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Abstract

The fundamental idea in Tensors calculus is the transformation of variables,In this
research we studied some of this concepts. This work is divided in three chapters as

follows :-
Firstly, we illustrate the coordinates,

Tensors and curvilinear coordinates via discussing of Cartesian Tensors, Tensors
Derivatives and Tensor invariance, Also we presented some physical components of

Tensors with some example.

In chapter Two, we presented some special Tensors, and we express their structures
in curvilinear, cylindrical, Cartesian and Spherical Coordinates with some applications

and examples.

Finally, we discuss the physical covariant and contravariant components of various
coordinates System. Also we Studies the Linear, Bilinear and Multilinear forms with

some examples.



duaMAl

S ISR EP% GV ([N R YR WG REVFS N (I PP L KON I VPR B TR I 1 I S
_:Léjlﬂ\ il e &._1\).33 A ) Jand) (AT e..j.ms.! ?" e.ut\s.d\ XYY s

a3, Ol ataal) AElie DA (e Ailai) Clilaay) s Colxieal) CAEY) s i L Y
Az ae A8l sl Claied) CLS jo (g Lt Liayl o jusiadl) colaiaa) 5 colaianl) il
RUAY

Apliaay) eyl 4 LSy Uaimgs alall clvied) (gaey Led G Gl
ALYy clipdaill amy ae Ay s HSI ClBlaaY) 5 4y 5 I cldlaay) Al gauy) cillaay),
any slacly Liad g anial anailly 4l 3l o 5aaiadl) 5 dsaloadll 3 sl LS jall i8S 1 5a]
aghadll 4als gl adadl) auall L Lagldae sile clilaa) aadail 8 Ll 4liaY)
ALY (ary ae 4pladl) p2aia uall



Table of content

Topic ]

49!

Dedication

Acknowlegment

Table of content

Abstract

Topic Page
Chapter one: Coordinates and Tensor 1

Section(1.1):coordinates and tensor (1-12)
Section(1.2):curvilinear coordinate (13-24)
Chapter two:special tensor (25-59)
Chapter three:physical components (60-80)




Chapter One

Section (1-1): Coordinates and Tensors

Consider a space of real numbers of dimension R™,,and a single real time,
t. Continuum properties in this space can be described by arrays of
different dimensions, m, such as scalars (m = 0), vectors (m = 1),
matrices(m =2),and general multi-dimensional arrays. In this space we
shall introduce acoordinate system,x‘,i = 1,....n, as a way of assigning
n real numbers for every point of space There can be a variety of possible
coordinate systems. A general transformation rule between the coordinate
systems is

= F(xt . x™) (1.1)

Consider a small displacement dx' . Then it can be transformed from
coordinate system x' to a new coordinate system &' using the partial
differentiation rules applied to (1.1):

ax

axt = 7 dx’ (1.2)

This transformation rule can be generalized to a set of vectors that we
shall call contra variant vectors:

L 0%
A= ——A (1.3)

That 1s, a contravariant vector is defined as a vector which transforms to
a new coordinate system according to (1.3). We can also introduce the
transformation matrix as:

ox!
ox/

i
a;

(1.4)
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Chapter One
Section (1-1): Coordinates and Tensors
Consider a space of real numbers of dimension R™,,and a single real time,
t. Continuum properties in this space can be described by arrays of
different dimensions, m, such as scalars (m = 0), vectors (m = 1),

matrices(m =2),and general multi-dimensional arrays. In this space we

shall introduce acoordinate system,xi, i=1,...n,
asawayofassigningnrealnumbersforeverypointofspace Therecan
beavarietyofpossiblecoordinatesystems.A generaltransformation

rulebetweenthecoordinatesystemsis

= F(xt . x™) (1.1)

Considerasmalldisplacementdx®. Thenitcanbetransformedfromcoordinates
ystemx‘toanewcoordinatesystem# usingthepartialdifferentiationrules
appliedto(1.1):

ax

axt = 7 dx’ (1.2)

Thistransformationrulecan begeneralizedtoaset ofvectorsthatweshallcall
contravariant vectors:

L 0%
A= ——A (1.3)

Thatis,acontravariantvectorisdefinedasavectorwhichtransformstoanew
coordinatesystemaccording to(1.3).
Wecanalsointroducethetransformation matrixas:
ox!

ox/

a; (1.4)



Withwhich(1.3)canberewrittenas
At =ajA (1.5)

Transformationrule(1.3)willnotapplytoallthevectorsinourspace. For
example,apartialderivatived / dx; willtransformas:

d 0 ox] _ox
0xt oxtox] ox (1.6)

thatis,thetransformationcoefficientsaretheotherwayupcomparedto(1.2).No
w wecangeneralizethistransformation rule,sothateachvectorthattransforms

accordingto(1.6)willbecalledaCovariantvector

. 0x/
A; = ﬁAf (1.7)
Thisprovides thereasonforusinglowerandupperindexesinageneral
tensornotation.
Definition (1.1.1) : Tensor
Tensorofordermisasetofn™ numbersidentifiedbym integerindexes.For

example,a3rd ordertensorAcan bedenotedasA;jrandanmordertensorcan
bedenotedasd;  ; .Eachindexofatensorchangesbetweenlandn.Forexampl

e,ina3-dimensionalspace(n = 3)asecondordertensorwillberepresented
by32 = 9components.
Eachindexofatensorshouldcomplytooneofthetwotransformationrules:
(1.3)or (1.7).An index
thatcompliestotherule(1.7)iscalledacovariantindexandis denotedasasub-
index, andanindex complyingtothetransformationrule(1.3)is
calledacontravariantindex andisdenotedasasuper-index.
Eachindexofatensorcanbecovariantoracontravariant, thustensorA*isa2-

covariant, 1 -contravarianttensorofthirdorder.



Tensorsareusuallyfunctionsofspaceandtime:

Remark ( 1.1.2):Tensorcharacterofcoordinatevectors

Note, thatthecoordinatesx‘arenottensors,sincegenerally,theyarenot
transformedas(1.5).Transformationlawforthecoordinatesisactuallygivenby
(1.1). Nevertheless,weshallusetheupper(contravariant)indexes
forthecoordinates.

Definition (1.1.3):Kroneckerdeltatensor

Secondorderdeltatensor,d; jisdefinedas

i=j=6;=11#j=>6;=0 (1.8)
Fromthisdeﬁnitionandsincecoordinatesxiareindependentofeachother it
followsthat:

a—XL. = 0;; (1.9)

dx/ J

Corollary (1.1.4)Deltaproduct
Fromthedefinition(1.3)andthesummationconvention(21),followsthat

Assumethatthereexiststhetransformationinverseto(1.5),whichwecallb®:

x' = bjdx (1.11)
Thenbyanalogyto(1.4) canbedefinedas:

; dx*

b;- 3577 (1.12)

From this relation and the independence of coordinates (1.9)



It follows that a]‘:b,{; = bjia,{; = §j, namely:

oxk oxJ _ dx) oxt _ 0%t B
oxt axk — oxJaxk  oxk

afaf = S (1.13)

Definition (1.1.5):CartesianTensors
Cartesiantensorsareasubsetofgeneraltensorsforwhichthetransformation
matrix(1.4)satisfiesthefollowingrelation:
ox* ax* 5
dxiax) — Y
ForCartesiantensorswehave:

axt  oax*
oxk = oz (1Y)

akak = (1.14)

whichmeansthatboth(1.5)and(1.6)aretransformed withthe
samematrixa’. Thisinturnmeansthatthedifferencebetweenthecovariantand
contravariantindexesvanishes fortheCartesiantensors. Consideringthiswe
shallonlyusethesub-indexeswheneverwedealwithCartesiantensors.
Definition(1.1.6): TensorNotation

Tensornotationsimplifies
writingcomplexequationsinvolvingmultidimensional

objects. Thisnotationisbasedonasetoftensorrules. Therulesintroducedin
thissectionrepresentacomplete setofrulesforCartesian
tensors. Theimportanceoftensorrules isgivenbythefollowinggeneralremark:
Remark (1.1.7): Tensorrule
Tensorrulesguaranteethatifanexpressionfollows
theserulesitrepresentsatensoraccordingtoDefinition(1.1). Thus,followingte
nsorrules,onecanbuildtensorexpressionsthatwillpreservetensorpropertieso
fcoordinatetransformations(Definition(1.1))andcoordinateinvariance.
Tensorrulesarebasedonthefollowingdefinitionsandpropositions.
Definition(1.1.8) Tensorterms

A tensortermisaproductoftensors for example:



AijiBjk CpgEqFp(1.16)

Definition(1.1.9) Tensorexpression
Tensorexpressionisasumoftensorterms.Forexample:

AijiBj + CiDpgEqFy (1.17)

Generallythetermsintheexpressionmaycomewithplusorminussign.
Proposition (1.1.10): Allowedoperations
Theonlyallowedalgebraicoperationsintensorexpressions
aretheaddition,subtractionandmultiplication.Divisionsareonlyallowed

forconstants, like

1/ c-Ifatensorindexappearsinadenominator,suchtermshouldberedefined,

soasnottohavetensorindexesinadenominator.Forexample, 1 / A shouldbe
redefinedas:B; = 1/ A,
Definition(1.1.11): Tensorequality
Tensorequalityisanequalityoftwotensorexpressions.
Forexample:-(1.1.12)

AijBj = CixpDyE, + EjCjyiBy (1.18)

Definition(1.1.13):Freeindexes

Afree indexisanyindexthatoccursonlyonce n atensorterm.For
example,indexiisafreeindexintheterm(1.16).
Proposition(1.1.14):Freeindexrestriction
Everyterminatensorequalityshouldhavethesamesetoffreeindexes.Forexam
ple,ifindexiisafreeindexinanytermoftensorequality,suchas(1.18),itshouldb

ethefreeindexinallotherterms.

Forexample



isnotavalid tensorequalitysince
indexiisafreeindexinthetermontheRHSbutnotinthe LHS.
Definition(1.1.15):Rankofaterm

A rankofatensortermisequaltothe numberofitsfreeindexes.Forexample,the

rankofthetermA; j; B; Cyisequaltol.

Itfollowsfrom(1.1.14)thatranksofallthetermsinavalid tensorexpression
shouldbethesame.Note, thatthedifferencebetweentheorder andtherankis
thattheorderisequaltothenumberofindexesofatensor,andthe rankisequal
tothe numberoffreeindexesinatensorterm.
Proposition(1.1.16):Renamingoffreeindexes

Anyfreeindexin atensorexpressioncanbenamedbyanysymbolaslong
asthissymboldoesnotalreadyoccurinthetensorexpression.
Forexample,theequality

isequivalentto

Herewereplacedthefreeindexiwithk.

Definition(1.1.17):Dummyindexes
A dummyindexisanyindexthatoccurstwiceinatensorterm.

Forexample,indexes j, k, p, gin(1.16)aredummyindexes.

Proposition (1.1.18): Summationrule

Anydummyindeximpliessummation,i.e.



n
AiBi == zAiBi (121)
i

Proposition(1.1.19):Summationruleexception
Ifthereshouldbenosummation overtherepeatedindices,it
canbeindicatedbyenclosingsuchindicesinparentheses.
Forexample,expression:

CidwBe) = Dij
doesnotimplysummationovert.
Corollary(1.1.20):Scalarproduct
A scalarproductnotationfrom vectoralgebra: (A. B)isexpressedin tensor
notationasA;B;.
Thescalarproductoperationisalsocalledacontractionofindexes.
Proposition(1.1.21):Dummyindexrestriction
Noindexcanoccurmorethantwiceinanytensorterm.
Remark(1.1.22):Repeatedindexes
Incaseifanindexoccurs morethantwiceinatermthistermshould be
redefinedsoasnottocontainmorethantwooccurrencesofthesameindex. For

example,termA;y Bjy Cy shouldberewrittenasA;y Djy ,where Dy isdefinedas

Dji = Bj(x)Cwithnosummationoverkinthelastterm.

