β as two imaginary numbers; the obtained solitary solution 

can be converted into periodic solution. Therefore we define: 

        iBiA   ,  

   Where   1i and then apply the following transformations:  

),sinh()sinh(  ii       ),cos()cosh(  i       ),tan()tanh(  ii                   
(4.39)

 

),cot()coth(  ii       ),sec()(sec  ih    ),csc()(csc  iih   

In Eq.(4.12) and Eq.(4.19), the results are:  

),)322(cot( 2323),(
11 tBcABaAcAAxibtx                              (4.40) 



 
 

),)322(tan( 2323),(
12 tBcABaAcAAxiatx                                (4.41) 

)42.4))...()324(cot())324((tan(),( 23232323
13 tBcABaAcAAxtBcABaAcAAxibtx 
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)43.4))...()328(cot())328((tan(),( 23232323
14 tBcABaAcAAxtBcABaAcAAxibtx 

 

Or  

,))322(cot( 0))2232((2323),( 11 etBcABaAcAAxbu xwttBcAaABxBAiitx 




  

,))322(tan( 0))2232((2323),( 12 etBcABaAcAAxau xwttBcAaABxBAiitx 




  

)))324(((

2322323
3

0
222

)44.4)).()34(cot()))324((tan(),(
xwttBcAacAxBAie

tBcABcAAxtBcABaAcAAxibtxu





 
).)328((,))coth()(tanh()( 222)(

14
0 tcacxebu xwti    

          (4.45)  
Using sine – cosine function methods 

    In this section, the sine – cosine method is applied to the GNLS equation 

solution.  

      Substituting Eq.(4.6) and Eq(3.8) with n = 1 into Eq.(4.4) and rewriƟng the 

equation in terms of cosine function gives. 

0)cos()cos(3)cos(2
)cos()cos()cos()cos(

3322

2222222222



 

cdca
vccc









 (4.46)
 

Balancing the terms of the cosine function in Eq.(4.30), we have 

                  123    



 
 

SubsƟtuƟng Eq.(4.31) into Eq.(4.4) and equaƟng the exponents and the 

coefficients of each pair of the cosine function, we obtain a system of algebraic 

equation: 
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      0:)(cos0 c                                                                                          (4.47) 

    032:)(cos 22221   ccav                                     (4.48)         

02:)(cos 3223   dc                                                                 (4.49) 

Solving Eq(4.32) , Eq(4.33) andEq( 4.34) equaƟons by Maple we obtain: 

    
.,,,,,2

,,32,0

2

22

2222















aacccd

ccavc

                                            (4.50) 

  The results in Eq.(4.35) can be easily obtained if we use the sine method, 

Eq.(4.5) as well. 

   Combining Eq.(4.35) and Eq(4.6) the following exact soluƟon will be 

obtained: 

,
)))32((cos(

),( 2222 tcax
tx







                                (4.51) 

 
,

)))32((cos(
),( 2222

)))32((( 2222

tcax
etxu

xwttccaxi


 






                            (4.52a) 

Eq.(4.37) saƟsfies Eq.(4.1).In addition using Eq.(4.20) and Eq(4.21) into Eq. 

(4.37) we have: 



 
 

)))32(((2222 0
2222

)))32(((sec),( xwttcABcAaABxABietcABcAaABxAhtxu    

(4.52a)  this is the exact kink – shaped solitary wave solution of GNLS equation, 

[12]. 
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  SecƟon (4.6): Using Exp –FuncƟon method [30]. 

   In this section the exp – Function method is applied to solve the GNLS 

equation. To determine the value of c and p, we balance the linear term of the 

highest order with the highest order )( ll

nonlinear term in Eq. (4.1). We have: 

,
...]4exp[
...])3exp[()(

2

1








pc
cpcll

                                                          (4.53) 

,
...]4exp[
...])3exp[(

)exp(
)exp(

...]3exp[
...]3exp[)(

4

3

4

33


















pc
pcc

p
p

pc
cc

                      (4.54) 

      Where ic  is determined coefficient only for simplicity balancing the 

highest order of Exp – funcƟon in Esq. (4.38) and (4.39).gives. 

   cpcp 33                                                                                   (4.55) 

So 

                ,cp                                                                                               (4.56) 

Similarly to determine value of d and q the linear term of lowest order in Eq. 

