Chapter 1
Weak Solutions and Sobolev Spaces

Section (1.1): Introduction

The finite element method is a computational technique for obtaining approximate
solutions to the partial differential equations that arise in scientific and engineering
applications. Rather than approximating the partial differential equation directly as with,
e.g., finite difference methods, the finite element method utilizes a variational problem
that involves an integral of the differential equation over the problem domain. This
domain is divided into a number of subdomains called finite elements and the solution of
the partial differential equation is approximated by a simpler polynomial function on each
element. These polynomials have to be pieced together so that the approximate solution
has an appropriate degree of smoothness over the entire domain. Once this has been done,
the variational integral is evaluated as a sum of contributions from each finite element
.The result is an algebraic system for the approximate solution having a finite size rather
than the original infinite-dimensional differential equation. Thus, like finite difference
methods, the finite element process has discretized the partial differential equation but,
unlike finite difference method, the approximate solution is known throughout the domain
as a piecewise polynomial function and not just at a set of points. Logan [9] attributes the
discovery of the finite element method to Hrennik of [10] and McHenry [8] who
decomposed a two-dimensional problem domain into an assembly of one-dimensional
bars and beams.Courant [3] used a variational formulation to describe a partial
differential equation with a piecewise linear polynomial approximation of the solution
relative to a decomposition of the problem domain into triangular elements to solve

equilibrium and vibration problems.
Section (1.2): Weak Solution and Sobolev Spaces
As a first simple example let us consider the two-point boundary value problem
—u"(x) +b(x) u'(x) +c(x)(ulx) =f(x) in Q:= (0,1); (1.1)



u(0) =u(1) =0 (1.2)
Let b,c and f be given continuous functions. Assume that a classical solution exists,
I.e., a twice continuously differentiable function u that satisfies (1.1) and (1.2). Then for

an arbitrary continuous function v we have
j(—u" + bu' + cu)vdx = jfv dx (1.3)
Q 0

The reverse implication is also valid: if a function u € C?(£2) satisfies equation (1.3) for
all v € C(2), then u is a classical solution of the differential equation (1.1).
If v € C1(2), then we can integrate by parts (1.3) and obtain
—u'v |x i 0 + ju’v’ dx + j(bu’ + cu)vdx = jfv dx
Q Q Q
Under the additional condition v(0) = v(1) = 0 this is equivalent to

ju’v’dx + J(bu’ + cu)v dx = va dx (1.4)

Q

Unlike (1.1) or (1.3), equation (1.4) still makes sense if we know only that It turns
out that Soblev spaces, which generalize L, spaces to spaces of functions whose
generalized derivatives also lie in L,, are the correct setting in which to examine weak
formulations of differential equations. In Section 2.2 we shall give some basic properties
of Sobolev spaces that will allow us to analyse discretization methods at least in
standard situations. Variational problems often appear when modelling problems applied
in the natural and technical sciences because in many situations nature follows minimum
or maximum laws such as the principle of minimum energy. Next we consider a simple
elliptic model problem in two dimensions.

Let 2 ¢ R? be a simply connected open set with a (piecewise) smooth boundary I'.
Let f:2 —» R be a given function. We seek a twice differentiable function wu that

satisfies

—Mu(En)=f(En) in Q (1.5)



the application of an integral theorem (the two dimensional analogue of integration by
parts see the next section for details) yields

j <6u Jv Jdu av

3% 37 577577 dx—jfvdx a7

So far we have said nothing about the existence and uniqueness of solutions | of the
variational formulation of boundary value problems, because to deal adequately with
these topics it is necessary to work in the framework of Sobolev spaces. For more

information about the existence and uniqueness of solution, see [1,2,5,11,12].



Chapter 2

Function Spaces for the Variational Formulation
of Boundary Value Problems

Section (2.1): Introduction

In the classical treatment of differential equations, the solution and certain of its
derivatives are required to be continuous functions. One therefore works in the spaces
Cck(f2) that contain functions with continuous derivatives up to order k on the given
domain 2, or in spaces where these derivatives are Holder continuous. When the strong
form (e.g. (1.7)) of a differential equation is replaced by a variational formulation, then
instead of point wise differentiability we need only ensure the existence of some integrals
that contain the unknown function as certain derivatives. Thus it makes sense to use

function spaces that are especially suited to this situation.

Section (2.2): Function Spaces
We start with some basic facts from functional analysis.

Let U be a linear (vector) space. A mapping||.||: U — R is called a norm if it has
the following properties:

i) lull =0 forallu € U, |lu| =0 & u = 0,
i) Aull = [A]|]||lull forallu € U, A €R,
iii) lu+ v|| < |lull + l|lv|l forallu,v € U.

A linear space U endowed with a norm is called a normed space. A sequence {u*}

in a normed space is a Cauchy sequence if for each € > 0 there exists a number N(€) such

that
|u* —u!|| < e forall kil = N(e).

The next property is of fundamental importance both in existence theorems for solutions

of variational problems and in proofs of convergence of numerical methods. A normed



space is called complete if every Cauchy sequence {u*} c U converges in U, i.e., there
exists u € U with

limy e |[uf —ul| =0
Equivalently,

u= lim u¥
k—o0

Complete normed spaces are often called Banach spaces.
Let U, V be two normed spaces with norms ||. || and ||. ||y respectively.
A mapping P : U — V iscontinuous at u € U if for any sequence

{uk} < U converging to u one has

lim Puk = Pu

k— oo

lim ||u* — u||U =0 = I\!i_)rg()“Pu"‘ - Pu||V =0

k— oo

A mapping is continuous if it is continuous at every pointu € U.
A mapping P : U — Vis called linear if
P(Au + uv) = APu + uPv forallu,v € U, L, u €R
A linear mapping is continuous if there exists a constant M > 0 such that
|Pull < M||ul|| forallu € U.

A mapping f: U — R is usually called a functional. Consider the set of all continuous
linear functional f : U — R. These form a normed space with norm defined by

_sup  If)l
£l =, 2o T

This space is in fact a Banach space. It is the dual space U* of U. When
f € U*and u € U we shall sometimes write (f, u) instead of f(u).

Occasionally it is useful to replace convergence in the normed space by convergence in
a weaker sense:



]gim(f,uk) ={(f,u) forall f € U*
For a sequence {u*} € U and u € U, then we say that the sequence {u*} converges
weakly to u. It is standard to use the notation

u* - u fork -» o

To denote weak convergence. If u = Ilim u® thenu® — u, i.e. convergence implies
—00

weak convergence, but the converse is false: a weakly convergent sequences not
necessarily convergent.
It is particularly convenient to work in linear spaces that are endowed with a scalar
product. A mapping (-,-): U x U — R is called a (real-valued) scalar product if U has
the following properties:

i) (u,u) =2 Oforallu € U, (w,u) =0 u =0,

i)  (Qu,v) = A(u,v) forallu,v e U, 1 € R,

)  (uw,v) = (v,u) forallu,v € U,

v) (u+ v,w) = ww)+ (v,w) forallu,v,w € U.
Given a scalar product, one can define an induced norm by ||u]| := \/m
But not all norms are induced by related scalar products.
A Banach space in which the norm is induced by a scalar product is called a (real)
Hilbert space. From the properties of the scalar product one can deduce the useful

Cauchy-Schwarz inequality:

lw, v| < llullllvll forall u,v € U.

Continuous linear functional on Hilbert spaces have a relatively simple structure that is
important in many applications. It is stated in the next result.

Theorem (2.2.1): (Riesz). Letf: V — R be a continuous linear functional on a
Hilbert space V . Then there exists a unique w € V such that

(w,v) = f(v)forallv € V.



Moreover, one has

171l = lloll
The Lebesgue spaces of integrable functions are the starting point for the construction
of the Sobolev spaces. Let Q c Rn (for n =1, 2, 3) be a bounded domain (i.e., open and
connected) with boundary I' := 9. Letp € [1,+).

The class of all functions whose p “*power is integrable on £ is denoted by

L,(2):= {v : jlv(x)lp dx < +00.}
Q

Furthermore

1
p

||17||Lp(n) = [j|v(x)| de]
Q

Is a norm on L,. It is important to remember that we work with Lebesgue integrals (see,
e.g., [12], so all functions that differ only on a set of measure zero are identified. It is in
this sense that [|v|| = 0 implies v = 0. Moreover, the space Lp(f2) is complete, i.e., is a
Banach space.

In the case p = 2 the integral

(u,v) := ju(x) v(x) dx

0

Defines a scalar product, so L, (£2) is a Hilbert space.