Proposition(1.1.23):Renamingofdummyindexes

Anydummyindexinatensortermcanberenamed toanysymbolaslong
asthissymboldoesnotalreadyoccurinthisterm.
Forexample,termA; B;isequivalenttoA;B;,andsoareterms AjijkBiCy

andA;p, B, Cy.

Remark(1.1.24):Renamingrules

Notethatwhilethedummyindexrenamingrule(2.16)isapplied toeach



tensortermseparately,thefreeindexnamingrule(2.9)shouldapplytothewhole
tensorexpression.Forexample,theequality(1.19)aboveA;;B; =
C;D;E;canalsoberewrittenas:

AwpBp = CiDjE;(1.22)

withoutchangingitsmeaning.

Definition(1.1.25):Permutationtensor
Thecomponentsofathirdorderpermutationtensore; ji aredefinedtobe
equaltoOwhenanyindexisequaltoanyotherindex;equaltol whenthesetof
indexescanbeobtained  bycyclicpermutationof123;and-1whentheindexes
canbeobtainedbycyclicpermutationfrom132.Inamathematical languageit
canbeexpressedas:

i:jUi=kUj=k=>€ijk=O
ijk € PG(123) = £ = 1
ijk € PG(132) = £ = —1 (1.23)

whereP G (abc)isapermutationgroupofatripleofindexesabc,i.e.

PG(abc) = {abc, bca, cab}.
Forexample,thepermutationgroupof123willconsistofthree
combinations:123,231and3 12,andthepermutationgroupofl23consistsof
132,321and213.
Corollary(1.1.26):Permutationofthepermutationtensorindexes

From thedefinitionofthepermutationtensoritfollowsthatthepermutation
ofanyofitstwoindexeschangesitssign:

gijk = _gikj(1'24)

A tensorwiththispropertyiscalledskew-symmetric.

Corollary(1.1.27):Vectorproduct



Avectorproduct(cross-product)oftwovectorsinvectornotationisexpressedas

A)=BxC¢ (1.25)
whichintensornotationcanbeexpressedas

A; = &;jxB;jCy(1.26)

Remark (1.1.28):Crossproduct
Tensorexpression(1.26)ismoreaccuratethanitsvectorcounterpart(1.25),
sinceit explicitlyshowshowtocomputeeachcomponentofavectorproduct.
Theorem(1.1.29): Symmetricidentity

IfA; jisasymmetrictensor,thenthefollowingidentityistrue:

EijkAjk =0 (127)

Proof:

FromthesymmetryofA; jwehave:

EijiAjr = €ijiArj(1.28)

Let’srename  indexjintokandkintojintheRHSofthisexpression,according

torule(1.1.23):

EijkArj = EikjAjk
Using(1.24)wefinallyobtain:

EikjAjk = —EijkAjk
ComparingtheRHSofthisexpressiontotheLHSof(1.28)wehave:

EijkAjk = —EijkAjk

fromwhichweconcludethat(1.27)istrue.

Theorem(1.1.30): Tensoridentity
Thefollowingtensor identityistrue:

€ijk€ipqg = 6jp6kq - 6]q6kp(129)



Proof:
Thisidentitycanbeprovedbyexaminingthecomponentsofequality(1.29)com
ponent-by-component.

Corollary(1.1.31):Vectoridentity
Usingthetensoridentity(1.29)itispossibletoprovethefollowingimportant

vectoridentity:

ix(BxC)=B(i ¢)-C(A-B)(130)

Definition (1.1.32): TensorDerivatives
ForCartesiantensorsderivativesintroducethefollowingnotation.
Definition(1.1.33): Timederivativeofatensor
A partialderivativeofatensorovertimeisdesignatedas

. 0A

=t

Definition(1.1.34):Spatialderivativeofatensor
Apartialderivativeofatensor Aoveroneoritsspacialcomponentsisdenotedas

AiZ

A; = 04 (1.31)
= axi .
thatis,theindexofthespatialcomponent thatthederivationisdoneoveris

delimitedbyacomma(’,”)fromotherindexes.Forexample, 4; j isaderivativeof
asecondordertensorA; ;.
Definition(1.1.35): Nabla

NablaoperatoractingonatensorAisdefinedas

VA = A;(1.32)

Eventhoughthenotationin(1.31)issufficienttodefinethederivative,Insome
instancesitisconvenienttointroducethenablaoperatorasdefinedabove.

Remark(1.1.36): Tensor derivative



InamoregeneralcontextofnonCartesiantensorsthecoordinateindepen-
dentderivativewillhaveadifferentformfrom (1.31).

Remark(1.1.37):Rankofatensorderivative

Thederivative ofazeroordertensor(scalar)asgivenby(1.31)formsafirst
ordertensor(vector). Generally,thederivativeofanm-
ordertensorformsanm+1 ordertensor.However,ifthederivationindex

isadummyindex,thentherankof
thederivativewillbelowerthanthatoftheoriginaltensor.Forexample,therank
ofthederivativeA;; jisone,sincethereisonlyonefreeindexinthisterm.
Remark(1.1.38): Gradient
Expression(1.31)representsagradient,whichinavectornotationisVA:

VA - A,i

Corollary(1.1.39): Derivativeofacoordinate
From(1.9)itfollowsthat:

Inparticular,thefollowingidentityistrue:

Xij =X11+t X2 +x33=1+1+1=3 (1.34)

Remark(1.1.40):Divergenceoperator
Adivergenceoperatorinavectornotationisrepresentedinatensornotation
asA;;:

(V- 4) - Ay

Remark(1.1.41):Laplaceoperator
TheLaplaceoperatorinvectornotationisrepresentedintensornotationas A ;;

AA - A,ii



Remark(1.1.42):Tensornotation
Examples(2.30),(2.32)and(2.33)clearlyshowthattensornotationismore
concise andaccurate thanvectornotation,sinceitexplicitly showshoweach
componentshouldbecomputed. Itisalsomoregeneralsinceitcoverscases

thatdon’thaverepresentationin vectornotation,forexample: Ay ;.

Section (1.2) :Curvilinearcoordinates

Inthissectionweintroducetheideaoftensorinvarianceandintroducetherules
forconstructinginvariantforms
.Definition(1.2.1): Tensorinvariance

ThedistancebetweenthematerialpointsinaCartesiancoordinate systemis



computedas dl?
dx;dx;. Themetrictensor,g; jisintroducedtogeneralizethe
notionofdistance(1.39)tocurvilinearcoordinates
Definition(1.2.2):Metric tensor
Thedistanceelementincurvilinearcoordinatesystemiscomputedas:

whereg; jiscalledthemetric tensor.

Thus,ifweknowthemetrictensorinagivencurvilinearcoordinatesystem then
thedistance element iscomputed by(1.35). Themetrictensorisdefinedasa
tensorsinceweneedtopreservetheinvarianceofdistanceindifferentcoordinate
systems,thatis,thedistanceshouldbeindependent ofthecoordinate system,
thus:

dl? = g;;dx'dx) = g;;dx' 1%/ (1.36)

Themetrictensorissymmetric,which ~ canbeshown  byrewriting(1.35)as
follows:

wherewefirstswappedplacesofdx’ and, dx’andthenrenamedindex i into j
and j into i.Wecanrewritetheequalityaboveas:

Sincetheequalityaboveshouldholdforanydx®dx/, weget:

gij = g;i(1.37)

Themetrictensorisalsocalledthefundamentaltensor. Theinverseofthe
metrictensorisalsocalledtheconjugatemetrictensor,g* ,whichsatisfiesthe

relation:

g*gy; = 6;;(1.38)



Letx'beaCartesiancoordinatesystem,andX’ thenewcurvilinearcoordinatesy
stem.Bothsystemsarerelatedbytransformationrules(1.5)and(1.11).Then

from(1.36)weget:

Q17 = it = 25 gr 5 g OX axid~fd~k(1 39)
= dx'dx' = -dXx Xt = - xJdx"™(1.

ox/’ dxk dxJ] 0xk
WhenwetransformfromaCartesiantocurvilinearcoordinates themetric
tensorincurvilinear coordinatesystem, g; jcanbedetermined

bycomparingrelations(1.39)and(1.35):

Using(1.38)wecanalsofinditsinverseas:

gy 0%t 0%
&7 = Gxk xk

(1.41)

Usingtheseexpressiononecancomputeg; jand gYin
variouscurvilinearcoordinatesystems
Definition(1.2.3):Conjugatetensors

Foreachindexofatensorweintroduce theconjugate tensorwherethis
indexistransferedtoitscounterpart(covariant/contravariant)usingtherelation
s

Al =gl 4;(1.42)
A; = gi;A7(1.43)

Conjugatetensorisalsocalledtheassociatetensor.
Relations(1.42),(1.43)arealsocalledasoperationsofraising/loweringofindex
es.

Remark(1.2.4): Tensorinvariance

Sincethetransformationrulesdefined  by(1.11)haveasimplemultiplicative

character,anytensorexpressionshouldretainit’soriginalformundertransform



ationintoanewcoordinatesystem. Thusifanexpressionisgiveninatensorform
it willbeinvariantundercoordinatetransformations.
Notalltheexpressionsconstructedfrom tensortermsincurvilinearcoordi-
nateswillbetensorsthemselves.Forexample,ifvectors ~ A;andB;aretensors,
thenA; B;isnotgenerallyatensor. However,ifweconsiderthesame  operation
onacontravarianttensorAiandacovarianttensorBithentheproductwillforman
invariant:

A'B; = A'B;(1.44)

Thusin curvilinearcoordinateswehavetorefinethedefinitionofthescalar
product(Corollary1.1.27)ortheindexcontraction
operationtomakeitinvariant.

Definition(1.2.5):InvariantScalarProduct
Theinvariantformofthescalarproduct betweentwocovariant vectors4;
and B;
isg¥ A; B;.Similarly,theinvariantformofascalarproductbetweentwo
contravariantvectorsA’ and B’ isg; inBj ,whereg;;is the metric tensor
(1.40)and g% is its conjugate (1.38).
Corollary(1.2.6):Twoformsofascalarproduct
Accordingto(1.42),(1.43)thescalarproductcanberepresentedbytwoinvarian
tforms : A'Bjand  A;B‘Itcanbeeasilyshownthatthesetwoformshavethe
same values.

Corollary(1.2.7):Rulesofinvariantexpressions
Tobuildinvarianttensorexpressions weaddtwomorerulestoCartesian

tensorrulesoutlinedin chapter (2):

l.Eachfreeindexshouldkeepitsvertical ~ positionineveryterm,i.e.  ifthe
indexiscovariantinonetermitshouldbecovariantin everyotherterm,and

viseversa.



2.Every  pairofdummyindexesshouldbecomplementary,thatisoneshould
becovariant,andanothercontravariant.
Forexample,aCartesianformulationofamomentum equationforanin-

compressibleviscousfluidis
. P;
U+ UpUjp = —— + VUTigx
: P) :
Theinvariantformofthisequationis:
. k P k
U +uu e = — o + v71;(1.45)
wheretherisingofindexeswasdoneusingrelation(1.42):
uk = gMu;, and ¢ = gty
definition (1.2.8): Covariantdifferentiation
Asimplescalarvalue,S,isinvariantundercoordinatetransformations.
Apartial derivativeofaninvariantisafirstordercovarianttensor(vector):
However,apartial ~ derivativeofatensoroftheorder =~ oneandgreaterisnot
generallyaninvariantundercoordinatetransformationsoftype(1.7)and(1.3).
Incurvilinearcoordinatesystemweshouldusemorecomplexdifferentiation
rulestopreservetheinvarianceofthederivative. Theserulesarecalledtherules
ofcovariantdifferentiationandtheyguaranteethatthederivativeitselfisatensor
According
totheserulesthederivativesforcovariantandcontravariantindices

willbeslightlydifferent.