(4.1) is balanced: 

And  



 
 

    
,

]4exp[...
])3(exp[...)(

2

1




qd
dqdll





                                                                     (4.57) 

And 

     
,

]4exp[...
])3(exp[...)(

4

33




dd
qdd





                                                                       (4.58) 
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  Where id is determined coefficient only for simplicity, Balancing the highest 

order of Exp – Function in Eq.(4.43) and Eq(4.42).we have 

)3()3( dqdq                                                                        (4.59) 

So 

dq                                                                                                (4.60) 

 Case 1: p = c =1, d = q =1 

According to case 1: Eq.(4.1) reduces to  

.
)exp()exp(
)exp()exp()(

101

101












bbb
aaa

                                                           (4.61) 

Substituting Eq.(4.46) into Eq(4.4) and using Maple we have 

 


3

3
01

j
j

jecA


                                                                          (4.62) 

Where  
3

101 ))exp()exp((   bbbA  

And nc are coefficients of )exp( n . The coefficients of )exp( n  must be zero, 

therefore we have  
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06634623

62663

2424
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101101
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2
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10011

2
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2


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
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,032 2
11

3
1

3
111

22
113  bvacbdabacbaac                                  (4.63) 
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
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,
)(

23322

10011

2
1010101

2
10

22
11010

2
1

babaa
cbaabcbbacbacbbaaabaav







             (4.64)
 

   Where ,, 10 aa ,0b and ,1b are arbitrary constant parameters which are 

determine according to the boundary initial condition. 

   Substituting this result into Eq(4.46), we obtain the following generalized 

solitary solutions of Eq.(4.4). 



 
 

,
)exp(

8
)()exp(

)exp(
8

)()exp(
)(

11

10010
01
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10010
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
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
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bababbb
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bababaa

                                                      (4.65) 
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,
)exp(

8
)()exp(

)exp(
8

)()exp(
)( )(

11

10010
01

2
1

10010
01

0xwtie

ba
bababbb

b
bababaa

u 
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






 
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

                      (4.66) 

Where 
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
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Case: (1.2). 
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,  ,     ,
4

)4(

10
2

11
2
0






ab
bbbcc

      ,
8 1

3
1

2
0

2
1

ba
cbbd




     

11

1111
22

0
2

11
1
0

8
162468

ba
baabbcbccbbcbv



 




                                              (4.67)
 

Substituting Eq.(4.53) into Eq(4.46) gives the following soluƟon: 

,8
)8(

)(
101

2
1

111
2
01

1

11






 











ebbeb
b

eabbbae
b
ba

                                                         (4.68) 

Or 



 
 

,8
)8(

)( )(

101

2
1

111
2
01

1

11

0xwtie
ebbeb
b

eabbbae
b
ba

u 













 






                              (4.69) 

Where
 

).
8

162468(
11

1111
222

011
2
0 t

ba
ababbccbcbbcbx



 




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     This is exact solutions of generalized nonlinear Schrödinger (GNLS) equation. 

Case2.            2,  qdcp  

    As mentioned above the value of c and d can be freely chosen, we set p = c = 

2 and d = q = 2, then the trial function, Eq.(4.1), is: 

,
)2exp()exp()exp()2exp(
)2exp()exp()exp()2exp()(

21012

21012












bbbbb
aaaaa

                                 (4.70)
 

By the same operation illustrated above we, obtain: 

Case ( 2.1): 

,
8 2

2

2

2
0




a
cb

a ,01 a ,)(
2
2

3
20

0


 


a
caba ,01 a ,21   aa ,

8 3
2

2

2
0




a
cb

b ,01 b ,00 bb  ,01 b  

,12 b ,aa  ,2
2
2

3
2



 


a
cac ,  ,  ,dd   

2

2
23

2
3
2

4
83644



 


a
aacaacv 

                                                             (4.71)
 

Substituting Eq.(4.57) into Eq(4.56) gives the following soluƟon: 



 
 

,

8

)(
8)(

2
0

2
3
2

2
0

2
22

2

2
002

2
2

2
0






















ebe

a
cb

ea
a

cabe
a
cb

                                                               (4.72)
 

0r 
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,

8

)(
8)( )(

2
0

2
3
2

2
0

2
22

2

2
002

2
2

2
0

0xwtie
ebe

a
cb

ea
a

cabe
a
cb

u 








 







 






                                              (4.73)

 

Where 

).
4

83644(
2

2
223

2
3
2 t

a
aaccaacx



 





 

Case: (2.2): 

,
8

)(
2
2

02200
2



 


b
bababa ,01 a ,00 aa  u xx

,22   aa ,
8

)(

22

02200
2



 


ba
bababb ,01 b ,00 bb 

,01 b ,22  bb ,  ,  ,aa   

,
)(4

)(

0220
2

2

0220

babaa
babacbc










,
)( 0221

2
2

0
3
2

babaa
bcbd






  

)(4

883384

02202

0
2
222002

2
20

22
220

2
20

babaa

baaabaabacbacbacbcba
v












             (4.74)
 

Substituting Eq.(4.60) into Eq(4.56) gives the following soluƟon: 

,

8
)(

8
)(

)(
2

20
2

11

10010

2
20

2
2
2

10010






















ebbe

ba
babab

eaae
b

babab

                                             (4.75) 



 
 

Or 

,

8
)(

8
)(

)( )(

2
20

2

11

10010

2
20

2
2
2

10010

0xwtie
ebbe

ba
babab

eaae
b

babab

u 







 







 






                                              (4.76) 

).
)(8

883384(
02202

0
2
2220220

2
0

22
2202

2
2 t

babaa
baaabaaabbcacbcabbcbx












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 Case: (2.3). 

