Chapter 4
Abel-TauberTheorems for Fourier-Stieltjes Coefficients

The result in the cosine case can be applied to stationary time series with long —
time memory. The analogues for Fourier — Stieltjes transforms are also given.

Section (4.1): Proof of Theorems

We are concerned with relations between the asymptotics of a function and its
Fourier-Stieltjes coefficients, and the results are Abel-Tauber Theorems of this type.
The results in which we pass from the Fourier-Stieltjes coefficients to the original
function are Abelian, while the results in the converse direction are Tauberian.The
class BV[0,m] is that of all right-continuous f:[0,7] —» Rthat have bounded
variation on [0,7]. For F € BV[O,m] we define its Fourier-Stieltjes cosine
coefficients (FS cosine coefficients).

_ F(m)

T

(n=0), (1)

2

a, = —f cosnf dF(O)(n=12,..), :
T Jlom]

where dF{0} = F(0).

We write R, for the class of slowly varying functions at infinity: the class of
positive, measurable [, defined on some neighbourhood [X, o) of infinity, such that

VA >0, )!I_)r‘go l(Ax)/U(x) = 1.

For [ € R, the class II; is the class of measurable g, defined on some
neighbourhood [X, o) of infinity, satisfying

V1> 0, )!’I—Ego {9(Ax) — g(x)}/1(x) - clog A

with ¢ € R called the [-index of g .
A real sequence (c,,) is called slowly decreasing if

limliminf inf (c,, —c,) =0 (hences=0),
A1l n-ooco nsms<in

slowly increasing if (—c,) is slowly decreasing. A real sequence (a,) is said to
satisfy the Tauberian condition (T) if

(a,)is eventually positive, and (log a,,) is either slowly

decreasing or slowly increasing.
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For example, (a,) satisfies (T)ifa,, = nPc,, where p € Rand (c,) is eventually
positive and monotone.

Definition (4.1.1)[4]:For l € Ry, and ¢ € R, (a,,) is in II; with l-index c if for any
A1>0.

(a[/ln] - an)/l(n) - clogA(n - ).

Lemma (4.1.2)[4]:Let e R, and c € R. If (a,) is in II; with [-index c,
then (a,,_; — a,,)/l(n) > 0asn - oo,

Proof:Choose an irrational number 1 > 1, say, A = V2. Then [[An]/A] = n — 1 for
n =12, ... Since [([An])/1(n) - 1 as n - oo by the uniform convergence Theorem

an-1 — an _ (Qquani/a1 — pan)) 1([An]) |, 3n] ~ n

i(n) 1([An]) I(n) I(n)
- clog(1/A) +cloga =0 (n - ),

whence the Lemma.

Theorem (4.1.3)[4]:Let L € R, and ¢ € R. Then (a,,) is in II; with I-index c if and
only if the function f(x) := ap,q is in m; with l-index c.

Proof:Suppose(a,,) is in II; with l-index c¢. For 1 > 0, we write

fAx) — f(x) _ aan] — A[an]] |, Hatn] ~ A
x) — ln) I(x)
Since I([x])/1(x) - 1as x - oo, the second term on the right tends to c log A as
x - o0, Now 0 < [Ax] — [A[x]] < A+ 1, so repeated application of Lemma (4.1.2)

gives (a[,lx] - a[l[x]])/l(x) — 0 as x —» o, hence f is in I;with [-index c. The
converse is trivial.

Theorem (4.1.4)[4]:Let [ € Ry and ¢ € R. We write s, := Y} _,axforn =012, ...
Then

a, ~cn~*l(n)(n » ) 2
implies

(s,) € Mwith I — index c. 3)
Conversely, (3) implies (2) if (a,,) satisfies (T).

We omit the proof, since it is almost the same as that of the function case.
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Theorem (4.1.5)[4]:Let [ € R0, p > —1, and c € R, and let (s,) be as above.
Assume the series B(x) := ¥%_, a,e "™/* absolutely converges for x > 0. Then (16)

implies
B € II;with [ — index c. (4)
Conversely, (17) implies (16) if a,, = O for all sufficiently large n.