Theyareexpressedasfollows:

4=k, (1.46)

Al = "’—Ai.+{".}Ak (1.47)



Wherethecontstruct{ Z"‘j}isdeﬁnedas:

{k}zlgkj agil+agjl_agij
ij) 2 oxJ) ~ axt  ox!

andisalsoknownintensorcalculusasChristoffel’s  symbolofthesecondkind.
Tensorg* representstheinverseofthemetrictensorg; j(1.38).Ascanbeseen
differentiationofasinglecomponentofavectorwillinvolveallothercomponent
s ofthisvector.

Indifferentiating
higherordertensorseachindexshouldbetreatedindependently. Thusdifferenti

ating asecondordertensor,A b ,shouldbeperformed as:

GAU m m
Aigse= Gt = (e Ami = {jf Ao

andascanbeseen  alsoinvolvesallthecomponentsofthistensor.Likewisefor

thecontravariantsecondordertensorA/ ,wehave:

AV = aAij+{ i }AmH{j }Aim(l 48)
k- axk " lmk mk '

Andforageneraln-covariant,m-contravarianttensorwehave:

Despitetheirseemingcomplexity,therelationsofcovariant differentiation
canbeeasilyimplemented algorithmicallyandusedinnumericalsolutionson
arbitrarycurvedcomputationalgrids.

Remark(1.2.9):Rulesofinvariantexpressions



AswaspointedoutinCorollary(3.6),therulestobuild invariantexpressions
involveraisingorloweringindexes(1.42),(1.43).
However,sincewedidnotintro-
ducethenotationforcontravariantderivative,theonlywaytoraisetheindex ofa
covariantderivative,sayA;,ittousetherelation(1.42)directly,thatis: g/ A ¥
Forexample,wecanre-formulatethemomentumequation(1.45)interms  of

contravariantfreeindexias :

ut +uful = — v (1.50)

wheretheindexofthepressureterm wasraisedbymeansof(1.42).
Usingtheinvarianceofthescalar  productonecanconstruct twoimportant

differentialoperatorsin

curvilinearcoordinates:divergenceofavectordivA = A (1.51)and

Laplacian,AA = g*4,,; (1.55).
Definition(1.2.10):Divergence
DivergenceofavectorisdefinedasA!:

divA = A4(1.51)

Fromthisdefinitionandtheruleofcovariantdifferentiation(47)wehave:

oAb iy
A= g+ {4152

thiscanbeshown|2 Jtobeequalto:

A

. 1 9
A’i_axi+<\/§0xi\/§>A \/_0 l(\/_A)(153)

wheregisthedeterminantofthemetrictensorgj;.

ThedivergenceofacovariantvectorA;isdefinedasadivergenceofits conjugate

contravarianttensor(1.42):



AL =gY4;,(1.54)

Definition(1.2.11): Laplacian
A LaplaceoperatororalaplacianofascalarAisdefinedas

AA = g™ A ,,;,(1.55)

The definitions(3.8),(3.9)ofdifferentialoperatorsare
invariantundercoordinatetransformations. Theycanbeprogrammedusingasy
mbolicmanipulation packages

andusedtoderiveexpressionsindifferentcurvilinearcoordinatesytems

Definition(1.2.12) Orthogonalcoordinates
Unitvectorsandstretchingfactors
Thecoordinatesystemisorthogonalifthetangential vectorstocoordinatelines

areorthogonalateverypoint.

Considerthreeunitvectors,at, b, ¢ i,eachdirectedalongoneofthecoordinatea
xis(tangentialunitvectors),thatis:

a' = {a',0,0}(1.56)
bt = {0,b%,0} (1.57)
ct ={0,0,c%} (1.58)

Theconditionoforthogonality meansthatthescalarproductbetweenany
twooftheseunitvectorsshouldbezero.According tothedefinition ofascalar
product.itshouldbewritteninform(1.44),thatis,ascalarproduct
betweenvectorsa;andb;canbewrittenas: (ai b; or a;b* ) .Let’susethefirstfor
mfor definiteness.
Then,applyingtheoperationofrisingindexes(1.42),wecanexpress
thescalarproductincontravariantcomponentsonly:

0=aibi = gijaibj =



g11a'0 + g1a'h? + g,300
8210°b* + g5,0b% + g,300
£310°0 + g3,0b% + g3500
= (g12 + g21)a'b* = 2g1,a'b* = 0 (1.59)

whereweusedthesymmetryofg; ;,(1.37). Sincevectorsatandb?werechosent

0 benon-zero,wehave:g;, =
0.Applyingthesamereasoningforscalarproductsof other
vectors,weconcludethatthemetrictensorhasonlydiagonalcomponents non-

Zero:
gij = 6;;8(ii)(1.60)

Let’sintroducestretchingfactors, h; ,asthesquarerootsofthesediagonalcompo

nentsofg;;:
hy = (g11)1/2 s hy = (gzz)l/z} h; = (g33)1/2(1.61)

Now,consider  thescalarproductofeachoftheunitvectors(1.56)-(1.58)with
itself.Sinceallvectors areunit,thescalarproduct ofeachwithitselfshould be

one:

a‘a; = b'b; = clc; = 1
Or,expressedincontravariantcomponentsonlytheconditionofunityis:
gijaiaj = gl]blb] = gijCiCj =1

Now,considerthefirsttermaboveandsubstitutethecomponentsofafrom(1.56)

. Theonlynon-zerotermwillbe:

g11ala1 = (h1)2(a1)2 =1

andconsequently:



1
al = +—(1.62)
hy

wherethenegativesolutionidentifiesavectordirectedintotheoppositedirectio
n, andwecanneglectitfordefiniteness. Applyingthesamereasoning foreachof

thetreeunit vectorsa;, b;, c;,wecanrewrite(1.56),(1.57)and(1.58)as:

. 1
al = {—, o,o} (1.63)
hy

. 1
=

) h_zl O; } (164)

. 1
ci = {o,o, —} (1.65)
h3

whichmeansthatthecomponents ofunitvectorsinacurvedspaceshouldbe
scaledwithcoefficientsh; .Itfollowsfromthisthattheexpressionfortheelement

oflengthincurvilinearcoordinates,(1.35),canbewrittenas:

dI? = gydxids) = h?(dx')"(1.66)

Similarly,weintroducetheh’coefficientsfortheconjugatemetrictensor (1.38)

gl = 5,;(h®)*(1.67)

Combiningthelatterwith(1.38),weobtain:§;;h; hi =

8;j fromwhichitfollowsthat

hay =1/, @) (168)

Definition(1.2.13) Physicalcomponentsoftensors

Consider adirectioninspacedeterminedbyaunitvectore;.
Thenthephysical componentofavectorA;inthedirectione;isgiven byascalar

productbetween A;ande; ,namely:



A (E)Zgiin €j

AccordingtoCorollary(3.5)theabovecanalsoberewrittenas:

A(e) = 4; e' = Ale;(1.69)

Supposetheunitvectorisdirectedalongoneoftheaxis:e’={e?, 0,0}.From

(1.63)it follows that:
1 -1
et =14/ hy

Whereh, isdefinedby(1.61).
Thusaccordingto(1.69)thephysicalcomponentof

vectorA; indirectionlinorthogonalcoordinatesystemisequalto:

=4,

or,repeatingtheargumentforothercomponents,wehaveforthephysical

componentsofacovariantvector:

A A A
1/h1 ) Z/hz ) 3/h3 (170)

Followingthesamereasoning, forthecontravariantvector4; ,wehave:

h A, h,A2h; A3

Generalrulesofcovariantdifferentiation introducedissimplify
considerablyinorthogonalcoordinate systems.
Inparticular,wecandefinethe nablaoperatorbythephysicalcomponents

ofacovariantvectorcomposedof partialdifferentials:
\Y 19 (1.71)
e h(i) 0x i .

wheretheparenthesesindicatethatthere’snosummationwithrespectto indexi.

Inorthogonalcoordinatesystemthegeneralexpressionsfordivergence(1.53)



andLaplacian(1.55)operatorscanbeexpressedintermsofstretchingfactorsonl

i1 (H
i H axi h(l) L

y:

10 (H 94
AA = EE(@@) (1.72)
n
H = nhi
i=1

Importantexamplesoforthogonalcoordinatesystemsaresphericalandcylindr
icalcoordinatesystems.Considerthe
exampleofacylindricalcoordinatesystem: X; = {x1,x5,x3} and X; =
{r,0,1}

X, =71cosf
X, =1 Sin6
X3=l

Accordingto(1.40)onlyfewcomponents ofthemetrictensorwillsurvive .
Thenwecancomputenabla,divergence andLaplacian
operatorsaccordingto(1.71),(1.52)and(1.55),0r
usingsimplifiedrelations(1.72)-(1.73):

v 0 10 0
_<6r'r69'5)

_ 04, 104, 04; 1
divA =t 457 Tom T2t



_ 04, 104, 04, 1
or r 90 oz r T

Note,thatinsteadofusingthecontravariantcomponentsasimpliedbythegenera
1 definitionofthedivergenceoperator(1.51)weare
usingthecovariantcomponentsasdictatedbyrelation(1.70). Theexpressionoft
heLaplacianbecomes:

%A 1 9%A %A 1 04

M=t — - +——
(6)?1)2 f12 (fZ)Z (6)?3)2 f1 af1

%A N 1 09%A N d%A +16A
(0r)?2 r2(00)2 (02)%? ror

Chapter Two

Special Tensors

Knowing howtensorsare defined and recognizing atensorwhen itpops up



infrontofyou are two differentthings.Somequantities,whichare tensors,
frequently  ariseinapplied  problems and  youshould learn
torecognizethesespecialtensorswhentheyoccur. Inthis section
someimportanttensorquantities aredefined.
Wealsoconsiderhowthesespecialtensors
caninturnbeusedtodefineothertensors.

Definition (2.1): Metric Tensor

Definey?, =
1, ..., N asindependentcoordinatesinanNdimensionalorthogonal
Cartesiancoordinate system. The distance squared between twopoints
yiand yi + dyi,i = 1, ..., Nisdefined bythe expression

ds? = dy™dy™ = (dy")* + (dy®)* + -+ (dy")* (2.1)
Assumethatthecoordinatesy‘arerelatedtoasetofindependentgeneraliz
edcoordinatesx!,i = 1, ..., Nbyasetoftransformationequations

y'=yixtx?%, ..., xY),i=1,...,N (2.2)

Toemphasize thateachy’depends upon thexcoordinateswesometimes
usethenotationy® = y!(x),fori = 1, ..., N. Thedifferential
ofeachcoordinatecanbewrittenas

aym = i o = 2.3
y—d]x,m—, ...... N (2.3)

Andconsequentlyinthex-generalized coordinatesthedistance squared,
found fromthe equation(2.1),becomesaquadraticform.

Substitutingequation (2.3 )intoequation(2.1)wefind:

2 — dy™ dy™ j j
ds Il dxl ——dx'dx’ = = g;jdx" dx (2.4)
where
dy™dy™ .
9ij = Tl da) ,L,j=1,...,,N (2.5)

arecalledthemetricesofthespacedeﬁnedbythecoordinatesxi,i =1,..,N.



Heretheg; jarefunctionsof the xcoordinatesand issometimes
writtenasg;; = g;;(x).Further,themetricesg; jaresymmetric inthe
indicesiand jsothatg;; = gj;forallvalues ofiand joverthe range ofthe
indices. Ifwetransformto anothercoordinatesystem,sayx’,i =
1, ..., N,thentheelementofarclengthsquaredisexpressedinterms ofthebarred
coordinates andds? = g; jdxidxj ,where g;; = g;j(x)isafunction
ofthebarred coordinates.

