Chapter 4

Simple Nuclear C*-Algebras and Some Theorem
We are interested in simple C*-algebras with lower rank.We show that A = B if and
only if there is an order and unit preserving isomorphism y =

(Yo, V1, 72): (Ko(A), Ko (A)+, [1a], K1 (A), T(A)) = (Ko(B), Ko (B) 4, [15], K1 (B), T(B)),
where y5 (1) (x) = 7(yo(x)) for each x € K,(A) and 7 € T(B).

Section (4.1) Simple Nuclear ¢*-Algebras of Tracial Topological Rank One

In this section we are only interested in simple C*-algebras with lower rank.We show that
A=B if and only if there is an order and unit preserving isomorphism y =

(Yo, 1, ¥2): (Ko (A), Ko (A)+, [1a], K1 (A), T(A)) = (Ko (B), Ko(B)+, [15], K1 (B), T(B)),
where y5 (1) (x) = 7(y,(x)) for each x € K,(A) and T € T(B).

This section is a part of the program to classify separable nuclear C*-algebras initiated by
George A. Elliott (see [38] and [39]). By a classification theorem for a class of nuclear C*-
algebras, one means the following: two C*-algebras in the class with the same K -theoretical
data are isomorphic (as C*-algebras) and the range of the invariant can be described for the
class so that given a set of K-theoretical data in the range there is a C*-algebra in the class
which possesses the given K-theoretical data. By the K-theoretical data, one usually means
the Elliott invariant which contains the K-theory and traces, at least for the simple case. In
this paper we are only interested in simple C*-algebras with lower rank. By C*-algebras of
lower rank, one often means that the C*-algebras have real rank zero, or stable rank one.
Many important C*-algebras which arise naturally are of real rank zero or stable rank one.
Notably, all purely infinite simple C*-algebras have real rank zero and many C*-algebras
arising from dynamical systems are of stable rank one. One of the classical results of this kind
states that all irrational rotation C*-algebras are simple nuclear C*-algebras with real rank
zero and stable rank one (see [34] and [117]).

One may view (simple) C*-algebras of real rank zero and stable rank one as some kind of
generalization of AF-algebras. A more suitable generalization of AF-algebras has been
demon-strated to be C*-algebras with tracial topological rank zero. Simple C*-algebras with
tracial topological rank zero have real rank zero, stable rank one, with weakly unperforated
KO and are quasidiagonal. All simple AH-algebras with slow dimension growth and with real
rank zero have tracial topological rank zero. This shows that simple C*-algebras with zero
tracial rank could have rich K-theory. Simple AH-algebras with slow dimension growth and
with real rank zero have been classified in [31] (together with [9,21] and [50]). A
classification theorem for unital nuclear separable simple C*-algebras with tracial topological
rank zero which satisfy the UCT was given in [93] (see also [32,36] and [24] for earlier
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references). Simple C*-algebras with tracial topological rank zero are also called TAF
(tracially AFC*-algebras.
We studiedly C*-algebras of tracial rank one. A standard example of a C*-algebra with stable
rank one is of course Mk (C([0, 1])) (which also has tracial rank one). A notion of tracially
approximately interval C*-algebras (TAIl C*-algebras) is introduced in this paper—see Defin-
ition 2.2 below. It turns out that simple TAI C*-algebras are the same as simple C*-algebras
with tracial topological rank no more than one. Roughly speaking, TAI C*-algebras are those
C*-algebras whose finite subsets can be approximated by C*-subalgebras which are finite di-
rect sums of finite-dimensional C*-algebras and matrix algebras over C([0, 1 ]) in “measure”
or rather in trace.
It is proved here that simple TAI C*-algebras have stable rank one. From a result of G. Gong
[51] we observe that all simple AH-algebras with very slow dimension growth are in fact TAI
C*-algebras. It is also shown here that simple TAIl C*-algebras are quasidiagonal, their
ordered KO-groups are weakly unperforated and satisfy the Riesz interpolation property, and
these C*-algebras also satisfy the Fundamental Comparison Property of Blackadar.
Elliott, Gong and Li in [36] (also [51]) give a complete classification (up to isomorphism) for
simple AH-algebras with bounded dimension growth by their K-theoretical data (an
important special case can be found in K. Thomsen’s work [131]). G. Gong also has a proof
[52] that simple AH-algebras with very slow dimension growth can be rewritten as simple
AH-algebras with bounded dimension growth.
These C*-algebras are nuclear separable simple C*-algebras of stable rank one. Their work is
a significant advance in classifying finite simple C*-algebras after the remarkable result of
[31] which classifies simple AH-algebras of real rank zero (with slow dimension growth).
Therefore, it is the time to classify nuclear simple separable finite C*-algebras with real rank
other than zero without assuming that they are inductive limits (AH-algebras are inductive
limits of finite direct sums of some standard homogeneous C*-algebras) of certain special
building blocks.
Since then a great deal of progress on the subject has been made. The present paper absorbs
both parts of the original preprint and reflects the new developments. But it is significantly
shorter than the original preprint. More importantly, the main result of the paper has been
greatly im-proved and a technical condition in original preprint has been removed. Let A and
B be two unital separable nuclear simple C*-algebras with TR(A)< 1, TR(B)< 1 and
satisfying the UCT. Then A = B if and only if they have the same Elliott invariant.
Consider two C*-algebras A and B as above. As in [36], we will construct the following
approximately commutative diagram:

An important fact is the following classification of monomorphisms from ©y_; M.,

(C([0,1])) to a simple TAIl-algebra. For any unital C*-algebra C, denote by T (C) the tracial
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state space of C (it could be an empty set). Let A = @y_; M,y (C([0,1])) and B be a

unital simple TAI C*-algebra. Suppose that @; : A — B (i = 1,2) are two unital
monomorphisms which induce the same map at the level of K, and satisfy
To@1(a) =T ° 9,(a)
for all a € A and all T € T (B). Then there exists a sequence of unitaries u,, € B such that
rlll_)rglo uy,(@) = ¢,(a) forallae A

The uniqueness theorem also has to be adjusted to deal with other complications caused by

the fact that our C*-algebras are no longer assumed to have real rank zero. A careful

treatment on exponential length is needed. Our existence theorem also needs to be improved

from that in [93]. The existence theorem should also control the exponential length. It turns

out that when C*-algebras are assumed to have only torsion K, the proof can be made much

shorter. This is done without using de la Harpe and Skandalis determinants as in [36].

Let A be a C*-algebra.

Definition(4.1.1)[89]: We denote byl the class of all unital C*-algebras with the form
i=1 B;, where each B;=M,;, for some integer k(i) or B;=M,;, (C([0,1])). Let A el . We

have the following well-known facts.

(i) Every C*-algebrain | is of stable rank one.

(i) Two projections p and g in a C*-algebra A €l are equivalent if and only if

T(p)=1(q)forallT €T (A).

(ii1) For any € > 0 and any finite subset FC A, there exist 6 > 0 and a finite subset Gc A sat-

isfying the following: if L : A — B is a G-6-multiplicative contractive completely positive

linear map, where B is a C*-algebra, then there exists a homomorphism h : A — B such that

|Ih (a)-L (a)||< € for all a €F.

Definition(4.1.2)[89]: A unital C*-algebra A is said to be tracially Al (TAI) if for any finite

subset Fc A containing a nonzero element b, € > 0, integer n > 0 and any full element a

€A, there exist a nonzero projection p € A and a C*-subalgebra | € A with I €l and 1; = p,

such that:

(M) I[x,p]ll < € forallx €F,

(idpxp €€l forallx € F and ||pbp| = ||bll — e,

(iin[1 — p] < [plandl — p < a.

A non- unital C*-algebra A is said to be TALif A" is TAL.

In 4.10, we show that, if A is simple, condition (iii) can be replaced by

(ili") 1 — p is unitarily equivalent to a projection in eAe for any previously given nonzero

projec-tion e € A.

If A has the Fundamental Comparability (see [5]), condition (iii) can be replaced by

(il ") T (1 — p) < o for any prescribed ¢ > 0 and for all normalized quasi-traces of A.
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From the definition, one sees that the part of A which may not be approximated by C*--
algebras in I has small “measure” or trace. Note in the above, if | is replaced by finite-
dimensional C*-algebras, then it is precisely the definition of TAF C*-algebras (see [92]).
Every AF-algebra is TAI. Every TAF C*-algebra introduced in [92] is a TAI C*-algebra.
However, in general, TAI C*-algebras have real rank other than zero. In 4.5 we will show that
every simple TAI C*-algebra has stable rank one, which implies that simple TAI C*-algebras
have real ra-nk one or zero. It is obvious that every direct limit of C*-algebras in | is a TAI
C*-algebra. These C*-algebras provide many examples of TAI C*-algebras that have real rank
one. However, TAI C*-algebras may not be inductive limits of C*-algebras in I.

Let A= 1lim (Ay, @y ) Whered, =@ Y P, ; M, ; (C(Xn; ))Pn; Xnis a finite-dimensional
n—>0oo

compact metric space and P, ;€EM,, ; (C(X,,; )) is a projection for all n and Such a C*-algebra
is called an AH-algebra. Suppose that A is unital. Following [51], A is said to have very slow
dimension growth if
. rank (Py;)
A im X + 12
A is said to have no dimension growth if there is an integer m > 0 such that dim X,,; < m.
Note these C*-algebras may not be of real rank zero. Since these C*-algebras could have non-
trivial K1-groups (see 10.1), they are not inductive limits of C*-algebras in 1. In [92], example
of simple TAF C*-algebras which are non-nuclear was given. In particular, there are simple
TAI C*-algebras that are not even nuclear.
Lemma (4.1.3)[89]: Let a be a positive element in a unital C*-algebra A with sp(a) c [0,
1]. Then for any € > 0, there exists b €A, such that sp(b) is a union of finitely many mutually
disjoint closed intervals and finitely many points and
la — b|| < e.

Proof: Fix e>0. Let I, I, . . ., Ix be all disjoint closed intervals in sp(a) with length at least
&/8 such that if I DI; is an interval, then | ¢ sp(a). Let d' = min{dist(/; , [; ),i#j } and d =
min(d /2, €/16).

Choose J; = { € [0, 1]: dist(§, [; ) <d;},i=1, 2, ..., kwith d;< d and the endpoints of J;
are not in sp(a). Since the endpoints of J; are not in sp(a), there are open inter-
Vals J';cJ; suchthat’; < J;and I;,c)’;. Set Y=sp(a) \ (U, J)). Then Y =sp(a)\ (U, J')=
sp (a) \(UX, J'1) .Since Y is compact and Y contains no intervals with length more than ¢/8,
it is routine to show that there are finitely many disjoint closed intervals K, K, ...., K,iIn
[0,2]\ (UX_, J;) with length more than 9 /64 such that Y cU™, ;.
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Note that {/'1,/"5, ...,k K1, Ko, ..., K} are disjoint closed intervals . Fix a pointg; € K;,,
=1,2,...... ,m. One can define a continuous function F : (UX_; J') U (U, Ko)— [0,1] which
maps each K; onto [;, i=1,2,.....k and maps K; to single point §;such that

If(§)- El<e /2 for all &€ [0,1]

Define b = f (a). We see that b meets the requirements of the lemma.

Theorem(4.1.4)[89]: Let A be a unital simple AH-algebra with very slow dimension
growth. Then A is TAL.

Proof. As in [51] (and [35]), to show that A is TAI, it suffices to assume that A=

lim (A, @, m),Where4, =69§(:"1) My (C(Xn,; ) Xn ;are simplicial complexes
n—-oo

and @, ,are injective . Moreover, we may also assume that A satisfies the condition of very
slow dimension growth.

Let € > 0, Fc A be a finite subset and e € A be a non-zero projection. To verify (1), (ii) and
(ili*) in 2.2, without loss of generality, we may assume that F cA, and e €4,. By considering
each summand separately, without loss of generality, we may also assume that A,= M,
(C(X)) for some finite simplicial complex and integer r> 1. Let F,c C(X) be a finite subset
such that

Fc {(flj)r X1 . fi,jegjl}-

Let J > r + 1 be an integer. Let &/2r2> 1 > 0 such that |f (x)— f (x' )| < &/972 for all f €F;
whenever dist(x, x' ) <2n. Let § > 0 and L be as in Theorem 4.35 corresponding to /272, n
and F; above. Since A is simple, as in [51], each partial map of @, ,,, (for sufficiently large
m) has the property sdp(n/32, &/2r?). To simplify notation, without loss of generality, we
may assume that A4,,= M, (C(Y )) and rank(®, ,,(1)) > 2J L?2L(dim X + dimY + 1)3,
where Y is a finite simplicial complex. To simplify notation, by considering each summand
separately, without loss of generality, we may assume that Y is connected. Since A is simple,
by choosing a larger m, we further assume that e eM, (C(Y )) is a non-zero projection which
has the rank at least rank(@; ,,,(1))/r.

As in [51], there are three mutually orthogonal projections Q,, Q,, 9,€A4,, and
homomorphisms y; : A; — Q;A,,9; (i=0, 1, 2) such that:

()D1,m =Q0 + Q1 + Q3;

(i) @nm (O = @6 () B By (F) B 9, (£))||<e/2 for all f €F;

(iii)y, factors through M,. (C([O, 1]);

(iv)y, has finite-dimensional range;

(V) [Qo] < [Q1]

Put v = y; Py;. It follows from Lemma (4.1.3) that there is a unital C*-subalgebra B, €l of

(Q; + Q,)Am(Q, + Q,) such that

v (F ) €e Byfor f €F.
174



We also have
[Qo)< [€].
Thus, A is of TAI.
Lemma (4.1.5)[89]: Foranyd > 0 there are fi, f5, ..., fin€ C([0, 1])+ with the following
properties. For any n, and any positive element x € B = M,,(C([0, 1])) with ||x|[<1 if there
exist a;; € B,
1=1,2,...,n(),J=1,2,..., mwith
=i ai;, fia;; - 1a||< 12 j=1,2,....m,
then, for any subinterval J of [0, 1] with u(J )>d (u is the Lebesgue measure), sp(m; (x)) N
J#@ for all t € [0, 1], where r; : B — M,, is the point evaluation at t. Moreover, denote by
N=max{n(j):j=1,2,..., m},
Isp (e (x)) N J [Z1/N |sp (7r¢ (x))]
where |S| means the number of elements in the finite set S (counting multiplicities).
Proof: Divide [0, 1] into m closed subintervals {J; } each of which has the same length < d/4.
Let f;€ C([0, 1]) be such that 0 <f;<1, f; (t) =1 fort €]; and f; (t) = O for dist(t, J; )> pu(J; ).
Note that, for any subinterval J with u(J ) >d, there exists j such that J;cJ. For any t € [0, 1],
set
|={geB:g(t)=0}.
Then I is a (closed) ideal of A. If sp(r, (x)) N ] = @, there would be j such that 7z, (f; (X)) = 0.
Therefore f;€1. But this is impossible, since there is an element z€ B with

P4 (Z a;; fj(x)a%k,j) = 1p

i=1
For the last part of the lemma, fix t € [0, 1] and an interval J with t €] and w(J )>d. Let ; (B)
= My (t). Then [sp(m.(x))| = I(t ). Suppose that J;cJ so that f; (t) =0 for all t €/ J. Let g, be
the spectral projection of m, (x) in M;(t ) corresponding to J. Then qt>f;(m.(x)). An
elementary linear algebra argument shows that rank q,>(1/N)I1(i).

Theorem(4.1.6)[89]: Every unital simple C*-algebra satisfying (i) and (ii) in property (SP),
I.e., every hereditary C*-subalgebra contains a nonzero projection.

Corollary(4.1.7)[89]: Let A be a unital simple C*-algebra satisfying (i) and (ii) 2. Then, for
any

integer N, we may assume that I =@, M,,;(C([0,1]))®}_; My;wherem;,n; = N.
Proof:In the proof of 3.2, we see that if 1/2d> N , since sp(r; (pap)) N J; = @ for each j, then
m, (pap) has at least N distinct eigenvalues (see also the proof of 3.1). Therefore, each
summand C in the proof 3.2 has rank at least N .
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Proposition (4.1.8[89]: Let A be a unital TAI C*-algebra and e € A be a full projection.
Then eAe satisfies (i) and (ii), and for any full positive element a € eAe, we can have
(iii') 1 —p<a.
If A is also simple, eAe is TAI.
Proof: Fix € > 0, a finite subset FC eAe, an integer n > 0 and nonzero elements a, b € eAe
with a> 0 and b €F . Let F; = {e} UF. Since A is TAI, there exists ¢ € A and a C*-
subalgebra C €l with 1, = g such that:
(D)|l[x, q]llI< €/64 for all x EF,
(ii)gxq €€/64 C for all x €F, and ||gbq|| = ||b|| — €/64; and,
(ii)n[l —q]< [qland 1 —q < a.
Note that, by the second part of (i), geq # 0. We estimate that
l(eqe)? — eqe ||<e/64 and |leqge — qeq ||< €/32.
Therefore there is a projection p € eAe such that
llp — egell<e/16.

