Chapter (1)
The Sine-Cosine Function Method for Exact Solutions of

Nonlinear Partial Differential Equations

Sec (1.1) Introduction:

Nonlinear evolution equations have a major role in various scientific and
engineering fields, such as fluid mechanics, plasma physics, optical fibers, solid
state physics, chemical physics and geochemistry. Nonlinear wave phenomena
of dispersion, dissipation, diffusion, reaction and convection are very important
in nonlinear wave equations [1]. In recent years, quite a few methods for
obtaining explicit solitary wave solutions of nonlinear evolution equations have
been proposed. A variety of powerful methods, such as, tanh-sech method
[2,3,4], extended tanh method [5,6,7], hyperbolic function method [8,9], Jacobi
elliptic function expansion method [10], F-expansion method [11], and the First
Integral method [12,13]. The sine-cosine method [14, 15] has been used to
solve different types of nonlinear systems of PDEs.

This chapter contains two parts. The first part explains the proposed
method, while the second part contains the applications. The aim of this chapter
is to find new exact solutions of the K(n + 1, n + 1) equation, Schrédinger-
Hirota equation, Gardner equation, modified Korteweg—-de Vries equation
(KdV) equation, perturbed Burgers equation, general Burger’s-Fisher equation,

and Cubic modified Boussinesq equation by the sine-cosine method.

Sec (1.2) The Sine-Cosine Function Method
Consider the nonlinear partial differential equation in the form:

FQU, U, Uy, Uy, Upp s Uy s Uyy Uyy woe ee oen o) = 0 (1.1)

Where u(x, y, t) is a traveling wave solution of nonlinear partial differential

equation Eq. (1.1). We use the transformations.
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u(x,yt) = (&) (1.2)
Where = x + y — At this enables us to use the following changes:
FO="150, 70=50, 0= 0 (L3)
Using Eq. (1.3) to transfer the nonlinear partial differential equation

Eq. (1.1) to nonlinear ordinary differential equation.

Q((f,f " f", .. . ) =0 (1.4)

The ordinary differential equation (1.4) is then integrated as long as all terms
contain derivatives, where we neglect the integration constants. The solutions of

many nonlinear equations can be expressed in the form [16, 17]:
f(§) =asinfug), [g=<
Or in the form (1.5)
f(§) =acosP(ue), [<;-
Where, a, p and 3 are parameters to be determined, p and€ are the wave
number and the wave speed, respectively [15, 18]. We use:
f (&) = a sinP(ng)
f'(8) = o BusinP~(ug) cos(ug)
£(€) = o B(B — Du? sinP?(ug) —af?u?sinP(ue) (1.6)
And their derivatives, are use:
f (&) = a cosP(ug)
f'(€) = —a By cosP~(ug) sin(pé)
£ () = —a B(B — D(B — 2)1* cosP3(ug) sin(pg) +

aBwcosP~t (uE) sin(ue) (1.7)
And so on. We substitute Eq.(1.6) or Eq.(1.7) into the reduced equation
Eq.(1.4), balance the terms of the sine functions when Eq.(1.6) are used, or
balance the terms of the cosine functions when Eq.(1.7) are used, and solve the

resulting system of algebraic equations by using computerized symbolic

packages. We next collect all terms with the same power in sin¥(u&) or
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cosX(u&) and set to zero their coefficients to get a system of algebraic equations

among the unknown's, and solve the subsequent system.

Sec (1.3) Applications
Problem (1):-
The K (n+ 1, n+ 1)equation
Let us consider the following K (n + 1, n + 1) equation [19]:
ur + a™ ) + UM xx)x =0 (1.8)
u, = —kiu'
W™t x = (n+1) ku™ v’
(u")x =knu™ 1/
uMxx =n k2u™ " + n(n-1) k2u™2(u')?
u(uMxx =n k?u™u”+ n(n-1) k2u™"1(u')?
(u™xx)x =n k3u™u'" + n? kKB3u™ " + 2n(n-1) K3u w'u” (1.9)
Where a and b are nonzero constants. We introduce the transformation
& = k (x — At) , where k and A are real constants. The traveling wave variable
permits us converting Eq. (1.8) into the following ODE:
—Aku' +aln+ Dku™ + bnk3u™u"" + bn?k3u™2u"
+2bn(n — D3 W'u" + bn(n — 1)?k3u"2(w)3 =0
Multiplying by k=1u?", we have:
—A'u?™™ + a(n + Duu' + bnk?u?u"" + bn?k?uu'u’’ —

+2bn(n — Dk?uu'u"” + bn(n — 1)?k2(u')3 =0

—Au'u?™ + a(n + Duu' + bnk?u?u'"" + bk*n[3n —2]
uu'u" + bn(n—1)%?k?*(w)3 =0 (1.10)
Seeking the solution in Eq.(1.7):
AB uacosBMET(ug) sin (u) —
a(n+1) &® B p cos® =1 (ug) sin(ué) - b n k?a® B( p—1)
(B -2) p® cosF=3 (ug) sin (ug) +



bnk?a® B3 p3 cosF~1(pé) sin (&) -b k? n (3n-2) a® B2
(B — 1) 13 cos®F3(ué) sin (u) + b k* n (3n-2)

a® B2 cosPF1(ug) sin (u) - bn (n — 1)

k2B3pca® cos3B3(ué) sin (u&) =0 (1.11)
From Eq.(1.10), equating exponents (3 —n)  — 1 and 33 — 3 vyield:
B-np—-1=3p-3 (1.12)
So that

p=2 (1.13)

Thus setting coefficients of Eq.(1.11) to zero yields the following system of
equations:

ABupad™—bnk?a®B(B—1) (B —2)pu3 —bk?n(3n —2)

a’B?(B — Dp® — bn(n — D?k*p*a® = 0

2
Apply g ==

n

% a3 —2bk? a3 (Z_Tn) (2_712”) u3 — bk*n(3n — 2)0(3.%(2_—”) u3

n

8
—bn(n — 1)%k*. —pda® =

n3

Multiplying by a3 :

w2k () (5w - e e -2 (57)

