Chapter 1
Integral and Fractional Differential Equations

We aim to extend the use of the Riemann-Liouville definition of fractional
calculus to solve a differintegral equation of Volterra’s type of the form D f(x) +
aD™" f(x) = g(x), with positive R(u) and R(v), a € C and g(x) being a given
function.
Sec (1.1) :The Integral Equations and Operators of Arbitrary Order
An integral of the form

L Jx(x - )V f(t)dt Re(v) 20 (1)
T J, ' )

Is known as the Riemann-Liouville integral. It defines integration and differentiation
to an arbitrary order. The R-L integral can be denoted by .D;"f(x). The subscripts
on the operator D denote the terminals of integration. The fractional calculus is not
limit derived; hence, the words "terminals of integration” are more appropriate than
“limits of integration’’. When v = n an integer, the operators ,D;” and ,Dy are,
respectively, ordinary integration and differentiation.

The idea of differentiation to an arbitrary order started in 1695 when L'Hopital
asked Leibniz what would happen with d"y/dx™ when n = 1/2. Subsequently, the
topic started with the misnomer fractional calculus because v can be rational,
irrational or complex. After a half century of controversy due to the lack of a precise
definition of fractional derivatives, the matter was finally settled in 1886 by Laurent
who developed (1) starting with Cauchy’s integral formula in the complex plane.

One of the applications of the fractional calculus is the simplification of the
solution of certain integral equations as shown in [1]. Abel, in 1823, was the first to
apply the fractional calculus in the solution of the integral equation

[ “Ge- 0" f(©)de = k,
0

where k is a constant, which arises in the formulation of the tautochrone (isochrone)
problem and other physical problems [2].
The solution of the integral equation

F) +2 f Ko O (0) de = g(x)

was originally attained by Volterra in 1896. When K (x, t) is a difference kernel of the
form K(x — t), the standard technique for solving the above when ¢ = 0 is the use
of Laplace transforms provided that the Laplace transform (one-sided) of the
functions f(x),K(x),and g(x) exist. Volterra's method which stemmed from the
work of J. C. F. Sturm (1836) was attained as the limiting form of a set of algebraic
equations in which differences of equally spaced points on (c, x) were used.
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This chapter has a dual purpose. One purpose is to exemplify the power and elegance
of the Riemann-Liouville operators in the solution of a Volterra type equation of the
form

Fo)+ees | - 0" F dt = g(x) @
rw) J, - B

where g(x) is a known function and where f(0) and f'(0) are assumed to be finite.
The exponent on the kernel can be arbitrary with the exception that v—1 #a
negative integer.
A second purpose is to introduce a method of solving (2) which is conceptually
different than that of Volterra, Fredholm, and Laplace transforms. This method
consists of repeatedly applying R-L operators of appropriate order until (2) is
transformed into an ordinary differential equation. This transformed equation is called
the rational equivalent. The nonhomogeneous term g(x), as a result of repeated
operations, gives rise to generalized integrals and derivatives. Thus, g(x) is in a wide
class of functions such that D*? g(x) is calculable. A table of integrals and
derivatives to an arbitrary order is given in [3]. As an example to illustrate the
procedure, we will specify v = 2/3 and g(x) = x2.
Eq. (2) is written in operator form:

FO) + D 7f(x) = %2 (3)
Operate on (3) with D~1/3 and D'/3. Omitting subscripts on D for conve- nience, we
get the two equations

D'3f(x) + D71 f(x) =D7'/3x? (4)
and
DY3f(x) + D~V3F(x) = D32, (5)
Operate on (4) with D*/3 which yields
Df(x) + DY3f(x) = Dx>. (6)

In (6) substitute for D/3 f(x) which is obtained from (5) getting
Df(x) —D7Y3f(x) + DY3x? = Dx?. (7)
In (7) substitute for D~1/3f(x) from Eq. (4) and we will have
Df(x) — (=D71f(x) + D~Y3x%) + D1/3x2 = Dx?, (8)
or
Df(x) + D71f(x) = Dx? — D'/3x% + D71/3x2, (9)
Finally, operate on each term above with D:

D?f(x) + f (x) = D?x? — D*/3x? 4+ D?/3x?
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which we write as
f"(x)+ f(x) =2 —D*3x? + D?/3x2, (10)

In developing Eq. (10) which is the rational equivalent of (2), it is important
to note the use of the index laws for integration and differentiation to an arbitrary
order. In the Riemann-Liouville fractional calculus the index law for integration to an
arbitrary order

o7 (DI F () = oDy PV f ()

generally holds true; however, the index law for differentiation to an arbitrary order
oD? (oDIf () = oD F(x)

holds only for certain p 4+ g, and f(x), [2]. This is one of the subtle perils in dealing
with fractional operators. It is worth examining the operation we did earlier with
D*/3. We assumed D*/3(D~1/3x%) = Dx? = 2x.

The above result can be readily verified by first computing OD;1/3x2. From
the list of formulas for integration and differentiation to an arbitrary order, we have
the formula for integration to an arbitrary order

oD7Vx® = %xaﬂ Re(v) =0, az=0.
ODx_1/3x2 — ') x7/3

r'(10/3)

-1/3,.2 _ _I'G) 73
b x r'(10/3)

For differentiation to an arbitrary order we have the formula

I'(a+1 _
OD;c/xa _ ( ) a—v

> >
r— , Re(v)=0, a=0.

4/3( T3 773y _ LG  __  rQ10/3) _
0™x (r(10/3) )_r(10/3) r((7/3)_(4/3)+1)x—2x- (11)

We compute the second and third terms of the right side of (10) with the above
formula (11).

D4/3x2 — 2/3 _ K1X2/3 (12)

rG/3)”
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2/3,2 — _ 2 4/3 — 4/3
D“/°x Ik Kyx*/> . (13)

The differential equation (10) can now be written as
y' +y = 2 —Kx?/3 + K,x*/3, (14)
The solution to (14) is the complementary solution
c1Sin x + ¢,CcoS x

plus the particular solutions. The particular solution for 2 is clearly 2. To obtain y, for
—K,x%/3 the method of variation of parameters is used. The Wronskian

sinx cosx | _

. = —1.
cosx —sinx

W (sin x, cos x) =

Identifying y; = sinx and y, = cos x, we have

r =yaf(x) _ —(cos x)(—K1x?/3) _
u === - _

—Kx%*3cos x,
and
X
U = —Klj x%/3 cos xdx.
0

yif (x) _ (sin x)(=K1x%/3)

= K,x?/3sin x,
w -1

uZ -
X

U, = Kl_[ x%/3 sin xdx.
0

Thus, the particular solution for —K; x2/3 is

—K;sinx f
0

Similarly, we find the particular solution for K,x*/3 to be

K,sin xj
0

The solution to (14) is thus

X

x?/3 cos xdx + K, cos xf x%/3 sin xdx.
0

X

X
x*/3 cos xdx — K,cos xf x*/3 sin xdx.
0

X
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X
y= f(x) = clsinx+czcosx+2+sinxj (Kyx*/3 — K1x2/3) cos xdx
0

X
+cos xj (K1x%/3 — K,x*/3) sin xdx. (15)
0

We can determine the constants c; and ¢, from the original integral equation which
we rewrite for convenience:

1
r'(2/3)

We note in the above that £(0) = 0. Thus, we take c, = —2 to meet this condition.
Thus, the solution is

) + j?x—ﬂﬁﬂfawu=x2 (16)
0

f(x) = c¢ysinx — 2cosx + 2 + sin xj

.t cosxj . (17)
0 0

To determine c¢; we take the derivative of the original integral equation (1.1.16) and
determine f'(0):

d 1
dxT'(2/3)

f(x)+ Jx(x —t)73f(t)dt = 2x. (18)
0

Leibniz's rule for differentiating an integral with respect to a parameter is

b(x)
P | Fbe,x1b ) — Flalo),x1a o),

b(x)

d
—| fxd =j

X Jax) ax)

The derivative of the integral in (18) is then
1 X
-3 | G- 07 f@dx + v A1) -0
0
For £'(0) Eq. (1.1.18) is

f(0)=0+ lim&

— 0. 19
t—x (x —_ t)1/3 =0 ( )

Passing to the limit and then letting x = 0 yields the indeterminate form 0/0 because
£(0) = 0. The application of L'Hdpital's rule yields
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lim 11m —3(x — t)3f (1)

x—0

Obtaining
f)=0-f(0)=0. (20)

To determine the constant ¢; in (17), we take the derivative of (17) and set x = 0
which gives

£'(0) = ¢, cos 0.

Thus ¢; = 0 and the solution is

x 4 2
f(x)=2—-2cosx+ sinxj (K2x§ — K1x§) cos xdx

0

X
+cos x j (K1x%/3 — Kyx*/3) sin xdx, (21)
0
where K; = 2/I'(5/3)and K, = 2/I'(7/3).

To get a good feel for the efficiency of the method of fractional operators, we can
compare it to the method of Laplace transforms. Our original integral equation is

fx)+ x(x — )73 f(t)dt = x2.

1
I'2/3) Jy

From the theory of convolution integrals we can write

Lf () + L{x™'3 « f(x)} = L{x?},

r(2/3)
L{x713} . L{f ()} = =.

fs) + r(z Vo

Then

1 T(2/3)

) + 57 () =3

_ 52/3 _ 2
f(S) 3 ) s2/341 s7/3(s2/341)

The inverse Laplace transform of F(s) is f(x). However, the inverse of the function
on the right above requires a substantial effort to obtain. This effort supports the
assertion that the method of fractional operators is indeed an efficient one.
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Sec (1.2) : Fractional Differintegral Equation
Among several definitions of fractional calculus, see, for example, Oldham and

Spanier [4]; Nishimoto [5]; Samko, Kilbas and Marichev [6], and Miller and Ross [7],
the Riemann-Liouville definition is the most widely used.
The Riemann-Liouville (R.-L.) fractional integral operator is defined by

_ 1 _
D 5f(x)—mjo (x =) 1 f()dt, R(), x>0, (22)

whereas the R.-L. fractional differential operator is defined by
D?f(x) = D*"[D* ™ f(x)], R(@BE) =0, x>0,n=[a] +1 (23)
Our aim is to solve a general differintegral equation of Volterra’s type of the form

a [* B B
DHFC) + s jo (x— " F(B)de = g(x), (24)
that can be rewritten in the R.-L. notations
DEf(x) +aD™ f(x) = g(x), (25)

where R(u) and R(v) are positive, g(x) is any given integrable function on the finite
interval [0,b] and a € C.
Ross and Sachdeva[8], Suarez [9] have considered equation (24) for u =0,a =1
and v being a positive rational number by applying successively the R.-L. operators
until the integral equation reduced to an ordinary differential equation. Al-Sagabi] has
generalized the method used in [9] and showed its efficiency for solving a
differintegral equation (25) with a = 1 and u + v being a positive rational number.
For the case R(w) and R(v) having different signs, equation (25) reduces to purely
fractional integral or differential equations which were studied earlier by many others.
Applying the fractional integral operator D™* to the both sides of (25), we have
D7H#D*f(x) + aD™*7Vf(x) = D" g(x). (26)
Let n be an integer such that n = [u] + 1. Then according to formula from [6], we
have

DD F(x) = f(x) - ZF( k)f,f” ), @7

where
fn(n k=D () = Dprk=lpu—nf(x) = pr=k=1f(x) (28)
Therefore (26) becomes
—k—1

n xﬂ
[ = D#g(x) = aD V() + ) Te s DO, (29)
k=0

Applying to the both sides of (29) operator (—_a)mD‘m(“”) we get
(_a)mD—m(u +v)f(x) — (_a)mD—y—m(y +v)g(x) + (_a)m+1D—(m+1)(u+v)f(x)
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k-1

+ZD” =1 £(0)(— a)mD‘m(“+V) m=012,.. . (30
4 Tl 0
Using equatlon from [6]
xu—k—l xu+m(,u+v)—k—1
Dp~m+) = (31)

Tu—k) Tw+m@u+v)—k)
we have

( a)mD—m(u+v)f(x) _( a)mD—u m(u+v)g(x)+( a)m+1D (m+1)(y+v)f(x)
xu+m(u+v) —k—-1

u—k—1 m
ZD f(0)(=a) Fr(u+m(u+v)—k) (32)
Summing up (32) from m = 0 to oo, we get
Z (—aymD T f(x) = 2( @) D g (x)
* i(—a)mD‘m(’””f(x) oS o oy 3 e (33)
Z LTt mE+v) -1

m=1 =
The inner series in formula (33) can be expressed via the Mittag-Leffler function. The
Mittag-Leffler function

()™
= F'(am + B)
Is defined usually under the restriction that « and g are real numbers and a > 0 (see
Erdelyi [10] ). But using the Stirling’s asymptotic formula for the gamma function it
is not difficult to see that the series in the right-hand side of formula (34) converges
even when a, are complex numbers and R(a) > 0. Furthermore, the resulting
function is also an entire function and has many properties of the Mittag-Leffler
function (in particular, formula (43) and (45)) are still valid.
Canceling all common terms in the left and right-hand sides of (33) and rewriting the
inner series as the Mittag-Leffler function in the general meaning we get

fO) = ) ("D (x)
m=0

Eqp(x) = (34)

.
+ Z DEK1 F(O)xh K, i (—axt+). (35)
k=0

We have

hod hod x —t ptm(u+v)-1
> aympmismgi = ' [0 IOLE
m=0 m=0

o T(u+mu+v))
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- jo (= 1 By (—ale — 0F) g (D)dt,

where the interchange of order of summation and integration is possible, since
i (x — )@+
Foyer ) F(u +m(u + v))

is uniformly bounded in the domain 0 <t < x < b. Therefore, formula (35) now
becomes

f(x) = j (x— )" E ., (—alx — ") g(t)dt

n—1

Za Xt L (axk ). (36)

We shall prove that formula (36) gives indeed a general solution of equation (25)
when «g, a4, ..., @, _, are arbitrary numbers. Applying operator aD™" to the both
sides of formula (36), or equivalently, to (35), we have

aD™f() =@ ) (~a)" D= g(x)
m=0

[o¢]

xhtm (u+v)—k-1

+akZ z —a)"b F'(u+m(u+v)—k)

m=0

ot . - - A (m+1)—k—-1
N Z<—“> DM () _Z“" Z<—“> 1 (e +V)(m+1) -k

x(u +v)m—k-1

Z( @y DI g () — Zak Z<— " arom=y 7
On the other hand

DEf(x) = ) (~a)"DH Dm0 g (x)
m=1

xHtm (u+v)—k-1

+kzzoak;<—a)m R ey ST

D¢x#*1 =0 for k=0,1,..,n—1, (39)

When m = 0, we get

whereas when m > 0
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xHtm (u+v)—k-1 _ xm(,u +v)—k-1

F(u+mu+v)—k)  TOn(u+v)—k) (40)
Consequently
D.Uf(x) — 2 ( a)mD m(,u+v)g(x)
m(u+v)—k—1
* z e Z (-a) Fm(u+v) —k) (41)
Now summing up formulae (37) and (41) we obtain
DEf(x) +aD™" f(x) = g(x), (42)

that means (36) is a solution of equation (25). Consequently, the homogeneous

equation (25) has [u] + 1 independent solutions. If we consider a Cauchy problem
DFf(x)+aD™Vf(x) = g(x), D**'f(0)=a, k=01,..,[ul, (43)

then the Cauchy problem (42) has the unique solution (36).

PARTICULAR CASES

(i) Let g(t) = t*71, a > 0. By [11]:

f (x =) Eypy, (—att ™)ttt = T(@)x 7 LE, 4y yyg (—axt ™), (44)

0
the solution f(x) will be given in this case as follows:

f(X) = F(a)xu+a_1Eu+v,u+a (_axM+V)
n—1

+ Z ay x**E, L, (—axH ). (45)
k=0
(ii) Put g(t) = Ey 4y a4y (—bt**)x“*~1 By [11]:
X

j Eu+v,a+v (Zt,u+1/)ta+y—1 (_a(x - t),u+v)(x - t)'u_l dt
0

— Eu+v,a(zx‘u +v)_fu+v,a (—axt*V) xa_l (46)
zra

the solution f(x) in this case becomes
Eyty a(_bx”+v)_Ey+v,a(_ax“+v) xa_l

o = e
e
+ z @, x“_k_lE#Jrv,#_k (—axHtv). (47)
k=0
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Chapter 2

Analysis of Bounded Variation and Autoconvolution Equation with
Determination of A density Function

For Au = z. Let
T(w) = |Au — z||* + & ()

where the penalty, or ‘regularization’, parameter @ > 0 and the functional J(u) is the
bounded variation norm or semi-norm of u, also known as the total variation of wu.
Under mild restrictions on the operator A and the functional J(u), it is shown that the
functional T'(u) has a unique minimizer which is stable with respect to certain
perturbations in the data z, the operator A, the panmeter «, and the functional J(u).
We concerned with the numerical analysis of the autoconvolution equation x * x = y
restricted to the interval [0,1]. We give results on existence and make notes on
uniqueness and stability. We show the ill-posedness of the equation by an example
and make assertions on its regularization by Tikhonov’s method. We show the weak
closedness of the forward operator for some appropriate domain. We show that the
autoconvolution coefficients of a monotone sequence of functions is a continuous
function.
Sec(2.1) : Bounded Variation Methods for IllI-posed Problems
Consider the equation

Au=2 (D)
where A is a linear operator from L? (Q) into a Hilbert space Z containing the data
vector Z. Of particular interest is the case where problem (1) is ill-posed, e.g. when A
Is compact. The data Z and the operator A are assumed to be inexact, and
approximate solutions to (1) are desired which minimize the undesirable effects of
perturbations in Z and A. Of practical interest are Fredholm integral operators of the
first kind

Au@) = | ko) @
Q
For example, certain blurring effects in image processing may be described by

convolution operators, in which case k(x,y) = k(x —y).

Problem (1) is ill-posed and discretizations of it are highly ill-conditioned. To
deal with ill-posedness, one should apply methods which impose stability while
retaining certain desired features of the solution. Historically, these have come to be
known as 'regularization' methods, since stability was typically obtained by imposing
smoothness constraints on the approximate solutions. In many applications,
particularly in image processing (see [20,14]) and parameter identification (see [16]),
a serious shortcoming of standard regularization methods is that they do not allow
discontinuous solutions. This difficulty can be overcome by achieving stability with
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the requirement that the solution be of bounded variation rather than smooth. For
problem (1), this requirement may be enforced in several ways. One approach is to
solve a constrained minimization problem like

min/(u)  subject to |Au — Z|| = o (3)

where a2 is an estimate of the size of the error in the data and J(w) is the bounded
variation (BV) norm or semi-norm of u (see [15] for definitions and background).
This is essentially the approach taken by Rudin et al [19, 20]. A closely related
approach is taken by Dobson and Santosa [14], where the constraint in (3) is replaced
by the operator equation (1). In the application considered, discretizations of (1) are
severely underdetermined. An earlier reference on the use of BV functions in a
parameter identification setting (where a constraint on J(u) is imposed instead) is by
Gutman ([16]).

Another closely related approach, which is taken by Santosa and Symes [21]

and Vogel [24], is to solve the unconstrained minimization problem
min, [|Au — Z||* + aJ () (4)

This can be viewed as a penalty method approach to solving the constrained
minimization problem (3). Here the penalty parameter a > 0 controls the trade- off
between goodness of fit to the data, as measured by ||Au — Z||?, and the variability of
the approximate solution, as measured by J(u). This penalty approach is widely
known in the inverse problems community as Tikhonov regularization, although the
term ‘regularization’ seems inappropriate here since discontinuous minimizers may
be obtained.

A slightly more general penalty functional than the BV semi-norm will be
considered. For sufficiently smooth , define

Js ) = jﬂ JIVal + B dx ©)

where = 0. When B = 0, this reduces to the usual BV semi-norm (the BV norm is
given by |lullgy = llull,1q) +Jo(w) ). Jo(w) is also commonly referred to as the total
variation of u. A variational definition of J; is presented below which extends (5) to
(non-smooth) functions u. Taking g > 0 offers certain computational advantages,
such as differentiability of the functional /; when Vu = 0.
A number of important questions arise in the implementation of numerical

methods to solve the minimization problem (4). For instance,

Is problem (4) really well-posed?

In what function space does the solution to (4) lie, and what norm is appropriate

to measure convergence? These questions are of more than academic interest,

since they should influence the choice of approximation schemes and the
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selection of stopping criteria. For instance, the analysis below shows that the

choice of L? to measure convergence in an iterative solution of (4) may be

inappropriate if the solution is a function of two or more (spatial) variables.

What is the effect of taking small 8 > 0 in (5) rather than taking g = 0?

As perturbations in the data z and the operator A vanish (say, as discrete

approximations become more accurate), what conditions on the regularization

parameter a are necessary in order to obtain convergence to an underlying exact

solution (to an unperturbed problem)?

This section contains an overview of functions of bounded variation. Most of the
results in this section are standard extensions to L? () for p > 1 of results found in
Giusti. Included in this section is a variational definition of J; and a discussion of

important properties such as convexity, semicontinuity, and compactness.
Let O be a bounded convex region in R%,d = 1,2,or 3, whose boundary 9 is

Lipschitz continuous. Let |x| = / ?=1 x? denote the Euclidean norm on R<. Denote

the norm on the Banach spaces LP (Q) by |[|[|»(q), 1 < p < . Let |Q] denote the
(Lebesgue) measure of Q, and unless otherwise specified, let ys denote the indicator
function foraset S c Q.

As in [15],define the BV semi-norm, or total variation,

Jo(u) & m€11r]1 j (—udivv) dx (6)
v Q
where the set of test functions
V= (GRY): v(x)|<1 forall x €Q}. (7)
If u € C1(€), one can show using integration by parts that
Jo@ = | 1vuldx. ®)
Q

By a standard denseness argument, this also applies for u in the Sobolev space
WL1(Q). The space of functions of bounded variation on Q is defined by

BV(Q) ={u € L'(Q) : J,(w) < o}, 9
The BV norm is given by
llullgy = llullirq) + Jo(w). (10)

BV(Q) is complete, and hence a Banach space, with respect to this nom. The Sobolev
space W11(Q) is a proper subset of BV(£), as is shown by the example in [15]. Note
that for Q bounded, L? (Q) c L*(Q)f or p > 1. From the definition, BV(Q) c L' (Q).
It is shown below that BV(Q) c LP(Q) for1 <p <d/ (d — 1).

Next, define an extension of (5) which is analogous to (6) .Identifying the convex
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Functional f(x) =+/|x|? + B with its second conjugate, or Fenchel transform see

[13],
P+ B = sup{x-y +JBA -y :y e RUy <1}, (11)

the supremum being attained for y = x /|x|? + B . Motivated by this and (6), define
Jp(w) = mmj (—udivv + \/ﬁ(l — |v(x)|2)) dx. (12)
Q

Note that for § > 0, J4 is not a semi-norm.

Theorem (2.1.1)[174] . If u € W11(Q), then (5) holds.
Proof. Since C1(Q) is dense in Wi1(Q), it suffices to show (5) foru € Wi (Q).
In this case, for any v € V, Green's theorem (integration by parts) gives

j (~udivy + B =) dx = j (Vu-v+BA— VD)) dax
Q

Q

Sj VIVul? + B dx. (13)
0

The inequality above follows from (11). Consequently, J5 (u) < fQ VIVul? + B dx .
To show the reverse inequality, take v = —Vu./|Vu|? + B, and observe that

j (Vu-17+ B —|v|? )dx—f VIVul|? + B dx
Q

and ¥ € C(Q; RY) with |[¥(x)| <1 for all x € Q. By multiplying ¥ by a suitable
characteristic function compactly supported in Q and then mollifying, one can obtain
vEVNCy(Q) for which the left-hand side of (13) is arbitrarily close to

Jo VIVu|? + B dx.
The next theorem shows that both J, and J; have BV(Q) for their effective
domain, and that J, is the pointwise limit of J;.
Theorem (2.1.2)[174]. (i) Forany g > 0 and u € L'(Q), J,(u) < o if and only if
Jp(u) < oo; (ii) Forany u € BV(Q),
Jim J () = Jo(w). (14)
Proof. Foranyv € V and u c L'((Q),

j (—udivv) dx < f (—udivv +/B(1— |v|2)) dx
Q Q
< j (—udivv + /B) dx
Q

Taking the sup over v € V,
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Jo@) < Jp(w) < Jo(w) +/BlOl. (15)
The results follow from the boundedness of (.
Theorem (2.1.3)[174]. For any § =0,/ is weakly lower semicontinuous with

respect to the L? topology for 1 < p < oo,
Proof. Letu, — u (weak convergence in L? (Q)). Forany v € V, divv € C(Q), and
hence,

f ((—ﬁdivv) + /B = |v|2)) dx = nlzrgoj- ((—undivv) + B = |v|2)> dx
QO Q
= lim inff <(—undiv v) +p(1 — |v|2)) dx
QO

n—oo
< lim infJ, (u,).
n—oo
Taking the supremum over v € V gives Jg () < lim inf/; (u,).
n—oo

Theorem (2.1.4)[174]. Forany f = 0, ], is convex.
Proof. Let0 <y <1anduy,u, € L?(Q). Foranyv € V,

fﬂ (0w + (1 = Vup)divy + VB = VD)) dx
=y | (Cudivy) + VBA =) dx
+(1— y)fQ ((—uzdivv) + M) dx
<yJpw) + (A —vy)Jz(uyz).

Taking the supremum in the top line over v € V gives the convexity of J;.

A set of functions S is defined to be BV-bounded if there exists a constant
B > 0for which ||u||zy < B for all u € S. The relative compactness of BV-bounded
sets in LP () follows from the next lemma (see [12] and [15]).

Lemma (2.1.5)[174]. If u € BV(Q), then there exists a sequence {u,} in C*(Q)
such that
limllu, — ull,p gy = 0 and lim Jo () = Jo(u).

Theorem (2.1.6)[174]. Let S be a BV-bounded set of functions. Then S is relatively
compact in LP(Q) for 1 < p <d/(d — 1). S is bounded, and hence relatively weakly
compact for dimensions d > 2, in LP(Q) forp = d/(d — 1).
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Proof. See [15]. Note that d/(d — 1) is the Sobolev conjugate of 1 in dimension d,
the Sobolev conjugate of p, where 1 < p < d , being defined by 1/p* =1/p — 1/d.
For1 <p <d/(d — 1), the Rellich-Kondrachov compact embedding theorem holds.
A sequence u,, in S may then be approximated by a sequence of functions i, in
C* (Q), themselves uniformly bounded in BV(Q) and in LP (), so that their sequence
must have a subsequence converging in LP () to some u. By semicontinuity of J,
and lemma (1), u € BV(Q) and is the limit (in LP) of a subsequence extracted from
Uu,.

For p =d/(d — 1), one can similarly use lemma (2.1.1) to extend to BV -
functions the Poincaré-Wirtinger inequality: if

1
=— u(x)dx
ST jﬂ (x)
then there exists C such that
lu — pllr @ < Co(u —p) = CJo(w). (16)
Hence, if, say, ||lullgy < M, then J,(u — ) is also bounded by M, and, by the
Poincare- Wirtinger inequality, ||u,, — u||;» < CM. Consequently,

llulle @) < lluxallr @) + llu — ullr @
< 19| |19 + cM
< llullyr oy |Q1YP~1 + CM
= (la'P71 + C)M.
Relative weak compactness in dimensions d > 2 follows from the Banach-Alaoglu
theorem [17].
The following example shows that the above result is sharp. otherwise.

Example (2.1.7)[174]. LetQ = {x € R% : |x| < 2}and u, = n%"ly,, where

. 1
Xn(x):{l if |x|S;
0 otherwise.

Let w, denote the volume of the unit ball in R%. Then
1

d
nd-1 dx ’ =l if 1<p<o
lunllr @) = 0 An d =P (17)

d—1

n if p=oo.

Hence the sequence {u,} is unbounded in L? () whenever p > d/d — 1. Similarly,
ifp>d/d—1, d >1,and m > n, then
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”un —Un ”LP(Q) = nd_lll)(n - Xm”Lp(Q)

= wl? <1 - (%)(H).

On the other hand, if d = 1 and m > n, then [|u,, — u,,[l,» ) = 1. In either case, the
sequence {u, } is bounded but not Cauchy in LP (Q) forp = d/(d — 1).
Now let g, denote the area of the unit sphere S;_; in R%. From (17) and (10),

1
lu, llgy = - Wd + 0y. (18)

Hence, the sequence is BV -bounded but has no convergent subsequence in LP ()
wheneverp > d/(d — 1).

Recall that a functional ] is strictly convex if

Jrus + (A =p)up) <y/(w) + (1 —y)/(u2), (19)

whenever u; # u, and 0 <y < 1. The following example shows that J; fails to be
strictly convex on BV(Q).

Example (2.1.8)[174]. Take Q = (0,1),uq = X[q ), Where0 <a<b<c<d<
1. For
any B = 0, a direct computation shows that J; (uq) = Jg ((u1 + uz)/z) =2+ \/E .
Since u; # uy, Jz cannot be strictly convex.
A problem is said to be well-posed in the sense of Hadamard if (i) it has a solution,
(ii) the solution is unique, and (iii) the solution is stable. Let T be a functional defined
on LP(Q) with values in the extended reals. Theorems (2.1.6) and (2.1.7)below,
guarantee the well-posedness of the unconstrained minimization problem

min T (u). (20)

These theorems are followed by some illustrative examples pertaining to problem
(4).

In order to use the compactness results of section 1 while still dealing with
unconstrained minimization problems, we introduce the following property: define T
to be BV-coercive if

T(u) — 4+  whenever [|ullgy — +oo. (21)
Note that ‘lower level sets’ {u € LP (Q2): T(u) < a}, where a > 0, are BV -bounded.
Theorem (2.1.9)[174] (Existence a d uniqueness of minimizers). Suppose that T is
BV -coercive. If 1 <p <d(d — 1) and T is lower semicontinuous, then problem
(20) has a solution. If in addition p = d/(d — 1), dimension d = 2, and T is weakly
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lower semicontinuous, then a solution also exists. In either case, the solution is unique
If T is strictly convex.
Proof. The following argument is standard (see [13]): Let u,, be a minimizing
sequence for T ; in other words,

T(u,) — +OouelLrl}f£Q) T(u) < Thip - (22)

By hypothesis (21), the u, s are BV -bounded. As a consequence of theorem (2.1.6),
there exists a subsequence Un, which converges to some u € L? (Q). Convergence is

weak if p = d/(d — 1). By the (weak) lower semicontinuity of T,
T(u) < liminfT (unj) = Trin -
Uniqueness of minimizers follows immediately from strict convexity.

Next consider a sequence of perturbed problems

Join T,(u) (23)

Theorem (2.1.10)[174]. Assume that 1 < p <d(d — 1) and that T and each of
the T,s are BV-coercive, lower semicontinuous, and have a unique minimizer.
Assume in addition:
(i) Uniform BV -Coercivity: For any sequence v,, € L? (Q),
limT,(v,) =+ whenever lim||v,||gy (24)
(if) Consistency: T,, — T uniformly on BV -bounded sets, i.e. given B > 0 and
e > 0, there exists N such that
|T,(w) —T(u)| <e whenever n=N,|ullgy < B. (25)
Then problem (20) is stable with respect to the perturbations (23), i.e. if u
minimizes T and u,, minimizes T, then
lw, —ullpy — 0 (26)
Ifp=d/(d—1),d = 2, and one replaces the lower semicontinuity assumption on T
and each T,, by weak lower semicontinuity, then convergence is weak:

u, —u— 0 (27)
Proof. Note that T,,(u,) < T,,(#). From this and (25),
liminfT, (u,) < limsupT, (u,) < T(u) < o (28)

and hence by (24), the u,,s are BV-hounded. Now suppose (26) (or (27) ifp =
d/(d — 1)) does not hold. By Theorem (2.1.6) there exists a subsequence Un,,

which converges in LP () (weak LP) to some &i # . By the (weak) lower
semicontinuity of T, (27), and (25),

T(@) < liminfT (unj)

= lim (T (unj) o Tn], (unj)> + lim inanj (unj)
< T(w).
But this contradicts the uniqueness of the minimizer w of T.
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Example (2.1.11)[174]. Consider the problem of minimizing
T(u) = ||Au — 3|13 + allullgy (29)
for u € L? (). where the restrictions on p in theorem (2.1.9) apply. Here (@ > 0 and
z € Z are fixed, and A: LP (Q2) — Z is bounded and linear. Then
lullpy < =T () (30)
and hence, the coercivity condition (21) holds. Weak lower semicontinuity of T
follows from the boundedness of A, the weak lower semicontinuity of the norms on
Banach spaces, and theorem (2.1.3). By theorem (2.1.4), the linearity of A, and
convexity of norms, T is convex. By theorem (2.1.9) a minimizer exists. T is strictly
convex if A is injective, in which case the minimizer is unique.
The following examples deal with stability. In the next three examples, assume
again that the restrictions on p of theorem (2.1.9) apply.
Example (2.1.12)[174]. (Perturbations in the data z). Let
T, (w) & [|Au — 215 + allullgy (31)
where z,,z + 1, and ||, ||z — 0asn — oco. Then
|Tn(u) —TW)| = ”nn”% + [2(Au — 3, nn>Z|
< 7 llz (NI llz + 211 ANl @) + 21151l2) -
Here (.,.)z denotes the inner product on the Hilbert space Z, and the above
inequality follows from Cauchy-Schwarz. Note that if u is BV-bounded, then it is
norm bounded in LP(Q) by theorem (2.1.6), and hence (25) holds. (24) holds
because for each n,

lllgy <22, (32)
Example (2.1.13)[174]. Take

T, (W) & [|Au — 2|3 + a(llullr @) +Jg, W) (33)
where 8, — 0. In this case,

T, (W) = TW)| = alfp, W) = Jow)| < ay/B19Ql. (34)

The above inequality follows from (15). This verifies (2.1.25). Similarly, (2.1.24)
holds because

1

—T (W) = |[ullr ) +Jp (W) = llullr @) +Jo(w) = llullsy  (35)
Example (2.1.14)[174] (Perturbations in the penalty parameter «). Let

T,(w) = [|Au — 3|13 + allullsy (36)
where the «,, s are bounded below by a,,;, > 0 and converge to a. Stability follows

from the facts that

T,
lallgy <2

min

and
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T, (W) =TI < la, — af llullpy.

Example (2.1.15)[174] (Perturbations of the operator A). Assume 1<p <
d/(d — 1), and let

T,(w) ¢ [|4,u — zl13 + a |lullgy (37)
where the A, s converge strongly (i.e. pointwise) in LP(Q) to A. Note that strong
operator convergence is a reasonable assumption. It holds for consistent Galerkin
approximations, e.g. finite element approximations as the mesh spacing h — 0. Then

T, (W) = TW)| = [l 4, ullz — lAullz — 2((4, — Du, 3)3|
< (1Anully + lAull; + 211211114, — ADull,.
Note that pointwise convergence of bounded linear operators becomes uniform on
compact sets. Since BV -boundedness implies relative compactness in LP (Q), (25)
holds. Uniform coercivity (24) again holds because of (32).
The BV norm in the penalty term is replaced by the BV semi-norm J,, or more
generally, by ;. Consider the following functional defined on L? (Q):

T(w) = [ 4,u — 3113 + ajs (u) (38)
again taking on values in the extended reals. From a computational standpoint, for
positive B the penalty functional J; (u) is Gateaux differentiable with respect to u ,
and hence much easier to deal with than ||u||gy. However, the analysis becomes much
more complicated. Certain conditions on A are clearly needed to guarantee BV -
coercivity. For example from (5), T cannot be BV -coercive if A annihilates constant
functions. Conversely,

Lemma(2.1.16)[174]. Assume that 1 <p <d/(d—1), and that A does not
annihilate constant functions. Equivalently, since A is linear, assume

Ayxq # 0. (39)
Then T in (38) is BV—coercive.

Proof. From the inequalities (15), it suffices to consider the case of 8 = 0. Any
u € BV(Q) has decomposition

u=v+w (40)
where
udx
w = fQ|Q| Xa f udx = 0. (41)
Q

By equation (16) and Holders inequality, there exists a positive constant C such that
forany psuchthat1 <p < ddj =q,
IVile @y < 12274Vl g
< (1ol + D¢ (v)
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= CJo(v)
where C; & (|Q] + 1)Y/9C. Using (42) and the decomposition (40),

lullgy < llwllprqy + (€1 + Do (v).

From (39) there exists C, > 0 such that

AWl = Cllwll; (-

On the other hand, the decomposition (40) yields
T(w) = ||(Av = 2) + Awl| + aJo(v)
> (lAv = zll, — [1Awll)* + aJo (v)
2 ||[Awll,([Awll; = 2]|Av = z]l) + afo (V).

But by (42),

1Av = zll, < [[AlIC o (v) + [Iz]l-
Combining (45) with this and (44)yields

T@W) = Colwll (Callwlly ) — 204N ) + l1z1l.) ) + afo ).

Now if
Cllwllr — 201AIICTo (V) + Izll,) = 1
Then from (47)
1
Iwll 1) < C—T(U)-
2
As consequence of this and
1
Jo) < =T(w)
one obtains from (43)
1
lellgy < (= +
. 2
But if (48) does not hold, then

C1+1

a

)T(u).

1+ 2(J|AlICJo (V) + 11]l,)
C, '

Iwll 1)
and hence from (43) and (50),

1+2 2|[AllC 1
lullsy =25 < (B2 4+ €+ 1) 2T,
2 2 a

From (51) and (53), one obtains BV -Coercivity.
One now obtains the following from theorem (2.1.6).

(42)

(43)

(44)

(45)

(46)
(47)

(48)

(49)

(50)

(51)

(52)

(53)

Theorem (2.1.17)[174]. Suppose p satisfies the restrictions of theorem (2.1.9).,
p = 0, and A is bounded linear and satisfies (39). Then the functional T in (38) has

a minimizer.

The following example illustrates that a condition stronger than (39) may be

necessary to guarantee uniqueness of minimizers of T in (38).
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Example (2.1.18)[174]. Define A : L'(—2,2) — R? by
-1 2

[Au], =f u(x)dx [Au], =f u(x)dx.
2 1

Let z = [z1,32]" = [—1,I]T € R?. Define

2
Ty () = ) (lAul; = 2% +J (). (54)
i=1

For any B > 0, the unique minimizer of T, over L'(Q) is

-1 if x<-1
u(x)={x if —1<x<1 (55)
1 if x>-—1.

On the other hand, for ,f# = 0 one obtains a minimizer by defining u on the
subinterval —1 < x < 1 to be any monotonic increasing function taking on values
between —1 and 1.
This next theorem addresses the stability of minimizers to functionals of the

form (38). Consider perturbed functionals

T, (W) = [lAqu — 2, |I3 + ajg (). (56)
Theorem (2.1.19)[174]. Assume 1 <p <d/(d—1), |z, — 3ll, — 0, the A4,s
are each bounded linear and converge pointwise to A, and for each n,

1A, xall >y > 0. (57)
Also assume each T, has a unique minimizer u,,, and that T has a unique minimizer
u. Then

lu, — ullp @) — 0. (58)
Proof. It suffices to show that conditions (i) and (ii) of theorem (2.1.10) hold. For
condition (i) (uniform BV-coercivity), put u, = v, + w,, as in (40) and (41), and
repeat the proof of lemma (2.1.16). Since |4, wy |l = vIlwy |l 1), letting M be an
upper bound on ||A,w,|| and each ||A,]| (such a bound exists by the Banach-
Steinhaus theorem, also known as the uniform boundedness principle), and m be an
upper bound on ||z||; and each I||z, |, one obtains

Tn(un) = y”Wn||L1(Q)(_2(MC1]O(Vn) + m)) + a]O(Vn)' (59)
This yields uniform coercivity as in the proof of Lemma (2.1.2).

Condition (ii) (consistency) follows as in Example (2.1.12)and (2.1.15).

Assume an exact problem

Au=z (60)
which has a unique solution u..,. € BV(Q). Assume a sequence of perturbed
problems

Au=13, (61)
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having approximate solutions u,, (not necessarily unique) obtained by minimizing the
functional

T, (W) = [|4,u — 2, |15 + ay llullpy. (62)
The following theorem provides conditions which guarantee convergence of the u,, s
to uexact :

Theorem (2.1.20)[174]. Let 1<p<d/(d—1). Suppose |z, —2zl,—0,
A, — A. A pointwise in L? (Q), and a,, — 0 at a rate for which ||4, Uexact — B I?/
a,, remains bounded. Then u,, — U, Strongly in LP(Q) if 1 <p <d/(d—1).
Convergence is weak in LP (Q) ifp =d/(d — 1).
Proof. Note that
”Anun - Zn”,%’ = Tn(un)
S TTl (uexact)
= ”Anuexact - Zn”% + an”uexact ”BV-
Thus from the assumption that ||A,, Uegace — 30 |12/ a,, remains bounded and the fact
thatan a,, — 0,
”Anun - Zn”,g(.' — 0. (63)
Similarly,
Tn (un) < Tn (uexact)
a, a,
”Anuexact B anlz

= + ((u
o ” exact ”BV

and hence, the u,,s are BV -bounded. Suppose they do not converge strongly (weakly,
if=d/(d— 1)) t0 Uggaet - By Theorem (2.1.6) there is a subsequence Un,, which

converges strongly (weakly, respectively) in LP () to some i # Ugy,r - FOr any
vV ELZ,
(ATl — z,v)z| < |(A (ﬁ — unj) ,v)z| + |((A — Anj)unj,v)z|

+|(Anjunj —znj,V)z|+|(znj —z,V)z|. (64)
The third and fourth terms on the right-hand side vanish as j — oo because of (63)
and the assumption z,, — z. The second term also vanishes, since
— 0

|<(A _Anj)u”j'v)z| = | LP (Q) ||(A* —A,’;]_)V LP(Q)

by the pointwise convergence of the A4,,s (and hence, their adjoints) and the norm
boundedness of the u, s in LP (). The first term vanishes as well, taking adjoints and
using the (weak) convergence of Uy, 10 i1. Consequently, (AQl — z,v)z = 0 for any

v € Z, and hence, Al = z. But this violates the uniqueness of the solution u,,,. Of
(60).

Un,
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As previous , one can consider instead the functional

T, (W) = lAyu — 2, 1% + aJg (W) (65)
and obtain the same results as in the previous theorem.
Theorem (2.1.21)[174]. In Theorem (2.1.20), replace T,, by (65), and make the
same assumptions on A4,,, a,,, 3, and p . Furthermore, assume that |4, xq| =y > 0.
Then the conclusions of theorem (2.1.20) follow.
Proof. From the inequalities (15) one can assume S = 0. As in the proof of
Theorem (2.1.20), one obtains that IIAnun||4,,u, — 2, 11* < |4 Uexact — Zn |l +
Jo(Uexace ) Which implies (63). On the other hand, putting uw, =v, +w, and
referring again to the proofs of lemma (2.1.16) and theorem (2.1.19), the present
assumptions also imply that (59) holds. As in limma (2.1.16), this implies that the
u,, are uniformly BV-bounded. The last part of the proof is then the same as that of
theorem (2.1.20).

Sec(2.2) : On the Autoconvolution Equation and Total Variation Constraints
Gorenflo and Hofmann [32] the nonlinear ill-posed autoconvolution equation
S

jx(s — t)x(t)dt = y(s), 0<s <1, (66)
0
on the finite interval [0,1]. This autoconvolution problem can be written as an
operator equation
Fx)=y (67)
with the continuous nonlinear operator F: D(F) € X — Y defined by
S

[F(x)](s) =[x * x](s) = Jx(s —t)x(t)dt, 0<s <1, (68)

0

and mapping between Banach spaces X and Y with norms |||y and |||y,
respectively, containing real functions on the interval [0,1]. In [32] there have been
discussed intrinsic properties of the autoconvolution operator F from (68) and
conditions for its compactness, injectivity and weak closedness, in particular for the
Hilbert space X =Y = 12(0,1). As a consequence the general theory of Tikhonov
regularization became applicable to equation (66). The character of ill-posedness in
this equation strongly depends on the solution point x and its local degree of ill-
posedness. Applications of the autoconvolution equation arising in physics and in
stochastics are also mentioned in [32].

Therefore, we are going to investigate stable approximate discretized solutions
to (66), where both the function x to be determined and the data function y that can
be measured are restricted to arguments from the interval [0,1].
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The approximate solution of the autoconvolution equation (66) will be based
for Y := L?(0,1) on the restriction of admissible solutions x to compact subsets of
the domain D (F) with prescribed properties. Provided that F is injective the inverse
operator F~1 becomes continuous. We will show in that a compactification of the
autoconvolution equation in X := LP(0,1) can be based on a prescribed upper bound
c for the total variation T'(x) of solutions x, which are in addition uniformly bounded
below and above by positive constants a and b, respectively. This allows us to
construct convergent discretized solutions also in the case of non-smooth solutions
possessing jumps. We generalize the well-known descriptive regularization approach
using the set of monotone functions uniformly bounded below and above as a
compact subset in LP(0,1) ,1 < p < oo ( [26] ). The total variation bound c plays in
our consideration the role of a regularization parameter. The ideas are extended to the
Sobolev space case X := H'(0,1). A brief reference to the case of monotone
functions is given in this section. We study the behaviour of discretized least-squares
solutions to the autoconvolution equation subject to uniform bounds of the total
variation is investigated, where both the case of a smooth and of a non-smooth
solution are reflected.

Let us consider the autoconvolution operator (68) between the Banach spaces

1/p
X := L7 (0,1) for fixed 2 < p < oo with norm ||xl|,»(g,1) = (f, Ix(t)IPdt) " and

Y := L?(0,1). In this context, we define the sets
Df:= {x € LP(0,1):x(t) = 0 a.e.in[0,1],e = sup{rt : x(t) = 0 a.e.in [0, 7 ]}} (69)
and
RY:= {y € 12(0,1):y(s) = 0a.e.in[0,1],e = sup{y : y(s) =0 a.e.in [0, x ]}} (70)
Then we have the following proposition which, because of LP(0,1) being densely
embedded in L2(0, 1), follows from [32] , [29]:
Proposition (2.2.1)[40] The autoconvolution operator F: LP(0,1) — L?(0,1) from
(2.2.3) is a continuous nonlinear operator for all 2 < p < oo. In the restricted case
F:D§ c LP(0,1) » R < L%(0,1) the operator is injective, but the autoconvolution
equation (67) is locally ill- posed in the sense of Definition (2.2.2) in all points
x € D},
Definition (2.2.2)[40]. We call the equation (67) locally ill-posed in x € D(F) if,
for arbitrarily small » >0 and balls B, :={X € X : ||¥ — x||y <}, there is an
infinite sequence {x; } € D(F) N B,(x) with

IF(x,) — FOlly = 0, but|lx, —x|lx »0 as k—»oco.  (71)
Otherwise the equation is called locally well-posed in x € D(F).
To overcome the difficulties of ill-posedness of a problem under consideration one
can restrict the domain D (F) to a subset, which is compact in the Banach space X.

For a real function x(t) (0 <t < 1) we denote by
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k
Te= s ) -xe)l  (72)
i=1

0<to<tq<-<tp_1<tp<l
the total variation of the function x on [0,1] and by Ts(x) the analogously defined
total variation of x on a closed subinterval S c [0,1]. Note that the supremum in
formula (72) is to be taken over all possible finite grids of the form 0 < t, < t; <
e < tp—q < t, < 1 with an arbitrarily chosen integer k. We consider, for given
positive constants a, b and ¢, where

0O<a<h, (73)
the domain

D = {X . [0 1] N [a b] T(X) <c x left —continuous for tE(O,l],}. (74)

x left —continuous for t=0
For technical reasons we assume that the lower bound a is strictly positive. Obviously
we have D LP(0,1) for all 1 <p < o. The requirement of the left- and right-
continuity for the functions x € D is reasonable, since a function of bounded variation
has due to only a countable set of discontinuity points, namely jumps. Therefore, the
left limit lim._,,,_o x(¢) exists in all points of the interval (0,1]. In the continuity
points t, this limit coincides with the value x(ty). In all other points let be the values
of x defined by x(ty) :=lim.,. o x(t) . That means, with respect to L?(0,1)-
elements we consider the representative, which is left-continuous in every point
t € (0,1]. Moreover let x(0):=1limt— 0+ 0 x(t), i.e. we consider no jumps at
t =0.
Lemma (2.2.3)[40]. The domain D from (73) — (74) is a compact subset of
L7(0,1),1 < p < o, and we have D c D{ .
The proof of compactness of D is based on Helly’s theorem [40]. For the proof ideas
we refer to [29]. On the other hand, note that Lemma (2.2.3) is a corollary of
Theorem in [25] of Acar and VVogel. Namely, the set D from (73) — (74) is bounded
with respect to the BV-norm
lxllBvio7 := lxll11p0,17 + T (). (75)
Based on Lemma (2.2.3) providing compactness the following well-known
Lemma of Tikhonov will allow us to prove stability results.
Lemma (2.2.4)[40]. Let F:D(F) c X — Y be a continuous and injective operator
between the Banach spaces X and Y with a compact domain D (F). We denote by x*,
for given right-hand side y* € F(D(F)), the unique solution of the operator equation
(67). Then for a family of approximate solutions x, € D(F) the convergence of
residual norms
||F(xn)—F(x*) Y—>O as n-0 (76)
implies the convergence of the approximate solutions
||x,,—x* X—>O as n—-0. (77)
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In order to obtain numerical approximate solutions, in the sequel we are going
to discretize the autoconvolution equation (66) — (68), where the restriction of F to
the compact subset D from (73) — (74),

F:D c LP(0,1) » L%(0,1), (78)
Is used. Similar to the discretization methods in [31], where also a total variation
constraint is essential, we subdivide the interval [0,1] into n subintervals I; of the
uniform length h := 1/n, where
I :=(G-Dhih] @=1,...,n).
For simplicity we set T; (x) := Ty—1yn,in(x) for x € D. Moreover, let

t=2+(G-Dh (=1...,n)

denote the midpoints and
s;:=ith (i=1,...,n)
the right endpoints of such intervals.
To discretize the nonlinear integral equation (66), for all i,j =1,2,...,n the
values x(t;) and y(s;) will be approximated by some t; and y;, respectively. A
discrete autoconvolution operator

F:R"—->R" (79)
can be defined by
. n
L
E(&) = Z hx;_j 11 % ;X = (g, )" (80)
J=1 i=1
In its discrete form the autoconvolution equation then reads as
Fx)=y, y=0n-m)", (81)
or as
i
thi_j_ij =Y (l = 1,2,...,Tl). (82)
j=1

The realistic situation that the given data are noisy can be included. Instead of the
exact data y; for the right-hand side we will use perturbed data y;, where

[2-2]l, <o (83)
and ¢ is a fixed upper bound for the noise of the data vector y = (3, . 9T . Here
we have used the scaled Euclidean norm

1
i 2
lzll, = | ) he?
j=1

for z € R". For our further investigations we introduce the restriction operators
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R:D c LP(0,1) » R" and Q:F(D) c L?(0,1) » R"
by
(R()j:=x() (G=1,...,n) (84)

Q@Oi=y(s) (E=1...,n), (85)

as well as the extension operators E;: R* — LP(0,1) and E, :== R™ — [?(0,1) by
(El(g)) (t):=x (t e L,j = 1,...,n), (El(g)) (0):=x (86)

and

and

(EZ (X)) )=y, (s€l,i=1,...n), <E2 (X)) 0):=y,. (87)
We are searching now for an optimal solution vector
xopt — (xlopt’ ___xnopt)T

solving the discrete least-squares problem
”E(g) — )7”2 — min, subjecttox € M, (88)
where M is defined as

n—1
M := {g ER":0<a<<x;<b(i= 1,...,n),Z|xi+1 — x| < c}. (89)
i=1
There exist solutions of (88), since M is compact in R™ and ||£(£) — y”z : R" -

R! is a continuous functional possessing a minimum over M. The condition 0 < a <
x; < b is more restrictive than the discretized version of x € D;. We require this
stronger condition, because we want M to be a compact subset of R".