Consequently, there is a projection d € C such that

ld — pll<eB.
Note that

llgp — pqll<e/8 +|lgeqe — eqeql|< /8 + &/32 = 5¢/32,
and B = [dCd €l. With &/2 < 1/2, we obtain a unitary u € A such that
lu — 1||< e/4 and u*du=p.
Set C; =u*Bu. Then ¢, € I and C; < eAe. Now 1. =p,
() l[x, p]lI< /2 for all x EF,
(ii) pxp €¢/2 C, forall x eF and ||pbp]|| = ||b]| — /2.
We also have
e —p) — Q- pe—p)A— gl
<|[e—p)—(e—-p)A—-q)+q(e—p)A—-9q)l
<|[(e — p)qll +e/16<5¢/32+¢/64+ | qgeq — qpq || +€/16
<5e/32 + /64 + €/16 + ||geq — qeqeq ||+ &/16 <9¢/32.
We have (with € < 1)
B (e—p)=<1-9g) =a
Finally, if we assume that A is simple, there is a nonzero projection p; < p such that n[p, ]<
[p]. There is a nonzero projection p, EaAa. We obtain a nonzero projection gq; < p, such that
n[q,1< [p1 1 Applying the first part of the proof'to (e — p)F(e — p), we obtain a projection p'<
(e —p) and a unital C*- subalgebra C,€l with 1., = p'such that:
(i"M[(e — p)x(e — p),p' ]Il <e/2 forall x EF,
(ii") p' xp'ee/2 C, for all x €F, and
(iii") (e —p —p')=<ps1.
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Now since n[p;]1<[p]<[p+p']land (e —p—p') < (e —p) < a, we obtain

(i n[(e—p—p)]<[p+tp'land(e-p-p')=<a

We also have ||[x,(p + p')]ll<eand (p+p')X(p +p') €e C;PC, for all x €F. Hence eAe
is TAL

Corollary (4.1.9) [89]: If A is a unital simple TAI C*- algebra, then condition (2) can be
strengthened to (ii") pxp €. B and ||[pxp|| > ||x|| — € for all x EF.

We omit the proof.

Theorem (4.1.10)[89]: Let A be a unital simple C*- algebra. Then A is TAI if and only if
M,,(A) is TAI for all n (or for some n > 0).

Proof. If M,,(A) is TAI, then by identifying A with a unital hereditary C*- subalgebra of
M, (A) . We know Ais TAI. It remains to prove the “only if” part.

We prove this in two steps. The first step is to prove that M, (A) satisfies (i) and (ii) To do
this, we let € > 0 and F be a finite subset of the unit ball of M, (A). Set G = {f;;€ A:
(fij )Jnxn€F}. Note that Gc A. Since A is TAI, there exists a projection p € A and a unital
C*- subalgebra B €l such that:

Dl[x, pllI< &/2n?,

(ii)pxp Ee ,,2 B for all x €G and for some x; €G, [Ipx;pll = x|l —&/2n?.

Put P =diag(p, p, ..., p) EM,(A) and D = M, (B). Then, it is easy to check that

MIILf, P ]ll<eand

(i)Pf P ee D forall feF and ||pfipll = lIfill — € (if f; is prescribed).

This completes the first step. Now we also know that M, (A) has (SP). Let a eM,(A) be
given. Choose any nonzero projection e € aM,, (A)a. Since M,,(A) is simple and has (SP), in
[92], there is a nonzero projection q<e and [q]<[1,], there exists a nonzero projection q; < q
such that (n + 1)[q;]< [q]. In the first step, we can also require, for any integer N > 0, that
()N [1,—p]<[pland 1, —p =< q;.

This implies that

(iii)) N [1p, ., ~P1<[P]and (14,,~P)<qg<e

Therefore My, 4 is TAL

Next we show that every simple TAI C*- algebra has the property introduced by Popa [116].
Proposition (4.1.11)[89]: Let A be a unital simple TAI C*- algebra. Then for any finite
subset Fc A and € > 0, there exists a projection p € A and a finite-dimensional C*- algebra F
c A with 15 = p such that

PV [x,p] lI<eand

(P2) pxp €, F for all x € F and ||pxp|| > ||x||— € for all x EF.

Proof. The clear that it suffices to prove the following claim: for any unital C*- subalgebra B
€l, the proposition holds for any finite subset Fc B c A.
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This can be further reduced to the case that B = C([0, 1]) ® M, . Moreover, it suffices to
prove the claim for the case in which B = C([0, 1]). In this reduced case, we only need to
consider the case in which F contains a single element x € B, where x is the identity function
on [0, 1]. Now, for any £ >0, let §;, &, .. ., &, be e/4-dense in [0, 1] and dist(§; , &; ) > &/8 if
I # J. Denote by f; continuous functions with 0< f; <1, which are one on (§;— €/32, §; + €/32)
and zero on [0, 1] \(§; — €/16, §;¢/16). By 3.2, there is a nonzero projection ¢;€  f,Af,.
Note that e;e; = 0if i #j. Setp=}i_, e; .
[x-[(1 = p)x(1-p) +XL e 1][<e2 and  I[p,x] I<eby (P).
Let F; be the finite-dimensional C*- subalgebra generated by e;, e,, . . ., e,. Then by (P2),
pXp €& F; and [[pxpll = || x || &.
Theorem(4.1.12)[89]: Every unital separable simple TAI C*- algebra is MF [7].
Proof: Let A be such a C*- algebra and let {x, } be a dense sequence in the unit ball of A,
there are projections pn € A and finite-dimensional C*- subalgebras B, with 15 = p, such
that
(Dll[pn, x; ] lI< 1/n, and
(ii)px; p €Ln B, and ||ppxipnll = x|l —1mfori=1,2,...,n.
Let id,, : B,, — B,, be the identity map and letj : B,, — Mk, be a unital embedding. We note
that such j exists provided that K.,y is large enough , there exists a completely positive map
L', :p,Ap, — Mk, such that L', \B,, =] ° id,,. Since L', is unital.
L', is a contraction. We define L,, : A — Mg, by L,(a) = L', (prapy,). Let y; ,EB,such that
||pnxipn_yi,n||< 1/n,n=1,2,....Then
”Ln(xi) - pnxipn” < ”Ln(xi - yi,n) - (yi,n - pnxipn) ||< 2m—0
As n — o.Combining this with (i) above, we see that
ILn(ab) = Ly(a)Ln (D)l — 0
as N— co. Define @ : A — [[;L1 My, by sending ato{L,,(a)} . Then @ is a completely
positive map. Denote by n:[[5=1 Myyny = [ln=1 M) /@n=1 M. Then
Ted: A _’H‘?lozl Mm(n) IDn=1 Mm(n)-
IS a (nonzero) homomorphism. Since A is simple, 7 © ® is injective. It follows from [4, 3.22]
that A is an MF-algebra.
Corollary (4.1.3)[89]: Every separable unital C*- algebra satisfying (P1) and (P2) is MF.
Proof: We actually proved this above. Note, simplicity is not needed for injectivity since
Ipnxpnll—llx]l -
Proposition (4.1.14)[89]: Every nuclear separable simple TAI C*- algebra is quasidiagonal.
Proof. As in [7], a separable nuclear MF C*- algebra is NF, and it is quasidiagonal. In fact it
is strong NF (see [8]).
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Corollary. (4.1.15)[89]: Every unital separable simple TAI C*- algebra has at least one
tracial state.

Proof: It is well known that [[;_1 My, ) /@n=1 Mmn)- has tracial states. Tracial states are
defined by weak limits of tracial states on each M, . Let T be such a tracial state. Then, in
the proof of 4.2, lett (a) =t ° w ° ®(a).

Theorem(4.1.16)[89]: A unital simple TAI C*- algebra has stable rank one.

Proof:Let A be a unital simple C*- algebra. Take a nonzero element a € A. We will show that
a is a norm limit of invertible elements in A. So we may assume that a is not invertible and
llal|= 1. Since A is finite, a is not one-sided invertible. For any € > 0, by [50, 3.2], there is a
zero divisor b € A such that ||a — b||< /2. We further assume that ||b|| < 1. Therefore, by
[122], there is a unitary u € A such that ub is orthogonal to a nonzero positive element ¢c € A.
Set d = ub. Since A has (SP), there exists a nonzero projection e € A such that de = ed = 0.
Since A is simple and has (SP) , we may write e = e; @e, with e, < e;. Note that d< (1 —¢)
< (1 — ey). Moreover, (1 — e;)A(1 —e;) is TAL

Let 1> 0 be a positive number. There is a projection p € (1 — e;)A(1 — e;) and a unital C*-
subalgebra B €l with 15 = p such that:

Ml [xp] lI<n,

(if)pxp €n B for all x €F, and

(HD)[1 —e; —p] <[el,

where F contains d. Thus, with sufficiently small n, we may assume that

ld — (dy + dy)ll<e/16,

where d,€ Band d,€ (1 —e; —p)A(l —e; —p).

Since C*- algebras in | have stable rank one and B €l, there is an invertible d’;€ B such
that||d, — d';||< ¢/8.

Let v be a partial isometry such that vxv = (1 —e; — p) and vv*< e;. Sete’; =vvxand d’, =
e/8(e; — e'y) + (e/8)v + (e/8)vx + d,. Note that (¢/8)v + (&/8)vx + d, has matrix

decomposition
0 ¢&/8
(5/8 d, )
Therefore d’, is invertible in (1-p)A(1—p). This implies that d'=d’;+d’, is invertible in A.

We also have
ld’, — d,ll <&/8
whence
ld—d'll <lld = (dy +d )l +1I(dy +dp) — (@' +d') <e/16 + /8 + /8 <3¢ /8
We have
b —u*d|| <|luxulb—uxd)| =|lub—d'|| < 3e/8.
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Finally,
la—uxd|| <|la—b|l+||b—uxd| <e&/2 +3¢/8< e.
Note that usd' is invertible.
Corollary (4.1.17)[89]: Every unital simple TAI C*-algebra has the cancellation of
projections, i.e.,ifp@ e~q@ ethenp ~q.
Theorem (4.1.18)[89]: Every unital simple TAI C*-algebra has the following Fundamental
Compara-
bility [5]: if p, g € A are two projections with T (p) < T (q) for all tracial states T on A, then p
(.
Proof:Denote by T (A) the space of all normalized traces. It is compact. There is d > 0 such
that T (q — p) > d for all T € T (A). It follows that there exists a nonzero projection e <q
such that t (¢) <d/2 forallt € T (A). Setq'=q—e. Thent(q' —p) > d/2 for all t€ T (A).
It follows from [8, 6.4] that there exists a nonzero a €A, such that ' —p — (d/4) =a + z and
there is asequence {u,}in A
z = Znun * Uy _Znunun *.
Choose an integer N > 0 such that
12 U * Uy — XN =q Up * Uy |I< d/128 and|| X untty * — Xi=g U * up|l < d/128.
Let F={p,q,9 ,e,z,un,usn,n=1,2,...,N } and let 0 <& < 1. Since A is TAI, there
exists a projection P € A and a Cx -subalgebra B €l with 15 = P such that:
() l[x, P Jll< &/2N,,
(ii)P XP €./, B for all x €F and
(iii(1—P)=Ze.
With sufficiently small €, using a standard perturbation argument, we obtain projections q" =
q1 + g2, P' = p1 + P2, Where gy, g2, p1, p, are projections, p;, q; € B and g3, p,€ (1 — P )A(1
— p) such that
lg"" — q'll<d/32and ||p' — p ||< d/32.
Furthermore (with sufficiently small €), we obtain v4, v,, ..., vy€ B such that
”(Ch - P1— (d/4)P) —(b + Zg=1 Un * Un Z!rvl=1 UnUn *)”< d/16,
where be B,and ||P aP — b||< &/2N .Denote by T (B) the space of all normalized traces on
B.
Then
1(q, — p; — (d/4)P—Db)>—-d/16
for all T € T (B). Therefore
1(q; — p1)>d/4—d/16=3d/16
for all T € T (B). This implies that p; < g4 gl in B, whence also in A. Since p, 2 (1 —P)=Z e,
we conclude that
[p] = [p1 + p2] <[g1] + [e] < [a].
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Theorem(4.1.19)[89]: Let A be a unital simple TAI C*-algebra. Then K,(A) is weakly
unperforated and satisfies the Riesz interpolation property.

Theorem (4.1.20)[89]: Let A be a unital simple C*- algebra. Then A is TAI if and only if the
following hold. For any finite subset Fc A containing a nonzero element b, € > 0, integers n
> (0 and N >0, and any nonzero projection e €A, there exist a nonzero projection p €A and a
C*- subalgebra

| =@k, M, .(C([0, 1])), with 1; = p and min{n;: 1< i< k} = N, such that:

() || [x,p] ||< e forall x €F,

(ii) pxp €e 1 for all x €F and ||pbp|| = ||b|| — &, and

(iii ) 1 — p is unitarily equivalent to a projection in eAe.

Proof: To show that the above is sufficient for A being TAI we note that A has property (SP)
Then, a result of Cuntz, there exists a projection q € eAe such that (n + 1)[q]< [e]. Then it is
clear that the above (iii' ) implies (iii) (if we use the projection g instead of e).

To see it is also necessary, we use the fact that simple TAI C*- algebras have stable rank one
(so they have cancellation).

Definition(4.1.21)[89]: Let A be a unital simple C*- algebra. Then A has tracial topological
rank no more than one, denote by TR(A) <1, if the following holds. For any € > 0, and any
finite subsetF cA containing a nonzero element a €A, there is a C*- subalgebra C in A with
C =@k, M, (C([X;)), where each X; is a finite CW complex with dimension no more than

One such that 1, =p satisfying the following:
Dllpx — xp ll<eforx €F,
(ii)pxp €, C for x € F and
(iii)1 — p is equivalent to a projection in aAa.
In the above definition, if T can be chosen to be a finite-dimensional T* -subalgebra then we
write TR(A) = 0 (see [91]). If TR(A)< 1 but TR(A) # 0 (see [91]) then we will write TR(A)
=1.
In the light of [91] in what follows, we will replace unital simple TAI C*- algebras by unital
simple C*- algebras with tracial topological rank no more than one and write TR(A) <1.
Definition (4.1.22)[89]: A unital simple C*- algebra A is said to be tracially approximately
divisible if for any € > 0, any projection e € A, any integer N > 0 and any finite subset F c A,
there exists a projection g € A and there exists a finite-dimensional C*- subalgebra B with
each simple summand having rank at least N such that:
(i) |llgx — xq||<eforallx € F,
i) lly(1 — ¢)x(1 — q) — (1 — ¢)x(1 — q)y]ll< € for all x €F and all y € B with
| ¥Il <1, and

(ii1)q is unitarily equivalent to a projection of eAe.
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Of course if A is approximately divisible, then A is tracially approximately divisible (see
[4]).
Theorem(4.1.23)[89]: Every nonelementary unital simple C*- algebra with TR(A) <1 is
tracially ap-proximately divisible.
Proof. Let A be a unital simple C*- algebra with TR(A)< 1. Fixe>0,6>0,N>0and a
finite subset F c A. Let b € A with ||b]| =1 and assume that b €F. There exist a projection p
€ Aand a C*- subalgebra C eJwith 1, = p such that:
(D)|lpx — xp ||[<e/4 forallx € F,
(ii)pxp €¢/4 Cand |lpbpll = [|b]| —&/2, and
(i)t (1 — p) < o/2 for all traces T on A.

Write C =@ C; , where C; = M;;(C[O, 1]), or C; = M;(;. It will become clear that, with-
out loss of generality, to simplify notation, we may assume that C = C; (i.e., there is only one
summand). If C = M; , let {eij } be matrix units for M, . Since A is not elementary, there is a
positive element a €e;; Ae;4 such that sp(a) = [0, 1] (see [1, p. 6.1]). This implies that C cM;
(C([0, 1])). So, we may assume that C = M; (C([0, 1])). Let G, C be a finite subset such that
dist(pxp, G,) < ¢e/4
forall x € F. Let G be a finite subset of C containing {e;; } and e;; ge =;; for all g €G;.

