Chapter(1)
General Introduction
Introduction:
Definition (1.1)
the Laplace Transformation

Given suitable function F(t) the Laplace transform, written f(s)
is Defined by:

fs)= | Foesdt

Theore(:m (1.1) [Linearity]

If f1(t) and f2(t) are two function whose

Laplace transform exists then:

L [afy(t) + bfa(t)] = a[F1(t)] + b L [F2(t)] = afi(s) + bfx(s)
Example (1.1)

Find the Laplace transform of the function F(t) =t

Solution: ) )
L[F®)] =f(s) =] F(t)estdt=] testdt
O 0 0

Using integration by parts we get
u=t, du=dt

v=est | y= -+ g*

S

B 1 ” 1
Jte'S‘dt:[- Lot +I s edt=[0-0- &z el=-5 e~
0 S =0 g t=0

1 0- 1
+ 35 €= 3



Example(1.2):
Find the Laplace transform of the function F(t) = sin(t)

Solution:

LIF®] = f(s) =] Fty estdt = [ sin(t) et dt
0 0
Using integration by parts we find
. du
u=sint, - =cost
1

dv=esdt, v= - e*

e}

l o0
Jsinte'st dt=[sint(- s e%] + ;1 Jcoste'S‘dt
0 t=0 0
= gl Jcoste'st dt

0

Using integration by parts again we have

1 d .
5 Jcos(t)e'“dt , u=cost T: =-sint , Jdvz Je'Stdt
0

v=- 1 gt
S
1 1 .
S Jcoste'“dt: E{ o coste'S‘} - ? Jsm testdt
0 =0 0
. . 1
IJe'S‘smthS—i Jestsint dt = =

0 0



[+ 8_12 ]J' sin(t) estvdt = S_lz , [828—21] Jsin (t) estdt= 8_12
0

0

Divided both side by[i—jl] we get:

. 1
J.Slnte-Stdt = SZ+1
0

Example find the Laplace transform of the function
f(t) = e®

solution f(s) = S—_la
table(1.1)

in the following table, the Laplace transform for some fuction:

The Function Laplace Transform
1 1
S
t 1
SZ
t2 2
S*
t" n!
Bl
Sin at _a
S? + a2
Cos at S
S? + a2
1
eat S -a




1
t at
° (S—a)
N!
n pat
te (S _ a)(n+1)
Sin h(at) _a
(S%-a?)
Coshat _S
(S?-a?)
e Sin (at) a
(S —a)? +a°
e cos(at) _(S-b)
(S -b)2 + a?
1
1, L
- &1 S(s - a)
1
o(t)
S
o (t)
S 2
o (t)

(1. 2) The convolution

Definition (1.2) The convolution of two given function f(t) and
g(t) is written

f * g and is defined by the integral

t

f*g=] ) gt—r) de



oot

LA() * g(t)] = | | e £(x) g(t - e ot
00

Example(1.3)

Find the value of cost *sin t

Solution: -

Using the definition of convolution we have

t
cost* sint = J cos tsin(t—t) dt
0
Sin A.cos B = % [sin(A+B) + sin(A-B)]
t

1
[ 5 (sint+sin(t-20) dr

0
t . t

L [Tsin(t)] + X [ cos(t—2T)]
2 2 "2 _

T=0 T=0
1 4o 1
> tsint+ ” [cos(-t) — cos t]
Cost*sint :% t sin(t)
Example(1.4):
Find the value of sint*t?2
The solution is
2+ 2cost—2

Inverse Laplace Transform



Example(1.5) Find The Laplace inverse:

1 —1-1 S 1
L [32+1]_L { P+l 32+1]

L1 J [Szﬂ}-cost smt-—sm(t)
Exampl 1,)
Find L* Sg (Sz+1
Solution :
1 1 ) 1 —
Lt [Sg} Lt [Szﬂ} sin't

Lt S+ = t*sin(t) = % (t? + 2cos t -2}

Lt [% (32+1)} :% (t> + 2cos t - 2)
(1.3) first order different equation :
In this section, we solve some ordinary differential equation
Using the Laplace transformation .
Definition(1.7):
The first order different equation of y = f(x) is

L B—f] = $'%(s) - x(0)