Proof:We write V(x) = sgfor x > 0. By Theorem (4.1.2), (4) holds if and only if V
is in IT; with I-index c. Let V7 be the Laplace-Stieltjes transform of V:

[oe]

P (x) = f e~ AV (t) = x f ety () dt (x> 0).
[0,00) 0

Then B(x) = V(1/x)for x > 0, and so the implication (3) = (4)follows from the
argument  Conversely, since e™™@¥) — ¢=/* = o(i(x))as x - oo for any 1> 0,
we may assume a,, = 0 for all n.Therefore, (4) gives (3) by de Haan’s Theorem.

Next we consider stability of I7-variation under change of variables.

Lemma (4.1.6)[4]:Let [ € Ry and ¢ € R. Assume ¢: (X, ) — (Y, ) is measurable
and satisfies ¢(x) ~ax,a >0, as x — oo If the measurable function f : (Y,o) -
R is in I1; with l-index c, then f o ¢ is also in I1; with [-index c.

Proof:Since¢p(Ax) /¢ (x) — Aas x — oo, the uniform convergence theorem for I1; due
to Balkema. Gives

f(d(Ax)) = f(p(x))
[(p(x))

while by the uniform convergence theorem for Ry, l(([)(x))/l(x) tends to 1as x —
co. Combining,

- clogA (x » ),

f(ep(x)) - f(p(x))
1(x)

- clogA (x » ),

hence the Lemma.

Proposition (4.1.7)[4]:Let L € Ry, c € R, and A:(0,1) —» R be measurable.Write
B(x) := A(e‘l/x)for x>0 and C(x) :=A((x —1)/(x +1))forx > 1. Then B is
in IT; with [-index c if C is in I1; with [-index c.

Proof:For
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1+e 1/x
¢1(x) := m(x > 0).

we have B o ¢;. Since ¢,(x)~2x as x — oo, we obtain the assertion by Lemma
4.1.7).

Proposition (4.1.8)[4]:Let [ € Ry, ¢ € R, and ¢(x) := 1/{2 arctan(1/x)}or x > 0.
If the function f:(1/m,) — Ris in II; with l-index c, then f o ¢ is also in II; with
l-index c.

Proof: Since ¢p(x)~ x/2 as x — oo, the assertion follows from Lemma
(4.1.7).Theorem (4.1.9)[4]: Let leR, and O <a < 1. Let F € BV[0, ] with
FS cosine coefficients (a,). Then

ap~n~l(n)(n > ) Q)

implies

F(8)~6%1(1/6) -

T
2I'(a + 1) cos(ma/2) (6 -0+). (6)

Conversely, (3) implies (2) if (a,,) satisfies (T).
Proof :

Since

1+2§: meosng = — " (el <1) @
1r cosn ~1_2rcosg+r2 V" ’
n=

Fubini’s Theorem yields

Yo =2 I ke <D ®)
T lon]1 — 2rcos6 + 12 ’

n=0

First we prove (2) implies (3). Since (2) implies a,, = Oas n — oo,

(1—r)Zanr"—>O (r11).
n=0

But

f -7 ke
[

o] 1 — 2rCcosf +r?
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1
01+ {2r(1 —cos8)/(1-r)%}

=F() + dF (@) » F(0O)(r T 1),

Whence (8) gives F(0) =0

Since ¥'>°_;|la/n| < oo, we may write

c(6) := a, + Z ~sinn6 (6 € [0, 7))

Clearly F(m) = C(m). By the inversion formula, if x and y are continuity points of F
such that 0 < x < y <, then F(y) — F(x) = C(y) — C(x). Take two sequences of
continuity points (x,,), (3,) such that x,, 1 0,y,, { 6 € [0, r]as n — o. Letting

F(9) = a09+2%sinn9 (0< 6 <nm), 9

where we used F(0) = 0. Therefore, by an Abelian result due to Vuilleumier and
others,(3) follows.

