Chapter 1
Abel-Tauber Theorems for Fourier Cosine Transforms

A similar result for fourier cosine series is obtained as corollary .The latter
gives an answer to an open problem in Boas book on Fourier series . Application to
probability distributions and stationary processes are given.

We show Abel-Tauber theorems for Fourier cosine series and integrals. For example,
we characterize the asymptotic behavior f(t)~t~! as t - oo in term of Fourier cosine
transform of f, where f is a locally integrable, eventually non-increasing function on
[0, =) such that tILrpo f(@)=0.

To state our results, we recall and introduce some notation. We denote by R, the
whole class of slowly varying functions at infinity; that is, R, is the class of positive
measurable [, defined on some neighborhood of infinity, satisfying

VA >0, lim ((Ax)/1(x) = 1.
X—>00

For | € Ry, the class II; is the class of measurable g, defined on some neighborhood of
infinity, satisfying

VA > 1, )!erolo{g(lx) —g()MIi(x) =cloga

for some constant c called the I-index of g. It is useful to name the class of functions of
which we define the Fourier cosine transforms. The function f: [0, ) — R belongs to
Dt [0, ) if it is locally integrable and eventually non-increasing on [0, o), tlim f(t) =

0. For f € DL [0, ), we define the Fourier cosine transform E, of f by

o0 —

RO = [ f@costde©<§ <) @)
0
where we write fooo_ to denote an improper integral obtained from f;w by letting

M T o. Since the improper integral on the right converges uniformly on each (e, )
with € > 0, F. is a continuous function on (0, ) .

Here are the main theorems of this section:

Theorem (L.1)[1]: Let0<a <1,t € Ry and f € DL [0, ). Let F, be the Fourier
cosine transform of f. Then the following are equivalent:
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f()~t=%U(t)(t - o), 2
F(§)~& =01(1/8)T (1 — a) sin(mas/2) (§ > 0 +). (3)

We consider Theorem (1.1) (Theorem (1.5) resp.) to be an analogue of Theorem (1.1)
for the boundary case @ = 1 (¢ = 0 resp.). From Theorems (1.2) and (1.5), we see that
the case « = 0,1 are critical ones for Fourier cosine transforms, and that they require II-
variation for their characterizations.

For absolutely convergent integral transforms like Laplace transforms, there already
exist Abel-Tauber theorems which involve II-variation. See de Hann , and Bingham and
Teugels as well as Bingham et al. Our Theorems (1.2) and (1.5) are different from the
previous works in that they involve both I1-variation and improper integrals.

We have the inversion formula for Fourier cosine transforms. but the integral which
appears in the formulas in improper. So it is difficult to make direct use of it to prove the
Tauberian implications such as (5)=(4), and (17)=(18). The key the proofs is to
reduce the problem to a completely monotone f. We use this method in the proofs of
Theorem (1.2) and (1.5). We will prove Theorem (1.3) as a corollary of Theorem (1.2).

The plan of this section is as follows: we prove Theorems (1.2) and (1.3), we prove
Theorem (1.2). we apply Theorem (1.2) and (1.5) to the tail behavior of probability
distribution. Finally we apply Theorems (1.2) and (1.5) to stationary processes.

Theorem (1.2)[1]: Let t € R, and f € D}_[0,00). Let F, be the Fourier cosine
transform of f. Then the following are equivalent:

fO~t7 () (t - o), (4)
F.(1/-) € Ilwith [ — index 1. (5)
Proof : Step 1: Choose M > 0 so larg that f is non-increasing on [M, o). Set

f(M) (O<t<M),

fM(t):{f(t) (M <t < ).

Let £M be the Fourier cosine transform of f:
RO = fU@costsde(s>0)
0

Then, forany 4 > 1,



{EM(1/2x) — FM(1/x)} — {F. (1/2x) — E, (U/x)}|/1(x)

_ 1
T ()
@a-ahHm

- xl(x) ),

M
f [F(M) — F(£)Hcos(t/Ax) — cos(t/x)}dt
0

tlf (M) — f(©)ldt > 0(x — o),
whence(3) holds if and only if EM(1 -) € II; with I-index 1. Thus we may assume that f
is finite and non-increasing on [0, o).

