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Abstract  

 

        We study the spectral properties and complemented invariant 

subspaces in the Bergman spaces having the codimension two property 

and also with the spectra of some translation and fiber dimension for 

invariant subspaces. We determine the index of invariant subspaces in 

Hilbert spaces of vector-valued analytic functions of several complex 

variables. We classify similarity, reducing manifolds, unitary equivalence 

of Volterra operators and Volterra invariant subspaces of Hardy spaces. 

We show nearly invariant subspaces of the backward shift and shift plus 

complex Volterra operator. We characterize the analytic continuability of 

Bergman inner functions and linear graph transformations on spaces of 

analytic functions. We give the algebraic properties of the index of 

invariant subspaces of operators and of parabolic self-maps on Banach 

and Hardy spaces.  

 

 



IV 

 الخلاصة

درسنا الخصائص الطيفية والفضاء الجزئي اللامتغير المتمم في فضاءات         

عد نسحاب والبمع بعض الاي له البعد المصاحب ذو الخاصيتين وأيضا ذبيرجمان ال

الفضاءات الجزئية اللامتغيرة. حددنا الدليل للفضاءات الجزئية اللامتغيرة  لأجلالليفي 

فنا المتجه للمتغيرات المركبة المتعددة. صن- رت للدوال التحليلية قيمةفي فضاءات هلب

 تفضاءاواللمؤثرات فولتيرا التكافؤ الأحادي التماثلية ومتعددات الطيات المختزلة و

رة وضحنا الفضاءات الجزئية اللامتغيأ لفولتيرا لفضاءات هاردي. ةاللامتغيرالجزئية 

مؤثر فولتيرا المركب. شخصنا قابلية  ا  زائدزاحة للإزاحة الخلفية والإالقريبة 

الاستمرارية التحليلية للدوال الداخلة لبيرجمان وتحويلات البيان الخطي على 

عطينا الخصائص الجبرية للدليل للفضاءات الجزئية أ الفضاءات للدوال التحليلية.

  ي.دعلى فضاءات باناخ وهارالمكافئية الذاتية –وللرواسم  للامتغيرة للمؤثراتا
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Introduction 

          We study the relationship between two types of spectra associated with invariant 

subspaces of the Bergman space 𝐿𝑎
2 (𝔻) and the function theoretic properties of the 

invariant subspaces themselves. We shall present a simple concrete example of an 

invariant subspace having the codimension 2 property. 

          We show that given any left translation invariant space how we can characterize 

the spectrum and the point spectrum. Let 𝔹𝑑 be the open unit ball in ℂ𝑑 , 𝑑 ≥ 1, and 𝐻𝑑
2 

be the space of analytic functions on 𝔹𝑑 determined by the reproducing kernel 

(1 − 〈𝑧, 𝜆〉)−1 . This reproducing kernel Hilbert space serves a universal role in the model 

theory for 𝑑-contractions, i.e. tuples 𝑇 =  (𝑇1 , . . , 𝑇𝑑)  of commuting operators on a 

Hilbert space 𝒦 such that ‖𝑇1𝑥1+. . +𝑇𝑑𝑥𝑑‖2 ≤ ‖𝑥1‖2+. . +‖𝑥𝑑‖2 for all  𝑥1 , . . , 𝑥𝑑 ∈ 𝒦. 

If 𝒟 is a separable Hilbert space then we write 𝐻𝑑
2(𝒟) ≅ 𝐻𝑑

2⨂𝒟 for the space of 𝒟 -

valued 𝐻𝑑
2 functions and we use 𝑀𝑧 = (𝑀𝑧1

 , . . , 𝑀𝑧𝑑
) to denote the tuple of 

multiplication by the coordinate functions. 

         We deal with similarity properties. We lean heavily on results by Volterra. We show 

examples illustrating the basic conditions.  

       A formula yielding the analytic continuation of extremal functions associated to 

finite zero sequences is derived. As a consequence we obtain estimates on these analytic 

continuations. The estimates are used to show the main result. The formula derived is 

used to give a different proof of result of  Mac Gregor and Stessin. Let ℋ be a Hilbert 

space of analytic functions with multiplier algebra ℳ(ℋ), and let  ℳ =

{(𝑓, 𝑇1𝑓, … , 𝑇𝑛 −1𝑓): 𝑓 ∈ 𝒟} be an invariant graph subspace for ℳ(ℋ)(𝑛)
. Here 𝑛 ≥

2, 𝒟 ⊆ ℋ is a vector-subspace, 𝑇𝑖: 𝒟 → ℋ are linear transformations that commute with 

each multiplication operator 𝑀𝜑 ∈ ℳ(ℋ), and ℳ is closed in (ℋ)(𝑛)
. 

         For an operator 𝑆 on a Banach space 𝑋, let Lat (𝑆; 𝑋) be the collection of all its 

invariant subspaces. We consider the index function on Lat (𝑆; 𝑋) and establish various 

algebraic properties of it. Let ℋ be a Hilbert space of analytic functions on the unit disc 

𝔻 with ‖𝑀𝑧‖ ≤ 1, where 𝑀𝑧 denotes the operator of multiplication by the identity 

function on 𝔻. Under certain conditions on ℋ it has been shown by Aleman, Richter and 

Sundberg that all invariant subspaces have index 1 if and only if lim
𝑘→∞ 

‖𝑀𝑧
𝑘 𝑓‖ ≠ 0 for all 

𝑓 ∈ ℋ, 𝑓 ≢ 0. We study the fiber dimension of invariant subspaces for a large class of 

operators. We define a class of invariant subspaces called CF subspaces, which are related 
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to the codimension-one property. We obtain several characterizations of CF subspaces, 

including one in terms of Samuel multiplicity. 

A complete description is obtained for the subspaces of the Hardy space 

𝐻𝑝(𝑝 ≥ 1) that are invariant under the Volterra integral operator. We provide a precise 

description of the lattice of invariant subspaces of composition operators acting on the 

classical Hardy space, whose inducing symbol is a parabolic non-automorphism. This is 

achieved with an explicit isomorphism between the Hardy space and the Sobolev Banach 

algebra 𝑊1,2[0,∞) that induces a bijection between the lattice of the composition 

operator and the closed ideals of 𝑊1,2[0,∞). The lattice of closed invariant subspaces of 

the Volterra operator acting on 𝐿2(0, 1) was completely described by Sarason. On the 

other hand, he explicitly found the lattice of closed invariant subspaces of the shift plus 

Volterra operator on 𝐿2(0, 1). 
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