Next we prove (3) with (T) implies (5). By (6), we have dF{0} = 0.We write

R(x) := 1(x > 1).

O(¢) :=2arctané (0 < ¢ < w).
p(de) = I(o,n/z](e)dF(Q),
Fy(§) i= f (¢2 + Do 0(dt) (0 < £ < oo),
(0.£]
Fy(x) :== xF (1/x)(0 < x < ),

2 x2

kq(x) = (1+ x2)2

———— (0 <x < ™).

Since F;(¢) = F,(1) for all ¢ > 1, F, is bounded on each interval (0, a].
Forx > 1and 0 € (/2 , 7],
1—2R(x)cosO + R(x)? = 1+ R(x)?,

hence
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|dF|((r/2,7])

1 — R(x)? R(x)?
f(n/z,n] 2RGcoso + RGY D =1+ R( )?
= 0(x"H)(x - o). (10)

where|dF]| is the total variation measure of F.
Since cos ©(§) = (1 — £2)/(1 +£2),

1— R(x)? _x(E*+1)

1 —2R(x)cosO() + R(x)2 ~ &2x2+1 (x>1¢>0),

and so, forx > 1,

dF(6)

1 1 - R(x)?
_f@,m] 1— 2R(x) cos 6 + R(x)?
o 0(d$)

_1[ 0 x(E2+1)
|

— 0.0) szz +1

1

ﬂ—[OOO) 2{"24‘1

dFy (§).

By integration by part, the right-hand side is

f (sz2+1)2 Fl(f) dé—: kl*Fl(x)(O<x < OO),
where k, * F, denotes the Mellin convolution of k; and F;:

(o]

ky * Fyx) = f ky(e/6)F () e/t (0 < x < ),

0

This with (8) and (10) gives

> @R = ey Fy (1) + 0 (x > o), (11)

n=0
The Mellin transform

[oe]

o 2
kl(Z) = f t_Zkl(t) dt/t = Ef mdt
0 0

converges absolutely for —1 < 9, < 3, and is equal to
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1 3—-z 1+z
EF( 2 )F( 2 )
Now
F,(§) =F(0(8€)) + tan®(6/2) dF(6)(0 < ¢ < 1), (12)
(0,6(¢)]

and the integral on the right is

0 <Ezf IdF(O)I> =0({)(E > 0+). (13)
©0.0()]

Hence (3) gives
a—1

Fa+ Deos@ara) & 70"

F1(§) ~F(8(§)) ~¢*1(1/¢)

or

7.L.2a—1

F1(0) =30ty costra/2)

(x - ).

So by Arandelovic’’s Theorem, we obtain
ki * F1(x) ~k;(1 — a)F1(x) ~x1"%1(x)2%7T(1 — a)(x = ).

Referring back to (18), this gives

[oe]

Z @, R(x)" ~x%(x)2%" 1T (1 — &) (x — oo)

n=0

or

Y e - (220) 1 (R 2emtr - )

n=0

(1= )Y (1—;) M1 — )@ 1 1).

Since individual terms a,r™are o((1 —r)*71), we may assume a,, > 0 for all n,
which gives by Karamata’s Tauberian Theorem for power series ,

n

1 al
> a4~ (") L (o o), (14)
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Finally, (T) corresponds to (1.7.10")(see[4]), whence it gives (2).
Theorem (4.1.10)[4]:Let [ € R, and F € BV[0, ] with FS cosine coefficients(a,,).
We write F(x) := xF(1/x)for x > 1/m. Then

ap~n~tl(n)(n - ) (15)
implies

F € ,with [ — index 1. (16)
Conversely, (5) implies (4) if (a,,) satisfies (T).