Example (1.8)
Solve The homogeneous order first differential
Equation:
%-3x=0 , x(0) =x(0) = 1
Solution:

Taking Laplace Transform we have

L[%]+ 3L [(x)] = 0

3% () = X(0) + 3X(s) =0
(s+3)% (S) =1

~ 1
X(S): S+3
Taking Laplace Inverse

-1 N —1-1 1 — -3t
LA Ix@I=L"[ sz 1. x(®)=e

Example (1.9):

Solve the homogeneous first order differential equation:
dx _ _

rr +3x=0,x(1)=1

Solution:

Taking Laplace Transform we get:

L[:_ﬂ +3L[(X)] =0

s;(s) —X(0) +3x(s) =0

(s + 3) X(s) = X(0)
X (0)
(s+3)

Taking Laplace Inverse we have :

X(8) =



Lt x@)]=0t 20

x(t) =x(0)Ee , x(1)=1
Where t =1 we have

x(1) =x(0)e3=1
1

X(0) = oz =€®
Then
X(t)=ede™

X(t) = e3¢~

Example (1.10)

Solve the non Homogeneous first order differential equation:
% + 3X = c0s(3x)

X(0)=0

Solution:

Taking Laplace transform we have:

L [( % )]+ 3LI (x)] = L [cos(31)]

SX(8) - X(0) + 3K(S) = 7,
~ N S 1
X(s) =( 249 ) 513 )

Taking Laplace Inverse we get:
S

L] =L ooy 1= ]

s+3

t
X(t) = e3t * cos(3t) = [ e3t-9 cos(39) dr
0
t
X(t) = e3t[ 3t cos(3t) d 1

u=edt U = 3e
dt



dv = cos(t) , ., VE Y5 sin(31)

| = [ e%sin(3T)] - | e¥Tsin(@T)dt , u=e3=)du=3ex
T=( 0

dv =sin3tdt , v=-%cos 31 t

| =[ ¥ e sin(3t) - [-% e cos 3t ] - | cos 3t et dt

T=0

21 =Y e3sin(3t) + 5 e cos 3(t) - ¥

_ 1 a3t _ 1
I—? et cos 3t 5

X() = 1 e®= = sin(3t) — cos(3f) - + e

X(t) = = [sin(3t) + cos(3t) - ]

1.4 Second order differential equation:

I -
L pe = s X(s) — sx(0) — x(0)

Example(1.11):

Use Laplace transform to solve the non- homogeneous second
order differential equation:

x(0)=0 , ;(O) =0

‘jj—ztj +6 % + 9 =sin(t)

Solution:

Taking Laplace transform we have

[S X(5) — SX(0) = X(0) ] + 6[SX(S) — X(0)] + OX(S) = =

$?+1



~ 1 1
X@©S)=( s2+1 ) s+37 )

we use the rational to have
1 1 A B
(s%+1 ) (s+37 )= G+ + svap +

1=A(S+3)(S+3)?+B(S?+ 1)+ (CS + D)(S + 3)?

Take S = -3 we have

1=10B,B= =

CS+D
(S*+1)

then we have the following equation
1=A(S2+252+S+3)+B(S?+1)
+ (CS®+ 6CS%2+ 9CS + 6CS + 9D)
We get the following system :
C=-A (1
3A+B+6C+D=0 (2)
A+9C+6C=0 (3)
1=3A+B+9D (4)

3

A= g b:2C =2 Dig

nnow we have

(<) 3 _1 5 1 3 1
X@©) =1 50 ( S+3 )+ 50 (S+3° 50 ( S*+1

4 |1
50 $?+1

then we taking Laplace inverse we have ,the following:

LXOI=L o (55)+ & (gi5)

10



3 S 3 1
W(SZ_+1)+%(SY_+1)
The solution is,

X(t) = = et > a3 A G
()= 5 >+ 50 te - c-cos(t)+ 5 sint

(1.12)Example:

Solve the second order differential equation by

Laplace Transform:

d’x
dt?

