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ABSTRACT

In this paper, the solution of the fractional differential equation x(D;." y)(x) = A(€ 794 Y(y)

a,B,pw,0*

with the initial condition (1;\™™ y)(0,) = ¢, was investigated, based on the Hilfer's fractional

derivative.
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INTRODUCTION

Mittag-Leffler function has been studied in
the early 1900s"™, its importance is realized
during the last two decades due to its
involvement in  problems of physics,
chemistry and applied science. Further
properties of generalization of Mittag-
Leffler function associated with fractional
calculus operators have been studied ),
Kilbas made relevant references to analytical
solution of initial and boundary value
problems  associated  with  fractional
differential equationsm, one of them is
Cauchy type problem

D YW=AE, )W+f() (M)

with the initial condition (D*™*y)(0,)=b, .

The homogeneous differential equation
corresponding to (1) when f(x)=0 is a
generalization of a certain first-order
Volterra-type integral differential equation
govering the unsaturated behavior of free
electron laser Y.
Hence by using Laplace transform
method (9), an explicit solution on L(0,0) of
a more complicated fractional differential
equation than (1) can be given which
contains the generalized Riemann-Liouville
fractional derivative operator, (10-13)
D'f@=D|D"fx| wr>0  v=m-p>0
The following definitions were used in this
study,
Definition (1):-

(i)- Hilfer's fractional derivative

defined as:
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. v A (i We need the theorem proved by !®
0o =1 LE 00 eorem (o
and its Laplace transformation © is In the space L(0,c) if the fractional
given by differential equation is considered

(D y)x) = AUely? )+ f(x)
L(D" 9)(s) = s"Lip(x)J(s) = 5™ (1(()1_”(1 D)0, 0 < u < 1,0<v<1, y,a,B8,weC,
with min {Re(«),Re(f),Re(y),Re(d)} >0
and p,q >0, and with initial condition
I7"9)(0,)=c, then we have the

(13,14) -

(ii)- An integral operator is defined as

€% o) = = Bl [wie—n Jptoyr

solution
u—v(l-u)-1
+u g, a
(iii)- First order differential equation ">~ '” y(x)=c m + A? E} st (WXT)
y + p(x)y = O(x) has the solution
1 g O
-[ pexyax p(x)dx +=| (x—0)"" o@t)dt 3
y(x)=e J {cz +I Q(x)ej dx} W.[o( ) o) 3
Proof:-

Using Definition (1) (i) and (i1), also making
use of (iv) we can get

ooy A% 32{(7@@07(1,1) ,x} LDE () = LE  Hkw+Lif (o)

(iv)- Laplace transformation is given by :©)

ap.p - a.B,p.w,0"
y Ba00) s Hence
(V)(7 1?210%0 another Laplace transformation s“L(y) - sv(l_“)(Iéi_”)“_“)(y))(m):
is given by

ﬂL[ [ =t ELG (- t)“dt} + L(f (%))

L‘ (/" EZZH W) ]dt - @qnw 1 According to Laplace convolution theorem
y P s” J),(a+f)s *Pand by applying the initial condition we

have

u v(l—u) S 7.9
(vi)- The two —parameter function of Mittag- s ¥(s)—cs Zl{x Eup p(wx”](s)+b(l)(s)+F(s)

Leffler ™ is defined by

A7) 11
E,;(2)= Z a>0 f>0 = T {(%q),(ﬁ,a),(,) ;%P+F(s)
jak+ )y (B,a),(3, p) s s

.. : : Lo (193)

g:fli)r;e(jezserahzed Mittag-leffler function _ ]s—/f—lﬁ (7.q).(L]) ], )
= Dt 2R R CYO NS |

ErS0 (=3 V)%

@hr =) (am+ B) () o Divided the above equation by s we get
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ﬂs_ﬂ_u_l 500 n 1+ u—v(l-u) "
Y(s)qsﬂ**“%y Ym0 w s HS). y(x)=c +(A+DEL,, , (wx®).
r & G s (u—v(1-u))
Taking Laplace inverse of both sides of the
last equation, we get Proof:- P,
Putting f(x)=x"E};L . (wx®) in (3) we
s, AOGTHan)( ) 1+n) %ﬁ% Prutlp
Y =cIls" ]( W et
u—-v(l-u)-1
( P’) y()c)zcx—+/1xﬁ+ Ei;fﬂ (wx *)
;M -V + uv r
A 1
1 x u-1 ﬂ 7.0.q a
— fx + = | (x=0)""tPE]! , (wt “)dt.
ﬁ[ f( ) u .[0 B
But
where 1 ox
- — |, (x =0 EDR (e ydt =
sTUF (s) =L XT fix) | Ju
u
-1 1 * u—1 ﬂ 7,0.q 71
Again  applying Laplace convolution L f _[0 (x —1) E. g, (wt 7)dt
theorem, we get “
u—v(l-u)
Y =+ APTEL (90 C o 2L LG E S exyy(s)
iu —v+uy W a.f+1,p
1 ¢x
+=[ (=0 o,
ﬁ 0 From Definition (1) (iv) we get
which gives the solution. BN w1 B 7.5 p
Remank (3 7 jo(x D" PESS (wi)dr
If we put f(1)=t"EL%4 (wt®) in (2) we