Let n > 0. Denote by & the positive number in [59] corresponding to n (instead of €). Let {f;,
for oo oy fm} € C([0, 1]) respect to 6 (= d). We identify C([0, 1]) with e;;C eq;. Since e;; A
eq; Is simple, there are b;j€e;; Aey; such that

Z bijfib *ij— e1s
i=1

=12, ..., m Let G, be a finite subset containing {f; , b;; , b *;; }U {a;;€e;1Aeq;:
(a;j)ixi€G }. By 3.4, TR(e11Aeq1) 1. So for any 0 <6 <1/2 and any finite subset G32G,,
there exist aprojection g €e;;Ae;; and a C*-subalgebra C;ce;;Ae;; With 1o, = g and C; €l
satisfying the following:

@ llgx — xqll<o,

(b)gxq €4 C; for all x €G5,

(c)t (e11 — q) < o/2l for all traces .
With sufficiently small ¢ and sufficiently large G,, we may assume that there exists a homo-
morphism ¢ : C([0, 1]) — C; such that
(b") ||(D (x) - qxq ||< n/2 for all x €G, N C([0, 1]).
Note that we also have c;;cC; such that

”Zi=1 cij @ (fj)e *i— q|| <1/8, j=1,2,...,m.

<1/16
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We are now it follows that Sp(@t ) is d-dense in [0, 1]. Byapplying in [59] there is a
homomorphism y : C([0, 1]) — C; and there is a finite-dimensional C*-subalgebra F =@, F;
, where each F; is simple and dim F; > N, with 1= g such that
Y (f) — o )lI<n/2 forall feg,and
¥ (9), bl|=0
forallge C([0,1])and b € F. Set F'=diag(F , F, ..., F)in FQM;, ' = y Qid y,,
0'=0Q id y,and P = diag(q, q, . . . , q) €M, (C,). With sufficiently small n and large G,, we
have
' () — @ (@ll<e2 forg e G.
We also have
[y (f),c]ll=0forfeCandceF.
These imply that
I[P xP,c]ll<e forallxeFandceF .
Note that 1 =P . Wealso have
1(1-P) <0/2+1c2l=0.
We conclude that A is tracially approximately divisible. When C =@ C; , it is clear that we
can do exactly the same as above for each summand. Let d; = 1, . If we find a matrix
algebra F;ed; Ad;with rank greater than N which commutes with C; , then @F;commutes
with C.
Lemma(4.1.24)[89]: Let A be a unital nuclear simple C*-algebra with TR(A)< 1. Then for
any € > 0, any o > 0, any integer n > 0, and any finite subset FC A, there exist mutually
orthogonal projections q, py, P2, - - ., P Withg< p; and [p;] =[p; 1 (1=1,2,...,n),aC"*-
subalgebra C el with 1, = p; and completely positive linear contractions L, : A — qAq and
L, : A — C such that
||x —(L;(x) & diag(Lz(x),LZ(x),...,Lz(x)))” <gand
IL; (xy) = L; COL; Q)I<.

where L, (X) is repeated n times, for all X, y €F and 1(q) <o forallt € T (A).
Proof. From the proof of 5.4, we have the following. For any n > 0, any integer K > 0, any
integer N > 4Kn? and finite subset Gc A (containing 1,), there exists a projection P € A and
a finite-dimensional C*-subalgebra B with 15 = P such that:

I[P, x]l|<n for all x € G;

(ii)every simple summand of B has rank at least N ;

(iii)there is a C*-subalgebra D €l with 1, =P such that [d,g]=0foralld e D,g € B
and

dist(x, D) <n for x €G; and

(iv) SN [(1 =P)]<[P].
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Let F; c A be a finite subset (containing 1,) and ¢ > 0. Since A is nuclear, with sufficiently

large G and sufficiently small 1, by [32, 3.2], there are unital completely positive linear
contrac-tions L';:A — (1-P )A(1-P ) and 'L, : A — D such that 'L, (a) =(1-P )a(1-P ),

lx— L'y (x) @L;(0)ll<o and  |[L'z(x) — PxP|l<n+o
for all x € F; . It follows that, with sufficiently small ¢ and n,
IL'; (xy) — L's )L DlI<e
for all x, y €F;. Write B =@®/_, B; , where B; = M, with I(i)=N , and denote by C the C*-
subalgebra generated by D and B. Note that C= @ ,D, ® B;, whereD, =D. Let 7i:C —
D, B; the projection. Denote @,= m; ° L', . By (iii), we see that we may write @; =
diag(W; , ¥ , ..., U; ), where ; : A — e; (Dy®M,(;))e;and e;is a minimal rank-one
projection of M;;. Write I(i) = k; n + r; , where k; =n >r; =0 are integers. We may rewrite
@;=diag (0;,...,0") DY,
where @';= diag(y; , . . ., ¥; ) : A — Dy®M,is repeated n times and y’; = diag(y; , . . .,
y;)A— Dy&®M,, .
DefineL, = ®% ,0'; and L,=L",®%_,{’; . We estimate that
T (1= P) + &9 (1,) )<1/5N )T (P) + (1/4nK)t (P ) < (1/2n)t (P)
<min (o, 7 Lp[(14)])) .
provided that 1/K < c. By 4.7, the lemma follows.
The following corollary follows from Lemma 5.5 immediately.
Corollary(4.1.25)[89]:  Let A be a unital separable simple C*-algebra TR(A)< 1. Then for
any € > 0, any ¢ > 0, any integer n > 0, and any finite subset FC A, there exists a C*-
subalgebra C € J such that
lx - (1 =p)x (1 - p) & diagy,y,....y) lI<e
where y € C and diag(y, Y, . .., Y) EMy(C) and p = 1, (¢ for all X, €F and 1 ((1 — p)) < o for
all T € T (A). Moreover, we may require that |[(1 — p)x(1 — p) || >(1 — ¢)|| x |[for all x
eF.
Proof. Perhaps the last part of the statement needs an explanation. In the proof of (4.1.24), we
know that we may require that|| y || =(1 — €/2)|| x [|for all x €F. Thus we may replace (1—
p)x(1—p) by (1 —p)x(1 —p) @ y and replace (1 —p) by 1 —p @ diag(1.,0,...,0).
Lemma (4.1.26)[89]: Let B = @% ,B; be a unital C*-algebra in | (where B; is a single
summand).
For any € > 0, any finite subset F < B and any integer L > 0, there exist a finite subset G € B
depending on € and F but not on L, and 6 = 1/4L such that the following holds. If A is a unital
separable nuclear simple C*- algebra with TR(A) 1 and @; : B — A are two

homomorphisms satisfying the following:
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(i) there are a,; , by ;€ A, i, j < L with

|2 @ *g: @1 (9ag; — 1a||<1/16and ||X;b *5; @, (9)bg; — 14]|< 1/16
forall g € G;
(i)(91). = (@2). on Ky(B); and,
(i) if || °0,(g) — 7°@, (g9) ||< for all g €G, then there exists a unitary u € A such that
|0.(f)- ux@,(f )u|<e forall feF.
Theorem(4.1.27)[89]: Let A be a unital simple C*- algebra with TR(A) <1 and C bea C*
-subalgebra of A in I. Then for any finite subset Fc C and € > 0, there exist 6 >0, 06> 0and a
finite subset Gc A satisfying the following: if L, L, : A — B are two unital G-6-
multiplicative contractive completely positive linear maps, where B is a unital simple C*-
algebra with TR(B) <1, with
(L1]C )* = (L,|C )* on K,,(C) and
T(Li(9)) — °Ly(9) <o
for all g €G and for all T € T (B), then there is a unitary u € A such that
ILi(f) — uxL,(f)ull <e forall feF.

Proof. Fix € > 0 and a finite subset FC A. Let G, < C be the finite subset required by 5.7 (for
a given &> 0 and a given finite subset F). Suppose that a, ;€ A such that

n(g)

Z axg; gag;—1,a]| <1/64

i=1
for all g €G,. Set L = max{n(g): g € G}. Then, with sufficiently small & > 0 and large
G2G, U{ay; : g, i}, we have by ;,j € A such that

n(g)

Z b*g,i,j L](g) bg,i,j_lB < 1/32
i=1

for all g €G, and j = 1, 2. Furthermore, for any n > 0, with sufficiently small 9, there is a
homomorphism @; : C — B (j = 1, 2) such that

19; (@) — L (@)|<n and ”Z?:(?)b *g,i,) 95(9) bgij — 13” <1/16
for g €G;. We also require that 6 < 1/4L. Then we see the conclusions of the theorem follow
from 5.7 (and its proof) immediately.
Theorem(4.1.28)[89]: Let A be a unital simple C*- algebra with TR(A) <1 and B €l. Let
@; : B — A be two monomorphisms such that
(@1)* = (B2)* 1 Ko (B) = Ko (A) and t°0;=1°0,
for all T € T (A). Then there is a sequence of unitaries un € A such that
Ji_r)rgou *, @1 (0)u, = @,(x)for all x € B.
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Proof:As before, we reduce the general case to the case in which B = C([0, 1]). Let € > 0 and
Fc B be a finite subset. Let Gc B be the finite subset (it does not depend on L). Since A is
simple, there exists an integer L >0and a; 4, b; ;€ A, 1=1, 2, ..., L (some of them could be

zero) such that

Hz a*ig ®1(9)ai,g -1 z b *ig Qz(g)bi,g -1

for all g €G. Therefore the theorem follows from 5.7.
We start with the following observations.

Let A be a unital C*- algebra and p, a € A. Suppose that p is a projection, ||a||<1 and
la*xa — p|l<1/16 and |laa* — p [|< 1/16.

A standard computation shows that
llpap — apl||< 3/16 and ||pa — papl||< 3/16.

Also || pa — a ||< 1/2. Set b = pap. Then

Ib*b — plI<||pa*ap — pa=*all+|lpa*a — p|l<1/16 + 1/16 = 1/8.

<1/16 and 1/16

So

- 1/8
(b = b)Y = pll<2

where the inverse is taken in pAp. Set v =b|b|~1. Then v*v = p = vw* and

lv — b|| <2/7.

We denote v by a. Suppose that L : A — B is a G-6-multiplicative contractive completely

posi-tive linear map, u is a normal partial isometry and a projection p € B is given so that
|IL(u*u) — pll<1/32.

Note if v’ is another unitary in pApwith |[v'—b||< 1/3, then [v'] = [v ] in U

(PAP)/U,(pAp).We define L as follows. Let L(u) = a. With small § and large G we denote

by L(u) the normal partial isometry (unitary in a corner) v defined above. This notation will

be used later. Note also, if u €U, (A), then, with sufficiently large G and sufficiently small 9,

we may assume that

=1/7 and b=t — pll< 2/7,

L(u) eUy(B).
Definition(4.1.29)[89]: Let A be a unital C*- algebra. Let CU(A) be the closure of the
commutator sub-group of U (A). Clearly that the commutator subgroup forms a normal
subgroup of U (A). It follows that CU(A) is a normal subgroup of A. It should be noted that
U (A)/CU(A) is commu-tative. It is an easy fact that if A = M, (C(X)), where X is a finite
CW complex of dimension 1, then CU(A) cU,(A). If K;(A) = U (A)/Uy(A), it is known and
easy to verify that every commutator is in Uy(A). Therefore CU(A) cU,(A). If u € U (A), we
will use u for the imageof u in U (A)/CU(A), and if F < U (A) is a subgroup of U (A),
thenFis the image of F in U (A)/CU(A).
If u, ve U (A)/CU(A) define
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dist(w,v) =inf{|l x — y|l: x,ye U (A)suchthatx =u,y=7v}.

If u, v eu (A) then dist (r,7) =inf ~ {Jluv* —x ||: x €CU(A)}Let g=[1~, a;b;a;”? b,
wherea;b; € U (A). Let G be a finite subset of A, 8 > 0 and L : A — B be a G-o-
multiplicative contractive completely positive linear map, where B is a unital C*- algebra.

From 6.1, for € > 0, if G is sufficiently large and 9 is sufficiently small,
n

L(g) — ﬂa’ib’i(a’i)_l(b,i)_l
i=1

Where a’;b";U (B). Thus, for any g € CU(A), with sufficiently large Gand sufficiently small

9,

<¢g/f2,

IL(g) —ull < ¢
for some u € CU(B). Moreover, for any finite subset U cU (B) and subgroup FcU (B)
generated by U, and € > 0, there exists a finite subset G and 6 > 0 such that, for any G-6-
multiplicative contractive completely positive linear map L : A — B, L induces a homomor-

phism Li :F—U(B)/CU(B) such that dist (L'(u), LI(%)) < ¢ for all U Note we may also
assume that F N Uy(A)/CU(A) cUy(B)/CU(B)

If @: A — B is a homomorphism then @* : U (A)/CU(A) — U (B)/CU(B) is the induced
homomorphism. It is continuous.
Recall that, for a unitary ue Uy(A) in a unital C*- algebra A, we write cer(u) k, if u =
1'[5-;1 exp(ihj) for some self-adjoint elements h;€ A. We write cer(u)< k + ¢ if u is a norm

limit of unitaries u,, with cer(u,,)< k.
Let u €U,y(A). Denote by cel(u) the infimum of the length of continuous paths of unitaries in
Afromuto 1,.
Lemma(4.1.30)[89]: (N.C. Phillips). Let A be a unital C*- algebraand 2 > d > 0. Let uy, uq, .
.., Uy be n + 1 unitaries in A such that

u, =1, and ||lu; — w44l <d, i=0,1,...,n—1.
Then there exists a unitary v €M,,, .1 (A) with exponential length no more than 27 such that

[(uo @ 1, (A) — v| <d.

Moreover, v can be chosen in CU(M,,,,1(A)).
The following is another version of the above lemma.
Lemma(4.1.31)[89]: Let A be a unital C*- algebra and u €U,(A). Then for each L >0, if u =
v @ (1 — p) and v €Uy(pAp) with cel(v)< L in pAp and there are N (> 2L) mutually
orthogonal and mutually equivalent projections in (1 —p)A(1 — p) each of which is equivalent
to p, then cel(u)< 2n + (L/n)x. Furthermore, there is a unitary w € CU(A) such that cel(uw) <
(L/m)m.
(See [111] and also [109]. It should be noted that a unitary in M,(A) with the form diag(u, ux)
isin CU(M,(A)).)
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Theorem(4.1.32)[89]: Let A be a unital simple C*- algebra with TR(A) 1. Let u €Uy(A).
Then, for any € > 0, there are unitaries u,, u,€ A such that ul has exponential length no more
than 27, u, is an exponential and
lu —uiuyll<e.
Moreover, cer(A)<3 + &.
Proof: Let € be a positive number. Let vy, v4, . . ., v,EUy(A) such that
vo=U v, =1 and ||lv; — viyqll<e/le6, i=0,1,...,n— 1.
Let 6 > 0. Since TR(A) <1, there exists a projection p € A and a unital C*- subalgebra B c A
with B €l and with 15 = p such that:

Ollfv;,plll<s,i=0,1,...,n,

(ipv; p€s B,0,1,...,n,and

(i)2(n + D[1 —p] < p.

There are unitaries w;€ (1 — p)A(1 — p) with w,, = (1 — p) such that
lw; — (1 - p)v; 1 — p)ll<e/l6, i=0,1,...,n

for any given & > 0,provided 0 is sufficiently small. Furthermore, there is a unitary z €B such
that

lz — pupl|<e/le6.
Therefore (with & < &/32)

lu — w; @ z|| <e/8.

Write 3, = w; @ p. Since 2(n + 1)[1 — p]<p, , there is a unitary u, with exponential length no
more than 2z such that

|z, — wyll <e/4.
Now since z € B and it is well known that B has exponential rank 1 + &, there is an
exponential u, € A such that

luz = (1 = p) — zIll <el3.

Therefore

lu — wusll<e.
Since cel(u;)< 2mr, it follows from [121] that cer(u,)< 2 + €. Therefore cer(u)< 3 + €. So
cer(A) <3 +e.
Lemma (4.1.33)[89]: Let A be a unital C*- algebra.

(1)U (A)/CU(A) is divisible.

(ii)If u € U (A) such that u*eU,(A). Then there is v €U,(A) such that v=* = u~¥inU
(A)/CU(A).