Solution :

Taking Laplace Transform we have:
S% X(5) — $X(0) = X(0) + X(8) = 0
(S+1)XE)=s , X(6)= 75

Taking Laplace inverse we have

X(t) =cost

(1.13) Example:

Solve the equation

% +y=t, x(0)=1 , x(0)=0
Solution: taking Laplace we have

S% X(5) - $X(0) = X' (0) + X(8) = =

+y=0 ,with x(0)=1 , x(0)=0

S

2 - _1 — 1
(S +1)X(S) T og? +S ) X(S) SZ(SZ+1)

Taking Laplace Inverse we have

x) =L (L (& )+l 5

T

11
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X(t) = cos t + [(t — t) sin(t) dt
0
— du _
us=t-t, -1
dv=sintdt , v=-coSt

T T T

Jt=7)sintdr=[(x+1t)cos t]-]costdt
0 =00

u(t) = cos(t) —sin(t) +t

(1.14) Example:

Using Laplace transform to solve second order differential

Equation:

dy dx

e t5 4 +t6x=2e! ,1>0
x(0)=1, x=0att=0

Solution:

Takmg Laplace transform we mnt
[S? X(s) - SX(0) - X(0)] + 5 [SX(S) x(O)] + 6 X(5) = 52
(s2 +5S + 6)x(s) = (S_fl) + (S +5)

~ _ (S+5)
X(s) = S+1)(S+2S+3) T (S+2E+3)

then we use the rational fraction to get:

2 _ A B C
S+D+26+3) T mrn t 5+ T 53

2=AS+2)(S+3)+B(S+1)(S+3)+C(S+1)(S+2)
LetS=-1weget A=1

12



LetS=-2wegetB =-2

Let S=-3 we get C=1then

2 B C
(S+1)(S+2)(s+3) = S+ t (5+3)
S+5=A(S5+3)+B(S+2)
LetS=-3,B=-2

LetS=-2then A=3

S+5 _ _3 2

(S+2)(5+3) T (S+2) T (S+3)

then we have the following equation:

T 1 1 1 3 2
X gy ' 2 5 't G G 609

then taking Laplace transform inverse we get the solution

X(t)= et+e2t—g™

13



Chapter 2
Introduction
Double Laplace Transform for solving the Heat Equation
The heat equation ,known as fundamental equation in
mathematical, physics ,applied mathematical and engineering
At is also known that there are two types of the heat equation
,the homogeneous equation that have constant coefficients with
many classical solutions such as the separation of variable
,[1],the method of characteristics[2,3],the single Laplace
Transform [4] ,the non —homogeneous equation with constant
Coefficients solve by means of the double Laplace transform [8]
and operation calculus[5,6].
In this chapter we use double Laplace transform to solve the
a homogeneous and non Homogeneous heat equation. Some
example will be to solve demonstrate of the double Laplace
transform method for solving the heat equation.

First of all ,we recall the following definition given by
Kilicman and Gadain [10] .

Definition (2,1)

The double Laplace transform is defined by

Lx Lt [f(X,t) ) (p,S)] = F(p,S) =

e}
e}

[ e [e® f(x,t) dt dx, where x,t > 0, and p,s complex numbers (2.1)
0 0

14



Double Laplace transform for the first order partial
derivative with respect to t is defined by :

0 f(x,t)
Lt [ ot ,(p,s)] =s F(p,s) — F(p,0) (2.2)

Lx
o irstf Double Laplace transform for theartialp rder
by defined is t to respect with derivative:
0 f(x,1)
Lx Lt 0 X ,(p,s)]: p F(p,s) — F(0,s) (2.3)
ansform for the second partial dervativeDoube Laplace tr
by defined t to respect with:
& F(x,1) 0 F(0,5)
Lx Ltt G , (p,sﬂ =p? F(p,s) - pF(0,s) - X (4.4)
0% F(x,t
L T5%Y e =pFpe)-pROS) - (4.4

15
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Example (2.1):

Use the double Laplace transform to solve the Homogeneous
Heat equation:

Ut = Uxx

With boundary condition u(0,t) =0, ux(0,t) =e"

And initial condition u(x,0) = sin x

Solution:

Taking double Laplace transform and single Laplace transform

we have

s u(p,s) — u(p,0) = p? u(p,s) — pu(0,s) — ux(0,s) ,
(p* = s)u(p.s)

= pu(0,s)+ ux(0,s) — u(p,0),
, 1 1 P+l-s-1
(P =P8 = s+ - (@r1) 7 (s+1)p2+1)
2 _ _ (p*-9)
(-9 = 5=
Divided both said by (p? - s) we get