For the vectors i := (8, h)T ,x°P* € M and 9 we define the piecewise constant

function x,, € D by
xp (t) := Ei(x°P*)(®) (0 <t < 1). (90)
and the piecewise constant function ys by

Y5 ()= E;(9)(s) (0<s<1).
Lemma (2.2.5)[40]. If we define the operator F,: L7 (0,1) - L*(0,1) by the
formula

i

B =Y [ xti-0x@de (e, (91)

then we have the equation
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2 2
15 = ¢l 0, = £(E) =], 92)
for all &:= E{(§), whereé :=(&,..,§,)T € R™ and all {:= E,({) € L?(0,1),
where ;= (4y,..,2,)" € R™. -
Proof:

15,© =<, = j [£,©)](s) — () ds

i 2
zJ ( j S;(Si_t)f(t)dt—f(g)> ds

i=1

) (2 Sij+15j — G)

|| ( ) =<
This proves the lemma
Lemma (2.2.6)[40]. Letx € D from (73) — (74). Then we have the estimation

|F()—F, (x)||L2(0 n S 2hb? + 2hbc.

Proof: We write

IFG—F, G|

L%2(0,1)
1
2

= (i.{, <fosx(s — t)x(t)dt — .[()Six(sl- — t)x(t)dt>2 dS) . (93)
i=1 "l

Then we can estimate the expression in the inner parentheses by

Si

jsx(s —t)x(t)dt — j x(s; — t)x(t)dt‘
0 0

<

js x(s —t)x(t)dt| +

i—1

j s = Ox(©)dt — x(5, — Ox(O)dt
0

+

jSi x(s; — t)x(t)dt

i—-1

i—1
< hb? + Zj Ix(s — £) — x(s, — B)| [x(O)|dt + hb?
. I:
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J
Now we substitute u :=s; — t, du := —dt. For a fixed point ¢t € (s;_1,s; | = [, we
obtain u € (Si—j' Si—j+1] = Ii—j+1 and in view of —h <Ss-— S; <0
S—Si+uU€(Si—j-1,Si—j+1] = Lij Uli_j11.

Moreover, we can estimate (94) by
i—1

i—1
<b |x(s —t) — x(s; — t)| dt + 2hb? (94)
2,

bEJ |x(s —t) — x(s; — t)| dt + 2hb?
j=1"1
i—1

= Z |x(s —s; + u) — x(w)| du + 2hb?
=1 i-j+1

i—1
< hb Z(Ti_j (X) + To_; 41 (1)) du + 2hb?
=

< hbT(x) + hbt(x) + 2hb?

< 2hbc + 2hb?.
Finally we substitute this estimation into equation (93). This yields the assertion of
the lemma.
Lemma (2.2.7)[40]. Under the assumptions stated above we have

|F(x,) — F(x) 2o S 4hb? + 6hbc +26 - 0 as n— 0.  (95)

Proof: From the triangle inequality we obtain
”F(xn) —F(x7) 12(0.1) = ”F(xn) - F(x,,)” + ”Fn(xn) _3’5”L2(0,1)
+lys = ¥lli20,0)- (96)

The right-hand side of (96) consists of three terms which we want to estimate one by
one: Due to Lemma (2.2.6) for the first term it holds

1F (xy) = B () 20,y < 2hD? + 2hbC (x, € D).
To estimate the second term of (96) we define x* := R(x*) as the vector of the
function values of the exact solution x* of the autoconvolution equation (66) in the
midpoints of the intervals I;. Since we have x°P* as the least-squares solution of (88),
the residual norm of x* cannot be smaller than the residual norm of x°Ft.
Furthermore, we can apply Lemma (2.2.5) with ¢ := x,, and { :=ys . This yields

I, G ) _y5||L2(0,1) - ”E(Kopt) _2”2 = ”E(E* ) _2||2'
Using the identity

E () = E,(Q(F(x))) (x€D),
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this allows us to estimate further as follows:
|EG) -9l < lIEG) - eFe, + [eFe) - 3]
= || (B:(RG)) = £ (P G) || )+ 221

2

_ ifl ]Zlfn (s, — DF() — x°(s; — Ox"(O)de | ds | +6

L%2(0,1)

N =

n i
<D (D] e -olze -x @
i=1 7l \j=17
1
2 2
+ |x*(s; —t) = X(s; = O|lx*(O)|dt | ds | + 6
1
. 2 \2
n 2
< ZJ j 2bT; x*dt | ds | +6 < 2hbc +,
i\

i=1 "t Ji

where X := E;(R(x")). The last inequalities essentially used Lemma (2.2.5) with
§=E(R(x"))=% and {=E, (Q(F(x*))), respectively. Note that we have

X(t) = x"(g) for t € ; and thereby [¥(t) —x*(¢t)| < T;(x"). Taking into account
ly; — $;] < & and the identity

22012, = 2],

which can easily be proved, we hence can estimate the third term of (2.2.31) as
follows (cf. Lemma (2.2.6)):

I3 = Yo =< Iy = E2(@Q0D 20, + 1E2Q0D) = 351l
= [lFeey = B2 (@GEGN)|| 1, + 1E2(Q0) = E2(QO) 2y

=[IFGe) = B G o1, + 1RO = QUs)llizgoy < 2hb® + 2hbe + 6.

Finally we can add the three terms and obtain by (96) the inequality (95). Evidently,
the right-hand side of (95) tends to zero as h and § both tend to zero. This proves the
lemma.
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By the result of Lemma (2.2.7) we can apply Lemma (2.2.4) to prove in LP-spaces
the convergence of approximate solutions to the autoconvolution equation under total
variation constraints.

Theorem (2.2.8)[40]. Consider the autoconvolution problem (66) — (68) with
D(F) :=D from (73)-(74) and denote by x* € D, for given right-hand side
y* € F(D(F)), the unique solution of the autoconvolution equation. Then the family
of approximate solutions x, according to (90) converges to the solution x* of (67):

||xn—x* Lp(01)—>0 as n— 0 forall 1 <p < oo (97)
Proof: In the case p = 2 based on Lemma (2.2.7) the Lemma (2.2.4) immediately
yields the convergence property (97), since the autoconvolution operator F : D c
LP(0,1) - L%(0,1) is continuous and injective. Furthermore, D is a compact subset
in LP (0, 1) because of Lemma (2.2.3). For 1 < p < 2 the norm [|-|| » (0,1 is "weaker’
than the norm [[-||,z¢1). This ensures the convergence condition (97) also in this
case

By using the method of Tikhonov regularization in Hilbert spaces X and Y the
minimizers x, of the auxiliary extremal problems
|F(x) — yll? + a|lx||? — min, subjectto D(F) (98)
with the regularization parameter a > 0 are exploited to find stable approximate
solutions of an ill-posed operator equation (67). The smaller the regularization
parameter « is chosen, the ’closer’ the original and the auxiliary problem are related,
but the more instable and highly oscillating the solution of the auxiliary problem will
become. In general, a has to be selected such that an appropriate trade-off between
stability and approximation is realized. In our compactification approach using upper

bounds c of the total variation the inverse value % plays a comparable role. In fact, if

we consider small values % , then highly oscillating functions with large total variation

values are admissible. On the other hand, for small values c the solutions obtained
cannot oscillate very much, and the approximate solutions will be computed in a more
stable way. However, if c is selected too small, then it may occur that the (unknown)
exact solution is not an element of the set D. In such a case we would ’overregularize’
the autoconvolution equation. By controlling the upper bound c of total variation we
are able to suppress oscillations. Compared to the frequently used compactification in
LP by using monotonicity constraints and lower and upper bounds for the function
values the approach of this section allows us to handle a more comprehensive class
of (also non-monotone) functions. A numerical case study presented in this section
will illustrate the theoretical results of this section and some specific effects of the
discretized solution of the autoconvolution equation under total variation constraints.
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In the case p = oo we cannot assert convergence under our assumption of
bounded total variation. If the solution x* has a jump point, then ||x, — x*

L*(0,1) -
0 as n — 0isnottruein general.

In [32] it was already mentioned that the operator F of autoconvolution according to
(68) mapping from X := L2(0, 1) into the space Y := L?(0, 1) is non-compact, but it
becomes a compact operator if we change the problem to the Sobolev space X :=
H'(0,1) = W}(0,1) of functions x with a quadratically integrable generalized
derivative x" and norm

L 1 1/2
1%l 0,1y = <JO lx(©)| dt +JO lx'(©)I° dt) : (99)

In both cases the autoconvolution equation is locally ill-posed everywhere. But for
compact operators F, we have in general a stronger form of ill-posedness. If our pairs
of spaces X and Y are Hilbert spaces, following the concept of [32] ( see also [33] )
we can express the local degree of ill-posedness u (0 <u <o) of the
autoconvolution equation in a solution point x* by the decay rate of the singular value
sequence o; =0, =...20; =...> 0 tending to zero as i —» oo of the Fréchet
derivative F'(x*) in the form

p:=sup{v:o, =0(@{7") as i - oo}, (100)
where this linear operator given by F' (x*)h = 2h * x* is compact. Since the compact
embedding operator from H(0,1) into L?(0,1) has a sequence of singular values
Ki =Ky =>...2k; =...> 0 tending to zero with a rate x;,~1/i as i — oo, for the
Sobolev space X := H'(0,1) under consideration in this section the ill-posedness
degree grows at least by one [34] compared to the L?(0,1). Thus, for a
compactification in H'(0,1) ’stronger’ restrictions on the admissible solutions x are
necessary. However, our aim in this section is also stronger, namely to obtain
convergence of approximate solutions x, to x™ in the H'(0,1)-norm (99).

Here we consider, for given constants a4, a,, by, b, and ¢ with
0<a; < bj,a; < by, (101)

the domain

D = {x: (0.1] > [a;, b,], 3x :[0,1] = [ay, b,], x left-continuous for t € (0, 1]}

T(x) <c x right-continuous fort = 0

(102)
where the function x'(t) (0 <t < 1) a.e. in [0, 1] coincides with a derivative of x(t)
in the classical sense. Obviously we get D < H'(0,1) and hence every function
x € D with D from (101) — (102) is continuous. In analogy to Lemma (2.2.3) we
have in the Sobolev space case:
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Lemma (2.2.9)[40]. The domain D from (101) — (102) is a compact subset of
H1(0,1) with D < Df .
In contrast to the L?-case the restriction of the total variation, here T(x") < c,
Is only needed to show the compactness of the domain D. It has no relevance for the
convergence of the images F(x™) of approximate solutions x, to F(x*) in 1?(0,1) as
n tends to zero.
The discretization of the autoconvolution problem (66) — (68), where the
operator F from (68) maps in the form
F:D c H'Y(0,1) - L?(0,1) (103)
and where the domain D is defined by (101) — (102) will be performed similar to the
L?(0,1) case. However, piecewise constant functions are not in H'(0,1). Therefore,
we use continuous piecewise linear approximate functions. Here, let
ti :=jh (j=0,..,n)
denote the n + 1 nodes subdividing the interval [0, 1], and again I; = ((j — 1)h, jh].
Furthermore, the x; again denote approximate values of x(t;). As the discrete
autoconvolution operator we introduce here:
F : IR"*1 - IR", (104)
where F(x) = (z1,...,3;) T andfori = 1,2,...,n:

3 = jo i (Ex(x)) Gh - 6) (E1(2)) (B)at

l
h
= Zg(le_]x] + xl-_j+1xj + xl'_jxj_l + 2xi_j_|_1x]'_1). (105)
j=1
By E;:IR*™! — H1(0,1) we denote in contrast to this section the operator of
piecewise linear interpolation according to

t-jh .
(El(g)) (t) := T] (xj —xj_l) +x (tel, j=1,..,n). (106)
For noisy data ( see (83)) we search for a minimizer
xort — (xgpt xfpt xOPt)T
X , ey Xy
of the least-squares problem (88) with M from
n—1
] O<a1SxiSb1(i=0,...,n),z _
‘ha, < x,_y < hby(i = 0, ..., ), ._1|xi+1 2x; + x;_1| < hcy,
(107)
With the same arguments as before it follows that (88) is solvable. The choice of F is
due to the fact that we have to guarantee the validity of formula (92) with F, from
(91).
By setting for the approximate solution

M := [g: € IRt
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x, = Ep(x°P"), (108)
where n = (6,h)", we also have x, € Dwith D according to (101)-(102).
Moreover, it can be shown that as in Lemma (2.2.7) we have
|F(x,) — F(x*) 2o =0 for n - 0. The proof dealing with the H'(0,1)

approximation of functions by linear splines is omitted here. Using again Lemma
(2.2.4) with X := H1(0,1) and Y := L?(0,1) we obtain:

Theorem (2.2.10)[40]. Consider the autoconvolution problem (66) — (68) with
D(F) :=D from (101)-(102) and denote by x* € D, for given right-hand side
y* € F(D(F)), the unique solution of the autoconvolution equation. Then the family
of approximate solutions x,, converges to the solution x* of (67):

||, —x* Hon 0as n - 0. (109)

In this section we deal with solutions of the autoconvolution equation subject to the
set of monotone and uniformly bounded functions considered as a particular subset of
the functions possessing a bounded total variation.
First we consider the domain
D:={x:0<x(t)<bh, t€[0,1], x non — increasing} (110)
forming a compact subset in L (0,1),1 < p < oo. Then the operator F from (78) is
also injective, since D ¢ D and x(t) =0 (0 <t < 1) is the only function of D
according to (100) with x(0) = 0. The discretization of this monotonicity case is
completely the same as given in this section for the total variation case with the
exception of the fact that we have to introduce
M:={x€IR":0<x, <- <x; <bh}. (111)
replacing (89). Since each monotone function is of bounded variation, we obtain the
convergence results of this section withc=b and a = 0.
Now we change to the case of non-decreasing solutions, where
D:={x:0<x(t) <b,t€[0,1],x non — decreasing} (112)

and

M:={x€eIR":0< x; < <x, <b}. (113)

The set D from (112) is also compact in LP (0, 1), but the injectivity of F fails [32].
Because of that we have to distinguish two cases:

On the one hand let y € R{ ,i.e.y(s) > 0ifs > 0. Then the corresponding

solution x*(¢) is uniquely determined from y ae. in [0,1] and ||F(x,) -

F(x")|l 12001y = 0 for n — 0 also implies ||x, — x*

— 0, since Tikhonov’s
LP(0,1) ’

lemma (see Lemma (2.2.4)) in fact only needs the local injectivity condition F(x) =
F(x*)(x€ D)= x =x".

On the other hand, let y € R{ for ¢ > 0, i.e. y(s) = 0 if s € [0,&]. As shown
in [32], in such a case the autoconvolution operator F is non-injective and it holds:
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( 0 a.ein [O, %]
x*(t) = ! uniquely determined  a.e.in E, 1-— %] (114)

arbitrarily non — negative in [1 — %, 1]

Consequently, we have x* € D& . Since the values x*(t) do not depend on y for
2

t € [1 — % 1], we cannot expect any information about the solution in this subinterval
from the data.Therefore, it makes sense to solve the equation (66) only on the
interval E 1-— %] We will show that this case is reducible to the already treated case
y € R{ . Because of this we define the operator F. : L? (2 1- %) — [%(g,1) as

M

S—=

[F: (0)](s) = jg *x(s — Ox(Dd. (115)

2
Then we have [F(x)](s) = [F.(x)](s) for gsS s1—§ . By using the

transformations

z:%, = (116)

and

¥(®i=x (=0 +5) = 20, 7E) = y((A1 =5 +&) = y(&) (D) = E(x),
we obtain an operator F.: LP (0,1) — L?(0, 1) defined by

§
[E®]G):= 1 - s)f (5§ = ) %(b)dt. (117)
0
Then we get X € LP(0,1) if x € LP(0,1), and instead of (67) we have to solve the
equation F.(¥) = ¥ now. From y € Rfand x € R it follows that ¥ € Rjand ¥ € D§
2
, respectively. Hence we have E.(%) = (1 — &)F.(%) for all ¥ € Di. Therefore, we
can proceed as in the injective case and compute converging approximate solutions
%,. Then we transform back to the interval E 1— %] and obtain approximate

solutions with satisfactory properties on this interval, where the performed linear
transformation retains the monotonicity. Finally we extend the solution by zero on the

interval [O%) On the other remaining subinterval (1 —%,1] the solution can be

extended arbitrarily provided that the monotonicity requirement is satisfied.
Unfortunately, the value of ¢ is unknown if only discrete noisy data are given. In
some situations, however, this value can be estimated and the transformation
procedure becomes applicable.
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Sec (2.3): On the Determination of A density Function by its Autoconvolution
Coefficient
Solving the auto convolution equation

t

fx(t —s)x(s)ds = y(t) 0<t<T), (118)

0
on a fnite interval [0, T is a simply written ill-posed nonlinear inverse problem which
IS interesting with respect to inverse problem theory and has a couple of applications.
So the equation (118) arises in spectroscopy [35] and in some problems of
probability theory mentioned in [42]. Also it serves as a benchmark example for an
ill-posed nonlinear integral equation, where as a characteristic property the local
degree of ill-posedness can rapidly vary for neighbouring solutions [42],[44].

We study a modifed autoconvolution problem aimed at fnding a non-negative
integrable function x with support on the non-negative real half-axis. Instead of data
for the autoconvolution function y := x * x on [0, T] we assume to have data for the
pointwise quotient k := y/x that we call autoconvolution coefficient, i.e., we solve
the generalized autoconvolution equation of the third kind

k(t)x(t) — f x(t—s)x(s)ds=0 (0<t<T), (119)
0

which has been studied recently by L. Berg, J. Janno and in [36] and [48]. More
precisely, we focus on the case that the function x is a probability density function of
a non-negative absolutely continuous random variable, i.e., x(t) =0 (B 0 <t <
0), x(t)=0 (0 <t< ) and f0°° x(t)dt = 1. We are going to recover this
density function x on the finite interval [0, T] from data of k on the same interval. We
assume to know the value 0 < k¥ <1 of the cumulative density function of this
random variable at the right end T > 0 of the interval under consideration, i.e.,

T
fx(t)dt =K. (120)
0
Moreover, we assume positivity
x(t)=0 (0<t<T) (121)

for that interval.

We present a new existence theorem for those third kind equations and discuss
questions of uniqueness and stability. Since ill-posedness emerges, a regularization
approach is required for the stable approximate solution of such problems. We focus
on the method of Tikhonov regularization for the nonlinear integral equation under
consideration and formulate a couple of related open problems.
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Definition (2.3.1)[134]. Let x(t) (0 <t < T) be an integrable function satisfying
the positivity condition (121). As the autoconvolution coefficient of x we call the
function k(t) (0 <t < T) defined by

t

k(t):= %Oj x(t—s)x(s)ds>0 (0<t<T)k(0):=0.(122)

If x is a density function with support [0, o) satisfying (121) for all T > 0,
the autoconvolution coefficient k(t) (0 <t < T) is well-defined for all T > 0. Since
then the Rautoconvolution function y = x * x is also a density function with support
[0,0), we have f0°° k(t)x(t)dt =1, i.e., the product function kx is also a density
function.

Example (2. 3.2)[134]. (Power-type functions) Let us consider the functions

x(t)=tP7le  (0<t<T),
which are integrable for every parameter p > 0 and satisfy (121) forall T > 0. In
terms of the Beta function B(a, b) = fol t2~ (1 — t)>~1dt (a, b > 0) we easily find
y(s) = B(p,p)s??~1(0 <t <T) for the autoconvolution function y = x * x and
hence the continuous autoconvolution coefficient

k(t)=tPe (0<t<T)

forall p > 0.

Based on the result of this example we suggest by the following two
propositions two different classes of functions x(t) (0 < t < t), for which the
autoconvolution coefficient k is well-defined.

Proposition (2. 3. 3)[134]. The autoconvolution coefficient k according to
Definition (2.3.1) is a well-defined positive function on (0, T] with

tlir_rl_lo k(t)=0 (123)
if the function x is measurable and satisfies inequalities of type
AjtP1 < x(t) < AptP2 (0<t<T; A, =2A;>0) (124)
for some real exponents p; and p, with
— <P Sp <21 (125)

If moreover x is continuous on (0,T], then with k(0):= 0 the function k is
continuous on [0, T].

Proof: Measurable functions x with (124) have the properties x € L2(0,T) and
x *x € C[0,T] with [x *x](0) := 0. Since for integrable functions x; and x, the
inequalities 0 < x; < x, on (0, T] imply inequalities x; * x, < x, * x; on (0,T], due
to Example (2.3.2) and because of (124) k = x * x/x is a well-defined function on
(0,T] with 0 <k(t) <Apt?P2P1t1(0<t<T) for some constant A4, > 0:
Moreover, (125) yields 2p, —p; +1 > 0 and provides us with the limit (123).
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Hence, for k(0) := 0 the continuity of k on [0, T] holds whenever x is continuous on
(0,T].
On the other hand, we can prove:
Corollary (2.3.3)'[140]. The autoconvolution coefficients k of the matrix
sequence of function x,, (t) is a well defined positive function on (0, T) with
lim k(t) =0
t—+0
If the x,, is measurable and satisfy
AtPr < x,(t) < A,ptP2
Where 0<tST ; AZ 2A1>0
For two exponents p; and p, with
2p; <p;p <2p;+1 and p; >—%
If x,(t) is continuous on (0,T), then k(0) =0 when t — +0 and hence k is
continuous.
Proof: Since x,(t) is bounded then x,(t) € L?(0,T) and x, *x,, € C[0,T] with
[x, * x,](0) = 0 and since if x,, is monotonic increasing and integrable 0 < x,, <
X,+1 ON (0,T] since n = 1, which gives x, * x,,.1 < x,41 *x, on (0,T]. Due to
proposition (2.3.14) we have k(t) = x,, * x,, is well defined on (0, T'] then we get
0 < k(t) < Ayt?reritl
For 0 <t < T and a constant A, > 0, then k(t) is bounded and hence continuous for
k(0) = 0 on [0, T] wherever x,, (t) is continuous in the half open interval (0,T].
Proposition (2.3.4)[134]. The autoconvolution coefficient k according to
Definition (2.3.1) is a well- defined positive function on (0, T] with the limit
condition (123) if the function x is measurable, non-decreasing on some interval
(0,e]with0 < e <T,1i.e., we have

0<x(s)<x(t)(0<s<t=<e (126

and satisfies inequalities of type
0<A;<x(t) <A, <00 (e<t<T). (127)
If moreover x is continuous on (0, T], then with k(0) := the function k is continuous

on [0, T].
Proof: For measurable functions x from (126)-(127) we again have the properties
x € L>(0,T) and x * x € C[0, T] with [x * x](0) := 0. Moreover, k is a well-defined
positive function on (0, T]. To prove the limit condition (123), here we formulate as
a consequence of the monotonicity of x the estimates

t

t

x(t — s)x(s) p
x(t)
Obviously, \/lexlle(O,T) and hence k(t) tend to zero as t — 0. Again, for k(0) := 0
the continuity of k on [0, T] holds whenever x is continuous on (0, T].

0 < k(x) :f s < Jx(t —5)ds < \/fllxIILz(O,T) 0<t<e)
0 0
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We consider the inverse problem of determining the density function x
satisfying (119) - (121) from data of its autoconvolution coefficient k. This problem
can be written as an operator equation

Fx)=k (xe D(F)c X,k €Y) (128)
with the nonlinear forward operator
t x(t —s)x(s)
[F(x)](t):= f O ds (0<t<T), [Fx)]0)=0 (129)

mapping between the Banach spaces of real functions X < L?(0,7) and Y c
L (0, T), with domain
D(F) =

{x € X € L?(0,T): x satiisfies (124) — (125) or (126) — (127)}.  (130)
Note that every solution x € D(F) of (128) fulfills both the integral equation (119)
and the positivity condition (121). Moreover we have the following proposition.
Proposition (2.3.5)[134]. If for given k € L*(0,T) the operator equation (128)
has a solution x, € D(F), then for all a € R the functions x,(t) = e® x,(t) (0 <
t <T) belong to D(F) and are also solutions of (128). Moreover, for given k €
(0,1], there is a uniquely determined value a, € R such that x = x,_ satisfies (120).
Proof: Obviously, with x, the whole family of functions x, satisfies (119) and
belongs to the domain D (F). For given k any solution x, € D(F) of (128) is positive

on (0,T] and integrable. Hence the integral fOT xo(t)dt attains a finite positive value.
Then the assertion of this proposition is a consequence of the fact that
fOT x,(t)dt is a continuous and increasing function of the real variable a tending to

zero as a — —oo and tending to infinity as a — co.

We conclude this section with some examples of autoconvolution coefficients
k and associated density functions x satisfying the equation (119) (resp. (128)). For
further details concerning underlying well-known probability distributions we refer,
e.g., to [39].
Example (2.3.6)[134]. (Gamma distribution on (0, «))

x(t) = 2 pp-1p—it (1> 0,p>0)

, I'(p)
with x(t)~%tp_1 as t — +0 and
_ AP ap1,-ne — p L@ p
y(t)—r(zp)t e ™, k(t)=2 F(Zp)t :

Special cases occur for
p = 1 : Exponential distribution with k(t) = At
and
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p=n €N:={12.} k() = g At"
Example (2.3.7)[134]. (Cauchy distrlbutlon on (0, oo))
x(t) = 12+t2 (1>0)

with x(O)~E—25 a5t — +0, where
y(t) = %tzjw [%ln (1 + ;—2) + arctan G)]

4 t2422 ¢ +3
k(t) =~ 4/12[ In (1+ )+arctan(/—1)] 7T/1t+§/1—3 as t — +0.
Example (2.3.8)[134]. (Beta distribution on (0,1))

= 1 p_l — q_l

tP~1 as t — +0. Itholds

and

with x(t)~

( q)

B(p,p) - :
y(t) = pp)tzp 11 —t)a 1F1(P,1—q'1_q'2p"t’1_—t)

and

B(p,p) p . t B(p,p) P
k(t) = Foa) Fl(p,l q,1—q,2p;t “) Toot as t — +0,

where B is again the Beta function and F; is Horn's hypergeometric function of two
variables [4].
We state the existence of continuous solutions to the integral equation (119) for
k(t) ~At" (mn€N) as t — +0.
Theorem (2.3.9)[134]. For fixed 0 <T <1, let k € C[0,T] with k(t) >0 (0 <
t < T] have the finite asymptotic expansion

k(t) = At™ + B(t) (A>0,neN) (131)
with B € C[0,T] satisfying B(t) = o(t"*!)as t — +0 and fT BOV 4t < 00, Then

tn+2
the equation (119) has a one-parametric family of solutions xy € C[O, T] (K € R) of
the form

x(£) = Ay 71+ 8 2 (6, Yo = o (132)
with functions z; € C[0,T] and the parameter K = z,(0) € R. These solutions are
the unique ones in the class of functions of type (132). The family of solutions

xx (K € R) can also be parametrized by the parameter a = %through the relation

xg (t) = e xq(t).

With respect to uniqueness of the solutions to (119) there remains the difficult
question if there exist in addition to x; from Theorem (2.3.9) further (not identically
vanishing) continuous solutions. In [36] Berg showed for n = 1 and a power-type
function B that this is not the case. It is conjectured that this holds in general under
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the assumptions of Theorem (2.3.9). But this has not been proven at present.
However, the following uniqueness assertion for equation (119) can be easily shown

by the relation
t

x1(t) = f X7 (8) x,(t — s)ds = x,(t) | x1(s) x1(t — s)ds (133)

0 0

holding for two solutions x4, x, of (2.3.2). Namely, if for k = 1,2
X, (t)~A, tPk | Int|™ ast — +0

with A4, > 0,p, >0 and n, € N then we have p; = p,,ny =n, and A; = A,.
Furthermore, (133) leads to the following simple uniqueness proposition:
Proposition (2.3.10)[134]. Let x;(t),x,(t) (0 <t <T) be positive, integrable
and continuous solutions to equation (119), for which the quotient g = x,/x; has
the asymptotic expansion

q(t) =1 +nt +o(t) as t — +0 (134)
with some n € N. Moreover, let the function f;(s) = q(s)q(t — s) be monotone both
in[0,2] and |3, ¢| Then q(£) = e, i.e.,x,(t) = e x1(£) (0 <t <T).
Proof: In view of (133) the quotient q satisfies the relation

t t

q(t) = jxl(s) x1(t —s)ds = jq(s)q(t —5)x1(s)x(t—5s)ds (0 <t <T).

0 0
By the second mean value theorem and q(0) = 1 we have
t/2
| aate = x - ds
" $1(t) t/2
~q® | m@u-ds+PED [ m@un-ds,
0 $1(t)
t
[ a®at - 9@ - ds
t/2
$2(t) t
= q°(t/2) f x1(8) x1 (¢t — s)ds + q(t/2) f x1 () x1 (¢ — s)ds,
t/20 $2(t)
where 0 < & (t) < t/2and t/2 < &,(t) < t. Hence the equality
§2(t) $2(t)
a© [ n@ae-9ds =@ [ uEne-sds
$1(t) $1(t)
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or the functional equation

q(t) = q? (%) 0<t<T) (135)
follows. Applying [49] to p = In q or [49] directly to (135) with (134), we obtain
q(t) = em.

Recalling the solution x = xx to equation (119) constructed in Theorem (2.3.9)
depends continuously on the scalar parameter A and on the parameter function B. But
there is a strong restriction on the character of perturbations for the coefficient k
which are allowed in this context. Namely, for this stability assertion the data k of k
must have the same form (131) only with perturbed 4 and B € C[0, T]. Under rather
weak assumptions the nonlinear integral equation of the third kind (119) and the
operator equation (128), respectively, are ill-posed if the forward operator F maps
between appropriate spaces X and Y of continuous and square integrable functions.
Namely, on the one hand equation (119) has no square integrable solutions if
k(t) » 0 as t — +0 or if the decay rate of k(t) — Oast — +0 is too slow.
Moreover, as will be shown by the following counterexample, we have a lack of
stability if we measure deviations in X and Y with the maximum norm.

In this section we assume in the sequel T = 1 without loss of generality.

Example (2.3.11)[134]. We consider the sequence of continuous coefficients

. 1

et if OStS;

2 . 1 2

kn(t) = ;e —te?™ jf " <t< o

Z(e—-2)+t if <t<1
which as n — oo converges to the function k. (t) =t (0<t<1) inY = C[0,1]
with the maximum norm, i.e., lim,_ .||k, — ko |ly = 0. But the corresponding
continuous solutions to (119)

eltant  if 0<t<-
x, () =
A W

n
with a, € R do not converge in the maximum norm (X = C[0,1]) to one of the
solutions x,,(t) =e® (0 <t <1) to (119) associated with k., for any a € R.
Namely, we have

1%, — Xoollx = |%,(0) —x,(0)| =€ —1>0

independently of the choice of a, and a. In particular, this assertion holds for the
density function x,, =1 (0 <t < 1) witha = 0 and the solutions

el™ if 0<t< %
X, () = ’

1 if L<t<i1
n
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where a,, = —n and we have x,, (t) — x (t) as n — oo pointwise in (0,1] with
1

fxn(t)dtz 1+¥—> 1 as n— oo,
0

Because of such ill-posedness effects, a regularization is required for the stable
approx- imate solution of the inverse problem (128) of finding the density functions
x from noisy data k of the autoconvolution coefficient k.

The most important method of regularization is Tikhonov's method, which is
discussed with respect to autoconvolution. For the problem of determining the
autocovolution coefficient the equation (119) written as operator equation (128) is
approximated by the extremal problem

|F(x) - IE||12/ + a||x — %||} — min, subjectto x € D(F), (136)
with domain D(F) < D(F) (see ((130))), where F:D(F) € X — Y maps between
Hilbert spaces XandY, x € X is an initial guess and a > 0 denotes the

regularization parameter.
We focus on the Sobolev space X = Y = H'(0,1) with norm

1/2
0,1y = (1102201 + 1Nz 1)

and on the domain

D(F) ={x € H}(0,1): K;tP1 < x(t) < K,tP2 (0<t <1; K, = K; > 0)}, (137)
where stronger than (2.3.8)

0<p <p <p,+;5 (138)
Is assumed for the operator F from (129) with T = 1. We prove for the domain
(137) that the extremal problem (136) has a solution for any k € H'(0,1), x¥ €
H'(0,1) and & > 0. As is well-known in regularization theory it is sufficient to prove
the weak closedness of F. This will be done in the following. We start with a lemma.
Lemma (2.3.12)[134]. The operator F : Dy c C[0,1] — C][0,1] with F defined by
formula (129), where the domain is
Dy(F) ={x € C[0,1] : K;tPr1 < x(t) < K,tP2 (0<t<1; K, = K; >0)}

with py, p, satisfying (138), maps into the subset C,[0,1] = {v € C[0,1] : v(0) = 0}
of C[0,1] and is continuous.
Proof: The property F(x) € Cy[0,1] for x € Dy(F) follows directly from Proposition
(2.3.14). Let further be xg,x, € Dy(F) with x, — x,in C[0,1]. We put v, =
F(xy), v, = F(x,) and obtain
t
e = 59,059 = w6 = 2y ()

0

1
v (®) = (0] <
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1 t
+—xn OO0 |2, (£) — x0(0)| Oj xXo(t — $)xy(s)ds = I, (t) + L, (t).
Using (137) and (138) the first integral I; (t) is estimated by
1
h (t) - X, t) j-[x"(t o S) + xO(t - S)] [xn(s) - xo(S)]dS
0
= K tp1 (’{gﬁ‘t'xn(s) — xo(s)| f[xn(S) + x0(s)]ds
0

2K, tP2P1tl
T K py+1 te[(e)uf]lx () = x (1)

and the second integral I, (t) can be estimated by

1%, () — %0 ()] [
X (%0 (©)

L(t) =

xo(t — s)xo(s)ds

2

K5
< 27 Bz + Lpy + DEPEP max x, () — x0(0)]
1 ]

where B(a, b) again denotes the Beta function. This shows that v, — v, in C[0,1].
We further prove

Proposition (2.3.13)[134]. The operator F :D(F) c H'(0,1) — H'(0,1) is

bounded in the sense that subsets of D(F) bounded in H'(0,1) are transformed into

bounded subsets of H'(0,1).

Proof: Let x € D(F) and

1 t
v(t) = [F(x)](t) = %.f x(t — s)x(s)ds € Cy[0,1].
0

Again by (137), (138) we have
2 2

KZ 2py—p1+1 K2
V(t)SFt 271 B(p2+1,p2+1)S61 =FB(p2+1,p2+1)
1 1
implying
Ivlli201) < Ci, (139)

where the constant C; does not depend on x.
Further, the derivative v' of v is given by

V(0 = 2(0) + —— [ % (t = $)x(s)ds —
(t) 20

x(t —s)x(s)ds
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and we get the estimate

¢ 2 1/2
! 1 !
v ll 2001y < x(0) + fxz(t) lfx (t —s)x(s)ds| dt
0 0
(PO [ A
x
x*(0) lf x(t—s)x(s)| dt (140)
0
By (137), (138) it holds
t t 1/2
' 2 ' K; pz+l '
[ ¥ = 9xas| < | [ 205 | Wllizon < mem 2 ¥y
2p2 + 1
0 0 v
and

2

t
: [EAEDECL <k 1 1|2
2@ |) PSS = o, +1 2 -+ D) O

Finally, again due to (137), (138), we have
t

jx(t —s)x(s)ds < KZt*»2"1B(p, + 1,p, + 1),
0

hence
2
K4
X4 () lf x(t—s)x(s)ds| < E[B(Pz +1,p; + D] t*r2—tr1+2

and

¢ ) 2

SO ds| dt <=2 [B(p, +1,py + 1
OB (t ~$)x(s)ds| dt —14[ (P2 + 1,92 + DPIX 12 0.1,

0

Therefore, from (140) we obtain the estimation
vl 2¢0,1) < x(0) + C0||x l12¢0,1), (141)

K 1 1

K1 V2p2+1/2(p; P1+1)
depend on x. Then the inequalities (139) and (141) show that the operator F :
D(F) ¢ H'(0,1) — H'(0,1) is bounded.

Now we can prove the main theorem of this section.

where the constant C, = B(pz + 1,p, +1) does not
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Theorem (2.3.14)[134]. The operator F : D(F) ¢ H*(0,1) — H'(0,1) is weakly
continuous.
Proof: Let x,,, x, € D(F) with x,, = x,in H*(0,1), i.e.,
(X, @) + (X, 0) — (x0, ) + (x0, ) forany ¢ € H'(0,1),
where (-,-) denotes the generic inner product in L?(0,1). We have to prove that
v, = F(x,) = vg = F(x,) in H'(0,1).

For this it is sufficient to show that both variants of weak convergence v, — v, iIn
L2(0,1) and v, — v, in L2(0,1) hold. The first weak convergence follows directly
from Lemma (2.3.12) since weak convergence x,, — x, in H'(0,1) implies strong
convergence x, — xo in C[0,1] as a consequence of the compact embedding of
H1(0,1) into €[0,1] and then we have v,, — v in L2(0,1) from v,, — v, in C[0,1].

So it remains to prove that v, = v, in L2(0,1). This is equivalent to the
following both conditions: (a) The sequence v, is bounded in L2(0,1); (b) fot v, (s)ds

— [T vo(s)ds pointwise for all t € [0,1]. The boundedness (a) of the v,, in L?(0,1)
follows from the estimation (141), because the sequence x,, is bounded in H1(0,1)
due to the its weak convergence in H'(0,1). The condition (b) is equivalent to
v, (t) — vy (t) pointwise for all t € [0,1] since v, (0) = vy(0). But from Lemma
(2.3.23) we know that even v, (t) — v, (t) uniformly in [0,1].

Based on well-known assertions of Hilbert space and regularization theory we
obtain the following corollary as an immediate consequence of Theorem (2.3.25)
taking into account that the domain (137) is a closed and convex, hence a weakly
closed subset of H1(0,1) and so the weak continuity of F implies the weak closedness
of this operator.

Corollary (2.3.15)[134]. The operator F : D(F) ¢ H'(0,1) — H(0,1) is weakly
closed and the extremal problem (136) has always a solution.
Remark (2.3.16)[134]. Under the assumption 0 < p, <p; < ”2—2 +%, which is

stronger than (138), one can show that the operator F : D(F) < H(0,1) — H(0,1)
Is also continuous.
Another approach to approximate solutions of (119) for given noisy data k2 €
[0, T] of k is using the differintegral equation

t

ex,(t) + kx.(t) = fxg (t —s)x.(s)ds 0<t<T) (142)
0
for small £> 0 with the initial condition £(0) = A > 0. This is a variant of
Lavrentiev's regularization method to (119). The initial value A should be chosen as
A =1lim,_, o k(t)/tP (p > 0) if this limit exists for some p > 0 or in general as
A=A, = k() =k (0)/eP. In [48] the corresponding singular perturbation
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problem with ¢ — +0 for exact k € C2[0,T] was investigated. A study under the
weaker assumption k € C1[0, T] seems to be difficult and is still missing.
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Chapter 3
Multiplicity Free Theorem and Measurable Proper Actions with Conformal
Geometry
We give a new approach for constructing examples of a unitary highest weight
module of a reductive Lie group and of homogeneous spaces G/H with no compact
quotients where G is a Lie group and H is a closed noncompact subgroup. This
approach is based on the study of the restriction to H of matrix coefficients of unitary
representations of G. A similar method also gives a criterion when the restriction to H
of an action of G on a locally compact space X with a G-invariant infinite measure is
measurably proper in the sense that, for almost all x € X, the natural map h — hx of
H onto Hx is proper. We calculate the minimal nilpotent coadjoint orbit to certain
natural dual pairs in the unitary representation of O(p, q). We show that an estimate
for the & — measure and it is a locally integrable for any bounded Borel subset.
Sec(3.1) : Branching Problems of Unitary Highest Weight Mmodules

Let G be a reductive Lie group, and G the unitary dual. Suppose H is a
reductive subgroup of G. If = € G, then the restriction r|, is no more irreducible as a
representation of H in general. The irreducible decomposition formula of | is called
the branching law (breaking symmetry in physics) and is written in terms of the direct
integral of unitary representations of H:

®
el = | e wly) vl D
H

where dp is a Borel measure on H and my (- : m|y): H — N U {oo} is the multiplicity
defined almost everywhere with respect to du.

One expects a simple and detailed study for the branching problem when no
continuous spectrum arises in the decomposition (1) (discrete branching law), and the
general theory for discrete branching laws has been studied in
[56],[57],[58],[59],[60]. A very special and simple setting of the discrete branching
laws is when the following (a) and (b) hold:

a) m € G is an irreducible unitary highest weight module, and
b) (G, H) is a semisimple symmetric pair satisfying (2) .

The purpose of this section is to investigate the restriction |y, in this special
setting
(@) and (b).
Let G be a non-compact simple Lie group of finite center, 8 a Cartan involution
of G,and K :={g € G : 8g = g}. We write g = f + p for the Cartan decomposition
of the Lie algebra g of G, corresponding to the Cartan involution 8. We assume that G
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is of Hermitian type, that is, the center c(%) of k is non-trivial. Then, it is well-known
that c(f) is one dimensional and that there exists Z € c(%) so that

8¢ =g®C = @p" Dp~
is the direct sum decomposition of eigenspaces of ad(Z) with eigenvalues 0,+/—1 and
—/—1, respectively.
Definition (3.1.1)[62]. Let (r, ) be an irreducible unitary representation of G,
and Hy the underlying (g¢, K)-module. (7r, ') is called an irreducible unitary highest

weight module if }[,§+ + {0}, where we put
}[;;Jr :={v € Hx:dn(Y)v =10 foranyY € p*}.
Then, %}f is an irreducible representation of K. We say that m is of scalar type (or of

scalar minimal K-type) if }[,§+ Is one dimensional. By a holomorphic discrete series
representation for G, we mean that  is a unitary highest weight module that can be
realized as a closed G-invariant subspace of L?(G) (if G has an infinite center, then
we need a slight modification as usual).
Lowest weight modules and anti-holomorphic discrete series are defined similarly
with p* replaced by p~.

Suppose 7 is an involutive automorphism of G commuting with 0. Because
c(¥) = c(f) = RZ and 2 = id, there are two exclusive possibilities:

TZ =7, (2)
L =—7. 3)

LetG* ={g€eG:17g=g}and K*" := G* NK.

Geometrically, (2) implies:

1) T acts holomorphically on the Hermitian symmetric space G /K,

i) G* /K" - G /K is a complex submanifold.
On the other hand, (3) implies:

1) T acts anti-holomorphically on the Hermitian symmetric space G /K,

i) G*/K* < G /K is atotally real submanifold.

Let G be a non-compact simple Lie group of Hermitian type. Here are our
main results:
Theorem (3.1.2)[62]. Let m; and mr, be unitary highest weight modules of G. Then,
thereis a constant C (1, ;) < oo with the following properties:
i) The tensor product ; ®m, splits into a discrete Hilbert sum of irreducible unitary

representations of G:
®

T, ®m, ~ z My o, @Wu, (Hilbert direct sum),
ueG
with the multiplicity satisfying
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My, () < C(my,m,) forall peQ. (4)
i) C(my, my) = 1 if both m; and m, are of scalar minimal K-types. Namely, the tensor
product r; ®m, is decomposed discretely into irreducible unitary representations of G
with multiplicity free, for any unitary highest weight modules m; and m, of scalar
minimal K-types.
Theorem (3.1.3)[62]. Let = be a unitary highest weight module of G. Then, there is
a constant C () < oo with the following properties: Suppose that 7 is an involutive
automorphism of G satisfying (2). Let H be an open subgroup of G* .
i) The restriction m|y splits into a discrete Hilbert sum of irreducible unitary
representations of H:

®
|y = z m, (uWu  (Hilbert direct sum),
ueH
with the multiplicity satisfying
m,(u) < C(m) forall u€ H. (5)

i) C(m) =1 if m is of scalar minimal K-type. Namely, the restriction m|y is
decomposed discretely into irreducible unitary representations of H with multiplicity
free, for any unitary highest weight module m of G having scalar minimal K-type.

The infinitesimal classification of irreducible symmetric pairs was achieved by
M. Berger [50]. We give a list of the infinitesimal classification of irreducible
symmetric pair (G, H) satisfying the condition (2) (see Theorem (3.1.2)).

(g,¢%) satisfying (2) tZ =7
g g
su(p, q) s(u(i,j) +ul(p—iq —j))
su(n,n) sp*(2n)
su(n,n) sp(n, R)
s0"(2n) s0*(2p) + s0"(2n — 2p)
50" (2n) u(p,n—q)
s0(2,n) s0(2,p) + so(n — p)
s0(2,2n) u(l,n)
sp(n, R) u(p,n—p)
sp(n, R) sp(p,R) + sp(n — p, R)
€6(~14) $0(10) + s0(2)
66(_14) so*(lO) + 50(2)
€6(~14) $0(8,2) + s0(2)
€6(—14) su(5,1) +sl(2, R)
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€6(—14) su(4,2) + su(2)

€7(-25) es +0(2)

€7(=25) ee(—14) T 50(2)

67(_25) 50(10,2) + 51(2, R)

€7(—25) $0"(12) + su(2)

€7(-25) su(6,2)
Table (3.1.1)

Here are simplest examples of Theorem (3.1.2) and Theorem (3.1.3),
respectively:
Example (3.1.4)[62]. We denote by m,the holomorphic discrete series
representation of SL(2, R) with minimal K-type y,, (n = 2), where y,,(n € Z) stands

for a character of SO (2). Then, the following branching formulae are well-known:
®

T[m®7-[n = E T +n+2k>

keN
®

7TnlSO(Z) = z T 4n+2k -
keN

Here, N = {0,1,2, ... }. We note that any holomorphic discrete series representation of
SL(2,R) is of scalar minimal K-type.

The conditions ‘‘highest weight modules’’, ‘‘discrete branching’’, ‘‘scalar
minimal K-type’’ are crucial in the multiplicity free, uniformly bounded, or bounded
theorems in Theorem (3.1.2) and Theorem (3.1.3). Here are related remarks:
Remark (3.1.5)[62].

) The discrete decomposability in Theorems (3.1.2) and (3.1.3) was
previously known ([67],[66] and [54]) . The novelty of Theorems (3.1.2)
and (3.1.3) is the estimate of multiplicities (4) and (5).

i)  The Cartan involution 6 automatically satisfies (2). In this case, we have
H = K and the multiplicity free result in Theorem (3.1.3) is known by B.
Kostant, W. Schmid and K. Johnson ([71],[55]) by explicit branching laws
in the case where 7 is a holomorphic discrete series representation of scalar
type. Theirformula will be generalized to a non-compact H.

i) If m=A,(1) in the sense of Vogan-Zuckerman (e. g. a discrete series
representation) and if (G, H) is a semisimple symmetric pair such that x|y is
discrete decomposable, then the multiplicity always satisfies

m,(t) <o forany T€H
However, there is an example with
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supm, (1) =
- - - .TEH - - - -
Namely, the multiplicity is always finite but not necessarily uniformly

bounded in the discrete branching laws of non-highest weight modules with
respect to a reductive symmetric pair.

iv)  The multiplicity can be infinite in the continuous spectrum if = = A, (1) is
not a highest weight module and if (G, H) is a symmetric pair [51].

V) It follows from R. Howe [53] and J. Repka [70] that the irreducible
decomposition of the tensor product m; ®m, always involves a continuous
spectrum, if 7r; is a holomorphic discrete series representation and 7, is an
anti-holomorphic discrete series representation. This is regarded as an
opposite extremal case to Theorem (3.1.2). Likewise, if  is a highest
weight module of scalar minimal K- type and if t satisfies (3) instead of
(2), then Olafsson and B. ¢rsted proved that r|, is decomposed into only
continuous spectrum with multiplicity free [69]. This is an opposite
extremal case to Theorem (3.1.3) (2).

vi)  If we drop the assumption of the scalar minimal K-type in Theorem (3.1.2)
or Theorem (3.1.3), then there is a counter example for multiplicity free
[62]. Namely, C(my,m;) in Theorem (3.1.2) (also C(mw) in Theorem
(3.1.3)) cannot be always taken to be 1.

vii)  Finally, we mention the case where dimm < co. Our method here also gives a
suficient condition for the multiplicity free branching laws for finite dimensional
representations of compact groups,which is analogous to the second part of
Theorems (3.1.2) and (3.1.3). A complete list of the multiplicity free cases that
can be obtained by our method is given. Some of them could be also proved by
using so called the Littlewood-Richardson rule and the algorithm of K. Koike and
I. Terada. S. Okada recently obtained a number of multiplicity free branching
laws by combinatorial arguments of character formulae for classical compact Lie
groups. It might be interesting from combinatorial view point to obtain explicit
branching laws for the remaining cases (many of them are exceptional cases) for
which the multiplicity is proved to be free by our method.

Let £ — D be a holomorphic line bundle over a complex manifold D. We denote by O(£)
the space of holomorphic sections of L — D. Then O(L) carries a Fréechet topology by the
uniform convergence on compact sets. If a Lie group H acts holomorphically and
equivariantly on the holomorphic line bundle £ — D, then H defines a (continuous)
representation on O (L) by the pull-back of sections.

Let {U,} be a trivializing neighbourhood of D, and g,; € 0*(U, N Us) the transition
functions of the holomorphic line bundle £ — D.Then an anti holomorphic line bundle
L — D is a complex line bundle with the transition functions g,z . We denote by O(L) the
space of anti-holomorphic sections of £ — D.
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Suppose o is an anti-holomorphic diffeomorphism of D. Then the pull-back
o*L — D is an anti-holomorphic line bundle over D. In turn, 6*L — D is a
holomorphic line bundle over D.

A main machinery for the proof of Theorem (3.1.2) and Theorem (3.1.3) is the
commutativity of the commutant algebra

Endy (H): = {T € End(H): T is continuous, T, (h) = m(h)T for any h € H},
if a unitary representation (7, i) of the group H is realized on holomorphic functions
(or holomorphic sections) on a complex manifold D.

Faraut and Thomas [51], in the case of trivial twisting parameter, gives a

sufficient condition for the commutativity of Endy(#H) by using the theory of
reproducing kernels, which we extend to the general, twisted case below.
Lemma (3.1.6)[62]. Let (7, ) be a unitary representation of a Lie group H.
Assume that there exist an H-equivariant holomorphic line bundle £ — D and an
antiholomorphic involutive diffeomorphism o of D with the following three
conditions:

There is an injective (continuous) H-intertwining map H — 0(£L) (6)
There exists an isomorphism of H-equivariant holomorphic line bundles W: £L — o*L. (7)
Given x € D, there exists g € H such that ox = g - x. (8)

Then, Endy (H) is a commutative algebra.

The idea of Lemma (3.1.6) parallels to [51], which goes back to a lemma due to I. M.
Gelfand:

Lemma (3.1.7)[62]. Let G be a locally compact unimodular group, and K a
compact subgroup. Assume that there exists an antiinvolutive automorphism o of G
such that given x € g there exist kq, k, € K satisfying ox = k;xk,. Then, the Hecke
algebra L' (K\G/K) is a commutative ring.

The following is a key lemma to apply Lemma (3.1.6)by supplying a sufficient
condition for (8) in the setting where D = G /K is a Riemannian symmetric space.
Lemma (3.1.8)[62]. Let G be a non-compact semisimple Lie group of finite center,
K a maximal compact subgroup of G corresponding to a Cartan involution 6. Let o
and t are involutive automorphisms of G. We assume the following two conditions:

o, 7 and 8 commute with one another. 9)
R—rank g/ ¢* =R — rankg? / g°". (10)

Then for any x € G/K, there exists g € G§ such that a(x) = g - x.

The proof of Theorem (3.1.3) (similar, but easier for Theorem (3.1.2))
completes by showing the existence of ¢ € Aut(G) satisfying (3), (9) and (10), for
each t € Aut(G) satisfying (2).
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Once we obtain (abstract) results on free multiplicities, then we with to obtain
explicit formulae of such branching problems as a second stage. Theorem (3.1.3)
asserts the multiplicity freeness of the branching law |y, especially in the case where

7 € G : holomorphic discrete series of scalar minimal K-type

H = @ : satisfies the condition (2):
This section presents an explicit branching law of m|; in this setting. In particular,
we generalize the Kostant-Schmid formula ([71],[55]) which corresponds to the case
T = 6 (Cartan involution), namely H = K.