(3)Suppose that K;(A) = U (A)/U,(A) and G < U (A)/CU(A) is finitely generated
subgroup. Then one has G = G N (Uy(A)/CU(A)) @ «(G), where x : U (A)/CUA) —» U
(A)/U,y(A) is the quotient map.

Proof: Let u €Uy(A). Then there are ay, a,, . . ., a,€ Asa such that u =[]}, exp(iaj ). For
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any integer k > 0, let v =[]}, exp(iaj /k). Then v~*=#. This proves (1).
To see (2), put u* =[]} exp(iaj), where a;€A;,. Let v =[]}_;exp(iaj /k)
Thus(uv *)* =1. So v™*= u™® To see (3), we note that (1) implies 0- U,
(A)/CU(A)>G+U,(A)/CU(A) — k(G) — 0 splits.
Lemma (4.1.34)[89]: Let A be a unital C*- algebra and UcU,(A) be a finite subset. Then,
for any ¢ > 0, there is a finite subset GC A and & > 0 satisfying the following: for any G-9-
multiplicative contractive linear map L : A — B (for any unital C*- algebra B), there are
unitaries v € B such that

IL(w) — v||<e&/2and cel(v) <cel(u) + &/2
forallu € U.

Proof: Suppose that z,(u) = u, z; (U) EU,(A),j =1, 2, ..., n(u) such that

cel(u)

<1/4 and

n(u)

Cel(z; (u)(Z-1 (W) D<o, j=1,2,...,n(u),

nu
for all u €U. Let N =( r)nax{n(u): u € U} It follows that (for sufficiently large G and
sufficiently small 6) there are unitaries w; (u) € U (B) such that
||L zi (u) — w (u)||< e/8Nn
for all jand ueu . Thus for all u €U,
IL(w) — wy(w)ll< &/2n and cel (wy(u))< n(u) [Clif;) + (¢/8N )21T]< cel(u) + /2.

Lemma(4.1.35)[89]: Let A be a unital simple C*- algebra with TR(A)< 1 and let u € CU(A).
Then u €eUy(A) and cel(u) 8x.

Proof: We may assume that u is actually in the commutator group. Write u = v,v, * * * v},
where each v; is a commutator. We write v;=a;b;a *; b *;, where a; and b; are in U (A). Fix
integers N > 0 and K > 0. Since TR(A)I, by Corollary 3.3, there is a projection peA and a
C*- subalgebra B € J with 1, = B and B=®;_; My, (C( 0, 11))B}-; My,, where m; , n;>K
such that

lla; — (a's @ a'DIl <e/4k, |lb;— (b'; © b")ll<e/dk, i=1,2,....k

[ = (TTi<s @'ibi (@) (0" @ a”ib"i(a" )" (")) [|< /8,
a'y, b';U (1-p)A(1-p)),a”;, b";€Uq(B) and N[ 1-p]< [p] . Put w =[]i, a’;b";(a)* (b';)*and
z =[1E,a";p";(a”)*(b";)*. Then Det(z) = 1. It follows from [43, 3.4](by choosing K
large)we conclude that cel(z)<6m in pAp. It is standard to show thata’;b";(a’;)*(b";,)*D(1 —
P)D(1-p) is in Uy(M,((1 — p)A(1 — p))) and it has exponential length no more than 42w ) +
¢/8k. This implies that (in U ((1 — p)A(1 — p))) cel(w @ (1 — p)) 8kn + &/2. Note the length
only depends on k. We can then choose N = N (8kn + €) as in 6.4. In this way, cel(w @ p)<
2m + ¢/2. 1t follows that

Cel((w @ p) (1 —p) D 2)) <Bn+&/2.
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The fact that [|u — (w @ p)((1 — p) @D 2)||< &/8 implies that cel(u)<8xn + ¢.
Theorem(4.1.36)[89]: Let A be a unital simple C*- algebra with TR(A)<1. Letu, v € U (A)
such that [u] = [v] in K;(A) and

uk  vkeU,(A) and cel ((u*)*v*)<L.
Then

cel (uxv) 8t +L/k.

Moreover, there isy € U,(A) with cel(y)>L/ k such thatu=v =y in U (A)/CU(A).
Theorem(4.1.37)[89]: Let A be a unital separable simple C*- algebra with TR(A) <1 and u
€U,(A). Suppose that u*e CU(A) for some integer k > 0, then u € CU(A). In particular,
Uy(A)/CU(A) is torsion free.
Proof: Let € > 0 and let

r
v = 1_[ a;b; (@')71(b')™! be such that ||u* —v|| < e/64
j=1

Put I= cel(u®). Let 8 > 0 be such that 2(1+€)d < ¢/64n. Fix a finite subsetGcA which contains
u, u* , v, a;, b;,a;~t, b;”*among other elements.
Since TR(A)K1, there is a projection p € A and a unital C*- subalgebra F €l with 1, = p such
that:

(1)pXp €64 F for all x €6,

(ifllv — vo @ vyll<e/32, llu — up D wuyll< /32, and ||[u* — uk @ uf||< /32,

(ii)cel(uk) <1+ /32 in U ((1 — p)A(1 — p)) and

(ivyt(1 —p)<dforallteT(A).
Here u,, vo€ U ((1 — p)A(1 — p)) and u,, v;€ U (F ). Moreover, we may assume that there
are a’;, b'; € U (F) such that

|uf —ITj=; a'sb"; (@)~ (b') || < &/32.
Putw =[]7_; a’;b’; (a';) " (b’;)~". Since U (F) = Uy(F ), we may write
w=[]% _, exp(id,,) for
some d,, Fy,. Put w,= [1%,=, exp(id,,, /k) Then wff = w so
cel ((u1)* (Wi))<5;:
Write F =@®Y_, F,where each Fs=M,C([0, 1] ) or F; =M,.(5), we may assume that each n(s)
> max(16m?/e, K(1)), where K(1) is the number described in [113] (with d = 1).
det(exp(if/K) exp(ia/ k)u,wy)=1
for some a, f €F,, with ||f|| < 2xn and ||a||< en/32 (with K > max(16m /e, K(1))). Exp(if/K)
exp(ia/ K)u, w,€ CU(F ). We also have
llexp(if /K) exp(ia/ k) — 1g|| < ¢&/8¢/32.
Thus
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Dist(u,wy, 1) <e/8¢/32.
Since det(w) =1, as in the proof of Theorem(4.1.36), we also have

det (exp(ig/K)wy) =1
for some g €F,,with ||g|| <2n. Again, exp(ig/K)w,€ CU(F ). But
I (exp(ig/K) wi) wy — 11l < llexp(ig/K) — 1lI< /4.
So

dist(wy, , 1) < ¢/4.
Therefore
dist(ug, 1) <dist(@t,wy )+ dist(Wy, 1) < &/8+¢/32+¢e/4 <¢€/2

in U (F )/CU(F ). On the other hand, the choice of 9,

cel (uy® p)z )< e/(8m)
for some z € CU(A). Thus

Inf{||uy D u; — x|: x€ CUA)}<&/8 +¢/8 + /32 + £/4 < 3¢/4.
This implies that
Inf{||lu — x|| : x € CUA)}<e.
Therefore u € CU(A). Consequently U,(A)/CU(A) is torsion free.
Corollary (4.1.38)[89]: Let B,, be a sequence of unital simple C*- algebra with TR(B,,) <1.
Let [12 K, (B,,) be the set of sequences z = {z,}, where z,, €K, (B,,) and z,, can be represented
by unitaries in My, (B,,) for some integer K(z) > 0. Then the kernel of the map
Ki(IT Bn) = I17 K1(By) — 0
is a divisible and torsion free subgroup of K, (I],, By)-
Proof: By 6.5, the exponential rank of each B,, is bounded by 4. Therefore that the kernel is
divisible follows from the fact that each B,, has stable rank one (and has exponential rank
bounded by 4) (see [45]). Suppose that {u,} € U (Mg ([],, B,,)) such that [{u,, }] is in the ker-
nel and k [{u,}] = 0. By changing notation (with different {u,} and larger K), we may
assume that {uk}e U,(My([1,, B,,)). Also each u,EU,(B,). This implies that there is L > 0
such that cel(uX) < L for all n. It follows from 6.10 that
cel(u,) < 8t+L+L/k+m/4 foralln.

This implies (see for example [45]) {u,}€ Uy(M,(I1,,B,)). Therefore [{u,}]= 0 in
K (ITn Bn).-
So the kernel is torsion free.
Definition(4.1.39)[89]: Let Y be a connected finite CW complex with dimension no more
than three with torsion K, (C(Y )) and set C' = P M,. (C(X))P , where X = Stv S1v ¢ ¢ ¢ vSly
Y and P € M, (C(X)) is a projection and P has rank R > 6. We assume that Stis repeated s
(> 0) times.Note that the above includes the case that X= Y= [0,1]Then K,(C")=tor
(K, (CH)BDG,where G, is s copies of Z. Denote by & the point in X where each Stand Y meet.
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Rename each S by 0, , i=1, 2, ..., s. Denote by z’;the identity map on ith S* (12; ). Define
z"; (£)=C on £2;(which is identified with S1) and z"’; ({ )= & for all { / £2;. There is an obvious
homomorphism[]: PM,(C(X))P —» D' =@, E;, where E; = Mg(C(S)). Note that if s>
2, then ITis not surjective. We have that G; =K;(D' ). We also use I1;: PM,(C(X))P -
E;which is the composition of IT with the projection from D' to E;. Let z be the identity map
onSt.

We may write

o

where P; is a projection with rank 3 and I = diag(1, 1, ..., 1) with 1 repeating rank(P ) — 3
times.

Note that, since rank(P )>6, tsr(C(X)) = 2 and csr(C(X))< 2 + L as in [119]). It fol-lows that
csrM;(CY< 2 in [120] . It then follows [120] that U (C)/U,(C") =K;(C'). In particular,
CU(C") cU,(CH.

Denote by u; = diag(z”’; , 1, ..., 1), where 1 is repeated r — 4 times. If we write z;€ U (C),

we mean the unitary
(P, 0
76 = <0 ui)'
If we write z;€EE; , we mean II; (z''; ). Note that in this case, z; has the form diag(l, . . ., 1,
z,1,...,1), where z is in the 4th position and there are R — 1 many 1’s.

Now let C=@; 3 €, where € Dis either of the form P;M,(;, (C(Xj)) P;for j <I, where X; is

ofthe form X described above, CP=M,;y, or CV) = P;M,;, (C(Y])) P, where Y; is a finite
CW complex with dimension no more than 3, rank of P; is R(j)>6 and K, (Y; ) is finite for [+1
<j <!Il+l;. Let DU be as D' above for each <. Let ITY) be as Il above for
CO=PM,; (C(X;)) P Put D=}, DDand T =@}, [1? . Since K;(C) is finitely
generated and U,(C)/CU(C ,we may write

U (C)/CU(C) = U,(C)/ICU(C) BK;(D) & tor K;(C) .
Let r; : U (C)/CU(C) — K;(D), 1, : U (C)/CU(C) — Uy(C)/CU(C), 1, : U (C)/CU(C) —
tor(K;(C)) be fixed projection maps associated with the above decomposition. To avoid
possible confusion, by m; (U (C)/CU(C)), we mean a subgroup of U (C)/CU(C), i1 =0, 1, 2.
We also assume that ;(z,) = z, (in U (C)/CU(C)).
It is worth pointing out that one could have X =Y =[O0, 1].

The notation established above will be used in the rest of this section.
Lemma (4.1.40)[89]: Let C =@:*"* ¢;be as above andUc U (C) be a finite subset and F be

the group generated by U. Suppose that G is a subgroup of U (C)/CU(C) which contains F,
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1, (U (C)/CU(C) andm, (U (C)/CU (C)).Suppose that the composition mapy:F— U
(D)/CU(D) — U (D)/Uy(D) is injective and y (F ) is free. Let B be a unital C*- algebra and A

G — U (B)CUB) be a homomorphism such that A(GN U,(C)/CU(C))
cU,y(B)/CU(B).Then there are homomorphisms f : U (D)/CUD) — U (B)/CU(B) with
B(U,(D)/ICU(D)) cU,(B)/CU(B), and 6 : m,(U (C)/CU(C)) — U (B)/CU(B) such that

B IT* o 1y (W) = A(W) 6 = 7, (W)

for all w € F and such that 0 (2)=A\r, w(c)/cucy(g™") for ge m(U (C)/CU(C)).
Moreover,(U,(D)/CU(D)) cU,(B)/CU(B).

If furthermore A is a simple C*- algebra with TR(B)<1 and A(U (C)/CU(C))
cUy(B)/CU(B), then B o IT* » (1)) |z = Alf .
Proof:Let k;, : U (D)/CU(D) — K;(D) be the quotient map. Let n : m{(U (C)/CU(C)) —
K;(D) be defined by n =k ° Il § |, (u (c)/cu(cy)- Note that 1 is an isomorphism. Since v is
injective and y (F ) is free, we conclude that x, ° IT* - m, is also injective on FFrom this fact
and the fact that U,(C)/CU(C) is divisible (6.6), we obtain a homomorphism A : K;(D) —
U,(C)/CU(C) such that

MNieeriny 7y = o (1 “IT¥em )\p) ™"
Now define B = A((n~! °k;) B (\°k,)). Then forany w € F,
BUT* oy (W)= Al n—1( Ky © Ty (W) A o iy ([T (11, (W))) 1= A 701 (W) Do (W)
Now define 0 : m,(U (C)/CU(C)) — U (B)/CU(B) by 0 (x) = A(x~1) for x €m,(U
(C)/ICU(C)). Then
B(IT* (my (W) =AW)0m,,(w) forweF.
To see the last statement, we assume A(U (C)/CU(C)) cU,(B)/CU(B). Then A(rr,(U (C)/
CU(QC))) is a torsion subgroup of U,(B)/CU(B). By 6.11, U,(B)/CU(B) is torsion free. There-
fore 6 = 0.
Lemma(4.1.41)[89]: Let A be a unital separable simple C*- algebra with TR(A)< 1 and C
be as de-scribed in 7.1. Let Uc U (A) be a finite subset and F be the subgroup generated by
U such that(x;)\ g is injective and x,(F ) is free, where x;: U (A)/CU(A)- K, (A) is the
quotient map.Suppose that a : K;(C) — K;(A) is an injective homomorphismand L : F —U
(A)/CU(A)is an injective homomorphism with L(F n Uy(A)/CU(A)) cU,(C)/CU(C) such
that rr,° L is injective (see 7.1 for ;) and
o°Kk'1°L(9)=K,(g) forallg€eF
where k'; : U (C)/CU(C) — K;(C) is the quotient map. Then there exists a homomorphism§ :
U (C)/CU(C) — U (A)/CU(A) with B(U,(C)/CU(C)) cU,(A)/CU(A) such that
BeL(w)=w forweF.

Proof:Let G be the preimage of o ° k';(U (C)/CU(C)) under x,. So we have the following
short exact sequence:
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0 — Uy(A)/CUA) > G — a° k'y U (C)/CUC) — 0.
Since Uy(A)/CU(A) is divisible, there exists an injective homomorphism
y:o°k'y U(C)/CUC) -G
such that k,°y(g)= g for g €a °k,(U (C)/CU(C)). Since a °k'1°L (f) = k,(f) for allf €
F,we have F cG. Moreover,(y o a o k';°L (f))_1 f € Uy(A)/CU(A) forall f € F.
Define y : L(F)—Uy(A)/CU(A) by
v )=y ok s LLW @I L0 )
for x €L(F). Since U,(A)/CU(A) is divisible, there is homomorphism vy: U
(C)/CU(C)—Uy(A)/CU(AY |7 =V. Now define
) )= aox'1 (P (X).
Hence B(L(f )) = f for feF .
Lemma(4.1.42)[89]: Let B be a unital separable simple C*- algebra with TR(B)<1 and C be
asin7.1.
Let F be a group generated by a finite subset Uc U (C) such that (r,)|5 is injective. Let G be
a subgroup containing F , my(F ), m,(U (C)/CU(C)) and m,(U (C)/CU(C)). Suppose that a:U
(C)/CU(C) — U (B)/CU(B) is a homomorphism with a(U,(C)/CU(C)) cU,(B)/CU(B). Then
for any € > 0 there is 6 > 0 satisfying the following: if ¢ = @,@D¢p,; : C —» B is a G-
multiplicative contractive completely positive linear map such that:
(i)both ¢, and ¢, are G-n-multiplicative and ¢, maps the identity of each summand of C into
a projection,
(ii)G is sufficiently large and 0 is sufficiently small which depend only on C and F (so that ¢¥
is well defined on a G),
(i), is homotopically trivial (see (vi) in Section 1), (¢g).o*0 is a well-defined homomor-
phism and [@]\, ;= @\, F), Wherea, : K;(C) » K;(B)induced by o and x;:U (C)/CU(C)
— K, (C) is the quotient map,
(iv) T (@o(1;-)) <o forall T €T (B),
then there is a homomorphism @ : C — eyBe, (ey = @y(1. )) such that:

(i) @ is homotopically trivial and @, = (@,)., and
(i) a@)"H(@ D 0¥ (W)=7y,

where g,,€U,(B) and cel(g,, ) < ¢ for all w €U.
Proof: By Lemma (4.1.40), there are homomorphisms S, 5, : U (D)/CU(D) — U (B)/CU(B)
with B; (Uy(D)/CU(D)) cU,(B)/CU(B) (i = 1, 2) and homomorphisms
0., 0,m,(U (C)/CU(C) — U (B)/CU(B) such that
B ° H*(TH(W)) = a (W)0, (m,(w))andpB; ° H#(7T1 (VT/)) = QT(W *)0, (1, (W))
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for all w € F . Moreover 6,(g)= a(g™!) and 6,(9)= @* (q) if g € m,(F). Since @, is
homotopi-cally trivial,

61(9)6,(9)€ Uy(B)/CU(B)for all g €m, (F).