The definition of these spaces can be extended to the case p = oo with

Lo () := {v : esssup lv(x)| < +oo}

XEN

And associated norm

Lo (2) :== esssup |v(x)]

XEN



Here ess sup denotes the essential supremum, i.e., the lowest upper bound over Q
excluding subsets of © of Lebesgue measure zero.
To treat differential equations, the next step is to introduce derivatives into the
definitions of suitable spaces. In extending the Lebesgue spaces to Sobolev spaces one
needs generalized derivatives, which we now describe.
Denote by cl,,A the closure of a subset A  V with respect to the topology of the space
.Forv € C(2) the support of v is then defined by

supp v := clg,|{x € 2: v(x) # 0}
For our bounded domain (2, set

Cy (Q).={vec*): suppv c}.

In our further considerations the role of integration by parts in several dimensions is
very important. For instance, for arbitrary u € C1(22) and v € C5°(2) one has

ou ) v

—vdx = uvcos(n,e‘) ds — | u—dx

axi axi
0 r 0

ere e' Is the unit vector in the i*"* coordinate direction and n is the outward-pointin
Where el is the unit vector in the it" coordinate direction and n is the outward-point

unit vector normal to I". Taking into account that v|; = 0 we get

v dy = du p 51
u axi x = axi vax. ( . )
0

This identity is the starting point for the generalization of standard derivatives on
Lebesgue spaces.

First we need more notation. To describe partial derivatives one uses a multi-index a :=
(ay,...,a,) where each a; is a non-negative integer. Set

|| = X; a;. We introduce
glal

u
aq an,
axl X,

DT :=




For the derivative of order |a| with respect to the multi-index a.

Now, recalling (2.1), we say that an integrable function u is in a generalized sense
differentiable with respect to the multi-index « if there exists an integrable function w
with

juD“v dx = (=1)lal jwv dx forallv € C5°(12) . (2.2)
0 0

The function D%u := w is called the generalized derivative of u with respect to the
multi-index «.

Applying this definition to each first-order coordinate derivative, we obtain a
generalized gradient Vu. Furthermore, if for a componentwise integrable vector-valued

function u there exists an integrable function z with

ngvdx = —jzvdx forallv € Cy° (),
0 0

Then we call z the generalized divergence of u and we write div u := z.

Now to define the Sobolev spaces, let | be a non-negative integer. Let p € [2, ).
Consider the subspace of all functions from L, (22) whose generalized derivatives up to
order | exist and belong to L,(£2). This subspace is called the Sobolev space l/l/pl(!z)
(Sobolev, 1938). The norm in l/l/pl(!z) Is chosen to be

5
lellygay = [ f D lal < 1Dl @)IP dx| 2.3)

o lalst

Starting from L., (Q), the Sobolev space W. (2) is defined analogously.
Today it is known that Sobolev spaces can be defined in several other equivalent ways.
For instance, Meyers and Serrin (1964) proved the following (see [6]):

For 1 < p < o the space C*(2) N W (Q2) is dense in W (2). (2.4)



That is, for these values of p the space I/I/pl(!z) can be generated by completing the space
C () with respect to the norm defined by (2.3). In other words,

Wy (2) = clyi(q)C*(2).

This result makes clear that one can approximate functions in Sobolev spaces by
functions that are differentiable in the classical sense. Hence, various desirable
properties of Sobolev spaces can be proved by first verifying them for classical
functions and then using the above density identity to extend them to Sobolev spaces.

When p = 2 the spaces I/I/pl(!z) are Hilbert spaces with scalar product

(u,v) = j(Z DauD“v> dx. (2.5)
o MNMalst

It is standard to use the notation H'(2) in this case, i.e., H'(2) = W}(2). In the
treatment of second-order elliptic boundary value problems the Sobolev spaces H(Q)
play a fundamental role, while for fourth-order elliptic problems one uses the spaces
H?(0).If additional boundary conditions come into the game, then additional
information concerning certain subspaces of these Sobolev spaces is required. For more
information see [1,3,5,11,12].

10



Chapter 3
Numerical Computations and Results
Section (3.1): A Simple Boundary Value Problem
Let us consider the two- point boundary value problem
—pu'" + qu = f(x) O<x<1
u(0)=0, u(1)=0
with constant coefficients p,q wherep >0 andg=0

As described before ,we construct a variational or (weak formulation) using Galerkin’s
method.

The weak form is

1 1
j(—pu” + qu)vdx = jfvdx
0 0
1 1
= j(pu’v’ + quv)dx — pu'v |C1) = jfvdx
0 0
' 1
= j(pu’v’ + quv)dx — pu'(1)v(1) + pu' (0)v(0) = j frdx
J 0

1 1
= j(pu’v’ + quv)dx = jfvdx
0 0

= a(u,v) = (f,v)

The weak form of the problem is to find v € Hj such that
a(u,v) = (f,v) VveEH;} (31)

Now we obtain an approximate solution of (3.1) and we write

11



U= z Ci; = a(@i,v) = (f,v)

a(Z Ci; J’) = (f,v) (3.2)

Then we choose the weight function v by Galerkin’s method v; =vy; i=1..M -1

= a(Z Ci; J/h') = (f.¥1)

> > a($u )G = ()

i=1

i=12,...M -1
a(i ;) = a; = j (pl/J’i(x)l/J’ ;) + qt/Ji(x)l/Jj(x)) dx
j= 1,2, M (3.3)
b; = f Pi(x)f (x)dx
0

Now let us choose the simplest continuous piecewise polynomial approximations of u
and v, this would be a piecewise linear polynomial with respect to a mesh

O=xy<x;<x,<-x, =1 on[01]
Each subinterval (x;_{,x;) i=1,.... M — 1 is called finite element

basis y;(x) is created from the hat function v, (x), ¢, (x), ... .y, (x) are

12



[ Xi_1 S x<Xx;
xl xl_l f 1—1 l
ViD= x-x (34)
— if Xi <X <Xj4q
Xi+1 — Xi
\ 0 otherwise
and
1 i=j
pi(ag) = 8 = ’
0 otherwise
also
(7% if <x<
_— i x; < x < x;
xl+1 _ xl l 1+1
Vi) =9 &, —x (3.5)
———— if X1 S X <Xy
Xi+2 — Xi+1 ' '
\ 0 otherwise
X — Xj_
( = if Xi—p S X <Xj_q
Xi—1— Xj-2
i) =9 x, —x (3.6)
—_ [ Xi_1 < x<Xx;
xl xl_l f 1—1 l
.\ 0 otherwise

we can write h; = x;,1 — X;

Also ' (x) form

r 1 _
if Xi—1 S x <X
hi_1
viw=1_ (3.7)
- if xS x <Xy
h;
\0 otherwise

simply by making the mesh uniform

hh=h=— i=12..M-1
M

13



(1 .
> if Xi—1 S x <X
() =1_4 (38)
e if xS X <X
\0 otherwise

Forexamplewetake (p =1, =0) = —-u"=f(x)

Xi+1

jl/)l/)]dx_ jl/)l/)]dx+j lplp]dx

= [G)G)e f (D Ror=(E) o+ () [
= ()1, 1) = () o 1= (o =
= b= [ wsicoe [ Qo[ (-3)()e
-1 j dr =x [ = (<) G —x) = 7
s [t [ vsss= [ @)D | (o
() Jore0mel, = (- D=}

Xi-1

Xi+1

Giis = jt/u/)l zdx+j PYipi_pdx = 0

14



b = j FOWx) dx = j GO ()dx + j P dx  (39)
0 Xi—1 X

Then we approximate the integrals in eq.(3.9) using the following trapezoidal integration
rule :

b
b —
[ rax =~ 222 1@ + s
— Xi-1

by ~ S [ G () + f G G-

Xi+1 — Xi

5 [f Cedi(x;) + f Qi) (x44)]

LR+ EF) 2 b)) 0= LM -1

Now we approximate the above integration using the following Simpson's
integration rule :

jh fx)dx ~ g[f«» +af (g) + £
0

b; = glf(xi)wi(xi) +4f (xi_%) Y; (xi_l) + f(xi—1)¢i(xi—1)]

2
+ g lf(xi+1)¢i(xi+1) + 4f (xi%) Y; (xH%) + f(xl)lrbl(xl):l
Hfre0 215+ o) r00] o2 (o2

