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Abstract

In this research, the running of quarks masses and flavor mixing in five dimensional
standard models has been studied. The evolution properties of quark mass and flavor
mixing are performed for the one-loop renormalization group equations in the five
dimensional standard model. It is found that the five dimension model has a significant
effect on the running of the fermion masses, including both quark and lepton sectors. We
quantitatively discussed these quantities for R™1 = 1 TeV, 5 TeV and 13 TeV resulting in

similar behaviors for all values of the compactification radius.



Ganll (adla

z el Ayas) o3l sl Auylas 8 lS)) S0 4gis zhay S BLES (u)d Gl 18 b
4l oSl 4 g ABS BLES Cluny 4 o5 (Slad] Ased 3 A5V Clasnaall il
Aoyl o aas ol Sle¥) anyla 8 o pledll dc genall Joall 48lal) ¥ sles aladiuls J5Y)

Zres ABS (55 .l sy SIS i g yadll ABS BLES e 05 o)y adlu o233 aladY)
LSl o 3¢) 4:liia 3 2a5s R™H = 1 TeV, 5 TeV and 13 TeV @il vie &) Kl 4S5

LBUal sda die



Dedication

All praise to Allah today we fold the day tiredness and the errand summing up between the
cover of this humble work.
To the spring that never stops giving
To my mother.
To whom he strives to bless comfort and welfare and never-stints what he owns to push me
in the success way who taught me to promote life stairs wisely and patiently
To my dearest father God mercy.
To whose love flows in my veins and my heart
To my brothers and sisters.
To those who taught us letters of gold and teach us their knowledge simply

To my teachers.



Acknowledgements

I would like to express my appreciation to my supervisor Dr. Ammar Ibrahim Abdalgabar
who has cheerfully answered my queries, provided me with materials, checked my
examples ,assisted me in a myriad ways with the writing and helpfully commented on

earlier drafts of this project .
Also | am also very grateful to my friends, family for their good humor and support through

the production of this project.

Vi



Table of contents

Contents Page
Ayah I
Acknowledgment I
Abstract i
oasldll vV
Table of contents VI

Chapter I: Introduction

Topic number | Topic Page
(1-1) General Introduction 1
(1-2) The importance of the study 2
(1-3) The main objective of the research 3
Chapter I1: Introduction to standard model

Topic number | Topic Page
(2-1) The Introduction to Standard model (SM) 4
(2-2) Symmetry in the SM 5
(2-3) The Standard Model Lagrangian 5
(2-4) The Higgs mechanism 6-7
(2-5) Problem of the SM 8
2-7) Universal extra dimension 9
(2-8) The five dimension field KK decomposing 10
Chapter I11: Calculation of RGEs in extra dimension

Topic number | Topic Page

Vil




(3-1) Renormalization group equations gauge 12
couplings

(3-2) Renormalization group equation of Yukawa 14
couplings

(3-3) The beta function for the Yukawa coupling 18

Chapter 1V: Numerical results, discussions and conclusions

Topic number | Topic Page
(4-1) Numerical anlysis and Discussions 23
(4-2) Conclusion 30
(4-3) Recommendation 30
References 31

List of Figures

Figure 2.1. The Higgs potential with: the case
u? > 0; as function of |®|.

Figure 2.2. The Higgs potential with: the case
u? < 0; as function of |®|.

Figure 3.1. Feynman diagrams for self-gauge
couplings correction up to one-loop
level in SM

Figure 3.2. Diagrams contributing to Yukawa

coupling RGEs in five dimensional

models in the Landau gauge.

Vil




CHAPTER |

1-1 General Introduction

All known elementary particle physics phenomena are extremely well understood within
the Standard Model (SM) of elementary particles and their fundamental interactions
(Salam, 1968). The SM of particle physics is a theory that describes the interaction between
elementary particles (Guigg, 1983). It combines the Glashow-Weinberg-Salam theory of
electroweak interaction (that unified the weak and electromagnetic interactions), based on
SU(2), x U(1)ygroup (S.L.Glashow, 1961) and the strong interactions known as Quantum
Chromo dynamics (QCD), based on SU(3).group (Guigg, 1983).

The matter fields are fermions, have spin s = 1/2 and are classified into leptons and quarks.
The known leptons are: the electron, e, the muon u~, and the tau 7, with electric charge
Q= —1; and the corresponding neutrinos v,,v,,and v,with electric charge Q = 0.

The known quarks are consist of six different flavors u, d, ¢, s, t and b with fractional
electric charge Q = 2/3,-1/3, 2/3,-1/3, 2/3,—1/3 respectively (J.donoghue, 1994).

The SM gauge sector is composed of 12 gauge fields have spin s = 1, which mediate the
interactions between the matter fields; the photon (mediate the electromagnetic
interactions) being neutral, the three weak gauge bosons (charged W and neutral Z mediate
the weak interactions) which are the four gauge bosons of SU(2), x U(1)yand eight gluons
(g4;2=1, 2,...,8 mediate the strong interactions) which are the gauge bosons of SU(3)..
The Z boson in the Glashow-Salam-Weinberg model is a mixture of the neutral spin
SU(2),, and the hypercharge U(1), gauge fields, with the mixing parameterized by sin?8,,
The Z boson interacts with vector and axial-vector currents of matter (Veltman, 2003).

The Z -matter couplings, including the mixing angle, are affected by radiative corrections
so that high-precision analyses allow both tests at the quantum level and extrapolations to
new scales of virtual particles. Despite the success of the standard model. However, there
are some issues with the standard model; these issues suggest the extension of the standard

model to account for these unsolved problems (Falcone, 2002).