Since m,(U (C)/CU(C) is torsion and U, (B)/CU(B) is torsion free, we conclude that

0,(9)8,(g)= 1 forall ge m,(F).
To simplify notation, without loss of generality, we may assume that C= EB”“ cU) (withl =

1) such that ™M= P M, (C(X))P as described in Definition(4.1.39)and CYWis also as
described in Definition(4.1.39) for2 =1+ 1 < j <l; + 1. Let D be as described in 7.1.For

each w € U (C), we may write W = (wy, wy, . . ., wyy, ) according to the direct sum
C=@;1; €. Note that my(w)=my(wy). Let n (W)= (z; "™,z . . .ZkC"),
wherek (i, w)is an integer (here z; is described in Definition(4.1.39)). Then H?(nl(wl)) =

z°™).On the other hand, we may also write [TF(wy) = Zk(l ") giw Tor some g; ., €U,(C(S;,

MT )).Let I = max{cel(g;w ): W €U, 1<i <s}. Choose § so that (2 + 1)d < e/4n. Let ¢4 =
Do(1c)and e; = @4 (1¢ ). Write eg = E;DE,D * * » DE4, , Where E; = 0o(1.0» ), j=1,2
14+
Recall that P has rank R. Since @, is homotopically trivial ,we may also write E; = ey, @D ¢ **
@Deor , Where {ey; : 1< i< R} is a set of mutually orthogonal and mutually equivalent
projections. Since e,Be, is simple and has the property (SP), ey, can be written as a sum of s
mutually orthogonal projections. Thus E; = p;@p,D * *» « @p, , where each p; can be
written as a direct sum of R mutually orthogonal and mutually equivalent
projections{q; 1, ...... ,q;r}- For each q;;, we writeq;; = q;11 D qi12,Where both g;; 1 and
qi1,2 are notzero. Let q =X;_; q;;,, We may view E,BE; =@®;-; Mr(q;189i1) = Mgr(qBq)
Let z; be as in 7.1. Put x';€ U (q;; 1Bq;1.1) such that x’, = B, (z), and y';€U (qi12Bqi12)

such thatE=ﬂ2(z_l),i =1,2,...,s. Thisis possible because of 6.7. Put x; = x'zGBCIu,z, y; =
yi®q., 1 =12, ... ,s Note that x;y; = y;x; . Define ¢, : D —
Mr(qBq)=®;i-1 Mr(qi1Bqi1) byd,(f) = Xi_1 fi(x;y:), where f=(fi.f ,fo).fi €
C(St, My)

Define h(g)= 9, (1 (g)) @9, (g) for g €C. We compute that
ROW)=TTiy % guw e 0F (W)

=ﬁ1(ni(ﬂ1("_‘/)))®f< D gi,w)ﬂz(n*(ﬂﬂ‘/_‘/)))@f(‘/_‘/)

1=1

S s
=a (W)0;(m,(W)) 0, (1, (V_V))Q)T ( D gi,w) =a (VT’)Q)T ( ) gi,w)
1=1 1=1
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forallweU. Put g', = (Z)f (Di=1 giw) @ (1 —@o(1c ). Since T (@o(1¢ )) <9, by the choice
of 8, we conclude from Lemma (4.1.33) that there exists w' € CU(B) such that

cel W' g',, )<e/2 forall w €U.

Note that @; o II factors through D and (®;)., = 0. In particular, @, ° II is
homotopicallytrivial. Since @,is homotopically trivial, it is easy to see that there is a point-

evaluation map@,:@;1 2 CO—(Di1 E)B(D;2 E)). Now define &= &, = [T ©,. We see

that we can make (by a right choice of @,) ®|,,. It is clear that ® is homotopically trivial. Let
9" W=, (W) ®(1-(eg—Ey)). Since @,(TirCD) is finite-dimensional, cel(®,(w))<2m (in
Uy((eo—E;)B(ey,—E,)) for all w €U).By the choice of 8, we conclude that there is  w" €
CU(B) such that cel(w" g"’,,) <&/2 (see 6.4). Put g,,=w g,, W g,, . We have, for all well,
a(w) (@ & 0,)*(w) =g, withg,, € U, (B)and cel(g,,) <e.

Lemma (4.1.43)[89]: Let B be a unital separable simple C*- algebra with TR(B) <1 and C be
as described in 7.1. Let Uc U (B) be a finite subset and F be the subgroup generated by U
such that x, (F ) is free, where k; :U (B)/CU(B) —K; (B) is the quotient map. Let@ — B be
a homomorphism such that @,,is injective. Suppose that j, L : F —U (C)/CU(C) are
twoinjective homomorphisms with j(FnU, (B)/CUB)) , L(FnU, (B)/CU(B)c
(Uy (C)/CU(C))such that k; o @ ° L = Kk, o @*°j = k;\r and all three are injective.

Then, for any & > 0, there exists & > 0 such that if @ = ,89, : C — B, where @, and @, are
homomorphisms satisfying the following:

()t (Dy(1s)) <bforallte T (B)and

(i1)@, is homotopically trivial,
then there is a homomorphism y : C — eyBe, (e, = @y(1, )) such that:

M)y ]1=[0,] in KL(C, B) and

(o j (W) Ty @ b,)F(L(w)) =g, , where g, €Uy(B) and cel(g,, ) <& for all w
EU.
Proof: The first part of the proof is essentially the same as that of Lemma (4.1.40). Let ', :
U (C)/CU(C) — K;(C) be the quotient map and let G be the preimage of @,, ° x';(U
(C)/ICU(C)) un-der x,. Since Uy(B)/CU(B) is divisible, there exists an injective
homomorphism vy : @,; °k’; (U (C)/CU(C))— G such thatk,°y (g)= g for g €0,, °x'; (U
(C)/ICU(C)). Sinced,; °k; ° L(f) = Ky (f) = k1 (@7 °j(f)) for all f € F,wehaveF c
G Moreover,

[y ©B.1 © ks o L(E)]7'0* = j (f )EU,(B)/CU(B)
forall f €F. Define y : L(F ) — Uy(B)/CU(B) by
v (x)=[y°Bs °K'y (X)]7[BFje LT(X)]
for all x € L(F). Since U,y(B)/CU(B) is divisible, there is a homomorphism
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i :U (C)/CU(C) —U, (B)/CU(B) such that |,z)=.
Define a:U (C)/CU(C)— U(B)/CUB) by ax) = y°@,; o k'; (X (x) for all X eU
(C)/CU(B). Note that

o L(f)) = &% j(f) forall f  €F.
Definition (4.1.44)[89]: Let A and B be C*- algebras. Two homomorphisms @, v : A — B
are said to be stably unitarily equivalent if for any monomorphism h : A — B, € > 0 and finite
subset Fc A there exists an integer n > 0 and a unitaryU €M,,.,(B) (or in M,,,,(B),if B is
unital) such

that
| U* diag (9 (a),h(a),h(a),...,h(a))U — diag (Y (a),h(a),h(a),...,h(a))||< g
for all a €F, where h(a) is repeated n times on both diagonals.
Let A and B be C*- algebras and @, v : A — B be (linear) maps. Let FC A and € > 0. We
write

¢ ~eVy onF,
if there exists a unitary u€ B such that
lad(w)° @ (a) — ¥ (a)|| <g¢ foralla€eF.
We write
o~ey onF,if ||@(a) — Y (a)|]| <eforallac€F.
Definition(4.1.45)[89]: Let A be a C*- algebra.
(i) Denote by P(A) the set of all projections and unitaries in M, (A 7éan), ni 2, ...,
where C,, is an abelian C*- algebra so that
K; (A ®C,) =K.(A; ZInZ).
(see [126]). As in [25], we use the notation

K(A) = ®

i=01neZz,
By Hom,(K(A), K(B)) we mean all homomorphisms from K(A) to K(B) which respect to the
direct sum decomposition and the so-called Bockstein operations (see [25]). Denote by
Hom, (K (A),K (B))*" those a eHom,(K(A), K(B)) with the property that a(K,(A4), \ {0})
CK,y(B), \{0}. It follows from [25] that if A satisfies the Universal Coefficient Theorem,then
Hom,(K (A),K (B)) = KL(A, B). Moreover, one has the following short exact sequence,
0 — Pext (K,(A), K.(B)) — KK(A, B) —» KL(A, B) — 0.

A separable C*- algebra A is said to satisfy Approximate Universal Coefficient Theorem
(AUCT) if

K; (A; ZInZ).

KL(A, B) = Hom, (K (A), K(B))
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for any o -unital C*- algebra B (see [76]). A separable C*- algebra A which satisfies the UCT
must satisfy the AUCT. If A satisfies the AUCT, for convenience, we will use KL(4, B)**
forHom, (K (A), K (B))**.
(i1) Let L : A — B, be a contractive completely positive linear map. We also use L for the
extension from A ® K — B ®K as well as maps from4d @ C, — B & C,, for all n. Given a
pro-jection p €P(A), if L : A — B is an F-6-multiplicative contractive completely positive
linear map with sufficiently large F and sufficiently small 3, ||[L(p) — q ||[< 1/4 for some
projection q' . Define [L](p) = [q] in K(B). It is easy to see this is well defined (see [67]).
Suppose that q is also in P(A) with [g ] = k[p] for some integer k. By adding sufficiently
many elements (partial isometries) inF, we can assume that [L](q) = K[L](p). Let PcP(A) be
a finite subset. We say [L]|» is well defined if [L](p) is well de-fined for every p €P and if
[p'] = [p] and p' €, then [L](p") = [L](p). This always occurs if F is sufficiently large and o is
sufficiently small. In what follows we write [L]|» when [L] is well defined on .

(iii)Let A= @}, A;, where each 4; is a unital C*- algebra. Suppose that L : A — B is
a G-e-multiplicative contractive completely positive linear map. For any n > 0, if G is large
enough and ¢ is small enough, we may assume that

1LCa) = pill<m. [l L4 I<m and  [|L(La ) pjfl<m
for some projection p;€ B and i # j. Letb = p;L(14, ) p;. Then, with sufficiently small n,
we may assume that b is invertible in p;B p,. Define Ly(a) = b=/ p,L(a) pyp~/2. Then
Li(14, ) = pq. Consider (1 — p;)L(1 — py). It is clear that, for any & > 0, by induction and
choosing a sufficiently large G and sufficiently small n and &,
IL — ¥ ll<s,

where ¥ (a)=D;_; L; (14, aly, ) for a €A. So, to save notation in what follows, we may as-
sume that L =@}, L; , where each L; : A; — B is a completely positive contraction which
maps 1,4, to a projection in B and {L;(1,,), L2(14,), - . . , Ln(1,,) are mutually orthogonal.
Throughout the rest of this section, A denotes the class of separable nuclear C*- algebras
satisfying the Approximate Universal Coefficient Theorem.
Lemma(4.1.46)[89]: Let B be a unital C*- algebra and let A be a unital C*- algebra in A
which is a unital C*- subalgebra of B. Let a.: A — B and B : A — B be two homomorphisms.
Then o and B are stably approximately unitarily equivalent if [a] = [B] in KK(A, B) and if A
Is simple or B is simple.
The following is a modification in[90]. A proof was given in the earlier version of this
section. Since then a more general version of the following appeared in [76]. We will omit
the original proof and view the following as a special case.
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Theorem (4.1.47)[89]: (Cf. [35, Theorem 4.8].) Let B be a C*- algebra with stable rank one
and cel(M,,(B))< k for some k >= and for all m, and let A be a unital simple C*- algebra in A
which is a C*- subalgebra of B. Let a.: A — B and B : A — B be two homomorphisms. Then
and P are stably approximately unitarily equivalent if [a] = [B] in KL(A, B).
The following uniqueness theorem is a modification of [35, Theorem 5.3].
Theorem (4.1.48)[89]:  (See [90].) Let A be a unital simple C*- algebrain Aand L : U
(M,(A)) — R, be a map. For any € > 0 and any finite subset FC A there exist a positive
number 6 > 0, a finite subset GC A, a finite subset PcP(A) and an integer n > 0 satisfying
the following: for any unital simple C*- algebra B with TR(B)< 1, if @, y, 6 : A — C are
three G-6-multiplicative contractive completely positive linear maps with
(D117 = [ 2,
cel (B(u)*y (u)) <L(u)
forall u € U (A) N P and o is unital, then there is a unitary u €M,, ., (B) such that
lu * diag( @ (a),o (a),...,0 (a)) u — diag (Y (a),o0 (a),...,0 (a))|l<e

for all a €F, where o (a) is repeated n times.
Proof. Suppose that the theorem is false. Then there are ,> 0 and a finite subset Fc A such
that there are a sequence of positive numbers {6, } with &, | 0, an increasing sequence of
finite subsets {G,, } whose union is dense in the unit ball of A, a sequence of finite subsets
{P,} of P(A) with UZ_, P, = P(A) and with U, = U (A) N P, a sequence {k(n)} of integers
(k(n)2 o)
and sequences {@,,}, {y,,} and {0, } of G,,-8,,-multiplicative positive linear maps from A to
By with [8,]1, = [ ]|, and
cel (@, (U)*n, (u)) <L(u)

for all u €U, satisfying the following:

inf{sup{llu” diag (8,(a), on(a),..., op(a))u — diag (Yn(a), on(a),...,on())|l: a€F}}>
€0

where o, (a) is repeated k(n) times and the infimum is taken over all unitaries in
Mk(n)+1(Bn)-

Set D, =@;-, B, and D =[]~ B,, . Define ®, ¥, X : A—» D by ® (a) ={0,,(a)},

¥ (a) = {yY,(a)} and X (a) = {0,(a)} fora € A. Let = : D — D/D, be the quotient map and set
®=n1°P,P=n-Pand Y = m°X. Note thatd, ¥, and I are monomorphisms. For any

u €Uy,

cel (@, (U)*Py, (u) <L(u)
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for all sufficiently large n (> k). This implies that there is an equi-continuous path {v,(t )} (t
€ [0, 1]) such that
(0= @B,(u) and v ()= Pu(u)

(see, for example, [45]). Therefore, we conclude that
[ 11k, (A) =[P ]Ik, (A) .
Given an element p €P;, \ U;, (for some k), we claim that

[@2(P)] =[¥ (P)] -
We have (see [45])

Ko(IT Br) =112[K0(Bn) and  Ko(D/Dy) =Ko(By)/Ko(By),

Where b K, (B,,) is the sequences of elements {[p,,] — [g.]}, where p,, and g,, can be repr

I1
by projections in M, (B,,) for some integer L. Since each TR(B,, ) <1,B,, has stable sented

rank one and K,(B,,) is weakly unperforated. As in [45] each B, has K;—divisible rank T
withT (n, K) = 1., cer(My(B,))<4 for all k and n, and the kernel of the mapK,([],By)
to[J2 K, (B,,)is divisible and torsion free.

We also have

K, (an, Z/mZ)chi (B, Z/mZ), m=2,3,....

(In fact, by 6.10, each B,, has exponential length divisible rank E with E(L, k)=8/m+L/k
+ 1 so that [45] can be applied directly.

