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ABSTRACT: 
The weak-type (1, 1) boundedness of the higher order Riesz–Laguerre transforms associated with 
the Laguerre polynomials and the boundedness for the Riesz-Laguerre transforms of order 2 are 
considered. We show the sharp polynomial weight w that makes the Riesz–Laguerre transforms of 
order greater than or equal to 2 continuous from Lଵ൫wdμα൯ into  Lଵ,∞൫dμα൯ ,under specific value α 
,where μα is the Laguerre measure. 

 المستخلص
لاقري المشاركة طبقا لكثيرات حدود لاقري و المحدودية لاجل - لتحويلات ريس (1,1) تم اعتبار محدودية النوع الضعيف 

لاقري من رتبة - التي تجعل تحويلات ريس w  الحدود القاطعة تم توضيح مرجحة كثيرة .2لاقري من رتبة - تحويلات ريس
  Lଵ,ஶ(dμ) الى Lଵ(wdμ) مستمرة من 2اكبر من او تساوى  

  قياس لاقري μحيث  α تحت قيمة معينة
  

KEYWORDS: Riesz-Laguerre transform, Polynomial expansion, Weak-type, Stein complex 
interpolation Theorem, Calderon-Zygmund-type, Riesz-Gauss transform. 
 
INTRODUCTION 
The aim of this paper  is to study ,by considering the two components of the Claim raised by Liliana 
Forzani, Emanuela Sasso and Roberto Scotto(1)  ,following the same notations appear there, the 
weak type(1,1) boundedness of ℛ∝

୫ାଵ, the(m + 1)th Riesz-Laguerre transform with m ∈  Zஹ
ୢ    

associated with the multidimensional Laguerre  operator ℒ∝,where ∝= (∝ଵ, … , ∝ୢ)  is a multi-
indexwith ∝୧≥ 0, i = 1, . . , d.
The Laguerre operator ℒ∝ , is a self-adjoint “Laplacian” on Lଶ(dμ),where μ is 
the Laguerre measure of type  ∝= (∝ଵ, … , ∝ୢ) with  ∝୧> −1, ݅ = 1, … , ݀;  defined on Rା

ୢ =
൛x ∈ Rୢ: x୧ > 0, for each ݅ = 1, … , ݀ൟ, by 

(ݔ)ఈߤ݀ = ∏ ௫
 ∝షೣ

( ∝ାଵ)
ௗ.ݔ݀

ୀଵ   
It is well known that the spectral resolution of ℒ∝ is 
 
 
 
ℒ∝ = ∑ ݊ ࣪

∝ஶ
ୀ , 
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where ࣪
∝ is the orthogonal projection on the space spanned by Laguerre polynomials of total 

degree ݊  and type ∝  in ݀ variables (2,3).The operator ℒ∝ is the infinitesimal generator of a “heat” 
semigroup, 
 
 

 called the Laguerre semigroup, {݁ି௧ℒ∝ : ݐ ≥ 0} ,defined in the spectral sense as 

݁ି௧ℒ∝ =  ݁ି௧
࣪
∝ 

ஶ

ୀ

. 

For any multi-index ݉ = (ܽଵ, … , ܽௗ) ∈ ܼஹ
ௗ  ,the Riesz-Laguerre transforms ℛ∝

ାଵ  of order  
|݉| = ܽଵ + ⋯ + ܽௗ   are defined by 

ℛ∝
ାଵ = ∇

ାଵ(ℒఈ)ି|ାଵ|/ଶ
࣪
∝ୄ, 

where ∇∝ is associated to ℒ∝ defined as ∇∝= ൫√ݔଵ߲௫భ, … , ඥݔௗ ௫߲൯,
and ࣪

∝ୄ,denotes the orthogonal projection onto the orthogonal complement of the eigenspace 
corresponding to the eigenvalue 0 of ℒ∝ .  
 
Some preliminaries  
In order to use the well-known relationship with the Ornstein-Uhlenbeck context, but not too 
much exploited in the weak-type inequalities, we are going to perform a change of coordinates in 
 ܴା

ௗ . If  ݔ = ,ଵݔ) … , ௗ) is a vector  ܴାݔ
ௗ  , then ݔଶ will denote the vector (ݔଵ

ଶ, … , ௗݔ
ଶ).  Let Ψ:  ܴା

ௗ →
 ܴା

ௗ  be define as Ψ(ݔ) = ∝ߤ݀  ଶ  and letݔ =  .∝ߤ݀ Ψିଵ be the pull-back measure from ∝ߤ݀
Then the modified Laguerre measure ݀ߤ∝ is the probability measure 

(ݔ)∝ߤ݀  = 2ௗ  ෑ
ݔ

ଶ∝ାଵ݁ି௫
మ

Γ( ∝+ 1) ݔ݀
ௗ

ୀଵ

= 2ௗ  ෑ
ݔ

ଶ∝ାଵ

Γ( ∝+ 1) ݁ି|௫|మ݀(1)                                                              ,ݔ
ௗ

ୀଵ

 

on ܴା
ௗ .   

The map  ݂ → ࣯ஏ݂ =  and from  (∝ߤ݀ )ܮ onto ( ∝ߤ݀)ܮ  Ψ is an isometry from ݂
 for every q in [1, ∞]. So we may  ,(∝ߤ݀),ஶܮ onto  (ఈߤ݀),ஶܮ 

reduce the problem of studying the weak-type boundedness of ℛ∝
ାଵ  to the study of the 

same boundedness for the modified Riesz-Laguerre transforms 
 ℛ෨∝

ାଵ = ࣯ஏℛ∝
ାଵ࣯ஏ

ିଵ  with respect to the measure  ݀ߤ∝. 
Observe that  ℛ෨∝

ାଵ coincides, up to a multiplicative constant, 
with ∇ାଵ൫ℒሚ∝൯

ି|ାଵ| ෨࣪
∝ୄ, ,being ℒሚ∝ = ࣯ஏℒ∝࣯ஏ

ିଵ , ෨࣪
∝ୄ = ࣯ஏ ࣪

∝ୄ࣯ஏ
ିଵ   and  the gradient of 

 ܴௗ   associated to the Laplacian operator (4) .
   For the sequel it is convenient to express the kernel of  ℛ෨∝

ାଵ   with respect to the Polynomial 
measure (݉ + 1)∝  defined on ܴା

ௗ   as 
 
 
݀(݉ + (ݔ)∝(1 = ݁|௫|మ݀ߤ∝(ݔ).                                                                                        (2)          
According to(5,6) ,for  ∝> −1/2, ݅ = 1, … , ݀; , the kernel of the modified Riesz–Laguerre 
transforms of order |݉ + 1| with respect to the polynomial measure  (݉ + 1)∝    is defined, off 
the diagonal, as 
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 ࣥାଵ(ݔ, (ݏ = න ࣥାଵ(ݔ, (ݏ
[ିଵ,ଵ]

