Journal of Science & T - D o g Ape
A NEW DERIVATION OF THE GENERALIZED FIELD
EQUATION WITH A SOURCE TERM

MUBARK DIRAR ABD ALLA' AND ALI EL-TAHIR SHARAF
ELDIN

ABSTRACT
A simple derivation of the gencralized ficld equation with a source term is
presented by restrnicting ourselves 1o a locally inertial frame. [t reduces to
Einstein’s ficld equation when the Lagrangian is linear Assuming the
metric (o be Minkowskian, simple solutions for the scalar curvature show
the existence of a short range field and the emission of gravitatonal waves
by objects which have strong fields
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INTRODUCTION

Emnstein's theory of General Relatvity (GR) i1s seen as one of the big
scientific achievements that have caused considerable changes in concepts
of space, ume and matter It gives a correct descnption of a number of
gravitational phenomena. which agrees with astrononuical observations to
a high degree of precision. In spite of these successes GR suffers from
noticcable set - backs.  For instance, the cosmological mode! based on it
suffers from certain cosmological problems ' In addivons, the nature of
some astrononucal exotica mcluding quasars and pulsars, where the strong
field 15 presumed to be predonunant, 1s difficult to be understood m tenms
of GR'™

Many attempts were made to go bevond GR ' Among these, the
generahized  Field Equanion (GFE). which 1s based on a more gencral form
of fourth order differential equanon, is the best candidate. This is due to
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the successes of higher order theories in making these problems
controllable {4357

In this paper a new simple denvation of the GFE with a source term 15
done by adopting a locallv inertial frame in section 2. The GFE reduces to
GR when the Lagrangian is linear. Considering the metric to be that of
flat space, simple solutions for the scalar curvature are obtained. These
solutions indicate existence of a short range field and the possibility of
emitting gravitanonal waves when the field is strong, 1e when the
Lagrangian consists of a quadratic term. These aspects are discussed in
sections 3 and 4 respectively.

1 THE GENERALIZED FIELD EQATION IN PRESENCE OF A
SOURCE

The GRE was first obtained by Lanczos ™ and alternatively derived by Al
El-Tahir™ In Ali ELtahir's approach the ficld equations are derived from
the principle of least action by taking the ficld variable to the metric tensor
guv. The action integral in this theory is invanant and dependsona
function representing the Lagrangian density and depending in the scalar
curvature R ™.

f=fx*8,..68,.6,8.)=Je L(R)

Where L is the general lagrangian density with -

A8y = %’i‘_

The action imtegral 1 1s given by -

I= jﬁxl-ﬂuv-alﬂm-aylsuv}d4‘

Confining ourselves to a locally inertial frame and subjecting this action to

vanation so that 81=0, and integrating by parts the following equation is
obtained

L o S i of a
Oye x| rgpy | x‘ox? | BBy muv )

The Lagrangian L can be written asa sum of two parts, the first one, L
representing the gravitational field and the second term,y, stands for

matter ficlds ncluding ordinary matter y, and vacuum energy density
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7+ By a suitable choice of y ,the GFE can be reduced to GR with a
source term.  For example let
| 1
Y =50 +PBe UV -S(+Ip+yy ==p+yy Q)
If confined to a locally inertial frame, the scalar curvature becomes
R = 8""8AY (813 85n = Op5 Bay ~OmiBs,, Osq Biy)
Therefore

R
CHP = Bt =0 (3)
CHore R =
0008
g™ g"[B5 858057 8576067 -858,8085 +5,6:5587 ]
=g g - g'eg, )

Using equations (2) and (3), the left-hand side of equation (1) gives

crf_cJ'L &g v a,fL aJ'+J.ar
aguv fEuv aﬁw E}Ew v

- Jf[%[g" L-T"=]-L'R* + %g"r,) )

with mdenoting matter By virtue of equation (3) the first term on the
right-hand side of equation (1) reads

o J_‘I ‘H,l 0 (6)
3,8,, ﬂ? ag"
By putting (4) in the second term on the right-hand side of equation (1)
one gcl!
a R 4
e R G g 57
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- By B 1= g0, o, R
= Jee" MR, L"+R ;R L]

= JE{S}WELT L gl-llgl'! xR.L‘.r L"+R .1R;y L")

- \EIL"(EWEMR;M ~8"" 2" R,R)

+L'"{EMEMR'.J.R;T -RY R? ) (7)

where the local mertial frame secures the replacement of the ordinary
derivative by the covariant onc and taking |/gand c*"* outside the
differential operator. The relation