First we prove that the Abelian implication (4)=(5),
M
RO/ - [ f©de= =766 > )
0

where y is Euler’s constant. foxf(t)dt € IT;in x with [-index 1. So forany 1 > 1,

F.(1/2x) — E.(1/x)
1(x)
_ EQ/ax) - [ F@dt [ f@de = [ f(de
1(x) nl(x)
F.(1/x) — [ f(B)dt
B 1(x)

- log A (x - »),

whence(5).

Step 2: By the second mean-value theorem for integrals, ¢éF.(¢) is bounded on
(0,00). (5)implies |E.(1/-)] € Ry, and so F.(-) € L} [0, o). Then we give

loc

 [f 2 (®F.(§) sinté
t 1/2j0f(u)du :; . 172 '(tgz)uz

Since t~2sint is bounded on (0, ) and §~Y2E.(¢) is integrable over (0, ), we
have dominated convergence, as t — oo, in (6), and so

d¢ (¢ > 0). (6)

t
lim t'llzj f(u)du = 0.
—00 0

Therefore, integrating by parts,



foof(t)dt/t = jw <t‘1’2 ftf(u)du> t~3/2dt < oo,

Step 3: We define a measure o on (0, ) by
a(d2) = Iy F(1/2) dA/A.

Then o is finite because

5(0, ) = j A = j " )dese < o
0 1

We set

o = [ “e-thg(da) (¢ = 0). @
0

Then g is finite and non-increasing on [0, ), tlim g(t) = 0. Since log{xf (x)} is slowly
increasing, by Karamata’s theorem, (1.1) is equivalent to

g(®)~t () (t > ). (8)
Let G, be the Fourier cosine transform of g:
6 = | g@coses ds (¢ >0)
0

Then for & > 0,

“ 2 ) 10
GC(E):L md’(dﬂ):’fo 1+—tzfzdt_ . 1+—tzfzdt

Since

1 (00]
1+ 28 jo & te cosutdu (t > 0,é > 0), 9

f Lna- f “e e WS R (w)du (€ > 0).
0 0

1+ t2¢2

Hence, for any A > land x > O,



G.(1/2x) — G.(1/x)
[(x)
®F.(1/Ax) — E.(u/x) u
= jo 6 e “du

1-272) (? t*f(t)
TR0 fo o+ WL+ g (10)

The second term on the right clearly tends to zero as x — o. Now since F.(¢) - 0 as
& — oo, F.(1/-) can be extended to a continuous function on [0, o). Therefore we have
dominated convergence, as x — oo, in the first term on the right, so it converges to log A.
Thus (5) implies

G.(1/-) € M;with | — index 1. (11)
Therefore, in order to prove (5)=(8).

Step 4:
2 (7
g(t);fo Gc(§) costé dg (¢t > 0).
Since ¢G.(€) is bounded on (0, ),
S!erolo G.(&§)sinté =0,
while, by (11)
S!erolo G.(&)sinté =0.

So, integrating by parts,

o0 —

tg(t) = k(u)L(tu)du (t > 0), (12)
0+
where [* lim [0 and
k(@) :; sin(1/t) (¢ > 0)

L(t) = t{G.(1/t)}Y (¢t > 0).

From



@ A
Gc(llt) = j md’(dﬂ) (t > O),
0

we get
2 (® A
Y =5 | Grrepo@n >0

So log{G.(1/t)} is slowly decreasing, (11) implies L(t)~I(t)as t - oo,

Now we have
2 ” A
L(t) =2t j md’(dﬂ) (t > O)
0

We set L(0) = 0. Then we easily see that L € C1[0, ); in particular, L is locally of
bounded variation on [0, «). We define two positive, non-decreasing functions ¢, ¢,

by
$1(t) = 2t2(t > 0),

(e0)

A
P2(t) = 1/{]0 CEYIEESE a(d/l)} (t > 0).