1 1
P Ty e

Taking double Laplace transform inverse we have

u(x,t) = etsin x

Example (2.2):

Use double Laplace transform to solve homogenous heat

16



equation, with homogenous boundary conditions
U=Ux , X>0, t>0

Boundary conditions u(0,t) = et , ux(0,t) =1 ,initial condition
u(x,0) =x +cost

Taking double Laplace transform and single Laplace we have
S U(p,S) - u(p,o) = p2 u(p1s) - pU(O,S) - UX(O,S)

(p2 - S)U(p,S) = pU(O,S) + uX(O’S) —U(p,O)
p, 1 _ 1 p

s+1) s P? (PZ+1)

b= oles)= [@21) ' (pLJrl)] “{s‘ ' ?]

PP+p-sp-p . (P’-9)
(s+1)(P2+1) SP?

|
|

_ _p(P*-=5) (P-s)
(p2 - S)U(p,S) - (S + 1)(p2 + 1) + S P2

Divided both side by (p?—s) we have

(ps)- [SLJ [pLJ * [5}[—;}

Taking double Laplace transform inverse we get

u (x,t) =etcos x + x
Example(2.3):

Use the double Laplace transform to solve the following heat
problem

Ut = Uxx — U

boundary condition u(0,t)=0 , u=(0,t) =e®*

17



initial condition U(x,0) = sin(x)

Solution:

Taking double Laplace transform and single Laplace transform
we have:

su(p,s) - u(p,0) =p?u(p,s) - pu(0,s) — ux(0,s) — u(p,s)

(p2 —-S- l)U(p,S) - pU(O,S) + uX(O’S) - U(p,O)
1 1 _ P2+1-s5-2
S+2 P2+1 (p2+1)(S+2)

P2 _5—1
(p2 —S-— 1)U(p,$) = (p2 + 1)?5 +2)

Divided both said by (p?>—s — 1) we get:

WP =( 55 ) =

Taking double Laplace transform inverse we get:

u(x,t) = e sin(x)

Example(2.4):

Use the double Laplace transform to solve the in homogenous
heat equation:

U=Ux—2 ,X>0,t>0

boundary condition u(0,t)= et , t>0

initial condition u (x,0) = x? + cos X , ux(0,t) =0

Solution:

Taking double Laplace transform we have:
2

s u(p,s) — u(p,0) = p?u(p,s) — p u(0,s) — ux (0.5) - ps

18



2
(p2 - S)U(p,S) = p U(O,S) + Ux(O,S) + Ps - U(p,O)

= P + 2 . 2 . P
s+1 ps p3 p2+1
Py P H( 22 Y- ( 2
P2+p—ps-p N 2P%-2s P(P%-s) ¢ 2(P2-s)
(P2+1)(s+1) Pls  — (P2+1)(s+1) P3s

Divided both side by (p? - s) we have:

ups)=( Hhg N e D)

Taking double Laplace transtorm inverse have:

u(x,t) = etcosx + x?

3.2 Double Laplace Transform for solving a convection
problems

Example (2.5):

Find the solution of a convection problems :
Ut + Uux =0

initial condition u(x,0) = -x

Solution:

Taking Laplace transform we get

su(p,s) —u(p,0) + L[uux] =0

su(p,s) = - % - L[uuy]

2

sP? +



u(p,s)= — -- — L[uuy]
Taking the inverse of the Laplace transform we have
ux,t) = - x = L[ % L(uu)]
We decompose the solution as an infinite sum given below
u(x,t) = Zwun(x,t) and uux = Zoo Hn(u)
n=0 n=0
where Hn(u) are He's polynomial there represent the non- liner
Terms:
Ho(u) = uoUox ,H1(U) = Uou1 x + U1Uox
Ha2(u) = Uou2x + U1U1 x + U2Ug x
Then ,OOZ " Un(X,t) = uop® + Uz pt+ uzp? + .......... =
x U] 5 L(Ho(u) p° + Ha() pt + Ha(u)p? + ...
Comparing the coefficient of like power of p we get
PO: uo(X,t) = -x
PLus(x) = -l [ & LHo(W)] =L < LX) ]