Since [@,,(p)] = [Yn(p)] iIn Ky(B,) orinK; ( B,,Z/mZ) (i=0,1,m=2,3,...) for large n,
[@2(P)] =[¥ (P)] -

Thend,= ¥,. Therefore[®@] =[¥] in KL(A,]],.Bn/Dx Br)-

By applying 8.4, we obtain an integer N anda unitary u eMy,(D/D, ) such that

lu* diag (®(a),Z(a),...,2(a))u — diag (P(a),Z(a),...,Z(a))]|| < &/3

for all a €F, where X (a) is repeated N times. It is easy to (see [67] for example) there

is a unitary U My, ,(D) such that 7(U ) = u and for each a €F there exists c,EMy,1(D,)
such that

| U* diag ((D(a),Z(a),...,Z(a))U —diag (‘P (a),Z(a),...,Z(a)) + ca” < &,/3

where X (a) is repeated N times. Write U = {u,, }, where u,, €My, ,(B,,) are unitaries. Since
CaEMpy41(Dy) and F is finite, there is Ny> 0 such that for n > N,,.

lun" diag (9n(a), o (@), ..., on(@))uy — diag (Yn(a), on(a), ..., on ()|l < &/2

for all a €F, where o, is repeated N times. This contradicts the assumption that the theorem
is false.

Theorem(4.1.49)[89]:  Let A be a separable unital nuclear simple C*-algebra with TR(A)<
1 satisfying the AUCT and let L : U (A) — R,. Then for any £ > 0 and any finite subset Fc
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A, there exist §;> 0, an integer n > 0, a finite subset PcP(A), a finite subset S c A satisfying
the following:
(i)  there exist mutually orthogonal projections q, py, . . ., p, Withq<< p; and pq, . . .,
p,, mu-tually unitarily equivalent, and there exists a C*-subalgebra C €l with 1, =
p; and unital S-6,/2-multiplicative contractive completely positive linear maps @,
: A — gAqand @, : A — C such tha
Ix = (@o(x) © B1(x),0:(x),..., D1(x)<6:/2
for all x € S, where @, (X) is repeated n times; moreover, there exist a finite subset G,c A,
a finite subset P, of projections in M., (C), a finite subset H cA,,, §,>0and 6> 0
(which depend on the choices of C);
for any unital simple C*-algebra B with TR(B)< 1 and any two SUG,-o-multiplicative
completely positive linear contractions L,, L, : A — B for which the following hold (with
0 =min{d;, 6y }):
(i) [L1]lpup, = [L2]lpup, ;
(i) [te Li(g) —t° Ly(g)|<ocforallg eH andt € T (A);
(iv)e=Ly° @y(14) =L, ° @y(1,) is a projection;
(v) cel(Ly (Bo(u))*L2((Bo(u))))<L(u) (in U (eBe)) for all ueU (A)N P,
there exists a unitary U € B such that
ad(U)°L; =L, OnZF.
Note that (i) holds as long as TR(A)<1 and does not depend on L, € and F.
Theorem(4.1.50)[89]:  Let A be a unital separable simple C*- algebra with TR(A) <1 and
with torsion K;(A). For any € > 0 and any finite subset FC A there exist 6 >0, 6 > 0, a finite
subset PcP(A) and a finite subset Gc A satisfying the following: for any unital simple C*-
algebra B with TR(B)< 1, any two G-3-multiplicative completely positive linear contractions
Ly, L, : A — B with
[L1]lp = [L2]l»
and
et li® —1°L, @l <o
for all g €G, there exists a unitary U € B such that
ad(U)°L,; =, L,onF.
Theorem. (4.1.51)[89]: Let A be a unital nuclear simple C*- algebra with TR(A) <1 and with
torsion K, (A) which satisfies the AUCT. Then an automorphism a. : A — A is approximately
inner if and only if [a] = [id4] in KL(A, A) and t° a(x) =71 (x) forallx € Aandt € T (A).
Proof: If a is approximately inner, then it is clear that
Toa(X)=1(X)
forall x € A and t € T (A). The “only if” part follows from [35]. It is also clear that the “if
part”.
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Section (4.2) Existance and Classfication Theorms

Definition(4.2.1)[89]: Let A and B be two unital stably finite C*- algebras and let a : Ky(A)
— Ky(B) be a positive homomorphism and A : T (B) — T (A) be a continuous affine map.
We say A is compatible with a if A(t )(x) = 1 (a(x)) for all x €K,(A), where we view T as a
state on K,(A). Let S be a compact convex set. Denote by Aff (S) the set of all (real)
continuous affine functions on S. Let A : S — T be a continuous affine map from S to another
compact convex set T . We denote by A : Aff (T ) —» Aff (S) the unital positive linear
continuous map defined by A (f )(S) = f (A(s)) for f€ Aff (T ). A positive linear map & :
Aff T (A) - Aff T (B) is said to be compatible with a if & (p)(t ) =1 (a(p)) forallt € T
(B) and any projection p M, (A). Let A be a unital C*- algebra (with at least one normalized
trace). Define Q : A;, — Aff T (A) by Q(a)(t ) =1 (a) for a € A. Then Q is a unital positive
linear map.
A C*- algebra A is said to be KK-attainable for a class of stably finite C*- algebras C, if for
any C*- algebra B € C, any a €Hom,(K(A),K(B))*" (see 8.2) and any finite subset
PcP(A) with [1,] cP, there exists a sequence of completely positive linear contractions L,, :
A —B ®Ksuch that

IL,(a)L,(b) — L,(ab) || — 0 and[L,]|p = a|, foralla, b e A.
For the rest of the section, when we say a C*- algebra A is KK-attainable, we mean that A is
KK-attainable for unital separable simple C*- algebras with tracial rank no more than 1.
As in [77], if for any € > 0 and any finite subset FC A, there exists a C*- subalgebra A; of A
which is KK-attainable such that F c, A, then A is KK-attainable.
A unital nuclear separable simple C*- algebra A with TR(A) <1 is said to be pre-classifiable
If it satisfies the Universal Coefficient Theorem and is KK-attainable, and, in addition to the
above, for any unital separable nuclear simple C*- algebra with TR(A)<1 and any continuous
affine map A : T (B) — T (A) compatible with a,

i:?;(B){l/l(T Y(a)—t°L,(a)|]}—0 forallae A

Or, equivalently, for any contractive positive linear map & :Aff T(A) —Aff T(B)compatible
with o,

e lEQ@)@) —t° Ly, (@}—>0  forallaeA,,
Ifh : A — B is a unital homomorphism, then h induces a unital positive affine map h: Aff T
(A) = Aff T (B). The map hy is contractive. Suppose that Y is a compact metric space and
P eM; (C(Y)) is a non-zero projection with constant rank. It is known and easy to see that
Aff T (PM(C(Y))P)=Aff(T (M (C(Y)) = Cr(Y).
Theorem(4.2.2)[89]: Let A be a simple unital C*- algebra with at least one tracial state.
Then for any affine function fe Aff (T (A)) with ||fE||<1 and any € > 0, there exists an
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element a €A, with ||a||<||f]|| + & such that T (a) = f (t) for all t € T (A). Furthermore, if f>
0, we can choose a 0.
Proof:We prove this using the results in [19]. We may identify T (A) with the real part of the
unit sphere of (A% ) = (see [19] for the notation). By [8, 2.8], it suffices to consider
those fEAff (T (A)) with f (t)> 0 for all t €T (A). There is an element b €(49 ) **xsuch
that b(t ) = f (t) for all Tt € T (A). Since f is (weak-*) continuous, b €A9 . Since b(t ) > 0 for
allt € T (A), by [19] thereisc €A, and z €A, witht (z) =0 forallt € T (A) (i.e., z €A,
using the notation in [19]) such that b = ¢ + z. Now the theorem follows from [19].
Lemma(4.2.3)[89]: Let A be a separable unital C*- algebra. Let € > 0 and Fc A be a finite
subset. Then there exists 6 > 0 and a finite subset G A satisfying the following: for any
unital separable C*- algebra C with at least one tracial state and any unital contractive
positive linear maps L : A — C which is G-o-multiplicative, then, for any t € T (C) there is a
trace T € T (A) such that
|t (a) — t(L(a))|<e foralla€F.

Proof. Otherwise, there would be an €0 > 0 and a finite subset F< A, a sequence of unital
separable C*- algebra C,,, a sequence of unital contractive positive linear map L, : A — C,
such that

rlli_r&”L"(a)L"(b) — L,(ab)||=0 forall a, beA,

and a sequence t,,€ T (C,,) such that

inf{max {| t (a) — t,(Ly(a))|:a€F}: teT (A} > ¢
for all n. Let s,, be a state of A which extends t,° L,,. Let T be a weak limit of {s,}. So there
is a subsequence {n; } such that T (a) = limp,_,o Sy, (a) for all a € A. It is a routine to check

that t € T (A). Therefore, there exists K > 0, such that

[T (@) = tny (Lny (@) |<50/2
for all k >K. We obtain a contradiction.
Lemma(4.2.4)[89]: Let A = C(X), where X is a path connected finite CW-complex. Let B
be a unital separable nuclear non-elementary simple C*- algebra with TR(B)< 1 and A : T
(B) — T (A) be a continuous affine map. Then, for any ¢ > 0 and any finite subset HC Aff
T (A), there exists a unital monomorphism h : A — B such that the image of h is in a C*-
subalgebra B, €l and

Ih(f) — A(f) lI<e

for all €H , where h, A :Aff T (A) —» Aff T (B) are the maps induced by h and A,
respec-tively.
Moreover, if there is positive homomorphism o : Ky(A) — Ky(B) with a([14]) = [15 ] and A
is compatible with o, then the above is also true for A =P M; (C(X))P , where P eM; (C(X))
Is a projection inM; (C(X)). Furthermore, if X is contractible, we can also require that h,, =a.
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Corollary(4.2.5)[89]: Let A €l, B be a unital separable nuclear simple C*- algebra with
TR(B) <1, v : K4(A) — Ky(B) be a positive homomorphism and A : T (B) — T (A) be an
affine contin-uous map which is compatible with y . Then, for any ¢ > 0 and any finite subset
Gc A, there exists a unital monomorphism @ : A — B such that
rer{T°0(9) — A@(@li<o
forallgegand 9, =1v.
Proof: Note that 9.5 holds for A = M,,. It is then clear that, by considering each summand of
A, the corollary follows from 9.5.
Proposition (4.2.6)[89]: Every KK-attainable, unital separable nuclear simple C*-algebra A
with TR(A) <1 which satisfies the AUCT is pre-classifiable.
Proof. Let A be a KK-attainable separable nuclear simple C*-algebra with TR(A) 1
satisfying the AUCT and B be a unital nuclear separable simple C*-algebra with TR(B) <1.
Let a EHom,(K(A), K(B))**, PcP(A) be a finite subset containing [1,4], and A : T (B) —
T (A) be a continuous map which is comparable to | (A). Suppose that e €B is a projection
such that a(1,) = e. To save notation, without loss of generality, we may assume that B = e(B
XK)e. Let {5,,} be a decreasing sequence of positive numbers with lim,_,.6, = 0. For each
n, since A is a unital simple C*-algebra with TR(A) <1, there are nonzero projections p,,€ A
and a C*-subalgebra C, €l with 1, = p,, and a sequence of unital completely positive linear
contractions @,, : A — C,, such that:
DI [x, palll<6y,
(iDllppxpn — Pa(x) <6y
(iii)|lx — (ppxp,, B D, (x))||<8,, forall x € A with ||x|| <1 and
(ivyit(1 —p,)<I12nforallt €T (A).
Denote by ¥,,(x) = (1 — p,)x(1 — p,,) + @,(X) (for x € A). Note that
“Lpn(ab) - LPn(a)lI-’n(b)” — 0 and ||<Dn(ab) - (pn(a)CDn(b)” —0
forall a, b €A as n— oo,
Since A is KK-attainable, for each n, there exists a sequence of completely positive linear
contractions L,, : A — B @ K such that
[Pullp = [id]lp,  [Lullp = alp, [Ln°Pulle = al»,
ILy® Wn(ab) — Ly° ¥Yp(a)L, ° ¥, (b)|l = O and
”Lno d)n(ab) - Ln ° d)n(a)l'no d)n(b)” -0
as n— oofor all a, b € A. Suppose thataneafS? Dy; , where Dy, ; = My ;) OF Dy = My
(C( O, 1])). Let d, ;= idp,; .- We may also assume that, for each n, L,(d,;) is a projection
and [L,] ([dni]) =a([dy;]) foralln,i.
Let v, : T (A) — T (C,) be defined by y,(t ) = (1/t (pn))T |, - Let G, be a finite subset
(containing generators) of C,, and let {d,,} be a decreasing sequence of positive numbers with
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lim,.d, = 0. For large n, we obtain a homomorphism h, : C;, — q,Bq,, where [d; ] =
a([dy, 1), such that
|t °h,(8) —v,°A(t)(g)|<dn forallte T (B)and
for all g €G,,. Put @,,(X) = L,, > (1 — p)x(1 — p,)) + h,, > ®,(X) for x € A. It is easy to see,
by choosing a large n, @,, : A — B meets the requirements of Definition (4.2.1)
Lemma(4.2.7)[89]: Let A be a unital C*-algebra, B be a unital separable simple C*-algebra
with TR(B) <1 and F €l be a C*-subalgebra of B. Let G be a subgroup generated by a finite
subset of P(A). Suppose that there is an F-6 -multiplicative contractive completely positive
linear map y : A — F < B such that [y ]|, is well defined. Then for any & > 0, there exists a
finite-dimensional C*-subalgebra C c B and an F-6—multiplicative contractive completely
positive linear map L : A — C < B such that
[Lllnkyazyxzy = [¥ llankoaz/xzy, and  t(1¢)<e
for all tracial states T in T (B) and for all k> 1 so that GNKy(A,Z/ kZ) =#{0}, where L and v
are viewed as maps to B. Furthermore, if []gnk,(a) IS POSitive, S0 is [L]|gnk,a)-
Proof: Let 0 < & < 1. Without loss of gen-erality, we may assume that F = C([0, 1]) QM,,.
Let g, € F be a minimal projection. Suppose that
GNK,(A,Z kZ) = {0} fork>K.
with m = 2[K! + 1 and 1/ [< &/n, we may write q; = q +Xi~, p; , Where [q] < [p1],
g, p1, - - - » P are mutually orthogonal projections, [p;] = [p;],1=1,2, ... mand 1 (p;)
<1/2i< &/2n. Set e; =q +p;and qo =Y. 755" p;. Then [e;] +K![qo] = [g41]in K, (B) and
7(e;) < &/n for all tracial states T on B.From this we obtain a C*-subalgebra C of B such
that C = M,, and its minimal projection is equivalent to e, .In particular, t (1, ) <e. Let @:
F — M,, — C be a unital homomorphism, where the map F — M,,is a point-evaluation. Let L
=@-°vy,j, : F—>Bandj, : C— B be embeddings. By the choice of q4, [e;] and [q,] have
the same image in K,(B)/ kK,(B) fork =1, 2, ..., K. Therefore (j;). = (j» ° @). on Ky(F , Z/
kZ) for all kg K. Since K, (F ) = K;(C) = 0, by the six-term exact sequence in 8.2 (see [32,
1.6]), both [L] and [y ] map K,(A, Z/ kZ) to K,(B)/ kK,(B) and factor through K, (F , Z/ kZ).
Therefore
[Lllnkoaz/xzy) = [¥ llenkoaz/kzy, K=1,2,..., K.
The general case in which F is a direct sum of M; (C(]0, 1])) follows immediately.
Lemma (4.2.8)[89]: Let C =B, C;, where each C; = P;My;,(C(X; ))P; , P;is a projection in
M, (C(X; ))and X;is a path connected compact metric space with finitely generated K; (C;)
Ko(C(X; )) = Z@ tor(Ky(C; ), K1(C(X; )) and Ko (C; )) < {( 3, X): Z2€EN, or (z, x) = (0, 0)}.
Then C is KK-attainable.
Proposition(4.2.9)[89]: Let A be a separable unital simple C*-algebra with TR(A) <1. If A'is
locally AH, then A is pre-classifiable.
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Proof: It follows from [76] that A satisfies the AUCT. We may assume that A= U;-; 4y,
where each A,, is a finite direct sums of P, ;M. ;yC(Xyi )Pni and X, ; is a path connected
finite CW complex. One may assume that 1, = 1,. Put j, : A, — A the embedding.
Consider j,, x a. If A, has only one summand, then K(4,) = Z& ker p, . Since a
€ KL(A,B)*Y,
(j, * o) EKL(A,,B)**. By considering each summand separately, we may assume An has
only one summand. Since A is simple it suffices to show that, A = C(X) is
KK-attainable for every path connected finite CW complex X.
Let oo € KK(A, B)**. Suppose that a(1,) = [p] (# 0), where p €M; (B) is a projection. Fix a
unital nuclear simple C*-algebra B with TR(B) <1. By [134], there is a unital simple C*-
algebra C which is direct limit of C*-algebras such that