ෑ ݏ݀(ݏ)
ఈ

 

with 

ࣥାଵ(ݔ, (ݏ = න(√ݎ)|ାଵ|ିଶ ൬− 
ݎ݈݃
1 − ൰ݎ

|ାଵ|ିଶ
ଶ

ଵ



ෑ ܪ 

ௗ

ୀଵ

ቆ
− ݎ√)ݔ (ݏ

√1 − ݎ
ቇ

݁ି ି(௫మ,௫మ,௦)
ଵି

(1 − ఈ|ାௗାଵ|(ݎ    (3)  ݎ݀

where ܪ  is the Hermite polynomial of degree ܽ  and 

,ݔ)±ݍ (ݏ =  (1ݔ2  ± (ݏ
ௗ

ୀଵ

, 

ෑ (ݏ) = ෑ
Γ(ߙ + 1)

Γ ቀߙ + 1
2ቁ ߨ√

ௗ

ୀଵఈ
(1 − ݏ

ଶ)ఈିଵ/ଶ, 

cos ߠ = cos ,ݔ)ߠ (ݏ =
∑ ݏݔ

ௗ
ୀଵ

ଶ|ݔ| , 

sin ߠ = sin ,ݔ)ߠ (ݏ = (1 − ଵ/ଶ(ߠଶݏܿ = ൭1 − ቆ
∑ ݏݔ

ௗ
ୀଵ

ଶ|ݔ| ቇ
ଶ

൱
ଵ/ଶ

. 

The symbol ܽ ≲ ܾ means ܽ ≤  is a constant that may be different on each  ܥ where  ܾܥ
occurrence. And we write a ~ b whenever ܽ ≲ ܾ and ܾ ≲ ܽ.  
We state the global region G and an  upper bound for |ࣥାଵ(ݔ,  ,on G |(ݏ
with respect to the proposed Claim 3 (1). 

ܩ  = ܴା
ௗ × [−1,1]ௗ\ܴ = ܴଵ ∪ ܴଶ ∪ ܴଷ ∪ ܴସ. 

 
With 
        ܴ = ቄ(ݔ, (ݏ ∈ ܴା

ௗ × [−1,1]ௗ: ଶ(1|ݔ|2) − ଵ((ߠݏܿ ଶ⁄ ≤ 
ଵା|௫|

ቅ, 
          ܴଵ = ,ݔ)} (ݏ ∉ ܴ: ߠݏܿ < 0}, 
       ܴଶ = ܴଷ = ܴସ = ,ݔ)} �(ݏ ∉ ܴ: ߠݏܿ ≥ 0,   ,{|ݔ|�ݕ݊ܽ ݎ݂
And 
 

,ݔ)∗ࣥ (ݏ =

⎩
⎪⎪
⎨

⎪⎪
⎧ ݁ି|௫|మ ,ݔ)                                                         , (ݏ ∈ ܴଵ                    ( 4)

ଶ(|∝|ାௗ)݁ି൫|௫|ర(ଵି௦ఏ)൯|ݔ|
భ మ⁄

,ݔ)              ,   (ݏ ∈ ܴଶ                     (5) 

ଶ(|∝|ାௗ)|ݔ| ቌ1⋀ 
ష|ೣ|రೞమഇ

ೞഇ|ೣ|మ

(௦ఏ|௫|మ)
మ(|∝|శ)షభ

మ
ቍ ,      (ݔ, (ݏ ∈ ܴଷ                    (6)

(1 + ,ݔ)                                ,௦మఏ|௫|మି݁(|ݔ| (ݏ ∈ ܴସ                     (7)

�  
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 RESULTS: 

The following result was proved recently (2) only for half-integer that includes  ∝= −1 . The 
corresponding proof is based on the technique of transference to the Hermite setting. This 
technique firstly appears for the Riesz–Laguerre transform of order one in(6)  .The method seems 
to be inapplicable for any other value of α (2) . 

Theorem1: 
The second order Riesz-Laguerre transforms map ܮଵ(݀ߤఈ)continuously into ܮଵ,ஶ(݀ߤఈ). 
 
Proof: The result follows by splitting the modified Riesz–Laguerre transforms of second order 
into a local operator and a global one. Let us observe that for a simple covering Lemma, we may 
pass from estimates with respect to the measure (݉ + 1)∝ on the local part ܴ  to estimates with 
respect to the modified Laguerre measure ߤ∝. Therefore the local operator is equivalent to ܶ

ାଵ   
for 
|݉ + 1| = 2 .The global operators bounded weak type (1,1) and therefore so are the second 
order modified Riesz-Laguerre transforms.  
From (7)and (8) ,it is known that an upper bound for |ࣥାଵ(ݔ,  on G is |(ݏ
෩ࣥ ାଵ(ݔ, (ݏ =                                                                                                                     (8) 

⎩
⎪
⎨

⎪
(ଶ|ݔ2|)⎧

|ାଵ|ିଶ
ଶ ݁ି|௫|మ                                                                                   , ݏܿ ߠ < 0            

1
2

ସ|ݔ|4) ଶ݊݅ݏ (ߠ
|ାଵ|ିଶ

ସ ൬
1 + ߠݏܿ
1 − ൰ߠݏܿ

|ఈ|ିௗ
ଶ

(1 + ସ|ݔ|4) ଶ݊݅ݏ (ߠ
ଵ
ସ݁ି௨బ , ݏܿ ߠ ≥ 0 

                                                                                                                                                    

� 

With 
 

ݑ =
,ଶݔ)ାݍ) ,ଶݔ)ିݍ(ݏ ଵ/ଶ((ݏ

2  
We improve the following properties shown by(1) . 
 
Proposition 2: For |݉ + 1| = 2, 

|ࣥାଵ(ݔ, |(ݏ ≤ ,ݔ)∗ࣥ  (ݏ
Proof: In this Proposition , |݉ + 1| = 2 .If cos θ < 0, it is immediate that|ࣥାଵ(ݔ, |(ݏ ≤
,ݔ)∗ࣥ (ݏ .  
       Let us then assume that ܿߠݏ ≥ 0. 
 (i) First let us consider |ݔ| ≾  .|ݔ|
Since ܿߠݏ ≥ ାݍ  ,0