A theory of fermion masses and the associated mixing angles provide an interesting puzzle
and a likely suggested a window to physics beyond the Standard Model (SM), where one of
the main issues in particle physics is to understand the fermion mass hierarchy and mixings
(E.~Poppitz, 2001).

There have been many attempts to understand the fermion mass hierarchies and their
mixings by utilizing the technique of Renormalization Group Equations (RGEs) especially
for Universal Extra Dimension (UED) models and their possible extensions
(A.~Abdalgabar, 2013) (A.~S.~Cornell, 2010) (L.~-X.~Liu, 2010).

There are several versions of UED models, the simplest being the case of one flat extra
dimension compactified on an S, /Z, orbifold which has a size 1/R = 1 TeV. This
compactification will lead to a new particle states in the effective 4-dimensional (4D)
theory. As such, in the 4D effective theory there appears an infinite tower of massive
Kaluza-Klein (KK) states, with a mass contribution inversely proportional to the radius of
the extra-dimension (N.~Maru, 2010).

1-2 The importance of the study

There are many reasons to consider such models, primarily as they provide a way to
address the “hierarchy problem”, that is, the question of why there is huge gap between
Planck scale Mp; = 101° GeV and weak scale 246 GeV, but also to provide a means of
breaking the electroweak symmetry, the generation of fermion mass hierarchies, and in
studying the CKM matrix and new sources of CP violation. Furthermore, TeV scale grand
unification and sources of dark matter are also possible in these theories. To date much of
the interest in UED models has

been for its source of beyond the SM TeV-scale physics, largely arising from the tower of
KK states approximately degenerate in mass at the scale set by the inverse of the
compactification radius. KK parity and the 4D conservation of momentum imply that
contributions to SM particle masses occur only for interactions at loop level, and that the
lightest KK particle will be stable and a suitable dark matter candidate.

To date much of the interest in UED models has been for its source of beyond the SM TeV-
scale physics, largely arising from the tower of KK states approximately degenerate in

mass at the scale set by the inverse of the compactification radius. KK parity and the 4D
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conservation of momentum imply that contributions to SM particle masses occur only for
interactions at loop level, and that the lightest KK particle will be stable and a suitable dark

matter candidate.

1-3 The main objectives of the study

The main objective is to discuss and study the evolution of quark mass and flavor mixing in
extra dimension models at one loop level by using the techniques of renormalization group

equation.

1-4 QOutline of the Research

This research is structured as follow: In chapter Il we briefly introduced the standard model
of particle physics, which describe the interaction among the elementary particles. Chapter
I11 is devoted to calculation of the renormalization group equations in five dimensional

models. We present our numerical result, discussions and conclusions in chapter IV.



CHAPTER I

Introduction to the Standard Model and Beyond

(2-1)The Standard Model

After three decades of great cumulative theoretical and experimental effort, today it seems
to possess the theory of both strong and electroweak interactions. This is the so-called
Standard Model (J.donoghue, 1994), based on the invariance under the symmetry group
Gss =SU3)e XSUR), xU1)y (1.1)

More correctly phrased, it is based on the partial spontaneous symmetry breaking of G;.
The basic constituents of matter, the elementary fermions, i.e. the Quarks and leptons have
the following transformation properties under G, (for simplicity we concentrate only in the
first generation of Fermions) see table 1.1.

The SU(3) gauge group or colour group is the symmetry group of strong interactions.
The SU(2),®U(1)y is the gauge group of the unified weak and electromagnetic
interactions ‘where SU(2),is the weak isospin group, acting on left-handed fermions,

and U(1)y is the hypercharge group (Guigg, 1983).

(2-2) Symmetries in the Standard Model

1-Global symmetries:-

The continuous parameters of the transformation do not depend on the space-time
coordinates. Some examples are: SU(2) Isospin symmetry, SU(3) flavor symmetry, U(1)g

baryon symmetry, U(1),, lepton symmetry (L.F.Li, 1991).

2-Local (Gauge) symmetries:-
The continuous parameters of the transformation do depend on the space-time coordinates.
Some examples are: U(1).electromagnetic symmetry, SU(2); weak isospin symmetry,

U(1)yweak hypercharge symmetry, SU(3)ccolor symmetry (Guigg, 1983).



Table 1.1: The SM fields with their representations under SU(3).and SU(2)and their

charges under U(1)yand U(1)gy,Q is the electric charge and s is the spin of the field.

Field Notation SU(3). | SU2), U(l)y UDgu
o= () () () ()
P s by 3 2 | ue -1/3
Quarks Ur, Cr LR 3 1 |23
(s=1/2) dr, Sr, br 3 1 |3 213
1/3
_ (Ve Vu) Ve 1 2 172 0
b= (eL)’(.uL ’(T) (—1)
Leptons
(s=1/2) R MRy TR 1 1 1 -1
g 8 1 0 0
Gauge (s=1) | w3 wt 1 3 0 0,1
B 1 1 0 0
! (o)
Higgs (s=0) b 1 2 172 0

_<¢0 = S+ h+ig,)

)




(2-3) The Standard Model Lagrangian
The SM Lagrangian can be divided as:

LSM: LGauge + LFermions + LHiggs +LYukawa + LGauge.fixing +LGhost-
(2.1)

We shall now briefly introduce each sector of this Lagrangian

Lgauge =

GG Wik~ B, B &2

Lrermion = X f iv*D,f @3)

Luiggs =

(D, @) (DH®) — V(P) @4

Lyukawa =

Yl Pdy + Viaiouk + YiLidel +h.c (25)

LGauge fixing

= _lE(aHAu)Z (2.6)
22

Lghost =

Cp 0"D3PC, (2.7)

(2-4)The Higgs Mechanism

If mass terms for gauge bosons and for left/right-chiral fermions are introduced by hand,
they break the gauge invariance of the theory. So we need a mechanism to give masses to
these particles. This issue has been solved by means of the Higgs mechanism in which
masses are introduced into gauge theories in a consistent way. The solution of the problem
is achieved at the expense of a new fundamental degree of freedom, the Higgs field, which
is a scalar field.

