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Abstract

This study introduces the mechanical elements that are the main components in
the dynamic modeling of mechanical systems. It discusses the electrical elements of
voltage and current source, resistor, capacitor, inductor, and operational amplifier. We
derive mathematical models for electrical systems. The transfer function, enables
connecting the input to the output of a dynamic system into the Laplace domain for
single-input, single output, multiple-input and multiple output systems. It is shown
that how to derive the transfer function for SISO systems and the transfer function
matrix for MIMO systems by starting from the system time-domain mathematical
model or using complex impedances. The transfer function is further utilized to
determine the free and forced time responses with zero initial conditions of
mechanical and electrical. The concept of state space is an approach that can be used
to model and determine the response of dynamic systems in the time domain. Using a
vector-matrix formulation, the state space procedure is an alternate method of
characterizing mostly MIMO systems defined by a large number of coordinates
(DOFs). Different state space algorithms are applied, depending on whether the input
has time derivatives or no time derivatives. Methods of conversion between state
space and transfer function. MATLAB is quite useful to transform the system model
from transfer function to state space, and vice versa. We also used the partial-fraction
expansion of the ratio of two polynomials, block diagram algebra.
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Introduction

Engineering system dynamics is a discipline that focuses on deriving mathematical
models based on simplified physical representations of actual systems, such as
mechanical, electrical, fluid, or thermal, and on solving the mathematical models
(most often consisting of differential equations).The resulting solution (which reflects
the system response or behavior) is utilized in design or analysis before producing and
testing the actual system. Because dynamic systems are characterized by similar
mathematical models, a unitary approach can be used to characterize individual
systems pertaining to different fields as well as to consider the interaction of systems
from multiple fields as in coupled-field problems.

The main objective of this study is introduces the mechanical elements (inertia,
stiffness, damping, and forcing) that are the main components in the dynamic
modeling of mechanical systems. By using the lumped-parameter approach, you have
learned to model the dynamics of basic, single degree-of-freedom mechanical systems.
Newton’s second law of motion is applied to derive the mathematical models for the
natural, free damped, and forced responses of basic translatory and rotary mechanical
systems. We discuss the electrical elements of voltage and current source, resistor,
capacitor, inductor, and operational amplifier. Ohm’s law, Kirchhoff’s laws, the
energy method, the mesh analysis method, and the node analysis method are applied to
derive mathematical models for electrical systems.

The transfer function, which enables connecting the input to the output of a
dynamic system into the Laplace domain for single-input, single output and multiple-
input, multiple output systems. It is shown how to derive the transfer function for
SISO systems and the transfer function matrix for MIMO systems by starting from the
system time-domain mathematical model or using complex impedances. The transfer
function is further utilized to determine the free and forced time responses with zero
initial conditions of mechanical and electrical systems.

The concept of state space as an approach that can be used to model and determine
the response of dynamic systems in the time domain. Using a vector-matrix
formulation, the state space procedure is an alternate method of characterizing mostly
MIMO systems defined by a large number of coordinates (DOFs). Different state
space algorithms are applied, depending on whether the input has time derivatives or
no time derivatives. Methods of calculating the free response with nonzero initial
conditions and the forced response using the state space approach also are presented.
Methods of converting between state space and transfer function.

MATLAB is quite useful to transform the system model from transfer function to
state space, and vice versa. It is also used to obtain the partial-fraction expansion of
the ratio of two polynomials, block diagram algebra, introduced for solving problems
through symbolic calculation and plotting time responses.
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Chapter One

Mathematical Modeling
1-1 Definitions
Before we can discuss control systems, some basic terminologies must be defined.

Definition 1.1: [6] A system is defined as a combination of components (elements)
that act together to perform a certain objective. System dynamics deal with:

a) the mathematical modeling of dynamic systems and
b) response analysis of such systems with a view toward understanding the
dynamic nature of each system and improving the system’s performance.

A system is a combination of components that act together and perform a certain
objective. A system need not be physical. The concept of the system can be applied to
abstract, dynamic phenomena such as those encountered in economics. The word
system should, therefore, be interpreted to imply physical, biological, economic, and
the like, systems.

Definition 1.2: [6] Static Systems have an output response to an input that does not
change with time.

Definition 1.3: [6] Dynamic Systems have a response to an input that is not
Instantaneously proportional to the input or disturbance and that may continue after
the input is held constant. Dynamic systems can respond to input signals, disturbance
signals, or initial conditions.

Initial Conditions

+ Outputs
Dynamic System |————p»

+

Disturbances
Figure 1-1 Excitation and response of a system

Inputs

Definition 1-4: [6] Dynamic Systems may be observed in common devices employed
in everyday living, Figure 1-2, as well as in sophisticated engineering systems such as
those in spacecraft that took astronauts to the moon. Dynamic Systems are found in all
major engineering disciplines and include mechanical, electrical, fluid and thermal
systems.

Definition 1-5: [6] Controlled Variable and Control Signal or Manipulated
Variable. The controlled variable is the quantity or condition that is measured and
controlled. The control signal or manipulated variable is the quantity or condition that
Is varied by the controller so as to affect the value of the controlled variable.
Normally, the controlled variable is the output of the system. Control means
measuring the value of the controlled variable of the system and applying the control
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signal to the system to correct or limit deviation of the measured value from a desired
value.
In studying control engineering, we need to define additional terms that are

necessary to describe control systems.

Definition 1-6: [6] Plants. A plant may be a piece of equipment, perhaps just a set of
machine parts functioning together, the purpose of which is to perform a particular
operation. We shall call any physical object to be controlled (such as a mechanical
device, a heating furnace, a chemical reactor, or a spacecraft) a plan.

Definition 1-7: [6] Processes. The Merriam-Webster Dictionary defines a process to
be a natural, progressively continuing operation or development marked by a series of
gradual changes that succeed one another in a relatively fixed way and lead toward a
particular result or end; or an artificial or voluntary, progressively continuing
operation that consists of a series of controlled actions or movements systematically
directed toward a particular result or end.

Definition 1-8: [6] Disturbances. A disturbance is a signal that tends to adversely

affect the value of the output of a system. If a disturbance is generated within the
system, it is called internal, while an external disturbance is generated outside the
system and is an input.

Definition 1-9: [6] Feedback Control. Feedback control refers to an operation that, in
the presence of disturbances, tends to reduce the difference between the output of a
system and some reference input and does so on the basis of this difference. Here only
unpredictable disturbances are so specified, since predictable or known disturbances
can always be compensated for within the system.

1-2 Mathematical Modeling of Mechanical Systems

Mathematical models. may assume many different forms. Depending on the
particular system and the particular circumstances, one mathematical model may be
better suited than other models. For example, in optimal control problems, it is
advantageous to use state-space representations. On the other hand, for the transient-
response or frequency-response analysis of single-input, single-output, linear, time-
invariant systems, the transfer-function representation may be more convenient than
any other. Once a mathematical model of a system is obtained, various analytical and
computer tools can be used for analysis and synthesis purposes.

Mechanical systems may be modeled as systems of lumped masses (rigid bodies)
or as distributed mass (continuous) systems. The latter are modeled by partial
differential equations, whereas the former are represented by ordinary differential
equations. In reality all systems are continuous, but, in most cases, it is easier and
therefore preferred to approximate them with lumped mass models and ordinary
differential equations.

Definition 1-10: Mass is considered a property of an element that stores the kinetic
energy of translational motion. If W denotes the weight of a body, then M is given by
M=W/g 1-1)



where g is the acceleration of free fall of the body due to gravity (g = 32.174 ft/
sec? in British units, and g = 9.8066 m/sec? in Sl units).

The equations of a linear mechanical system are written by first constructing a
model of the system containing interconnected linear elements and then by applying
Newton's law of motion to the free-body diagram (FBD). For translational motion,
the equation of motion is Eq. (1-2), and for rotational motion, Eq. (1-17) is used.

The motion of mechanical elements can be described in various dimensions as
translational, rotational, or a combination of both. The equations governing the
motion of mechanical systems are often directly or indirectly formulated from
Newton's law of motion.

Translational Motion: The motion of translation is defined as a motion that takes
place along a straight or curved path. The variables that are used to describe
translational motion are acceleration, velocity, and displacement.

Newton's law of motion states that the algebraic sum of external forces acting on a
rigid body in a given direction is equal to the product of the mass of the body and its
acceleration in the same direction. The law can be expressed as

z forces = ma 1-2)
external
» ¥(1)
M ————p fi1)

Figure 1-2 Force-mass system.
where M denotes the mass, and a is the acceleration in the direction considered. Fig. 1-
2 illustrates the situation where a force is acting on a body with mass M. The force
equation is written as

d?y(t) dv(t)
f(t)—Ma(t)—Mw— dt (1—3)

where a(t)is the acceleration, v(t) denotes linear velocity, and y(t) is the
displacement of mass M, respectively.

For linear translational motion, in addition to the mass, the following system
elements are also involved.
Linear spring: In practice, a linear spring may be a model of an actual spring or a
compliance of a cable or a belt. In general, a spring is considered to be an element that
stores potential energy.

f(®) =Ky(t) (1-4)
where K is the spring constant, or simply stiffness. Eq. (1-4) implies that the force
acting on the spring is directly proportional to the displacement (deformation) of the
spring. The model representing a linear spring element is shown in Fig. 1-2. If the
spring is preloaded with a preload tension of T, then Eq. (1-4) should be modified to

f(@®)—T=Ky(t) (1-5)
Friction for translation motion: Whenever there is motion or tendency of motion
between two physical elements, frictional forces exist. The frictional forces
encountered in physical systems are usually of a nonlinear nature. The characteristics
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of the frictional forces between two contacting surfaces often depend on such factors
as the composition of the surfaces, the pressure between the surfaces, and their relative
velocity among others, so an exact mathematical description of the frictional force is
difficult. Three different types of friction are commonly used in practical systems:
viscous friction, static friction, and Coulomb friction: These are discussed
separately in the following paragraphs.

Viscous friction. Viscous friction represents a retarding force that is a linear
relationship between the applied force and velocity. The schematic diagram element
for viscous friction is often represented by a dashpot, such as that shown in Fig. 1-3.
The mathematical expression of viscous friction is

o dy(¢)
- f()=8B T (1-6)
% r{g’_ﬁ_\ \—b ¥ . 10

Figure 1-3 Force-spring system.

% B ¥
—
Figure 1-4 Dashpot for viscous friction.

f f f
+F,

Slope =B

~F,

£

(@ (b) ©
Figure 1-5 Graphical representation of linear and nonlinear frictional forces, (a) Viscous friction, (b) Static friction, (c)
Coulomb friction.

where B is the viscous frictional coefficient. Fig. 1-5(a) shows the functional relation
between the viscous frictional force and velocity.
Static friction: Static friction represents a retarding force that tends to prevent motion
from beginning. The static frictional force can be represented by the expression

f@) = £(F)ly=o 1-7)
which is defined as a frictional force that exists only when the body is stationary but
has a tendency of moving. The sign of the friction depends on the direction of motion
or the initial direction of velocity. The force-to-velocity relation of static friction is
illustrated in Fig. 1-5(b). Notice that, once motion begins, the static frictional force
vanishes and other frictions take over.
Coulomb friction: Coulomb friction is a retarding force that has constant amplitude
with respect to the change of velocity, but the sign of the frictional force changes with
the reversal of the direction of velocity. The mathematical relation for the Coulomb
friction is given by



dy(t)
f(t):FcM (1-8)

(%)

dt

where F. is the Coulomb friction coefficient. The functional description of the
friction-to-velocity relation is shown in Fig. 1-5(c).

It should be pointed out that the three types of frictions cited here are merely
practical models that have been devised to portray frictional phenomena found in
physical systems. They are by no means exhaustive or guaranteed to be accurate. In
many unusual situations, we have to use other frictional models to represent the actual
phenomenon accurately.
ball bearings used in spacecraft systems. It turns out that rolling dry friction has
nonlinear hysteresis properties that make it impossible for use in linear system
modeling.

Example 1-1: [59] Consider the mass-spring-friction system shown in Fig. 1-6(a). The
linear motion concerned is in the horizontal direction. The free-body diagram of the
system is shown in Fig. 1-6(b). The force equation of the system is

dy(t) d*y(t)

f(t)—BW—KY(t)=M qr2 (1-9)

The last equation may be rearranged by equating the highest-order derivative term to
the rest of the terms:

d’y(t)  Bdy(t) K 1
T A TR AT A, (1-10)
i——- ¥ ‘-—» ¥

K
ad LA Ky(f) 44—

M ——» 1) dy(f) M L—» fiD)
_‘]]_ B o Y

B

AN

{a) {b)
Figure 1-6 (a) Mass-spring-friction system, (b) Free-body diagram.

2
where y(t) = (di’i (tt)) and y(t) = (ddi gt)) represent velocity and acceleration,

respectively. Or, alternatively, the former equation may be rewritten into an input-
output form as

Y 5 K _ 1 1-11
() + 230 +2-y(0) = £ (O (1-11)

where y(t) is the output and % is considered the input

Example 1-2: [59] As another example of writing the dynamic equations of a
mechanical system with translational motion, consider the system shown in Fig. 1-
7(a). Because the spring is deformed when it is subject to a force f(t), two
displacements, y, and y,, must be assigned to the end points of the spring. The free-
body diagrams of the system are shown in Fig. 1-7(b). The force equations are

f(®) = Kly1(t) =y (6)] (1-12)

dy,(t)  d’y,(t)
—Kly2 () =y (O] - B——=M—75 (1-13)
These equations are rearranged in input-output form as
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d?y,(t) B dy, (t)

dtz ' M dt MyZ © (1-14)

(6) =

MY1

2 30 = vi(0)

% :l] M ":'ff‘ > i)

(a)

> y,0) I U
— M ———> 4 LD » 0
dyalt) K
dt Klyz(0) = ()]

(b)
Figure 1-7 Mechanical system for Example 1-2. (a) Mass-spring-damper system, (b) Free-body diagram.

Example 1-3: [59] Consider the two degrees of freedom (2-DOF) spring-mass system,
with two masses m; and m,, two springs k, and k, and two forces f; and f,, as
shown in Fig. 1-8.

To avoid any confusion, we first draw the free-body diagram (FBD) of the system
by assuming the masses are displaced in the positive direction, so that y; >y, > 0
(i.e., springs are both in tension). The FBD of the system is shown in Fig. 1-9.
Applying Newton's second law to the masses M; and M,, we have

fi(©) = kiys + ko (y1 — y2) = My
f2(6) = ka(y1 — ¥2) = My, (1-15)
Rearranging the equations into the standard input-output form, we have
My, + (ky + k3)y: — kv, = f1(8)
My, — ko + koY, = fo(t) (1-16)

_'I-"|_|:Ir] .5'2': E}

F[(l"]‘ _'5'3{”

(e —
Fili) Salt)
— —_—
M, M
K|IV||:-P':I Kz[__'FJ{”' _'I-'Jff]l

Figure 1-9 FBD of the 2-DOF spring-mass system.
Rotational Motion: The rotational motion of a body can be defined as motion about a
fixed axis. The extension of Newton's law of motion for rotational motion states that
the algebraic sum of moments or torque about a fixed axis is equal to the product of
the inertia and the angular acceleration about the axis. Or

6



Z torques = Ja 1-17)
where ] denotes the inertia and « is the angular acceleration. The other variables
generally used to describe the motion of rotation are torque T, angular velocity w,
and angular displacement 8. The elements involved with the rotational motion are as
follows:

Inertia. Inertia, J, is considered a property of an element that stores the kinetic energy
of rotational motion. The inertia of a given element depends on the geometric
composition about the axis of rotation and its density. For instance, the inertia of a

circular disk or shaft, of radius r and mass M, about its geometric axis is given by
1

] = EMr2 (1-18)
When a torque is applied to a body with inertia J, as shown in Fig. 1-10, the torque
equation is written
dw(t) d?6(t)
T(0) =Ja(t) =) —~ =]~ (1-19)
where 6(t)is the angular displacement; w(t), the angular velocity; and a(t), the
angular acceleration.

nn

:@law

Figure 1-10 Torgue-inertia system.

JL

W)
K \

/

B8i{n

AL

Figure 1-11 Torque torsional spring system.
Torsional spring: As with the linear spring for translational motion, a torsional
spring constant K, in torque-per-unit angular displacement, can be devised to
represent the compliance of a rod or a shaft when it is subject to an applied torque.
Fig. 1-11 illustrates a simple torque-spring system that can be represented by the
equation

T(t) = KO(t) (1-20)
If the torsional spring is preloaded by a preload torque of TP, Eq. (1-20) is modified to
T(t) — TP = KO(t) (1-21)

Friction for rotational motion: The three types of friction described for
translational motion can be carried over to the motion of rotation. Therefore, Egs. (1-
6), (1-7), and (1-8) can be replaced, respectively, by their counterparts:

Viscous friction.
de(t)
T(t) - BT (1 - 22)
Static friction.

T =+F]|y_, (1-23)
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Coulomb friction.
do(t)
dt
T(t) =F, 2600
dt
Example 1-4: [59] The rotational system shown in Fig. 1-12(a) consists of a disk
mounted on a shaft that is fixed at one end. The moment of inertia of the disk about
the axis of rotation is J. The edge of the disk is riding on the surface, and the viscous
friction coefficient between the two surfaces is B. The inertia of the shaft is negligible,
but the torsional spring constant is K.
Assume that a torque is applied to the disk, as shown; then the torque or moment
equation about the axis of the shaft is written from the free-body diagram of Fig. 1-

12(b):

(1—24)

do(t)

d?0(t)
T(t)=] dtz +BT+K9(t) (1—25)

Notice that this system is analogous to the translational system in Fig. 1-8. The state

equations may be written by defining the state variables as x, (t) = 6(t) and .x, =
dx,(t)/dt.

(1 E
\§ o\
Tin ity
(a) (b)

Figure 1-12 Rotational system for Example 1-4.
TABLE 1-1 Basic Rotational Mechanical System Properties and Their Units

Parameter Symbo | Sl Units Other Conversion Factors
| Units
Used
Inertia J kg-m* slug-ft® 1g-cm =
Ib-ft-sec® | 1.417 x 10” oz-in.-sec2
oz-in.-sec® | 1 Ib-ft-sec?
= 192 0z-in.-sec?
= 32.2 Ib-ft?
1 0z-in.-sec’ = 386 0z-in’
1 g-cm-sec? = 980 g-cm?
Angular Displacement T Radian Radian 1rad=2%% = 57.3deg
Angular Velocity ] radian/sec radian/sec 2
lrpm = —
60
= 0.107rad/sec
1rpm=6deg/sec
Torque T (N-m) Ib-ft 1g-cm=0.01390z-in
dyne-cm 0z-in 1Ib-ft=1920z-in
10z-in=0.00521 Ib-ft
Spring Constant K N-m/rad ft-1b/rad
Viscous Friction | B N-m/rad/sec | ft-
Coefficient Ib/rad/sec
Energy Q J(joules) Btu 1J=1IN-m
Calorie 1Btu=1055J
1cal=4.184J




Example 1-5:[59] Fig. 1-13(a) shows the diagram of a motor coupled to an inertial
load through a shaft with a spring constant K. A non-rigid coupling between two
mechanical components in a control system often causes torsional resonances that can
be transmitted to all parts of the system. The system variables and parameters are
defined as follows:

T,,(t) = motor torque

B,, = motor viscous — friction coef ficient
K = spring constant of the shaft
0,,(t) = motor displacement
Wy, (t) = motor velocity

T K
MOTOR 1F \I LOAD
¥ [ I
J'm‘ Bm 'HJII ef_

{a)

Bma’m + K( Ear = HL} K[BM - HI}
K

moroR (1) Je I )H 0
Jp.
Jue Tor B o

(b)
Figure 1-13 (a) Motor-load system, (b) Free-body diagram.
Jm = motor inertia
0,(t) = load displacement

w; = load velocity

J;, = load inertia
The free-body diagrams of the system are shown in Fig. 1-13(b). The torque equations
of the system are

d*0,(t)  Bpndb,(t) K 0 0 1T _y
T ar @ - 6@l T (1-20)

d?o
K6 (1) — 6.(0)] =1L#§t) (1-27)

In this case, the system contains three energy-storage elements in J,,,,J;, and K. Thus,
there should be three state variables. Care should be taken in constructing the state
diagram and assigning the state variables so that a minimum number of the latter are
incorporated. Egs. (1-26) and (1-27) are rearranged as

d?e,,(t) _ _B_mdem(t) . 5[9 t) — 6, (t)] + lT t) (1-28)
dt? Jm At o " " Jm
dZQL(t) — 5 [9 (t) —0 (t)] (1 — 29)
T -

Parallel axis theorem: Sometimes it is necessary to calculate the moment of inertia of
a homogeneous rigid body about an axis other than its geometrical axis.



Figure 1-14 Homogeneous cylinder rolling on a flat surface

As an example to that, consider the system shown in Figure 1-14, where a cylinder of
mass m and a radius R rolls on a flat surface. The moment of inertia of the cylinder is
about axis CC’ is

1
Je = 5mR? (1—30)

The moment of inertia J, of the cylinder about axis xx' is
1 3
]x=]C+mR2=EmR2+mR2=E=mR2 (1-31)

Forced response and natural response. The behavior determined by a forcing
function is called a forced response, and that due initial conditions is called natural
response. The period between initiation of a response and the ending is referred to as
the transient period. After the response has become negligibly small, conditions are
said to have reached a steady state.

A Response c(1)

/

| /
/ /
/ i

Steady state
response

/ Transient Response
> {

Figure 1-15 Transient and steady state response

Parallel Springs: For the springs in parallel, Figure 1-16, the equivalent spring
constant k., is obtained from the relation

4 I\

AAA A | k.. X
k, — F /—\/\/\/\/\/J:P

WA

Figure 1-16 Parallel spring elements
10



F=kix+kyx=(k;+ky)x=kgx
Where
keg = ki + ky (for parallel springs) (1-32)
This formula can be extended to n springs connected side-by-side as follows:

n
key = Z k; (for parallel springs) (1-33)

i=1

Series Springs: [6] For the springs in series, Figure 1-16, the force in each spring
Is the same. Thus

Figure 1-17 Series spring elements
F=ky b F=k,(x—-y) (1-34)

Eliminating from these two equations yields

F
Or
kz kZ kl + kz
F=k ——F k =F+—F = ( )F
Zx k1 = ZX + kl kl
Or
kl + kz k2k1 1
= FeF =< ) =
¥ (kzkl) k) T 17
ki ky
Where
1 1 1
— = —+4 — (for series springs) (1-35)
keg ki ks 8

which can be extended to the case of n springs connected end-to-end as follows

1
— = ) — (for series springs) (1-36)
Keg k;

n
i=1

11



Conversion between Translational and Rotational Motions: In motion-control
systems, it is often necessary to convert rotational motion into translational motion.
For instance, a load may be controlled to move along a straight line through a rotary
motor-and-lead screw assembly, such as that shown in Fig. 1-20. Fig. 1-21 shows a
similar situation in which a rack-and-pinion assembly is used as a mechanical linkage.
Another familiar system in motion control is the control of a mass through a pulley by
a rotary motor, as shown in Fig. 1-22. The systems shown in Figs. 1-20,1-21, and 1-22
can all be represented by a simple system with an equivalent inertia connected directly
to the drive motor. For instance, the mass in Fig. 1-22 can be regarded as a point mass
that moves about the pulley, which has a radius r. By disregarding the inertia of the
pulley, the equivalent inertia that the motor sees is

J=Mr2=W/gr? (1-37)
If the radius of the pinion in Fig. 1-19 is r, the equivalent inertia that the motor sees is
also given by Eq. (1-37).

Now consider the system of Fig. 1-18. The lead of the screw, L, is defined as the
linear distance that the mass travels per revolution of the screw. In principle, the two
systems in Fig. 1-19 and Fig. 1-20 are equivalent. In Fig. 1-19, the distance traveled
by the mass per revolution of the pinion is 2rtr. By using Eq. (1-37) as the equivalent
inertia for the system of Fig. 1-18, we have

J=W/g(L/2m)? (1-38)
0, 8(r) | .

— @W W ‘

Lead screw
Figure 1-18 Rotary-to-linear motion control system (lead screw).

’—> x(r)

AMMWAWAMMAAAMAAAAAAAAAAM
e X Rack
Pinion A e
Dri\:7§
motor Vi3]
Figure 1-19 Rotary-to-linear motion control system (rack and pinion).

E—» x(0

. la(z) al (."D

Belt Pulley

Drive
motor (1)

Figure 1-20 Rotary-to-linear motion control system (belt and pulley).

Gear Trains: A gear train, lever, or timing belt over a pulley is a mechanical device
that transmits energy from one part of the system to another in such a way that force,
torque, speed, and displacement may be altered. These devices can also be regarded as
matching devices used to attain maximum power transfer. Two gears are shown

12



coupled together in Fig. 1-21. The inertia and friction of the gears are neglected in the
ideal case considered.

T. 6 g v,
=
SEE—.
— \
Ny — Ty 6

Figure 1-21 Gear train.
The relationships between the torques T; and T,, angular displacement 6, and 6,,
and the teeth numbers N; and N, of the gear train are derived from the following facts:
1. The number of teeth on the surface of the gears is proportional to the radii 7,
and r, of the gears; that is,

T‘1N2 - erl (1 - 39)
2. The distance traveled along the surface of each gear is the same. Thus,
lel == 921’2 (1 - 40)

3. The work done by one gear is equal to that of the other since there are assumed
to be no losses. Thus,

T,0, = T,0, (1—41)
If the angular velocities of the two gears w, and w, are brought into the picture, Egs.
(1-39) through (1-41) lead to
h_0_NM_w_n (1—42)
T, 6, N, w; 1y
In practice, gears do have inertia and friction between the coupled gear teeth that often
cannot be neglected. An equivalent representation of a gear train with viscous friction,
Coulomb friction, and inertia considered as lumped parameters is shown in Fig. 1-21,
where T denotes the applied torque, T, and T, are the transmitted torque, F.; and F,,
are the Coulomb friction coefficients, and B; and B, are the viscous friction
coefficients. The torque equation for gear 2 is

2
O =], d=0,(t) do,(t) W,

—+ - R
dt? 2 dt 2w,

(1 —43)

NI
TI-Fcl

J

Z
L= Fear 6
Ny
Figure 1-22 Gear train with friction and inertia.
The torque equation on the side of gear 1 is
d*6,(t) do,(t) W1
T(t) =]1T+B1T+Fc1—

13
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Using Eq. (1-42), Eq. (1-43) is converted to

T, (t) = Ny/N, Tz(g) ,
N; d20,(t) (N; do,(t) N Wy
=(—) ,———+|—) B,b——+—F.,—— 1—45
(N2> 2" qez T (N2> 2 dt N, “lw,l ( )
Eqg. (1-45) indicates that it is possible to reflect inertia, friction, compliance, torque,
speed, and displacement from one side of a gear train to the other. The following
quantities are obtained when reflecting from gear 2 to gear 1 :

Inertia: (N;/N,)?J,
Viscous — friction coefficient: (N; /N,)?B,
Torque: N,/N, T, (1—-46)
Angular displacement: N, /N, 6,
Angular velocity: N; /N, w,
.. Ny W1
Coulomb friction torque: —F,, ——
N, | |
Similarly, gear parameters and variables can be reflected from gear 1 to gear 2 by
simply interchanging the subscripts in the preceding expressions. If a torsional spring
effect is present, the spring constant is also multiplied by (N;/N,)? in reflecting from
gear 2 to gear 1. Now substituting Eq. (1-45) into Eq. (1-44), we get
d20,(t) do,(t)

T(t) =Jie gz Bie — T Tr (1—47)
Where
Jie=]1 + (N1/N2)2]2 (1 - 48)
Bie = B; + (N1/N2)ZBZ (1 - 49)
w; N Wy
Ty = Foy i+ (1-50)

lwi| N, ¢ |, |

Backlash and Dead Zone (Nonlinear Characteristics): Backlash and dead zone
are commonly found in gear trains and similar mechanical linkages where the
coupling is not perfect. In a majority of situations, backlash may give rise to
undesirable inaccuracy, oscillations, and instability in control systems. In addition, it
has a tendency to wear out the mechanical elements. Regardless of the actual
mechanical elements, a physical model of backlash or dead zone between an input and
an output member is shown in Fig. 1-23. The model can be used for a rotational
system as well as for a translational system. The amount of backlash is b/2 on either
side of the reference position.

In general, the dynamics of the mechanical linkage with backlash depend on the
relative inertia-to-friction ratio of the output member. If the inertia of the output
member is very small compared with that of the input member, the motion is
controlled predominantly by friction. This means that the output member will not
coast whenever there is no contact between the two members. When the output is
driven by the input, the two members will travel together until the input member
reverses its direction; then the output member will be at a standstill until the backlash
Is taken up on the other side, at which time it is assumed that the output member

14



instantaneously takes on the velocity of the input member. The transfer characteristic
between the input and output displacements of a system with backlash with negligible
output inertia is shown in Fig. 1-24.

——» (1)

E Input }—-b_ﬁ,r}

= Sl T | f

Output

Figure 1-23 Physical model of backlash between two mechanical elements.

i) A

Figure 1-24 Input-output characteristic of backlash.

Example 1-6: [6] Let us obtain the equivalent viscous-friction coefficient b, for each
of the damper systems shown in Figures 1-25(a) and (b). An oil-filled damper is often
called a dashpot. A dashpot is a device that provides viscous friction, or damping. It
consists of a piston and oil-filled cylinder. Any relative motion between the piston rod
and the cylinder is resisted by the oil because the oil must flow around the piston (or
through orifices provided in the piston) from one side of the piston to the other. The
dashpot essentially absorbs energy. This absorbed energy is dissipated as heat, and the
dashpot does not store any kinetic or potential energy.

b, b
y X z y
(b)

Figure 1-25 (a) Two dampers connected in parallel; (b) two dampers connected in series.

(3%

'

Solution.
(@) The force f due to the dampers is
f=b1(5'—56)+bz(5/—56)=(b1+bz)(37—56) (1-51)
In terms of the equivalent viscous-friction coefficient b, , force f is given by
f = beg(y - x) (1 - 52)
Hence
beg = by + b, (1-53)
(b) The force f due to the dampers is
f=b1(Z—%)=by(y - 2) (1-54)
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where z is the displacement of a point between damper b; and damper b, . (Note that
the same force is transmitted through the shaft.) From Equation (1-54), we have

or
zZ = b 11, (b,y + b x) (1-56)
In terms of the equivalent viscous-friction coefficient b, , force f is given by
f = beg(y_x) (1_57)
By substituting Equation (1-56) into Equation (1-54), we have
. . 1 , :
f=b,(y—2)=b, y_b1 +b2(b2y+b1x)
_ biby G- %) (1—58)
“bhitb, Y "
Thus,
b (—1) = by b, G- %) (159
f — Meg y X) = bl +b2 y X
Hence,
p, = 2abz 1 (1 - 60)
“d _b1+b2 _l+l
by b,

1-3 Mathematical Modeling of Electrical Systems

Modeling of Passive Electrical Elements: Current and Voltage Current and
voltage are the primary variables used to describe a circuit’s behavior. Current is the
flow of electrons. It is the time rate of change of electrons passing through a defined
area, such as the cross-section of a wire. Because electrons are negatively charged, the
positive direction of current flow is opposite to that of electron flow. The
mathematical description of the relationship between the number of electrons ( called
charge q ) and current i is

= ) = j dt (1-61)
i=— or q)=|i

The unit of charge is the coulomb (C) and the unit of current is ampere (A), which is
one coulomb per second.

Energy is required to move a charge between two points in a circuit. The work per unit
charge required to do this is called voltage. The unit of voltage is volt (V), which is
defined to be joule per coulomb. The voltage difference between two points in a
circuit is a measure of the energy required to move charge from one point to the other.
Active and Passive Elements. Circuit elements may be classified a active or
passive.
Passive Element. an element that contains no energy sources (i.e. the element needs
power from another source to operate); these include resistors, capacitors and
inductors.
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Active Element: an element that acts as an energy source; these include batteries,
generators, solar cells, and op-amps.

Current Source and Voltage Source A voltage source is a device that causes a
specified voltage to exist between two points in a circuit. The voltage may be time
varying or time invariant (for a sufficiently long time). Figure 1-26(a) is a schematic
diagram of a voltage source. Figure 1-26(b) shows a voltage source that has a constant
value for an indefinite time. Often the voltage is denoted by E or V . A battery is an
example of this type of voltage.

A current source causes a specified current to flow through a wire containing this
source. Figure 1-26(c) is a schematic diagram of a current source

elt) éﬁ B Circuit
2 (1) -Lrcul E
A I

b

Circuit

—0
i(t) ‘ Circuit

S

<
Figure 1-26 (a) Voltage source; (b) constant voltage source; (c) current source

Resistance: Ohm's law states that the voltage drop, eg(t), across a resistor R is
proportional to the current i(t) going through the resistor. Or
er = i(t)R (1-62)
where ey, is the voltage across the resistor and i(t) is the current through the resistor.
The unit of resistance is the ohm (Q) , where

volt
ohm = —————
ampere

Capacitance Elements: Two conductors separated by a nonconducting medium
form a capacitor, so two metallic plates separated by a very thin dielectric material
form a capacitor. The capacitance C is a measure of the quantity of charge that can be
stored for a given voltage across the plates. The capacitance C of a capacitor can thus
be given by

C=q/ec (1-63)
where ¢ is the quantity of charge stored and e, is the voltage across the capacitor. The

unit of capacitance is the farad (F) , where
ampere — second _ coulomb

farad =

volt volt
Notice that, since i = dq/ dt and e, = q/C , we have
s 1— 64
i Tt ( )
or
1
ec = EJ i(t)dt (1-65)
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Although a pure capacitor stores energy and can release all of it, real capacitors exhibit
various losses. These energy losses are indicated by a power factor , which is the ratio
of energy lost per cycle of ac voltage to the energy stored per cycle. Thus, a small-
valued power factor is desirable.

Inductance Elements: If a circuit lies in a time varying magnetic field, an
electromotive force is induced in the circuit. The inductive effects can be classified as
self inductance and mutual inductance.

Self inductance, or simply inductance, L is the proportionality constant between the
induced voltage e, volts and the rate of change of current (or change in current per
second) di/ dt amperes per second; that is,

e,
~di/ dt
The unit of inductance is the henry (H). An electrical circuit has an inductance of 1
henry when a rate of change of 1 ampere per second will induce an emf of 1 volt:
volt Weber

ampere/second ampere
The voltage e; across the inductor L is given by

(1 - 66)

henry =

Where L; is the current through the inductor. The current i, (t) can thus be given by
t

1
0
R L +
—_— AN — S1LA » C—= edr)
in £(t) -
+ eglf) - + e;(1) = ﬁ"'
(a) (b) (c)

Figure 1-27 Basic passive electrical elements, (a) A resistor. (b) An inductor. (c) A capacitor.

TABLE 1-2. Summary of elements involved in linear electrical systems

Element Voltage-current Current-voltage | Voltage-charge Impedance,
- Zis)=V(s)I(s)
Capacitor 3 . ot
v(r):lli(r)dr :(r):C“ ) vtr)=lq{r) 1
H I— cy dt c Cs
Resistor 1 d.
: . q(t)
()= Rilt i(ty=—v(t) v(it)=R—— R
_/\/\/\/_ v(t)=Ri(t) (1) R (r) i
Inductor dit) 1 d gq(fJ
v =L = i(1)=—|v(r)dr v(t)=L : Ls
_fYYYL dt L dr’

The following set of symbols and units are used: v(t) =V (Volts), i(t) = A (Amps), q(t) = Q

(Coulombs), C = F (Farads), R =/ (Ohms), L = H (Henries).
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Series Circuit: The combined resistance of series-connected resistors is the sum
of the separate resistances. Figure 1-28 shows a simple series circuit. The voltage
between points A and B is

e=e +e +e; (1-69)
Where
e = iRl, e, = iRz, €3 = lR3 (1 - 70)
Thus,
e
The combined resistance is given by
R=R1+R2+R3 (1—72)
In general,
n
R = z R, (1-73)
i=1
R, R, R,
A i |—— (J] —>| l L— {‘2 —>| : L— (.’3 — B
- € -

Figure 1-28 Series Circuit
Parallel Circuit. For the parallel circuit shown in figure 1-28,

e , e , e

i1=R_1, l2=R_2, l3=R_3 (1_74’)
Since =i, + i, + i3, it follows that
e e e
| = — 4+ — 4+ — 1-75
[ R + R + R ( )
where R is the combined resistance. Hence,
1 1 1 1 (1-76)
R R, R, R
or
1 R{R,R;
R = = 1-77
1.1 .17 RR+RR3 +RsR, (=77
Ry " R, R
In general
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1 n
—= ) — 1-78
R Z R; ( )
=1
Modeling of Electrical Networks: The classical way of writing equations of electric
networks is based on the loop method or the node method, both of which are
formulated from the two laws of Kirchhoff, which state:
Current Law or Loop Method: A node in an electrical circuit is a point where three
or more wires are joined together. Kirchhoff’s Current Law (KCL) states that
The algebraic summation of all currents entering a node is zero.
or

The algebraic sum of all currents entering a node is equal to the sum of all currents
leaving the same node.