Thefollowingexampledemonstratesthatthesemetricesaresecondordercovar

1anttensors.
Example (2.2)

Showthemetric components g; jarecovarianttensorsofthesecondorder.

Solution:
Inacoordinatesystem xi, [ = 1,..., Ntheelementofarclengthsquared
isds? = g;;dx‘dx’ (2.6)

Whileinacoordinatesystemxi, [ = 1,..., Ntheelementofarclengthsquared
isrepresentedintheform

ds? = gppdx™dx" (2.7)
The element of arc length squared is to be an invariant and so we require that

Imadx™dx™ = g dxtdx/ (2.8)

Hereit isassumed thatthereexists acoordinatetransformation, which
relates thebarred and unbarred coordinates.
Ingeneral,ifxi = x'(x) ,then for x%,i = 1, ..., Nwehave

dx* dx’

= S7m dx™and dx’/ = ﬁdfn (2.9)

dxt

Substitutingthesedifferentials inequation(2.8)givesustheresult



dxt dx’

Imndx™dx™ = g;; ax—mmdxmdxn or
axt dx’
<gmn — gifaTmW) dx™dx™ =0
For arbitrary changes in dx™ this equation implies that g,,, = g;; %%

and consequently g;; transforms as a second order absolute covariant tensor

Example (2.3):Curvilinear coordinates
Consider asetofgeneraltransformationequations from
rectangularcoordinates(x, y, z)tocurvilinear
coordinates(u, v, w).Thesetransformationequations andthecorresponding
inversetransformationsarerepresented

x=xuv,w) u=u(xy,z)

y = y(u,v,w) v=v(x,y,z)

z=z(u,v,w) w=w(x,y,2) (2.10)
Herey! = x,y? = y,y3 = zand x* = u,x? = v,x3 = warethe
Cartesianand generalized coordinates and N=3.The
intersectionofthecoordinatesurfacesu = ¢, v = ¢c,,w =
czdefinecoordinatecurvesofthe curvilinear coordinatesystem. The
substitutionofthe giventransformationequations(2.10)into the postion
vector ¥ = xé; + yé, + z&; produces the position vector which is a

function of the generalized coordinates and

r=7(u,v,w) =x(u,v,w)é; + y(u,v,w)é, + z(u,v,w)é,

- oF o7 o7
and consequently d7 = Zdu + Zdv + =~ dw where
ou v ow

L 0r Ox 0 0z
El == & y

A

—=—8é t+t—& +——¢
ou ou ' ou ?® ou’

E_GF_axA dy 0z
Z—av—%el+%ez +%83



L, 0Ff odOx _ 0y = 0z

E3 == aW == aW el + aW ez + aW 83 (211)

Are tangent vectors to the coordinate curve.

Theelementofarclength inthecurvilinear coordinatesis

ds? = dr.dr
- - F - - - - -
= Qt.gtdudu + a—.gtdudv + Qt.gr—dudw + Qt.gtdvdu
du du du dv du dw dv du
F - - - - -
T 91 godv + 92 91 gpaw + 2 91 gy
v dv v dw ow du
F - - -
+ % gy + 21 91 gyqw (2.12)
ow dv ow dw

Utilizing the summationconvention, theabove can be expressed in

theindex notation.Definethe quantities

o7 or o7 Or or or
911 =£-£912 =£.%g13 = ou’ ow
or or or or or or
921 = 90 du 922 = %-%923 =%-%
or or or or or or

931 = ﬁ'@g” = %-% 933z = %-%

And let x! = u,x? = v,x3 = w. Then the above element of arc length

can be expressed as

ds? = Ei.E'jdxidxj = gijdx'dx’ i,j =123
Where

gij = By By = 2520 20 free indices (2.13)

T oxioxi axt axi

are called the metric component of the curvilinear coordinate system.



The metric component may be thoughtof as the elements of symmetric

matrix, since g;; = gj;- In the rectangular coordinate systemx,y,z, the

element of arc length squared is ds? = dx? + dy? + dz2.

In this space the metric components are

1 0 O
gij = <0 1 0)
0 0 1

Example (2.4): cylindrical coordinates (r,0 ,z)

The transformation equations from rectangular coordinate to cylindrical
coordinates can be expressed as x =rcosf ,y=rsinf, z =2z. Here
yl=x,y?2=vy,y3 =2z and xl=r, x> =0,x3 =z and the

position vector can be expressed
7 =7(r,0,z) =r cos0&, + r sin &, + zé,
The derivatives of this postion vector are calculated and we find

— or = or = ar
E, —r_ cos0é; +sinbé, ,E, =L = —sinfé; +rcosfé,, E; =L
or 20 0z

= €,

From theresultsinequation (2.13),themetriccomponentsofthisspaceare

1 0 O
gij = <0 T‘Z 0)
0O 0 1

Wenotethatsinceg;; = Owheni = j,thecoordinate system isorthogonal.
Given aset oftransformationsofthe formfound inequation (2.10),
onecanreadily determinethe metric components associatedwith the

generalized coordinates.

For future referencewelistseveraldifferentcoordinatesystems togetherwith

their ~ metric  components.Each  ofthelisted  coordinatesystems



areorthogonal andsog;; = 0 fori =

J.Themetriccomponentsoftheseorthogonal systems havetheform

h2 0 0
gij = 0 h% 0
0 0 A3

andtheelementofarclengthsquared is
ds? = h2(dx1)? + h3(dx?)? + h3(dx3)?

1. Cartesian coordinates (X,y,z)

X=X hy =1
y=y h, =1
Z=7z h; =1

Thecoordinatecurvesareformedbytheintersectionofthecoordinatesurfaces

x=Constant,y=Constantandz=Constant.

Figure (2.1)Cylindrical coordinates.

2. Cylindrical coordinates(r,6,z)

X =rcosb r=0 hy =1
y =rsiné 0<6<2m h,=r
zZ=12z —o<z< 0 h; =1

The coordinatecurves, illustratedinthe figure(2.1),areformedbythe



intersectionofthecoordinatesurfaces

x4+ y? =r? cylinders
y/x =tané planes
z = constant planes

3.Spherical coordinates(p,8,¢)

x=psinfcosp p=o0 hy =1
y = psin @ cos ¢ 0<f6<m h,=p
Z=pcos6 0<@p<2m hz=psinb

The coordinatecurves, illustratedinthe figure(2.2),areformedbythe

intersectionofthecoordinatesurfaces

x2 + y? + 22 = p? spheres
x? + y? = tan?6 z2 cones
y =xtan ¢ plane

4. Paraboliccylindrical coordinates (&,7,z2)

x = n — 0 << h; =& +n?
y=1/E -1 —w<z<o h, =2 +n?

Figure (2.2)Spherical coordinates.

The coordinatecurves, illustratedinthe figure(2.3),areformedbythe



intersectionofthecoordinate surfaces

2

x? = —282 < — %) parabolic cylinders
2

x2=2n%ly+ > parabolic cylinders

Z = constant plane

Figure (2.3)Paraboliccylindrical coordinates inplanez=0.

5.Paraboliccoordinates (&, 7,0)

x=&cosp&=0 h; =& +n?
y =¥&sing n=0 h, =& +n?
z=1/,(8-n?) 0<¢<2rh;=f

The coordinatecurves, illustratedinthe figure(2.4),areformedbythe

intersectionofthecoordinate surfaces

2

x? +y% = —28 <z — %) paraboloids
EZ

x% +y?% = 2n? <z + ?> paraboloids

y =xtan¢ plane



Figure (2.4)Paraboliccoordinates,p=r/4.

6. Elliptic cylindrical coordinates(é,#,z2)

x = cosh&cosn&=>0 h, = /sinh? £ + sin‘y
y = sinh € sinn 0 <n<2mh, = \/sinhz £ + sin‘
zZ=1z —oo<z<oo hy=1

The coordinatecurves, illustratedinthe figure(2.5),areformedbythe

intersectionofthecoordinate surfaces

xz 2 - - .
CoshZE + sinh4 3 =1 Elliptical cylinders
Xz yz
- =1 H bolic cylinders
coszn sin? M yperoolic cyli

z = constant planes



Figure (2.5)Elliptic cylindrical coordinatesintheplanez=0.

7. Elliptic coordinates(é,n,9)

x=+(1-n2)(E-1Dcose 1<E<o

y =1 —n?)(& - 1sing —1<n<1

zZ=28n 0<
=JA-mE-1)

The coordinatecurves, illustratedinthe figure (2.6),areformedbythe

intersectionofthecoordinate surfaces

xz N yz +Zz
22_1 22_1 EZ

ZZ x2 yZ

N2 1—T]2_1_T]2

=1 prolate ellipsoid

=1 two_sheeted hyperboloid

y =xtan g planes



8. Bipolar coordinates(u,v,z)

a sinh v 5 5
X = ,0<u<2m  hi=hj
coshv — cosu
asinu , a?
y = ,—o<pv<o h;=

coshv — cosu (coshv — cosu)?

zZ=1z —ow<v<ow hi=1

Figure (2.6)Elliptic coordinatesp=mr/4.

Figure (2.7)Bipolar coordinates.
The coordinatecurves, illustratedinthe figure(2.7),areformedbythe

intersectionofthecoordinate surfaces
2

a
(x — acothv)? + y? = p— cylinders
2
x?+ (y—acotu)? = —z—a cylinders
sin“u

Z = constant planes



9. Conicalcoordinates(u,v,w)

uvw
x=——, b*>u*>a’?>w?,u=>0 h? =
ab
_u (v2 —a?)(w? — a?) 2 u?(w? —w?)
Y= a? — b? 27 (v2 — a?)(b? — v?)
_u (v2 —b?)(w? — b?) | B u?(w? —w?)
= bZ — o2 37 w2 —a®)(w? — b2)

The coordinatecurves, illustratedinthe figure(2.8),areformedbythe

intersectionofthecoordinate surfaces

2 2 2

x> +y*+z4=u spheres

2 2 2
X + Y + z 0 cones
2T 2 g2 T 2 —_p2 T )

2 2 2
X y A
- + =0 cones

Figure (2.8)Conicalcoordinates.

10. Prolatespheroidal coordinates (u,v,¢)

x = asinhusinvcosg ,u=o h? = h3
y =asinhusinvsing ,0<v<m  h%=a%(sinh?u + sin?v)

z=acoshucosv 0<¢<2m h%=a%sinh%u sinv



The coordinatecurves, illustratedinthe figure(2.9),areformedbythe

intersectionofthecoordinatesurfaces

52 y2 72
=1, late elli d
(a sinh u)?2 T (a sinh u)?2 T (a coshu)? protate eftipsotas
72 52 y2

1, Two _sheeted hyperboloid

acosv)? (asinv)?2 (asinv)? -
( )

Y =Xtan¢@ ) planes

e e

Figure (2.9)Prolatespheroidal coordinates

11. Oblate spheroidal coordinates(&,#,9)

x =acosh&cosncosgp , &=>0 h? = h3
y = acosh&cosnsing , —g <n< gh% = a%(sinh? + sin’n)
z = asinh §sinn , 0 o<2m h3 = azcoshZE coszn

Thecoordinatecurves,illustratedinthefigure(2.10),areformedbytheintersect

1onofthecoordinate surfaces

xz yz ZZ
=1 blate ellipsoid
(a cosh §)? " (a cosh §)? * (asinh©)z  ’ oblate ellipsolds
2 2 2

X y 4 .
1 , one_sheet hyperboloids

(a cosn)? T (a cosn)? " (a sinm)? -

Y =Xtan @ ) planes



12. Toroidalcoordinates(u,v,¢)

a sinh v cos ¢ 5 5
x = , 0=su<2m hf =hj
coshv — cosu

2

a sinh vsin g - h2 a
= —oc0o < V< oo =
Y = Coshv— cosu 27 (coshv — cosu)?
asinu , a?sinh2v
Z = ) 0 < Q < 2m h3

coshv — cosu "~ (coshv — cosu)?
Thecoordinatecurves,illustratedinthefigure(2.11),areformedbytheintersect

1onofthecoordinate surfaces

242 ( a cos u)z a? "
X Z — = spheres
Y sinu sin4u p
( pow; cosh v)z 2 a? .
\ X —a z° = orus
Y sinh v sinh4v
Y =Xtan @ planes

Figure (2.10)Oblate spheroidal coordinates



Figure (2.11)Toroidalcoordinates

Example (2.5):

ShowtheKroneckerdelta 6} isamixedsecondordertensor.

