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Abstract 

An asymptotic measure expansiveness is introduced and its relationship 

with dominated splitting is considered. We show recurrence and multiple 

recurrence results for topological dynamical systems indexed by an arbitrary 

directed partial semigroup with respect to acoideal basis suitable for this 

semigroup, but otherwise arbitrary.Extending the work of Cuntz and 

Vershik, we develop ageneral notion of independence for commuting group 

endomorphisms. Based on this concept, we initiate the study of irreversible 

algebraic dynamical systems, which can be thought of as irreversible 

analogues of the dynamical systems considered by Schmidt. We show a 

version of uniqueness theorem for Cuntz-Pimsner algebras of discrete 

product systems over semigroups of Ore type. 
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 الخلاصة
تم إدخال تمدد القیاس التقریبي وإعتباره مع الإنشقاق المھیمن. أوضحنا 

التكرار ونتائج التكرار المضاعف للانظمة الحركیة التبولوجیة المرقمة بواسطة 

بالنسبة إلى أساس مثالي مصاحب مناسب لأجل شبھ زمرة جزئیة مباشرة إختیاریة 

شبھ الزمرة ھذه ولكنھا إختیاریة في مكان آخر. مددنا عمل كینتز وفرشیك وطورنا 

ً على ھذا  الفكرة العامة غیر المستقلة لأجل أندومورفیزمات زمرة التبدیل. بناءا

ن أن یفكر المفھوم بدأنا دراسة الأنظمة الحركیة الجبریة اللا إنعكاسیة والتي یمك

فیھا كمشابھ لا إنعكاسي للأنظمة الحركیة المعتبرة بواسطة شمیدت. أوضحنا 

بیمسنیر لأنظمة الضرب  –إصدارة لمبرھنة الوحدانیة لأجل جبریات كینتز 

  أور. عالمتقطعة فوق شبھ زمر نو
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Chapter 1 

Diffeomorphisms of Asymptotic Measure Expansive 

It is proved that if a diffeomorphism admits a co-dimension one 

dominated splitting then it is asymptotic measure expansive. Also, a 

diffeomorphism with a homoclinic tangency can be perturbed to a non-

asymptotic measure expansive diffeomorphism 

Proposition (1.1)[1]: 

For a diffeomorphism ݂ having a dominated splittingܧ ⊕  there exist ܨ 

two continuous maps ∅௦ ܯ: → and ∅௨ (ܯ,ଵ௦ܦ)ܾ݉ܧ ∶ → ܯ  ଵ௨ܦ)ܾ݉ܧ  (ܯ,

such that for ௟ܹ௢௖
௖௦ (ݔ) = ∅௦(ݔ)(ܦ∈௦) and  ௟ܹ௢௖

௖௦ (ݔ) = ∅௨(ݔ)(ܦ∈௨) we have.  

• ௫ܶ ௟ܹ௢௖
௖௦ (ݔ) = E(ݔ)and ௫ܶ ௟ܹ௢௖

௖௦ (ݔ) =  ;(ݔ)ܨ

• ௟ܹ௢௖
௖௦ (ݔ)  ∩  ௟ܹ௢௖

௖௦ ,ݔ} is exactly one point denoted by (ݕ)   .{ݕ

In the case of a partially hyperbolic splitting ܧௌ  the submanifold ,ܨ⊕

ܹ௦integrating ܧ௦inherits the same behavior. Thus, for any ݕ, ݖ ∈

௟ܹ௢௖
௦ ,݊ and any positive(ݔ) ݀(݂௡ (ݕ),݂௡(ݖ)) <  ௡.In fact, backwardߣ

iterations of the local stable manifolds makes a foliation of the ambient 

manifold behaving as a contraction on the leaves with respect to the induced 

Riemannian metric . Any partially hyperbolic diffeomorphism is measure 

expansive. The idea of proof is quite simple. Take ݕ ∈ Γఋ(ݔ), with ߜ small 

enough. If ݕ ∉ ఋܹ
௖௨(ݔ), then, the backward iterations go away from the ߜ 

neighborhood. Hence, ݕ ∈ ఋܹ
௖௨(ݔ), and therefore Γఋ(ݔ)  ⊂ ఋܹ

௖௨(ݔ).This 

implies that ܾ݁ܮ(Γఋ(ݔ)) =  0. To prove Theorem (1.3), we need two simple 
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observations. Time first follows from the differentiability of ݂ and the 

second straightforwardly from the fact that the angles between unit vectors 

of the two bundles of a dominated splitting are uniformly bounded away 

from zero. For ݕ ∈ Γఋ(ݔ) the projection of ݕ on  ௟ܹ௢௖
௖௦  along the cu-leaves (ݔ)

is denoted by ܨݕ .ܧݕis similarly defined. In fact ܧݕ = ,ݔ] ܨݕ ݀݊ܽ [ݕ =

,ݕ]  .[ݔ

Lemma (1.2)[1]: 

Ifߜis sufficiently small, then for any y ∈ Γఋ (x) , there is M such that  

݀(݂௡(ݔ), ݂௡(ܧݕ))
݀(݂௡(ݔ), ݂௡(݂ݕ)

≤  ௡ߣܯ

Proof: Let us consider a positive number ߜ such that for any ݕ, ∋ ݖ  withܯ 

,ݕ)݀ (ݖ  < ܦ|   we haveߜ  ா݂(௬)ฮ/ ฮܦ ி݂(௭)ฮ௖௢ ≤  In particular, for any .(  ߣ

two points ݕ, ,(ݖ) with ݀(݂௡ ݖ ݂௡ (ݕ))  < ݊ for every ,ߜ  ∈ ℤ 

 

ฮܦ ா݂(௬)
௡ ฮ /ฮܦ ா݂(௭)

௡ ฮ
௖௢

< ,௡ߣ ∋ ݊ ݕݎ݁ݒ݁ ݎ݋݂ ℤ            (1) 

Asܧݕ = .ݔ ] ௡݂,(ݔ)and ݀(݂௡ [ ݕ (( ܧݕ)  < ௡݂,ߜ  ( ܧݕ)   =  [݂௡(ݔ ),݂௡(ݕ)] and the 

same holds for ܨݕ. Let ߛ and η be the curves of minimal length connecting 

݂௡(ݔ) to,݂௡(ܧݕ ) and  ݂௡(ݔ) to,݂௡(ܨݕ )respectively.Choose curves ߛ௡and 

(௡ߛ)௡ with ݂௡ߟ =   ௡ߛ  We should point out that the curves .ߟ =(௡ߟ)and ݂௡ߛ

and  ߟ௡  are simply the perimages under݂௡of ߛ  and ߟ respectively. Now, we 

have  
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݀(݂௡(ݔ), ݂௡(ܧݕ))
݀(݂௡(ݔ), ݂௡(ܨݕ)

≤ නฮ(ݐ)°ߛฮ݀ݐ /නฮ(ݐ)°ߟฮ݀ݐ

≤ නฮ݂ܦ௡൫ߛ௡(ݐ)൯ߛ௡°(ݐ)ฮ݀ݐ/නฮ݂ܦ௡൫ߟ௡(ݐ)൯ߟ௡° ݐฮ݀(ݐ)

≤ නቛ݂ܦ௡൫ߛ௡(ݐ)൯| ಶ
ቛฮߛ௡°(ݐ)ฮ݀ݐ

/නቛ݂ܦ௡൫ߟ௡(ݐ)൯| ಷ
ቛ
௖௢
ฮߟ௡° ݐฮ݀(ݐ) ≤ ௡ߣ

,ݔ)݀ (ܧݕ
,ݔ)݀ (ܨݕ

 

last inequality holds by (1.1) and the fact that E is one dimensional. 

Theorem (1.3)[1]: 

If ݂ ∈  admits a co-dimension one dominated splitting, then f is (ܯ)ଵ݂݂݅ܦ

asymptotic measure expansive.  

Since the existence of a dominated splitting is an open property in 

 the above result implies that every diffeomorphism admitting a ,(ܯ)ଵ݂݂݅ܦ

dominated splitting is contained in the C1 interior of the asymptotic measure 

expansive diffeomorphisms.  

We complete by showing that asymptotic measure expansiveness is far 

from homoclinic tangency.  

Proof:  As a result of the above lemma, one can deduce that fory ∈

Γఋ(௫), ݀ ( ݂௡(ݔ),݂௡(ܧݕ))tends to 0 exponentially fast. Now, given > 0 , 

choose ߟ in such a way that the set  
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௡ܦ = ራ ௟௢௖௖௨ݓ (ݕ)
௬∈஻ആ(೑೙(ೣ))

 

 

 

 

 

Fig. 1.The local set ܦ௡ 

has Lebesgue measure less than ߳. By the above lemma and the continuity of 

center-unstable manifolds, for large ݊,݂௡(Γఋ(ݔ)) ⊂  ௡(see Fig.1). Inܦ

particular, 

(((ݔ)Γఋ)௡݂) ܾ݁ܮ ≤  (௡ܦ)ܾ݁ܮ 

and the proof follows. 

Theorem (1.4)[1]: 

1f ݂ ∈       has homoclinic tangency, then ݂ can be perturbed in (ܯ)ଵ݂݂݅ܦ

C1-topology to a diffeomorphism that is not asymptotic measure expansive.  

Consequently, time C1-interior of the asymptotic measure expansive 

difthomorphisms is formed by diffeomnorphismns far from hornoclinic 

tangencies.  
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Proof: It is worth noting that we are working in the C1-topolor. Bowen, 

proved that C2-diffeomorphisms have no  horseshoes with positive Lebesgue 

measure, however, he constructed a C1-horseshoe with positive Lebesgue 

measure. In the proof of Theorem (1.4) we benefit from this construction 

and the modifications done.  

Suppose that ݂ has a periodic point ݌ whose stable and unstable 

manifolds tangentially intersect each other in a homoclinic point ݔ. The 

proof will be done straightforwardly using two classic steps borrowed 

essentially from [1].First, a fiat connection between the stable and unstable 

manifolds of p at a tangential intersection point is produced; 

Lemma (1.5)[1]: 

With the assumptions above, there is a diffeomorphisrn ଵ݂sufficiently         

C1-closed to f such that ݌ is again a periodic point for ଵ݂and there is a 

smooth submanifold ܥ, with ݀݅݉(ܥ) = ݉݅݊{݀݅݉(ܹ௦(݌)),݀݅݉ (ܹ௨  such  {((݌) 

that ࢞ ∈ ܥ ⊂ ܹ௦(݌, ଵ݂) ∩ܹ௨(݌, ଵ݂). 

In the second step, using Bowen’s construction, a sequence of invariant 

horseshoes of positive Lebesgue measure are produced. Anon-asymnptotic 

expansive diffeornorphism is created. 

Proposition (1.6)[1] : 

There is a C1-diffeomorphism ଶ݂ arbitrarily near ଵ݂( ଵ݂as in the above 

lemma), producing a sequence of horseshoes ܪ௡ near C with the following 

properties:  
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(i)  for some fired ݇, ௡݂
௞(ܪ௡) = ௡ܪ , for arty n;  

(ii) Leb(ܪ௡) >0;  

(iii) Diarn(ܪ௡) → 0, ݊ݏܽ → ∞. 

Now, put ݌௡ ∈ ,݊ܪ ௡ߜ = ௡ߟ and(௡ܪ)݊ݎܽ݅ܦ  = ௡ܪ Since .(௡ܪ)ܾ݁ܮ  ⊂

Γఋ೙൫݌௡, ଶ݂
௞൯one deduces that for any m.  

)  ܾ݁ܮ ଶ݂
௞௠(Γఋ೙(݌௡)))  ≥ (௡ܪ) ܾ݁ܮ  > ௡ߟ .  

This means that ଶ݂is not asymptotic measure expansive.   
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Chapter 2 

Nets and Topological Dynamical Systems 

These results are then applied to topological dynamical systems indexed 

by semigroups possessing digital representation. The theory includes 

recurrence and multiple recurrence results for topological dynamical 

systems, indexed by natural numbers, or by finite non-empty subsets of 

natural numbers. 

Section (2.1): Coideal Bases with the (D)-Property: 

We  introduce the (D)-property of a coideal basis on an infinite directed 

set (Λ,≺) and we will prove, in Theorem (2.1.7) below, that every net 

 ఒ∈ஃ  in a compact metric space has a convergent subnet of the form(ఒݔ)

 ఒ∈ஃ, where A is an element of an arbitrary coideal basis ß on Λ with the(ఒݔ)

(D)-property. Moreover, we will locate A to be a subset of a given element 

B of the coideal basis ß. This result will be the starting point in order to 

prove later recurrence results for topological systems of continuous maps 

from a compact metric space into itself indexed by an infinite directed set 

with respect to a coideal basis with the (D)-property.  

A coideal on the set of natural numbers appears in [2] and elsewhere. 

This extended from the set of natural numbers to an arbitrary infinite 

directed set as follows: 
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Definition (2.1.1)[2]: 

Let Λ be a non-empty infinite set and ≺ a relation on Λ satisfying the 

following conditions:  

(i) If   λଵ, λଶ ∈ Λ  with λଵ ≺ λଶ, then λଵ ≠ λଶ.  

(ii) If   λଵ, λଶ, λଷ ∈ Λ  with λଵ ≺ λଶ and  λଶ ≺ λଷ , then λଵ ≺ λଷ. 

(iii) For every λଵ, λଶ ∈ Λ there exists λଷ ∈ Λ  such that  λଵ ≺

λଷ  and  λଶ ≺ λଷ  

Then (Λ,≺)  is a directed set.  

Definition (2.1.2)[2]: 

Let (Λ,≺) be an infinite directed set, A subset ℋ of [Λ]ஶ is a coideal on 

(ܺ,≺)  if it satisfies the following three properties:  

(i)  For every  A ∈ ℋ  and   λଵ ∈ Λ there exists  λଶ ∈ A   such that λଵ ≺

λଶ. 

(ii)  If A ∪ B ∈ ℋ,   then either A ∈ ℋ or B ∈ ℋ.  

(iii) If  A ∈ ℋ  and A ⊆ B ⊆ X  then  B ∈ ℋ.  

Let (Λ,≺) be an infinite directed set and let ܣ ⊆ Λ and λ ∈ A. Then,      

A − λ = { Z ∈ A ∶ λ ≺  .{ݖ
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Definition (2.1.3)[2]: 

Let (Λ,≺) be an infinite directed set. A subset ß of [Λ]ஶ is a coideal 

basis on (Λ,≺) if it satisfies the following two properties:  

(i) For every ܣ ∈ ß and ߣଵ ∈ Λ there exists ߣଶ ∈ such thatλଵ ࡭  ≺ λଶ.  

(ii) If  ܣ ∪ ∋ ܤ  ß,  then there exists ܥ ∈ ßsuch that either ܥ ⊆     or ܣ 

⊇ ܥ   .ܤ 

Obviously, a coideal on (Λ,≺)is a coideal basis on (Λ,≺). The 

connection between coideals and coideal bases is given in the following 

proposition.  

 Proposition (2.1.4)[2]: 

Let (Λ,≺) be an infinite directed set. A family ℋ ⊆ [Λ]ஶ  is a coideal on 

(Λ,≺) if and only if there exists a coideal basis ß ⊆  [Λ]ஶ such  

that 

 

ℋ = ℒß = ⊇ ܣ} ܺ ∶ ܤ ݏݐݏ݅ݔ݁ ݁ݎℎ݁ݐ   ∈ ß ݐ݅ݓℎ ܤ ⊆  .{ܣ

Definition (2.1.5)[2]: 

Let (Λ,≺) be an infinite directed set. A coideal basis ß ⊆  [Λ]ஶ on (Λ,≺) 

has the (P)-property if for every sequence (ܣ௡)௡∈ℕ,  with ܣ௡ ∈ ßand Aଵ ⊇

Aଶ ⊇. . .,  there exists ܣ ∈ ß such that ܣ \ ܣ௡ is a finite set for every ݊ ∈ ℕ.  

We will introduce now a weaker property than the (P)-property of a 

coideal basis on an infinite directed set, which we call (D)-property. 
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Definition (2.1.6)[2]: 

 Let (Λ,≺) be an infinite directed set. A coideal basis ß ⊆  [Λ]ஶ on (Λ,≺

) has the (D)-property iffor every sequence (ܣ௡)௡∈ℕ,  with ܣ௡ ∈ ßand Aଵ ⊇

Aଶ ⊇. . .,  there exists ܣ ∈ ß such that for every ݊ ∈ ℕthere exists ܭ௡ ∈ ℕ ∪

{0} satisfying 

௡ܭ = ݇ }ݔܽ݉ ∈ ℕ: ݐℎ݁ߣ ݐݏ݅ݔ݁ ݁ݎଵ , … , ∋ ௞ߣ ≻ ଵߣ ℎݐ݅ݓ ௡ܣ/ܣ ⋯ ≺  .{ ௞ߣ

Examples (2.1.7)[2]: 

(i) The set [ℕ]ஶ is a coideal on ℕ with the usual order, according to the 

pigeon-hole principle, and obviously has the (P)-property and 

consequently the (D)-property.  

(ii) Let [ℕ]வబ
ழ∞ be the set of all the finite non-empty subsets of ℕ. For 

ଶܨ,ଵܨ ∈  [ℕ]வబ
ழಮ  we define ܨଵ ≺ ଵܨ ݔܽ݉ ଶifܨ <  ଶ. Thenܨ݊݅݉ 

([ℕ]வబ
ழ∞  ,≺) is an infinite directed set.  

For a sequence (F୬)୬∈ℕ ⊆ [ℕ]வబ
ழ∞ such that ܨ௡ ≺ ݊ ௡ାଵ for everyܨ ∈ ℕ we 

set ܷܨ((ܨ௡)௡∈ℕ) = { ௜ܷ∈ఈ ܨ௜:ߙ ∈ [ℕ]வబ
ழ∞  }. The family  

ß = :(௡∈ℕ(௡ܨ))ܷܨ }  ௡∈ℕ(௡ܨ) ⊆ [ℕ]வబ
ழಮ ଵܨ ℎݐ݅ݓ  ≺ ଶܨ ≺ ⋯ } 

is a coideal basis on ([ℕ]வబ
ழ∞ ,≺) , according to the fundamental theorem of 

Hind- man.  

This coideal basis has not the (P)-property, but it has the (D)-property. 

Indeed, let a sequence (A୩)୩∈୒, with A୩ ∈ ß and  Aଵ ⊇ Aଶ ⊇  .... If   A୩ =
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FU ቀ൫F୬୩൯୬∈ℕቁ, where (ܨ௡௞)௡∈ℕ ⊆ [ℕ]வబ
ழ∞  ,with ܨଵ௞ ≺ ଶ௞ܨ ≺ ⋯ for every k ∈

ℕ, then we set ܣ = ܷܨ  ቀ൫ܨ௞௞൯௡∈ேቁ.Then ࡭ ∈ ß and for every k ∈ ℕ. 

݇ − 1 = ݊ }ݔܽ݉  ∈ ℕ: ݐℎ݁ܨ  ݐݏ݅ݔ݁ ݁ݎଵ ≺ ⋯ ≺ ௡ܨ ∈ ଵܨ ℎݐ݅ݓ ௞ܣ \ܣ ≺ ⋯ ≺  .{௡ܨ

(iii) Let ∑ = {αଵ, αଶ , … }  be an infinite countable alphabet and ሬ݇⃗ =

(݇௡)௡∈ℕ ⊆ ℕ an increasing sequence. The set of ߱-located words 

over ∑ dominated by ሬ݇⃗  is  

,∑)ܮ ሬ݇⃗ ) = ቄݓ = ௡భݓ :௡೗ݓ… ݈ ∈ ℕ,݊ଵ < ⋯ < ݊௟ ∈ ℕ,ݓ௡೔

∈ ቄߙଵ, … ௞೙೔ቅߙ, 1 ݈݈ܽ ݎ݋݂  ≤ ݅ ≤ ݈ቅ 

Let ݒ ∉ Σ be a variable. The set of variable ߱-located wordsover 

Σ dominated by the sequence ሬ݇⃗  is:  

,∑)ܮ ሬ݇⃗ ; (ݒ =  ቄݓ = ௡భݓ :௡೗ݓ… ݈ ∈ ℕ, ݊ଵ < ⋯ < ݊௟ ∈ ℕ,ݓ௡೔

∈ ቄߙ,ݒଵ, … ௞೙೔ቅߙ, 1 ݈݈ܽ ݎ݋݂  ≤ ݅ ≤ 1 ݏݐݏ݅ݔ݁ ݁ݎℎ݁ݐ ݀݊ܽ ݈ ≤ ݅

≤ ௡೔ݓ   ℎݐ݅ݓ  ݈ =  ቅ ݒ

Let ܮ(∑∪ ,{ݒ} ሬ݇⃗ ) = ,∑)ܮ  ሬ݇⃗ ) ∪ ,∑)ܮ ሬ݇⃗ ;  .(ݒ

If w =ݓ௡భ  . . . ݓ௡೗ ∈ ∪∑)ܮ ,{ݒ} ሬ݇⃗ ) then the set ݀ݓ ݉݋ = { ݊ଵ , … , ݊௟} 

the domain of w For ݓ , ∋  ݑ ∪∑)ࡸ ,{ݒ} ሬ݇⃗ ) we define ݓ ≺  if ݑ

,݉݋݀ ݔܽ݉ (ݓ) < ∪∑൫ܮ Then .(ݑ)݉݋݀ ݊݅݉ ,{ݒ} ሬ݇⃗ ) ,≺൯, ,∑)ܮ) ሬ݇⃗ ),≺) and  

,∑)ܮ) ሬ݇⃗ ;   .are infinite directed sets (≻,(ݒ
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For ݓ = , ௡భݓ . . . ݑ, ௡೗ݓ, = , ௠భݑ  . . . ∋ ௠೗ݑ, ∪∑൫ܮ  ,{ݒ} ሬ݇⃗ ൯  ݐ݅ݓℎ ݓ ≺  we ݑ

define the concatenating word ݓ ⋆ = ݑ  , ௡భݓ  . . , ௠భݑ, ௡೗ݓ. . . . , ∋ ௠೗ݑ

∪∑൫ܮ  ,{ݒ} ሬ݇⃗ ൯. 