The Theorems above can be applied to stationary time series. LetX =
(X(n):n € Z) be a real, weakly stationary time series with expectation zero, and let
R be its correlation function: R(n) = E[X(n)X(0)Iforn € Z. By the spectral
representation Theorem for correlation functions,

R(n) = f[ Cosno AF(0)(n € 2)
0,1t

with non-decreasing F € BV [0, ] called the spectral distribution functionof X. Now
X is called long-time memory or long-range dependent if it exhibits the property

Y _o|R(n)| = o The prototype of such correlation functions is R with
R(n)~n"%l(n)(n — ),

whereO < a <1 and [ € R,. The boundary case a « = 1 is delicate; the value of
Y _o|lR(n)| is infinite if and only if f°°l(t) dt/l = co. The Theorems above
characterize such R in terms of F rather than the spectral density of X, which does not
always exist, under the weak condition (T).

To consider the analogues of the Theorems above for sine coefficients, it will be
convenient to restrict the class of functions. The class NBV[O, ] is the subclass of
BV [0, ] consisting of all G that are normalized by G(0) = 0. For G € NBV[0, ] we
define its Fourier-Stieltjes sine coefficients (FS sine coefficients)

2

b, = —f sinnf dG(O)(n = 1.2,...). (17)
T J1o,m]

Proof: First we prove (17) implies (18). In the same way as above, (17) gives (9).

Write A(x) := ZE.’L]O a;forx > 0. Then forx >0
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Flx) - A(x) = f £Ge OL(6) dt + f £, G, OL (O dt,
0 0

where forx >0and t > 0,

_ 1 (sin([e]/x)
0= g5 (i

:= 0(otherwise),

1 sin([t]/x)
[t]  ([t]/x)

=000 <t<[x]+1),

—1)(1St<[x]+1),

([x] +1<t <),

fo(x,t) :=

L(t):=ap-[t](1<t<oo), :=10<t<l).

IfO0< 6 <2 thenasx — oo,

x 1 sin(j/x)
fot 5|f1(x,t)|dtS;j1+6<l— G/ >

= 0( %—,22> =0(x7%).
j<x

@ _E 1 sin(j/x)_
fofl("’t)dt‘x D (i/x)( G/ 1)

0<j/x<1

11 /sin

-y = ——u—l du (x » ).

1 u\ u
0

Also

So by Vuilleumier’sTheorem, (17) gives
f £, DL (©) de ~ 631 () ~ ¢ 1(6) (x - o0).
0
Similarly, if 0 < § < 1, then there exists C > 0 such that for x > 1 andM > 1,

® 1
f t°lf,(x, )l dt < 2%x Z 775 = CMO~1x®. (18)
Mx

j=Mx
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Choose € > 0 small enough; then for large enough M and all x > 1, the right-hand
side with § = 0 is less than €, while

[Mx]+1 1 sin(j/x)
fo folx, t)dt = - G/

0<j/x<M

Msinu
- —du (x > ),
u
1

hence

fwfz(x't) dt > c; 3= waiﬂdu (x > ).
0 1

u

This and (18) with M = 1 imply that the conditions of Vuilleumier’s Theorem are
satisfied, hence

| £ 00 de = el () = @) x - o).
0

Combining,
{F(x) — A()}/1(x) > c1 + c3(x > ).
Since | € Ry, this gives forany 1 > 0,
{F(x) — AQx)}/1(x) = ¢1 + c3(x > ).
Subtract and use Theorems (4.1.5) and (4.1.6):
{F(Ax) = F(x)}/1(x) - log 2 (x — o),
which gives (5).

Next we prove (5) with (T) implies (17). we find|F| € R,, and so dF{0} =
F(0) = 0. Hence as above, we obtain (11). Write

_ F(0(1/x))
D(x) := —G)(l/x)

a(x) :=x0(1/x)(x > 0).