= L[ % (= N=-xt

P2 uy(x,t) =-L+* [ % L Hi(u)] =-L* % L(uouz x + U1lox) ]
=-L Lo (2xt) L ()

L1[( — )( )]‘-Xt2

P3: us(X, t) =-L?] i L Hao(u)]

=-L'[ = L(UOUZX + UzU1x) + Uz2Uox ]

20



=- L7 % L (-x)(-t7) + (-xt)(-t) + (-xt?)(-1)

LY % L(3xt2)]

L Mg M=

then the solution is given by the summation

iun(x,t) = Uo(X,t) + ua(X,t) + uz(x,t) + us(x,t) + .............
" io-x —Xt=Xt?=Xt3- ...

=[x +t+2+83+

The sum of sequence is (L +t+t?+t°+ ... )= 5

uxt)= ()

Example (2.6)

Solve the non-homogeneous convection equation:

Ut + Ulx = X + Xt?

the initial condition ,u(x,0) =0

Solution:

We apply the double Laplace transform we have:
1. 2
sp? p2g?

ups)=( 5 ) L)+ L0 2 ) L
P s p? s4 S
Applying inverse Laplace transform we get:

su(p,s) — u(p,0) + L(uux) =

u(x,t) = xt +% xt3 - L1 [ 1T L(uuy)

We decompose the solution on an infinite sum given below

e}

u(x,t) = un(X,t) =>p"un(Xx,t) = pPuo + plus + pluz + ........
N=0 N=0

21



= (xt + % xO)p°= LI (L H(W)p]

Ho(u) = UoUox , H1(u) = UoU1 x + U1lox

H2(u) = Uou2x + U1U1 x + U2Ug x

Comparing the coefficient of like power of p we have
PO uo(X,t) = xt + ¥4 xt3

P st = - L 5 Ho(u)] = - L] -5 (L(Uolis )]
- LY (L(xt + ¥ xt)(t + ¥ t9))]

=- Ll 5 L +% xtt+ = Xt)]

=L (o o o W= )+ o (o ]

P2 S3 P3 SS 9 P2 S?
1 16 720
- - L-l[ p2 g3 1 p2 gb + on2 g8 ]
1
u(x,t)=-"%xtd- 2 xtb- —— xt’

15 63

P2 uy(x,t) = - L[ % L(Hi(u)] = - LY % L (UoUi1x + Uzliox]

1

2 xto- L et
63

L[ % L(- ¥ xt* -

-1 oxtb- 2 xt8- L1 o xtlo o 1 yp4- 1 i
63 9

©
N
&5
H
0o
©

X8 - —L  ytlo )]

22



1 2 22 38
- _1-17 .o 4 - 6 _ - 8
=-L' 5 L(- 5 Xt i Xt e Xt
2 10
- —= xt
189 )

T | 16 352 4864 36400
—'I—[T(' p2gs  ~ p2g7 p? S° B p? St )]
_ 16 352 4864 36400

== - LY(- p2ss ~ p2sE | pslo T 02 S22 )]
Taking inverse double Laplace transform we have
Ua(X,t) = 2 w5+ 2 o+ 3B e 2
w 15 315 2835 2079
u(x,t) => un(x,t) = uo(x,t) + ur(x,t) + ua(x,t) + ......
N=0
u(x,t)= xt

Example (2.7):

Solve the a non linear partial differential equation:
Uxx— Uxlyy = - X + U

I.C u(0)y)=siny , Uy(0Oy)=1

Solution:

Taking double Laplace transform we have:

P2 u(p,s) - p u(0,s) - ux(0,s) = - ﬁ L(u+ Uxly)
1
UPS)= 57 - o+ o LT by

Taking inverse double Laplace transform we get

1 - 1

6 P2



u(x,y) =x+siny- — x3+L— LU+ UUy)]
Let u(x,y) => u(x,y) = uo(x,y) + ui(x,y) + uz(x,y) + us(x,y)+....

n=>0

3 Unxy) P =X+ 8iny - X34 L =5 (L(Un + UnxUnyy)]
N=0

Uo(X,y) =X +siny

1
uixv) == X+ L 57 L(Uo+ UoxUoyy)]
X A rsiny_singe. X4 X
=5 TL( 7 (x#+siny-siny)=- - 4 =0

un(X,t)=0 ,foralln>1
the total solution of the above problem is given by:

u(x,t) = Zooun(x,t) = Uo(X,t) + ur(X,t) + ua(x,) + ............