For ݓ = , ௡భݓ  . . . ௡೗ݓ, ∈ ∪∑൫ܮ ,{ݒ} ሬ݇⃗ ൯ܮ(∑, ሬ݇⃗ ; ݌ and  (ݒ ∈ ℕ ∪ {0} we set 

(0)ݓ = ݌ ݎ݋݂,݀݊ܽ ݓ ∈ ℕ,  

(݌)ݓ = , ௡భݑ  . . . , ∋  ௡೗ݑ ,൫Σܮ  ሬ݇⃗ ൯ 

where, for 1 ≤ ݅ ≤ ௡೔ݑ,݈ = ∋ ௡೔ݓ ݂݅ ௡೔ݓ = ௡೔ݑ,∑ = ௡೔ݓ ݂݅  ௣ߙ ݌ and ݒ ≤

k୬౟ and finally ݑ௡೔ = ௞೙೔ߙ = ௡೔ݓ  ݂݅ < ݌ ݀݊ܽ ݒ ݇௡೔ . Let 

,ߑఠ൫ܮ ሬ݇⃗ ; ൯ݒ = ൛(ݓ௡)௡∈ℕ ⊆ ,ߑ൫ܮ ሬ݇⃗ ; ൯ൟݒ ∶ ௡ݓ ≺ ݊    ݕݎ݁ݒ݁ ݎ݋݂ ௡ାଵݓ ∈ ℕ 

We will define now the extracted (variable) ߱-located words of a 

sequence ሬ߱ሬ⃗ = ௡∈ℕ(௡ݓ) ∈ ,∑)ఠܮ ሬ݇⃗  An extracted variable߱-located word . (ݒ,

of runhas the form  

 ௡భݓ
(ଵ݌) ⋆ … ⋆  ௡ഊݓ

(ఒ݌) ∈ ,൫Σܮ ሬ݇⃗ ;  ,൯ݒ

Where λ ∈ ℕ, nଵ < ⋯ < nλ ∈ ℕ  and  ݌ଵ, … , ఒ݌ ∈ ℕ ∪ {0} with 0 ≤ ≥ ௜݌

݇௡೔   for every  1 ≤ ݅ ≤ and  0 ߣ  ∈ ,ଵ݌} … ,  ఒ}. The set of all the extracted݌

variable ߱-located words of ሬ߱ሬ⃗  is denoted by ܸܧ( ሬ߱ሬ⃗ ).  

An extracted߱-located word of ሬ߱ሬ⃗ has the form  

 ௡భݓ
(ଵ݌) ⋆ … ⋆  ௡ഊݓ

(ఒ݌) ∈ ,൫Σܮ ሬ݇⃗ ൯, 
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Where  λ ∈ ℕ, nଵ < ⋯ < nλ ∈ ℕ  and  ݌ଵ, … , ఒ݌ ∈ ℕwith 0 ≤ ≥ ௜݌ ݇௡೔   

for every  1 ≤ ݅ ≤ The set of all the extracted ߱-located words of ሬ߱ሬ⃗ .  ߣ   is 

denoted by ܧ( ሬ߱ሬ⃗ ). The families  

ß = )ܧ} ሬ߱ሬ⃗ ): ሬ߱ሬ⃗ = ℕ∋࢔(࢔࢝)} ∈ ,ఠ൫Σܮ ሬ݇⃗ ;  ൯}andݒ

ßଵ = )ܸܧ} ሬ߱ሬ⃗ ): ሬ߱ሬ⃗ = ℕ∋࢔(࢔࢝)} ∈ ,ఠ൫Σܮ ሬ݇⃗ ;  {൯ݒ

are coideal bases on (ܮ൫Σ, ሬ݇⃗ ൯,≺)  and (L൫Σ, ሬ݇⃗ ;  ൯,≺) respectively, accordingݒ

to a fundamental partition theorem of Carlson proved in [2] for the particular 

case of a finite alphabet.  

These coideal bases have not the (P)-property, but they have the (D)-

property. Indeed, let a sequeoce  (ܣ௞)௡∈ℕ, with  ܣ௞ = )ܧ ሬ߱ሬ⃗ ௞), where  ሬ߱ሬ⃗ ௞ =

ℕ∋࢔(௡௞ݓ) ∈ ,ఠ൫Σܮ ሬ݇⃗ ; ଵܣ  ൯andݒ ⊇ ଶܣ ⊇ ⋯ ݐ݈݁ ሬ߱ሬ⃗ = ℕ∋ܖ(௡௞ݓ) ∈ Lఠ(∑, ሬ݇⃗ ;  (ݒ

We set ܣ = )ܧ ሬ߱ሬ⃗ ) . Then ܣ ∈ ß. Moreover, for every ݇ ∈ ℕ,  

݇ − 1 = ݔܽ݉  {݊ ∈ ℕ: , ଵݓ ݐݏ݅ݔ݁ ݁ݎℎ݁ݐ … ∋ ௡ݓ, ≻ ଵݓℎݐ݅ݓ࢑࡭\ܣ ⋯ ≺  .{ ௡ݓ

Hence, ß has the (D)-property. Analogously, it can be proved that ßଵ has the 

(D)-property.  

We give more examples of coideal bases on directed sets with the (D)-

property.  

After the definition of the coideal bases on directed sets with the 

(D)property. It is well known that every net (ݔఒ)ఒ∈ஃin a compact metric 

space has a convergent subnet. We will prove, in the following theorem, that 

this suibnet can have the form (ݔఒ)ఒ∈஺, where A is an element of an 
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arbitrary coideal basis ß on Λ with the (D)-property, and moreover A can be 

a subset of a given element B of ß.  

Let (Λ ,≺) be an infinite directed set and (ݔఒ)ఒ∈Λ ⊆ ܺ be a net in a 

topological space X. For ݔ଴ ∈ ܺ ,we write  

݈݅݉
ఒ∈߉

ఒݔ =  ,଴ݔ

if   (ݔఒ)ఒ∈Λconverges to ݔ଴,i.e. if for any neighborhood V ofݔ଴,there 

existsλ଴ ≡ λ଴(V) ∈ Λ such that ݔఒ ∈ ܸ for everyλ ∈ Λ with  λ଴ ≺   .ߣ

Analogously, we write for an element A of a coideal basis ßon (Λ ,≺) 

and    ݔఒ ∈ ܺ  

݈݅݉
ఒ∈ ஺ 

ఒݔ =  ,଴ݔ

If the net (ݔఒ)ఒ∈A converges to ݔ଴, i.e. if for any neighborhood Vof  ݔ଴, there 

exists λ଴ ≡ λ଴(V) ∈ A  such that xλ ∈ V  for every ߣ ∈ with  λ଴ ܣ  ≺   .ߣ

Theorem (2.1.8)[2]: 

Let ܺ, ݀ be a compact metric space, (Λ ,≺) an infinite directed set and let 

ఒ∈ஃ(ఒݔ) ⊆ ܺ   be a net in X. For every coideal basis ß on (Λ ,≺) with the 

(D)-property and every ܤ ∈ ß there exists ܣ ∈ ß with ܣ ⊆  such that the ܤ

subnet (ݔఒ)ఒ∈஺ of (ݔఒ)ఒ∈ஃ to converge to some element of  X.  

Proof: Let ß be a coideal basis on (Λ ,≺) with the (D)-property and ܤ ∈ ß. 

We set ܤ෠(ݔ, ߳) = ݕ } ∈ ,ݔ)݀:ܺ (ݕ ≤ ߳} for every ݔ ∈  ܺ and ߳ > 0. Since 
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(ܺ. ݀) is a compact metric space, we have that ܺ = ⋃ ෠ܤ ቀݔ௜ଵ, ଵ
ଶ
ቁ௠భ

௜ୀଵ for some 

aݔଵଵ, … ௠భݔ,
ଵ ∈ ܺ. 

Let Aଵ = ଵܣ Since .ܤ = ⋃ ௜ܥ
௠భ
௜ୀଵ  where ܥ௜ = ቄ ߣ ∈ ଵܣ ∶ ఒݔ ∈ ෠ܤ ቀݔ௜ଵ, ଵ

ଶ
ቁቅ, 

and ß is a coideal basis, there exist ܣଶ ∈ ß ,ܣଶ ⊆ ଵand 1ܣ ≤ ݅ଵ ≤ ݉ଵsuch 

that ܣଶ ⊆ ఒݔ} ௜భ and consequentlyܥ ∶ ∋ ߣ {ଶܣ ⊆ ෠ܤ ቀݔ௜భ
ଵ , ଵ

ଶ
ቁ .We continue 

analogously. Since B෡ ቀx୧భ
ଵ , ଵ

ଶ
ቁ is a compact space, there exist ݔଵଶ, … ௠మݔ

ଶ ∈ ܺ, 

such that B෡ ቀݔ௜భ
ଵ , ଵ

ଶ
ቁ ⊆ ⋃ ෠ܤ ቀݔ௜మ

ଶ , ଵ
ସ
ቁ௠మ

௜ୀଵ  and consequently there exist ܣଷ ∈

ß ,ܣଷ ⊆ ≥ ଶand 1ܣ ݅ଶ ≤ ݉ଶsuch that {ݔఒ ∶ ߣ ∈ {ଷܣ ⊆ ෠ܤ ቀݔ௜భ
ଵ , ଵ

ଶ
ቁ ∩

෠ܤ ቀݔ௜మ
ଶ , ଵ

ସ
ቁ. 

Inductively, we construct a sequence(ܣ௡)௡∈ ℕ, with ܣ௡ ∈ ß and ܣଵ ⊇

ଵܣ ⊇ ⋯, and also closed balls ܤ෠ ቀݔ௜ೕ
௡ , ଵ

ଶೕ
ቁ. for ݊ ∈ ℕ, such that  

݇௡ = ݇}ݔܽ݉ ∈ ℕ ∶ , ଵߣ ݐݏ݅ݔ݁ ݁ݎℎ݁ݐ … , ∋ ௞ߣ ≻ ଵߣℎݐ݅ݓ ௡ܣ\ܥ ⋯ ≺  .{ ௞ߣ

This implies that ܣ \ ܥଵ does not contain an element of ß. So, Since ܥ ∈ ß 

and ܥ = (ଵܣ\ܥ) ∪ ܥ) ∩ ܣ ଵ),  there existsܣ ∈ ß,ܣ ⊆ ܥ ∩ ⊇ ܣ ଵ. Thenܣ 

∋ ܣ,ܥ   ß ,ܣ ⊆ = ܤ  ଵ and for every nܣ  ∈ ℕ, n > 1  there exists ݍ௡ ∈ ℕ ∪

{0} such that   

௡ݍ = ݇}ݔܽ݉ ∈ ℕ ∶ , ଵߣ ݐݏ݅ݔ݁ ݁ݎℎ݁ݐ … , ∋ ௞ߣ ≻ ଵߣℎݐ݅ݓ ௡ܣ\ܣ ⋯ ≺  .{ ௞ߣ

 We will prove that ݈݅݉
ఒ∈ ஺ 

ఒݔ = ଴. Indeed, for  ϵݔ >  0 pick ݊଴ ∈ ℕ. such that 

1\2௡బ < ߳ Then ݀(ݔఒ , (଴ݔ ≤  1\2௡బ < ߳  for every ߣ ∈  ௡బାଵ . Letܣ

, ଵߣ … , ௤೙బశభߣ ∈ ≻ ଵߣℎݐ݅ݓ௤೙బశభܣ\ܣ ⋯ ≺ ௤೙బశభSince does not exist  λߣ ∈
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A\A୯౤బశభ  with λ୯౤బశభ ≺ ߣ   , and ܣ ∈ ß, there exists λ଴ ∈ A ∩ A୬బశభ  such 

that ߣ௤೙బశభ ≺ ଴ . Hence, for every λߣ ∈ A withλ଴ ≺ we have that λ ߣ ∈

A୬బశభ  and consequently that ݀(ݔఒ , (଴ݔ ≤  1\2௡బ < ߳ . This finishes the 

proof.  

The particular case of Theorem (2.1.8) for the directed set ([N]வబ
ழ∞ ,≺) and 

the coideal basis ß referred in Example (2.1.7) (ii) was proved by 

Furstenberg and Weiss . 

 Also, the particular case of Theorem (2.1.8) for the directed set  

൫L(∑, ሬ݇⃗ ;  ൯of ߱-located words and the coideal basis ß referred in≻,(ݒ

Example (2.1.7) (iii) was proved by Farmaki and Koutsogiannis.  

Section (2.2): Topological Dynamical Systems Indexed by a 

Directed Partial Semigroup and Applications to Semigroups 

with Digital Representation: 

We will introduce the notion of a directed partial semigroup and 

consequently the suitable coideal bases on a directed partial semigroup and 

the topological dynamical systems indexed by a directed partial semigroup. 

We show recurrence results for topological dynamical systems indexed by a 

directed partial semigroup with respect to a suitable coideal basis for this 

semigroup extending the recurrence theorem of Birkhoff, Purstenberg-

Weiss. 

 We start with the following 

Definition (2.2.1)[2]: 
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 Let (߉,≺) be an infinite directed set and let for every ߣଵ , ∋ ଶߣ  with ߉

λଵ ≺ λଶ  is defined a unique element λଵ ∗ λଶ ∈ , ଵߣ If for every .߉ , ଶߣ ∋ ଷߣ  ߉

with λଵ ≺ λଶ ≺ λଷ  hold λଵ ≺ λଶ ∗ λଷ , λଵ ∗ λଶ ≺ λଷ and ( λଵ ∗ λଶ ) ∗ λଷ =

λଵ ∗ (λଶ ∗ λଷ ), than (Λ,≺,∗)     is called a directed partial semigroup.  

We will define the suitable coideal bases on a directed partial semigroup.  

Definition (2.2.2)[2]: 

 Let (߉,≺) be a directed partial semigroup. A coideal basis  

ß on  (߉,≺) is suitable for  (߉,≺,∗) if every ܤ ∈   has the property that ܤ

λଵ ∗ λଶ ∈ B  for every λଵ , λଶ ∈ B  with λଵ ≺ λଶ .  

Obviously, if a coideal basis ß is suitable for the directed partial 

semigroup  (߉,≺,∗), then  (ܤ,≺,∗) is also a directed partial semigroup for 

ever ܤ ∈  .ܤ

We will define a topological dynamical system indexed by a directed 

partial semigroup.  

Definition (2.2.3)[2]: 

 Let (߉,≺,∗) be a directed partial semigroup. A family {Tλ}λ∈ஃ 

of continuous functions from a compact metric space X into itself is              

a ߉-topological dynamical system of X if ܶఒభ ∘ ܶఒమ = ܶఒభ∗ఒమ , for every 

λଵ , λଶ ∈ Λ  with λଵ ≺ λଶ  . 

Obviously, if ß is a suitable coideal basis for (߉,≺,∗)and ܤ ∈  then the ,ܤ

family {T஛}஛∈୆is also a topological dynamical system of X.  
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Examples (2.2.4)[2]: 

 Let X be a compact metric space.  

(i) Let ܶ ∶ ܺ → ܺ be a continuous map. Then {ܶ௡}௡∈ℕ is a ℕ-topological 

dynamical system of X.  

(ii)  According to Example (2.1.7)(2), ([ℕ]வబ
ழಮ ,≺)is an infinite directed 

set. So, ([ℕ]வబ
ழಮ ,≺,ܷ)  is a directed partial semigroup and the coideal 

basis ß defined there is a suitable coideal basis for this semigroup. For 

each ݊ ∈ ℕ, let ௡ܶ ∶ ܺ → ܺ  be a continuous map from a compact 

metric space X into itself.  

For ܨ = {݊ଵ < ⋯ < ݊௞ } ∈ [ℕ]வబ
ழಮ ிܶ ݐ݁ݏ ݁ݓ  = ௡ܶభ ∘ … ∘ ௡ܶೖ .Then 

{T୊}୊ ∈[୒]ಭబ
ಬಮ  is a [ℕ]வబ

ழಮ-topological dynamical system of X. In 

particular, we can replace ௡ܶ , with ܶ௡ for every ݊ ∈ ℕ, Where ܶ ∶

ܺ → ܺ  is a continuous map.  

(iii)  Let  ∑ = ଵߙ } ,ଵߙ, … }  ⊆ ℕ be an infinite countable alphabet and  

ሬ݇⃗ = (݇௡)௡ ∈ ℕ ⊆ ℕ  an increasing sequence. According to Example 

(2.1.7)(3), (L(∑, ሬ݇⃗ ) ≺,⋆)  is a directed partial semigroup and the 

coideal basis ß defined there is a sinkable coideal basis for this 

semigroup. Let { ௡ܶ}௡∈ℕ be a sequence of continuous maps from X 

into itself and let {݈௡}௡∈ℕ ⊆ ℕ. For ݓ = ௡భݓ ௡ഊݓ… ∈ ,∑)ܮ ሬ݇⃗ ) let  

ܶఠ = ௡ܶభ

௟೙భೢ೙భ ∘ … ∘ ௡ܶഊ

௟೙
ഊ
ೢ೙ഊ  
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Then {ܶఠ}ఠ∈ ௅(∑,௞ሬ⃗ ) is an ܮ(∑, ሬ݇⃗ )-topological dynamical system of X.  

We define the recurrent points of a topological dynamical system indexed 

by a directed partial semigroup, with respect to a suitable coideal basis for 

the semigroup. Consequently, using Theorem (2.1.8), we prove the existence 

of such points in case the coideal basis has the (D)-property.  

Definition (2.2.5)[2]: 

 Let (߉,≺,∗) be a directed partial semigroup,{ ܶఒ}ఒ ∈௸  a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀), ß a suitable coideal 

basis on (߉,≺,∗) and let ܤ ∈ ß. An element ݔ଴ of X is called B- recurrent if  

݈݅݉
ఒ ∈஺

ܶఒ (଴ݔ) = ,଴ݔ ܣ ݁݉݋ݏ ݎ݋݂ ∈ ß ݐ݅ݓℎ ܣ ⊆  ܤ

Theorem (2.2.6)[2]: 

Let (߉,≺,∗) be a directed partial semigrup, { ܶఒ}ఒ ∈௸  a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀), ß a suitable coideal 

basis for (߉,≺,∗) with the (D)-property and let ܤ ∈ ß. Then X contains      

B-recurrent points.  

Proof:  Let ݔ ∈ ܺ. According to Theorem (2.1.8), there exist ܣ ∈ ß,ܣ ⊆  ܤ 

and .ݔ଴ ∈ ܺ  such that  

݈݅݉
ఒ ∈஺

ܶఒ (ݔ) =  .଴ݔ

Let ε > 0. Then, there exists λ଴ ∈ A  such that  ݀൫ܶఒ(ݔ),ݔ଴൯ <  for  2/ߝ

every λ ∈ A  with λ଴ ≺ We fix λଵ   ߣ  ∈ A  with λ଴ ≺ λଵ. Since ܶఒభ  is a 
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continuous function on X, there exists  δ > 0  such that if ݕ ∈ ܺ  with 

(଴ݔ,ݕ)݀ < ,then ቀT஛భ(y)   ߜ T஛భ(x଴)ቁ < ݈݉݅ Since . 2/ߝ
ఒ ∈஺

ܶఒ (ݔ) =  ଴ , thereݔ

exists λଶ ∈ A , λଵ ≺ λଶ such that ݀൫ܶఒమ(ݔ),ݔ଴൯ <  Then .ߜ

݀ ൬ܶఒభ ቀܶఒమ(ݔ)ቁ ൰(଴ݔ)ఒభܶ,(ݕ) < ݀ and consequently 2/ߝ ቀܶఒభ∗ఒమ(ݔ),ܶఒభ(ݔ଴)ቁ <

Since λଵ∗λଶ .2/ߝ ∈ A  and λ଴ < λଵ∗λଶ , we have that d ቀT஛భ∗஛మ(x), (x଴)ቁ <   .2/ߝ

It follows that ݀ ቀܶఒభ∗ఒమ(ݔ), ቁ(଴ݔ) < ݈݉݅,Hence .  ߝ
ఒ ∈஺

ܶఒ (଴ݔ) =  .଴ݔ

The particular case of this theorem, where ߉ = ℕ, ß = [ℕ]ஶ and the 

topological dynamical system has the form { T୬}୬ ∈ℕ  where T is a 

continuous function from a compact metric space (ܺ, ݀) to itself, is 

Birkhoff’s recurrence theorem (Let ܶ ∶  ܺ → ܺ be a homeomorphism, then 

there exist a point ݔ ∈  ܺ such thatlim inf
௡→ஶ

݀(ܶ௡ݔ, (ݔ = 0 [5]).  