This Scalar field is denoted by ¢ and has hyperchargeY, = 1 and can interact with each

other, the interaction between fermion fields and the Higgs field is of Yukawa type
(P.~W.~Higgs, 1964).



The Higgs doublet Lagrangian should contain a “spontaneous symmetry breaking”
potential, this will give the Higgs a vev and self-interactions, and kinetic terms which will
generate the gauge boson masses and interactions between the Higgs and the gauge bosons.
This scalar particle has been discovered by the ATLAS (al, 2012) and CMS (al, 2012)

experiments, which is compatible with the SM. Higgs expectations with a mass 126 GeV.

The Higgs potential is given by

V(®P) = —%uzqﬁcb —%(qﬁcb)z (2.9)

Which involves two new real parameters u and A we demand A > 0 for the potential to be
bounded; otherwise the potential is unbounded from below and there will be no stable
vacuum

state.

u Takes the following two values:

+ u%2 > 0 Then the vacuum corresponds to® = 0, the potential has a minimum at the origin
(see figure 2.2).

» u? < 0 Then the potential develops a non-zero Vacuum Expectation Value (VEV) and the

minimum is along a circle of radius \7—5 = % (see figure 2.1).



We set 1=0.129, m,=125 GeV and |-z| = (88.0 GeV)?
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Figure (2.1): The Higgs potential V (®) with, the case u? > 0; as function of |®| =
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We set A=0.129, m,=125 GeV and |-1| = —(88.0 GeV)?
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Figure (2.2): The Higgs potential V(&) with, the case u? < 0; as function of

@] = Joto
(2-5) Problem of standard model
Despite the success of the standard model. Below we list some of unsolved problem in the
standard model.
1- Cosmological consideration: The observed matter density of galaxies falls short of the
measured matter as measured by the rotation curves. It is theorized that the baryon matter

density

is~ 4%. The rest of the universe is made up of ~ 24% dark matter and ~ 72% dark energy.

In the last decade, the direct observation of gravitational lensing and observations in
galactic

Collision (in the *Bullet’ cluster) events have provided hard evidence for the existence of
Dark Matter (DM).The WMAP probe has measured the dark matter density to be between
(0.087 < DMh2 <0.138) at 3c range. SM neither provides any explanation for dark energy
nor does it have a suitable dark matter candidate (Collaboration], 2011).

300



2- Gauge Hierarchy problem:

The gauge Hierarchy problem is the question of why there is such a huge difference

between the electroweak scale Mgy, = 0(100) Gev and the Planck scale Mp; =

0(108)Gev . This is also known as the naturalness problem (L.F.Li, 1991).

3.-Gravity is not included: Gravity is not put on the same footing as other interactions in

the

SM.

4-Fermion mass: In particle physics one of the major issues is to explain the fermion mass

hierarchy and their mixings. The practical feature of the fermion mass spectrum gives us
m, K m; K my, my K mg Kmy, me<L<m Km;

where a completely satisfactory theory of fermion masses and the related problem of

mixing angles is certainly lacking at present. However, there has been considerable effort to

understand the hierarchies of these mixing angles and fermion masses in terms of the

renormalization group equations (RGE) (K.~S.~Babu, 1987).

(2-6)Universal Extra Dimensions

Whilst our universe seems to consist of four space-time dimensions, the possibility of
including extra spatial dimensions is an idea which dates back quite some time. In fact, as
early as the 1920’s Kaluza and Klein proposed the existence of an additional spatial
dimension compactified in such a way as to make it too small to have as yet been observed
(T.~Kaluza, 1921). There are several versions of this model, the simplest being the case of
one flat extra dimension compactified on an S, /Z, orbifold which has a size 1/R ~ 1 TeV.
This compactification lead to a tower of new particle states in the effective four
dimensional theory As such, in the four dimensional effective theory there appears an
infinite tower of massive KK states, with a mass contribution inversely proportional to the
radius of the extra-dimension (H.~-U.~Yee, 2003).

The Universal Extra Dimension (UED) model is an effective theory in four dimensions
with a cutoff A, with the consequence that the tree level spectrum is highly degenerate and

where loop corrections to masses become Important. The phenomenology of these UED
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models will arise when their flat extra dimensions allow all (or a subset) of the SM fields to
propagate in the full space-time. There are many reasons to study such models (see section
2.5 for more detail). In this section we will discuss the model building of five extra

dimensions in the universal extra dimensional model (N.~Maru, 2010)
(2-7) Decomposing the five dimensions Kaluza Klein fields

We study a generic model with one universal extra dimension called Universal Extra
Dimension (UED) model, where all the SM fields propagate universally in 5D space-time.
The space-time coordinate x,, (u= 1, 2, 3, 4) denotes the usual Minkowski space, and the
fifth extra spatial dimension coordinates xz = y is compactified on a circle (N.~Maru,
2010).

