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ABSTRACT: We give an L - operator norm estimate of diffusion contraction

Semigroups(R) onR? (d = 2)with corresponding diffusion kernelsp, (x.y)

t20
associated with uniformly elliptic operators witheasurable coefficients and limitting

Markov transition semigrou@fon the state spacEs.
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INTRODUCTION

This paper follows the work of Zhen- Qing We state the needed statement of results
Chen, et al @ in which they proved the for the matter of convenience. Let
minimal fundamental solution to the heat | _ 0.(A0) and C :D.(AD) be two

. ] d
tion |- — A =0 12} . - .
equatio (Es )“ on® uniformly elliptic operators of divergence

form on R4 with measurable coefficients.

with the Gaussian kernel
Let A =1 be a constant such that

H(t,x,y)=(4t)te = AN, SA(-)Z(a,-,- ('))S/“dxd
which describes the heat propagation in A7y SA(.):(éﬂ (.))S/lldxd

; , . L
the spacer® (d = 2). LetP =e* and P =e" be the diffusion
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semi groups ol and L , respectively. It

is well known thatP  and P, have
kernelR (x,y) ad R(x,y)with
respect to the Lebesgue measure, called
diffusion kernel€® Furthermore, by
Aronson's inequality and Nash's Holder
estimate for diffusion kernels, there are
constants

¢ =¢,(d,A)>1 ad wv=u(d,A)0(0)

such that

density

2
d _Ix-vl

R(x.,y)sct Zexp

Iy} -Rhsy st )

for all
t >0 and (x.v). (xy.y,) € R? x R®

(1)

The Authors in their papel established
a quantitative upper bound estimate for:

R(xy) =R (xy)| aswellagp, ~R|

For I< P<oo,

L2 -
between A and A defined below. Let

in terms of the local distance

Z° Dbe the integer lattice iR?, and for

each kOz® let
D, ={xeR%:|x — k| < 2/d]

For q=1 define the locdl®> - norm
distance between two matrices
A and A by

57

=sup
kOzd

A +(D)

d ~
> la -4
i1j=1

q
LLoc

Note thatA and A are bounded, and
therefore the topologies induced by

|aA-A[ , and |A-A| . are equivalent

q 2
L Loc L Loc

foranyl<qg <.
RESULTS:

Theorem1: Let A(.) be pB-Holder

continuous in |/ .Then there are

finite constants
,c=c(d,AP.B)

positive
a=a(P,A,5d)
and Markov transition semi grOL@th on

the state space R such that for ang -
Hdélder continuoud inL”

h 1 1 ¥
H Q' -Rf | s B(LOQJ (40t [.) o<t <2
) (2
forx > 0,define
L ogx = ma{-L og ,9.

Theorem 2: Suppose thaD is a bounded

C'—smooth domain iEd, then there is a
constantq, =q,(D,4)>1 such that for

g>g, and a=2 there is a constant
c(a)=c(D,A,q,0)>1 so that

—d+%} —

+d
o
i) =1 qu(D)

a
a
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when 1<a<2, by duality we have
P-p,=lP.-P,

is the conjugate number far.

, Where a'>2

a

Theorem3: There are  constants
C,=C4(d,A)>1 and qg,=q,(d,1)>1

such that for any >q, and a=2 ,
there is a constant, =c,(d,A,q)>0such
that

! < Cﬁ_{é}mf _{d%l}r% A —AH 2

a

R-P
©)

whenl< a < 2, by duality we have

Loc

”R _|5t“a :“R ‘é“ay- where a'>2 is

the conjugate number f@.

The right hand side of3) is not a good

estimate for Larget raised by Zhen-
Quindg”, Fuku Shim& and Hassdf
however we have:

Theorem 4: If P and P, are contractions
in L (RY) then for eacha>1 and

n=1 we have
Py ~Poess | S (n+2)p, = 5|

Pr oof: inductively we  have
P o], TP e AR R H{R AR,

R(n+l) _ I:;t(n+1)

PntPt - |5nt|5t“a =

a

58

<(n +1)HPt —I5IHH.

Which can be used to get upper bounds
for large t We can seﬂR —I5t||s 27which

leads to that.

where

s =C4(d,A,0,a)>0 and c,=cs(d A g)>Q
Theorem 5: There is
c=c(d,A)>0 such that

a constant

(4

d i L
XVE I?Rd |pt[x’ }’J _ﬁt[xl :}’)l <ct zllpt - pt" <tz )

forall t>0.

Proof: Note that

(PtIBx(r) ) IBy(r))_(Ptle(r)’IBy(r))‘

((pt - f)t)l Esx(r)’I Bx(r))|

1
D(r)2|

wd'

However, by(1),
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This proves theorem 5 after choosmgo
that

t_(d%uj re

= IR -Rl,=-%  thais,

1
r<t2
Now we prove the following estimafe:

Theorem 6: There is
c=c(d,A)>0, P ad PR are

in I (R) for each a =1 such that

d

Be (o7}l < cot s

XVE Y

Pr oof:

|pr (xr }rj

Since P and similarly P are

>1 we have

) 17}
contractions, set =

d+u

d

¢ |p(xy)-pu(xy) <c,t = fort>0and o=1

Eup
X,VE !

Combining theorem 5, with

lp, (x, %) = B, (x, ¥)| < min {clt e - f_-‘flz ,C,t u}
for t=D
min{aOb}<vab for any ab20 we
get that there is a constant:

, @ >1.Using the fact that

=c(d,1)>0

such that :

a constant
contractions

59

P{xy)-Blxy) < )e, v 1,(t) (o)

Afractional polynomial, where

fort =0 and o= 1,
1

To prove the required result we now let

Q " be the semi group associate with

Theorem 7: Let A be p-Holder

continuous inL® _then there are positive

finite constantsy, ,c and a Markov

transition semigroup:Qth andQ, on the

state space RZ such that for any
function f

t
“fo -Qf Q.f-LQf H ds
h,e

sjf“
0

Theorem 8: Suppose that A and B
satisfy (1) let Qand Q be constructed as
above. Assume that the functioh has
bounded derivative up to third order. Then
there are constar@gc<wo and 0<py<o

independent oh,a and f such that:

Derolws '-&'1 ‘Qf xj Qf I)| < che*e |If||
Now we prove our main result and f|nd a
sharp estimate for the bound.

Theorem 9. let AbepB- Holder

continuous in|_ foc then there are positive

finite constants y,,c and a Markov

transition semi groupQ" and Q, on the

state space R? such that for any
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functionf with bounded derivative

[Pef =Q.f [l . <chlf

Hw

For

O=<c=<=<c,0=<u,<wand h=h,
Proof: let Q" be a semi group associated
with  L".For the

convergence rate

of chf toward Q, we have (see eqn (1))

ot -au

t
stNQSf -LQ f H ds.
0 h o

Applying theorems 7 and 8 we have

™ @) - Q)| <chelfl, (4

0stglxe Ry
Hence

Hptf -Q/f Hh,w =

Pf -Qf +Qf -Qf

h,

<llp.f = Q" flly. +11Q"F = Ofl, - (5)
Theorem 1 shows that

Q' -Pf h‘ws[t_‘*(loghn If .. (6)

Similarly for a>1 (see the end of the
proof of Theorem 2),

_d
1Pt L [ct ] I 1,

Substituting equations (4) and (6) in (5)
2
whereh =h, =t 8, c, =e’ gives

Sl

[Rf —Qf [y <chlf |-
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