Corollary (2.2.7)[2]: 

(Birkhoffs theorem)[5]: Let X be a compact metric space and ܶ:ܺ → ܺ        

a continuous function. There exists ݔ଴ ∈ ܺ   and a sequence (݊௞)௞∈ℕin ℕ 

such that ݈݅݉
ఒ ∈ℕ

ܶ௡ೖ (଴ݔ) =  .଴ݔ

We locate recurrent points of a topological dynamical system indexed by 

a directed partial semigroup, with respect to a suitable coideal basis for this 

semigroup, in a given subset of the space. Firstly, we will look for almost 

recurrent points, as their class is wider than the class of recurrent points.  

 

Defection (2.2.8)[2]:  
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Let (߉,≺,∗) be a directed partial semigroup, { ܶఒ}ఒ ∈௸  a ߉- topological 

dynamical system of a compact metric space (ܺ, ݀), ß a suitable coideal 

basis for (߉,≺,∗) and let ܤ ∈ ß. An element ݔ଴ of X is called B-almost 

recurrent if for every ߝ > 0and ߣ଴ ∈ ߣ there exist ,߉ ∈ ଴ߣ and ܤ ≺  such ߣ

that  

݀൫ܶఒ(ݔ଴), ଴൯ݔ <  ߝ

A closed subset F of X is called B-almost recurrent setif for every ߝ >

଴ߣ, 0 ∈ ݔ and ߉ ∈ ݕ ,there exist ܨ ∈ ߣ݀݊ܽ, ܨ ∈ ଴ߣܤ ≺   such that ߣ

݀൫ܶఒ(ݕ),ݔ൯ <  ߝ

In the following example we will point out a way to locate almost 

recurrent subsets of a compact metric space. 

Example (2.2.9)[2]: 

Let (ܺ,݀) be a compact metric space, (߉,≺,∗) a directed partial 

semigroup, ß a suitable coideal basis on (߉,≺) with the (D)-property and let 

∋ ܤ ß. Let ܨ(ܺ) he the set of all nonempty closed subsets of X endowed 

with the Hausdorff metric ሚ݀, where  

ሚ݀(ܯ,ܭ) = ௫ ∈௄݌ݑݏ} ݔܽ݉ ,(ܯ,ݔ)݀ ௫ ∈ெ݌ݑݏ  .{(ܭ,ݔ)݀

Then (ܨ(ܺ), ሚ݀) is a compact metric space. Let  { ܶఒ}ఒ ∈௸ be a ߉-topological 

dynamical system of (ܺ,݀). We define ෨ܶ ఒ ∶ (ܺ)ܨ → with ෨ܶ   (ܺ)ܨ ఒ(ܭ) =

 ܶఒ(ܭ). Then { ෨ܶ ఒ}ఒ ∈௸ is a ߉-topological dynamical system of (ܨ(ܺ), ሚ݀). 
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According to Theorem (2.2.6), there exist ܣ ∈ ß,ܣ ⊆ ∋ ܭ and ܤ   (ܺ)ܨ 

such that  

݈݅݉
ఒ ∈஺

෨ܶ ఒ (ܭ) =  .ܭ

Then K is a B-recurrent element of ܨ(ܺ) and K is a B-almost recurrent 

subset of X. 

We prove now that every almost recurrent subset of X contains almost 

recurrent elements of X.  

Proposition (2.2.10)[2]: 

Let (߉,≺,∗) he a directed partial semigroup, { ܶఒ}ఒ ∈௸a ߉-topological 

dynamical system of a compact metric space (ܺ. ݀), ß a suitable coideal 

basis on (߉,≺,∗) and let ܤ ∈ ß. Every B-almost recurrent subset F of X 

contains B-almost reccirrent elements of X.  

Proof: Let F be a B-almost recurrent subset of X. We fix ߝ > 0 and ߣ଴ ∈  .߉

Inductively, we will construct a sequence (ݔ௡)௡∈ℕ  ⊆  a sequenceܨ

௡∈ℕ(௡ߣ) ⊆ ௡ߣ with ܤ ≺ ௡∈ℕ with 0(௡ߝ) ௡ାଵand a sequenceߣ < ௡ߝ <  ,2/ߝ

which satisfy ݀൫ܶఒ೙శభ(ݔ௡ାଵ), ௡൯ݔ < ௡ିଵ൯ݔ,(ݔ)௡ାଵ and    ݀൫ܶఒ೙ߝ <  ௡ߝ

whenever ݔ ∈ ܺ and݀(ݔ, ∋ ݊ ௡ for everyݔ  ℕ.  

Indeed, since F is B-almost recurrent, for ݔ଴  ∈ ଵߝ  andܨ    =  2there exist/ߝ 

ଵߣ  ∈ ଴ߣ with ܤ ≺ ଵݔ ଵ andߣ ∈ ,(ଵݔ)such that ݀൫ܶఒభ ܨ ଴൯ݔ <   .ଵߝ

Let there exist ݔ଴, ,ଵݔ … , ௡ݔ ∈ ,ଵߣܨ   … , ௡ߣ ∈ ଵߣ withܤ ≺ ⋯ ≺ ௡ and 0ߣ <

,ଵߝ ,ଶߝ … , ௡ߝ < ௜ିଵ൯ݔ,(௜ݔ)such that ݀൫ܶఒ೔ 2/ߝ  < ݅ ௜. for everyߝ = 1, … , n. 
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Since ܶఒ೙is a continuous function, there exists 0 < ≥ ௡ାଵߝ  ௡ such that ifߝ

ݔ ∈  ܺ and ݀(ݔ,ݔ௡)<ߝ௡ାଵ , then ݀ ቀܶఒ೙(ݔ),ܶఒ೙(ݔ௡)ቁ < ௡ߝ −

 ݀ ቀܶఒ೙(ݔ௡), ,ݔ)݀ ቁ. So, whenever(௡ିଵݔ)   ௡ାଵ we have thatߝ>(௡ݔ

݀ ቀܶఒ೙(ݔ), ቁ(௡ିଵݔ) ≤ ݀ ቀܶఒ೙(ݔ),ܶఒ೙(ݔ௡)ቁ + ݀ ቀܶఒ೙(ݔ), ቁ(௡ିଵݔ) < ௡ߝ . 

Since F is B-almost recurrent there exists ࢔ࣅା૚ ∈ ࢔ࣅ with ܤ ≺  ା૚  and࢔ࣅ

ା૚࢔࢞ ∈ ,(௡ାଵݔ)such that ݀൫ܶఒ೙శభ ܨ ௡൯ݔ <  ௡ାଵ . This finishes theߝ

construction.  

We will prove that if ݅, ݆,∈ ℕand ݅ <  ݆,  then  

݀൫ܶఒ೔ାଵ∗…∗ఒೕ൫ݔ௝൯ݔ௜൯ <   ௜ାଵߝ

Indeed, since ݀൫ܶఒೕ൫ݔ௝൯ݔ௝ିଵ൯ < ௝ we have that ቀܶఒೕషభߝ ቀܶఒೕ൫ݔ௝൯ቁ , ௝ିଶቁݔ <

௝ିଵߣ ௝ିଵ , and, sinceߝ ≺ ,௝൯ݔ௝ we have that ݀൫ܶఒೕିଵ∗ఒೕ൫ߣ ௝ିଶ൯ݔ <  . ௝ିଵߝ

Repeating the same procedure we obtain that ݀൫ܶఒ೔శభ∗…∗ఒೕ൫ݔ௝൯,ݔ௜൯ <

≥ ௜ାଵߝ ଵߝ =  2/ߝ 

Since Xis a compact space, there exist ݅, ݆,∈ ℕ with ݅ <  ݆, such 

that ݀൫ݔ௜ , ௝൯ݔ <   ,Then.2/ߝ

݀൫ܶఒ೔శభ∗…∗ఒೕ൫ݔ௝൯, ௜൯ݔ ≤ ݀൫ܶఒ೔శభ∗…∗ఒೕ൫ݔ௝൯,ݔ௜൯ + ݀൫ݔ௜ , ௝൯ݔ <  ߝ

For ࢞ = ࢞࢐and ࣅ = ା૚࢏ࣅ ∗ … ∗ ࢐ࣅ ∈ ଴ߣ we have that ܤ ≺  and ߣ

݀൫ܶఒ(ݔ),ݔ൯ <  ߝ
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We define the recurrent subsets of a compact metric space with respect to 

a topological dynamical system indexed by a directed partial semigroup, in 

order to locate recurrent elements in them. 

Definition (2.2.11)[2]:  

Let (߉,≺,∗) he a directed partial semigroup, { ܶఒ}ఒ ∈௸ a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀) and ß a suitable cojdeal 

basis on (߉,≺,∗) .A closed subset F of X is called B-recurrent for ܤ ∈ ß if 

for every ࢿ > 0 and  ݔ ∈ ∋ ܣ there exist ,ܨ ß with ܣ ⊆ ݕ and ܤ ∈  such ܨ

that  

,(࢟)ࣅࢀ൫ࢊ ࢞൯ < ,ࢿ ߣ ݕݎ݁ݒ݁ ݎ݋݂ ∈  ܣ

A closed subset F of X is called recurrentifitis B-recurrent for every ܤ ∈

ß. 

Obviously, a B-recurrent subset of X, for ܤ ∈ ß, is B-almost recurrent 

and, according to Proposition (2.2.10), it contains B-almost recurrent points. 

As we will prove in Proposition (2.2.18) below, we can locate B-recurrent 

points in a homogenous B-recurrent subset of X toward Proposition (2.2.18), 

we will give the appropriate definitions starting from the definition of a 

minimal topological dynamical system. 

Definition (2.2.12)[2]: 

Let X be a compact metric space, (߉,≺,∗) a directed partial semigroup 

and { ܶఒ}ఒ ∈௸a ߉-topological dynamical system of (ܺ, ݀). This system is 

minimalif no proper closed subset ܻ ⊂ ߣ  ఒ-invariant for everyܶݏ݅ܺ ∈  . ߉
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Using Zorn’s lemma (Let S be a partially ordered set. If every totally 
rderedsubset of S has an upper bound, then S contains a maximal element. 
[6]), can be proved that there exists a closed non-empty subset Y of X such 
that the system { T஛}஛ ∈ஃ  restricted to Y to be minimal. There exists the 
following characterization of minimality in case A is a semigroup. 

Proposition (2.2.13)[2]:  

Let X be a compact metric space, G a semigroup and let {ܶ௚}௚∈ீ  be        

a G-topological dynamical system of X. The dynamical system { ܶ௚}௚ ∈ீ  is 

minimal if for every open subset U of X, there exist finitely many 

elements݃ଵ,݃ଶ, … ,݃௡  ∈   such that ܩ

ራ(ܶ௚೔)ିଵ
௡

௜ୀଵ

(ܷ) = ܺ.  

We give a homogenous subset of X with respect to a set { ௜ܶ}௜ ∈ூ of 

transformations acting on X, which introduced by Furstenberg as follows:  

Definition (2.2.14)[2]:  

Let X be a compact metric space and F a closed subset of X. Then F is 

called homogeneous with respect to a set of transformations { ௜ܶ}௜ ∈ூacting 

on X if there exists a group of homeomorphisms G of X each of which 

commutes with each ௜ܶ and such that G leaves F invariant and (ܩ,ܨ) is 

minimal (no proper closed subset of F is invariant under the action of G).  

We prove that a homogeneous subset of X is recurrent if satisfies a 

weaker condition than that in Definition (2.2.11).  

Proposition (2.2.15)[2]: 
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Let (߉,≺,∗) be a directed partial sernigroup, { ܶఒ}ఒ ∈௸ a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀), ß a suitable coideal 

basis on (߉,≺,∗) and let ܤ ∈ ß. If a closed subset F of X is homogeneous 

with respect to the system { ܶఒ}ఒ ∈௸ and for every 0<ࢿ there exist .ݔ, ∋ ݕ  ܨ

and ܣ ∈ ß,ܣ ⊆   such that ܤ

݀൫ܶఒ(ݕ), ൯ݔ < ߣ ݕݎ݁ݒ݁ ݎ݋݂      ߝ ∈  ܣ

then, F is B-recurrent.  

Proof: Since F is a homogeneous set with respect to the system { ܶఒ}ఒ ∈௸ 

there exists a group G of homeomorphisms each of which commutes with 

each ܶఒand such that G leaves F invariant and (ܩ,ܨ) is minimal. 

We claim that for every 0 <ࢿ there exists a finite subset ܩ଴ of G such that, 

for every ݕ,ݔ ∈ (ݕ,(ݔ)݃)௚∈ீబ݀݊݅݉,ܨ <   .2/ߝ

Indeed, let{࢏ࢁ}࢏ୀ૚࢑    be a finite covering of F by open sets of diameter <

According to Proposition (2.2.13), we can find a finite set  {݃ଵ௜ .2/ߝ , … ,݃௠೔
௜ } 

for every 1 ≤  ݅ ≤ ݇ such that ௝ܷୀଵ
௠೔ ( ୨݃

௜)ିଵ ௜ܷ = ଴ܩ Let .ܨ = ൛ ୨݃
௜: 1 ≤  ݅ ≤

݇, 1 ≤  ݆ ≤ ݇ ≤ ݉௜ൟ. Then for every ݔ, ݕ ∈ ݕ we have that ܨ ∈ ௜ܷ೚ 

forsome݅௢ ∈ {1, … , ݔ and {ߢ ∈  (݃௝೚
௜೚)ିଵ ௜ܷ೚ for some ݆௢ ∈ {1, … ,݉௜బ}. Then 

݃௝೚
௜೚(ݔ) ∈  ௜ܷ೚ and, since ௜ܷ೚ has diameter <  we have that ,2/ߝ

݉݅݊௚∈ீబ݀(݃(ݔ), (ݕ ≤ ݀ ቀ݃௝೚
௜೚(ݔ), ቁݕ <  .This proves the claim .2/ߝ

Let 0<ࢿ and ݖ ∈ ,ଵݔ such that if 0 <ߜ There exists ܨ ଶݔ  ∈ ܺ and 

(ଶݔ,ଵݔ)݀ < ((ଶݔ)݃,(ଵݔ)݃)݀ then .ߜ < ݃ for every 2/ߝ ∈  ଴. According toܩ
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our hypothesis, there exist ݕ,ݔ ∈ ܣ and ܨ ∈ ß ,ܣ ⊆  such that ܤ

݀൫ܶఒ(ݕ), ൯ݔ < ߣ for ever ߜ ∈ ൯(ݔ)݃,((ݕ)൫ܶఒ݃)݀ Then .ܣ <  for every 2/ߝ

݃ ∈ ߣ ଴.andܩ ∈ ݃ Since each .ܣ ∈  we have that ࣅܶ ଴ commutes with eachܩ

݀൫ܶఒ(݃(ݕ)),݃(ݔ)൯ =  ݀(݃൫ܶఒ(ݕ)),݃(ݔ)൯ < ݃ for every 2/ߝ ∈ ߣ ଴ andܩ ∈

  .ܣ

According to our claim, there exists ݃ ∈ ,(ݔ)݃)݀ ଴ such thatܩ (ݖ <  .2/ߝ

Then ݀൫ܶఒ(݃(ݕ)), ൯ݖ ≤ ݀൫ܶఒ(݃(ݕ)),݃(ݔ)൯ + ,(ݔ)݃)݀ (ݖ <  for every ߝ 

ߣ ∈ ܣ Hence F is B-recurrent, since .ܣ ∈ ß ,ܣ ⊆ (ݕ)݃ and ܤ ∈  .ܨ

Inthesequel of the previous proposition we have the following:  

Proposition (2.2.16)[2]: 

Let (߉,≺,∗) be a directed partial, semigroup, { ܶఒ}ఒ ∈௸a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀), ß a suitable coideal 

basis on (߉,≺,∗) and let ܤ ∈ ß. If a subset F of X is homogeneous with 

respect to the system, { ܶఒ}ఒ ∈௸and B-recurrent, then for every 0<ࢿ there 

exist an element ݔ଴ ∈ ܣ and ܨ ∈ ß,ܣ ⊆  such that ܤ

݀൫ܶఒ(ݔ଴)ݔ଴൯ < ߣ ݕݎ݁ݒ݁ ݎ݋݂       ,ߝ ∈  ܣ

Proof:  Since F is a homogeneous set with respect to the system { ܶఒ}ఒ ∈௸, 

there exists a group G of homeomorphisms each of which commutes with 

each ܶఒ and such that G leaves F invariant and (ܩ,ܨ) is minimal. Using the 

homogeneity as in the previous proposition, we have that for every 0 <ࢿ 

there exists a finite subset ܩ଴ of G such that, for every ݔଵ,ݔଶ ∈

(ଶݔ,(ଵݔ)݃)௚∈ீబ݀݊݅݉,ܨ   <   .2/ߝ
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Let ࢿ > 0. There exists ߜ > 0  such that if ݔଵ,ݔଶ ∈ ܺ and ݀(ݔଵ, (ଶݔ <  ,ߜ

then ݀(݃(ݔଵ),݃(ݔଶ)) < ݃ for every 2/ߝ ∈ ݔ ଴. Letܩ ∈           Since F is .ܨ

B-recurrent, there exist ܣ ∈ ßݐ݅ݓℎܣ ⊆ ݕ and ܤ ∈   such that ܨ

݀൫ܶఒ(ݕ), ൯ݔ < ߣ for every .ߜ ∈  .ܣ

Then, since each ݃ ∈   ଴ commutes with each ܶఒ, we have thatܩ

݀ ቀܶఒ(݃(ݕ)),݃(ݔ)ቁ = ݀൫݃(ܶఒ(ݕ)),݃(ݔ)൯ <  2/ߝ 

for every ݃ ∈ ࣅ ଴ andܩ ∈  .ܣ

Let ݃ ∈ ((ݕ)݃,(ݔ)݃)݀ ଴ such thatܩ < ߣ Then for every .2/ߝ  ∈   we have ܣ

݀ ቀܶఒ(݃(ݕ)),݃(ݕ)ቁ ≤ ݀ ቀܶఒ(݃(ݕ)),݃(ݔ)ቁ + ((ݕ)݃,(ݔ)݃)݀  <  ߝ 

Set ݔ଴ = (ݕ)݃ ∈  .ܨ

We will prove, in Proposition (2.2.18) below that, in case the coideal 

basis ß has the (D)-property and the set ൛ܶఒ: ߣ ∈  ൟ  is equicontinuous, the߉

set of all the B-recurrent elements of a homogeneous recurrent subset F of X, 

for ܤ ∈ ß, is a dense subset of F.  

Definition (2.2.17)[2]: 

 We say that a set { ௜ܶ}௜ ∈ ூof continuous functions from a compact metric 

space (ܺ, ݀) to itself is equicontinuous, iffor every ߝ > 0 there exists ߜ > 0  

such that if ݕ, ݔ ∈  ܺ with ݀(ݕ, ݔ) < ൯(ݕ )௜ܶ, (ݔ)then ݀൫ܶ௜ ,ߜ <  for ࢿ

every ݅ ∈  .ܫ

Proposition (2.2.18)[2]: 
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Let (߉,≺,∗) be a directed partial semigroup,{ ܶఒ}ఒ ∈௸a ߉-topological 

dynamical system of a compact metric space (ܺ, ݀) which is equicontniuous, 

ß a suitable coideal basis on (߉,≺,∗) with the (D)-property and let ܤ ∈ ß. 

Then every recurrent homogeneous subset F of X contains B-recurrent 

points.  Moreover the set of all the B-recurrent points of F is a dense subset 

of F.  

Proof: Let V he an open subset of X such that ܸ ∩ ܨ ≠ ∅. There exists an 

open set ܸᇱsuch that ܸᇱ ⊆ ܸ,ܸᇱ ∩ ܨ ≠ ∅ and 0 <ߜ such that if ݔ ∈ ܺ and 

(ᇱܸ,ݔ)݀ < ݔ then ,ߜ  ∈ ܸ.  

Since F is homogeneous with respect to the system { ܶఒ}ఒ ∈௸, there exists 

a group G of homeomorphisms commuting with { ܶఒ}ఒ ∈௸such that G leaves 

F invariant and (ܩ,ܨ) is minimal. According to Proposition (2.2.13), there 

exists a finite subset ܩ଴ of G such that ܨ ⊆ ௚ܷ∈ீబ݃
ିଵ(ܸᇱ).  