(x > 0),

Then by (12) and (13),
F1(x) = a(x)D(x) + o(x~1)(x > ). (19)
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Proposition (4.1.9) shows that D € II; with [-index 1, so that in particular|D| € R,,.
Hence, since a(x) —» 2 as x — oo and there exists € > 0 such that for all 2 > 1 and
x=2

la(Ax) — a(x)| < c(l_x—”l),

we have

D(Ax) — D(x) D(x)
0 + {a(Ax) — a(x)} o)

{a(Ax)D(Ax) — a(x)D(x)}/1(x) = a(Ax)
- 2log A (x > »).
So, by (19), F; is in IT; with [-index 2.

Since k;(0) = 1/2,k, * F4is in II; with l-index .This and (11) imply that
Y oa,R(:)™ is in II; with l-index 1, hence by Proposition (4.1.8) the function
¥ a,e ™% in x is also in II; with I-index1. Applying Theorem (4.1.6) to this,
a,, > 0 for all sufficiently large n then shows

n
(Z ak> € I;with [ — index 1. (20)

k=0
Finally, under (T), Theorem (4.1.5) gives (17).

Theorem (4.1.11)[4]: Let L€ R, and 0 < a < 2. Let G € NBV[0, ] with FS sine
coefficients (b,,). Then

b,~ n~%*l(n)(n -» ) (21)

implies

C(6)~621(1/6) - (6 - 0+). (22)

2I'(a + 1) sin(ma/2)
Conversely, (22) implies (21) if (b,,) satisfies (T).

Proof:First we prove (7) implies (8). As above, the inversion formula gives
= 1 —cosné
G(Q):an-T(OS9<ﬂ), (23)
n=1

hence for x > 0,
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x*G(1/x) :f go(x, £)15(¢) dt,
0

where forx >0and t > 0,

Oo(x,t) := i - 1 — cos({tl/x) (1<t<|[x]+1), := (otherwise),

(] ([t]/x)*
L) :=[t]* byl <t <o), :=10<t<l).

By an argument similar to that, Vuilleumier’s Theorem gives

f 0o (x, D5() dt ~ 515 (x) ~ c3l(x) (x — o0)
0

with
_ (®1—cosu
€3 ’—f Wdu'
Since
B 1f°°‘sinud _ T
“T2), e T 2r(@+ D sin(ral2)

We obtain (29).

Next we prove (29) with (T) implies (28). Differentiating both sides of (28) in 8,

Z r'*nsinng = rl —r?)sino (Ir] < 1)
(1 — 2rcosn@ + r2)?2 '

n=1

hence by Fubini’s Theorem,

Z nb,r™ = Ef - 1sng dG()(Ir| <1). (24)

1 )01 (1 — 2r cosng + r2)?

n=1

Let R(x)and (§) . Then

R(x){1 — R(x)*}sing RG){1 — R(x)%}
f(n/z,n]{l ~2R(x) cosnf + R 10O | =~ renyzge 1461((w/2,71)
= 0(x 1) (x - ). (25)

We write

v(d) := I(o.7/2] (6)dG(6),
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G1(8) = f( @+ Dv0@)0 < <)
0,

G1(x) := x%2G,(1/x)(0 < & < ),

1 3x°—x3

Since G,(§) = G,(1) for all £ > 1, G,is bounded on each interval (0, a].

Since cos (&) = (1 — &2)/(1 + &2), sinO(§) = 2§ /(1 + £2), we find, for x >
1,

R(x{1—-R(x)?*}sin0(¢)  (x*—x) &(&*+1)
{1-2R(x)cos@() + R(x)2}2~ 2 (&2x%+1)2

(x>1,¢>0),

so that

2f R(x){1 — R(x)?*}sin® 4G (6)

m /2131 — 2R (x) cos 8 + R(x)?}?

_(x3—x) §(%+1)
= - (0.00) (szz + 1)2

v o 0(dé)

_ (P =x) $
= - (0.00) (szz + 1)2

dGy1($).