=3l (g = ()

we can write the following

15



2 e
7 if i=j

a(i, ;) =1
Tol-r ili-j=t

\0 otherwise

The Galerkin’s equation (3.3) yield in this case the linear tridiagonal system
a;i-1Ci—1 +a;;C; +a;;41Cyy =b;  1=12,..M—-1
1 2 1 _
=>—ECi_1+ECi—ECi+1:bi l:].,M—l
. 1 2 1
wheni =1= _ECO +E61 _ECZ = by
. 1 2 1
wheni =2 = _Ecl +ECZ —EC?, = b,
. 1 2 1
wheni =3= _ECZ +EC3 _EC“ = bs
1

When l - M - 2=> —%Cm_g +%Cm_2 _ECm_l - bm_z

wheni=M—1= —=Cp_, +%Cm_1—%6m =b,_,

also

Co=C,, =0 fromthe boundary condition
m—1

wx) = ) Cap()
i=1

u(x) = Copolxp) =0=>C, =0

16



To find the approximate solution , we substitute ¢; , i =1,....M — 1,

in the approximate solution
m-—1
wx) = ) Cap()
i=1

we get the solution as a vector

[Co Til Cipi(x) Cm]-

Example (3.1.1):
Let us study the two- point boundary value problem
-u"" = (8x + x?)e* in (0,1)
u(@ =0, u(1)=0
where the exact solution is given by u=x(1l—-x)e*

Using Galerkin’s method, the weak form is

1

1
j—u”vdx = jfvdx
0

0

1 1
> ju’v’dx —u'v |C1) = j(Sx + x%)e*vdx
1 0

17

2 1 o I[ ¢ 1] 1]
h h C, £,
-1 -1 : :
h h :
-1 2 :
0 W lCmoid Uiy

(3.10)



1

= ju’v’dx —u'(Dv(@) + v (0)v(0) = j (3x + x?)e*vdx
0

0

= j vdx = j(Sx + x?)e*vdx

= a(u,v) = (f,v)
The weak form of the problem is to find v € Hg such that
a(u,v) = (f,v) VveEH;} (3.11)

Now we obtain an approximate solution of (3.11) and we write

m-1

u= z Ci;

i=1

= a(ii,v) = (f,v)

a(Z Cilpiav> = (f,v) (3.12)

Then we choose the weight function v by Galerkin’s method v; = y;

=1,.M-1
=>a<ZCl/)l, -)Z(f,l/)i) i=1..M-1
=Za(¢u¢,c—(f¢) j=12,.. M -1
a(Y;,¥;) = a;; = jl/)'i(x)l/)'j(x)dx j=12..M-1 (3.13)
0

18



1
b; = jl/)i(x)Sx + x2)e*dx
0

Now we choose the hat function y;(x) which satisfies equation (3.4), (3.5), (3.6) and
(3.8), therefore

1 X Xi+1
wy= [ wiwjax = [ wiwjdx+ [ piwjx
0 Xi-1 Xi
when j=i
Xi Xi+1
. j(l)(l)d "'j ( 1)( 1)d _1+1_2
fu ) \n) Y ANY A
Xi—1 Xi
when j=i+1
Xi Xi+1 X; Xis1
! ! ! ! 1 1 1
win = [ wibhade+ [ viwinax= [ GO+ [ (-3)()ax=-3
Xi-1 X Xi—q X;
whenj=1i-1
Xi Xi+1 Xi Xis1
oy o 1 1
oier= [oivicaee [ vias= [ ()(-Hace [ (-Fow=-1
Xi-1 X Xi_q X

Xi+1

Xj
Giicg = j W' pdx + j Yy _,dx =0
Xi-1 Xi

Xi+1

b= [ reweax = [ reoweax+ [ r@wtdx (314)
0 Xi—1 Xi

Using trapezoidal rule

b
b —
[ rax =~ 222 1@ + s

19



by ~ S [ G () + f G G-
+ 2L G Ge) + £ Gei)iCeie)]

PG+ fG) S hfG)  i= LM -1

we can write the following

2 e
7 if i=j
W) = 1
W d)) |-7 o li-il=1
\0 otherwise

The Galerkin’s equation (3.13) yield in this case the linear tridiagonal system

ai-1Cic1+ G+ a;;41Cy =hf(x) i=12,.. M-1

1 2 1 _
=>——Ci_1+—Ci——Ci+1=hf(xi) i=1...M-1

h ht T h
wheni=1= —=Co+~-C;—+C, = h fxy)
wheni=2= —%Cl+%62 —%63 = h f(x,)

wheni=3= —%Cz +%63 —%64 = h f(x3)

wheni=M—1= —=Cp_, +%Cm_1 —=Cn = h f (tm—1)
also

Co = Cp, =0  from the boundary condition
m-—1

wx) = ) Cap()
i=1

U(x) = Copolxp) =0=>C, =0

20



2 -1 f (x1)

|—1 o H \ <x2>
e

1 2llc (xz)

To find the approximate solution, we substitute C; i =1,....M — 1, in the approximate
solution

wx) = ) Cap()

We get the solution as a vector

[Co Til Cipi(x) Cm]-

Then we solve this system using MATLAB code(1) and show the results in figure(3.1).

Now we use Simpson's integration rule for approximating the integration in

equation(3.14):
1

Xi+1

j P (x) dx = j £GP ()dx + j £ (x)dx
0

Xi-1

jf(x)dx ~ [f(O) + Af (5) + f(h)]
0
g[f(xl')ll)i(xi) + 4f (xi_%) Y; (xi_%) + f(xi—1)¢i(xi-1)]
:f(xi+1)l/)i(xi+1) + 4f (xi_%) Y; (xi+%) + f(xz)l/)z(xl)]
fCx) + gf (xi_%) + g f (xi+%) + f(xi)]
w2 (g S s )

Q2 + ~
olo|lol> R

Q

We can write the following
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(2 .
7 if i=j
) = 1
W)= 2 o=
\0 otherwise

The Galerkin’s equation (3.13) yield in this case the linear tridiagonal system

h
Q;i-1Ci—1 + a;;C; + a41Ciy1 = 3 [f (xi_%) +f(x)+f (xl%)]

i=12,... M—-1
1 2 1. n
= __Ci—1+ECi_ECi+1 —§[f<xi_%)+f(xi)+f<xi+% ] M-1

: _ )
)+ e+ 1 (xs)

(

(

. 1 2 1
wheni =2=—-C;+-C,—=C; =
h h h

wheni =1= _%Co"'%Q—%Cz =
() + fGe) + f ()
2

7 (s2) + £+ (1)

N | v

wls wlis wls

. 1 2 1
wheni =3 = —=C, +=C3 —=C, =
h h h

wheni=M -2 =
1 2 1 h
_ECm—?, + h Cn—2 — ECm—l = § [f (x 5) + () + f (xm_ﬁ)]’

Wheni:M—1=>—%Cm_2+%6m_1—%6m [f( )+f(xm 1)+f< )]

also
Co=Cpn=0 from the boundary condition

u(x)—zCl/J(x)
u(x)—Coll)o(xo)—O=>Co—0
| 2 - | l | x1 +f(x1)+f<x3)
c (x,, +f(xm D+ (x,1))

to find the approximate solution, we substitute C;, i = 1,....M — 1,in the approximate
solution
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wx) = ) Cap()

we get the solution as a vector

[Co Til Cipi(x) Cm]-

Then we solve this system using MATLAB code(2) and show the results in
figure(3.2).

Example (3.1.2):

Let us study the two- point boundary value problem

u'’ —u= —sin2nx in (0,1) (3.15)
u(@ =0, u(1)=0
where the exact solution is given by

sin2mx

1+ 4n2
Using Galerkin’s method, the weak form is

1

1
j(u” —w)vdx = — j(sinan) vdx
0

0
1

1
= j(—u’v’ —uv)dx +u'v |C1) = - j(sinan)vdx
0 0

= j(—u’v’ —uv)dx +u' (Lv(1) +u'(0)v(0) = — j(sinan)vdx
0 0

Vv € H,
1

1
= j(—u’v’ —uv)dx = — j(sinan)vdx
0 0
= a(u,v) = (f,v) Vv € H}
The weak form of the problem is to find v € Hg such that

a(u,v) = (f,v) VveEH} (3.16)
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Now we obtain an approximate solution of (3.16) and we write

m-—1

u= z Ci;

i=1

= a(i,v) = (f,v)
a(Z Ci; J’) =(f,v) (3.17)

Then we choose the weight function v by Galerkin’s method v; = ¢; ,i=1,. M -1

m-—1
=>a Cilpi’lpi>:(fal/)i) i=1,.,M-1
(2
m-1
> > a(u ;)G = (f) j=12,. M -1
i=1

a(Y;, ;) =a;; = j(—l/)'i(x)l/)'j(x) —Y; Pj)dx
J=12. . M -1 i (3.18)