Letࢿ > 0 such that if ݔଵ,ݔଵ ∈ ܺwith ݀(ݔଵ, (ଶݔ < ,(ଵݔ)݃)݀ then ,ࢿ g(ݔଶ) <  ߜ

for every ݃ ∈  ,଴. Since F is a recurrent and homogeneous subset of Xܩ

according to Proposition (2.2.16), there exist an element ݔ଴ ∈ ܣ and  ܨ ∈

ß,ܣ ⊆   such that ܤ

݀൫ܶఒ(ݔ଴), ଴൯ݔ < , ߝ ∋ ߣݕݎ݁ݒ݁ ݎ݋݂  ܣ

Let ݃ ∈ (଴ݔ)݃ ଴ such thatܩ ∈ ܸᇱ. Then ݀(ܶఒ(݃(ݔ଴), g (ݔ଴)) <  for every  ߜ

∋ ߣ (଴ݔ)݃ Since .ܣ ∈ ܸᇱ, we have that ݀൫ܶఒ(ݔ଴) ∈ ܸ൯ for every ߣ ∈  .ܣ

Hence, for each open set V with ܸ ∩ ܨ  ≠ ∅ there exist ܣ ∈ ß,ܣ ⊆  and ܤ

ᇱݔ = (଴ݔ)݃ ∈  ܸ ∩ (ᇱݔ)such that ܶఒ ܨ  ∈  ܸ for every ߣ ∈   .ܣ



30  
 

Consequently, since { ܶఒ}ఒ ∈௸ is equicontinuous, for every open set V 

with ܸ ∩ ܨ  ≠ ∅ there exist ܣ ∈ ß,ܣ ⊆   and an open set ଵܸ such that ܤ

ଵܸ  ∩ ࡲ  ≠ ∅, ଵܸഥ ⊆ ܸand ࣅࢀ( ଵܸ) ⊆ ܸ   for every ߣ ∈  ܣ

Let ଴ܸ be an open subset of X such that ଴ܸ  ∩ ܨ  ≠ ∅. Inductively we 

construct a sequence ( ௡ܸ)௡ ∈ℕ of open sets and also a sequence (ܣ௡)௡ ∈ℕ ⊆

ß, with ܤ ⊇ ଵܣ ⊇ ଶܣ ⊇ ⋯ such that for every ݊ ∈ ℕ 

௡ܸഥ ⊆ ௡ܸିଵ, ௡ܸ  ∩ ܨ  ≠ ∅  ܽ݊݀  ܶఒ( ௡ܸ) ⊆ ௡ܸିଵ     ݂ߣ ݕݎ݁ݒ݁ ݎ݋ ∈   ௡ܣ

We can also suppose that the diameter of ௡ܸ tends to 0. Let ⋂ ௡ܸഥ௡ ∈ℕ ∩ ܨ  =

଴ݔ Then {଴ݔ} ∈ ଴ܸ and we will prove that ݔ଴ is a B-recurrent element of F.  

Indeed, since the coideal basis ß has the (D)-property, there exists ܥ ∈ ß, 

such that for every ݊ ∈ ℕ there exists ݇௡ ∈ ℕ ∪ {0} such that  

݇௡ = ݇}ݔܽ݉ ∈ ℕ: ,ଵߣݐݏ݅ݔ݁݁ݎℎ݁ݐ … , ௞ߣ ∈ ଵߣℎݐ݅ݓ   ௡ܣ/ܥ ≺ ⋯ ≺  .{௞ߣ 

This implies that ܣ/ܥଵ does not contain an element of ß. So, since ܥ ∈ ß, 

there existsܣ ∈ ß, A ⊆ ∩ ܥ  ⊇ ܣଵ. Thenܣ ∋ ܣ,ܥ ß,ܣ ⊆ ଵܣ  ⊆  and forܤ

every ݊ ∈ ℕ, ݊ > 1 there exists ݍ௡ ∈ ℕ ∪ {0} such that  

௡ݍ = ݇}ݔܽ݉ ∈ ℕ: ,ଵߣݐݏ݅ݔ݁݁ݎℎ݁ݐ … , ௞ߣ ∈ ଵߣℎݐ݅ݓ   ௡ܣ/ܣ ≺ ⋯ ≺  .{௞ߣ 

We will prove that ݈݅݉
ఒ ∈஺

ܶఒ (଴ݔ) = ࢿ ଴. Letݔ > 0. Since the diameter of ௡ܸ 

tends to 0, pick ݊଴ ∈ ℕ,݊଴ > 1 such that the diameter of ௡ܸబ  to be less 

thanࢿ. Let ߣଵ, … , ௤೙బశభߣ ∈ ଵߣℎݐ݅ݓ௡బାଵܣ\ܣ ≺ ⋯ ≺ ௤೙బశభߣ . Then there exists 

଴ߣ ∈ ∩ ܣ ௤೙బశభߣ ௡బାଵsuch thatܣ ≺ ߣ ଴. For everyߣ ∈ ଴ߣ with ܣ ≺  we have ߣ
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that ߣ ∈ ܣ ∩ (଴ݔ)௡బାଵand consequently that ܶఒܣ ∈ ௡ܸబ  Since ݔ଴ ∈ ௡ܸబ , we 

have that ݀(ܶࣅ(ݔ଴),ݔ଴) < ∋ ߣ for every ࢿ ଴ߣ with ܣ ≺ -଴ is a Bݔ ,Hence .ߣ

recurrent element of F and ݔ଴ ∈ ଴ܸ This finishes the proof.  

Finally, using the previous proposition, we will prove, under some 

additional hypotheses, a multiple recurrence theorem analogous of the 

starting Theorem (2.2.6).  

Theorem (2.2.19)[2]: 

Let (߉,≺,∗) be a directed partial semigroup, ß a suitable coideal basis on 

݉ ,with the (D)-property (∗,≻,߉) ∈ ℕ, , ௸∋ࣅ{ࣅଵࢀ} … , ࣅ௠ࢀ}                  be௸∋ࣅ{

 topological dynamical systems of a compact metric space (ܺ,݀) all-߉

contained in o commatative group G of homeomorphisms of X, and let the 

systems { ௜ܶ
ఒ}ఒ∈௸, {( ௜ܶ

ఒ)ିଵ}ఒ∈௸be equicontinuous for each݅ = 1, … ,݉ . Then, 

for every ܤ ∈ ß there exist ܣ ∈ ß with ܣ ⊆ ଴ݔ and ܤ  ∈ ܺ such that  

݈݅݉
ఒ ∈஺ ௜ܶ

ఒ (଴ݔ) = ≥ 1 ݕݎ݁ݒ݁ݎ݋݂ ଴ݔ ݅ ≤ ݉ . 

Proof: We can assume without loss of generality that (ܺ.ܩ) is minimal, 

otherwise we can replace X by a G-minimal subset of X. We proceed by 

induction on m. For m = 1 the theorem is valid from Theorem (2.2.6). 

Assume that the theorem holds for some ݉ ∈ ℕ. Let ܤ ∈ ß and 

{ ଵܶ
ఒ}ఒ∈௸, … , {ܶ௠ାଵఒ }ఒ∈௸ܾ݁݉ +  topological dynamical systems satisfying-߉1

the hypotheses of the theorem. We set  

௜ܵ
ఒ =  ௜ܶ

ఒ ∘ {ܶ௠ାଵఒ }ିଵ   ݂1 ݈݈ܽ ݎ݋ ≤ ݅ ≤ ݉ . 
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 We note that, since G is a commutative group, ௜ܵ
ఒభ∗ఒమ =  ௜ܵ

ఒభ ∘ ௜ܵ
ఒమ for every 

,ଵߣ ଶߣ ∈ ૚ࣅ with ܤ ≺ ૛ and 1ࣅ ≤ ݅ ≤ ݉. Hence, {ܵଵఒ}ఒ∈௸, … , {ܵ௠ఒ }ఒ∈஺ are ߉-

topological dynamical systems of (ܺ, ݀) satisfying the hypotheses of the 

theorem. Applying the induction hypothesis, we have the existence of ݕ଴ ∈

ܺ  and ܣ ∈ ß with ܣ ⊆  :such that ܤ 

݈݅݉
ఒ ∈஺ ௜ܵ

ఒ (଴ݕ) = 1 ݕݎ݁ݒ݁ ݎ݋଴݂ݕ ≤ ݅ ≤ ݉ . 

Let ߝ >  0. For each ݅ = 1, . . . ,݉  there exists ߣ௜ ∈   such thatܣ

݀ ቀ ௜ܶ
ఒ ൬൫ܶ௠ାଵ

ఒ ൯ିଵ(ݕ଴)൰ ଴ቁݕ, = ݀൫ ௜ܵ
ఒ(ݕ଴), ଴൯ݕ < ߣݕݎ݁ݒ݁ݎ݋݂ 2/ߝ ∈ ௜ߣℎݐ݅ݓܣ ≺  .ߣ

Let ߣ଴ ∈ ,ଵߣ with ܣ … , ௠ߣ ≺ ߣ ଴. Then for everyߣ ∈ ଴ߣ with ܣ ≺  we have ߣ

that  

݀ ቀ ௜ܶ
ఒ ൬൫ܶ௠ାଵఒ ൯

ିଵ(ݕ଴)൰ , ଴ቁݕ <
ߝ
2

, ݅ ݕݎ݁ݒ݁ ݎ݋݂ = 1 , … ,݉ + 1. 

According to Theorem (2.1.8), there exist ݕଵ ∈ ܺ and ܣଵ ∈ ß,ܣଵ  ⊆  such ܣ

that 

݈݅݉
ఒ ∈஺భ

൫ܶ௠ାଵఒ ൯
ିଵ(ݕ଴) =  ଵݕ

Since { ௜ܶ
ఒ}ఒ∈௸, ݅ ݎ݋݂ = 1, … ,݉ + 1.  are equicontinuous systems, there 

existsߜ > 0 such that if ݔ, ∋ ݕ ܺwith ݀(ݔ, (ݕ <  then ߜ

݀ ൬ ௜ܶ
ఒ ቀݔ), ௜ܶ

ఒ(ݕ)ቁ൰ < ߣ for every ,2/ߝ ∈ ݅ and ߉ = 1 , … ,݉ + 1.Let ߣଵ ∈

଴ߣ ଵ withܣ ≺ ݀ ଵ such thatߣ ቀ൫ ௠ܶାଵ
ఒ ൯ିଵ(ݕ଴),ݕଵቁ < ߣ for every ,ߜ ∈



33  
 

ଵߣ  ଵwithܣ ≺ ݀,Hence .ߣ ቆ ௜ܶ
ఒ ൬൫ܶ௠ାଵ

ఒ ൯ିଵ(ݕ଴)൰ , ௜ܶ
ఒ(ݕଵ)ቇ < ߣ for every ,2/ߝ  ∈

ଵߣ ଵwithܣ ≺ ݅ and every ߣ = 1 , … ,݉ + 1. So, for every ߣ ∈ ଵߣଵwithܣ ≺  ߣ

and every ݅ = 1 , … ,݉ + 1  we have  

݀൫ ௜ܶ
ఒ(ݕଵ), ଴൯ݕ ≤ ݀ ቆ ௜ܶ

ఒ(ݕଵ), ௜ܶ
ఒ ൬൫ܶ௠ାଵ

ఒ ൯ିଵ(ݕ଴)൰ቇ+ ݀ ൬ ௜ܶ
ఒ(൫ܶ௠ାଵ

ఒ ൯ିଵ(ݕ଴)൰ , (଴ݕ <  ߝ

Let ܥ ∈ ß ,ܥ ⊆ ଵܣ − ଵߣ  ⊆   Then ܤ

൛݀൫ݔܽ݉ ௜ܶ
ఒ(ݕଵ), :଴൯ݕ ݅ = 1 , … ,݉ + 1ൟ < ߣݕݎ݁ݒ݁ݎ݋݂ߝ ∈  ܥ

Let the compact metric space (ܺ௠ାଵ, ሚ݀), where  

ሚ݀൫(ݕଵ, … ,(௠ାଵݕ, ,ଵݔ) … ௠ାଵ)൯ݔ, = ݉ܽ ௜ݕ)݀}ݔ , ,(୧ݔ ݅ = 1, … ,݉ + 1}, 

and the ߉-topological dynamical system { ෨ܶ ఒ}ఒ ∈௸ of ܺ௠ାଵ where  ෨ܶ ఒ =

ଵܶ
ఒ  × … × ܶ௠ାଵఒ which is equicontinuous. Let ∆௠ାଵ= ,ݔ)} … ݔ :(ݔ, ∈ ܺ} ⊆

ܺ௠ାଵ be the diagonal subset of  ܺ௠ାଵ. We can assume that G acts onܺ௠ାଵ 

by replacing each ݃ ∈ ݃  with ܩ × … × ݃. Then the functions ෨ܶ ఒ , for ߣ ∈

 (ܩ,௠ାଵ∆) commute with the functions of G, G leaves ∆௠ାଵinvariant and ,߉

is minimal. Hence,∆௠ାଵ is a homogeneous set with respect to  { ෨ܶ ఒ}ఒ ∈௸.  

According to Proposition (2.2.18), in order to prove the theorem, it will 

suffice to prove that ∆௠ାଵ is B-recurrent. Hence, according to Proposition 

(2.2.15), it is enough for a given0 <ߝ to find ݔ, ∋ ݕ ܺ and ܥ ∈ ß,ܥ ⊆  ܤ 

such that  
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ቄ ሚ݀ ቀ ෨ܶ ఒ ((ݕ, … , ,((ݕ ,ݔ) … , ቁ(ݔ = ൫݀} ݔܽ݉ ୧ܶ
ఒ(ݕ), ൯ݔ ∶ ݅ = 1 , … ,݉ + 1ቅ

< ߣݕݎ݁ݒ݁ݎ݋݂ߝ ∈  ܥ

. 

But we have already proved that, for a given ߝ >  0   there exist ݕଵ, ଴ݕ  ∈ ܺ  

and ܥ ∈ ß,ܥ ⊆   such that ܤ

൛݀൫ݔܽ݉ ୧ܶ
ఒ(ݕଵ),ݕ଴൯ ∶ ݅ = 1 , … ,݉ + 1ൟ < ߣݕݎ݁ݒ݁ݎ݋݂ߝ ∈   .ܥ

Hence, ∆௠ାଵ  is a recurrent set. This finishes the proof.  

Corollary (2.2.20)[2]: 

Let (߉,≺,∗) be a directed partial semigroup, ß a suitable coideal basis on 

݉ ,with the (D)-property (∗,≻,߉) ∈ ℕand { ଵܶ
ఒ}ఒ∈௸, … , { ௠ܶ

ఒ}ఒ∈௸ be              

,ܺ) topological dynamical systems of a, compact metric space-߉ ݀) all 

contained in a commutative group G of homeomorphisms of X and let 

௸∋ఒ{ࣅ࢏ࢀ} , ݅ ఒ∈௸be equicontinuous for each{૚ି(ࣅ࢏ࢀ)} = 1, . . . ,݉. For every 

non-empty open subset U of X and ܤ ∈ ß, there exists ܥ ∈ ß with ܥ ⊆  ܤ

such that  

ሩ( ௜ܶ
ఒ)ିଵ(ܷ) ≠ ߣݕݎ݁ݒ݁ݎ݋݂       ∅ ∈ ܥ

௠

௜ୀଵ

 

Proof: Since G acts minimally on X, according to Proposition (2.2.13), there 

exists a finite subset ܩ଴ of G such that ܺ =  ௚ܷ∈ீబgିଵ(U). According to 

Theorem (2.2.19), there exist ݔ଴ ∈ X and ܣ ∈ ß with ܣ ⊆   such that ܤ 
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݈݅݉
ఒ ∈஺ ௜ܶ

ఒ(ݔ଴) = 1 ݕݎ݁ݒ݁ݎ݋଴݂ݔ ≤ ݅ ≤ ݉.  

Let ݃ ∈ ଴ݔ ଴ such thatܩ ∈ ݃ିଵ(ܷ). Then, there exists ߣ଴ ∈  such that ܣ

௜ܶ
ఒ(ݔ଴) ∈ ݃ିଵ(ܷ)for every ߣ ∈ ଴ߣ with ܣ ≺ and for every 1  ߣ ≤ ݅ ≤ ݉, Let 

∋ ܥ ß,ܥ ⊆ ܣ − ૙ߣ ⊆ (଴ݔ)݃ ,Hence .ܤ  ∈ ⋂ ( ௜ܶ
ఒ)ିଵ(ܷ),௠

௜ୀଵ for everyߣ ∈  ܥ

We will indicate a way to apply the recurrence results for topological 

dynamical systems or nets proved to systems or nets indexed by sernigroups 

with digital representation. So, we will define a relation on a semigroup with 

digital representation in order to make it a directed partial semigroup. In 

order to define a suitable coideal basis satisfying the (D)-property on a 

semigroup with digital representation < ௜ܦ >௜ ∈ூwe will introduce the 

 ௜∈ூ-located words. Hence, the recurrent results for topological dynamical(௜ܦ)

systems or nets proved can be applied to systems or nets indexed by (ܦ௜)௜∈ூ-

located words or semigroups with digital representation.  

The notion of a semigroup with digital representation introduced by 

Ferri, Hindman and Strauss as follows:  

Definition (2.2.21)[2]: 

A semigroup (ܺ, +) has a digital representation< ௜ܦ >௜ ∈ூ, where I is a 

linearly ordered set and ܦ௜ is a non-empty finite subset of X for every ݅ ∈  ,ܫ

if each element of X is uniquely representable as a sum ∑ ௜௜∈ுݔ , where H is a 

finite subset of I, ݔ௜ ∈ ݅ ௜ D for everyܦ ∈  and sums are taken in increasing ܪ

order of indices. If X has an identity 0௫, then we set 0௫ = ∑ ∅∋௜௜ݔ  . 
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In order to make an infinite semigroup (ܺ, +) with a digital 

representation < ௜ܦ >௜ ∈ூ a directed partial semigroup, we will endow the set 

  .ழஶof all the finite subsets of I with an appropriate relation|ࡵ|

Definition (2.2.22)[2]: 

Let I be an infinite linearly ordered set. A relation <ோ  on the set |ܫ|ழஶof 

all the finite subsets of I is called a proper relation on|ܫ|ழஶif satisfies:  

(i) ∅ <ோ ܪ,ܪ <ோ ܪݕݎ݁ݒ݁ݎ݋݂  ∅ ∈  .வ଴ழஶ|ܫ|

(ii) If ܪଵ ,ܪଶ ∈ ଵ <ோܪ வ଴ழஶ and|ܫ|  ݅  ଶ , then, for eachܪ ∈  ଶ , eitherܪ

݅ > ݅ݎ݋ ଵܪݔܽ݉ <   . ଵܪ݊݅݉

(iii) (|ܫ|ழஶ, <ோ, U) is a directed partial semigroup.  

Let a semigroup (ܺ, +) with a digital representation < ௜ܦ >௜ ∈ூ where I is 

an infinite linearly ordered set, and let <ோ a proper relation on |ܫ|ழஶ.  

We define for ࢙૚ = ∑ , ૚ࡴ∋࢏ ࢏࢞ ࢙૛ = ∑ ∋ ૛ࡴ∋࢏ ࢏࢞ ∋ ଶܪ, ଵܪ where ࢄ   ,ழஶ|ܫ|

ଵݏ <ோ ଵ <ோܪ⇔ଶݏ   ଶܪ

Moreover, for ݏଵ = ∑ , ௜௜∈ுభݔ ଶݏ = ∑ ∋ ௜௜∈ுమݔ ܺ with ݏଵ ࡾ>  ଶwe define theݏ

concatenation  

ଵݏ ∗ ଶݏ =  ෍ ௜ݔ
௜∈ுభ ∪ுమ 

 .  

The following proposition holds:  

Proposition (2.2.23)[2]: 
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Let a semigroup (ܺ, +) with a digital representation < (࢏ܦ)  where I is ࡵ∋࢏<

an infinite linearly ordered set, and let <ࡾ a proper relation on |ܫ|ழஶ.  

Then (ܺ,   .is a directed partial semigroup (⋆, ࡾ>

We will give some examples of semigroups with digital representation. 

We denote by ℤ the set of the integer numbers, by ℤି the set of the negative 

integer numbers and by ℚ the set of the rational numbers.  

Examples (2.2.24)[2]: 

(i) Let  ݌ ∈ ℕ, ݌ > 1. The semigroup (ℕ, +) has a digital representation 

< (௡ܦ) >௡∈ℕ, where ܦ௡ = ≥ ௡ିଵ: 1݌݅} ݅ ≤ ݌ − 1}. For ܪଵ ,ܪଶ ∈

 |ℕ|வ଴ழஶ, we define ܪଵ <ோ  ଵ . Thenܪଵ < minܪଶ  if and only if maxܪ

(ℕ,   .is a directed partial semigroup (⋆, ࡾ>

(ii) Let a sequence (݇௡)௡∈ℕ of natural numbers. Accordingly, the semi- 

group (ℤ, +) has a digital representation< (௡ܦ) >௡∈ℕwhere, ܦଵ =

{1} and for each ݊ ∈ ℕ,݊ ≥ ௡ܦ,2 = {݅(−1)௡ାଵ(݇ଵ + 1) … (݇௡ିଵ +

1) ∶ 1 ≤ ݅ ≤ ݇௡}.  If <ோis the relation on |ℕ|ழஶ defined in the 

previous example, then (ℤ,  .is a directed partial semigroup (⋆, ࡾ>

(iii) More general, if a semigroup (ܺ, +) has a digital representation 

< (௜ܦ) >௜∈ூ , where I is an infinite linearly ordered set and for every 

݅ ∈ ݅ there exists ܫ ∈ ݅ with ܫ < ݆, then, defining ܪଵ <ோ  ଶ , forܪ

∋ ଶܪ, ଵܪ  ଶ , we can makeܪ ଵ < minܪ வ଴ழஶ, if and only if max|ܫ| 

(ܺ,   .a directed partial semigroup (⋆, ࡾ>

(iv) The semigroup (ℚ, +), has a digital representation < (௡ܦ) >௡∈ℤ.  
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where ܦ௡ = {݅(−1)௡(݊ + 1)!: 1 ≤ ݅ ≤ ݊ + 1} for ݊ ∈ ℕ ∪ {0} and, 

for ݊ ∈ ℤି,ܦ௡ = ቄ݅ (ିଵ)
(ି௡ାଵ)!