By integration by parts, the right-hand side is

(x® —x) (2 (3x*¢§? - 1)
|

O =1 -k » GO <x <),

where k, * G, is the Mellin convolution of k, and G,. Hence

[oe]

> nbRE@)™ = (1= 2k + 61 (3) + 0( ) (x - o). (26)

n=1

The Mellin transform k,(z) converges absolutely for —1 < %t, < 3, and is equal to

10>, 3t*-1 1, 4d t 2—-2) (® t?*
—f t47% — 3dt:—f t Z—{—ﬁ}dt: f > > dt
T J, (t2+1) T Jy dt (t2+1) vis o (t2+1)

-5 ()
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Nowas ¢ = 0 +.

Gl(f):c(@(f))+( (f)]tanz(e/z)dc(e):G(@)(E))+o(€2), (27)
0,0

hence by (29),

7.L.20_'—1

M@+ Dsin(/2) &~ @)

G1(x) ~x%G(0(1/x)) ~x2~*1(x)

By Arandelovic’'s theorem,
ky * Gy (x) ~k,(2 — a)Gy(x) ~x?~%1(x)2%72T'(2 — a)(x — ).

Referring back to (26), this gives

o]

Z nb, R(x)" ~ x27*1(x)2*72T'(2 — a)(x > )

n=1
or

o]

Z b, ~ (1 — )2 (ﬁ) M2 - a)(r 1 1).

n=1

Therefore by Karamata’s Tauberian Theorem for power series,
2—-a
l(n
Z kb, ~ é(x - 00).

Since the series (nb,,) also satisfies gives (26).

Theorem (4.1.12)[4]: Letl € R, and G € NBV[O, ] with FS sine coefficients (b,,).
We write G (x) := (1/x)for x > 1/7. Then

bp~n"2l(n)(n - ) (28)
implies
G € Iwith [ — index 1/2. (29)
Conversely, (29) implies (28) if (b,,) satisfies (T).

If ¢, decreases to zero as n — oo, then the Fourier cosine series f(0) :=
Yoo c,cosnf converges for any 6 € (0,2w). For this, we have Abel-Tauber
Theorems which link the asymptotics of (c,) and f(1/-), and similarly for Fourier
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sine series; see Aljancic’ et aland Yong.Here monotonicity of (c,,) fills the two roles
of a sufficient condition for convergence and a Tauberian condition. However,
though monotonicity is simple, it is far from best-possible in each of these conditions.
In contrast,[T] is a consequence of each of the final assertions, hence it does not
restrict the class of FS coefficients that the Theorems cover; We refer to Bingham
for Tauberian Theorems for Fourier and Jacobi series with such weak Tauberian
conditions.

First we consider IT-variation for sequences. For x € R, we write [x] for its
integer part. In what follows, (a,)., is a real sequence.

Proof: First we prove (9) implies (10). In the same way as above, (9) gives (23).

Write B(x) := %Zg’fljbjfor x > 0. Then for x > 0,

é(x)—B(x):f gl(x,t)lz(t)dt+f g2 (x, t) 1, (¢t) dt,
0 0

where forx >0and t > 0,

(e.t) =1 (©) 1 1-(@1/2)([e)/x)* — cos([t]/x)
01(x, t) := Ity [x]41) il GIBE ,

_ 1 1-cos([t]/x)
02068 = l[pda,) (D F7 " gz

L) :=[t]* byl <t <o), :=(0<t<1l).

By Vuilleumier’s Theorem,

f 0106, Dl (0) dt ~ c3l(x) ~ () (x — o0),
0

where
11 —-(1/2)u® — cos
c3::f (/)1; udu (x - ).
0 u
Similarly,
f 0, e, )1, () dt ~ culy (x) ~ cal () (x = ),
0
where
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*1—cosu
Cy i= ———du.
0

Combining,
{6(95) - B(x)}/l(x) = c3 + ¢ (x - ),
which implies (3).

Next we prove (3) with (T) implies (2). We set [(x) := |G(x)|forx > 1/m.
Then(3)shows [ € R,. By integration by parts, for some ¢ > 0 and all £ € (0,1),

sin(8/2)

2 — e
£26(0(¢)) oo 05(0/2)

f tan?(6,/2) dG(Q)‘ —
(0,0(8)]

G(6) d@‘

< £20(£)21(1/0(£)) + C f 631(1/0) do.
(0,0(8)]

which is 0(£3) as & — 0. Write

_G(e(1/x))
EC) = 5t/

b(x) := x%20(1/x)*(x > 0).