N=0
u(x,t) =x +siny

24



Chapter (3):
Double Laplace Transform for solving the wave equation
(3.1) Introduction:
In this chapter we use double Laplace transform to solve the
homogeneous and non homogeneous wave equation
(3.2) Some examples In this section we

use double Laplace transform to solve the Homogeneous and
non-homogenous

wave equation:

Example (3.1):

Consider the Homogeneous wave equation find the solution by
Double Laplace transforms to solve it

Ux=Ug , x>0, t>0

B.C u(0,t) =sin(t) , Ux(0) =1

I.C u(x,0) = x . U(X,0) = cos(x)

25



Solution:

Taking double Laplace transform and single Laplace transform
We have:

s? u(p.s) — su(p,0) — ux(p,0) = p u(p,s) — pu(0,s) — ux(0,)

(p? —s?) u(p,s) = pu(0,s) + ux(0,s) — su(p,0) — ux(p,0)
P 1 s p

£+1 T s T P2 T Pai
) 3 p p S 1
(p*-su@PE.s)=( s+1 - pr+1 )t (- p S
PP+p—ps’-p  P?-¢
(P2 +1)(s° +1) Sp?
2 Q2 _ P(p®—s%) P?-¢?
(P S )U(p,S) (pz + 1)(32 + 1) + Sp2

UPS)=( ey W 7 )+ (< 57 )
Taking double Laplace transform inverse we have

u(x,t) = cos(x) sin(t) + x

Example (3.2):

Using double Laplace transform to solve the homogeneous
wave equation

Ut=Uxx ,X>0 , t>0

B.C: u(0,t) =0,ux(0,t) = cos(t)

I.C : u(x,0) =sin(x) , u(x,0) =0

Solution:

26



Taking double Laplace transform and single Laplace transform

we have :

p?u(p,s) — pu(0,s) — ux(0,s) = s2u(p,s) — su(p,0) — u«(p,0)

(pZ_SZ)u(p,S) = pU(O,S) + uX(O’S) —SU(p,O)'Ut(p,O)

S S Sp2 +s-g3-5s
= 2 - 2 =
Pl sl T ey

_ S(p*-s%)
(p2 - SZ)U(p,S) - (p2 + 1)(32 + 1)

Divided both side by (p? - s?) we get

ups) =15, I 7op |

Taking double Laplace transform inverse we have

u(x,t) = sin(x)cos(t)
Example(3.3):

Using double Laplace transform to solve the homogeneous wave
equation :

Ut=Uxx B.c U(0,t) = 1+ sin(t) ,ux(o,t) =0

[.Cu(x,0) =1 ,u(x,0)=cos(x)

Solution:

Taking double Laplace transform and single Laplace transform
We have:

p2u(p.s) — pu(0s) — ux(0,s) = su(ps) - su(p,0) — ux(p,0)

(p? —s?) u(p,s) = pu(0,s) + ux(0,s) — su(p,0) — uS(p,0)
1 1
S S?+1



(P*-s*)U(ps)=p( — + —— )+0 -

S| ip 1 p2p+1

P -sups) = L+ S - S
:(% ” % )+ 32p+1 ) p2p+1 )
(g FIDED

O -sUps) = o v P

Divided both side by (p? — s?) we have:

wp)=( S Ly+( L F)

Taking double Laplace transform inverse we have:

u(x,t) =1 + cos(x)sin(t)

Example (3.4)

Using double Laplace transform to solve the non- homogenous
wave equation:

Utt = Uxx — 3U , X>0 ,t>0

B.C U(0,t) =sin(2t) , u(0,t)=0

I.C U(x,0) =0, Ui(x,0) = 2cos(x)

Solution:

By taking double Laplace transform and single Laplace

transform we have:
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pu(p,s) — pu(0,s) — ux(0,s) — 3u(p,s)=s2u(p,s) — su(p,0) — ux(p,0) +

(p? —s?-1) = pu(0,s) + ux(0,s) — su(p,0) — u(p,0)