ି௡
: 1 ≤ ݅ ≤ −݊ቅ. For ܪଵ ,ܪଶ ∈  |ℤ|வ଴ழஶ, 

we define ܪଵ <ோ = ଶܪ ଶ  if and only ifܪ ∪ ଵܣ ≠  ଶܣ, ଵܣ ଶ withܣ  ∅ 

and max ܣଵ < min ܪଵ , max ܪଵ < min  ܣଶ , Then (ℚ, <ோ,⋆) is a 

directed partial semigroup.  

In order to define a suitable coideal basis satisfying the (D)-property on a 

semigroup (ܺ, +) with digital representation < (௜ܦ) >௜∈ூ we will introduce 

the (ܦ௜)௜∈ூ-located words.  

Definition (2.2.25)[2]: 

Let an arbitrary alphabet Σ , an infinite linearly ordered set (ܫ, <)and, for 

each ݅ ∈ ௜ܦ let ,ܫ = ൛݀ଵ,௜, … , ݀௞,௜ൟ,  be a non-empty finite subset of  Σ with 

cardinality ݇௜ ∈ ℕ. We define the set of (constant) (ܦ௜)௜∈ூ-located words as 

follows: 

L((ܦ௜)୧∈୍) = {w = ,௜భݓ … :௜೗ݓ, ݈ ∈ ℕ, ݅ଵ < ⋯ < ݅௟

∈ ௜௝∀ 1ܦ, ௜ೕݓ ݀݊ܽ ܫ ≤ ݆ ≤ ݈} 

Let݉ ∈ ℕ and ⃗ݒ = ,ଵݒ) … , ,ଵݒ ݁ݎℎ݁ݓ,(௠ݒ … ௠ݒ,  ∉  Σ  be the variables. We 

define the set of variable (ܦ௜)௜∈ூ-located words as follows:  
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;௜∈ூ(௜ܦ))ܮ ,ଵݒ) … (௠ݒ,

= ቄݓ = ௜భݓ , … :௜೗ݓ, ݈ ∈ ℕ, ݅ଵ < ⋯ < ݅௟ ∈ ௜ ೕݓ, ܫ

∈ ௜௝ܦ ∪ ,ଵݒ} … ௠}∀ 1ݒ, ≤ ݆ ≤ 1  ݐݏ݅ݔ݁ ݁ݎℎ݁ݐ ݀݊ܽ ݈ ≤ ݆ଵ, … , ݆௠

≤ ௜ೕభݓ ℎݐ݅ݓ ݈ = , ଵݒ  … ௜ೕ೘ݓ, =  .௠ቅݒ 

Let  ܮ = (௜∈ூ(௜ܦ))ܮ ∪ ;௜∈ூ(௜ܦ))ܮ   .(ݒ⃗

For ݓ = ௜భݓ , … ௜೗ݓ, ∈ (ݓ)݉݋݀ the set ,ܮ = {݅ଵ < ⋯ < ݅௟}  ⊆  is the  ܫ

domain of ݓ.  

We assume that there exists a proper relation <ோon the set |ܫ|ழஶ of all 

the finite, subsets of I. Then we define for ݑ,ݓ ∈   the relation ܮ 

ݓ <ோ ݑ  ⇔ (ݓ)݉݋݀ <ோ  (ݑ)݉݋݀ 

and also for two words ݓ = ௜భݓ ௜೗ݓ… ݑ, = ௧భݑ ௧௥ݑ…  ∈ ݓ ℎݐ݅ݓ  ܮ <ோ  we ݑ

define the concatenating word 

ݓ ⋆ ݑ  = ௤భݖ  ௤ೝశ೗ݖ … ∈  ,ܮ

Where 

ଵݍ  < ⋯ < ௥ା௟ݍ = (ݓ)݉݋݀ ∪ ,(ݑ)݉݋݀  ௜ݖ = ௜݂݅݅ݓ ∈ ௜ݖ݀݊ܽ(ݓ)݉݋݀ =

௜݂݅݅ݑ ∈   .(ݑ)݉݋݀

So, the following proposition holds 
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Proposition (2.2.26)[2]: 

Let an arbitrary alphabet Σ , aninfinite linearly orderedset  (ܫ, <),݉ ∈

 ℕ, ,ଵݒ … , ௠ݒ ∉  Σand let ܦ௜ be a non-empty finite subset of  Σfor each      ݅ ∈

If <ோ .ܫ  is a proper relation on the set |ܫ|ழஶ, then 

;௜∈ூ(௜ܦ))ܮ) ,ଵݒ … , ,(௠ݒ <ோ,⋆)  and also (ܮ((ܦ௜)௜∈ூ), <ோ,⋆) are directed 

partial semigroups.  

Let ݓ = ௜భݓ ௜೗ݓ… ∈ ,ଵݒ;௜∈ூ(௜ܦ))ܮ … , ௜ܦ ௠),  whereݒ = ൛݀ଵ,௜, … ,݀௞೔ ,௜ൟ, 

where ݇௜  ∈ ℕ. For (݌ଵ, … , (௠݌ ∈ ℕ௠ ∪ {(0, … ,0)} we set0)ݓ, … ,0) =  ݓ

and for (݌ଵ, … (௠݌, ∈ ℕ௠ 

,ଵ݌)ݓ … , (௠݌ = ௜భݑ  ௜೗ݑ… ∈  ,(௜∈ூ(௜ܦ))ܮ

 where, for 1 ≤ ݆ ≤ ௜ೕݑ, ݈ = ௜ೕݓ ,  if ݓ௜ೕ ∈ ௜௝ܦ  , ௜௝ݑ =  ݀௣ೝ,௜ೕ ௜ೕݓ݂݅  =  ௥, forݒ

1 ≤ ݎ ≤ ݉, and ݌௥ ≤ ݇௜ೕ and finally ݑ௜ೕ =  ݀௞೔ೕ ,௜ೕ, if ݓ௜ೕ = ௥, for 1ݒ ≤ ݎ ≤

݉, and ݌௥ > ݇௜ೕ. We set  

;௜∈ூ(௜ܦ))ఠܮ ,ଵݒ … , (௠ݒ = ሬሬ⃗ݓ} = ௡ ∈ℕ(௡ݓ) ∶ ௡ݓ  ∈ ;௜∈ூ(௜ܦ))ܮ ,ଵݒ … ,  (௠ݒ

௡ݓ ݀݊ܽ <ோ ݊ݕݎ݁ݒ݁ݎ݋௡ାଵ݂ݓ ∈ ℕ} 

We fix an increasing sequence (ܨ௡)௡ ∈ℕ of non-empty finite subsets of ℕ࢓ 

such that  ܷ௡ ∈ℕܨ௡ = ℕ௠. Let a sequence ݓሬሬ⃗ = ௡ ∈ℕ(௡ݓ) ∈ ,ଵݒ;௜∈ூ(௜ܦ))ఠܮ … ,   .(௠ݒ

An extracted variable(ܦ௜)௜∈ூ- located word of  ݓሬሬ⃗  has the form  

ݑ = (ଵ⃗݌)௡భݓ ⋆ … ⋆ (ࣅ⃗݌)ࣅ௡ݓ ∈ L((ܦ௜)௜∈ூ; ,ଵݒ … ,  ,(௠ݒ



41  
 

whereߣ ∈ ℕ, ݊ଵ < ⋯ < ࣅ݊ ∈ ℕ, ௜⃗݌ ∈ ௡೔ܨ ∪ {(0, … ,0)} for every 1 ≤ ݅ ≤  ࣅ

and (0, … ,0) ∈ ,ଵ⃗݌} … , -௜∈ூ(௜ܦ) The set of all the extracted variable .{ࣅ⃗݌

located words of ݓሬሬ⃗  is denoted by ݓ)ܸܧሬሬ⃗ ). 

An extracted (࢏ܦ)ࡵ∋࢏-located word of ݓሬሬ⃗  has the form  

ݖ = (ଵ⃗݌)௡భݓ ⋆ … ⋆ (ࣅ⃗݌)ࣅ௡ݓ ∈  ,(௜∈ூ(௜ܦ))ܮ

whereࣅ ∈ ℕ , ݊ଵ < ⋯ < ࣅ݊ ∈ ℕܽ݊݀⃗݌௜ ∈ ௡೔ܨ   for every1 ≤ ݅ ≤  The set of .ࣅ

all the extracted (ܦ௜)ࡵ∋࢏-located words of  ݓሬሬ⃗  is denoted by ܧ௠(ݓሬሬ⃗ ).  

Theorem (2.2.27)[2]: 

Let an arbitrary alphabet ∑,an infinite linearly ordered set (ܫ, <), a proper 

relation <ࡾon the set |ܫ|ழஶ ,݉ ∈ ℕ,ݒଵ, … , ௠ݒ ∉  ௜, a non-empty finiteܦ,∑

subset of  ∑, for each ݅ ∈ -௡ ∈ℕ of non(௡ܨ) and let an increasing sequence ,ܫ

empty finite subsets of ℕ௠ such that ܷ௡ ∈ℕܨ௡ =  ℕ࢓. The families  

ßଵ = ሬሬ⃗ݓ)ܧ} ) ∶ ሬሬ⃗ݓ ∈ ;௜∈ூ(௜ܦ))ఠܮ ,ଵݒ …    ௠) }andݒ,

ß = ሬሬ⃗ݓ)ܸܧ} ) ∶ ሬሬ⃗ݓ ∈ ;௜∈ூ(௜ܦ))ఠܮ ,ଵݒ …  { (௠ݒ,

are suitable coideol bases on L((ܦ௜)௜∈ூ; ,ଵݒ … , ,(௠ݒ <ோ,⋆)  and 

(L((ܦ௜)௜∈ூ), <ோ,⋆) respectively, and satisfy the (D)-property.  

Proof: Let ݓሬሬ⃗ ∈ ;௜∈ூ(௜ܦ))ఠܮ ,ଵݒ … ሬሬ⃗ݓ)ܸܧ ௠) ,  and letݒ, ) = ଵܣ  ∪  ଶ andܣ

ሬሬ⃗ݓ)ܧ ) = ଵܤ ∪ ⃗݌ For .࢓ଶ. Firstly, we will define an order on the set ℕܤ ∈

ℕ௠we set ݅(⃗݌)to be the least ݊ ∈ ℕ such that (⃗݌) ∈  ௡and then we defineܨ

ଵ⃗݌ < ,ଵ⃗݌ ଶ for⃗݌ ଶ⃗݌ ∈ ℕ࢓ if and only if either ݅(⃗݌ଵ) <    (ଶ⃗݌)݅ =  (ଵ⃗݌)݅ or  (ଶ⃗݌)݅

and ⃗݌ଵ is less than ⃗݌ଶin the lexicographical ordering.  
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Let ℕ௠ = ଵߚ} <∗ ଶߚ <∗ ଷߚ <∗ … }. For each ݊ ∈ ℕ, let ߚ௞೙ ∈ ℕ
௠ be the 

greatest element of ܨ௡ in the lexicographical ordering. Then ሬ݇⃗ = ௡ ∈ℕ(௡ܭ) ⊆

ℕis an increasing sequence. We set ∑ = ௡ߚ} ∶  ݊ ∈ ℕ} =  ℕ௠
ଵ  and we 

define the function ℎ: ,൫Σଵܮ ሬ݇⃗ ൯ ∪ ,൫Σଵܮ ሬ݇⃗ ; ൯ݒ → ሬሬ⃗ݓ)ܧ  ) ∪ ሬሬ⃗ݓ)ܸܧ  ℎݐ݅ݓ(

ℎ (ݐ௡భ … (௡భݐ = ,ଵଵ݌)௡భݓ … , ௠ଵ݌ ) ⋆ … ⋆ ଵ݌൫ࣅ௡ݓ 
,ࣅ … , ࣅ௠݌ ൯, 

where, for 1 ≤ ݅ ≤ ,ࣅ ൫݌ଵ௜ , … ௠௜݌, ൯ = (0, … ,0) if ݐ௡೔ =    and ݒ

൫݌ଵ௜ , … ௠௜݌, ൯ = ௡೔ݐ ∈  ቄߚଵ, … ௞೙೔ቅߚ, ௡೔ݐ݂݅ ∈  Σଵ. The function h is onto ݓ)ܧሬሬ⃗ ) ∪

ሬሬ⃗ݓ)ܸܧ ) and moreover ℎ ቀܮ൫Σଵ, ሬ݇⃗ ൯ቁ = ሬሬ⃗ݓ)ܧ  ) and ℎ(ܮ൫Σଵ, ሬ݇⃗ ; (൯ݒ = ሬሬ⃗ݓ)ܸܧ ). 

According to Carlson’s theorem(If ݂(ݖ) regular and of the form ݋൫݁௞|௭|൯ 

where ݇ < [ݖ]ܴ for ,ߨ ≥ 0, and if ݂(ݖ) = 0 for ݖ = 0,1, …, then ݂(ݖ) is 

identically zero)[7], there exist a sequence ⃗ݏ = ௡ ∈ℕ(௡ݏ) ∈ ,ఠ൫Σଵܮ ሬ݇⃗ ;  ൯ andݒ

݅଴ ∈ {1,2}, ݆଴ ∈ {1,2} such that (ݏ⃗)ܸܧ ⊆ ℎିଵ(ܣ௜బ) and (ݏ⃗)ܧ ⊆ ℎିଵ(ܤ௝బ). Set 

௡ݑ = ℎ(ݏ௡) ∈ ሬሬ⃗ݓ)ܸܧ ) for every ݊ ∈ ℕ and ݑሬ⃗ = ௡ ∈ℕ(௡ݑ) ∈

; ∋௜(௜ܦ))ఠܮ ,ଵݒ … , ሬ⃗ݑ)ܸܧ ௠) . Thenݒ ) ⊆ ℎ((ݏ⃗)ܸܧ) ⊆ ௜బܣ  and ݑ)ܧሬ⃗ ) ⊆

ℎ൫(ݏ⃗)ܧ൯ ⊆  ௜బ. Hence, ßଵ and ß are coideal bases on onܤ

;௜∈ூ(௜ܦ))ܮ) ,ଵݒ … , ,(௠ݒ <ோ,⋆)  and (ܮ((ܦ௜)௜∈ூ), <ோ,⋆) respectively, and 

obviously they are suitable. Analogously to Example (2.1.7) (iii), can be 

proved that ßଵ and ß satisfy the (D)-property.  

We will go back to semigroups with digital representation. Let a 

semigroup (ܺ, +) has a digital representation < ࢏ܦ  be aࡾ> and letࡵ∋࢏<

proper relation on the set |ܫ|ழஶ. According to Proposition (2.2.24),(ܺ, <ோ,⋆) 

is a directed partial semigroup. Let ݃: ܮ((ܦ௜)௜∈ூ → ܺ\{0௫} in case (ܺ, +) 

has an identity 0௫ or ݃: ܮ((ܦ௜)௜∈ூ → ܺ otherwise, with  
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݃൫ݓ௜భ ௜೗൯ݓ… = ௜భݓ  + ⋯+ ௜೗ݓ . 

The function g is one-to-one, onto, preserves the order and for ݑ,ݓ ∈

ݓ with (௜∈ூ(௜ܦ))ܮ  ࡾ> ݓ)݃ we have ݑ ⋆ (ݑ = (ݓ)݃ ⋆  So, using the .(ݑ)݃

previous theorem, we can define a suitable coideal basis for (ܺ, <ோ,⋆) 

satisfying the (D)-property, via the function g.  

Theorem (2.2.28)[2]: 

Let a sew semigroup (ܺ, +) with a digital representation < ࢏ܦ  ࡵ∋࢏<

and let a proper relation <ࡾon the set |ܫ|ழஶ. Fixing an increasing sequence 

∋ ݉ for ,ܕ௡ ∈ℕ of non-empty finite subsets of ℕ(௡ܨ) ℕ, such that 

ܷ௡ ∈ℕ ܨ௡ = ℕ࢓, the family 

ß = ሬሬ⃗ݓ)ܧ)݃} ) ∶ ሬሬ⃗ݓ ∈ ;௜∈ூ(௜ܦ))ஶܮ) ,ଵݒ …  {(௠ݒ,

is a suitable coideal basis on (ܺ,   .satisfying the (D)-property (⋆,ࡾ>

Hence, the recurrent results for topological dynamical systems or nets 

proved can be applied to systems or nets indexed by (ܦ௜)௜∈ூ -located words 

or semigroups with digital representation. 
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Chapter 3 

Irreversible Algebraic Dynamical Systems on C*-Algebras 

To each irreversible algebraic dynamical system, we associate a universal 

C*-algebra and show that it is a UCT Kirchberg algebra. We discuss the 

structure of the core subalgebra, which turns out to be closely related to 

generalised Bunce-Deddens algebras. We also construct discrete product 

systems of Hilbertbimodules for irreversible algebraic dynamical systems 

which allow usto view the associated C*-algebras as Cuntz-Nica-Pimsner 

algebras. Besides,we show a decomposition theorem for semigroup crossed 

products of unital C*-algebras by semi direct products of discrete, left can 

cellativemonoids. 

Section (3.1): Irreversible Algebraic Dynamical Systems and 

Structure of the Associated C*-Algebras: 

We familiarize with the primary object of interest called irreversible 

algebraic dynamical system in itsmostgemieral form.  

A dynamical system is given by a countably infinite, discrete group G and at 

most countably many commuting injective, non-surjective group 

endomorphisms (ߠ௜)௜∈ூ of G that are independent in the sense that the 

intersection of their images is as small as possible. Additionally, we will 

introduce a minimality condition stating that the intersection of the images 

of the group endomorphisms from the semigroup generated by (ߠ௜)௜∈ூis 

trivial. In other words, the group endomorphisms (ߠ௜)௜∈ூ   separate the points 

in G. At a later stage, this condition is shown to be intimately connected to 
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simplicity of the C*-algebra ࣩ [ܩ,ܲ,  associated to such a dynamical [ߠ

system. 

The following observation is an extension of the concept of independence 

introduced. We will require neither the group G to be abelian nor the 

cokernels of the injective group endomorphism’s of G to be finite.  

Proposition (3.1.1)[3]: 

Suppose G is a group. Consider the following statements for two commuting 

injective group endomorphism’s ߠଵ and ߠଶ of G:  

(i) ߠଵ(ܩ)ߠଶ(ܩ) =  . ܩ

(ii) The map ߠଵ(ܩ)/( ߠଵ(ܩ) ∩ ((ܩ)ଶߠ →  ଶ(G) induced by theߠ/ܩ

inclusian ߠଵ(ܩ) ↪  .is a bijection ܩ 

(iii) The map ߠଶ(ܩ)/( ߠଵ(ܩ) ∩ ((ܩ)ଶߠ  →  induced by the (ܩ)ଵߠ/ܩ 

inclusiam , ߠଶ(ܩ) ↪   .is a bijection ܩ 

(iv) ߠଵ(ܩ)  ∩ (ܩ)ଶߠ  =   .(ܩ)ଶߠଵߠ

Then (i), (ii), and (iii) are equivalent and imply (iv). If either of the 

subgroups ߠଵ(ܩ) or ߠଶ(ܩ) is of finite index in G, then (i) - (iv) are 

equivalent.  

Proof: Note that we always have ߠଵ(ܩ)ߠଶ(ܩ) ⊂ (ܩ)ଵߠ  and ܩ ∩ (ܩ)ଶߠ ⊃

(ܩ)ଵߠ Moreover, in condition (ii), the inclusion .(ܩ)ଶߠଵߠ ↪  induces an ܩ 

injective map ߠଵ(ܩ)/(ߠଵ(ܩ)  ∩ ((ܩ)ଶߠ →  The corresponding .(ܩ)ଶߠ/ܩ

statement holds for (iii).  
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If (i) holds true, then ܩ ∋ ݃ = ଶ(݃ଶ) for suitable ௜݃ߠ ଵ(݃ଵ)ߠ ∈  Hence, the .ܩ

left-coset of ߠଵ(݃ଵ) maps to the left-coset of g and (ii) follows.  