8b
— (=D = 0

2w anel(31) (- 2) -2en- (-

4
~—@-1?%=0
n

2o =2bi? [ (2-1) (2-2) - 2@n-2) (- 1)

4bk?2(3n—-1) n
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4
- (=17

,_am+1)2n+1)(n—-4)
B 2(3n—1)

a(3n—1) A]%

B [a(3n +1)2n+1)(n—-4)

—a(n+ a3 B u+ bnk?a3p3p® + bk?>n(3n — 2)
333 = 0

2a 8
——m+ Dap+ bk?a3pd [—2 (3n — 1)] =0

n n

8b
?k2u2(3n —n)=2a(n+1)

2 _ 2a(n+1) an(n+1)

T Bagn-n 4bk2(3n—1) (1.14)
By solving the algebraic system (1.14), we get:
1 an(n+1)
— 2(3n-1) - _ \bBn-1
B {a(n+1)(2n+1)(n—4) A w= 2k (1.15)

Then by substituting Eq. (1.15) into Eq. (1.7), the exact soliton solution of

Eq.(1.8) can be written in the form:

2(3n-1) 2 an(n+1) _ %
an+1)(2n+1)(n—4) A cos ( 4b(3n—-1) (x At)]

u(x,t) = (1.16)

Problem (2):-
Schrodinger-Hirota equation

Consider the nonlinear Schrddinger-Hirota Equation which governs the
propagation of optical soliton in a dispersive optical fiber:

. 1 .
1 q¢ + ECIxx + ICI|2 q+ idqyxx =0 (1-17)

q: = —2akye'u’ +iwe'u



g, = ePkou’ +iaeu

i0,,r

, _ .
Guxe = ko U + 2i akye®u’ — a?et®

u
5 L, . L
Trxe = Ko U + 3i aky’eu’ — 3a?kye®u’ —ialefu

lq1%q = eu?®

. . 1 . . 1 .
) 2 ;
—2i akyeu’ —weud + 7 ko efu” +iakyeu’ — Eazeleu

+elfud +idk3e®u' — 3 alky’e®u’ — 3ia%dk,efu’

. 1 .
=> (=i aky, — 3ia?Aky)efu’ + (Eko2 — 3 atky?) efu”

. 1 .
+i Akylefu" + (—w — Eaz + a3 /1> eu+ud=0

Multiplying by e~'®and take real part:

1 1
(Ekoz -3 a/lkgz)u” + (—w —Eaz + a3 A)u +ud=0

—1 ako - 31“2/1](0 - 0
1

—a=31* => a=-=
31

1k2 3 1/1k2 ”+ 1 12+ 13/‘1 +3_0
(k" 3G Ma’)u + (W= -3+ (g A’ =

<1k2+k2) ”+( - 1 ) +ud=0
g0 T o JU WTTear 27z)t TV T
3 kolu + + 22 u+ud=0 1.18
2o U (_W 54/12)u u = (1.18)



This equation studied by Biswas et al [20] by the ansatz method for bright and
dark 1-soliton solution. The power law nonlinearity was assumed. The equation
was solved also by using the tanh method.

Introduce the transformations:

gxt)=e?u(®) ,0=ax+wt+ey, E=ko(x—2at+X) (1.19)
Where , w, €y, ko, and X are real constants. Substituting Eq. (1.19) into Eq.

(1.17) we obtain that a = ;—; and u(¢) satisfy into the ODE:

3 2. 11 3 _
_(Mﬂ+w)ua+§%ztgﬂwma)—0
Multiplying by%ko_

2 \we have:

5
W+547LZ

3/zko2

1" 1
u —( )u+3/2—kozu3=0 (120)

Then we can write the following equation:

u” +kud —kyu=0 (1.21)
Where:
5
ky = ky = 52 (1.22)
2io 2io

Seeking solutions of the form Eq.(1.6) we get:

o B(B—1) u? sinf~2(ug) — a p2u? sinf (u&)+

ky a® sin®f(ué) —k, a sinf (u&)=0 (1.23)
Equating the exponents and the coefficients of each pair of the cosine functions
we find the following algebraic system:

p-2=3p

g =-1

apB-1)p>+k,a®>=0
2ap? + kia® =0

—a Bt —k,a=0



W = —k,
2 _ 2
a? = — (1.24)

By solving the algebraic system (1.24), we get:

p=-1, p=+iJk, a=i"ik2 (1.25)

Then by substituting Eqg. (1.25) into Eq. (1.6), the exact soliton solution of

equation (1.19) can be written in the form:

u(®) = + /2;2 + 28 csc (+iy[ky€) (1.26-a)

Or

u@ =7 / ——+ 2B esch (Jkz8) (1.26-b)

5
u(x,y, t) = i\/(27)tz + 2w)

> tw i(—X
csch (5“3’1; > ) ko(x + % t+x) | Gartette) (1-27)
20

Fora:w:ko=1,60=x=0,=_?1,then(1.27)become:

u(x,y,t) = i\/% csch (\/g (x — 2t)) el(x+) (1.28)

Problem (3):-
Gardner equation
Let us consider the Gardner equation [21, 22].

U — 6(u+ e2u)u, + Uyyy =0 (1.29)
u, = —u' u, = ku'
Uy = k2u"” Upry = K3U""
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'k —6(u+c2ud)ku’ + k3u'" =0
—Aku' — 6ku'u — 6ke?uu’ + k3u"" =0 (1.30)

This equation known as the mixed KdV- mKdV equation is very widely studied
In various areas of Physics that includes Plasma Physics, Fluid Dynamics,
Quantum Field Theory, Solid State Physics and others [22].