Solution:

Assume wehaveacoordinatetransformationx! = x'(x) ,i =
1, ...., noftheform(1.2.30)and
possessinganinversetransformationoftheform(1.2.32). Let Sjiand 6]?denote
the Kroneckerdelta inthebarred andunbarredsystem

ofcoordinates.Bydefinition theKroneckerdelta isdefined Sji = 5} =

{O, ifi#]j
Lifj=1
Employing the chain rule we write
7™M 7™ gyl ™ oxk
0SSy
by hypothesis the Ei,i =1,....,n are independent coordinates and there
for we have
dx ax ™ axk

" —m
Fea =0, and (2.14) simplifies to 5 5k ool o Therefore,

theKroneckerdeltatransformsasamixedsecondordertensor.



Definition (2.6) : ConjugateMetricTensor

Letgdenote thedeterminantofthematrixhavingthemetric tensor g;;,i,j =

1, ..., nasitselements. Inourstudyofcofactorelementsofamatrix

wehaveshownthat

Cof(glj)glk + COf(QZj)QZk + -+ Cof(gnj)gnk = 9511(. (2.15)
We <can use this fact to find the elements in theinverse

matrixassociatedwith the matrixhaving the components

gij - Theelementsofthisinversematrix are

. 1
g¥ =§cof(gij) (2.16)

andarecalledtheconjugate metric components. Weexaminethesummation

gY girandfind:
. . . . 1
9" 9 = 9V gie + 97 gare + -+ + 9™V gk = < [cof (g1;) gurc +

cof (92)) ok + -+ cof (gn;)gnc] = 7 96]] = &}
The equation:

97 9u = &} (2.17)
isanexamplewherewecanusethequotientlawtoshowg*isasecondordercontr
avarianttensor.Because ofthesymmetryofg andg; jtheequation
(2.17)canberepresentedinother forms.

Example (2.7)
LetA;and Aldenoterespectively thecovariantand

contravariantcomponentsofa vectorA. Showthesecomponents arerelated

bytheequations
A; = gi; A (2.18)
AF = gik4; (2.19)

Whereg; ;and gYarethemetric andconjugate metric componentsofthespace.



Solution:

Wemultiply the equation(2.18)byg"™(inner product)and useequation
(2.17)tosimplify the results. This produces the equationg™A; =
g™g; jAj = §™A/ = A™ Changing indicesproducesthe result
giveninequation(2.19). Conversely, ifwestartwith equation
(2.19)andmultiply bygp,(innerproduct)weobtain gxmA* = grmg’*A; =
64 ; = Apwhichisanotherformoftheequation
(2.18)withtheindiceschanged.

Noticetheconsequencesofwhattheequations

(2.18)and(2.19)implywhenweareinanorthogonalCartesiancoordinatesyste

10 0 /1 0 0
gij = <0 1 0) and g” = <0 1 0)
0 0 1 0 0 1

In this special case, we have

m where

Ay = 911AY + g12A% + g13A% = AT
Ay = gAY + g A% + g3 A3 = AP
Az = g3 AT + g3,A% + g3z A3 = A3

These equationstellusthatinaCartesiancoordinatesystem the
contravariantand covariantcomponents areidenticallythesame.

Eample (2.8)

WehavepreviouslyshownthatifA;isacovarianttensorofranklitscomponentsi
n abarred system ofcoordinates are

_ dx’
Ai =4 oxt

(2.20)

SolvefortheA; intermsoftheA;.(i.e. findtheinversetransformation).



Solution :
Multiply equation (2.20) by ;—i ( inner product ) and obtain

I oxt _ dxt 9it
Egxm — “T gxi gxm

(2.21)

daxJ axt axJ P ;
In the above product we have — — = — = & since x' and x™ar
p axigxm  9gxm m are

assumed to be independent coordinate. this reduces equation (2.21) to form

= A;6] = A, (2.22)
whichisthedesiredinversetransformation.

Thisresultcanbeobtainedinanotherway. Examine
thetransformationequation (2.20)andaskthe question,
Whenwehavetwocoordinate
systems,sayabarredandanunbarredsystem,doesitmatterwhich system
wecallthebarred system.
Withsomethoughtitshouldbeobviousthatitdoesn’tmatterwhich

system youlabelasthebarred system. Therefore,

wecaninterchangethebarred andunbarredsymbolsin equation (2.20) and

— 9x)
obtain the result 4; = 4; % which is the same form as equation (2.22), but

with a different set of indices.

Definition (2.9) : Associated Tensors

Any tensor constructed by multiplying (inner product) a given tensor with
meteric or conjugate metric tensor is called an associated tensor.
Associatedtensors  are differentwaysofrepresentingatensor.  The
multiplicationofatensor bythe metric orconjugatemetric tensorhasthe
effectofloweringorraising indices.

For example the covariant andcontravariantcomponentsof

avectoraredifferentrepresentationsof thesamevectorindifferentforms.



Theseformsareassociated withoneanotherbywayofthemetricandconjugate

metric tensorand
Example(2.10)
Thefollowingaresomeexamplesofassociatedtensors
— mi Lk _ [jk
Tk = 9™ AijkAm = gmjAY

AP = g™ g Ay A = gimA.ijk

Sometimes‘dots’areusedasindicesinordertorepresentthelocationoftheindext

hatwasraisedorlowered. Ifatensorissymmetric, theposition
oftheindexisimmaterialandsoadotisnotneeded. Forexample,
1fA,,n1sasymmetric tensor, then  itiseasytoshowthat A, and

A;l areequalandtherefore canbewritten as Al
Higher order tensors are similarly related. For example, if we find a fourth
order covariant tensor T, we can then construct the fourth order
contravariant tensor TP from the relation

TP = gP'g¥ g™ g Tijiem
This fourth order tensor can also be expressed as a mixed tensor. Some

mixed tensors associated with the given fourth order covariant tensor are

b _ gpiT.. pq _ _qipP
Tikm = 9" Tijkms T e = 9T jiem-



Definition (2.11): Riemann Space V,

ARiemannianspaceV)yissaidtoexistiftheelementofarclength squared

hastheform

ds? = g;;dx‘dx’ (2.23)
wherethemetricesg;; = g;;(x*, x2, ..., xV)are continuousfunctions
ofthecoordinatesand are different fromconstants.Inthe

specialcaseg;; = 6;jthe ~ RiemannianspaceVyreduces  toaEuclidean

spaceEy. The elementofarc length squared defined byequation(2.23)
iscalled theRiemannianmetric andany geometry whichresults
byusingthis metric iscalledaRiemanniangeometry.

Aspacel/yiscalledflatifitispossibletofindacoordinatetransformationwhe
. . i\ 2 .
retheelementofarclengthsquared  isds? = L(dx‘) whereeachjiseither

+1 or—1. Aspacewhichisnotflatiscalledcurved.

Definition (2.12): Geometry in Vy

GiventwovectorsA = A'E ; and E =B/ E']-A
thentheirdotproductcanberepresented

A.B = ABIE.E; = g,jA'B) = B = gUAB; = |A||B|cos®  (2.24)
Consequently,inanN dimensional RiemannianspaceVythedotorinner
productoftwovectors AandB isdefined:

gijA'B) = A;B) = A'B; = g A;B; = AB cos 6. (2.25)

Inthisdefinition
AisthemagnitudeofthevectorA!, thequantity Bisthemagnitudeofthevecto

rB;and Oistheanglebetweenthevectorswhentheir

originsaremadetocoincide.



Inthespecialcasethatd=90° wehaveg; inBj = 0 asthe condition
thatmust besatisfiedinorderthatthe givenvectors A'andB‘areorthogonal
tooneanother.Consider alsothespecialcaseofequation(2.25)whenAd’ =
Btandé#=0.Inthiscasetheequations(2.25)informusthat

g ARA; = ATA; = g ATA™ = (A)? (2.26)
From this equationonecandeterminethemagnitudeofthevector A*.The

, o 1/2
magnitudesdand Bcan  be writtend = (ginA'A") " “and B =

1/2 . :
(9pqBPB?) """ andsowecanexpressequation (2.24)intheform

ALBJ
cos § = ‘g‘lf v (2.27)
(GmnA™A™) /2 (gququ) ?
Animportapplicationoftheaboveconcepts arisesinthedynamics

ofrigidbody motion.Note thatifa victor A has constant magnitude

dAt
dt

and the magnitude of 1s different from zero , then the vectors

dA!
~, must be orthogonal to one another due to the fact that

A' and

- dal ) )
A'— =0. As an example consider the unit vectors
9] dt p

é,,€,,and €3 on the rotating system of Cartesian axes. We have for

constants C;, i = 1,....,6 that

A A A

dé; . . é, . . €, . .
— = (1€, + (165 L (363 + (484 L Cs€1 + Ceé;

dt
Because the derivative of any €; (i fixed ) constant victors &;and
é,(J # i,k #i,and j # k), since any vector in this planr must be
perpendicular to €;. the above definition of a dot product inV, can be

used to define unit vectors in Vy.

Definition (2.13) : Unit vector

When ever the magnitude of a vector A° is unity, the vector is called



a unit vector. In this case we have
gijA'AT =1 (2.28)
Example (2.14): Unit Vector

In Vytheelementofarclengthsquared isexpressed ds? =

dxtdxt

gijdxidxjwhichcanbeexpressed inthe form 1 = g;; Pl this

i

} d . ) )
equation states that the vector d’; ,i=1,...,N is a unit vector. One

application of this equation is to consider a partical moving a long a

curve in Vy which is described by the parametric equation x* = x*(t)

. . odxt o,
fori = 1,...,N. the vector V' = d’; ,i=1,....,N represents a

velocity vector of the particle. By chain rule differentiation we have
dxt dx‘ds v dxt
~dt  dsdt  ds

i

(2.29)

dxt
ds

ds . . .
Where v = d—i is the scaler speed of the particle and — is unit tangent

vector to the curve. The equation (2.29) shows that the velocity is

directed a long the tangent to the curve and has a magnitude V. that is

(g)z = (V)? = gyV'v/

Example (2.15): Curvilinear Coordinates

Find an expression for thecosine ofthe angles between the
coordinatecurves associatedwith the transformationequations

x=x(wv,w), y=yuvw,), z=z(uuvw).

f'(cl')'c’z, s V¥V

w(x,y,z)= ¢y

VX, V., Z)=



Figure (2.12)Anglesbetweencurvilinear coordinates.
Solution :

Lety! = x, y?2 =y,y3 = zdenote the Cartesianand curvilinear
coordinatesrespectively. With

referencetothefigure(2.12)wecaninterprettheintersectionofthesurfaces
v = cand w = czas the curve 7 = 7(y ¢,, ;) Which is a function of

parametric [J. by moving only a long this curve we have dy = 47 and
du

consequently

d Z—OT(T—W Wd du = gy, (dx")? 1—E ar @
s“ =dr. T‘au'au udu = g11(dx=)“,or _ds'ds‘gll ds

1

This equation shows that the vector ddis =

1 . ..
1S a limit vector a lon

VvId11 &

1

VvIdi11

The curve which is defined by the intersection of the surfaces u =

this curve. this tangent vector can be represented by t(rl) = ST.

ciandw = c3zhas the limit tangent vector t(rz) = S; .similarly, the

1

VY22

curve which is defined as the intersection of the surfaces u = c;andv =
1

V933

between the unit vectors t¢;y and t() is obtained from the result of the

cyhas the limit tangent vector t(rg) = S3 .the cosine of the angle

equation (2.25). we find
1 1 Y

=g tptq=g ——=6P 6 = =
a2 P Vv I11 ! vV Y22 2 v 9114/ Y22

cos 04,

For 6,5the angle between the directiontél) and t€3) we find cos 0,3 =

—\/9_191 13_933 . finally for 8,5 the angle between the direction tfz) and t€3) we
find cos 0,3 = —22—
n 23 V922+/933

When 0,;=0,,=0,;=90° , wehaveg,, = g13 = g3 = Oand



thecoordinatecurveswhichmakeupthecurvilinear coordinate system
areorthogonal tooneanother.
Inanorthogonal coordinate system weadopt thenotation

911 = (h1)?, ga2 = (h)?, g3z = (h3)* and gij =0,i#j

Epsilon permutation symbol:

Associated with the epermutation symbol there are the epsilon

permutation symbols defined by the reaction

. 1 ..
€ijk = +/geiji and eV = —elk (2.30)

Vg

Where g is determinant of the metricsg;;.