(Ko(C), Ko(C)+, [1c 1. K1(C)) = (Ko(B), Ko(B)+, [14], K1(B)) .
By [125], there exists p € KK(C, B) which gives the above isomorphism.
Let o €EKL(A,B)** and v = a x B71eKL(A,C)**. Since K; (C(X)) is finitely generated,
KL(A, C) = KK(A, C). In particular, y (Ky(4); \ {0}) cK,(C)+ \ {0}. By [58], there is a ho-
momorphism h : A — pM; (C)p such that [h] = y . But by 9.9, since each (*-algebra
described in Lemma (4.2.8)is KK-attainable, C is KK-attainable (see 9.1). Let € > 0 and fix
finite subsets Fc A and PcP(A). Let G = h(F) c C and Q = [h](P) cP(C). Let A: C — B
be a G-e-multiplicative contractive completely positive linear map such that
[A]lg = Blg-
Define L = A ° h. Then L : A — B is a F-e—multiplicative contractive completely positive
linear map such that
[L]lp = alp.
So A is KK-attainable.
Lemma(4.2.10)[89]: Let A be a unital separable C*-algebra, {F, } be an increasing
sequence of finitesubsets of the unit ball of A such that U k Fis dense in the unit ball of A,
and let @, : A — A be a sequence of unital contractive completely positive linear maps such
that lim,_, . ||®,(a)|| = ||a]| forall a € A and

PACRCOEENOENGIEI S
k=n k=n

for all a, b €G,,, and for anynfinite subset PcP(A), [®,]|»= [id]|» for all sufficiently large n,
whereG, = F;, Gni12Uko1 @ (F) UF, U D, (G, n=1,2,...,and where},;_, 6, <
(00}
. Let B lim, . (A, @,) be the generalized inductive limit in the sense of [7]). Then {®,}
induces an isomorphism
(Ko(B), Ko(B)+, [15 ], K1(B)) = (Ko(A), Ko(A)+, [14], K1(A)) -
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Proof: The proof is standard. We sketch here. Write K; (A) =Up=1 G,(li), where eachG,(li)is a
finitely generated subgroup of Ky(A). Let @, ym = Prim—1 -+ °¢p,and ¥,: A-B

be the map induced by the inductive system which maps the nth A to B. For each G,(li), we
may assume that [¥,]| is well defined for all m > n. The assumption that [®,]|, =
lida]l»

for all sufficiently large n implies that [’Pm]|GT(li) = [‘Pm]|GT(li) for all m, m> n. This gives a
homomorphism B; : K; (A) — K; (B) (i=0, 1).

Suppose that p,,p,, vEM; (B) such that v*v = p, and vw* = p,. There is a sequence {¥,(a;
)} . where a €M, (A), such that it converges to v. Since v*v= p;, we have ¥, (a;a;)—p;
and ¥, (axay*) — p,. Therefore we may assume that

%, (akax — (apap))?||< 12+ and ||¥,, (arax) — pq||< 1/2%+2

Since ||¥,,(2) || = lim sup ||qu,n(x)|| for all x € A and m>1, by passing to a subsequence
and possibly replacing ak by @, . (ay ), ¥, by ¥, . if necessary, we may assume that
lapar — (apap)?ll<1/22, k=1,2,....

It is standard that there is a partial isometry v, and a projection g€ A such that

VpVk=q, and  [lvg — agll< 1/2%71

for all large k. Let g, = v, v;. Note also, for any € > 0, we have

[ (@) — pull<e  and  ||¥, (@) — p2l<e

for all large k. Hence [¥,, ] (qx) = [pi]and [¥,, ] (qx) = [p.]This, in particular, implies
that[p,] is in the image of S,. It follows that 3, is surjective. Note also that [g; ] = [qx ] In
Ko (A). It follows that S, is also injective. It is also easy to check from the definition that S,
preserves the order.

In the above, if we let wxw = p; and wwx*<p,, then exactly the same argument shows that
there are partial isometries vi€ A such that v,v, = qx , vV, < q and ¥, (Vv )— v,
Y, (qr) — py and ¥, (g ) — vW*<p,. These imply that 3, is an order isomorphism.

A similar argument shows that £, is an isomorphism and K, (A) = K, (B).
Theorem(4.2.11)[89]: Let A be a unital separable nuclear simple C*-algebra with TR(A)<1
satisfy-ing the AUCT. Then there exists a unital separable nuclear simple C*-algebra B with
TR(B) = 0 satisfying AUCT and the following:

(i) (Ko(A), Ko(A)+, [1a ], K1(A)) = (Ko(B), Ko(B)+. [18], K1(B)),
(if)there exists a sequence of contractive completely positive linear maps @, : A — B such
that:

¢V

(Dlimp ol Py (ab) — @, ()P, (b) [[=0fora, b eA,
(if)For each finite subset PcP(A) there exists an integer N > 0 such that

[@n]lp = [a]lp
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for all n>N , where a € KL(A, B) which gives an identification in (i) above.
Theorem(4.2.12)[89]: (Cf. [134].) Suppose that G is a countable, partially ordered abelian
group which is simple, weakly unperforated with the Riesz interpolation property, that
G/tor(G) is non-cyclic,

u €G,, H is a countable abelian group, A is a metrizable Choquet simplex and A :A —

S(G, u) is a continuous affine map with A(d,A) = 9,S(G, u). Then there is a simple AH-
algebra A = limy,_,,(An, hy) With TR(A)1 and with A, = C; D C,D * * * B Cpy(n), Where C;
is of the form as described in 7.1 (a single summand) and C; is of the form C([0, 1]) @M,
(for

j> 1), such that:

Dh, = hflo)eah,(ll)eah,(f), where hgo), hg) factor through a C*-algebra in I,
and h,, is injective, in particular, hflo) is homotopically trivial,

()T ° hng0 © K (14, ) — O uniformly on T (A),
(i) Tohpiqe© h;z)(lAn ) — 0 uniformly on T (A),
(iii) (hy).q is injective and
(iv) (Ko(A), Ko(A)+, [1a 1, K1 (A), T (A), 74) = (G, G4, u, H, A, D).
Proof: The proof of this is a combination of Villadsen’s proof of the main theorem in [134].
Let A=lim,,-(4,, h,) be as in [75]. This algebra A satisfies (iii),
(iv) and (Ky(A), Ko(A) 4, [14 1, K1 (A)) = (G, G, u, H). Moreover each An can be chosen so
it has the form as required. Here one needs one modification and one explanation. We use
Ci = My, for j> 1. But we can map C([0, 1], M, ;)) into My, ;y by a one point-evaluation
and then map M,,;, into C([0, 1], M;,;y) (as constant functions). So we can assume that 4,
has the required form. Note also that the new A,, has the same K-theory as the old one. If
Ki(A) = F = limy(Fy, ¥n), K1(4,) = F, and the map @, ., has the property (@, n+1).1 =
¥n. HOowever, since F is a countable abelian group, one can always assume that Fn is
finitely generated and y,, is injective (by choosing F, as subgroups and y,, as embeddings) so
that (iv) holds.
We will revise the map hn to meet the other requirements. Villadsen’s proof in [134] is to
replace h,, by @,, without changing its K-theory in such a way that one gets A as tracial space
and A as pairing. We will follow his proof with a minor modification. Each h,, may be written
as h,@h,,, where hn is a point-evaluation, as in [75]. that holds when Xé IS a compact
connected CW complex with dimension at least one but no more than three. Following
Villadsen’s proof, as in [134] and its proof, one can replace h,, to achieve exactly what
[134]achieved. It should be noted that Villadsen’s proof of the main theorem in [134] works

when XL{ has lower dimension (but at least one), since the required maps ié :[0,1] — Xé and
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ké X é — [0, 1] still exist. The new map obtained from Villadsen’s proof has the formys,, =

h, @ h,, where h,, is homotopically trivial. Furthermore, it can be chosen so that it factors
through a C*-algebra in I. The construction of Villadsen then gives a simple AH-algebra B
with TR(B)<1 and satisfies (5). Moreover, one hast® Y, 1°h,, (1,4, ) = 0 uniformly on T (B).
The construction does not change (3) and (4). It is also easy to get (1) and (2). For example,
considerh,,.1°h, @ hy,.1°h, @ h,,,°,. Note that h,,,,°h,and h,°P,, are homotopically
trivial andt°® ¥y, °hy41°h, (14, ) = 0 uniformly on T (B).
Definition(4.2.13)[89]: Let C be a unital C*-algebra. We denote by S, (K,(C)) the set of
states on K,(C), i.e., the set of order and unit preserving homomorphisms from K,(C) to (the
additive group) R. There is an affine map A : T (C) — S, (Ky(C)) such that A(t )([p]) =t (p)
for all projections p eM,(C) and t € T (C). Suppose that C is stably finite. It was proved in
[123] (for the simple case) that each state in S,,(K,(C)) is induced
by a quasitrace t QT (C). If C is exact, or if it is both simple and of tracial rank at most one,
then all quasitraces on C are traces.
Let A and B be two unital C*-algebras. We say
T (Ko(A), Ko(A)+, [1a ], K1(A), T(A)—(Ko(B), Ko(B)+, [18], K1(B), T(B))
Is an order isomorphism if there is an order isomorphism
Yo i (Ko(A), Ko(A);) = (Ko(B), Ko(B)4)
which maps [1, ] to [15 ], there is an isomorphism y; : K;(A) — K;(B) and an affine homeo-
morphism y, : T (A) — T (B) such that y; (1 )(X) = t (yo(x)) for all t € T (B) and x €K, (A),
where we view T as a state on Ky(A).
Theorem(4.1.14)[89]: Let A and B be two unital separable nuclear simple C*-algebras with
TR(A)K1 and TR(B) <1 satisfying AUCT such that
(Ko(B), Ko(B)+, [1p ], K1(B), T(B))=(Ko(A), Ko(A)+, [1a], K1(A), T(A))
in the sense of 10.2. Then there is a sequence of contractive completely positive linear maps
{%,} from A to B such that:

(i) limy,¥,(ab) — ¥, (¥, (b) =0foralla,b €A,

(i)  for any finite subset set PcP(A),
[Prllr = alp,
for all sufficiently large n, where o. € KL(A, B)**gives the above identification on K-theory
and

@ et T (@ — §Q@) (1)

n » oot €

foralla€A,,, where : Aff T (A) — Aff T (B) is the affine isometry given above.
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Proof. It follows from Theorem 9.12 that there is a unital separable simple nuclear C*- -
algebra C with TR(C) = 0 satisfying the AUCT such that
(Ko(A), Ko(A), [1a], K1(A)) = (Ko(C), Ko(C)+, [1c], K1(C))
and a sequence of contractive completely positive linear maps L, : A — C satisfying
condition
(i) of theorem(4.1.63) In particular, [L,]|» = B|p, for any finite subset P and all sufficiently
large n, where B € KL(A,C)*™" gives the above identification on K-theory. It follows from
[93] that there is a unital separable simple AH-algebra C; such that ¢; = C. To simplify
notation, we may assume that ¢; = C.
It follows from 9.10 that there exists a sequence of contractive completely positive linear
maps &, : C — B such that:
(i) lim,,o|P,(ab) — ®,(a)®,(b)| =0foralla, b eC,
(ii ) for any finite subset QcP(C),
[®,]lg = (B~ x a)|g, forall sufficiently large n.
Thus by choosing a subsequence {k(n)} and defining ¥, = @y () ° L, : A — B we see that ¥,
satisfies (i) and (ii). (In fact one can show that A is KK-attainable.) We then apply the proof
of 9.7, to obtain a (new) sequence {&®, } which also satisfies (iii).
Using the argument of [93], Zhuang Niu gives a different proof of the above theorem.
Theorem(4.2.15)[89]: Let A and B be two unital separable nuclear simple C*-algebras with
TR(A)K1 and TR(B)<1 satisfying the AUCT. Suppose that M(3,.(T (A))) = 9.(S,(Ky(A)))
and M3,(T (B))) = 9.(Sy(Ky(B))). Then A is isomorphic to B if and only if there exists an
order isomorphism
Y=o, V1, ¥2) (Ko(A), Ko(A) 4, [1a], K1(A), T(A))—

(Ko(B), Ko(B)+, [1p ], K1(B), T(B)),
where y ;1(1)(x) =1 (¥o(x)) forall 1€ T (B)andx €K, (4)(see 10.2).
Theorem(4.2.16)[89]: Let A and B be two unital simple AH-algebras with very slow
dimension growth and with torsion K; (A). Then A is isomorphic to B if and only if

(Ko(A), Ko (A)+, [14], K1 (A), T (A)) = (Ko(B), Ko(B)+, [15], K1 (B), T (B))
Let C be a stably finite non-unital C*-algebra with an approximate identity consisting of
projections {e,}. Let T (C) denotes the set of traces T on C such that sup, 7 (e,,) = 1. We
refer to these traces as tracial states on C, and to T (C) the tracial state space of C. Note that
each tracial state extends to a tracial state on C. Therefore T (C) is the set of convex
combinations of T € T (C) and the tracial state which vanishes on C. We also denote by
Sy (Ko (€)) the set of those order preserving homomorphisms from K,(C) to Rsuch that
sup,s ([e,]) = 1. Then eachelement in S, (K,(C)) is the convex combination of s
€S, (K,(C))and the state which vanishes  on j,(K,(C)), where j : C —Cis the embedding.
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Lemma(4.2.17)[89]:Let A be a unital separable simple C*-algebra with TR(A)< 1. Then
there is a C*-algebra C = lim,_,(Cy,, ¢,,), Where C, €l, satisfying the following:
(1) each C, is a C*-subalgebra of A and {¢;, (1c,)} forms an approximate identity for
C;
(if)there is a sequence of contractive completely positive linear maps L,, : A — C such
that
lim [|L, (ab) — Ln(a)Ln(D)Il = 0, a,b € 4;

(iii) there is an affine continuous (face-preserving) isomorphismr :T (A) — T (C) such that

r(v) (9 eo(b))=Jim T (<pn,k(b)) forall b € C, and T € T(A):

(iv) there is an affine continuous ( face-preserving) isomorphism r : S, (K,(C)) —
Sy (Ko (A)) such that

r (s)([p) = iilzzors(Ln(p))for all s € Su(KO(C))and projectionp € A,
where 7, is the trace which induces s.

Proof: Let F, c F, ceeeC F, Ceeebe a sequence of finite subsets of A such that
Un F,is
dense in A. Since TR(A)<1, there is a C*-subalgebra C;c A with C;€l and 1, = p; such
that:
(i) |llap; — piall<1/2forall a €F;,
(it) dist(p,ap,, C;) <1/2 forall a €F;,
(iii) t(1—-py)<l/dforallteT(A).

Let 1 >n,> 0, there is a projection e 1y < p; such that e(, ;) is equivalent to 1 —p;. Since
T(p1 —eu,1y)) > 1/2>1(1 —py) forallT €T (A), by 4.7 again, we obtain mutually orthogonal
projections e(q1y,e(12) Such that ec ;) <pi, [eqn] = leanl= [1 — o1 1. There
are xq,1y, X(1,2)€ A such that x* 1 ;y X1 >1 —p1 and xq ;X" (1) = €(1,i)- LetGy be a
finite set of generators of C; and G, = F, U Gy U { X(1,i), X" (i, €c1,i): 1 < § < 2}. There is
a C*-subalgebra C,c A withC,€l and 1., = p, such that:

(i) llap, — paall <ny/4foralla€g,,

(ii ) dist( p,a p,, C,) <n,/4 for all a €G,, and

(i)t (1— py)<1/8forallt €T (A).

With sufficiently smalln,, there is a homomorphism ¢, : ¢; — C, such that

|®,(b) — p,bp,l|<1/4 forallb €F; U G;.