1
b, = —jl/)i(x)sinZdex
0

Now we choose the het function 1;(x) which satisfies equation (3.4), (3.5), (3.6) and
(3.8), therefore

1
aj=— j(¢£¢} +Y);)dx
0

Xi+1 Xi Xi+1

= jxiwzw,'-dx— | wiwjax - jlwiw,-dx— | by

when j =i
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Xi Xi+1 Xi

Xi—1 Xi Xi—1
Xit+1
_ j <x1+1 - X )(xi+1 x )dx
Xit1 — X Xit1 — X
Xi
Xi Xi+1 Xi
=~ [@AE2 [ (AR [
Fii = n) \n) “* AN Xi—x_)
Xi-1 Xi Xi_1
Xit+1
— j <—xi+1_x )de = _<z+%)
Xiy1 — X h 3
X

whenj=1i+1

Ajjy1 = — j(¢£¢£+1 +Ypigq)dx

j il adx — jw Pyt — j Pithisadx — jw Pieadx
[0 (- [ Eon-
[ G2 ) =g

Xi

whenj=1i-1
1
ajj—q1 = — j(¢£¢£—1 +Yp;_q)dx

Xi+1 Xi+1

jl/)l/)l 1dx — jl/)l/)l 1dx — jl/)l/)l 1dx—j Yp;_1dx

25



Xi Xi+1 Xi

- O] ow [

Xi-1 Xi Xi-1
Xi+1

-[ G2 o = (5-5)

Xi+1

= [ Fowit ax = j FOOP, ()dx + j FeOw()dx  (319)
0

Using trapezoidal rule

b
j Wdx ~ ——=[f(a) + F(B)],
b; ~ [f(xl)l/) (x;) + fOe_ ) (xi—q)]
+ "T EOIACHRYCINIACINY)
zgf(xl)+gf(xl)z—hf(xl) i=1...M-1,

we can write the following
( 2 N 2h o
(h 3 ) Jor=

a(Yi¥;) = <——ﬁ ) if i—jl=1

\ 0 otherwise

The Galerkin’s equation (3.18) yield in this case the linear tridiagonal system

a;;-1Ci—1+a;;C;+a;;4+1C1 =—hf(x) i=12,..M-1

1 h 2 2h 1 h _
=(i=5 ) (G+3)e (575 Jow=-hit. izt w1
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wheni =3 =

=15 (-5 )i (4 26 (- )ey= )
weni=25 (-E Y6 B e, (1Yo = e
()

o
N
I
/N

2o+ (A=t o= —hfixa),
2 2h 1 h

)em-z = (54 3) Cnor# (55 ) Cn = —h flm-a)

1
h

o=

wheni=M-1 = (
also
Co=C,, =0, fromthe boundary condition

wx) = ) Cap()

U(x) = Coolxg) =0=Co =0

2 2h 1 h F Gy C () T
h 3 h 6 Cy f(x2)
1 h 1 h C3 f(x3)
h6 h6 2 i
1 h 2 2h : :
G h 3 G L f (1)

To find the approximate solution, we substitute C;, i = 1,....M — 1, in the approximate
solution

wx) = ) Cap()

we get the solution as a vector

[Co Zciwi(x) cm]

Then we solve this system using MATLAB code(3) and show the results in
figure(3.3).

Now we use Simpson's integration rule for approximating the integration in
equation (3.19):
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j P (x) dx = j £GP () dx + j £GP () dx
0 Xi—1 X

j FGdx ~ £ [£(©) + 4f () + )

b, ~ g[f(xz)(:/)l(xl) + 4f (xi_%) Y; (xi_%) + f(xi—1)1/)i(xi—1)] +
+g [f(xi+1)1/)i(xi+1) +af (xH%) Vi (x”%) " f(xi)lpi(Xi)]
gl 51 (xg) +57 (rs) + 1)

~ g[Zf(xi) +2f (xi_%) +2f (xi+%)]
> g[f (xi_%) A (XH%)]

we can write the following
( 2 2h S
— (- + —) if i=j

a(¥u ;) = 4 <——— ) if li—jl=1

.\ 0 otherwise

The Galerkin’s equation (3.18) yield in this case the linear tridiagonal system

h
Q;i-1Ci—1 +a;;C; + a;41Ciy1 = ~3 [f (xi_%) +f(x) +f <x1+%)]
i=12,.M-1
1 h

1 h 2 2h
(ré Jem=(Gr3)ar (G5 )om

[f (xi_%) +f )+ f (xi%)] i=1,...M-1

Wheng._:;-l 1 2 2h 1 h h
=5 )io-Gr3)a* (i3 )Cz:‘§[f(x%)+f(x1)+f(x§)]’
wheni =2
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1 ko, 2+2hC+<1 h)C_
(E_5)1<h 3)2h6 37
wheni =3

1 h c 2+2hC+1 h c
(E‘E ) 2_<E ?) 3 (h 6 ) 4
Wheni:M—Z

1 h

- 2+2hC +<1 h
) (h 3)"‘2 h 6

> (5-

h 6 m-3
h
= —3|r (x,5) + Fem + £ (x,,
2
wheni =M -1
1 h c 2+2hC N 1 h
(E‘E)m‘ (h 3)m1 (h 6

-3l

)+ F G 1

~5]F (xa) * £+ £ (x5)]
317 (xg) +re w1 ()]

o
)

)
o))

also
Co = Cp, = 0, from the boundary condition
1
wx) = ) Cap()
i=1
U(x) = Copo(xg) =0=>Cy =0
2 2h 1 h 1T G
“h 3 h 6 C;
1 h 1 h Gz |
h 6 h 6 T
1 h 2 2h :
h 6 ho 3 1l
() + 1 G+ £ ()
2
__h f<X3)+f(xz)+f<XS)
3
Flx,2)+ Fltmon) + f (%,.-2)
- 2 2 .

To find the approximate solution, we substitute C;,
solution

29

I=1,...M—1,in the approximate



m-—1
wx) = ) Cap()
=1
We get the solution as a vector l
m-—1
[Co > ) Cm].
i=1
Then we solve this system using MATLAB code(4) and show the results in
figure(3.4).
Example (3.1.3):
Let us study the two- point boundary value problem
—u"+u=x in (0,1) (3.20)
u(0)=0, u(1) =0
where the exact solution is given by
sinhx

sinhl
Using Galerkin’s method, the weak form is

u=x-—-

1

1
j(—u” + u)vdx = jx vdx

0
1

0
1

= j(u’v’ +uv)dx — u'v |C1) = jxvdx
0

0
1

= j(ulvl +uv)dx + u'(1)v(1) + u'(0)v(0) = jxvdx Vv € H}
0

0
1 1

= j(u’v’ + uv)dx = jxvdx
0 0
= a(u,v) =(f,v) VveH
The weak form of the problem is to find v € Hj such that

a(u,v) = (f,v) VveEH} (3.21)
Now we obtain an approximate solution of (3.21) and we write
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m-—1

u= z Cip;

i=1

= a(i,v) = (f,v)
a(Z Ci; J’) =(f,v) (3.22)

Then we choose the weight function v by Galerkin’s method
=; i=1.M-1

m—1
=>a<z Cilpiawi):(falpi) i=1..M-1
i=1

m-1
5 z a(i ;)€ = (f ) i=12,...M—1
=0

1
a(l/)l,l/)] = a;j = j Y’ i(x)l/),j(x) +; l/)]) dx
j=12.. M-1 (3.23)

1
by = | ¥i(x)xdx
|

Now we choose the het function 1;(x) which satisfies equation (3.4), (3.5), (3.6) and
(3.8), therefore

Xi+1 Xi+1

j(¢¢,+¢¢,)dx— jww,dx+j iy + jww,dx+j Pipdx

when j=i
Xi Xi Xi
- [ D@ | (DD [ E)E) e
ai'i B h h x h h x X; — Xi-1 X;i — Xj—1 x
Xi-1 X Xi_1