,22 aa  ,01 a ,)(
2
2

3
20

0 a
caba 

 ,01 a ,
8 2

2

2

2
0

a
cb

a  ,01 b ,12 b ,00 bb   

,01 b ,
8 3

2

2

2
0

a
cb

b  ,aa  ,  ,  ,
4
2

2

3
2

a
cac




 ,dd   

2

23
2

23
22

4
36448

a
caacaav  


                                              (4.77) 

Substituting Eq.(4.63) into Eq(4.56) gives the following soluƟon: 

,

8

8
)(

)(
2

3
2

2
0

0
2

2
2
2

2
0

2
2

3
202

2


















e
a
cbbe

e
a
cb

a
cabea

                                               (4.78)
 

Or 

,

8

8
)(

)( )(

2
3
2

2
0

0
2

2
2
2

2
0

2
2

3
202

2
0xwtie

e
a
cbbe

e
a
cb

a
cabea

u 












 






                          (4.79)

 

Where 



 
 

).
4

36448(
2

223
2

3
22 t
a

caacaax 



  

 Case (2.4): 

,22 aa  ,11 aa  ,00 a
2
2

3
1

1 8
3
a
aa   ,   ,

64
9

3
2

4
1

2 a
aa  ,

3
2

2
1

2
20

2 a
abb  ,01 b ,00 bb 

,01 b ,
32
3

2
2

2
10

2 a
abb 

 
,  ,  ,aa  ,

9
2

6
1

3
2

3
0

a
acb

d 
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2
1

2
20

2
120

6
6127

a
acbaacbv  


                                                          (4.80) 

Substituting Eq.(4.69) into Eq(4.56) gives the following soluƟon: 

,

32
3

3
2

8
9

8
3

)(
2

2
2

2
10

0
2

2
1

2
20

2
2
2

4
1

2
2

3
1

1
2

2















e
a
abbe

a
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e
a
ae

a
aeaea

 

Or 

,

32
3

3
2

8
9

8
3

)( )(

2
2
2

2
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0
2

2
1

2
20

2
2
2

4
1

2
2

3
1

1
2

2
0xwtie

e
a
abbe

a
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e
a
ae

a
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u 









 






 

Where 

)
6

6127( 2
1

2
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2
121 t

a
acbaaacbx 





 

 Case: (2.5):
 



 
 

,22 aa  ,11 aa  ,
)2(4

)34(
23

2
2
2

2
1

2
2

3
2

3
2

0 cbda
adacbdaa




 ,
)2(8 23

2
3
2

3
1

3
22

1 cbda
dabcaa


 ,

)2(64 43
2

3
2

24
1

6
2

23
2

2 cbda
dabcaa




,22 bb  ,01 b ,
)2(4

)4(
23

2
3
2

2
2
12

3
2

3
2

0 cbda
badacbdab




 ,01 b ,
)2(64 43

2
3
2

24
1

7
2

22
2

2 cbda
dabcab


 ,  ,aa 

,  ,2
2
22

2

3
2

3
2

ba
cbdac




 ,dd  ,362

2
2
2

3
2

23
2

2
22

3
2

3
2

ab
cbdabaacbdav  


            (4.81) 

Substituting Eq.(4.72) into Eq(4.56) gives the following soluƟon: 
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)82.4..(
)

)2(64)2(4
)4((

)
)2(64)2(8)2(4

)34((
)(

2
43

2
3
2

24
1

2
2

7
2

2

23
2

3
2

3
2

3
22

2
122

2

2
43

2
3
2

24
1

6
2

23
2

23
2

3
2

3
1

3
22

23
2

3
2

2
1

2
2

3
2

3
2

1
2

2






























e
cbda
daabc

cbda
cbdabadaeb

e
cbda
dabcae

cbda
dabca

cbda
adacbdaeaea

or 

  )83.4.(.
)

)2(64)2(4
)4(

(

)
)2(64)2(8)2(4

)34(
(

)( )(

2
43

2
3
2

24
1

2
2

7
2

2

23
2

3
2

3
2

3
22

2
122

2

2
43

2
3
2

24
1

6
2

23
2

23
2

3
2

3
1

3
22

23
2

3
2

2
1

2
2

3
2

3
2

1
2

2
0xwtie

e
cbda
daabc

cbda
cbdabada

eb

e
cbda
dabcae

cbda
dabca

cbda
adacbdaeaea

u 

























 







 

Where  

)362( 2
22

3
2

23
2

2
22

3
2

3
2 t

ba
cbdabaacbdax  

  

There are exact solutions of generalized nonlinear Schrödinger (GNLS) 

equation. 