Give &€ = k(x — At) we introduce the transformation, where k and A are real
constants. Equation (1.27) transforms to the ODE:

—kAau' — 3k(u?)' — 3ke?(u3) + k3u'" =0 (1.31)

Integrating Eq. (1.31) once with zero constant to get the following ordinary
differential equation and multiply by —k~1 :
Au+3u? +2e%ud —k*u”" =0 (1.32)

Seeking the solution in Eq.(1.7):
A acosP (ué) + 3a?cos?P (ué) + 2 £ >a’cos3F (ué) —
a B(B — Dk*u?cosF~2(ué) + ap?u*k*cosP (u&) =0 (1.33)
Equating the exponents and the coefficients of each pair of the cosine functions
we find the following algebraic system:
BB —-1(B—-2)#0
36=pF—-2 - p=-1 (1.34)
Substituting Eq. (1.34) into Eq. (1.33) to get:
Aacos™H(ué) + 3a%cos™2(ué) + 2 € 2a3cos 3 (ué) —
2a k*p?cos 3 (ué) + au’k?cos 1(ué) =0 (1.35)
Equating the exponents and the coefficients of each pair of the cosine function,
we obtain a system of algebraic equations:
cos 3(ué) :2e%a® —2ak?pn? =0

k22
=—
cos 2(ué) :3a3 =0

3

a



cos T (ué) da+ ap?k? =0

A= —k2u? (1.36)
By solving the algebraic system (1.36), we get:

B=-1,2=—k2 , a=+2 (1.37)

&

Then by substituting Eq. (1.37) into Eq. (1.7), the exact soliton solution of
Eq.(1.29)be in the form:

u(x, t) = ?%sec(,uk(x + p2k?t)),0 < pk(x + p?k?t) <m (1.38)
Foru =k = ¢ =1, then Eq.(1.35) becomes:
u(x,t) =sec(x+t) ,0<(x+t)<m (1.39)

Problem (4):-
Dispersive equation

Consider the (1+1)-dimensional nonlinear dispersive equation [23].

Up — OUA Uy + Uy = 0 (1.40)
u; = —Aku’ u, = ku'
Uy, = k2u” Uy = k3U"" (1.41)

Where & is a nonzero positive constant. This equation is called the modified
KdV equation Elsayed et al [23], which arises in the process of understanding
the role of nonlinear dispersion and in the formation of structures like liquid
drops, and it exhibits compaction solitons with compact support. To find the
traveling wave solutions of Eq. (1.40), He et al [24] used the Exp-function
method, and [23] used expansion method.

Let us now solve Eq. (1.40) by the proposed method. We introduce the
transformation & = (x — At) , where k and A are real constants. Equation (1.40)
transforms to the ODE:

—Mku' = 2k(u?)’ + k3u” =0 (1.42)
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Integrating Eq. (1.42) once with zero constant to get the following ordinary

differential equation and multiply by—k1:

Au+2ud — k?u” = 0 (1.43)
Seeking the solution in Eq.(1.7):

A acosP (pg) +§ a3cos3B(ug) —

aB(B — Dk*uZcosP2(ug) + ap*pk*cosP(ug) =0 (1.44)
Equating the exponents and the coefficients of each pair of the cosine functions

we find the following algebraic system:
3=p—-2 - p=-1

o)
cos 3(ué) : §a3 —2ak?u? =0

B 6k2'u2

A= —k2yu? (1.45)
By solving the algebraic system (1.45), we get:

ﬂ=—1,/1=—k22,a=i\/§uk (1.46)

Then by substituting Eq. (1.46) into Eq. (1.7), the exact soliton solution of
Eq.(1.40) can be written in the form:

u(x, t) = 1\/% ku sec(uk(x + u®k?t))

0 < pk(x+ p?k?t) <m (1.47)
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Problem (5):-
Perturbed Burgers equation

The study is going to be focused on the perturbed Burgers equation [25].
The solitary wave ansatz method will be adopted to obtain the exact 1-soliton
solution of the Burgers equation in (1+1) dimensions. The search is going to be
for a topological 1-soliton solution. The perturbed Burgers equation that is

given by the following form [25]:

Uy + auu, + by, = culuy, + dutly, + ¥ (Uy)? + SUyyy (1.48)
u; = —Aku’ u, = ku'
Uy = k2u” Upry = K3U"" (1.49)

Eq.(1.48) appears in the study of gas dynamics and also in free surface motion of
waves in heated fluids. The perturbation terms are obtained from long-wave
perturbation theory. Eq.(1.48) shows up in the long-wave small-amplitude limit
of extended systems dominated by dissipation, where dispersion is also present at
a higher order [25].

To solve Eq.(1.48) by the proposed method. We introduce the
transformation & = k(x — At), where k and A are real constants. Equation
(1.48) transforms to the ODE:

—Aku' + akuu' + bk*u"" = ckuu’ + dk*uu”

+yk2(u)? + 8 k3u'” (1.50)
Seeking the solution in Eq. (1.7)

A aBu cosP~ (ug)sin(ué) —

aa®Bu cos*~1(ué) sin(ué) +

bka B(B — 1)u?cosP=2(ué) — bkaB?u?cosP (ué) +

ca®Bu cosF~1(ué) sin(ué) —

dka?B(B — Du?cos?b=2(ué) + dka?B?u?cos?P (ué) —

=12 -



vka?B?u?cos*F~2(ué) + yka?B?u*cos®F (pé) +
a BB — DB — 2)u36k*cosP~3(ué) sin(ué) —

aB3ud 8 k*cosP 1 (ué) sin(ué) = 0 (1.51)
From (1.51), equating exponents 28 — 2 and 38 — 1 yield:
2B—2=38-1 (1.52)
So that

g =-1 (1.53)

It needs to be noted that the same value of S is obtained when the exponent
pairs are equated. Thus setting their coefficients to zero yields:

—dka® B(B — Du? —yka?p?u® + af (B — 1)(B — 2)u’8k* =0

bka f(B — Du® — aa’?pfu=0

(dk + yk)a Bu+ A — B2u?8k?> =0 (1.54)

By solving the algebraic system (1.54) we get:
(2d+y)b 2bk

6 =—— : a=——u ,

3a a

A=[4d -5y~ k%2 (1.55)
Then by substituting Eq. (1.55) into Eq. (1.7), the exact soliton solution of

equation (1.48) can be written in the form:
u(x,t) = —% u secl uk(x — [4d — 5y] %kz,uzt)] (1.56)
Problem (6):-

The general Burgers-Fisher equation

Consider the following general Burger’s-Fisher equation [26].