Let us fix notation. Suppose that G is a simple non-compact connected Lie
group of Hermitian type, and that t € Aut(G) satisfies (2). We take a Cartan
subalgebra t of f such that t* :={X €t: tX = X} is also a Cartan subalgebra of
P :={X €t:1X = X} . We fix positive systems AT (°,1*) and A* (%,t). Because 7
satisfies (2), the direct sum decomposition

gc=Ic@pt Dy~
Is stable under t (complex linear extension). Then we have a direct sum
decomposition p™ = (p*)* @ (p*) 7. Let A (M), t7)(c V=1(t")*) be the set of
weights of (p™) ™" with respect to t” .

The roots a and £ are called strongly orthogonal if neither a« + 8 nor a — S is
a root. We take a maximal set of strongly orthogonal roots, say {vi, vy, ..., v}, such
that

i) vy is the highest root among A ((p*) 77, 17),
ii) v;41 is the highest root in A ((p*) 7", t%) strongly orthogonal tov, ..., v;.
We note that

k = R —rankG/G".

We denote by V& () the irreducible highest weight module of G if (V& ()P
is an irreducible representation of K with highest weight u € vV—1t* with respect to
AT (%,1). Likewise, V¥ (v) denotes the irreducible highest weight module of H = G§
if (V¥ (v))®D" s an irreducible representation of KZ with highest weight p €
V=1(t")* with respectto A™ (7, 17).

Clearly, V¢ (i) is of scalar minimal K-type if and only if u vanishes on the
maximal semisimple ideal of {.

Now we are ready to state an explicitly branching formula:

Theorem (3.1.9)[62]. Let G be a connected non-compact simple Lie group of
Hermitian type, and H := G the connected component of the fixed point group G* of
an involution T € Aut(G) satisfying (2). If V¢ () € G is a holomorphic discrete
series representation of scalar minimal K-type, then
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(O] k
Vel = Y Vi e+ ) ey | (11)
ag=>-->ay =0 j=1
ajEN

If 7 =6 then H = K and dimV" (ulx + 3¥_; a;v;) < co in this case, (11) coincides
with the formula.

Sec(3.2) : Compact quotients of homogeneous spaces and decay of matrix
coefficients

G is a locally compact group, K is a compact subgroup of G, and H is a closed
subgroup of G. Let 8 denote a (left invariant) Haar measure on H.

Let G act continuously by measure preserving transformations on a
(noncompact) locally compact space X with an infinite regular Borel measure pu.
Consider the regular unitary representation p of G on L?(X, u):

@HX) =fg'x); geG, xeX, feL*X, .

Definition (3.2.1)[169]. We say that the action of G on X is (G, K, H)- tempered if
there exists a (positive) function g € L' (H, 8) such that

KoM fr, £l < gl - I (12)
for any h € H and any p(K)-invariant functions f;, > € L*(X, u).
Proposition(3.2.2)[169]. If the action of G on X is (G,K, H)-tempered then
u(X — HM) > 0 and, consequently, HM # X for any compact subset M of X.
Proof. Let M be a compact subset of X. Then there exists a nonnegative K-invariant
continuous function f on X with compact support such that f(x) > 1 for any x € M.
Consider a function

o= pwraem, o= [ retndec
H H
(The function ¢ can be infinite, and if HM is not compact then usually ¢ is not in
L?>(X,u).) Since f is continuous, M is compact and f(x) > 1 for any x € M, there
exists a neighborhoodW of e in H such that f(w™1x) > % forallxe M and w e W.
Now if x € HM then ¢(x) > 5 8(W) (because if h='x € M then f((hw)~1x) >
forany w € W). Thus

o(x) >% 6(W) forany x € HM. (13)
Take a compact subset L of H such that
1
h)du(h) < ——0(W 14
| atdu@) < o) (14

where ||f]| = sup{f(x)| x € X}. Since the measure x is Borel and infinite and the
support suppf of f is not compact, there exists a K-invariant set A c X such that
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u(A) =1 and (L - suppf) N A = Q. Let y, denote the characteristic function of A.
Then using (12) and (13) we get

j o (%) du(x) = f (@ - 1)) du(x)
A X
- jH jX (W Pxa) (du(x) | do(h)

= j (p(Wf, x4)dO(h) = f (p(R)f, xa)dO(h)
H H

—L
< j aiMfIl - llxallddCh) = lIfIl | q(h)dé(h)

H—f H-L

< 3 o(W). (15)
The equality u(4) = 1 and the inequalities (13) and (15) imply that u(A — HM) >
0 and, consequently u(X — HM) > 0.
Proposition (3.2.3)[169]. Let A be a bounded Borel subset of X. For any x € X, let
P4 (x) denote the 6-measure of the set {h € H | hx € A}. Suppose that the action of G
on X is (G, K, H)-tempered.

(a) The function s, is locally integrable, that is

jB Pa () du(x) < oo

for any bounded Borel subset B of X.

(b) If X is o-compact then Y, (x) < oo for almostall x € X.
Proof. Clearly (a) implies (b). Let us prove (a). Replacing A by KA and B by KB, we
can assume that A and B are K-invariant. Let y, and yp denote the characteristic
functions of A and B. It is easy to see that

Wa = | pxado,
H
Then using (12) we get

j Wa () du(x) = (W, Wg) = j (R xar x5)dO(R)
B H
< f (Rt x5 )dO(R) < oo.
H

In this section G, K, H and 6 denote the same as.
corollary (3.2.3)'[140]. Show that
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(D) 4]l < M.
(i) Verify that

| G duc < m < o
H
Proof : Since

Wl = j o(1) XadO(R)
H

< f oW sl dO(R) < f () Ixal dO(R)
H H

< j q(Wllxall d6(R) = f () do(h) = M
H H

[Wal = M
Hence we can show that

Wa (O du(x)] < ]H a(h)

Sf q(P)lxallllxs Il d6(h) =j q(h)dé (h) = M < 0
H H

Proposition (3.2.4) [169]. We say that H is (G, K)-tempered if there exists a function
q € L'(H,0) such that

< Xa , xg>do(h)

[(m(h)wq, w2)l < q(h) llwll - [l l (16)
for any h € H, any m(K)-invariant vectors w; and «-, and any unitary representation
n of G without non-trivial (G )-invariant vectors.

Let us consider a continuous action of G by measure preserving transformations
on a locally compact space X with an infinite regular Borel measure u, and let us
denote by p the regular representation of G on L?(X,u). If a > 0,f € L?(X, 1) and
p(G)f = f, then the sets

{xeX|f(x)>a} and {xe€eX|f(x)<-—a}
have finite measure and they are G-invariant (modulo sets of measure 0). Hence if X
has no G-invariant subsets of finite nonzero measure and the subgroup H is (G, K)-
tempered then the action of G on X is (G, K, H)- tempered.
Remark (3.2.5) [169]. Let

T = L T, do(y)

be a decomposition of & into a continuous sum of irreducible unitary representations,
and let

W= j W, do(y),  wn = f wn, do(y),  wr = f wyy do(y),
Y Y Y
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w1y, Wy, € W, be corresponding decompositions of the space W of the
representation = and of vectors w, w>, € W. Suppose that forall y € Y

(my (W wy, way )| < q(R) ||y || - [y |-
Then using Cauchy-Schwartz inequality we get

(w1, wo)| = j (ny(h)wlylWZy)do-(Y)‘
Y

< q(h) jy sy | - llwrzy || doy)

< q(h) j fy |, |2do ) jy s, |I* do(y)

= q(W) w1l - [l l.
Thus H is (G, K)-tempered if and only if the inequality (16) is true for any h € H,
any m(K)-invariant vectors w; and w, and any non-trivial irreducible unitary
representation m of G.

Let us now give some examples of (G, K)-tempered subgroups.We give only
indications of the proofs because more precise and general results are obtained by
Hee Oh ([74]).

Examples (3.2.6) [169].

(@) Let G be a connected semisimple Lie group having Kazhdan’s property (T)
and K a maximal compact subgroup of G. Then any commutative diagonalizable
subgroup H of G is (G, K)-tempered. To show this it is enough to use Howe-Moore
estimates which provide uniform exponential decay for matrix coefficients
corresponding to K-invariant vectors and irreducible nontrivial unitary
representations of semisimple groups with property (T).

(b) Let ¢ =SL,(R), K =S0(n), and a, the n-dimensional irreducible
representation of SL, (R). Suppose that n > 4. Then the subgroup H = a,,(SL(2, R))
Is (G, K)-tempered. Let us show this in the case where n = 4 and

0 e'
a,=(d) =m, d, = (e e—t)’ = ~

It is well known that the restriction of any nontrivial irreducible unitary representation
m of SL4(R) to the subgroup

_((A 0
F= {(0 1)| A€ SLZ(R)}
does not contain complementary series. But r; belongs to the subgroup
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a 0 0 0 b

0 0 a b
o a4 ollAEsm, (C d) € SL,(R)
c d

which is the direct product of two conjugates of F.

Using these facts and formulas for matrix coefficients of the principal series of
unitary representations of SL, (IR) we easily get that for some ¢ > 0
(r(r)w, w)| < ce ™ t? - (w,w)|, t=0,
for any m(K)-invariant vector «. Now it remains to notice that the function
f(kid,ky) = e *t?, ki, k, €S0(2), t =0,
is integrable on SL, (R) because the Haar measure of the set
{kid.k,|ki, k, € SO(2), 0<t<T,}
is asymptotically ce?” when T — +oo,

(c) Let L be a connected simple Lie group, n >3, ¢ : L = SL,(R) an n-
dimensional representation of L, and ¢ = @@ - @¢; a decomposition of ¢ into the
sum of irreducible representations of L. Let us denote by £ the sum of the positive
roots of L with respect to a maximal R -split torus S < L and an ordering on the
character group X(S) of S, and by x; the highest weight of the representation
®;,1 <j <i. Then using arguments similar to those from the example (b) one can

prove that the subgroup ¢ (L) is (SL, (R), SO(n))-tempered whenever

Z)(j > (1 + &)for some € > 0, where J = {j| dim ¢; = 2}.
j€T
From this we easily deduce the existence of N > 0 such that if

zdim<pj >N

j€7
then @(L) is (SL,(R),SO(n))-tempered. (Let us note that };c;dim ¢; is the
codimension in R n of the subspace of ¢ (L)-invariant vectors.)

As usual we say that a continuous action of a locally compact group G on a
locally compact space X is proper if, for every compact subset L c X, the set {g €
G| gL n L= @} is compact. If G acts properly on X then the quotient space G\X is
Hausdorff. We say that the action of G on X is compact if there exists a compact
subset L of X such that X = GL. For proper actions this property is equivalent to the
compactness of G\ X.

It is well known and easy to check that, for any locally compact group ¢ and
any closed subgroups P and Q of G, the following conditions are equivalent:
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(1) the action of P on G /Q by left translations is proper (resp. cocompact);
(11) the action of Q on P\G by right translations is proper (resp. cocompact);
(111) the action (p,q)g = pgq ', p EP,q € Q,g € G,of PX QonG is

proper (resp. cocompact).

It is natural to call the equivalence (I) & (1) the duality principle.

Theorem (3.2.7)[169]. Let G be a unimodular locally compact group, H a closed
subgroup of G, and F a closed subgroup of H. Suppose that H is (G, K)-tempered for
some compact subgroup K of G.

(@) If I'" is a discrete subgroup of G such that the volume of I'\G with respect to
Haar measure is infinite then the action of I' on G/F by left translations is not
cocompact.

(b) If F is not compact then there are no discrete subgroups I of G such that I
acts properly on G /F by left translations and the quotient I'\(G /F) is compact.

Proof.

(@) The group G is unimodular. Therefore the action of G on I'\G by right
translations preserves Haar measure p. Since u(I'\G) = oo there are no G-invariant
subsets in I'\G of finite measure. Hence the action of G on I'\G is (G,K,H)-
tempered. Now applying Proposition (3.2.2) we get that the action of H on I'\G and,
consequently, the action of F on I'\G are not cocompact. From this, using the above
mentioned duality principle, we deduce that the action of I on G /F is
not cocompact.

(b) In view of (a) it is enough to consider the case where u(I'\G) < oo, but in
this case F can not act properly on I'\G because any continuous action of a
noncompact group by transformations preserving a finite nonzero regular Borel
measure is not proper.

Combining Theorem (3.2.7) with examples (b) and (c) from [2] we get the
following two corollaries.

Corollary (3.2.8)[169]. Let ,, denote the n-dimensional irreducible representation
of SL,(R). Let ¢ = SL,(R),H = a,(SL,(R)) c G, and F a closed subgroup of H.
Suppose that n > 4. Then for G,H and F the statements (a) and (b) in Theorem
(3.2.1) are true. In particular G /H has no compact quotients by discrete subgroups.
Corollary (3.2.9)[169]. Let L be a connected simple Lie group, n = 3, and let
@:L — SL,(R) be an n-dimensional representation of L such that the condition from
example (c) of 2 is satisfied. Then the statements (a) and (b) of Theorem (3.2.7) are
true for G = SL,(R), H = ¢(L) and a closed subgroup F of H.

Let H be a locally compact second countable group acting continuously on a
locally compact second countable space X with an H-quasi-invariant Borel measure
u. Let 8 be a left invariant Haar measure on H. Then the following conditions are
equivalent:
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(a) for almost all (with respect to i) points x € X, the orbit Hx is closed in X
and the stabilizer H, = {h € H | hx = x} is compact;

(b) for almost all x € X, the stabilizer H, is compact and the natural map
hH, » hx of H/H, onto Hx is a homeomorphism;

(c) for almost all x € X, the natural map h — hx of H onto Hx is proper or, in
other words, the set {h € H | H, € A} is bounded in H for any bounded subset A of X;

(d) for almost all x € X and any bounded subset A of X, the 8- measure of the
set{h € H| H, € A} isfinite.

The equivalences (a) < (b) and (b) & (c¢) are standard facts about group
actions. The implication (c¢) = (d) is trivial. To prove (d) = (c) let us consider a
bounded neighborhood U of e in H. Then

{heH|hx e UA} =U{h € H| hx € A}.
Therefore if {h € H| Hx € A} is unbounded then {h € H | hx € UA} has infinite
measure. It remains to notice that if A is bounded then UA is also bounded.

If the conditions (a)- (d) are satisfied then we say the action of H on X is
measurable proper. It is easy to see that if the action of H on X is measurably proper
then almost all components in the decomposition of u into H-ergodic measures are
supported on closed H-orbits Hx with compact stabilizers H,. In particular if the
measure p is H-ergodic then there exists x € X such that u(X — Hx) =0, Hx is
closed in X and H, is compact. Let us also note that if H acts measurably proper on X
and F is a closed subgroup of H then the action of F is also measurably proper.

Sec(3.3) : Branching Laws for Unitary Representations and Minimal Nilpotent
Orbits
Let G be a reductive Lie group and G’ a reductive subgroup of G. We denote G
the unitary dual of G, the equivalence classes of irreducible unitary representations of
G. Likewise G' for G'. If m € G', then the restriction | is not necessarily
irreducible decomposition formula:

@
TT|g =f m, (t)td(u)t ( directintegral ), (17)
G

where m, € N U {oo} and p is Borel measure on G .

We denote by g, the Lie algebra of G. The orbit method due Kirillov-Kostant
in the unitary representation theory of Lie group indicates that the coadhoint
representation Ad*: G — GL(gp) often has a surprising intimate relation with the
unitary dual G'. It works perfectly for simply connected nilpotent Lie groups. For
real reductive Lie groups G, known examples suggest that the set of coadjoint orbits
v—1gj/G (with certain integral conditions) still gives a fairly good approximation of
the unitary dual G.
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Here is a rough sketch of a unitary representation m; of G, attached to an

elliptic element 2 € v—1g;: The elliptic coadjoint orbit 0; = Ad*(G)A carries a G-
invariant  complex  structure, and a holomorphic  equivariant line

1

L, = L;®(AP T*0,)7 is defined if A satisfies some integral condition. Then, we
have a Fréchet representation of G on the Dolbeault cohomology group Hg((?,l,fj),
where S := dim¢ Ad*(K)A ([80],[84]), and of which a unique dense subspace we can
define a unitary representation m; of G ([81]) if A satisfies certain positivity. The
unitary representation m, is irreducible and non-zero if A is sufficiently regular. The
underlying (g, K)-module is so called “ A, (1) > in the sense of Zuckerman-Vogan
after certain p-shift.

In general, the decomposition (17) contains both discrete and continuous
spectrum.  The condition for the discrete decomposition (without continuous
spectrum) has been studied in [77],[78], especially for m; attached to elliptic orbits
0,. Itis likely that if m € G “ attached to ** a nilpotent orbit, which is contained in
the limit set of O, , (Definition (3.3.4))then the discrete decomposability of x|’
should be inherited from that of the elliptic case m,;|,. We shall see in Theorem
(3.3.3) and Theorem (3.3.5) that this is the case in our situation.

There have been a number of attempts to construct representations attached to
nilpotent orbits. Among all, rhe Segal-Shale-Wiel representation (or the oscillator
representation) of Sp(n, R), denoted by @, has been best studied, which is supposed
to be attached to the minimal nilpotent orbit of sp(n, R). The restriction of @ to a
reductive dual pair G' = GG, gives Howe’s correspondence ([76]).

The group Sp(n, R) is a split group of type C,, and analogous to @ , Kostant
constructed a minimal representation of SO(n, n), a split group of type D,,, and then
Binegar-Zierau generalized it for SO(p,q) with p + q € 2N. This representation
(precisely, of (p, q) ) WI|| be denoted by arp A,

Let G =G,G,=0(,q)*x0(® ,q).® +p =pq +q =q), be a
subgroup of G = O(p, q). Our object of study is the branching law @w??|,". We note
that G; and G, form a mutually centralizing pair of subgroups in G.

It is interesting to compare the feature of the following two cases:
(i)the restriction @ |G, G, (the Segal-Shale-Wiel representation for type C, ),
(ii)the restriction w?*|G, G,(the Kostant-Binegar-Zierau representation for type D,)).

The reductive dual pair (G,G') = (G, Gy, G,) is of the ®-type in (i), that is,
induced from GL(V) X GL(W) — GL(V®W); is of the @-type in (ii), that is,
induced from GL(V) X GL(W) — GL(V@®W). On the other hand, both of the
restriction in (i) and (ii) are discretely decomposable if one factor G, is compact.

On the other hand @’ is a highest weight module in (i), while @?-? is not if p,q > 2

in (ii).
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Let M be an n-dimensional manifold with pseudo-Riemannian metric g,,. We
denote by A,, the Laplacian on M, and K, the scalar curvature of M. We set

Kayi=hy— —=
MTEM gn-1) ™M

Suppose (M, gy;) and (N, gy ) are pseudo-Riemannian manifolds of dimension n. A
local diffeomorphism ®: M — N is called a conformal map if there exists a positive
valued function Q on M such that ®* gy = Q%g,,. If @ is conformal, then we have
the following formula ([82]):

ntz — — n-2

07 (0" &y f) =Ay (Q 2 c1>*f). (18)
Let G be a Lie group acting conformally on M. The action is denoted by

x v Lyx (h € G, x € M). Then, we have a positive function 2(h,x) € C*(G X M)

such that

Lhgw = 2(h)2 gy, (h€G).
We form a representation w; of G, with parameter A € C, on C* (M) as follows:
@ = (W Df(x) =02 x)*f(Ly,x), (hEG,feEC(M),x €M). (19)
Then formula (18) implies that Ay;:= C* (M) — C* (M) is intertwining operator
from wn—2 t0 wn+2. Thus, we have constructed a representation of the group G:

2 2
Theorem (3.3.1)[170] . Let (M, g,,) be a pseudo-Riemannian manifold, on which
a Lie group G acts conformally. Then ker A, is a representation space of G through

wWn-2.
2
We construct irreducible representation of the indefinite orthogonal group

0(p,q) (p.q =2), denoted by @™ and n}%, n9, which are supposed to be
attached to the minimal nilpotent orbit, and minimal elliptic orbits, respectively.

Let RP-? be a manifold RP-7 equipped pseudo-Riemannian metric

ds? = dx;” + -+ dx,” —dy,” — - — dy,”.

We define submanifolds of RP-4 by
X(p, q@):={(x,y) € RP: |x|* = |y|* = 13,

= {(x,¥) € RP4: x| = |y|}\{0},

M  ={(x,y) eRP9U|x| = |x| =1} = SP71 x §7°1,

The indefinite orthogonal grpup G := O(p, q) acts naturally on R?-4,X(p,q), and = .
The action is denoted by z —» g -z (g € G,€ RP9). G also acts on M. In fact, the
dilation action of R} := {r € R:r > 0} on g commutes with that of G. The induced
action of G on M =~ = /RX will be denoted by x » L, x (h € M, h € G).

We start with the conformal construction of the “ minimal unipotent
representation w?4 for p + q € 2N by applying Theorem (3.3.1) to M = SP~1 x
S 1land G = 0(p, q).

[1]

2
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We equip M with pseudo-Riemannian metric induced from RP9. Then G acts
—_9\2 _9\2
conformally on M, and Ay i=Agp-1—Agq-1— (%) -+ (qz—z) , Wwith notation in
conformal geometry. Wesetv: 2 — R, (x,y) » |x| and define
(@1 (")) (z) =v(h-3)" f(Lh,z)
forh€e G=0(p,q),zEM=5P"1x517! fev _{feC°°(5P I'x85971): Ay f =0}. Then
(@wP1,V) is a representation of G = 0(p,q) by Theorem (3.3.1). Moreover,
(@w?1,V) is a non-zero irreducible representation of G if p + g € 2N. By comparing

the construction of [75], the underlying (g, K)-moduleVy is unitarizable with the inner
product

(fo fo) = j Of) fdw,  fifs € Vi

Where D :=\/ Agp- 1+( 2" , and dw is the standard measure on M. We use the

same notation w?-? to denote the irreducible unitary representation of G.

Next, we consider minimal elliptic coadjoint orbits of G = 0(p, q). According
to the notation , we write np 9 for nm,and r? for 1)z, attached to elliptic orbits
Ad*(QAf, (i=1,2) for AEZ+ E(p +q) Wlth A>0, where f,f, €V—1g} is
defined by
(fu, X) = —V—1X15, (2, X) = —‘/_Xp+q _1p+q fOr X = (Xu)

1,0

1<ij<p+q & B0/
1 = 1, the trivial representation of
= 2

0(1,0) =0(1); and n = sgn, the signature representation of O0(1). Then,

where g, = o(p,q). It is convenient to put T,

{n : A € A(p, q)} (c O(p, q)) is the totality of discrete series representations for
X (p, ), where we put

({rez+2tia> 0 (0 >1,q#0),
p+q p
= 1. > £ _ _
Alp, q):= 3 ez+Bt:azt-1) @p>14=0),

(- =1.0=0)

We consider the discrete spectrum in the branching law of the minimal
unipotent representation @?? € G with respect to the reductive dual pair (G,G") =
(0. 9), 0", q") x 0(p",q")), where p' +p =p(=2),q +q =q(=2),p+
g € 2N,and (p,q) # (2,2). Weset A (p,q) = A(p,q) N{A € R: 1 > 1}.

Theorem (3.3.2)[170] . The restriction @w??|, contains
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@ (©)

W @ o @

A€A (p',q )nA (¢ ") A€A (@ p)NA (" q")
as a discrete specrum.

The idea of the proof is based on the conformal embedding

X®,q)xX(q@ ,p')oM=5P"1xg11
Together with the conformal construction of w?4.

If one of p',q,p orq is zero, then the restriction @??|; is decomposed
discretely into irreducible representations of G = 0(p’,q) x O(p ,q ) by a general
criterion. Then, we can determine the branching law @w?? |, as follows:

Theorem (3.3.3)[170]. Letp+q€2N. Ifq =2 and q +q = g, then
© @

P,q’ 0,q”
w’p'q ! r ~ Tl" 17 T[ " .
|0(P,q )x0(q ) : I' +,l+q7_1 . _’H—qT_l
=0

Suppose p + q € 2N, p,q = 2. The annihilator of the representation @w?? is
the Joseeph idea. In this sense, w? 7 is supposed to be attached to the unique minimal
nilpotent coadjoint orbit, denoted by O,,;, (c \/—1g’{)), whose dimension is 2(p +

q—3).
Definition (3.3.4)[170]. Let M, be a family of subsets, parametrized by v € R,

of a topological space. We denote by M the closure of a subset M. Then, “limit set”

is defined by
limM, = ﬂ U M,.
vi0

) o ) £>0 e>v>0 . .
Here is the limit behavior as the elliptic orbits tend to the nilpotent orbits:

Theorem (3.3.5)[170]. If p>2 and q = 2, then we have the Ad*(G)-orbit
decomposition:

11/1{1(;1 Ov = 00 U Omin U {0}'
where 0O, is a nilpotent orbit of dimension 2(p + q — 2).

The construction of the representations n’!, attached to elliptic orbits

Ad(G)vf; is built on the polarization (or, equivalently, the 6-stable parabolic
subalgebra if we employ Zuckerman-Vogan’s construction) depending on the
signature of v.
Let us consider the Dolbeault cohomology group with v = —1 where the polarization
is kept the same as that of positive v. It turns out that the Dolbeault cohomology
group in the same degree (i,e. p — 2) is still non-zero in this special setting. We write
lim,_,_; w}"7 for the underlying (g, K)-module. Then, the following theorem may be
regarded as a quantization of Theorem (3.3.5).
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Theorem (3.3.6)[170]. Supposep + q € 2N, and p,q = 2. Then we have

lim 7?9 = 7?9 4 P4
v——1 TV +1

In the Grothendieck group of (g, K)-modules.
LetG =0(p,q)x0(q )(q +q =g, p+q€2N). ,
Theorem (3.3.7)[170] . Let pr,_,,:¢* — g'* be the projection dual to g — g. Then we
have
Plymsg (Omin) = Ad*(G){Af + Af: 2> 0},
The branching law in Theorem (3.3.3) may be regarded as a quantization of Theorem
(3.3.7).
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Chapter 4
Gronwall Inequality with Bounds for Weakly Singular Inequalities

Applied to Fractional Differential Equations

We use the transmutation method to reduce the solutions of Volterra of second
kind to known solutions of simpler ( Riemann-Liouville ) equations of the same type.
Some examples are given. Using the inequality of Gronwall, we study the dependence
of the solution on the order and the initial condition of a fractional differential
equation. Some applications to fractional differential and integral equations are also
indicated by using singular integral inequalities of Gronwall-Bellman type.
Applications to fractional differential and integral equations with sharp bounds are
show.
Sec(4.1) : Fractional integral and differential equations involving Erdelyi-Kober

operators

Fractional integral, differential and differintegral equations (FIE, FDE, FDIE),
involving the Riemann-Liouville (R — L) integrals of order 6 > 0

5 _ o s _i1_5—1
Ry = 1 jo (= 07yt = s jo (x— oY y(o)ds (1)

and R — L derivativesR™% := D% ,§ > 0:

i " 6—n . \ _
Doy (x) = {(dx) R°7"y(x) if § noninteger,n = [6] + 1 2)
y™ (x) if 6 =n integer

have been recently solved (see [85-96]). The solutions of the first kind equations
Ry (x) = f(x) are well known. Abel (1823) was the first to solve effectively such

an equation with 6 =% (called now Abel integral equation) by means of fractional

calculus, thus giving a good motivation for further development of this topic.
Definition (4.1.1)[125]. The equations
X

y(x) - A f K(x, 0)y(0) dt = f(x), 3)

a

where f(x),K(x,t) are given functions, A is aparameter and y(x) is the saught
solution, are called Volterra integral equations of second kind.
Solutions of the R — L fractional integral equation of second kind
J(x) = AR°F(x) = f (x) (4)
have been found, respectively, by Hille and Tamarkin [85] by means of the Laplace
transform, Ross and Sachdeva [86] by the techniques of fractional calculus, and many
others by means of operational calculus. These solutions can be put in the form
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70 = )+ A | Ce= 07 B 520~ %) (00 (5)
Analogously, the Cauchy prob(l)em for the R — L fractional differential equation
D°5(x) — Ay(x) = f (%),
D5_j37(x)|x:0=bj j=12,..,nn—-1<8§<n (6)
has a solution:

y(x)—Zb X0 By agoy (A7) + f (e = £ E; MG~ ] f (D)de. (7)

Recently AI -Saqgabi [91], Tuan and Al-Sagabi [92], using techniques similar to
those in [86], have found solutions to more general Volterra equations of second kind,
involving both R — L fractional integrals and derivatives. Thus, the solutions of the
equation

DFF(x) — AR"F(x) = f(x), u>0, v>0 (8)
have been given by
n—1
) = D & T E, (A

j=0

S RO S BU OO
0

All the above solutions involve the Mittag-Leffler

(M — L)functions [(13), (14), (8), (10)]

Ex,ﬂ (X) =jkz=0m, a >0, ,8 >0 (10)

We consider integral and differential equations involving more
general operators of fractional integration and differentiation, called Erdélyi —
Kober (E — K) fractional integrals and derivatives, respectively:

I y(x) = [x""ORx" y(x1/8)]]

B x—xh
—B.6) x
= xr(;) f (xF —tF) T P y()d(tF)
0
= %j (1 -8t a"y(xa'/#)do (11)
0
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and
Dysy(x) = [x77DOx¥ oy (x1/F)] (12)

x—xh
withreal 6 > 0, yand f > 0. Evidently, fory = 0,8 =1 Egs. (11) and (12) turn
into Egs. (1) and (2). The additional parameters y, g allow more generality and
these operators have found a large number of applications in analysis, mathematical
physics and other disciplines [99]. Volterra type integral equations of second kind and

fractional differential equations involving E-K operators

y(x) = P8 I0y(x) = f(x), x7F0 DI = dy(x) = f(x), §>0 (13)
arise very often in varlous problems, especially descrlblng physical processes with
aftereffects. However, solutions of Eq. (13) have not been found explicitly by now.

To solve equations of form (13), we apply the transmutation method. It
consists in applying suitable transformation operators that allow to find solutions of
new and more complicated problems (like Eqg. (13)) via their "translation” to known
solutions of simpler old problems (in our case - to solutions (5) and (.7) of Eqgs. (4)
and (6) with R-L operators. The transmutation operators used here are fractional
calculus operators.

We look for solutions in spaces of weighted continuous Junctions of the form

k ~ ~
C = {f() =xf(x); p >, f € €W [0,00)},
C, = CH(O) withreal u, (14)
although spaces Lp, L', can be considered too.

By analogy with Eq. (4), we consider a Volterra integral equation of second
kind, involving an E-K fractional integral (11) with arbitrary parameters
>0,y eER,L>0:

y(x) = AxP 11y (x) = f(0). (15)
Similarly to the operatlonal method applied in [85] to Eq. (4), one can apply to Eq.
(15) asuitable Laplace type integral transform. In this case it is the so called Borel -
Dzrbashjan transform, corresponding to the E-K operator L = x#9 Ig “ and studied by
Dimovski and Kiryakova in 1981, and Kiryakova in 1987 . Eqg. (15) can be also
reduced to Eq. (4) by means of a suitable substitution. However, we apply the
transmutation method since it turns to be more effective and gives an idea how Eg.
(3) with more complicated kernels K (x, t) can be attacked.

Theorem (4.1.2)[125]. The unique solution y(x) € Cs,,u = max {0,—y} — 1 of
the FIE of the second kind Eq. (4.1.15), i.e.

* (xF — tﬁ)5_1
0 r(s)

y(x) = Ax7F = th y()d(tF) = f(x) (16)
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with f € Cg,,, 1 = max {0, —y} — 1, has the explicitjorm of a convolutional type
integral:
y(x) =

£Qx) + AxBr f (o —9) 7 s [1(xf = t5)°| B FOa(th). (17)
0

Proof. The homogeneous equations (15) and (16) (f = 0) have the only trivial
solution y =0 and this yields the uniqueness of the solution € Cg, in the
nonhomogeneous case. In fact, if we suppose that Eq. (15) and (16) have two
different solutions y; (x) and y,(x) in Cg,, then J(x) = y;(x) —y,(x) = 0 is the
solution of the corresponding homogeneous equation.

To use the transmutation method we need transformations, relating the
operators

Log =xP' IV, Ly =xP1°, R® =31},

They are given by the E-K fractional integral

0y . — * (X - T)y_l
T =1;" inthe form T®(x): = x Vj —— d(1)dr. (18)

0 I'(y)
and by the mapping

QO hC, o Cgy, QLf() e f(xF), p>0. (19)
Let us have in mind that E-K fractional integrals (11) preserve spaces (14)
, In a sense that

Ig’dzcﬁu HCéﬁ) cCpy for u=z—-(y+1), n-1<8<n

and whence for the considered operators we have
RS = x%1P°:C, > €Uy €, with p> —1;
T=17":C,m CM cC, with p= —1;
Ls; =x°1"°:C, » ¢™) c €, with p= —y —1;
s1 =X "1 Ly u+s w With p = —y —1;
— V.6, (n) :
L&B = X‘Bylﬁ Cﬁu = CB(H+6) C CBP— with n > -y — 1.
To encompass the basic spaces C,,Cg, in both cases, depending on whether y >
0 or y < 0, we deal with the denotations C,, , Cg,,, With u = max {0, —y} — 1.
The techniques of fractional calculus allow to establish that
TRO = 1) (x°1°) = x0 1)V 1% = %517,
Ls.T = x507° 107 = %8107+,
i.e. the following similarity relations in C,, p = max{0, —y} — 1:

—
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TR® = LsT, i.e. T:R® =x81>% v L, =x91"° ,y e R, (20)

O L5y =LspQ™t , Q7 iLsy o Lsg. (21)
This means that the transmutation operator from Egs. (4) — (15) inC,, is
T*=Q7'T:R® — Lsg, sinceT*R® = Ly pT". (22)

The above similarity relations can be illustrated also by the following commutative
diagram, where we have denoted u > max{0, —y} — 1:

1_'\)(3v
C, — C,
Tl T
v
Cll LTI Cll
Q‘} Q1
\ 4
Cou LT,; Cou

For simplicity, let us consider first equation (15) and (16) with g = 1.
Denoting 7(x):= y(x), Tf(x):= f(x) , from relation (20) we observe that T
transforms the simpler Eq. (4.1.4) into the E-K equation, namely

T: §(x) —AR§(x) = f(x) » y(x) — ALs 1y(x) = f (%),
that is, it transforms also the known solution (5) into the saught solution of
Eq. (15)):
y(x) =T y(x)

=T {f(x) + 2 jx(x — )01 Eg5[A(x — t)‘s]f(x)dt}
0

IR )L N _ _
= f(x) + Ax ”fo TV)U;) (t —t)° 11E5’5[/1(T— t)°|(T 1f)(t)dt] dt
x x _A\Y—
=f(x)+Ax7Y jo T-1f(t)dt U; (xr,(—T]/))(T — t)‘s_lE&S [/1(7 — t)ﬂdr]
= f(x) + Ax7Y f T-1f(t) F(x — t)dt (23)
0

To evaluate the inner integral, denoted by F(x —t) , we substitute x —t = y ,7—
t:= 6|%, dr = d6 and obtain

Y(y—0) 1
F(y)zf G-

. F(y) 95_1E§,8 [}196](19 = yy+6_1E5’y+5 [/1:)76]
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= (x — )P 1Es, s [Ax — )] = F(x — 1),
according to a known formula for fractional integrals of M-L functions.
R {y* " Es u[20°]} = y* " T Es iy (9°) - (24)
Further, to deal with the term T~1f(¢t) in Eq. (23), we observe that (T~1f(t) =
DYY f(t) = D! t" f(t) . Then, denoting G(t) =t f(t ), we get
Y00 = fG) +ax " | FGx— 0 D] e FO)lde

0
x

=f(x) +Ax7Y f F(x —t) D/ [G(t)]dt
0

— () + AxY j DY [F(x - D16 (0)de
0

= G + 2 [ D [ 07471y A — 7] o o)
0

where the following auxiliary assertion, valid for the Duhamel convolution

FxG(x) = ij(x —t)G(t)dt = ij(t) G(x —t)dt
0 0
has been used:

F*x(R"G)=(RYF)*G and F*(DYG) = (D'F) *G.
Formula (4.1.24) withu =46, y = x — t, gives
D!_[F(x—t)] = (x —t)°1Es 5[A(x — t)°]
and finally the solution y(x) of Egs. (15) and (16) takes the form
y(x) = f(x) + Ax77 j (x = )1 Es s [A0x — 0)°] 7 f(D)dt, (25)
0
i.e. expression (17) with g = 1.
To transfer this result to the case of arbitrary § > 0, we apply mapping (19):
Oy py(xf) =3x), f) - f(xF)=fx)
and use relation (4.1.21). Thus,
Oy (x) + A7 Ls 1y (x) = J(x) + ALs 5 (x) = f(2),
that is, the image #(x) = Q7 ly(x) € Csu» of y(x) given by Eq. (25), is the unique
solution of FIE (15) and (16) with arbitrary g > 0:

F() = f Q) + A~ f x(xﬁ —tF) By [A(xﬁ - tﬁ)6] thr f()d(tP).
0

Similarly, by means of a transmutation operator T we can find the solutions of
FDEs involving Erdélyi — Kober derivatives of the form (see Eq. (12),):
D=xPDpi", 5>0 (26)
as transformations Ty (x) of the known solutions (47) of Eq. (6).
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First we need an auxiliary result.
Lemma (4.3.3)[125].In CH(”), u = —1 the following relation between fractional
derivatives D% and ® , f = 1 via the transmutation operator
T=1%"c"c? n=2-1,i=012,.. (27)
holds:
x—k

l(a+6—k+1)
In fact, if we put y(x): = D%§(x), 7 € Cu(")in relation (20) withy = a + 6
and apply the E-K derivative ® = x D& = (x‘slf”"g"g)_1 , we obtain
(x DT (RO DO)§(x) = (x*12799) " TDO§(x0),

TDY () = DI ~ ) by (28)
k=1

that means
TD%5(x) = DT(R°D®)¥(x) .
Next we have in mind that D9 R®$(x) = $(x) , but
n
ROD%§(x) = y(x) — z by - with b, = D5 ¥ §(0),k =1, ..,n
] ré6—k+1)

and also,

§—k1 _ T(6—k+1) —k
D T{x } T T(a+6—k+1) 7,

to obtain Eq. (28). Especially, ifall b, = 0,k = 1, ...,n, i.e. if all the initial data

are zero, then T is a similarity relation: TD? = DT.

Theorem (4.1.4)[125]. The general solution of the E-K fractional differential
equation of second kind with f € Cg,, 4 = max{0,—a — 6} — 1,

x P DFy () — Ay () = f(x) (29)
in the space CB(Z) ,u=>max{0,—a—6}—1,n€N,n—1 < § <n, has the form
n

y(x) = z by xFCDEg 5541 (AxF?)
i=1

LxB@t) j (b =) b0 g, [A(x# - )| Fa(eh) (30)
0

with arbitrary constants b;, j = 1, ..., n depending on the initial value data.
Proof. For simplicity we assume that 5 = 1.

Consider R-L fractional differential equation (6) and apply to both sides E-K
transmutation operator (27), denoting y(x) = Ty(x),F(x) = TF(x) .According to
Lemma (4.1.1), Eq. (28), we obtain
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—k
DY) — Ay(x) = F(x) + Zbk e (O}

that is, Eg. (29). Thus, its solution is the T image of the solution (7) with

x—k

Fe)=T7'F@) =T {f(x)—Zbk Fa T T Il
k=1

namely

y(x)=T Z bjx6‘1 Es1+5-j (Ax%) + jx(x — )07 1Es s[A(x — ©)°|F(t)dt
j=1 0

n
=3 BT [Ep sy (%))
j=1

+T Ux(x — )0 Es 5[A(x — t)ﬂF(t)dt} = A + B.
0

To find
_ T)a+6—1

—i - " (x
T[X5 ]E5,1+6—j (Ax(s)] =X (a+6)j;) I['(a + 6)

we apply again formula (4.1.24) (withy = a +6,u =6 —j + 1) and thus,

A= Z bx® 7T Es 425541 (Ax°).

j=1
To evaluate B, we observe that this repeated integral is the same as in the second term
of Eq. (23) (see the proof of Theorem (4.1.2) ), i.e.

B = x~(@+%) jxﬁ(x) {(x = )¥+2071Es a5 [A(x — £)°]}dt
0

07 Es 145-; (Ax%)dx,

= x~(@*0) f THF(OHx — )P Ey 4 5[ — D°]}

n

o~ (@+d) ij—1 Zb t™"
0 £ lM(la+8—-k+1)

X {(x —t)*+20- 1E5a+25[/1(x —t)°|}dt = C - D,
where the first term C is the same as in Eq. (23) and further, by the same
manipulations as when dealing with T=1f(t) = D! t¥ f(t) (here y — a + &), we
find similarly to Eq. (25):

C = x~(@+d) fx(x — )87 Es s[A(x — )%]t* 0 F (D) dt.
0
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It remains to work out only the term D involving

n Da+6{ta+6—k}
z bk = 2 bk .
F(a+5 k+1) — Ma+6—-—k+1)

Since D**8{¢+0= "} [[(a+6—k+1)/T(1— k)]t yields

zb £ o byt .\
“Tl@+6—k+1) k_ll“(l—k)_'

it follows that D = 0 and finally, y(x) = A+ B = A + C which gives the form of
solution (30) with g =1. The conditions § >0,u > —a—386 —1 ensure the
convergence of the latter integral.
The solution in the case of arbitrary > 0 follows by the transformation Q1.
To demonstrate the efficiency of the solutions from Theorems (4.1.2) and
(4.1.4) we give some examples. First we take particular right-hand sides (x) .
Example (4.1.5)[125]. Solution (17) of E-K integral equation (16) of second
kind takes the form:
(i) for f(x) = xPP ,p > —y — 1.
y(x) = xP? [1 +Al(p +y + DxF? Ess+p+y+1 (Axﬁa)]i (31
(i) for f(x) = E,,(ax?), arbitrary y, v, € R :

k!
— B B(E-Y) § B BSY.
y(x) =E,,(axP) + AxP @~y 2, OEY )(ax )Es s 41+1(2xP%); (32)

(iii) if in the above case ¢ = v = 1, we obtain the solution for f(x) = exp(ax?):

y(x) = exp(axﬁ) + AxB 1) Z(axﬁ) E5,5+k+1(/1xﬁ‘5). (33)

Example (4.1.6)[125]. FDE (29) with f(x)= x* ,p>—-a—6—1 has
solutions (30) of the form

y(x) = z b xPODEs o5 v1 (AxF)
j=1
+l(a+6+p+ 1)xﬁ(5+p)E&a+25+p+1 (Axﬁ5). (34)

It is interesting to consider also special cases of Erdélyi — Kober operators. Of
course, if § =B =1,y =0,a=—1, Egs. (16) and (29) turn into simplest ones
Egs. (4) and (6) used here as a base.
Example (4.1.7)[125]. Consider now the so-called Dzrbashjan-Gelfond-Leontiev
(D-G-L) integrals and derivatives, special cases of the E-K operators (11) , (12) ,
studied by Dimovski and Kiryakova (1981):

e~ V-L1/p _ 1 v=1,1/p
lp,l/ = xlp — xp( /p) Ip ,
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—=-1,1/p

dp,v . D;)/—l,l/px—l = x—P{1/p) D,: P ) (35)
For analytic functions y(x) = Y7 ,a, x* these operators have also series
representations:
ot I (V + 15{)
lp,,,y(x) = z ay K+ 1 xk+L
& r(ve )
i I (v + 15()
dppy () = ) g ——— 2 xk (36)
& ()

The corresponding D-G-L integral and differential equations of second kind
y(x) — A, y(x) = f(x), d,, y(x) — Ay(x) = f(x)
are special cases of Egs. (16) and (29) with § = %, B=p v=v—-1 a=v—
(1/p) — 1. Then Theorems (4.1.2) and (4.1.4) give their solutions:

X
y(x) = f(x) +/1x—p(”‘”J0 (P —tP)YAPTLE s o)

% [A(xp—tP)(l/P)]tp(v‘l)f(t)d(t/’) (37)

and, respectively,

y(x) = > b x' E/p)v1/p)— (AX)

n
j=1
x
4+x—P(v=1) j (xp_tp)(l//))—l tp(v_l)E(l/p),(l/p) [A(xp—tp)(l/p)]f(t)d(tp). (38)
0

Example (4.1.8)[125]. The so-called Rusheweyh derivatives, defined by means of
the Hadamard product (convolution)

1 _
DY) = (s} 0y = s DY@, @ >0 (39)

are often used in analytic functions theory. The corresponding "differential” equation
of second kind

(00] o0

XCDY) Y@ = f@) for Y = D axh,  f()= ) axi(40)

k=0 i=0
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has the form

i Ma+k+1)x™@ 1 k_i ;
T T e+ DK = L0

k=0

and according to Theorem (4.1.4), solutions
n (o]
YOO = D by X By Q) + ) 6T+ DX By 000 Ax®), (41
j=1 i=0

from where interesting relations between coefficients a,,a; ; k,i = 0,1,2, ... follow.

Especially, fora =1 we obtain the following solution of the 1st order
differential equation x‘lDl_l’1 y(x) = y(x) = y (x) = y(x) = f(x) ,
f() = T2 xt

[00]

y() = y(O)exp(Ax) +x ) ¢ il x'Ey 1, (0). (42)
i=0

It follows easily also from the well-known solution y(x) = exp(Ax) » f(x) if we
replace f(x) by its series and evaluate the integrals under the summation sign as
Mittg-Leffler functions.

The expressions in the sample formulas (31) (34), (41) -(42) allow efficient
numerical procedures for their evaluation.

Sec(4.2) : Gronwall Inequality and Applications to Fractional Differential
Equation
Integral inequalities play an important role in the qualitative analysis of the
solutions to differential and integral equations. The celebrated Gronwall inequality
known now as Gronwall-Bellman—Raid inequality provided explicit bounds on
solutions of a class of linear integral inequalities.
Theorem (3.2.1) [116]. If

t

x(t) < h(t) + fk(s)x(s)ds,t € [ty, T),

to
where all the functions involved are continuous on [t,, T ),T < +oo, and k(t) = 0,

then x(t) satisfies
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t

t
x(t) < h(t) + Jh(s) k(s)exp lj k(u)du|ds, t € [ty, T).
to N

If, in addition, h(t) is nondecreasing, then

x(t) < h(t)exp jk(s) ds |, t € [ty, T).

However, sometimes we need a different form, to discuss the weakly singular
Volterra integral equations encountered in fractional differential equations. In this
section we present a slight generalization of the Gronwall inequality which can be
used in a fractional differential equation. Using the inequality, we study the
dependence of the solution on the order and the initial condition for a fractional
differential equations with Riemann—Liouville fractional derivatives.

We wish to establish an integral inequality which can be used in a fractional

differential equation. The proof is based on an iteration argument.
Theorem (4.2.2) [116]. Suppose B > 0, a(t) is a nonnegative function locally
integrable on 0 <t < T (some T < +o0 ) and g(t) Is a nonnegative, nondecreasing
continuous function defined on 0 <t < T, g(t) < M (constant), and suppose u(t) is
nonnegative and locally integrable on 0 < t < T with

u(t) < a(t) + g(t) J(t —5)P~Tu(s)ds
0

on this interval. Then
t

u® = e+ [ | (g@(;g;))
0 n=1

Proof. Let B¢ (t) = g(t) fot(t — )1 p(s)ds, t = 0, for locally integrable
functions ¢. Then

u(t) < a(t) + B(t)
Implies

(t —s)"F 1a(s)] ds, 0<t<T

n—1
u(t) < z B¥ a(t) + Bu(t).
k=0
Let us prove that

F(gOr®)"

B™u(t) < T ()

(t — )™ 1u(s)ds (43)
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and B"u(t) — 0asn — 4+ foreachtin0 <t <T.
We know this relation (43) is true for n = 1. Assume that it is true for some
n = k. If n =k + 1, then the induction hypothesis implies

Bk+ly(t) = B (Bku(t))

< g(t) f(t s)f-1 lf (g(s)F(,B)) T)kﬂ‘lu(r)dtl ds.

r(np)

Since g(t) is nondecreasmg, it follows that

(re)” (ﬂ))
F(kp)

By interchanging the order of integration, we have

BFtlu(t) < (g()* 1 f(t —s)f-1 l T)kﬁ_lu(r)drl ds.
0

t t k
B*lu(t) < (g(t)**! J l (ggfg (t —s)P~1(s - T)kﬁ_lds‘ u(t)dr
0 |t
IICONE) R
~ ) r(kk+1p) (b= T U,

where the integral
j(t — )P 1 (s =) -1ds = (t — r)kB+A-1 J(l z)P1 ZkB-1gz

= (t —)*+DF- 1B(kﬁ B)
_ LONKD) (\ gernpos
F'((k+1)B)
Is evaluated with the help of the substitution s = 7 + z(t — t) and the definition of
the beta function.
The relation (43) is proved.

. k < ()"
Since B u(T) < [, =~ o) (t —

— )" 1y(s)ds > 0as n - +oo fort e

[0, T) , the theorem is proved.

For g(t) = b in the theorem we obtain the following inequality.
Corollary (4.2.3)[116]. Suppose b = 0, S > 0 and a(t) is a nonnegative function
locally integrable on 0 <t < T (some T < +0), and suppose u(t) is nonnegative
and locally integrable on 0 < t < T with
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t

u(®) < a(t) +b f(t — )P Tu(s)ds

0
on this interval; then

u(t) < a(t) +J T p)

Corollary (4.2.4)[116]. Under the hypothesis of Theorem (4.2.2), let a(t) be a
nondecreasing function on [0, T). Then

u(®) < a(®)Ep(g(OT(BIF),
where Ej is the Mittag-Leffler function defined by Ej (z) =

Z ( (B)) — s)"8 _1a(s)] ds, 0<t<T

Yo
k=01 (kp +1)"
Proof. The hypotheses imply

t o - " o . i
w5 [ ] a0 S 6020
0 n=1 n=0

= a(t)Eg (g(O)T(BLF).

The proof is complete.

We will show that our result is useful in investigating the dependence of the
solution on the order and the initial condition to a certain fractional differential
equation with Riemann—Liouville fractional derivatives.

Let us consider the following initial value problem in terms of the Riemann—
Liouville fractional derivatives:

D*y(t) = f(t,y (1)), (44)

“y(®Ole=o =1, (45)

where 0<a <1, 0<t<T <+, f:[0,T) X R = R and D% denotes Riemann—
Liouville derivative operator.

Riemann—Liouville derivative and integral are defined below [105-107].
Definition (4.2.5)[116]. The fractional derivative of order 0 <a <1 of a
continuous function f: R* — R is given by

O — (e 61 ey
= dx

provided that the right side is point wise deflned on R*.
Definition (4.2.6)[116]. The fractional primitive of order a« > 0 of a function
f:RT - Risgiven by

70 = e f (= 0 F(D)de
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provided the right side is point wise defined on R*.

The existence and uniqueness of the initial value problem (44) —(45) have
been studied in [6]. Also the dependence of a solution on initial conditions has been
discussed in [6]. We present the dependence of the solution on the order and the
initial condition. We shall consider the solutions of two initial value problems with
neighboring orders and neighboring initial values. It is important to note that here we
are considering a question which does not arise in the solution of differential
equations of integer order.

