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Abstract 
 

 

 

           
           We show the solutions of certain integral equations, by means of operators 

of arbitrary order, and fractional differintegral equations. Complete analysis of 

bounded variation penalty methods is shown for ill-posed problems with more 

considerations to the autoconvolution equations, total variation constraints and 

exact determination of the density function by its autoconvolution coefficients. 

The free multiplicities in branching problems are obtained with unitary highest 

modules. Existence of compact quotients of homogenous spaces, measurably 

proper actions, and decay of matrix coefficients with tempered actions are 

established. In addition, conformal geometry and branching laws for 

representations concerned with minimal nilpotent orbits are investigated. We give 

explicit solutions of fractional integral, fractional differential equations and 

differential equations involving Erde lyi-Kober operators, with high applications on 

the generalized Gronwall inequality. We also find explicit bounds for weakly 

singular integral inequalities with applications to fractional differential and integral 

equations. We study the integro-differential equations of first order with 

autoconvolution integral structure and show the theory and present the general 

class of autoconvoluation equations of the third kind. We construct the 

composition formulas in the Weyl calculus.  
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 انخلاصت

 
 

           أوضذُا دهىل يؼادلاث انتكايم انًؼيُت بىاصطت يتىصطاث يؤثراث انرتبت الإختياريت ويؼادلاث 

تى تىضيخ انتذهيم انتاو نهطرق َاػًت انتغيير انًذذود نهًضائم انًؼقذة انطرح يغ . انتفاضم انتكايهيت انكضريت

الإػتباراث الأكثر إني يؼادلاث الإنتفاف انتهقائي وقيىد انتغيير انكهيت وانتذذيذ انتاو نذانت انكثاقت بىاصطت 

تى . تى إػطاء انًضاريب انذرة في يضائم انتفرع يغ انًقاصاث انؼهيا انىادذيت. يؼايلاث الإنتفاف انتهقائي

تأصيش وجىد دىاصم انقضًت انًتراصت نهفضاءاث انًتجاَضت والأفؼال انًُاصبت انقابهت نهقياس واضًذلال 

اضافت تى يُاقشت انهُذصت انذافظت نهزوايا وقىاَيٍ انتفرع . يؼايلاث انًصفىفت يغ الأفؼال انًتضاويت

أػطيُا دهىلاً  صريذت نهتكايم انكضري . نهتًثيلاث انًؼيُت يغ انًذاراث يتلاشيت انقىي الأصغريت

كىبر يغ انتطبيقاث انؼهيا - وانًؼادلاث انتفاضهيت انكضريت وانًؼادلاث انتفاضهيت انًتضًُت يؤثراث أردني

أيضاً  أوجذَا انذذود انصريذت نًتبايُاث انتكايم انشارة انضؼيفت يغ انتطبيقاث . ػهي يتبايُت قروَىل انًؼًًت

انتفاضهيت يٍ انرتبت الأوني يغ بُاء - درصُا يؼادلاث انتكايم. إني انتفاضم انكضري وانًؼادلاث انتكايهيت

تى ػهي . تكايم الإنتفاف انتهقائي وأوضذُا َظريت وانؼائهت انؼايت نًؼادلاث الإنتفاف انتهقائي يٍ انرتبت انثاَيت

 . َذى واصغ تشييذ انصيغ انًركبت في دضباٌ ويم
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Introduction 

        The solution of the Volterra differintegral equation using the Riemann-

Liouville definition of fractional calculus is expressed interms of the Mittag-

Leffler functions which allow us to extend the range of parameters to a wider 

range. 

         We present an abstract analysis of bounded variation methods for ill-posed 

aperator equations. In addition, convergence results are obtained which apply 

when the perturbations vanish and the regularization parameter is chosen 

appropriately. We present a discrete constrained least squares approach for the 

𝑥 ∗ 𝑥 = 𝑦 and show its convergence in 𝐿𝑝(0, 1), 1 ≤ 𝑝 < ∞, where the 

regularization is based on a prescribed bound for the total variation of admissible 

solutions. This approach includes the case of non-smooth solutions possessing 

jumps. Moreover, an adaption to the Sobolev space 𝐻1(0, 1) and some remarks on 

monotone functions are added.  A numerical case study concerning the 

determination of non-monotone smooth and non-smooth functions 𝑥 from the 

autoconvolution equation with noisy data y is considered. We deal with a 

modification of the well-known ill-posed autoconvolution equation 𝑥 ∗ 𝑥 = 𝑦 on a 

finite interval, we focus on solutions which are probability density functions and 

assume to have data of the autoconvolution coefficient 𝑘 of the density function 𝑥, 

which we define as the quotient of the autoconvolution function 𝑥 ∗ 𝑥 and 𝑥 itself. 

The corresponding inverse problem leads to the nonlinear integral equation 

𝑘𝑥 − 𝑥 ∗ 𝑥 = 0 of the third kind. 

         For a unitary highest weight module of a reductive Lie group, a reductive 

symmetric pair induces a holomorphic embedding of Hermitian symmetric spaces. 

We show that the multiplicity of irreducible representations occurring in the 

restriction is uniformly bounded. Furthermore, we show that the multiplicity is free 

for a one dimensional minimal type. the method here also establishes an analogous 

result for the tensor product of unitary highest weight modules, and also for finite 

dimensional representations of compact groups. Finally, we give an explicit 

branching formula of a holomorphic discrete series representation with respect to a 

semisimple symmetric pair. A new approach for constructing results of 

homogenous spaces with no compact quotients is show. For the unitary 

representation attached to the minimal nilpotent coadjoint orbit, we explicitly 

calculate its restriction to certain natural dual pairs in the unitary representation. 

We furthermore show how the  results are compatible with the orbit method, in 

particular when viewing the minimal nilpotent orbit as belonging to the limit set of 

semisimple orbits. 

  

         By means of fractional calculus techniques we find explicit solutions of 

Volterra integral equations of second kind and fractional differential equations, 

involving Erde lyi-Kober fractional integrals or derivatives. We present a 

generalized Gronwall inequality with singularity. Weakly singular integral 

inequalities of Gronwall–Bellman type are established, which generalized some 

known weakly singular inequalities and can be used in the analysis of various 



 vii 

problems in the theory of certain classes of differential equations, integral 

equations and evolution equations. 

         Two classes of first order integro-differential equations with autoconvolution 

integral are studied generalizing an equation from the turbulence theory. General 

existence and stability theorems in a finite interval are show and the asymptotic 

behavior of the solutions at infinity is discussed. Two existence theorems for a 

general class of a model integral equation of autoconvolution type of the third kind 

are derived. Existence results are generalized to two types of autoconvolution 

equations of the third kind having free terms with nonzero values at 𝑥 = 0 like the 

well-known Bernstein–Doetsch equation for the Jacobian theta zero functions. 

          The composition formula in pseudodifferential analysis extends that valid 

for differential operators. We develop the decomposition of the symboles functions 

as an integral superposition of homogenous one of degree lying on the complex 

line. 

 
 