Uy — auu, + buy, +cu(l1—u") =0 (1.57)
u; = kAu' u, = ku'
Uy, = k2u” (1.58)

Where a, b and ¢ are nonzero constants. We introduce the

transformation & = k(x — At), where k and A are real constants.

-13 -



The traveling wave variable permits us converting Eq. (1.57) into the following
ODE:

—kAu' + aku™u' + bk*u" + cu — cu™! =0 (1.59)

Seeking the solution in Eq. (1.7):

Ak aBp cosP=H(ug) sin(ug) —

aka™ By cos I (ug) sin(u) + bk*aBf (B — 1)
u? cosP2(ug) — [bk*a B*p? — ca] cos¥ (u§) -

ca™ cos™VB(ué) = 0 (1.60)
From Eqg. (1.60), equating exponents (n + 1) and § — 1 yield:
(n+DB=p—-1 (1.61)
So that

p == (1.62)

n

When the exponent pair (n+ 1) — 1 = f — 2, is equated gave the same
value of g = _71 , Thus setting their coefficients to zero yields:

ca™ Ak afu =0

Aka
.U:O
n

n+1 _

ca

Multiplying by o~1:

cn ku(1+n
=> =2 )
ku ku na

b(1+
PG
a

bk?aB(f — Du? — aka™1pu=0

akan+1

bk?a(1 +n)u? — u=0
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Multiplying by a™1:

__ bku(1+n)

n aku na
By solving the algebraic system (1.54), we get:
_ _ be(n+1) __ bn+1) %
A= - , a=( — ku) (1.64)

Then by substituting Eq. (1.64) into Eg. (1.7), the exact soliton solution of

equation (1.57) can be written in the form:

1
PO i sec ( pk(x + 8D ) (1.65)

an a

u(x, t) = [
Problem (7):-
Cubic modified Boussinesqg equation

Consider the cubic modified Boussinesq equation [27].

Uge + Unxe + = Uy — (U3 gy = 0 (1.66)
u, = —Au’ Uy = A2u"

u, = ku' Uy = k2u”

Uy = KU U = k*u®

Uypr = —Ak?U" w)* =3 (1.67)

To solve Eq.(1.66) by applied the Homotopy Perturbation method and Padé
approximants. Eq.(1.66) has an exact solution[27].

u(x,t) =1+ tanh% (x — 2t) (1.68)
The traveling wave hypothesis as given by:

E=kx—At (1.69)
The nonlinear partial differential equation (1.68) is carried to an ordinary

differential equation.

220" — Ak2U' + §k4U(4) — 3k2(U2U’)’ =0 (170)
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Integrating Eq.(1.70) twice with zero constant, Eq.(1.70) reduces to:

12U — K2AU' +2k*U" — K2U® = 0 (1.71)
Applying Sine-cosine method to solve Eq.(1.71), and seeking the solution in
Eq. (1.7) then:

A2a cosP (ué) + k?A afu cosP~1(ué) sin(ué) +

gk‘*aﬁ(ﬂ — Du? cosP~2(ug) - gk‘*aﬂzuz cosP (ug) —

k? a® cos3B(ué) = 0 (1.72)
Equating the exponents and the coefficients of each pair of the cosine functions
we find the following algebraic system.

f—2=3B, thenf = -1

o —Zkta f2u? = 0

2=kt =>

N
Il
H
O N

k?u
“k*a BB — Dp? —k*a® =0

gkzuz = a? => a=+

wIlN

kp (1.73)

By solving the algebraic system (1.72), we get:

A:i\E k2u, @ =+2ku (1.74)

Then by substituting Eq.(1.74) into Eq. (1.7) then, the exact soliton solution of

equation (1.66) can be written in the form:
ur2(xt) =Sk sec(u(kx ¥ \ﬁ k?ut)) (1.75)
Forkzg k,u=1,then:

u,,(x,t) = sec (%x + t) (1.76)
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Figure (1) represents the soliatry of the solution.

up(x,t) = Sec Gx —t)at-10<x<10,and 0 < ¢t < 1.

Problem (8):-

Cubic modified Boussinesq equation

Consider the cubic modified Boussinesq equation [27].

Ute — Uxxxx — (us)xx =0

u, = —Au’ Uy = A2u"
u, = ku' Uy = k2u”

— 3,11 — 4 4
uxxx - k u uxxxx - k u( )

(u3)xx = 3(u2u’)’

(1.77)

(1.78)

To solve Eq.(1.77) by applied the Homotopy Perturbation method and Padé

approximants. The exact solution of Eq.(1.77) is:

u(x,t) = V2sech(x —t)

(1.79)

The nonlinear partial differential equation (1.77) is carried to an ordinary

differential equation using the transformation:

E =kx- At

-17 -
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Then

A2U" — k*U'"" -3 k2(U?U")'=0 (1.81)
Integrating Eq.(1.81) twice and assuming the constant of integration equal to
zero, then

A2U — k*U" —k?U3=0 (1.82)
By applying Sine-cosine method to solve Eq.(1.82), and seeking the solution in
Eq. (1.7) then

— apu cosPt(ug) sin(ug) + k*ap (B — (B - 2)

w13 cosP=3(ug) sin(ué) —

af?u® cosP~1(ug) sin(ué)] +

3k? aBu cos3B1(u&) sin(ué) = 0 (1.83)
Equating the exponents and the coefficients of each pair of the sine functions
we find the following algebraic system:

f—3 =38—-1thenf =1

A2afp-a B3kt =0

Multiplying by p=1 o~ 1:

A% = —plk* => 1 = Fiuk?

kK*af (B-1) (B-2) n’° +3k?a’ Bp=0
— 6k*aud —3k*au=0
Multiplying by p=1 o~ 1:

a? = =2k => a = Fiv2 uk? (1.84)

By solving the algebraic system (1.84), we get:
A=+ik?u, a=+iv2kpu (1.85)
Then by substituting Eq.(1.85) into Eq. (1.7) then, the exact soliton solution of

equation (1.77) can be written in the form:

u(x,t)= +ivV2ku sec(uk (x + ikut)) (1.86)
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Or

u(x,t)= +vV2ku sech (uk (ix + kut)) (1.87)
For k = u=1, Eq.(1.78) becomes:
u(x,t)= ++v2sech(ix + t) (1.88)
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Chapter (2)
application of Sine-Cosine Method for the Generalized