ଵ ଶ⁄ ≥ |ݔ| and since |ݔ| ≳  then ,|ݔ|
ାݍ 

ଵ ଶ⁄ ≤ ାݍ Therefore  .|ݔ|2
ଵ ଶ⁄ ିݍ On the other hand, since  .|ݔ|~

ଵ ଶ⁄ ≥ 
ଵା|௫|

  then|ݔ| ≥ ܿ. Thus 

|ࣥାଵ(ݔ, |(ݏ ≲ ൬
1 + ߠݏܿ
1 − ൰ߠݏܿ

|ఈ|ାௗ
ଶ

ସ|ݔ|4)  +1) sinଶ ଵ/ସ(ߠ ݁ି௨బ  

≲ ൦|ݔ||ఈ|ାௗ(1 + ఈ|ାௗ|(|ݔ| +
൫2|ݔ|ଶ(1 + ൯(ߠݏܿ

|ఈ|ାௗ
ଶ ାଵ

൫2|ݔ|ଶ(1 − ൯(ߠݏܿ
|ఈ|ାௗ

ଶ ିଵ
൪ ݁ି௨బ  

≲ ଶ(|ఈ|ାௗ)݁ି௨బ|ݔ| ≲ ଶ(|ఈ|ାௗ)݁ି|௫|మ|ݔ| ୱ୧୬ ఏ 
= ,ݔ)∗ࣥ  .(ݏ

 (ii) Now let us assume for any|ݔ| and rewrite ݑ  in the following way: 

28 
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ݑ =
,ଶݔ)ାݍ) ,ଶݔ)ିݍ(ݏ ଵ/ଶ((ݏ

2  

=
ଵ/ଶ(ିݍାݍ)

2  

                                                = ଶ ୱ୧୬మ ఏ|௫|మି |௫|మ

(శష)
భ
మ

                                            (9) 

Hence                                                                                                                      
ିݍାݍ = ସ|ݔ|4 sinଶ  ߠ

and taking into account that sinߠ is non-negative, we obtain that 
ଶ|ݔ|2 sin ߠ ߠଶsin|ݔ| ~ ≥ ଶ|ݔ| sin ߠ .                                                                             (10) 

Thus, from (9) together with (10) we get 
 
ݑ ≥ ଶ|ݔ|ܥ sin    (11)                                                                                        .ߠ

We proposed the following(see(1) ).  

Claim 3: We choose |ݔ|ଶ = |y|ଶand |ݔ|ଶ sin  .1 ≤ ߠ
Proof: ߠ݊݅ݏ ≥ ଵ

|௫|మ,  then the inequality is immediate. 
Hence |ݔ|ଶ ≳ ଶ|ݔ|  + 1 .This inequality is immediate when |x|  1 by adjusting conveniently the 
constant C in the definition of the global zone and it is also immediate for d =1 and |x| > 1. Now 
let us assume that d ≥ 2 and |x| > 1. 

ଶ(2/ܥ)

ଶ|ݔ| ≤
ଶܥ

(1 + ଶ(|ݔ| ≤ ଶ(1|ݔ|2 −  (ߠݏܿ

            ≤ ଶ|ݔ|2 ቌ1 − ඨ1 −
1

 .ସቍ|ݔ|

Hence 

ඨ1|ݔ|2− −
1

ସ|ݔ| |ݔ| −
ଶ(2/ܥ)

ଶ|ݔ| ≥ 0 

for all  |ݔ|, then 

|ݔ| ≥ ඨ1|ݔ| −
1

ସ|ݔ| +
ඥ(2/ܥ)ଶ − 1

|ݔ|  

which implies that 

ଶ|ݔ| ≥ ଶ|ݔ| + 2ඥ(2/ܥ)ଶ − 1ඨ1 −
1

ସ|ݔ| +
ଶ(2/ܥ) − 2

ଶ|ݔ| ≳ ଶ|ݔ| + 1 .   

Therefore by applying this Claim to inequality (10) we obtain that ݍାିݍ ≥ ܿ in this context. If |x| 
 2|x|, we get 

29 
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ݑ ≥
ଶ|ݔ|ܿ sinଶ ߠ

sin ߠ = ଶ|ݔ| ܿ sin ߠ  .                                                                                 (12) 

 
Then 

|ࣥାଵ(ݔ, |(ݏ ≤  ൬
1 + ߠݏܿ
1 − ൰ߠݏܿ

|ఈ|ାௗ
ଶ

ସ|ݔ|4) sinଶ ଵ/ସ݁ି௨బ(ߠ  

                           ≤ ൫2|ݔ|ଶ(1 − ൯(ߠݏܿ
ିቀ

|ഀ|శ
మ ቁ

ସ|ݔ|4) sinଶ ଵ/ସ݁ି௨బ(ߠ  

                           ≲ |௫|మ(|∝|శ)

[ଶ|௫|మ ୱ୧୬ ఏ]
మ(|∝|శ)షభ

మ
݁ି௨బ  

                           ≲ |௫|మ(|∝|శ)

(|௫|మ ୱ୧୬ ఏ)
మ(|∝|శ)షభ

మ
݁ି|௫|మ ୱ୧୬ ఏ .

  
To get the last inequality we have used (10) and (12). On the other hand, since 4|ݔ|ସ sinଶ ߠ ≥
ܿ it is immediate the following inequality   

|ࣥାଵ(ݔ, |(ݏ ≲  .ଶ(|∝|ାௗ)|ݔ|
Thus 

|ࣥାଵ(ݔ, |(ݏ ≲ ,ݔ)∗ܭ (ݏ . 
Now (4|ݔ|ସ sinଶ ଵ/ସ(ߠ ≤ ଵ/ଶ(ଶ|ݔ|2) ≲ |ݔ| , and thus 

ቆ1 +
ସ|ݔ|4) sinଶ ଵ/ସ(ߠ

2 ቇ ≲ (1 +  .(|ݔ|

Besides ିݍ ≥ ାݍ   ଶ  and|ݔ|ଵܥ ≤ ଶ  therefore  శ|ݔ|ଶܥ
ష

≤  We get .ܥ

ݑ ≥
ସ|ݔ|ߠଶ݊݅ݏ

ߠ݊݅ݏଶ|ݔ| ≥
ߠଶ݊݅ݏ

2
ଶ|ݔ| ≥  .ଶ|ݔ|

Therefore 
|ࣥାଵ(ݔ, |(ݏ ≲ ,ݔ)∗ࣥ (ݏ . 

Now we can easily show that  

ାݍ  = ଶ(1|ݔ|2 +  (ߠݏܿ

 

 

Proposition 4:The operator ࣥ∗ defined as 

(ݔ)݂∗ࣥ = ݁|௫|మ න න ߯ீ ,ݔ) (ݏ
[ିଵ,ଵ]ோశ


,ݔ)∗ࣥ  ,(ݔ)∝ߤ݀|(ݔ)݂|(ݏ)∝Π(ݏ

is of weak type (1,1) with respect to the measure ߤ∝. 
  Proof: The method of proof we use here (1) is an adaptation to our context of the techniques 
developed in(9,10,11) which allows us to get rid of the classical one called “forbidden regions 
technique. 
 