Figure 1-30 Node.
As applied to Figure 1-30, kirchhoff’s current law states that

i1+i2+i3_i4_i5=0 (1_79)
or
i1+i2+i3 = i4+i5 (1_80)

Entering currents Leaving currents
Voltage Law or Node Method: The algebraic sum of all voltage drops around a

complete closed loop is zero.
or
The sum of the voltage drops is equal to the sum of the voltage rises around a loop.

B B -

A |
Figure 1-31Diagrams showing voltage rises and voltage drops in circuits. (Note: Each circular arrows shows the direction
one follows in analyzing the respective circuit)
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A rise in voltage [which occurs in going through a source of electromotive force
from the negative terminal to the positive terminal, as shown in Figure 1-31 (a), or in
going through a resistance in opposition to the current flow, as shown in Figure 1-30
(b)] should be preceded by a plus sign.

A drop in voltage [which occurs in going through a source of electromotive force from
the positive to the negative terminal, as shown in Figure 1-31 (c), or in going through
a resistance in the direction of the current flow, as shown in Figure 1-31 (d)] should be
preceded by a minus sign.

Figure 1-32 shows a circuit that consists of a battery and an external resistance.
= s B
[

s C
Figure 1-32 Electrical Circ
uit.
Here E is the electromotive force, r is the internal resistance of the battery, R is the
external resistance and i is the current. Following the loop in the clockwise direction
(A —-B —C —D), we have

€sp +€Egc+€cy =0 (1-81)
or
E—iR—ir=0 (1-82)
From which it follows that
i=E/R+r (1-83)

LRC Circuit. Consider the electrical circuit shown in Figure 1-33.The circuit
consists of an inductance L (henry), a resistance R (ohm), and a capacitance C (farad).
Applying Kirchhoff’s voltage law to the system, we obtain the following equations:

di 1.
La+Rl+Edet=ei (1-84)
1
EJMt=% (1 - 85)
L R
O AILE MWW o)
N l
€j | C €p

Figurel-33 Electrical circuit.
Equations (1-84) and (1-85) give a mathematical model of the circuit.
Example 1-7: [59] Let us consider the RLC network shown in Fig. 1-34. Using the
voltage law
e(t) =eg+e,+ec (1-86)
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Figure 1-34 RLC network, Electrical schematics.

+ O

e 1)

where
er = Voltage across the resistor R
e;, = Voltage across the inductor
ec = Voltage across the capacitor C
or
. di(t)
e(t) =ec+ Rl(t) + LW (1 - 87)
Using current in C:
dec(t
C c(z:t( ) _ i(t) (1—88)

and taking a derivative of Eq. (1-87) with respect to time, we get the equation of the
RLC network as
d?i(t) di(t) i(t) de(t)
daz " "Tar YT T a4 (1-289)
A practical approach is to assign the current in the inductor L, i(t), and the voltage
across the capacitor C,e-(t), as the state variables. The reason for this choice is
because the state variables are directly related to the energy-storage element of a
system. The inductor stores kinetic energy, and the capacitor stores electric potential
energy. By assigning i(i) and e (t) as state variables, we have a complete description
of the past history (via the initial states) and the present and future states of the
network.
Example 1-8: [59] Consider the RC circuit shown in Fig. 1-35. Find the differential
equation of the system. Using the voltage law

ein(t) = er(t) +e.(t) (1-90)
where
er = iR (1-91)
and the voltage across the capacitor v, (t) is
1
ec(t) = EJ idt (1-92)
But from Fig. 1-35
1
e,(t) = Ef idt (1-93)
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Figure 1-35 Simple electrical RC circuit.
If we differentiate Eq. (1-93) with respect to time, we get

I de,(t)
T (1-94)
or
Cé, =1 (1-95)
This implies that Eq. (1-93) can be written in an input-output form
ein(t) = RCé, + ey(t) (1-96)

1-4 Analogous Systems

Systems that can be represented by the same mathematical model, but that are
physically different, are called analogous systems. Thus analogous systems are
described by the same differential or integrodifferential equations or transfer
functions.

The concept of analogous is useful in practice, for the following reasons:

1. The solution of the equation describing one physical system can be directly
applied to analogous systems in any other field.

2. Since one type of system may be easier to handle experimentally than another,
instead of building and studying a mechanical system (or a hydraulic system,
pneumatic system, or the like), we can build and study its electrical analog, for
electrical or electronic system, in general, much easier to deal with
experimentally.

Mechanical-Electrical Analogies: Mechanical systems can be studied through their
electrical analogs, which may be more easily constructed than models of the
corresponding mechanical systems. There are two electrical analogies for mechanical
systems: The Force-Voltage Analogy and The Force Current Analogy.
Force Voltage Analogy

Consider the mechanical system of Figure 1-36(a) and the electrical system of
Figure 1-36(b).

(@) (b)
Figure 1-36 Analogous mechanical and electrical systems.
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The equation for the mechanical system is

Cx Ly = (1-97)
e dr X TP

where x is the displacement of mass m , measured from equilibrium position. The
equation for the electrical system is

Ldi+R'+1J'dt— (1-98)
dt l C l =e
In terms of electrical charge g, this last equation becomes

d%q dg 1

dt? * dt * c1=°¢ ( )

Comparing equations (1-97) and (1-99), we see that the differential equations for the
two systems are of identical form. Thus, these two systems are analogous systems.
The terms that occupy corresponding positions in the differential equations are called
analogous quantities, a list of which appear in Table 1-3.

TABLE 1-3 Force Voltage Analogy

Mechanical Systems Electrical Systems

Force p (Torque T) Voltage e

Mass m (Moment of inertia J) Inductance L
Viscous-friction coefficient b Resistance R

Spring constant k Reciprocal of capacitance, 1/ C
Displacement x (angular displacement 8) | Charge q

Velocity % (angular velocity 6) Current i

1-5 Linear Systems

A system is called linear if the principle of superposition applies. The principle of
superposition states that the response produced by the simultaneous application
of two different forcing functions is the sum of the two individual responses. Hence,
for the linear system, the response to several inputs can be calculated by treating one
input at a time and adding the results. It is this principle that allows one to
build up complicated solutions to the linear differential equation from simple
solutions.

In an experimental investigation of a dynamic system, if cause and effect are
proportional, thus implying that the principle of superposition holds, then the system
can be considered linear.

A system is linear if it meets the following two criteria:
1. Additivity: If x;(t) - y;(t) and x,(t) = y,(t), then
X (1) +X2(8) = y1(0) +y2(0.
2. Homogeneity: If x,(t) — y;(t), then
axq(t) — ay,(b),
where a is a constant. The criteria must apply for all x,(t) and x,(t) and for all
d.
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These two criteria can be combined to yield the principle of superposition. A system

satisfies the principle of superposition if, with the inputs and outputs as just defined,
a;%1 (1) + azx,(t) = a1y, (0) + azy, (),

where a, and a, are constants. A system is linear if and only if it satisfies the principle

of superposition.

1-6 Linear time-invariant and Linear time-Varying Systems

A differential equation is linear if the coefficients are constants or functions only
of the independent variable. Dynamic systems that are composed of linear time-
invariant lumped-parameter components may be described by linear time-invariant
differential equations-that is, constant-coefficient differential equations. Such systems
are called linear time-invariant (or linear constant-coefficient) systems. Systems that
are represented by differential equations whose coefficients are functions of time are
called linear time-varying systems. An example of a time-varying control system is a
spacecraft control system. (The mass of a spacecraft changes due to fuel
consumption.)

Definition 1-11: A time-variable differential equation is a differential equation with
one or more of its coefficients are functions of time, t. For example, the differential
equation:

2
2 ddyt(zt) +y(t) = u(t) (1 - 100)
where u and y are dependent variables) is time-variable since the term t2d?y/dt?
depends explicitly on t through the coefficient t2.

An example of a time-varying system is a spacecraft system which the mass of
spacecraft changes during flight due to fuel consumption.

Definition 1-12: A time-invariant differential equation is a differential equation in
which none of its coefficients depend on the independent time variable, t. For
example, the differential equation:

d?y(t dy(t

d};g)+b%+y(t)=u(t) (1-101)
where the coefficients m and b are constants, is time-invariant since the equation
depends only implicitly on t through the dependent variables y and u and their
derivatives.

Dynamical systems that are described by linear constant coefficient differential

equations are called linear time-invariant (LTI) systems.

t

25



CHAPTER TWO

Transfer Function and Impulse Response Function
In control theory, functions called transfer functions are commonly used to

characterize the input-output relationships of components or systems that can be

described by linear, time-invariant, differential equations. We begin by defining

the transfer function and follow with a derivation of the transfer function of a

differential equation system. Then we discuss the impulse-response function.

Transfer functions (G) are frequently used to characterize the input-output
relationships or systems that can be described by Linear Time-Invariant (LTI)
differential equations.

The main reasons why transfer functions are useful are as follows:

e Compact model form: If the original model is a higher order differential equation,
or a set of first order differential equations, the relation between the input variable
and the output variable can be described by one transfer function, which is a
rational function of the Laplace variable s, without any time-derivatives.

e Representation of standard models: Transfer functions are often used to
represent standard models of controllers and signal filters.

e Simple to combine systems: For example, the transfer function for a combined
system which consists of two systems in a series combination is just the product of
the transfer functions of each system.

e Simple to calculate time responses: The calculations will be made using the
Laplace transform, and the necessary mathematical operations are usually much
simpler than solving differential equations.

o Simple to find the frequency response: The frequency response is a function which
expresses how sinusoid signals are transferred through a dynamic system.
Frequency response is an important tool in analysis and design of signal filters and
control systems. The frequency response can be found from the transfer function of
the system.

2-1 Transfer Function (Single-Input, Single-Output Systems)

Definition 1: The transfer function of a linear, time-invariant, differential equation

system is defined as the ratio of the Laplace transform of the output (response

function) to the Laplace transform of the input (driving function) under the assumption
that all initial conditions are zero.

Let G (s) denote the transfer function of a single-input, single-output (SISO) system,
with input u(t) output y(t), and impulse response g(t). The transfer function G (s) is
defined as

G(s) = L[g(®)] (2-1)

Consider the linear time-invariant system defined by the following differential

equation:

agy™ +ayy" T + -t an 1y +any
= box™ + byx™ V4 .ov b, X+by,x (n=m) (2-—2)
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Where y is the output of the system and x is the input.The transfer function of this
system is the ratio of the Laplace transformed output to the Laplace transformed input
when all initial conditions are zero, or

_ L[output]
Transfer function = G(s) = L[Tput] |zero initial conditions

_Y(s)  bos™ + bys™ 4 e+ by 1S + by,

X(s) ags"+a;svl4-+ags+ta,
The above equation can be represented by the following graphical representation:

(2-3)

_m -1 4
X (s) . bys” +bs”  +---+b, s+, Y (s)
- 1S +@s" " +--+a,_s+a, —
Input Output

Transfer Function
Figure 2-1 Block diagram representation of a transfer function

Proper Transfer Functions. The transfer function is said to be strictly proper if the
order of the denominator polynomial is greater than that of the numerator polynomial
(i.e., n > m). If n = m, the transfer function is called proper. The transfer function is
improper if m > n.

Characteristic Equation. The characteristic equation of a linear system is defined as
the equation obtained by setting the denominator polynomial of the transfer function
to zero. Thus, the characteristic equation of the system described by Eq. (2-2) is
aps"+a;s"t+-+a;s+a, =0 (2-4)
Comments on the Transfer Function (TF). The applicability of the concept of the
transfer function is limited to linear, time-invariant, differential equation systems.
The transfer function approach, however, is extensively used in the analysis and
design of such systems. We shall list important comments concerning the transfer
function. (Note that a system referred to in the list is one described by a linear, time-
invariant, differential equation.)
1. The transfer function of a system is a mathematical model in that it is an operational
method of expressing the differential equation that relates the output variable to the
input variable.
2. The transfer function is a property of a system itself, independent of the magnitude
and nature of the input or driving function
3. The transfer function includes the units necessary to relate the input to the output;
however, it does not provide any information concerning the physical structure of the
system. (The transfer functions of many physically different systems can be identical.)
4. If the transfer function of a system is known, the output or response can be studied
for various forms of inputs with a view toward understanding the nature of the system.
5. If the transfer function of a system is unknown, it may be established
experimentally by introducing known inputs and studying the output of the system.
Once established, a transfer function gives a full description of the dynamic
characteristics of the system, as distinct from its physical description.
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A transfer function has the following properties:
e The transfer function is defined only for a linear time-invariant system. It is not
defined for nonlinear systems.
e The transfer function between a pair of input and output variables is the ratio of
the Laplace transform of the output to the Laplace transform of the input.
¢ Allinitial conditions of the system are set to zero.
e The transfer function is independent of the input of the system.
To derive the transfer function of a system, we use the following procedures:
1. Develop the differential equation for the system by using the physical laws, e.g.
Newton’s laws and Kirchhoff’s laws.
2. Take the Laplace transform of the differential equation under the zero initial
conditions.
3. Take the ratio of the output Y (s) to the input U(s). This ratio is the transfer
function.

2-2 Transfer Function (Multivariable Systems)
The definition of a transfer function is easily extended to a system with multiple
inputs and outputs. A system of this type is often referred to as a multivariable system.
In general, if a linear system has p inputs and g outputs, the transfer function
between the jth input and the ith output is defined as
Y;(s)
Gij(S) = Rj(s)
With R, (s) =0,k =1,2,...,p,k #j.
When all the p inputs are in action, the ith output transform is written
Yi(s) = G (SR1(S) + Gi2(S)R2(8) + - + Gy (S)R,(s) (2 —-6)
It is convenient to express Eq. (2-6) in matrix-vector form:

(2-=15)

Y(s) = G(s)R(s) 2-7)
Where
Y1(s)
v(s) = |2 2-8)
Y, (s)
is the g x 1 transformed output vector;
Ry (s)
R(s) = |2 2-9)
Ry (s)
Is the p x 1 transformed input vector; and
G11(s)  Gip(s) - G1p(5)
G(S) — 621:(5) GZZ:(S) GZp:(S) (2 _ 10)
[Ga1(s)  Gq(s) + Ggp(s)]

Is the g X p transfer-function matrix.
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2-3 Stability of Linear Control Systems

From the studies of linear differential equations with constant coefficients of SISO
systems, we learned that the homogeneous solution that corresponds to the transient
response of the system is governed by the roots of the characteristic equation.
Basically, the design of linear control systems may be regarded as a problem of
arranging the location of the poles and zeros of the system transfer function such that
the system will perform according to the prescribed specifications.

Among the many forms of performance specifications used in design, the most
Important requirement is that the system must be stable. An unstable system is
generally considered to be useless.

When all types of systems are considered-linear, nonlinear, time-invariant, and time-
varying-the definition of stability can be given in many different forms. We shall deal
only with the stability of linear SISO time-invariant systems in the following
discussions.

For analysis and design purposes, we can classify stability as absolute stability and
relative stability. Absolute stability refers to whether the system is stable or unstable;
it is a yes or no answer. Once the system is found to be stable, it is of interest to
determine how stable it is, and this degree of stability is a measure of relative stability.

In preparation for the definition of stability, we define the two following types of
responses for linear time-invariant systems:

I. Zero-state response. The zero-state response is due to the input only; all the

initial conditions of the system are zero.

Ii.  Zero-input response. The zero-input response is due to the initial conditions

only all the inputs are zero.

From the principle of superposition, when a system is subject to both inputs and
initial conditions, the total response is written

Total response = zero — state response + zero — input response
The definitions just given apply to continuous-data as well as discrete-data systems.

2-4 Bounded-input, Bounded-output (BIBO Stability-Continuous-Data
Systems

Let u(t), y(t),and g(t) be the input, output, and the impulse response of a linear
time-invariant system, respectively. With zero initial conditions, the system is said to
be BJBO (bounded-input, bounded-output) stable, or simply stable, if its output y(t) is
bounded to a bounded input u(t).

The convolution integral relating u(t), y(t), and g(t) is

or j u(t — 1) g(Mde 2-11)

0
Taking the absolute value of both sides of the equation, we get

()] = f u(t — 7) g(2)dr

0

(2-12)

or
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Y] < f lu(t - D)g(2)dzl 2 -13)
If u(t) is bounded, "

lu@®l <=M (2 —14)
where M is a finite positive number. Then,
y©l <M [ lg@ldr (2-15)
0
Thus, if y(t) is to be bounded, or
ly(t)] < N < oo (2 —16)

where N is a finite positive number, the following condition must hold:
Mjlg(r)ldTSN<oo 2-17)
0

Or, for any finite positive Q,

jlg(r)ldrSQ<oo (2-18)

0
The condition given in Eq. (2-18) implies that the area under the |g(z)|-versus-t-
curve must be finite.

2-5 Relationship Between characteristic equation Roots and Stability
To show the relation between the roots of the characteristic equation and the
condition in Eq. (2-18), we write the transfer function G(s), according to the Laplace

transform definition, as
X

66) = Llg@)] = | g(ede (2-19)
0
Taking the absolute value on both sides of the last equation, we have

1G(s)| = Jg(t)e‘“dt Sj lg(©)lle~*|dt (2-20)

Because |e~St| = |e9t|, where a is the real part of s, when s assumes a value of a
pole of G(s),G(s) = oo, EQ. (2-20) becomes

oosf g@Olle=tlde (2 21)

If one or more roots of the characteristic equation are in the right — half s —
plane or on the jw — axis, o = 0, then
le?|<M=1 (2-22)
Eq. (2-21) becomes

o < jo MIg(©)ldt = ]0 9(O)ldt 2-23)

which violates the BIBO stability requirement. Thus, for BIBO stability, the roots of
the characteristic equation, or the poles G(s), cannot be located in the right-half s-
plane or on the jw — axis; in other words, they must all lie in the left-half s-plane. A
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system is said to be unstable if it is not BIBO stable. When a system has roots on the
jw — axis, say, at s = jwy and s = —jw,, if the input is a sinusoid, sin wyt, then the
output will be of the form of t sinw,t, which is unbounded, and the system is
unstable.

2-6 Zero-input and Asymptotic Stability of Continuous-Data Systems

We shall define zero-input stability and asymptotic stability and establish their
relations with BIBO stability.

Zero-input stability refers to the stability condition when the input is zero, and the
system is driven only by its initial conditions. We shall show that the zero-input
stability also depends on the roots of the characteristic equation.

Let the input of an nth — order system be zero and the output due to the initial
conditions be y(t). Then, y(t) can be expressed as

n-1

y(©) = D gy 9 (t0) (2-24)
where =
dk

y® (L) = dytit) . (2 — 25)

and g, (t) denotes the zero-input response due to y®)(t,). The zero-input stability is
defined as follows: If the zero-input response y(t), subject to the finite initial
conditions, y*(t,), reaches zero as t approaches infinity, the system is said to be zero-
input stable, or stable; otherwise, the system is unstable.

Mathematically, the foregoing definition can be stated: A linear time-invariant
system is zero-input stable if, for any set of finite y®)(¢,), there exists a positive
number M, which depends on y®)(t,), such that

ly(t)| <M < forallt > t, (2 —-26)

lim |y (¢)] =0 (2—-27)
Because the condition in the last equation requires that the magnitude of y(t)
reaches zero as time approaches infinity, the zero-input stability is also known at the
asymptotic stability.
Taking the absolute value on both sides of Eq. (2-24), we get

y©1 = > g®yP )] < ) 19:OIly® t)] (2-28)
k=0 k=0

Because all the initial conditions are assumed to be finite, the condition in Eq. (2-26)
requires that the following condition be true:

n-—1
Zlgk(t)l <w forall t=0 (2 —29)
k=0

Let the n characteristic equation roots be expressed as s; = o; + jw, i = 1,2..... n.
Then, if m of the n roots are simple, and the rest are of multiple order, y(t) will be of
the form:
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n-m-1

m
z Kiesit + Z Litiesit (2 - 30)
i=1 i=0

where K; and L; are constant coefficients. Because the exponential terms eSi in the
last equation control the response y(t) as t — oo, to satisfy the two conditions in Eqgs.
(2-26) and (2-27), the real parts of s; must be negative. In other words, the roots of the
characteristic equation must all be in the left-half s-plane.

From the preceding discussions, we see that, for linear time-invariant systems,
BIBO, zero-input, and asymptotic stability all have the same requirement that the roots
of the characteristic equation must all be located in the left-half s-plane. Thus, if a
system is BIBO stable, it must also be zero-input or asymptotically stable. For this
reason, we shall simply refer to the stability condition of a linear system as stable or
unstable. The latter condition refers to the condition that at least one of the
characteristic equation roots is not in the left-half s-plane. For practical reasons, we
often refer to the situation in which the characteristic equation has simple roots on the
jw — axis and none in the right-half plane as marginally stable or marginally unstable.
An exception to this is if the system were intended to be an integrator (or, in the case
of control systems, a velocity control system); then the system would have root(s) at
s = 0 and would be considered stable. Similarly, if the system were designed to be an
oscillator, the characteristic equation would have simple roots on the jw — axis, and
the system would be regarded as stable.

Because the roots of the characteristic equation are the same as the eigenvalues of A
of the state equations, the stability condition places the same restrictions on the
eigenvalues.

Let the characteristic equation roots or eigenvalues of A of a linear continuous-data
time-invariant SISO system be s; = g; + jw;, i = 1,2, ...,n. If any of the roots is
complex, it is in complex-conjugate pairs. The possible stability conditions of the
system are summarized in Table 2-1 with respect to the roots of the characteristic
equation.

The following example illustrates the stability conditions of systems with reference
to the poles of the system transfer functions that are also the roots of the characteristic
equation.

TABLE 2-1 Stability Conditions of Linear Continuous-Data Time-Invariant

SISO Systems
Stability Condition Root Values

Asymptotically stable or simply o; = 0 forall i,i = 1,2, ...,n. (All the roots are in
stable the left-half .s-plane.)

Marginally stable or marginally o; = 0 for any i for simple roots, and no o; > 0

unstable For i=1,2,...,n (at least one simple root, no
multiple-order roots on the jw — axis, and n roots
in the right-half s — plane; note exceptions)

Unstable o; > 0 for any i or g; = 0 O for any multiple-order
root i = 1,2,...,n (at least one simple root in the
right-half s-plane or at least one multiple-order
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root on the jw — axis)

Example 2-1: [59] The following closed-loop transfer functions and their associated
stability conditions are given.
20

M(s) = s+1D(s+2)(s+3)
BIBO or asymptotically stable (or, simply, stable)
20(s+ 1)

M(s) = (s—=1)(s?+2s+2)
Unstable due to the poleats=1
20(s —1
M(s) = (s—1)

(s+2)(s?2+4)
Marginally stable or marginally unstable due to s = %j2
10
M(s) =
&) =T+ 10)
Unstable due to the multiple-order pole ats = £ j2

10
M(s) =
(s) s* 4+ 30s3 4+ 52+ 10s

Stable if the pole at s = 0 is placed intentionally

Example 2-2: Consider the mechanical system shown in Figure 2.2. The displacement
x of the mass m is measured from the equilibrium position. In this system, the external
force f (t) is input and x is the output.

/I

bx kx b I I § ]\
| i

m [ il
+x |-
iy X
Figure 2-2 Mass -Spring —Damper System and the FBD.
I.  The FBD is shown in the Fig. 2-2.
1.  Apply Newton’s second law of motion to a system in translation:

ZF = mx

Summation of all forces
acting on the system

f(t) — bx — kx = mx

or
mX + bx + kx = f(t) = Forced Vibration of a second order system
miX + bx + kx = f(t) = Forced Vibration of a second order system
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iii. For zero Initial Conditions (I.C’s), taking Laplace Transform (LT) of both sides of
the above equation yields

(ms? + bs + k)X(s) = F(s)
where X(s) = L[x(t)] and F(s) = L[f(t)] . From Equation (2-3), the TF for the
system is

X(s) _Output _ 1
F(s) Input (ms2?+bs+k)

1 X(s)
7 —
ms- +bs+k Oraiput

F(s)
put

Inpu

Transfer Function

Example 2-3: [6] The transfer functions X;(s)/U(s) and X,(s)/U(s) of the
mechanical system shown in Figure 2-3.

u — X = X3

/
k2

AAA

yy
AA

Ay my my Ay

ky —d— k3
0O O " O O

Figure 2-3 Mechanical system.
The equations of motion for the system shown in Figure 2.3 are
miXy = —kyxg — k(g — %) — b(%; — X%3) +u
m,xX, = —kzx,; — ky(x; — x1) — b(X; — Xy)
Simplifying, we obtain
myx; + bx; + (kg + ky)x, = bxX, + kyx, +u
myXy + bxXy + (ky + k3)x, = bxX; + kyxy
Taking the Laplace transforms of these two equations, assuming zero initial
conditions, we obtain
[mys? + bs + (k; + k) X,(s) = (bs + k) X,(s) + U(s) (2-31)
[m,s? + bs + (k, + k3)1X,(s) = (bs + k)X, (s) (2 -32)
Solving Equation (2-32) for and substituting it into Equation (2-31) and simplifying,
we get
[(mys? + bs + ki + ky)(mys? + bs + k, + k3) — (bs + k,)?]1X,(s)
= (m,s% + bs + ky, + k3)U(s)
from which we obtain
X(s) mys? + bs + ky + kg

U(s)  (mys2 + bs + k; + kp) (M52 + bs + ky + ka) — (bs + k)2 (2 -133)
From Equations (2-32) and (2—33) we have
X2(5) bs + k,
- (2 —34)

U(s) ~ (mys?+ bs + ky + ky)(mys? + bs + ky, + k3) — (bs + k;)?
Equations (2-33) and (2-34) are the transfer functions X,(s)/U(s) and
X,(s)/U(s), respectively.

2-7 Transfer Functions of Cascaded Elements
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Many feedback systems have components that load each other. Consider the system
shown in Figure 2-4. Assume that e; is the input and e, is the output. The capacitances
C; and C, are not charged initially.

R, R,
M\NV\T\NVH‘O
€; 1.' C, :| Cy == €o

s
O . O

Figure 2-4 Electrical system.
It will be shown that the second stage of the circuit (R,C, portion) produces a loading
effect on the first stage (R, C; portion).The equations for this system are

1
1
and
1 1
—](i2 — iy)dt + Ryi, + —j i,dt =0 (2 -36)
Cy C;
1
C_Z lzdt = eO (2 — 37)

Taking the Laplace transforms of Equations (2—-35) through (2—37), respectively, using
zero initial conditions, we obtain

L 11(5) = L] + Riby(s) = Ei(s) 2 - 38)
Cis
é [1,(s) = 1,()] + Ry, (s) + élz(s) 0 (2 -39
1
alz(s) = Ey (2 —40)

Eliminating I, (s) from Equations (2-38) and (2—39) and writing E;(s) in terms of
I, (s), we find the transfer function between E,(s) and E;(s) to be
Ey(s) B 1
E;  (RyCis+ 1)(R,Cy + 1) + RiCys
1

= 2—-41
R]_CleSZ + (Rlcl + RZCZ + Rlcz)s + 1 ( )

The term R, C,s in the denominator of the transfer function represents the interaction
of two simple RC circuits. (R,C; + R,C, + R,C,)? > 4R,C,R,C, Since the two roots
of the denominator of Equation (2-41) are real.

The present analysis shows that, if two RC circuits are connected in cascade so that
the output from the first circuit is the input to the second, the overall transfer function
is not the product of 1/(R,C;s + 1)and 1/(R,C,s + 1). The reason for this is that,
when we derive the transfer function for an isolated circuit, we implicitly assume that
the output is unloaded. In other words, the load impedance is assumed to be infinite,
which means that no power is being withdrawn at the output. When the second circuit
Is connected to the output of the first, however, a certain amount of power is
withdrawn, and thus the assumption of no loading is violated. Therefore, if the transfer
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function of this system is obtained under the assumption of no loading, then it is not
valid. The degree of the loading effect determines the amount of modification of the
transfer function.

Complex Impedances. In deriving transfer functions for electrical circuits, we
frequently find it convenient to write the Laplace-transformed equations directly,
without writing the differential equations. Consider the system shown in Figure 2—
6(a). In this system, Z; and Z, represent complex impedances. The complex
Impedance Z(s) of a two-terminal circuit is the ratio of E(s), the Laplace transform of
the voltage across the terminals, to I(s), the Laplace transform of the current through
the element, under the assumption that the initial conditions are zero, so that Z(s) =
E(s)/1(s). If the two-terminal element is a resistance R, capacitance C, or inductance
L, then the complex impedance is given by R, 1/Cs, or Ls, respectively. If complex
Impedances are connected in series, the total impedance is the sum of the individual
complex impedances.

Remember that the impedance approach is valid only if the initial conditions
involved are all zeros. Since the transfer function requires zero initial conditions, the
Impedance approach can be applied to obtain the transfer function of the electrical
circuit. This approach greatly simplifies the derivation of transfer functions of
electrical circuits.

Consider the circuit shown in Figure 2-6(b). Assume that the voltages e; and e,
are the input and output of the circuit, respectively. Then the transfer function of this
circuit is

E(s)  Z,(s)
Ei(s)  Zy(s) + Z,(s)

For the system shown in Figure 1-32,
1
Zy=Ls+R,  Zy=-
Hence the transfer function E,(s)/E;(s) can be found as follows:

1
Eo(s) Cs 1

= = 2
E;(s) Ls+R+% LCs? + RCs + 1

T ZI ZE T

€; ZE €
- €] | €y -
- € - o, l O

(a) (b)

Figure 2-5 Electrical circuits.

Example 2-4: [6] Consider again the system shown in Figure 2—4. Obtain the transfer
function E, (s)/E;(s) by use of the complex impedance approach. (Capacitors C; and
C, are not charged initially.)
The circuit shown in Figure 2-4 can be redrawn as that shown in Figure 2-6(a),
which can be further modified to Figure 2-6(b).
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In the system shown in Figure 2—6(b) the current I is divided into two currents I;
and I, . Noting that
ZZII = (23 + Z4)12, 11 + 12 = I

we obtain
Zo+ 7 Z
L=—2""% | ,=—"2__]
Z,+Zs+ 7, Z,+7Zs+ 7,
Noting that
Z,(Zs+Zy)
Ei(s) =Z 0+ Z,] = |Z; + ————=
E (s) = Z,1, = 22l
oS = e =+ 7,
we obtain
Eo(s) _ ZyZ,

E(s)  Z,(Zy + 23+ Zy) + Z,(Z5 + Z,)
Substituting Z; =R;,Z, =1/(C;5),Z3 =R, , and Z, = 1/(C,s) into this last
equation, we get

11

EO(S)_ C1$CZS

E; - 1 1 1 1

O Ry (gt Rt )t (Rt )
1

~ R,C,R,C,5% + (R,C, + RyC, + R Cy)s + 1
which is the same as that given by Equation (2—41).

o z z te}
Es)

E{s) 7 74 E ()
o o o
(a)

Figure 2-6 (a) The circuit of Figure 2-4 shown in terms of impedances;
(b) Equivalent circuit diagram.

(b)

Xi(s) Xo(s) X3(s) Xy(s) X5(s)
Gy(s) Gy(s) —||(5) G(5)  (——

(a) (b)
Figure 2-7 (a) System consisting of two nonloading cascaded elements; (b) an equivalent system.
Transfer Functions of Nonloading Cascaded Elements. The transfer function of a
system consisting of two nonloading cascaded elements can be obtained by
eliminating the intermediate input and output. For example, consider the system
shown in Figure 2—7(a).The transfer functions of the elements are
X,(s) X3(s)

e M TR
If the input impedance of the second element is infinite, the output of the first element
Is not affected by connecting it to the second element. Then the transfer function of the
whole system becomes

G(s)

_ X3(s) _ X,(s)X3(s)
X:(s)  X1(s)X,(s)
37
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The transfer function of the whole system is thus the product of the transfer functions
of the individual elements. This is shown in Figure 2-7(b).

As an example, consider the system shown in Figure 2-8.The insertion of an
isolating amplifier between the circuits to obtain nonloading characteristics is
frequently used in combining circuits. Since amplifiers have very high input
Impedances, an isolation amplifier inserted between the two circuits justifies the
nonloading assumption.

The two simple RC circuits, isolated by an amplifier as shown in Figure 2-8, have
negligible loading effects, and the transfer function of the entire circuit equals the
product of the individual transfer functions. Thus, in this case,

Eo(s) _ 1 1
E/(s) (RlCls + 1) () (chzs + 1)
k
= (RiCyis + D(RyCys + 1)

R\ Ri
O—W AW —1—0
Isolating
€ Cy = amplifier G- g,
(gain K)
o} O

Figure 2-8 Electrical system.

Electronic Controllers. We shall discuss electronic controllers using operational
amplifiers. We begin by deriving the transfer functions of simple operational amplifier
circuits. Then we derive the transfer functions of some of the operational-amplifier
controllers. Finally, we give operational-amplifier controllers and their transfer
functions in the form of a table.

Operational Amplifiers. Operational amplifiers, often called op amps, are
frequently used to amplify signals in sensor circuits. Op amps are also frequently used
for compensation purposes. Figure 2—9 shows an op amp. It is a common practice to
choose the ground as 0 volt and measure the input voltages e; and e, relative to the
ground. The input e; to the minus terminal of the amplifier is inverted, and the input
e, to the plus terminal is not inverted. The total input to the amplifier thus becomes
e, — e; . Hence, for the circuit shown in Figure 2-9, we have

eo = K(e; —e) = —K(ey —e;)
where the inputs e; and e, may be dc or ac signals and K is the differential gain
(voltage gain). The magnitude of K is approximately 105 ~ 106 for dc signals and ac
signals with frequencies less than approximately 10 Hz. (The differential gain K
decreases with the signal frequency and becomes about unity for frequencies of 1
MHz ~ 50 MHz.) Note that the op amp amplifies the difference in voltages e, and e, .
Such an amplifier is commonly called a differential amplifier. Since the gain of the op
amp is very high, it is necessary to have a negative feedback from the output to the
input to make the amplifier stable. (The feedback is made from the output to the
inverted input so that the feedback is a negative feedback.)

In the ideal op amp, no current flows into the input terminals, and the output voltage
Is not affected by the load connected to the output terminal. In other words, the input
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Impedance is infinity and the output impedance is zero. In an actual op amp, a very
small (almost negligible) current flows into an input terminal and the output cannot be
loaded too much. In our analysis here, we make the assumption that the op amps are

ideal.
E]O—_
eo—+

€o

O j_ O

Figure 2-9 OperatiTonaI amplifier.
Inverting Amplifier. Consider the operational-amplifier circuit shown in Figure 2—
10. Let us obtain the output voltage e,,.
i, R
. A"M

ii R

O——WW , >
e ——0
+

€

Figure 2-10 Tnverting amplifier.
The equation for this circuit can be obtained as follows: Define
e,—e e —e,
Since only a negligible current flows into the amplifier, the current i; must be equal to
current i, . Thus

e,—e e —e,

R, R
Since K(0 —e') = e, and K > 1, e’ must be almost zero, or e’ = 0. Hence we have
€i  —6
R, R,
or
R,
e, = —R—lel

Thus the circuit shown is an inverting amplifier. If R; = R,,then the op-amp circuit
shown acts as a sign inverter.

Noninverting Amplifier. Figure 2-11(a) shows a noninverting amplifier. A circuit
equivalent to this one is shown in Figure 2-11(b). For the circuit of Figure 2-11(b),

we have
Co =B\ TR ¥R,

where K is the differential gain of the amplifier. From this last equation, we get

~ (3wt
““=\R,+R, K
Since K >» 1,if Ry/(Ry + R,) » 1/K ,then
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R,
€p = (1 + R_1) e;
This equation gives the output voltage e,. Since e, and e; have the same signs, the op-

amp circuit shown in Figure 2—11(a) is noninverting.

R> O
My
R, R
AW . -
, o €
o—+ €o
;{_ EtJ R]
+ O o, J_ O
(a) (b)

Figure 2-11 (a) Noninverting operational amplifier; (b) equivalent circuit.

Example 2-5:[6] Figure 2-12 shows an electrical circuit involving an operational
amplifier. Obtain the output e,. Let us define

e;—e’ dle' —e,) . e —e,
WETR BT Tar TR
Noting that the current flowing into the amplifier is negligible, we have
il = iz + i3
Hence
e, —e' _ Cd(e’ —eo)+e’ —e,
R, dt R,

Since e’ = 0, we have

e de, e,

R, dt R,

Taking the Laplace transform of this last equation, assuming the zero initial condition,
we have
Ei(s)  RCs+1
R R

Eo(s)
which can be written as

Eo(s) _ RZ 1

E;(s) Ry R,Cs+1
The op-amp circuit shown in Figure 2-12 is a first-order lag circuit. (Several other
circuits involving op amps are shown in Table 2-2 together with their transfer
functions.)
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Figure 2-12 First-order-lag circuit using operational amplifier.