(2+1) - Dimensional Nonlinear Evolution Equations

Sec (2.1) Introduction

We will study the generalized (2+1)-dimensional nonlinear evolution
equations.
Uye + AUy Uy + DUy Uy, + Uy = 0 (2.1)
Where a and b are parameters. For example, namely the (2+1)-dimensional
Calogero - Bogoyavlenskii - Schiff (CBS) Equation for whicha=4and b =2
Uye + AUyUyy + 2Uypy Uy + Usyyy = 0 (2.2)
And the (2+1)-dimensional breaking soliton equation.
Forwhicha=-4and b =-2
Uye — AUy Uyy — 2Uyy Uy + Usyyy = 0 (2.3)
and the (2+1)-dimensional Bogoyavlenskii's Breaking Soliton equation for
whicha=4and b =4,
Uye + AUyl + Uy Uy + Usyyy = 0 (2.4)
We solve equation (2.1) by the sine-cosine method and obtain some exact and
new solutions for (2.2), (2.3) and (2.4).

Sec (2.2) The Sine-Cosine Method
1. We introduce the wave variable £ = x — ct into the PDE.

P(u,uUs, Uy, Use  Usex » Uty s -v ) (2.5)
Where u(x, t) is traveling wave solution. This enables us to use the

following changes:

@ a8 9% _ ,9> 9 _a o> _ 9

at——C%,ﬁ—C afz,a=£,ﬁ—a—gz,.... (26)
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One can immediately reduce the nonlinear PDE (2.5) into a nonlinear ODE
Q(u,ug,ugf,u,’sz,, ) =0 (27)

The ordinary differential equation (2.7) is then integrated as long as all
terms contain derivatives, where we neglect integration constants.
. The solutions of many nonlinear equations can be expressed in the form [28]:

A sinf(ud) |§|sﬁ,
u(x,t)= (2.8)
0 otherwise,

Or in the form:

A cosB(ué), |4 Szlu,
u (x,t)= (2.9)

0 otherwise,
Where A and 8 # 0 are parameters that will be determined, u and c are
the wave number and the wave speed respectively. We use:

u(®) = A sinf(up)

U™ (€) =A™ sin™(ue) (2.10)
(u™)g =—npBA™ cos (1e) sin™~1(uf)

(UM ge =—n2p2B2A" sin™P(ue) + npPA"B(nB — 1) sin™ 2 ()

And the derivatives of (2.9) becomes:

u(§) =1 cosB(ue)

U () =A™ cos™P(ug) (2.11)
(UM = —npBA” sin (1E) cos™ ()

(UM ge=—n2u2B2A" cos™B(ug) + npuPA"B(np — 1) cos™ 2 (e)

And so on for other derivatives.
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3. We substitute (2.10) or (2.11) into the reduced equation obtained
above in(2.7), balance the terms of the cosine functions when (2.11) is
used, or balance the terms of the sine functions when (2.10) is used,
and solving the resulting system of algebraic equations by using the
computerized symbolic calculations. We next collect all terms whith
same power in cos®(u&) or sin® (&) and set to zero their coefficients
to get a system of algebraic equations among the unknowns u , 8

and A .We obtained all possible value of the parameters i, § and A [29].

Sec (2.3) New application Sine-Cosine Method

In this section we apply the sine-cosine method to the generalized (2+1)-

dimensional nonlinear evolution equations.

— a4/ — !
Uyy = U Uy = U
N 77 _ 4
uxxx =u uxxxy - u( )
u, =u' (2.13)

We use the wave transformation:

u® = ulx,y,t), E=x+y-ct (2.14)

Where c is constant to be determined later. Substituting (2.14) into system
(2.12), we obtain an ordinary differential equation:

—cu'" +au'v”" + bu'u" +u® =0, (2.15)
Or equivalently

—cu” + (a+h)u'u" +u® =0, (2.16)
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Where prime denotes the differential with respect to &. Integrating (2.16) with

respect to & and taking the integration constant as zero yields:

—cu’+@ WH)?+u® =0 (2.17)
Setting u'(§) = V(&) , Eq. (2.17) becomes:

—cv +(a2ﬂ vi+v'" =0 (2.18)
Substituting (2.8) into (2.18) gives:

— cAsinf (ug) —p2BZA sin® (ug)

U2 AB(B — 1) sinf =2 (uE)+ P W sin® (ug) = 0 (2.19)
Equating the exponents and the coefficients of each pair of the sine functions
we find the following system of algebraic equations:

B-1)#0

B—2=28

—cA—u*p*r=0 (2.20-a)

—cA+4pPA=0 => =
1
U= iz\/E

Aw? BB — D+ 202 =0 (2.20-b)
Multiplying by A~1:

(a+b)

> A=0

6u +

12u?
a+b

1=

Solving the system (2.20) yields:
B=-2 , p=-+v=—¢c , A= —, (2.21)
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Where c is a free parameter Hence, for ¢ <0, the following periodic solutions.

vy (8 = ——CS [— q (2.22)
Where 0 < - L J=C |t <m, and
vy (§) = — —sec? [ (2.23)

1 . .
Where |< 5 V—Cc < % in view of these results, and recall

that u’(§) = v (&), integrating (2.22) and (2.23) with respect to & and considering

the zero constants for integration we obtain :

(9 = — = cot [54],
(@) = ~ =y tan 5541, (2:24)

Using u(x,y,t) =u(§) and E=x+y—ct we get:

6 V—c
u(x,y, t) = —ﬁ(2+b) cot [TC (x +y — ct)]

6c

J=c
u(x,y, t) = N tan [Tc (x +y — ct)] (2.25)

Exact solution of (2+1)-dimensional CBS equation

We investigate explicit formula of solutions of the following (2+1)-
dimensional Calogero -Bogoyavlenskii-Schiff (CBS) equation given in [30].
Uyr + AU lUyy + 2Uy Uy + Uyyry = 0 (2.26)

By using section (2.3), we have the following exact solutions:
Exact solution I:

(%, ¥, ) = ——=cot i@ +y - cv) (2.27)

Where 0< ~v=c(x +y — ct)<m.
Exact solution I1:

u,(X, y, t) = —\/%Ctan [g (x +y — ct) (2.28)

Where|§\/—c(x +y — Ct)|<g :
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Exact solution of (2+1)-dimensional Breaking soliton equation
We investigate explicit formula of solutions of the following (2+1)-

dimensional Breaking soliton equation given in [31].