The Lagrangian for a scalar field @ is

Liggs = | dy (0, )' (04)
— V(D) (2.7)
To get the effective 4 dimension we integrate the fifth coordinate y and after Fourier
decomposition along the extra coordinates, the fields can be written as a sum of KK
modes.as
o

(Y)= = (P (x, ) +

V2 3% @, (x) cos%y (scalar field or higgs field) (2.8)

The Lagrangian for an Abelian gauge field (also for non-Abelian gauge symmetries at
quadratic level) is

Loauge =J dy(=} GitnGAMN =} Wiyw™MN — B BM)

Therefore each of the gauge fields has five components and decomposes into towers of 4D
spin-1 fields and one tower of real scalar belonging to the adjoint representation, and their

Fourier decomposition are

11



1
By = = (B

o n
+ \/EZ By (x) cos _y)
n=1 R

Bs(x,y)

/2 * . ny
= |z n=1B§‘ (x)smf

1
W,(x,y) = N (W,f’(x)

n
+2 z W, (x) cos%)
n=1

Ws(x;J’)

]2 N We (O)si ny
= |z < (x) sin 7
n=1

Gu(x ) = —(69()
u \/ﬁ 14

+ \/Eznzl e (X)COS? )

Gs(x;Y)

= 7R 5 (%) sin—
n=1

So the gauge field in 5D B, = (B, B5), W, = (W, ,W;),G,

= (G,, Gs) (2.16)
The Lagrangian for fermions read:
Lrermion = fdy Zfl/jiVMDMl/J

The decomposition of fermions can be written as

1
Qlx,y) = ﬁ(ﬂh(x)

+ \/Enz::l (Qf(x) cos %y + QR (x)sin %})

12

(2.9)

(2.10)

(2.11)

(2.13)

(2.14)

(2.15)

(2.17)



SU(2)quark doublet, Qf (x)is the kk left handed doublet Qg is the kk the right handed doublet

UG, = = (UG)

1
ViR
*® n n
+ \/EZ (U}{ (x) cos—y + U' (x)sin _y)> (2,18)
n=1 R R
SU(2)singlet ,up type quark

a(x,) = —— (o)

1
VTR
ny

+\/_zn ) d (x) cos—y+dL sm?)> (2.19)

SU(2) singlet down type quark

LG y) = = (L@

1
VTR

= +\/_Zn ) L} (x) cos— + L% sin %)) (2.20)

Lepton SU(2) doublet

e(x.y) =

L (e (x) +/23® (e”(x) cos =2 + el (x)sin ﬂ)) (2.21)
V7R R n=1 R R L R '
electron right handed SU(2) singlet.
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Chapter 111

(3-1)Renormalization group equation

This chapter shall discuss the RGEs and dimensional regularization method. Basically the
renormalization theory is implemented to remove all the divergences in loop integrals from
the physical measurable quantities. These loop diagrams are supposed to give finite results
to the physical quantities but they give infinities instead (L.F.Li, 1991). In order to
understand and study some of the issues in the SM listed in chapter 2, such as the mixing
angles and fermion masses hierarchies, a great deal of work has gone into analyzing the
RGEs of UEDs and their possible extensions (see Refs. (A.~S.~Cornell, 2010)
(A.~Abdalgabar, 2013)and references therein).

(3-1-1) RGEs for gauge couplings in SM

In the Standard Model (SM), the one-loop corrections to the gauge couplings are given by

dg;
lom? 2 =
61 ot

bi'g? G

Where b?M = (ﬂ

o % —7), and can be calculated by summing all the contribution in

figure 3.1, t = ln(Mi), and M, is the Z boson mass. These equations lead directly to the
VA

well-known gauge unification around 10'* GeV scale.
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p+k P P

p+k
P p+k
(a) (®) (c)
D
> D
p—k Ptk a, [t P b, v
TRk
(d) N
k p
a, b b,v / A
’ ! AVAVAV /‘/\/\/»
N
(9) “pTk

Figure 3.1 Feynman diagrams for self gauge couplings correction up to one-loop level in
SM

(3-2-1) RGEs for Guage couplings in five dimensional model

At each excited KK level, the one-loop corrections to the gauge couplings arise from the
diagrams exactly mirroring those of the SM ground states. Note that for the closed fermion
loop diagrams one need to count the contributions from both the left-handed and right-
handed KK modes of each chiral fermion to the self-energy of the gauge filed
(A.~Abdalgabar, 2013).

The gauge coupling constants equation is given by

dg;
16m%* —
™ a

= bMg} + b; g} (3.2)

. Where b?P = (8—1

A — t
o’ 6.2),and, S(t) =myzRe' = uR, for my <u <A (A

is the cut-off scale as shall be discussed in more detail latter).
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(3-2) Renormalization group equation of Yukawa couplings

The evolution of a generic Yukawa coupling (which describes the fermion-scalar-boson
interactions) is given by a beta function. The proper Yukawa vertex renormalization
depends on the corresponding beta functions, and includes contributions from the

anomalous dimensions of the field operators.