Impedance Approach to Obtaining Transfer Functions. Consider the op-amp
circuit shown in Figure 2-13. Similar to the case of electrical circuits we discussed
earlier, the impedance approach can be applied to op-amp circuits to obtain their
transfer functions. For the circuit shown in Figure 2—13, we have

Ei(s)—E'(s) E'(s)-E,
Z, 7,

Since E'(s) = 0, we have
E(s) _ Z,(s)
E;(s) Z,(s)

(2 — 42)

1(s)
- ZQ(S)
I(5)

O—— Zi(s) -
E'(s) O

+

Ei(s)

E,(s)
O O

Figure 2-13 Opera;ional amplifier circuit.
Example 2-6: [6] Referring to the op-amp circuit shown in Figure 2-13, obtain the
transfer function E, (s)/E;(s) by use of the impedance approach.

The complex impedances Z; (s) and Z,(s) for this circuit are

1 R,
Z,(s) =R, and Z,(s) (;S+Ri2 R.Cs 11
The transfer function E,(s)/E;(s) is, therefore, obtained as
Eo(s)  Zy(s) R, 1
E,(s)  Z,(s) R R, Cs+1
which is, the same as that obtained in Example 2-5.

Lead or Lag Networks Using Operational Amplifiers. Figure 2—14(a) shows an
electronic circuit using an operational amplifier. The transfer function for this circuit
can be obtained as follows: Define the input impedance and feedback impedance as Z;
and Z, , respectively. Then

A

Ry R;

=, Z =
R,C;s+1 27 R,C,+ 1
Hence, referring to Equation (2—42), we have
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E(s)  Z, RyRiGs+1  Cs+1/RG > 43
Ei(s) Z,  R{R,C,s+1  C,s+1/R,C, ( )

Notice that the transfer function in Equation (2—-43) contains a minus sign. Thus, this
circuit is sign inverting. If such a sign inversion is not convenient in the actual
application, a sign inverter may be connected to either the input or the output of the
circuit of Figure 2—14(a). An example is shown in Figure 2-14(b).The sign inverter
has the transfer function of
Eo(s)  Rs
E(s) R,
The sign inverter has the gain of —R,/R5. Hence the network shown in Figure 2—
14(b) has the following transfer function:
E,(s) Ry;R,RC;s+1 R,C;s+1/R(C;
E;(s)  RyRyR3C,+1  R3C,s+ 1/R,C,
Ts+1 s+1/T

=Kq——— =K, —— 2 — 44
< aTs + 1 “s+1/aT ( )

Cy 1T

L i Z _| t _'VR\‘V\I_‘ Ry
IR e A | Lol > Lo

' —H—‘ ‘ i I Ry

i E'(s) Ai

O o1 Ei) Es) Es)
L] ——o

E(.’i) p> E(5) O 0]

o]

= Lead or lag network Sign inverter

(a) (b)
Figure 2-14 (a) Operational-amplifier circuit; (b) operational-amplifier circuit used as a lead or lag compensator.

Where

R,Cy
T =R,C;, aT=R,C,, K.= R.G,
Notice that
_ R,GR,C;  RyRy _ Ry(G,

Kea =g CRC  RER,' *"RC
This network has a dc gain of K.a = R,R,/(R.R3).
Note that this network, whose transfer function is given by Equation (2-44), is a
lead network if R,C; > R,C,,or a < 1. Itisalag network if R,C; < R,C,.
PID Controller Using Operational Amplifiers. Figure 2-15 shows an electronic
proportional-plus-integral-plus-derivative  controller (a PID controller) using
operational amplifiers. The transfer functionE (s)/E;(s) is given by

E(s) Rz
Ei(s) Zy
Where
R, R,C,s +1
Z1 e — 2 =T A~
R.C, +1 C,s
Thus
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E(s) _ <R262s + 1) (Rlcls + 1)

) Ei(s) Cas R,
Noting that
E,(s) _ Ry
E(s) R,
A ‘ PR ‘
o il )
‘ _H—| ‘ [ WY
AMN & = 2
T >
+ —0
Eds) E(s) Es)
o o o}
Figure 2-15 Electronic PID controller.
we have
Eo(s) E,(s) E(s) R4R; (RiCis+ 1)(RyCos + 1)
Ei(s) E(s) Ei(s) R3R; R,Cys

R,R, (R,C; + R,C, 1
~ RiR, ( R,C, R,Gs RlClS)
_ R4(R.Cy + R,(3) 1 R.Ci1Ry G,
T RR.C, [ R.C.+R,C)s  RiC ARG,
Notice that the second operational-amplifier circuit acts as a sign inverter as well as a
gain adjuster.
When a PID controller is expressed as
Ei(s) B
K, is called the proportional gain, T; is called the integral time, and T, is called the
derivative time. From Equation (2-45) we obtain the proportional gain K, integral
time T;, and derivative time T, to be
_ Ry(RiCy + RyC))
P R3R1C2
1

(2 — 45)

T;
Kp <1 + ? + TdS)

T, =
" R,C; + R,C,
R1C1RZCZ
Td ES
R,C; + R,C,
When a PID controller is expressed as
E,(s)
Ei(s)
K, is called the proportional gain, K; is called the integral gain, and K} is called the
derivative gain. For this controller
_ R4(R.Cy + R,(y)
P R3R.C;

K;
=Kp+?+de
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Ry

K, =
' R3RG,
_ RyRy (4

d — R3

2-8 Impulse Response Function

The Transfer Functions (TF) of a Linear Time-Invariant Systems (LTI) system is
Y
Transfer Function (TF) = G(s) = %

where X(s) is the Laplace Transform (LT) of the input x(t) and Y(s) is the Laplace
Transform (LT) of the output y (t) and where we assume all I.C’s involved are zero. It
follows that

Y(s) = G(s)X(s) (2 —46)
Now, consider the output (response) of the system to a unit-impulse § (t) input when
all the 1.C’s are zero. Since

LI6()] =1
the Laplace Transform (LT) of the output of the system is
Y(s) =G(s) (2 —-47)

The inverse Laplace Transform (LT) of the output of the system is given by Equation
(2-47) yields the impulse response of the system, i.e;
LHG(9)] = g(®)

Is called the impulse response function or the weighting function, of the system. The
impulse-response function g(t) is thus the response of a linear system to a unit
impulse input when the 1.C’s are zero. The LT of g(t) gives the Transfer Function
(TF).

Consider that a linear time-invariant system has the input w(t) and output y(t). As
shown in Fig. 2-16, a rectangular pulse function u(t) of a very large magnitude #i/2¢
becomes

w(t)
F

2%

t—T|ilf+T

1 —»

Figure 2-16 Graphical representation an impulse function.
an impulse function for very small durations as € — 0. The equation representing Fig.
2-16 is

0 t<t-—¢
u(t) = % T—e<t<tT+¢ (2—-48)
0 t=>1t+¢

For &t = 1,u(t) = &(t) is also known as unit impulse or Dirac delta function. For
t = 0in Eq. (2-48), using F(s) and noting the actual limits of the integral are defined
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from t =07 tot = oo, it is easy to verify that the Laplace transform of &(¢t) is
unity,.i.e L[§(t)] =1ase — 0.

The important point here is that the response of any system can be characterized by
its impulse response g(t), which is defined as the output when the input is a unit-
impulse function §(t). Once the impulse response of a linear system is known, the
output of the system y(t), with any input, u(t), can be found by using the transfer
function. We define

LIy(®)] _Y(s)

G(s) = = 2 — 49
©) = @] ~F©) (249
as the transfer function of the system.
Example 2-7: [59] For the second-order prototype system
dzy(t) dy(t)
dt2 + 2{w n— + wny(t) - wnu(t) (2 - 50)
Hence,
L[y(t 2
G(s) = [y(®)] wy; 2 —51)

Llu®)]  s?+2¢w,s +
Is the transfer function of the system in Eqg. (1-51). given zero initial conditions, the
impulse response g(t) is

w

g(t) =\/Lze‘5“’"tsinwm/1—{2t t>0 (2—-52)

1-¢
For a unit-step input u(t) = us(t), using the convolution properties of Laplace
transforms,

=L jtu (t —7)dt| = —( ) (2—-53)
0 ch s

From the inverse Laplace transform of Eq. (2-53), the output y(t) is therefore

t
f ugg(t —7)dr
0

or
e_zwnt

J1-¢2

y®) =1-

sin (wm/l — %t + 9) £>0 (2-54)

where, 8 = cos™1¢.

Example 2-8: [6] Figure 2-17(a) shows a schematic diagram of an automobile
suspension system. As the car moves along the road, the vertical displacements at the
tires act as the motion excitation to the automobile suspension system. The motion of
this system consists of a translational motion of the center of mass and a rotational
motion about the center of mass. Mathematical modeling of the complete system is
quite complicated.

A very simplified version of the suspension system is shown in Figure 2—
17(b).Assuming that the motion x; at point P is the input to the system and the vertical

motion x, of the body is the output, obtain the transfer function X,(s)/X; (s).
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(Consider the motion of the body only in the vertical direction.) Displacement x, is
measured from the equilibrium position in the absence of input x;.

m

Center of mass

\' Aulo body €2 EJFLIT i
Y

F

Xi

(a) (b

Figure 2-17 (a) Automobile suspension system; (b) simplified suspension system.
Solution. The equation of motion for the system shown in Figure 2-17(b) is

mi, +b(x, —x;) + k(x, —x,) =0
or
mx, + bx, + kx, = bx; + kx;

Taking the Laplace transform of this last equation, assuming zero initial conditions,
we obtain

(ms? + bs + k)X, (s) = (bs + k)X;(s)
Hence the transfer function X,(s)/X;(s) is given by

X,(s) B bs + k
X.(s) ms2+bs+k

Example 2-9: [6] We obtain the transfer function X,(s)/X;(s) of the mechanical
system shown in Figure 2-18(a). Also obtain the transfer function E,(s)/E;(s) of the
electrical system shown in Figure 2-18(b). Show that these transfer functions of the
two systems are of identical form and thus they are analogous systems
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Figure 2-18 (a) Mechanical system; (b) analogous electrical system.

Solution. In Figure 2-18(a) we assume that displacements x;,x, and y are
measured from their respective steady-state positions. Then the equations of motion
for the mechanical system shown in Figure 2-18(a) are

by (X; — %) + k1 (; — x0) = by (%0 — ¥)
by (% — ¥) = kzy
By taking the Laplace transforms of these two equations, assuming zero initial
conditions, we have
by[sX;(s) — sXo(s)] + k1 [X;(s) — Xo(s)] = by[sX,(s) — sY(s)]
by[sXo(s) — sY(s)] = k,Y (s)
If we eliminate Y(s) from the last two equations, then we obtain

b,sX,(s)
by [sX;(5) — sXo()] + k1 [X;(5) — Xo(5)] = b5X,(s) — bys ————
b,s + k,
or
b,s
(bls + kl)Xl(S) = (blS + kl + sz - sz m) Xo(S)

Hence the transfer function X,(s)/X;(s) can be obtained as

by by
Xo(s) (kls+ 1) (k25+ 1)
Xi(s) (b b, by
(k1s+ 1)(kzs+ 1) +k1s
For the electrical system shown in Figure 2—18(b), the transfer function E,(s)/E;(s) is
found to be

1
Eo(s) Rtz
Ei(s) 1 + Ry +

(1/Ry) + C3s m
_ (RiGis+ D(RyGs + 1)
"~ (R,Cy5 + 1)(R,Cos + 1) + R,C,y
A comparison of the transfer functions shows that the systems shown in Figures 2-
18(a) and (b) are analogous.
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Example 2-10: [6] Obtain the transfer function E,(s)/E;(s)of the op-amp circuit

shown in Figure 2-19.
R,

AWy
R
M — {2
————O
o] MW +
R, B
€p
€ C— ‘
O O

Figure 2-19 Operat-ional amplifier circuit.
Solution. The voltage at point A4 is

1
ea=5(ei—e,) e,
The Laplace-transformed version of this last equation is

1
Ex(5) = 5 [E(s) + Eo(s)]
The voltage at point B is

1

Ex(s) =—C5— Ei(s) =

R2 + 2

Cs
Since [Eg(s) — E;(s)] K = E,(s) and K > 1, we must have E,(s) = E;(s).
Thus

RyCs 110

1 1
5 [E;(s) + E,(s)] RCs 1 E;(s)
Hence
1
E,(s) R,Cs —1 STR,C
E;(s) R,Cs +1 s+i
R,c

Example 2-11: [6] Obtain the transfer function E,(s)/E;(s) of the op-amp system
shown in Figure 2-20 in terms of complex impedances 7, ,Z,,Z5 ,and Z, . Using the
equation derived, obtain the transfer function E,(s)/E;(s) of the op-amp system

shown in Figure 2—20.
A
: ——0
o z, G

[

O O

Figure 2-20 Oper:altional amplifier circuit.
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Solution. From Figure 2-20, we find

Ei(s) = Ea(s) _ E4(s) — Eo(s)

7 7 (2 - 55)
Or
Z Z
B = (14 32) ) = -3 E®) (2 - 56)
Z4 Z4
Since
Fu(s) = By (s) = 2 E(s) (2-57)
A=) =y 7,
by substituting Equation (2-56) into Equation (2-57), we obtain
Z4_Zl +Z4-ZZ _2321 _ Z3
A R K A
from which we get the transfer function E,(s)/E;(s) to be
Ey(s) _ ZyZy — 2374 (2 - 58)

E(s) Zs(Z,+Z,)

To find the transfer function E,(s)/E;(s) of the circuit shown in Figure 2-20, we
substitute

1
Z; = E» Z, =R, Z3 =Ry, Z,=Ry

into Equation (2-58).The result is

1
E,(s) _Rle —Rigs  RCs—1

CHAPTER THREE

Automatic Control Systems

A control system may consist of a number of components. To show the functions
performed by each component, in control engineering, we commonly use a diagram
called the block diagram. This chapter first explains what a block diagram is. Next, it
discusses introductory aspects of automatic control systems, including various control
actions. Then, it presents a method for obtaining block diagrams for physical systems,
and, finally, discusses techniques to simplify such diagrams.
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We also utilize the block diagram reduction techniques and the Mason's gain
formula to find the transfer function of the overall control system. The main objectives
of this chapter are:

1. To study block diagrams, their components, and their underlying mathematics.
2. To obtain transfer function of systems through block diagram manipulation and
reduction.
To introduce the signal-flow graphs.
To establish a parallel between block diagrams and signal-flow graphs.
To use Mason's gain formula for finding transfer function of systems.
To introduce state diagrams.

3-1 Block Diagrams

The block diagram modeling may provide control engineers with a better
understanding of the composition and interconnection of the components of a system.
Or it can be used, together with transfer functions, to describe the cause-and-effect
relationships throughout the system. For example, consider a simplified block diagram
representation of the heating system in your lecture room, shown in Fig. 3-1, where by
setting a desired temperature, also defined as the input, one can set off the furnace to
provide heat to the room. The process is relatively straightforward. The actual room
temperature is also known as the output and is measured by a sensor within the
thermostat. A simple electronic circuit within the thermostat compares the actual room
temperature to the desired room temperature (comparator). If the room temperature is
below the desired temperature, an error voltage will be generated. The error voltage
acts as a switch to open the gas valve and turn on the furnace (or the actuator).
Opening the windows and the door in the classroom would cause heat loss and,
naturally, would disturb the heating process (disturbance).

oo e w

Heat Loss
Desired Room Actual Room
Temperature [ Brroi - A Temperature
———»1 Thermostat Voltage Gas Valve Furnace | Room —p

A

| Feedback

Figure 3-1 A simplified block diagram representation of a heating system.

Disturbance
torque
Input I l Output
voltage { - speed
T, AMPLIFIER DC MOTOR S ERRTOAD T P

(a)
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(b)
Figure 3-2 (a) Block diagram of a dc-motor control system, (b) Block diagram with transfer functions and amplifier
characteristics.

The room temperature is constantly monitored by the output sensor. The process of
sensing the output and comparing it with the input to establish an error signal is known
as feedback. Note that the error voltage here causes the furnace to turn on, and the
furnace would finally shut off when the error reaches zero.

As another example, consider the block diagram of Fig. 3-2 (a), which models an
open loop, dc-motor, speed-control system. The block diagram in this case simply
shows how the system components are interconnected, and no mathematical details
are given. If the mathematical and functional relationships of all the system elements
are known, the block diagram can be used as a tool for the analytic or computer
solution of the system. In general, block diagrams can be used to model linear as well
as nonlinear systems. For example, the input-output relations of the dc-motor control
system may be represented by the block diagram shown in Fig. 3-2 (b). In this figure,
the input voltage to the motor is the output of the power amplifier, which, realistically,
has a nonlinear characteristic. If the motor is linear, or, more appropriately, if it is
operated in the linear region of its characteristics, its dynamics can be represented by
transfer functions. The nonlinear amplifier gain can only be described in time domain
and between the time variables v;(t) and v,(t), Laplace transform variables do not
apply to nonlinear systems; hence, in this case, V;(s) and V,(s) do not exist. However,
if the magnitude of v;(t) is limited to the linear range of the amplifier, then the
amplifier can be regarded as linear, and the amplifier may be described by the transfer
function

Va(s)

Vi(s) (3-1)
where K is a constant, which is the slope of the linear region of the amplifier
characteristics.

Alternatively, we can use signal-flow graphs or state diagrams to provide a
graphical representation of a control system.

Typical Elements of Block Diagrams in Control Systems. We shall now define
the block-diagram elements used frequently in control systems and the related algebra.
The common elements in block diagrams of most control systems include:

a) Comparators

b) Blocks representing individual component transfer functions, including:

c) Reference sensor (or input sensor)

d) Output sensor

e) Actuator

f) Controller

g) Plant (the component whose variables are to be controlled)
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h) Input or reference signals
1) Output signals

J) Disturbance signal

k) Feedback loops

Fig. 3-3 shows one configuration where these elements are interconnected. You may
wish to compare Fig. 3-1 or Fig. 3-2 to Fig. 3-3 to find the control terminology for
each system. As a rule, each block represents an element in the control system, and
each element can be modeled by one or more equations. These equations are normally
in the time domain or preferably (because of ease in manipulation) in the Laplace
domain. Once the block diagram of a system is fully constructed, one can study
individual components or the overall system behavior.

One of the important components of a control system is the sensing and the
electronic device that acts as a junction point for signal comparisons—otherwise
known as a comparator. In general, these devices possess sensors and perform simple
mathematical operations such as addition and subtraction (such as the thermostat in
Fig. 3-1). Three examples of comparators are illustrated in Fig. 3-4. Note that the
addition and subtraction operations in Fig. 3-4 (a) and (b) are linear, so the input and
output variables of these block diagram elements can be time-domain variables or
Laplace-transform variables. Thus, in Fig. 3-4 (a), the block diagram implies

e(t) =r) —y() (3-2)

E(s) = R(s) = Y(s) (3-3)

As mentioned earlier, blocks represent the equations of the system in time domain or

the transfer function of the system in the Laplace domain, as demonstrated in Fig. 3-
5.

or

Disturbance
- o . AR Output
—oput .} Reterence Controller I—b Actuator Plant e
Sensor
Output |,
Sensor r

Figure 3-3 Block diagram representation of a general control system.
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e(t) = r(1) + (1)
£(5) = R(s) + Y(5)

nn e(t)=nr(1) - y(1)
R(s) + E(s) = R(s) - Y(s)
M1 | Y(s)

(a) (b)

I'g( f:i R'_\(_S)
A comparator
e(t) = ri(t) + ro(t) = ¥(1) performs addition

and subtraction
Ri(s) +

y(n] Y(s)

(©)
Figure 3-4 Block-diagram elements of typical sensing devices of control systems, (a) Subtraction, (b) Addition, (c)
Addition and subtraction.

E(s) = Ry(5) + Ry(s) - ¥(s)

u(n o) x (1) Time
§\ 54 domain
U(s) G6s) X (s) kapla;c
omain

Figure 3-5 Time and Laplace domain block diagrams.
In Laplace domain, the following input-output relationship can be written for the
system in Fig. 3-5:
X(s) =G(s)U(s) (3—-4)
If signal X(s) is the output and signal U(s) denotes the input, the transfer function of
the block in Fig. 3-5 is

G(s) = (3-75)

Typical block elements that appear in the block diagram representation of most control
systems include plant, controller, actuator, and sensor.
Example 3-1: [59] Consider the block diagram of two transfer functions G, (s) and
G, (s) that are connected in series. Find the transfer function G (s) of the overall
system.

Solution. The system transfer function can be obtained by combining individual
block equations. Hence, for signals A(s) and X(s), we have

I!- * | ; ."'I ] ! - {'
iﬂ GI “} Lﬂ 'GI .|_’-!|':| _..Li.p

Figure 3-6 Block diagrams G, (s) and G, (s) connected in series.
X(s) = A(s)G,(s)
A(s) = U(s)G1(s)
X(s) = G1(s)G2(s)U(s)
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Hence,
G(s) = G1(s)Ga(s) (3-16)

Hence, using Eq. (3-6), the system in Fig. 3-6 can be represented by the system in Fig.
3-5.
Example 3-2: [59] Consider a more complicated system of two transfer functions
G,(s) and G,(s) that are connected in parallel, as shown in Fig. 3-7. Find the transfer
function G (s) of the overall system.
Solution. The system transfer function can be obtained by combining individual block
equations. Note for the two blocks G, (s) and G, (s), A, (s) acts as the input, and A, (s)
and As(s) are the outputs, respectively. Further, note that signal U(s) goes through a
branch point P to become A;(s). Hence, for the overall system, we combine the
equations as follows.

A;(s) = U(s)

Ay(s) = A1(s)G1(s)

A3(s) = A;1(s)G,(s)

X(s) = Ay(s) + Az(s)

X(s) = U(s)(G1(s) + G2(s))

Hence,
G(s) = G1(s) + G(s) 3-7)
For a system to be classified as a feedback control system, it is necessary that the
controlled variable be fed back and compared with the reference input. After the
comparison, an error signal is generated, which is used to actuate the control system.
As a result, the actuator is activated in the presence of the error to minimize or
eliminate that very error. A necessary component of every feedback control system is
an output sensor, which is used to convert the output signal to a quantity that has the
same units as the reference input. A feedback control system is also known a closed-
loop system. A system may have multiple feedback loops. Fig. 3-8 shows the block
diagram of a linear feedback control system with a single feedback loop. The
following terminology is defined with reference to the diagram:
r(t), R(s) = reference input(command)
y(t),Y(s) = output (controlled variable)
b(t),B(s) = feedback signal
u(t), U(s) = actuating signal = error sign e(t), E(s),when H(s) = 1
H(s ) = feedback transfer function
G(s)H(s) = L(s) = loop transfer function
G(s) = forward — path transfer function

Y(s)
M(s) =
(s) =+ &)
= closed — loop transfer function or system transfer function
The closed-loop transfer function M(s) can be expressed as a function of G(s) and

H(s). From Fig. 3-8, we write
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Y(s) = G(s)U(s) (3-98)

and

B(s) = H(s)Y(s) (3-9)
The actuating signal is written

U(s) = R(s) — B(s) (3—-10)
Substituting Eqg. (3-10) into Eq. (3-8) yields

Y(s) = G(s)R(s) — G(s)H(s) (3—-11)

Substituting Eq. (3-9) into Eq. (3-7) and then solving for Y(s)/R(s) gives the closed-
loop transfer function
Y(s) G(s)

M) = 2 T TT C)HG) (3-12)

The feedback system in Fig. 3-8 is said to have a negative feedback loop because the

comparator subtracts. When the comparator adds the feedback, it is called positive

feedback, and the transfer function Eq. (3-12) becomes

Iy Y(s) G(s) 313

)= %) T GOHG) ( )

If G and H are constants, they are also called gains. If H = 1 in Fig. 3-8, the system is
said to have a unity feedback loop, and if H = 0, the system is said to be open loop.

/‘l (\)

A: (s)

Gy (5)

~—‘—-—4DP

02 (Y)
Ay (5) Az (8)

Figure 3-7 Block diagrams G, (s) and G, (s) connected in parallel.
R(s)

¥(s)
| G(s) >
(1)

r(1) +

—+ H() ¢
B(s) |

Figure 3-8 Basic block diagram of a feedback control system.
3-1-1 Relation between Mathematical Equations and Block Diagrams
Consider the following second-order prototype system:
() + 20w, x(t) + wix(t) = w2u(t) (3 —14)

w, Us) + 52 X(s)

Cw,"X(s)

@, X(s)
Figure 3-9 Graphical representation of Eq. (3-17) using a comparator.
which has Laplace representation (assuming zero initial conditions x(0) = i(0) = 0):

X(s)s? + 20w, X(s)s + w2X(s) = w2U(s) (3 —-15)
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Eq. (3-15) consists of constant damping ratio ¢, constant natural frequency w,,, input
U(s), and output X(s). If we rearrange Eqg. (3-15) to

w2U(s) — 2w, X(s)s — w2X(s) = X(s)s? (3—-16)
it can graphically be shown as in Fig. 3-9.

The signals 2{w,,sX(s) and w2 X (s) may be conceived as the signal X(s) going into
blocks with transfer functions 2{w,s and w2, respectively, and the signal X(s) may be
obtained by integrating s2X(s) twice or by post-multiplying by slz as shown in Fig. 3-
10.

Because the signals X(s) in the right-hand side of Fig. 3-10 are the same, they can
be connected, leading to the block diagram representation of the system Eq. (3-17), as
shown in Fig. 3-11. If you wish, you can further dissect the block diagram in Fig. 3-11
by factoring out the term - as in Fig. 3-12(a) to obtain Fig. 3-12(b).

If the system studied here corresponds to the spring-mass-damper seen in Fig. 1-7
(see Chapter 1), then we can designate internal variables A(s) and V(s), which
represent acceleration and velocity of the system, respectively, as illustrated in Fig. 3-

12. The best way to see this is by recalling that % Is the integration operation in

Laplace domain. Hence, if A(s) is integrated once, we get V(s), and after integrating
V(s), we get the X(s) signal.

It is evident that there is no unique way of representing a system model with block
diagrams. We may use different block diagram forms for different purposes, as long as
the

@, U(s) + 52 X(s) X(s)

[ 2 é’ﬂ),,‘i | X(5)|
28w, sX(s)
3 X(s)
T

i
|

oo T Wy
@,”X(s)

Figure 3-10 Addition of blocks siz 2l w,s, and w? to the graphical representation of Eq. (3-17).

Xis)

Uis) 1
P }T pr————

— g0

L—

Figure 3-11 Block diagram representation of Eq. (3-17) in Laplace domain.

X(s
| L (s)
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U(s) + Als) 1 V(s) 1 X(s)

L 20,

S

,
(b)

Figure 3-12 (a) Factorization of | term in the internal feedback loop of Fig. 3-11. (b) Final block diagram representation
of Eq. (3-17) in Laplace domain.

us) [ 1 Vis)
— oAt ' _t“ _] 8
20w, 4
:

Figure 3-13 Block diagram of Eq. (3-17) in Laplace domain with V(s) represented as the output.
overall transfer function of the system is not altered. For example, to obtain the
transfer function V(s)/U(s), we may yet rearrange Fig. 3-12 to get V(s) as the system
output, as shown in Fig. 3-13. This enables us to determine the behavior of velocity
signal with input U(s).

Example 3-3: [59] Find the transfer function of the system in Fig. 3-12 and compare
that to the transfer function of system in Eq. (3-15).
Solutions

The w2, block at the input and feedback signals in Fig. 3-12(b) may be moved to the
right-hand side of the comparator. This is the same as factorization of w2 as shown:

w2U(s) — w2X(s) = w2(U(s) — X(s)) (3-17)

Fig. 3-14(a) shows the factorization operation of Eq. (3-17), which results in a simpler
block diagram representation of the system shown in Fig. 3-14 (b). Note that Fig. 3-
12(b) and Fig. 3-14(b) are equivalent systems.

Uis) + 5 Als)
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U(s) + F
@,

"R V(s) X(s)
s T

20w,

®
Figure 3-14 (a) Factorization of w?. (b) Alternative block diagram representation of Eqg. (3-17) in Laplace domain.

X(s)

Wi
s2+20wp+w?

Considering Fig. 3-12(b), it is easy to identify the internal feedback loop, which in
turn can be simplified using Eq. (3-12), or
V(s) 1 s

A(s)__1+§(a)n=g+2(wn (3-18)
S

Figure 3-15 A block diagram representation of

After pre- and post-multiplication by w? and <, respectively, the block diagram of the
system is simplified to what is shown in Fig. 3-15, which ultimately results in

Wz
X(s w?
U(s) w3 S?2 + 20w, s + w2

1+ s(s+2{wy,)
Eq. (3-19) is also the transfer function of system Eq. (3-15).
Example 3-4: Find the velocity transfer function using Fig. 3-13 and compare that to
the derivative of Eq. (3-19).
Solutions. Simplifying the two feedback loops in Fig. 3-13, starting with the internal
loop first, we have

1
—Ta-
)
V(s) 1+ —{s =
i) I 2
s W
1+ —Zif‘) n S
V(is) Sw?

U(s) 524 20wy,s + w? (3-20)
Eq. (3-20) is the same as the derivative of Eq. (3-19), which is nothing but multiplying
Eqg. (3-19) by an s term. Try to find the A(s)/U(s) transfer function. Obviously you
must get: s2X(s)/U(s).
3-1-2 Block Diagram Reduction
As you might have noticed from the examples in the previous section, the transfer

function of a control system may be obtained by manipulation of its block diagram
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and by its ultimate reduction into one block. For complicated block diagrams, it is
often necessary to move a comparator or a branch point to make the block diagram
reduction process simpler. The two key operations in this case are:

1. Moving a branch point from P to Q, as shown in Fig. 3-16(a) and Fig. 3-16(b).
This operation must be done such that the signals Y(s) and B(s) are unaltered. In

Fig. 3-16(a), we have the following relatio
Y(s) = A(s)G,(s)
B(s) = Y(s)H,(s)
In Fig. 3-16(b), we have the following relations:
Y(s) = A(s)G,(s)
B(s) = A(s)H;(s)G,(s)

Y
Go(s) = %

= B(s) = Y(s)H,(s)

But

ns:

(3 —21)
(3 —22)
(3 —23)

2. Moving a comparator, as shown in Fig. 3-17(a) and Fig. 3-17(b), should also be
done such that the output Y(s) is unaltered. In Fig. 3-17(a), we have the

following relations:

Y(s) = A(s)G(s) + B(s)Hy(s)

(a)

P
A(s) ————»| Gals) F —> Y(s)
B(s) «— H,(5) v——}

(b Q

A(s) » Gy(s)

B(s) «—{ Hy(s) G5(s)

Figure 3-16 (a) Branch point relocation from point P to (b) point Q.

(a)
A(s) ——»f Gy(s)

+

B(s) —»| Hy(s)

— Y(s)

Y(s)

(b)

| Ga(s) |

—> Y(s)

o — B

(3 —24)

Figure 3-17 (a) Comparator relocation from the right-hand side of block G, (s) to (b) the left-hand side of block G, (s).

In Fig. 3-17(b), we have the following relations:
_ Hy(s)
h(s) = AG) +BO) 5
Y(s) = Y1(s)G(s)
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SO

H,(s)
Y(s) = A(s)Gy(s) + B(s)

1
G2(s)

= Y(s) = A(s)G,(s) + B(s)H,(s)
Example 3-5: [59] Find the input-output transfer function of the system shown in Fig.
3-17(a).
Solution. To perform the block diagram reduction, one approach is to move the
branch point at Y; to the left of block G,, as shown in Fig. 3-18(b). After that, the
reduction becomes trivial, first by combining the blocks G,, G5, and G, as shown in
Fig. 3-18(c), and then by eliminating the two

G2(s) (3-26)

Gy
+
Y +
L yliGs 8
Gy —
|
Y +
—L G, TY-»
y
GzGJ‘fG.' »
R G, Ys Y
+ l+G;G]H| GZG"-'-G‘ 3

(d)
Figure 3-18 (a) Original block diagram, (b) Moving the branch point at Y; to the left of block G,. (¢) Combining the
blocks G, G,, and G5. (d) Eliminating the inner feedback loop.

feedback loops. As a result, the transfer function of the final system after the reduction
in Fig. 3-18(d) becomes
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Y(s) G,G,G3 + GG,
E(s) 14 G,G3H; + G,G,G3+ GG,
3-1-3 Block Diagram of Multi-Input Systems-Special Case:
Systems with a Disturbance. An important case in the study of control systems is
when a disturbance signal is present. Disturbance (such as heat loss in the example in
Fig. 3-1) usually adversely affects the performance of the control system by placing a
burden on the controller/actuator components. A simple block diagram with two
inputs is shown in Fig. 3-19. In this case, one of the inputs, D(s), is known as
disturbance, while R(s) is the reference input. Before designing a proper controller for
the system, it is always important to learn the effects of D(s) on the system.
We use the method of superposition in modeling a multi-input system.
Super Position: For linear systems, the overall response of the system under multi-
inputs is the summation of the responses due to the individual inputs, i.e., in this case,

(3 —27)

Yiatar = Yrlp=0 + Yplr=0 (3—28)
D(s)
Controller ) Plant
R(s) () L(s) . () X Y(s)
= » G, —» G, 13
+ -
_ A
Output Sensor
H,

Figure 3-19 Block diagram of a system undergoing disturbance

R(s) Yis)
M G| Gz
+

Figure 3-20 Block diagram of the systém in Fig. 3-19 when D(s) = 0.

When D(s) = 0, the block diagram is simplified (Fig. 3-20) to give the transfer
function

Y(s) G1(s)G,(s) 3_ 29

RG) 14 6,6 H) S
When R(s)=0, the block diagram is rearranged to give (Fig. 3-21):

Y(s) —G,(s) G- 30)

D(s) 1+ Gi(5)Go(s)Hy(s)

Dis)

Yi(s)

H,

(a)
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D(s) - Y(s)

GyH, |«

(b)

Figure 3-21 Block diagram of the system in Fig. 3-19 when R(s) = 0.
As a result, from Eq. (3-28) to Eq. (3-32), we ultimately get

Y(s) Y(s)
Y, = —— R — D 3-31
tatal R(S) (S) + D(S) (S) ( )
D=0 R=0

V() = — At R(s) 4+ ——2D(s)

T TH GG H, Y T 1 G GH, Y
Observations: Z| and Z| have the same denominators if the disturbance

Rip=0 Dlgr=0
signal goes to the forward path. The negative sign in the numerator of % shows
R=0

that the disturbance signal interferes with the controller signal, and, as a result, it
adversely affects the performance of the system. Naturally, to compensate, there will
be a higher burden on the controller.
3-1-4 Block Diagrams and Transfer Functions of Multivariable Systems

We shall illustrate the block diagram and matrix representations of multivariable
systems. Two block-diagram representations of a multivariable system with p inputs
and g outputs are shown in Fig. 3-22(a) and (b). In Fig. 3-22 (a), the individual input
and output signals are designated, whereas in the block diagram of Fig. 3-22(b), the
multiplicity of the inputs and outputs is denoted by vectors. The case of Fig. 3-22(b) is
preferable in practice because of its simplicity.

Fig. 3-23 shows the block diagram of a multivariable feedback control system. The
transfer function relationships of the system are expressed in vector-matrix form:

Y(s) = G(s)U(s) (3-32)
U(s) = R(s) — B(s) (3—33)
B(s) = H(s)Y(s) (3 — 34)
rt) —— — » 3D
ra(t) ——» — .U
MULTIVARIABLE
SYSTEM
rp{t) ————» — ¥,
i 99 LS

(a)
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i
) — | MULTIVARIABLE |
SYSTEM [

1
d

P XN

(b}
Figure 3-22 Block diagram representations of a multivariable system.

| - r !
R(s) Us) Gs) Y(5)

Figure 3-23 Block diagram of a multivariable feedback control system.
where Y(s) is the g x 1 output vector; U(s), R(s), and B(s) are all p x 1 vectors; and

G(s) and H(s) are g X p and p x g transfer-function matrices, respectively. Substituting
Eq. (3-11) into Eq. (3-10) and then from Eqg. (3-10) to Eq. (3-9), we get

Y(s) = G(s)R(s) — G(s)H(s)Y (s) (3—-35)
Solving for Y(s) from Eq. (3-12) gives

Y(s) =[1+ G(s)H(s)] G (s)R(s) (3—-36)
provided that I + G(s)H(s) is nonsingular. The closed-loop transfer matrix is defined as

M(s) =[I+G(s)H(s)]1G(s) (3—-137)
Then Eq. (3-14) is written

Y(s) = M(s)R(s) (3—-138)

Example 3-6: [59] Consider that the forward-path transfer function matrix and the
feedback-path transfer function matrix of the system shown in Fig. 3-23 are

G(s) = |°*1 f], H(s)=[(1) (1’ (3 — 39)

respectively. The closed-loop transfer function matrix of the system is given by Eq. (3-
15), and is evaluated as follows:

1 + 1 _1 S+2 _1

I +G(s)H(s) = st+1 =[5t 3 (3 — 40)
2 1+ -1 9 St3
S+2 S+2

The closed-loop transfer function matrix is

M(s) = [I + G()H()]G(s) =

S+3 1
S+22 S+2] [S+1 1S (3 _ 41)
S

s+1 +2
Where
_s+25+3+2_52+55+2 (3— 42)
T s+1s+2 s s(s+1)
Thus,
( + 1) 352495+4 1
s(s et -
M —_o I s(s+1)(s+2) s 3 — 43
(s) s2+ 5542 2 3s+2 ( )
s(s+1)



3-2 Signal-flow Graph (SFGs)

A signal-flow graph (SFG) may be regarded as a simplified version of a block
diagram. Besides the differences in the physical appearance of the SFG and the block
diagram, the signal-flow graph is constrained by more rigid mathematical rules,
whereas the block-diagram notation is more liberal. An SFG may be defined as a
graphical means of portraying the input-output relationships among the variables of a
set of linear algebraic equations.