First, let us reduce the problem (44) —(45) to a fractional integral equation.
We obtain

— n te— a—1
Y(O) = st + s j (t = D f @ y(@)dr. (46)
It is clear that Eq. (46) is equwalent to the initial value problem (44) —(45) .
Theorem (4.2.7) [116]. Leta>0and § >0suchthat 0 < a—6 < a < 1. Let the
function f be continuous and fulfill a Lipschitz condition with respect to the second
variable; i.e.,

If(t,y) = f(t,z)| < Lly — 2
for a constant L independent of t,y,zin R.For0 <t < h < T, assume that y and z
are the solutions of the initial value problems (44) —(45) and

D*~3(t) = f(t,3(1)), (47)

D Z(O)l=0 =1, (48)

respectively. Then, for 0 < t < h the following holds:
t

5(0)—< y(O)] < A(®) + f
0

[00]

Z( - 1( —1)>n St L\
o) CCE R

n=1

h
whnere ﬁ o ) ) ta_5
Alt) = ‘F(a -5 o' | |@-or@ T+ 1)‘ 7
ta—o 1
e =5t a=20) F(a)] 171
and
/Il = Orgtagllf(t Y|

Proof. The solutions of the initial value problem (44) —(45) and (47) —(48) are
given by

YO = st b s Of (=0 f(xa(@)dr
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and

t
— ﬁ a—06—-1 J _ a—6—1
z(t) = F(@—0) t + f@—0) (t—1) f(z,z(1))dr,
0
respectively. It follows that
|z(¢) — y(0)I
U] _
< |7 a—6-1 _ T sa-1
= |F(a =5 M@’
t

+ ﬁ! (t =) f(z,5(x))d — %Oj (=) f(r,3(n)dr

1 o 1 .
+ moj(t—r) 5 1f(‘[,z(‘[))d‘[—ra)b[(t_~[) 5 1f(T,y(T))dT

j (t - D% f(z,y(D))dr

1 t e 1
+ mb].(t—r) g 1f(r,y(r))dr—mo

1 t
<40+ [ @=L a0 -yl
where ’
L IR t* ,
A0 =t Tt T (a—5)F(a)_F(a+1) I£1l-
ta—o 1
Tz [F(a 5 F(oc) A

An application of Theorem (4.2.2) ylelds

[0¢]

_ S)n(a—é")—l

z< Y I 5)>n (¢ A(s)| ds
I'(a) I(n(a —9))

n=1

15(0) — ()] < A®) + j
0

and the theorem is proved.
A general theorem of existence and uniqueness for the nonautonomous case
f(t,y) can be found in.
Corollary (4.2.8) [116]. Under the hypothesis of Theorem (4.2.7), if § = 0, then
12(t) —y (O] < |7 —nlt*™" Eqq(LtY),
for 0 <t < h, where E,, is the Mittag-Leffler function defined by E, ,(z) =

Y=o (a>0).

F(k+)

83

—
| —



Proof. If 6 = 0, then

a—1

M@ (1 - n)‘-
By Theorem (4.2.7), we obtain

A(t) =

t

ad , (t _ S)na—l
|Z(t) - y(t)l < A(t) +Oj HZIL WA(S) ds
— (7 a— (Le*)" — |5 — a— a
=@ —nt*? nzom = |7 — nlt* ' E, o (Lt%),

for 0 < t < h. The proof is complete.

Sec(4.3) : Weakly Singular Integral Inequalities with Applications to Fractional
Differential and Integral Equations

It is well known that Gronwall type integral inequalities play a dominant role in
the study quantitative properties of solutions of differential and integral equations..
Usually, the integrals concerning this type inequalities have regular or continuous
kernels, but some problems of theory and practicality require us to solve integral
inequalities with singular kernels. For example, D. Henry [114] used this type integral
inequalities to prove a global existence and an exponential decay result for a parabolic
Cauchy problem; Sano and Kunimatsu [115] gave a sufficient condition for
stabilization of semilinear parabolic distributed systems by making use of a
modification of Henry’s type inequality. Very recently, Ye, Gao and Ding [116] also
proved a generalized this type inequality and used it to study the dependence of the
solution on the order and the initial condition of a fractional differential equation. All
this type inequalities are proved by an iteration argument and the estimation formulas
are expressed by a complicated power series which are sometimes not very
convenient for applications. To avoid the weakness, Medved [117] presented a new
method to solve Henry’s type inequalities and got the explicit bounds with a quite
simple formulas which are similar to the classic Gronwall-Bellman inequalities.

In this section, we use the modification of Medved’s method to study a certain
class of nonlinear inequalities of Henry’s type, which generalizes some known results
and can be used as handy and effective tools in the study of differential equations and
integral equations.

In what follows, R denotes the set of real numbers, R, = [0, +o); C'(M,S)
denotes the class of all i-times continuously differentiable defined on set M with
range intheset S (i = 1,2,...) and C°(M, S) = C(M,S).

Lemma (4.3.1)[171]. (See [118].) Leta =0,p = q =0andp # 0, then
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q a-bp

ar < kT+pP%qk

SRS
< |9

Forany k > 0.
Definition (4.3.2)[171] (See [119].) Let [x, y, z] be an ordered parameter group of
nonnegative real numbers. The group is said to belong to the first class distribution

and denoted by [x,y,z] € I if conditions x € (0,1],y € (% 1) and z > ;— y are
satisfied; The group is said to belong to the second class distribution and denoted by
[x,v,z] € II if conditions x € (0,1],y € (0, %] and z> (1 —2y?) /(1 —y?) are
satisfied.

Lemma (4.3.3)[171]. (See [120]). Let , 8,y and p be positive constants. Then

t? -1+1
;B p(y —1)

t
j(t“—s“)”(ﬁ_l) sPr—Dds = (B —1) + 1] , tE€R,,
0
where B[, n] = f01 s$71 (1 =) 1ds (RE >0, Ry > 0) is the well-known B-
functionand 8 = pla(B —1) +y — 1] + 1.

Lemma (4.3.4)[171]. (See [119]). Suppose that the positive constants «, 3,y, vy
and p, satisfy conditions:

@if [, f Y] €1,p1 =7 ;

. 1+4
(b) if [a,B, Y] € 1l,p, = %, then

B[22 pi(B - 1) + 1] € (0, +00)
and
are valid fori = 1,2.
Lemma (4.3.5)[171]. (See [121].) Let u(t), f (t),g(t) and h(t) be nonnegative

continuous functions on R, and let » > 1 be a real number. If
1/r

u(t) < ug(t) + wi(t) lf v(s)u"(s)ds| , t ER,,
0

then
t

jv(s)ur (s)ds < [1 -(1- W(t)l/r]_r j v(s)uj(s)W(s)ds, t€R,,
0

0
where
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t

W(t) =exp —jv(s)wr(s)ds :
0

Theorem (4.3.6)[171]. Let u(t),a(t),b(t) and f(t) be nonnegative continuous
functions for t € R,. Let p and g be constants withp > q = 0. If u(t) satisfies
t

u? < a(t) + b(¢t) J(t“ —s®)B-1) sr—Dyg, t €ER,, (49)

then for any K > 0 we have
@) if [a, Byl €I,

u(t) < {a(t) + Mft(aﬂ)(ﬁ—l)ﬂ/b(t) [Jl}_ﬁ (t) + qu%leﬁ [1 _ (1 _vy, (t))l_ﬁ]_l
1

1-8N\»
; (a+1)(B-1)+y 1 P
x j s P fTR(S)A (Vi (s)ds (50)
0
where
+y—1 26—-1 q-p —
T T aw =2k e+
p p p
! 1 1
A, (D) = j FTF (s)ATF(s)ds
0
and

pq B¢ @Dy 1 T
Vi(t) = exp| —KP(=B) M, fs -6 f1-B(s)b (s)ds |;
0

(@) if [a, B,v] €11,
(

1438 [a(B—1)+y](1+48)—B g—p 138 g
1
_B T\p
; [a(B—1)+y](1+4B)—B 1+4B 1+48 1+4p
o N OTR A HOVAOTS B G
° )
where
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1 [ya+48) -8 4p° 1+4f  1+4B
=_ — B B
My =Bl Ty O =7 D47 (s
0
and
@-p)+tp) 3B L @-Delaep-p 1 p
V,(t) =exp| —K B M, P fs B fiB(s)b  (s)ds |.
0
Proof. Define a function v(t) by
t
v(t) = b(t) j(t"‘—s‘")ﬁ_1 s"71f(s)ui(s)ds, tE€ER,, (52)
0
then
uP(t) < a(t) +v(t)
or
1
u(®) < (a@®) +v@®)" . (53)

By Lemma (4.3.1) and (53), for any K > 0, we have
qa a-p
ul(8) < (a(®) + v(®)? s% K P (a(®) +v() + % K7,
Substituting the last relations into (52) we get

u(t) < b(t)f(t"‘—s"‘)/g Lgr= 1f(s)ds[ K P (a(s) + v(s)) +— KP] ds

= b(t) j(t”‘—so‘)ﬁ_1 s"71f(s)A(s)ds
0

q LE @_ca\f-1 -1
+5K p b(t)j(t —s®)P sV Hf(s)v(s)ds, (54)
where A(t) = K qua(t) +224 K.
If [a,B,v] € let p; = ,ql —'lf[aﬁy]ell let p, =1+

48)/(1+38),q, = (1 + 4B)/B, then %J’ L =1 for i=12,and then using

Holder’s inequality with indexes p; , g; to (54) we get

1/p; 1/q;
u(t) < b(t) [](t“ —s®)Pi (B=1) gpi (V_l)ds‘ [j fa (s)A‘“(s)ds‘
0 0
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t Uri ¢ 1/qi
9a-p
+K P b(t) lf(t“—s“)pi(ﬂ_l) spi(y_l)ds] lj fa (s)v‘“(s)ds] :
0

0
By Lemmas (4.3.3) and (4.3.4), the last inequality can be rewritten as
1

1 _ @
v(t) < (Mitgi)%oqfi ()b(t) + quTp(Ml-tei)%b(t) l fai (s)v‘“(s)ds] (55)

fort € R, where

Mlle[Pi(V—l)‘Fl
o o

t

A,(0) = j £ () A% (s)ds

0

Di(B—1)+1],

and 6; is given as in Lemma (4.3.4) fori = 1, 2.

Usmg Lemma (4 3. 5)to (55), we get
1.—1

v() < (M;t90)pr oq‘h ObE) + K7 (M,e9) b(t) |1 - a-vieyn
1 7 QL
x| [ et b aeveds | (56)

0
where

qi(q—p) ‘ qi
Vi(t) =exp| —K P qui(s)(Mis"i)Pi bii(s)ds |.
0

Finally, substituting (56) into (53), considering two situations for i = 1,2 and using
parameters «, 8 and y to denote p;,q; and 6; in (56), we can get the desired
estimations (50) and (51), respectively.

Theorem (4.3.7)[171]. Let wu(t),a(t),b(t),f(t),pand q be defined as in
Theorem (4.3.6), u(t) satisfy (49). Then for any K > 0 we have

@ if [a,B,¥] €1,
:
u(t) < Ja(t) + MEt@HDE-Divp(e) | A1 7P (1) + K5 M T BV1 1(p)
1
t 1-B1\P
@@-D4y 1 1
% (fs 1= f1-B(s)b? B(S)ﬂl(S)V1(S)dS> \ , (57)
0
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where M;, A, (t)and V,(t) are defined as in Theorem (4.3.6) fort € R,;
@) if [a, B, v] €11,

(
| 1+3B a
B-D+y1(1+48)-B q
u(®) < ga(t) + M T+4B b(t)l B+ K p ML

L " 2 1

_B

; [a(B—1)+v] - + e
y (1 + 48) Vz—l © j's -1 +Y[3(1+4B) Bfl [343 (5)Ay (5)V, (5)ds l ,(58)
B ) )

where M,, A, (t) and V, (t) are defined as in Theorem (4.3.6) for t € R,.

Proof. By the generalized Bernoulli inequality [122], we have
1 1
1-Vi@®)iu<1 _q_Vi(t)
i
or
-1

1
[1 - A -V,(®)%| < qVi'®

for i = 1,2, where V;(t) is defined as in Theorem (4.3.6). Substituting the last
inequalities into (50) and (51) we can obtain (57)and (58), respectively.

Corollary (4.3.8)[171]. Let functions u(t),a(t),b(t) and f(t) be defined as in
Theorem (4.3.6). Suppose that
t

u(t) < a(t) + b(t) j(t - )P (s)u(s)ds, t €R,. (59)
Then we have "
@ if e (5.1),
u(t) < a(t) + MP t28-1p(t) [A7 (D)

MB i R U
gy - V11 (t)j B fIB ()b (s) A1 (s) Vi1 (8)ds], (60)
0

where

—
(0]
©
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28— 1 F1 1
My =812 A = [ ) ds
0
and
Bl 1 1
Vi1(t) = exp —Mlll_B Jsl—B f1-B(s)b1-B(s)ds
0

for t € R,;

(i) if B € (03]

1+3[3 L + 4'B 1+3[3
u(®) < a(®) + ML ¢4Bb(t) | AL (o) + 3 ML#PYEL (o)
Foo1map 14
X [s8T©DF ()AinVie(as|. (61)
0
where
4p?2 Fo1HB 144p
My, :B[1’1+3B]' Az (1) =jf B (s)a B (s)ds
0
and
_B ‘ 1+48 1+48
Vi (t) = exp B js“ﬁf B (s)b B (s)ds
0
for te Ry;

Corollary (4.3.9)[171]. Let functions u(t),a(t),b(t) and f(t) be defined as in
Theorem (4.3.6). Suppose that
t

u?(t) < a(t) + b(t) f(t - )P (s)u(s)ds, t €R,. (62)

0
Then forany K > 0 we have
@ ifBe(31)
B

u(t) < {a(t) + ML t%- 1b(t)[ (t)K_%ll\{l}Vﬁl(t)
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N| =

t
o1 1L
Xj-sl_ f1=B(s)b1B(s)A11(s)V11(s)ds (63)
0
where
1 1 ﬁ F a(s) ﬁ
An®=(5k2) " [ (G +1) e,
2 K
0
1oy
_ ME\IB 2Bt 1 1
@ =ew|- (=) [ ST ds
kz/)
and M, is defined as in Corollary (4.3.8) fort € R;
(i) if B € (03]
1438 452 B 14384
u(t) < {a(t) + M t1+4ﬁb(t)[ A (K™ 2M1+4ﬁ< Z ﬁ) 7510
1
_B 1\2
t 482 1+48 1+48 1+483
| [sTFSE DT (TGS (68
0
where
1+4B ¢t 1+4[3
3 1 1B [ 1B (a(s)
Ap®=(3k2) " [F T ® (T“) (5)ds,
0 1
MLF3B\B BZ 1+4p 1+4p
V() =exp|— 112+4B Js“ﬁf B (s)b B (s)ds
Kz /)y

and M, is defined as in Corollary (4.3.8) fort € R,;

In this section, we will indicate the usefulness of our results in the study of the
boundedness of certain fractional differential equations with Riemann-Liouville (R-
L) fractional operator and Erdelyi—Kober (E-K) operator.

Riemann-Liouville derivative and integral, and Erdélyi-Kober (E-K) operator are
defined as below, respectively:
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Definition (4.3.10)[171]. (See [123]). The fractional derivative of order 0 < a < 1
of a function f(x) € C(R,,R) Is given by

DS = 2 j (x— )¢ (Ot
provided that the right side is pothlse deflned onR,.

Definition (4.3.11)[171]. (See [123]). The fractional primitive of order « > 0 of a
function f : R, = R is given by

1f (x) = T)d_ f (x - % F(O)dt

provided the right side is pointwise defmed onR,.
Definition (4.3.12)[171]. (See [124,125]). The Erdélyi—Kober fractional integral of
a continuous f : R, — R is defined by

- Ba+8) ¢

B _ Y01 B B
) OJ(x tP) P F(©) d(¢F)

I fo) =

with real §,y and g > 0, provided the right side is pointwise defined on R,

(DConsider the following initial value problem of Podlubny [124] in terms of the
Riemann—Liouville fractional derivatives:

Dy(t) = f(t,y(®), (65)
Dt y()le=o =, (66)
where 0 <a<1, 0<t <T <+4o0,f: [0,T)XR—R; and D“ denotes R-L

derivative operator.
From the problem (65)—(66) we can get a fractional integral equation

YO = st b s f (t -0 f(ny®) dr, (67)

which is equivalent to the initial value problem (65)—(66) (cf. [123]).
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Theorem (4.3.13)[171]. Let 0 < a < 1 and f be continuous and satisfy the
condition

lf &) <g®lyl?, (68)
where 0 < g < 1 is a constant, g(t) is nonnegative continuous function for 0 <t <
T < +oo. Then for any solutions y(t) of the initial value problem (65)—(66)

()if a € (%1)

Inl i t2et LMY
ly(0)| < —=t* ! + [c/ll “(t) + L(1)
) @ A O T @
t 1+4a]
2a-1 1 _
X js I—a gT-a(s) A14(s)Vi4(s)ds | ,0<t<T < +0,,(69)
0 |
where
_ Q|77| a—1 _ q
4400 = gt (- K,
_ 20 — 1 R E—
A I e G Ll OO
0
and
1 ¢
o K'0 My \1=« [ 2a-1 1
V() = exp |- W fs 1-a gl-a(s)ds|;
() if a€ 03]
1+3a 1+3a
|?7| M1+4a t4a a Kq—1M1+4a (1 + 4(1)~
< — a—1 cIql+4-0! t 12 \Vis 1
: Tria
A 1+4a _
X js g @ (8) Ay (s)Vyq(s)ds , 0<t<T<+00, (70)
0
where
( ]
{2 )




t

_ 4o 1 +4 14;40;
Fo=B|Lpa . A= g0 94, ()ds
0
and
1+3a t
B Kl—q a ~1+3a 1+4a
Vy,(£) = exp _<F(a)> M,* JS““g a (s)ds]|.

Proof. From (67) and (68) we have

t

Inl._ .
VO] = st 1+ﬁf“ D1 £ (2, y(@) |dr
<F'("')t“ s j (t =D g@ly(@) .
An application of Theorem (4.3.7) (with a(t) = 2=t b(t) = ==, f (£) =

gt),p=lLa=y=1and f =a) to the last inequality yields the desired
estimations (69) and (70).

(1) Consider the following Volterra type integral equations of second kind,
involving an E-K fractional integral with parameters 6,y and S,

F(tF—1P)"

yP(t) — AtFY %)

P Ilyd(D)d(0) = f (1), (71)

which arises very often in various problems, especial describing physical processes
with after effects. When (71) is a linear equation, i.e., p =q =1, the other
parameters satisfy some conditions and y(t) belong to a space of weighted
continuous functions, Al-Sagabi and Kiryakova [125] have found the solutions of
(71) in the explicit form with convolutional type integral involving Mittag—Leffler
function. Here we give the explicit bound of the solutions of nonlinear equation (71)
under some suitable conditions.

Theorem (4.3.14)[171]. Let y(t), f (t) € C[0,+),p = q > 0 be constants and
y(t) satisfy (71). Then for any constant K > 0 we have

@ if [B,6,B(1 +y)] €I,
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P M —_
—— V(1)

W sp+n-1 | g1-6
y(©l < {If O]+ St AT O+ 5
1

rs)

t 1-61\»

5(ﬁ+1)—1
X fs (s) A1 (s)Vi(s)ds 0>t,
0
where

_ 1 [6+B(1+y)—1p6-1
Ml—EB[ 56 - ],
—q.4 L

KP, A0 j AT (s)ds

Ao =T1k7 Ifo1+F

"GI-Q

o

and

(1—5)1<p(1 5) (Ml |,1|>1 = 3

Vi(t) =exp|— 25 ) t1-¢ |;

(@ if 8,6, +1)] €l

KTM 40(1+46)|2|

_ 2
|A| 61 1+48 B(8+y+46°+36y)-6 | _
A§+45(t) +

|y<t)|s{|f<t>|+ et

1+38 P q—-p 1+35
[ 6T (6)

_6
t 1+46

x V;1(t) jsﬁ(‘w“)_l(s) A, ()V,(s)ds 0>t,
0

where
t

1\71—1 BA+y)(1+48) -6 46° _ _1+46
Z_E B(1+46) ’1+352]'

0

and
(g—p)(1+48) 1436 1+46

_ K »"  M,% [|Al\
— _ B(1+468)
Va(t) = exp B(1+ 46) <r(5)> ‘ '

Proof. From (71) we have
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|2l
r'(s)

VP ) < 1F O] + o 57 f (8 —8)" "L U1y () d (D).
0

Al

tﬁ)/
I'(a)

An application of Theorem (4.3.7) (with a(t) = f(t),b(t) =

='8“8=

d andy = F(1 + y)) to the last inequality yields the desired estimations (72) and

(73).

Letting p = g = 1 in Theorem (4.3.14), we can obtain an interesting result as

follows.

Corollary (4.3.15)[171]. Let y(t), f (t) € C[0,+0) and y(t) satisfy the equation

6—1

t) — At Br u BA)=1yd(1) = f(t

y(©) = y@)d(E) = £(0)
0

Then we have
O if [6,6,FA+M]EL
@1 = £ + 55 00D 7170 0) + ATt

re) (1-6)r(s)
¢ 1-6
6(,B+1)—1
X js (s) Ai(s)Vi(s)ds 0>t,
0
where
_ 1 6+ﬁu+y)—1ﬁ6—]
_1 A1 (6) = jﬂ 5)[T5ds
=3 75 i fs)
and

_ 1—5A@M|£gﬁﬂ
V() =exp|— 5 ((F((S)) t1-5 |,

(@) if [B,6,p(1 +y)] €11,

1+46 MZ
y© < IF O]+ AT (@) + T

1436 ) s 1+36
|/1|M1+45 B(8+y+48%+368y)- 6[ —— 140 (14468)|2]

6
t 1446

(74)

(75)

x V;71(t) fsﬁ(45+1)_1(s) A3 (V5 (s)ds ] , t>0, (76)

0
where
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_ 1 1 1+46)—-6 46° 1+46
=g ] f FEOIS (s)ds
and
_1+30 1+48
_ M A 6
0= |- it (i) |

Corollary (4.3.16)[140]. Let u(t),a(t),b(t) and f(t) be nonnegative continuous
functions fort € R,. Letp = q + € > 0. If u(t) satisfies
t

u? < a(t) + b(t) j(t“—s“)(za_l) sGa-Dyg, t €ER,, (77)

then for any K > 0 we have
(i) if [a,2a,3a] €1,

€1 _9g1-1
u(t) < {a(t) + MPet2e@tD=1p(p) [c/l%‘z"‘(t) +K?r MP [1 —(1-n®) ]
1
¢ 1-2a 5
2a(a+2)—1 1
X fs 1-2a  f1-2a(s)A;(s)Vi(s)ds (78)
0
where
Sa—1 4a—1 1 1+
M, = [ Zz , “a ] A = (1+%1) Kv a(t)—% K
1
1 1
A(©) = | f77 (AT (5)ds
0
and

_—€1 ‘ 2a(a+2)—-1 1 1
Vi (t) = exp| —KP(-20) M1 2 js —2a  f1- Za(s)b (s)ds ;
0

(ii) if [a,2a,3a] €11,
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2a 61 1+6x

ALBE(D) + KP MO (1 — (1 -V, (1)) 1+8

u(t) < <a(t) + My;™8% ¢ 1+6ar b(t)

t T2
1+8a 1+8a
X <.f S(X(86¥+9) fT(S)chﬂz (S)Vz (S)ds> ’ (79)
0
where
t
1+ 24q 160{2 1+8a 1+8a
— , . A, (t) = 2 (s)A 2a (s)ds
2 1+6a’1+6a 2(6) fra () (s)
0
and

1+8a
€1(1+8a) 1t6a

Ltoa 148¢  og
Vo(t) =exp| —K 2« M,** Js“(8“+9)f 2 (s) b (s)ds |.

0
Proof. Define a function v(t) by
v(t) = b(t) j(t”‘—s"‘)ﬁ_1 s3alf(s)uP*€1(s)ds, tE€R,, (80)
then "
uP (t) < a(t) +v(t)
or
u(®) < (a(®) + v . (81)

By Lemma (4.3.1) and (81), for any K > 0, we have
1+t €1\ 3 € 1+1
uwPter(t) < (a@®) +v(D) P < (1 + ?) K7 (a(t) +v(D) — > K 'r.

Substituting the last relations into (80) we get
t

u(t) < b(t) Oj(t”‘—s"‘)z‘)‘1 s3e=1£(s)ds [(1 + %) Kep_l(a(s) + v(s))

€1

€1 €1
p|ds

_ gt
p

= b(t) j(t”‘—s“)zo‘_1 s3¢71f(s)A(s)ds
0

+
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t

(1 + - ) Kp Pb(t) | (t*—s¥)2e"1s3¢1F(5)v(s)ds, (82)
0

. €1 £1 _ €1 1+
where A(t)—(1+p)Kpa(t , K 1
If [a,2a,3a] €1, let p; == T =ﬁ; if la,2a,3a] €11, let p, = (1 +
8a)/(1+6a),q, = (1+8a)/2a, then —+— =1fori= 12 ,and then using
Hoélder’s inequality with indexes p; , q; to (82) we get

1/pi ¢ 1/q:

u(t) < b(t) j(t“—s“)pi(za_l) sPiGa-l(g ffqi (s)Adi(s)ds

1/p; 1/q;

+K_7€b(t) l](t“—s“)pi (2a=1) gpi Ba=Dgg lj 2 (s)vii(s)ds
0

By Lemmas (4.3.3) and (4.3.4), the last inequality can be rewritten as
1

1 & t i
v(t) < (Mit"i)%c/zl‘.“ (t)b(t) + K7(Mit9i)%b(t) iji (s)vii(s)ds (83)

fort € R, where
[pl- Ba-1)+1

t

A, (D) = f £ (A% (s)ds

0

Mi=2 ,pl(Za—1)+1,

and 6; is given as in Lemma 4 fori = 1, 2.
Usmg Lemma (4 3. 5) to (83), we get
1,—1
o(8) < (M0 Yor AT (O)b(E) +Kr (M,t” Yrb(e) [1 —(1-v (t))‘h]
x| [ M @AV | (84)
0
where

qi€1

Vi(t) =exp| =K P ffqi(s)(Ml-sgi)g_iib‘“(s)ds :
0
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Finally, substituting (84) into (81), considering two situations for i = 1,2 and using
parameters «a, 2a and 3a to denote p;,q; and 6, in (84), we can get the desired
estimations (78) and (79), respectively.

Corollary (4.3.17) [140]. Let u(t),a(t),b(t),f(t), p = q + € be defined as in
Theorem 6, u(t) satisfy (77). Then for any K > 0 we have

() if [a,2a,3a] €1,

M

Vil
o /1 (t)

€1
u(t) << a(t) + Mjete@atD+2p ) [ 4129 (t) + K M2® T

1

(t aa+1)+2 1 1 >1_2a‘ P
x| [T bR ) A sV (s . (85

0

where M;, A, (t)and V,(t) are defined as in Theorem (4.3.6) fort € R,;
(i) if [a, 20, 3a] € I,

1+6a 42(8a+9) | 20 €1 1+6a
u() <<a(t) + MIT* ¢ 18 b(p) [ALIT8Y(Y) + KP M1+8«

k |

. - ) 1+8a
y (1 + 80‘) vil(o) (J Szaﬁg;g) flerg (s)A2(s)V2 (S)d5> ,(86)

20
0

T

where M,, A, (t) and V, (t) are defined as in Theorem (4.3.6) for t € R,.
Proof. By the generalized Bernoulli inequality [122], we have
1 1
(1=Vi(£) <1~ q_Vi(t)
i

or
-1

<q;Vi'(v)

[1 -(1- Vi(t))%

for i = 1,2, where V;(t) is defined as in Theorem (4.3.6). Substituting the last
inequalities into (78) and (79) we can obtain (85) and (86) respectively.
Corollary (4.3.18) [140]. Let 0 < a < 1 and f be continuous and satisfy the
condition

If&yI < g®lylPTe, (87)
where 0 <p+¢€; < 1 is a constant, g(t) is nonnegative continuous function for
0 <t < T < +oo. Then for any solutions y(t) of the initial value problem (65)—(66)
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(D)if a € (l )

nl ., | Mp et KPE Ui .-
ly(t)] < NC )ta +— (@) 1(p+61)() - )F( ) 1(p+€1)(t)
t 1+4a
2a-1 1 _
X fs T-a g T-a(s) ‘Al(p+61)(s)vl(p+61)(5)d5 | ,0<t<T < +,(88)
0 |
where

— (p+e1)In| -1
Apie, (t) = Kl—(P+€11) ) t* " + (1 - (p+ 61))Kp+61,
1

1 1
| A ® = [ g7 @ALE )ds
0

20— 1

M11_3[1

and
1 ¢
1

_ Kl—(p+61) Mlal —-a M L
Vigrep(t) = exp —( M@ ) fsl—“ gl-a(s)ds|;

(i) if a € (0,5],
1+3a 1+3a

|77| M1+4a t4a a Kp+61—1M112-|-4a(1 + 40{)~ .

a—1 1+4a
I'(a )t + I'(a) "qz(p+el)(t)+ al'(a) 2(p+61)(t)

ly(®)] <
‘ THia
A 1+4a -
x j $1g G (5) ey (Vagprery ()ds . 0<t<T<+o, (89)
0

where
(IZ

1+ 3a

_ t 1+ 4(1 1+4a
M;; =B [1, ] ) Az pre) () = f (S)Ap+i (s)ds
0

and
14+3a

_ Kpter\ a _113a ‘ 1+4a
Vz(p+61)(t) = exp _< > M12a fS4ag « (s)ds|.

I'(a)
Proof. From (67) and (87) we have
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y(O)] < A0 et f (t - D |f(zy(D) |dr

" T(a) I'(a)

|77| ta— -1 L _ a—1 +e1
SOk +F() (t -0 g(@ly(o) [PTe1dz.

An application of Theorem 8 (WLth a(t) = 'E”) £, b(t) = ( L f () = g(),p =

1,a =3a =1and a = 0) to the last inequality yields the desired estimations (21)
and (22).

(I1) Consider the following Volterra type integral equations of second kind,
involving an E-K fractional integral with parameters «a, 3a and 2a,

2a
yP () — At=6e f <
0

_TZa)a—l

I'(a)

grelerlyprra()d(o) = f (1), (90)

which arises very often in various problems. When (90) is a linear equation, i.e.,
p = 1, the other parameters satisfy some conditions and y(t) belong to a space of
weighted continuous functions, Al-Sagabi and Kiryakova [125] have found the
solutions of (90) in the explicit form with convolutional type integral involving
Mittag—Leffler function. Here we give the explicit bound of the solutions of nonlinear
equation (90) under some suitable conditions (see[171]).

Corollary (4.3.19) [140]. Let y(¢t),f (t) € C[0,+x), p = q + € > 0 be constants
and y(t) satisfy (90). Then for any constant K > 0 we have

(@) if [a,2a,2a(1 +3a)] €1,

|A|M1 aa+1)— 1[ 1—a = |A|M§
< —_—
y©! < {If @)+ 50 ¢ AW+ K GG
¢ l1-a 5
a(2a+1) 1
X fs (s) A (s)V;(s)ds 0>t, (91)

0
where

B 30¢(Qa+1)—1 2a?> -1
17 2a 202 T« ’

1 _ ‘ _ 1
At = <1+ p)KP ()] —?K Aq(t) fc/ll—(s)ds
0

and
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s 1

(1— a)KPd-a) (M&|A|\T-« th
a

202 I'(a)
(ii) if [a,2a,2a(1 + 3a)] € 1,

1+3a

AT s6+2)-1 | FTiia KP M3+ (1+4a)|2]
ly(D)] < {If(t)l + ot AL (1) + pre

1

Vi(t) = exp |-

)

€1 1+3a

t 1-If¥4a-n P
x V;1(t) fsza(““)_l(s) A, (8)V,(s)ds 0>t, (92)
0
where
t
i 1 [2a(12a+7)+1 4a? (0 C,ql+4a (5)d
—_ a
2= %a 21+ 4a) '1+3a2|’ 2 5)as
0
and
€1(1+4a) 1+3a 1+4a
_ K pe M “ 4] \ ¢
7, (t) = _ 2 t 2a(1+4a) .
2(t) = exp 20(1 + 4a) <F(a))

Proof. From (90) we have

||
M@

0
An application of Corollary (4.3.16) (with a(t) = f(t),b(t) = '

1
a=-.
6

to the last inequality yields the desired estimations (91) and (92).

t
PP S 1O + st [ @20 —r2e G pra @d(o),

A
It —6a® o — 0 and
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Chapter 5
Differintegral Equations with Theory and Class of Autoconvolution Equations of
the Third Kind

An existence theorem is shown for the model equation with data and solutions
of a general logarithmic form. Moreover, a singular perturbation problem for a related
differintegral equation of first order to the model equation is studied which could
serve as a basis for its regularization by the Lavrentiev method. Also uniqueness
results for the linear convolution equations are extended to more general function
spaces. Further, a special class of differintegral equations with autoconvolution
integral and two classes of the linear singular Abel-Volterra equations are dealt with.
We find by a change of variable specific verification estimates. We deduce a
determination of the eigenvalues.

Sec(5.1) : Differintegral Equations with Autoconvolution Integral

J. M. Burgers [128] (for Burgers' turbulence see also [131, 132, 137]) studied an
differintegral equation which can be reduced to the equation

, 1 1, x
Y@+ (-1 )@ = [ yOya-pdgx>0. @)
0

with autoconvolution integral I(y) = fox v(&) y(x — &)d¢ and derived a solution of
this equation by series expansions in powers and exponentials.

In this section we deal with a general first order differintegral equation of the
form

Y () + k@y®)
- j a(x,€) y(©)y(x — E)dE + j b(x, &) y(©)dE + g(x),x € (0,T) (2)
0 0

with given numbers T € (0,0) and given functions k;a; b and g. Equation (2)
comprises equations with singular coefficients of y at x = 0 like (1) (Type I) as well
as related equations with singular coefficients of y and I(y) (Type I1). For both types
of equations we prove general existence and stability theorems applying the iteration
method with weighted norms in the form of our chapter. We state the corresponding
theorem from below in this Introduction. The theorem was formerly used in [127,
134, 136, 139] to study integral equations of the third kind with autoconvolution
integral. In this way we obtain a nearly complete picture about the solvability of the
integro-diferential equations on a fnite interval [0, T].

Further, following Burgers, we derive some solutions by power and
exponential series expansions as a basis for a discussion of the asymptotics of the
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solutions at infnity and state basic asymptotic solutions of generalized Burgers’
equation and a related equation of type II.

The existence proofs in this section are based on an existence theorem from
[135] for operator equations of the form

y=f+Glyl+Lyyl (3)

with a linear operator G and a bilinear operator L in a Banach space X endowed with
the scale of norms || Z]|,, o = 0 satisfying the condition

A@)|IZ]lp = lIZ]lp forany Z € X and 0 =05 =0 4)
where 4 € C(R; — R,), 4 > 0, which we cite here as Lemma (5.1.1).

Lemma (5.1.1)[150] . Let the linear operator G : X — X and the bilinear operator
L: X xX — X fulfill the inequalities

IGI1Z]ll; < M()IZll,, o =0 (5)
for any Z € X with a continuous function M satisfying M(g) — 0 as ¢ — oo, and
IL[Z1, 2211l < NIIZ1 1|6 122115, g = 0y (6)

with a constant N and

v1(@)1Z1111122 1,
vy ()12 1, 1122 (7)

with continuous functions vy, k = 1,2, satisfying v, (6) — 0 as ¢ — oo, for any
pair Z,,2Z, € X.

Then equation (3) has a uniquely determined solution y € X. Moreover, for
solutions y; and y,, corresponding to functions f = f; and f = f,, respectively, the
stability estimate

1Lz 2]l < {

ly1 — 2l < ACQ1, @DIIfi — £l (8)
holds, where Q, = (Ifill, IGIf:]ID, k = 1,2, and A€ C(RY — R), A>0, and
A (xq, ...,x4) IS increasing in xy, ..., X4.

We are going to study the equation (2) in several weighted functional spaces where
the weight is defned by the main part of the coefficient k. In the sequel we will
always assume that

k= »+B with x€X,B€L(0,T) (9)
where
I = ﬂ L'(e,T). (10)
€€(0,T)
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)4
x|lnx |

Important examples are »#(x) = yx %, a > 0,y € Rand (with T < 1) »#(x) =

and (x) =y”:x|,ye]R . For Burger's equation (1) we have x(x) =% and
1 2 — =
B(x) = —Xx%,a= 1,b = 0.
We remark that instead of B € L'(0,T) we also can assume that B is
(improperly) Riemann integrable with finite integral fOTB (x)dx.

Let us defne the following basic functional spaces related to the coefficient
ned:

T T
P = {u: el #©)dEy ¢ LP(0,T)} with the norm ||u||L;; = ||e_f- #(@)dsy,

ro,r)’
(11)
r T

C, = {u: e_f- ®()ds,, C(0,T)} with the norm ||u||ck = ||e_f' H(E)dfu”qo 71
(12)
Wl i={y:yecC,y €T} (1)

Note that

Wg ={y: yeC(0,T),y €3I} (14)

We will treat the case when equation (2) can be reduced to a family of integral
equations of the second kind by means of solving it with respect to the left-hand side.
For such a reduction we need the following lemmas.

Lemma (5.1.2)[150]. If ¢ € L, then the family of solutions of the equation
y (%) + k(x)y(x) = ¢(x), x € (0,T), is in the space

W:={y:y €ec(,T],y €I (15)
given by the formula

y(x) = I('efka(f)dSz +j efka(n)d" p(&)dé, x€(0,T),KeR. (16)
0

Proof uses well-known arguments from the theory of linear ordinary differential
equations.

Lemma (5.1.3)[150] . If g € L}, then the equation (2) is in the space

Swab = {y=y Ew, fo-a(-,r)y(- —D)y(t)dr € L, folb(v t)y(r)dt € Li} (17)
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equivalent to the following family of integral equations

0

X . x N $
o~ Je mdn g(&)d¢ +j o~ Je Kmdn f a(¢,t)y(@)y(& —1)drdé
0

0

x x '3
n f ¢~ kmdn f b(E D) y(@deds,  x € (0,T), (18)
0 0

where K € R is an arbitrary parameter.
Proof. Denoting

oY1) = g(0) + j

0
the equation (2) can be rewritten in the form v (x) + k(x)y(x) = ¢[y](x), x €
(0, T). Further, by the assumptions of Lemma (3) the function ¢[y] belongs to L.
forany y € S,, .. Now we observe that the assertion of Lemma (3) immediately
follows from Lemma (5.1.2).

xa(x, T)y(x —1)y(r)dt + be(x, 7) y(t)dT,
0

We can establish the behavior of the solution of (18) at x — 0%, as well.
Namely, the following lemma is valid:

Lemma (5.1.4)[150] . Let g € L}, K be some real number and y € S, ., solve
(18). Then y € W,l. Moreover, y has the property

lim e_fxT"(f)df y(x) =A:= KefoTB(f)df. (19)

x—0t

Proof. Multiplying (18) by e~ #(©) gng observing that k = » 4+ B we obtain

x x T
e~ 1 xdn () = ol B +j e lF BOE o= [[x)an o) e
0

X §
+j i BEE L= x)dn j a(&,7) y(2)(§ — 7)drd§
0 0

x x &
.+f e—&B@Mfe<§”W”"j'b@y@3mfnhda x € (0,T). (20)
0 0

Observing that B € L'(0,T) , ge€L, , [a(Dy(-Dy@drel, ,

Jyb(, ) y(r)dr € Ly, (cf. defnition of S, , ), and the defnition of L;, we see that the

right-hand side of (5.1.20) belongs to C[0,T]. Thus, y € C,. Further, since y' € T
fory € S, , , we obtain y € W;}. Finally, taking the limit x — 0%in (20) we deduce

(19).

107

—
| —



We note that in case of positive »(x) the solution space W,! may contain
functions that are singular at x = 0. However, this singularity may be only integrable
provided either a or b is bounded away from zero. This follows form the next lemma.

Lemma (5.1.5)[150] . Let there exist § > 0 such that either the inequality

la(x,&)| =38 for a.e. 0<é<x< T (21)
or the inequality

|b(x,6)| =6 for ae. 0<é<x<T (22)
is fulfilled. Then any solution y € W,}! of (18) belongs to the space L' (0, T).

Proof. Let y € W,! solve (18). If y = 0 then y € L1(0, T) trivially. Thus, let y # 0.
This in view of W} < € (0, T] implies that there exist x, € (0,T),s € (0,x,) and
q > 0 such that

ly(xo =& = q for any § € (0,s) (23)
Let us prove the assertion of lemma in the case (21). From (18) we see that
a(§,)y()y(E =) € L}(0,T) for a.e. £ € (0,T). Evidently, we can choose x, so that
a(xo,)y()y(xe —)y(-) € L}(0,s). Due to (21) and (23). we have |a(xy, &)y (x, —
&) =8q >0 for any & € (0,s). Therefore, y € L1(0,s). This with y € €(0,T]
implies y € L1(0,T). In case (22) the proof is similar.

In this Sections we will study the solvability of the family of equations (18)
or, equivalently, the equation (2) mainly in the largest possible solution space W,}.

We are going to deal with two main types of the differintegral equation (2) :
Type I. The kernels a(x, &) and b(x, &) are integrable with respect to x and ¢.
Type Il. The kernels a and b are representable in the form
a(x,§) = n(x)ao(x,$), b(x,&) =n(x)by(x,$), (24)
where aq(x,§) and by(x, &) are integrable with respect to x and &. We remark that

equation (2) with a and b of the form (24) can be obtained from the differintegral
equation of the third kind

v(x)y (x) + (1 + By (x))y(x)
= fo ao(x,$) y(§)y(x — §)d¢ +j0 bo(x,$) y(§)d$ + h(x),x € (0,T), (25)

where v € C[0,T] with v(0) =0,v(x) # 0 for 0 <x <T ifweset x(x) = %;

— Bo(®) _ h®) Bo ¢ j1
B(x) = o gx) = G and assume € L*(0,T].
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The cases of non-positive and integrable

Here we will study the equation (2) of type | in the cases when either s is non-
positive having possibly non-integrable singularity at x = 0 or » € L*(0,T).

We start by proving a technical lemma.
Lemma(5.1.6)[150] .Let € L'(0,T), I(x) = 0 and u,(x) = [ e "C) 1(§)d¢.
Thenu, — 0 in C[0,T] as 0 — oo.

Proof.To prove Lemma (5.1.6), we make use of the following general result
(see[133]):

Lemma (5.1.7)[150]. Letu,, o = 0, be an equicontinuous family of functions in
C[0,T] such that u,(x) — u(x) as ¢ — oo for any x € [0, T] where u € C[0,T].
Thenu, — uinC[0,T] as ¢ — oo,

Let w be the modulus of continuity of the continuous function v(x) = fox [(&)dé¢

. Then, forany ¢ = 0 and x; < x, from [0, T] we have

lug (1) — uy ()| = j Y gmotap) 1(§)dE + j xl(e‘“("ff) — e~ 1mD) [(§)d¢
0

X1

X2
< [ 16 = i -
X1
because [(§) = 0and e @279 <1 for0 <& < x, and e 7*27%) — g7 0(11=5) < ¢
for 0 < & < x; < x,. This implies that the family u,, o = 0, is equicontinuous.
Furthermore, since e *@*=)[(§) — 0 as ¢ — oo a.e.& € (0,x) for any x € [0, T]
we have u,(x) — 0as ¢ — oo for any x € [0,T]. Consequently, by Lemma
(5.1.6a) we obtainu, — 0in C[0,T]as 0 — .

Now we prove a theorem concerning the equation (2) in the case of non-
positive .

Theorem (5.1.8)[150] . Let g € L., and »(x) < 0,x € (0,T). Assume that
j laC &) dé, j IbC, €] d€ € L'(0,T). 26)
0 0

Then the equation (2) has a one-parametric family of solutions in the space W,! with
the parameter

T
A= lim e~ L @O ) e R. (27)

x—0
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Any solution of (2) belongs to this family. Moreover, for solutions y; and y,,
corresponding to the functions g = g;and g = g,, respectively, and satisfying the
initial condition

T T
A= lim e Jx 7 y1(x) = Ji{{,h e~ e ¥4 v, (x)

the stability estimatexém
Iys = v2llc, < ACAL Iflle, If2lle )IUf = falle, (28)
holds where
fi(x) = Jx el kM g (©)dg, k=12, (29)
and O

A € C(R3 — R),A > 0,A(xq, x5, x3) — increasing in x, x5, x3. (30)

Proof. Let us fix k € R and rewrite the equation (18) in the form y = f + G[y] +
L[y, y], where

f(X) — Kefka(f)df _|_f e—f;k(n)dn g(f)df; (31)
0

x &
Glyl(x) = j o) kmn j b(¢,7) y(1)drdé, (32)
0

0
x

x &
Lly, 2](x) = j g~ kmadn j a6, 1) y(D)2(§ — 1)drdé.  (33)
0

0
Observing the decomposition k = » + B from (31) we have

T T x x ’
e~ *OE £ () = Kelr BOE 4 j eI P o=l XA (ygg, (34)
0

Note that

T x
el BOE e 10,7], e BWM ¢ c(a;) where ap={(x,8):0<E<T,0<& < x
(35)

T

because B € L(0, T). Moreover, e~ *@41 g e 11(0,T). due to the assumption

T

g € LL. Consequently, from (34) we see that e~ *@41 £ € c[0,T] , hence

f ecC,. (36)
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Further, we introduce the scale of norms

T
ull, =lle °u = |le=o e~ ) *dny, ,0=>0, 37
hlly = lle=ullg, = | lor (37)

in the space C,,. This scale satisfies the condition (4) with A(¢) = e~°T. Using the
relation k = % + B we compute

T
e=0% g~ Jy #(dn L[Z{,Z,](x)

— e—axe—fxT%(n)dn J

x x '3
¢~ i kin j a(€,7) 21 (D)2, (€ — 7)dudé
0 0

x X
= [ et ek Em gy (38)
0
where
W(E) = [ (g, o) el *man gl or
r T
X e Te ke xmin z, (T)e_a(f_f)e_ff—ﬁf(n)d’? Z,(§ —t)dt. (39)

¢ 3
Due to the assumption x(n) < 0,1 € (0, T), the functions e’- #M ang pJe—r7mdn
are bounded by 1 for 0 < 7 < & < T. This due to (26) implies

§
1P (O] < LONZ 5112215, ll(E)f la(§,7)ldr € L'(0,T).  (40)
0
The relation (40) with (35) implies that the second row of 38) belongs to C[0, T]
provided Z;, 2, € C,. Thus,
L|Z,,2Z,] € C, forany Z,,Z, € C,,. (41)
Similarly, from (32) we have

X

e_gxe—fxTz(n)dr]Glzl(x) — f e~ 0(x=¢§) e—f;B(n)dn d(&)dé (42)

0
where

d ;
q’(f)=f b(& 1) el ”(")d"e_"(f_f)e_”e_ff”(”)d”Z(T)dr. (43)
0

¢
Due to (26) and the boundedness of eJr * @47 e immediately obtain
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&
O] < LOIZ,  LE) = f b, Dldr € 10,T).  (44)
0

The relation (44) with (35) implies that (42) belongs to C[0, T] provided y € C,.
Thus,
G|Z] € C, forany Z € C,,. (45)
The relations (36), (41) and (45) show that the equation y = f + G[y] +
L[y, y] is well-defined in the space C,.

Taking in (38) and (42) maximum over »x € [0,T] and observing (40), (44)
we obtain

IL[Z1, 2201l < v(DNZ1 12205, IGIZ], < v(o)IIZ]l; 0 =0  (46)
with

x X
V(@) = max [e”F PO g o andu, () = [ e D) (47)
=SS 0

where | = maxi{i,,[,} € L'(0,T). Lemma (5.1.6) yields
v(c) >0 as g > »

Taking this relation and (46) into account and using Lemma (5.1.1) we come to the
conclusion that the equation y = f + G[y] + L[y, y] or, equivalently, (18) with
given K has a unique solution in the space C,,. This solution is differentiable for any
x € (0,T). Thus, y € W,}.

Due to the assertion (19) of Lemma (5.1.4) the solution y corresponding to K € R
T
satisfies the condition (27) with 4 = Kelo B4

Summing up, we have shown the existence of a one-parametric family of
solutions of (18) in W' with the parameter (27). From the uniqueness of the
solution for fixed K € R and Lemma (5.1.4) we deduce that any solution of (18)
belongs to the constructed family. Since by Lemma (5.1.3) equation (2) and the
family of equations (18) are equivalent in W} all these statements remain valid for
the equation (2), too. This proves the solvability assertions of Theorem (5.1.8).

Finally, the stability estimate (28) follows from the estimate (8) of Lemma
(5.1.1) in view of the relation (31) for the function f in the equation y = f +
G[y] + L[y,y]and (19). Theorem is completely proved.

At the end we deal with the case » € L'(0, T) without any assumptions about
the sign of ». Note that in this case according to the definitions (11), (13). and (14).
we have LL = L1(0,T) and W,! = W} = {y : y € C[0,T],y € I}.
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Corollary (5.1.9)[150] . Let » € L'(0,T). Assume that (26) holds. Then (2) has a
one-parametric family of solutions in the space W with the parameter A = y(0) €
R. Any solution of (2) belongs to this family and its derivative satisfies y € L'(0,T)
. Moreover, for solutions y; and y,, corresponding to the functions g = g; and
g = g,, respectively, and satisfying the initial condition A = y;(0) = y,(0) the
stability estimate

|y, — 3’2||c[o,T] < /\(|A|, “fl”C[O,T]: ||f2||c[0,T])||f1 - f2||C[0,T] (48)

holds, where f, are given in terms g, by (29) and A is a function with properties
(30).

Proof. Since » € L'(0,T). we can decompose k = »; + B; with »; =0, B; = »x +
B € L'(0,T) and apply Theorem (5.1.8). with 3, instead of . This yields that (2)
has a one-parametric family of solutions in the space Wy = {y :y € C[0,T], y €
T}. with the parameter A = y(0) € R and that any solution of (2) belongs to this
family. Further, if y is the solution of (2) then due to the relations g, k € L*(0,T),
JolaCONde, [ 1b(, &) dé € L'(0,T) and y € C[0,T] all terms except for y' in (2)
belong to L'(0,T). Thus, we have y € L'(0,T), too. Finally, the estimate (48)
follows from (28).

Here we will study the equation (2) of type | provided » is positive.

T
In case elx #0D s integrable at x = 0, we can prove a result that is similar to
Theorem (5.1.1).

Theorem (5.1.10)[150] . Let g € L. and »(x) > 0, x € (0, T). Assume that

T
el #mdn ¢ 110 T) (49)
and
sup la(-,§)| € Ly, sup |b(, &) € L (50)
£€(0,) £€(0,)

Then the assertions of Theorem (5.1.1) are valid.

Proof of this theorem repeats the proof of Theorem (5.1.8). The only difference is
the way of deriving the relations (41), (45) and (46) for the operators L and G.

Let us start by deducing (41) for the operator L. We have the formula (38)
with the function i that we rewrite in the following form:

_—fxan ¢ [ x)dn fT_,%(n)dn
w(e) = e W £ g(g 1) e ¥ s

T T
X et #dn 7, (T)e_“(f_f)e_ff—fk(n)dnZZ(E —1)dt.  (51)
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By virtue of the assumptions (49) and (50), the definition of L;] and the well-known
relation for convolutions

o1, 0 € 11(0,T) = f o) 9o (- —DdT € 10,T)  (52)
0
we obtain
)| < LEOIZ, 121,
'3 T
15(6) = || sup laC, D) f ele #in gl gr e 10,7, (53)
7€(0,) 1 Y70

In view of this relation and (35) the right hand side of (38) belongs to C[0,T]
provided Z;, 2, € C,.. Thus, we obtain (41).

Next we show (45) for the quantity G[z]. We make use of the formula (42)
that holds with the function ® of the form

T ¢
O(§) = e kM j b(E,7) el ¥ g=0E—1) =0t o= I, ¥MdN Z (1Y g7, (54)
0

Due to the assumptions (49), (50) and the definition of L, we obtain
PO < L(OINIZ]ls, 14 (E)

T T T
= f el #@dn g o= g xGndn sup |b(&,7)| € L1(0,T). (55)
0 7(0,$)

In view of this relation and (35) the right hand side of (42) belongs to C[0,T]
provided Z € C,,. Consequently, we get (45).

Finally, taking in (38) and (42) maximum over x € [0,T] and observing
(53), (55) we obtain the estimates (46) with (47) where [ = max{l;, 4} €
L'(0,T) and v(c) — 0as o — oo due to Lemma (5.1.6).

Before we continue investigating the set of solutions of equation (2) in W} in

case el M4 ¢ 110 T)  we study this equation in the space W, that is a subspace
of W' provided »(x) > 0. (Indeed, according to the definition of C,, W,! and
#(x) >0 we have {u:u€Cy=C[0,T,u €eT=W; W ={u:uecC,u €
¥}.) Since the case » € L1(0,T) was completely covered by Corollary (5.1.9), we
treat only the case » ¢ L1(0,T).