Itcanbedemonstratedthatthee; jpermutationsymbolisarelativetensor

ofweight—1whereasthe €;jxpermutationsymbolisanabsolute
tensor.Similarly, thee  permutationsymbolisarelativetensorof
weight+1 andthecorrespondinge ¥*permutationsymbolisanabsolute
tensor.

Example (2.16): € permutation symbol

Showthat e;jrisarelative tensorofweight—1land

thecorrespondinge; j,permutationsymbolisan absolutetensor.

Solution :

examine the Jacobian



dxt odx' odx?!
dxl 0x? 0Jx3

(f) 0x% 0x% 0x?
J dxl 0x? 0Jx3
dx3 0dx3 0x3
dxl 0x? 0Jx3

i

And make the substitution oc]‘: %j [,j =1,2,3 . from this definition of

a determinant we may write
i o ock— X
€jjk KXy Xpy=] e emnp (2.31)

By definition , €y, = énnp In all coordinate systems and hence

equation (2.31) can be expressed in the form

[] (g)]_l eijk aa;—:n g;:l g;z = e_mnp (2'32)

whichdemonstratesthate; j; transformsasarelativetensorofweight—1.

We have previously shown themetric tensorg;jisa second order

. . _ dx™ Ox™
covarianttensorand transforms according to the ruleg;; = gmn PP

. taking the determinant of this result we find

2
g =|gij| = 1gmn| ODL;| = g[] (g)]2 (2.33)

wheregisthe determinantof(gij)and gisthe determinantof(g; ;). This

result  demonstratesthatgisa  scalarinvariantofweight+2.Taking

thesquarerootofthisresultwefindthat

Ja =g (%) (2.34)

Consequently,wecall\/g ascalar invariantofweight+1.Nowmultiply

both sidesofequation(2.32)by\/§ anduse(2.34)toverifytherelation



dxt dxt axk _

Thisequation demonstratesthatthequantitye; ;; =

\/E e;jxtransformslikeanabsolutetensor.

Figure (2.14)Translationfollowedbyrotationofaxes

Inasimilarmanner  onecanshowe'*isarelative  tensorofweight+land
ek = \/—ye”kmanabsolute tensor. Thisisleftasanexercise.
Anotherexercisefoundatthe endofthis section

istoshowthatageneralizationofthee—didentity istheepsilonidentity
gijeiptejrs = 9prIts — GpsItr (2'36)

Definition (2.17) : Cartesian Tensors

Consider themotion ofarigidrodintwodimensions.
Nomatterhowcomplicatedthe movementof the rodiswecandescribe
themotion asatranslationfollowedbyarotation. Consider

therigidrodABillustratedinthefigure(2.13).



)
A A

Figure (2.13)Motionofrigidrod

Inthisfigurethereisabeforeandafter picture oftherod’sposition.
BymovingthepointBtoB'we haveatranslation. Thisisthen

followedbyarotationholdingBfixed.

NI

il

Figure (2.15)Rotationofaxes

Asimilar situationexistsinthreedimensions. Consider
twosetsofCartesianaxes,sayabarred and unbarredsystem
asillustratedinthefigure(2.14). LetustranslatetheoriginOto0and

thenrotatethe (x, y, z)axesuntilthey coincide with the (X, ¥, Z)axes.
We consider firsttherotationofaxes when the  originsOand
Ocoincideasthe  translationaldistance  canberepresentedbyavector

b, k=1,2,3.



When
theoriginOistranslatedtoOwehavethesituationillustratedinthefigure
(2.15),wherethebarred axes
canbethoughtofasatransformationduetorotation.

Let :

T =x8& +yé,+ zé; (2.37)
denotethepositionvectorofavariablepointPwithcoordinates(x, y, z)withr
especttotheoriginOandthe unit vectors é;, é,, €3. this same point, when
referenced with respect to the origin0 and the unit vectors
e,, €,, eshas the representation

7 =xeé +veé,+ zés (2.38)
Byconsideringtheprojectionsoffuponthebarred
andunbarredaxeswecanconstructthetransformation equationsrelating
thebarred andunbarredaxes.
Wecalculatetheprojectionsofrontothex, yandzaxesandfind:

7.6, =x =x(€.8)) +y(&5.8)) + z(é5.8,)

y = x(81.8;) + y(&,.8,) + 7(é3.8,)
7.é;3 =z = x(e;.83) + y(&,.&3) + z(€5.85) (2.39)
We also calculate the projection offon to the Xx,y,Z axes and find :

= X(él él) + y(éz él) + Z(ég. él)

=l

r.e; =
e, =y =x(81.8)+y(&,e)+z(é;.e,)
76 = 7= x(61.8,) + y(6,.8)) + 2(85.65)  (2.40)
Byintroducingthe notation(yy, ¥,,v3) = (x,y, 2)
(71, Y2, ¥3) = (X,¥,2)and defining 6;; as the angle between the unit
vectors é; and éj we can represent the above transformation equations in

a more concise form. We observe that the direction cosine can be written

as .



Ly, =8é.&, =cosByy,Li; =&.8;, = cosBq,,L13 = é;.83 = cosBq;
Ly, =&, =050y ,Lyy =&,.8, = c0SBO,,,Ly3 = &,.83 = COSO,3
Ly, = é3;.; = cosBO3;,L3, = é5.8, = c0SBO3,,L33 = é3.€5 = cos O35

(2.41)
Which enable us to write the equations (2.39) and (2.40) in the form
yi =Ly and Yy =Ly, (2.42)
Using the index notation we represent the unit vectors as :
ér =Ly 6, oreé,=Lyé, (2.43)
Where Larethedirection cosines.Inboththebarred

andunbarredsystemtheunit vectorsareorthogonalandconsequently

wemust havethedotproducts

€r €y = Opp and  é,.é, = Omn (2.44)
Where 8ij istheKronecker delta. Substitutingequation
(2.43)intoequation  (2.44)wefindthedirection  cosines L;jmust
satisfytherelations:

er.es = Lprep- Lysém = Lpersep- €m = Lpers5pm = LyyLms = 6rs
and
ér.es = Lypnem. Lgnen = LippLgnep. e = erLsn5mn = LymLsm = 57‘5

The relations
LpyLims = 57‘5 and LymLsm = 57‘5 (2'45)

withsummationindexm,areimportantrelationswhicharesatisfiedbythedi
rection cosinesassociatedwith arotationofaxes.

Combining therotationandtranslationequationswefind

N——r ;
rotation translation



Wemultiply thisequation by L;,andmakeuseoftherelations
(2.45)tofindtheinversetransformation

Vi = Ly (y; — by) (2.47)
Thesetransformationsarecalledlinearoraffinetransformations.
Consider the X; axes are fixed. While the x; axes are rotating with

respect to the x; axes where both sets of axes have a common origin. Let

A= Até; denote a vector fixed in and rotating with X; axes. We denote

by % |f and % | the derivatives of A with respect to the fixed (f) and

rotating (r) axes. We can write , with respect to the fixed axes that

dA! de; . o :
— | f=—é+ A‘ . Note that f is the derivative of vector with

constant magnitude.

Therefore there exists constant w; ,i = 1,.....,6 such that

A

A A . . . . A d
From the dot product é;.é, = 0 we obtain by dlfferentlatlonel.f +

QU
>

d—et é, = 0 which implies w, = w3 . Similarly from dot products

('b>

3 and é,.é; we obtain by differentiation the additional relations
Ws = W, and Wg = Wj.
The derivative of A with respect to the fixed axes can now be

represented

dA dA‘ A )
|f = ez + (WyA3 —w3Ay)é; + (Wsd; —wiAz)é,

dA R
+ (W1A2 - WZAl)él = E |T‘ + W X A

A

Where W = w;e} is called an angular velocity vector of the rotating

system. The term W X A represents the velocity of the rotating system



: dA dA! o
relative to the fixed system and o |r = Eei/\ represents the derivative

with respect to the rotating system.

Employing
thespecialtransformationequations(2.46)letusexaminehowtensorquant
itiestransform  whensubjected  toatranslationandrotationofaxes.
TheseareourspecialtransformationlawsforCartesian
tensors.Weexamineonlythetransformation
lawsforfirstandsecondorderCartesiantensorashigherorder
transformationlawsareeasilydiscerned.
Wehavepreviouslyshownthatingeneralthefirstandsecondordertensorqua

ntitiessatisfythetransformationlaws:

A=A, =— 2.48
l ] ayl ( )
N . dy;
At = Al — (2.49)
A = Al Ym O (2.50)
dy; a}’j
— 6yl 6y]
Apn = Ajj —— 2.51
_ 0V, 0Y;
A = At ==L 2.52
" 9y oy, (2:52)
ForthespecialcaseofCartesiantensorsweassumethaty;and Vi, l =
1,2,3arelinearly independent. We
differentiatetheequations(2.46)and(2.47)andfind
dy; dy; 0Yn dy;
Er Lijﬁ = L6 = Ly and Oy Likﬁ = LixLim

= Lix = Lmg

Substituting these derivatives into the transformation equations (2.48)



through (2.52) we produce the transformation equations

Ampn = AijLiijn

ATt = AlLimLjn



Chapter Three

Wehave previously shownan arbitraryvector Acan
berepresentedinmany formsdepending upon thecoordinatesystem
andbasisvectorsselected. Forexample,considerthe figure(2.16) which
illustatesacartesian coordinate system and curvilinear

coordinatesystem.

E3, ég €1

Figure (2.17).physical components

IntheCartesiancoordinatesystem wecanrepresentavector 4 as:
A=Ae +A,6,tA,8;

Where (€4, &, é3) are the basic vector.