Consider a linear system that is described by a set of N algebraic equations:

N

Yj ZZ‘lkj)’k j=12,..,N (3—44)
k=1
It should be pointed out that these N equations are written in the form of cause-and-
effect relations:

N
jth effect = Z(gain from k to j) X (kth cause) (3 —45)
k=1
or simply
Output = Z(gain) X (input) (3—-46)

This is the single most important axiom in forming the set of algebraic equations for
SFGs. When the system is represented by a set of integrodifferential equations, we
must first transform these into Laplace-transform equations and then rearrange the
latter in the form of Eq. (3-31), or

N
Yi(s) = z Gy ()i(s) j=12,..,N (3 — 47)
k=1

Basic Elements of an SFG. When constructing an SFG, junction points, or nodes,
are used to represent variables. The nodes are connected by line segments called
branches, according to the cause-and-effect equations. The branches have associated
branch gains and directions. A signal can transmit through a branch only in the
direction of the arrow. In general, given a set of equations such as Eq. (3-31) or Eq. (3-
47), the construction of the SFG is basically a matter of

i 14
[o » 0
¥ 2
Figure 3-24 Signal flow graph of y, = a,,y,.
following through the cause-and-effect relations of each variable in terms of itself and
the others. For instance, consider that a linear system is represented by the simple

algebraic equation

Y2 = Q21 (3—48)
where y; is the input, y, is the output, and a,, is the gain, or transmittance, between
the two variables. The SFG representation of Eg. (3-48) is shown in Fig. 3-24. Notice
that the branch directing from node y, (input) to node y, (output) expresses the
dependence of y, on y; but not the reverse. The branch between the input node and
the output node should be interpreted as a unilateral amplifier with gain a,,, So when a
signal of one unit is applied at the input y,, a signal of strength a,,y, is delivered at
node y,. Although algebraically Eq. (3-48) can be written as
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1
V1= (3—49)
12
the SFG of Fig. 3-24 does not imply this relationship. If Eq. (3-49) is valid as a cause-

and-effect equation, a new SFG should be drawn with y, as the input and y,; as the
output.

Example 3-7: [59] As an example on the construction of an SFG, consider the
following set of algebraic equations:

Y2 = Q1)1 + A32Y3
Y3 = A3Y2 T A43Y4
Ya = Q4Y2 + A34Y3 + Q444 (3 —50)

Y5 = Qz5Y2 T AasYs o
The SFG for these equations is constructed, step by step, in Fig. 3-25.

Summary of the Basic Properties of SFG. The important properties of the SFG
that have been covered thus far are summarized as follows.

1. SFG applies only to linear systems.

2. The equations for which an SFG is drawn must be algebraic equations in the
form of cause-and-effect.

3. Nodes are used to represent variables. Normally, the nodes are arranged from
left to right, from the input to the output, following a succession of cause-and-
effect relations through the system.

4. Signals travel along branches only in the direction described by the arrows of
the branches.

5. The branch directing from node y, to y; represents the dependence of y; upon
v but not the reverse.

6. Asignal y, traveling along a branch between y, and y; is multiplied by the gain
of the branch a,; so a signal ay;y, is delivered at y;.

Definitions of SFG Terms. In addition to the branches and nodes defined earlier

for the SFG, the following terms are useful for the purpose of identification and
execution of the SFG algebra.

33

dlz /—Q\
o > 0 o

M ¥a ¥3 Y4 ¥
(@) y2 = aipy; + aszys

#32 ALk

o m
O » Cr » O

h ¥2 ¥ ¥4 ¥s
(0) y2 = apy1 +azy3 Y3 = a3y, + Aaz)s

tiy3 @43 fiay




(€) ¥z = ai2y1 +a32Y3 Y3 = Ap3¥2 + Ag2Ys Y, = A24Y, + A34Y3 + A4,

(d) Complete signal-flow graph
Figure 3-25 Step-by-step construction of the signal-flow graph in Eq. (3-50).

Input Node (Source): An input node is a node that has only outgoing branches
(example: node y; in Fig. 3-24).

Output Node (Sink): An output node is a node that has only incoming branches:
(example: node y, in Fig. 3-24). However, this condition is not always readily met by
an output node. For instance, the SFG in Fig. 3-26(a) does not have a node that
satisfies the condition of an output node. It may be necessary to regard y, and/or y5 as
output nodes to find the effects at these nodes due to the input. To make y, an output
node, we simply connect a branch with unity gain from the existing node y, to a new
node also designated as y,, as shown in Fig. 3-26(b). The same procedure is applied to
y3, Notice that, in the modified SFG of Fig. 3-26(b), the equations y, =y, and
y; = y3 are added to the original equations. In general, we can make any noninput
node of an SFG an output by the procedure just illustrated. However, we cannot
convert a noninput node into an input node by reversing the branch direction of the
procedure described for output nodes. For instance, node y, of the SFG in Fig. 3-26(a)
Is not an input node. If we attempt to convert it into an input node by adding an
incoming branch with unity gain from another identical node y,, the SFG of Fig. 3-27
would result. The equation that portrays the relationship at node y, now reads

Y2 = Y2 T a12Y1 T a32)3 (3—-51)
which is different from the original equation given in Fig. 3-26(a).
M a3

o » Q >
¥ ¥2 ¥

a3z

(a) Original signal-flow graph

y2
1
it a3 |
O » > Q

1 g ﬁ\—:—/’/‘h ¥
32
(b) Modified signal-flow graph

Figure 3-26 Modification of a signal-flow graph so that y, and y, satisfy the condition as output nodes.

¥
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Figure 3-27 Erroneous way to make node y, an input node.

Path: A path is any collection of a continuous succession of branches traversed in the
same direction. The definition of a path is entirely general, since it does not prevent
any node from being traversed more than once. Therefore, as simple as the SFG of
Fig. 3-26(a) is, it may have numerous paths just by traversing the branches a,; and
as, continuously.

Forward Path: A forward path is a path that starts at an input node and ends at an
output node and along which no node is traversed more than once. For example, in the
SFG of Fig. 3-25(d), y, is the input node, and the rest of the nodes are all possible
output nodes. The forward path between y, and y, is simply the connecting branch
between the two nodes. There are two forward paths between y, and y;. One contains
the branches from y; to y, to y5, and the other one contains the branches from y, to y,
to y, (through the branch with gain a,,) and then back to y; (through the branch with
gain a,3;). We should try to determine the two forward paths between y; and y,.
Similarly, there are three forward paths between y,; and y-.

Path Gain: The product of the branch gains encountered in traversing a path is called
the path gain. For example, the path gain for the path y; —y, —y; —y, in Fig. 3-
25(d) is aja,3a34.

Loop: A loop is a path that originates and terminates on the same node and along
which no other node is encountered more than once. For example, there are four loops
in the SFG of Fig. 3-25(d). These are shown in Fig. 3-28.

Forward-Path Gain: The forward-path gain is the path gain of a forward path.

Loop Gain: The loop gain is the path gain of a loop. For example, the loop gain of the
loop y; — ¥4 —y3 — y2 in Fig. 3-28 is az,a,3a3;.

Nontouching Loops: Two parts of an SFG are nontouching if they do not share a
common node. For example, the loops y, — y; — y, and y, — y, of the SFG in Fig. 3-

25 (d) are nontouching loops.

My

fp 3

Figure 3-28 Four loops in the signal-flow graph of Fig. 3-25(d).
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SFG Algebra. Based on the properties of the SFG, we can outline the following

manipulation rules and algebra:

1. The value of the variable represented by a node is equal to the sum of all the
signals entering the node. For the SFG of Fig. 3-29, the value of y, is equal to
the sum of the signals transmitted through all the incoming branches; that is,

Y1 = 0Q1Y2 +A31Y3 + A41Ys + A51Ys (3—52)

2. The value of the variable represented by a node is transmitted through all
branches leaving the node. In the SFG of Fig. 3-29, we have

Y6 = A16)1 (3-53)
Y7 = Q7)1
Yg = A18)1

3. Parallel branches in the same direction connecting two nodes can be replaced by
a single branch with gain equal to the sum of the gains of the parallel branches.
An example of this case is illustrated in Fig. 3-30.

F3

s

Yo ¥1
Figure 3-29 Node as a summing point and as a transmitting point.

N X2
¢
\ atbh+c /
> O > — +
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1202393
»

» ¥4

Figure 3-31 Signal-flow graph with cascade unidirectional branches replaced by a single branch.

1 Gls) I
o > Q > o > o
RGs) E® Y(s)
—Hi{s)

Figure 3-32 Signal-flow graph of the feedback control system shown in Fig. 3-8.
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4. A series connection of unidirectional branches, as shown in Fig. 3-31, can be
replaced by a single branch with gain equal to the product of the branch gains.

SFG of a Feedback Control System. The SFG of the single-loop feedback control
system in Fig. 3-8 is drawn as shown in Fig. 3-32. Using the SFG algebra already
outlined, the closed-loop transfer function in Eq. (3-12) can be obtained.

Relation between Block Diagrams and SFGs. The relation between block
diagrams and SFGs are tabulated for three important cases, as shown in Table 3-1.

Gain Formula for SFG. Given an SFG or block diagram, the task of solving for
the input-output relations by algebraic manipulation could be quite tedious.
Fortunately, there is a general gain formula available that allows the determination of
the input-output relations of an SFG by inspection.

TABLE 3-1 Block diagrams and their SFG equivalent representations

Simple  Transfer Block Diagram Signal Flow Diagram
Function
Y(S) — G(S) s} y Fis) Gis
U(s) ——h| B i S —0
¥ ¥
Parallel Feedback _ e Gyis)
|'— Gyl ’J 2 7 P y‘i
Um——-‘ — ¥s) .l&,
A Gais)
,[ U:ls)—!
Y(s) | Gls) |

' AT T

G(s) -His)

T 1+ G(s)H(s)

Given an SFG with N forward paths and K loops, the gain between the input node
Vi, and output node y,,,;
N
— Yout _ MkAk

Yin _k=1 A

M

(3—-154)

where
Vin = input — node variable
Yout = output — node variable
M = gain between y;,, and y,,,;
N = total number of forward paths between y;,, and y,,;
M, = gain of the kth forward paths between y;,, and y,,;

A=1—ZLi1+zLj2—sz3+--- (3 = 55)
i 7 X

L = gain product of the mth (m =1,j,k, ...) possible combination of r nontouching
loops (1 <r <K).
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Or A=1 — (sum of the gains of all individual loops) + (sum of products of gains of all
possible combinations of two nontouching loops) — (sum of products of gains of
all possible combinations of three nontouching loops) + -+

A, = the A for that part of the SFG that is nontouching with the kth forward path.

The gain formula in Eqg. (3-54) may seem formidable to use at first glance.
However, A and A, are the only terms in the formula that could be complicated if the
SFG has a large number of loops and nontouching loops.

Care must be taken when applying the gain formula to ensure that it is applied
between an input node and an output node.

Example 3-8: [59] Consider that the closed-loop transfer function Y (s)/R(s) of the
SFG in Fig. 3-32 is to be determined by use of the gain formula, Eq. (3-54). The
following results are obtained by inspection of the SFG:

1. There is only one forward path between R(s) and Y(s), and the forward-path

gain is
M; = G(s) (3—-156)
2. There is only one loop; the loop gain is
Ly; = —G(s)H(s) (3—-57)

3. There are no nontouching loops since there is only one loop. Furthermore, the
forward path is in touch with the only loop. Thus, A;= 1, and

A=1—-Ly; =1+ G(s)H(s) (3 —-58)
Using Eqg. (3-54), the closed-loop transfer function is written
Y(s) _ MiA (3 — 59)
R(s) A

which agrees with Eqg. (3-12).
Example 3-9: [59] Consider the SFG shown in Fig. 3-25(d). Let us first determine the
gain between y; and ys using the gain formula.
The three forward paths between y, and y< and the forward-path gains are
M; = a,;a53a34a45 Forward path: y; —y, —y3 —ys — ¥s

M, = a 0,5 F rward path: y; —y, — ys
M3 = a1,024045 Forwa_rd path: y; —y, — Ya—DYs
The four loops of the SFG are shown in Fig. 3-28. The loop gains are
Li1 = aj3as;, Ly = A34043, L3y = a3404303;, Ly = ayq

There is only one pair of nontouching loops; that is, the two loops are
V2= Y32 and Ya—Ya
Thus, the product of the gains of the two nontouching loops is
Li; = a3032044 (3—-160)
All the loops are in touch with forward paths M, and M5. Thus, A;= A;= 1. Two of
the loops are not in touch with forward path M, These loops are y; — y, — y; and
y3 - y4_. ThUS,
Ay=1— 034043 — Qg4 3-61)
Substituting these quantities into Eq. (3-54), we have
Vs _ MiAy + MpA, + MsAg
V1 B A
_ (@12A23034045) + (@12025) (1 — Q34043 — Aus) + Q12024045

1= (az303; + 34043 + 24043037 + A44) + Q23032044

(3 - 62)

where
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A=1- (L11 + Ly + L3 + L41)

=1 — (ag0a3; + a34a43 + 03404303, + a44) + ap303,04, (3-63)

We should verify that choosing y, as the output,
Y2 _ a12(1 — az4a43 — Qgq)

V1 A
where A is given in Eq. (3-63).

(3 — 64)

Example 3-10: [59] Consider the SFG in Fig. 3-33. The following input-output

relations are obtained by use of the gain formula:

(3—-165)
V1 ( %
vs G1G,(1+H,
— = (3—-66)
V1 A

G.G,G.G, + G;G=(1 + GyH

&=&= 1U2U30y 1Gs( 3H3) (3—67)
Yi N A

Where
A= 1 + GlHl + G3H2 + G1G2G3H3 + H4_ + GlG3H1H2
+G1H1H4 + G3H2H4 + GleG3H3H4 + GlG3H1H2H4 (3 - 68)

_H3

Figure 3-33 Signal-flow graph for Example 3-10.

Application of the Gain Formula between Output Nodes and Noninput
Nodes. It was pointed out earlier that the gain formula can only be applied between a
pair of input and output nodes. Often, it is of interest to find the relation between an
output-node variable and a noninput-node variable. For example, in the SFG of Figure
3-33, it may be of interest to find the relation y, /y,, which represents the dependence
of y, upon y,, the latter is not an input.

We can show that, by including an input node, the gain formula can still be applied
to find the gain between a noninput node and an output node. Let y;,, be an input and
Yout D€ an output node of a SFG. The gain, y,,:/y, Where y, is not an input, may be
written as

Yout Z MkAklfromyintoyout

Yout _ Yin A
= = (3 - 69)
Y2 y_z Z MkAk |fromyintoy2
YVin A

Because A is independent of the inputs and the outputs, the last equation is written
> M Ayl .
Yout — k2klfromyintoyout (3 . 70)
Y2 Z MkAk |fromyintoy2
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Notice that A does not appear in the last equation.

Example 3-11: [59] From the SFG in Fig. 3-33, the gain between y, and y, is written
Y7 _ y7/Y1 _ G1G,G3G, + G1Gs(1 + G3H,) (3 —71)
Y2 Y2/W 1+ G3H, + Hy + G3HyH,

Application of the Gain Formula to Block Diagrams. Because of the similarity
between the block diagram and the SFG, the gain formula in Eq. (3-54) can directly be
applied to the block diagram to determine the transfer function of the system.
However, in complex systems, to be able to identify all the loops and nontouching
parts clearly, it may be helpful if an equivalent SFG is drawn for the block diagram
first before applying the gain formula.

Example 3-12: [59] To illustrate how an equivalent SFG of a block diagram is
constructed and how the gain formula is applied to a block diagram, consider the block
diagram shown in Fig. 3-34(a). The equivalent SFG of the system is shown in Fig. 3-
34(b). Notice that since a node on the SFG is interpreted as the summing point of all
incoming signals to the node, the negative feedbacks on the block diagram are
represented by assigning negative gains to the feedback paths on the SFG. First we can
identify the forward paths and loops in the system and their corresponding gains. That
is:

Forward Path Gains: 1.G,G,G5; 2.G,G,

Loop Gains: 1.-G,G,Hy; 2..—G,G3H,; 3. —G,G,G3; 4. —G,H,; 5. — GG,
The closed-loop transfer function of the system is obtained by applying Eq. (3-54) to
either the block diagram or the SFG in Fig. 3-34. That is
Y(s) G,G,G3+ GG,

RG) A (3—-72)
where
A=1+ G,G,H, + G,G3H, + G,G,G3 + G,H, + G;G, (3—73)
Similarly,
E(s) 1+ GyGyHy + G,G3H; + G4 H, 3 - 74)
R(s) A
E(s) _ G,G,G3 + G1G, 3 - 75)

R(s) 1+ G,G,H, + G,G3H, + G,H,

The last expression is obtained using Eg. (3-70).
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(b)
Figure 3-34 (a) Block diagram of a control system, (b) Equivalent signal-flow graph.

Simplified Gain Formula. From Example 3-12, we can see that all loops and
forward paths are touching in this case. As a general rule, if there are no nontouching
loops and forward paths (e.g., y, — y; — vy, and y, — y, in Example 3-9) in the block
diagram or SFG of the system, then Eq. (3-54) takes a far simpler look, as shown next.

Yout Forward Path Gains

M= (3 —76)

Yin 1 — Loop Gains
Redo Examples 3-8 through 3-12 to confirm the validity of Eq. (3-76).

3-3 Automatic controllers

An automatic controller compares the actual value of the plant output with the
reference input (desired value), determines the deviation, and produces a control signal
that will reduce the deviation to zero or to a small value. The manner in which the
automatic controller produces the control signal is called the control action. Figure 3—
8 is a block diagram of an industrial control system, which Consists of an automatic
controller, an actuator, a plant, and a sensor (measuring element).

Automatic controller

Error detector

| |
| |
! I
Reference | [
. | |
input | I Output
——| Amplifier ju——l Actuator ! Plant -
¢ Set T

(_ poim)

Actuating

error signal

|
|
|
|
|
|
|
|
.. d

Sensor |-

Figure 3-35 Block diagram of an industrial control system, which consists of an automatic controller, an actuator, a
plant, and a sensor (measuring element).

The controller detects the actuating error signal, which is usually at a very low
power level, and amplifies it to a sufficiently high level. The output of an automatic
controller is fed to an actuator, such as an electric motor, a hydraulic motor, or a
pneumatic motor or valve. (The actuator is a power device that produces the input to
the plant according to the control signal so that the output signal will approach the
reference input signal.)

The sensor or measuring element is a device that converts the output variable into
another suitable variable, such as a displacement, pressure, voltage, etc., that can be
used to compare the output to the reference input signal. This element is in the
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feedback path of the closed-loop system. The set point of the controller must be
converted to a reference input with the same units as the feedback signal from the
sensor or measuring element.

Classifications of Industrial Controllers:

Most industrial controllers may be classified according to their control actions as:
Two-position or on—off controllers
Proportional controllers
Integral controllers
Proportional-plus-integral controllers
Proportional-plus-derivative controllers
Proportional-plus-integral-plus-derivative controllers

Most industrial controllers use electricity or pressurized fluid such as oil or air as
power sources. Consequently, controllers may also be classified according to the kind
of power employed in the operation, such as pneumatic controllers, hydraulic
controllers, or electronic controllers. What kind of controller to use must be decided
based on the nature of the plant and the operating conditions, including such
considerations as safety, cost, availability, reliability, accuracy, weight, and size.

Two-Position or On-Off Control Action. In a two-position control system, the
actuating element has only two fixed positions, which are, in many cases, simply on
and off. Two-position or on—off control is relatively simple and inexpensive and, for
this reason is very widely used in both industrial and domestic control systems.

Let the output signal from the controller be u(t) and the actuating error signal be
e(t). In two-position control, the signal u(t) remains at either a maximum or minimum
value, depending on whether the actuating error signal is positive or negative, so that

u(t) = Uy, for e(t) >0
=U,, for e(t) <0 (3-77)
where U; and U, are constants. The minimum value U, is usually either zero or —U;.
Two-position controllers are generally electrical devices, and an electric solenoid-
operated valve is widely used in such controllers. Pneumatic proportional controllers
with very high gains act as two-position controllers and are sometimes called
pneumatic two position controllers.

Figures 3-36(a) and (b) show the block diagrams for two-position or on—off
controllers. The range through which the actuating error signal must move before the
switching occurs is called the differential gap.

oukrwnE

Differential gap \

e Ui u Uiy
i : i : e u
-+ Jrm—— -+ | | [ f—
T 02 r Uy

(a) (b)

Figure 3-36 (a) Block diagram of an on—off controller; (b) block diagram of an on—off controller with differential gap.
A differential gap is indicated in Figure 3-36(b). Such a differential gap causes the
controller output u(t) to maintain its present value until the actuating error signal has
moved slightly beyond the zero value. In some cases, the differential gap is a result of
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unintentional friction and lost motion; however, quite often it is intentionally provided
in order to prevent too-frequent operation of the on—off mechanism.

Consider the liquid-level control system shown in Figure 3-37(a), where the
electromagnetic valve shown in Figure 3-37(b) is used for controlling the inflow rate.
This valve is either open or closed. With this two-position control, the water inflow
rate is either a positive constant or zero. As shown in Figure 3-38, the output signal
continuously moves between the two limits required to cause the actuating element to
move from one fixed position to the other. Notice that the output curve follows one of
two exponential curves, one corresponding to the filling curve and the other to the
emptying curve. Such output oscillation between two limits is a typical response
characteristic of a system under two-position control.

Movable iron core

(a) (b)
Figure 3-37 (a) Liquid-level control system; (b) electromagnetic valve.
h(t)

Differential

\ e

0 t
Figure 3-38 Level h(t)-versus-t curve for the system shown in Figure 2-8(a).

From Figure 3-38, we notice that the amplitude of the output oscillation can be
reduced by decreasing the differential gap. The decrease in the differential gap,
however, increases the number of on—off switching per minute and reduces the useful
life of the component. The magnitude of the differential gap must be determined from
such considerations as the accuracy required and the life of the component.

Proportional Control Action. For a controller with proportional control action,
the relationship between the output of the controller u(t) and the actuating error signal
e(t) is

u(t) = Kye(t) (3—-78)
or, in Laplace-transformed quantities,

@ =K (3-79)

E(s) 7 -

where K, is termed the proportional gain.
Whatever the actual mechanism may be and whatever the form of the operating
power, the proportional controller is essentially an amplifier with an adjustable gain.
Integral Control Action. In a controller with integral control action, the value of
the controller output u(t) is changed at a rate proportional to the actuating error signal
e(t).That s,
du(t)
dt

= K;e(t) (3 —80)
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or
t

u(t) = Kif e(t)dt (3—-81)
0
where K; is an adjustable constant. The transfer function of the integral controller is
E(s) s

Proportional-Plus-Integral Control Action. The control action of a proportional-
plus-integral controller is defined by

K t
w(®) = Kye(t) + %’j e(t)dt (3 - 83)
i Jo
or the transfer function of the controller is
U(s) 1
= (1 + E) (3 —84)

Where T; is called the integral time.
Proportional-Plus-Derivative Control Action. The control action of a
proportional-plus-derivative controller is defined by
de(t)

u(t) = Kye(t) + K, T, 7 (3-185)
and the transfer function is

U(s)

O K,(1+ Tys) (3 —86)

Where T, is called the derivative time.

Proportional-Plus-Integral-Plus-Derivative Control Action. The combination of
proportional control action, integral control action, and derivative control action is
termed proportional-plus-integral-plus-derivative control action. It has the advantages
of each of the three individual control actions. The equation of a controller with this
combined action is given by

K, rt de(t
u(t) = Kye(t) + —pf e(t)dt + K,T, de(t) (3-187)
T, J, dt
or the transfer function is
U(s)—K(1+1+T ) (3 — 88)
EG) p\" T ia

where K,, is the proportional gain, T; is the integral time, and Ty is the derivative time.
The block diagram of a proportional-plus-integral-plus-derivative controller is shown

in Figure 3-39.
EG) [ K,(1+ Tis+ T, 78D | U6
Y - Ts g

|

Figure 3-39 Block diagram of a proportional-plus-integral-plus-derivative controller.
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Disturbance
D(s)

R(s) C(s)
—»—@—»G]m @ = Go(s) >

I

Figure 3-40 Closed-loop system subjected to a disturbance.

His)

Closed-Loop System Subjected to a Disturbance. Figure 3-40 shows a closed
loop system subjected to a disturbance. When two inputs (the reference input and
disturbance) are present in a linear time-invariant system, each input can be treated
independently of the other; and the outputs corresponding to each input alone can be
added to give the complete output. The way each input is introduced into the system is
shown at the summing point by either a plus or minus sign.

Consider the system shown in Figure 3-40. In examining the effect of the
disturbance D(s), we may assume that the reference input is zero; we may then
calculate the response Cp (s) to the disturbance only. This response can be found from

Cp(s) G, (s)
DE) 1+ GOGEHE) S
On the other hand, in considering the response to the reference input R(s), we may
assume that the disturbance is zero. Then the response Ci(s) to the reference input
R(s) can be obtained from
Cr(s)  Gy1(s)Gy(s)
R(s) 1+ Gy(s)G,(s)H(s)
The response to the simultaneous application of the reference input and disturbance
can be obtained by adding the two individual responses. In other words, the response
C (s) due to the simultaneous application of the reference input R(s) and disturbance
D(s) is given by
C(s) = Cr(s) + Cp(s)
=8O (6 ()R + D) (3-91)
T1HGGGEHE) T TR

Consider now the case where |G;(s)H(s)| > 1 and |G{(s)G,(s)H(s)| > 1. In
this case, the closed-loop transfer function Cp(s)/D(s) becomes almost zero, and the
effect of the disturbance is suppressed. This is an advantage of the closed-loop system.

On the other hand, the closed-loop transfer function Cr(s)/R(s) approaches
1/H(s) as the gain of G,(s)G,(s)H(s) increases. This means that if
|G, (s)G,(s)H(s)| » 1, then the closed-loop transfer function Cz(s)/R(s) becomes
independent of G;(s) and G,(s) and inversely proportional to H(s), so that the
variations of G,(s) and G,(s) do not affect the closed-loop transfer function Cx(s)/
R(s). This is another advantage of the closed-loop system. It can easily be seen that
any closed-loop system with unity feedback, H(s) = 1, tends to equalize the input and
output.

(3 — 90)
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Procedures for Drawing a Block Diagram. To draw a block diagram for a
system, first write the equations that describe the dynamic behavior of each
component. Then take the Laplace transforms of these equations, assuming zero initial
conditions, and represent each Laplace-transformed equation individually in block
form. Finally, assemble the elements into a complete block diagram.

As an example, consider the RC circuit shown in Figure 3-41(a).The equations for

this circuit are
e —e
2 (3-92)

L=

fid
idt
C (3-93)

The Laplace transforms of Equations (3-92) and (3-93), with zero initial condition,
become

€y =

I(s) = Ei(s) ;EO(S) 3 — 94)

E,(s) =—— (3-95)

Equation (3-94) represents a summing operation, and the corresponding diagram is
shown in Figure 3-41(b). Equation (3-95) represents the block as shown in Figure 3—
41(c). Assembling these two elements, we obtain the overall block diagram for the
system as shown in Figure 3-41(d).

R E;is) I {(s)
(e A O #—- — -
R

(o) (b)

."lf §) | E”{ 5) Ej(x) I(%) E (s)

1 o (4 e -
Cs

(c) d)

Figure 3-41 (a) RC circuit; (b) block diagram representing Equation (3-94); (c) block diagram representing Equation (3-
95); (d) block diagram of the RC circuit.

x|=
-
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CHAPTER FOUR
Modeling in State Space

We shall present introductory material on state-space analysis of control systems.
And the objective is to introduce the basic methods of state variables and state
equations so that we can gain a working knowledge of the subject for further studies
when the state-space approach is used for modem and optimal control design.
Specifically, the closed-form solutions of linear time-invariant state equations are
presented. Various transformations that may be used to facilitate the analysis and
design of linear control systems in the state-variable domain are introduced. The
relationship between the conventional transfer-function approach and the state-
variable approach is established so that the analyst will be able to investigate a system
problem with various alternative methods. The controllability and observability of
linear systems are defined and their applications investigated. Some state-space
controller design problems appear in the end. We also present MATLAB tools to solve
most state-space problems.

4-1 Modern Control Theory

The modern trend in engineering systems is toward greater complexity, due mainly
to the requirements of complex tasks and good accuracy. Complex systems may have
multiple inputs and multiple outputs and may be time varying. Because of the
necessity of meeting increasingly stringent requirements on the performance of control
systems, the increase in system complexity, and easy access to large scale computers,
modern control theory, which is a new approach to the analysis and design of complex
control systems, has been developed since around 1960.This new approach is based on
the concept of state. The concept of state by itself is not new, since it has been in
existence for a long time in the field of classical dynamics and other fields.

Modern Control Theory Versus Conventional Control Theory. Modern control
theory is contrasted with conventional control theory in that the former is applicable to
multiple-input, multiple-output systems, which may be linear or nonlinear, time
invariant or time varying, while the latter is applicable only to linear time invariant
single-input, single-output systems. Also, modern control theory is essentially time-
domain approach and frequency domain approach (in certain cases such as H-infinity
control), while conventional control theory is a complex frequency-domain approach.
Before we proceed further, we must define state, state variables, state vector, and state
space.

State. The state of a dynamic system is the smallest set of variables (called state

variables) such that knowledge of these variables at = t, , together with knowledge of
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the input for t > t, , completely determines the behavior of the system for any time
t=>t.

Note that the concept of state is by no means limited to physical systems. It is
applicable to biological systems, economic systems, social systems, and others.

State Variables. The state variables of a dynamic system are the variables
making up the smallest set of variables that determine the state of the dynamic system.
If at least n variables x4, x, , ... , x,, are needed to completely describe the behavior of
a dynamic system (so that once the input is given for t > t, and the initial state
att = t, Is specified, the future state of the system is completely determined), then
such n variables are a set of state variables.

Note that state variables need not be physically measurable or observable
quantities. Variables that do not represent physical quantities and those that are neither
measurable nor observable can be chosen as state variables. Such freedom in choosing
state variables is an advantage of the state-space methods. Practically, however, it is
convenient to choose easily measurable quantities for the state variables, if this is
possible at all, because optimal control laws will require the feedback of all state
variables with suitable weighting.

State Vector. If n state variables are needed to completely describe the behavior
of a given system, then these n state variables can be considered the n components of
a vector x. Such a vector is called a state vector. A state vector is thus a vector that
determines uniquely the system state x(t) for any time > t, , once the state at t = t,
Is given and the input u(t) for t > t, is specified.

State Space. The n-dimensional space whose coordinate axes consist of the x;
axis, x, axis, ... , x, axis, where x;, x,, ... , x,, are state variables, is called a state
space. Any state can be represented by a point in the state space.

State-Space Equations. In state-space analysis we are concerned with three types
of variables that are involved in the modeling of dynamic systems: input variables,
output variables, and state variables. The state-space representation for a given system
Is not unique, except that the number of state variables is the same for any of the
different state-space representations of the same system.

The dynamic system must involve elements that memorize the values of the input
for > t; . Since integrators in a continuous-time control system serve as memory
devices, the outputs of such integrators can be considered as the variables that define
the internal state of the dynamic system. Thus the outputs of integrators serve as state
variables. The number of state variables to completely define the dynamics of the
system is equal to the number of integrators involved in the system.
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Assume that a multiple-input, multiple-output system involves n integrators.
Assume also that there are r inputs u,(t), u,(t),..,u,.(t) and m outputs
vy, (t),y,(t), ... , v, (t). Define n outputs of the integrators as state variables:
x1(t), x,(t), ... , x,(t) Then the system may be described by

X1 (t) = f1(xq, X9, wor, Xs Ug, Uy, oo, Uy T)

xZ(t) = fZ(x1; le "';xn; ul; uz, ---;ur; t)

4-1)
X (t) = fr,(X1, Xgy ooy X Uq, Ug, wor, Uy T)
The outputs y, (t), y,(t), ... , v, (t) of the system may be given by
y1(8) = 81 (%1, Xz, v, X Ug, Uz, wor, Uy B)
Y2(8) = g2(xy, X2, ) X5 Ug, U, oov, Uy T)
(4-2)
Ym () = gm (X1, X2, v, X3 Uq, Ug, o, Uy )
If we define
EAG) [ f1 (X1, Xy ooy X U, Uy weey Uy £)
x,(t) fo(xq, Xg, ey X3 Uq, Us, oo, Uy E)
xO)=| | fxuv= '
[x,, (¢)] L (X1, X, veey X Ug, U,y ony Upj )
[v1(0)] [81 (X1, Xz, o) X Ug, U, e, Uy ) ] uy (t)
|y2.(t) | [ g, (xq, x5, o X3 U, Uz e U t) | [uzl(t)}
y(t)=| . gk u,t) = . oouO=
lym'(t)J gm (X1, X2, v\ xn.; Uqp, Uy, vy Uy T) lurl(t)J
then Equations (4-1) and (4-2) become
x(t) =f(x,u,t) (4-3)
y(t) = g(xu,t) (4-4)

where Equation (4-3) is the state equation and Equation (4—4) is the output equation.
If vector functions f and/or g involve time t explicitly, then the system is called a
time varying system.
If Equations (4-3) and (4-4) are linearized about the operating state, then we
have the following linearized state equation and output equation:
x(t) = A(H)x(t) + B(t)u(t) (4-5)
y(t) = C(Ox(t) + D(Hu(t) (4—-6)
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where A(t) is called the state matrix, B(t) the input matrix, C(t) the output matrix,
and D(t) the direct transmission matrix. A block diagram representation of Equations
(4-5) and (4-6) is shown in Figure 4-1.

> D)

u(t) x(1) x(1) v(1)

l—> B(1) Jdt C(n)

A(n) <

Figure 4-1 Block diagram of the linear, continuous time control system represented in state space.

If vector functions f and g do not involve time t explicitly then the system is
called a time-invariant system. In this case, Equations (4-5) and (4-6) can be
simplified to

x(t) = Ax(t) + Bu(t) 4-7)

y(t) = Cx(t) + Du(t) (4-8)
Equation (4-7) is the state equation of the linear, time-invariant system and Equation
(4-8) is the output equation for the same system. We shall be concerned mostly with
systems described by Equations (4-7) and (4-8).

Example 4-1: [6] The mechanical system shown in Figure 4-2.We assume that the
system is linear. The external force wu(t)is the input to the system, and the
displacement y(t) of the mass is the output. The displacement y(t) is measured from
the equilibrium position in the absence of the external force. This system is a single-
input, single-output system.

T
Figure 4-2 Mechanical system.

From the diagram, the system equation is
my+by+ky=u 4-9)
This system is of second order. This means that the system involves two integrators.
Let us define state variables x, (t) and x,(t) as

x1(8) = y(t)
x,(t) = y(t)
Then we obtain
X1 = Xy
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X, = —(—ky — by) + —u

or
x'l = X, (4 — 10)
. k b 1
Xy = ——X1 — X+ —u (4—-11)
The output equation is
Yy=x (4—-12)

.3'.'2 - X2 - xn=y

Figure 4-3 Block diagram of the mechanical system shown in Figure 3-24.
In a vector-matrix form, Equations (4-10) and (4-11) can be written as

- 0 1 0
[’.‘1]=[_k _b][x1]+Hu (4—13)
X2 m ml2 L
The output equation, Equation (4-12), can be written as
X
y=11 o] (4—14)

Equation (4-13) is a state equation and Equation (4-14) is an output equation for the
system.
They are in the standard form:

x = Ax + Bu
y = Cx+ Du
where
0 1 0
AZI_E _3], B:[l]' C=1[1 0] D=0
m m m

Figure 4-3 is a block diagram for the system. Notice that the outputs of the integrators
are state variables.
4-1-1 Correlation Between Transfer Functions and State-Space Equations

We shall show how to derive the transfer function of a single-input, single-
output system from the state-space equations.