   The kernels(4) and (5)define strong type(1,1) operators. Indeed, 
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λ

݁|௫|మ න න ߯ோభ
,ݔ) ௫|మ|ି݁(ݏ

[ିଵ,ଵ]ோశ


Π∝(ݏ)|݂(ݔ)|݀ߤ∝(ݔ) ≤  ,.ଵ‖݂‖ܥ

 
 
Moreover, for semi-integer values of the parameter α, by (5) 
ଶ(|∝|ାௗ)݁ି|௫|మ(ଶ(ଵି௦ఏ))భ|ݔ| మ⁄                                                                                                              (13)                                                                   

is in ܮଵ(݀ߤఈ)uniformly in x and s and so the operator is of strong type with respect to ߤ∝ on  ܴଶ  
. Finally the result for the other values of  ∝  is obtained via the multidimensional Stein’s 
complex interpolation Theorem. So to get the weak-type(1,1) inequality for the operator ࣥ∗ it 
suffices to prove that the operators 

݂ܵ(ݔ) = ݁|௫|మ න න ߯ோశయ
,ݔ) ,ݔ)∗ࣥ(ݏ (ݏ

[ିଵ,ଵ]ோశ


Π∝(ݏ)݀ߤ݀|(ݔ)݂|ݏ∝(ݔ) , ݅ = 0,1 

map ܮଵ(݀ߤ∝)  continuously into ܮଵ,ஶ(݀ߤ∝) . 
Without loss of generality, we may assume that݂ ≥ 0 . Fixߣ > 0  and let 
ܧ   = ݔ} ∈ ܴା

ௗ: ݂ܵ(ݔ) >   ,{ߣ
   for  ݅ = 0,1. We must prove that ߤ∝( ܧ) ≤ ܥ ‖‖భ

ఒ
 . Let ݎ  and ݎଵ  be the positive roots of the 

equations 
ݎ

ଶ(|∝|ାௗ)݁బ
మ‖݂‖ଵ = ଵ݁భݎ  ݀݊ܽ ߣ

మ‖݂‖ଵ =  . ߣ
 
We may observe that indeed, if   ܧ ∩ ݔ} ∈ ܴା

ௗ: |ݔ| < {ݎ  = ∅:  indeed, if 
|ݔ|   < ݎ  , we have 

݂ܵ(ݔ) ≤ ଶ(|∝|ାௗ)݁|௫|మ‖݂‖ଵ|ݔ| <   ,ߣ
ܵଵ݂(ݔ) ≤ ௫|మ‖݂‖ଵ|݁|ݔ| <  .ߣ

Now we deduce the possible roots of the equations mentioned above specifically in the following 
Remark 
Remark 5:(i). (a) if ݎ =  ଵthen we haveݎ 

ݎ
ଶ|ఈ|ାଶௗିଵ = 1, 

and 
|ߙ|2 + 2݀ − 1 = 0, 

 
 
which implies that 
|ߙ| = ଵ

ଶ
(1 − 2݀), 

(b) if  ݎ ≠  ଵwe have the quadratic equationݎ 
|ߙ|2)  + 2݀) ln ݎ  = ln ଵݎ  + ଵݎ

ଶ − ݎ
ଶ 

we assume ,for simplicity, that ݎ = ݁  and ݎଵ = ݁ଶwe can find 
|ߙ|2)   + 2݀) ln ݁ = ln ݁ଶ + ݁ସ − ݁ଶ  

(݁ଶ )ଶ − ݁ଶ + 2݊(1 − |ߙ| − ݀) = 0 
so that 

݁ଶ =
1 ± ඥ1 − 8݊(1 − |ߙ| − ݀)

2 , 
where ݊ ≥ 1,we can easily find  ݎ.  
(ii) ܵ and  ܵଵ are monotone. 
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+

(iii)Since |௫|మ(|∝|శ)

|௫|
< 1,then |ݔ|ଶ(|∝|ାௗ) ≤ |ݔ| <  .ܥ

 
On the other hand, we may take  ߣ >  large enough we may  ܭ  in(1) ,and by choosing  ‖݂‖ܭ
assume that both ݎ  and ݎଵ  are larger that one. Hence 

ݔ}∝ߤ ∈ ܴା
ௗ: |ݔ| < {ݎ2  ≤ න ෑ ݔ

ଶ∝ೕାଵ݁ି|௫|మ
ௗ

ୀଵ|௫|ழ ଶ

ݔ݀ ≲ ݎ
ଶ|ఈ|݁ିସ

మ ≤ ܥ
‖݂‖ଵ

ߣ  .  

 
Thus we only need to estimate  ߤ∝{ݔ ∈ ܴା

ௗ : ݎ ≤ |ݔ| ≤   .{ݎ2 
We let ܧ

ᇱ denote the set of ݔᇱ ∈ ܵௗିଵ for which there exists a 
ߩ  ∈ ݎ] , ᇱݔߩ ] withݎ2 ∈ ᇱݔ For each.  ܧ ∈ ܧ

ᇱ we let ߩ(ݔᇱ) be the smallest such ߩ . 
Observe that ݔ)ߠ݊݅ݏ, (ݏ = ᇱݔ)ߠ݊݅ݏ , (ݏ =   .ߠ݊݅ݏ

 
Then ݂ܵ(ݔ)ߩ ᇱ)ݔᇱ ) = ݅ by continuity. This implies for ,ߣ = 0 and ݔᇱ ∈ ܧ

ᇱ ,    
ߣ = ݂ܵ(ߩ(ݔᇱ)ݔᇱ ) = 

=  න න xோయ݁ |௫|మݔଶ(|ఈ|ାௗ)

[ିଵ,ଵ]

൮1 ∧
 ݁

ି|௫|మ ୱ୧୬మ ఏ
ୱ୧୬ ఏ|௫|మ

(sin (ଶ|ݔ| ߠ
ଶ(|ఈ|ାௗ)ିଵ

ଶ

൲
ோశ



 

 
× ෑ ఓ ݀(ݔ)݂ ݏ݀(ݏ) ഀ       ,(ݔ)

ఈ
≲ ݁బ

మ(௫́)మݎ
ଶ(|ఈ|ାௗ)           × ෑ ,(ݔ)ఓഀ݀(ݔ)݂ ݏ݀(ݏ)

ఈ
 

 