Conversely, suppose (ii) is valid and pick ݃ ∈ Then there is ݃ଵ .ܩ ∈  ܩ

such that ߠଵ(݃ଵ) (ߠଵ(ܩ)  ∩ ((ܩ)ଶߠ  ⟼  via the map from (ii). But (ܩ)ଶߠ݃ 

since tins map comes from the inclusion ߠଵ(ܩ) ↪ (ܩ)ଶߠ݃ we have ,ܩ  =

Thus, there is ݃ଶ .(ܩ)ଶߠ ଵ(݃ଵ)ߠ  ∈ ݃ suchì that ܩ =  ଶ(݃ଶ) showingߠ ଵ(݃ଵ)ߠ

(i).The equivalence of (i) and (iii) is obtained from the previous argument by 

swapping ߠଵ and ߠଶ. Given (ii), that is, 

ଵ݂ ∶ (ܩ)ଵߠ)/(ܩ)ଵߠ ∩ ((ܩ)ଶߠ  →  (ܩ)ଶߠ/ܩ 

is a bijection (induced by ߠଶ(ܩ) ↪ composing ଵ݂ ,(ܩ
ିଵwith the bijection 

ଶ݂ ∶ ((ܩ)ଶߠଵߠ )/(ܩ)ଵߠ  →  (ܩ)ଶߠ/ܩ 

obtained from injectivity of ߠଵ yields a bijection  

ଵ݂
ିଵ

ଶ݂: ((ܩ)ଶߠଵߠ)/(ܩ)ଵߠ  → (ܩ)ଵߠ )/(ܩ)ଵߠ  ∩  .((ܩ)ଶߠ

Let us assume ߠଵߠଶ(ܩ) ⫋ (ܩ)ଵߠ  ∩ ݃ This means, that there is .(ܩ)ଶߠ ∈

(ܩ)ଶߠଵߠ݃ ଵ(G) such thatߠ  ≠ (ܩ)ଵߠ݃ but (ܩ)ଶߠଵߠ ∩ (ܩ)ଶߠ  = (ܩ)ଵߠ ∩

Noting that ଵ݂ .(ܩ)ଶߠ
ିଵ

ଶ݂ maps a left-coset ݃ᇱߠଵߠଶ(ܩ) ݋ݐ ݃ᇱߠଵ(ܩ)  ∩

this contradicts injectivity of ଵ݂ ,(ܩ)ଶߠ
ିଵ

ଶ݂. Hence, we must have ߠଵ(ܩ)  ∩

  .Similarly, (iv) follows from (iii) .(ܩ)ଶߠଵߠ (ܩ)ଶߠ

Finally, suppose (iv) holds. By injectivity of ߠଵ, we have  

(ܩ)ଵߠ)/(ܩ)ଵߠ ∩ ((ܩ)ଶߠ  = (ܩ)ଶߠଵߠ /(ܩ)ଵߠ  ≅  .(ܩ)ଶߠ/ܩ 
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So if {ߠ :ܩଶ(ܩ)} is finite, then the injective map from (ii) is necessarily        

a bijection. If {ܩ ∶   .is finite, we get (iii) in the same manner {(ܩ)ଵߠ

DefInition (3.1.2)[3]: 

Let G be a group and ߠଵ,ߠଶ commuting, injective group endomnorphisins 

of G. Then ߠଵ and ߠଶ are said to be independent, if they satisfy condition (iv) 

from Proposition (3.1.1) ߠଵ and ߠଶ are said to be strongly independent, if 

they satisfy the condition (i) from Proposition (3.1.1). 

Note that (strong) independence holds if ߠଵ or ߠଶ is an autoinorphism. 

Lemma (3.1.3)[3]: 

Let G be a group and suppose ߠଵ, ,ଶߠ  ଷ are commuting, injective groupߠ

endomorphisms of G. ߠଵ is (strongly) independent of ߠଶߠଶ if and only if ߠଵ 

is (strongly) independent of both ߠଶ and ߠଷ.  

Proof: If ߠଵ and ߠଶߠଷ are strongly independent, then 

(ܩ)ଶߠ (ܩ)ଵߠ  ⊃ ((ܩ)ଷߠ)ଶߠ (ܩ)ଵߠ  =  ܩ

shows that ߠଵ and ߠଶ are strongly independent. As ߠଶ and ߠଷ commute, ߠଵ is 

also strongly independent of ߠଷ. Conversely, if ߠଵ is strongly independent of 

both ߠଶ and ߠଷ then  

ܩ = (ܩ)ଶߠ(ܩ)ଵߠ              =  ൯(ܩ)ଷߠ(ܩ)ଵߠଶ൫ߠ(ܩ)ଵߠ

= ((ܩ)ଷߠ)ଶߠ ((ܩ)ଶߠܩ)ଵߠ  ⊂  ,  (ܩ)ଷߠଶߠ(ܩ)ଵߠ
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so ߠଵ and ߠଶߠଷ are strongly independent since the reverse inclusion is trivial. 

If ߠଵ and ߠଶߠଷ are independent, then comninutativity of ߠଵ, ߠଶ and ߠଷ in 

comnbination with injectivity of ߠଷyield  

(ܩ)ଵߠ ∩ (ܩ)ଶߠ  = (ܩ)ଷߠଵߠ)ଷିଵߠ ∩ (ܩ)ଷߠଶߠ ⊂ (ܩ)ଵߠ)ଷିଵߠ ∩ (ܩ)ଷߠଶߠ             

= ((ܩ)ଷߠଶߠଵߠ)ଷିଵߠ  =  .(ܩ)ଶߠଵߠ 

Since the reverse inclusion is always true, we conclude that ߠଵ and ߠଶ are 

independent. Exchanging the role of ߠଶ and ߠଷ shows independence of ߠଵ 

and ߠଷ. Finally, if ߠଵ is independent of both ߠଶ and ߠଷ, we get  

(ܩ)ଵߠ ∩ (ܩ)ଷߠଶߠ = (ܩ)ଵߠ ∩ (ܩ)ଶߠ ∩ (ܩ)ଷߠଶߠ = (ܩ)ଶߠଵߠ ∩ (ܩ)ଷߠଶߠ  

= (ܩ)ଵߠ)ଶߠ   ∩ ((ܩ)ଷߠ  =   .(ܩ)ଷߠଶߠଵߠ

by infectivity of ߠଶ. Thus ߠଵ and ߠଶߠଷ are independent. 

If (ܲ,≤)is a lattice-ordered monoid with unit 1௉, we shall denote the least 

common multiple and the greatest common divisor of two elements ݌, ݍ ∈ ܲ 

by ݌ ∨ ݌ and ݍ ∧  are said to be relatively prime (in ݍ and ݌ .respectively ,ݍ

P) if ݌ ∧ ݌ ,1௣ or, equivalently = ݍ ∨ ݍ =  Simple examples of such .ݍ݌

monoids are countably generated free abelian monoids since such monoids 

are either isomorphic to ℕ௞for some ݇ ∈ ℕ or ⊕ℕ ℕ.  

Definition (3.1.4)[3]: 

An irreversible algebraic dynamical system (ܩ,ܲ,  :is (ߠ

(i) a countably infinite, discrete group G with unit 1ீ ,  

(ii) a countably generated, free abelian monoid P with unit 1௉, and  
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(iii) a P-action ߠ on G by injective group endomorphisms for which ߠ௣ 

and ߠ௤ are independent if and only if p and q are relatively prime.  

An irreversible algebraic dynamical system (ܩ,ܲ,   is said to be (ߠ

(i) minimal, if fl ⋂ ௣௣∈௉ߠ  (G) = {1ீ}, 

(ii) commutative, if G is commutative, 

(iii) of finite type, if [ܩ ∶ ݌ is finite for all [(ܩ) ௣ߠ  ∈ ܲ and  

(iv) of infinite type, if [ܩ ∶ ݌ is infinite for all [(ܩ) ௣ߠ  ≠ 1௣. 

Examples (3.1.5)[3]: 

 There are various examples for commutative irreversible algebraic 

dynamical systems and most of them are of finite type. Let us recall that it 

suffices to check independence of the endomorphisms on the generators of P 

according to Lemma (3.1.3).  

(i) Choose a family (݌௜)௜∈ூ ⊂ ℤ×\ℤ∗ = ℤ\{0, ±1}and let ݌ =

= ܩ ௜∈ூ〉 act on(௜݌)|  ℤ by ߠ௣೔(݃) =  ௜݃. Since ℤ is an integral݌

domain, each ߠ௣೔ is an injective group endomorphisin of G with 

ܩ] ∶ [(ܩ)௣೔ߠ  = ݅ ௜ . For݌  ≠ ௣೔ߠ, ݆  and ߠ௣ೕ are independent if and 

only if ݌௜ and ݌௝ are relatively prime in ℤ. Thus, we get a 

commutative irreversible algebraic dynamical system of finite type 

if and only if (݌௜)௜∈ூ  consists of relatively prime integers. Since the 

number of factors in its prime factorization is finite for every 

integer, such irreversible algebraic dynamical systems are 

automatically minimal.  
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(ii) Let ܫ ⊂ ℕ, choose relatively prime integers {ݍ} ∪ ௜∈ூ(௜݌) ⊂ ℤ×\

ℤ∗and let ܩ = ℤ[1/݃]. As ℤ[1/݃] =
୪୧୫
ሱሮℤ with connecting maps 

given by multiplication with q, and q is relatively prime to each ݌௜, 

the arguments from (i) carry over almost verbatim. Thus we get 

minimal commutative irreversible algebraic dynamical systems of 

finite type (ߠ,ܲ,ܩ).  

(iii) Let ॶ be a countable field and let ܩ = ॶ[ܶ] denote the 

polynomial ring in a single variable T over ॶ. Choose non-

constant polynomials ݌௜  ∈ ॶ[ܶ], ݅ ∈  ௜ defines݌ Multiplying by . ܫ

an endomorphism ߠ௣೔of G with [ߠ:ܩ௣೔(ܩ)] = |ॶ|ௗ௘௚ (௣೔), where 

deg(݌௜) denotes the degree of  ݌௜ ∈ ॶ[ܶ]. Thus, if we let ݌ ≔

݌ in G is finite for all (ܩ) ௣ߠ ௜∈ூ〉, then the index of(௜݌)| ∈ ܲ if and 

only if ॶ is finite. It is clear that ߠ௣೔ and ߠ௣ೕ are independent if and 

only if (݌௜)  ∩ (௝݌)   =  holds for the principal ideals (௝݌௜݌) 

(whenever  ݅ ≠ ݆ ). Since every  ݃ ∈ ॶ[ܶ] has finite degree, 

 ௜∈ூhas been(௜݌) is automatically minimal. Thus, provided (ߠ,ܲ,ܩ)

chosen accordingly, we obtain a minimal commutative irreversible 

algebraic dynamical system which is of finite type if and only if ॶ 

is finite.  

Example (3.1.6)[3]: 

For ܩ = ℤௗ with ݀ ≥ 1, the monoid of injective group endomorphisms 

of G is isomorphic to the monoid of invertible integral matrices ܯௗ(ℤ)  ∩

 ௗ(ℚ). For each such endomorphismn, the index of its image in G is given݈ܩ 

by the absolute value of the determinant of the corresponding matrix. In 
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particular, their images always have finite index in G and an endomorphism 

of G is not surjective precisely if the absolute value of the determinant of the 

matrix exceeds 1. So let ( ௜ܶ)௜∈ூ ⊂ ௗ(ℤ)ܯ  ∩  ௗ(ℚ) be a family of݈ܩ 

commuting matrices satisfying |݀݁ݐ ௜ܶ| > 1 for all ݅ ∈ ܲ   and set ܫ =

 |( ௜ܶ)௜∈ூ〉as well as ߠ௜(݃) =  ௜ܶ݃. For ݅ ≠ ݆, it is easier to check strong 

independence of ߠ௜ and ߠ௝ instead of independence. Indeed, since we are 

dealing with a finite type case, the two conditions are equivalent and strong 

independence takes the form ௜ܶ(ℤௗ) + ௝ܶ(ℤௗ) = ℤௗ, see Proposition (3.1.1). 

This condition can readily he checked. Moreover, minimality is related to 

generalised eigenvalues and we note that, in the case where P is singly 

generated, the generating integer matrix has to be a dilation matrix.  

Example (3.1.5)(i) Can be generalised to the case of rings of integers. 

Example (3.1.7)[3]: 

Letℛbetheringof integers in a number field and denote by ℛ× = ℛ\{0ℛ} 

the multiplicative subsemnigroup as well as by ℛ∗ ⊂ ℛ×the group of units 

in  ℛ Take ܩ = ℛ and choose a (countable) family ( ௜ܲ)௜∈ூ ⊂ ℛ×  ⊂ ℛ∗. 

Ifwe set ݌ =  .௜∈ூ〉,  then this monoid acts on G by multiplication, i.e(௜݌)]

(݃)௣ߠ = ݃ for  ݃݌ ∈ ݌,ܩ ∈ ܲ. For ݅ ≠ ݆,  ௣ೕ areindependent if andߠ ௣೔ andߠ

only if the principal ideals (݌௜) and (݌௝) in ℛ have no common prime ideal. 

If this is the case, (ܩ,ܲ,  constitutes a commutative irreversible algebraic (ߠ

dynamical system of finite type. Since the number of factors in the (unique) 

prime ideal factorization of (݃) in ℛ is finite for every ݃ ∈  minimality is , ܩ

once again automatically satisfied. 
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As a matter of fact, the construction from Example (3.1.7) is applicable to 

Dedekind domains ℛ. Next, we would like to mention the following 

example even though, having singly generated P, it has nothing to do with 

independence. The reason is that Joachim Cuntz and Anatoly Vershik, that 

the C*-algebra ࣩ[ܩ,ܲ,  associated to this irreversible algebraic dynamical [ߠ

system is isomorphic to ࣩ௡.  

Ecamp1e (3.1.8)[3]: 

For ݊ ≥ 2 , consider the unilateral shift ߠଵ acting on ܩ =⊕ே ℤ/

݊ℤ ܾݕ (݃଴ ,݃ଵ, … ) ⟼ (0,݃଴ ,݃ଵ, … ). Since ߠଵ is an injective group 

endomnorphismn with [ߠ:ܩଵ(ܩ) ] = ݊ , ݌ with(ߠ,ܲ,ܩ) =  ଵ〉 is a minimalߠ|

commutative irreversible algebraic dynamical system of finite type. 

Example (3.1.9)[3]: 

Generalising Example (3.1.8), suppose P is as required in condition (ii) 

of Definition (3.1.4) and let ܩ଴ he a countable group. Let us assume that ܩ଴ 

has at least two distinct elements. Then Padmits a shift action ߠ on ܩ ≔

 ⊕௉ ௣((݃௤)௤ߠ) ଴given byܩ ∈ ܲ))௥ = ࣲ௣ܲ(ݎ)݃௣ିଵ ݎ for all , ݎ ∈ ܲ. It is 

apparent that ߠ௣ߠ௤ = ,݌ ௣ holds for allߠ௤ߠ ݍ ∈ ܲand that ߠ௣ is an  

injective group endomnorphismn for all ݌ ∈ ܲ. The index ൣߠ:ܩ௣(ܩ)൧ is 

finite for ݌ ∈ ܲ\{1௣} if and only if ܩ଴ is finite and P is singly generated. 

Indeed, if ݌ ≠ 1௉, then each element of ⊕௤∈௉\௣ು -଴ yields a distinct leftܩ

coset in ߠ/ܩ௣(ܩ). Clearly, this group is finite if and only if ܩ଴ is finite and 

ܲis singly generated. Given relatively prime ݌ and ݍ in ܲ\

{1௉},ߠ௣(ܩ)ߠ௤(ܩ) ≠ since ݃ଵುୀ1ீబfor all (݃௥)௥∈௉ ܩ ∈ as 1௣ (ܩ)௤ߠ(ܩ)௣ߠ ∉
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௉݌ ∪  does not satisfy the strong ߠ ,௉ . Thus, unless P is singly generatedݍ

independence condition. However, the independence condition is satisfied 

because ݃ = (݃௥)௥∈௉ ∈ (ܩ)௣ߠ ∩ implies that ݃௥ (ܩ)௤ߠ ≠ 1ீబ  only if ݎ ∈

௉݌ ∩ ௉ݍ = ݃ ௉ and thusݍ݌ ∈   .(ܩ)௣௤ߠ

We have seen in Example (3.1.9) that one cannot expect strong 

independence for irreversible algebraic dynamical systems of infinite type in 

general. On the other hand, there are some examples where the subgroups in 

question have infinite index and the endomorphisms are strongly 

independent: 

Example (3.1.10)[3]: 

Given a family (ܩ(௜),ܲ,  ௜∈ℕ of irreversible algebraic dynamical((௜)ߠ

systems, we can consider ܩ ≔⊕௜∈ℕ  .If Pacts on G component-wise, i.e .(௜)ܩ

)௣ߠ ௜݃)௜∈ℕ ≔ ௣ߠ)
(௜)( ௜݃))௜∈ℕ, then (ܨ,ܩ,  is an irreversible algebraic (ߠ

dynamical system and [ߠ:ܩ௣(ܩ)]is infinite unless ݌ = 1௣. G is commutative 

if and only if each ܩ(௜)is, and (ܨ,ܩ,  is minimal if and only if each(ߠ

 satisfies the strong ((௜)ߠ, ܲ,(௜)ܩ) is minimal. If each ((௜)ߠ, ܲ,(௜)ܩ)

independence condition, then ߠ inherits this property as well.  

As a final example, we provide more general forms. These examples are 

neither commutative irreversible algebraic dynamical systems nor of finite 

type.  
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Example (3.1.11)[3]: 

For 2 ≤ ݊ ≤ ∞, let ॲ௡, be the free group in n generators  

(ܽ௞)ଵ ஸ ௞ ஸ ௡. fix  1 ≤ ݀ ≤ ݊  and choose for each 1 ≤ ݅ ≤ ݀ an n-tuple     

(݉௜,௞)ଵ ஸ ௞ ஸ ௡ ⊂ ℕ×  such that  

(i) there exists k such that ࢑,࢏࢓ > 1 for each 1 ≤ ݅ ≤ ݀  , and  

(ii) ݉௜,௞and ௝݉,௞ are relatively prime for all ݅ ≠ ݆, 1 ≤ ݇ ≤ ݊.  

Then ߠ௜(ܽ௞) = ܽ௞
௠೔,ೖdefinesagroupendomorphismofॲ࢔, for each 1 ≤ ݅ ≤ ݀ . 

Noting that the length of an element of ॲ࢔, in terms of the generators 

(ܽ௞)ଵ ஸ ௞ ஸ ௡, and their inverses is non-decreasing under ࢏ߠ, we deduce that ࢏ߠ 

is injective. It is clear that ࢐ߠ࢏ߠ = holds for all i and j. For every 1࢏ߠ࢐ߠ ≤ ݅ ≤

݀, the index [ॲ࢏ߠ:࢔(ॲ࢔)] is infinite. Indeed, take 1 ≤ ݇ ≤ ݊ such that 

݉௜,௞ > 1  according to 1) and pick 1 ≤ ℓ ≤ ݊ with ℓ ≠ ݇. Then the family 

((ܽ௞ܽℓ)௝)௝ஹଵ yields pairwise distinct left-cosets in ॲ௡/ߠ௜(ॲ௡)since reduced 

words of the form ܽ௞ܽℓܾ . .. with ܾ ≠ ܽℓିଵare not contained in ࢏ߠ(ॲ࢔). A 

similar argument shows that ࢏ߠand ࢐ߠ  are not strongly independent for (݅ ≠

there are 1 , (1 ݕܾ :݆ ≤ ݇, ℓ ≤  ݊ such that ݉௜,௞ > 1 and ௝݉,ℓ > 1   . This 

forces ܽ௞ܽℓ ∉  are independent due to ࢐ߠ and࢏ߠ ,௝(ॲ௡). Nonethelessߠ௜(ॲ௡)ߠ

2). Thus, ܩ = ॲ௡ and ܲ =  ଵ ஸ ௜ ஸ ௗ〉,   acting on G in the obvious way(௜ߠ)|

constitutes an irreversible algebraic dynamical system which is neither 

commutative nor of finite type. Minimality of such irreversible algebraic 

dynamical systems can easily be characterized by:  

(iii) For each 1 ≤ ݇ ≤ ݊, there exists 1 ≤ ݅ ≤ ݀ satisfying ݉௜,௞ > 1  . 
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In addition to the presented spectrum of examples, we would like to mention 

that there are also examples of minimal, commutative irreversible algebraic 

dynamical systems of finite type arising from cellular automata.  

We have lemmas which are relevant for the C*-algebraic 

considerations. The first lemma reflects a crucial feature of the independence 

assumption  

Lemma (3.1.12)[3]: 

If (ܩ,ܲ,   ,is an irreversible algebraic dynamical system (ߠ

(ܩ)௣ߠ݃ ∩ ℎߠ௤(ܩ) = ൜{݃ߠ௣(ℎ’)ߠ௣∨௤(ܩ)          ݂݅ ݃ିଵℎ ∈ (ܩ)௤ߠ(ܩ)௣ߠ
݁ݏ݈݁                                                               ∅

 

holds for all ݃, ℎ ∈ ,ܩ ,݌ ݍ ∈ ܲ. where ℎ’ is uniquely determined by 

௣(ℎ’)ߠ݃ ∈ ℎߠ௤(ܩ) up to mnultiplicatiorl from the right by elements from 

  .(ܩ)௣షభ(௣∨௤)ߠ

Proof: If there exist ݃ଵ,݃ଶ ∈ ௣(݃ଵ)ߠ݃ such that ܩ = ℎߠ௤(݃ଶ), then ିߠଵℎ =

௤(݃ଶିଵ)ߠ௣(݃ଵ)ߠ ∈  follows because G is group. Now suppose.  (ܩ)௤ߠ(ܩ)௣ߠ

that ݃ଷ,݃ସ ∈ G satisfy ݃ߠ௣(݃ଷ) = ℎߠ௤(݃ସ) as well. Since this implies 

௣(݃ଵିଵ݃ଷ)ߠ = ௣(݃ଵିଵ݃ଷ)ߠ ௤(݃ଶିଵ݃ସ) we deduceߠ ∈  Using.(ܩ)௣∨௤ߠ

injectivity of ߠ௣ this is eqiuvalent to ݃ଵିଵ݃ଷ ∈ ’Therefore, ℎ .(ܩ)௣షభ(௣∨௤)ߠ =

݃ଵ is unique lip to right multiplication by elements from ߠ௣షభ(௣∨௤)(ܩ).  