[ 2
P g1

_| 2 2P | _ 2p3+2p-2ps?-8p
(p2 - 32 - 3)U(p,$) - [32 +4 - p2 + ]] - (pz + 1)(32 + 22)

2p(*-s*-3) p |
(pz n 1)(32 n 22) !2) —g2— 3)U(p,$)

Divided both side by (p? — s? — 3) we have:

u(p.s) = [pz‘l 1}[ Szizz}

Taking double Laplace inverse transform we have:

u(x,t) = cos(x)sin(2t)
Example (3.5):

Using double Laplace transform to solve the homogeneous wave
equation :

Ut = Uxx -2 ,X>0 ,t>0

B.C U(0,t) =0 ,Ux(0,t) =sin (t)

I.C u(x,0)=x? ,ui(x,0) =sin(x)s

Solution:

Taking double Laplace transform and single Laplace transform

we have :

s2u(p.s) — su(p,0) - u(p,0) = p?u(p.s) — pu(0.s) — Ux(0.5) - —ES‘
2
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(P?-s?) u(p,s) = pu(0,s) +ux(0,s) + —— su(p,0) - u(p,0)

$?2+1 Ps ) p3 p2+l - 2+ 1 p2+1 Ps -P_3

p?+1-s2-1 + 2p? - 25°

= (p* —s?)u(p.s) =

(p? +1)(s* +29) P%s
_ p*- ¢ 2(p - &)
(p? + 1)(s* + 1?) n3s

Divided both said by (p? — s?) we have:

1 ) 2
Ups)=( w1 ) o7 )0 )

Taking double Laplace inverse we have :

v |
N

U (x,t) = x?+sin(x) sin(t)

Example (3.6) :

Using double Laplace transform to solve anon homogeneous
wave equation:

U tt = Uxx + SINX,

B.c u(0,t)=0 ,  Ux(0,t) =1+ sin(t)

I.c u(x,0)=sin(x) , ux,0)=sin(x)

Solution:

Taking double Laplace and single Laplace transform we have :
s?u(p,s) - su(p,0) — ux(p,0) = p?u(p,s) - pu(0,s) — ux(0,s)

(52 - SU(p.5) = pu(0.s) + 1x(0.5) ~ SUP.O) ~ U(p.0) + 7y

(p2-5) Uups) = 105) - g - su(p.0) -~ u(p.0)
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1 1 1 S 1

S 2+ 1 p2+1 ~ P2+1 = P2+1
-s—1
SENE R Gl VN EE R
S pe+1 ? +1 P2+1

_ (pP+1-g%5) + (p?+1-s%-1)

S(p*+1) (P> + 1)(s* + 1)
_ (-9 (1-5) (0?-s?)
~ S(p?*+1) Sp2+1  (PP-%)  +1)
Divided both side byddd

a a 1 1
“UPS) = S e

1 1
[S( PP+ 1)(s*-p°) T (pPH1)(sP- pZ)J
Taking double Laplace inverse we have:

1 1
L*U(ps) =L [S(pz +1) T (p2+ 1)+ lJ +

_ 1 ] 1
[L ' S( p2 + 1)(32 _ p2) - Lt ( p2 + 1)(52 _ pZ)J

U(x,t) = sin(x) + sin(x)sin(t)
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Chapter (4)
Double Laplace ,Transform
(4.1) Introduction:
In this chapter we use Double Laplace transform to solve the
Telegraphic equation and partial integodifferential equation,
we follow the method that was proposes by Kilicman and
El tayeb[7].Where they extended one-dimensional convolution
theorem to two-dimensional case[9].
Example(4.1):
Use the double Laplace transform to solve
the homogeneous Telegraph equation given by:
U — Ug—Ut—u =0 (46)
With boundary conditions(B.C)
u0,t) =et , ux(0,t) =et
And initial conditions 4.7)
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u(x,0) =e* , ui(x,0) = -e*

Solution:

Taking double Laplace transform of the equation(4.6) and single
Laplace transform for the equation(4.7) we obtain

[p? u(p.s) - p u(0s,) — ux (0,5)] - [s* u(p.s) — s u(p,0) — ux(p,0)]
-[s u(p.s) - u(p,0)] - u(p,s) =0

(p? —s?—s—1) u(p,s) = p u(0,s) + ux(0,s) — s u(p,0) — ux(p,0) +
u(p.0)