Uyt + AU lUyy + 2Uy Uy + Uysyy = 0 (2.29)

by using section (2.3), we have the following exact solutions:

Exact solution I:

(%, ¥, 1) = = cot i@+ y - cv) (2.30)

Where 0 < %\/—c (x +y — cH<m,

Exact solution I1I:

u, (X, y, 1) = —\/%Ctan [\/; (x +y — ct)] (2.31)

Where | %\/—c(x +y — ct)|<g.

Exact solution of (2+1)-dimensional Bogoyavlenskii's Breaking

soliton equation
Now we investigate explicit formula of solutions of the following (2+1)-

dimensional Bogoyavlenskii's Breaking soliton equation given in [32].

Uyr + AU lUyy + Uy Uy + Uysyy = 0 (2.32)
By using section (2.3), we have the following exact solutions:

Exact solution I:
3c

u (x,y, 1) :4\/__Ccot [\/;—C (x +y — ct)] (2.33)

Where 0 < %\/—c x+y—ct)<m.

Exact solution I1:
3c

(%, ¥, 1) = — = tan i@ +y - cv) (2.34)

Where | %\/—c(x +y — Ct)|<§.
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Chapter (3)
Traveling Wave Solutions of ZK-BBM Equation Sine-
Cosine Method

Sec (3.1) Introduction

There has been an unprecedented development in nonlinear sciences
during the last two decades. In the similar context, several numerical and
analytical techniques including Homotopy Analysis (HAM), Perturbation,
Modified Domain's Decomposition, Variational iteration (VIM), Variation of
Parameters, Finite difference, Finite volume, Backlund transformation, inverse
scattering, Jacobi elliptic function expansion, tanh function have been
developed to solve such equations. Most of these techniques have their inbuilt
deficiencies including evaluation of the so-called Domain's polynomials,
divergent results, successive applications of the integral operator, un-realistic
assumptions, non -compatibility with the nonlinearity of physical problem and
very lengthy calculations. Inspired and motivated by the ongoing research in
this area, we apply a relatively new technique which is called Sine—Cosine
method to find travelling wave solutions of
ZK-BBM equations. It is worth mentioning that Wazwaz [33, 34] made a
detailed study for Compact and non -compact physical structures for the ZK—
BBM equation and also calculated exact solutions of compact and
non -compact structures for the Kadomtsov-Petviashivilli-Benjamin-Bona-
Mahony (KP-BBM) equation. It is to be highlighted that such equation arises
frequently in various branches of physics, applied and engineering sciences.
The proposed scheme is fully compatible with the complexity of such problems

and is very user-friendly. Numerical results are very encouraging.
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Sec (3.2) Sine-Cosine Method for ZK-BBM Equation
The main steps for using sine—cosine method, as following:
1. We introduce the wave variable ¢ = x - ct into the PDE, we get:

P(u, Uy, Up, Uy » Une s Ugt s U - ) = 0 (3.1)

Where u(x, t) is traveling wave solution. This enables us to use
the following changes.

d o 82 , 8 8 _a 9% _ o°

_=—C— —_—
ot o0& "otz

982 "ox  0& 'ax? 92

0 0 92 02 d 0 02 02
(3.2)

R A R P T A
One can immediately reduce the nonlinear PDE (3.1) into

a nonlinear ODE:
Q(U,Uf,Uff,Ufgf,,...) =0 (33)
The ordinary differential equation (3.3) is then integrated as long as

all terms contain derivatives, where we neglect integration constants.

2. The solutions of many nonlinear equations can be expressed in the

form:

u(xt) = {Asinf(u), 1§l <7 (34)
Or in the form:

ut) = {2 cosP(u), 1§ < 5 (3.5)

Where A , nand p are parameters that will be determined, pand c

are the wave number and the wave speed, respectively, we use:

u(®) = A sinf(uf)
u™ (§) = A" sin™(ug) (3.6)

(u")g = nppA™ cos (uE) sin™ 1 (uf)
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(U")ge =2 2N sin™ (). + A" (nf — 1) sin™ 2 (ug)

And the derivatives of (3.5) become:

u(®) = A cosP(ug)
u™ (§) =" cos™ ()

(u™)g = —npBA" sin (ug) cos™ ()

3.7)

(U")ge=—n2 W2 BN cos™ (uE) + npPAB(nff — 1) cos™=2(e)

And so on for the other derivatives.

3. We substitute (3.6) or (3.7) into the reduced equation obtained above

in (3.3), balance the terms of the sine functions when (3.6) is used, or

balance the terms of the cosine functions when (3.7) is used, and

solving the resulting system of algebraic equations by using. the

computerized symbolic calculations. We next collect all terms with

same power in cos® (u& ) or sin® (u& ) and set to zero their
coefficients to get a system of Algebraic equations among the

unknowns A , uand 3 . We obtained all possible value of the

parameters A, pand f3 .

Sec (3.3) Solution Procedure
Let us consider the ZK-BBM equation.