Xit+1
Xit1 =X \ (Xit1 — X
Xit1 — Xi / \Xjp1 — Xj

Xi
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when j=i+1
1

ajjt1 = j(lpflpz{ﬂ +Yiiq)dx
0

j il adx + jw g dx + j Piihigadx + jw Praad
- Qo[ (DEar- [ )0

o] ) ae= (-
Xi+1 — Xi / \Xj41 — Xj h 6
whenj=1i-1

1

ajj—q = j(lpflpz{ﬂ +Y;_q1)dx
0 Xit+1 Xit+1

jl/)l/)l 1dx+j Yipi_dx + jl/)l/)l 1dx+j Yp;_1dx

Xi Xi+1 Xi
— 1 1 1 X = Xi—1 Xi— X
B j (h) ( h) + j ( h) (O)dx + j (xi — xi_l) (xi — xi_l) dx
Xi-1 Xi Xi-1
Xit+1
Xiy1— X 1 h
+ _— =|—=+
j <Xi+1 — Xj ) (O )dx ( h 6)

xl
Xi+1

b = j FGPi(x) dx = j £ () dx + j () dx (3.24)

Using trapezoidal rule
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b
j F@)dx ~ =2 1F @) + FB)],
b: ~

i~ L [F )W) + F oD ()]
+ xT [f Cedi(x;) + f Qi) (x41)]

CFG) 2 fG) % hfG) =1 M -1

we can write the following

a(i ¥;) = 3

.\ 0 otherwise

The Galerkin’s equation (3.23) yield in this case the linear tridiagonal system

aii-1Ci-1+ @G+ a;;11Cipy = hf (), i=12,.. M—1

=><—l+ﬁ )EC'— +<z+%)6i+<—%+ )Ci+1:hf(xi)

h

h 6 /o™t \n 3 6
Wheni:1=>(—%+% )Co+(%+%)61+(—%+% )Cz f(x1)
Wheni:2=>(—%+% )Cl+(%+%)62+(—%+% )63 hf (x;)

wheni=3 = (<248 ) (B 2) e (<h+t )= hre)

Wheni=M—-1>

1 h 1 2 2h 1 h
(-5+5 Jitmet (G 3)enat (575 )= Gn)
also

Co = Cp, =0 from the boundary condition
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wx) = ) Cap()

U(x) = Coolxg) =0=Co =0

2,2 1A Mée1 [ /&7
h 3 h 6 Cy f(x;)
1 h 1 hl|| C
—— 4= ——+— :3 =h f(p-cg)
h 6 : . h ' :
1 h 2+2h : :
776 h 310 Lf (Xm—1)]

To find the approximation solution, we substitute C;,i = 1,.... M — 1,in the approximate
solution

wx) = ) Cap()

We get the solution as a vector

[Co Til Cipi(x) Cm]-

Then we solve this system using MATLAB code(5) and show the results in figure(3.5).

Now we use Simpson's integration rule for approximating the integration in equation
(3.24):

Xi Xi+1

b = j FOP) dx = j FGP()dx + j FP (0
0

Xi-1
h

[ e =g + a7 (5) + )]

b; = g[f(xi)(:/)i(xi) +4f (xi_%) Y; (xi_l) + f(xi—1)1/)i(xi—1)] +

2

+g [f(xi+1)1/)i(xi+1) +A4f (xi+%) Vi (xi"‘%) " f(xl)lpl(xl)]

Xi
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Aot

2 2

~ g[zf(xi) +2f (xi—— +2f (x“’%)]

<3l (rg) #1607 )

we can write the following

+ 25 (xpp2) + £
’

( (2 +2h) _
h 3 l’f l’_]
dURHER
(——+— ) if li—jl=1
\ 0 otherwise

The Galerkin’s equation (3.23) yield in this case the linear tridiagonal system

h
A i-1Ci—1 +a;;C; + a;41Ciy1 = 3 [f (xi_%) +f(x)+f <x1+%)]
i=12,.M—-1

(hed Yoo GrB)an (Eod
A[r () 01 ()
wheni =1

- (-5+5 Jacor(irg)a (s Je=3lr () rronr(x)]

wheni =2

- (545 )a-Grg)e(-5s Ja=glrly)wrow+r()]

wheni =3
(3 L e By (<2 kYo =2 (xs) e + £ (7).
6 )2 2T \Trte )Tl ) TS )]
WhenL:M—Z
1 h 2 | 2h 1, h h
> (348 Jons= G+ E)Gnat (5345 )ona =5 (mg)

Flim-) * +f (%,,5)]

N
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wheni=M -1

1 h 2 2h h
:’(‘fa )Cm”(z*?)%-l*(‘ *% )Cm

o) S0 ()

Co=Cpn=0 from the boundary condition

wx) = ) Cap()

U(x) = Copolxp) =0=>C, =0

- 2 2h 1 h C,
—_ — _— " —
h 3 6 C;
1 h 1 h C3
——+—= - — =+ — :
h 6 h 6 ;
1 h 2 2h :
776 R 3 Al
fa)+fa) + £ ()
2 2
_h f(xé)"'f(xz)"'f( 5)
=3 3

£ (xng) 1 ne) (nt).

To find the approximate solution, we substitute C;, i =1, ...
solution

u(x) = z Cip;(x)

[co ZCI/)(x) cm].

we get the solution as a vector

.M — 1in the approximate

Then we solve this system using MATLAB code(6) and show the results in

figure(3.6).
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Example (3.1.4) [4]:

Let us study the two- point boundary value problem

—eu” +u = —(cos?mx + 2 em?cos2mx) in (0,1) (3.25)
u(@ =0, u(1)=0

where the exact solution is given by

o exp [_ (1\/—Ex)] + exp [— % .
1+exp [— %

Using Galerkin’s method, the weak form is
1

1
j(—eu” + u)vdx = jx vdx

0
1

0
1

= j(eu’v’ + uv)dx — su'v |C1) = jxvdx
0

0
1

1
= j(u’v’ + uv)dx + cu'(1)v(1) + eu'(0)v(0) = jxvdx Vv € H}
0

0
1

1
> j(eu’v’ + uv)dx = jxvdx
0 0
= a(u,v) = (f,v) Vv € H}

the weak form of the problem is to find v € Hj such that
a(u,v) = (f,v) VveEH} (3.26)

Now we obtain an approximate solution of (3.26) and we write

m-—1
U= z Ciy;
im1

= a(i,v) = (f,v)

a(Z Cilpiav> =(f,v) (3.27)
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Then we choose the weight function v by Galerkin’s method

v = i=1,.M—-1
m-—1
=>a Cil/)i,l/)i>:(f,l/)i) l:].,M—l

m-1
=:§34%4@q:4ﬁ%) i=12,...M—1
i=0
1

a(Y;,¥;) = a;; = j e’ ()Y’ (x) +; P;)dx
j=12,...M—-1 (3.28)

1
b; = f Y;(x)xdx

0
Now we choose the het function ;(x) which satisfies equation (3.4), (3.5), (3.6) and
(3.8), therefore

1

aj = j(ﬂ/)l{l/)]" +Y;)dx

0

xi Xit+1 xi Xit+1
= | eviwjax+ | evijax+ [wapare [ papds
Xi-1 Xi Xi-1 Xi
whenj =i
Xi Xi Xi
- [ [ (DD [ EE)E ae
ai'i _x‘ ¢ h h x J ¢ h h x . X — Xi-1 X — Xi-1 x
-1 xi+1 l -1
+j <x1+1 x )<x1+1 x )dx
g Xi+1 Xi Xi+1 Xi
Xi l Xi+1 Xi
= [@@ e [ DR [«
B AVIAVY Y A A X—x_) ¥
Xi-1 X Xi_q
Xi+1
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whenj=i+1

1
ajjt1 = j(€¢£¢£+1 +YPpigq)dx
0 Xi Xit+1 Xi Xit+1
= | evipind+ | epipinde+ [ dapeader [ papiads
Xi-1 Xi Xi-1 Xi
Xi Xi+1 Xi
1 1\ /1 X — Xj_q
= — + —— (= + +
j‘€<h)(o) jﬂ g( h)(h)dx j‘<xi—-xhﬂ)(o)dx
Xi-1 Xi Xi—1
Xit+1
] ) s )= (- 5+g)
J Xi+1 — Xi / \Xj41 — Xj h 6

whenj=1i-1

1
ajj-1= j(€¢£¢£—1 +Pi;_1)dx
0 Xi Xit+1 Xi Xi+1
= | evipindr+ | eviider [ papader [ wipads
Xi-1 Xi Xi-1 Xi
Xi Xit+1 Xi
1 1 1 X — Xj_1q X, — X
= —)-=)+ —— + +
j ¢ (h) ( h) j ¢ ( h) (O)dx j (xi — xi_l) (xi — xi_l) dx
Xi-1 X Xi_1
Xit+1 b
Xit1 — X €
+ dx = (— —+ —)
f(mﬂ—%)m)x h 6
X

b = j FOWx) dx = j G ()dx + j £GP () dx (3.29)
0 Xi—1 X

Using trapezoidal rule

b
b —
[ rax =~ 222 1@ + s

Xi — Xj—1

b; ~ Lf Cedpi (x;) + f Ceim D (xi—1)]

xi“z_ Xi [f Ged i C) + f G ) PiCxigq)]

2
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CFG) 2 fG) % hfG) =1 M -1

we can write the following

2£+2h) .