_ P L S 1 1
ups)= Ss¥rit ST 1C p-1  p-1 ' - 1
S oser Pebo 1)(p-1

s+1pP-1)

HPS)= (53 i)p-1)

Taking double Laplace inverse we have
1 | L

L uesl =L | 1|l 551
u(x,t) = e*-t

Example(4.2):

Used double Laplace transform to solve the homogeneous
telegraph equation

Fu ou 0w

0 x° 0 t2 ot

(i.C) u(x,0) = &, U (x,0) = - 2¢*
(B.C) u(0,t) =e? , ux(0,t) = e
Solution:
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Taking double Laplace transform and single Laplace transform
we have

[p? u(p,s) — p u(0,s) — ux(0,8)] = [s* u(p,s) — s u(p,0)- ut (p,0)
+2[s u(p,s) — u(p,0)] + u(p.s)

(p?—s2-2s-1) u(p,s) = p u(0,s) + ux(0,s) — s u(p,0) — ux(p,0)

- 2u(p,0)
p

1
+_
S+ 2 S+2 p-1 p-1 p-1

A s kel s P18
S+2 S+2 p-1 T s5+2 p-1 (S+2)(p—l)

U(pss) = [s% ZJ [P_1J

Taking double Laplace transform inverse we have

u(xt) =ex*t

Example (4.3):

Use double Laplace transform to solve the non homogenous
Telegraph equation defined by:

Uxx - Uit - Up— U = - 28X+t

With boundary condition

u(0,f) =et , ux(0,t) = ¢t

And initial condition

u(x,0) =e* , u(0,t) = e
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Solution:
Use double Laplace Transform and single Laplace transform we

have
[p?u(p,s) — pu(0,s) — ux(0,s)] - [s°u(p,s) — su(p,0) — ux(p,0)]
-2
- [5u(Ps) - uP.O] - [P = T= 1
(p? = s?—s—1)u(p,s) = pu(0,s) + ux(0,s) — su(p,0) — ut(p,0)
-2

~u(p.0) = (p-1)(s+1) 1 S S 1

(p*-s*=s=1u(p;s) = 1) + G-1) “@E-1) " @E-1) " (P-1)

_ P+, (s 2 _ (pPP-1-5°-25+5+2-2
(s-1) (p-1) (p-1(-1) (P-1)(s-1)
2 2 e _ (p?=s%-5 -1)
(p? =s*—=s—1u(p.s) = 0-1)G-1)

1 1
u(p,s) =( (p.—1))( 5-1) )

Taking double Laplace transform inverse we obtain:

u(x,t) = ex+t
Example(4.4):
Solve the partial integral differential equation by using double
Laplace transform:
X t
U — Uxx + U+ ]| e¥ ¢t Bu(o, )dodp = e¥+t+ xtex+!
With boundaryocgndition

u(0,f)=et , uy0;t)=¢
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IC =is u(x,0) =eX, uyx,0)=¢e*
Solution:

Taking double Laplace transform ,we have

[s?u(p.s) — su(p,0) —ut (p,0)] - [P u(p.s) — pu(0.s) — ux(0,5)]

Fups)+ — ups)= — T
PST oo s-1) PV T pone-1) (b—1)2(s—1)2

2. 2 1 _ 1 1
4P+ oos-n 1UPS) = GTyeoy t ponrs- 1y
+su(p,0) + ui(p,0) — pu(0,s) — ux(0.s)

1 1 1
40 + Goays-n) JUPD = Gons-1 T poads-1y

s 1 p 1 _ (S-1) (-p-1)
Te-0T p-) 7 -1 T -1 -1 T (-1

u(p,s) [(52 P+ DP-1)6s-1) 41|=
(P-1)(s-1)

P-DE-D+1+E+DP+DE-1)*-(p+1)P-1)*(s-1)
(P-1)(s-1)

[(ps—p-s+1)(s° -4 +¥-p*+1]+1
(P-1)(s-1)
u(.s)[s®—p*+ D(p-1(s-1)+1] =

1

- U(p,S) - - 1

Taking dout P~ DE=1) ssform inverse we have

E-p’+)p-D(E-1)+1
(P-1)(s-1)

u(x,t) = ex*t
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