Let us consider the system whose transfer function is given by

S _ 6s) (4 — 15)
O
This system may be represented in state space by the following equations:
x = Ax + Bu (4 —16)
y=Cx+Du (4—-17)

where x is the state vector, u is the input, and y is the output. The Laplace transforms
of Equations (4-16) and (4-17) are given by
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sX(s) —x(0) = AX(s) + BU(s) (4 —-18)
Y(s) = CX(s) + DU(s) (4 — 19)

Since the transfer function was previously defined as the ratio of the Laplace
transform of the output to the Laplace transform of the input when the initial
conditions were zero, we set x(0) in Equation (4-18) to be zero. Then we have

sX(s) — AX(s) = BU(s)
or
(sI —A)X(s) = BU(s)
By premultiplying (sI — A)~! to both sides of this last equation, we obtain
X(s) = (sl —A)"BU(s) (4 —20)
By substituting Equation (4-20) into Equation (4-19), we get
Y(s) =[C(sI —A)1B+ D]JU(s) (4-21)
Upon comparing Equation (4-21) with Equation (4-15), we see that
G(s)=C(sI—A)™'B+D (4 —22)
This is the transfer-function expression of the system in terms of A, B, C, and D.

Note that the right-hand side of Equation (4-22) involves.(sI — A)~! Hence G(s)
can be written as

where Q(s) is a polynomial in s. Notice that |sI — A| is equal to the characteristic
polynomial of G (s). In other words, the eigenvalues of A are identical to the poles of

G(s).

Example 4-2: [6] Again the mechanical system shown in Figure 4-2. State-space
equations for the system are given by Equations (4-13) and (4-14). We shall obtain
the transfer function for the system from the state-space equations.

By substituting A, B, C, and D into Equation (4-22), we obtain

G(s)=C(sI—A)"'B+D

- afy (5 A

m m
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Note that
k b —
[— SJr;] s2+2s+ K _k s
Thus, we have
S+£ 1 0
)= 0l——| & H
SZ+%S+% —_—— S E
m
_ 1
T ms2+bs+k

which is the transfer function of the system. The same transfer function can be
obtained from Equation (4-9).

Transfer Matrix. Next, consider a multiple-input, multiple-output system. Assume
that there are r inputs  u,, u,, ..., u,, and m outputs y;, y,, ..., yn,. Define

Y1 Uq

Y2 Uu;
y = | u=

Ym Uy

The transfer matrix G (s) relates the output Y (s) to the input U(s), or
Y(s) = G(s)U(s)

where G (s) is given by
G(s)=C(sI—A)'B+D

[The derivation for this equation is the same as that for Equation (4-22).] Since the
input vector u is r dimensional and the output vector y is m dimensional, the transfer
matrix G(s) is an m X r matrix.

Example 4-3: [6] Obtain a state-space model for the system shown in Figure 4-4(a).

Uts) Yis)
— @—»— as+ b ]—«
5

(a)
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Uls) Xo(s) Xi(s) Y(s)
(g ) b {+g j—— 1
= s K

Figure 4-4 (a) Control system; (b) modified block diagram.

Solution. First, notice that (as + b)/s? involves a derivative term. Such a
derivative term may be avoided if we modify (as + b)/s? as
as+b b\ 1

s2 - (a T ;) s
Using this modification, the block diagram of Figure 4-4(a) can be modified to that
shown in Figure 4-4(b).

Define the outputs of the integrators as state variables, as shown in Figure 4—

4(b).Then from Figure 4-4(b) we obtain

X1(s) 1
X,(8) +alU(s) = X, (s)] s
Xz(S) b
U(s) —X.(s) s
Y(s) = Xy(s)

which may be modified to
sX1(s) = Xz(s) + a[U(s) — X, (s)]
sX,(s) = —bX,(s) + bU(s)
_ _ Y(s) = X,(s) _ _ _
Taking the inverse Laplace transforms of the preceding three equations, we obtain
5(1 = —ax1 +x2 + au
X, = —bx; + bu
.. y=Xx : :
Rewriting the state and output equations in the standard vector-matrix form, we obtain

[l =125 oG]+ L]
y=11 0[]
4-2 Block Diagrams, Transfer Functions, and State Diagrams

4-2-1 Transfer Functions (Multivariable Systems)

The definition of a transfer function is easily extended to a system with multiple
inputs and outputs. A system of this type is often referred to as a multivariable system.
In a multivariable system, a differential equation of the form of Eq. (2-23) may be
used to describe the relationship between a pair of input and output variables, when all
other inputs are set to zero. This equation is restated as

Yr+an y I+t a v+ agy = bpu™ + by u™ + -+ bju+bjun>=m (4—23)
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The coefficients ay, a4, ...,a,,_1 and by, by, ..., by, are real constants. Because the
principle of superposition is valid for linear systems, the total effect on any output due
to all the inputs acting simultaneously is obtained by adding up the outputs due to each
Input acting alone.

In general, if a linear system has p inputs and g outputs, the transfer function
between the jth input and the ith output is defined as
Yi(s)

Gij(t) = m (4 —24)
with Ry (s) =0,k =1,2,...,p;,k # j. Note that Eq. (4-24) is defined with only the
jth input in effect, whereas the other inputs are set to zero. When all the p inputs are in
action, the ith output transform is written

Yi(s) = Gi1(S)R1(S) + Giz(S)R2(S) + -+ + Gy (S)R, (5) (4 —25)
It is convenient to express Eq. (4-25) in matrix-vector form:

Y(s) = G(s)R(s) (4 — 26)
where
_Y1($)]
v(s) =12 gs) | 4 -27)
Q)
is the g x 1 transformed output vector,
_R1($)]
R(s) = | R2l)] (4 - 28)
R, (s)
Is the px1 transformed input vector, and
[611(5) Gi2(s) G1p(5)]
6(s) =|0n) () ()] (4—29)
Gq1(8)  Gga(s) - Ggp(s)

is the g X p transfer-function matrix.
4-2-2 Block Diagrams and Transfer Functions of Multivariable Systems

We shall illustrate the block diagram and matrix representations of multivariable
systems. Two block-diagram representations of a multivariable system with p inputs
and q outputs are shown in Fig. 4-5(a) and (b). In Fig. 4-5(a), the

rn) ——— F— D)

(1)

> —A L P 5
MULTIVARIABLE
SYSTEM

o) —— 3] MULTIVARIABLE |, wn
SYSTEM

{b)

Figure 4-5 Block diagram representations of a multivariable system.
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individual input and output signals are designated, whereas in the block diagram of
Fig. 4-5(b), the multiplicity of the inputs and outputs is denoted by vectors. The case
of Fig. 4-5(b) is preferable in practice because of its simplicity.

Fig. 4-6 shows the block diagram of a multivariable feedback control system. The
transfer function relationships of the system are expressed in vector-matrix form:

Y(s) = G(s)U(s) (4 —-30)
U(s) = R(s) — B(s) (4-31)
B(s) = H(s)Y(s) (4 —32)

where Y(s) is the g X 1 output vector; U(s), R(s), and B(s) are all p x 1 vectors; and
G(s) and H(s) are g xp and p X q transfer-function matrices, respectively.
Substituting Eq. (4-31) into Eq. (4-30) and then from Eq. (4-30) to Eq. (4-32), we get

Y(s) = G(s)R(s) — G(s)H(s)Y (s) (4 —-33)
Solving for Y (s) from Eq. (4-33) gives
Y(s)=[I+G(s)H(s)] 1G(s)R(s) (4 — 34)

R(s) Y(s)

- H(s)

Figure 4-6 Block diagram of a multivariablé feedback control system.

provided that I + G(S)H(s) is nonsingular. The closed-loop transfer matrix is defined
as

M(s) =[I+G(s)H(s)] LG (s) (4 — 35)
Then Eq. (4-34) is written

Y(s) = M(s)R(s) (4 —36)
Example 4-4: [59] Consider that the forward-path transfer function matrix and the
feedback-path transfer function matrix of the system shown in Fig. 4-6 are

o s 1o
G(s)=[2 < ,H(s)—[o . (4 — 37)

respectively. The closed-loop transfer function matrix of the system is given by Eq. (4-
36) and is evaluated as follows:

1 + 1 1 _1 S+2 _1
1 1
I+ G(s)H(s) = [ 2” . +~°'_] [S” é (4 — 38)

s+2
The closed-loop transfer function matrix is

M(s) = [+ G(s)H(s)]G(s)

L[E
— Z s_—l—; S+2] [s+1 s (4 — 39)
s+1 S

s+2
where
_S+ZS+3+2_SZ+55+2 (4 — 40)
Cs+1s+2 s s(s+1)

Thus,
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35249544 1

s(s+1) |GG s
MO =aissvz| 5, e (=40
s(s+1)

4-2-3 State Diagram

We introduce the state diagram, which is an extension of the SFG to portray state
equations and differential equations. The significance of the state diagram is that it
forms a close relationship among the state equations, computer simulation, and
transfer functions. A state diagram is constructed following all the rules of the SFG
using the Laplace-transformed state equations.

The basic elements of a state diagram are similar to the conventional SFG, except
for the integration operation. Let the variables x, (t) and x,(t) be related by the first-
order differentiation:

X1 = Xy (4 —42)
Integrating both sides of the last equation with respect to t from the initial time to, we
get
t
X| = f X, (1)dt + x1(tp) (4—-43)
to
Because the SFG algebra does not handle integration in the time domain, we must take
the Laplace transform on both sides of Eq. (4-42). We have

Xi(s) =L Utxz(f)drl + x(to) =L Utxz(r)dr — ftoxz(r)dr] + *1(to)
t 0 0

S S
_% [ f "y, (T)dr] 4 aalto) (4 — 44)
0

S S
Because the past history of the integrator is represented by x,(t,), and the state
transition is assumed to start at T = ty, x,(7) = 0for 0 <7 < t,. Thus, Eq. (4-44)
becomes

Xy (s) = XZS(S) + xlgt") >ty (4 — 45)
Eq. (4-45) is now algebraic and can be represented by an SFG, as shown in Fig. 4-7.
Fig. 4-7 shows that the output of the integrator is equal to s~ times the input, plus the
initial condition x,(ty)/s. An alternative SFG with fewer elements for Eq. (4-45) is
shown in Fig. 4-8.

Before embarking on several illustrative examples on the construction of state
diagrams, let us point out the important uses of the state diagram.

x(1pd

O > O » 0]
Xy(s) Xls)

Figure 4-7 Signal-flow graph representation of X; (s) = [X,(s)/s] + [x1(to)/s]-
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5.
6.

Xals) X(8)

Figure 4-8 Signal-flow graph representation of X, (s) = [X,(s)/s] + [%”')]
A state diagram can be constructed directly from the system's differential
equation. This allows the determination of the state variables and the state
equations.
A state diagram can be constructed from the system's transfer function. This
step is defined as the decomposition of transfer functions (Chapter Five).
The state diagram can be used to program the system on an analog computer or
for simulation on a digital computer.
The state-transition equation in the Laplace transform domain may be obtained
from the state diagram by using the SFG gain formula.
The transfer functions of a system can be determined from the state diagram.
The state equations and the output equations can be determined from the state
diagram.

The details of these techniques will follow.

From Differential Equations to State Diagrams. When a linear system is
described by a high-order differential equation, a state diagram can be constructed
from these equations, although a direct approach is not always the most convenient,
Consider the following differential equation:

yr*+a,y" "+ -+ a,y +ay =r(t) (4 — 46)
o] [o] o] [»] o [a]
R Y Sy P 4 s¥Y Y

{a)

q’i’l

()
Figure 4-9 State-diagram representation of the differential equation of Eq. (4-46).

To construct a state diagram using this equation, we rearrange the equation as
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n —

y'=—apy" T = —ay —agy +r(t) (4 —47)

As a first step, the nodes representing R(s), s"Y(s),s™ 1Y (s),...,sY(s), and Y(s) are
arranged from left to right, as shown in Fig. 4-9(a). Because s‘Y(s) corresponds to
diy(t)/ dt',i = 0,1,2,...,n, in the Laplace domain, as the next step, the nodes in Fig.
4-9(a) are connected by branches to portray Eq. (4-47), resulting in Fig. 4-9(b).
Finally, the integrator branches with gains of s~ are inserted, and the initial
conditions are added to the outputs of the integrators, according to the basic scheme in
Fig. 4-7. The complete state diagram is drawn as shown in Fig. 4-9(c). The outputs of
the integrators are defined as the state variables, x;,x,,...,x,. This is usually the
natural choice of state variables once the state diagram is drawn.

When the differential equation has derivatives of the input on the right side, the
problem of drawing the state diagram directly is not as straightforward as just
illustrated. We will show that, in general, it is more convenient to obtain the transfer
function from the differential equation first and then arrive at the state diagram
through decomposition.

Example 4-5: [59] Consider the differential equation

a2 d
dyt (Zt) +3 }c]l(tt) +2y(0) = r(0) (4 — 48)

Equating the highest-ordered term of the last equation to the rest of the terms, we have

d*y(t) dy(t)
dt2 =-3 T - Zy(t) + T'(t) (4 - 49)

Following the procedure just outlined, the state diagram of the system is drawn as
shown in Fig. 4-10. The state variables x;and x, are assigned as shown.

¥y yitg)
5 5
1 I
1 s x 5! x |
> 2 > ! N o
R Y s¥ Y Y

-2

Figure 4-10 State dfagram for Eq. (4-48).

From State Diagrams to Transfer Functions. The transfer function between an
input and an output is obtained from the state diagram by using the gain formula and
setting all other inputs and initial states to zero. The following example shows how the
transfer function is obtained directly from a state diagram.
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Example 4-6: [59] Consider the state diagram of Fig. 4-10. The transfer function

between R(s) and Y(s) is obtained by applying the gain formula between these two

nodes and setting the initial states to zero. We have
Y(s) 1 A_c
R(s) s2+3s+2 ( 0)

From State Diagrams to State and Output Equations. The state equations and

the output equations can be obtained directly from the state diagram by using the SFG

gain formula.

State equation:

x(t) = Ax(t) + Br(t) (4 —51)
Output equation:

y(t) = Cx(t) + Dr(t) (4 —-52)
where x(t) is the state variable; r(t) is the input; y(t) is the output; and A, B, C, and
D are constant coefficients. Based on the general form of the state and output
equations, the following procedure of deriving the state and output equations from the
state diagram are outlined:

1. Delete the initial states and the integrator branches with gains s~ from the state
diagram, since the state and output equations do not contain the Laplace
operator s or the initial states.

2. For the state equations, regard the nodes that represent the derivatives of the
state variables as output nodes, since these variables appear on the left-hand
side of the state equations. The output y(t) in the output equation is naturally an
output node variable.

3. Regard the state variables and the inputs as input variables on the state diagram,
since these variables are found on the right-hand side of the state and output
equations.

4. Apply the SFG gain formula to the state diagram.

Example 4-7: [59] Fig. 4-11 shows the state diagram of Fig. 4-10 with the integrator
branches and the initial states eliminated. Using dx,(t)/dt and dx,(t)/dt as the
output nodes and x; (t), x,(t) and r(t) as input nodes, and applying the gain formula
between these nodes, the state equations are obtained as

_)&'1 = xZ (4 - 53)
- C
r I £ X v
-3 X

Figure 4-11 State diagram of Fig. 4-10 with the initial states and the integrator branches left out.
Applying the gain formula with x; (t), x,(t), and r(t) as input nodes and y(t) as the
output node, the output equation is written
y(€) = x1(t) (4 —55)
Example 4-8: [59] As another example on the determination of the state equations
from the state diagram, consider the state diagram shown in Fig. 4-12(a). This
example will also emphasize the importance of applying the gain formula. Fig. 4-12(b)
shows the state diagram with the initial states and the integrator branches deleted.
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Notice that, in this case, the state diagram in Fig. 4-12(b) still contains a loop. By
applying the gain formula to the state diagram in Fig. 10-8(b) with x, (t), x,(t), and
x5 (t) as output-node variables and r(t), x; (t), x,(t), and x5 (t) as input nodes, the
state equations are obtained as follows in vector matrix form:

( ) 0 X1 0
: |- 1330;‘: o ellol ol a-se)
0 X3 1
The output equation is
= t t 4 — 57
y(t) = 1+ aga 3x1() 1+a0a3x3() ( )

(b)
Figure 4-12 (a) State diagram, (b) State diagram in part (2) with all initial states and integrators left out.

4-3 Vector-Matrix Representation of State Equations
Let the n state equations of an nth-order dynamic system be represented as

dx1 (t)

= fi| %1 (@), s % (), U1 (O, oo, up (), W4 (B, .., W, (D] (4 — 58)
where i = 1,2, .. n The ith state variable is represented by x;(t);u;(t) denotes the
jth input for j = 1,2, ..,p; and wy(t) denotes the kth disturbance input, with k =
1,2,...,v

Let the variables y; (t), y,(¢), ..., y,(t) be the q output variables of the system. In
general, the output variables are functions of the state variables and the input
variables. The output equations can be expressed as

y](t) = g] [xl(t)) ...,xn(t), ul(t)r '--;up(t)) Wl(t)) IWU(t)] (4 - 59)

wherej = 1,2,...,q.

The set of n state equations in Eq. (4-58) and q output equations in Eq. (4-59)
together form the dynamic equations. For ease of expression and manipulation, it is

convenient to represent the dynamic equations in vector-matrix form. Let us define the

following vectors:
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State vector:

Uy ()]

_up.(t)_

x1 (t)
x,(t)

X (1)

uz.(t)

V1 (6)]
Y2 .(t)

| Vg kt)_

wy ()]
w, (t)

(nx1)

(px1)

(gx1)

Wv.(t)_

(vx1)

(4 — 60)
(4 —61)
(4 — 62)
(4 — 63)

By using these vectors, the n state equations of Eq. (4-58) can be written

= flx(@®),u(t),w(t)] (4 —64)

where f denotes an n X 1 column matrix that contains the functions fi, f5, ..., f, as
elements. Similarly, the g output equations in Eq. (4-59) become

y(©) = glx(t), u(t), w(t)] (4 —65)
where g denotes a g X 1 column matrix that contains the functions g4, g5, ...,g, as

x(t) =
Input vector:
u(t) =
Output vector:
y(t) =
Disturbance vector:
w(t) =
dx(t)
dt

elements.

For a linear time-invariant system, the dynamic equations are written as

State equation:

dx(t)
FT Ax(t) + Bu(t) + Ew(t) (4 —66)
Output equation:
y(t) = Cx(t) + Du(t) + Hw(t) (4 —67)
Where
a1 A1z A1n
A= a21: :azz a?n (4 — 68)
An1  An2 nnd g xn)
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b11 b12 blp
bnl bnz bnp_ (nxp)
€11 C12 Cin]
C C C
c=|*% > .7 (4 —70)
qu Cq2 an_ (qxn)
d11 d12 dlp—
D = le. .dzz dfp (4 — 71)
A1 dgz d‘”"(qxza)
€11 €12 €1v |
g=| 2o (4—72)
€n1  €n2 (S (nxv)
hi1  hiy hiyT
har hqz havl gy

4-4 State-Transition Matrix

Once the state equations of a linear time-invariant system are expressed in the form
of Eq. (4-66), the next step often involves the solutions of these equations given the
initial state vector x(t,), the input vector u(t), and the disturbance vector w(t), for
t >t,. The first term on the right-hand side of Eg. (4-66) is known as the
homogeneous part of the state equation, and the last two terms represent the forcing
functions u(t) and w(t).

The state-transition matrix is defined as a matrix that satisfies the linear
homogeneous state equation:

dx(t)
T Ax(t) (4 — 74)

Let @(t) be the n X n matrix that represents the state-transition matrix; then it must

satisfy the equation

de(t)
—— = Ap(t) (4—75)

Furthermore, let x(0) denote the initial state at t = 0; then @(t) is also defined by the
matrix equation

x(t) = 0(t)x(0) (4—-76)
which is the solution of the homogeneous state equation for t > 0.
One way of determining @(t) is by taking the Laplace transform on both sides of
Eq. (4-74); we have
sX(s) — X(0) = AX(s) (4-77)
Solving for X(s) from Eq. (4-77), we get
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X(s) = (sl —A)1x(0) (4—178)
where it is assumed that the matrix (sI — A) is nonsingular. Taking the inverse
Laplace transform on both sides of Eq. (4-78) yields

x(t) = L7 (sI —A)1]x(0) t=0 (4—-179)

By comparing Eq. (4-76) with Eq. (4-79), the state-transition matrix is identified to be

O(t) = L7 (s] — A)71] (4 —80)

An alternative way of solving the homogeneous state equation is to assume a solution,

as in the classical method of solving linear differential equations. We let the solution
to Eq. (4-74) be

x(t) = e4tx(0) (4 —81)
for t > 0, where et represents the following power series of the matrix At, and
1 1
eAt =I+At+5A2t2+§A3t3+--- (4 —82)

It is easy to show that Eqg. (4-81) is a solution of the homogeneous state equation,
since, from Eq. (4-82),
deAt
T Ae4t (4 —83)
Therefore, in addition to Eq. (4-80), we have obtained another expression for the state-
transition matrix:

@(t) = et =I+At+%A2t2+%A3t3+--- (4 — 84)
Eq. (4-84) can also be obtained directly from Eqg. (4-80).

Significance of the State-Transition Matrix. Because the state-transition matrix
satisfies the homogeneous state equation, it represents the free response of the
system. In other words, it governs the response that is excited by the initial conditions
only. In view of Egs. (4-80) and (4-84), the state-transition matrix is dependent only
upon the matrix A and, therefore, is sometimes referred to as the statetransition
matrix of A. As the name implies, the state-transition matrix @(t) completely defines
the transition of the states from the initial time t = 0 to any time t when the inputs are
zero.

Properties of the State-Transition Matrix. The state-transition matrix @(t)
possesses the following properties:

1. @(t) =1 (the identity matrix) (4 — 85)
Proof: Eq. (4-85) follows directly from Eq. (4-84) by setting t = 0.
2. 971(t) = o(—-t) (4 —86)
Proof: Post-multiplying both sides of Eq. (4-84) by e ~4¢, we get
P(t)e At = edte=t = | (4 —87)
Then, pre-multiplying both sides of Eq. (4-87) by @~1(t), we get
e 4t = ¢71(¢t) (4 — 88)
Thus,
O(—t) = 07 1(t) = e~ (4 —89)

An interesting result from this property of @(t) is that Eq. (4-81) can be rearranged to
read

x(0) = (—t)x(t) (4—-90)
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which means that the state-transition process can be considered as bilateral in time.
That is, the transition in time can take place in either direction.
3. O(t, —t))O(t; — ty) = O(t, — ty) foranyty, tit, (4—91)
Proof:
B(t, — t)0(t; — to) = eAt2=t1) g A(t1=to) — o A(t2—to)
= 0(t; — to) (4 —92)
This property of the state-transition matrix is important because it implies that a
state-transition process can be divided into a number of sequential transitions. Fig. 4-
13 illustrates that the transition from t = t, to t = t, is equal to the transition from ¢,
to t; and then from ¢, to t,. In general, the state-transition process can be divided into
any number of parts.
4. [0()]* = o(kt) for k = positive integer (4 —93)
Proof:
[B(t)]F = edtedt ... eAt = e*At = @(kt) (4 — 94)

x(r3)
e dy-t9 ———

x(to) x(ty)

3
Y TCET #l-11)

f t ty 1
Figure 4-13 Property of the state-transition matrix.

4-5 State-Transition Equation
The state-transition equation is defined as the solution of the linear homogeneous
state equation. The linear time-invariant state equation

dx(t)
Fra Ax(t) + Bu(t) + Ew(t) (4 —95)

can be solved using either the classical method of solving linear differential equations
or the Laplace transform method. The Laplace transform solution is presented in the
following equations.
Taking the Laplace transform on both sides of Eq. (4-95), we have
sX(s) —X(0) = AX(s) + BU(s) + EW(s) (4—96)
where x(0) denotes the initial-state vector evaluated at t = 0. Solving for X(s) in Eq.
(4-96) yields

X(s)=(sI —A)1X(0) + (sI —A)YBU(s) + EW(s)] (4-97)
The state-transition equation of Eq. (4-95) is obtained by taking the inverse Laplace
transform on both sides of Eq. (4-97):
x(t) = L7(sI — A)~1]x(0) + L7H{(sI — A)"[BU(s) + EW(s)]}

= 0(t)x(0) + ft(b(t — 7)[Bu(t) + Ew(t)]dt t =0 (4 —98)

The state-transition equation in Eq. (4-98) is useful only when the initial time is
denned to be at t = 0. In the study of control systems, especially discrete-data control
systems, it is often desirable to break up a state-transition process into a sequence of
transitions, so a more flexible initial time must be chosen. Let the initial time be
represented by t, and the corresponding initial state by x(t,), and assume that the
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input u(t) and the disturbance w(t) are applied at t > 0. We start with Eq. (4-98) by

setting t = t,, and solving for x(0), we get
to

x(0) = B(=to)x(to) — B(=to) | @(to —D[Bu(r) + Ew(n)ldr (4 —99)
0

where the property on @(t) of Eq. (4-86) has been applied.
Substituting Eq. (4-99) into Eq. (4-98) yields

x(t) = ()0(—to)x(to) — B()D(—to) f (o - DBu) + Fw(D)]de

f @(t — t)[Bu(t) + Ew(7)]dt (4 —100)

Now by using the property of Eq. (4-91) and combining the last two integrals, Eq. (4-
100) becomes

x(t) = O(t — ty)x(t,) + Jt(ZS(t — 1)[Bu(z) + Ew(z)]dz (4 —101)

It is apparent that Eq. (4-101) reverts to Eq. (4-99) when t, = 0.

Once the state-transition equation is determined, the output vector can be expressed
as a function of the initial state and the input vector simply by substituting x(t) from
Eq. (4-101) into Eq. (4-67). Thus, the output vector is

t

y(t) = CO(t — to)x(ty) + j CO(t — ) [Bu(x) + Ew(r)]dr

to
+Du(t) + Hw(t) t=>t, (4-102)
The following example illustrates the determination of the state-transition matrix and
equation.
Example 4-9: [59] Consider the state equation

X1l 10 1711%1 0 B
Ll=lo e+l -9
The problem is to determine the state-transition matrix @(t) and the state vector x(t)

for t > 0 when the input is u(t) = 1 for t = 0. The coefficient matrices are identified
to be

a=[25 3] B=[] E=0 @-104

Therefore,
0

si-a=[o J-15 Bl=l sl @-109
The inverse matrix of (sl — A) is
s+3 1

[—-A)t=————— 4—-1
(s )  s24 3542 [ s ( 06)
The state-transition matrix of A is found by taking the inverse Laplace transform of
Eq. (4-106). Thus,
a1 _ 11 _ ze—t _ e—2t e—t _ e—Zt _

o) = L7 =) = —2e7t+2e7% —e7t 4 Ze‘Zt] (4-107)
The state-transition equation for t > 0 is obtained by substituting Eq. (4-107), B, and
u(t) into Eq. (4-98). We have

—t =2t -t _

x(t) = [ - e ]x(O)

et + 2e” ‘t+2‘2t
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t
Ze—(t—‘c) _ e—Z(t—‘L’) e—(t—‘r) _ e—Z(t—r) 0 _
f [—Ze_(t_f) + 272D =D 4 2e2(t-D) [1] dr (4-108)

or

-2t -2t

_[| 2e7t—e e t—e 0.5—et+0.5e"% _
x(t) = 2t 4 2072 _e_t+2€_2t]x(0)+[ ettt ] t=0 (z% 109)
As an alternative, the second term of the state-transition equation can be obtained by
taking the inverse Laplace transform of (sI — A)~1BU(s). Thus, we have

- 718U = 17 (s P )

_ 1 1 05—e '+ 05e %
-t 1<52+35+2[i]> - [ et —e ] t20 (4-110)

State-Transition Equation Determined from the State Diagram. Egs. (4-97) and
(4-98) show that the Laplace transform method of solving the state equations requires
obtaining the inverse of matrix (sI — A). We shall now show that the state diagram
described earlier in Section 4-3-3 and the SFG gain formula (Chapter 3) can be used to
solve for the state-transition equation in the Laplace domain of Eq. (4-97). Let the
initial time be t,; then Eq. (4-97) is rewritten as

X(s) = (sl —A) X (to) + (sI —A)BU(s) + EW(s)] t=t, (4—111)

The last equation can be written directly from the state diagram using the gain
formula, with X;(s),i =1,2,...,n as the output nodes. The following example
illustrates the state-diagram method of finding the state-transition equations for the
system described in Example 4-4.

Example 4-10: [59] The state diagram for the system described by Eqg. (4-103) is
shown in Fig. 4-14 with t, as the initial time. The outputs of the integrators are
assigned as state variables. Applying the gain formula to the state diagram in Fig. 4-
14, with X; (s) and X, (s) as output nodes and x; (t,), x,(t,), and U(s) as input nodes,
we have

sTH(1+3s™Y) s72 s72
X,(5) = T, () + () + = UG) (4= 112)
J— -2 _1 _1
Xo(5) = =1 (t) + —— %, (to) + —— U(s) (4 -113)
where
A=1+3s" 142572 (4 —-114)

After simplification, Egs. (4- 112) and (4-113) are presented in vector-matrix form:
X1 (s) s+3 17[x1(t) 1
X,(s) (s+1)(s+2) [ ] [xz (to) (s+1)(s+2) [5‘] UGs) (4 -115)
The state-transition equation for t 2 t, 1S obtained by taking the inverse Laplace
transform on both sides of Eq. (4-115).
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L

-2
Figure 4-14 State diagram for Eq. (4-103).

Consider that the input u(t) is a unit-step function applied at t = t, Then the
following inverse Laplace transform relationships are identified:

L1 G) =ug(t—ty) t=t, (4—116)
(L) = et oyt —t) t2 1 (4-117)

Because the initial time is defined to be t,, the Laplace transform expressions here do
not have the delay factor e oS, The inverse Laplace transform of Eq. (10-93) is
[xl(t)] B [ 2e-(t-t0) _ g=2(-t0)  ,=(t=t0) _ ,-2(t=t0) ] [xl(to)
x,(t) x5 (to)
] £>0 (4—118)

9= (t=t0) | 9p=20t-t0)  _=(t=tg) 4 9,-2(t—t)

+ [O.Sus(t — tg) — e~ t"to) 4 0 5o 2(t0)

e—(t—to) _ e—z(t—to)
We should compare this result with that in Eq. (4-109), which is obtained for t > 0.
Example 4-11: [59] In this example, we illustrate the utilization of the state-transition
method to a system with input discontinuity. An RL network is shown in Fig. 4-15.
The history of the network is completely specified by the initial current of the
inductance, i(0) at t = 0. At time t = 0, the voltage e, (t) with the profile shown in
Fig. 4-16 is applied to the network. The state equation of the network for t = 0 is
di(t) R 1
T _fl(t) + Zei”(t) (4—-119)

Comparing the last equation with Eg. (4-66), the scalar coefficients of the state
equation are identified to be

1
A=-7, B=7, E=0 (4 — 120)

The state-transition matrix is
B(t) = et = Rt/ (4 —121)
The conventional approach of solving for i(t) for t = 0 is to express the input
voltage as

e(t) = Einus(t) + Einus(t - tl) (4 —122)
where u,(t) is the unit-step function. The Laplace transform of e(t) is
E.
Epn(s) = % (1 + ets) (4 —123)
R
e, A

e

—_—

€alT) ‘_J(’FD L

5

Figure 4-15 RL network.
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Figure 4-16 Input voltage waveform for the network in Fig. 10-3.

Then
(s — A~ 1BU(s) = Ein (1+e %)  (4—-124)
Ls(s+ R/L)
By substituting Eq. (4-124) into Eq. (4-98), the state-transition equation, the current
for t > 0 is obtained:

i(t) = e RY/Li(0) + uy(t) + %(1 — e R/L)u (1)

E.
+% (1— e RE=t/D)y (¢ —t,) (4 — 125)

Using the state-transition approach, we can divide the transition period into two
parts: t =0tot =t,;,and t = t; to t = oo. First, for the time interval 0 < t < t; the
input is

e(t) =Ejus(t) 0<t<t (4 —126)
Then
in _ Ein
Ls(s + R/L) Rs(1+ (L/R)s)
Thus, the state-transition equation for the time interval 0 <t < ¢t is
i(t) = [ F/4i(0) + Eneremy| ug(£) (4 —128)
Substituting t = t; into Eq. (4-128), we get
i(t,) = e RO/Li(0) + “n(1--Rea/L) (4 — 129)
The value of i(t) at t = t, is now used as the initial state for the next transition

period of t; <t < co. The amplitude of the input for the interval is 2E;,,. The state-
transition equation for the second transition period is

i(t) = e RE-T/Li() + g re-ty £ 2 ¢ (4—130)
where i(t,) is given by Eq. (4-129).

This example illustrates two possible ways of solving a state-transition problem. In
the first approach, the transition is treated as one continuous process, whereas in the
second, the transition period is divided into parts over which the input can be more
easily presented. Although the first approach requires only one operation, the second
method yields relatively simple results to the state-transition equation, and it often
presents computational advantages. Notice that, in the second method, the state at
t = t, is used as the initial state for the next transition period, which begins at ;.

4-6 Relationship between State Equations and High-Order Differential
Equation

We defined the state equations and their solutions for linear time-invariant systems.

Although it is usually possible to write the state equations directly from the schematic

diagram of a system, in practice the system may have been described by a high-order
101

(s — A 1BU(s) =

(4 —127)




differential equation or transfer function. It becomes necessary to investigate how state
equations can be written directly from the high-order differential equation or the
transfer function.

The state equations are written in vector-matrix form:

x(t) = Ax(t) + Bu(t) (4 —131)
Where
0 1 0 0
0 0 1 - 0 ]
A=] ¢ : P 5 } (4 —132)
0 0 o .. 1
L—Qy —a1 4 T On-1dmxn)
0]
0]
B=|: | (4 —133)
|
-1 (nx1)

Notice that the last row of A contains the negative values of the coefficients of the
homogeneous part of the differential equation in ascending order, except for the
coefficient of the highest-order term, which is unity. B is a column matrix with the last
row equal to one, and the rest of the elements are all zeros. The state equations in Eq.
(4-131) with A and B given in Egs. (4-132) and (4-133) are known as the phase-
variable canonical form (PVCF), or the controllability canonical form (CCF).

The output equation of the system is written

y(€) = Cx(t) = x,(¢) (4 —134)
where
cC=[1 0 0 - 0] (4 — 135)

We have shown earlier that the state variables of a given system are not unique. In
general, we seek the most convenient way of assigning the state variables as long as
the definition of state variables is satisfied.