U + Uy — a(u?)y — (buy + ktiy), =0

Uy = —cu U, =u
(uz)x - (uz)’ Uye = —cu'”’
u, =u' Uy = —cu”
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We now employ the sine—cosine method. Using the wave variable

¢ =x +y—ct, carries (3-8) into ODE:

—cu' +u' —a(?) — (=bcu” —cku'")' =0

1-o)u —a@?)' +(b+ku'cu') =0 (3.10)
Integrating (3.10) gives and by considering the constant of integration to be zero,
we get:

A1-cu—au*+(b+k)u =0 (3.11)

Substituting (3.6) into (3.11) gives:

(1= )Asinf(ué) — ar? sin?8(u&) — (b + k)c A p?B2sinP (ué)

+(b + K)c A p2B(—1)sinf~2(ué) =0 (3.12)
Equating the exponents and the coefficients of each pair of the sine functions,
we find the following system of algebraic equations:

B—1+0

2B=B —2

—(b+ k)cAp?p?+(1-c)A=0 (3.13-a)
Multiplying by A71:

—4(b+k)cu?+(1—-¢)=0

2 _ _ 1-c _ l 1-c

H = 4c(b+k) ! p=1 2] c(b+k)
(b +k)cAu2B(B — 1)— ar2 =0 (3.13-h)
1= 6cu?(b+k) - _ 6c(1=0)(b+k)

a a.4c(b+k)

3(1—-0)

1=

2a

Solving the system (3.13) yields:
B=-2
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3(1—-0)

A= 2a

1 1—-c
L= 3 o0 (3.14)

The result (3.14) can be easily obtained if we also use the cosine method (3.7)

Consequently, following periodic solutions for >0.

(b k)

3(1- 1
w(x,y,0) =02 sec?ly |+ y —c0] L wg<]  (319)

w06y, 8) =22 sec?} | 2SS (e +y — 9] 0<u<l  (3.16)

However, for 17¢ < 0 we obtain the soliton solution:

c(b+k)

3 —_
us(x, y, t) =289 echz[l (b+k (x + y—ct)] (3.17)
ug(x,y,t) = =22 sech’[; |2 + y = e )] (3.18)
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_3,

Figure 2: Periodic solution corresponding to u,(X, y,t) forc = 2,a=—1,b

_5,

Figure 3: Periodic solution corresponding to u,(X, y,t) forc = 3,a = —-2,b
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=2,a=1b=3k=1.

y, t) for c

to us (X

Figure 4: soliton solution corresponding

=
o

0.4

t)forc=5a=7b=5k=3.

Y,

Figure 5: soliton solution corresponding to wu,(x
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Chapter (4)
The Sine-Cosine Function Method for the Davey-
Stewartson Equations

Sec (4.1) Introduction

The sine-cosine method has been used to solve different types of
nonlinear systems of PDEs. The higher-dimensional nonlinear wave fields have
richer phenomena than one-dimensional ones, since various localized solitons
may be considered in higher-dimensional space.

The Davey-Stewartson equation (DSE) was introduced in [38] to
describe the evolution of a three-dimensional wave-packet on water of finite

depth. It is a system of partial differential equations for a complex (wave-

amplitude) field g (t, X, y) and a real(mean-flow) field ¢(t, X, y).

iq + 202 (Qur + 02ayy) +Ala1q — brq = 0 )
q; = ikse’® u(&) — celou’

qx = ikie u+ ey’

Qox = 2ik U — k%e® u+ ey

qy = ikz“«’u9 u+ ey’

Qyy = ikpe'u’ — k,2et® u+ ey + ik,efu’

o , .
qyy = 2ik,eu’ — k,"e" u + e"u”

lq1*q = eu? (4.2)
(l)xx - Gzcl)yy - Zx(lqlz)x =0 (43)
@, =V 0,q = ePuv’
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®xx — VII @y — VI
Byy =V"
lq|? = u? (191%)x = @?)’
17 S (N 1 2 : 12 2 _i0 (6,11

—k;e’u —iceu +§b (2ike*’u’ — k;"e** u+e*u
+b%(2ikefu’ — ky%e u+ efu’) + 2e¥ud — e®uv’ =0

1
—ku + Ebz (—klzu +u" + b%(—ky u + u”)) +Aud—uV' =0

—2kau — b2k, *u + b2u" — b*k,*u + b*u" + 22ud —2uV' =0
b2(1+ b2)u" — (2ks + b2(ky* + b2ky%) + 2V )u + 24u® = 0

V" — b2V — 2Au?) =0
(1— b2V =242 =0 (4.4)

By take imagine part:
_Cu, + bzkl + b4k2
¢ = b%(ky + b%k,) (4.5)

Where 1 = #1 and o2 = +1. The case ¢ = 1 is called the DSI equation, while the
case o =i is called the DSII equation. The parameter A characterizes the
focusing or defocusing case [35]. The DS equation has four kinds of soliton
solutions: the conventional line, algebraic, periodic and lattice solitons. The
conventional line soliton has an essentially one-dimensional structure. On the
other hand, the algebraic, periodic and lattice solitons have a two-dimensional

localized structure.
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The DSI and DSII equations are two well-known examples of integrable
equations in two special dimensions, which arise as higher dimensional
generalizations of the nonlinear Davey-Stewartson equation, as well as from
physical considerations [36-37]. Indeed.

They appear in many applications, for example in the description of
gravity-capillarity surface wave packets in the limit of shallow water. Therefore
it is of interests to derive explicit solutions of the DS equation.

During the past decades, quite a few methods for obtaining explicit
traveling and solitary wave solutions of nonlinear evolution equations have
been proposed, such as the inverse scattering method, bilinear transformation,
the tanh-sech method, extended tanh method and homogeneous balance
method.

Concepts like solitons, peakons, kinks, breathers, cusps and compactions are being

thoroughly investigated in the scientific literature.

Sec (4.2) Sine-Cosine Method

We introduce the wave variable £ = x — ct into the PDE:
P(u, ut, ux,, utt, uxx,...) = 0 (4.6)
Where u(x, t) is a traveling wave solution. This enables us to use the following

changes of variables:

) o 92 2 8 9 92
Lo L2 2 2% (4.7)
at aE’ at2 9t2’ 9x  OE QL2

One can immediately reduce the nonlinear PDE (4.6) into a nonlinear ODE:
Q(u, ug, ugg,, Ugeg,...) = 0 (4.8)
The ordinary differential equation (4.8) is then integrated as long as all terms
contain derivatives, where we neglect the integration constants.