Consider acoordinate transformation to amore genral coordinate system

say (x!,x2 x3).The vector A can be represented with contravariant

components as
A =A"E,+A%E, + A3E;(3.1)

Withrespecttothetangentialbasisvectors(El, E 2, E 3).Alternatively,thesa

mevectorﬁcanberepresented intheform



A= AE' + AE? + AE3 (3.2)

These equations are just differentwaysofrepresentingthesamevector.
Inthe  aboverepresentationsthebasisvectors  neednotbeorthogonal
andtheyneednotbeunit  vectors. Ingeneral,thephysicaldimensions

ofthecomponents A’ and Aj are not the same.
Definition (3.1)
The physical components of the vector A in adirection is defined as

[The projection of A] upon aunit vector in the desired direction.For

example, the physical components of Ain the direction El 18 :-

[l

A EL A = projection of A on E; (3.3)

1| 1

o
™l

Similarly, thephysicalcomp onentofAinthedirection E1is:-

1

A.E =2 —projection of A on E* (3.4)
]

1 |§1|

1]

™l

Example (3.2): physical components

Leta, 5, ydenotenonzeropositiveconstantssuchthatthe product relation
ay = 1 issatisfied. Consider thenonorthogonalbasisvectors

§1 = aé; »Ez = fé; +veé; ,53 = &3
illustratedinthefigure ( 2.17)  Itisreadily verifiedthatthereciprocal

basic

-

E'=yé, —Bé, E*=aé, ,E3=¢

Consider the problem of representing the vector A= Axés +A,8;1n
the contravariant vector form:-

A = A'E, + A%E, ortensor form A',i=12, ...

The vector has the contravariant components

- o

A'= A E'=yA, — Ay and A? = A.E? = a4,



Alternatively,thissamevectorcanberepresentedasthecovariantvector

A = A,E' + A,E? which has tensor form A',i=1,2, ...

Thecovariantcomponentsarefoundfromtherelations

- o

A= A.Ey = ad, A, =A E,~BA, +YA,

The physical components of A in the directions E* and E 2 are found to

> B2 A? A
A =g =02 = Ay “A (D)

> E' A (EYZEY)+A,(E*E?)
AT a0

. E?2 A (EV.E?) + A,(E*.E?)
£ |E?]

= A(2)

Ingeneral, thephysical componentsofavector Ainadirection ofaunit
vector Alisthegeneralized
dotproductinVy.Thisdotproductisaninvariantandcanbeexpressed:-
giin/li = A'A; = A;2' = projection of/T in direction A

In the other side we want to show physical components for orthogonal

coordinate observe the element of arc length squared V5 is
ds? = gijdxtdx! = (h)?(dx")? + (hp)? + (h3)?(dx®)?
Where



(h)? 0 0

gij=| 0 (h)* 0 (3.5)
0 0 (h3)?

Inthiscasethecurvilinear coordinates areorthogonal  and hz(i) =
IO i , 18 not summed and gij =0,i#
j.Atanarbitrarypointinthiscoordinate ~ system  wetake A',i =
1,2,3asaunit vector inthedirection ofthecoordinatex?.

Wethen obtain

M=9 22=0, B =0.

ds >
This aunit vector since
1=g; A"V = gy, 2' 2" = h2(21)? or A= ﬁ ..Herethecurvilinear
coordinate system isorthogonal and
inthiscasethephysicalcomponentofavector Al inthedirection
x! istheprojection ofA*onA'inVs.
The projectioninthex ! direction isdeterminedfrom

o X
A(1)=g;jA'V =g, A'2'=hiA' = hiA,

Similary, we choose unit vectors M' and V%,i=1,2,3 in the x* and
x3 directions.these unit vectors can be represented

2 _dx2_1

1 _ 3 _
‘Ll—O, 'u_ds_ﬁ"u_O

V1:0 , VZ =0 ’V?’ = d—xgzi

ds B3
andthephysicalcomponentsofthevectorA‘inthesedirections
arecalculatedas
A(2)=h, = A> and A(3)=h3A3.
Insummary,wecansaythatinanorthogonal coordinate

systemthephysicalcomponentsof

acontravarianttensoroforderonecanbedeterminedfromtheequations



A(i)=h(i)A(i)= g(i)(i)Ai ,i = 1,2 or 3 no summation on i.
Inanorthogonal coordinate system thenonzeroconjugate metric
componentsare

g®P® = g(;) ,i = 1,2 or 3 ,no summation on i.
IO

These components are needed to calculate the physical components
associated ~ with  acovarianttensorof = orderone.  Forexample,

inthex!—direction,wehavethecovariantcomponents
1

A=g11At = h? — =hy,A;,=0,43= 0 . andconsequently
1

theprojectionin/’; canberepresented

. . . . . 1 A
gijAN=g;jA'g’™ = A; g7 A = A1 g™t = Arhy W2 h_i = A(1)

In a similar manner we calculate the relation

AQFZ and  AG)E
2 3

fortheotherphysicalcomponentsinthedirections

x2andx3.Thesephysicalcomponents canberepresented intheshorthand

notation
A(i)—Ai =4 [ = 1,2, or 3.no summation on {
i Jaow T T T '

Inan orthogonal coordinate system thephysical components associated
with  boththecontravariantand covariantcomponentsarethesame.
ToshowthiswenotethatwhenA'g; j = Ajissummed oniweobtainAlg, j
+A%g,j+A%gsj = A;.

Sinceg;; = 0 for i = jthisequation reducestoA’ 9y =A@ , iis not
summed.

Anotherformforthisequation is

AD=AD /gD (@) =;(+i))(i) , iis not summed



whichdemonstratesthatthephysical componentsassociated
withthecontravariantand covariantcomponentsareidentical.
NOTATION:Thephysicalcomponentsaresometimesexpressedbysy

mbolswithsubscriptswhichrepresent the coordinatecurve along which

theprojectionistaken.For example, let
H'denotethecontravariantcomponentsofafirstorder tensor.The
followingaresomeexamples
oftherepresentationofthephysicalcomponents
ofH'invariouscoordinatesystems:
System components Coordinate Physical
coordinates orthogonal Tensor
general (x1, x2,x3) Ht H(1),H(2),H(3)
rectangular (X,y,2) HE H, Hy,H,
cylindrical (1,0,2) HE H, Hg H,
spherical (p, 0,0) Ht H,,Hg, H
general (u,v,w) Ht H,, H,, H,

Higher OrderTensors:
The physical componentsassociatedwith higher ordered tensors
aredefinedbyprojectionsinV/yjust

likethecasewithfirstordertensors.ForannthorderedtensorT;;  ,wecanse

lectnunitvectorsAt, ul, ...., vtandformtheinnerproduct(projection)

Ty xATM7 ...V
Whenprojectingthetensorcomponentsontothecoordinatecurves,therea
reNchoicesforeachofthe unit vectors. Thisproduces N™physical
components.
Theaboveinnerproductrepresentsthephysicalcomponentofthetensor

T;j. ralongthedirections of the unit vectors ALub, L, vt



The selectedunit vectors
mayormaynotbeorthogonal.Inthecaseswheretheselected unit vectors
are  allorthogonal  tooneanother,thecalculation  ofthephysical
components is greatlysimplified. Byrelabeling the unit vectors
A (m)» A ) .. ..Aip where(m), (n), ..., (p)representoneof
the Ndirections, thephysical components

ofageneralnzhordertensorisrepresented

T(mn ...p)=T;;. lein/ﬁl ...../1’{5
Example(3.3) :Physicalcomponent

Inanorthogonal curvilinear coordinate system Vswith metric g;;, ,j =

1,2,3findthe physical componentsof

(i)thesecondordertensor A;;

(ii)thesecondordertensor AY

(i11)thesecondordertensor A ]‘

Solution:

The physical components ofA,,,, m,n = 1,2,3alongthe directions
oftwounit vectors
Alandu'lisdefinedastheinnerproductinV;.Thesephysical ~ components
canbeexpressedA ;jy =AmpAiyM(5y > L,j = 1,2,3.
wherethesubscripts(i)and(j)representoneofthecoordinatedirections.
Dropping thesubscripts(i)and
(j),wemaketheobservationthatinanorthogonal curvilinear coordinate
systemtherearethreechoicesfor thedirection oftheunit

vectorAtandalsothreechoicesforthedirection oftheunit vector ul.



Thesethree

choicesrepresentthedirectionsalongthex1, x?, or x3coordinatecurves
whichemanatefromapointofthecurvilinear coordinatesystem.
Thisproducesatotalofninepossiblephysical

componentsassociatedwiththetensorA,,, .

Forexample, wecanobtain thecomponentsoftheunit vectorAl, i =
1,2,3inthex ! direction directly

fromanexaminationoftheelementofarclengthsquared
ds? =(hy)?(dx")® + hy*(dx*)? + (h3)* (dx®)?

— =2 22 =04 =0

1

1
Bysetting dx? = dx3 = O,Weﬁndddis

This isthevector /13, i = 1,2,3 .Similarly, ifwechooseto selectthe unit
vector A i = 1,2,3inthex?direction, wesetdx! = dx3 =
Ointheelementofarclength squared andfindthecomponents

_dx® 1

_ 3 _
=% e A0

MA=0 22
Thisisthevectorxléz),i =1,2,3. ,ifweselect/ﬂl, i =

1,2,3 inthex3 direction,wesetdx l=gx2=0

intheelementofarclength  squared  anddeterminetheunit  vector.

dx® 1

M=0,2=0,P=—"=—=
ds h3

this the vector A ,i=1,2,3 . Similarly, the unit vector
(3) y

u'canbeselected asoneoftheabove three directions. Examining
allninepossiblecombinationsforselectingtheunit vectors,wecalculate

thephysical componentsinanorthogonal coordinate system as:



A1

Aan =i, Aa) Zi,  Aansig,
_ Aan Az Azsz
Ay = o s Ao = o A (23) o
— As1 — As2 Asz
A(31) - hshy ’ A(gz) B hzh; A(33) hzhs
Theseresultscanbewritteninthemorecompact form
G 010) . o
A;; = —=—= = no summationoniorj — (3.6)
hepyh;
OLLE);
Formixedtensors wehave
j glmAm] gllAlj + gleZJ + 913‘43] (3-7)
From thefactg = 0 fori =

j,togetherwiththephysicalcomponentsfromequation(2.16),theequatio
n (2.17)reduces to

; N 1 . o
Ag)) = g(l)(])A(i)(j) = hT h(i)h(j)A(ij) no summation oni,]j

)

=1,2,0or 3

Thiscanalsobewrittenintheform

A(ij) = A]‘: Z—; no summationoniorj - (3.8)

Hence, the physical components associated with the mixed tensor A]‘: In

the an orthogonal coordinate system can be expressed as

hl hl
A1) = A} A(12) = A} - A(13) = A5 —
2 3

h? h?
A(21) = A2 — A(22) = A3 A(23) = A2 —
hy hs

h3 h3
A(31) = A3—A(32) = A3 —A(33) = A3
hy h,



Forsecondordercontravarianttensorswemaywrite
.. . . .2 .3
AY giy = A = Allglm + A" gom + A" gam

Weusethefact gij = Ofori =
Jjtogetherwiththephysicalcomponentsfromequation(3.8) to reduces
the above equation to the form Al =
AD) 9(m)(m))nosummationonm.Intermsofphysicalcomponents we
have
@A(- ) = ADmM)p2 A
h(l) im) = (m) or (im)

= A(i)(m)h(i)h(m), no summation oni,i =i,m

=1,2,3 (3.9)

Examining the results from equation (3.9) wefind thatthe physical

components associatedwith
thecontravarianttensorAY ,inanorthogonal coordinate system,
canbewrittenas:

A(11) = AY*hhy  A(12) = A¥2h h, A(13) = A3h hy s
A(21) = A h,h;  A(22) = A*?h,h, A(23) = A?3h,hy;
A(13) = A3h;hy  A(32) = A%?hzh, A(33) = A33h3hs,

Definition (3.4) PhysicalComponentsinGeneral
Inanorthogonal curvilinear coordinate system,
thephysicalcomponentsassociated

withthenthordertensorT;; j;alongthecurvilinear coordinatedirections

canberepresented:



no summation

These physical components can berelatedtothevarious
system, thephysical componentsassociated withthemixedtensorcanbe

expressedas:

TG oo oo D) = 7O PORG = RiORW (4 4

M)...... () D) h(n) . h(k)h(l)
Example(3.5):Physicalcomponents
Letx! = x'(t),i = 1,2,3denote thepositionvector ofa
particlewhichmovesasafunction oftimer. Assumethere
existsacoordinatetransformationk’ = x*(x)for i =1,2,3.