For the proof of Theorem (3.1.46), we will need the following auxiliary 

result, which relies on irreversibility of the dynamical system:  
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Lemma (3.1.13)[3]: 

Suppose (ܩ,ܲ,  is an irreversible algebraic dynamical system and we (ߠ

have ݊ ∈ ℕ, ௜݃ ∈ ௜݌,ܩ ∈ 0 ݎ݋݂ {݌1}\ܲ ≤ ݅ ≤ ݊.Then. there exist ݃ ∈

݃଴ߠ௣଴(ܩ),݌ ∈   ଴ܲ satisfying݌

(ܩ)௣ߠ݃ ⊂ ራ \ܩ  ൭࢏ࢍ ሩ (ܩ)௣೔೘ߠ
௠∈ℕ

൱
ଵஸ௜ஸ௡

 

Proof: We proceed by induction starting with ݊ = 1. As ݌ଵ ≠ ݁we can find 

݉ ∈ ℕ such that ݌଴ ∉ ଴݌ Thus we have .݌ଵ௠݌ ∨ ଵ௠݌  ⪶  ଴. By Lemma݌

(3.1.12),  

(݃଴ߠ௣బ(ܩ)) ∩ (݃ଵߠ௣భ೘(ܩ))

= ൜݃଴ߠ௣బ( ෤݃ଵ)ߠ௣బ∨௣భ೘(ܩ)             ݂݅ ݃଴ିଵ݃ଵ ∈ ,{(ܩ)௣భ೘ߠ(ܩ)଴݌ߠ
∅                                                                               else,

 

where ෤݃ଵ is uniquely determined up to ߠ௣బషభ(௣బ∨௣భ೘)(ܩ). While ݃: = ݃଴ works 

in the second case, we need ݃ ∈ (݃଴ߠ௣బ(ܩ)\݃଴ߠ௣బ( ෤݃ଵ)ߠ௣బ∨௣భ೘(ܩ) in the first 

case. Note that such a ݃ exists as ݌଴ ∨ ଵ௠݌ ⪶  ଴ by the choice of ݉ and we݌ 

set ݌: = ଴݌ ∨  .ଵ௠݌

The induction step from n to ݊ = 1 is just a verbatim repetition of tile 

first step: Assume that the statement holds for fixed ݊. This means that there 

exist ℎ ∈ ݃଴ߠ௣బ(ܩ) and ݍ ∈   ଴ܲ such that݌

ℎߠ௤(ܩ) ⊂ \ܩ  ራ ൭ ௜݃ ራ ௣೔೘ߠ
௠∈ℕ

൱(ܩ) 
ଵஸ௜ஸ௡
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As ݌௡ାଵ ≠ ݁, we can find ݉ ∈ ℕ such that ݍ ∉ ௡ାଵ௠݌ ܲ. In other words, we 

have ݍ ∨ ௡ାଵ௠݌ ⪶   Recall that . ݍ 

(ℎߠ௤(ܩ) ∩ (݃௡ାଵߠ௣೙శభ೘ (ܩ)

= ൜ℎߠ௤( ෤݃௡ାଵ)ߠ௤∨௣೙శభ೘ ℎ௚೙శభ݂݅                  (ܩ)
ିଵ ∉ ௣೙శభ೘ߠ(ܩ)௤ߠ ,{(ܩ)

∅                                                              else,
 

where ෤݃௡ାଵ is uniquely determined up to ߠ௤షభ(௤∨௣೙శభ೘  In the second .(ܩ)(

case, take ݃: = ℎ. For the first case, we choose ݃ ∈ (ℎߠ௤(ܩ))\

ℎߠ௤( ෤݃௡ାଵ)ߠ௤∨௣೙శభ೘ ݍ Note that such a ݃ exists as .(ܩ) ∨ ௡ାଵ௠݌ ⪶  by the ݍ

choice of ݉. Finally, let ݌ ≔ ݍ ∨ ௡ାଵ௠݌ . Then, it is clear from the 

construction that we indeed have  

(ܩ)௣ߠ݃ ⊂ \ܩ  ራ ൭ ௜݃ ሩ ௣೔೘ߠ
௠∈ℕ

൱(ܩ)
ଵஸ௜ஸ௡ାଵ

 

We focus to commutative irreversible algebraic dynamical systems 

 ௣ of a discrete ahelian group Gߠ Injective group endomnorphisins :(ߠ,ܲ,ܩ)

correspond to surjective group endornorphisms ߠ෠௣ of its Pontryagin dual ܩ෠, 

which is a compact abelian group. Moreover, the cardinality of ker ߠ෠௣ is 

equal to the index [G: ߠ௣ (G)]. Via duality, we arrive at a definition of 

(strong) independence for commuting surjective group endornorphisms 

  .ଶof an arbitrary group Kߟ ଵandߟ

We then recast the conditions for an irreversible algebraic dynamical 

system(ܩ,ܲ,  This .(෠ߠ,ܲ,෠ܩ) with commutative G in terms of its dual model(ߠ

provides a new perspective on irreversible algebraic dynamical systems: If G 
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is comnmnutative and (ߠ,ܲ,ܩ) is of finite type, it can be regarded as an 

irreversible topological dynamical system. It arises from surjective local 

homeomorphisms ߠ෠௣ of the compact Hausdorff space ܩ෠.  

Recall that a character ߯ on a locally compact abelian group G is a 

continuous group homomorphism ߯:ܩ → ॻ.The set of characters on G forms 

a locally compact abelian groupܩ෠when equipped with the topology of 

uniform convergence on compact subsets of G. Pontryagin duality states that 

෠෠ܩ ≅ ݃ For this result, we interpret .ܩ ∈ (߯)݃ ෠ viaܩ as a character on ܩ ≔

߯(݃). If G is discrete, then ܩ෠ is compact and vice versa.  

Definition (3.1.14)[3]: 

 Let G he a locally compact abelian group. For a subset ܪ ⊂  the ,ܩ

annihilator of H is given by ୄܪ ∶= ∋ ݔ }  ு|ݔ|෠ܩ  = 1 }.  

Lemma (3.1.15)[3]: 

Let G be a locally compact abelian group and ߟ =  G →  a group ܩ

endomorphism. Then ̂(ݔ)ߟ(݃) ≔ ݔ ∘  defines a group endomorphisrn (݃)ߟ

෠ܩ:ߟ̂ →   :is and we haveߟ ෠ which is continuous if and only ifܩ

(i) ̂ߟመ =  .ߟ

(ii) (ܩ)ߟୄ = ker   .ߟ̂

(iii) ̂ߟ(ܩ෠) ⊂   .is injective ߟ ෠ is dense if and only ifܩ

(iv) ker ෣ߟ̂ ≅ coker ߟ if ߟ (G) is closed.  
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In particular, if G is discrete, then ii) states that ̂ܩ:ߟ෠ ⟶  ෠is surjective if andܩ

only if ߟ =  G →  is always closed. If, in(ܩ)ߟ ,is injective. Moreover ܩ

addition, coker ߟ is finite, then ker ߟ̂ ≅ ker ෣ߟ̂ ≅ coker ߟ  follows from iv).  

Lemma (3.1.16)[3]: 

If G is a locally compact abelian group and ܪଵ,ܪଶ ⊂   :are subgroups, then  ܩ

(i) (ܪଵ ∙  .ଶୄܪ∩ଵୄܪ  =ୄ (ଶܪ

(ii)  (ܪଵ ∩ ଵୄܪ = ୄ(ଶୄܪ ∙   .ଶ are closedܪ ଵ andܪ ଶୄ holds ifܪ

Proposition (3.1.17)[3]: 

Let G be a discrete abelian group and ߠଵ,ߠଶ he commuting, injective 

endomorphisms of G. Then the following statements hold:  

(i) ߠଵ and ߠଶare strongly independent if and only if ker ߠ෠ଵand ker 

  .෠ଶintersect triviallyߠ

(ii) ߠଵ and ߠଶ are independent if and only if ker ߠ෠ଵker ߠ෠ଶ= ker ߠଵߠଶ෣.  

Proof. For strong independence, we compute  

(i) (3.1.16) ୄ(ଶ(G)ߠଵ(G)ߠ)
= ୄଵ(G)ߠ ∩ ଶ(G)ୄ (3.1.15) (ii)ߠ

=  kerߠ෠ଵ ∩  kerߠ෠ଶ 

Therefore, ߠଵ(G)ߠଶ(G) = G  is equivalent to kerߠ෠ଵ ∩  kerߠ෠ଶ = {1 ෠ீ}. 

Similarly, we get  

ଵ(G)ߠ) ∩ ଶ(G))ୄ (3.1.16)(ii)ߠ
= ୄଵ(G)ߠ ∙ ଶ(G)ୄ (3.1.15) (ii)ߠ

= kerߠ෠ଵ ∙  kerߠ෠ଶ 
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On the other hand, Lemma (3.1.15)(ii) gives ݇݁ߠݎଵߠଶ෣ =   .ୄ (ܩ)ଶߠଵߠ 

This motivates the following: 

Definition (3.1.18)[3]: 

Two commuting, surjective group endomorphisms ߟଵand ߟଶof a group 

K are said to be strongly independent, if ker ߟଵ and ker ߟଶintersect trivially. 

ଵߟ ݎ݁݇ ଶare called independent, ifߟ ଵandߟ ∙ ଶߟ ݎ݁݇ =   .ଶߟଵߟ ݎ݁݇ 

It is clear that we have an equivalence between the statements:  

(i) ߟଵ and  ߟଶare strongly independent.  

(ii) ߟଵis an injective group endornorphism of ker ߟଶ.  

(iii)  ߟଶis an injective group endornorphismn of ker ߟଵ.  

If both ker ߟଵ and ker ߟଵ are finite, then strong independence and 

independerice coincide. Therefore, this definition is consistent with, where 

the case of endomorphisms (of a compact abelian group K) with finite 

kernels is treated. Note that there is no conflict with (strong) independence 

for injective group endomorphisms, see Definition (3.1.2), as all these 

conditions are trivially satisfied by group automorphemes.  

With the observations from Lemma (3.1.15) and Lemma (3.1.16) at 

hands, we can now translate the setup from Definition (3.1.4) for 

commutative irreversible algebraic dynamical systems:  
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Proposition (3.1.19)[3]: 

For a discrete abeliani group G, a triple (ܩ,ܲ,  : is a commutative (ߠ

irreversible algebraic dynamical system if and only if : 

(i) ܩ෠ is a compact abelian group,  

(ii) P is a countably generated, free, abelian monoid (with unit 1௉),and  

(iii) ߠ෠ is an action of P on ܩ෠ by surjective group endomorphisms with the 

property that ߠ෠௣ and ߠ෠௤ are independent if and only if ݌ and ݍ are 

relatively prime in ܲ.  

⋃ is minimal if and only if (ߠ,ܲ,ܩ) kerߠ෠௣ ⊂ ෠௣∈௉ܩ  is dense. It is of finite 

(infinite) type if and only if kerߠ෠௣, is (infinite) finite for all ݌ ∈ ݌,ܲ ≠ 1௉. 

Proof:  Conditions (i) and (ii) of this characterization follow directly from 

Lemma (3.1.15). Moreover, for any ݌ ∈ ܲ, the equation ൫kerߠ෠௣൯
ୄ

=

 ௣ and the Pontryagin dual ofߠ ௣yields an isomorphism between cokerߠ݉݅

kerߠ෠௣. Combining Lemma (3.1.15) (iii) and Proposition (3.1.17) yields (iii). 

Note that we have ߠ௤(G) ⊂ ෠௣ߠ௣(G) and, correspondingly, kerߠ ⊂ kerߠ෠௤ 

whenever ݍ ∈  Since P is directed, Lemma (3.1.16)(i) and Lemma .ܲ݌

(3.1.15)(ii) yield the equivalence between minimality of (ܩ,ܲ,  and (ߠ

⋃ kerߠ෠௣௣∈௉ , being dense in ܩ෠. For the last claim, we recall that a locally 

compact abelian group is finite if and only if its dual group is finite. Thus 

kerߠ෠௣ is finite if and only if ܿ݋ker ߠ௣ is finite.  

We will now revisit some of the examples from this section to present their 

dual models. 
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Examples (3.1.20)[3]: 

The following list corresponds to the one in Example (3.1.5).  

(i) For ܩ = ℤ, a family of relatively prime numbers (݌௜)௜∈ூ ⊂ ℤ×\ℤ∗ 

generates a monoid ܲ = 〈௜∈ூ(௜݌)| ⊂ ℤ× which acts by ߠ௣೔(݃) =  .௜݃݌

In tins case, ܩ෠ =  ॻ and ߠ෠௣(ݐ) = ݐ ௣ forallݐ ∈ ॻ and ݌ ∈ ܲ.  

(ii)  For ܫ ⊂ ℕ , 0 ∈ ,ܫ , ݍ ݐ݈݁ ௜∈ூ(௜݌) ⊂ ℤ×\ℤ∗, be relatively prime 

numbers and set    ܲ = ܩ ௜∈ூ〉 as well as(௜݌)| = [ݍ/1]ܼ = lim
→
ℤ with 

connecting maps given by multiplication with ݍ. Then this constitutes 

a minimal commutative irreversible algebraic dynamical system of 

finite type, see Example (3.1.5)(ii). Then ܩ෠ is the solenoid ℤ௤ =

lim
←
ℤ   .݌ ෠௣ is given by multiplication withߠ ௞ℤ , on whichݍ/

(iii)  For a finite field ॶ , let ݌௜ ∈ ॶ[ܶ], ݅ ∈  be (ܫ for an index set) ܫ

polynomials in ܩ = ॶ[ܶ] with the property that (݌௜)  ∩ (௝݌) =

݅ holds for all  (௝݌௜݌)  ≠ ݆. Then the action ݂݋ ߠ ܲ ≔  ௜∈ூ〉given(௜݌)|

by multiplication with the polynomial itself yields a commnutative 

irreversible algebraic dynamical system of finite type, see Example 

(3.1.5) (iii). Then ܩ෠ is the ring of formal power series ॶ[[ܶ]] over ॶ, 

and ߠ෠௣ is given by multiplication with ݌ ݅݊ ॶ[[ܶ]].  

Example (3.1.21)[3]: 

 Recall that, in Example (3.1.6), we considered ܩ = ℤௗ for some ݀ ≥   ,ܫ

a family of pairwise commuting matrices ( ௜ܶ)ࡵ∋࢏ ⊂ ௗ(ℤ)ܯ ∩  ௗ(ℚ)݈ܩ

satisfying det|݀݁ݐ ௜ܶ| > ݅ ݈݈ܽ ݎ݋݂ 1 ∈ ܲ and setܫ = |( ௜ܶ)௜∈ூ〉 with ்ߠ೔(݃)  =
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௜ܶ݃ In this case, we have ܩ෠ = ॻௗ  and the endomorphism ߠ෠௣ is given by the 

matrix corresponding to ߠ௣ interpreted as an endomnorphismn of ℝௗ/ℤௗ ≅

ॻௗ . 

Example (3.1.22)[3]: 

The dual model for the unilateral shift on ܩ =⊕ே ℤ/݊ℤ ݂ݎ݋ ݊ ≥ 2  

from Example (3.1.8) is given by the shift (ݔ௞)௞∈ℕ  ⟼ ෠ܩ ݊݋ ௞∈ℕ(௞ାଵݔ) =

(ℤ/݊ℤ )ே. The discussion for Example (3.1.9) with the restriction that ܩ଴ be 

ahelian is analogous, where ℕ is replaced by P and ℤ/݊ℤ  by ܩ଴.  

Example (3.1.23)[3]: 

In the situation of Example (3.1.10), where we will now require 

that(ܩ௡,ܲ,  ௜∈ℕ be a family of commutative irreversible algebraic((௜)ߠ

dynamical systems, ܩ =⊕௜∈ℕ ෠ܩ ௜turns intoܩ = ∏ ℕ∋࢏࢏෡ࡳ . For each ݌ ∈  ܲ, 

the group endornorphism ߠ෠௣ is given by applying ߠ௣
(௜)to the i-th component 

of ܩ෠. Ker ߠ෠௣ is infinite for all ݌ ∈ ܲ\{1௉}. If each (࢏)ߠ satisfies the strong 

independence condition from Definition (3.1.2), ߠ෠satisfies the strong 

independence condition from Definition (3.1.18) due to Proposition (3.1.17).  

We associate a universal C*-algehra ࣩ[ܩ,ܲ,  to every irreversible[ߠ

algebraic dynamical system (ܩ,ܲ,  The general approach is inspired by.(ߠ

the methods for the case of a single group endomorphism with finite 

cokernel of a discrete ahelian group. Note however, that we are going to use 

a different spanning family than the one used.  
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We will examine structural properties of ࣩ[ߠ,ܲ,ܩ] as well as of two 

nested subalgebras: the core ℱ and the diagonal ࣞ. In Lemma (3.1.31), a 

description of the spectrum ܩఏ of the diagonal ࣞ is provided, which allows 

us to regard ܩఏ as a completion of G with respect to ߠ in the case where 

 .is minimal (ߠ,ܲ,ܩ)

Based on the description of ܩఏ, the action ߬̂ of G on ܩఏcoming from 

߬௚൫݁௛,௣൯ = ݁௚௛,௣ is shown to he always minimal. Moreover, we prove that 

topological freeness of ߬̂ corresponds to minirnality of (ߠ,ܲ,ܩ), see 

Proposition (3.1.34). As an immediate consequence we deduce that ࣞ ×ఛ  ܩ

is simple if and only if (ܩ,ܲ,  is minimal and ߬̂ is amenable, see Corollary (ߠ

(3.1.35). This crossed product is actually isomorphic to ℱ, see Corollary 

(3.1.39).  

The strategy of proof differs because we start by establishing an 

isomorphism between ࣩ[ߠ,ܲ,ܩ]and ࣞ × ܩ) ×ఏ ܲ), by Theorem (3.2.15), 

we deduce that ࣩ[ܩ,ܲ,  is isomorphic to the semigroup crossed product [ߠ

ℱ × ܲ. So we get  

,ܲ,ܩ]ࣩ [ߠ ≅ ࣞ × ܩ) ×ఏ ܲ) ≅ ℱ × ܲ 

One advantage of this strategy is that we are able to establish these 

isomorphisms in greater generality, i.e. without minimality of (ܩ,ܲ,  and(ߠ

amenability of ߬̂ which would give simplicity of both ℱ and ࣩ[ߠ,ܲ,ܩ].  

Similarly, we conclude that, whenever (ܩ,ܲ, -is minimal and the C (ߠ

action ߬̂ on ܩఏ is amenable, the C*-algebra ࣩ[ܩ,ܲ,  is a unital UCT[ߠ

Kirchherg algebra, see Theorem (3.1.46) and Corollary (3.1.48). Thus 
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,ܲ,ܩ]ࣩ  is classified by its K-theory in this case due to the important[ߠ

classification results of Christopher Phillips and Eberhard Kirschberg.  

,ܲ,ܩ)  will represent an irreversible algebraic dynamical system (ߠ

unless specified otherwise. ݐ݁ܮ (ߦ௚)௚∈ீ denote the canonical orthonormal 

basis of ℓଶ(G). For ݃ ∈ ݌ and ܩ ∈ ܲ, define operators ௚ܷand ܵ௣ on ℓଶ(G)by 

௚ܷ൫ߦ௚ᇲ൯: = ௚ᇲ൯ߦ௚௚ᇲ ܽ݊݀ ܵ௣൫ߦ ≔ ఏ೛(௚ᇲ)for ݃ᇱߦ ∈ Then ൫ .ܩ ௚ܷ൯௚∈ீ is a 

unitary representation of the group G and ܵ௣∗(ߦ௚ᇲ) =  ߯ఏ೛(ீ)(݃ᇱ)ߦఏ೛షభ(݃ᇱ) for 

݃ᇱ ∈  .so (ܵ௣)௣∈௉ is a representation of the semigroup Pby isometries ,ܩ

Furthermore, these operators satisfy  

௣ܵ                  (1 ܲܰܥ) ௚ܷ൫ߦ௚ᇲ൯ = ఏ೛(௚௚ᇲ)ߦ  = ܷఏ೛(௚)ܵ௣൫ߦ௚ᇲ൯, 

and 

(3 ܲܰܥ) = ෍ ௚,௣ܧ
[௚]∈ீ/ఏ೛(ீ)

൫ߦ௚ᇲ൯ = ௚ᇲߦ ൧(ܩ)௣ߠ :ܩൣ ݂݅    < ∞, 

where ܧ௚,௣ = ௚ܷܵ௣ܵ௣∗ ௚ܷ
∗. In fact, (CNP 3) holds also in the case of an 

infinite index ൣߠ :ܩ௣(ܩ)൧, as (∑ ௚,௣)[௚]∈ிܧ ி⊂ீ/ఏ೛(ீ)
 converges to the identity 

on ℓଶ(G) as ܨ ↗  with respect to the strong operator topology. But (ܩ)௣ߠ/ܩ 

this convergence does not hold in norm because each ܧ௚,௣ is a non-zero 

projection. In motivation to construct a universal C*-algebra based on this 

model, it is therefore reasonable to restrict this relation to the case where 

  .൧ is finite(ܩ)௣ߠ :ܩൣ
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As the numbering indicates, we are interested in an additional relation 

(CNP 2) which will increase the accessibility of the universal model: If G 

was trivial, this would simply be the condition that ܵ௣ and ܵ௤doubly 

commute for all relatively prime p and q in P, i.e.  ܵ௣∗ܵ௤ = ܵ௤ܵ௣∗. This 

condition has been employed successfully for quasi-lattice ordered groups, 

for more information. But as G is an infinite group, this will not be 

sufficient.  