Then we have
$:(2t) = 0(¢: (1)) (i = 1,2)(t > o),
L(t) = ¢1() () (t = 0),

Therefore, by the Quasi-Monotonicity Theorem (see [1]), L is quasi-monotone; that is,
for some 6 > 0,

t
j ulldL(w)| =0 (t‘sL(t)) (t — o0),
0
where|dL(u)| is the variation measure of L. Since

j "l du = 0L/t - ),

t k(w) du =0(t)(t - 0+),

0+
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by applying the theorem of Bojanic and Karamata (see [1] ) to (12) we obtain
tg(¢)~1()(t - o),

whence(8). This completes the proof.

Theorem (1.3)[1]: Let t € R,. Suppose that the real sequence {a,} is eventually non-
increasing, and tends to O as n — oo. We set

(e0)

8:(§) = ) aycosng (0 < ¢ <2m). (13)

n=0

Then the following are equivalent:
a,~n"l(n)(n - =), (14)
d.(1/-) € Mwith [ — index 1. (15)

Let K be a positive constant. If we see [(t) = K in Theorem (1.3), then we obtain an
answer to an open problem in Boas .

Now we recall the Abel-Tauber theorem of Pitman , and Soni and Soni , which is
closely related to Theorems (1.1.1) and (1.1.2).

Proof : We set

Let F. be the Fourier cosine transformof f. Then

sin(é/2)
(&/72)

By (16) and [1], we easily see that (15) holds if and only if E.(1/-) € II; with [-index 1.
Therefore, by Theorem (1.1), we obtain the theorem.

F.(§) = a.(0 < ¢ < 2m). (16)

To prove Theorem (1.2), we need the following version of the Abel-Tauber theorem
of de Haan .

Theorem (1.4)[1]: (A Version of de Haan’s Abel Tauber Theorem) Let [ € R, and
c = 0. Let U be a non-decreasing right-continuous function on [0, ). Assume its
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Laplace-Stieltjes transform U(s) := f[o oo)e‘s’ldU(/l) is finite for any s > 0. Then the
following are equivalent:

(i) U(1/-) € Mwithl- index —c,
(i) U € Mwithl-index —c.
The proof of Theorem 3.1 is almost the same as that of(see[1]).

Theorem (1.5)[1]: Let t € R, and f € D}_[0,00). Let F, be the Fourier cosine
transform off. Then

R)~E W5 »04) @an
implies
f € Iwith [ — index — 1. (18)

Conversely, if E. is non-negative and non-increasing in a neighborhood of zero, then
(18) implies (17).

We note that in Theorem (1.1) the Abelian implication (4) = (5) is essentially due to
Pitman .

The analogue of Theorem (1.1) for Fourier cosine series is

Proof: In the same way as the proof of Theorem (1.1), we mau assume that f is finite,
positive, and non-increasing on [0, ). We may also assume that f is left-continuous.
We set U(1) = f(1/A)for A > 0, and U(0) = 0. Then U is a finite, non-decreasing, and
right-continuous function on [0, o) . We define a finite measure ¢ on [0, o) by

o(d1) = dU(q).
We define g by (7). Then, by Theorem 3.1, (18) holds if and only if
g € M;with [ — index — 1. (19)

Let G, be the Fourier cosine transform of g. Then integration by parts yields, for any
§=>0,

© 2 ©° 1
G.(§) :jo md(dl) =j0 mf(t)dt-
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By (9).
1—t2¢&2 0 ( t

- 2 = _—- )= 2., ,—ulé = >
A+ 2892 ot 1+t252) jog" ue cosut du(t > 0,& > 0),

whence[see[1]] gives

Ge(§) =¢77 fooFc(u)mz‘”’Sz du (§ > 0). (20)
0
Since uF,(u) is bounded on (0, ), (17) implies
6e()~§ A/ 5 (5~ 0+). (21)

Therefore, in order to prove (17)=(18),it is enough to prove (21)=(19).