න න x(ݔ)
[ିଵ,ଵ]{|ೣ|ಱೝబ}

൮1 ∧
 ݁

ି బ
ర ୱ୧୬మ ఏ

|௫|మି బ
మାୱ୧୬ ఏబ

మ

ଶ|ݔ|) ݎ −
ଶ + sin ݎߠ

ଶ)
ଶ(|ఈ|ାௗ)ିଵ

ଶ

൲                               (14)
ோశ



 

 

 

and for ݅ = 1 andݔᇱ ∈ ଵܧ
ᇱ ,     

ߣ = ܵଵ݂((ݔᇱ)ݔᇱ) 

= න න xோఱ
௫|మ(1|݁(ݔ) + ି݁(|ݔ| ୱ୧୬మ ఏ|௫|మ

[ିଵ,ଵ]

ෑ ఓഀ݀(ݔ)݂ ݏ݀(ݏ)
(ݔ)

ఈ
ோశ



 

≲ ݁బ
మ(௫́)మݎଵ ∫ ∫ x(ݔ)݁ି ୡ ୱ୧୬మ ఏభ

మ

[ିଵ,ଵ]{|௫|வభ}ோశ
 ∏ ఓഀ݀(ݔ)݂ ݏ݀(ݏ)

ఈ(ݔ)   .               (15) 

Clearly, since r0 and r1 are greater than one, we have 
ݔ}ఈߤ ∈ :ܧ ݎ ≤ |ݔ| ≤ {ݎ2 ≤ ∫ ாߪ݀

ᇲ ݔ) ᇱ) ∫ ݁ିఘమߩଶ(|∝|ାௗ)ିଵ݀ߩଶ
ఘ(ೣᇲ)
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                                                ≲ න ݁ିఘ(௫ᇲ)మݎ
ଶ(|∝|ାௗିଵ)݀ߪ(ݔᇱ)

ா
ᇲ

 

combining this estimate for ݅ = 0  with (14), we get 
ݔ}ఈߤ ∈ :ܧ ݎ ≤ |ݔ| ≤ {ݎ2 ≤ 

ఒ
∫ ݎ

ଶ((ଶ|∝|ାଶௗ)ିଵ)݀(ݔ́)ߪ
ாሖబ

ܫ) +                       ),                    (16)ܫܫ

with 

ܫ = න න
 ݁

ି
బ

ర ୱ୧୬మ ఏ
|௫|మି బ

మାୱ୧୬ ఏబ
మ

ଶ|ݔ|) − ݎ 
ଶ + sin ݎߠ

ଶ)
ଶ(|∝|ାௗ)ିଵ

ଶ൛ୱ୧୬ ఏబ
మஸൟ[ିଵ,ଵ]

ఓഀ݀(ݔ)݂
(ݔ) ෑ  ݏ݀(ݏ)

ఈ
, 

and 

ܫܫ = න න (ݔ)ఓഀ݀(ݔ)݂ ෑ  ݏ݀(ݏ)
ఈ

൛|୶|ஹభୱ୧୬ ఏబ
మஸൟ[ିଵ,ଵ]

 

Similarly for ݅ = 1 with (15), we obtain 

ݔ}ఈߤ ∈ :ଵܧ ଵݎ ≤ |ݔ| ≤ {ଵݎ2 ≤
ܥ
ߣ

න ଵݎ
ଶ(|∝|ାௗ)ିଵ݀(ݔ́)ߪ

ாభ
ᇲ

ଵܫ) +   ଵ),                 (17)ܫܫ

with 
 

 

ଵܫ = න න ݁ି ୡ ୱ୧୬మ ఏభ
మ ఓഀ݀(ݔ)݂ 

(ݔ) ෑ ,ݏ݀(ݏ)
ఈ

൛|୶|ஹభୱ୧୬ ఏభ
మஹൟ[ିଵ,ଵ]

 

and 

ଵܫܫ = න න ఓഀ݀(ݔ)݂ 
(ݔ) ෑ .  ݏ݀(ݏ)

ఈ
൛ୱ୧୬ ఏభ

మஸൟ[ିଵ,ଵ]

 

It is immediate to verify that 

ݎ
ଶ(ଶ(|∝|ାௗ)ିଵ) න න (ݔ́)ߪ  ෑ ݏ݀(ݏ) ≤   ܥ

ఈ
൛௫́∶ ୱ୧୬ ఏబ

మஸൟ[ିଵ,ଵ]

 

and 

ଵݎ
ଶ(|∝|ାௗ)ିଵ න න (ݔ́)ߪ݀  ෑ ݏ݀(ݏ) ≤   ܥ

ఈ
൛௫́∶ ୱ୧୬ ఏబ

మஸൟ[ିଵ,ଵ]
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d

Which give, after changing the order of integration in (16) and(17), the desired estimate 
for the terms involving II0 and II1 , respectively as in(4).Now let us prove that for |ݔ| ≥  ݎ

 

ݎ
ଶ(ଶ(|∝|ାௗ)ିଵ) න න  

 ݁
ି బ

ర ୱ୧୬మ ఏ
|௫|మି బ

మାୱ୧୬ ఏబ
మ

ଶ|ݔ|) ݎ −
ଶ + sin ݎߠ

ଶ)
ଶ(|∝|ାௗ)ିଵ

ଶ
(ݔ́)ߪ݀

൛௫́∶ ୱ୧୬ ఏబ
మஸൟ[ିଵ,ଵ]

 

                           ෑ ݏ݀(ݏ) ≤   ܥ
ఈ

 

 
and for |ݔ| >  ଵݎ

ଵݎ
ଶ(|∝|ାௗ)ିଵ න න  ݁ି ୡ ୱ୧୬మ ఏభ

మ݀(ݔ́)ߪ ෑ ݏ݀(ݏ) ≤ . ܥ
ఈ

൛௫́∶ ୱ୧୬ ఏభ
మஹൟ[ିଵ,ଵ]

 

Firstly, one considers the case where ∝= ቀభ
మ ,ିଵ…,


ଶ

− 1ቁwith ݊ ∈ ܰ and ݊ > 1  for each 
݅ = 1, … , ݀.In this case the inner integrals can be interpreted as integrals over ܵ ||ିଵ with respect 
to the Lebesgue measure, expressed in poly radial coordinates in(10) .The same estimates are 
obtained also for ∝∈ ಿ

మ ିଵାோ. Finally the result for the other values of ∝ are obtained via the 
multidimensional Stein’s complex interpolation Theorem. Indeed, let ܨ: ௗܥ →  the function ܥ
defined by 

(ߦ)ܨ              = ݎ
ଶ(ଶకାଶௗିଵ) ∫  

ష
ೝబ

ర ౩మ ഇ
|ೣ|మష ೝబ

మశ౩ ഇೝబ
మ

൫|௫|మି బ
మାୱ୧୬ ఏబ

మ൯
మ(||శ)షభ

మ
∏ క൛ୱ୧୬  .ݏ݀(ݏ) ఏబ

మஸൟ   

We have seen that  ቚܨ ቀ
ଶ

− 1ቁቚ ≤  and it is easy to prove that ܥ

ቚܨ ቀ
ଶ

− 1 + ݅ζቁቚ ≤ ቚܨ ቀ
ଶ

− 1ቁቚ, whenever n is a integer vector and ζ ∈ ܴௗ .  
 