Example 4-12: [59] Consider the differential equation
d3y(t d?y(t) dy(t
dytg)+5 dytg)+ fft)uy(t):u(t) (4 - 136)
Rearranging the last equation so that the highest-order derivative term is set equal to
the rest of the terms, we have

d*y(t) d*y(t) dy(t)
= — — — 2y(t t 4 — 137
N S~ 2O +u®) (4~ 137)
The state variables are defined as
X1 =Yy
Xp =7 (4 —138)
. X3 =Y | .
Then the state equations are represented by the vector-matrix equation
x(t) = Ax(t) + Bu(t) (4 —139)
where x(t) is the 2 x 1 state vector, u(t) is the scalar input, and
0 1 0 0
A=l o o 11, B=10 (4 — 140)
-2 -1 -5 1
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The output equation is
y@)=x,t)=1[1 0 0]x(t) (4 — 141)
4-7 Relationship Between State Equations and Transfer Functions
We have presented the methods of modeling a linear time-invariant system by
transfer functions and dynamic equations. We now investigate the relationship
between these two representations.
Consider a linear time-invariant system described by the following dynamic
equations:
x(t) = Ax(t) + Bu(t) + Ew(t) (4 —142)
y(t) = Cx(t) + Du(t) + Hw(t) (4 —143)
where
x(t) = n x 1 state vector
u(t) = p X 1 input vector
y(t) = g X 1 output vector
w(t) = v X 1 disturbance vector
and A, B, C, D, E, and H are coefficient matrices of appropriate dimensions.
Taking the Laplace transform on both sides of Eq. (4-142) and solving for X(s), we
have
X(s) = (sl —A)x(0) + (s —A)"[BU(s) + EW(s)] (4—144)
The Laplace transform of Eq. (4-143) is
Y(s) =CX(s) + DU(s) + HW(s) (4 — 145)
Substituting Eq. (4-144) into Eq. (4-145), we have
Y(s) =C(sI —A) 1x(0) + C(sI — A)7[BU(s) + EW(s)]
+DU(s) + HW(s) (4 — 146)
Because the definition of a transfer function requires that the initial conditions be set
to zero, x(0) = 0; thus, Eq. (4-146) becomes
Y(s) =[C(sI —A) B+ DJU(s) + [C(sl —A)'E+HIW(s) (4—147)
Let us define
G,(s)=C(sI—A)"B+D (4 — 148)
G,(s)=C(sI—A)E+H (4 — 149)
where G, (s) is a g X p transfer-function matrix between w(t) and y(t) when w(t) =
0, and G,,(s) is a g X v transfer-function matrix between w(t) and y(t) when
u(t) =0.
Then, Eq. (4-147) becomes
Y(s) =G, (s)U(s) + G, (s)W (s) (4 — 150)
Example 4-13: [59] Consider that a multivariable system is described by the
differential equations

d?y, (t) dy,(t)

dt2 +4 ar By,(t) =uy(t) +2w(t) (4—151)
dy;(t) dy,(t) B
% T ar T y1(t) + 2y, () = u,(t) (4 —152)

The state variables of the system are assigned as:
x1(8) = y1(¢)
x2(t) = y1(t) (4 —153)
x3(t) =y, (t)
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These state variables are defined by mere inspection of the two differential
equations, because no particular reasons for the definitions are given other than that
these are the most convenient. Now equating the first term of each of the equations of
Egs. (4-151) and (4-152) to the rest of the terms and using the state-variable relations
of Eq. (4-153), we arrive at the following state equations and output equations in
vector-matrix form:

EAG) 0 x1 ()] 10 0 ®)

X, (t) =[ 0 ] @)+ [1 0 [ 1(t)] W(t) (4 — 154)
%3 (t) -1 —1 —21|x5(t) 0o 1/

_ x1(t)

Y1 () —[1 00 xl(t) — Cx(0) (4 — 155)

ly,()] o 0 1 o (D)

To determine the transfer-function matrix of the system using the state-variable
formulation, we substitute the A, B, C, D, and E matrices into Eq. (4-151). First, we
form the matrix (sl — A):

0o -1 0
(sI—A)=|0 s+4 -3 (4 —156)
1 1 s+2
The determinant of (s — A) is
|sI —A| = s3 + 65?2+ 11s+ 3 (4 —157)
Thus,
s?+6s+11 s+2 3
(sl —A)™1 = IsllAI -3 s(s +2) 3s (4 — 158)
—(s+4) —(s+1) s(s+4)
The transfer-function matrix between u(t) and y(t) is
G,(s)=C(sI —A)"'B
1 s+2 3
TSt et st 3l-G+ D) s+a G159
and that between w(t) and y(t) is
_ 15 _ 1 2(s+2) ]
G, (s) =C(sl —A)E = P 162+ 157320 + 1)) (4 — 160)

Using the conventional approach, we take the Laplace transform on both sides of
Eqgs. (4-151) and (4-152) and assume zero initial conditions. The resulting transformed
equations are written in vector-matrix form as

[S(S +4) =3 ] Y1(S)] _ U1(5)] n [g] W(s) (4 —161)

s+1 s+ 21[Y,(s) U,(s)
Solving for Y (s) from Eq. (4-161), we obtain
Y(s) =G, (s)U(s) + G, (s)W (s) (4 —162)
where
G,(s) = [S(SSJ:F 14 ) S_+32 (4 — 163)
G (s) = [S(s +4) ot 2] [ ] (4 — 164)

which will give the same results as in Eqs (4-159) and (4-160), respectively, when the
matrix inverses are carried out.
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CHAPTER FIVE
State Space representations of Dynamic Systems and

Linearization of Nonlinear Mathematical Models

A dynamic system consisting of a finite number of lumped elements may be
described by ordinary differential equations in which time is the independent variable.
By use of vector-matrix notation, an nth-order differential equation may be expressed
by a first-order vector-matrix differential equation. If n elements of the vector are a set
of state variables, then the vector-matrix differential equation is a state equation. We
shall present methods for obtaining state-space representations of continuous-time
systems.

5-1 State Space representations of Dynamic Systems
State Space representations of nth- Order Systems of Linear Differential
Equations in Which the Forcing Function Does Not Involve Derivative Terms.
Consider the following nth-order system:
YW +ay® T 4t ap gy +any =u (5-1)
Noting that the knowledge of y(0),7(0), ..., y™~1(0), together with the input u(t)
for t > 0, determines completely the future behavior of the system, we may
take y(t), y(t),...,y™ D (t) as a set of n state variables. (Mathematically, such a
choice of state variables is quite convenient. Practically, however, because higher-
order derivative terms are inaccurate, due to the noise effects inherent in any practical

situations, such a choice of the state variables may not be desirable.)

Let us define

(5-2)

Xn = y(n—l)

Then Equation (5-1) can be written as
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X2 = X3
(5-3)
Xp-1 = Xn
Xp = —ApXy — " — A1 X, + U
or
X = Ax + Bu (5-4)
Where
X1 0 1 0 0 0
2 R R T S E
x=| :+ |, A=| : : : : |, B=|:|
Xn-1 0 0 0 w1 lol
Xn —-a, —a,q —Qy_ - 44 llJ
The output can be given by
[ 1]
| X2 |
y=[1 0 0]l :
Xn—-1
xn
or
y = Cx (5—-75)
Where

C=[1 0 - 0]
[Note that D in Equation (4-17) is zero.] The first-order differential equation,
Equation (5-4), is the state equation, and the algebraic equation, Equation (5-5), is the
output equation.
Note that the state-space representation for the transfer function system
Y(s) 1
Uis) s*+a;s™1+-+a, 15+a,

Is given also by Equations (5—4) and (5-5).

(5-6)

Example 5-1: Derive a state space model for the system shown. The input is f, and

the output is y.
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Figure 5-1 Direct Derivation of State Space Model (Mechanical Translating)

Solution. We can write free body equations for the system at x and at y.

Free body Diagram Equation

mx + kyx + kyx —ky =1,

m k(Y -x)

Ke(y - xjﬂ -l by + kiy —kix=0
by -&—

There are three energy storage elements, so we expect three state equations. The
energy storage elements are the spring, k,, the mass, m, and the spring, k,. Therefore
we choose as our state variables x (the energy in spring k, is %2k, x?), the velocity at x
(the energy in the mass m is ¥%.muv?, where v is the first derivative of x), and y (the
energy in spring k, is ¥%k,(y — x)?, so we could pick y — x as a state variable, but
we'll just use y (since x is already a state variable; recall that the choice of state

variables is not unique). Our state variables become:

qgp1 = X
q; =X
s =Y

Now we want equations for their derivatives. The equations of motion from the free
body diagrams yield

g1 =X = q;

., 1

q; =X = E(fa — kix — kpx + k1Y)

1
= (fa — k1q1 — k2qy + k1q3)
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. S k,
q3=y=?(x—y)=?(q1—q3)

or
0 1 0 0
g = Aq + Bu A= 0 B:;l]
b0 - 0
y =Cq+ Du C=[0 0 1] D=0

with the input u = f,.
Example 5-2: Derive a state space model for the system shown. The input is i, and

the output is e,.

Nl R ...,
(4) "2 = 43 e
* — ]

Figure 5-2 Direct Derivation of State Space Model (Electrical)
There are three energy storage elements, so we expect three state equations. Try

choosing i,, i, and e, as state variables. Now we want equations for their derivatives.
The voltage across the inductor L, is e; (which is one of our state variables)

di;,
2 dt

€1
so our first state variable equation is
dip, 1
—_—
at L, *
If we sum currents into the node labeled n1 we get
lg =l —lc1 =11 =0
This equation has our input (i,) and two state variable (i;, and i;;) and the current

through the capacitor. So from this we can get our second state equation

. de; . . ]
lc1 = C1E =lg — 2 — 11
de;, 1

Fre C_l(i“ — i — i)
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Our third, and final, state equation we get by writing an equation for the voltage across

L; (which is e,) in terms of our other state variables

diLl .
82 = L1 _dt 81 RlLl
dip, 1 _
a L (e; — Ripq)

We also need an output equation:
6’2 - 6’1 - RiLl

So our state space representation becomes

q1 lL2
q = qz = 82
qs i1
q = Aq + Bu

0 1/L, 0 0

A=|—1/¢, 0 —1/Cq |, B =l1/¢
0 1/L;, —R/Ly 0
y =Cq + Du c=[0 1 —-RrR, D=0

State Space representations of nth-Order Systems of Linear Differential
Equations in which the Forcing Function Involves Derivative Terms. Consider
the differential equation system that involves derivatives of the forcing function, such
as

y® 4+ a,y® D 4 taq, 1y +a,y = bou™ + byu®™® D 4ot b, u+bu  (5—7)

The main problem in defining the state variables for this case lies in the derivative
terms of the input u. The state variables must be such that they will eliminate the
derivatives of u in the state equation.

One way to obtain a state equation and output equation for this case is to define the
following n variables as a set of n state variables:
X, =y —Bou
X, =y — PBout — f1u =%, — fu
X3 =9 — Bl — Pt — Pou = X, — fru
(5-8)
Xy =y = BouV — BuD — e — Bl — By U = Kypq — B
where By, B1, B2 ..., Brn—,are determined from
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Bo = by
B1 = b1 — a1
B2 =b; —a1f1 — azfo
B3 = bz — a1, — azf1 — azpy
' (5-9)
Bn-1=bn-1—a1fn2 — = an-2B1 — an-1Po
With this choice of state variables the existence and uniqueness of the solution of the
state equation is guaranteed. (Note that this is not the only choice of a set of state
variables.) With the present choice of state variables, we obtain
X1 = x, + f1u

X, = X3+ fou

(5-10)
Xn-1 = Xp + Pp-1U
Xp = —QpXq = Qp_qXz = "= — A1 Xp + Ppu
Where (3, is given by
Bn = by —a1fn-1 == an-1P1 — anPo (5-11)

[To derive Equation (5-10), see Example 5-3] In terms of vector-matrix equations,

Equation (5-10) and the output equation can be written as

x4 0o 1 0 - 07X " B
X, 0 0 1 0] x B
: = : : : : : + : u
Xn-1 0 0 0 SR O | P Brn-1
Xn —-a, —a,q "2 T TAQdlL Xy L B
X1
X2
y=[1 0 - 0] : [+fBou
Xn-1
| x, ]
or
x =Ax + Bu (5—-12)
y=Cx+Du (5—-13)
Where
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X1 [o 1 0 07
Xy | 0 0 1 0 |
x=| i |, A= : : :
X1 l o o 0 1|
L Xp [—an —-a, 4 ) —a
— ﬂl -
B2
B=|: | c=[1 o 0], D =pBy=bh
Bn-1
L B, |

In this state-space representation, matrices A and C are exactly the same as those for
the system of Equation (5-1).The derivatives on the right-hand side of Equation (5—7)
affect only the elements of the B matrix.

Note that the state-space representation for the transfer function

Y(s) bys™+b;s™ 4+ b,s+b,
U(s) st+a;s™14-+a,5+a,

(5 — 14)

Is given also by Equations (5-12) and (5-13).

There are many ways to obtain state-space representations of systems. Methods for
obtaining canonical representations of systems in state space (such as controllable
canonical form, observable canonical form, diagonal canonical form, and Jordan
canonical form) are presented.

MATLAB can also be used to obtain state-space representations of systems from
transfer-function representations, and vice versa.

Example 5-3: [6] Show that for the differential equation system
y+a1y+a2y+a3y: b0u+b1u+b2u+b3u (5_ 15)

state and output equations can be given, respectively, by

X1 0 1 0 X1 b1
[x2]=l0 0 1]x2+ﬂ2u (5—-16)
X3 —az —a; —aqllX3 B3
and
X1
y=[1 0 O0][x2|+ Bou (5—-17)
X3

where state variables are defined by
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x1 =Yy — Bou
Xy =Y = Polt — fru = Xy — fru
X3 =Y = Poll — f1u — fou = x; — fou
and
Bo = b
B1 = b1 — a1 fo
B2 = by —a;51 — azfB
B3z = b3 — a8, — axB1 — azfo
Solution. From the definition of state variables x, and x5 , we have
X1 =x, + fiu (5—-18)
Xy = X3 + Bou (5-19)
To derive the equation for x5 we first note from Equation (5-15) that
y=—a.y —a,y —azy + by + byii + byt + bsu
Since
X3 =Y — Poll — prut — fou
We have
X3 =Y — Poli — prii — Bl
= (—a,y — ayy — agy) + byii + byil + byt + byu — Byii — Bil — Bu
= —ay(J — Bott — B1ut — Bou) — a, Byl — a, B — a fru
—a3(y — Bott — B1u) — azfott — azfru — az(y — fou) — azfou
+boU + by + byit + bsu — Lol — f1U — Pou
= —a1X3 — AyX; — AzXy + (bg — Bo)U + (by — By — a1 Bo) il
+(by — B2 — a1 — azfo)u + (bz — a1z — Az — azPolu
= —Q1X3 — AzXx; — Azxy + (b3 — a1, — a1 — azPolu
= —Q1X3 — QX — AzX; + f3u

Hence, we get
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563 = —a3X1 - azxz - a1x3 + ﬁ3u (5 - 20)

Combining Equations (5-18), (5-19), and (5-20) into a vector-matrix equation, we
obtain Equation (5-16). Also, from the definition of state variable x; , we get the
output equation given by Equation (5-17).

5-2 State Space to Transfer Function

Consider the state space system in Equations (5-12) and (5-13) :
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Now, take the Laplace Transform (with zero initial conditions since we are finding
a transfer function):

sX(s) = AX(s) + BU(s) (5-21)
Y(s) = CX(s) + DU(s) (5—-22)

We want to solve for the ratio of Y(s) to U(s), so we need so remove X(s) from the
output equation (5-22). We start by solving the state equation for X(s)

sX(s) — AX(s) = BU(s)
(sl — A)X(s) = BU(s)
X(s) = (sI = A)"'BU(s) = ®(s)BU(s) (5-23)
where ®(s) = (sI-A)"!

The matrix ®(s) is called the state transition matrix. Now we put Equation (5-23)
into the output equation (5-22)

Y(s) = [C(s — A)~1B + D]JU(s) = [CP(s)B + D]U(s)
Now we can solve for the transfer function:

G(s) = % = Cd(s)B+D = C(sl—A)"'B+D (5 — 24)

Note that although there are many state space representations of a given system, all
of those representations will result in the same transfer function (i.e., the transfer
function of a system is unique; the state space representation is not).

113



Example: 5-4: Find the transfer function of the system with state space representation

x(t) = Ax(t) + Bu(t)

0 1 0 0
= [ 0 0 1 |x(t)+|0ofu(t) (5 — 25)
—az —a; —& 1
y(t) = Cx(t) + Du(t)
=[b; by O0]x(t)+0.u (5-26)
First find (sI — A) and the ® = (s — A)™?!
s -1 0
(sI—-A)=]0 s -1
a; a, s+a
1 s?+a;s+a, a;+s 1
®=(sI-A)1= - +
(s ) s3 +a;s? + a,s + ag 43 s +5) Sz
_ags _a3 - azs S
Now we can find the transfer function
6(s) =28 _ co()B+D
S)=——== S
(s)
bygs+ b
o 1 (5 —27)

s3 +a;s?+a,s+ag

5-3 Characteristic Equations, Eigenvalues, and Eigenvectors

Characteristic equations play an important role in the study of linear systems. They
can be defined with respect to differential equations, transfer functions, or state
equations.

5-3-1 Characteristic Equation from a Differential Equation
Y+ ap gy + o+ ary + agy
= b ™ + by u™ Y + - + by + byu (5 —28)

where n > m. By defining the operator s as
dk
T dtk

k

S k=12,..,n (5-29)

Eq. (5-28) is written
(s"+a,_s" T+ +as+ay)y(t)
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= (bys™ + b,,_1s™ L+ -+ bys + by)u(t) (5-—30)
The characteristic equation of the system is defined as
s"t+a, s+ tastay, =0 (5-31)
which is obtained by setting the homogeneous part of Eq. (5-30) to zero.
5-3-2 Characteristic Equation from a Transfer Function
The transfer function of the system described by Eq. (4-165) is

bys™ + by s™ 1+ -+ bys + by
s+ ap_1s"t+ o+ ags + ag

G(s) = (5-32)

The characteristic equation is obtained by equating the denominator polynomial of the
transfer function to zero.
Example 5-5: [59] The transfer function of the system described by the differential
equation in Eq. (4-136) is

Y(s) 1

G(s) s3+5s2+s+2

(5-33)

The same characteristic equation as in EQg. (4-169) is obtained by setting the
denominator polynomial of Eq. (4-171) to zero.

5-3-3 Characteristic Equation from State Equations
From the state-variable approach, we can write Eq. (4-148) as

p B adj(sI—A)B D
u(s) = CGI=A) +
_ Cladj(sl = A)]B + |sl — A|D

5T — 4| (5-34)

Setting the denominator of the transfer-function matrix G,(s) to zero, we get the
characteristic equation

|sI —A| =0 (5-35)
which is an alternative form of the characteristic equation but should lead to the same
equation as in Eq. (4-168). An important property of the characteristic equation is that,
if the coefficients of A are real, then the coefficients of |sI — A| are also real.
EXAMPLE 5-6: [59] The matrix A for the state equations of the differential equation
in Eq. (4-136) is given in Eq. (4-150). The characteristic equation of A is

s —1 0
sl —Al=[0 s —1|=53+5s2+5+2-0 (5 —36)
2 1 s+5

5-3-4 Eigenvalues

The roots of the characteristic equation are often referred to as the eigenvalues of
the matrix A.

Some of the important properties of eigenvalues are given as follows.
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1. If the coefficients of A are all real, then its eigenvalues are either real or in
complex-conjugate pairs.
2. If 14,45, ..., 4, are the eigenvalues of A, then

tr(4) = Z/l (5 — 37)

That is, the trace of A is the sum of all the elgenvalues of A.
3. If4;,i = 1,2,...,n,is an eigenvalue of A, then it is an eigenvalue of A'.
4. If Ais nonsingular, with eigenvalues A;,,i = 1,2,...,n, then 1/4;,i =

1,2,...,n, are the eigenvalues of A™1.

Example 5-7: [59] The eigenvalues or the roots of the characteristic equation of the
matrix A in Eq. (4-140) are obtained by solving for the roots of Eq. (5-36). The results
are
s = —0.06047 + j0.63738 s = —0.06047 + j0.63738
= —4.87906 (5-138)
Invariance of Eigenvalues.

To prove the invariance of the eigenvalues under a linear transformation, we
must show that the characteristic polynomials |AI — A| and |AI — P71AP| are
identical.

Since the determinant of a product is the product of the determinants, we obtain
Al — P~1AP| = |AP~'P — P1AP]

= |P~1(Al — A)P]
= |P7Y|AI — A||P]
= |P7|P|IAI — A

Noting that the product of the determinants |P~1| and |P| is the determinant of the
product |P~1|, we obtain
|AI — P7YAP| = |P71P||AI — A|

= |Al — A
Thus, we have proved that the eigenvalues of A are invariant under a linear
transformation.
5-3-5 Eigenvectors

Eigenvectors are useful in modern control methods, one of which is the similarity

transformation, which will be discussed in a later section. Any nonzero vector p, that
satisfies the matrix equation

14 —A)P;, =0 (5-39)
where A;,i = 1,2,...,n, denotes the ith eigenvalue of A, called the eigenvector of A
associated with the eigenvalue A;. If A has distinct eigenvalues, the eigenvectors can
be solved directly from Eq. (5-39).

Example 5-8: [59] Consider that the state equation of Eq. (4-66) has the coefficient
matrices

A= [0 _1 B=0 (5 — 40)
The characteristic equation of A is
|sI — Al =s? -1 (5—41)
The eigenvalues are 4, = 1 and A, = —1. Let the eigenvectors be written as
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o O e

Substituting 4, = 1 and p; into Eq. (4 39) we get

[l = [o] (5-43)

Thus, p,; = 0, and pu is arbitrary, WhICh In this case can be set equal to 1.
Similarly, for 1, = —1., Eq. (5—39) becomes

— P12 0
] pzz] [ ] (5 —44)
which leads to
—P12 + P22 =0 (5—45)

The last equation has two unknowns, which means that one can be set arbitrarily. Let
p12 = 1, then p,, = 2. The eigenvectors are

p=ltl p=[l 5~ 40
5-3-6 Generalized Eigenvectors
It should be pointed out that if A has multiple-order eigenvalues and is
nonsymmetric, not all the eigenvectors can be found using Eq. (5-39). Let us assume
that there are g(< n) distinct eigenvalues among the n eigenvalues of A. The
eigenvectors that correspond to the g distinct eigenvalues can be determined in the
usual manner from
(A —A)p; =0 (5—47)
where A;, denotes the ith distinct eigenvalue, i = 1,2,...,q. Among the remaining
highorder eigenvalues, let A;, be of the mth order (m < n — q). The corresponding
eigenvectors are called the generalized eigenvectors and can be determined from the
following m vector equations:

(Ajl - A)pn—q+1 =0
(Ajl - A)pn—q+2 = “Pn-q+1
(Ajl - A)pn—q+3 = "Pn-q+2 (5—48)

(A]'I - A)pn—q+m = ~Pn-g+m-1
Example 5-9: [59] Given the matrix

0 6 -5
A=[1 0 2 (5 — 49)
3 2 4

The eigenvalues of A are A, = 2,4, = 4; = 1. Thus, A is a second-order eigenvalue
at 1. The eigenvector that is associated with A; = 2 is determined using Eq. (5-47).

Thus,
2 —6 517[P11
MI—-A)p,=|-1 2 —2] [Pu] =0 (5 —-50)
-3 =2 P13

Because there are only two independent equations in Eqg. (5-50), we arbitrarily set
p11 = 2,and we have p,; = —1 and p3; = 2. Thus,

2
b1 = [—1] (5—-51)
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For the generalized eigenvectors that are associated with the second-order eigenvalues,
we substitute 4, = 1 into the first equation of Eq. (5-48). We have

1 —6 517[P12
(A1 = A)p, = l—l 1 —2] pzz] =0

) L , -3 —52 —311P32
Setting p;, = 1 arbitrarily, we have p,, = —= and p;; = -2 Thus
17
_3
b2 =17

7
Substituting A; = 1 into the second equation of Eq. (5-48), we have

1 -6 517[P1s3 %
(A3l — A)p; = [—1 1 —2] [st] =—p,=1 7
-3 =2 —=311P33 ;
Setting p,5 arbitrarily to 1, we have the generalized eigenvector
2
Pz =| 49
46
49
5-4 Similarity Transformation
The dynamic equations of a single-input, single-output (SISO) system are
x = Ax + Bu (5—-52)
y=Cx+Du (5-53)

where x(t) is the n x 1 state vector, and u(t) and y(t) are the scalar input and output,
respectively. When carrying out analysis and design in the state domain, it is often
advantageous to transform these equations into particular forms. For example, as we
will show later, the controllability canonical form (CCF) has many interesting
properties that make it convenient for controllability tests and state-feedback design.
Let us consider that the dynamic equations of Egs. (5-52) and (5-53) are
transformed into another set of equations of the same dimension by the following
transformation:
x(t) = px(t) (5—54)
where P is an n x n nonsingular matrix, so
x(t) =p~tx(t)
The transformed dynamic equations are written
x = Ax + Bu (5 —-55)
y =Cx + Du (5—156)
Taking the derivative on both sides of Eq. (5-69) with respect to t, we have
dx(t)  _ dx(t) 1 ApE(E) + - Bult
7 =P g =P Apx() +p7 Bu(d)
= p~1Ax(t) + p~1Bu(t)
Comparing Eq. (5-72) with Eq. (5-55), we get
A=plap

and
B=p !B
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Using Eq. (5-54), Eq. (5-56) is written

y(t) = Cpx(t) + Du(t) (5 —-58)
Comparing Eqg. (5-58) with Eq. (5-53), we see that
C=Cp D=D (5-159)

The transformation just described is called a similarity transformation, because in the
transformed system such properties as the characteristic equation, eigenvectors,
eigenvalues, and transfer function are all preserved by the transformation. We shall
describe the controllability canonical form (CCF), the observability canonical form
(OCF), and the diagonal canonical form (DCF) transformations in the following
sections. The transformation equations are given without proofs.

5-4-1 Invariance Properties of the Similarity Transforma-tions

One of the important properties of the similarity transformations is that the
characteristic equation, eigenvalues, eigenvectors, and transfer functions are invariant
under the transformations.
Characteristic Equations, Eigenvalues, and Eigenvectors

The characteristic equation of the system described by Eq. (5-55) is |sI—A| =0
and is written

|sI—A| = |sI— P~ *AP| = |sP~1P— P~1AP|
Because the determinant of a product matrix is equal to the product of the
determinants of the matrices, the last equation becomes
|sI— A| = |P7Y||sI — A||P]| = |sI — A

Thus, the characteristic equation is preserved, which naturally leads to the same
eigenvalues and eigenvectors.

Transfer-Function Matrix. From Eq. (5-56), the transfer-function matrix of the
system of Egs. (5-55) and (5-56) is

G(s)=C(sI—A)B+D
= CP(sl — P 'AP)P™'B+D
which is simplified to
G(s) =C(sI —A)B+ D = G(s)

5-4-2 Controllability Canonical Form (CCF)

Consider the dynamic equations given in Egs. (5-52) and (5-53). The characteristic
equation of A is

sl —Al=s"+a,_;s" 1+ +a;s+a;=0

The dynamic equations in Egs. (5-52) and (5-53) are transformed into CCFof the form
of Egs. (5-55) and (5-56) by the transformation of Eq. (5-54), with

P=SM (5 - 60)
Where
S=[B AB A?B .. A" 'B] (5—-61)
and
a, a an-1 1
a, as ‘- 1 0
M=l : P P (5-62)
a,, 1 - 0 0
l 1 0 0 0J



Then,

0 1 0 0
) [ 0 0 1 0 ]
A=P1AP = E E (5 —63)
0 0 0 1
—dy —a; —a; —Ap—1
[9
B (0]
B=P—1B=|s| (5 — 64)
0
11

The matrices C and D are given by Eq. (5-59) and do not follow any particular pattern.
The CCF transformation requires that P~1 exists, which implies that the matrix S must
have an inverse, because the inverse of M always exists because its determinant is
(=1)""1 which is nonzero. The nxn matrix S in Eq. (5-51) is later defined as the
controllability matrix.

Example 5-10: [59] Consider the coefficient matrices of the state equations in Eq. (5-

52):
1 2 1 1
0 1 3], B = 0]
1

1 1 1
=s3—-3s2—-s5—-3=0

A=

The state equations are to be transformed to CCF.
The characteristic equation of A is
s—1 =2 -1
0 s—1 -3
-1 -1 s-1
Thus, the coefficients of the characteristic equation are identified as a, = —3,a, =
—1,and a, = —3 . From Eq. (5-62),

a1 az 1 —1 _3 1
M= [az 1 o] = [—3 1 0] (5—-65)
1 0 O 1 0 O

The controllability matrix is

|s] — A| =

1 2 10
S=[B AB A?2B]=|0 3 9]
1 2 7

We can show that S is nonsingular, so the system can be transformed into the CCF.
Substituting S and M into Eqg. (5-60), we get

3 -1 1
P=SM=|0 3 0]
0 -1 1
Thus, from Egs. (5-63) and (5-64), the CCF model is given by
0O 1 0 0
A=P'AP =0 0 1], B=p'B = o]
3 1 3 1

which could have been determined once the coefficients of the characteristic equation
are known; however, the exercise is to show how the CCF transformation matrix P is
obtained.
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5-4-3 Observability Canonical Form (OCF)

A dual form of transformation of the CCF is the observability canonical form
(OCF). The system described by Egs. (5-52) and (5- 53) is transformed to the OCF by
the transformation

x(t) = Qx(¢)
The transformed equations are as given in Egs. (5-55) and (5-56). Thus,
A=0Q71AQ, B =Q !B, C =CQ, D=D

Where
00 - 0 —ag
) [1 0 - 0 —alw
A=Q7'AQ=[0 1 ~ 0 —a (5 — 66)
) 0 0 = 1 —Qup1
cC=cQ=[0 0 - 0 1] (5-167)

The elements of the matrices B and D are not restricted to any form. Notice that A and
C are the transpose of the A and B in Egs. (5-63) and (5-64), respectively.
The OCF transformation matrix Q is given by
Q= Mmv)™ (5—-68)
where M is as given in Eq. (5-84), and
C
| ca |

1% =| CA? }
CAn_l (nxn)

The matrix V is often defined as the observability matrix, and V =1 must exist in
order for the OCF transformation to be possible.

Example 5-11: [59] Consider that the coefficient matrices of the system described by
Eqgs. (5-52) and (4-160) are

1 2 1 1
A=l0 1 3|, B =|0], C=[1 1 0]
1 1 1 1

Because the matrix A is identical to that of the system in Example 5-10, the matrix M
Is the same as that in Eq. (5-65). The observability matrix is

C 1 1 0
V=|CA =11 3 4
CAZ (3x3) 5 9 14

We can show that V is nonsingular, so the system can be transformed into the OCF.
Substituting V and M into Eqg. (5-68), we have the OCF transformation matrix,
0.3333 —0.1667 0.3333
Q=MV) 1= [—0.3333 0.1667 0.6667]

0.1667 0.1667 0.1667
From Eq. (5-63), the OCF model of the system is described by
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00 3 )
1 0 1}, c=CcQ=[0 0 1],

0 1 3
3
2
1

Thus, A and C are of the OCF form given in Egs. (5-66) and (5-67), respectively, and
B does no conform to any particular form.
5-4-4 Diagonal Canonical Form (DCF)

Given the dynamic equations in Egs. (5-52) and (5-53), if A has distinct
eigenvalues, there is a nonsingular transformation

x(t) = Tx(t)

which transforms these equations to the dynamic equations of Egs. (5-55) and (5-56),
where

A=Q71AQ =

E:Q_]'B:

) A =T1AT, B=T"1B, C = CT, D=0 (5-69)
The matrix A is a diagonal matrix,

A, 0 0 - 0
) [o A, 0 - 0}
A=l0 0 A; = 0 (5 —70)

where 14, 4,,..., A, are the n distinct eigenvalues of A. The coefficient matrices B, C,
and D are given in Eq. (5-69) and do not follow any particular form.

It is apparent that one of the advantages of the DCF is that the transformed state
equations are decoupled from each other and, therefore, can be solved individually.

We show in the following that the DCF transformation matrix T can be formed by
use of the eigenvectors of A as its columns; that is,

T=[p1 P2 P3 " py]
where p;,i = 1,2,...,n, denotes the eigenvector associated with the eigenvalue A;.
This is proved by use of Eq. (5-39), which is written as
Aipi = Api' [ = 1,2, e, n

Now, forming the n x n matrix,

[Mip1 42Dz - Appnl = [Apy Apz - Apyl
=A[p1 P2 " pal

The last equation is written )

_ [Py P2 " pa]A=Alpr P2 " pil (5-7D)
where A is as given in Eq. (5-70). Thus, if we let

T=[p1 P2 = pn]
Eq. (5-71) is written
A =T AT (5—72)

If the matrix A is of the CCF and A has distinct eigenvalues, then the DCF
transformation matrix is the Vandermonde matrix,
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-1 01 1 w1
A A Az Ay

T=|% 23 23 v i (5—73)
Ut Lt N Lt N | ]

where 44,4,,...,4,, are the eigenvalues of A. This can be proven by substituting the
CCF of A in Eg. (4-132) into Eq. (5-39). The result is that the ith eigenvector p; is
equal to the ith column of T in Eq.(5-73).

Example 5-12: [59] Consider the matrix

0 1 0
A=1 0 0 1
-6 —11 -6

which has eigenvalues 4, = —1,4, = -2, and A; = —3. Because A is CCF, to
transform it into DCF, the transformation matrix can be the Vandermonde matrix in

Eq. (5-73). Thus,
1 1 1
= [—1 —2 —3]
1 4 9
0

-1 0
0 -2 0]
0 0 -3

5-4-5 Jordan Canonical Form (JCF)

In general, when the matrix A has multiple-order eigenvalues, unless the matrix is
symmetric with real elements, it cannot be transformed into a diagonal matrix.
However, there exists a similarity transformation in the form of Eq. (5-72) such that
the matrix A is almost diagonal. The matrix A is called the Jordan canonical form
(JCF). A typical JCF is shown below.

A, 1 0 0 O
0 A4, 1 0 0
A=|l0 0 A 0 0
0 0 0 4, 0
[0 0 0 0 Azl
where it is assumed that A has a third-order eigenvalue A, and distinct eigenvalues 1,

and 4;.

The JCF generally has the following properties:

1. The elements on the main diagonal are the eigenvalues.

2. All the elements below the main diagonal are zero.

3. Some of the elements immediately above the multiple-order eigenvalues on the

main diagonal are 1s, as shown in Eq. (5-74).

4. The 1s together with the eigenvalues form typical blocks called the Jordan

blocks. As shown in Eq. (5-74), the Jordan blocks are enclosed by dashed lines.

5. When the nonsymmetrical matrix A has multiple-order eigenvalues, its

eigenvectors are not linearly independent. For an A that is n x n, there are only
r (where r is an integer that is less than n and is dependent on the number of

multiple-order eigenvalues) linearly independent eigenvectors.
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Thus, the DCF of A is written

1 1 1
T=|h 42 43
A3

A=T71AT =

(5 —74)




6. The number of Jordan blocks is equal to the number of independent
eigenvectors r. There is one and only one linearly independent eigenvector
associated with each Jordan block.

7. The number of 1s above the main diagonal is equal to n — r.

To perform the JCF transformation, the transformation matrix T is again formed by
using the eigenvectors and generalized eigenvectors as its columns.

Example 5-13: [59] Consider the matrix given in Eq. (5-49). We have shown that the
matrix has eigenvalues 2,1, and 1. Thus, the DCF transformation matrix can be formed
by using the eigenvector and generalized eigenvector. That is,

2 1 1
_q 3 22
A=[p1 P2 D3]= 7 49
5 46
_2 - —_
7 49
Thus, the DCF is
i 2 0 0
A=T AT =0 1 1
0 0 1

Note that in this case there are two Jordan blocks, and there is one element of 1 above
the main diagonal.

5-5 Decompositions of Transfer Function

Up to this point, various methods of characterizing linear systems have been
presented. To summarize, it has been shown that the starting point of modeling a
linear system may be the system's differential equation, transfer function, or dynamic
equations; all these methods are closely related. Furthermore, the state diagram is also
a useful tool that can not only lead to the solutions of state equations but also serve as
a vehicle of transformation from one form of description to the others. The block
diagram of Fig. 5-3 shows the relationships among the various ways of describing a
linear system. For example, the block diagram shows that, starting with the differential
equation of a system, one can find the solution by the transfer-function or state-
equation method. The block diagram also shows that the majority of the relationships
are bilateral, so a great deal of flexibility exists between the methods.

One subject remains to be discussed, which involves the construction of the state
diagram from the transfer function between the input and the output. The process of
going from the transfer function to the state diagram is called decomposition. In
general, there are three basic ways to decompose transfer functions. These are direct
decomposition, cascade decomposition, and parallel decomposition. Each of these
three schemes of decomposition has its own merits and is best suited for a particular
purpose.

5-5-1 Direct Decomposition

Direct decomposition is applied to an input-output transfer function that is not in
factored form. Consider the transfer function of an nth-order SISO system between the
input U(s) and output Y (s):

Y(s) bp_1s" 1+ b,_,s" %+ -+ b;s+ b,

U(s)  s"+a, 1s" 1+ -+a;s+ag

(5 —75)
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where we have assumed that the order of the denominator is at least one degree higher
than that of the numerator.

/0
Differential
Equations

Choose state variables State
e T ]

Equations

Laplace Algebra Construct SFG Write state

transform plus ‘ with and output equations
plus inverse | integrators using Mason's gain
algebra Laplace formula after removing
transform s~ branches
Cisl-A)y"' +D
< — ~
Transfer Apply Mason's formula State
53 ! branct Diagram
Fareton s~ branches 12
(Graphical Tool)
>
I Decompose transfer

Inverse

Laplace

transform |
SN

Impulse
Response

Figure 5-3 Block diagram showing the relationships among various methods of describing linear systems.

function
Laplace
transform

We next show that the direct decomposition can be conducted in at least two ways,
one leading to a state diagram that corresponds to the CCF and the other to the OCF.

Direct Decomposition to CCF. The objective is to construct a state diagram from
the transfer function of Eq. (5-75). The following steps are outlined:

1.

2.

Express the transfer function in negative powers of s. This is done by
multiplying the numerator and the denominator of the transfer function by s=".
Multiply the numerator and the denominator of the transfer function by a
dummy variable X (s). By implementing the last two steps, Eq. (5-75) becomes
Y(s) by_4s"t+b,_ 572+ -+ bsT™ +bysT"X(s) :
U(s)  14apqst+-+a;s ™ +as™  X(s) (5-76)
The numerators and the denominators on both sides of Eq. (5-76) are equated to
each other, respectively. The results are:
Y(s) = (b1t +by_ps 2+ -+ bs ™+ bysT™X(s) (5—77)
UG) =1 +a,_ s+ +as ™ +a,s™)X(s) (5—-78)
To construct a state diagram using the two equations in Egs. (5-77) and (5-78),
they must first be in the proper cause-and-effect relation. It is apparent that Eq.
(5-77) already satisfies this prerequisite. However, Eqg. (5-78) has the input on
the left-hand side of the equation and must be rearranged. Eq. (5-78) is
rearranged as
X(s)=U(s) —(ap_1s P+ a,_ s 2.+ as ™ +ays™™)X(s)

The state diagram is drawn as shown in Fig. 5-4 using Egs. (5-77) and (5-78). For
simplicity, the initial states are not drawn on the diagram. The state variables
x1(t), x,(t), ..., x, (t) are defined as the outputs of the integrators and are arranged in
order from the right to the left on the state diagram. The state equations are obtained
by applying the SFG gain formula to Fig. 5-4 with the derivatives of the state variables
as the outputs and the state variables and u(t) as the inputs, and overlooking the
integrator branches. The output equation is determined by applying the gain formula
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among the state variables, the input, and the output y(t). The dynamic equations are
written

dx(t)
T Ax(t) + Bu(t) (5—-79)
y(t) = Cx(t) + Du(t) (5—-80)
where

0 1 0o - 0 0

I[ 0 0 - 0 ]I [O]
A=| : : oo : |,  B=|:] (5 —81)

0 0 0 - 1 B

C=1[by by = bpy byp1], D=0

Apparently, A and B in Eq. (5-81) are of the CCF.