( ) h 3 l’f l’_]

a(Yi, ;) = e h L
(b ) e

0 otherwise

The Galerkin’s equation(3.28) yield in this case the linear tridiagonal system

a;i-1Ci—1 +a;;C; + a;41Cip1 = hf (xy), i=12,.. M -1

e h \1 2¢ 2h e h

= (-5+5 Jatt (Fr3)ar (-5+5 )en =wow.
i=1,..M-1

e =12 (2 Yo (Ea B (a2 )= e
eni =22 (kYo (Ba ) (Eaf Yo aron
i =3 = (22 Yaoo (20 B) 6 (242 )y mnren
\.Nheni:M—1=>(—%+% )%Cm_2+(%+%)cm_1+(—%+% )Cm:
hf (n-1),
Also

Co = Cpn =0  from the boundary condition

wx) = ) Cap()

i(u) = Coypo(xy) = 0= Co =0

_E_F% _£+ﬁ Cy [ f(xl) 1
h 3 h 6 C2 f(x2)
C
_£+ﬁ _£+ﬁ :3 =h f(xg)
h 6 h 6 ) :

e h 2¢ N 2h|| :
T h N 6 h o 3HCpq Lf (Xym—1).
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To find the approximation solution ,we substituteC;, i = 1,....M — 1,in the approximate
solution

wx) = ) Cap()

we get the solution as a vector
m-—1
[Co > ) Cm].
i=1

Then we solve this system using MATLAB code(7) and show the results in
figure(3.7).

Now we use Simpson's integration rule for approximating the integration in
equation(3.29):

Xi+1

b= [ Gt ax = j O () dx + j FEP 0
0

Xi—

j FGdx ~ | F© + 4f () + £

b; = g[f(xi)?/)i(xi) + 4f (xi—%) Yi (xi—%) N f(xi'l)lpi(xi'l)] N
+g [f(xi+1)¢i(xi+1) + 4f (xi%) Y; (x”%) + f(xl')ll)i(xl')]
~ g[f(xi) + gf (xi—%) N gf (le) " f(xi)]

2

~ g[Zf(xi) +2f (xi_l) +2f (xi+1)]

2 2

3l (rg) #1601 ()]

We can write the following

( <2+2h) .
h 3 l’fl'_]
a(yi¥;) = <_1 ﬁ) =1
Ly PR if li—jl=1
\ 0 otherwise

The Galerkin’s equation (3.28) yield in this case the linear tridiagonal system
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h
a;i-1Ci—1 +a;;C; + a;141Ci4q = 3 [f (xi_l) +f(x) +f (le)]
2 2
i=12,.M—-1

1 h 2 2h 1 h
= (-5+5 e Gr3)ar (55 Jam

. h 3 h 6
= Brreg) 1 1)
we can write the following
(22 N Zh) .
h 3 lf tL=]

e n el il —
| = ) i li-jl=1
0 otherwise

The Galerkin’s equation (3.28) yield in this case the linear tridiagonal system

a;i-1Ci—1 +a;;C; + a;;41Civ1 = hf (xp), i

=1
e h 1 2  2h e h
= (-5*5 Jatar (Tr3)ar(5eg )m =,

i=1.. M-1
Wheni:1=>(—%+% )Co+(%+%)cl+(—%+% )Cz—hf(xl),
Wheni:2=>(—%+% )Cl+(f+%)62+(—%+% )Cg—hf(xz),
when i = 3 :(—%+% )Cz+(f+%)63+(—%+g )C4=hf(x3),
Wheni:M—l:(—%+% )%Cm_2+(%+%)cm_1+(—%+% )Cm:
hf (Xm-1),
Also

Co = Cpn, =0  from the boundary condition

wx) = ) Cap()

U(x) = Copolxp) =0=>C, =0
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%+23—h —%+g I g; _ - f(x%)+f(x1)+f<x%)
_%+g _%+g C3 _ _g f<x§)+f(x2)+f<x§)
_-%+g' 2h€+23h_ C,,;l _f(x )+f(xm 1)+f< )

To find the approximation solution ,we substitute C;,i = 1,....M — 1,in the approximate
solution,

wx) = ) Cap()

we get the solution as a vector

[Co Til Cipi(x) Cm] :

Then we solve this system using MATLAB code(8) and show the results in
figure(3.8)

Section (3.2): Numerical results using FEM:

Figure (3.1) illustrates the numerical solution using FEM and exact solution for example
(3.1) using Trapezoidal integral rule. We use MATLAB code(1) in Appendix.

Figure (3.2) illustrates the numerical solution using FEM and exact solution for example
(3 1) using Simpson's integral rule . we use MATLAB code(2) in Appendix.

| 0.45 : ‘ ' ,0.45 ‘ | !
: —£— Numerical solution using FEM Z ,//; =z g : : —— Numerical S.0|thIOr| using FEM :
: 04 Exact solution /,;' ~\\ : : 0.4 Exact solution :
' 7 \ ;! !
| 7 \ Lo _ |
10.3% : | 10.35 !
! \ 1 I 1
1 Lo ,
3 1 A
, 0.3 ) 1103 !
1 jul | i !
1 b _ ,
: 0.25 1 :0.25 :
1 : | !
| 0.2 102 :
1 Lo ,
1 | Lo ,
04y | 10.15 |
: : : maximum error !
0.1 i = \ ]
: maximum error : : 0.1 —6.6706e-007 :
ol 0.0022 L i
007 ' 10.05 |
1 : . ,
: C ! | | | : : C ‘ ‘ | | :
1 0 0.2 0.4 0.6 0.8 1 ;o 0 0.2 0.4 06 08 i
: figure(3.1), b . !
1 b ,
1 . ,




Figure (3.3) illustrates the numerical solution using FEM and exact solution for example
(3.2) using Trapezoidal integral rule . we use MATLAB code(3) in Appendix .

Figure (3.4) illustrates the numerical solution using FEM and exact solution for example
(3.2) using Simpson's integral rule . we use MATLAB code(4) in Appendix .

e 1
! 1 10.08 !
: : : —5—Numerical solution using FEM :
: PR : 10.02 Exact solution :
1 Vi \\ —=-Numerical solution using FEM| 1 1 |
: yd \\H Exact solution : : |
| 1 10.01 !
: \ Lo !
1 1 I
1 1 1O :
| 1! 1
| 1 : 1
: | -0.01 !
1 1
1 5, I 1 ! !
1 2 — N 7 1 I X !
! maximum error = N\ / + +0.02 maximum error = :
| SHUEAEAILE S ! 1.4834€-005 :
! ! ! [ I 1 1 L 1
0 02 04 06 ;10 02 04 06 08 1!
1 _ 1 |
! figure(3.3) b fiaure(3.4) l !
1 1 I 1

Figure (3.5) illustrates the numerical solution using FEM and exact solution for example
(3.3) using Trapezoidal integral rule . we use MATLAB code(5) in Appendix .

Figure (3.6) illustrates the numerical solution using FEM and exact solution for example
(3.3) using Simpson's integral rule . we use MATLAB code(6) in Appendix.

10.0 T T T T T

:6 —g - Numerical solution using FEM //— AN

: Exact solution /7 \\‘

10.05 Vi \

1 / \
10.04 : \
1 /

1 / k
1 / \
10.03 /

1

1

1

:0.02—

I -

: maximum error

10.01 =4.4257e-005

I

1

I a | | | | | | | | | !
: O 010203040506 07 0809 1
1

R |

_————

1 -5 ,Nu‘merical s‘olution u‘sing FEV\‘A

Exact solution

Maximum error
=4.4257e-005

L L
6 0.7 08

0.3 0.405
fiaure(3.6)




Figure (3.7) illustrates Maximum error between numerical using FEM and exact solution
for example (3.4) using Trapezoidal integral rule, with n = 64 and different values of

€ . we use MATLAB code(7) in Appendix.
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Figure (3.8) illustrates Maximum error between numerical solution using FEM and the

exact solution for example (3.4) ,using Simpson's integral rule with n = 64 and

different values of &. we use MATLAB code(8) in Appendix
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Section (3.3): Comparison of the Finite Element Method (FEM) with
the Finite Difference Method (FDM)

In this section we use the finite difference method (FDM) for solving the problems of
section 3.1 which are solved previously by the finite element method for Comparison
reasons.