Theorem (5.1.11)[150]. Let g € L'(0,T), #(x) >0, x € (0,T) and x ¢
L'(0,T). Assume that a and b satisfy (5.1.26). Then the equation (2) has a unique
solution in the space W4 . This solution has the initial value y(0) = 0. Moreover, for
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solutions y; and y,, corresponding to the functions g = g; and g = g,, respectively,
the stability estimate

lyr = ¥2llcorr < Al fillero.ry 2 lleror)Ifi = fallero,m (56)
holds where f;, are given in terms g, by (29) and
A € C(RZ — R),A > 0, A(xq, x,) — increasing in xq, x. (57)

Proof. Again, we rewrite the equation (18) inthe formy = f + G[y] + L[y, y],
where f, G and L are given by (31) — (33). Observing (.9), (35) and the
assumptions of Theorem (5.1.11) we have

el KD & c(AN(0,0OPNNLE (A7), (58)

el KOE o a5 x — 0F, (59)
Thus, in view of g € L'(0,T) from (31) we get
f€C[0,T] incase K=0, f €C[0,T] incase K ¢ 0. (60)
Introduce the scale of norms
lulle = lle™ullcory, 020, (61)

in the space C[0, T]. This scale satisfies (4) with (¢) = e~°T . From (33) we obtain

e LIZL 200 = [y e o@D e FH M yas (62)

where
¢

w(E) = j W& e 2 (e CDZ,(E —dr.  (63)

0
Observing the assumption (26) we have

§
¥ < s(DINZ1 5 11221l5, 15 =f la¢, ) d € L'(0,T).  (64)
0
In view of this relation and (58) the right hand side of (62) belongs to C[0,T]
provided Z;,Z, € C[0,T]. Thus,
L|Z,,2Z,] € C[0,T] forany Z;,Z, € C[0,T]. (65)
Similarly for the quantity G[Z] from (32) we have

X

e G[Z](x) = f e~ 0(x—1) e—fka(n)dn d(&)dé (66)
0
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where

$
(&) =f b(¢,7) e @ De0T Z(7)dT. (67)
0

Due to the assumption (26) we obtain

'3
D) < L @2y, (&) = j Ib(£,7)| dr € L1(0,T). (68)
0

Again, due to this relation and (58) the right hand side of (66) belongs to C[0,T]
provided Z € C[0, T]. Therefore,

G[2] € C[0,T] forany Z € C[0,T]. (69)

Summing up, the relations (60), (65) and (69) show that the equation
y = f+ G[y] + L[y, y] is well-defined in the space C[0,T] in case K = 0 and has no
solution in the space C[0,T] in case K # 0. Therefore, we continue studying this
equation in case K = 0.

Taking in (62) and (66) maximum over x € [0,T] and observing (64), (68)
we obtain the estimates (46) with (47) where | = max {ls, 1} € L'(0,T). Lemma
(5.1.6) yields

v(c) > 0 as g — o,

Thus, by Lemma (5.1.1) the equation y = f + G[y] + L[y, y] or, equivalently, (18)
with K =0 has a unique solution y in the space C[0,T]. This solution is
differentiable for any x € (0, T), which implies y € W,. By Lemma (5.1.3) also y is
the unique solution of (2) in Wy . The property y(0) = 0 follows from the equality
y(t) = f(t) + G[y](t) + L[y, y](t), because its right-hand side equals 0 at t =0
(cp. (31) with K =0, (32), (33)) . Finally, the stability estimate (56) follows from
the estimate (8) of Lemma (5.1.1) in view of the relation (31) for the function f
in the equation y = f + G[y] + L[y, y] and K = 0. Theorem is proved.

Now we return to the study of (18) in W,!.
Lemma (5.1.12)[150] .Let g € L'(0,T) and »(x) > 0, x € (0,T) Assume that

el x@mn @ 1100 T (70)
and a, b satisfy the conditions
sup |a(;,¢)| € L*(0,T), sup |b(;,¢)| € L'(0,T). (71)
$€(0,) $€(0,)

Moreover, let either (21) or (22) holds with some § > 0. Then any solution y € W}
of (2) is a solution of (18) with K = 0 and belongs to C[0T].
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Proof. As in the proof of Theorem (5.1.11) we have the relation (58).Furthermore,
Lemma (5.1.5) implies y € L(0,T). This means that the right-hand side of (18)
must belong to L!(0,T). The relation y € L'(0,T) with the assumptions (71) yields

Jy a(x, &) y(©)y(x — E)dE, [ b(x,&) y(§)dE € L'(0,T). In view of these relations,
the assumption g € L1(0,T) and (58) the right-hand side of (18) besides the term

T T
Kel *@d1 pelongs to C[0,T]. Due to the assumption (70) the term Kel #@dn ¢
L'(0,T) if and only if K = 0. Consequently, we must have K = 0. But then the
whole right-hand side of (18) belongs to C[0, T']. This proves y € C[0,T].

As a corollary of Theorem (5.1.11) and Lemma (5.1.12) we can formulate the
following theorem.

Theorem (5.1.13)[150]. Let g € L'(0,T),»(x) > 0,x € (0,T) and (70) hold.
Moreover, assume that a,b satisfy (71) and either (21) or (22) holds with some
5 > 0. Then the equation (2) has a unique solution in the space W,!. This solution
belongs to W4 and has the initial value y(0) = 0. Moreover, for solutions y; and y,,
corresponding to the functions g = g;and g = g,, respectively, the stability
estimate (56) is valid where f;, are given in terms g, by (29) and A is a function
with the properties (57).

Examples (5.1.14)[150].

Here we apply results to the equation (2) with the function k = » + B where
B € L}(0,T) and

n(x) = in (0,T] (72)

x|Inx|P
where0 < T<landy # 0, «a =0, B € R are constants. Using results of this
section we can formulate the following statements concerning this equation.

) Assume that y < 0, @ >0, B € R. Moreover, let g € L, and a, b satisfy
(26). Then Theorem (5.1.1) and in case » € L'(0,T) Corollary (5.1.1)
hold.

i)  Assume that either <0, 0<a<1l BER or y>0, a=1, >
0 or
0<y<1,a=1,8=0.Moreover, let again g € L. and a, b satisfy (50).

Then Theorem (5.1.10) and in case » € L' (0, T)Corollary (5.1.9) hold.

i)  Assume that either y>0, a=1 <1 or y>0, a>1, BER.
Moreover, let g € L'(0,T) and a, b satisfy (26). Then Theorem (5.1.11)
holds.

Iv)  Assume that either y >0, a>1, FER or y=>1, a=1, B<0or.
0<y<1la=18<0 .Moreover, let g€ L'(0,T) and a,b satisfy
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(5.1.71) and either (21) or (22) with some § > 0. Then Theorem
(5.1.13) holds.

Let us describe more precisely the solution sets in particular cases under suitable
assumptions on g, a and b.

If either 0 <a <1, E€R or a=1,8>1then» € L'(0,T), hence (2) has a one-
parametric family of solutions in the space W with the parameter A = y(0) € R,

if @ = B = 1then (2) has a one-parametric family of solutions in the space
{y: |Inx|7y(x) € C[0,T],y € I} with the parameter
A= linol+|lnx|_V y(x) € R,
X—>

if either y<0,a=1 <1 or y>0,a=1,0<B<1 or 0<y<1,
a = 1, = 0then (2) has a one-parametric family of solutions in the space

v
{y : x(=AInxlPy(x) € C[0,T],y € 3}

v
with the parameter 4 = lim x(1-Alnxl¥ y(x) € R

x—07t

(in particular, ify < 1, a =1, f = 0 then (2) has a one-parametric family of
solutions in the space {y : xYy(x) € C[0,T],y € T with the parameter
A= lirgl+ x¥ y(x) ER,

X—>

ify <0, a>1, B € Rthen (2) has a one-parametric family of solutions in the
space

{y: e_V(l—a)ﬂ—ll"(l—ﬁ,(l—a)|1nx|)y(x) e clo, T],y, c S:}

with the parameter 4 = lim e v(1-@) 'T-4.(-ohixDy ) e R

x—07t

(in particular, incasey < 0, a > 1, B = 0 equation (2) has a one-parametric family
of solutions in the space

v ,
{y i e (@ Dx*y(x) € C[0,T],y € 1}

¥
with the parameter A = lim e @~Dx*Ty(x) €R.
+

x—0
Here I'(a, x) = fxoo t*~1e~tdt is the (complementary) incomplete Gamma function.

Differintegral equation of type Il
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We deal with the equation (2) of type Il in the cases of non-positive and integrable .
Let us start with the former case.

Theorem (5.1.15)[150] . Let g € L., and »(x) < 0, x € (0,T). Moreover, let

u() <u(é) for 0<T<ELT. (73)
Assume that a and b have the form (24) where a, and b, satisfy
sup lag (-, §)| € L'(0,T), sup |bo(+,§)| € L'(0,T). (74)
$€(0,) $€(0,)

Then assertions of Theorem (5.1.8) are valid.

Proof repeats the proof of Theorem (5.1.8). Only it is necessary to deduce again the
relations (41), (45) and (46) for the operators L and G under the assumptions of
Theorem (5.1.15).

We start with the relation (38) for L with the function W given by (39). Due to
the assumptions »(7) < 0 and (73) we have |%(&)| = —#(§) < —x(1)

for 0 < 7 < ¢&. Thus,

¢ d ¢
3(8)| el *mdn < = elz #dn (75)

§
and from (39) in view of (24), (74) and the inequality e’—*™M% <1
following from the assumption »x(t) < 0 we obtain

§

; £
()| < f ()| |ag (&, )| e #dn gle—c*an gy 711 12,11,

0

¢ d
< sup a6, D | Pl ek Ptz 12,
£€(0,8) 0 T

) £
= sup |ag(§, D) (1 - lim e @) |1z, ||, |12,
T€(0,6) =0

< Oz 12215, 17(8) = :gr;)lao(f,f)leLl(O,T)- (76)

The relation (76) with B € L'(0,T) implies that the second row of (38) belongs to
C[0,T] provided Z;, Z, € C,. Consequently, we obtain the relation (41).

Next we proceed to the formula (42) with ®(x) given by (43). From (43) due
§
to (41), (74), (75) and the inequality e%--*™M < 1 we deduce
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§ d
@) < sup lbo(§ DI [ H @ eH a2,
7€(0,4) 0 T
< g2y 1g(§) = S(L})g)lbo(s‘,r)leLl(O.T)- (77)
T€(0,
The relation (77) with B € L}(0,T) implies that the right-hand side of (42) belongs

to C[0,T] provided y € C,,.. Thus, we get (45).

Finally, taking in (38) and (42) maximum over x € [0,T] and observing
(76), (77) we obtain the estimates (46) with (47) where | = max{l;, lg} € L'(0,T)
and v(g) > 0 as o — oo.

Next we state a result concerning the case of integrable .

Corollary (5.1.16)[150]. Let g,» € L'(0,T). Assume that (24) and (74) hold.
Then assertions of Corollary (5.1.9) are valid.

Proof is analogous to the proof of Corollary (5.1.9). We set k = »x; + B; where
n, = 0 and B; = » + B. Then », satisfies the conditions s, (x) < 0, (73) and the
function B, belongs to L' (0, T), hence we can apply Theorem (5.1.13).

We deal with the equation (2) of type Il in the case of positive ».Here we didn't

succeed to prove the solvability in W,! in case of arbitrary integrable el %N 35 jn
the case of type I. We were able to prove such a result only in the particular case
when » satisfies the condition

0<nu(x)< g,x € (0,T) withsome y € (0,1). (78)

i : i $ i
Note that in this case the function e’ *(  can have maximally a power-type
integrable singularity at t = 0, i.e.

£ TY
0 < el *¥Mdn < —~.  xe(O).

Theorem (5.1.17)[150]. Let g € LL. and » satisfies (78). Assume that a and b
have the form (24) where a, and b, satisfy

x7V sup |ag(x, &) eL*(0,T),  sup |by(x,&)|eLl'(0,T). (79)
£e(0,x) $€(0,)

Then assertions of Theorem (5.1.8) are valid.

Proof. Again, the proof repeats proof of Theorem (5.1.8). The only difference is the
deduction of (41), (45) and (46).
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To derive (41) we follow the equality (8) and rewrite the involved function W
in the form

§
Y€ = %(f)j ao(¢,7) eff%(n)dnefg_fﬂ(n)dn
0

T T
x e=0Te~le ¥ g (1)o=0€-DplexMdn 5 & 1340 (80)
Owing to the assumption (78) we have

et Je_px(d :
j edr #mdn e x(dn 4. gVTVJ T7(E—-1)Vdt=B(1—y,1—y)TVEY
0 0

where B is the Beta function. Using this estimate and »(¢) S? as well as the
assumption (79) in (80) we obtain
[P < (D211l 112215
b(§) =yT"B(1—y,1-y)§ T:g}g)lao(f, )| eL'(0,T) (81)
In view of this relation and (35) the right hand side of (38) belongs to C[0,T]
provided z;,z, € C,. Thus, we have deduced (41).
Next we consider (42) where we rewrite ® as follows.

$
D) = %(f)f by($,7) eff”(")d"e_“(f_f)e_‘”e_f:”(")d”Z(T)dr. (82)
0

. ;
Due to the assumption (78) we have fof ele #dn g <

n(§) < ? and (79) from (82) we deduce

i By this relation,
1-y

1< Lo@®NZl, Lo = 7

In view of this relation and (35) the right-hand side of (42) belongs to C[0,T]
provided z € C,, . This means that we have proved (45).

Finally, from (38) and (42) with the help of (81) and (83) we deduce (46)
with (47) where [ = max{ly,l;,} € L'(0,T) and v(c) = 0

as o — 00,

sup |by(§,7)|€L}(0,T). (83)
€(0,$)

The analogue of Theorem (5.1.11) in the case of equation of type Il is as
follows.
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Theorem (5.1.18)[150] . Let g € L1(0,T), »#(x) > 0, x € (0,T) and » & L'(0,T).
Assume that a and b have the form (35) where a, and b, satisfy the conditions

sup |ay(x,)| €L (0,T), sup |bo(x,))| eL*(0,T). (84)
x€(,T) x€(T)

Then the assertions of Theorem (5.1.11) are valid.

Proof is partially similar to proof of Theorem (5.1.11). We write the equation (18) in
the form y = f + G[y] + L[y, y], where f, G and L are given by (31) - (33). Then
have the relations (58), (59) and the function f given by (31) satisfies (60). To
analyze the equation in the space C[0, T] we make use of the scale of norms (61).

From (33) using the relations k =x + Band ay(&,n) = #(&)ay(é,n) we
obtain

e 7" L[Z3,Z,](x)

x x x 3
— J e~ 0(x—=%) efs‘ B(n)dn %(E)e_ff x(n)dn f aO(f: 7) e 7 Z, (T)e—a(x—f)zz (é’ _ T)def (85)
0 0

Observing the equality x(&)e /e ¥ — %e_ff *0D41 the assumption (84), the

positivity of  and the equality lim;_,q+ e~ Je ¥ _ ) that holds in view of 9)
and » ¢ L'(0,T)) from (85) we deduce the estimate

x X
sup lag(&, )| | d (e e @) 1Z11, 12,

X

e~ L[2,, 2,1 (0] < Cy f

0 $e@T) 0
X
IR GO LA BEATS (86)
o ¢e@T)
where Cy = Oggqu e~ Je BN i implies
IL[Z1, Z,]ll, < IX”lelall‘ZZHU' g =0, (87)

with the positive constant N = CBf sup |ag(é,t)|dt . Moreover, (86)
0 $e@Tl)

yields the continuity of L[Z;,Z,](x) at x = 0 and the equality L[Z;,Z,](0) = 0.
The continuity of L[Z;,Z,](x) in (0,T] follows from the continuity in the domain
A7 \{(0,0)} of the function of arguments (x, &) under the integral fox in the right-hand
side of the formula (85). Thus,

L|Z,,Z,] € C[0,T] forany Z;,Z, € C[0,T]. (88)
Analogously to (86) from (85) we derive the estimates
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vi(@Z11lo 21l

, 0=0,
v2 (@) 1211|6122 1lo

1Lz 2]l < {

where

X
vi(0) = Cp max f e=7CD sup lag(E, D] dr
0

x€[0,T] fe(@,T)
T
V@)= Cy [ e sup lag(€ Dl d.
0 §e(r,T)

Due to the assumption (84) and Lemma (5.1.6) we have
V() >0 as 0 > o, k=12
For the quantity G[Z] in view of (24) from (32) we get
e 7 G[Z](x)

X x X f
:j e—a(x—f)e_fg B(n)dn%(f)e_ff H(ﬂ)dﬂj by (¢,7) e—o(f—r)e—arz(,[)dl.dgl
0

0
Similarly as above we deduce the estimate

y
le™*G[Z](x)| < Cp max | ™07 sup |by(§, D dzlIZ]l,
Oy=xJo ¢e(@T)
Thus, we obtain
IGL21ll, < M(@)lIZll;, 020,
with
y
M(o) = Cp maxj e °0=D sup |by(¢, 1) dr.
0=y=T"Jo ¢e(@,T)
Due to Lemma (5.1.6) we have

M(oc) >0 as o — oo,

(89)

(90)

(o1

(92)

(93)

(94)

Moreover, (2) implies that G[Z](x) is continuous at x = 0 and G[Z](0) = 0. The
continuity of G[Z](x) in (0, T] follows from the continuity in the domain A;\{(0,0)}

of the function of arguments (x, &) under the integral fox in the right-hand side of the

formula (91). Summing up,
G[Z] € C[0,T] forany Z € C[0,T]

(95)

The relations (60), (88) and (95) show that the equation y = f + G[y] +
L[y, y] is well-defined in the space C[0,T] in case K = 0 and has no solution in the
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space C[0,T] in case K # 0. Therefore, we take into consideration only the case
K = 0. Observing (87), (89), (90), (93), (94) and Lemma (5.1.1) we see that the
equation y = f + G[y] + L[y, y] or, equivalently, (18) with K = 0 has a unique
solution in the space C[0, T]. The rest of the proof is identical to the proof of Theorem
(5.1.11).

We emphasize that Theorem (5.1.13) cannot be extended to the equation of

T
type 11. This means that in case elx ¥4 ¢ 11(0,T) solutions may exist in W1\
W4 ,too. We provide a corresponding example.

Examples (5.1.19)[150]
Firstly, let us analyse the equation (2) of type Il with » of the form (72). For the sake
of shortness we consider only the case g = 0, i.e.

#(x) = xla in (0,T] (96)

with y # 0 and @ = 0. We can formulate the following statements for this equation.

) Assume that y < 0, « > 0. Moreover, let g € L. and a,, b, satisfy (74).
Then Theorem (5.1.15) and in case » € L!(0,T) Corollary (5.1.16) hold.

i)  Assumethateithery >0,0<a <1 or 0<y <1, a=1.Moreover, let
g € LY, and ay, b, satisfy (79). Then Theorem (5.1.17). and in case
» € L1(0,T) Corollary (5.1.16). hold.

iii)  Assume that > 0, a > 1 . Moreover, let g € L'(0,T) and ay, b, satisfy
(84). Then Theorem (5.1.18) holds.

More precisely, the solution sets in particular cases under suitable assumptions on g,
ay and b, are as follows.

If 0 < a < 1thenx € L'(0,T), hence (2) has a one-parametric family of solutions in
the space W4 with the parameter A = y(0) € R,

if y<1, a=1 then (2) has a one-parametric family of solutions in the space
{y : x¥y(x) € C[0,T],y € T with the parameter 4 = lim,_,+ x* y(x) € R,

iIfy <0, a =1 then (2) has a one-parametric family of solutions in the space
_ 14 ,
{y:e @D Ty(x) €C[0,T],y €T}

Y
with the parameter 4 = lim e @Dx*Ty(x) eR.
+

x—0
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Further, let us analyse the equation (2) of type Il with 3 of the form (96) more
closely in the case y = @ = 1. Then el #(dn =§ ¢ L1(0,T). We show that there
exist non-continuous solutions to this equation in W, \W;'.

The basic equation of this form is

y )+ 22 =2 [ y(x - ) y(§)de, x> 0. (97)
It is easy to check (using Laplace transform) that this equation has besides the
solution y, = W the one-parametric family of solutions

Vi () = %v' (%), k>0 (98)

with the Volterra's function

v(x) = joox—tdt.
0 I't+1)

The function v and its derivatives v',v" have the asymptotic expansions

1 C N
v(x)~_m+ln2x as x—-0
where € ~ I (1) is the Euler constant and
, 1 2C N
v~ xnx xndx o X7 0%, 9
v (x) ~ ! 201~ as x- 0t (100)

x2In2 x  x2In3 x
The sign ~ denotes the asymptotic equality. In particular, for the solutions (98) the
asymptotic expansion

1 2(InK — C)
xIn? x xIn3 x
holds. Thus, yx € W,\Wg for any K > 0 in every finite interval (0,T).

Finally, we study a more general equation

as x- 07, (101)

yi (x) ~

, 1 1 (¥
y (x) + (; + B(x)> y(x) = ;f ag(x,§)y(x — &) y(&)dé + g(x), x € (0,T),
0

(102)
where0 < T < 1and
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B(x) € L'(0,T),  |Inx|° sup |ag(x,&)| € L*(0,T),  xIn®x g(x) € L'(0,T)
$€(0,x)

(103)

with some § > 0. We seek a solution in the form y(x) = p(x) w(x) where p(x) =
v (x) is the above solution y,(x) of equation (97) and w € Wy is the unknown
function. The function w obeys the differintegral equation

X

@' (0) + by (Ow () = f 0, (6, &) w0 (x — E)w (E)dE + g1 (x),x € (0,T), (104)

0

where
ki(x) =x11(x) + B(x) with (x) =- V (x)
v(x)’
01 (6 8) = ——ay (6, EW OV (x— ) and g,(x) = 22,
( ) V()

We are going to show that under the assumptions (103) the conditions of Theorem
(5.1.11) for equation (104) are fulfilled. By (99) we have g, € L'(0,T). Further,
by (99) and (100) the asymptotic relation

1 2(1-0)

x2In2x  x2In3 x 2 +
ny(x) ~ - =R e ——— as x>0

x2In2x xIn3x

holds implying » ¢ L'(0,T) together with B € L'(0,T). Finally, observing the
solution y; = v of (97) and using its positivity we again have

X Ca1 x ’
j|a1(x,5)|dfs , jv(f)v(x—f)df
0

xv' (x)|Inx|? J,

I v’ (x) +v ()] = 1()eL%on
— xv' (x)|Inx|¢ Car |Inx|? ’

with the constant C,, = sup |Inx|® |ay(x,€)| € L”(0,T) . Hence , applying
0<&<x<T

Theorem (5.1.3), we prove

Theorem (5.1.20)[150] . Let the assumptions (103) hold. Then equation (102)
has a solution of the form y(x) = v' (x) w(x) where w € Wy with w(0) = 0.

Series expansion of solutions and asymptotics at infinity
Exponential series
Burgers' equation
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, 1 x
Y @)+ (g4 hox )y = | vl -9ds, By>0) (105)
0
has a unique solution y = y, in (0, o) which fulfills the initial condition

=A (106)
x=0
for prescribed A. Following Burgers we are looking for a solution in form of the (for
x > 0 convergent) series

1
x2y(x)

oo

y(x) = sz e~ In* (107)

n=1

WithK€eR and 0<a; <a, <---forsomed € R in(106).

Inserting the ansatz (107) into equation (105), we get the equation for K and
a,, n=12,.

[00]

—Kz ~nX KxZa e~ %% — Kfyx3 Z ~dnX
n=1

=1

[0.¢]

2
pn g z(zm o)

n=1
41(22 z tn X
* < (CZ _am) )
m#n

which is satisfied if K = —6ﬁ0 and

z n (108)

(am _an) 1230 (“ —“n)3 166,
Comparison with (129) shows that the relations (108) are fulfilled if , 1 = 3\}[;_ in
0

(129) le. if a, are chosen as the zeros of the entire function

_ 2y ( 3/2)_
qo 1/3 \/—

It remains to calculate the initial condition (106) for this solution (107) of
equation (105). In view of (123) we have
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o) 0 - 2/3
— —AnX — _ (= 2/3
0= vt~ g0 =y exp (D)
and by
3 1
x) ~=—=x3/2 as x - 07,
hence
3 K 3 By
~ —-1/2 - _ ] —__ |==
po(x) ~Ax—/>, A 4/1\5 > /n- (109)

Power series

The generalized Burgers' equation
1

0+ (5wt =) y0o = [ v©Oya-odE  (10)
y o oX™ | YX) = oy y

where w, 8, € R also has a unique continuous solution y =y, on (0, o) satisfying
the initial condition (106) for prescribed A € R. The solution is of the form

y(x) = Ax~Y2 + x71/2 z(x)

with a continuous function z on [0, o) where z(0) = 0. Like Burgers for w = 0 we
are looking for the solution in form of a power series

oo

y(x) = z a, x 12 3/2n g0 = A. (111)

n=0

Inserting the ansatz (111) into equation (110), we obtain a; = %(mﬁl2 — wA)

and the recurrence system for a,, as, ...

n

3
E(n + 1Da, 1 +wa, — Loa,_1 = Z A O Bmn—m, n=12,..

m=0
where B,,, ,, = (gm + %%k + %) with the Euler Beta function B(p, q).

We ask for a solution of the simple form

2
y(x) =AxYV2 +a;x, a; = §(7TA2 — wA). (112)
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Such a solution exists if

. 5 1 5
eitherw = 4, fy =0 or w=24, f = —g(n —5) A2 (113)

wherea; =0 or a; = %(n - ;) A?, respectively.

Asymptotics at infinity
The representation (107) of the solution y, to equation (105) with (106) for
A= —%\/% Is an asymptotic expansion for y, as x — +oo and yields the asymptotic
representation
ya(x)~Kxe 1% as x — +oo. (114)
Formula (114) shows that y, tends (exponentially) to zero at infinity.
The function y(x) = e“*y,(x), € € R, satisfies the differintegral equation

B S W L
70+ (g hox? — )5 [ 3OFC-0aE  @15)

and the same initial condition (106) as y,. But although the coefficient of ¥ in (115)
has analogous asymptotic behavior like the coeffcient of y, in (105) as x — 4o we
have a different asymptotic behavior of y and y, as x = +oo for € # 0. In particular,
for e > a; the function ¥ tends (exponentially) to infinity as x — +oo,

Further, the solution (112) of equation (110) under the conditions (113) with
Bo < 0 behaves like a;x as x — +oo, i.e. also tends to infinity and the solutions (8)

of equation (97) are asymptotically equal to %eﬁ as x — +oo. Since it seems difficult

to obtain a more or less complete picture about the asymptotic behavior of the exact
solutions as x — +oc0 we shall study asymptotic solutions for two classes of
differintegral equations in the this section. This means the left-hand side of equation
(2) is asymptotically equal to the right-hand side but not necessarily it is the
asymptotic representation of an exact solution.

Asymptotic solutions
Differintegral equations of type |
We consider the class of equations

Y (0 + k@) = jo Y (&) y(x — £)d¢ (116)

where
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k(x) =xia[y+6xﬁ +b(x)] (117)
withd0 <a < B,y #0and B(x) = o(xﬂ) asx —» 4+, B(x) =0(1) asx —» 0™,
Equation (116) with (117) has the asymptotic solutions as x — +oo,

y(x) = Axte™ (118)

where AB(B —a,f —a) =6, u = —a—1> —1 and arbitrary v. The asymptotic
solutions (118) are the solutions of the approximate equation

52700 = | 77 - e,
0
To fix the parameter v the equation (116) with k(x) = yx~% + §x#~* and the
corresponding initial condition

XV'y(x)|x=0 = A (119)

has to be taken into account. An approximate value for v in case of continuous B can
be obtained by the simple approximation

9(x) = {Ax"’ in (0,p)

Axte” in (p, )
for the exact y with some p € (0, ) . The values of v and p are determined by the

continuity of § and § at x = p. In the case of Burgers' equation (5.1.105) with

Bo :%Where a=13=3,y =%, 6= —% and B(x) = 0 we get p = 0.5388 and

v = —2.784 in this way where the exact value is v = —2.920. Further, for non-
vanishing B the shifting of v by the substitution ¥ = e“*y should be observed.

We remark that in the case o = 1with y < 1 if k(x)~8x#~!lnx as x —» +oo
asymptotic solutions of the form

y(x) = Ax*e¥* Inx, u=-y>-1
exist.
Differintegralequations of type 11
Finally, the class of equations

X%y () + ko (X)y(x) = jo Y (&) y(x — £)d¢ (120)

where
ko(x) =y + SxP + By(x) (121)
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with @ >0, B >0, y #0,8 # 0 and By(x) = o(xf) as x - +o0, B(x) = 0(1) as
x — 0% is dealt with. Equation (120) with (121) has the asymptotic solutions (118)
where for arbitrary v # 0

8 if>a
1= po — 1, uo = max{a, B} > 0 and AB(uo, 4o) ={5+V iff =«
\Y iff<a
and forv =10
8 if>a—1
,u=,u1—1,,u1=max{a—l,B}>OandAB(u1,,u1)={8+a—2 ifB=a—-1
oa—2 ff<a-—-1

Sec(5.2) : Autoconvolution Equations of the Third Kind
We deal with a general class of such autoconvolution equations of the form

k(@)y(x) = f m(x, &) y(©)y(x — £)dE + j (&) y©dé +p()  (122)
0 0

for 0 < x < T, with given continuous functions k,m,n,p, where k(0) = 0. For
m(x,&) = a(&)and n(x, &) = p(x) =0 this equation is the model equation
considered in [141]. The general class of equations (122) contains the well-known
integral equations of F. Bernstein and F. Bernstein and G. Doetsch for the elliptic
theta zero function and for the Mittag-Leffler function, but under our assumptions
unfortunately only the latter equation can be treated. Further, following [141] we
restrict ourselves to basic existence theorems for solutions of (122) with power or
logarithm behaviour at x = 0. But we expect that also theorems on the smoothness of
the solutions for the model equation [141] could be extended to equation (122).
Moreover, we add to the existence theorems in [141] a such one for a class of model
equations with data k, a and solution y containing general logarithmic terms. Finally,
as a new aspect a singular perturbation problem for a related integrodifferential
equation of first order to the model equation in the superlinear case of [141] is
investigated. The results of this investigation are basic for a regularization of the
model integral equation of the third kind by a neighbouring integrodifferential
equation (a kind of Lavrentiev regularization. [143]).

We remark that with a solution y also the function e“*y, where C is an
arbitrary constant, is a solution to equation (122) if n = p = 0 as in the case of the
model equation. In the general case we have to expect a more complex structure of a
general solution of (122).

131

—
| —



we deal with the singular perturbation problem and the general logarithmic case of the
model equation in this section, respectively. The general class of equations (130) is
then treated in this section.

The existence proofs are based on (a simplified version of) an existence
theorem from operator equations of the form

Zx)=f(x)+G[Z](x) +L|Z,Z](x) (123)

with a linear operator G and a bilinear operator L in C[0,T], 0 < T < oo, with the
exponentially weighted norms

— —0Xx — —0X
1Zll, = lle=*Z(Oll = max e~ Z()| , 0> 1,

where || Z]| = ||Z]|, , which we cite here as Lemma (5.2.1).

Lemma (5.2.1)[48]. Let the linear operator G : C[0,T] — C[0,T] and the bilinear
operator L : C[0,T] x C[0,T] — C[O0,T] fulfill the inequalities

IGIZ]ll, = M©)IZll,, o0=0>1 (124)
forany Z € C[0, T] with a continuous function M satisfying M(o) — 0 as 0 — oo,and
IL[Z1, 220l < NZyllsl122]lc, o209 >1 (125)

with a constant N and

vi(@) 211l [|1Z2;]]
LiZ ,Z < { 1 o
” [ 1 2]”6 Vz(o-)”Zl”a ”ZZH

with continuous functions v, k = 1,2, satisfying v, (o) = o as  — oo for any pair
Z,,Z, € C[0,T]. Then equation (123) has a uniquely determined solution Z €
C[0,T]. Moreover, for solutions Z; and Z, corresponding to functions f = f; and
f = f,, respectively, the stability estimate

121 = Z1l <A (Q1, Q)IIfs = foll (127)

holds, where Q, = (Il il G [fillD,k =12, and A€ (R} - R), A>0 with
A (xq, ..., x4) INCreasing in xq, ..., x4.

(126)

Singular perturbation problem
Let us consider the model equation

K()y(x) = fo a(®) y(x — E)y(€)de. (128)

If k(x)~Ax,A > 0 and a(x)~1as x — 0 then the continuous solutions y of (128)
have at x = 0 either the value y(0) = 0 or the value y(0) = A. With interest in the
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second case, in this section we study the initial value problem for the related
integrodifferential equation of the first order

ey, (0) + k(). () = f a©)y.(x — Oy.(OdE, y.(0) =4  (129)

0

with € # 0. We remark that y(0) = 0 for a continuous solution y of (136) is only
fulfilled for the trivial solution y(x) = 0 if, in addition to the above asymptotic
relations, there holds k,a € C[0,T] with k(x) > 01in (0,T].

Theorem (5.2.2)[48]. Let € # 0, k € C[0,T] and a € L'(0,T). Then problem
(130) has a unique solution in C*[0, T].

Proof. The initial value problem (37) is in C1[0, T] equivalent to the equation

ye(x) = L[Ye' ye](x) + f(X) (130)
where

L[Z3,Z;](x) = j

0

1 1 n
Zemely ko f a(8) 2,(n — ©)Z,(§)dédn
0

1 x
f(x) = Ae"eh KO,
Let us show that (130) has a unique solution in C[0, T]. We have
e " L[Z1,Z,](x)

x 1 1 x Y
_ j oo Z g e K f a(€) e 7 EMZ, (n — €)Z,(§)dEdn.
0 0

Thus,

1 L k@iar (7 T )
IL[Z1, 2]l < HGM la(€)|ds | e 7 dnllZ [, (12211,
0 0

1
< Const o 1211151122115

This estimate shows that the assumptions of Lemma (5.2.1) are satisfied for equation

(130). Consequently, (130) has a unique solution y,. in C[0,T]. Finally, since the
right-hand side of (130) is continuously differentiable for y. € C[0,T], we obtain
y. € C1[0,T]. Theorem (5.2.2) is proved.

Lemma (5.2.3)[48]. Let € # 0, g be a measurable function such that |g(x)| <
x®~1 with € >0,6 >0,k € W?1(0,T) and Agx < k(x) < Ayx with 0 < 4y < A;.
Then
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the function

y() = k(o) | v dn (131)
0
with
1 * —lka(‘[)dr
V() = s | k) e O gy (132)
0
belongs to W21 (0, T) and solves the problem

ek’ (x)
k(x)
Proof. Due to the assumptions of the lemma, the function y, defined in (132) with v

given by (142), belongs to W21(0,T). One can immediately check that v is a
solution to the equation

ek(x)v (x) + [2€k’ (x) + k2 (x)]v(x) = g(x). (134)

ey () + k(x)y (x) — [k’(x) + ]y(x) =g(x),y(0) =y (0) =0 (133)

Further, from (131) we see that v = (%) . Substituting (%) for vin (134) we derive

the equation (133). Finally, the conditions y(0) = y'(0) = 0 follow from (131)
with (132) by the assumptions on k.

Lemma (5.2.4)[48]. Lete > 0. Then

g WO S P <1 135
€ —_
oy | o e T S e i —1<ps1 39
X 1 T,B—l
max | nf e e M dn < € if B>1. (136)

0=<x<T 0

2
Proof. Changing the variable of integration Z = r’? we obtain

x 1 1 B+1 t p-1
jﬂﬁ e_E("Z_"Z)dn=§e 2 fZ 2 e tdz, (137)
0 0

2
where t = =. Let —1 < 8 < 1. Then in case t > 1 we have
t ﬂ—l 1 ,8—1 t ,8—1
j Z 7 e gz = j Z 2 e~ tgz 4 f zZz
0 0 1

e (t)dz

1 ,3—1 t
Sel_tj ZTdZ+J e (t-2)qz
0 1
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Thus,

boB1 2
sup f 27 et Mdz < ——,
0

1<t<co

Incase 0 <t < 1 we obtain

B+1
t p-1 t p-1 2t 2
fZTe‘(H‘)dZSJ 27 dZ = :
0 0 p+1
This implies
' 2
sup j 27 etz < ——,
o<t<1 Jo p+1

(138)

(139)

Applying (138) and (139) in (137) we deduce (138). If 8 > 1 then we obtain

1 XZ—
0
(135) with g = 1.

Corollary (5.2.4)'[140]. Lete >0 and 8 = ain ,n=1.Then
i e I < M) i pe (11

€ —_
0 max. [ 0 n<M@E if pe(-11]

x 1
(ii) Orgxaéf nf e_E(xz_”z)dn < M, (¢)
0

2
Proof: Let Z = "? we have

2
Wheretzx?. Letg € (—1,1] thent =14+6,n> 1.
We have

1+6 B—1 1 B—1 1+6 B—1
j Z2 et ga — J Z 72 e (H0—x)gz 4 J Z 7 e H0x)gz
0 0

1

135

1
[ 9P e~ gy = 7h-1 foxne_Z(xz_”z)dn. Estimate (136) follows using here
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1 g-1 146 2
<e™? j Z72 dZ+ f e” 10N gz =1+ (— — 1) ef

Hence

1+6 ,8;1 ) 2
sup j Z 72 e (H0gz < ——
0<f6<x Jg .8 +1

If0 <6 <T-—1wehave
B+1

1+6 -1 1+6 -1 >
j 27 4904z < f 27t az = 20

Which implies that
146 ﬂ;l 2
sup j Z 7 e (0 Xgdz < ——
0<o<r-1Jg p+1
Hence proposition Lemma (5.2.4)

B+1

ﬁ_
Show that M(e) = ﬁiﬂeT and M;(e) = TTle wherever t =1+ 6
Theorem (5.2.5)[48]. Let a and k fulfill the assumptions of Theorem (7) in [141],
e,
k € C?[0,T],k > 0in (0,T], a € C1[0,T], where
k(x) = Ax + BX' 0 4 o(x2+9)
k'(x) =A+ B2+ 8)x + o(x119) (140)
k' (x) =B(1+8)2+ 8)x% + o(x%)
— 1 + /’{ 1+6 + 1+6
Cf(x) g 5 o 5 ) } (141)
a(x)=201+8)x° + o(x )

as x - 0 with 4,6 > 0 and B,4 € R. Further, let y, be the solution of equation
(128) satisfying y, € ¢1[0,T] n c?(0,T] and

Yo(x) = ACx'H0 + o(x1*9), yo(x) = C(1 + 8)x® + o(x%) (142)
asx - 0with C €e Rand
lvo (x)] =< Const x%~1 (143)
Then forany g € (1 —6,1) n (0,1) the estimates
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max x972|y,(x) — yo(x
0=<x<T q_1|y6’( ) }’(’)( )|] < Mu(o) (144)
nax x4y (x) — yo ()
are valid for the solution y, of problem (129) with € > 0. Here
d+q—1
u(e) = {E 2 if §+q<3 (145)
€ if 6+q>3,

and M is a constant depending on T, k, a, and q.

Remark (5.2.6)[48]. Existence of a solution y, of equation (128) with properties
yo € c'[0,T] Nnc?(0,T], (142) and (143) follows from Theorems (1) and (7) in
[141].

Proof. Let e > 0. Denote y = y. — y, and subtract (128) from (129). We obtain

X

ey’ (0) + k()Y () = f [aCx = ma(m] yox — My ds
0

t j ayx —n) y(mdn — eyy(x)  (146)
0

y(0) =0
By Theorem (5.2.2) this problem admits a unique solution in C*[0,T]. Due to the
assumptions of k, a and the properties of y, this solution even belongs to W21(0,T)
and y (0) = 0. Consequently, differentiating equation (146), the equation is
equivalent to the problem of the second order

&y (1) + k(@)Y (0 — [K @) + L2300 = gy, ¥(0) =y (0) = 0, (147)

k(x)
where

X

glylx) = jo [a' (x — ) o(x — 1) — A) + (alx — 1) + a(m))yo (x — M y()dn

+ f a(m)y (x —n)y(mdn + A f a (x —n)y(mdn (148)
0 0

) ek’ (x) "
+ [A(l + a(x)) — 2k (x) — ey y(x) — €y, (x).

Let us consider the related equation
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_ * k(n) —%f:k(r)dr '
v = [ e ok [vorae|man )

and define a function y by means of the solution of this equation using as in (131)
the formula

X
yG) = k(@) | ven d. (150)
0
It follows from the assumptions on k that there exist 0 < A, < A; such that
Apx < k(x) <A;x, x€]0,T]. (151)
Further, in case the solution v of (149) satisfies the conditions
€ [0,T],|v(x)| < Const x~ 1, (152)

where g < 1 by assumption, then, as we can easily check, the function g[y] =
glk [, v(§) d¢] satisfies the relation |g(x)| < Const x?~" with p > 0. Consequently,

by Lemma (5.2.3), the function y given by (150) belongs to W21(0,T) and solves
(147), hence (146). In the following we will show the existence of a solution v with
the property (152).

Let us define
w(x) = x%v(x). (153)
The solution v of (149) satisfies (152) ifand only ifw € €C(0,T] n L*(0,T).
The corresponding equation for w writes

w(x) = Gw](x) + L[w, w](x) + £ (2), (154)
where
6wl = [ R e { [1@@=-000m=-5-

+(a( = &) + a(©)yo(n — O]k () fo o w(r)drd§

+A[Fd (= O k(© [} T w(t)drdg

+|(A(1 + a(m) — 2k' () k() — k" ()] fo o w(r)dr} dn  (155)
and
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L{wq, w,](x)

_ xk(n)xq —%fnxk('[)d’[ 7
= fO et j; a(®)

n—1

k'(n—§&) x f 9 wy(t)dt
0

+k(m—8Mm—"Twi (n—¢)

$
xk(x)J 79 wy(t)dtdédn (156)
0

and

* k(n)xq e—%fnx k(t)dr

Fo0=-| i i (). (157)

0

We will prove that (154) has a unique solution in C[0, T] and this solution satisfies a
proper estimate implying (144).

In view of the assumptionqg > 1 -6 by k(x) = 0,e > 0, (140) and (143) it
follows that f € C[0, T]. Further, multiplying by e™°* in (155), (156)we have

k(n)xq _lka( Yd { n
e *Glw](x =j e~olx—n) 12,7y KlBar J e~ 0(x=%)
wic) = [ i 0

X[ ==& — A+ (aln = &) + a(§))yo(n — &)

X

$
X k(&) j e 0D =4~y (7)drdé (158)
0

n §

+Aj e = a'(n —f)k(f)f e 0w 170~y (1) dTdé
0 0

+|(A(1 + aln)) — 2" () ) k() = k" ()|

n
Xf e_“("_f)r_qe_mw(r)dr} dn,
0

X

- —o(x— k(n)xq 1 * 1(o)d
e axL[Wl'WZ](x)z_[O e~ ox n)me ef,, (v)dr

=<
X jna(f) [k’(n - &) fn e =D =4~y ()dr  (159)
0 0

+k(n — & — &) 1e " Dw, (n — &)dr|
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$
X k(&) f e €1 179y, (1)drdn.
0
In the estimations of G and L we apply the inequality

x 1
e 0D Ay =
0 ol

Const
ol-a

agx
j z e~ (0*=2) dz < (160)
0

following from Lemma (5.2.4).

We now estimate (158) making use of the assumptions of the theorem, Lemma
(5.2.4), (151) and (160). We obtain

X

M 52002
IG[w]||;, < Const max —e 2
0=x<T J, €x1

! 1426 51¢ 1
X jo (= + (-8 ]fal_q d¢liwlls

1 1 1
¥ jo (1= &) § == d€lwll, + (n'*° + en®) = IIWIIg}dn (161)

1% _4do2_ 2 X Ao,z 2
< Const max {—f ne Ze X" )dTI +J e 2e (X1 )dn}
0

max |- 0 ——lwll,
Const
< ——Iwll,.
Similarly, for L[wy, w,] in (159) we derive
x Ag2_2
—5e(x-n*)
ILbws, well, < Const may. | e
1 1
x [ (= Inllo§ - delwall,dgan  (162)
0

Const
ol-4

w1 llollwzll5-

The estimates (161)and (162) imply the assumptions (124) — (126) of Lemma
(5.2.1). Thus, by Lemma (5.2.1), equation (154) has a unique solution w in C[0, T].
In particular, the equation (154) has a unique solution w = 0 in C[0,T] if f = 0.
Consequently, the stability estimate (127) in Lemma (5.2.1) with z; =w, z, =0
and f; = f, f, = 0vyields [|[w|| < Const ||f]|. Further, estimating (157) by means of
the assumption g >1 -6, (143), (151)and Lemma (5.2.4) we have ||f]|| <
Const u(e) with u(e) defined in (145). Thus,
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lw || < Const u(e). (163)
Finally, by (150) and (153) we have the formula for y =y, — y, in terms of w

y(x) = k(x) f £ 4 (£)dE. (164)
0

From (140), (163) and (164) we obtain the first estimate in (144). Using the

differentiated formula (164) also the second estimate in (144) follows.
Theorem (5.2.5) is proved.

The assertion (144) of Theorem (5.2.5) implies the following corollary.

Corollary (5.2.7)[48]. Under the assumptions of Theorem (5.2.5) the uniform
convergence

r

Ye = Yo, Ye— o in C[0,T]
as € — 0" holds.
General logarithmic case

In the following we study the existence of solutions for two types of generalized
autoconvolution equations. We start with equation (128) where

N
k(x) = Ax + x? z B, In’x+C(x) (A>0,B,eR) (165)
n=0

with C(x) = 0(x?) as x — 0 and fOTlci—?ldx < oo,

N
a(x)=1+x z B, In"x + y(x) (B, eR) (166)
n=0

with y(x) = o(x) as x — 0 and fT Cw)

0 x3
Theorem (5.2.8)[48]. Let k with 1/k € C(0,T] and a € [0,T] have the finite

asymptotic expansions (165) and (166), respectively. Then equation (128) has a
solution y € C[0, T] of the form

dx < oo.

N+1
y(x) =A+x Z W, In"x + xZ(x) (167)
n=1

with Z € C[0,T] and Z(0) = 0, where the y,,,n = 0,1, ..., N + 1, are the solutions
of the equations
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N+1

o Y Ly =g - Z g (168)
j=n+1
forn =0, ..., N. This solution is unique in the class of functlons of type (175).
Proof. Inserting the ansatz (167) into equation (128) we get the equation for Z
Z(x) = fo(x) + Go[Z](x) + Loy [Z, Z](x) , (169)

where
N+1

1
o) = s 17 [ a@ag 4 [ 0@ + o - o) PIREES

N+1

A +x2un ln"x]
n=1

N+1 N+1

+ jo CeGe— Dald) Z iy In"E mzl 1™ (x — f)df}

—k(x)

and

1 X
G210 = s | €1a(®) + e~ )
N+1

x|A+G=6) ) ln" (- | 2()de
n=1

1 X
L1221 = s | €0~ D)2 ©)Za(x - k.

In view of assumptions (165) and (166) we have
N+1

Xk (Ofy () = A + A2 Z b [ ) d + 24 2t [ ety as

N+1

A+x2,unln X

where F, € C[0, T] with Fy(x) = o(x?) as x - 0 and fOTlFO%)'dx < oo, Calculating

—|Ax + x Z U IN" x + Fy(x), (170)
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the coefficients of the functions x%In"x ,n = 0,1, ..., N, N + 1, in the right-hand side
of (170), we see that the coefficient of the highest term x2In¥*1x automatically
vanishes as well as the coefficient of x. Putting the N + 1 coefficients of x?In"x ,n =
0, ..., N equal to zero, we obtain the linear system (176) for the N + 1 parameters
U, , n=1,..,N + 1. This system is regular since it has upper triangular matrix with
nonvanishing elements in the main diagonal. So, (168) has a unique solution
(uq, .., Uy+1), and for these parameters u,, we have the relation xk (x) fo (x) = F; (x),
where F; has the same properties mentioned above as F,. Therefore, by (165) and

1/k € C(0,T] then f, € C[0,T] with £,(0) = 0 and f; 2% dx < oo holds.

We decompose

2 X
6ol21) = [ §2©) dé + 6,121
0

where
2(Ax — k x
G216 = 2 k(x§x)) | ez@a
A X
t ), £1e) + ale - ) 2120 a7

N+1

4 ) 2 [n" Z(&)d
* g ), €0 Ola® —ate =9 - 1 = D26
and write equation (169) in the form

2 X
2() - = | §26)d5 = g0,
0

where g(x) = fo(x) + G1[z](x) + Lo[Z, Z](x). On account of (165) and (166) we
obtain the estimates

1Lo[Z,Z2](x)| < Const x||Z]|*
|G [z](x)| < Const x [1 + |Inx|V1]||1Z]|
which imply Ly[Z,Z],G1[z] € C[0,T] for any Z € C[0,T] with Ly[Z,Z](0) =
T |Lo[Z,2](x)I T [G1[ Z](x)] :
G,[z](0) and [ —————dx <, Jy ————dx < co. Observing the above
relations for f, we therefore obtain that also g € C[0,T] with g(0) =0 and

T 19 ()l
J 89 gy < oo,

Solving (171), equation (169) with Z(0) = 0 is reduced to the equation

—
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Z(x) = f(x) +Glz](x) + L[Z,Z](x), (172)

where
Fo) = fo+2 [ J "f) dz € C[0,T]
0
with f(0) = 0 and
Glz](x) = G1[ Z](x) + 2 fx@df (173)
0

*LolZ:,2
Lo[Z1,Z,1(x) = L1[Z1, Z,1(x) + 2 j o2 Z)C)

, ¢ ©

Again, for any Z € C[0,T] we have G|[z] € C[0,T] with G[z](0) = 0 and for any
pair Z;,Z, € C[0,T] also L[Z;,Z,] € C[0,T] with L[Z;,Z,](0) =0. Hence
Z(0) = f(0) = 0 for the solution Z of (172).

Applying Lemma (5.2.1) we have to verify inequalities (124) — (126) for
G|z] and L[Z;, Z,]. At first by (165) and (166) we estimate in (171) and get from
(173)

NG[z]ll, < Const%[l +In"*o]lizll, (o>1)

which proves (132). Further, as in the proof of Theorem (5.2.3) in [141] we have

the estimates IL[Z1, Z5]1l, < Const||Z1]l51122]1l4 and
1

IL[21, Z]ll; < Const =12 ]|;112:l,

and analogously with Z; and Z, interchanged. This shows (125) and (126).

Theorem (5.2.8) is proved.

Now we deal with equation (122) under the assumptions that 1/k € C(0,T] and

k(x) =Ax+ Bx'™* +C(x) (A>0, B € R), (174)

where a >0,C(x) = o(x*) as x — 0 with fOT ljz(fil dx < oo,me C([0,T] x
[0,T]) and

m(x,&) =1+ M x* + ME* +y(x, &) (M] € R) (175)

where y(x,§) = o(x +¢%) as x2 +§ — 0 with [ 5 [Ty (x, )] dédx < oo,

n € C([0,T] x[0,T]) and
n(x,&) = No + Nix® + N,&§% +6(x,€) (N, eR), (176)
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1
x2+ta

where §(x, &) = o(x* + &%) as x% + &% — 0 with fOT

p € C[0,T] and

[18Ce, &) dédx < oo,

p(x) =cx +dx** +e(x) (c,d €R), (177)

where e(x) = o(x'**) as x — 0 with fOT l;(i)zl

dx < oo.