Thepositionof theparticle whenreferencedwithrespect tothebarred
system ofcoordinates canbefoundbysubstitution.The generalized
velocity oftheparticle intheunbarredsystem
isavectorwithcomponents

i

b= i=1,23.
dr

v

The generalized velocitycomponentsofthesameparticle inthebarred
system isobtainedfromthechain.rule.
Wefindthisvelocityisrepresentedby

,_dx' _oxtdx) ox' ;
ViS4 T o dt oxd

Thisequation impliesthatthecontravariantquantities

1 2 3

1 ..2 .3 _ (dx" dx° dx
(v ;v ;v)_( ) )

dt * dt = dt



aretensorquantities. Thesequantitiesarecalledthecomponents
ofthegeneralizedvelocity. Thecoordinates x1,x?2, x3aregeneralized
coordinates. This means wecanselectanysetofthree

independentvariables for therepresentationofthemotion.

Thevariablesselectedmightnothavethesamedimensions.  Forexample,
incylindricalcoordinateswelet(x! = r,x% = 6,x3 = z).
Herex!andx3havedimensions ofdistance butx?hasdimensions
ofangular displacement.Thegeneralized velocitiesa

~ dx' dr dx* do dx3 _dz

2 _ 3 —

“dt dr '’ T ar ar 't T ar dt

1

Herevland v3haveunits oflengthdivided bytimewhilevZhastheunits
ofangular velocity orangular change divided by time. Clearly, these
dimensions are notall the same. Let us examine the physical
components ofthe generalized velocities.  Wefindincylindrical
coordinatesh; = 1, h, = r, h3 = landthe

physicalcomponentsofthevelocityhavetheforms:

r
v, =v(1) = vih, = V0= v(2) = v2h, = T V= v(3)
dz
= 3h = —
AT
Nowthephysical components ofthevelocityallhavethesameunits

oflengthdivided bytime. Additionalexamples oftheuseofphysical
componentsareconsidered later. For the timebeing, just remember
thatwhen tensor equations are derived, the equationsare valid inany
generalized coordinate system.
Inparticular,weareinterestedintherepresentationof

physicallawswhicharetobeinvariantand independentofthe



coordinatesystem usedtorepresenttheselaws. Onceatensor equation

isderived, we canchoseanytypeofgeneralized coordinatesandexpand

thetensorequations.
Beforeusinganyexpanded tensorequations wemust
replaceallthetensorcomponentsbytheircorresponding physical

componentsin orderthattheequationsaredimensionally homogeneous.
Itistheseexpanded equations,expressedinterms

ofthephysicalcomponents,whichareusedtosolveapplied problems.
TensorsandMultilinearForms:

Tensors canbethoughtofasbeingcreated
bymultilinearformsdefinedonsomevector spacel/.Let
usdefineonavector spacelalinear form,abilinear formand ageneral
multilinearform. = Wecanthen  illustratehowtensors  arecreated
fromtheseforms.

Definition (3.6): Linearform

LetV denoteavectorspacewhich containsvectorsx, X, X, Alinearformin
X,isascalarfunction

@ (X)havingasinglevectorargumentXwhichsatisfiesthelinearity
properties:

(D) o +%) = @)+ e(X;)
(i) uxy) = pe(xy)

forallarbitraryvectors,, X,inVandallrealnumbers .

Example (3.7)

() =A%



oY

Where
isaconstantvectorandXisanarbitraryvectorbelongingtothevector

spaceV.

NotethatalinearforminXcanbeexpressedintermsofthecomponentsofthe
vector¥andthebase vectors (&, é,, &;)usedtorepresentXToshowthis,

wewritethevectorXinthecomponentform
= i A 1A 3a
X=x¢ =x"€ +tx°€; +x°€3

Where x%,i,1,2,3 are the components of X¥with respect to the basis

vector (&4, &,, &3) . by linearity property of ¢ we can write
p(X) = (P(xiéi) = (x'8; + x%8, + x3&3)
= p(x'8)) + p(x%&;) + p(x°8;3)
=x'p(&;) + x?*p(&) + x°(&3) + x' (&)

Thus we can write @(¥) = x'@(&;) and by the definition the quantity

@(&;) = ai as tensor we obtain ¢(¥) = x'a;.

Note that if we change basis from (&, &,,83) to (El, 52,53) then the

component of Xmust change.

Lobbing x! denote the component of ¥ respect to the new basis , we

would have
% =%E; and &) = (fiﬁi) = fi(p(ﬁi)
Thelinearformgdefinesanewtensorai = (p(ﬁi)sothat o(X) = x'a;..

Whenever there i1sadefiniterelation between the basis vectors

(81,8,,8;) and (Ey, E,, E3) say



dx’
Ei = afl e]' .

then there existsadefiniterelationbetween

thetensorsa;anda;.. Thisrelation is

x’/ ) dx’ dx’

a= ()= ¢ <0fi 4 ) =75 &) = 5 %

Thisisthetransformationlawforanabsolutecovarianttensorofrank
ororderone.

Definition(3.8): Bilinearform

Abilinear forminXandyisa scalar functiong(X,y)withtwovector

arguments,whichsatisfies thelinearityproperties:
(l) (p(fl + 32')1, 5}1) = (p(fli}_}l) + (P(fz, 5}1)
(@) o,y +2) = oKLY + 9(X,¥2)

(l”) (p(.ufli 5}1) = M(p(fli 5}1)

(iv) @(Fy, uy1) = ue(xy, y1) (3.11)
forarbitraryvectorsxy, X, Y1 ¥, inthevectorspacel andforall
realnumbers . Noteinthedefinitionof

abilinearformthatthescalarfunctiongislinearinboththeargumentsx and
y.

Example (3.9)
abilinear formisthedotproductrelation

(X, y)= %"y (3.12)

whereboth¥ and ybelongtothesamevectorspaceV.

Definition (3.10) :Multilinearforms



Amultilinearformofdegree MoraMdegree

linearforminthevectorarguments Xy, X5, ... ... ., X)yinascalarfunction
@(X1, X3, e o ., Xpp)ofMvectorargumentswhichsatisfiesthepropertyth
atitisalinearformineachofits arguments. Thatis,pmust

satisfyforeachj = 1,2,..., Mtheproperties:

DRy, oee s Bj1, Rjog e eeee, Xag)

= @(Fy, e g e Xag) + @(Ry, e g e, Xay)
D) @Ry ooy uHj oo, X)) = p@(Fy, o, X o, Xpyg) (3.13)
forallarbitraryvectorsxy, ...., Xp/inthevectorspaceV andallrealnumbers
I
Example (3.11)

Thirddegreemultilinearformortrilinearformisthetriplescalarproduct
p(x,y,2) =% (y,2)(3.14)

Note thatmultilinearformsareindependentofthe coordinatesystem
selected and depend onlyupon the allvectors withrespect tothis basis
set. For example, ifX,Yy, Zare threevectors wecan representthese

vectorsinthecomponentforms
= [ A o I A - kA
X =x'¢ ,y=y'¢,7Z=x"¢,3.15)

wherewehaveemployedthesummationconvention
ontherepeatedindicesi, jandk.Substituting

equations(3.15)intoequation (3.14)weobtain

(p(xiéi Jyjéj;xkék) = xiyjzk(p(éi ;é];ék)(316)



Since @islinearinallitsarguments.Bydefiningthetensorquantity
0(8 ,8,8) = ey (3.17)

The trilinearform, givenbyequation (3.14), with vectors fromequations
(3.15),canbeexpressedas

o(x'ylz*)=ey x'yIz%,i,j,k = 1,2,3 (3.18)

Thecoefficientse;jof  thetrilinearformiscalledathird ~ ordertensor.

Itisthefamiliarpermutationsymbol considered earlier.

InamultilinearformofdegreeM =

@(X,y, ... Z)theMargumentscanberepresentedinacomponent
formwithrespecttoasetofbasisvectors(é, €,, €3) Letthesevectorshaveco
mponents xi,yi,zi, i = 1,2,3withrespect totheselectedbasisvectors.
Wethencanwrite

A

X=x'¢ ,y=y8,Z=x"

€
SubstitutingthesevectorsintotheMdegreemultilinearformproduces
o(x'e; ,y78 ..., x¥8y)

=xlyl, . z2%((8; .8, o &) (3.19)

Consequently,themultilinearformdefinesasetofcoefficients

-

aij...x = (Ei Ej, ... Ey)(3.20)

Thisnewtensorhasabaroverittodistinguishitfromtheprevioustensor.Ade
finiterelation  existsbetweenthe  newand  oldbasisvectors and

consequently thereexists adefinite relationbetween



thecomponentsofthebarred

andunbarredtensorscomponents.Recallthatifwearegivenasetoftransfo

rmationequations
yt=yi(xt x%,x%),i = 1,2,3 (3.21)
fromrectangulartogeneralized curvilinear
coordinates,wecanexpressthebasisvectors inthenewsystem
bytheequations
L0y
E; = PR 1,2,3 . (3.22)

For example, seeequations (2.11) withy! = x,y2 =7y, y3 =z,x1 =

u,x? = v,x3 = w.Substituting

equations(3.22)intoequations(3.20)weobtain

Bythelinearitypropertyof ,thisequation isexpressible intheform

_ oy oy’ oy
al] ...... k = axl ax] et axk (p(eo(a;eﬁﬁ -..,eyy)
_ ay*® ayﬁﬁ ayyy
al] ...... k= axi ax] axk a;ﬁ;y

This isthe familiar transformationlawforacovarianttensorofdegree
M.By  selecting  reciprocal  basis  vectorsthecorresponding
transformationlawsforcontravariantvectorscanbedetermined.

The aboveexamples illustratethattensorscanbeconsidered
asquantitiesderivable frommultilinearformsdefinedonsomevector

space.



Definition (3.12): DualTensors

The e-permutationsymbol isoftenused togenerate

newtensorsfromgiventensors.For T; ; ; a skew-symmetric tensor,

wedefinethetensor

Tj1j2 ------ Jn-m — iehjz ............ jn—mi i i.T: m<n (3 23)
— 1l e b Ty < :

asthe  dual tensorassociated with T; ; ;. Notethatthee-
permutationsymboloralternatingtensor has
aweightof+landconsequentlythedualtensorwillhaveahigherweighttha
ntheoriginaltensor.

Thee-permutationsymbolhasthefollowingproperties

i1l N —
eliizivg; ;... iN =Nl ;,

i1l iNp., . p. . . =
e el1lzeJ1,12'---JN

N 29 Ly imi1iziN_m — JiJzeendm
€y Ky 1112 iy_meltfzrImhlzin-m = (N —m)l §; 72 Km
sz dm =m!T, (3.24)

kiKy.onkyn  J1J2 weendm FURiKp ek '
Usingtheabovepropertieswecansolvefortheskew-symmetric tensor

interms ofthedualtensor. Wefind

1 L .
T]1]2 ........ Jn-m (325)

whichisafirstordertensororvector. NotethatA; ;hasthecomponents

0 A, Agz
—Ay, 0 Ays|(3.26)

—A;3 —Azz O

Notethatthe vector components haveacyclicordertothe



indiceswhichcomesfromthe cyclicproperties ofthee-
permutationsymbol.

Asanotherexample,considerthefourth orderskew-symmetric
tensord;j., i, j, k, I = 1,...,n.Wecanassociatewiththistensor

anyofthedualtensorquantities

1 ..
— ijkl
V=€ T Aijr

i_ 1 ijkim 4

ij — l ijklmnA

. 1 ..
ijk _—_ ijklmn
A Ee J pAijklmnp

ijkl — leijklmnprA_

v 4! ijklmnpr