Example (3.3.1):
Let us study the two- point boundary value problem (3.10)
-u" = (3x + x?%)e* in(0,1)
u(@ =0, u(1)=0
where the exact solution is given by
u=x(1-x)e*

first we divide the domain (the interval [0,1]) in to sub intervals

1
xj=x0+jh , j=12,..n , hZE
we have
0y o Wl T2 W :
u’(x) = % j=12.....n—-1
Evaluate the equation at x = x;
d?u(x;
— d}gzj) = (3x; +x%))e% j<n-1
= —u;_y +2u; —u; = h*f(x;) j=12.....n—-1

when j=1= —uy + 2u; — u, = h?(3x, + x2,)e™
when j=2 = —u, + 2u, — us = h?(3x, + x2,)e*?

when j=3= —u, + 2u; — u, = h?(3x3 + x23)e*s
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when j=n-2= —u,_3 + 2u,_, — U,_; = h?(3x,_, + x2,_,)e*n2

when j=n-1= —u,_, + 2u,_; — u,, = h?(Bx,_; + x2%,,_;)e*n-1

2 -1 Uy [ (Bxy +x%y)e™
|_1 } Uz | _ o (Bx, + .xzz)e"2
Ceo Y] ;
l -1 2 J -1 L(Bxp—1 + xzn—l)exn_l—

Then we solve this system using MATLAB code(1) and show the results in
figure(3.9).

Example (3.3.2):

Let us study the two- point boundary value problem (3.15)

14

u'' —u = —sin2nx in (0,1)
u(@) =0, u(1)=0
where the exact solution is given by

_ sin2m
1+ 4r?2

first we divide the domain (the interval [0,1]) in to sub intervals

1
:=xo + jh =12, ... h=—
Xj = Xg+ ] , J VA (! , -
Ui_q — 2u; +u;
w' (x) ~ -2 L hZJ I+ j=12.....n—-1
Evalute the equation at x = x;
d*u(x;) .
T u(x;) = —sin(2mx; ) j<n-1
Uj_q —2uj +Ujyy .
e —u; = —sin(2nx; )
= u;_ — (2+ h?) u; +ujyy = —h%sin(2mx; ) j=12.....n—-1
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when j =1=uy — (2+ h?)u; +u, = —h%sin(2nx, )
when j=2=u; —(2+ h?)u, +uz = —h?sin(2nx,)

when j =3 = u, — (2+ h?)uz +u, = —h%sin(2mx; )

when j=n—-2=u, 35— Q2+ h?u,_, +u,_; = —h?sin(2rx,_,)

when j=n—-1=u, ,— 2+ h?)u,_; +u, = —h?sin(Crx,,_; )

—(2 + h?) 1 ] sin(2mx; )

: : Uy :
1 . - . w |, sin(2mx;)
- - - S| =-h :
. . 1 : .
Un—1 l

1 " —(2 + h?)]

sin(27;xn_1 )J

Then we solve this system using MATLAB code(9) and show the results in
figure(3.10).

Example (3.3.3):

Let us study the two- point boundary value problem (3.20)

—u"+u=x in (0,1)

u(@ =0, u(1)=0

where the exact solution is given by

sinhx
sinhl

u-— X —
first we divide the domain (the interval [0,1]) in to sub intervals

1
= xo + jh =12 ... h==
Xj =X+ j : J Ly , "
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Ui_q — 2u; +u;
w' (x) ~ -2 ! hZJ At j=12.....n—-1
Evalute the equation at x = X;
d*u(x;) .
i +u(x;) = x; j<n-1

—u]'_l + 2u] — uj+1
+ U;
h2 ]

= —uj_; + (2+h*) u; —ujyy = h%x; j=12.....n—-1

when j =1= —ug+ (2 + h?)u; — u, = hx,
when j =2 = —u; + (2 + h?)u, —uz; = h’x,

when j =3 = —u, + (2 + h?)uz —u, = h?x;

when j=n—2= —u, 3+ Q@+h?)u,_, —u,_; = h?x,_,

when j=n—-1= —u,_, + Q2+ h?)u,_; —u, = h?x,_,

_(2 + hz) -1 Ir U1 X4
-1 Uy Xy
: = h2 :
1 || s
| Un-1 Xn-1

-1 (2 + h?)]

Then we solve this system using MATLAB code (10) and show the results in figure
(3.11).

Example(3.3.4) :[4].
Let us study the two- point boundary value problem (3.25)

—eu” +u = —(cos?mx + 2 em?cos2mx) in (0,1)
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u(@ =0, u(1)=0
where the exact solution is given by

1-x)

oxp |- 1

— cos?®mx

u(x) =
1+exp [— —

first we divide the domain (the interval [0,1]) in to sub intervals

1
xj=x0+jh , j=12,...n , h=£
—2u; +u
u’(x) = hZJ Jt1 j=12.....n—-1
Evalute the equation at x = X;
ed?u(x;) _
—sz+u(xj)=xj j<n-1
—&Uj_q + 2eU; — €Uy _
h2 tu; = f(xj)
= —euj_y + (2e + h?) u; — eujyq = h3f(x;) j=12....n—-1
whenj =1 = —suy + (2e + h®)u, — cuy, = h?f(x;)
when j = 2 = —euy + (2e + h®)u, — euz = h?f(x,)
whenj = 3 = —su, + (2e + h®)uz — euy = h?f(x3)
whenj=n—2= —cu,_ 3+ Qe+ h?)u,_, — eu,_; = h?f(x,_1)
whenj=n—1= —eu,_, + (2e + h®)u,,_; — su,, = h?f(x,_1)
(2¢ + h?) —& fx1)
- A H l f(xz)
| —& (22 + hz) f(xn 1)J
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Then we solve this system using MATLAB code(11) and show the results in figure(12).
Section (3.4): Numerical results using FDM:

Figure (3.9) illustrates the numerical solution using the finite difference method (FDM).
and exact solution for example (3.5) we use MATLAB code(1) in Appendlx
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Figure (3.10) illustrates the numerical solution using the finite difference method
(FDM). and exact solution for example (3.6) .we use MATLAB code(9) in Appendlx
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figure(3.10)
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Figure (3.11) illustrates the numerical solution using the finite difference method
(FDM). and exact solution for example (3.7). we use MATLAB code(10) in Appendix.
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Figure (3.12) illustrates the numerical solution Maximum error between numerical
solution using FDM and the exact solution for example (3.8) with n = 64 and different
values of & using the flnlte difference method ,we use MATLAB code(11) in Appendix.
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Chapter 4
Conclusion

In this thesis, we have applied the Finite Element Method (FEM) to solve som
boundary value problem. We approximate the solution by using a piecewise linear
polynomial, then we approximate the resulting integrals by using Trapezoidal and
Simpson's rules. We studied a two-point boundary value problem with regular and
singular coefficients. Also, we used the Finite Difference Method (FDM) for solving
some of these problems that mentioned before comparison reasons. Results showed that
FEM gives acceptable solution for the two-point boundary value problem with a regular
coefficients. Also, when we approximate the resulting integrals by using Simpson's rule,
we got a much butter approximation than the use of Trapezoidal rule. For comparison
reasons, we used the Finite Difference Method (FDM) results showed that the solution
by using FDM for equation with a singular coefficient, is stable but fails to be stable for
problem with a singular coefficient where this singular parameter because very small.
Also, the maximum error when using FEM with Simpson's rule is less than the
maximum error when using FDM. We may expect when using a piecewise polynomial
of a higher order as a basis functions, that the finite element method to be better than

the finite difference method for problem with regular and singular coefficients.
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Appendix

code(1)

clc

clear

h=0.1;

X0 =0; xf =1,

X = X0:h:xf;

y =(3*x+x.2).*exp(x);
%f= x.*(1-x).*exp(X);

ana_u =y,
%plot(x,y)
%%9%9%% %% %% %% % %% %% % %% %% %% %% %% %%
M = length(x);

A = zeros(M-2,M-2);
for i =1:M-2
A(i,i)=2;

end

fori=1:M-3

A, i+l) = -1;

end

for i = 2:M-2
A(i,i-1) =-1;

end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = h"2*(3*x+x.12).*exp(X);

bb =b([2:M-1])";

c = A\bb;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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code (2)

clc

clear

h=0.1;

X0 =0; xf =1,

X = X0:h:xf;

xg = -0.05:h:0.95;