YOP Wl O
= YRZcouplinngle?Lpfl{QcDR (3.3)

We have the normalized fields defined by:-
=27z ¥R (3.4)

=72 W§ (3.5)
q)O
1
= Z2 @R (3.6)
So equation (3.1) becomes
YO @0 wo g0
1 1 1
-l o[, | [ ] 56
= Zcoupling YR lflf l‘UII; ol (3.6)

Therefore

16



1 1 1

0
Yoz2 73 77 =

Zcoupling YR (3-7)

YO
-1

=Zcouplingz Z ZZ ZYR (3'8)

We would like to track the arbitrariness in the mass scale u to that end we take the bone

parameter Y °to be independent of u and deterimind how the renormalized coupling so that

A2 remain constant, we have therefore

d
i
=0 (3.9)

AO

3

1
d 1 _1 _1 1 d ot _1
0= [ﬂd_uzcoup][zwzzw;ZQ)ZYR] —3 Zcoup Z;,Lll a ZLPL-Z;!RZcpZYR -

1 d
~Zeoup 2y qu,Ru Zy Z5EYR — ~ZeoupZy Zzwiz;y 2 Za¥R+

ZeoupZ® ey ZZ u YR

(3.10)
Dividing both side by  Z oy Zy? 2Z 2Z 2yR
We obtain:-
L a 1,44 it e _r,ra 1 4 yr
0 _‘uzcoupduzc"“p 2 B Zy, duZ”’L ZIJleR an 2vr T2 M 70 a Zo + YR du
(3.11)
d 1 1
Ozud—uancoup—E an,pL S H _ang}R ——u—anq,——u anq,
u dd—# InYR (3.12)

17



Thus we obtain the renormalization group equation

d 1 d 1 d
ud—lnY = E,ud—ang,L 2 @anlpR-i-Zud—an@
d
- [la In Zcoup (313)

The gaugeg;, Yukawa couplingsY;, RGEs at one-loop in the UED model will be calculated
by utilizing the technique of dimensional regularization. Here we show one example figure
3.1b

dd
(2m)d

(- gy“ta>( e thb)lp— (3.14)

(3.15)

N(numerator) = y* g,,, y” ()j +k )
=V vuy?(0p + kp) (3.16)

We have

" YP vu
= —(d - 2)y” (3.17)

Therefore

N=—(d-2)y" (pp + kp) =
(p+k) (3.18)

18



I =
gZ Ta Tb(d _

dip  ((B+K))
2)f(zﬂ)d p?(p+k)?

We have also the following relation

g% (d -

ddp ((#+K))
ez | Goa peproz

To evaluate the above integral we use Feynman parameterization integral:-

1

ab
1

- ]dz (b + (a—b)z)?

leth = p? and a
= (p+k)?

Then equation (3.21) becomes

I
=g’ (d
(125 + lé) dz

—2)c, (r)j (2m)d f (p?% + (k% + 2pk)Z)2

By introducing new variable g

19

(3.19)
(3.20)
(3.21)
(3.22)
(3.23)
(3.24)



q=pt+kz=>dq=
dp (3.25)

so that (p? + (k% + 2pk)z) = (q® + k?z(1 — 2)).
(3.26)

And the numerator becomes

N=(+K)={-HKz+H)
=K1 -2) (3.27)

drop all linear term in q as give zero, we get

= g*(d
diq (! K1 -z)dz
- 200 [ G L @+ (=) (328)
d? K(1-z
B qd ) 2 (3.29)
Cm® (p2 + k22(1 - 2))
Comparing Eq (3.29) with the standard integral
d d
1 im2 [(2—2)
d _ 2
f 1@ +5 +ie)2 -t (3.30)
we obtain
ac K(1-z) K(1-2) iﬂ% r(z—i)
— q -z _ —z >
- f(2”>d (@+k2z(1-2)+ie)? (2w (kZZ(l—z))z_g) (3.31)
So

[=im2

d g2d-2)c; MKI2- 1 (1-2)dz
N (3.32)

d d
(2m)d (k)zz_i (Z(l—Z))z_E

20



(1-2)dz
(z(1—2))*%

1
=
0

1 d d
= f dzzz? (1—2z)2"!
0
Compare Eq (2.33) by g(m ,n) function

B(m,n) =

fol x™m 1 (1 —x)"dx

[ =

fol Z(g_l)_l 1- Z)g_ldz

d
m = 5~ 1 andn
d
~2
B(m,n)
I(m)I'(n)
- I['(m + n)

r(z-urd
r(d-1)

Therefore

I =

in? g2 (d-2)( e, KT (2-3)r(S-1)r(§ )

d
2m)d k2° 2 T (d-1)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.39)
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[ =

d d
inz g?(4-2)c; (M KT (2- 5 )F2-DI(2)

_ (3.40)
(2m)* k2 213
[ =
ig? co KT(2 -3
20 5 (3.41)
(4m)2 k2~ 2

(3-3)The beta function for the Yukawa couplings

The beta function for Yukawa couplings in five dimensions can be written as

(A.~S.~Cornell, 2010)

2dY _ osm _

161 ” vy =

+BYED (3.42)

And

yED _ L5 5, 101 ,
= =D~ (S8 + o + g 8) )0~ yDlvu +2(s = DI +3Y,
+ 3Yd]Yu
(3.43)
28 15 9
Byd = (s — D[~ ( +5 8+ g gl) +5 (v& +y&)lyu + 2(s — DY + 3Y,
+ 3Yd]Yu

(3.44)

The standard model REGs for the Yukawa coupling reads
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17 9
M-y, [Tr(YJYu +3YJY, +3Y7Y,) - (ﬁ g2 + Zg% + 8g§>

+ ;(Yg - Yg)] (3.45a)

5 9
M=, [Tr(3YJYu +3Y1Y, + 3YJY,) - (— g2+ g+ 8g§)

12 4
3 2 2
+5 (Y§ - Yu)] (3.45Db)
17 5, 17 3 5 17 5
We need to rescaleﬁ 81 = 5 X$81 = 5,81

+ — - > — — e — _ —_ — = —
(9) (R) (@)

Figure 3.2: Diagrams contributing to Yukawa coupling RGEs in five dimensional models in
the Landau gauge. Solid (broken) lines correspond to fermions (SM scalars), while wavy
lines (wavy+solid lines) represent ordinary gauge bosons (fifth components of gauge

bosons).