Case (2.6):      1,3  qdcp  



 
 

As mentioned above the values of c and d can selected without limits. Setting                          
,3 cp  

And 1 qd then the trial funcƟon, Eq.(4.1),changes to 

    
)(

10
)(

1
)2(

2
)3(

3

)(
10

)(
1

)2(
2

)3(
3)( 



 









ebbebebeb
eaaeaeaea

                                                (4.83)
 

By the same approach as demonstrated above we obtain: 
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Case :( 3.1): 

,
8

)(
2
1

21122
3 b

bababa 
 ,22 aa  ,11 aa  ,00 a ,01 a  ,

8
)(

11

21122
3 ba

bababb 
 ,22 bb 

,11 bb  00 b , ,aa  ,
)(
)(

21121
2

21121

babaa
babacbc







,
)( 2112

2
2

3

1

1

babaa
cbb

d


  , 
 

Substituting Eq.(4.76) into Eq(4.75) gives the following solution: 

,

8
)(

8
)(

)(
1

)2(
2

3

11

21122

1
)2(

2
3

2
1

21122






ebebe

ba
babab

eaeae
b

babab








 

Or  

                 (4. 84) 

 

, 

,

8
)(

8
)(

)( )(

1
)2(

2
3

11

21122

1
)2(

2
3

2
1

21122

0xwtie
ebebe

ba
babab

eaeae
b

babab

u 






 









 
 

Where  

)
)(

22233(
21121

2
2
1121121

2
1221

2
12

22
1 t

babaa
baabaaabbcacbabacbabx









 
Case :(3.2): 

,
8

)(
2
1

11111
3



 


b
bababa  ,02a ,11 aa  ,00 a ,11   aa ,

8
)(

11

11111
3



 


ba
bababb

 

,02a ,11 bb  00 b , ,11   bb ,aa  ,
)(4
)(

11111

11111









ababa
babacbc
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,
)( 1111

2
1

1
3
1








ababa
bcbd ,   

)85.4(
)(

22233

21121

2
2
1121112

2
1212

2
12

22
1

babaa
baabaaaabcbcbaabcbacbv







Substituting Eq.(4.79) into Eq(4.75) gives the following soluƟon: 

 

,

8
)(

8
)(

)(
)(

1
)2(

1
)3(

11

11111

)(
1

)2(
1

)3(
2
1

11111



























ebebe

ba
babab

eaeae
b

babab

                                                 (4.86) 

Or 

,

8
)(

8
)(

)( )(

)(
1

)2(
1

)3(

11

11111

)(
1

)2(
1

)3(
2
1

11111

0xwtie
ebebe

ba
babab

eaeae
b

babab

u 























 






                             (4.87) 

Where  

,  , 



 
 

)81.5),...(
)(4

883384(
11111

1
2
111111

2
11

22
1111

2
11 t

baaba
badabaaabcbacbbacbcbax











 

  Case (3.1) and (3.2) are the same as case (2.4) and (2.2) respectably. 

Therefore we conclude the Eq.(4.75) is equal toEq.(4.56): 

 Case 4: p = c = 3, d = q = 3 
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In this case we consider p = c = 3 and d = c = 3. Then the trial funcƟon Eq. (4.1) 

is presented as:
,)( )3(

3
)2(

2
)(

101
)2(

2
)3(

3

)3(
3

)2(
2

)(
10

)(
1

)2(
2

)3(
3





 





















ebebebbebebeb
eaeaeaaeaeaea

      (4.89) 

By the same approach illustrated above we obtain: 

Case: (4.1):

0,0,
8

)(
,0,0,,0,0, 1232
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30030
321001233 


  bbb

b
bababaaaaaaaaa

 

 ,00 bb  ,01b ,02 b ,
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Substituting Eq.(4.83) into Eq(4.82) gives the following soluƟon: 
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Where  
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Case: (4.2): 
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 Substituting Eq.(4.٩٣) into Eq(4.82) gives the following soluƟon: 
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Where 
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Case: (4.3): 
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Substituting Eq.(4.93) into Eq(4.82) gives the following soluƟon: 
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Or 
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  There are other exact solutions of generalized nonlinear Schrödinger (GNLS) 

equation. 

Case 5  2,4  qdcp  

Finally we consider p = c 4 and d = q = 2 then the trial funcƟon, Eq.(4.1) 

changes to.  
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     We rewrite Eq.(4.92) in the following form: 
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  This has the same form as Eq.(4.93). Therefore, Case 5 is equivalent to Case 4: 
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