%fF =(3*x+x.2).*exp(X);
y = X.*(1-x).*exp(X);

ana_u=y;

plot(x,y)

%%%% %% % %% %% %% %% %% %% %% % %% %% %% %
M = length(x);

A = zeros(M-2,M-2);
fori=1:M-2
A(i,)=2;

end

fori=1:M-3

A, i+l) = -1;

end

fori=2:M-2
A(i,i-1) =-1;

end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = (h"2/3)*(3*x+x.12).*exp(X);

bg = (h"2/3)*(3*xg+xg."2).*exp(xQ);

B = bg(2:M-1) + b(2:M-1) + bg(3:M);
B=B

c = A\B;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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code (3)

clc

clear

h=0.1,

X0 =0; xf=1,

X = X0:h:xf;

%f =- sin(2*Pi*x);

y = sin(2*pi*x)/(1 + 4*pi"2),

ana_u=y;
%plot(x,y)

%%%% %% % %% %% %% %% %% %% %% % %% %% %% %
M = length(x);

A = zeros(M-2,M-2);
fori=1:M-2
A(i,1)=(-2/h - 2*h/3);
end

fori=1:M-3
A(i,i+1)=(1/h+h/6);
end

fori=2:M-2
A(i,i-1)=(1/h+h/6);
end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = -h*sin(2*pi*x);

bb =b([2:M-1])";

c = A\bb;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,'--rs',x,ana_u,'--gs
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code (4)

clc

clear

h=0.1;

X0 =0; xf =1,

X = X0:h:xf;

xg = -0.05:h:0.95;

%f =- sin(2*P1*x);

y = sin(2*pi*x)/(1 + 4*pi"2),

ana_u=y;
%plot(x,y)

%%%% %% % %% %% %% %% %% %% %% % %% %% %% %
M = length(x);

A = zeros(M-2,M-2);
fori=1:M-2
A(i,1)=-(2/h+2*n/3);
end

fori=1:M-3
A(i,i+1)=(1/h-h/6);
end

fori=2:M-2
A(i,i-1)=(1/h-h/6);
end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b =-(h/3)*sin(2*pi*x);

bg = -(h/3)*sin(2*pi*xQ);

B = bg(2:M-1) + b(2:M-1) + bg(3:M);
B=B

c = A\B;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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code (5)

clc

clear

h=0.1;

X0 =0; xf=1,;

X = X0:h:xf;

%f=Xx;

y =X- (sinh(x)/sinh(1));
ana_u=y;

%plot(x,y)

%%0%%% %% %% %% % %% %% % %% %% %% % %% %% %
M = length(x);

A = zeros(M-2,M-2);
fori=1:M-2

A(i,i) = (2/h + 2*h/3);
end

fori=1:M-3
A(i,i+1) = -(1/h+h/6);
end

fori=2:M-2

A(i,i-1) =-(1/h+h/6);
end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = h*x;

bb =b([2:M-1])";

c = A\bb;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,"'--gs")
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code (6)

clc

clear

h=0.1;

X0 =0; xf=1,

X = X0:h:xf;

xg = -0.05:h:0.95;

%f =x;

y =X- (sinh(x)/sinh(1));

ana_u=y;

%plot(x,y)

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %
M = length(x);

A = zeros(M-2,M-2);

for i =1:M-2

A(i,1) = (2/h + 2*h/3);

end

fori=1:M-3

A(i,i+1) = (-1/h+h/6);

end

for i = 2:M-2

A(i,i-1) =(-1/h+h/6);

end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = (h/3)*x;

bg=(h/3)*xg;

B = bg(2:M-1) + b(2:M-1) + bg(3:M);
B =B

c = A\B;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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Code (7)
clc
clear
n =64,
h=1/n;
X0 =0; xf=1,
X = X0:h:xf;
%f =-(cos(pi*x).A2+2*ep*pi.*2*cos(2*pi*X));
ep=10"-4;
y =(exp(-(1-x)/sqrt(ep))+exp(-x/sqrt(ep))/(1+exp(-1/sqrt(ep))))-(cos(pi*x)."2);
ana_u=y;
%plot(x,y)
%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %%
M = length(x);
A = zeros(M-2,M-2);
for i =1:M-2
A(i,i) = (2*ep/h + 2*n/3);
end
fori=1:M-3
A(i,i+1) = (-ep/h+h/6);
end
for i = 2:M-2
A(i,i-1) =(-ep/h+h/6);
end
%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b =-h*(cos(pi*x). 2+ (2*ep*pi.*2)*cos(2*pi*Xx));
bb =b([2:M-1]);
c = A\bb;
cc=[0c'0];
num_u = cc’
%plot(x, num_u)
maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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Code (8)

clc

clear

n = 64,

h=1/n;

X0 =0; xf =1,

X = X0:h:xf;

Xg = -0.0078:h:0.9922;

%f =-(cos(pi*x).A2+2*ep*pi.*2*cos(2*pi*X));

ep=10"-5;
y =(exp(-(1-x)/sart(ep))+exp(-x/sqrt(ep))/(1+exp(-1/sqrt(ep))))-(cos(pi*x)."2);
ana_u =y,
%plot(x,y)
%%9%9%% %% %% %% % %% %% % %% %% %% %% % %% %%
M = length(x);
A = zeros(M-2,M-2);
for i =1:M-2
A(i,i)=(2*ep/h + 2*n/3);
end
fori=1:M-3
A(i,i+1)=(-ep/h+h/6);
end
for i = 2:M-2
A(i,i-1)=(-ep/h+h/6);
end

%%9%%% %% %% %% % %% %% % %% %% %% %% % %% % % %% %% %%
b =-(h/3)*(cos(pi*x). 2+ (2*ep*pi.~2)*cos(2*pi*x));

bg =-(h/3)*(cos(pi*xg)."2+(2*ep*pi.2)*cos(2*pi*xQ));
B = bg(2:M-1) + b(2:M-1) + bg(3:M);

B =B

c = A\B;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,"'--gs")
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Code(9)

clc

clear

h=0.1;

X0 =0; xf=1,;

X = X0:h:xf;

%f=- sin(2*Pi*x);

y = sin(2*pi*x)/(1 + 4*pi"2),

ana_u =y,
%plot(x,y)
%%9%9%% %% %% %% % %% %% % %% %% %% %% %% %%
M = length(x);

A = zeros(M-2,M-2);
for i =1:M-2
A(i,i)=-(2+h"2);

end

fori=1:M-3
A(i,i+1)=1;

end

for i = 2:M-2
A(i,i-1)=1;

end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = -h"2*sin(2*pi*x);

bb =b([2:M-1]);

c = A\bb;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

plot(x,num_u,"--rs',x,ana_u,'--gs")
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code(10)

clc

clear

h=0.1;

X0 =0; xf=1,;

X = X0:h:xf;

%f =X;

y =X- (sinh(x)/sinh(1));
ana_u=y;
%plot(x,y)
%%0%%% %% %% %% % %% %% % %% %% %% % %% %% %
M = length(x);

A = zeros(M-2,M-2),
fori=1:M-2

A(i,i) = (2+ h"2);
end

fori=1:M-3

A, i+l) = -1;

end

fori=2:M-2
A(i,i-1) =-1;

end

%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = h"2*x;

bb =b([2:M-1])";

c = A\bb;

cc=[0c'0];

num_u = cc’

%plot(x, num_u)

plot(x,num_u,"--rs',x,ana_u,"'--gs")
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code(11)
clc
clear
n =64,
h=1/n;
X0 =0; xf=1,
X = X0:h:xf;
%y =-(cos(pi*x)."2+2*ep*pi.2*cos(2*pi*x));
ep=10"-5;
y =(exp(-(1-x)/sqrt(ep))+exp(-x/sqrt(ep))/(1+exp(-1/sqrt(ep))))-(cos(pi*x)."2);
ana_u=y;
%plot(x,y)
%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %
M = length(x);
A = zeros(M-2,M-2);
for i =1:M-2
A(i,i) = (2*ep+ h"2);
end
fori=1:M-3
A(l,i+1) = -ep;
end
for i = 2:M-2
A(i,i-1) =-ep;
end
%9%%%% %% %% %% % %% %% % %% %% %% %% % %% %% %% % %% %
b = -h"2*(cos(pi*x). 2+ (2*ep*pi.~2*cos(2*pi*x));
bb =b([2:M-1]);
c = A\bb;
cc=[0c'0];
num_u = cc’
%plot(x, num_u)
maximum_error = max(abs(ana_u' - num_u))
plot(x,num_u,"--rs',x,ana_u,'--gs")
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