(x >0),

Then by the estimate above
G1(x) = b(x)E(x) + 0(x™1)(x - ).

By Proposition (4.1.12), E is in IT; with l-index 1/2, hence, arguing , G, is in IT; with
l-index 2. Since k,(0) = 1/2 shows that k, * G, is in II; with I-index 1. By (26), this
implies that Y5>, nb,R(-)™ is in II; with [-index 1. So under (T), Proposition
(4.1.11) and Theorems (4.1.9) and (4.1.8) give(2).
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Section (4.2):Fourier-Stieltjes Transforms

In this section, we show the analogues of Theorems (4.1.1)-(4.1.4) for Fourier-
Stieltjes transforms. The classes BV [0, «0) and NBV [0, o) are defined similarly. In
particular, each function in BV [0, o) is bounded on[0, «).For F € BV [0, »), we
define its Fourier-Stieltjes cosine transform (F'S cosine transform)

2
f(t) = ;f costé dF(§)(0 <t < ),

[0,00)
where as above dF{0} = F(0). Similarly, for G € NBV[0, ), we define its Fourier-
Stieltjes sine transform (FS sine transform)

g(t) := %f sinté dG(§)(0 <t < ).

[0,00)
The function h: [0, ) — R is called slowly decreasing if

lim lim inf |[r}f/1](h(tx) — h(x)) =0 (hences = 0),

x—oo tell,

slowly increasing if —h is slowly decreasing. The function f:[0, ) — Rissaid to
satisfy the Tauberian condition (T) if f is eventually positive, and log f is either
slowly decreasing or slowly increasing . First we consider the cosine case.
Theorem (4.2.1)[4]:Let [ € Rjand O <a < 1. Let F € BV[0, ) with FS cosine
transform f. Then

f(&) ~t741({t)(t — o) (30)
implies

T
FEO=U) S+ D cosrar2)
Conversely, (31) implies (30) if f satisfies (T).
Theorem (4.2.2)[4]:Let | € R,,. Let F € BV[0, «) with FS cosine transform f.
We write F (x) := xF(1/x) for x > 0. Then
f(@©) ~t7 1 (n)(t - ) (32)

(E->0+). (31)

implies
F € ;with [ — index 1. (33)
Conversely, (33) implies (32) if f satisfies (T).
The Theorems above can be applied to stationary processes. Let X =
(X(t):t € R)be a real, centered, weakly stationary process with correlation function
R(t) := E[X(t)X(0)] and spectral distribution function F:

R(t) = f[ 008 ¢ AF(E)(e € )
0,00

Then the Theorems above link the asymptotics of R and F(1/-).
Next we consider the sine case.
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Theorem (4.2.3)[4]:Let [ € Rgand 0 < a < 2. Let G € NBV[0,») with FS sine
transform g. Then

g(¢) ~t~*U(e) (¢ - ) (34)
implies

T
C&) ~0“UL/S) Sy snerarzy € = 0 ) (35)

Conversely, (35) implies (34) if g satisfies (T).
Theorem (4.2.4)[4]:Let [ € Ry and G € NBV[0, ) with FS sine transform g. We
write G (x) := x2G(1/x) for x > 0. Then
g(t)~t21(t)(t - o) (36)
implies
G € Mwith [ — index1/2. (37)

Conversely, (37)implies (36) if g satisfies (T).

The proofs of the Theorems above are similar to and even easier than those of
Theorems (4.1.1)-(4.1.4), hence we omit the details. We only note that the following
equalities are keys to the proofs:

fowe_’“f(t) dt = Ef s dF(©),

T [0,oo)x2 + EZ

g _4 x§
J, o= ] o apace
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