Put g, = @1(1c,). With sufficiently small n,, since x4 ;)€G,, we may also assume that 2[ p,

— q2]< [q2] in K (C3). Note that g, < p,.
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We continue in this fashion. Suppose that C,,c A is a unital C*-subalgebra which is in I has
been constructed. If T (1 — p,,) < 1/2™*1 for all t € T (A), there are partial isometries x(n,i) €
A

such that pp, = 1¢, , X (1, X, = 1 — Pnv XX i) = €mi) < Pns €mi)€m,jy = 0 1f i #
jand

[em,in] = [eq =1 — pal, 1<I< 27 Let G, be a finite set which contains a set of generators
of Cp, 8; n(G; ) and®; ,(p; ),1=1,2,...,n— 1, where @;,, = @, _1° D, °***°P; . (Note
that C;c A) Let Griq = Fripr U GrU {emiy, X1,y X (1, 1< 1< 2™} Let 1 >n,,,>0be a
positive number to be determined (but it depends only on C, and ¥, UgG,). Since A has
tracial topological rank one, there exist a C*-subalgebra C,,.;< A with C,,,€l and a
projection p,, ;4 With 1, . = py4Such that:

(iIMlapps1 — Prsrall < npyq/2™ Horalla € Gyyq,

(i ) dist( p,,418 Pps1, Cpyq) <127t foralla € G, 4, and

(iii)T (1= ppyq) <12™2 forallT € T (A).

We choose n,,,, s0 small that there exist a homomorphisms @,, : C,, — C, 4, such that
10,(B) — DPn41b Pnyall< 127 forallb €F, UG,  (el)

Putg,+; = @,(py). It is useful to note that g,,q < Ppy1. SINCE X(n i) € Gpy1, WE May
further assume that

(4)2n[pn+1 - CIn+1] < [Qn+1] in KO(Cn+1)-
Set C = lim,_(Cy,, 0,). Since each C,, is nuclear C*-subalgebra of A, there is a contractive

completely positive linear map L,, : A — C,, (see, for example, [69]) such that
lim || Ly (@) = ppapyl = 0 (2)
for all a € A. Note that, by (1),
%Lrgolan(ab) — L,(a)L,,(b)|| = 0 for all a,b €A
Define L, = @,,° L, .Itis clear thatL,, satisfies (ii). Put®,, ,.; = @,and for k> n+1,
Onr = Dg—1°°*°°@,. Definer: T (4) — T (C) as follows. For each b €C;,, define

r(@) (P O)=lim T (8, (b)) for T € T(A)
Note that @,, , (b)€C,c A. We will show that the right-hand side above converges. Since we

may replace b by @, ,(b) (replacing n by a larger integer if necessary), without loss of
generality, we may also assume that b €F,. From (1), one obtains that

1Bkt j+1(D) = Drew j2Prses j (BIDp 42| < 1/2%H+2 2)
On the other hand, for any integer k >0,

|T(pk+j+2®n,k+j (b)pk+j+2) - T(¢n,k+j(b))|
< |T((1 - Pk+j+2)®n,k+j(b))(1 - pk+j+2)| + |T(pk+j+2®n,k+j(b))(1 - pk+j+2)|
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+|T((1 - pk+j+2)®n,k+j (b)pk+j+2)|
< 3|IblIt(1 = prsjsz) < 3lIbll/ 254 +2 (3)
It follows from (2) and (3) that
[0 (B (8)) = (@ O] < /2472 4 3|p]l /254142,
Therefore, for any m>1,

[T (804 (B)) = T@piesm )| < io 1/2+47%2 4 3]|p| io 1/2K+1%2 - 0

as k — oo. We conclude that ]lim T (Q)n,k (b))converges. To see r is well defined, we let ¢

€Cp, SO that @, o, (c) = @, o (b). Then, for any € > 0, there exists N > max{n, m} such that

”(Z)n,k(b) — Q)m,k(c)” <& (inCy)
for all k> N . It follows that (C,c A)
|T(@1e (b)) = T(Brm e () | <&
forallt €T (A) and k >N . It follows thatr is well defined onUy~; @, (Cy). Since
|T(®n,k (b))l < ||(®n,k(b)||, r (t)is bounded linear functional on Uy~ @, o (Cy). It defines
(uniquely) a bounded linear functional on C. One then easily sees that r(t ) is a state.More-
over, one checks that it is a tracial state. Thus ris well defined. It is then easy to see that r is
an affine continuous map. Definer ™1 : T (C) — T (A) by

r=1(t)(a) = lim t(L,(a)) = lim t(@, o (L,(a))) forall te T(C)and a € A
n—oo n—-oo
To justify the definition, we first need to show that lim t(@,, (L, (a)))exists.Leta € F,
n—oo

and k > 0. Define
bn,k,1(a) = (Pn+k+2 — Anrk+2) Lnti+2(@) Prik+2 — Intk+2)
bn,k,Z (@) = Pntr+2 — In+k+2) Lnti+2(@) Gnsk+2 and

bn,k,3 (@) = qnik+2lnik+2(@) Pnik+2 — Gn+k+2)
and define

bn,k,1(a) = Pn+k+2(1 = Qnik+1) Lnsk+2(@) (1 — Dpyk+1)Prsic+2,
by k2 (@) = Pnsk+2(1 = Qnik+2) Lnsk+2(@W Ptk +1Pntk+2  and

bn,k,3(a) = Pnti+2Pn+k+1Lnti+1(@) (1 — Dkt 1) Prtr+2
Note that by, . ;(a) € Cpir+2,1=1, 2, 3. By (2) and (1) above, in A,

”[®n+1°Ln+k+1(a) — Lpyrs2(a)] — [bn,k,1(a)bn,k,2(a)bn,k,3(a)]|| < 5/2ntk+2 4
57]n+k+2/2n+k+2 (4)
We also estimate:
(B (@b 2 (@b 3(@)) = (i (@b 2 (@b a(@))|| < 37274+
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It follows that (in C,1x+2)

”(®n+1oLn+k+1(a) - Ln+k+2(a)) - (bn,k,1(a)bn,k,2 (a)bn,k,3 (a))”
< 8/2n+k+2 + 57’n+k+2/2n+k+2 (5)

By (5),

| (Laeicx1 (@) = Lnsia2 (@) = Brsierzoo (b1 (@b e 2(@bnes (@)
< 1/2n+k_1 + 577n+k+2/2n+k+2 (6)
By (iv), in K, (C),
2n+k+1[®n+k+2,oo(pn+k+2 = Qn+k+2)] < [Dntk+2,00 (Qnik+2)]
It follows that, forany t € T (C),

t ((Z)n+k+2,oo (Pn+k+2 = Qn+k+2))< 1/2mktt,
From this, we estimate that
t (Bnsksz,00(bnii(@)) < llall2™**+1i=1,2,3
forallt € T (C). Combing this with (e6), we have

|t ((Ln+k+1(a)) —t ((Ln+k+2 (a))| < 1/2n+k—1 + 57]n+k+2/2n+k+2 4+ 3||a||/2"+k+1.
Hence

£ (L2 (@) = t (Unam(@)] < D (/2757 4 51y /27442 4 3l /2741 - 0
k=0

as n — oo, This proves that 1111_r>£10 (D00 (L (@))exists. Then one shows that » ~1(t ) is well
defined. By (ii), which we have shown,  ~1(t ) is a trace on A. It is then clear thatr ~1 is an
affine continuous map. It should be noted thateven if a € C,,, (form < n),L,(a) € C,.
Now let T €T (A) and a€ A. To show that (r ™1 = r )(t )(a) = T (a), we note that
(r =t e r)(x)(@) = lim 1(0) @0 (L (@) = lim ( lim T (@1 (Lo (@)
foralla€ A and t € T (A). Let € > 0. Without loss of generality, we may assume that a € F,
for some integer n > 0. Moreover, with sufficiently large n, we may assume that 1/2"< ¢/8
and
ILn(a) — pnapnll<e/d.

One estimates, by (el) (with k > n),

k—n

|9k (Ln(@)) = DiPr—1- - Prs1PnAPnPrs1- - Pr—1Pie|| < Z 1/2™ +e/4 <e/2

=1

By (iii) and as in (3), one has ]
|T (PkDK-1 - Prs1PnAPnPns1 - Pk-1Pk) — T(@)|
<3llall ¥¥211/2*2 < 3|lalle/8 forallT€ T (A)
It follows that
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|* (811 (Ln(@))) —1(a)| <3llalle/8 + &/2 forallte T (A)
if k > n. Therefore
B)t(a) =lim ( I}im T (@ x(Ly(a))))forallae Aandt €T (A).
n—>0oo —00
This also proves 7 ~* e r (t )(a) =1 (a) foralla € A andt € T (A). Thereforer "1 or =

Suppose thatt e T (C)and b € C,,. Then

o1 N OB o (B)= i 7~ () (B ()= i ( 1im T @pyes (L (Bi(5)) ).

Fix € > 0. Choose k > n such that 1/2%< ¢/32. We may assume that ||b|| <1. For any m > k,
putr; = @;;mj)j = k,...,m — 1.Since @; (p;) < Pj+1,1j < Tj+1. By choosing a larger
k, applying (1) and (2) above, we may assume that there is c;€ A such that (we view
Qn,k(b)eckc A)

ricp = arj,k+ 1< j <m-— 1,and ||c1 — (Z)n,k(b)” < ¢/8.

We also have
m—k

197m(B) = DTt 1B i (BITie . T 1P || < Z 2] < ¢/8
j=1
Putc, = ppnrim—1..-1xC1. It then follows that

3 = Lim(c1) = €2 < 2(Pm — 1)
Since each (jhas stable rank one, by (4), there are y; € Cysuch thatyy; = p, —

randy;y;* (1 < i < 2™)are mutually orthogonal. Let z; = @, (¥:),i=1, 2, ..., 2™. Then
2:%; = Omoo(Pm — 1r)andz;z;" (1 < i < 2™) are mutually orthogonal. It follows that

t(Pm,e (€3) < 2(1/2™) < €/8
for all t €T (C). On the other hand, from the above estimates,

l[@meo (L (81 ®)) = Bno (B)] = O ()|
< |[[Em (204 ®)) = B ®)] = 5|

< | tm (@i ®)) = L) || + 18nm ) = call + I Lan(er) = €2) = 5l
<¢&/8 + (¢/8 + ¢/8) + 0 = 3¢/8.
It follows that

6@ (L (B (D)) ) = €@um®))] < 36/8 + E(@um(cs)) < 3¢/8 +2/8 <

forall t €T (C) ifm>k. Thus
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(6) t (Bneo(b)) = 1im (1im ¢(@p, o (Lon (B 1c(b))))) for all b € Cand T€ T (C)

It follows that r e 7 ~' = idy ). Thus we have shown that r is an affine continuous sur-
jective map with an affine continuous inverse » ~1. To see r is face-preserving, let t € T (A),
t;,t,€ T (C)and 0 < a < 1 for which

r(t) = aty + (1 — a)t,.

Lett,,7,€ T (A) such that r (z;) = t; ,i=1, 2. Then, since r —1 is the inverse of r , we see
that

T =ar, + (1 — a)r,.
Fix a projection p € A and s €S, (K,(C)). One obtains a sequence of projections e, € C,
such that

lim [|p,ppn, —enll =0
or equivalently

lim |1, (p) = exll = 0
We have shown that, for eacht € T (C), 1111_{130 t(Dn.00(Ln(p)))exists. So TllLrgo t(Dn oo (Ln(en)))

exists. If p eMy(A) for some integer K > 0, by replacing C by My (C) p,diag(p,, . . -, Pn),
we also obtain a projection e,, € C,, such that
1im £(@p 0 (Ln (P))) = 1im ¢ (B o (Ln(en))) (7)

Since C is an inductive limit of C*-algebras in I, there exists o,€ T (C) such that s([e]) = o,
(e) for any projection e eMy (C) and for any integer K>1 (recall that we use o, for 6, T r
). Suppose that o, , 75, € T (C) such that o (e) = 1, (e) for all projections e € My (C) (for
all integer Kx>1). For any projection p € My (C), let e,, be a projection in C,, for which (7)
holds. Then

Ylll_l;glo 05(Dn,00°Ln(p)) = Al_)n;lo 0s(Dnw(en)) = 1111_{20 Ts(Pn,0(€n)) = ylll_p;; Ts(Pn,00°Ln (D))
It follows that the map

r($)([pD = 7o) (p) = lim 05 (Dn,e0(Ln())) = lim s([@r, e (en)]) (8)

Is independent of the choices of t, and is well defined from S,, (K,(C)) to S,, (Ky(A)). (Here
we extend L,, and @, ., to My (A) and My (C) in the obvious way.) It is clear that r is affine.
Lett &S, (Ky(A)). Since A is a simple C*-algebra with TR(A)<1, there exists t,€T(A) such
that 7, induces t. Suppose that ,€T(A) such that 7, (p) = o, (p) for all projections p eMy
(A) (for all integer K>1). Let e eMy (C,,) be a projection. Then (note that Cxc A)

lim 7,(85,(€)) = lim 0,(Br(€))

r (O([Pnw(@)]) =7 (©)(Pne(e) = Nm 7,(0n (€)= lim £([@r, 1 (e)])
Is independent of the choice of 7,and it is well-defined affine map (where we view C,as a
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C*-subalgebra of A).
Now let pe A be a projection and teS,, (K,(A)). By 10.2, t is induced by a trace 7,€ T (A).
One has, by (5) and (e8),

r(r () ([p])

= 1im 7 () ([Bn o (La®)]) = lim (1im 7.(@re(Ln(@)))) = 7eP) = £([p])
It follows that r ° r=idg (k, (a))- On the other hand, let e € My (C,) be a projection and
s €S, (Ky(C)). Let o,€ T (C) which induces s. Then, by (6),

r (r()) ([8r.0 ()]
= ,121010 r()([@nx(e)])
= lim (1im 6,@pmen (L @i (@)) = 05 (D)) = 5([Bpen ()]
Thus r °1 =1ds, (x, (a))-

Lemma(4.2.18)[89]: Let A be a unital separable simple nuclear C*-algebra with TR(A)<1.
Then the map A : T (A) — S, (K, (A)) maps d.(T (A)) onto d,.(S,, (K, (A))). Moreover, if A
Is infinite-dimensional,K,(4)/tor(K,(A)) % z. In particular, there is a unital simple AH-
algebra B with no dimension growth described in 10.1 such that
(Ko(A), Ko(A) 1, [14], K1 (A), T (A)) = (Ko(B), Ko(B)., [15], K1 (B), T (B))
Proof. We will apply Lemma (4.2.17). Let C be the inductive limit of C*-algebras in | as
describedin Lemma (4.2.17). the map from T (C) to S,, (K, (C)) maps extremal points onto
extremal points. Let t,€T (C) be the trace such that t,(C)=0forallc €C and let s, €
S, (K, (€) such that s,(x) =0 for all x € j,(K, (C)), where j : C — C is the embedding. Note
thatT(C)is the set of convex combinations of t€T (C) andtyand S,, (K, (€)) is the set of con-
vex combinations of s €S,, (K, (C)) and s,. Suppose that t€d,(T (A)). Then, by 10.8, r (7)€
9,(T (C)) € 0,(T (C)). It follows thatr (z)gives an extremal states.inS, (K, (C)). It fol-
lows that s,€0,(S, (Ky(C))). Note that A(t ) = r (s; ). This shows that M(3d.(T (A)))
C0,(S, (Ky(A))). To see that M0, (T (A))) = 3. (S, (Ko(A))), lets €0,(S,, (Ky(C))). Set
F={t € T (A): Mt)=s}.
It is clear that F is a closed and convex subset of T (A). Furthermore it is a face. By the
Krein—Milman theorem, it contains an extremal point t. Since F is a face, t € 0,(T (4)).
To see Ky(A)/tor(K,(A)) # Z when A is infinite-dimensional, we note that A has (SP).
Since A is simple, we obtain, for any integer n > 0, n + 1 mutually orthogonalnonzero
projections  py,py...,ppand g in A for which 1=q+Y" p;, [p1] = [pi] (=
1,2,...,n) and [q] < [p1]- This implies that K,(A)/tor(K,(4)) % Z.
Theorem(4.2.19)[89]: Let A and B be two unital separable nuclear simple C*-algebras with
TR(A) < 1 and TR(B) <1 which satisfy the AUCT. Then A = B if and only if
(Ko(A), Ko(A)+, [1,4], K1 (A), T (A)) = (Ko(B), Ko(B)+, [15], K1 (B), T (B))
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