To calculate the factor g2 in equation (3.43) we use dimensional regularization to calculate
the contribution from figure 3.2( a), we get

Zcoup

8 1 1
—1—g2— Z (1y2)-¢ 3.46
Then
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0
—H a_u In Zcoup

,8 1
83 3 Tom?

(3.47)

Calculation of figure 3.2 (b) gives

e 1
(D) > (3.48)

2 (3.49)

Likewise figure 3.2 (c) give us

—_

E 48 a_|.1 ll’lqu

1.8 1
~ 28 % Tem2 (3:50)

And figure 3.2( e) similar to the standard model as in equation (3.45a) give us

0
—H a_u In Zcoup

1
1612

= —8g2 (3.51)

Consider Equations (3.55), (3.56), (3.58), and (3.59) gives us

1 1 1 2 1

2 8 1 2 8 1 2 8

i — +_ —_ — — — f—
33 Ten2 " 2535 1enz ' 283 § 1en2 83 Tomz
28 5, 1

—-= — 3.52
3 83 Tom2 ( )

which exactly matches the factor of g2 in equation (3.43)
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Calculate the factor of the g3 in equation (3.43)

Consider figure 3.2 (i)

1 0
E ua_panqL
1 3 1

=58 7 Tom (3:53)

And figure 3.2 (f) is identical to the standard model in equation (3.45 a) gives us

N =

0
1 ﬁ InZg
9 1
4 2% 16m?

= —— g3 (3.54)

And figure 3.2 (h) has no contribution to g3 since the right handed fermion does not couple

to W bosons

Then consider equation (3.61) + equation (3.62) gives us

1 23 1 9 5 1

5 82 7 - < 82

2 4 162 4 1612
15 1

52
8 52 Tom2

(3.55)

Which exactly matches the factor of the g2 in Eq (3.45)
Calculate the factor of the g2 in Eq (3.45)

Similar to figure 3.2 (i), the calculation is similar, only the vertex factor is different, so we
take

off the C,(r) = Zand replaced by (YZ—Q)2 = (%)2

1 0
E v a—u anqL

1

1 1
e )
—281(6)

1612

(3.56)

25



Similar to Figure 3.2.(h) in equation (3.45), the calculation is similar, only the vertex factor

is different, so we take off the C,(r) = gand replaced by (YZ—”)2 = @2

(3.57)

Similar to Figure 3.2.(g) in Eq.(3.45), the calculation is similar, only the vertex is different,

so we take off the C,(r) = gand replaced by %QY?“ = %g
Zcoup
) 12 1 1 -
=l-g 31623 () (3.58)
Then
2 ,o1 201

Mgy M Eeow = T 81253 16

S 3.59

~ T BLg Tenz (3.59)

And figure 3.2 (e) + figure 3.2 (f) like standard model in equation (3.45a) gives us

17 5, 1

12 91 Ton2

Then consider equation the above equation and equations (3.56), (3.57), (3.59) we get

2
_gz Ly 1ozl 1 _,_ng(Z) L _g22 L o L o2 (_£+i+
12 1 16m2 ' 2 81 %/ 1em2z ' 2 81 \3/ 16m2 19 16n2 =~ 16m2 ©1 12 ' 72
2 2)_ 1 5 101
9 9) " T lem 817

(3.60)

Rescale it with SU(5) normalization we get
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1 101 1 101 3
" 16w 8 T2 T T 1em S 72 ° 5
1 101
Z_ngm (3.61)

Note the equations (3.52) (3.55) and (3.61) are terms appear in the beta function of the
Yukawa coupling in equation (3.43).
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Chapter IV

(4-1)Numerical anlysis and Discussions

For our numerical calculations we have chosen the compactification scale to be R =

1 TeV,5 TeV and 13 TeV. Only some selected figures will be shown and we will comment
on the other similar cases not explicitly presented here. We quantitatively analyses these
quantities in UED model, though we observed similar behaviors for all values of R~1. The

initial value we shall adopt at the M, scale is presented in table 3.1.

Table 3.1. show the initial values at M, scale used in our numerical calculations. Data
is taken from Ref. (Z.~-z.~Xing, 2008)

Parameter Value (90% CL)
o (M) 0 - 01696

ap (M) 0 - 03377
az(M,) 0-1184

m,, (M,) 0.00127 - - -
m.(M,) 0-619 - - -
m.(M,) 717« » -
mg(M,) 2+-90 ¢« - -
mg(M,) 55 « - -
my,(M,) 2+83 ¢ - -
m,(M,) 0 - 48657 - - -
m, (M) 0.102718 - - -
m,(M,) 1.74624 - -« -

As depicted in figure. 4.1. and figure 4.2. and equation (3.1) and (3.2), the one-loop

evolution of the gauge couplings varies with energy scale drastically and brings the
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unification scale to lower value considerably. For instant, for the compactification
scale R™! = 1 TeV, 5 TeV and 13 TeV, we found that the gauge couplings approximately

meet at around 10 *3° GeV = 20 TeV, 10 *°7 GeV = 93.3 TeV and 10 53¢ GeV = 229TeV
respectively.