— &y

Figure 5-4 CCF state diagram of the transfer function in Eq. (5-75) by direct decomposition.

Direct Decomposition to OCF. Multiplying the numerator and the denominator of
Eq. (5-75) by s™", the equation is expanded as
(1+a,_ ;s 1+ +a; s +a;s ™Y (s)
= (by_1S 1+ b5 2+ -+ b;sT™ + bysT™)U(s)
or
Y(s) = —(ap_qs™ + 4+ a;s™ + aps )Y (s)
+(bp_1S 1+ by_y5 2+ -+ bis T 4+ bysT™U(s) (5 — 82)
Fig. 5-5 shows the state diagram that results from using Eq. (5-82). The outputs of the
integrators are designated as the state variables. However, unlike the usual convention,
the state variables are assigned in descending order from right to left. Applying the
SFG gain formula to the state diagram, the dynamic equations are written as in Egs.
(5-79) and (5-80), with

o o 0 —Qy b
1 0 = 0 —aq by
A=10 1 - 0 —a; |, B =] b,
o 0 - 1 —a,4 b,
and
c=[0 0 - 0 1], D=0

The matrices A and C are in OCF.
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=y

Figure 5-5 CCF state diagram of the transfer function in Eq. (5-75) by direct decomposition.

It should be pointed out that, given the dynamic equations of a system, the input-
output transfer function is unique. However, given the transfer function, the state
model is not unique, as shown by the CCF, OCF, and DCF, and many other
possibilities. In fact, even for any one of these canonical forms (for example, CCF),
while matrices A and B are defined, the elements of C and D could still be different
depending on how the state diagram is drawn, that is, how the transfer function is
decomposed. In other words, referring to Fig. 5-4, whereas the feedback branches are
fixed, the feedforward branches that contain the coefficients of the numerator of the
transfer function can still be manipulated to change the contents of C.
Example 5-14: [59] Consider the following input-output transfer function:
Y(s) 2s2+s+5
= (5—-83)
U(s) s3+6s2+11s+4
The CCF state diagram of the system is shown in Fig. 5-6, which is drawn from the
following equations:

Y(s) = (2s 1+ 5724+ 5573)X(s)
X(s) =U(s) — (6s71 + 11572 + 4573)X(s)

Figure 5-6 CCF state diagram of tr:e transfer function in Eq. (5-83).
The dynamic equations of the system in CCF are

x1 0
0

1

u

R

[5 1 2]x
For the OCF, Eq. (5- 83) IS expanded to

Y() =(2s 1 +524+553)U(s) — (6571 + 11572 + 4573)Y(s)
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which leads to the OCF state diagram shown in Fig. 5-7. The OCF dynamic equations

are written
X1 0 0 —4 1M 5
X =[1 0 —11] X221+ |1|u
X3 0 1 -6 11Ix3 2
y=[0 0 1]x

—ffn =

Figure 5-8 State diagram of the transfer function in Eq. (5-84) by cascade decomposition.

5-5-2 Cascade Decomposition
Cascade compensation refers to transfer functions that are written as products of
simple first-order or second-order components. Consider the following transfer
function, which is the product of two first-order transfer functions.
Y(s) =K(s+b1>(s+b2> (5 — 84)
U(s) s+a;/\s+a,
where a4, a,, b;, and b, are real constants. Each of the first-order transfer functions is
decomposed by the direct decomposition, and the two state diagrams are connected in
cascade, as shown in Fig. 5-8. The state equations are obtained by regarding the
derivatives of the state variables as outputs and the state variables and u(t) as inputs
and then applying the SFG gain formula to the state diagram in Fig. 5-8. The
integrator branches are neglected when applying the gain formula. The results are
X1 —a; by —a;| %1 K
[xz] =l 0 -a ] [xz] + [K] u
The output equation is obtained by regarding the state variables and w(t) as inputs
and y(t) as the output and applying the gain formula to Fig. 5-8. Thus,
y() =[by —a; by —ap]x(t) + Ku(t)
When the overall transfer function has complex poles or zeros, the individual
factors related to these poles or zeros should be in second-order form. As an example,
consider the following transfer function:

Zg =K C i ;) (szs++31i 4) (5-85)
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where the poles of the second term are complex. The state diagram of the system with
the two subsystems connected in cascade is shown in Fig. 5-9. The dynamic equations
of the system are

R

y(t) =[1.5 1 Ox(t)

-4
Figure 5-9 State diagram of the transfer function in Eq. (5-85) by cascade decomposition.

5-5-3 Parallel Decomposition
When the denominator of the transfer function is in factored form, the transfer
function may be expanded by partial-fraction expansion. The resulting state diagram
will consist of simple first- or second-order systems connected in parallel, which leads
to the state equations in DCF or JCF, the latter in the case of multiple-order
eigenvalues.
Consider that a second-order system is represented by the transfer function
(ONNNIO (5 — 86)
U(s) (s +a)(s +ap)
where Q(s) is a polynomial of order less than 2, and a, and a, are real and distinct.
Although, analytically, a, and a, may be complex, in practice, complex numbers are
difficult to implement on a computer. Eq. (5-87) is expansion by partial fractions:
Y(s) K, K, g7
U(s)_s+a1+s+a2 ( )

where K; and K, are real constants.

The state diagram of the system is drawn by the parallel combination of the state
diagrams of each of the first-order terms in Eq. (5-87), as shown in Fig. 5-10. The
dynamic equations of the system are

X1 aq 1
[xz] [ —a; ] [ ] * [1] v
y(t) = [K1 K>]x(t)

Thus, the state equations are of the DCF.

5! K

S '
2
—a,

Figure 5-10 State diagram of the transfer function of Eq. (5-86) by parallel decomposition.
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The conclusion is that, for transfer functions with distinct poles, parallel
decomposition will lead to the DCF for the state equations. For transfer functions with
multiple-order eigenvalues, parallel decomposition to a state diagram with a minimum
number of integrators will lead to the JCF state equations. The following example will
clarify this point.

Example 5-15: [59] Consider the following transfer function and its partial-fraction
expansion:
Y(s) 252+ 65+5 1 1 1
= = + + (5—-88)
UGs) (s+1?(s+2) (s+1)*2 s+1 s+2
Note that the transfer function is of the third order, and, although the total order of the
terms on the right-hand side of Eq. (5-88) is four, only three integrators should be used
in the state diagram, which is drawn as shown in Fig. 5-11. The minimum number of
three integrators is used, with one integrator being shared by two channels. The state
equations of the system are written directly from Fig. 5-11.

5C1 _1 1 0 xl 0
Xl=10 -1 0 [[|X2|+]|1]|u
Lo o —2llxl |1

which is recognized to be the JCF.

e

Figure 5-11 State diagram of the transfer function of Eq. (5-88) by parallel decomposition.

5-6 Nonuniqueness of a Set of State Variables
It has been stated that a set of state variables is not unique for a given system.
Suppose that x4, x5, ... , x,, are a set of state variables.
Then we may take as another set of state variables any set of functions
X1 =X (xq, X1, e, X))
Xy = Xy(Xq1, X5, ey Xp)

X = X (%1, X9, e, X))
Provided that, for every set of values x,, X, ..., X,,, there corresponds a unique set of
values x4, x5 , ... , X,,, and vice versa. Thus, if x is a state vector then X, where
g = Px
Is also a state vector, provided the matrix P is nonsingular. Different state vectors
convey the same information about the system behavior.
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5-7 Linearizations of Nonlinear Mathematical Models
5-7-1 Nonlinear Systems

A system is nonlinear if the principle of superposition does not apply. Thus, for a
nonlinear system the response to two inputs cannot be calculated by treating one input
at a time and adding the results.

Although many physical relationships are often represented by linear equations, in
most cases actual relationships are not quite linear. In fact, a careful study of physical
systems reveals that even so-called “linear systems” are really linear only in limited
operating ranges. In practice, many electromechanical systems, hydraulic systems,
pneumatic systems, and so on, involve nonlinear relationships among the variables.

For example, the output of a component may saturate for large input signals. There
may be a dead space that affects small signals. (The dead space of a component is a
small range of input variations to which the component is insensitive.) Square-law
nonlinearity may occur in some components. For instance, dampers used in physical
systems may be linear for low-velocity operations but may become nonlinear at high
velocities and the damping force may become proportional to the square of the
operating velocity.

5-7-2 Linearization of Nonlinear Systems

In control engineering a normal operation of the system may be around an
equilibrium point, and the signals may be considered small signals around the
equilibrium. (It should be pointed out that there are many exceptions to such a case.)
However, if the system operates around an equilibrium point and if the signals
involved are small signals, then it is possible to approximate the nonlinear system by a
linear system. Such a linear system is equivalent to the nonlinear system considered
within a limited operating range. Such a linearized model (linear, time-invariant
model) is very important in control engineering.

The linearization procedure to be presented in the following is based on the
expansion of nonlinear function into a Taylor series about the operating point and the
retention of only the linear term. Because we neglect higher-order terms of the Taylor
series expansion, these neglected terms must be small enough; that is, the variables
deviate only slightly from the operating condition. (Otherwise, the result will be
inaccurate.).

5-7-3 Linearization Using Taylor Series: Classical Representation

In general, Taylor series may be used to expand a nonlinear function f(x(t)) about
a reference or operating value x,(t). An operating value could be the equilibrium
position in a spring-mass-damper, a fixed voltage in an electrical system, steady state
pressure in a fluid system, and so on. A function f(x(t)) can therefore be represented
in a form

F(x(©) = ) ax(®) = xo(©))
i=1
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where the constant c; represents the derivatives of f(t) with respect to x(t) and
evaluated at the operating point x,(t). That is

1)
il dxt
or
d 1d?
FG) = fro) + L0 (o ¢ 2T (e
1d3f 1 d"f
A dg()) (x—x%xg)3+ -+ = ng) (x — xo)" (5—89)

If A(x) = x(t) — x(t) is small, the series Eq. (5-156) converges, and a linearization
scheme may be used by replacing f(x(t)) with the first two terms in Eq. (5-89). That
IS,

d
F©) ~ 100 @) + LEO (1) 2 0)

= ¢y + 1 Ax
5-7-4 Linearization Using the State Space Approach
Alternatively, let us represent a nonlinear system by the following vector-matrix
state equations:
dx(t)
T fx(t), r(v)] (5-90)
where x(t) represents the nx1 state vector; r(t), the px 1 input vector; and f[x(r),
r (r)], an nx I function vector. In general, f is a function of the state vector and the
input vector.
Being able to represent a nonlinear and/or time-varying system by state equations is
a distinct advantage of the state-variable approach over the transfer-function method,
since the latter is strictly denned only for linear time-invariant systems.
As a simple example, the following nonlinear state equations are given:

dxl(t) _ 2
i = 0 (0)+3©
%)
T x1(t) +r(t)

Because nonlinear systems are usually difficult to analyze and design, it is desirable to
perform a linearization whenever the situation justifies it.

A linearization process that depends on expanding the nonlinear state equations into
a Taylor series about a nominal operating point or trajectory is now described. All the
terms of the Taylor series of order higher than the first are discarded, and the linear
approximation of the nonlinear state equations at the nominal point results.

Let the nominal operating trajectory be denoted by x,(t), which corresponds to the
nominal input ry(t) and some fixed initial states. Expanding the nonlinear state
equation of Eq. (5-90) into a Taylor series about x(t) = x,(t) and neglecting all the
higher-order terms yields

af;(x,7)
Xj

n p
3fi (x,
(6) = f(x,70) +Z - (x; — xo,) +Z fibor) (5 —91)
j=1 j=1

01
X0,T0 X0,T0

wherei =1,2,...,n.
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Let

and

Ary =13 — 1y
Then

Axl - xi xOl
Since

Xo; = fi(x0,70)

Axi:zn:afi(x,r) +zafl(x ,7)

Eq. (5-91) is written

X0,70 Xo0,70

Eq. (5-93) may be written in vector-matrix form:
Ax = A*Ax + B*Ar

where
o Oh O
dx; O0x, 0x,
A" =|0x, 0x, 0x,
O O O
[0x; O0x, =~ 0x,]
0f Of . Oh)
dr; 0ny, or,
o o . O
B" = 6_7‘1 E ar
Ofn Ofn 0fn
or, or, ar

5-7-5 Linear Approximation of Nonlinear Mathematlcal Models

(5—92)

Ar; (5—93)

To obtain a linear mathematical model for a nonlinear system, we assume that the
variables deviate only slightly from some operating condition. Consider a system
whose input is x(t) and output is y(t). The relationship between y(t) and x(t) is given

by
y=f(®)

(5 —94)

If the normal operating condition corresponds to x,y, then Eqg. (5-94) may be

expanded into a Taylor series about this point as follows:

y=f(®)

1d?

df
=@+ G-+ 57
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where the derivatives df/dx,d?f/dx?, ... are evaluated at x = X If the variation
x — x is small, we may neglect the higher-order terms in x — x. Then Equation (5-95)
may be written as

y=y+K(x—x) (5—-96)
Where
y=f&)
_df
= a X=X

Equation (5-96) may be rewritten as
y—y=K({x—x) (5—-97)

which indicates that y — y is proportional to x — x. Equation (5-97) gives a linear
mathematical model for the nonlinear system given by Equation (5-94) near the
operating pointx =x, y=1y.

Next, consider a nonlinear system whose output y is a function of two inputs x, and
X, , SO that

y = f(x1,x7) (5-98)

To obtain a linear approximation to this nonlinear system, we may expand Equation
(5-98) into a Taylor series about the normal operating point i, x,.Then Equation (5—
98) becomes

d d
y = f(x, %) + [6_9]:1 (x1 — X1) +a_£2(x2 — X3)
1 lf)zf 0% f 0% f

o G_xlz(xl — %)% +2 3. 0%, (g — %) (22 — X2) + oxZ

(x, _fz)z

where the partial derivatives are evaluated at Near the normal operating point, the
higher-order terms may be neglected. The linear mathematical model of this nonlinear
system in the neighborhood of the normal operating condition is then given by

y—y =K (x; —x) + Ky(x; — X3)
Where

y = f(x, %)
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K, = ——
1
a3(:1951_951,352—952
K W}
2= a4
axé X1=X1,X2=X3

Example 5-16: [6] Linearize the nonlinear equation
zZ=Xxy

intheregion5 < x < 7,10 < y < 12. Find the error if the linearized equation is used
to calculate the value of z when x = 5,y = 10.

Solution. Since the region considered is given by 5 < x < 7,10 < y < 12, choose
Xx=6,y=11. Then Z=Xxy = 66. Let us obtain a linearized equation for the
nonlinear equation near a point x = 6,y = 11.

Expanding the nonlinear equation into a Taylor series about point x = X,y = y and
neglecting the higher-order terms, we have

z—zZ=alx—XxX)+bly—y)

Where
a(xy) _
= oy ] =y=11
X=x,y=
0
p =2 —%=6
dy i}

Hence the linearized equation is
z—66=11(x —6) + 6(y — 11)
Or
z=11x+ 6y — 66
When x = 5,y = 10, the value of z given by the linearized equation is
z=11x+ 6y —66 =554+ 60— 66 =49

The exact value of z is z =xy = 50. The error is thus 50—49 = 1. In terms of
percentage, the error is 2%.

Example 5-17: [6] Linearize the nonlinear equation
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z = x% + 4xy + 6y?
in the region definedby 8 < x < 10,2 <y < 4.
Solution. Define  f(x,y) = z = x* + 4xy + 6y?

Then

_ ., [9f L, Of _
Z=f(x,y)=f(x,y)+[—(x—x)+—(y—y) + -
ox dy N
where we choose x =9,y = 3.

Since the higher-order terms in the expanded equation are small, neglecting these
higher-order terms, we obtain

z—zZ=Kx-x)+KQy-¥)

Where
0
K1=—f =2X+4y=2%x9+4x3 =30
0Xlx=zy=y
0
K2=—f =4x+ 12y =4%x9+4+12%x3 =72
0Yysy=y
Z=X*>+4Xxy+6y2=924+4Xx9x3+6x3%=243
Thus

z—243=30(x—9) + 72(y — 3)

Hence a linear approximation of the given nonlinear equation near the operating point
IS

z—30x—72y+243 =0
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CHAPTER SIX
Transformation of Mathematical Models with MATLAB

MATLAB is quite useful to transform the system model from transfer function to
state space, and vice versa. We shall begin our discussion with transformation from
transfer function to state space.

Let us write the closed-loop transfer function as

Y(s) numerator polynomialins  num

= = 6—1
U(s) denominator polynomialins den ( )
Once we have this transfer-function expression, the MATLAB command
[A, B, C,D] = tf2ss(num, den) (6 —2)

will give a state-space representation. It is important to note that the state-space
representation for any system is not unique. There are many (infinitely many) state-
space representations for the same system. The MATLAB command gives one
possible such state-space representation.

6-1 Transformation from Transfer Function to State Space
Representations

Consider the transfer function system

Y(s) B S
U(s) (s+10)(s2+4s+16)
S

_ 6—3
s34+ 14s2 4+ 56s + 160 ( )

There are many (infinitely many) possible state-space representations for this system.
One possible state-space representation is

X4 0 1 0 1% 0
[54:[ 0 0 1]xz + 1]u (6—4)
%3l 1-160 —56 —14llxs] [-14
X1
y=[1 0 0]|%|+[0]u (6 —5)
X3

Another possible state-space representation (among infinitely many alternatives) is
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X1 —14 —-56 —1607[*1 1
=11 0 0 ||*2|+|0]u (6 —16)
X 0 1 0 Ilxs 0
X1
y=[0 1 0]|*2]|+[0]u 6—17)
X3

MATLAB transforms the transfer function given by Equation (6-3) into the state-
space representation given by Equations (6-6) and (6-7). For the example system
considered here, MATLAB Program 6-1 will produce matrices A, B, C, and D.

MATLAB Program 6-1
>>num = [1 0]; den = [1 14 56 160]; [A,B,C,D] = tf2ss(hum,den)
A=

-14 -56 -160

1 0 O

0O 1 0
B =

1

0

0
C=0 1 0
D=0

6-2 Transformation from State Space Representations to Transfer
Function

To obtain the transfer function from state-space equations, use the following
command:

[num, den] = ss2tf(A, B, C, D, iu) (6 —8)
iu must be specified for systems with more than one input. For example, if the system
has three inputs (uq, u,, us), then iu must be either 1, 2, or 3, where 1 implies u,, 2
implies u,, and 3 implies u;.

If the system has only one input, then either

[num, den] = ss2tf(A, B, C, D) (6—-9)
or

[num, den] = ss2tf(A,B,C,D, 1) (6 —10)
may be used. For the case where the system has multiple inputs and multiple outputs.
Example 6-1: [6] We Obtain the transfer function of the system defined by the
following state-space equations:
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X1 1
X+ 25 |u (6 —11)
X3 —120

X1 0 1 0
0

X1
y=1[1 0] IXz] (6 —12)
X3

MATLAB Program 6-2 will produce the transfer function for the given system. The
transfer function obtained is given by
Y(s) 255+ 5
U(s) s3+5s24+255+5

(6 —13)

MATLAB Program 6-2

>>A=[010;001;-5-25-5]; B=[0; 25; -120]; C=[1 0 0]; D = [0];
>> [num,den] = ss2tf(A,B,C,D)
num =
0 0.0000 25.0000 5.0000
den =
1.0000 5.0000 25.0000 5.0000

% ***** The same result can be obtained by entering the following command: *****
>> [num,den] = ss2tf(A,B,C,D,1)
num =
0 0.0000 25.0000 5.0000
den =
1.0000 5.0000 25.0000 5.0000

Example 6-2: [6] Obtain a state-space equation and output equation for the system
defined by
Y(s) 2s3+5s%2+s+2
U(s) s34+ 4s2+5s5+2
Solution: From the given transfer function, the differential equation for the system is
Vy+4y+5y+2y =2u+i+u+2u (6 —15)
Comparing this equation with the standard equation given by Equation (5-7),
rewritten

(6 — 14)

Y+ a,y + a,y + azy = byl + byii + byt + bsu (6 —16)
we find
a, =4, a, =5, a; =2
b, = 2, b, =1, b; =2
Referring to Equation (5-9), we have
Bo = by =2
fr=bi—afo=1—4%x2=-7
B, =b,—a;f;1 —a,Bo=1—4%x(-7)—5%x2=19
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B3 = bz — a1, — a1 — azpy
=2—-4X19-5%x(-7)—2%x2=43
Referring to Equation (5-8), we define
x1=Yy —fou=y—2u
X, =x;1 —pu=x,+7u
X, =X, — fou=x, —19u
Then referring to Equation (5-10),
X1 =X, —7U
X, =x3+19%u
X3 = —Q3X1] — AyXy — A1X3 + [3u
= —2x, —5x, —4x3; —43u
Hence, the state-space representation of the system is

X1 0 1 01[1* —7
H=[o 0 1]x2 R 19]u
X3 —2 =5 —411X3 —43
X1
y=[1 0 O0][*2|+2u
X3

(6—17)

(6 —18)

This is one possible state-space representation of the system. There are many
(infinitely many) others. If we use MATLAB, it produces the following state-space

representation:

X1 -4 =5 =211* 1
[3&2] =[ 1 0 Of[*X2]+|0|u
X3 0 1 0l 1Lx3 0
X1
y=[-7 -9 =2]|%2|+2u
X3

MATLAB Program 6 — 3

>>num=[2112];den=[1452]; [AB,C,D] = tf2ss(num,den)

A=
-4 -5 -2
1 0 O
0 1 O
B =
1
0
0
C=-7 -9 -2
D= 2
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Example 6-3: [6] Consider a system with multiple inputs and multiple outputs. When
the system has more than one output, the MATLAB command
[num, den] = ss2tf(A,B,C,D,iu) (6 —21)
produces transfer functions for all outputs to each input. (The numerator coefficients
are returned to matrix num with as many rows as there are outputs.)
Consider the system defined by

E=10 LG+ Y 6-22)

V1 1 011" 0 011"
}72] - [o 1] [xz] + [0 o] [uz] (6-23)
This system involves two inputs and two outputs. Four transfer functions are involved:
Y,(s)/U(s),Y,(s)/U(s),Y.(s)/U,(s),and Y,(s)/U,(s).(When considering input
u; , We assume that input u, is zero and vice versa.)
Solution. MATLAB Program 6-4 produces four transfer functions.
This is the MATLAB representation of the following four transfer functions:
Yi(s) s+4 Yo(s) —25
Uy(s)  s2+4s+25’ Ui(s) s2+4s+25

(6 —24)

Y;(s) B s+5 Y, (s) _ s—=25
Uy,(s) s2+4s+ 25’ U,(s) s2+4s+25

(6 — 25)

MATLAB Program 6-4

>>A=[01;-25-4];B=[11,01];C=[10;01]; D=[00;00];
>> [num,den] = ss2tf(A,B,C,D,1)
num =
0 1.0000 4.0000
0 0 -25.0000
den =
1.0000 4.0000 25.0000
>> [num,den] = ss2tf(A,B,C,D,2)
num =
0 1.0000 5.0000
0 1.0000 -25.0000
den =
1.0000 4.0000 25.0000

6-3 MATLAB Implementation
6-3-1 Series Connection

R(s) —G, ()]G, (s)—» C(s)
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. C(s) num numl num?2
T(S}: = A — gl ) — =
R(s) den Gi(s) denl Gy(s) den2
[num,den]=series(num1,den1,num2,den2)
6-3-2 Parallel Connection
—| G, (5) —;
R(s) g—» C(s)
] 5, (5)
. C(s) num numl num?2
R(s) den ' denl 2() den2
1 |
\J
[num,den]=parallel(num1,den1,num2,den2)
6-3-3 Feedback Connection
+ —
R —>®—> G(s) C

T

H{(s)

T(s)

_ C (s-_} _ um G
R(s) den

numl

7 denl

(s)

numn?
den2

+1
-1

Positive Feedback
Negative Feedback (default)

3

]

[num,den] = feedback{num1,den1,num2,den2,sign)

v

'

6-4 Partial-Fraction Expansion with MATLAB

MATLAB representation of Transfer Functions (G). The transfer function of a
system is represented by two arrays of numbers. For example, consider a system

defined by

This system is represented as two arrays, each containing the coefficients of the

Y(s)

25

U(s) s2+4s+ 25

polynomials in descending powers of s as follows
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MATLAB Program 6-5

>> num = 25; den = [1 4 25]; sys = tf(num,den)
Transfer function:
25

SN2 +4s+25

Partial-Fraction Expansion with MATLAB. MATLAB allows us to obtain the
partial-fraction expansion of the ratio of two polynomials,
B(s) num _ b(1)s" +b(2)s"™' + -+ b(h)
A(s) den a(l)st+a(2)s™ 14+ a(n)
where a(1) # 0, some of a(i) and b(j) may be zero, and num and den are row
vectors that specify the numerator and denominator of B(s)/A(s) . That is,
>> num = [b(1) b(2) ... b(h)];
>>den =[a(l) a(2) ... a(h)];
The command
>> [r,p,K] = residu(num,den);
Finds the residues, poles and direct terms of a partial fraction expansion of the ratio of
the two polynomials B(s) and A(s). The partial fraction expansion of B(s)/A(s) is
given by

(6 —27)

B(s) r(1) r(2) r(n)

Ao Ottt soem 07
As an example, consider the function
B(s) num s*+8s3+16s2+9s+6 6 _ 29
A(s) den = s3+6s2+11s+6 ( )
MATLAB Program 6-6
>>num =[1816 9 6]; den =[1 6 11 6]; [r,p,K] = residue(num,den)
r=
-6.0000
-4.0000
3.0000
p =
-3.0000
-2.0000
-1.0000
k =
1 2
Therefore , the partial-fraction expansion of B(s)/A(s) is:
B(s) num s*+8s>+1652+9s+6
A(s) den = s34+6s2+11s+6
6 4 3
=s+2 - (6 —30)

— +
s+3 s+2 s+1
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The command

[num,den] = residue(r,p,k)

where r,p and k are outputs , converts the partial-fraction expansion back to the
polynomial ratio B(s)/A(s) as shown below

MATLAB Program 6-7

>> r=[-6 -4 3]; p=[-3 -2 -1]; k=[1 2]; [num,den]=residue(r,p,k)

num =
1 8 16 9 6
den =

1 6 11 6

6-5 Transient Response Analysis with MATLAB
MATLAB Representation of Transfer-Functions (G) Systems.

Such a block represents a system or an element of a system. To simplify our
presentation, we shall call the block with a G a system. MATLAB uses sys to
represent such a system. The statement

>> sys=tf(num,den)
represents the system. For example, consider the system

Y(s) 2s + 25

U(s) s2+4s+25
This system is represented as two arrays, each containing the coefficients of the
polynomials in descending powers of s as follows

MATLAB Program 6-8

>> num=[2 25]; den=[1 4 25]; sys=tf(num,den)
% MATLAB will automatically respond with the display
Transfer function:

2s+25

sN2+4s+25

6-5-1 Step Response
The step function plots the unit step response, assuming the 1.C’s are zero. The basic
syntax is step (sys) , where sys is the LTI object defined previously.
The basic syntax commands are summarized below
Table 6-1 summarizes these functions.

Command (Basic Syntax) | Use

>> step(sys) generates a plot of a unit step response and
displays a response curve on the screen. The
computation time interval At and the time
span of the response tf are determined
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automatically by MATLAB.

>> step(sys, tf) generates a plot of a unit step response and
displays a response curve on the screen for
the specified final time tf . The computation
time interval At is determined automatically
by MATLAB.

>> step(sys,t) generates a plot of a unit step response and
displays a response curve on the screen for
the user specified time t where t =0 : At : tf.

>>[y,t]=step(sys,..) Returns the output y, and the time array t
used for the simulation. No plot is drawn.
The array y is p X g X m where p is length(t),
q is the number of outputs, and m is the
number of inputs.

>>step(sysl,sys2,..,t) |Plots the step response of multiple LTI
systems on a single plot. The time vector t is
optional. You can specify line color, line
style and marker for each system.

The steady state response and the time to reach that steady state are automatically
determined. The steady state response is indicated by horizontal dotted line.

Example 6-4: The spring-mass-dashpot system mounted on a cart as shown in Figure

6-1.
U
;’ Massless cart y
— I/ //"_"‘\__/ <
(1 o e
/»(y—n)-— %—'\/\/\/— y
m
b(y—1i1)e— — O —
=
L i L )

Figure 6-1 Spring-mass-dashpot system mounted on a cart and its FBD.
The transfer function of the system is

Y(s) (bs + k)
U(s) (ms?+bs+k)

Transfer Function (G) =

For m =10 kg , b = 20N-s/m and k =100N/m. Find the response y (t) for a unit step
input u(t) = 1(t).
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MATLAB Program 6-9

>> m=10; b=20; k=100; num=[b k]; den=[m b k];
>> sys=tf (num,den) ;

>> step(sys)

>> grid

Step Response

Amplitude

1
1
|
|
|
|
1
|
1
2

Time (sec)

Figure 6-2 Unit step response curve
Example 6-7: The mechanical system shown in Figure 6-2.

Fictitious mass 1

\J p(t)
Figure 6-3 Mechanical system and its FBD.
The transfer functions of the system are
X(s) b,s + k,
P(s) mb,s3 +mk,s? + (kg + ky)b,s + kqk,

and

Y(S)__ k

P(s) mbys3 + mk,s? + (ky + ky)bys + kik,
Form=0.10kg, b, =0.4N-s/mand k; = 6N/m, k, =4N/mand p(t) is a step input
of magnitude 10N. Obtain the responses x(t) and y(t) .
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MATLAB Program 6-10

>> m=0.1; b2=0.4;

>> numl=[b2 k2]; num2=[k2];

>> den=[m*b2 m*k2 kl1*b2+k2*b2 kl1*k2];
>> sysl=tf (numl,den); sysZ2=tf (num2,den);

>> step (10*sysl,'r:',10*sys2, 'b'); grid

>> gtext ('x(t) ") ,;gtext('y(t)")

kl=6; k2=4;

Step Response

T T T T T T T T
| [ I | | I | |
| 1 | | | | | |
y XM I I I I I I
ﬁ 1 | | | | | |
o ) SNSRI 4 [ | |
: 1y ] ] ] K T I T
Px Y00
] 1 | | | | | |
1 | | | | | |
. g 1 ___ L_____ oo _L_____ o __Ll____|
I | |
| I I
I L) | .
g 1;-\___'_ _: - W :_____:_ _____
g Iy : . I I I I I
E ] | 1 | | | | | |
| 1 | | | | | |
I A Y I I I I I I I
I A — O —— S
| 1 | | | | | |
'l I i I I I I I I
i B R A R
C.b—' F -t - = [ A P A== == F——=— = —=== t-===
| 1 | | | | | |
I I : I I I I I I
| 1 | | | | | |
I | 1 | | | | | |
0 I 1 L I I [ I I
0 05 1 15 2 25 3 35 4 45
Time (sec)

6-5-2 Impulse Response

The impluse function plots the unit-impulse response, assuming the 1.C’s are zero.

Figure 6-4. Step response curves x(t) and y (t)

The basic syntax is impulse(sys), where sys is the LTI object.
The basic syntax commands are summarized below

Table 6-2 summarizes the

se functions.

Command (Basic Syntax)

Use

>> impulse (sys)

generates a plot of a unit step response and displays
a response curve on the screen. The computation
time interval At and the time span of the response tf
are determined automatically by MATLAB.

>> impulse (sys, tf)

generates a plot of a unit step response and displays
a response curve on the screen for the specified
final time tf . The computation time interval At is
determined automatically by MATLAB.

>> impulse (sys, t)

generates a plot of a unit step response and displays
a response curve on the screen for the user
specified time t where t=0: At : tf .

>>[y,t]=impulse (sys,..)

Returns the output y, and the time array t used for
the simulation. No plot is drawn. The array y is
p X g X mwhere p is length(t), q is the number of
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outputs, and m is the number of inputs.

>>impulse (sysl, sys2,.,t) | Plots the step response of multiple LTI systems on
a single plot. The time vector t is optional. You can
specify line color, line style and marker for each
system.

The steady state response and the time to reach that steady state are automatically
determined. The steady state response is indicated by horizontal dotted line.

6-5-3 Impulse Input

The impulse response of a mechanical system can be observed when the system is
subjected to a very large force for a very short time, for instance, when the mass of a
spring-mass-dashpot system is hit by a hammer or a bullet. Mathematically, such an
impulse input can be expressed by an impulse function.

The impulse function is a mathematical function without any actual physical
counterpart. However, as shown in Figure 6-5 (a), if the actual input lasts for a short
time At but has a magnitude h , so that the area h At in a time plot is not negligible, it
can be approximated by an impulse function. The impulse input is usually denoted by
a vertical arrow, as shown in Figure 6-5 (b), to indicate that it has a very short duration
and a very large height.

X
A A

Area not negligible
g

N\

\
\

=

I

W

0 4*‘5fo 0

(a) (b)
Figure 6-5 Impulse inputs

Example 6-6: [6] Consider the previous Example 6-5 but with an impulse input of
magnitude 10 N.

MATLAB Program 6-11
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>> m=0.1; b2=0.4; kl=6;k2=4;

>> numl=[b2 k2]; num2=[k2]

>> den=[m*b2 m*k2 kl1*b2+k2*b2 k1*k2]
>> sysl=tf (numl,den); sysZ2=tf (num?,den)

>> impulse (10*sysl, 'r:',10*sys2, 'b'); grid
>> gtext ('x(t) ") ,;gtext('y(t)")

Impuise Response
T T

Amplitude

2 25
Time (sec)

Figure 6-6 Impulse response curves x(t) and y (t)

6-5-4 Obtaining response to arbitrary input

The 1sim function plots the response of the system to an arbitrary input. The basic
syntax commands is summarized below
Table 6-3 summarizes these functions.

Command (Basic Syntax) Use

>> lsim(sys,u,t) |producesa plot of the time response of the LTI
model sys to the input time history t,u. The
vector t specifies the time samples for the
simulation and consists of regularly spaced
time samples. t =0: At: tf The matrix u
must have as many rows as time samples
(length(t)) and as many columns as system
inputs. Each row u(i,:) specifies the input
value(s) at the time sample t(i).

Example 6-7: [6] Consider the mass-spring-dashpot system mounted on a cart of
Figure 6-1.
The Transfer Function G of the system is

Y(s) (bs + k)

U(s) (ms2+ bs+k)
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where Y (s) is the output U(s) is the input. Assume that m =10kg ,b=20N-s/m and k
=100N/m. Find the response y (t) for a ramp input with a slope of 2, (r(t) = 2t).

MATLAB Program 6-12

>> m=10; b=20;

>> k=100;

>> num=[b k];

>> den=[m b k];

>> sys=tf (num,den) ;

>> t=[0:0.001:3];

>> u=2*t; lsim(sys,u,t);
>> grid;

>> gtext ('x(t) '),

>> gtext ('y(t)")

Linear Sinulation Results

T T T T T
[ [ [ [ [
[ [ [ [ [
[ [ [ [ [
sl __ d_____ [ Lo ]
[ [ [ [ |
[ [ [ [ [
[ [ [ [ [
[ [ | [
o e I ™
[ [ [ < [
@ [ [ (. [ I
2 _ I I e I |
I B P | I
5 [ [ 20| [ I
[ | [ [ [
[ [ [ [ [
) il T-—-——3 - —-—d-—=—-- i
I i I I I
| rt) . I I I |
= [ [ [ I
1 - ——- A e e ——— - e
A7 Ly [ [ [ I
e [ [ [ [
- [ [ [ [ [
o k2 | | | | I
0 0.5 1 1.5 2 25 3
Time (sec)

Figure 6-7 Response fora ramp input r(t) = 2t
Example 6-8: We find the response y (t) of the previous Example 6-7 if the input is
shown by the Figure below.

>

Figure 6-8 Arbitrary input
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MATLAB Program 6-13

>> m=10; b=20; k=100;
>> num=[b k]; den=[m b k];
>> sys=tf (num,den); t=[0:0.001:5];
>> for k=1l:length(t)
>> 1if t(k) <=1
r(k) =t(k);
else
r(k)=1;
end
end
>> y=lsim(sys,r,t);
>> plot(t,y,t,r,'r:");
>>grid;
>> xlabel ('Time (sec)');
>> gtext('r(t) ') ,;gtext('y(t)")
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| ol I | | I | |
| g I | | | I | |
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[ I | | | I | |
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Figure 6-9 Responise for an arbitrary input

6-6 Block Diagram Algebra Using MATLAB

MATLAB can be used to perform block diagram algebra if all the gains and
transfer function coefficients have numerical values. You can combine blocks in series
or in feedback loops using the series and feedback functions to obtain the
transfer function and the state-space model.