get the following particular case of (3)
which is stated in the next lemma.

Lemma (4):

Under the same conditions of theorem (2),
the following fractional differential equation

)(x)+xPELGE  (wx®),

(Dy" y)(x) = AL

0+ w,0"

with the initial condition (/7™ ¢@)=c

has the solution

9

(B+D.(4.p) s

{1 ? . {(quwﬂ,a),a,n _ﬁ}}@
4

)7+ qn) )1+ n)
n‘>(5+ pn )

=L ;nzo(wj"siél)ﬁ | (x)(4)

S(l

_ S (7)‘1” ny-1 —an-pf-u-1
= Z ) w"L {s }(x)

n=0 pn
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— i (7)qn w" S((M+ﬁ+u+1)

B +u Y .,0 ,q o
Ea ﬁ+u+1p(wx )7

by applying Laplace's convolution theorem.

Hence the solution is given by
u—-—v(l—u)-1

= X

y(x) =c u
Ju = v (1l - u)
(A + 1)YE 758 0, (wx “)(5)
RESULTS
Now we give our main results
Theorem (5):

Under the same conditions of Theorem (2),
the following fractional differential equation

x(D ;.7 y)x) =

Y.0 .q
Al x) (6)
with the initial condition

(U7 y)(0,)=¢, has the following

solution
u—1 u—v(l-u)-1

y(x)=c T o +
) —v-u)
%j (N x—0)ELSS wiw=ndt (7)
u
where ¢,,c, are constants.

Proof:
We will use the same procedures as in
Theorem (2) in addition, we can use

=Lyl ®)
Now take the Laplace transform for both
sides of eqn. (6)

LIx(DY y)(s) = ALLE]S"  1(s) .

Now using (8) with n =1 we get

L [L(D "wks) = nLfps yks)

From definition (1) (i) and theorem (2), we

have
-B-1 5
%3 v,

9 [s”Y(s) - cls”“_”)]: -1
ds

{(%q), (B, ), (1) .K}
(0,p), (B, a) g
s"Y'(s) —us" 'Y (s) — eyl —u)s" 07+

ls‘”“ﬁz 1{(7,@,(1,1) _ w}: .

3 w

(57 p) ’ sZ
Dividing the above equation by s“ , yields
Y'(s)— %y (8) —cp(l—u)s™ ™0 4

s

e W[(m,(u) l}: .
Jr L@ s

Which is a first order ordinary differential

equation then, the solution of (9) is

—exd—[ %
Y(s)-ex;{ j Sdij
| clv(l—u)sv(l“‘)‘”_l—
H [ s WY {(m) iR ,K}
)y
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:s*[cz +[clj Wl—u)s" ™ = TT {(7/(?;’1) SVZDJS}

_ v(l—u)
c, + ¢ v =u)s -A
v(l—u) W

= )7 +qn) )A+n) (Y
P2 )3 + pn) ( j .

s

}“i D" 577

=s"c,+cs"" —
= (0),, —(an+[f)

siﬁ*lﬁ_

— l:c §V (-0 Z’Z ((gqn nJ' swzﬂlds:|

|

_ e A (D" 1
:CZS u +Clst(1 u)—u +_uz q o
5" 120 (0) ,,(an+ ) s

Taking the Laplace inverse of the last

equation, gives
u-1 xu—v(l—u)—l

y(x)=c, al +c, +
Ju ) =v(d-u)

L—l ii (7/)qnw
s ~ (5)pn (a’n+,6)sa"+ﬁ

Now using Definition (1) (v), we can get the

required solution
u—1 xu—v(l—u)—l

y(x)=rc, W +c, )(u—v(l—u)) +

A x u-1 B-1 .5, a
ﬁjoz (x=0PESY w(x-0)"dt
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