Bwﬂ.u;v“clg

15 the invanant D Alembert operator. In view of equations (5), (6), and (7)
equation (1) 1s given by

L'"(g,.8 RR, -R,R,)+1"(g,0'R-R,,)
1 : (8)
E{TM-} -gpvrr} " u

which is the ordinary GFE with a source term

: 1
-L'R,, +—£g_,L-

1
If we consider ImwlagmanL=ﬂRmdmﬂ:B=m « Y =0,

equation (8) reduces to Einstein’s field equation

Ry =5 BioR = =876, ®

3 SHORT RANGE FIELD SOLUTION
Contracting the GFE (8) by g..wmhnwth:ﬁnldufamummhuh

like within the framework of the GFE vields.

L'R-2L-L'"R R“ 1 2
PR= 2 v
R E Y AL 5LH Tu;n] 3L T A (10)
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The model is differcnt from GR if the Lagrangian terms of higher order
arc added The simplest lagrangsan is the one whach consists of a quadratic
term beside the hinear term. 1 ¢

L=-aR’ +pR (n
The contracted equation thus becomes

o Po P3P Y

R=—— L . e (12
I 1 M s

The field of any solated star can be deseribed by a statie isofropic metnc
“" where the non-vanishing components are given by

-

8r =A(r), B = P B = r? sin’ @, 2y = =B(r) (13)

Then by using the relanonship (13) w (12) and neglecung the prossure,
one gets

Lard Accull W B g ey
= 1

In the case when R = R, = o constant, equahion (14) vields

ti4)

p 2
Rﬂ"‘ EB ﬁT\' (15)
This means that R feels the existence of both matter and vacuum, and one
can conssder matter and vacuum here as a frozen gravitanonal field. In
other words, the constant background gravitational ficld manifests itself in
the form of matter and vacuum
Equation (14) is very complex and highly non-lincar. but it can be
simplified by assuming the metnc to be flat ' .ie

A= 1B

Therefore in the region outside the source, equation ( 14) reduces to
2 g e

R+rR’&a‘R+.;a (16)

To solve equation (16), consider a solution of the form

C
RwT‘upc,HRo (17
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Putting cquation (1 7) in { 16) vields
2
€)€3 Pe ¥
'—r-mcp(“;r =R+ ;l' expCyr+ 3a

1 f;,ﬂ.. L i [L Ty
cl-th ‘R”"h . R 'HF & 3 (%)

where ¢ with the plus  sign s excluded by the  condition
R—>0as r—=Toovpress K m terms of the potential § one uses
quas: Minkowskian approximation " where

l‘t ﬂ'-!"‘ﬂmﬂmﬂ.."-{i"lﬂ

e
R-‘mlph.:lm!i“v_ B

2
R =876 +42G, (9
in view of equations (18) and (19) one gets
igeas) nxp—-‘fir (20)
8nG ba

This expression for the potential resembles the Yukawa potental and
therefore shows the exstence of a short range gravitational field ora
possible link between gravitational and strong nuclear force,

4 GRAVITATIONAL WAVES _

Consider the possibility of emitting gravitational waves by a certan source
mn empty space In free space. equation (12) becomes :

[FR= % R o 2n
Tddnq inte account the coordinate condition in empty space equation (21)
reads L) i

FonOhercdbi) s@n) B

{&:*a’,z‘*a‘:‘mzm’ak 22)
and one of the possible solutions 1s
R =R, sin(wt - k.r) 23)
which leads 1w

: '
P wnY figs: %2 »
k N st 2 et 1 pors (24)
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The non vamshing frequency mode shows the possibility of emitting
gravitational waves by a coran star where the strong ficld presumably
dominates via the contnbution of the quadratc Lagrangian From
equations (19) and (23) the potential 1s given by equation (2%)

R 1
¢ = El‘ﬁp —Ekttt“:sll‘lltﬂt-krj (25)
The travelling wave solution agrees with the recently observed decling in
the orbit period of binary pulsars which was assumed to occur becmuse
system emitted gravitational waves
5 Concluding Remarks
Equation (15) shows how the curvature of space indicates the existence of
matter  The fact that the GFE with a source term reduces 1o GR in a weak
field limit indicates that it shares with GR all its successes ' in this linit.
The solutions of the GFE differ from those of GR i many respects. First
of all the scalar curvature does not vamsh outside the source Secondly,
the expression for the potential shows the existence of a short range field
or presumably a possible link with strong nuclear force On the other hand,
the travelling wave solution 15 in conformity with the recently observed
decliming in orbit penod of the binary pulsars
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