If the LTI models sys1 and sys2 represent blocks in series, their combined
transfer function can be obtained by typing sys3 = series(sysl,sys2). A
simple gain need not be converted to a LTI model, and does not require the series
function. For example, if the first system is a simple gain K, use the multiplication
symbol * and enter
>>sys3 = K*sys2
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If the LTI model sys2 is in a negative feedback loop around the LTI model sys1, then
enter

>>sys3 = feedback(sysl,sys2)

to obtain the LTI model of the closed-loop system.

F(SJ+ﬁ + 1
X 3 s i
=l
Figure 6-10 A typical block diagram.
If the feedback loop is positive, use the syntax
>>sys3 = feedback(sysl,sys2,+1)
If you need to obtain the numerator and denominator of the closed-loop transfer
function, you can use the t fdata function and enter
>> [num,den] = tfdata(sys3,'v"'")
You can then find the characteristic roots by entering
>> roots (den)
Example 6-9: [58] Find the transfer function X(s)/F(s) corresponding to the block

diagram shown in Figure 6-10.
Solution. you enter

X(s)

-

-
-+

3

MATLAB Program 6-14

>> sysl=tf(1,[1,0]); sysZ2=feedback(sysl,7);
>> sys3=series(sysl,sys?2); sysd4=feedback(sys3,10);
>> [num,den]=tfdata(sys4,'v")

num = 0O 0 1
den = 1 7 10
The result is num = [0, 0, 1] and den =[1, 7, 10], which corresponds to

X(s) B 1
F(s) s2+7s+10

6-7 State-Variable models with MATLAB

The MATLAB step, impulse, and 1sim functions, can also be used with state-
variable models. However, the initial function, which computes the free response,
can be used only with a state-variable model. MATLAB also provides functions for
converting models between the state-variable and transfer function forms.

Recall that to create an LTI object from the reduced form

5k 4+ 7x+ 4x = f(t)

or the transfer function form
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X(s) 1

F(s) b5s2+4+7s+4
you use the tf (num, den) function by typing:
>>sysl = tf£(1, [5, 7, 41);
The result, sys1, is the LTI object that describes the system in the transfer function
form.

The LTI object sys2 in transfer function form for the equation
d3x _d?*x _dx dzf_+ d2f

8——-3—+5—+6x=4 3 5
dt3 dt2+ dt+ x dt? dt +5f

Is created by typing
>>sys2 = tf([4, 3, 51,18, -3, 5, 61);
6-7-1 LTI Objects And The ss(A,B,C,D) Function

To create an LTI object from a state model, you use the ss (A, B, C, D) function,
where ss stands for state space. The matrix arguments of the function are the
matrices in the following standard form of a state model:

X = AX + Bu
y = (Cx+ Du
where X is the vector of state variables, u is the vector of input functions, and y is the
vector of output variables. For example, to create an LTI object in state-model form
for the system described by
X1 = X,
1 7

) 4
Xy = gf(t) X T X

where x; is the desired output, the required matrices are
0 1 0
A=1] 4 71, le» C=[1 0],
5

5 5

In MATLAB you type
>>A = [0, 1;-4/5, -7/5];

>>B = [0; 1/5]1;

>>C = [1, 07,

>>D = 0;

>>sys3 = ss(A,B,C,D);

6-7-2 The ss(sys) And ssdata(sys) Functions

An LTI object defined using the t £ function can be used to obtain an equivalent
state model description of the system. To create a state model for the system described
by the LTI object sys1 created previously in transfer function form, you type
ss (sys1).You will then see the resulting A, B, C, and D matrices on the screen. To
extract and save the matrices as A1, B1, C1, and D1 (to avoid overwriting the
matrices from the second example here), use the ssdata function as follows.
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>> [Al, Bl1, Cl, Dl1] = ssdata(sysl);
The results are

A1 = [—1.4 —8.8], Bl =

Cl=[0 04] D1 =
which correspond to the state equations:
%, = —1.4x; — 0.8x, + 0.5f(t)
X, = X1
and the output equation y = 0.4x,.
6-7-3 Relating State Variables To The Original Variables
When using ssdata to convert a transfer function form into a state model, note
that the output y will be a scalar that is identical to the solution variable of the reduced
form; in this case the solution variable of Equation (6-9) is the variable x. To interpret
the state model, we need to relate its state variables x; and x, to x. The values of the
matrices C1 and D1 tell us that the output variable is y = 0.4x,. Because the output y
Is the same as x, we then see that x, = x/0.4 = 2.5x. The other state-variable x; is
related to x, by the second state equation x, = x;. Thusx; = 2.5 x.
6-7-4 The t fdata Function
To create a transfer function description of the system sys3, previously created
from the state model, you type tfsys3 = tf(sys3). However, there can be situations
where we are given the model tfsys3 in transfer function form and we need to
obtain the numerator and denominator. To extract and save the coefficients of the
transfer function, use the t fdata function as follows.
_[num, den] = tfdata(tfsys3, Vv');
The optional parameter 'v' tells MATLAB to return the coefficients as vectors if
there is only one transfer function; otherwise, they are returned as cell arrays.

O(.)S]
[0]

For this example, the vectors returned are num = [0, 0, 0.2] and den
=[1, 1.4, 0.8].Thiscorresponds to the transfer function
X(s) B 0.2 1

F(s) s24+14s+08 5s2+7s+4
which is the correct transfer function, as seen from Eq. (6-59).
Example 6-10: [58] Consider the two-mass system shown in Figure 6-11. Suppose the
parameter values are m; =5m, =3,¢c;, =4,c, =8kl =1,and k, =4. The
equations of motion are
5%, + 12x, + 5x; — 8x, —4x, =0 (6 —31)
3X%, + 8x, + 4x, — 8x; —4x; = f(t) (6 —32)
Put these equations into state-variable form. And obtain the transfer functions
X1(s)/F(s) and X,(s)/F(s) of the state-variable model.
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Figure 6-11 A two-mass system.
Solution. Using the system’s potential and kinetic energies as a guide, we see that

the displacements x; and x, describe the system’s potential energy and that the
velocities x; and x describe the system’s kinetic energy. That is

1 2 1 2
PE - Eklxl +Ek2(xl _xz)

and
1

This indicates that we need four state variables. (Another way to see that we need four
variables is to note that the model consists of two coupled second-order equations, and
thus is effectively a fourth-order model.) Thus, we can choose the state variables to be
X1 Xy X3 =X; X4 =Xy (6 —33)

Thus, two of the state equations are x; = x; and x, = x,. The remaining two
equations can be found by solving equations (6-31) and (6-32) for i%; and X,, noting
that ¥, = x3 and X, = x, =, and using the substitutions given by equation (6-33).

X3 =1/5(—12x3 — 5x; + 8x, + 4x,)

%4 = 1/3(—8x4 — 4x, + 8x3 + 4x; + f(1))

Note that the left-hand sides of the state equations must contain only the first-order
derivative of each state variable. This is why we divided by 5 and 3, respectively. Note
also that the right-hand sides must not contain any derivatives of the state variables.
Failure to observe this restriction is a common mistake.

Now list the four state equations in ascending order according to their left-hand
sides, after rearranging the right-hand sides so that the state variables appear in
ascending order from left to right.

X, = X3

X, = X4

X3 =1/5(=5x; + 4x, — 12x5 + 8x,)

%4 = 1/3 (42, — 4x, + 8x3 — 8x, + f(1))
These are the state equations in standard form.
The matrices and state vector of the model are
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0 0 1 O 0
. 0 0 0 1 10
A= -1 4/5 —12/5 8/5 |’ b= 0
4/3 —4/3 8/3 —8/3 1/3
and
x1 xl
_ X2 _ |*2
Z = x| = |1,
X4 3&2

Because we want the transfer functions for x;, and x,, we must define the C and D
matrices to indicate that z; and z5 are the output variables y; and y,. Thus,

c=lo 1 o ol 2=[ol

The MATLAB program is as follows.

MATLAB Program 6-15

>> A=[0 0 1 0;0 O O 1;,-1 4/5 -12/5 8/5;4/3 -4/3 8/3 -8/31;
>> B=[0;0;0;1/3]; C=[1 0 0 0;0 1 0 0]; sys4=ss(A,B,C,D);
>> D=[0;0];
>> sysd4=ss(A,B,C,D);
>> tfsysd=tf (sysié)
Transfer function from input to output..
0.5333 s + 0.2667

$#1l: ———
s™ + 5.067 s”3 + 4.467 s”2 + 1.6 s + 0.2667
0.3333 s*2 4+ 0.8 s + 0.3333

s™4 + 5.067 s*3 + 4.467 s”2 + 1.6 s + 0.2667

The results displayed on the screen are labeled #1 and #2. These correspond to the
first and second transfer functions in order. The answers are

Xi(s) 0.5333s + 0.2667
F(s) s*+5.067s3 4+ 4.467s2 + 1.65 + 0.2667
X,(s) 0.333s2 + 0.8s + 0.3333

F(s)  s*+5.067s3 + 4.467s2 + 1.6s + 0.2667
Table 6-4 summarizes these functions.
Table 6-4 LTI object functions.

Command Description

sys = ss(A, B, C, D) Creates an LTI object in state-space form, where
the matrices A,B, C, and D correspond to those in
the model x = Ax + Bu,y = Cx + Du.

[A, B, C, D] = ssdata(sys) Extracts the matrices A, B, C, and D of the LTI
object sys,corresponding to those in the model
x= Ax + Bu,y = Cx + Du.
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Sys = tf (num,den) Creates an LTI object in transfer function form,
where the vector num is the vector of coefficients
of the transfer function numerator, arranged in
descending order, and den is the vector of
coefficients of the denominator, also arranged in
descending order.

Sys2=tf (sysl) Creates the transfer function model sys2 from
the state model sys1.

Sysl=ss(sys2) Creates the state model sys1 from the transfer
function model sys2.

[num, den] = tfdata(sys, 'v') Extracts the coefficients of the numerator and

denominator of the transfer function model sys.
When the optional parameter 'v' is used, if there is
only one transfer function, the coefficients are
returned as vectors rather than as cell arrays.

6-7-5 Linear ODE Solvers

The Control System Toolbox provides several solvers for linear models. These
solvers are categorized by the type of input function they can accept: zero input,
Impulse input, step input, and a general input function.
6-7-6 The initial Function

The initial function computes and plots the free response of a state model. This
Is sometimes called the initial condition response or the undriven response in the
MATLAB documentation. The basic syntax is initial (sys, x0), where sys is the
LTI object in state variable form, and x, is the initial condition vector. The time span
and number of solution points are chosen automatically.
Example 6-11: [58] Compute the free response x,(t) and x,(t) of the state model
derived in Example 6-10, for x,(0) = 5,%,(0) = —=3,x,(0) = 1,and x,(0) = 2. the
model is

X1 = X3
Xy = Xy
1
5c3=§(—5x1+4x2—12x3+8x4)
5c4=%[4x1—4x2+8x3—8x4 + f(t)]
or
X = Ax + Bf(t)
where
0 0 1 0 0
KR .
A‘(l s 5 g" B=0
4 4 8 z
3 3 3 3 3
and



X = X2 = %2
= X3 = xl
X4 Xy

Solution. We must first relate the initial conditions given in terms of the original
variables to the state variables. From the definition of the state vector x, we see that
x1(0) =5,x,(0) =1,x3(0) = —3,x,(0) = 2. Next we must define the model in
state-variable form. The system sys4 created in Example 6-10 specified two outputs,
x; and x,. Because we want to obtain only one output here (x;), we must create a new
state model using the same values for the A and B matrices, but now using

-8 s Y o-l

The MATLAB program is as follows.

MATLAB Program 6-16

>> A=[0 0 1 0;0 0 O 1;-1 4/5 -12/5 8/5;4/3 -4/3 8/3 -8/3];
>> B=[0;0;0;1/3]; C=[1 0 0 0;0 1 0 0]; D=[0;0];
>> sysb=ss(A,B,C,D); initial (sys5,[5,1,-3,2])

The plot of x; (t) and x, (t) will be displayed on the screen.

Response to Initial Conditions

To: Out(1)

Amplitude

To: Out(2)

-05 C L L L L I
0 5 10 Time (Sec) 15 20 25

Figure 6-12 Response for Example 6-11 plotted with the initial function.
To plot x; and x, on the same plot you can replace the last line with the following
two lines.

MATLAB Program 6-17

>> A=[0 0 1 0;0 0 O 1;-1 4/5 -12/5 8/5;4/3 -4/3 8/3 -8/31;
>> B=[0;0;0;1/3]1; C=[1 0 0 0;0 1 O0 0]; D=[0;07;

>> sysb=ss(A,B,C,D); [y,t]l=initial (sysb, [5,1,-3,2]);

>> plot(t,y),gtext('x 1"),gtext('x 2"),xlabel ('t")
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r r r r
0 5 10 15 20 25
t

Figure 6-13 Response for Example 6-11 plotted with the plot function.

To specify the final time tf£inal, use the syntax initial (sys, x0,tfinal).
To specify a vector of times of the form t = (0:dt:tfinal), at which to obtain
the solution, use the syntax initial (sys, x0,t). When called with left-hand
arguments,as [y, t, x] = initial(sys,x0, ...),thefunction returns the
output response Yy, the time vector t used for the simulation, and the state vector x
evaluated at those times. The columns of the matrices y and x are the outputs and the
states, respectively. The number of rows in y and x equals 1ength (t). No plot is
drawn. The syntax initial (sysl,sys2, ...,x0,t) plotsthe free response
of multiple LTI systems on a single plot. The time vector t is optional. You can
specify line color, line style, and marker for each system; for example,
initial (sysl,'r', sys2,'y--', sys3,'gx', x0).

6-7-7 The impulse, step, And lsim Functions

You may use the impulse, step, and 1sim functions with state-variable
models the same way they are used with transfer function models. However, when
used with state-variable models, there are some additional features available, which
we illustrate with the step function. When called with left-hand arguments, as [v,
t] = step(sys, ...), thefunction returns the output response y and the time
vector t used for the simulation. No plot is drawn. The array y is (p X q X m), where
pis length (t), qis the number of outputs, and m is the number of inputs. To obtain
the state vector solution for state-space models, use the syntax [y, t, =x] =
step(sys, ...).

To use the 1sim function for nonzero initial conditions with a state-space model,
use the syntax 1sim(sys, u, t, x0). The initial condition vector x, is needed only
if the initial conditions are nonzero.

These functions are summarized in Table 6-5

159



Table 6-5 Basic syntax of linear solvers for state variable models.

Command Description

initial (sys,x0,tfinal) Generates a plot of the free response of the state variable model
sys, for the initial conditions specified in the array x0. The final
time tfinal is optional.

initial (sys,x0,t) Generates the free response plot using the user-supplied array of
regularly-spaced time values t.

[y,t,x]=initial (sys,x0, | Generates and saves the free response in the array y of the output

.) variables, and in the array x of the state variables. No plot is

produced.

step (sys) Generates a plot of the unit step response of the LTI model sys.

step(sys,t) Generates a plot of the unit step response using the user-supplied
array of regularly-spaced time values t.

[y,t]= step(sys) Generates and saves the unit step response in the arrays y and t.
No plot is produced.

[y, t,x]=step(sys,...) Generates and saves the free response in the array y of the output

variables, and in the array x of the state variables, which is optional.
No plot is produced.

impulse (sys) Generates and plots the unit impulse response of the LTI model
sys. The extended syntax is identical to that of the step
function.

lsim(sys,u,t,x0) Generates a plot of the total response of the state variable model

sys. The array u contains the values of the forcing function, which
must have the same number of values as the regularly-spaced time
values in the array t. The initial conditions are specified in the array
X0, which is optional if the initial conditions are zero.

[y, x]= lsim(sys,u,t,x0) | Generates and saves the total response in the array y of the output
variables, and in the array x of the state variables, which is optional.
No plot is produced.

Example 6-12: [58] Obtain the total response x; (t) and x,(t) of the two-mass model
given in Example 6-11, using the same initial conditions but now subjected to a step
input of magnitude 3.

Solution. We first define the A, B, C, and D matrices and then create the LTI model
sys. Then we compute the step response, saving it in the arrays ystep and t. Note
that the step function automatically selects a time span and a time spacing for the
array t. We then use this array to compute the free response yfree. Finally we add
the two arrays ystep and yfree to obtain the total response. Note that we could
not add these two arrays if they did not have the same number of points. Note also,
that if they had different time increments, we could add them, but the sum would be
meaningless. The following script file shows the procedure. The resulting plot is
shown Figure 6-10.
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MATLAB Program 6-18

% InitialPlusStep.m

>> A=[0 01 0;000 1;-1 4/5 -12/5 8/5;4/3 -4/3 8/3 -8/31; B=[0;0;0;1/31;
>> C=[1 00 0;0 1 0 0], D=[0;0]; sys=ss(A,B,C,D);

>> [ystep,t]=step(3*sys); yfree=initial (sys,[5,1,-3,2],t);

y=yfreetystep;

plot(t,y),xlabel('t'),gtext('x 1"),gtext('x 2")

r r r

0 5 10 15 20 25
t

[E=N

Figure 6-14 Step plus free response for Example 6-12.
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CHAPTER SEVEN

Existence results
7-1 Differential Equation to State Space

Consider the transfer function with a constant numerator. We'll use a third order
equation, thought it generalizes to n™ order in the obvious way [61].

Y(s) _ 2
“U(s) s34 a;52+a,s+as

(s3 +a;s? + ays +a3)Y(s) = byU(s)

For such systems (no derivatives of the input) we can choose as our n state variables
the variable y and its first n-1 derivatives (in this case the first two derivatives)

x, () = y(¢) X1(s) =Y(s)
x (1) = y(t) Xa(s) = sY(s)
x3(t) = y(t) X3(s) = s?Y(s)

Taking the derivatives we can develop our state space model (which is exactly the
same as when we started from the differential equation)

sX;(s) = X,(s) = sY(s)
sX,(s) = X3(s) = s?Y(s)
sX3(s) = s3Y(s) = —a;s?Y(s) — a,sY(s) — azY(s) + byu

= —a,5%X3(s) — aysX,(s) — azX,(s) + byu

0 1 0 0
SX(S)=AX(S)+BU(S)=[ 0 0 1 [X(s)+]0|U(s)
—a; —a, —a, 1

Y(s) =CX(s)+DU(s)=[1 0 0]X(s)+0.U(s)

Note: For an n™ order system the matrices generalize in the obvious way (A has ones
above the main diagonal and the coefficients of the denominator polynomial for the
last row, B is all zeros with b, (the numerator coefficient) in the bottom row, C is zero
except for the leftmost element which is one, and D is zero. If we try this method on a
slightly more complicated system, we find that it initially fails (though we can succeed
with a little cleverness) [61].
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Consider the differential equation with second derivative on the right hand side.
f)'/'+a1j7+a2}'/+a3y=boil+b1u+b2u (7_1)

We can try the same method as before:

X1 =Yy
Xy =Y
X3 =Y

.72:3 ES y ES _a3y - azy - alj} + bou + blu + bzu
ES _a3x1 - a2X2 - a1X3 + bou + blu + bzu

The method has failed because there is a derivative of the input on the right hand,
and that is not allowed in a state space model [60].

Fortunately we can solve our problem by revising our choice of state variables.
X1 =Y
X, =y —byu = x; — byu
x3 =¥ —bou — (by — arbp)u = %, — (by — a;bp)u
From the definition of state variables x, and x5 , we have:
X1 = Xy + bou (7—-2)
X, = x3 + (by — a;by)u (7-3)
To derive the equation for x5 we first note from Equation (7-1) that
y=—azy—a,y—a;y + byii + byu + b,u
Since
x3 =¥ — byt — (by — a;by)u
We have
X3 =¥ — byt — (by — a;bp)u (7—4)
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= _asy - azy - alj} + bou + blit + bzu - boﬁ - (bl - albo)u

The equations (7-2), (7-3) and (7-4) are not correct, because y,y are not one of the
state variables. However we can make use of the fact:

X, =Yy — byu
X3 =3y —bott — (by — a;by)u, so
y = Xy, + bou
y =x3 + byt + (b; — a;by)u
The state variable equations then becomes
X1 = X, + bou
X; = x3 + (by — a;by)u

In the third state variable equation we have successfully removed the derivative of
the input from the right side of the third equation, and we can get rid of the y term
using the same substitution we used for the second state variable.

X3 = —azy — Ay — a1y + bgii + byt + bou — byii — (by — a1 by)u
= —azx; — ay(x; + bow) — a,(x3 + bt + (by — a;by)u)
+byii + byt + byu — byii — (by — ayby)u
= —a3X; — AyX, — A1 X3 — Aybou — ay byt — ab;u + aZbyu
+byii + byt + byu — byii — byu + a byt
= —Q3X; — Xy — a1 X3 + (bg — bg)il + (by — by — a;by + a1 by
+(b, — a;b; — ayby + a?by)u
Hence, we get
X3 = —A3X; — AyXy — a1 X3 + (b, — ayb; — ayby + aZby)u
or
X1 =Xy +apu
X, = x3 +aqu

X3 = _a3x1 - azxz - a1X3 + azu (7 - 5)
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Where, ag = bo, a, = b1 - albo, a, = bz - a1b1 - azbo + a%b()

Combining Equations (7-2), (7-3), and (7-5) into a vector-matrix equation, we obtain
Equation (7-6). Also, from the definition of state variable x; , we get the output
equation given by Equation (7-7).

0 1 0 Qo

x(t) = Ax(t) + Bu(t) =l 0 0 1 ]x(t)+ ay[u(t) (7—6)
-a; —a, —a a,

y() =Cx(t)+Du(t)=[1 0 O0]x(t)+0.u (7-17)

in general Consider the differential equation system that involves derivatives of the
forcing function, such as

Y™ +ayy® P+t an gy +any
= bou™ + byu™ D + .o+ p_U+byu n>m (7—8)

The main problem in defining the state variables for this case lies in the derivative
terms of the input u. The state variables must be such that they will eliminate the
derivatives of u in the state equation.

To obtain a state equation and output equation for this case is to define the
following n variables as a set of n state variables:

X1 =Y
X2 =Y
X3 =Y
Xn—(m-1) = y(n—m) — QolU (7-9)

Xn-(m-2) = y(n_(m_l)) — (U — QU

x, = y® Y — qou™mD — quMm=2) — . — g U —ay,_ju
= Xn-1— Op-1U

where a,, a4, @5 ..., @y, _,are determined from
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ao == bO
a; = b, —ayag
a, = b, —aya; — aa,

ag = b3 - alaz - a2a1 - a30(0 (7 - 10)

U1 = b1 — QA — A3 — = — Q201 — A1 Qg

With the present choice of state variables, we obtain

X1=XZ
x2=x3
X3 = X4

Xn-m = Xn—(m-1) T QU

Xn—(m-1) = Xn-(m-2) T QU (7-11)

Xp_1 = Xp + Om_qu
Xp = —0ApX1 — Ap_1Xy — = — —A1 Xy + AU
where a,, is given by
U = b — QU1 — Ay =+ — A1 Qg — A A (7—-12)

In terms of vector-matrix equations, Equation (7-11) and the output equation can be
written as

[ Xq T 0 1 0 0 X1 07
: 0 0 1 0 : :
Xn-m|= : : : : Xn-m|+| &y |U
: 0 0 0 1 : :
L X, | —a, —Qup-1 “An-2  TAQllL x, La,, ]
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xl 0
[ 5 ] [O]
y=[1 0 0 0] | Xn—m |+ 0|u
A
or
% = Ax + Bu (7 = 13)
y =Cx+ Du (7 —14)
where
X1 ] 0 1 0 0
[ 0 0 1 0
X =|Xn-m]|, A= : : :
: | o0 o 0 1 |
Xn J l—an —QAyp_q An-2 —a1J
_ 0 -
B=|a,|, Cc=[1 0 0, D=0
La,, ]

In this state-space representation, matrices A and C are exactly the same as those for
the system in the case The derivatives on the right-hand side is equal to The
derivatives on the left-hand side. The derivatives on the right-hand side of Equation
(7-8) affect only the elements of the B matrix [61].

Note that the state-space representation for the transfer function

Y(s)  bos™ +bys™ T+ e+ byy_yS + by,

— 7 —15
U(s) s"+a;sm 44 a, 15+ a, ( )

is given also by Equations (7-13) and (7-14).

Mechanical systems
The fundamental law governing mechanical systems is Newton’s second law

Example 7-1: [6] Consider the spring-mass-dashpot system mounted on a massless
cart as shown in Figure 7-1. Let us obtain mathematical models of this system by
assuming that the cart is standing still for t < 0 and the spring-mass-dashpot system
on the cart is also standing still for t < 0. In this system, u(t) is the displacement of
the cart and is the input to the system. At t = 0, the cart is moved at a constant speed,
or u = constant.The displacement y(t) of the mass is the output. (The displacement
Is relative to the ground.) In this system, m denotes the mass, b denotes the viscous-
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friction coefficient, and k denotes the spring constant. We assume that the friction
force of the dashpot is proportional to y — u and that the spring is a linear spring; that
IS, the spring force is proportional to y — w.

For translational systems, Newton’s second law states that

ma=ZF (7 —16)

where m is a mass, a is the acceleration of the mass, and ). F is the sum of the forces
acting on the mass in the direction of the acceleration a. Applying Newton’s second
law to the present system and noting that the cart is massless, we obtain

d?y dy du
mger =G~ q) ~HO 0 =17
or
d’y dy du
mﬁ+ba+ky=ba+ku (7—18)

This equation represents a mathematical model of the system considered. Taking the
Laplace transform of this last equation, assuming zero initial condition, gives

(ms? + bs + k)Y(s) = (bs + k)U(s) (7 —19)
Taking the ratio of Y (s) to U(s), we find the transfer function of the system to be
Y(s) B bs + k

Transfer function = G(s) = (7 —20)

U(s) ms2+bs+k
Such a transfer-function representation of a mathematical model is used very
frequently in control engineering.

Massless cart k

m

@)

i @]
O O
Figure 7-1 Spring-massdashpot system mounted on a cart.

Next we shall obtain a state-space model of this system. We shall first compare the

differential equation for this system
b k b k

Lo b Kk _D. K 7_ 91
| y+my+my mu+mu ( )
with the standard form
j} + aly + azy = bou + blu + bzu (7 - 22)
and identify a,, a,, by, b; , and b, as follows:
b k b k
a1=a, a2=a, b0=0, bl:%’ b2=E
we have
b
Po = by =0, ﬁ1=b1—a1ﬂ0=%
_ _k b\?2
P2 =b, —a 1 —ayfo = o (E)
define
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. . b
X1 =y = Bou =1y, Xy =X — fru =% ——u
With the present choice of state variables, we obtain

J'Cl=x2+/3’1u=x2 +Eu

, k b k  /b\
Xy = —AyX1 — A1 X5 +ﬁ2u=—ax1—ax2+ E_<E> u

and the output equation becomes

y=Xx1
or
b
a [0 Ll — | )
[xz]_ T [X2]+ E_(ﬁ)zju (7 —23)
and mooam
y=[1 0][2: (7 — 24)

Equations (7-23) and (7—24) give a state-space representation of the system. (Note
that this is not the only state-space representation. There are infinitely many state-
space representations for the system.)

7-2 Methods for Electrical Systems Modeling

One of the most utilized procedures in modeling electrical networks is the mesh
analysis method, and another method is the node analysis; both methods are briefly
presented.

7-2-1 The Mesh Analysis Method

The mesh analysis method is normally used for electrical networks where the input is
provided by voltage sources. The voltages supplied by the sources are known, as well
as the parameters defining the electrical components making up the network. In mesh
analysis, therefore, Kirchhoff’s second law is applied to express voltage balances for
each mesh, aided by Kirchhoff’s first law to relate the currents converging at common
nodes. In such a network, the unknowns are usually the currents or the charges. For
circuits containing only resistors, the mathematical model consists of an algebraic
equations system. When the circuits also contain capacitors or inductors, the
mathematical model consists of differential (or differential-integral) equations.

Example 7-2: [60] Determine the currents set up in the circuit of Figure 7-2 using the
mesh analysis method. Known are R, = 20Q,R, = 30Q,R; = 10Q,R, = 40Q,R; =
5Q,and v = 40.

Solution. The circuit of Figure 7-2 indicates the currents and their arbitrary
directions, as well as the arbitrary positive directions for each of the two meshes (the
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curved arrowed lines inside each mesh). The following equations are obtained through
application of Kirchhoff’s second law:

Rlil + R4_i3 + R5i1 =V
{Rziz + R3i2 - R4i3 = 0 (7 25)
Figure 7-2 Electrical Network Comprising Resistors and a VVoltage Source.
Kirchhoff’s first law is applied at node C (or node D), which results in

Equations (7-25) and (7-26) are rearranged in a system of three algebraic equations
where the unknowns are the currents i,, i,, and is:

(Rl + RS)ll + R4_i3 = V
(RZ + R3)i2 - R4_i3 = O (7 - 27)
il - iz - i3 = O

The equations system (7-27) can be written in vector-matrix form as

Rl + RS 0 R4_ i1 V
0 RZ + R3 _R4 iz - O (7 - 28)
1 -1 —1 1Lz 0

and the unknown vector containing the currents is determined by matrix algebra as

-1

il R1 + R5 0 R4 V
i[=] o0 R,+R; —R,| |0 (7-29)

The solution to Egs. (7-29) is obtained using the symbolic calculation capabilities of
MATLAB® by means of the following code:

MATLAB Program 6-2
>>syms rlr2r3rdrSv
>>a=[r1+r50r4;0 r2+r3 —r4;1 -1 -1]; f=[v; 0; 0];
>> i=inv(a)*f

170



(v*(r2 + r3 + rd))/(r1*r2 + r1*r3 + r1*rd + r2*r4 + r2*r5 + r3*r4
+ 13*r5 + r4*r5)
(rd*v)/(r1*r2 + r1*r3 + r1*rd + r2*r4 + r2*r5 + r3*r4 +
r3*r5 + r4*r5)
(V*(r2 + r3))/(r1*r2 + r1*r3 + r1*r4 + r2*r4 + r2*r5 + r3*r4
+ 13*r5 + r4*r5)

After some algebraic conditioning, the returned currents are

(- (R, + Ry + RV
= R,(R, + R; + Ry) + (R, + R3)(R, + Rs) + R4Rs
. R,V

12 T R.(R, + R, + Ry) + (R, + Ry)(Rs + Ro) + RuR: (7-30)
. (R + R3)V

\"® T R,(R, + R; + Ry) + (R, + R3) (R, + Ro) + R,Rs

Numerically, the following values are obtained: i; = 0.89 4,i, = i; = 0.44 A.
7-2-2 The Node Analysis Method

In the node analysis method, voltages are associated with each node of the network
where current change occurs, then nodal equations are formulated by using
Kirchhoff’s node law. With this method, we select one node to be the reference node,
and all the voltages are expressed in terms of the reference node’s voltage. Usually, it
Is computationally preferable to select as the reference node the one with the largest
number of element branches connected to it. It is also customary to consider the
voltage of the reference node to be zero.

Example 7-3: [60] Calculate the currents produced by the current and voltage sources
in the circuit sketched in Figure 7-3 employing the node analysis method. Known are
R, =500,R,=70Q,R; =60Q,R, =40Q, i = 0.14,andv =80V,

Solution. For the circuit of Figure 7-3, if node B is considered to be the reference
node with zero voltage, it follows that the entire line BD is grounded; therefore, the
voltage of node D is also zero. Using Ohm’s law, according to which a current is equal
to the voltage difference across it divided by resistance, and Kirchhoff’s node law, two
node equations can be written when the voltages v, and vy are associated with nodes
A and B, respectively. The equations are

UA_0+UA_vC
R, R,
UA_UC UC_O 17(;—17

R, Rs R,

=iy +iy ori=
(7 —31)

kiz = i3 + 14; or
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The unknowns v, and v, are calculated symbolically from Eq. (7-31) using
MATLAB® as:

|( Ri(RyR3 + R3Rs + R4R;) + RiR;

v, = i v

4 47 (Ri+R)(R3+R) +RsRy  (Ry+R)(Ry +Ry) + R3R, (7 —132)
o = RiR3R, P+ R3(Ry + Ry) v

L ¢ (R1 + R3)(R3 + Ry) + R3R, (R + Rz)(R3 + Ry) + R3R,

Figure 7-3 Electrical Network Comprising Resistors, a Voltage Source, and a Current Source.

The numerical values of the voltages of Egs. (7-32) are v, = 19.93V and v, =
40.83 V. The four currents are determined from Eqgs. (7-31) as i; = 0.404, i, =
—0.304, i; = 0.684, i, = —0.98A. The minus signs of i, and i, indicate that these
currents have directions opposite to the ones arbitrarily chosen in Figure 7-3.

7-3 Free Response

We studies the natural response and the free damped response of electrical systems,
both describing the behavior of electrical networks in the absence of voltage or current
sources.

7-3-1 Natural Response

Electrical systems have a natural response when no voltage or current source is
involved and no energy dissipation occurs (which translates in the absence of
resistors). Electrical circuits that contain only capacitors and inductors are
conservative systems; they display a natural response consisting of one or more
natural frequencies, depending on the number of degrees of freedom (DOFs). The
differential equation(s) defining the natural response of an electrical system can be
derived using Kirchhoff’s laws or applying the energy method, similarly to
mechanical systems. MATLAB® can also be utilized to determine the eigen-
frequencies and eigenvectors associated to the natural response. These methods are
discussed next for single- and multiple-DOF electrical systems.

7-3-2 Single-DOF Conservative Electrical Systems

For single-DOF conservative electrical systems, the natural frequency is calculated
by searching for sinusoidal (harmonical) solutions of the mathematical model
differential equation.
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Example 7-4: [60] Consider the LC (resonant) circuit sketched in Figure 7-4(a), which
iIs formed of an inductor and a capacitor. Derive its mathematical model using
Kirchhoff’s second law and also by the energy method. Determine the natural
frequency of this electrical system for L = 1H and C = 4uF.

S1 52
— R
i
L v C L
c % S|
(b)

(a)
Figure 7-4 LC (Inductor-Capacitor) Circuit: (a) Actual Circuit; (b) Schematic for Charging the Circuit.

Solution. The single-DOF electrical system shown in Figure 7-4(a) is a
conservative one, as no voltage or current sources input energy into the system and no
resistors draw energy from the system. We can assume that the capacitor is charged
separately from a voltage source (when switch S; is closed and switch S, is open) then
disconnected from the source and connected to the inductor (by opening switch S, and
closing S,), as shown in Figure 7-4(b), so that the capacitor discharges on the inductor
and a current i is produced through the circuit of Figure 7-4(a).

Application of Kirchhoff’s second law to the electrical circuit of Figure 7-4(a)
yields

di(t) 1

L 7 +EJi(t)dt=0 (7 —33)

which can be written in terms of the charge g as

1
Li]'+Eq=0 (7 —34)
Or
"+1 =0 (7 —35)
q LCq_

The electrical energy totaled by the capacitor and inductor in the circuit of Figure 7-
4(a) is

E—lL'2+1q2—1L'2+ (7 - 36)
B R W S s

Because the total electrical energy is conserved, the time derivative of the energy is
zero; therefore, the following equation results from Eq. (7-36):
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1
q(Lq+Eq)=o (7 —-37)
The condition posed by Eq. (7-37) should be valid at all times, but the charge rate (the
current) is not zero at all times; therefore, the only way that Eq. (7-37) is satisfied is
when

1
Léj+Eq=O (7 —38)
which is identical to Eq. (7-34): They represent the mathematical model of the
electrical system shown in Figure 7-4(a). By comparing Eq. (7-35) with the generic
equation that modeled the free undamped response of a single-DOF mechanical
system and was of the form

X+ wix =0 (7 — 39)
it follows that the natural frequency w,, of the electrical system of Figure 7-4(a) is

1
wn:\/T_C (7—40)

and its numerical value is w,, = 500rad/s. The free response of the electrical system
consists of a harmonic (sinusoidal or cosinusoidal) vibration at the natural frequency,
quite similar to the case of a spring-mass mechanical system.
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Comments and conclusions

Engineering system dynamics is a discipline that focuses on deriving mathematical
models based on simplified physical representations of actual systems, such as
mechanical, electrical, fluid, or thermal, and on solving the mathematical models
(most often consisting of differential equations).The resulting solution (which reflects
the system response or behavior) is utilized in design or analysis before producing and
testing the actual system. Because dynamic systems are characterized by similar
mathematical models, a unitary approach can be used to characterize individual
systems pertaining to different fields as well as to consider the interaction of systems
from multiple fields as in coupled-field problems.

This study is a modern treatment of system dynamics and its relation to traditional
mechanical engineering problems as well as modern microscale devices and machines.
It provides an excellent course of study for students who want to grasp the
fundamentals of dynamic systems and it covers a signifcant amount of material also
taught in engineering modeling, systems dynamics, and vibrations, all combined in a
dense form.
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