At first we are looking for solutions to (130) of the form

y(x) = A + z w XY+ x°Z(x), Z €C[o,T], (178)
j=1

where A€ R, ve{l,2..}, 0<k; <k, <-:<k, <a and without loss of
generality ; # 0, j = 1, ..., v. Plugging the ansatz (178) and the asymptotic

expansions (174) — (177) into equation (122) and comparing the coefficients of x,
we obtain the possible values for A

Mo =35[A=Ny £ J(A=N)T = 4c] . (179)

We remark that for ¢ = 0 as in the model equation (128) we have the values

A — N, and zero for A. In case p(x) =0 as in equation (128) the value zero of
Avyields the trivial solution y = 0 of the equation. In dealing with real solutions of
(122) only, we assume the inequality

4c < (A — Ny)? (180)
in the following.
In view of (178) equation (122) reduces to the following equation for Z

Z(x) = fo(x) + Golz](x) + Lo[Z,Z](x), (181)
where
folx) = e p(x) — |41+ Z,uj xki | k(x) + /1];) n(x, &) d¢
i=

+Zuj joxn(x,f) §hdg + A2 Joxm(x,s‘) d§

#2) 1 [ mCe (8 + - az
j=1
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<

D w jo m(x,f)s"‘f(x—f)"idf} (182)

j=1 i=1
and
Go [Z] (x)
== ,j(x) fo ' {n(x, EZ(E) + Am(x, O[EYZ(E) + (x — E)FZ(x — &)]
+m(x, ) lz w (890 - )20 = §)
j=1
+ (x — OkiErZ(8)) }d& (183)
and
1 X
Lol21,22)() = s fo m(x, )& (x — )2, (§)Z,(x — E)dé . (184)

Since k(x)~Ax as x — 0, for obtaining f, € C[0,T] in (182) we have to put

the coefficients of the powers x and x'*%i,j = 1, ..., v in the brackets to zero. For the
power x we obtain the relation c = 2(4 — N,) — A2 already used in the determination
of A by (179). For the power x 1 the relation

1= [+ k)A = Ny (185)
between A and k; follows. This gives a positive value
ky = 21/(A = N)Z — 4c (186)
only forA =14, i.e.,
1
A=E[A—NO+\/(A—NO)2—4c]. (187)

In casev > 2 for the power x'*, j =2,..,v, it must be k; = jky,j =2,..,,
which by k, < a yields the inequality k; <% for kq. Under the further inequality
ki = v“? we get the recursive equations for ;, j =2,...,v,
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m—1

11k )um = Z Wty B(kj + Ly +1), (188)
m —1
]_

where m = 2, ..., v, the letter B denotes the Beta function, and p; is arbitrary.

In view of (185) we have
_ No+22 _ (m—-1)Ak,
1+k,  1l+mky

so that (188) determines y;, j = 2,...,v uniquely for prescribed u;. Further, the
value of £, (0) is given by the formulas

_ g N | 42 2 M2
Afo(0) =d — 2B + ANy + A==+ A2My + A2 2 (189)

#0 for m=2,..,v

in case k; > v“? and with the additional term

v
Zﬂj ys1-jB(kj +1,ky g +1)
j=1

on the right-hand side of (189) in case k; = V“?

We are now ready to formulate the first existence theorem.
Corollary (5.2.8)'[140]. Show that

k1At /k%A2+4c
Z

o 2

So that gives
1 1
Az =5[A =Ny + /(A= Np)? —4C] = -[A = Ny + ky 4]
By substituting (186) thus take
A =3[A=Ny+ k4]

Since we have (21; — kyA)? = (A — Ny)? and (24, — k;A)? = 4C + k?A?
Hence

/112 - /11](114 - C == 0
Which give
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k1At /k%A2+4C
Z

- 2

Similarly we can find the value of 4,.

Theorem (5.2.9)[48]. Let the assumptions (174) — (177) be fulfilled and let the
inequality

2 2
(A— Ny)? — Z—ZAZ <4c < (A—Ny?— (le)ZAZ (190)

hold forv € {1, 2,...}. Then equation (122) has a one-parametric family of solutions
of the form (178), where A is given by (187), k; by (186), u; € R is an arbitrary
non-vanishing parameter, and for v = 2 there holds k; = jk;, j = 2,...,v, and the

Wi, j =2,..,vare determined by y, viarelations (188).
Proof. Due to (186) we have the relation
4c = (A — Ny)? — k3 A?
between C and k. Therefore, inequality (198) is equivalent to the above inequality

— <k < — . Further, (190) implies assumption (180).

We spllt the linear operator GO in (183)

Gol () = f £ Z(€)dE + G, [2](x),

where f = % [Ny + 24] = 1 + k4 observing (185) and

Ax — k
G =

jo e z(e)de

* oo ), () — Nk Z(@)
lme ) g2 + (= )2~
) mw

x Z w9 - "2 -9 + - Db Z@ds (19
=1

and write equation (181) in the form
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26~z [ £ 20045 = 900 (192

where g(x) = fo(x) + G1[Z](x) + Ly[Z, Z](x). Estimating (191) and (184) we
get
1G1[Z2](x)| < Const x*1||Z]| and |Ly[Z1, Z,](x)| < Const x*[|Z1 |12 ]| .
So, for any Z € C[0,T] we have G;[Z] € C[0,T] with G;[Z](0) =0 and Ly[Z,Z] €
C[0,T] with Ly[Z, Z](0) = 0, therefore g € C[0, T] with g(0) = f,(0).
The auxiliary equation (192) for known g € C[0,T] has the unique
continuous solution

2(x) = g(x) + pxf o1 j £8 g(€)ds, (193)
0

where a — 8 = a —k; > —1. Hence we obtain instead of (181) the equivalent
equation

Z(x) =fx)+G[Z](x)+ L[Z,Z](x) (194)
where
F@) = fy(x) + BBt j g8 f,(£)de
0
with £(0) = ;-5 £o(0) = 77~ fo(0) and

G121 = G1[2](0) + Bxf 1 j £6 G,[2](6)de
0

L[Z1,Z,](x) = Lo[Z4, Z5](x) +ﬂxﬁ_“_1jo §97F Ly[2Z1, Z,1(8)dé

We have the estimations
a+1 a+1
1G[Z]C ]l < 1G1[Z]ll; and [[L[Z}, Z;]ll, < ILo[21, 221l -
a— kl a— k1
So, forany Z € C[0,T] we have G[Z] € C[0,T] with G[Z](0) = 0 and for any pair
Z,,Z, € C[0,T] also L[Zi,Z,] € C[0,T] with L[Z;,Z,](0) =0. Hence Z(0) =
f(0) for the solution Z of (194).

To apply Lemma (5.2.1) to equation (194) we have to prove the inequalities
(124) — (126). We can show that
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const%lllea if ki =>1
IG[Z]ll, < 1 _
constGTlHZIIJ if 0<k;<1

and further ||L[Z;, Z,]ll, < Const [|Z4]|,]1Z,]l, and

1
const—||Z¢[|[1Z,]l, if a=>1
IL[Z1, 2ol < °
constmllzlllllzzlla if 0<ax<1

and also with Z; and Z, interchanged. These estimates verify (124) — (126) and
by Lemma (5.2.1) the theorem is proved.
In the next theorem we prove the existence of solutions to equation (122) of
the simpler form
y(x) = A+x*2Z(x), 2 €C[0,T], (195)

where A €R. We again have the possible values 4, , from (179) for A assuming the
assumption (180) for real solutions, too. In equation (181) for Z the functions f,
and G, are now defined by the formulas (182) and (183) without the terms with
sums whereas the formula (184) for L, remains.

In contrast to the former case we now obtain solutions for both values 4, , of A.
The value of £,(0) is given by (189). In the proof of existence of solutions we again
split G introducing G; by (191) without the last integral with sums. In the auxiliary

equation (192) the parameter § = %[NO + 21] now has the two possible values

1
31,2 =1xyy, v = Z‘/(A - No)z —4c. (196)

In the following we distinguish the three cases 0 <y, < a, yo = a and
Yo > a. In the case 0 <y, < a we have p; € [1,1+ a), B, € (1 — a,1]. For both
f = [y the inversion formula (193) holds and we can proceed as above to obtain
two solutions Z; , of equation (194) and hence solutions y; , of form (195) to
equation (122). Only if y, =0, the values §; and S, are equal (to 1) and the
solutions y; and y, coincide.

In the case yy = a we have f; =1+ a,65, =1 —a. For B = f3,, again the
inversion formula (193) holds and we get a solution y of form (195). For f = 4
instead of (193) the inversion formula

zk<x>=1<+g(x)+ﬁ1jo @df
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is valid with an arbitrary K € R if g € C[0, T] satisfies g(0) = 0 and fOTlgi—x)'dx <
oo, In view of (189) and the assumptions on the integrals of C,y, &, € this is fulfilled
if the condition

d=2(B-N —=5) =23 (M + %) (197)

holds. Then as in the logarithmic case in Theorem (5.2.8), for any K € R we obtain a
solution of the form (195), this means we have a one-parametric family of solutions
v, With parameter K = Z,(0) € R. If (197) does not hold, also as in Theorem
(5.2.8) we can prove the existence of a family of solutions y, of the form

Vi) =4 +ux®nx+ x*Z,(x),2Z, € C[0,T] (198)

with 4, = =[(a + 1A — N,],

N

a+1

p="2{d+ 2 (N + 25— B) + 22 (M, + 22|
and arbitrary K = Z,(0) € R. Under the condition (197) we have p = 0 and the
solutions (198) take the form (195).
In the remaining case yy > awehave f; > 1+, S, <1+ a.Forf =p,
again the inversion formula (193) holds leading to a solution y of form (195).
For f = B, we take the inversion formula as follows:

T
2, (1) = Kx 1a1 4 g(x) — By Bt f £ b1 £, (£)dE

By Prat fo £ b1 gy (€)de

with an arbitrary K € R and go(x) = G1[Z](x) + Ly[Z, Z](x). Under the restriction
14+ a< B <1+ 2a we can proceed as in the proof of Theorem (5.2.2) to obtain a
family of solutions y,, of form (195) with parameter K = lim,_,, x "1 A1 e R.

So we have the following second existence theorem.

Theorem (5.2.10)[48]. Let the assumptions (174) — (177) and the inequality
(180) be satisfied. Then equation (122) has the following solutions, where y, is
given by (196):
) In case y, =0, i.e, 4c = (A — Ny)?: a unique solution y, of form
(195) with 1 = A, = %(A — Np).
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i) Incase 0<y;<a,ie,0< (4 — Ny?—4c<a?4?: two solutions y; ,
of form (195) with 4 = 4, , given by (179).

iii) Incase y, =a,ie., (A — Ny)? —4c = a?A?: for 1 = 1, one solution y,
of form(195) and for A = A; a one-parametric family of solutions y, of
form(198) with parameter K = Z,(0) € R.

iv) Incasey, > a,i.e., (A — Ny)? —4c > a?A? for A = A,0ne solution y, of
form (195) and in case a <y, < 2a, i.e., a’4A? < (A — Ny)? —4c <
4a’A?, for 1 = A, a one-parametric family of solutions y, of form (195)
with parameter K = lim,_,o x *77° Z; (x).

Summarizing the results of Theorem (5.2.9) and (5.2.10) we get the following
picture of solvability of equation (122), where we take the solution in case (ii) of
Theorem (5.2.10) for A = A, as the member of the family of solutions in Theorem
(5.2.9) with parameter y; = 0.

Corollary (5.2.11)[48]. Under the assumptions (174) — (177) and the inequality
(5.2.59) the following solutions to equation (122) exist.

a) Incase 4c = (A — Ny)? : asolution of form (195).

b) In case (A — Ny)? —a?A? <4c < (A — Ny)?: a one-parametric family
ofsolutions of form (206) with parameter u = y; € R for A = A; choosing a
corresponding v € {1,2, ...} in (180) and an additional solution of form (195)
forA = 4,.

c) In case 4c = (A — Ny)? — a?A? : a one-parametric family of solutions y, of
form (198) with parameter K € R for A = A; and an additional solution of
form (195) for 1 = A,.

d) In case (A — Ny)? —a?4? <4c < (A — Ny)? — 4a’A?: a one-parametric
family of solutions y, of form (195) with parameter K € R for A = A; and in
case 4c < (A — Ny)? — a?A? a solution of form (195) for 1 = 4,.

Remark (5.2.12)[48]. In case (a) of Corollary (5.2.11) there may exist other
continuous solutions of equation (122) which are not of form (187), (195) or
(198). So the equation

() = [ Y@ - Hds + | v (199)
0 0
has besides y,(x) = 0 the family of solutions y(x) = v G) y > 0 with Volterra’s
function
() f T 0
= ~ —>
VX o T(t+1) —Inx a X '
[ 12 )




This follows applying the method of Laplace transform to the equation. We remark
that any equation of the form

Axw(x) = J w(w((x —&)dé + NOJ w(&)dE+c (200)
0 0

with 4c = (A — Ny)? can be reduced to equation (199) substituting y(x) =
A%[w(x) — % (A — NO)] . The general equation (122) in case 1 of Corollary (5.2.11)
can be treated as a perturbation of equation (200)

If 4c > (A — N,)? we have the conjugate complex values

A = %[A — No £ iAwq], P12 =1 iwy

where w, = A%\/4c — (A — Ny)? . From Re 8;, = 1 it follows that there exist two
complex solutions of form (195) now as in case 2 of Theorem (5.2.10).

The assumptions (174) — (177) on the data of equation (122) allow to handle as a
special case the equation of Bernstein and Doetsch

Xy () = y jo YEY(x - OdE + (1) jo y@©dE  (0<y<1)

with the solutions y(x) = E, (Cx"), where C € R is an arbitrary parameter and E, denotes
the Mittag-Leffler function. But the integral equation for the elliptic theta zero function

25y (x) = fo Y(E)y(x — E)dE + fo y(E)de — 1

cannot be dealt with by the present method because of the free term p(x) = —1 and requires
further investigation.
Sec(5.3) : Convolution Equations of the Third Kind

We deal with two types of autoconvolution equations of the third kind whose free
terms possess nonzero values at x = 0. The first type of equations has a coefficient
k(x) of the unknown function with asymptotics k(x) ~ Ax as x — 0. It comprises
the well-known equation of Bernstein—Doetsch [149] as an important special case.
The second type of equations has a coefficient k(x) with k(x) ~ Ax/? as x — 0. We
derive existence theorems for a one-parametric family of solutions and an additional
solitary solution for both types of equations.

Further, we complete our recent investigation on differintegral equations of
autoconvolution type by [150] proving an existence theorem for a one-parametric
family of solutions to the special class of differintegral equations with solutions given
by Volterra type functions. Also we extend the uniqueness theorems in the first part to
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more general function spaces. Finally, we study the basic linear singular Abel-
Volterra integral equations of the third kind which are needed for our investigations.
We derive the existence theorems for the equations of first and second type,
respectively.
Autoconvolution equation of the first type
We deal with the equation
X

X

k()Y () = f YEY(x — E)dE +2 f YEE+p(),  0<x <1, (201)

0 0
where k € C[0, 1]with k(x) > 0in (0,1] and

k(x)= Ax +B(x) (A>0), B(x) =o(x) asx—0, (202)
A€R,  peC[0,1] with
p(x) =—y2+ w'x +r(x) (y>0), r(x)=o (xi) as x — 0. (203)

Eqg. (201) in the case y =0 (with w =0 and r(x) = 0(x) as x — 0) has been
considered in [149].
We make the first ansatz in Eq. (201)

y(x) = \/% +c¢ +2z(x), z € C[0,1]with z(0) =0 (204)
where ¢ € R is given by
1 Vrw
C =—(A —21)——]/ (205)

Then z obeys the equation

k()z(x) = j 2(8 )2 - E)dE + o j

ds o + j 2(§)dE +q(x) (206)

0 vE
with g = 2L (> 0), A9 =4+ 2c =§‘—f—y‘“ and
q(x) = p(x) - (ﬁ +¢)B(), p(x) =7(x) + c(A+c — A)x. (207)
Splitting up, we write Eq. (206) as follows
B z(¢)
xz() = py j =iy f 2(§) d€ + g(x) (208)
Vrw
where u; = %=m(>0), Al=7=%—m and
gx) = glz ]x(x) = go(x) + Go[z](x) + Lo[z, z](x) (209)
with go(x) = 2=q (@),
__mB® [ 2Q) . B[
Gl = =5 | = =T Of 2(6) dé (210)
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Lolzs, 2210 = 75 j 21 (§)2,(x — E)dE. 211)
0

Eq. (208) has the form of Eq. (274). Under the condition
UZ

gGOI S Cxde™, 8> Mg+, (212)

where Ay = [A4|N and N is defined in (295) with v = v; =+/m u;, Eq. (208) is
equivalent to

200 = K + B2 4 [ e e
0

where the kernel M (x, &) is given by (293) with A = A, or
z(x) =f (x) + G[z](x) + L[z z](x) (213)

where
i) =< exp -] 0, -2, (22),
X

1
FOO = Kfo () + o) + [ Mk Ogo(©)d,
0
1 X
611 = £ Golz1G) + [ M Gol1§)d,
0

1 X
Lz, 7)) = S Lol 22100 + | Mo Lol 2],

0
The kernel M(x,¢&) fulfills the estimation (299) with A = A;. We make the

assumptions

2

B <Cx"ze x, [px)|<Cx°e = (214)
withé > Ay + % as in (212) and look for solutions z of Eq. (213) of the form

172
z(x) = xP e_71w(x), w € C[0,1], (215)
with = 21; — % . From (215) the estimations

v2 v2
lq(x)| < € x° e and lgo ()| < Cy x° e v (216)
follow. Observing the second inequality in (216), for functions z of the form (215) we
obtain the estimate (212) for the function g defined in (209).
The function «w € C[0,1] in (215) satisfies the operator equation
w(x) = o(x) + Glw](x) + Llw,w](x), (217)
where
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0(0) = Koo() +xF1e gy () + xPe j M(x, )go(€)de (218)
with

9o(x) = xFex fy()~(Zv)I P asx 0 (219)
by (275), (276), and

3 (1 (
Gl (@) = x7Pex | SGolz1) + [ MG Gol1)dg | (220)
0

172

~ i1
Ly, w2 )00 = x e’ | SLolz, 210 + [ MG Lol 22)(©)d | 221)

where zy, z, like z are connected with w;, w, and w by (215).

From (219), (216) with § > A, +% and the estimation (299) for M(x, &) one
easily gets that ¢ € C[0,1] with (0) = K¢y(x)(0) = K(v2v,)!~2*1 . Further, in
view of (210) with (214), (211) and (299) the expressions (220), (221) are lying in
C[0,1] for any w € C[0,1] and wq,w- € C[0,1], respectively, satisfying
Glw](0) = L{wy, w2](0) = 0.

To prove the existence of a unique solution w = wy € C[0, 1] to Eq. (217) we

use the method of exponentially weighted norms
|wl, = maxg< <1 le " w(x)|,o > 0, in C[0, 1] equivalent to |[w|| = ||w]ly. By
Theorem for this is sufficient to show the following inequalities for o > 0:

[Glw]|| < u(@)llwll, (222)

with a continuous function u satisfying u(o) - 0 as ¢ — ooforany w € C|[0, 1], and

voller g [l |l6
Llwq, w { 223
L0, 207] ” min(vy (o) |[w ||l 5, v2 () lw |4 llw: 1) (229

with a constant v, and continuous functions v, , k =1, 2, satisfying v,(c) — 0 as
o — oo for any pair wy, w, € C[0,1].

Observing assumptions (202) and (214) we estimate in (210) (with generic
positive constants a;,)

fﬁ

X
2
le=% Gy [2](x)| < ayx?72 ‘%f —“@“f)df- lwl,
0

j

vt Jlwrll,

< a5 xﬂ-l-l
0-1/2

where we used that
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2
_vi
e ¢ < agéP witharbitrary p > 0 in [0,1],

and
[
d
0

NE

Hence, from (220) we have
|e gx G (x)|

X X
||l vi 1
Sazal—/;+a1x‘ﬁex]|M(x )| e &~ g2 j

0
|l IIWIla
< ay W + (Z3Np (X)

w2
%
e’

e 7™M dnds - |lwll,

1 )
o2

M) = x e [ MG ©) gre ¢ dg

0
with suff|C|entIy large p. Using the estimation (299) for M(x, &) and the obvious
vt i
relation e ¢ < e = for the first part in (299) , we finally get (222) with u(c ) =
(04
Further, we estimate in (211)
vZ

e Lolz, 2] ()] < as j & (x— e ¢ T el l, llwsll,

_vf

< age > j & (x— &) e 270D dgllan |, llwrl,

2
v
< ag xPH e 7T |l |, |l |l
and analogously

x
vf

2
i Vi
le ™% Lo[z1, 2] (x)| < a5ffﬁ (x—&OF em e ¢ = déllurn |, llwll,

0
+1 vt
< ay xPtle™x ;||W1||a||wz||a

where we used that fox e % df < i . From (221) we then obtain

|9_ax Z[W1»W2](x)|
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vf

x 4
< Il lly 1ol @6 + asx P e j M(x, )] j (= m)F e ¢ FE dpde
0 0

< |lw lly s |l [as + ag N, ()] < agllaw |l 1wl
and

|e_ax L[”Wl;wz](x)l
[ X '3

as v vi v
< lnlllwall, |2+ asx e [IMGu oI [ nf €= m)F e ™8 dndg
B 0 0
'a7 1
< llwr lllwslly |2 + ao N, () 7

< ‘% llw |l [l |l
This yields the inequalities (223) with v, = ag and v,(0) = v,(c) = 2.

(o}

In view of Theorem in [148] we get the existence and uniqueness of a solution
w = wy, € C[0,1] with w,(0) = K,, K, =K(/2v))'™?" to Eq. (217). That
means, there exists a family of solutions yx, K € R, to Eqg. (201) of the form (204),
(215).

Further, we are looking for an additional solution to Eq. (208) making the second
ansatz

y(x) = — # + ¢+ z(x) (224)
with

| VT w

Cc = Z (A - A) + 4y
yielding Eq. (213) for z with coefficients ji;, = — 2#(< 0), Ay = %1+ \/Zw and the
free term

g(x) = p(x) + («% —¢)B(), p(x)=r@)+cA+C—A)x.
The representation

172
z(x) = xP e_71/u_r(x) B (225)

where f =21, — %,Zl =%° Uy =iy, i1 = fip/A then leads to a
corresponding Eq. (217) but with K = 0. The same reasoning as for (206) by the first
ansatz then proves the existence of a solution y to Eq. (201) of the form (224), (225)
where 4t (0) = 0 under the corresponding assumptions (214).

Summing up, we obtained the following existence theorem.
Theorem (5.3.1)[139]. Let the assumptions (202), (203) with (214) be fulfilled.
Then Eq. (201) has a one-parametric family of solutions y, K € R, of the form (204),
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(215) with 1w (0) = K(v/2v,)'=%*1 . Under the corresponding assumptions (214),
where v, is replaced by #; and A; by A; = |A;|N, N defined by (295) for #,, Eq.
(201) has an additional single solution y of the form (224), (225) with 4 (0) = 0.

Now we consider Eqg. (201) under more general assumptions on the free term
p(x). We assume that the function q(x) in (207) has a decomposition of the form

q(x) = q1(x) + g2(x) (226)
where g;(x) = o(x'/?) and q,(x) satisfies the estimation (216). Let us put
analogously in Eq. (206)

z(x) = z1(x) +2z;(x) (227)
where z; € C[0, 1] with z; (0) = 0 fulfills the equation

Axzi(x) = j 2 (8)z1 (x — €)dE + g f J;%
0

Then z, satisfies the equation

dé + q;(x). (228)

kxzy(x) = j 22(6)2,(x — )dE + g j Jff@
0

n j (2O +400.  (229)
0

where (x) = Ay + 2z;(x) € C[0,1] and §,(x) = q,(x) — B(x)z1(x). The function
g, fulfills the inequality (216). Therefore, based on Corollary (5.3.12), Eq. (201) has
also a one-parametric family of solutions yx, K € R, of the form (204), (215). The
same procedure yields an additional single solution ¥. This proves the following
corollaryto Theorem (5.3.1).
Corollary (5.3.2)[139]. Let assumptions (202), (203) with (214) for B and (226)
with (5.3.16) for g, be fulfilled. Further, let there exist a solution z; € C[0, 1] with
z1(0) = 0 for Eq. (228) with uy > 0. Then Eq. (201) has a family of solutions y, of
the form (204) with z; + z,, ,K € R, where {z, } is a family of solutions of the
form (215) to Eqg. (229). Under corresponding assumptions the second ansatz (224)
yields an additional solution y of the form (204) with z = z; + z, where z; is a
solution of Eq. (228) with ji, < 0 and z, a solution of (229) for iy, ¥ = Ay + 2Z;, and
corresponding free term.

Furthermore, we discuss the methods of finding one solution of Eq. (228) in the
case that

oo

n
ql(x)=zan x2, 0<x<1. (230)
n=2
At first, the ansatz of z; as a related series
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[0¢]

n
zl(x)=2cn x2, 0<x<1., (231)
n=1
yields a recurrent system of equations for the c,, with unique solutions. So, in case of
convergence of the series (231) we obtain exactly one solution of this kind for Eq.
(228).
Secondly, if the series (230) holds in R, application of the Laplace transform to
Eq. (228) yields the Riccati equation for the Laplace transform Z;(p) of z;

Zip) + 528 0) + (S + ) Z1p) + Q(p) = 0 (232)

with
0(p) —Aan p 17 b —a r(2+1) (233)

Putting s = 1/2 and ®(s) = Z;(p), Eq. (232) takes the form of a Riccati equation
with holomorphlc coefficients

@' (s) +2%(s) + (2v1 + )CD(S) = F(s) (234)
where
F(s) = 2sQ(s?) = Az by_1 s7k. (235)

As a Riccati equation, Eq. (234) has only fixed algebraic branching solutions, so the
solutions of (234) can have only a finite number of poles in Re s > 0 (precisely, one

simple pole at — ) Therefore, the solutions are regular analytic functions of s in

some half-plane Re s > s, > 0. Further, at infinity the solutions behave like a power
of s™™,m = 3, where b,,_; is the first non-vanishing coefficient of (235). For
construction of a corresponding solution @(s) of (234), we transform Eq. (234) in
usual way to a linear second-order equation

w" (s) + [2171 - 2“]w (s) = 2sF(s)W(s) = 0
for the function
AW (s)
Q(S) - 2sW (s)

and apply the theory of Thomé’s normal series (cf. [144], [147], [152]). From the

known asymptotic behavior p 2 of the solution Z; (p) at infinity, then one obtains a

continuous solution z; (x) of Eq. (228). We also mention that the method of Laplace

transformation to Eq. (228) is not restricted to free terms g, of the series form (230).
Finally, we deal with the special class of Egs. (201) where

k(x) =Ax, 2€R, p(x) = -1+ wV'x (4>0, w €R) (236)
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as an example, which for A = 2, 1 =1, w = 0 is the Bernstein—Doetsch equation. In
case (236) we have q(x) = c(1 + ¢ — A)x with c given by (205).
For the Bernstein—Doetsch equation it is ¢ = 0 implying g(x) = 0. We get a

1
family of solutions  yyx(x) = % + x2 exp (— %) wy(x), wy(x) € C[0,1]with

=
wy(0) = K € R and the additional solution y(x) = — \/% . The functions yy have
the Laplace transforms

Y (p) = — S

VP P exp [24p) -5V

for K = 0 we have y(x) = \/% and for K = + 2—n one gets the Jacobian theta zero

functions 95 (x), 9,(x), respectively (cf. [154]).
In the general case (236) the Laplace transformation can be applied, too. In the

four cases A=1withc=0,c=1—-4, c= %the integration of the Riccati

equation for the Laplace transform Y(p) of the solution y can be performed by
guadratures but the back transformation can be done explicitly in some special cases
only.

Therefore, we only consider the equation for A=1, 1 =0, w = %E with ¢ =
0c=> and q(x)=0, §(x) = —Zyielding the solutions yy(x) = J%+
x73/2 exp (— %) wi (x), wy (x) € C[0,1]with w (0) = K € R , which possess the

Laplace transforms

2K
exp [4\/5]—1”—61((1+4\/§)'
For K =0 we have the solution y(x) =L again and for K — oothe Laplace

Nz
transform

1
Yy (p) = ﬁ‘l‘

— 1 2
Y —_
) =%~
of the solution
— _ 1 1 - _ _1 X vxy 1
y(x)———ﬁ+5+z(x), Z(X)—2916 erfc (4) > (237)

with the complementary error function erfc (cf. [147]). The function z in (237) is the
solution z; of Eq. (228) for the second ansatz whereas the solution Zz, of
corresponding Eq. (229) is zero.
Autoconvolution equation of the second type

In the context of equations with continuous free terms having a nonzero value at
x = 0 we further deal with the equation
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k()y(x) = f YOy — OdE +p(x), 0<x <1, (238)
0

where k € C[0, 1] with k(x) > 0 in (0,1] and

k(x) = Ax% +B(x) (A>0), B(x)=o0 (x%) as x - 0, (239)
p € C[0,1] with
p(x)=-y*> +q(x) (r>0), q) =o(1) asx-0. (240)

The case y = 0 has been considered in the first part.

We have the following existence theorem.
Theorem (5.3.3)[139]. Let k € C[0,1] with k(x) > 0in (0,1] have the form
(239) and p € C[0,1] the form (240) withy > 0. Then Eq. (338) has the
following solutions:

Under assumptions (274):

q(x) = o(x) as x - 0 with % € L1(0,1), (241)
B(x
B(x) = o(x3/?) as x - 0 with xg/z) € L'(0,1) (242)

a family of solutions y, K € R, of the form
1 1
y(x) = Eix z +x2z(x) (243)

2
where Ey =3 (5 + /:—2+%y2 )> 0, with z =z € C[0,1], zx(0) = K.
Under assumptions (275):

q(x) = dx“% +e(x) (deER), e(x)=o0 (x“%) asx - 0, (244)

B(x) =bx%" +c(x) (bER), c(x)= o(x’*) asx—0 (245)
where § > —% a solution y of the form

y(x) = E;x™'/? +x°7(x) (246)

Cifa 7 a, . _ d-Eyb
where E, = 2 (ﬂ \IHZ Ty ) <0, with $€ €10, 1], 50) = A—ZEzB(5+1%).

Proof. We only prove the second assertion of the theorem, the first one can be shown
like in the proof of Theorem (5.3.3) in [139]. Inserting the ansatz (246) into Eq.
(238) we obtain the equation for ¢

¢(x) = fo(x) + Gol¢ J(x) + Lo[¢, ¢ 1(x) (247)

where
/() = s, RGO = q(x) = E;x 72 B(x),
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)
GolZ1() = 2E, 6k( ) f Eri(_%)

Lol21 2100 = f £ -9 4 (0(x - (248)
0

In view of (239)with (245), (240)with (241) we have in (247) that f, € C[0, 1]
with f,(0) = % - EIsz . We split up

(](x) =— dg+ G1[¢](%)

where A = —2E,/A >0 and
7\B(X) (g Z(E)
7 () g VX -

and write Eq. (5.3. 47)for ¢ inthe form

6
00+ . j jxﬁ & = g(x) (250)
where

g(x) = g[C](x) = fo(x) + G1[T](x) + Lo[T, T](x).
Due to (245) it holds G,[C](x) € C[0,1] with G{[C](0) =0 for any { € C[0, 1].
Also by (239) we obtain L[y, ;] € C[0, 1]with L[, Z](O) =0 forany (,(4,(, €
C[0, 1]. Hence we have g € C[0,1] with g(0) = f,(0) = 5 — =2
Finally, solving Eq. (250) for fixed g, we get the equatlon for € C[0, 1]

¢x)=f (x) +G[S](x) + L[S, ](x) (251)

where

A f (8
x6+%0 JxX o — E

(249)

G101 =

X

A
Fo) = i - [#(5) porde e cro,1)

0
x

A
G0 =610 -2 [7(3) ai@as ol g5 ecio)

0

A X
LG 100 = Lol6, 8100 — 5 [ 7(2) kol (s € 10,116, € cl0,1),

0
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The function_#(u), 0 < u < 1, is the resolvent function of Eq. (250). It is given
by #(u) = u®r(u) where r denotes the resolvent function of (250) for § = 0.

Hence, it satisfies the estimation

7w < Clu + (1 —w)V?],6 > — 1. (252)

2
We estimate by (245)in (249) forg > 0

1
le™ " G1[{ ](0)] < bofe_“("_f) & (x —§)72d¢ - I3l

0
with a positive constant b, which yields (with generic positive constants Cj, )

L ifs=xo,

1G [ My < C—=1Cll,, x =42
1 to 5+ if 6<0

where for § = 0 we used the inequality (275) [139] and for § < 0. This immediately
implies the related estimation

IGI¢ TMls < G ISl x> 0. (253)
Further, it holds by (239) in (248)

—ox —5— [ 5 —
e~ Lo (31, 3 ()] < Cox zjz x =) 2d - 120,151,
0

which gives ||L[4, C; ]Il implying
ILo[C1, G2 1l < C5lIC 116 12115 (254)
Finally,

X

1
le™ Lo[G, G2 1(0)] < C4x_5_7fe‘”‘5§5(x = §)°d¢ - 1L Igll,

0
x

1
< C4fe‘“E §2(x —&)°dS - 1L 1T,
0
1
< G — G 11Z1ls
with x > 0 as above. This gives in the same way

1
IL[G1, Cllle = Co —min(lIZ, 11821l 15115 1152 1D- (255)
From (253) — (255) by means of Theorem in [148] the assertion of Theorem (5.3.3)
follows, where the value of {(0) results from Eq. (250) with g(0) = f,(0) = d-Fab

A
An differintegral equation
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We further extend our recent investigations on differintegral equations with
autoconvolution integral [150] and study (slightly generalized) again. The equation
writes

X

: 1 1
y' () + (5 + B(x)) y0) =+ [ a0 Gy - Oy

0
x

1
+- f by (x,$)y(§)ds +g(x), €(0,T),  (256)

0
where we choose T € (0,1). Assuming that xy(x) - 0 as x — 0, from (256) by
integration we obtain the equivalent integral equation

1 X 1 X 1 X E
y0) =+ [ 80 ©dg - [ By (y()ds +2 [ [ aoCemyCe —mynds
0 0 00
x §
1
to f f bo(§, My (m)dnd§ (257)
00

where g, (x) = xg(x), Bo(x) = xB(x). To this equation we are looking for solutions
of the form
X

y(x) = t(x) + w(x)where t(x) = %v' (E) , K>0,

wx)=x7Yz(x), 0 <y<1andzeC[0,T] (258)
and v is Volterra’s function (see [146])

X
v(x) = Oj T(t+ 1)

The function v and its derivative possess the asymptotic expansions

1 C
V(X)N_E-l_m asx -0

where C = =T (1) is the Euler constant, and

’ 1 2C
v (x) ~ X In?x  x In3x

so that for the positive function T we have
X

1 f gF = X
@)~ | 1) dE=v (%) i
0
We make the following Assumptions:
For somey € [0, 1),
A3.xY g(x) € L}(0,T),
A4.x7 B(x) € L*(0,T),

t

dt, x> 0.

as x =0

as x = 0. (259)

—
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A5.x7 |bg(x,&)| < Cy for 0<E<x<T,
A6.|lag(x,8)| < C) for0 <& <x <T,where ay(x,§) =1+ a;(x,¢)
with |a;(x,&)| < C3x*,a=1—y > 0.
Then we prove
Theorem (5.3.4)[139]. Under Assumptions (276)— (279) Eq. (256) has a family
of solutions of the form
y(x) = %v' (%) + x7Vz(x), where z € C[0, T] with z(0) =0 (260)
and K€ R,.
Proof. Inserting the ansatz (265) into Eq. (264), we obtain the equation for z €
C[O0,T ]
z(x) = f(x) + G[z](x) + L[z, z](x) (261)

where

F@) = 20 j go(§)dE -1 f Bo()7(6)d¢
0 0

a; (&, m)t(§ —n)t(n)dn dé,

O—
O\m

x €
+ x| bo(&,m)T(n)dndé + x¥ 1
J |

by (&, mn~Yz(n)dndé

O\m

Bo ()6 2(€)dE + x7! j
0

+xV 1

ag(&M7Vt(€ —n)+ (E —n)Vt(n)]dndé,
'3
Llz1, 2] (x) = 27~ f f a0 (&M (€ =) V20 (§ — Mzp()dndE . (262)

0
Here we have used the rela tio

RO\M

1 X
w0 = [ [ v - mrnan

00
following from (cf. [149]) (x7 (x)) = fox t(x — &1(&)dé and xt(x) - 0 asx — 0.
From (276) it follows that

g1(x) = 21 f g0 (E)dE = 27! f £5(€)dé € C[0,T]

0 0
with g, (0) = 0. Further, by (277) and (259) we have
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g2(x) = 21 j By (£)7(€)d§ = ! f EB(E)7(£)dE € C[0,T]
0 0

with g, (0) = 0 since

ffy|B(f)|T(f)df < Constft(f)d€~ Const| 1 | as x — 0.
In4
K
Next, using (278) we obtain ’

x §
8500 =2~ [ [ bo(6myendn dg € C0,T]
with g5(0) = 0 since 0P
d¢
i
x77 as x - 0.Lastly, A6(279) and (259)yield

X E X
xV~ 1J§ VJT(n)dnd$<Consth 1J€ v —
0 0 0

andf & L L

Iné¢ 1—y Inx

x ¢
g, (x) = ! j j a1 (€, )T(E — n)T(ndndé € C[0,T ]
00

with g, (0) = 0 since
x §

1 f ¢« [ 26 = meepan d

0

=x'" 1[5“(&(5)) dé = x" 7t [x1*r(x) — Js‘“f(g‘)dfl

e
X X

Gi[2](x) = x1 f Bo(§)§ " 2(£)dé = 2! f £ B(§)2(£) dé

0 0

< Const [xr(x) +a

O\R

T(f)df] < Const

Summing up, we have f € C
Further, we estimate for

Ly |

0,T ] with £(0) = 0.

that
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e Gy [2](x)] < j BE)| et - |z,
0

where as before
z||, = max|e " z(x)| , o= 0.

Since by (277)
( —7Y)

le(f)le_"(x Dd¢ < Constff 7 e IdE < Const ————

(cf. [155]) we obtain the estlmatlon G [z]ll, < Cy al_y (cy > 0) besides G[z] €
C[0, T] with G{[z](0) = 0 for any z € C[0, T]. Analogously, for
x §

Golz](x) = X7 j j bo(&, myn " T(n)dnde
00

in view of (248) we estimate

X
e Gy [2 ] ()] < 271 j e=7E= ) 3 by (&, ) |dndé - ||z,
0

&
oj
x ¢
< Cxr f £ f e=7E=M p Y dndé - |],
0 0

ara-y) (.-
_T o erdslal, =
0
implying ||G,[z ]|l < ¢ — |z||, besides G,[z] € C[0,T] with G,[z](0) = 0 for
any z € C[0,T ]. Furthermore for

— llzll, (c;>0)

G52 ]1(x) = 27! j j ao (€M7 T(E = )z(n) + (€ — M) V< (m)2(€ — )]dnde
0 0

we have
x ¢

e Golz 1) <277 [ e [lagml 177 e = me = Iz
0 0
+(E -7 + (e M |z(& —n)|| dndé
and using (279)
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§

X
e~ Gy[2 10| < 26,07 zll, f n [ e=r€-meE — ) dedn
0 n

[0¢]

X
<260 ally [ 07 dn [ e e(o) dp =
0 0
for Ko > 1 where we have used the Laplace integral [147] f0°° e Pty (t)dt =

o0 1 .
v, —1)dt = o Rep > 1. Hence, it holds |G3[z]ll, < ln;ja) lzll, (c3 > 0)

for o >1/K besides Gs[z] € C[0,T | withG;[z](0)=0 for any z € C[0,T].
Therefore, we have G|[z] € C[0, T] with G[z](0) = 0 satisfying the estimate

C
I6Lz1ll, < = llzll, (e > 0) (263)

forany z € C[0,T] and o > 1/K.
Finally, we estimate (262), using (279) again, by
x ¢

e~ L[21, 25 1| < Collza I, N1zl 1 j e~ j 0V (€ — )~ dndé
0 0

2C, 1
1 —vyIn(Ko)

zll;

X

= Clezlllc)'”ZZ”o-B(]. — ]/,1 — ]/) xy_l .[ 51—2]/ dE
0
_ C,B(1—y,1—y)

o 2(1-v)
implying the estimation
IL[z1,2; [llo < dillzellollZ2llc  (dy > 0) (264)
Besides L[z;,z,] € C[0,T] with L[z z](0) =0 for any z, z,, z, € C[0,T].
Moreover, we have (with ||z|| = ||z]|o)

X' iz lls 1zl

x ¢
e~ L[21, 25 10| < Collzall, N1zl 1 f f e~y (& — 1)~ dydé
00

0
y—1

1—-vy

= Gzl 1zl j e~ Y (& — )1~ dn
0

=G —= llzalls llz2 ||

l1—-yo
with some constant D > 0 by [155]. Hence the estimation

d
IL[z1, 2, 1lls < ==zl Izl (dy > 0) (265)
o Y
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Is valid (and the analogous one with interchanging z; and z,).
Applying again the existence theorem [148] to Eq. (261), observing the
estimations (263), (264) and the relations f, G[z], L[z,z;] € C[0,T | with f (0) =
G[z](0) = L[z z](0,0) =0 for any z,2,,2, € C[0,T].
Looking for the derivative z* of z in (260)we take w  from (256), (258) and
use the relation w' = x™ z —y x 71z to obtain
xz (x) = (y — 1)z(x) + x¥ g(x) — xY 1B (x)t(x) — xB(x)z(x)

a7 j bo (x, €)T(£)dE +x” j bo(x, )€ 2(€)dE + x7 f 0 (x, €)T(x — E)T(£)dE
0

0
x

+xV f ao(x,$)[t(x =) 2(E) + () (x = ) z(x — §)]d§

0
x

+x¥ f ao(x,$)E7 (x — &) z($)z(x — §)dé.
0

From this we have xz (x) € C[0, T]with xz (x) —» 0 asx — 0 if additionally to
(276)—(279) we assume

A7.xY*1 g(x) € C[0,T ] with x"tlg(x) > 0 asx - 0,

AB.B(x) € C(0,T] with —— B(x) = 0 asx = 0,

A9.xY by(x,&) € C(AT)for where Ay = {(x,£):0< &< x < T},

A10.a4(x, &) € C(Ar) and x* ay(x, &) € C(Ay).
We point out that in general z* does not belong to L'(0,T).
Uniqueness theorems for linear equations

In the first part two uniqueness theorems for continuous solutions of two linear
singular integral equations are given. Reducing these equations to equations of
Wiener—Hopf type and applying the theory of M.G. Krein [151] for such equations
(cf. [152]), we derive more general uniqueness theorems in different function spaces
for these equations. We start with the equation

1 —-a—f

B(a,f+1)
where @ > 0,8 > 0. We now prove
Theorem (5.3.5)[139]. Eq. (266)with « > 0,8 > 0 has in the spaces C[0,1],
M(0,1) and L,(0,1),p = 1 only the solutions w(x) = Kx,K € R.

Here M (0, 1) denotes the space of bounded measurable functions on (0,1) and
ip (0,1) the space of measurable functions on (0,1) with finite integral

[ lwr ()P dx/x.

w(x) =

j(x—f)“ b1 ()dE, 0<x <1, (266)
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Proof. We put A = 1/B(a, § + 1) and substitute t = In —,s = In % in (266). Then
the function ¢(t) = w(x) satisfies the Wiener—Hopf type equation

(1) —j k(t —s)p(s)ds = 0, t e Ry, (267)
0

with the kernel

k()_{O foru >0, 268

AR PP (1-e¥)* ! foru<0. (268)
The kernel k is summable and has the Fourier transform
K(y) = j eVt k(t)dt = AB(a, S + iy), —0 <y < oo,

The related function )

D(y)=1- K(y) = 1— 2224 (269)

B(a,f+1)

obeys the relations D(—y) = D(¥), D(0) = —a/B < 0 and D(c0) = lim,_,,, D(y) = 1.

Further, D(y) is not real-valued for 0 < y < oo, in particular D(y) # 0 on R so
that the theory of M.G. Krein [151] applies. Namely, real-valued D(y) means that
A(y) = A(—y) holds for the function

F(B+iy) T(a+B)

A= = Gy (270)

By [146] this is equivalent to the relation

LI 4

a+p+iy n+a+p a+ﬁ lyl—[ n+a+ﬁ
] [
B+ly n=1 1+Tl-|%]ﬁ ly n=1 1-— ﬁ
or
y2+iay
(a+p)p+y’—iay _ e [1+(n+ﬁ)(n+a+ﬁ)
(a+B)B+y2+iay n=1 [1 & '
n+B)(n+a+p)

Taking the argument of both sides of this relation we obtain the equation for y

ay Z ay
—arct = t
T Py T LT A Pt a + )+
n:
in which for arctan the principal value has to be chosen since it must be fulfilled for
y = 0. But then the equation cannot be true for 0 < y < co and we indeed have
A(y) # A(—y), 0 <y < oofor the function (270). Hence D(y) # 0 on R, the
contour z = D(y), —oo <y < oo, meets the real axis only for y = 0 at the point
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—% and for y - +oo} at the point 1, and arg D(0) = +m, arg D(o) =

lim,_,,, arg D(y) = 0.

We calculate the index of v of Eq. (267):
v=—indD = ~3-[argD]% =~ largDWIF = largD(0) -
argD(e)] =

If v = —1 no continuous solution of Eq. (267) would exist, but we already know
the evident solution = e~ . Hence v = 1 and by [151] we have exactly this one
linearly independent solution of Eq. (267) in the spaces C, of continuous functions
f on R, with lim,_. f (t) = f(o), M, of bounded measurable functions on R,
and L, (0,0),p = 1. This proves Theorem (5.3.4).

Since we have

00 0
j e "t |k(t)| dt = fe—ht k(t)dt <oo for 0<h<p

for the kernel (268), a substitution of ¢ = e"* @ in Eq. (267) is possible. Observing
that for the corresponding function D, (y) = D(y + ih) we have D,(0) < D(0) <0
, We obtain
Corollary (5.3.6)[139]. The uniqueness assertion in Theorem (5.3.5) also holds
true for the solution spaces C_,[0,1] = {w: x"w € C[0,1]}, M_,(0,1) =
{w: x"w € M(0,1)} and
L,(p)(0,1) = {w: follp(x)w(x)lp dx/x < oo with p(x) = x", 0 < h < B.
Further, we consider the equation
—(X ‘8

B(a,p +1)
wherea >0, f > — 1 For this equation we prove

Theorem (5.3.7)[139]. Eq. (271) with a > 0, § > —1 has in the spaces C_, [0, 1],
M_,(0,1) and L,(p)(0,1), p=1 with p(x)= x",0<h<pB+1, only the
solutions z(x) = K,K € R.

Proof. We again put A =1/B(a,f + 1) and substitute t = In % ,S=1In %in Eq.

(271). Then for the function Y (t) = z(x) the Wiener—Hopf type equation

z(x) = j(x — &) 7 LER 72(&)dE, 0<x<1, (271)

Y(t) — j ko(t —s)y(s)ds =0, teR,, (272)

0
with the kernel
foru >0,

k = 273
0(W) {le(ﬁﬂ)“(l —e")* 1 foru<o. (273)
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follows. We have

oo 0
fe"” lko(t)|dt = fe‘htlko(t)ldt<oo forO<h<p+1

and

— . ) B(ay+iy)
DO,h(y) = D()(y+ lh) = 1- ko(y + lh) = 1— B(";;:i’)’

wherey = 8+ 1 — h > 0 and k, denotes the Fourier transform of k,. As above for
the function D(y) in (269) we have for Dy j, that Dy, (—y) = Dy, (¥),

_ 4 _ Blay)
Do,h(O) =1 B@piD <0

since y=+1—h<f+1 for h>0 and lim,_,, Dy, (y) =1. Further, as
above, D, , (y) is not real-valued for 0 < y < co. Applying [151], we get the assertion
of Theorem (5.3.7).

Incase @« > 0,8 > 0 Eq. (271) for z can be reduced to Eq. (266) for the function

w(x) = foxz(é)dgt as follows writing Eqgs. (266) and (271)in the form

w(x) =

1
m!(l — t)a_l tﬁ_lw(xt)dt

and

z(x) = 1 —t)* L thz(xt)dt,

1
1 J(
B(a,p +1) )
respectively, and integrate the last equation. From Theorem (5.3.5) for the spaces C
and L, and from Corollary (5.3.6) for the spaces L,(p), p =x", 0 <h <, we
therefore obtain the following statement.
Theorem (5.3.8)[139]. Eq. (271)with « > 0, # > 0 has in the space L;(0,1) and

in the classes of functions {z: [ z(§)dé € L,(p), p=x"} with p 21, 0 <h <
B, )

in particular in the space L;(p)(0,1)(0,1), p =In - only the solutions z(x) =
K,K eR.

The first linear auxiliary integral equation
We consider the integral equation
X X

Z
x2(x) = 4 f )
5 VEX—S
for u,A€ R with u=0 looking for solutions z € C[0,1]. For u>0 the
homogeneous equation (274) has the solutions

dE + 2 j 2(O)dE+g(x), 0<x<1, (274)
0
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Zo(x) = zy(x,K) = Kx* L exp [——] D{_,; (\/\/__v) (275)

where K € R,v = v/ u and D,, is the parabolic cylinder function with index « (cf. as
2

follows applying the Laplace transform to (274). Since D, (z) ~ z* exp (ZT) as z —

+ o0, it holds

223 v
Zo(x) ~ Kogx“" 2 exp -~ |lasx- 0 (276)

with a constant K, = (v/2v)'=2* K. Hence we have z, € C[0, 1] with z,(0) = 0. For

u < 0 the homogeneous equation (274) has no non-trivial solution from €[0, 1] (and

even from L1(0, 1) ). We still mention the special solutions for u > 0:

3/2 exp[—i—z] for 2=0, «x7 12 exp[_tc_z] forl=%, erfc(%)

In constructing a particular solution of the nonhomogeneous equation (274), at
first we deal with the special case A = 0, i.e. with the equation
X

_ z($)
xz(x) = U \/75 dé + g(x), 0< x<1. (277)
x —
0
Extending an idea of Nakhushev [153] for the homogeneous equation (277) to the
nonhomogeneous equation, we apply the differential operator

(Pu)(x) = xu (x) + o [ J uE) dE

to (277)and obtain the linear dlfferentlal equation of first order
%27 () + [3x = v?| 2(0) = h(x) (279)
where

+ %u(x) (278)

X
: d g($)
h(x) = xg (1) + u—U
dx ) \/xi_g

For u > 0 the equation Pu = 0 has no non-trivial generalized solutionsfrom CJ[0, 1]
as follows applying again the Laplace transformation to it. Therefore, for u > 0 EQgs.
(277) and (279) are equivalent under suitable assumptions on g.

Solving Eqg. (279) with the method of variation of constants and performing two
integrations by parts in the occurring integrals, under the assumption that g € C[0, 1]
with

P 1
3 +§g(x).

e 7 Ly fxg(f)df

xV/2ex g(x) >0, x 2ex —0asx—0 (280)
0

3
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we obtain the particular solution of Eq. (277)
X

20 =52 4 [ e, 866 (281)
where "
e L
+%x‘3/2e‘7h<x,f)+mx‘3/2e‘”7lz<x,f) (282)
with the integrals
X 2 dn x 2 dn

o) = [r2er =, o= [rorer
; V=5 ; n—¢
The particular solution (281) of Eq. (277) holds true for u > 0 because of the
equivalence of Egs. (277) and (279) and for (u =0 and) u <0 by analytic
continuation with respect to v. It could be shown also by inserting (281) directly in
(277). Further, we make the assumption on g that g € C[0, 1] satisfies the inequality

v2

lg(x)| < Cx%e =, & >— (283)
with a positive constant C WhICh is sufficient for the limiting relations (280).
It remains to estimate the kernel (282) and the solutlon (281) Obviously, we

have 0 <J;(x, &) < J,(x,&). Further, putting p = — and t = —we obtain
p
) = 207 [ tp =07 2 etde < 2072y ()
_ :
with
p p p
Iy(p) = f t(p—t) /2 etdt = e Js‘l/z e Sds — J st/2e=sds
0 0 0

p
<efp j s72 e=5ds = \mpe®.
0

VZ
This gives J,(x, &) < — 5 3/2¢°¢ implying the estimation in (282)

Mo, §)] < Dy =

—3/2exp [vz (% — 1)] (284)

X
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|v]

where D, = \/—_,D = 1+ 2v2. Using (283) and (284) we estimate the particular

solution (281) of Eq. (277)
3 v2 v2
|z(x)| < Cx%~ e x + CDyB (5 + 1,%) x°2e s + CDlgi_l x072 e x
2
leading to the estimation
y2

Z()| S ExV e s, y=6-2>—3, (285)
with a positive constant E. From (285) the limiting relation lim,_,, [x3/2ev72(x)] =

2
0 follows in comparison to the solution x3/2exp [— V;] of the homogeneous equation

(277) for u > 0. We summarize the results for Eq. (277).