 
 
Proposition 6: For all m, the operator 

ܶ
ାଵ݂(ݔ) = . .ݒ න න ߯ோబ

,ݔ) (ݏ
[ିଵ,ଵ]ோశ


ࣥାଵ(ݔ, ݉)݀(ݔ)݂ݏ݀(ݏ)∝Π(ݏ +  ,(ݔ)∝(1

which is the modified Riesz–Laguerre transform restricted to the local region R0 ,  
is of weak type (1,1) with respect to the measure ߤ∝ 
Proof: The proof of this result follows the same steps like the proof of the weak-type 
boundedness on the local zone of the first order Riesz–Laguerre transforms done in(3,8) .For 
the former we have the Calderon–Zygmund-type estimates for the kernel K୫ାଵ.  
 Lemma 7: There exists a constant C such that 

|ࣥାଵ(ݔ, ,ݔ)߮|(ݏ (ݏ ≤ ଶ(1|ݔ|2)ܥ −  ,(ାௗ|∝|)ି((ߠݏܿ
ห∇(௫,௫)൫ࣥାଵ(ݔ, ,ݔ)߮(ݏ ൯ห(ݏ ≤ ଶ(1|ݔ|2)ܥ −  (ାௗାଵ/ଶ|∝|)ି((ߠݏܿ

being ߮(ݔ, ,ݔ) a cut-off function defined in(2) and (ݏ (ݏ ∈ ܴ . 
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Proof. Sinceหݔ(√ݎ − )หݏ ≤ ିݍ
ଵ/ଶ(ݔݎଶ, ,ଶݔ   ,(ݏ

 
Then 

อෑ ܪ ቆ
ݎ√൫ݔ − ൯ݏ

√1 − ݎ
ቇ

ௗ

ୀଵ
อ ݁ିష൫௫మ ,௫మ,௦൯

ଵି  

 
 

≲  ቆ
ିݍ

ଵ/ଶ(ݔݎଶ , ଶݔ , (ݏ
1 − ݎ ቇ

/ଶ|ାଵ|

ୀ

݁ିష൫௫మ ,௫మ,௦൯
ଵି ≲ ݁

ିష൫௫మ,௫మ ,௦൯
ଶ(ଵି) ≲ ݁ି

ష൫௫మ ,௫మ ,௦൯
ଵି  

 
where last inequality follows from this one: 

,ଶݔݎ)ିݍ ,ଶݔ (ݏ ≥ ଶ(1|ݔ|2) − ଵ((ߠݏܿ ଶ⁄ − ൫1ܥ2 −   ଵ/ଶ൯ݎ
when (ݔ, (ݏ ∈ ܴ  in(5).Thus on ܴ  
 

|ࣥାଵ(ݔ, ,ݔ)߮|(ݏ (ݏ ≲ න ൫√ݎ൯
|ାଵ|ିଵ ൬−

݈݃ ݎ
1 − ൰ݎ

|ାଵ|ିଶ
ଶ ݁ି

ష൫௫మ,௫మ,௦൯
ଵି

(1 − ାௗାଵ|∝|(ݎ ݎ݀
ଵ

ଵ ଶ⁄
 

 
 

≲ න ൫√ݎ൯
|ାଵ|ିଶ(− ݈݃ (ݎ

|ାଵ|ିଶ
ଶ ݎ݀ +

ଵ/ଶ


න

݁ି
ష൫௫మ,௫మ,௦൯

ଵି

(1 − ାௗାଵ|∝|(ݎ

ଵ

ଵ ଶ⁄
 ݎ݀

 
                 ≲ 1 + ଶ(1|ݔ|2) −  .(ାௗ|∝|)ି((ߠݏܿ
In computing the gradient of the kernel with respect to x we are going to have integrals such 
as ࣥାଵ(ݔ, ௫ೕ߲(ݏ

,ݔ)  ,(ݏ
 
 

න ൫√ݎ൯
|ାଵ|ିଵ

൬−
log ݎ
1 − ݎ

൰

|ାଵ|ିଶ
ଶଵ


ෑ ܪ ቆ

ݎ√)ݔ − (ݏ
√1 − ݎ

ቇ ×
ஷ

ିଵܪ ቆ
ݎ√)ݔ − (ݏ

√1 − ݎ
ቇ ݁ି

ష൫௫మ,௫మ,௦൯
ଵି

(1 − ାௗାଷ/ଶ|∝|(ݎ  ,ݎ݀

 

The gradient with respect to x is treated similarly. 
For the latter we have the following Theorem regarding the ܮ݀ߤ∝ -boundedness for 1 <  <
∞ of the modified Riesz–Laguerre transform of any order on G. 
 
Theorem 8: The operator 

ℛ
ାଵ݂(ݔ) = ∫ ∫ ,ݔ)ீ߯ ,ݔ)ାଵࣥ(ݏ (ݏ

[ିଵ,ଵ]ோశ
 Π∝(ݏ)݀(ݔ)∝ߤ݀(ݔ)݂ݏ 
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Proof : 
The proof of this result in (1)is an adaptation to our context of the same result for the 
higher order Riesz–Gauss transforms done in(5) .Taking into account that on G, 
 qା(xଶ, s) qି(xଶ, s) ≥ ܿ when ܿߠݏ ≥ 0,an upper bound for|ࣥାଵ(ݔ,  is |(ݏ
෩ࣥ෩ ାଵ(ݔ, (ݏ

= ቐ     (2|ݔ|ଶ)
|ାଵ|ିଶ

ଶ ݁ି|௫|మ                                                                          if cos ߠ < 0               

ଶ(1|ݔ|2) + ଶ|ݔ|ఈ|ାௗ(2|((ߠݏܿ sin (ߠ
|ାଵ|ିଵ

ଶ  ݁ି|௫|మ௦ఏ             if cos ߠ ≥ 0            
� 

Thus 

න ቤන ࣥାଵ(ݔ, (ݔ)∝ߤ݀(ݔ)݂ݏ݀(ݏ)∝Π(ݏ
ீ∩{௦ఏழ}

ቤ


∝ߤ݀
ோశ


 

       