The solutions of many nonlinear equations can be expressed in the form:

Msinf(up),  fgl <

) (4.9)
0, otherwise

u(x, t) = {
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Or in the form:

A cosP(ug),  [g] < ;—u

, (4.10)
0, otherwise

u(x, t) = {

WhereA, p and S are parameters to be determined, p and ¢ are the wave number

and the wave speed, respectively [29]. We use:

u(§) = Ay sin (ug) (4.11)
u'(®) = A" sin™ (ug) (4.12)
" = nuf A" cos(ug) sin™ 71 (ug) (4.13)

WM gg=—n2u? B2 0" sin™ (ug) +ny® A,"B(nf — Dsin™ 2 (uf) (4.14)

And their derivatives.

u(§) = Ay cos” (uf) (4.15)
u™(®) = A" cos™ (ug) (4.16)
(™) = —nup A" sin(ug) cos ™ 1 (uf) (4.17)

(UM eg=—n?p® B> 1" cos™ (u§) + nu® A "B(nf — 1)cos™ ~2(ug) (4.18)

And so on. We substitute (4.11) - (4.14) or (4.15) - (4.18) into the reduced equation
(4.8), balance the terms of the cosine functions when (4.11) - (4.14) are used, or
balance the terms of the sine functions when (4.15) - (4.18) are used, and solve the
resulting system of algebraic equations by using computerized symbolic packages.
We next collect all terms with the same power in cos® (u&) or sin“(u€) and set to zero
their coefficients to get a system of algebraic equations among the

unknowns A, p and B, and solve the subsequent system.

Sec (4.3) The Davey-Stewartson Equation
We deal with the Davey—Stewartson equation (4.1). Take the following

transformations of (4.1).

q(x,y,t) = U®e’, d(x,y,t) = V() (4.19)
E=x+y—ct, 6 = Kjx +K,y + K5t (4.20)

-36 -



Where K;, K, and K are real constants [11]. It is easy to derive from (4.19), (4.20)
and (4.1) that.

c=0%K;, +K, (4.21)
o2{(1+ 0?)U"} — [2k; + o?(k? + 02k3) +2V']U+2AU3 =0 (4.22)
(1+0%)V" = 2A0(U?)'=0 (4.23)
Integrating (4.23) with respect to ¢ and setting the constant of integration to
zero, we find:

’=1J2r}<;2 2 (4.24)

Substituting (4.24) into (4.22) gives:

-2
1-02

0?{(1+ 0%)U"} - [2k; + 02(K} + 0?kB)]U + 24| == + 1| U = 0 (4.25)

Seeking solutions of the form (4.9), we get

02(1 + 0%) [-p2B*A;sinf (E) + 2B, B(B — 1) sinP~2(ud)] -
-2
1—-02

[2k; + 0% (k? + 0%k3)]A;sinf(uE) + 27\[ + 1] Asin3f =0 (4.26)

Equating the exponents and the coefficients of each pair of the sine functions

we find the following algebraic system:

38=p—2
B — 10
0?(1+ oM BB — 1) + 24 [1-—[AF =0 (4.27-a)
Multiplying by A, ™"
2 2ks+0%(ky” + 0%k,?)
Ty
—0%(1 + o®)p?A; — [2ks + 02(k3 + 02%k3)]A;, =0 (4.27-b)

,  —2ks+ o2 (k,® + 0%k,?)
H 0?(1 + 0?)
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2ks+0%k?0%+ k3

By solving the algebraic system (4.27), we get, when g <0.
B=-1
i = i\/_ 2k3+02(1:2§ o2 +k2 (4.28)
| 2k5 + 02k 02 + k3
o A
. 2kz+0%kio?+ k3
In view of (4.9), (4.19), (4.20) and (4.28), for — a; 2 <0,
we obtain the periodic solutions.
2 2
q(X, y' t) — i — i\/_ m’ el (k1X+k2y + kgt)
2 2 |

CSC J_r\/— w,(x+y—ct)‘ (4.29)

Where
2 2 |
0< i\/— %,(X+y—ct) <m
And
2 2
q(x,y,t) = + \]_ w, el (Xt y 4 kot)
2k3+k? 02+Kk3

sec |x_ |— — (x+y—ct) (4.30)

Where
2k; + kf 02 + k3 T
t - 2 ,(X+y—ct) <§
2k3+02k3 02+ k3 . . .
And for = > 0, the following solitary solutions
2 2.
qlx,y,t) = + \/_ w, el (ax+koy + K,t)
2 2 |
CSCh [i\/— w,(x+y—ct) (4.31)
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And

2 2 2 i
q(X’ y’ t) — i \/_ w, el (k1X+k2y _I_ kgt)

2 (x+y—ct) (4.32)

2k3+k? 62+k3
sech iJ— 30—

Where

C= 62 k1 +k2

To find the solutions @(x, vy, t), according to (4.24), we have:

V(§) = == [UP()) d (4.33)
By means of the equations (4.19), (4.20), (4.9) and (4.33).and using equation

(4.28), we have the following periodic solutions for @ (x,y, t):

2k3+0%k20%+ k3

When for g >0, we get:

@(Xy,t)——zm/_ [\/ M( +y—ct)‘ (4.34)
And

O (xy,t) = chftan [\/—2“3“‘0—““2 (X+y—ct)‘ (4.35)

2k3+0%k3a?+ k3 i . .
When =222 021" 2> 0, we get the following solitary wave solutions:

0 (x,y, 1) = —22 2 coth N— BHA TS (x+y - ct)‘ (4.36)
And

D (xy,t)= —_12_0;/} tan [\/— 2k3+kj—02+k% (x+y—ct) ‘ (4.37)
Where

c =02 k; +k,.
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Sec (4.4) lllustrations

We now plot a few solutions found in our previous discussions.

503
A a0 g B iy
s e e
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e o 2 T 2 A T 2
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e oy ety i s,
e L
REA A Zors

A7 e,

Lo
LA Ly

o e,

() (b)

Figure 6: q(X, y, t) in (4-29) and ¢ (X, y, t) in (4-34) wherey = 0.1, k; = 0.3,
k; =05 k3=150=1,4=1

(@) (b)

Figure 7: g(X, y, t) in (4-29) and ¢ (X, y, t) in (4-34) where y = 0.1, k; = 0.3,
k, =05,kz=1506=1,A=—-1.
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= 1.5,

1,k

—-0.

(4-36) wherey =

in

=1.
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