Theorem (5.3.9)[139]. Let g € C[0, 1] fulfill assumption (283). Then Eq. (277)

for u # 0 has in C[0,1] the solution (281) satisfying the estimation (285). The

homogeneous equation (277) has in C[0,1] for u > 0 the solutions zy(x) =
2

Kx=32exp [— V?]K € R, and for u < 0 only the trivial solution.

For general /1 € R we make the ansatz in Eq. (277)

2(x) = Z A, (x) (286)
where (see ((281))
woe) =82 4 j Mo (x, E)g()de (287)
and )
xawr, () = “j i (_2 dE+h,(x), n=12 ., (288)
0
with

h,(x) = jwn_l(f)df, n=12,..

0
From (288), taking the particular solution (281) of this equation, we have
X X

i ) = )

+ f Mo (x, E)hy (€)dE = f w1 (€Yo (x, £)dE
0 0

where
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1 X
my(x, §) =;+jM0(x,n)dn

or

w, (%) = j " G, o (©)dE, n =12, ...

0
with the nth iterated kernel of m,
X

b1 6) = [ moGoryml e £)ar.

0
The relations (286), (287) and (290) yield the integral representation of z
X

200 =52 1 [ e (6
0

with the kernel

1 oo 00 X
M) = Mo §) +5 ) A mf o) + ) 20 [ mbcen) Moo, £)a.
n=1 £

n=1

(289)

(290)

(291)

(292)

(293)

We have to prove (uniform) convergence of the two series in (293). Let us start with

the estimation of the function m,. Observing (284), we have

2

v
fMO(x, n)dn| < 2Dgx 2 /x — & + Dyx73/2e7x I;(x, &)

4
2
where, putting as above p = V?
x p
(x,) f 3 v _1 1 J _1 »
I (x, = 2eld 2— | p 2efdp
: r
xP
p VP ,
A [, 2 .f Pgse 2l 2%
— eldt=— | eS"ds<——=ef ==¢éZe¢
Y v LY V2
v | |O vl /p

0
Hence, for the function m, in (289) we obtain the estimation

|mo(x, )| <1 ~+ 2Dy \/_E + ZVDl ik —exp |v [ (— — 1)]

X
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vl

\/—l

u<s- e” the estimate \/x — & < —
v2

function g(x)

Dy = 1+ 2v? . Further, from the elementary inequality
1/251/2exp[ (———)] follows, and since the

where as above Dy =

2|v|

= eT has the maximum at x = 2v? the estimate
1 1/2

1, 6 . (1 1>] b <1 1 vz_%)
——exp|ve|l=——-]]|, = max | 1; e
x = P Ty VZ|v|
is valid. Therefore, (294)implies the simpler estimation for m:
Imo ( (g)|<1v€1/2 [2<1 1)] N=b+ - +4+1 (295)
my(x, explvel=—-—]1|, = —r— —
’ 2P E Ty Vz 2
From (295) by induction we further prove the estimations for m([)"] ,n=1,2,...:
[n] N 3722172 (1, 2(1_1
|m (X, E)| = (n—l)!x § (lTl E) exp[ ( x)] (296)

Namely, by (295) and (296) it holds

|m[n+1 (x, $)| = jmo(x, r)m([)"](r, &dr

< (anJrll)E!;/j/z 2(%_%) j % (ln g)n_l dr = %exp v? (% — %)] (ln g)n

Further, from (296) and (284) we have
1/2

v nble | i L () S (-2

= Ax1 (g)/\_7 exp [vz (% — %)], A = |A|N, (297)
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V
- 2

X
3 el 3 v
A3 3 v
Jn 2 dn<2e "2 [x—¢e?
; VX =4

so that

[00]

o [0 SV o [z (L
o | e mon, dn| <no () (3) exn[v? (-7)] (298
n=1

where Ag= D; + 2DyA . The estimations (284), (297) and (298) yield the desired
estimation for the kernel M in (293)

- x\A 3/2 2 (1
——+D (—) (x&)™/< exp [v (———)] (299)
S g &0 2
where we have put D, = D; + A +A,.

Finally, we estimate the solution z in (292) under the assumption (283) with
suitable § > 1/2. Observing the estimation (284) for the kernel M, it remains to

consider the integral

1
IM(x,&)| < Dy

X

6= [y F(3) evas - #x‘s_z
’ A

if > A +% . Hence if g satisfies the assumption (283) with § > A +% then the

particular solution z obeys the estimation (285) againwith=6 —2 > A — 3,

2
So we proved the following theorem:

Theorem (5.3.10)[139]. Let g € C[0, 1] fulfill assumption (283) with § > A +

1 ,A =|A|N,N defined in (295). Then Eq. (274) for u # 0 has in C[0,1] the

solutlon (292) satisfying the estimation (285) with y > A —= . The homogeneous

equation (274) has in C[0, 1] for u > 0 the solutions (275) and for u < 0 only the
trivial solution.
Corollary (5.3.11)[139]. The assumption(283) on g is fulfilled if

lg(x)| < Ciexp[—ex™® —vix 7] (300)
with positive constants Cy, €, w.
We state the following corollary.
Corollary (5. 3. 12)[139] The equation

xz(x) = ,uj\/xfdf +fx(f)z(f)d€ +g(x), 0<x <1, (301)

with u # 0 and a bounded measurable function x has under the assumptions of
Theorem (5.3.10) on g, where |A] is replaced by supg,<1 |x(x)|, the solution (292)
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with the kernel M which satisfies the estimation (299). The solution again fulfills the
estimation (285)with y > A — % . The homogeneous equation (301) has in C[0,1]

for u > 0 a family of solutions z,(x) = zy(x, K) with the parameter K € R satisfying
Zy (O) = 0.

Proof. The proof of this corollary follows analogously as the proof of Theorem
(5.3.10)by means of the iteration procedure for a solution z(x) = lim,_ W, (x) to

Eq. (301)
XW, (%) = j dé + f 2(EW,1(E)dE +g() (n=12,..)
0 0

where W, = w, given by (287) for the nonhomogeneous equation and W, given by
3 2

zy In (275) with A = 0,i.e. Wy(x) = Kyx 2exp [— %] ,Ko =V2m uK,K € R for

the homogeneous equation.

X

W

x_
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Chapter 6
Sec(6.1) : Weyl Calculus and Composition Formulas

No symbolic calculus of operators is more popular or better known than the
Weyl calculus. It is the one that associates to a function © = S(x,§) of n+n
variables, lying in S(R™ x R™), the operator Op(S), called the operator with symbol
S, defined by the equation

X+y
@ = [ &%

) R xR™ , )
such a linear operator extends as a continuous operator from S (R") to S(R™) while,
in the case when G € S (R™ x R™), one can still define Op(S) as a linear operator
from S (R™) to S(R");also, Op sets up an isometry from L? (R" x R") onto the
space of Hilbert-Schmidt operators on L? (R™). The sharp composition S;#S, of
two symbols, say lying in S(R™ x R™), is that which makes the formula

Op(&;) Op(S;) = Op(G;#S,), (2)

in which the left-hand side denotes the usual composition of operators, valid.
The image of the Heisenberg representation is the group of unitary
transformations exp(2in({n, Q) — (y, P} —t)) of L#(R"), as made meaningful by

Stone’s theorem, where the j th component of the vector Q = (Q4, ..., Q,) is the
multiplication by the j th coordinate x; ,P = (P, ..., B,) with P, =$ % , and
]
y,n € R", t € R. Introducing on (R* x R")? , the symplectic form [, ] such that
[Cx, ), (p,m)] = —(xm) + (¥, %), (3)

let us use on R™ x R™ the simplistic Fourier transformation F defined by the equation

,n) e2imym) y(y)dydn : (1)

(FS)(x) = j S(Y)e 2mXY] gy | (4)
R xRN

which commutes with all symplectic linear transformations of the variable in
R™ x R™. Another,fully equivalent, way to define the Weyl calculus is by means of
the equation

0p(S) = f (FS) (v, mexpin((n, Q) — (v, P dydn (5

R™ xR"

The first covariance rule of the Weyl calculus is the observation that

exp(2in((n, Q) — (y, p))) Op(&) exp(—2ir((m,Q) — (y,p)))
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One way to emphasize this action on symbols of the group of translations of R?" is to
decompose in a systematic way the space of symbols L?(R?") with respect to this
action. Now, the operators which commute with it are just the partial differential
operators with constant coefficients: the generalized joint eigenfunctions of these are
exactly the exponentials X = (x,&) = e%ml4X] with A € R?", and the sought-after
decomposition of a symbol is provided by the symplectic Fourier transformation. On
the other hand, if A = (y,1), the operator with symbol e?™4Xljs none other than the
operator exp(Zm((n, Q) —(y, P))), so that Heisenberg’s commutation relation,
expressed in Weyl’s exponential version, takes the form
2m[A Xl o 2im[A%2.X] _ em[AlAZ] eZlT[[A1+A2 X1 (7)
Let us briefly recall a few immediate consequences of this relatlon First, one has
(say, when &, and S, lie in S(R?™), using (5), the integral composition formula

(G,#6,)(x) = 22" j S, (G, (2)e 4rV=X2-Xl qydz  (8)

]RZn X]RZn
or (a fully equivalent one)

(61#5;)(x) = [exp(inL)S, ()&, (2)] (Y=Z=X) 9)
with (setting Y = (y,n),Z = (z,{))
1N 92 92
irL _EZ<_6}IJ-6Q +52janj> (10)
j=1

Expanding the exponential into a series, one obtains the so-called Moyal formula
(6:1#6,)(%,%)

el 2 N XHFIBE 9 7\% £9\B a\B 79 \%
25 @) G ) exn) () exd an

This formula is an exact one in the case when the two operators under
consideration are differential operators, which means exactly that their symbols (of
course, not in S(R?")) are polynomial with respect to the variables € , with
coefficients depending on x in a smooth, but otherwise fairly arbitrary way; it is also
exact when one of the two symbols is a polynomial in (x, §).

As it turns out, this version of the composition formula is the only universally
known one. Indeed, it has considerable importance in applications of
pseudodifferential analysis to partial differential equations.

Our derivation of (8) was obtained as the result of pairing the concept of sharp
composition of symbols with the decomposition of symbols according to the action
by translations of the group R?": the success of this point of view was essentially
dependent on the fact that this action is an ingredient of the covariance formula (6).
This takes us to the aim of the present chapter: to take advantage of the other
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covariance property of the Weyl calculus—to be recalled now—and follow the same
policy.

Recall that the metaplectic representation Met in L2(R") is a certain unitary
representation of the twofold cover of the symplectic group Sp (n, R), which consists
of all linear transformations g of R™ x IR™ such that [gX, gY] = [X, Y] for every pair
(X,Y) of points of R™ x R™: it acts irreducibly on each of the two subspaces of
L2(R™) consisting of functions with a given parity. Unitary transformations in the
Image of the metaplectic representation also act as automorphisms of the space S(R™)
or of the space S'(R™): moreover, if such a unitary transformation U lies above
g € Sp(n,R), and if S € S'(R?™): , one has the covariance formula

UOp(S)U~" = 0p(Sog™). (12)
In full analogy with the procedure adopted above in connection with the Heisenberg
representation, we now start from a decomposition of the phase space representation
(g,8) » Sog~tof Sp(n,R), in L>(R?") into irreducibles: this is just the same as
decomposing functions in L?(R?") as integral superpositions of functions
homogeneous of a given degree, and with a given parity.

The main result is the formula which takes the place of (7): it decomposes the
sharp product of two symbols h; and h, , homogeneous of degrees —n — il; and —
n—iA, and with parities characterized by indices &; and §,, as an integral
superposition of functions homogeneous of degrees —n — iA, with the parity 6§ =

&1 + &,. It involves the integral kernel
—n—idl+id1—iA) —n—idl—iA1+idp —n+il+id1+ilp

Ix.yll, ° X, z]l,, ° lzvll, = (13)
a product of three signed powers, obtained from the decomposition into homogeneous
components with respect to the three variables of the integral kernel which occurs in
the composition formula (8). Some preparation is needed in order to give this kernel
a genuine meaning as adistribution, not only as a partially defined function. The
principle of the proof of the new composition formula is simple, and relies on the
decomposition of symbols into hyperplane waves, and the dual notion of rays. Its
main difficulty lies in the singular nature of such distributions, which are nevertheless
the only ones, sufficiently general, for which explicit computations are possible.
In the one-dimensional case, the integral kernel above reduces to a function
—1—id+id1—ilp —1—idl—iAq+ily —1+id+id1+idy
Jooy. ) =lx=yl,, *  lz—xl, * ly-z, * (14
of three real variables, and the composition formula was treated along these lines in
[166]. It is true that the proof, in the higher-dimensional case, is actually, for the main
part,a reduction to the one-dimensional case: but signed powers of linear forms with
exponents lying on the line —n + iR, the consideration of which is necessary for
spectral-theoretic reasons, are more singular distributions when n > 2, which has
made some technical improvements necessary. It may be interesting to recall briefly
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what can be done in the one-dimensional case in relation to automorphic distribution
theory.

In the automorphic situation, the integral kernel (14) enables one to build new
nonholomorphic modular forms from given pairs of such. [11], introduced the notion
of automorphic distribution: this is a distribution in R? invariant under linear changes
of coordinates associated to elements of some arithmetic subgroup of SL(2, R), for
instance SL(2,z). This concept is equivalent—in a non-trivial way—to the Lax-—
Phillips notion of pairs of non-holomorphic modular forms, as introduced in their
scattering theory [162] for the automorphic wave equation. Automorphic distributions
can be taken as symbols in the Weyl calculus and, at the price of important
difficulties, the one-dimensional case of the analysis of sharp-products in the present
chapter can be developed in the automorphic environment. Things are more
Interesting, in some sense, since besides a continuous part, in which Eisenstein
distributions serve as generalized eigenfunctions, the automorphic Euler operator has
a discrete spectrum, and the corresponding eigendistributions are cusp-distributions.
Finding the appropriate composition formulas calls for the explicit computation of
integrals of /(x, y, z) against three non-holomorphic modular forms, in the realization
of these as distributions on the line invariant under representations taken from the
principal series of the arithmetic subgroup of SL(2,R), under consideration: this has
been completed up to some large extent, for the case of the full modular group, in
[166], and it provides a pseudodifferential theoretic approach to such notions as L-
functions, convolution L-functions, etc. As a preparation for automorphic
pseudodifferential analysis, and in view of other applications as well, either to
arithmetic or to quantization theory, a study of the integral kernel (14) had been
made in [165]. It has also been considered recently in [163], in the automorphic case,
and we take it from the references there that, outside the automorphic environment, it
had already appeared in [164]: note that the objects called automorphic distributions
in [163] are not the same as those in [165,166] (they are close to what was called
modular distributions in [165]).

Obviously, it would be of great interest to push the present composition formula
for n-dimensional pseudodifferential analysis up to an automorphic environment,
despite the great difficulties experienced with automorphic pseudodifferential
analysis in the one-dimensional case. In any case, linking pseudodifferential analysis
to harmonic analysis, then to modular form theory (also the subject of [167], though
the connection between these domains is different there) is certain to bring rewards in
the future. In a non-automorphic environment, the basic idea put forward in [172],
namely that of building composition formulas from the pairing of covariance with the
decomposition of representations into irreducibles, may also [166] be of use
whenever some symbolic calculus of operators is examined, thus finding its place
within quantization theory in general.
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Decomposing the action of the symplectic group on L?(R" x R")

Consider the linear space (R™ x R™) with its canonical symplectic form (3) and
measure dx d&: we also set, when convenient, X = (x,§). The symplectic group
G = Sp(n, R) is the group of linear transformations g of R™ x R™ which preserve the
symplectic form, i.e., satisfy the identity [gX, gY] = [X, Y] for any pair X,Y of points
of R2™, The phase space representation of G in L>(R™) is defined by the action
(g,h) — g.h such that (g.h)(X) = h(g~'X). It is unitary, and since all linear
transformations on R™ x R™ preserve the parity of functions and commute with the
Euler operator

e — N S
2ime = Y | % axj+€1 %, +n (15)

(the additional constant turns ¢ into a formally self-adjoint operator on LZ(R" X
R™)), the (extension of the) phase space representation under study preserves the
linear space of functions on R?"\{0} homogeneous of a given degree, and with a
given parity.

Given h € L?(R?"), we first decompose it into its even and odd parts. Then,
setting for every real number s # 0 and «x€ C

Islg = IsI%, IsIf = (s)* = |s|*signs, (16)
we may write
h= Z fhim da, 17)
6=0,1 —00
provided we set
1 —1+iA
has () == [T h(exde (18)

Then, h;; s is homogeneous of degree —n — iA and has the parity associated to §: we
shall refer to the pair (—n —iA,§) as the type of h;; s. More generally, we may
consider on R2"\{0} functions of type (—n — v, &) for an arbitrary complex
parameter v.

So as to cut down, as is needed, the dimension by 1, one may realize functions of
a given type as sections of some appropriate line bundle over the projective space
P2n—1(R). We first need to introduce the so-called tautological bundle E; over
pon—1(R), the fibre of which above a point p(68) (p being the canonical map:
R?"\{0} - p,,,_1 (R)) is the complex line €O in C2". Incidentally, note that the total
space of the real line analogue Eg, of this bundle is just the blown up spaceR?" which
Is used consistently for desingularization purposes, as will be the case.

A canonical set of charts of p,,,_1 (R) is obtained in the following way: given a
vector S € R?"{0}, set O = {8 € R?":[6,S] # 0} and, in wg = p(Q), take the chart
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p(e)-—>me—s], which identifies ws with the affine hyperplane Mg = {X €

R2": [X,S] = 1. Above Mg , a section of E¢ can be identified with a complex-valued
function fs , associating to such a function the sectionX — f;(X)X. Note that,X €
M,satisfies [X, T] # 0 for some new vector T € R?"\{0}, the points X € My and

[XXT] € My are truly the images, under the charts associated with S and T , of the

same point in py,_1(R). ldentifying fo(X)X with fr(Y)Y, where we have set
Y = , leads to the compatibility condition

[X,T]
fr (5m) = XTI, (19)
which defines the transition functions of the line bundle E.

More generally, given (u,6) with u € Cand § =0 or 1, define the signed
power |E(C|§ of E. by taking the corresponding signed powers of the transition
functions: then, a section of the line bundle |E(C|’§ IS associated to a set (fs) of
functions, f; defined in Mg , satisfying the requirement that

fr (5em) = XTI 5000 (20)
whenever X € My and [X,T] # 0. Then, a function h of type (—m —v,§) can be
identified with the section of |(E¢)|3*" characterized by the fact that, for every
S € R?"\ {0}, fs is the restriction of h to Mg . Conversely, any function f in Mg
uniquely lifts as a function f* in the part of R?" \ {0} consisting of vectors 8 such
that [, S] # 0, to wit the one defined by the equation

£40) = 116,511 F (55). @1

The representation m,, s from the full, non-unitary principal series of Sp(n, R) is

by definition the restriction of the phase space representation of Sp(n, R) (again, this

is defined by the assignment (g, h) = h o g~ 1) to the space of functions in R?"\{0}

of type (—n — v, §). It will be convenient—Dbut there is a price to pay—not to have to

change the hyperplane Mg consistently, and we denote as M, the one which should

really be denoted as M., (where e; is the first vector from the canonical basis of

R™ x R™) , i.e. , the one consisting of vectors X = (x;&) € R™ x R™ such that

& = 1. Starting from (21) and using the fact that f* is of type (—n — v, §), together
with the relation [g~1X, e;] = [X, ge,], one obtains the relation

(70 @F)CO = I1X, gen]l5™F (=), (22)

As an example, when n=1 and g = (Z Z) starting from X = (316) so that

1y _ (dx—Db . . ( X ) b
X = (_Cx 4 a), one obtains, after one has abbreviated f (1) as f”(x), the

g
relation
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(Toe, (@)F) () = |—cx + al5 777 (£ (23)

cx+a

Still specializing, for the time being, in the hyperplane M, we set

= (X E) = (xllx*l '551"55 ) (24)

and denote as h” 2.s the restrlctlon of h;; s toMy (it is the same as the function which

would have been denoted as (hlm)el in the less specialized setting above). One has
the reciprocal equations

hl 5(E) = Ry s(x;1,€.)

his () = 115" Rl 5 (£55). (25)
Proposition (6.1)[172]. The space L?(R?") can be decomposed as the Hilbert
direct integral
®
LZ(RZTL) ~ (‘D f j‘[i)\,sd}\, (26)
§=0,1

if one denotes as H;, s the inverse image under the map h;; s = h?ﬂ,g of the space
L?>(My; dxdé&,): the decomposition is provided by (17), and it commutes with the
phase space representation of G in L2 (R?™).

Proof. What remains to be done is proving the equation

T T @)

6=0,1 —oo

using onM, the measure dxdg¢,. Indeed, with hsy = hepen 01 h,qq according to the
parity of &, set

Px(s) = 2™ hsy(e*™X), seR, XeR™\{0}, (28)
So that

bx (D) = hyy 5(X). (29)

The one-dimensional Fourier inversion formula then yields (17) (of course, using the
Mellin transform rather than coupling a Fourier transform with the change of variable
t = e?™ would be more natural: the choice really depends on your familiarity with
the inversion formula in both cases). Next, using (25) and the Plancherel formula for
the Fourier transformation,

||h(5)||i2(R2n)=4n fez’” ds f |hesy(x; e

]RZn—l
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[0¢]

=4n f ds j |bst ey ()| dxdé,

—o0 R2n-1

= 47 j dxdé, f 1By ds

R2n-1

(30)

=47 j dxdé, f|h-,

R2n-1
which proves (27).

The decomposition above gives right to the series (nim)l ER6=0,1 of
representations of G in L?(M,), a special case of the representations m, 5 already
considered,; it suffices to set

5 (8) hirs = fi s (31)
if h € L(R*™), g€ G, f=hog™!. Each representation m;, 5(g) is unitary as a
consequence of Proposition 2.1: to show that ||7;;,5(9) ki 5| = || fias|| for every 2

such that h 16 € L?>(M,), not only almost every 2, it suffices to start from a dense

space of functions h such that hM s(@) hl,1 s = fiﬁﬁ depends in a continuous way
on A, which is ensured for instance when h lies in S(R?™). Recall that we also set
Tips -

It will be proved that most representations m;; s are irreducible.

The (symplectic) Fourier transform of a function homogeneous of degree —n — il
with a given parity is homogeneous of degree - n + i, and has the same parity, so
that, given h € L?(R?"), one has

Fhips = (Fh)_ips (32)
consequently, the representations mr;; s and m_;; s are unitarily equivalent.

Corollary (6.1)'[14:0]. The Hilbert space L?(R?") can be decomposed as integral
®

L>(R?") ~ @ f Hir,(81,62,...8,) A
§1,62,.5n=0,1

..... s,) the inverse image under the map hjy s,5,,..5.) ~ hf’a,(sl,az,...,sn) of

the Hllbert space L?(My; dxdé,). The decomposition is provided by equation (17)
which commutes with the phase space representation of G in L? (R?").
Proof: To prove equation
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dA

(0]
2 — b
e I Y | [T
51,6201 =0,1 oo

upon using the measure dxd¢. With hs, 5, s ) = Reyen 0T hyqq according to the
parity of (64, 96,, ...,8,), how set

2
LM,

n

Px(s1+s;++5)=| [ hs, 5.5, X)
it
s;+s,++s, ER , X€ER*™{0}
Hence ¢x(4) = hips,,5,,...5,) (X)-
Upon proposition (6.1) we can yields (17) and using (24) and the plancherel formula
the Fourier transformation

n oo

2 . , 2
1h 167,080 2Ry 4”1_[ J e?™% ds; J 51,680 (6 €77, 8| dxdg,
j=1 — R2n-1
2
= 4T j ds; j |q5(x;1f*)(sl +5,4+ -+ sz)| dxdé,
—00 R2n—1
~ 2
=41 f dxdé&, j|¢(x,1,f*)(51 +5,4+ -+ 52)| ds;
R2n-1 — 00
2
=4n f dxdé, jlhm,(sl,sz ..... 5.)(X &) ds;
R2n-1 —00
Hence gives (26)
Definition (6.2)[172]. The (unitary) intertwining operator 6;; 5 is the one
characterized by the validity of the equation
Oipshins = (FR)_ips (33)
for every h € L?(R?™). We also set
Hu’gh&’é‘ = (Th)liu’a. (34)

The proof that 6, 5 preserves the L%-norm for every 4, not only almost every 4, is
the same as the one which, in connection with the definition of r;, 5, followed (31).
It is easy to make the unitary intertwining operator 6;, s associated to (32) explicit in
terms of the coordinates on (M,). Indeed, starting from (25), one can write

(Fh)2ps (6:6.)
= (Thiﬂ,cg) (x, 11 f*)
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= [Im15" ™ hly 5 (232) exp(imlam + (o) = 31 = (3., £ dyenn,

= f|771|n —1-ia hl/l 6(yl n*)exP(zm"h [xl + (x*; n*> - Y1 - (}’*; f*)])dydnln*
(35)

Making a one-dimensional Fourier transformation explicit, this gives another
approach to the intertwining operator 6;, s from m;; 5 to m_;, 5 : the operator 6, s is
defined formally as the operator with integral kernel

kiﬂﬁ (X, E*; Y, 77*)

1 T n—il+48 _
mn“M%ﬁ#@m—m+mm»<%fn“M (36)

2
Note that, while Definition (6.2.2) is a rigorous definition of the intertwining

operator, (4536) can only be used after some preparation.

While X = (x; &) (or Y = (y; 1), ...) will always denote a generic point in R?",
we shall draw attention to points (x; 1,¢,) = (xq, x,; 1, &,) of M, by denoting them as
X,.: similarly, Y, = (y;1,n,). Given X, € M, , we set X,, = (x,;¢,), so that one can
also identify X, with (xq,X..). We abbreviate the measure dxdé, on M, as
dmdm(X,). On R?"~2, one can also consider the symplectic form obtained from an
appropriate restriction of the one available on R?", i.e.,set

[Xes Yir] = = (0, 1) + (Vs §0) (37)
while, on M, one must define
[X., Y] = [(Cep, 205 (1,6)), (O, 3.0 (L))
= —x1 +¥1 — (X, 0) + (Vi §0)- (38)
One may then rewrite (36) as
(n — A+ 5)

1
0, 5f(X,) = i0mz "+

r (1 -n + i+ 6) J X, Y157 F(r)dm(Y.). (39)

2
The intertwining operator may be better understood after some transformation.

Denote as F; the usual Fourier transformation as applied when emphasis is set on the
first variable only of a function of several variables. Given a function f on M, write
it as hlw, which, according to (25), is possible in a unique way for a given pair
(i, 8), so that the left-hand side of (35) is just (Hu,gf)(x; ¢,) according to (32).
Starting from (35), one can then write, if n > 2,

(F105f) (& x5 €) = (Fi0,5f)(E Xo)
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= |t|§_1_i/1 j f(ylly**) exp(_ZiT[t(yl + [X**'Y**])) ledY**
Mo

=1y [ B @ e (-2intIX.., VDaY... (40)
R21n—2
In this definition of the intertwining operator, 8;; s appears as the “product” of a one-
dimensional intertwining operator with respect to the first variable and of a Fourier
transformation in R?*~2: only, some rescaling, by the variable dual to the first one, is
performed with respect to the last 2n — 2 variables. As a straightforward application
of this equation, note the formula, in which §,: = &; + 6,

—i(A1 42

(F16i1,5,005f )& X ) = |¢ |521( i )(T1f)(t,X ) (41)
hence, the composition of the two intertwining operators under consideration reduces
to an intertwining operator with respect to the first variable, with integral kernel

((xlr X**); ()’1; X**))
1-i(A1+A)+62

. i+ —1+i(A1+4

= % AR E(imfnm)) |x1 = y1|62 i )5(X** — Y. (42)
2

At this point, it may be useful to clarify the respective roles of the coordinates &;

and x;, as they occur in what precedes. Isolating the coordinate &; is tantamount to
singling out the affine hyperplane M,, the equation of which is [X,e;] = 1, while

[X,e1] = & generally. The expression aa—f,for f € C*(My), is then the image of f
X1

under a canonical operator on My, since it may be thought of as the Poisson bracket of
the function X — & with an arbitrary smooth extension of f to the whole of R?".
One may interpret the convolution operator the integral kernel of which is given in

(42) as a function, in the sense of functional calculus, of the operator i% On the
1

other hand, the coordinate x; is not intrinsically attached to M,: with the help of a
well-chosen symplectic transformation preserving the coordinate &;, it can be
transformed to the sum of x; and of an arbitrary linear combination of
x2,...,xn,fl,...,fn.
Note if f € L?(M,) the relation

Tips (9f = s (Df (43)
from which, polarizing the identity which expresses that m;; s is unitary, we obtain
the identity

f LS (X dm(X.)
My
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= f(ﬂ—m,a(g)fz) (ﬂm,a(g)ﬂ)(X*)dm(X*) (44)
My

involving a pair (f,f,) of functions in L?(M,): this can also be regarded as a
particular case of (41), to the effect that the inverse of the isometry 6, s is 8 —;; 5.
Assuming convergence, one can extend (44) as

f (XD f (X)dm(X.)
Mg

= [ras @) (s (@) )amx), (45)
Mo

We now introduce the integral kernel obtained from the decomposition into
homogeneous components of the integral kernel e[V X]1g4im[X.2] o 4im[ZY] \yhjch
occurs in the composition formula (8). Consider on R?® x R?* x R?" the (almost
everywhere defined only) function

¥, Z;X) — Y, X115 11X, 21212, Y2, (46)
where the exponents and indices of parity are given. It is of type (a; + a3z, &+
& mod 2),resp. (a, + asz, & +& mod 2),resp. (a; + az, & + &, mod 2) with
respectto Y , resp. Z,resp. X.

Given a triple (v, v, v) of complex numbers, and a triple (6, §,, §) of numbers
equal to 0 or 1, satisfying the relation 6 = 6; + §, mod 2, the system of equations

€2+€ 561, €1+€E62, 81+€2§6 (4‘7)
for €, &1, &, mod 2 has two solutions, obtained as
ESj+6, =] +61,6 = +6 (48)

with j = 0 or 1. Then, the types of the function above with respect to Y, Z, X will be
(—m +v4,61), (—n + vy, 6;,) and (—n — v, §) if and only if

a = —Tl—V-iz-Vl—Vz L, = —Tl—V;V1+V2 Ly = —Tl-H/-;Vl-l—Vz (49)
Hence, provided that (47) is satisfied, the integral kernel
1 £ore —n—v+vi1—v) —n—v—-v1+v) —n+v+vi+v)
o2 X)) =1V X1, * 0 IIXZIl,, *  lZ Y, ° (50)

in (R?2™\ {0}) x (R?" \ {0}) x (R?" \ {0}) satisfies the covariance relation
m,5(9) (X = LB (Y, 2 X))
= [10,.5, (0@ 15,97 (V. 2) = Ji1E25 (Y, ;X)) (51)
We may also restrict this integral kernel to My, X M, X M,: the relation of

covariance is preserved, though with a slightly different understanding (cf. 31)). In
next section, we shall see, after we have given the integral kernel so obtained a
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meaning in an appropriate distribution sense, not only as a partially defined function,
£1,€2,€

that if one denotes as J,,”,.", the associated operator, thought of as being defined by
the equation

My XM
one has the covariance identity

1,5(8) (35520 (R £2)) = 0500520 (0, 5, (@) f1 T, ()F2), (53)
formally immediate from (51) and (45). In the case when f; = (hl)fﬂl'(g1 and f, =

b . . £1,€2:€
(h2)y,s,» We can, and shall sometimes, write J;' 20 ((hy)y, 5,0 (h2)v,s,) fOr
81 €€

Vo, vw (f1, f2). Also, the result can be regarded as a function in R?™ \ {0} of type
(—n —v, ) rather than, again, as being defined only onM,. The integral kernel
g (¥, Z3 X )

V1,U2,0
In all this section, we deal with functions of a given type in their realizations as

functions on M. Rather than trying to define J,,!" )2 (f1, f2), as in (52), as a function

of X, we lower our requirements, only trying to define the expression

(o2 (F f2). )

[ e, 2%) A REI RIam()dm(.)dn(2.) (54)
Mg XMgxM,
for appropriate triples (fi, f>, f). This is of course tantamount to a reinterpretation of
J,1 20, @s a distribution of some kind, a notion dependent on that of C*-vectors of the
representations m,, s5.,7,, s, T—ys iNVolved (the sign change in the last subscript is
an effect of duality( cf. (44)).

First, we observe that, though the representation m, 5 is not unitary unless v is
pure imaginary, it is still useful to regard it as a representation in some Hilbert space,
to wit the one defined by the equation

I£1IZ = flf(X )I? XL [2Re Y dm(X.): (55)

here, |X.|2 = |x|> +1+ |&|? WhenX = (x;1,&,). We now show that, for any
given g € Sp(n, R), the transformation m, s(g) is a bounded endomorphism of the

Hilbert space ., thus defined. First,
-1
g X . .
Y = lies in M, if X € R* and [X,ge;] # 0; 56
[X, gel] 0 f gé1 ( )
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indeed, recall that & = [X,e;]if X = (x;¢) and that [X,ge;] =[g7 X, e].
Recalling the recipe, just before (44), which served as a definition of m,s(g), we
first extend £, initially defined on My, as a function f# in R2" \ {0}, setting

# (5 — —n-vge (X .4 5
e =16l (5L ), (57)
so that
#,—1 . — —n—v
FHo (66,60 = X gel 1577 F (), (58)
and
; (s @)X = 11X ger] 15 £ (V.) (59)
with Y, = [>g< g):*]. The next thing to do is to compute the Jacobian 2 EX ; when X, lies
51

inMy: to this effect, the simplest way is to use the unitarity of m 5 , to wit the relation

j X, ges 1172 |F (Y)Pdm(X.) = f FKOZdmX),  (60)
finding §

dm(Y,) = |[X,, ge; ]| 2" dm(X.). (61)
Then, with the help of the same change of variables, one has more generally

s = [ 11X ger] 228 P L CLIPIX. 2R vdm(x.)

- fI[X*,gelll‘ZR” |F LI X, |27 Pdm(Y.)

|X*| e 2 2Re v
- () VowrIReamon), (62)

0

an expression which we want to bound in terms of ||f||2. It suffices to observe that
. |X.|
the ratio (lg—lx*l
Hence, m, 5 is a representation by means of bounded operators in #,, .
This makes it possible, in the usual way, to define the space of C* vectors of the
given representation. Recalling that the Lie algebra of the symplectic group consists
B
—A
infinitesimal operators of the phase space representation of Sp(n, R) in L?(R?") is

2Re v
) Is bounded for X, € My, the bound depending of course on g.

of block matrices (‘é ) with B and C symmetric, one sees that the space of
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d d ?
, ]E—s{ka";] yXj o agk +xk6§] the
values of which at each point (x; &) W|th & = 1 generate the linear subspace of R?"
tangent toM,. It follows that the space of C®-vectors of the representation m, s
consists of € functions in the usual sense. This condition is of course not sufficient:
there are conditions “at infinity” best rephrased by simply changing the hyperplane
M, to an appropriate finite collection of hyperplanes Mg , as will be seen for instance
in the proof of Lemma (6.6).

Proposition (6.3)[172]. When Rev; = Rev, = nand Rev = —n, the function
e (Y., Z,;X,) as defined in (50) is a bounded function. One can extend its
meaning as a distribution in My X My X My, holomorphic with respect to v, v,; v in
the open subset of €3 defined, recalling (47) and (48), by the conditions

n+v—-vi+v n+v+vi—v
%ié@"‘l,gz‘l‘s,...; %7‘:814‘1,814‘3,...;

generated by the vector fields f, ™ +§ka

I 2 e+ 1,64 3,.. (63)
together with the fact that at least one of three following conditions should hold:
1,3, ..
IN+v—vy—v, ¢{2j+2,2j+6,... andn+v#6+1,6 +3,.. (64)

or any of the conditions obtained from (64) by changing (v,vy,vy;6,61,98;)
to(—vy, —v,v,; 61,6, 8,)0r to(—v,, vy, —v; 85, 81,6). When n = 1, one can delete the
condition 3 + v —v; — v, # 1,3, ... from (64).

Something entirely similar holds after one has replaced M, by M for an arbitrary
S € R\ {0}. In view of the inclusion C*®(m,s) € C®(My) and this will
automatically make it a continuous trilinear form on the space of (fi,f2,f) €
C®(my, 5, ) X CO(m,,5,) X C*(m_,5). Setting, when v;,v,,v satisfy (63) and
(64), and fi, f>, f are C* functions with compact support in M,,

e (Fus f2i )

= [ LX) ARG O)dY ) dnZ)dm(X) - (65)
MO XM()XMO
one has the covariance relation

Isi',f;zzi,s,(ﬂvl,al(g)f1'7Tv2,52 Dfm,s(f) = ]ii,’ii:i(fpfz;f) (66)

for every symplectic transformation g such that the transformed versions of fi, f5, f
also have compact support in M.

Proof. The “integral” on the right-hand side of (65)is of course a usual notation for
what is in effect the result of testing a certain distribution on the function f; ® f, ®
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f. Before coming to the proof, let us indicate that one should not worry about the
condition of compact support: one can dispense with it, only replacing the domain of
integration My, X M, X M, by a finite collection of domains Mg X Mg X Mg.

When Rev; = Rev, =n and Rev = —n, all exponents in definition (50) of

Jorvar (Yo, Z.; X, ) have real part zero, so that the first point is obvious. To define
when possible, in the distribution sense, complex powers of possibly vanishing
functions can often be done by using Hironaka’s desingularization theorem [159], in
particular, when necessary (this will be the case here because we wish to find the
poles as they appear in conditions (63) and (64) explicit blow-up transformations:
the idea was used in general, and applied toward a shorter proof of a classical theorem
in partial differential equations, in [156,158]. We shall use it here, following its use in
the one-dimensional case in [163]. Recall that one can define the direct image of a
distribution under any C* proper map. Our point is to give products of signed powers
of the three functions

t1 =Yoo X = —y1 + (X m.) — (Y &),
: [X*; Z*] =Z1— X1 + (Z*r f*) - <x*r {*):

‘63 = [Z*: Y*] =V1— 7 + (y*: {*) - (Z*r 77*> (67)
a meaning for generic values of the parameters. Note that it is not necessary to
desingularize fully the variety of zeros of the product #;¢,¢5, only to reach a
situation in which we are dealing locally with products of signed powers of functions
with linearly independent differentials at common zeros.

Considering only the partial derivatives with respect to x4, y;,2z;, one observes
that a linear relation between the differentials of these three functions cannot hold
unless it consists in the fact that the sum of the three differentials is zero: computing
then the partial derivatives with respect to ¢,,n,, (., finally with respect to x,, y,, z.,
one sees that the three differentials are linearly dependent if and only if X,, =Y,, =
Z.. with the notation given before

In the open set where this condition is not satisfied, one can complete the set of
three functions under consideration into a local coordinate system in R?", and the
proposition follows in this case from the following well-known fact from the theory
of distributions in one variable: the function v — |x|5'7 , a locally summable
function if Re v < 0, extends as a distribution valued holomorphic function of v for
v # 6,8 + 2,... This gives the distribution J522 a (local) meaning provided that

V1,U2,0
n+v+vi—vy n+v—vi+vy n—v-—-vi{—vy
Tigl‘l'l, 81+3,...,—¢€2+1,€2+3,... nd ———=+#

2
e+1,6+3, ...
When the condition X,, =Y., = Z,, is satisfied, saying that [Z,,Y,] is zero is the
same as saying that y; = z; , and there are two analogous statements related to the
last two equations. At points where none of the three functions under consideration

)
N
Il
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vanishes, there is of course no problem. Near points where only, say, the first function
[Z,,Y.]vanishes, it can be taken as one of a set of local coordinates, and the

distribution under examination makes sense whenever "_V_Z& +ec+1,e+3,..

The only problem remains near points at which X,, =Y,, =Z,, and x; =y, =
ziie, X..=Y,.,=Z,, . We thus need to tame the three functions under
consideration near a point such as(X?, X9, X9), and there is no loss of generality in
assuming that X9 = e, th vector from the canonical basis of R" x R", since a
symplectic transformation
preserving the linear form X +— &; can take us to this case.
We first replace the triple(Y,, Z,, X,) € My X M, X M, by the set of points

(Ty, Ty; x5 Yeuy Zow, X)) in R? X R x (R?"72)3 | with

Tl = ‘el(y*; Z*,X*), T2 = fZ(Y*IZ*:X*) (68)
That these equations define, near (X2, X2, X2), an admissible new set of coordinates,
follows the fact thatf; and ¢, have linearly independent partial differentials with
respect to the pair (y;, z;). Next, we blow up the (Ty, T»)-plane around 0, replacing it
by the subspace R? of P;(R) x R? consisting of pairs (z,T) such that, in the case
when T = 0,7 is the image of T under the canonical projection map p: R\{0} —

P;(R). Generally setting = = p(0), the domain «; of P;(R) characterized by the
condition 6; # 0 gives rise to the domain (; of R? consisting of pairs (z,T) such
that either T: + 0 and p(T) =t or T = 0 and 7 € w;. The domains 2, and 2, cover

R? and taking in £2; the set of coordinates

0
(2, T) = (32, T1), (69)
and in £, the set of coordinates

(w1, T2) = (5. T2), (70)

one turns R? into a smooth manifold. The projection map @: (z,T) ~ T is proper
since the inverse image of a point T # 0 reduces to the point (p(T), T), while that of
0isX = P;(R) x {0}.

In 2,, one has ¢; = Ty, ¢, = 7,T; , so that the pullbacks in R? x R x (R?"~2)3
of the three functions under consideration express themselves as

‘g# = Tll
‘gg = T2T1,
=1 +1,)Ty + [X.n, Yoo — Z..] — [V, Z. ). (71)

The differentials of {’*1*1 and {’*2* are not linearly independent when T; = 0, but the
differentials of T; and 7, are, which is sufficient as a start. We must now insert a
lemma, in order to take care of the extra terms in £%.

Lemma (6.4)[172]. Consider on R? x R? x R? the function
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F(Y,Z,X) = [X,Y —Z] - [Y,Z], (72)
which is critical exactly at points (—X°, —X9,—X?), where it vanishes. Consider the
blow-up R®" of RE" at such a point, and the pullback F in R of the function F.
Locally around any point lying in the inverse image of (—X° —X°, —X09),, one can
find two smooth real-valued functions R and S such that F expresses itself as RS?.
Proof. First, observe the identity

F(-=X°+Y,-X°+2Z,X°+X)=F(,ZX), (73)
so that there is no loss of generality in assuming that X° = 0. The space R®"
obtained as the result of blowing up R®" around 0 is covered by a family (2,)1 <
j < 6n of open sets with the following properties: for each j , there is a function §;
taken from the set of canonical coordinates of one of the three vectors Y, Z, X such
that, within (3; , the equation S; = 0 defines the inverse image Pg,_1(R) X {0}of 0 €
R®™ : next, there is a set of smooth vector-valued functions Y, Z, X , each of which has
2n components, such that the identities Y = S;¥, Z = 5;Z, X = S;X hold, and such
that, deleting from the set of components of the vectors Y, Z, X the coordinate which,
of necessity, is the constant 1, one obtains a family of functions which, when
completed by the function S; , constitutes an admissible set of coordinates in (2 .
Then, one may write

F(s5,Y,2,X) =S*([Xx,Yy - Z] - [v,Z]), (74)
and it suffices to observe that the second factor is a function without critical point.
Indeed, assuming for instance that the coordinate S; has been taken from the
components of Y (it would be fully similar if it had been taken from any of the other
two remaining vectors), the equation(Y)j = 1 shows that the partial derivatives of ¢

with respect to the coordinates in X or Z “conjugate with respect to the symplectic
form” to (Y)j are not zero.

End of proof of Proposition (6.1.3). Applying Lemma (6.1.4) with n-1 substituted
for n, we may rewrite (71), more precisely the pullbacks of the three functions there
to a new blown-up space, as

{)11*# =T,
{12*# = T2T1,
o8 = —(1 4 1,)T; + RS?, (75)

where the four functions Ty, t,, R, S have linearly independent differentials.

The differential d£4* is a linear combination of d£¥* and d£4*exactly at points
where S = 0, but let us not forget the origin (69) of the coordinate T;, which implies
that there is no loss of generality in assuming that we are near a point where T; = 0 as
well.
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In the open set where 1 + 7, does not vanish, we may take fg# to the form
—T; + RS2, and we blow up the plane of the variables T;, S around 0: this amounts,
with new variables, to setting in appropriate domains either S = T,S or T, = ST;
finding either —T, + RS% =T,(=1 + RT;S'%) or —T; + RS%? = S(~T, + RS). In
the first case we are dealing with a pair of functions, the first of which is T; and the
second is the product of T; by a function which, at points where it vanishes, has a
differential linearly independent from dT;. In the second case, we still have to
desingularize the pair of functions (ST, S(=T; + RS)) or, setting aside the factors S
in the product of signed powers to be analyzed, the triple of functions (S, Ty, =T, +
RS). Again, we blow up the (T}, S)-space, which amounts to setting either S = T; 5",
in which case the triple becomes (T;S",T;,T; (=1 + RS")), or T; = ST, , in which
case the triple becomes (S, ST, ,S(—T; + R)), a satisfactory situation.

Finally, we must place ourselves near a point where T; and 1 + 7, vanish.We
may then forget about {’ﬁ# entirely, and we blow up the variables T;, 1 + ,, S near 0.
In local charts, this makes up one of the three following possibilities:

1+17,=Ti0,S=T,S, £ =T2(-0,+RS?),

T, =1 +1)T,S=1+1)S, €8 = (1 +1,)%(-T; + RS'?),

T, =ST;,1+ 1, =So,, &8 = §2(—0g,T] + R). (76)

In the first (resp. third) case, a product of signed powers of T; and £5##
becomes a product of signed powers of T; and —a, + RS 2 (resp. a product of signed
powers of S, of T; and —o,T; + R, a satisfactory situation since we are dealing in
each case with two functions with linearly independent differentials. This is not the
case on the second line, in which, after leaving the factors 1 + 7, aside, we have to
consider the pair of functions T; and —T; + RS2 : these do not have linearly
independent differentials; however, this pair can be desingularized since we are back
to the situation examined above, relative to the pair (T;, —T; + RS?).

We are now in a position to define locally the distribution J:£2*

V1,U2;,V
image, under a proper map, of a distribution of the kind

—n—v+v1—v2 —n—v—v1+v2 —Tl+17+171+172

(W 12.{ W 17 { (77)
where the factors £¥,¢%, 2% really denote the initial functions #;,#,,¢; after they
have been pulled back in one of the appropriate ways just described: only, we here
dispense with the collection of # superscripts which has been used before in order to
keep track of the number of blow-ups needed. In case the reader should worry about
it, the fact that the subscript &, should be associated to ¢, not 5, is not a blunder: the
index §; is actually that which must be associated to #;, and we recall (47). The

important fact is that, in local charts, the functions £¥, £%, £% are all built as powers of

as the direct
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the same set of functions with linearly independent differentials. Recall from (49)
that

_ —n—vtvi—1p _ Tn—v—v1+1p _ —n+tvtvi+vp
al—f, az—f, a3—f. (78)

To find the poles, as a distribution-valued function of v;, v,; v, of the distribution
(78), we must go back to the desingularizing operations and keep track of the signed
powers involved in each case, starting from the fact that |f | 5 ~# makes sense as a
distribution, assuming that f has no critical zero, when u # 6,6 + 2, ... . As already
said, when none of the three functions ¢,,¢,,¥5; vanishes, there is of course no
condition on the exponents involved, and when just one of them vanishes (the case
discussed between (67) and (68)), we must assume

- #Fwe&+1,6+3,. —ay#Ee+1,6+3, ..
—az3#e+1,e+3,.. (79)
Next, we go to our discussion following (75). Forgetting the factors without zeros,
the product of signed powers we are led to is of one of the following species, in which
we introduce the new letter V,S", Ty , ... for each of the functions, with differentials
independent from the other ones at points where they vanish, such as —1 + RT;S 2,
which have appeared in the discussion:
ITile) 10 Tiler TV
ITiS"T1lz, |T2T15"T1| T, S"Ty V|2
N P IS LR IS N b
ITile) 10 Thles ITEVIE?
|ST1|321 |ST1|€1 IS?VIS® o
11+ ls 11+ 72l 1L+ )2 T ST 1E) 1Ty S”T1 lep 1Ty STy VIEE or

11+ 72, I1 +7ole2 [+ 72)215% STy |2} 1S 2T1 le2 1S2VIg® (80)

Besides, we must not forget that all these local forms are only available in some
domains above parts of £, not 2, (cf. (69)), so we must complete the preceding list
with the one obtained from it by exchanging the two pairs (&,,v;) and (gq,v,). All
lines are treated in the same way: let us consider the last one, which happens to make
all possible demands on the exponents, and let us rewrite it as

|1+ ol etz 11+ 72| |S [Pleateatas) 2052 IVIES. (81

g1+eymod 2 g1+eymod 2
Since g; + &, + € = j mod 2, this can be written as

|1 +T |a1+a2+a3 |1 +T2|g3 |S’|2(a1+a2+a3) |T1”|a1+a2 2 |V|33. (82)

g1+eymo
Now, one has
—3n—v+vi+vy
a; +a, + as = at+ta,=—-n—v,
§te=j+e =6mod?2, (83)
( )|
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so that, besides the conditions (79), it suffices to assume moreover that

3"“"#;&j+1,j+3,..., 3Intv—v;—v, #1+4+3,.., (84)

andthatn+v#48+1,6 +3, ...

These conditions are clearly invariant under the exchange of pairs (&,,v;) and
(&1,v,). They are not fully necessary: the reason for this is that, in our
desingularization procedure, we have started with giving the pair (£1,%,)special
consideration, while we might just as well startedfrom giving the pair (¢,,¢3) or
(€3,%1) special consideration. This takes us to the assumptions in Proposition
(6.1.3), not forgetting that in the one-dimensional case, the desingularization process
stops at (71).

The rest of the proof is trivial.

We shall also need the following result, in the same spirit as Proposition (6.3),
though of course its proof presents no difficulty.

Proposition (6.5)[172]. Set, assuming
—-p#*6+1,6+3,...andp#6,6+2,..,

5 _l_p F(p+;+8)
c(p,8) = (=)°m 2 R (85)
so that one should have, in one dimension, 2
(7(1513)) (@) = c(p,®)lal5" ™ (86)
(of course, we are using here the usual Fourier transformation, with integral kernel

e 29 - there is no symplectic Fourier transformation on an odd-dimensional space).
Recalling (36), consider the integral kernel

kv,d (xr 6*; Y, 7]*)

= (_1)8C(n —-1- v, 6)lxl -V + (X*, T’*) - (y*r €*>|gn+v- (87)

When —n < Re v < 1 — n, this is the integral kernel of an operator 6, s well defined,
in the weak sense, from the space of C* vectors of the representation m, s to the dual
of that space (which contains the space of C* vectors of the representation m_,, 5 ).
As an operator-valued function of v, 8, 5 extends as a holomorphic function in C\P ,
where the set P consists of the values v suchthat -n+v=46§,6§ +2,... orn—v =
d+1,6 +3,... The operator 8, s is an intertwiner from the representation m, s to
the representation m_, 5. When v € iR, it coincides with the one introduced in
another way in Definition (6.2).

The latter way to define the operator 6;, s has the advantages, especially in the
version (33), that on one hand it continues to be meaningful after v € C has been
substituted for iA, on the other hand that it extends to a (tempered) distribution
setting: but this requires that the homogeneous functions, or distributions, under
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consideration, should have a well-defined meaning as distributions in R?", not only
as functions, or distributions, in R?" \ {0}.
Hyperplane waves and rays

We decompose here symbols as integral superpositions of homogeneous
hyperplane waves, also of homogeneous rays, by which we mean homogeneous
measures carried by straight lines through the origin of R?™. With the help of such
decompositions, we shall transform, the triple product studied in a way crucial
towards the proof of the main theorem.