≲ න ቆන ෩ࣥ෩ ାଵ(ݔ, (ݔ)∝ߤ݀|(ݔ)݂|ݏ݀(ݏ)∝Π(ݏ
ீ∩{௦ఏழ}

ቇ


 ∝ߤ݀
ோశ


 

≲ න ቆන (ଶ|ݔ|2)
ᇲ(|ାଵ|ିଶ)

ଶ
ோశ


∝ቇߤ݀

ିଵ

ோశ


.(ௗఓ∝)‖݂‖(ݔ)∝ߤ݀
  

 
For the region ܩ ∩ ߠݏܿ} ≥ 0} we are going to use the following estimates: 

ଶݔ2 ≤ ାݍ ≤ ,ଶ|ݔ2| ିݍ ≥ 0, (ିݍାݍ)
ଵ
ଶ ≥ 0, 

 
0 ≤ ฬ

1


−
1
2

ฬ ߠ݊݅ݏଶ|ݔ| < ,   ߠ݊݅ݏଶ|ݔ|   ݁ܿ݊݅ݏ > 1, 

න ቤන ࣥାଵ(ݔ, (ݔ)∝ߤ݀(ݔ)݂ݏ݀(ݏ)∝Π(ݏ
ீ∩{௦ఏழ}

ቤ


ோశ


 ∝ߤ݀

 

≲ න ቆන ෩ࣥ෩ ାଵ(ݔ, (ݔ)∝ߤ݀|(ݔ)݂|ݏ݀(ݏ)∝Π(ݏ
ீ∩{௦ఏழ}

ቇ


 ∝ߤ݀
ோశ


 

≲ න ቆන |2x|ଶ(|∝|ାୢ)(2|ݔ|ଶ sin (ߠ
(ାଵ)ିଵ

ଶ eିଶ|௫|మ௦ఏ
ଶ Π∝(ݏ)݀ݏ

ீ∩{௦ఏழ}ோశ


× ௫|మ|ି݁|(ݔ)݂|

 ቇ(ݔ)∝ߤ݀


  (ݔ)∝ߤ݀

≲ ∫ ቆ∫ |2x|ଶ(|∝|ାୢ)(2|ݔ|ଶ sin (ߠ
(శభ)షభ

మ eି ቀభ
మିቚభ

ିభ
మቚቁ|௫|మ௦ఏ Π∝(ݏ)݀ݏ × మ|ೣ|ି݁|(ݔ)݂|

 (ݔ)∝ߤ݀
ீ∩{௦ఏழ} ቇ



ோశ (ݔ)∝ߤ݀
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|

≲

∫ ቆ∫ |2x|ଶ(|∝|ାୢ)(2|ݔ|ଶ sin (ߠ
(శభ)షభ

మ eିୡ|௫|మ௦ఏΠ∝(ݏ)݀ݏ ×ீ∩{௦ఏழ}ோశ


మ|ೣ|ି݁|(ݔ)݂|

 ൰(ݔ)∝ߤ݀


  (ݔ)∝ߤ݀
To finish the proof we just need to check that the kernel 

,ݔ)ܪ :(ݏ = ଶ(|∝|ାୢ)݁ିଶ|௫|మ௦ఏ߯ॄ| ݔ2 | ∩ ߠݏܿ} ≥ 0} 

ॄ ݎ݂ = ൜(ݔ, ିݍ :(ݏ
ଵ
ଶ(ݔଶ, (ݏ ≥

ܿ
1 + ൠ|ݔ|2 ݉)ଵ൫݀ܮ݊݅ ݏ݅ +   ൯(ݔ)∝(1

and independently  of the remaining variables. Due to the symmetry of the kernel we are 
going to check only the first Claim given in(1)

. 

   ∫ ,ݔ)ܪ ݉)݀(ݏ + (ݔ)∝(1 ≲ோశ
  

                                           ∫ ଶ(|∝|ାୢ)݁ି|௫|൫ଶ|௫|మ(ଵି௦ఏ)൯భ| ݔ | మ⁄
݀(݉ + ஸଵ(ݔ)∝(1  

                                         + ∫ ݉)݀ଶ(|∝|ାୢ)݁ି̃(ଶ|௫|)| ݔ |2 + வଵ(ݔ)∝(1 . 
It is clear that the second integral is bounded independently of x and s , for the first one see 
(13) for any x. 
It is known that the first order Riesz-Laguerre transforms are weak-type (1,1). 
Furthermore, we also know from that the Riesz–Laguerre transforms of order higher than 
2 need not be weak-type (1,1) with respect to ߤఈ  . However, we can prove the following 
result that has to do with certain kind of weights we can add on the domain of these 
transforms to make them satisfy a weak-type inequality. 
In particular, in order to exploiting the well-known relationship with the Ornstein-

Uhlenbeck context, we introduce the “modified” Riesz-Laguerre transforms related to 
the “modified” Laguerre measure(1) . 
 Let us mention that in the Gaussian context something quite similar occur with the 
higher order Riesz-Gauss transforms. Perez proved that for 

 |݉ + 1| > 2, the Riesz-Gauss transforms of order |݉ + 1| associated to the 
Ornstein-Uhlenbeck semigroup, mapܮଵ൫(1 +   ൯ continuously intoߛ݀(ାଵ|ିଶ||ݔ|

 
(ݔ)ߛ݀ with, (ߛ݀)ଵ,ஶܮ = ݁ି|௫|మ݀ݔ . 
Regarding the weights for the Riesz– Laguerre transforms of order higher than 2 ,then(1) 
proved the following  
Theorem 9: The Riesz–Laguerre transforms of order |݉ + 1| with 
 |݉ + 1| > 2, map  ܮଵ(ߤ݀ݓఈ) continuously into ܮଵ,ஶ(݀ߤఈ). where  

(ݔ)ݓ = ቀ1 + ඥ|ݔ|ቁ
|ାଵ|ିଶ

 
Proof: As we mention in the preliminaries to prove this theorem is equivalent to prove 
this Theorem is equivalent to prove that the modified Riesz–Laguerre transforms of 
order higher than 2 map ܮଵ(ݓఌ݀ߤ∝) continuously into ܮଵ,ஶ(݀ߤ∝)  
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0

1

 
,with ݓ(ݔ) = (1 + ାܴ߳ݔ ାଵ|ିଶ.For each|(|ݔ|

ௗ  Let us write 

ܴା
ௗ × [−1,1]ௗ = ራ ܴ .