Unificationn 4D Standard Model

121 :
[ — 91 ]
: 1.0f S '
z 7 g3 ,
8 | ]
Bos] -
= |
—— S ’
e ———

UI4 » » »

0 5 10 15

Log E/(GeV)]

Figure 4.1. Running of Gauge couplings as a function of the energy in the Standard model
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Unificationn 5D Standard model with R~ =1TeV and 13 TeV

1.2 o
[ i
1 1
' i ]
gﬂﬂl.ﬂ: : H — O
£ | A
= i | f
= 0.8} J F A
{E‘l} [ l/ ." "'
5 | e
= 0.6} e
o [ e
0.4}
1 2 3 4 5 6 7

Log E/(GeV)]
Figure 4.2. Running of gauge couplings as a function of the energy scale in UED model

for three different compactification scales.

The Yukawa couplings also receive finite corrections at each KK level whose magnitudes
depend on the cutoff energy scale, but we know that the mass of fermions is proportional to
Yukawa couplings. As such the hierarchy between the first two light generations, in the
leading order approximation, we found that the running behaviors of the mass ratios are
controlled by the combination of the third family Yukawa couplings and the CKM matrix
elements. This indicates that the mass ratios of the first two light generations have a slowed
running well before the unification scale (where the gauge couplings meet). After that point

new physics would come into life and should be accounted (for example, see figure 4.3).
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Evolutiomof —2 in UED Model

M
0.05275m
ﬂ.ﬂ52745 )
[ -
£ 0.052735
TE% 0 052725 —R =1 Tev
| ; —R =5 TeV
: -1
: —5M
0.05270k . . . "
0 2 4 6 8
LodE/(GeV)

Figure 4.3. Evolution of m;/m; for three different compactification scales as function of

energy scale.

ma

Evolutiomof in UED Model
L

7 e

6

5
s 4
= 9 N ;
£ 3f —R'=1000 GeV \ —

> —R'=5000 GeV '

. R-1'-13000 GeV

—SM
U »
4 6 8
Log[E/(GeV)

Figure 4.4. Evolution of m;/m, for three different compactification scales as function of

energy scale.

Quantitatively, similar to the conclusions found in the SM, here we found the scaling

dependence of m,, /m. and m,/m, is also have very slow running.

31



Evolutionof —% in UED Model

My
0.6pr
. 55 — R'=1000 GeV
~F —R1=5000 GeV |’
-« | R '=13000 GeV |
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. 9 L -
[ \ :
: ;, ]
0.2}
0 2 4 6 8
Log E/(GeV)

Figure 4.5. Evolution of mg/m,, for three different compactification scales as function of

energy scale.

On the other hand, in Grand Unification Theories, such as the SU(5) and SO(10) theory, the
quark and lepton fields are on the same footing when we fill out the field multiplet for the
group representation. From the mass matrix relation we have m; = m,, mg =

m, and m; = m, at the unification scale. These relations hold such that the differences of
their mass values at the electro-weak scale are understood as a running effect. In the UED
model, due to the power law enhancement of the Yukawa couplings, the RGEs effect on
these relations can be large. In figure 4.4 , figure 4.5 and figure 4.6. we highlighted the
numerical analysis of the one-loop calculation of the mass ratiosm, /m,, m;/m,, and

my, /m, respectively.

32



Evolutiomf —2 in UED Model

mr

1.8f
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0} .

0 2 4 6 8

Lod E/(GeV)
Figure 4.6. Evolution of m;, /m, for three different compactification scales as function of

energy scale.

As illustrated, the mass ratios run in the usual logarithmic fashion when the energy is below
1TeV, 5TeV, and 13TeV for the three different compactification cases. However, once the
first KK threshold is reached, the contributions from the KK states become more and more
significantly important, at which point their evolution deviates from their normal trajectory
and begin to run rapidly. As observed, the mass ratios decreasing with increasing energy,
which agrees with what is observed in the SM, however, the mass ratios decrease at a much

faster rate.
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Evolutiomof —2 in UED Model
g

0.00115F

0.00110}

< 0.00105}
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Figure 4.7. Evolution of m;/m; for three different compactification scales as function of
energy scale.

In the UED model the mass ratios for the three families have a sizable variation, which is
more than 60% across the whole range, and this is almost twice as great as that of the SM.
This is an interesting feature that distinguishes these two models. Therefore, due to the fast
power law running the unification of the Yukawa couplings is very desirable, where this
feature has the potential to address the problem of fermion mass hierarchy.

Evolutiomf — in UED Model

My
0.022p
0.021% /‘
.. 0.020}
< ;
2 009 — R'-1000 GeV
¥ 8 0.018} — R '-5000 GeV
5 R~ '=13000 GeV
0.016:' M 2 " 2
0 2 4 6 8
LoglE/(GeV)

Figure 4.8. Evolution of m;/mg as function of energy scale
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On the other hand, in the quark sector, both the mass ratios and mixing parameters exhibit
rather large hierarchies. At the electroweak scale the observed pattern of fermion masses

and mixings does not look accidental see figure 4.7, figure 4.8 and figure 4.9.