Consider the transformation G, a rescaled version of the symplectic Fourier
transformation
(also a unitary involution of L?(R?")) defined as

(Gh)(X) = 2" j h(Y) e 4rlXY] gy, (88)
R2n

part of our interest in this transformation [165] is that, for every & € S'(R?"), the
distribution GS is the Weyl symbol of the operator u » Op(&)i, where i(x) =
u(—x). If a symbol h = h(x;&) depends only on &, say h(x;&) = ¢(&), it is
immediate that (Gh)(x; &) = 2¢(—2x;)8(x,)5(E): in other words, Gh is the
measure carried by the line {te;: t € R}, with density 2¢(—2t)dt. More generally, if
S € R?™\{0}, setting S = ge; with g € Sp(n, R), the G transform of the hyperplane
wave X — ¢([X,S]) is the measure carried by the line {tS:t € R}, with density
2¢(=2t)dt .

In particular, forany p € C,—p # 6 + 1,6 + 3,..., we shall denote as us(p, §)
the measure carried by the line {tS:t € R}, with density |¢|5 dt. Recalling the
definition (85) of c(p,d), we have, provided that n+v+46+1,6+3,... and
-n—v*+6,0+2,..,

GX XS = (-1)% 2Vc(—n = v, us(n — 1 + v,65). (89)
Note that the measure us(p,8) is a homogeneous distribution of type (p +1 —
2n,8) (do not forget that, in R?"~1, the Dirac mass at the origin is homogeneous of
degree 1—2n).

Let us first decompose functions in S(R?™) into homogeneous hyperplane waves.
Start from the continuation of (18), to wit

41t

where the integral converges for every X £ 0 provided that Re v > —n. In this case,
the function h, s is, as we now show, a C* vector of the representation m, s. With
X, =(x;1,&,), one has for every N the inequality |h(tX)| <C@+ eV +

1 1+
hy s (X) = — f 1271 R(eX) de, (90)
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|x| + |&.)™N for some constant C: then, with the norm defined in (55), one has
IX, = h(tX)ll, < C( + |t])~V, from which one obtains, since Re(n — 1 + v) >
—1, that the function h, s lies in the Hilbert space #,, defined in association with this
norm. That it is a C* vector of the representation m, 5 follows from the fact that this
representation corresponds, under the transformation (90) from hto h,s , to the
phase space representation of Sp(n, R) in S(R?™).

In the case when, moreover, Re v < 1 — n, one may write

Ty 5 = n f|t|2—1+v dt j.e—z}int[X,S] (gh)(s)ds
—o00 R2Zn
v

cn—14v,06) j [[X, S]15™ 77 (Gh)(S)dS, (91)

R2n
which leads to the decomposition of h into homogeneous hyperplane waves if

coupled with the equation
dv
h= Z j hus = 92)

6=0,1 Rev=a

in which —n <a <1 —n. From (17), however, the line of integration we are
particularly interested in is the pure imaginary line, for which this decomposition is
just the spectral decomposition of h relative to the (self-adjoint) operator
€ in L*(R?"). Starting from (91) and moving the set of values of v, we certainly
reach, for fixed S, poles of the distribution-valued function v ~ |[X,S]|;"", at
pointsv=-n+48+1,v=—n+6+ 3, .., but these poles are simple, and disappear
after multiplication by the factor c(n — 1 + v, §), as seen from (85). This makes it
possible to continue the decomposition of h into homogeneous hyperplane waves up
to the spectral line.

Starting from Gh in place of h and noting that (Gh)_, s = Gh, s , one obtains
also, if Re v < n,

41t

v

hus = 4= c(n—1-0,8) f R(S) G(X. = |[X, S]I;")dS
R

2n

=1 h(SHus (n—1—v,6)dS, (93)
R2n
after one has used the equation

(=1)°c(p,8)c(=p —1,8) = 1: (94)
this leads to a decomposition of h into rays if coupled with the equation
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=Y [ s 2, (95)

6=0,1 Rea
in which, starting from a value of a between —n and 1 —n, we can actually take
a = 0 when so desired.
The following lemma will enable us to deal with multipliers of the species which
occurs consistently in the present work.
Lemma (6.6)[172]. Let S € R?*"\{0}.If&,6 =0o0r 1and a,v € C satisfy the

condition —% <Rev < % + Re v, the multiplication by the function X, — [[S, X, ]|

sends the space C® (T[v’é‘) of C* vectors of the representation m,s to the space
L? (My).
Proof. It is no loss of generality to assume that S = e, ,4,i.e.,[S, X.] = x;. Given
f € C*(m, s) extending to R?" \ {0} as a function f*of type (—n — v, §), the
function

k(6 8) = 1l 1611 6moa 2 fH06€) (96)
is of type (—n, 0). Since the corresponding representation m,, preserves the Hilbert
space L?(M,), it suffices, to check that the restriction of the function k, to M, lies in
the space L7,. (My)which leads to the two conditions indicated.

We now come back to a study of the bilinear operator (f;, f,) — J,.% (fi, f2),
or of the associated triple product obtained when testing this distribution against
f € C”(m_, s). Recall that such expressions can also use as arguments objects with
the proper type defined in R2™\{0} rather than their restrictions to M,, the distinction
being purely notational. We shall eventually assume, but not at one stroke, that

fi=v s, 2= (h2dvys,, = hoygs (97)
for a triple of functions hy, h,, h € S(R?").
Lemma (6.7)[172]. Assume that h, € S(R?*) and that all hypotheses of
Proposition (6. 3) are valid. Moreover, assume that Re v, < n and that
Re (v —v; +v,) =n, Rev1>—%, Rev<%. (98)
If f €C”(m,, 5, ), Oone has in the weak sense, i.e., when integrated against
f(X.)dm(X,) forsome f € C*(m_, s),

iifyii (f1, (hy)y,5,) (X

1 (—1)%2
_Ec(n—2+v—v1+v2 th(S)dS
2 ) 82 RZn
—n+v+vi+v
X I[X*, S]Ig—ln—v—v1+172 [0n—v+;71—172’€2 (Y* —> |[S, Y*] |S 2 fl (Y*)) (X*). (99)
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Proof. First, we observe, as a consequence of Lemma (6.6), that, under the
—n+v+v1+v)

conditions (98), the multiplication by the function ¥, — |[S,Y.]|, * sends the
space C”(m,,s, ) to the space L?>(M,) and that the multiplication by the function

—-n—-v-v1+vy
X, — |[X*,S]|£1 2 sends the space L?(M,) to the space of distributions
C~*(m,s ), the topological dual of C*(m_,s ) (i.e., the linear space of continuous
linear forms on that space). On the other hand, the first condition (98) gives the
intertwining operator 6»- LTy R meaning as a unitary operator in L2(M,), so that

the right-hand side of the equatlon to be proved is meaningful.

If one makes there the integral kernel of the operator 6»—v+v;-v; . explicit, as

2
—n—v+v1—-v2

—24v— )
(=1D)%2C (nwz—vlw2 ez) |[Y,'<,X*]|€2 2 ,then if one sets S = sZ,, so that
—n—v—v1+v) —n+v+v1+v)

ISl,, 2SI, * ds=Isly ™ dsdm(Z),  (100)

&1 &
and if one uses the equation

(ha)y, 5, (X) = — j ST By (sX)ds,  (101)

one transforms the right-hand side of (99) |nto the left-hand side. However, the
operator on the left-hand side has been defined with the help of the desingularization
of its integral kernel as done before, while on the right-hand side, the claimed
unitarity of the intertwining operator into consideration is a consequence of Definition
(6.2): to identify the two ways to introduce it, one must use again the connection
between (35) and (36).

Let us rewrite (99), as tested against , with

X, )h_vs(m—— f 21 R(eX)de. (102)

One has
£1,62;€ _ 1 (-1)*2
(]vi,vi;v (fl: (hZ)vz,(?z)l h—v,S) — (4ﬂ)2 C(n—2+v—v1+v2’€2)

2

—n+v+vi4v, —n—v-—v1+v,
X fhz(snf(YHus,Yug ? fl(Y)),THI[T,S]Igl 2 (D)) ds:

R2n
(103)

note that the two pairs of brackets (, )do not denote the same pairings: on the left-hand
side, it corresponds to the duality between C~*(m, s) and C®(m_, s); within the

205

—
| —



integrand on the right-hand side, it corresponds to the one between S (R?*") and
S(R?™). To prove this, we start from the right-hand side, expressing the intertwining
operator there as a Fourier transformation. The function

—n—v-v1+vy —n+v+vi+v

T —|[T,S]l,, ° T(YHI[S,T]IS ’ f1(Y)>(T) (104)

is of type (recalling (47))

(n—v—2171+172 ,81) + (—Zn, 0) + (n—v—zﬂ’&,) + (n + vy, 5)

= (—n—v,9). (105)
Set T = tX,, so that dT = |t |**~1dt dm(X,): then, the right-hand side of (103)
transforms into the left-hand side in view of (105) and (102).
As a last step, we now use the decomposition

-V

(hdo s, () =

of fi = (h1)y,s,, asprovided by (100).
Proposition (6.8)[172]. Assume that all hypotheses from Proposition (6.3) are
satisfied and that, moreover,

cm=1+vi,8) [ GOMINRIG ™R (106)
RZn

—n+v+v1+v;

v+vy #0600+ 2, ..., F&e+2,..,
T g+ Le, + 3, (107)
and
Revy > —n, Rev, <n, Rev < n. (108)
Then,

2 (—1)£2 2771
(]1&;1,1&;2,1&; ((hl)v1.51' (hz)v2’52), h—v,d) = W
¢ : &)
n—24+v—v;+v,
C( 2 '82) R27 x R2n

—Nn—v—v1+v;

(Gh)Rh(S)I[RS]l,, 2  dRdS

&

n—2—v+vi+vy n—2—v—vi—vy
X jlrl}. 2 |s| 2 h(rR + sS)drds, (109)
2

R
where the last integral must be understood in the distribution sense: recall that j was
defined in (48).
Proof. First, write the equation, of immediate verification,

—n+v+v1+v)
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n—2—v—v1-vy
—n+v+vi+v; - 5 -

= (=1)%1¢c(—n — vy, 8;)c (f, e) [tel, 2 |Tq |gl 1J”71(S(t>,<)6(r*). (110)
Next, under the generic condition [R, S] # 0, one can find g € Sp(n, R) such that
S=ge;, R=[RS]geyq: (111)

it follows that
—n+v+v+v; ) —n—v—v;1+v;

(F <Y = |[SYll, ? IRl ), T =TS, % h(D)

= (—1)%c(—n — vy, 8)c (TEEEEL 2) |[R,S] |5

n—2—-v—vq1-vy —n—v—v1+v)

X (ltl |€ z |T1 |21_1+v15(t*)5('[*), |T1 |€1 ? (h ° g) (tll to Tl,T*)) (112)
Since
R
(hog)(t:,051,0) = h (S + 11 o), (113)
we set t; = [R, S]r and, for clarity, t; = s, getting

: T |[T,S],, * h(D)

—n+v+v1+v) ) —n—v-v1+v)

<:F<YH|[S,Y]| > YRl

= (—1)%c(—n — vy, §)c (TEEEEL 2) |[R,S] I,

n—2—v+vy+v; n—2—v—v1—v;
X jlrlj 2 |s| 2 h(rR +sS)drds,  (114)

&
]RZ
as a result.

Then, using (103) and (106) together with Eq. (94)
(—1)51C(n— 1 +171,51)C(—n—171,61) = 1, (115)
we obtain (109) under the conditions which made Lemma (6.7), and (103) as a
consequence, valid. Analytic continuation is possible, the hypotheses from
Proposition (6. 3) giving a meaning to the left-hand side. The conditions (108) make
it possible to extract (hy),, 5., (h2)v, s, and h_, 5 from hy, h,, h; the first condition

—-1-v—vy

(107) gives a meaning to |s|52 as a distribution (the factor depending on r is

already locally summable from the previous condition), and the other two inequalities
(—n+v+v1+v2

(107) make up half the conditions needed in order that the ratio En—2+v—2v1+vz’ )) be
A R
well defined and nonzero while, as it turns out, the other two conditions necessary for

that have already been taken care of by the assumptions of Proposition (6.3).
Some one-dimensional preparation
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Let us briefly recall the spectral decomposition of the one-dimensional Euler
operator in L*(R). Given a function h;; 5 on R?, homogeneous of degree —1 — i1 and
with a given parity specified by the index § = 0 or 1, we set

hiy 5(s) = hys(s,1) (116)
so that
hias () = €154 hly s (2). (117)

$
Then, every function h € L?(R?), can be decomposed as

h= 2 jhim dA (118)

620,1 —00
with

1 [
s (8 =5 [ € haex, )t (119)
0

where hs denotes the even, or odd, part of h, according to whether § = 0 or 1. Note
that we denote here as kY sthe function denoted as h} ;.

Using the equations (in which signed powers such as |s|§ have been defined in
(16))

%legl_” =—-(1+v)|x|{%?* and % log|x| = x71, (120)

one obtains the well-known fact, already used, that the function v +— |x|g1‘V , a
locally summable function if Rev < 0, extends as a distribution-valued holomorphic
function of vforv # 6,6 + 2, ....

If |x|g11_"1 and |E|§21_"2 make sense as distributions as just defined, the symbol

h(x, &) = |x|§11_"1 # |E|§21_V2 makes sense as a tempered distribution on R?: in other
words, the composition of the two operators, the first of which is the convolution by

the inverse Fourier transform of |€|§21_"2 , and the second is the multiplication by
—1—V1

|x|51 , is well defined as an operator from S(R) to S'(IR). To see this, one may use

as an intermediary space the space 0,, of C* functions on the line each derivative of
which is bounded by some polynomial.

Under the lift from hf’w to h;; s provided by (117), the distribution associated

to the function |s| 2 IS given as
—1-vi1+vy—il “ltvy—ve-id
(x, &) — x| 2 €15, ° (121)
—1-vq+vp—il
and the distribution associated to the function (s) 2 IS given as
( )|
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—1-vi+vy—il —1tvi-vp—id

) —=(sy 2§l st (122)

Both distributions make sense if _1i(V12_V2)_M + —1,—2,..., Which is the case

whenever A € R if one assumes that |[Re(v; — vy)| < 1.

We may then recall Lemma (6.4) from [165] as follows:
Lemma (6.9)[172]. Let v;,v, €C and 6;,6, =0 or 1: assume that v; #
81,v, # &, and that |[Re(v; £ v,)| < 1 which implies that |Rev;| < 1, |Rev,| <
1. Let § =0 or 1Dbe such that 6 =61 +6,mod 2.set hy(x, &) =

%157 hy(x,€) = |€1527" and h = hy#h,, a tempered distribution in RZ. It
admits the weak decomposition in ' (R?) given as

h= f hi da (123)
with ) _1
hm,a (x,¢) = 2V1+V22_M_5 7TV1+V22—M FE\(/1:—221+1;;EV:12§2?—2)
e
i i i

X

_1—V1+V2—i/1 —1+V12—V2—iﬂ
x2Sy

oo (S
(T (P (R D)

—1-v{+vy—il “1tvy-vp—id

x)y 2l : (124)

Note that the integrand, as a distribution-valued function of 4, has no singularity
on the real line. Also, as a consequence of Stirling’s formula, the coefficient is
bounded, for large |A|, by some power of |A|: since our claim is that the integral
decomposition (123) is valid in a weak sense in S’(R?), we may ensure convergence

by means of the equation
—1-v1+vy—il —1+vq1—-vo—ild

72 I8ly ¢
—1—V1+V2—i/1> “1ltvi-vp—id

=(1+AZ)_N(1+4n2£2)N(|x| > )1El, 2, (125)

In which 2ime =1+ x% + f% , and of a similar one involving the second term on
the right-hand side of (124).
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—n-—vy

We now need to consider the case of two symbols |x|§1"‘V1 and |€|82 , in

which n =1, 2, ... is given, the same in both functions. The reason is that, even
though the proof of the main theorem depends on the decomposition of symbols into
homogeneous hyperplane waves, which are essentially one-dimensional objects, the
spectral decomposition of the Euler operator in L?(R?) demands that we consider
decompositions of the same species as (118) in which, however, the degrees of
homogeneity of the functions in the decomposition lie on the complex line with real
part —n rather than —1.

Let Q and P be the basic infinitesimal operators of Heisenberg’s representation,
where Q is the operator of multiplication by the variable x on the real line, and

p=—2% Then, in the one-dimensional Weyl calculus, one has the commutation

- 2im dx

relations
1 dh 1 oh

[Q.0p(W)] = =500 (5), [P.Op(W)] =5-0p (51). (126)

Also, POp(h) = Op (Eh+ﬁ%). If hy(resp.h,) is a tempered distribution

depending only on (resp.¢), and if one sets Ay =0p(hy), A, = 0p(h,),

one has (using the facts that A; commutes with Q, A, commutes with P and the
. . 1
Heisenberg relation [P, Q] = -

[P, A1][Q, 45] = P[Q, A1 Az) — [Q, A1 A,P] — — Ay Ay: (127)
it follows that if h = hy #h,, the symbol of the operator [P, Op(h;)][Q, Op(h;)]is the

function
1 0 1 ah 1 4 1 ah 1 1 9%h
(¢ +5m50) (Caimar) + g (6F ~ se) ~ 3t = mezag - (128)
In other words, under the present assumptions,
dhy , 0k, _ 8%h
Fiirrabal-wers (129)
Introduce, for k=0,1,... and a € C, the Pochhammer symbols (@), =
a(a+1)..(a+k—1), and extend the definition of [s|5sbeyond the case when
& = 0or 1, setting |s|; = [s|; moq2- With the same assumptions about v4,v,, 61, 6,
as in Lemma (6. 3), one has forn = 1,2, ... (using (120)) the equation

(L +v)na (L + v lxly g #E 2

_ f<1+v1—v2+il) (1—v1+v2+i/1>
2 n—1 2 n—1

—o0
v1+v2—il—=5 vq{+vp—il [‘(_V1+61)1"(_V2+62)

X2~ 2z m 2 2 2

F(v1+21+1)r(v2+22+1)
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1+vq—vp+id 1+vqi+vp—id+261 1-vq1+vo+id+26
r r r
1-vi+vp—il 1-vq1—v2+id+261 1+vq1—v2—id+2§
r r r
4 4 4
1-2n—-vi+vp—il 1-2n+v1-vp—il

|x|n_1 2 2

X

|f|n—1+8

oo LR Gy
() () ()

1-2n—-vi1+vy—il 1-2n+vi—-vp—il

X |x| 2 5l 2 dA. (130)

Note that the degree of homogeneity of each of the two terms under the integral
signis 1 — 2n —iA, not —n — iA as we would wish it to be: we must thus perform a
deformation of contour. We substitute z € C for iA and we must move z from the pure
imaginary line to the line with real part 1 — n. There is no convergence problem at

infinity in the process, in view of (125). We must then chase for possible poles,
. Vi—Vvy+z ! V1—Vy—Z . .- .
setting u = ————— and u = ———— . The only singularities can arise from the

factors depending on or ¢ , or from the first and third Gamma functions in the
numerator of each of the two major coefficients. We make a group of each of the

expressions
1 ,u —n—u
(2+,u)n1 ( z)ll ’
u
2

G+, T ( + )' 'T -

1 3 ) tu

G- )H F(rg —7) i (131)
We now show that each of the four functions under consideration remains a
holomorphic function of z in a neighbourhood of the closed strip 1 —n < Rez < 0.
First we show that the Gamma factor and the distribution (in x or &) on any of the
four lines have disjoint sets of singularities as functions of z. This is a consequence of
the fact, noted just after (120), that |x|s* a well-defined distribution in x provided
that = §+1,6+3,... . For, as a consequence, the singularities of the factor

depending on x or ¢ on the four lines are reached when u € % + 2N, resp.u € % +
2N, resp.u € =6 — % — 2N, resp.u € § — % + 2N , while the singularities of the
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corresponding Gamma factors are reached when u € —% — 2N, resp.u € —% —
2N.resp.u € =6 —%+ 2N,resp. u€ -4 +%+ 2N .

Since the two sets of singularities under consideration are disjoint, what remains
to be proved is that each of the eight expressions

G rG+s) G et
G+m),rG+s)
(-#) (5%

’ 1 ’
1_ ) 3_96_m 1_ PR
(2 H )n—l F(4 2 2)’ (2 H )n—l lgln—c? (132)
is regular for z lying in the strip 1 —n < Rez < 0. So far as the distribution on the
right of each line is concerned, we write it as(—1)""! times the

d n—1 d n—1 i . .. .

(E) ,0r (E) - derivative of the distribution
1 1 i — ..

x| 727", resp.(x) "2 ¥, resp.|&|5 ~ ,resp.[&],%5 . Now, the CondlIlon Rez <0,

together with the assumption |Re(v; — vy)| < 1, implies that Reu < 3 and Reu >

—%, which gives the four distributions under consideration a meaning as locally

summable functions. So far as the Gamma factors are concerned, every other term in

the product
G+u), = Grr)GHu)(n-3+u)or

1 ' 1 "\ (3 ' 1 '
G-#) _ =G-#)G-u)-(n-3-+) (133)
will help in killing the relevant poles of the corresponding Gamma factor. Indeed,

with p =1,2,.., each of the two expressions (%+u)2 1F(§+%) and (§+
p—

“)z , r G + %) is the product of a polynomial in u by the function T’ (p + % + %) :

p—

while each of the two expressions G + #)z ) r G + %) and G + “)2 , r G + %)
pP— p—

Is the product of a polynomial in u by the function F(p —%+%) . The last two
. 1 ' 1 4 1 ' 3 i

expressions to be analyzed are (5 — U )n—l r (Z — 7) and (5 — U )n—l r (Z — 7).

We use this time the inequality Reu <% and observe that each of the two

expressions G - u')zp_l r G — ”7) and G - ‘u,)Zp—Z r G — “7) is the product of a
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. 1 u’
polynomial by r (p tI—5

(% — u')zp_l r G — ”7) and G — 'u’)Zp—Z r G — ”7) is the product of a polynomial
by (p =5 =),

Performing the change of contour which was the aim of the lengthy preparation
just made, we finally obtain the following.
Lemma (6.10)[172]. Let v;,v, and 81,6, = 0or 1: assume that v; # 8;,v, #
&, and that |Re(v; £+ vy)| < 1. Let n=1,2.., and let §, 6;, 5, be the numbers, all
equal to 0 or 1, characterized by the congruences mod 2

§=6,+6, 6,=n—-1-6;, 6,=n—-1-26,. (134)

Set hy(x,&) = |x|§1‘_”1, hy(x,&) = |.§|g2"_v2 and let h = hy#h,,
a tempered distribution in R?. It admits the weak decomposition in S’ (R?) given as

), while each of the two expressions

h= j K} da (135)
with -

(n)
hi}L,S (X, E )
2—n+v1—vy +iﬂ) (2 —n—v1+v;y +il)
n—1 n—1

= (1 +v) L1+ v ( 5 5

V14681 ~V2+8
v{+v2—il—6 n-—1+4vq{+vp—il F( Vlz 1>F< V22 2)
X 2 2 T 2 , ,
F<V1+51+1)F<V2+52+1)

2 2
F(Z—n+v1—vz+i2)r n+v1+v2—i2+25’1 F(Z—n—v1+vz+iﬁ+28)
i62_6 4 4 4
n—vi+vpy—il 2-n—-v1-v2+il+264 n+vi—vy—il+28
P ; P

—n—vqi+vy—il —n+vqi—vy—il

X x|,y [N

(4—n+v1—v2+il) 1_,(n+2+v1+v2—il—28,1) 1_,(4—rl—v1+v2+i/'l—28)
&y — 4 4 2
+ i 6,—6+1

n+2—-vi+vy—il 4—n—v1—v2+il—28’1 n+2+v1—vy—il—26
r 4 r 4 r 4

—n—-vi+vy—il —n+vi-vp—il

X x|, €1, _5 ° : (136)

where we recall our convention that |s|5 with p' =0 or 1 and p = p mod 2.

In the proof of Lemma (6.10), we have avoided moving v;and v,, which would
have complicated the pole chasing even more. It is, however, necessary to check that
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analytic continuation with respect to v; and v, is possible up to some point, in the
sense of the following lemma.
Lemma (6.11)[172] . Set vy =n—1+vy, v, =n—2+v, , so that | x| 5

1171_

nv1 1172

lxls, " and |x|g IEI_” Y2 To obtain the term h(lzg from the decomposmon

(135) of hy#h, (same notatlon as in Lemma (6.10), it suffices to perform the
substitutions v; +— vy, v, +— v, and il — v = il + n — 1 on the right-hand side of
(124).

Proof. The proof, based on the duplication formula and on the formula of
complements for the Gamma function, is perfectly ugly, though one can take solace in
the fact that it offers a means of verification. Starting from the right-hand side of
(124) and making the substitution(vy,v,,id) — (vq, vy, il +n — 1), we want to
show that we just obtain the right-hand side of (145). We shall limit ourselves to the
case when n is odd. One has

F(l—n—v1+6,1)l_,<2—n—v1—8,1)
_ I'l—n-vy) 21—n 2 2

(1 +v)yk = T F<_”1+6'1>F<1_”1_5'1) , (137)
so that , 2 2 ,
B F(—v1+81) <1 n— v1+51>l_,<2 n-vi— 81> F(l—n—v1+81)
1+ V1)n11 F(1+VZ+51)2 <1+v1+81)r(1 v1— 51) =2!™ F(Tv;a’l)_ (138)
I,(—v12+51)

217" times the corresponding coefficient arising after the shift v; — v,

from a factor in (124). The same goes so far as the comparable coefficient depending
on v, is concerned.The powers of 2 and m, as well as the Gamma factors in the
middle of the coefficients we are interested in, transform in an immediately
satisfactory way. The remaining headache arises from the coefficient, obtained from
(124). and the required shift,

r n+vi-—-va+il r n—vi+v+il+28
B = 2(—n—v1ﬁ—vz—il) (2—n+v14—v2—il+)28 :
(I (P
multiplying by F(‘Fn_vaz_l ) F(4_n+vl+:2_l 2 ) up and down, using the
formula of complements upstairs and the duplication formula downstairs, we obtain

. . -1
. n+vqi—vo+il . n—vi+vo+il+28
B = [Smn (%) sinm ( L j )]

x [1_, (2—n—v12+v2—i/1) r (2—n+v12—vz—i/1)]_1. (140)

(139)

2n+lA
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This must be compared to the similar coefficient from (136), which must be
accompanied, as a factor, by the product of the two remaining Pochhammer symbols.
This is
T n—-vi+vp—il r n+vi—vy—il r 2—n+vi—-vp+id r 2—n—-vq1+vp+il+28
A'= ZEn+V142-v2—M) (2—n+31—v2—)il X ( n—v12+v2—il) (n+v1—v22—il+28 )
() (e ()

if we multiply the product of fractions on the second line, up and down, by

r (2+n_vz+vz_u) r (2+"+V1_:2_M_25), if we apply again the formula of complements

upstairs and the duplication formula downstairs, it becomes

n . 2—n+vi—vy+il . 2—n—vi+vy+id+28 -1
—— |sinm : sinm "

y [F (n—vl-gvz—il) r (n+v1;V2—iA)]_1. (142)

It follows that A = 22"~2B, which completes our verification, in the case when n is
odd, so far as the coefficient of the first term on the right-hand side of
(124) or (136) is concerned. We shall not write down everything in the case when
(still with n odd) the coefficient of the second term is concerned. The trick is, this
time, to multiply the fraction B' which takes the place of B, up and down, by

F(Z_”_"TVZ_M)F(Z_"Jrvl_;'z_i“zs); next, the fraction on the second line of the

expression A which takes the place of 4 is to be multiplied, up and down, by

l_,(n—vl-:Vz—iﬂ)F(n+V1—Vi—iﬂ+28): aga|n, we find that A' — 22n—ZBllThe lemma is

thus proved in the case when n is odd. The proof is of course similar in the case when
it is even: only, one should not forget that, in this case, §; =1—6; and 6, =1 —
&,. Also, the right-hand side of (124). will yield, after transformation, the two terms
on the right-hand side of (136) in reverse order.

Making all Gamma factors apparent has been necessary for the discussion of the
change of complex contour. Using the shorthand provided by (85), i.e., making the
substitution

(141)

1
=i n?*2 ¢(p, §), (143)

one obtains the following.

Proposition (6.12)[172]. Under the assumptions of Lemma (6.10), one has
—n-—v +v2 17 —ntvi-vp—id

Ry (6, 8) = Co(ve, v, i2; 80,80, O)Ix™ 2 ¢l

—n—-vq+vy—il —ntvi—vp—id

+C1(V1'V2'i/1; 51,62,6)(3() 2 |€|1_5 2 ) (144)
with
Co(V1,Vp,i;61,6,,6)
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vi+v2—il+n—6

=2 2 (=DPe(-n— vy, 8)e(-n = vy, 8y)e (TS 0)

X C (n—2+V12+v2—i/1 ’ 51) c (n—Z—v12+V2+iA ’ 5) (145)

and
Cy(vq,Vy,i4; 8¢,8;,0)

v1+v2—il+n—6 -2 — id
=2 2 1 (=1)?c(—n — vy, 6)c(—n —v,, 8,)c (n +V12 ALy 1)

X C (n—2+V12+V2—M 11— 51) c (n—Z—V12+V2+i/1 11— 5) (146)

In view of the proof of the main theorem, we compute the G-transform (88) of
the symbol |x1|(§;‘_vl#|fllgzn+"2, considered as a distribution in (R?™): we still set
x = (x1,x,),& = (&,¢&,). The change v, — —v, is needed for the application: at the
same time, we change the variable of integration A to —A below so as to decompose
the result as an integral superposition of distributions of type (— n—iAéd ); we denote

as k' /)1 s the function obtained from h(/1 s after these two sign changes.

Proposition (6.13)[172]. Assume that v; # §;,—Vv, # 8, and |Re(v; £ v,)| < 1.
One has the weak decomposition in S (R?"), given by the equation

|6 (Y = Iyl ™ #1572 (. 6) = j (6K ) @ )da  (147)

—00

with
(k% 5) (6. ©
w n—24vi1—-vy—il
= By(v1,V2,i4; 61,82, 8)|xq|; 2 1S 2 6(x)8(E) (148)
where

BO (V17V2) l/lr 51; 62; 6) =

vi—vp—id+n—6 n—2+vq{—vy+il

2 2 n_lc(—n—V1,61)c(—n+vz,62)c( > ,51) (149)

and
B (vy,v2,14; 81,62, 6)
vi—vp—id+n—6 n—2+vy—vy+il

=—2" 2 mlc(=n—vy,8)c(—n+vsy, 52)c( ) 11— 51) .(150)
Proof. This is a consequence of the preceding proposition, together with the equation

(6(r = il 1a1,)) @)

= 27n=a=F (—1)%2c(a, ) (B, w) x| P16 15148 (x)S(E). (151)
A simplification occurs from the use of Egs. (94)

n—24vq{+vy—ia —n—vq1—Vvy+id
(R 0) (PR 0) = 1,

2
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c (n—2+v12+v2—i/1 ’ 5) c (—n_V12_V2+M ’ 5) — (_1)5,

n—2+v{+vy—id —n—vqi—vy+id
(R ) o (R 1) = -,

c (”‘“”2”2‘“ 11— 5) c (‘”‘”2—‘2” 1— 5) = (=13, (152)

Another composition of Weyl symbols

Corollary (6.13)'[140]. If v; #6;,—v, # 6, and §; + 6, = 6 where v; + v, =
€ such that |Re(e)| < 1.

Then the weak decomposition in S’ (R?"), given by

[6(r = s il N @ = [ (60,) @ da
with )
(6k%,) (. ©

) n-2—e-il n—2+e —il

= BO(V1JV1 — €, l/l; 61! 0 — 61' 9)|x1|9 ? |€1| 2 Q(X*)Q(f*)
where
BO(Vlrvl — €, l)l, 61,8 — 61, 9) =

e—il+n—6

2 2 7T_1C(—n —Vyq, 61)6'(—71 + 60 — V1, 0 — 61) (n —2tetid 61)
and
Bi1(vi,v1 —€,i4; 61,60 — 61,0)

€—iA+n—6

= —2 2 T C( n—V1,51)C( Tl+V1—EQ 61) ( 5 . ,1—81)
Proof: proposition (6.13) implies that

(6 (v = kg 1&116,)) .
= 274 F (—=1)*2¢(, wy)c(B, w) x| P 1E 15148 (x)8(E)

C(n —2+e—il ) ( n—e+ild )
C(n 2-|2-E M,(S)C( n 26+ll )_( 1)9

n—2+4+vq+vy—ia —n—e+ia
(it ) (ol 1)y

c (n—Z—}Z-e—i/l 1- 9) c (—n—26+i/1 1- 9) _ (_1)1_9

Theorem (6.14)[172]. Given §;,6, and § = 0 or 1 with § = §; + §, mod 2, and
j = 0or 1, define g, €5, € by means of (48), and set, for real 1, 1,, 4,

a5 s(idy,idy; i)

using (94) we have
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n—6+i(A1+12-1) 3(1-n)—2+i(A1+12-1)
=2 2 €172 ¢ 2
T n+i(A1—A2+1)+2¢1 T n+i(—A1+A2+A4)+2¢) T n—i(A1+A2+1)+2¢
T Z(—n—i(/ll—2/12+l)+2£2 T Z(—n—i(—ll-zl—lz+/1)+2£z T 2(—n+i(/113-12+l)+22 ' (153)
| EECEEE NES SRS e
Given two symbols h; and h, in the space S(R?"), one has, in the weak sense in

S (R?M),

X

hl#hz = j- (hl#hZ)i/ldAJ (154‘)

with

oo 00

(hy#thy), = z z j jz 0Dy (idy,idg; 1)

§1=0,168,=0,1 —oo —c0 j=0,1
XJir i ia ((h)iag s (h2)iay ,)dAadA; . (155)
where ]f/{fflzd is the  bilinear  operator  from
C®(mip 5, ) X C*(mip,5,) to C~*(m;y 5 ) formally introduced in (52) and
discussed before.
Proof. One has hi#h, = G(h #Gh,), as it follows from the interpretation of the
transformation G of symbols recalled at the beginning. Next, we decompose h; into

hyperplane waves with the help of (91), and h, into rays with the help of (93),
recalling that one can move the line of integration up to the spectral line and writing

hy = j (h)inss, i, Ghy = f (Gho)—in, 5, A2y (156)
§1=0,1 oo §7=0,1 oo
with
—lll

(h)iay i (O6) = S — 1+ iy, ) j (GhOR)ILX, RI;" ™ dR,

R21
2 1—i,, 8 h (S ntidz g 5
- c(n—1—i4,, 2) 2( )|[X'5]|5 S: (157)

(Gh2)—iz,s,(X) =

recall that the product c(n — 1 + v¢, 67)|[X, R]| ~'~"1 can be continued analytically
with respect to v4, as a distribution in X. Then,

oo oo

(hy##hy) (X) = j j % (Odhdi,  (158)
61 0152 0,1 oo —oo
with
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5 ) —v1+v2
1]111722( ) (4 ¥ c(n—1+v1,51)C(n—1—v2,52)

<[ Gro®Is) (6 (11X RITHILK, 1)) dRds,  (159)
R2n xR2n
the two signed powers under the sharp product of which appears under the integral
sign being regarded as functions of X. Actually, so as to obtain the last equation, we
have changed the order of the bilinear operation # and of the integration with respect
to dR dS. Though not completely trivial, the justification is fully similar to that, based
on the consideration of the domains of powers of the harmonic oscillator, which
occurred, in the one-dimensional case, in [166]: we shall not reproduce it here.
Generically, one has [R,S] # 0 and, as noticed in (111), there exists g €
Sp(n, R) such that
g'S =e, g 'R =[RSlenns (160)
in terms of the canonical basis of R?" x R?™. Then, using the covariance of the Weyl
calculus, and the fact that the transformation G commutes with symplectic changes of
coordinates, We obtain

Fo102 X) = e c(n—14+v,6)c(n—1—-v,,6,)

v1 1%) (4 )2

<[ GBI RIG ™G (Y bals ™ il ™) (7 %) dRds.
R2" xR2"1

(161)
The function Fv‘i};‘zz can then be made explicit, starting from (161), with the help of

Proposition (6.13). Rewrite the result of this proposition, tested against A € S(R?"),
as

(6 (Y = Iy l;" " i 572 ) = f a2 f h(se; +re41)

n—2+v +vy—id 172~ Ul vy —id
BO(vll Uy, l)lr 6116216)|T| 2 |S|5 2
_ n—2+v1+v,—ik "—2—‘]12—1’2—1'/1
+ B (v1,v3,14; 61, 62, 6)(11) 2 sl _s drds. (162)

Then,

[0¢]

(6(r = il #m 15 ) ) og™ = [ da [ hss+ k)

—00 RZ
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n—2—v1—vy—il
2

n+vi+vy—il n—2+v1+vy—il

BO(UIJUZIU"; 51152!5)|[RFS]| 2 |T'| 2 |S|6

+Bl (171, Uy, ll, 61, 52, 5)
n—2+v1+vp—id n—2+v1+vp—ild

([R,S]) 2 (r) 2 Isl,_s ° drds, (163)

n—2—-v1-—vp—il

as seen after one has used (160) and the change of variable r +— [R, S]r, and

61,62 __ 51,6
Filll,i/zlz - f Fi/lll,i,zlz;i/l dA (164)
with -
51,6 2i(=A1+12) _ _
<Fifl,ii2;u,h> = (—1)51 an)? cn—14+iA +6)c(n—1—iA, +6,)

X j (Gh)(R)hy(S)dRdS j h(rR + sS)
R2n xR2N R2

X [BO (ill, i/’{z, lA, 61, 62, 6)

(A=) gyi(ag4ap—a)  Ro2Hi(A1—Aa—A)
<RSI, 2 Il = sly
+B1 (iﬂ.l, iﬂ.z, l)‘., 51, 52, 5)

—n+i(—A1+A12+1) n—2+i(11+A2—2) n—2+i(—11—-A2-21)

><|[R,.S']|1_51 2 (r) 2 Isl,_s °* ]drds. (165)

Finally, making the coefficients B, and B; explicit with the help of Proposition
(6.13) and using (94) again,

1 /61,62
4 (le,mz;w h)

é

B (_1)61 21'(—114—12)
o (n)?

x [C (n—2+i(/121—/12 +1) ’ 51)

(Gh) (R)hy(S)dRdAS J h(rR + sS)
R2n xR2N R2

—n+i(—221+12—l) n—2+i(11+A2—1) n_z'H.(_gl_AZ_A)
x|[R, S, |7 2 sl
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n—2+i(A1—A,+A
—C ( (21 2 ), 1 _ 61
A1+ oy 4ag—a)  Ro2Hi(EA1—Aa-A)

X |[R,S]|1_51 z (r) 2 Isl,_s °* drds. (166)

The distribution F‘S1 62 P "(R?") is of type (—n —iA,8) . Now, given any

element S of C~ °°(7Tu1,5) extended as a distribution in R?" of type (—n — i1, §) with
the same name, and any function h € S(R?"), one has the equation

(S, h)s' m2nyxs(m2ny = 4TS, hoin )= (myy 5)xC= (_izs) (167)
linking the two kinds of pairings. Starting from the case when & is a function, one
obtains (167) from the equation S(tX,) = |t |;""*&(X,) and (18) or, if preferred,
from a polarization of (27). The left-hand side of (166) can thus also be regarded as
e h_;; s) the pairing now denoting that between C~*(m;s) and
Cc” (”—1/1,6)- The comparison with (109) is now easy.

With another look at (48), one sees that J, 010217

V1,U2,V
when j = 0, and with ]11,;521;’&_52‘1_5 when j = 0. Then, the first or second term on the

right-hand side of (166) is a multiple of the right-hand side of (109) taken with
j =0o0r1,as it follows from a comparison of the exponents and subscripts in (109)
and in each of the two terms of (166) of the signed powers of [R,S],r and s. The
coefficient by which one must multiply the expression on right-hand side of (109) to
obtain the corresponding term in right-hand side of (166) is

81,62;6

coincides with J, ",

C(n—2+i(—11+lz+l))

R ] (ot S (168)
’ —n+i(A1+A2+4) \ "

| " 2 ()

Expanding, we can write this as

n—6+i(11+12-1) 3(n—1)—24i(A1+12—-1)

T T L 2

r n+i(A1—-A2+1)+2¢1 r n+i(—A1+A2+A)+2¢2 r n—i(A1+A2+21)+2¢
F(Z—n—t(/ll—2/12+l)+2£1) F(Z—n—t(—l1—é—lz+l)+2£2) F(Z—n+t(/11-;—lz+l)+2£)

This concludes the proof of Theorem (6.3.1).

As an example, let us consider the harmonic oscillator L = Op(mf) with
£(x,&) = |x|*> + |€ |, and sharp products of fractional powers of £.
Proposition (6.15)[172]. Let v;, v, € C satisfy the conditions —n < Rev; < n,
—n < Rev, < n. Then, the decomposition into homogeneous components h;; of the

—n—vq —n—v)
symbolh=+¢ 2 #+¢ 2z isgiven by the equation
n—2+vi1+vp—id —n-—il

hi; = %(Zﬂ) 2 t 2

X
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F(n+v1-iz-v2—il) F(n+v1;v2+i/'l) F(n—v142-v2+il) F(n—vl—zvz—il)

r()rE) ()
Proof. It is identical to that of the one-dimensional case. Only, one starts this time
from the equation

X

(170)

n A\ L
op(e™) = (1 -2 (5) (171)
(same reference as in the one-dimensional case), leading rapidly to the equation
h =

( )v1+v2+2n 0 00 ds.d
27 n+v n+vy—2 S1+S si1as
ATy CE: [ [5F sT emn pte q  a)
I‘( Ul vz 1+s15, (14 s1sy)
) 0 0
Then
2 v1+v2+n —2—il I‘(n;il) g—n—il
= - 2
lﬂ ( T[) o F(m) l.,(n+2v2)
n+v2—2 —n—il —n+il
X j j S 2 (51 + 52) 2 (1 + 5152) 2 dSldSZ, (173)

from which it is easy to conclude.
In general we can show

Corollary (6.15)'[140]. Let the squence{v; }7:1 € C satisfy the conditions -n <
Re(vj) < nforeach j =1,...,r. The decomposition in to homogenous components

—-n—vq —n—vy —n—vj
h;; of symbols h=+¢ 2 #+¢ 2 #..#+¢ 2 lisgivenby
n—2+Y;_1vj—id —n—i}
l}L - (27‘[) 2 t 2

r .
n+¥j—qv;—it n+v1—v2+v3—v4+-+vp +il n—v1+v2—v3+v4++vp +il n—v1—v3—v3——vpy —id
r 2 r 2 r 2 r 2

o))

Proof. It is identical to that of the two-dimensional. We start from the equation

Op(e—Znsf) =(1- Sz)—% (1 — 5>L
1+s

X

which leads to
2} 1 vj+2n

h= @m) 2 — jjf sjnﬂ;j_z o—21 j 151 v dsids, ...ds,
J'r=1r< 2]>00 0 L+IT- (1+H1 11)




r . .

Zj=1 vj+n—2-il F(H'HA) —(n+i1)

- 2 f 2
n+v;

r ]
j=1 F(—z )

oo ©0 (0]
n+vy—2 n+v,—2 —(n+id)
X |l st 2 s 2 (sp+sy++s) 2
0 0 0
—n+il

(1+ 518y ...5.) 2 dsyds, ...ds,

Hence gives the result.

-n—vq

Let us observe that, if not dealing with differential operators (i.e., when and

-n—vp

are not both non-negative integers),Moyal’s expansion (20) would lead in this

example to a sum of terms with increasing singularities at 0, without significance,
even asymptotic, as a distribution in R?":however, let us hasten to say that microlocal
analysis does not attach much significance to points of the phase space.

Irreducibility of the decomposition of L? (R?*™)

We prove here the irreducibility of most unitary representations appearing in the
spectral decomposition of Proposition (6.1). In the last decades, general irreducibility
results such as Kostant’s irreducibility theorem for spherical (minimal) principal
series representations [161] and Vogan—Wallach’s irreducibility theorem for generic
parameters [168] have been developed. Also, many specific cases have been studied
in detail by R. Howe, E.-T. Tan, S.-T. Lee, S. Sahi and many other. by algebraic and
combinatorial methods. However, to the best of our knowledge, neither the general
theory nor the known special results contain Theorem (6.18) below, the proof of
which is based on the extension of the idea of branching laws to non-compact
subgroups [160] and on properties of the Weyl calculus in R*1.

Lemma (6.16)[172]. Let Mg** = {S = (s4,s,;0,0,)} denote the linear space of
translations of the affine hyperplaneM,. Given S € M,, define the linear
automorphism 7; of R?™ by the equation

TeX =X+[S,X]e; + [eg,]S. (174)
For every S € My, T3 is a symplectic transformation of R?" preserving M,. The
group of all such symplectic transformations is generated by the group N of
transformations 75, S € Mye*, together with the group M of transformations
(%1, %581, 8.) — (%1, ¥ §1,m.), where the map (x,; &) — (.;7.) is a symplectic
transformation in the 2n — 2 variables involved; the latter normalizes the first within
Sp(n, R).
Proof. That [TzX, 7Y = [X, Y]] for every pair X,Y is an immediate consequence of
the relations [eq,e;] =[e1,S] =[S,S] =0. That the group MN generates the
stabilizer of M, is a consequence of the observation following (42).
Eq. (22) reduces when g € MN to
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(5 (@f)X) = f(g71X), X € M. (175)

If one sets S, = (s,;0,), X.. = (x,;¢.), the transformation T"_s expresses itself when
considered on M, as

T s(x1,x51,&) = (x1 — 2851 + [Se, Xuu L e — 551, &, — 0,): (176)

it follows in particular that, given (i, 6) € iR x {0, 1}, all transformations m;; 5(g)

with g € MN, when regarded as unitary transformations of L?(M,), commute with the

. . 1 0
differential operator——.
2im 0x1

Let us first decompose the restriction of the representation m;; s to MN: from
what has just been said, it can be analyzed when coupled with the spectral

decomposition of the operator ﬁ% in other words when fixing the first variable t in
1

the partial Fourier transform F; f of f € L>(M,), as already done. From (175), one
has if n > 2 the identity

GICAE)ICERES

= e 2mt Qs S XD (F £) (8, %, = 5.5 €. — 0.), (177)
a group of transformations in which we may regard t #+= 0 as a parameter by
specializing to s; = 0, getting a projective representation ni(/lt,)d of R?"~2, actually
independent of (i4, ), as a result; the same is true when considering transformations
Fy (s (2)) Frt with g € M.
Lemma (6.17)[172]. Assume that n > 2. For fixed t # 0, the linear space of
bounded  operators in L?(R?"72), which commute with all transformations
F (ﬂf}t\)(‘3 (g)) Frt with g € MN is generated by the identity and the transformation

F 3 Fr L characterized by the equation

(F X X)) = (" J e 2mtIX Ll (7 £)(8, VDAY, (178)

R2n—2
Proof. First assume that ¢ = 2. Looking at (177), one sees that the linear space of
infinitesimal operators of the representation of N under consideration is generated by
the following operators, where j,k > 2: (i) the operators ¢; +ﬁ% , Where ¢;
1

denotes the operator of multiplication by ¢; ; (ii) the operators x; — ﬁ% . From
k

(20), these are just the operators h +— &; # h and h — x; # h. Taking advantage of
the Weyl calculus in R* 1, set

w2(2)0p = (F1 (n35(2)) Fr''h), g € MN, (179)
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defining in this way a unitary representation @? of MN in the space of Hilbert—
Schmidt operators in L?(R™1). From what has just been seen, the image @?(N)
consists of the automorphisms
A — exp(2in((n, Q) — (v, P)))A (180)
On the other hand, in view of (20), the image under @w? of M consists of the maps
A — UAU™! with U in the image of the metaplectic representation. Since the
Heisenberg representation in L2(R"™1). is irreducible, while that of the metaplectic
representation decomposes into its restrictions to spaces of functions with a given
parity, it follows that the commutant of the representation w? of MN is the linear
space generated by the identity together with the automorphism A — ACh, where Ch
is the parity map u + i, of the space of Hilbert-Schmidt operators in L?(R"™1).
Going back to symbols and using what immediately follows (88), one obtains the
case t = 2 of Lemma (6.17), from which one obtains the general case by a simple
rescaling of coordinates of S.
Consider now any bounded operator Kin the commutant of the representation
T 5. Restricting the representation to MN, it follows from Lemma (6.17) that the
operator F;KFr ! is a linear combination, with coefficients depending on t (the
variable used in the definition of the partial Fourier transform), of the operators I and
F 3 Fr L. Introduce the group A of symplectic transformations of R?" defined as
ga: (x,§) — (ax,a™1%), a>0. (181)

From (22), one has
(ﬂm,a (ga)f)(xl,x*; 1,&) =a " f(a%x, a %x.; 1,E,). (182)
Then, the operator K must also commute with the Euler operator2]>1 X;=—, and the

operator F; K F; 1 must commute with the operator — + X2 Xj o= after a change

of variables in (187), it follows that the above—referred coeff|C|ents depend only on
signt .

Theorem (6.18)[172]. Given any n > 1, and any pair (i1, ) € iR x {0, 1} such
that (i1,6) # (0,1) and (i4,8) # (0,0), the representation m;; 5 is irreducible; if
(i1,8) = (0,1), it decomposes as the direct sum of two irreducible representations,
and such is the case if (i1,8) = (0,0) and n > 2.

Proof. We may assume that n > 2, since the one-dimensional case is classical [157].
From the considerations that precede in this section, any operator commuting with the
representation m;; s must lie in the algebra generated by the following two
involutions:
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(i) the transformation 2 defined by

(F2f )& X)) = [t " f e 2t e (Fy £)(¢, Vo) dY..; (183)

]RZn -2

(i1) the transformation ¥ = sign (ia—) defined by

2im 0x

(Fr(PH)I(E X.) = (signt) (Fif ) (6 X (184)
Looking at (40), one may note that X' = 6 ; and that the composition Z¥ = ¥X

coincides with the intertwining operator 6, ;. Now, 8, is a non-trivial (i.e., distinct
from a scalar) intertwiningoperator of the representation m, ; with itself, and 6, is
an intertwining operator of the representation m,, with itself, non-trivial as soon as
n = 2.

What remains to be seen, fixing n > 2, is that the operator 8, ; cannot commute
with the representation m;; 5 unless (i4, §) = (0, 1) and that the operator 6,, cannot
commute with the representation m;; s unless (i4,6) = (0,0), finally that ¥ can
never (if n > 2) commute with
a representation m;; 5. Given (iA, §), set

0; = Oia,5 B0, (185)

so that, from (50),

(F16; £ )t X..) = |t |75 (Ff )t X, (186)
If 8y, happens to be an intertwining operator from the representation ;, 5 to itself,
the operator ©; is an intertwining operator from m;; 5 to m_;; 5. This operator, in its

realization on L?(M,), has an integral kernel which, evaluated at some pair
((x1,X.x), (71, Yer)), 1s the product of some distribution in x; —y; by §(X,. — Y..):
as n = 2, it is obvious that such an integral kernel, unless it is that of a scalar
operator, cannot satisfy the covariance property that would make it an intertwining
operator between two representations of the species under consideration. The same
applies to the operator ¥.
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List of Symbols

Symbol page
Re Real 1
LP The Lebesgue space 11
min Minimum 12
BV Bounded variation 12
L? Hilbert space 13
wil Sobolev space 13
L Lebesgue on the real line 13
Sup Supremum 14
Inf Infimum 18
a.e Almost every where 25
opt Optimal 28
H! Sobolev space 33
max Maximum 45
@ Direct Sum 49
id Identity 50
® Hilbert direct Sum 50
End Endomorphism 54
Aut Automorphism 54
supp Support 57
dim Dimension 60
® Tensor product 63
top Topology 63
Direct spectrum 66
FIE Fractional Integral Equation 68
FDE Fractional Differential Equation 68
FDIE Fractional Differential Integral Equation | 68
L* Lebesgue space 117
const Constant 133
w21 Sobolev space 134
arg Argument 172
ind Index 172
Op Operator 181
U Unitary transform 183
mod Modular 192
vect Vector 223
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