ସ

ୀ

 

Therefore, in order to get the result, it will be enough to prove that each of the 
following operators 
 

ܶ
ାଵ݂(ݔ) = න න ߯ோ

,ݔ) ,ݔ)ାଵࣥ(ݏ (ݏ
[ିଵ,ଵ]ோశ


Π∝(ݏ)݀(ݔ)∝ߤ݀(ݔ)݂ݏ, 

For 
 ݅ = 0, . . ,4  maps ܮଵ(ݓఌ݀ߤ∝)  continuously into ܮଵ,ஶ(݀ߤ∝) 

Observe that for all ݉ + 1 the operator ܶ
ାଵis weak-type (1,1)with 

respect to  ߤ∝ .On the other hand, for the ‘global parts’: R1 , R2 , R3 , and R4 , we have the 
following estimate for the kernel ࣥାଵ 

 
 
 

 |ࣥାଵ(ݔ, |(ݏ ≲ 

ቐ   (2|ݔ|ଶ)
|ାଵ|ିଶ

ଶ ,ݔ)∗ࣥ if                                                               ,(ݏ  cos ߠ < 0,

ଶ|ݔ|2) sin ( ߠ
|ାଵ|ିଶ

ଶ ,ݔ)∗ࣥ cos                                                    , (ݏ ߠ ≥ 0
� 

 
If (ݔ, (ݏ ∈ ܴ , |݇ାଵ(ݔ, 1)ܥ is controlled by  |(ݏ +  ାଵ|ିଶ ݁ି|௫|మand there for it  is|({|ݔ|}
immediate to prove that  ଵܶ

ାଵ maps ܮଵ(ݓఌ݀ߤ∝) into ܮଵ(݀ߤ∝).   
Now if (ݔ, (ݏ ∈ ܴ     , with  ݅ = 2,3,4, we Claim that 

|ࣥାଵ(ݔ, |(ݏ ≲ ,ݔ)∗ࣥ(ݔ)ݓ  (ݏ
If  (ݔ, (ݏ ∈ ܴଶ  since 

ାݍ ≤ ଶ(|ݔ|2) ≲  ,ଶ|ݔ|
 
 

then 

|ࣥାଵ(ݔ, |(ݏ ≲ ଶ|ݔ|2) sin ( ߠ
|శభ|షమ

మ ݁ି൫|௫|ర(ଵି௦ఏ)൯భ మ⁄
   

 

≲ ൫|௫|ర(ଵି௦ఏ)൯భି݁(ݔ)ݓ మ⁄
. 

Also 
ିݍାݍ        =  .ߠଶ݊݅ݏସ|ݔ|4
Thus 
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|ࣥାଵ(ݔ, |(ݏ ≲ ଶ|ݔ|2) sin (ߠ
|ାଵ|ିଶ

ଶ ,ݔ)∗ࣥ (ݏ ≲ (ݔ)ݓ ,ݔ)∗ࣥ  .(ݏ
and this concludes the proof of the Theorem. 

It should be noted that there is another proof of Theorem 9 for multi-indices of half-
integer type by taking f୵ as the function f in(2,6) . 

Now we give a sharp estimate for w that is 
Corollary10:The Riesz–Laguerre transforms of order |݉ + 1| with 

 |݉ + 1| > 2, map  ܮଵ(ߤ݀ݓఈ) continuously into ܮଵ,ஶ(݀ߤఈ). where 
 

|∝| =
8݊(1 − ݀) − 1 − (2݁ଶ − 1)ଶ

8݊  
 
and 

  

(ݔ)ݓ ≤ ቀ1 + ඥ|ܥ|ቁ
|ାଵ|ିଶ

=  ାଵ|ିଶ|ܭ
 
 
Proof: From Theorem 9 and Remark 5: We can directly see that 

(ݔ)ݓ = ቀ1 + ඥ|ݔ|ቁ
|ାଵ|ିଶ

 

             ≤ ቀ1 + ඥ|ܥ|ቁ
|ାଵ|ିଶ

 

                                                        ≤ ݉ ାଵ|ିଶ  ,where|ܭ ≥ 2. 

Theorem 11: The weight w is the optimal polynomial weight needed to get the weak 
type (1,1) inequality for the Riesz– Laguerre transforms of order |m + 1|.  
Proof: This proof follows essentially in(8) .With the notation of that Theorem(1)  one takes 
ߟ ∈ ℝା

ௗ  with |ߟ| sufficiently large, away from the axis and obtains the following lower 
bound for ࣥାଵ(ݔ,  (ߟ

 

ࣥାଵ(ݔ, (ߟ =
ܥ                      ∫ ࣥାଵ(ݔ, ,ߟ ݏ݀(ݏ)∝Π(ݏ ≥ [ଵ,ଵି]ܥ  ାଵ|ିଶ|∝|ିௗିଵ݁కమି|ఎ|మ.   (18)||ߟ|

 

For ܬ߳ݔ = ቄߦ ఎ
|ఎ| + :ݒ ݒ ⊥ .ߟ |ݒ| < 1, ଵ

ଶ
|ߟ| < ߦ < ଷ

ଶ
 ቅ|ߟ|
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Now if we assume that the Riesz–Laguerre transforms of order 

 | ݉ + 1| > 2  map ܮଵ(ݓఌ݀ߤ∝) continuously into ܮଵ,ஶ(݀ߤ∝) with 

ఌݓ  = (1 + ఌ(|ݔ|  and  0 < ߝ < | ݉ + 1| − 2 then by taking ݂ ≥ 0 in ܮଵ(ݓఌ݀ߤ∝) close to 
an approximation of a point mass at η, with 

 ‖݂‖భ(௪ഄௗఓ∝) = 1 we have that ℛ∝
 ାଵ݂(ݔ)  is close to  ݁|ఎ|మࣥ  ାଵ(ݔ, ఌି|ߟ|(ߟ   and by 

applying inequality (18) we get that 
݁|݊|݇ ାଵ(ݔ, ఢି|ߟ|(ߟ  ≥ |ାଵ|ିଶ|ఈ|ିௗିଵିఢ݁ି(| ||ߟ|

మ )మ
.Therefore setting 

ߣ     = ାଵ|ିଶ|ఈ|ିௗିଵିఢ݁ି൬ ||ߟ|
||
ଶ ൰

మ

 

 we obtain 

           ݁ି(|ആ|
మ )మ

ଶ|ఈ|ାௗିଵ|ߟ| ≲  (ܬ)ఈߤ

                                             ≤ ݔఈ൛ߤ ∈ ܴା
ௗ : ܴఈ

 ାଵ݂(ݔ) >  ൟߣ

                                         ≲ ଵ
ఒ

= |ଶ|ఈ|ାௗି| ାଵ|ାଵାఢ݁ି(|ആ|ߟ|ܥ
మ )మ

. 

Hence |ߟ|| ାଵ|ିଶିఢ must be bounded which is a contradiction. Therefore the conclusion 
of Theorem (11) holds. 
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