Runningfor mass ratio for B-'=13 TeV

6f-
: —my/m,
5k _msfmp
S b my/m,
g 4
=
W 3:
s |
= 2F
1}
U:. 2 o M o o 2
0 1 2 3 4 5 6

LogE/(GeV)

Figure 4.9. Evolution of m, /m, for three different compactification scales as function of
energy scale

(4-2)Conclusions

To conclude, UED models with compactification radius near the TeV scale implies exciting
phenomenology for collider physics. It is found that the running of the gauge couplings has
a rapid variation in the presence of the KK modes and this leads to a much lower
unification scale than the SM. The running of mass ratios for the three families has a

sizable variation in UED model. We quantitatively discussed these quantities for R™1 =
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1 TeV,5 TeV and 13 TeV observing similar behaviors for all values of the compactification
radius below these scale their evolution run in the usual SM logarithmic fashion. We have
shown that the scale dependence is not logarithmic; it shows a power law behavior. The
UED model has substantial effects on the hierarchy between the quark and lepton sectors

and provides a very desirable scenario for grand unification.

(4-3)Recommendation

This work can be extended in a number of ways and we discuss just a few. In this work we
considered only the bulk scenarios in which all SM field have access to full space. We
leave other possibilities for future work in which the 1st and 2nd generation are in the bulk,
with the 3rd generation either in the bulk or on a brane.

It is Also important to confirm these results and conclusions made at one loop that are
sensitive to this scale are still consistent and under control at two (and higher) loops. For
instance one might be concerned that one loop linear sensitivity to the cutoff behaving as
AR do not result in terms of the form (AR)? at two-loop, which would then indicate a
breakdown of perturbation theory at renormalization scales of the order of the

compactification radius.

36



Bibliography
A.~Abdalgabar, A. A. a. A., 2013. Evolution of Yukawa couplings and quark flavour mixings in 2UED
models. Phys.\ Rev.\ D, Volume 88, p. 056006.

A.~S.~Cornell, L.-X. a., 2010. Scaling of Yukawa Couplings and Quark Flavor Mixings in the UED
Model. PoS KRUGER, Volume 2010, p. 045.

A.D.Martin, F. a., 1984. Quarks and leptons:An introductory course in modern particle physices.
new york : John Wiley.

A.J.G.hey, |. a., 1993. Gague theories in particlphysics. second edition ed. s.l.:Bristol and
philadelphia.

al, G. A. e, 2012. ATLAS collaboration. Phys. Lett, Volume 1, p. B716.
al, S. C. e., 2012. CMS collaboration. Phys.Lett, Volume 30, p. B716.

Collaboration], E. {. e. a. [., 2011. Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Cosmological Interpretation. Astrophys.\ J.\ Suppl., Volume 192, p. 18.

E.~Poppitz, B. a., 2001. Number of fermion generations derived from anomaly cancellation. Phys.\
Rev.\ Lett., Volume 87, p. 031801.

Falcone, D., 2002. Fermion masses and mixings in gauge theories. Int. J. Mod. Phys., Volume Al17,
p. 3981.

Guigg, c., 1983. Gauge theories of the strong,weak and electromagnetic interaction. s.l.:
Benjiamin/cummings.

H.~-U.~Yee, T. a., 2003. Universal extra dimensions and the Higgs boson mass. Phys.\ Rev.\ D,
Volume 67, p. 055002.

J.donoghue, E. a. B., 1994. Dynamics of the standard model,Cambridge Monographs on particle
,Nuclear physics and Cosmology. s.l.:s.n.

K.~S.~Babu, 1987. Renormalization Group Analysis Of The Kobayashi-maskawa Matrix. Z.\ Phys. \
C, Volume 35, p. 69.

L.~-X.~Liu, 2010. Renormalization Invariants and Quark Flavor Mixings. Int.\ J.\ Mod.\ Phys.,
Volume A25, p. 4975.

L.~-X.~Liu, A. a., 2011. Evolution of the CKM Matrix in the Universal Extra Dimension Model. Phys.\
Rev.\ D, Volume 83, p. 033005.

L.F.Li, T. a., 1991. Gauge theory of elementary particle physics. s.l.:oxford univ.

McMahon, D., 2008. Quantum Field theory Demystified. s.|.:.McGraw-Hill companies.

37



N.~Maru, T.J. a. M., 2010. The Universal Extra Dimensional Model with $**2/Z(2) extra-space.
Nucl.\ Phys.\ B, Volume 830, p. 414.

P.~W.~Higgs, 1964. Broken symmetries, massless particles and gauge fields. Phys.\ Lett., Volume
12, p. 132.

Quigg, C., 2007. spontaneous symmetry Breaking as a Basic of particle mass, s.l.: arXIV:0704.2232.
S.L.Glashow, 1961. Nucl. Phys, Volume 22, p. 579.
Salam, A., 1968. Elementary Partcile Physics (Nobel Symp. N.8). p. 367.

T.~Appelquist, H.-C. a. B., 2001. Bounds on universal extra dimensions. Phys.\ Rev.\ D, Volume 64,
p. 035002.

T.~Kaluza, 1921. On the Problem of Unity in Physics. Sitzungsber.\ Preuss.\ Akad.\ Wiss.\ Berlin
(Math.\ Phys.\ ), Volume 1921, p. 966.

Veltman, M., 2003. Facts and mysteries in elementary particls physics, s.l.: Co.Pte.Ltd.
Weinberg, S., 1967. Phys. ReV. Lett, Volume 19, p. 1264.
Weinberg, S., 1996. the Quantum theory of field. s.l..Cambridge University.

Z.~-z.~Xing, H. a., 2000. Mass and flavor mixing schemes of quarks and leptons. Prog.\ Part.\ Nucl.\
Phys., Volume 45, p. 1.

Z.~-z.~Xing, H. a. S., 2008. Updated Values of Running Quark and Lepton Masses. Phys.\ Rev.\ D,
Volume 77, p. 113016.

38