By the representation
90 = | e 0 > 0),
0

we see that—¢ is locally integrable and non-increasing on [O,oo),tlim g(t) =0.
Therefore, by de Haan’s theorem (see [1]), (5) is equivalent to

—g(t)~t~ () (t — ). (22)

Now integration by parts yields

£G,(6) = j {—g(®)}sin e dt (€ > 0).

So by [see[1]], (21) and (22) are equivalent. Thus (17)=(18).

Finally, if F. is non-negative and non-increasing in a neighborhood of O, then, by
Karamata’sTauberian theorem (21) conversely implies (17), whence (18)=(17). This
completes the proof.

Let X be a real random variable defined on a probability space (Q,F , P). We define
the tail difference D of X by

D(x) =P(X>x)—P(X < —x)(x =0).

Let V be the imaginary part of the characteristic function of X:
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V(§) = Elsin¢X](§ € R).

Then we have

@ = joo_D(x) coséx dx (¢ > 0).
$ 0

Therefore, by Theorems (1.1.1) and (1.1.2), we obtain the following theorem:

Theorem (1.6)[1]: Let [ € R,. Assume that D is eventually non-increasing on [0, ).
Then

(i) D(x)~x"1l(x)asx - oo if and only if xV (1/x)E. € II; in x with l-index 1.
(i) If
V(E)~UL/E) 5~ 0+) (23)

then
D € I;with [ —index 1. (24)

Conversely, if E~1V (&) is non-negative and non-increasing in & in a neighborhood of
0, then (24) implies (23)

In this section, we apply Theorems (1.1) and (1.2) to stationary processes. Let X =
(X(t):t € R) be a real, weakly stationary process with zero expectation, and let R be
the correlation function of X:R(¢t) = E(X(t)X(O))for t € R. Let u, be the spectral
measure of X:R(t) = f_ooooe‘“fux(df)for t € R. If u, is absolutely continuous with
respect to the Lebesgue measure d¢, then we call the density A the spectral density of

X:u, (&) = A(é)dé. The spectral density A is non-negative, even, and integrable
function on R.

Proposition (1.7)[1]: Assume that the correlation function R is eventually monotone on
[O,oo),tlim R(t) = 0. Then the spectral measure of X is absolutely continuous with

respect to the Lebesgue measure, and the spectral density A is given by

o0 —

AGE) = % j R(t) cos t£ dt (¢ € R). (25)

0
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Proof: By the assumption, R is even,continuous, and either eventually non-negative and
non-increasing, or eventually non-positive and non-decreasing. By Lévy’s inversion
formula, if a and b are continuity points of u, such that 0 < a < b, then

1 M itb _ ita
uxla,b) = lim —— | ————=F(b) — F(a),

M- 21T )_,,

where
F () = %fw_@singt dt (¢ > 0).
0

Since the improper integral fooo_R(t) cos &t dt converges uniformly in & > ¢ for any
g > 0, the function F is of C-class in (0, o0) and satisfies

o0 —

F'(§) = % jo R(t) cos &t dt (£ > 0).

Therefore u, is absolutely continuous in (0, ), and the density there is equal to the
derivative F'. If we put A(¢) :== F'(&)for &€ > 0, then we obtain

R(E) = 1, {0} + 2 j M) cosét d (¢ € R).
0

By the Riemann-Lebesgue Lemma, the second term on the right converges to zero as
t — oo, so that 1, {0} = 0. This completes the proof.

By Proposition (1.7), and Theorems (1.1) and (1.2), we immediately obtain the
following theorem:

Theorem (1.8)[1]: Let [ € R,. Assume that the correlation function R is eventually non-
increasing on [0, o), tlim R(t) = 0. Then

(i) R@®)~t i(t)ast — oo if and only if A(1/-) € I, with [-index =1,
(i) If
1
MO WD 0, (26)

then
R € Il;with [ — index 1. (27)

Conversely, if A is non-increasing in a neighborhood of 0, the (27) implies (26).
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