We want to ensure that, within the universal model to be built, an 

expression corresponding to ܵ௣∗ܷ௚ܵ௣ belongs to (ܩ)∗ܥ. This property has 

been used extensively of semigroup crossed products involving transfer 

operators.  

We aim for a better understanding of the structure of the commutative 

subalgebra ܧ })∗ܥ௚,௣|݃ ∈ ݌,ܩ ∈ ܲ})  inside ℒ൫ℓଶ(ܩ)൯. In a much more 

general framework, this has been considered by X in Li, and resulted in a 

new definition of semigroup C*-algebras for discrete left calculative 

semigroups with identity. One particular strength is the close connection 

between amenability of semigroups and nuclearity of their C*-algebras.  

All of these three instances suggest that a closer examination of the 

terms ܵ௣∗ܷ௚ܵ௤ is in order. For ݃ = ௤(݃ଶ)with ݃ଵ,݃ଶߠ௣(݃ଵ)ߠ   ∈   we get ܩ

ܵ௣∗ܷ௚ܵ௤  =  ௚ܷభ (ܵ௣∧௤)ିଵ೜ܵ(௣∧௤)ିଵ೛
∗

௚ܷమ.Onthe other hand, ݃ ∉  (ܩ)௤ߠ(ܩ)௣ߠ 

is equivalent to ݃ߠ௤(ܩ)  ∩ (ܩ)௣ߠ  =  ߶, which forces ܵ௣∗ܷ௚ܵ௤ = 0 . Thus we 

get  

௣∗ܷ௚ܵ௤ܵ (2 ܲܰܥ)  = ൜ ௚ܷభ (ܵ௣∧௤)ିଵ೜ (ܵ௣∧௤)ିଵ೛
∗

௚ܷమ        ݂݅ ݃ = ௤(݃ଶ)ߠ௣(݃ଵ)ߠ 
0                                                                          else
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 for all ݃ ∈ ,݌,ܩ  ∋ ݍ  ܲ. These observations motivate the following 

definition. 

Definition (3.1.24)[3]: 

 is the universal C*-algebra generated by a unitary [ߠ,ܲ,ܩ]ࣩ

representation (ݑ௚)௚∈ீ  of the group G and a representation (ݏ௣)௣∈௉of the 

semigroup P by isometries subject to the relations:  

௚ݑ௣ݏ(1 ܲܰܥ)  =  ௣ݏఏ೛(௚)ݑ 

௤ݏ௚ݑ∗௣ݏ           (2 ܲܰܥ)

= ቊ
ଵ೛ି(௣∧௤)ݏଵ೜ି(௣∧௤)ݏ௚భݑ

∗ = ݃ ݂݅               ௚మݑ ,௤(݃ଶ)ߠ௣(݃ଵ)ߠ 
0,                                                                             else

 

1       (3 ܲܰܥ) = ෍ ݁௚,௣
[௚]∈ீ/ఏ೛(ீ)

൧(ܩ)௣ߠ :ܩൣ ݂݅                               < ∞, 

Where  ݁௚,௣ = ∗௚ݑ∗௣ݏ௣ݏ௚ݑ .  

We have the following immediate consequence. 

Proposition (3.1.25)[3]: 

 given by (ܩ)has acanonical non-trivial representation on ℓଶ [ߠ,ܲ,ܩ]ࣩ

௚ݑ ↦ ௚ܷ, ௣ݏ ↦ ܵ௣. In particular, ࣩ[ܩ,ܲ,   .is non -zero [ߠ

Lemma (3.1.26)[3]: 

The linear span of (ݑ௚ݏ௣ݏ௤∗ݑ௛)௚,௛∈ீ,௣,௤∈௉ is dense in ࣩ[ܩ,ܲ,   .[ߠ
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Lemma (3.1.27)[3]: 

The projections(݁ࢍ,௣)௚∈ீ,௣∈௉ commute. More precisely, for ݃,ℎ ∈  ,ܩ

and  ݌, ݍ ∈ ܲ we have  

݁௚,௣݁௛,௤ = ൜݁௚ߠ௣(ℎᇱ), ݌ ∨ భℎି݃  ݂݅          ݍ ∈ ,(ܩ)௤ߠ(ܩ)௣ߠ
0                                                     else,

 

where ℎᇱ ∈  is determined uniquely up to multiplication from the right by ܩ

elements of ߠ௣షభ(೛∨೜) (G)  by the condition that ݃ߠ௣(ℎ’) ∈ ℎߠ௤(G).  

Proof: For݃,ℎ ∈ ,݌andܩ ݍ ∈ ܲ, the product ݁ࢍ,௣݁ࢎ,௤ is non-zero only if 

݃ିభℎ ∈ by (CNP 2). Solet us assume that ݃ିభℎ (ܩ)௤ߠ(ܩ)௣ߠ ∈  (ܩ)௤ߠ(ܩ)௣ߠ

holds. Then there are ݃ᇱ, ℎᇱ ∈ such that ݃ିଵℎ ܩ =  ௤(݃ᇱ). As G is aߠ௣(ℎᇱ)ߠ

group, this is equivalent toℎߠ௤(݃ᇱ)ିଵ =  ௣(ℎ′). Thus wegetߠ݃

݁௚,௣݁௛,௤ = ௛ఏ௤(௚ᇲ)షభݑ∗௤ݏషభ௣(௣∨௤)∗ݏషభ௤(௣∨௤)ݏ௣ݏ௚ఏ೛(ℎᇱ)ݑ
∗ = ݁௚ఏ೛(௛ᇲ),௣∨௤ 

Clearly, this also proves that the two projections commute. The uniquemless 

assertion follows from (CNP 2).  

Definition (3.1.28)[3]: 

The C*-subalgehra ࣞ of ࣩ[ܩ,ܲ,  generated by the commuting projections [ߠ

௚∈ீ,௣∈௉ is called the diagonal. In addition, let ࣞ௣(௣,ࢍ݁) ≔ [݃]൫൛݁௚,௤ห∗ܥ ∈

݌(ܩ)௣ߠ/ܩ ∈ ݌ ൟ൯ denote the C*-subalgebra of ࣞ corresponding toܲݍ ∈ ܲ 

We have the following. 
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Lemma (3.1.29)[3]: 

For all ݌, ݍ ∈ ܲ, ݌ ∈ implies ࣞ௤  ܲݍ ⊂ ࣞ௣. ࣞ is the closure of  

⋃ ࣞ௣.௣∈௉ ܩ] ݂݅  ∶   is finite, then [(ܩ).௣ߠ

ࣞ௣ = [݃]௣ห,ࢍ൛݁݊ܽ݌ݏ  ∈ ൟ(ܩ)௣ߠ/ܩ  ≅ ℂ[ீ∶ఏ೛.(ீ)] 

Let us make the following non-trivial observation:  

Lemma (3.1.30)[3]: 

Suppose ݃ ∈ ,ܩ ݌ ∈ ܲ and a finite subset Fof G×P are chosen in such a 

way that ݁ࢍ,௣∏ (1 − (௤(௛,௤)∈ி,ࢎ݁ ) is non-zero. Then there exist ݃’ ∈  andܩ

’݌ ∈  ܲ satisfying ݁ࢍ’,௣’ ≤ ∏௣,ࢍ݁  (1 − (௤(௛,௤)∈ி,ࢎ݁ ) 

Proof:  If F is empty, then ∏ (1 − (௤(௛,௤)∈ி,ࢎ݁ ) = 1 by convention, so there is 

nothing to show. Now let F be non-empty. For (ℎ, (ݍ ∈  let us decompose (ܨ

q uniquely as ݍ = ܩ] where(௜௡௙)ݍ(௙௜௡)ݍ  ∶  is finite and we [(ܩ)௤(೑೔೙)ߠ 

require that, for each ݎ ∈  ܲ with ݍ ∈ ܩ] finiteness of ,ܲݎ  ∶  implies [(ܩ)௥ߠ 

(௙௜௡)ݍ ∈ ܩ] ,In other words .ܲݎ  ∶ ≠ ݎ is infinite for every  [(ܩ)௥ߠ 1௣with 

(௜௡௙)ݍ ∈   and Lemma (3.1.27), we compute (௙௜௡)ݍ Using (CNP 3) for ܲݎ 

1 − ௤,ࢎ݁ = ቀ1 − ቁ(೔೙೑)ࢗ,ࢎ݁(೑೔೙)ࢗ,ࢎ݁ ෍ (೑೔೙)࢖,࢑݁

[௞]∈ீ/ࢗࣂ(೑೔೙)(ࡳ)

= (೑೔೙)ࢗ,ࢎ݁ ቀ1 − ቁ(೔೙೑)ࢗ,ࢎ݁ + ෍ (೑೔೙)ࢗ,࢑݁

[௞]∈ீ/ࢗࣂ(೑೔೙) (ࡳ)

[௞]ஷ[௛]

 

Therefore, we can rewrite tine initial product as  
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௤,ࢍ݁ ෑ ൫1 − ൯࢏ࢗ࢏ࢎ݁
(௛,௤)∈ி

= ෍ ℓ௚෤ ,௣෤
(௚෤ ,௣෤)∈ி෨

ෑ ൫1 − ௤൯,ࢎ݁
(௛,௤)∈ி(೒෥ ,೛෥)

, 

where 

(i) ܨ෨ is a finite subset of ܩ × ܲ,  

(ii) ݁௚෤ ,௣෤ ≤  ℓ௚,௣ for all ( ෤݃, (෤݌ ∈    , ,෨ܨ

(iii) the projections (݁௚෤ ,௣෤)(௚෤ ,௣෤)∈ி෨ are mutually orthogonal,  

(iv) for each ( ෤݃, (෤݌ ∈ ,෨ܨ F(௚෤ ,௣෤) is a finite subset of ܩ × ܲ , and  

(v) each (ℎ, ∋ (ݍ F(௚෤ ,௣෤) satisfies ݍ = ෤݌ ݀݊ܽ (୧୬୤)ݍ ∉   .ܲݍ

Since the product݁ࢍ,௣∏ ൫1 − ൯(௛,௤)∈ி࢏ࢗ,࢏ࢎ݁ on the left hand side is non-zero, 

there is(݃௢ , (௢݌ ∈ ∏෨ suchthat݁௚೚,௣೚ܨ ൫1 − ௤൯(௛,௤)∈ி(೒೚,೛೚),ࢎ݁ is non-zero. 

Without loss of generality, we may assume that ݁௚೚,௣೚݁௛,௤is non-zero for all 

(ℎ,ݍ) ∈ ௉ܨ  Consider .(௚೚,௣೚)ܨ = ௢݌} ∨ ,ℎ)|ݍ (ݍ ∈ for someℎ (௚೚,௣೚)ܨ ∈  .{ܩ

Pick ݌ଵ ∈ ݎ ௉which is minimal in the sense that for any otherܨ ∈ ,௉ܨ ଵ݌ ∈  ܲݎ

implies ݎ = ,ଵ Let (ℎଵ݌ ଵ), … ,(ℎ௡ݍ (௡ݍ, ∈  denotethe elements (௚೚,௣೚)ܨ

satisfying ݌଴ ∨ ௜ݍ =   ଵ. According to Lemma (3.1.27), we have݌

݁௚೚,௣೚݁࢏ࢗ,࢏ࢎ =  ݁௚೚ఏ௣೚൫௚೔ᇲ൯,௣భfor a suitable ௜݃
ᇱ ∈ ݅ ݎ݋݂)ܩ =  1, . . , ݊).  

Note that ݌଴ିଵ݌ଵ ≠ 1௣ and ݍଵ = ଵ(୧୬୤)ݍ ∈ ܩ] ଵܲ , so݌଴ିଵ݌ ∶  is [(ܩ)௣బషభ௣భߠ

infinite. Hence there exists ݃ଵ ∈ ݃଴ߠ௣బ with  

݁௚భ,௣భ ≤ ݁௚೚,௣೚ܽ݊݀ ݁௚భ,௣భ݁࢏ࢗ,࢏ࢎ = ݅ ݎ݋݂     0 = 1, … ,݊ 
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Setting 

F(௚భ,௣భ) ≔ ൛(ℎ, (ݍ ∈ ห݁௛,௤݁௚భ,௣భ(௚೚,௣೚)ܨ  ≠ 0ൟ ஷ,(௚೚,௣೚)ܨ
⊂  

we observe that  

݁௚భ,௣భ: = ෑ ൫1 − ௤൯,ࢎ݁ ≠ 0
(௛,௤)∈ி(೒భ,೛భ)

 

follows from the initial statement for (݃௢  ௢)and F௚೚,௣೚ since we have݌,

chosen ݌ଵ in a minimal way. Indeed, if the product was trivial, then there 

would be (ℎ,ݍ) ∈ with ݁௛,௤(௚భ,௣భ)ܨ ≥ ݁௚భ,௣భ. By Lemma (3.1.27), this would 

force  ݌ଵ ∈ ଵ݌ and therefore ܲݍ ∈ ଵ݌)  ∨ ⊃ ܲ(ݍ  ଴݌)   ∨  which cannot ,ܲ(ݍ 

be true since ݌ଵ was chosen in a minimal way.  

Thus, we can iterate the process used to obtain (݃ଵ,݌ଵ) and ܨ(௚భ,௣భ) for 

(݃଴,  After finitely many steps, we arrive at an element .(௚బ,௣బ)ܨ ଴)and݌

(݃௡ , (௡݌ = (݃′, with the property that ݁௚ᇱ,௣ᇱ(′݌ ≤ ݁(௚బ,௣బ) is orthogonal to 

݁௛,௤ for all (ℎ, (ݍ ∈   .This establishes the claimn .(௚బ,௣బ)ܨ

The possibility of passing to smaller subprojections that avoid finitely 

many defect projections provided through Lemma (3.1.30) will be crucial 

for the proof of pure infiniteness and simplicity of ࣩ[ߠ,ܲ,ܩ], see Theorem 

(3.1.46) and in particular Lemma (3.1.45). A first application of this 

observation lies in the determination of the spectrum of  ࣞ. 
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Lemma (3.1.31)[3]: 

The spectrum of ࣞ, denoted by ܩఏ, is a totally disconnected, compact 

Hausdorff space. A basis for the topology on ܩఏ is given by the cylinder’ 

sets  

ܼ(௚,௣),(௛భ,௤భ) ,…,(௛೙,௤೙) =  ൛߯ ∈ ఏ|߯൫݁௚,௣൯ܩ =  1, ߯൫݁௛೔,௤೔൯ =  ,ൟ݅ ݈݈ܽ ݎ݋݂ 0 

Where ݊ ∈ ℕ,݃, ℎଵ, … , ℎ௡ ∈ ,ଵݍ,݌  and ܩ  . . . , ௡ݍ ∈  ܲ. Moreover,  

(௚)ߡ ∈ ܼ൫௚ᇲ,௣൯,(௛భ,௤భ) ,…,(௛೙,௤೙,) ⇔  ݃ ∈ ݃ ݀݊ܽ (ܩ)௣ߠ’݃ ∉ ℎ௜ߠ௤೔(ܩ)݂ݎ݋ ݈݈ܽ ݅        

defines a map ߡ ∶ ܩ →  is injective if and only ifߡ .ఏwith dense imageܩ 

  .is minimal (ߠ,ܲ,ܩ)

Proof:ܩఏ is a totally disconnected, compact Hausdorif space since ࣞis a 

unital C*-algebra generated by commuting projections. The statement 

concerning the basis for the topology on ܩఏfollows from Lemma (3.1.29). 

To see that ߡhas dense image, let ߯ ∈  ఏ. As the cylinder sets form a basisܩ

for the topology of ܩఏ, every open neighbourhood of ߯ containsacylinder set 

ܼ(௚,௣),(௛భ,௤భ) ,…,(௛೙,௤೙,) With  ߯ ∈ ܼ(௚,௣),(௛భ,௤భ) ,…,(௛೙,௤೙,). This means that  

݁௚,௣∏ ൫1 − ൯࢏ࢗ,࢏ࢎ݁
௡
௜ୀଵ  is non-zero. Hence we can apply Lemma (3.1.30) to 

obtain (݃′, (′݌ ∈ G × P satisfying ݁௚ᇱ,௣ᇱ ≤ ݁௚,௣∏ ൫1 − ൯࢏ࢗ,࢏ࢎ݁
௡
௜ୀଵ . In other 

words, ߡ(݃’) ∈ ܼ(௚,௣),(௛భ,௤భ) ,…,(௛೙,௤೙,) so (ܩ)ߡis a dense subset of ܩఏ. Now 

given ݃, ℎ ∈ (݃)ߡ we observe that ,ܩ =  is equivalent to (ℎ)ߡ

݃ିଵ ℎ⋂ ௣௣∈௉ߠ  because the cylinder sets form a basis of the topology on (ܩ)

the Hausdorif space ܩఏ. Therefore ߡis injective precisely if (ߠ,ܲ,ܩ)is 

minimal.  
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Definition (3.1.32)[3]: 

Let X  be a topological space and G a group. A G-action on  X  is said 

to be topologically free, if the set ܺ௚  = ݔ }  ∈ = ݔ.݃ |ܺ  has empty {ݔ 

interior for ݃ ∈   .{1ீ} \ ܩ

Definition (3.1.33)[3]: 

Let X be a topological space and G a group. A G-action on X is said to 

be minimal, if the orbit ࣩ(ݔ) = ݃ |  ݔ.݃ }  ∈ ∋ ݔ is dense in X for every {ܩ 

 ܺ.  

Equivalently, an action is minimal if the only invariant open (closed) 

subsets of X are ߶ and X.  

Proposition (3.1.34)[3]: 

If (ܩ,ܲ,  is an irreversible algebraic dynamical system, then the (ߠ

action G-action ߬̂on ܩఏisminimal. Itistopologicallyfree if and only if 

  .is minimal (ߠ,ܲ,ܩ)

Proof:  On (ܩ)ߡ , which is dense in ܩఏ by Lemma (3.1.31), ߬̂is simply given 

by translation from the left. Hence ߬̂ is minimal. For the second part, we note 

that ߬ࢍ =  ݅݀ࣞ holds for every ݃ ∈ ⋂ ௣ ∈௉(ܩ)௣ߠ . Thus, if (ߠ,ܲ,ܩ) is not 

minimal, there is ݃ ≠ 1ீ such that ܩఏ
௚ =  .ఏ, so ߬̂ is not topologically freeܩ 

If (ܩ,ܲ,  is injective and ߡ  because (ܩ)ߡ is minimal, then ߬̂ acts freely on (ߠ

G is left-calculative. Since (ܩ)ߡ  is dense in ܩఏ, we conclude that ߬̂ is 

topologically free.  
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Corollary (3.1.35)[3]: 

The crossed product ܦ ×ఛ  is (ߠ,ܲ,ܩ) is simple if and only if ܩ

minimal and ߬̂ is amenable.  

Definition (3.1.36)[3]: 

The coreℱ is the C*-subalgebra of ࣩ[ߠ,ܲ,ܩ] generated by ࣞ and (ݑ௚)௚∈ீ.  

Lemma (3.1.37)[3]: 

The linear span of (ݑ௚ݏ௣ݏ௤∗ݑ௛∗ )௚,௛∈ீ,௣∈௉ is dense in ℱ.  

Proposition (3.1.38)[3]: 

Let (࢜(࢖,ࢍ))(࢖,ࢍ)∈ࡼࣂ⋉ࡳdenote the family of isornetries in ࣞ ⋊ ܩ) ⋊ఏ ܲ)  

implementing the action of the semnigroup ܩ ⋊ఏ ܲ on ࣞ given by 

(݃, ௘೓,೜.(݌ = ݁௚ఏ೛(௛),௣௤,    ݐℎܽݒ, ݏ݅ ݐ(௚,௣)݁௛,௤ݒ(௚,௣)
∗ =  ݁௚ఏ೛(௛),௣௤,  . Then the 

map  

[ߠ,ܲ,ܩ] ࣩ
ఝ
→ࣞ ⋊ ܩ) ⋊ఏ ௣ݏ௚ݑ(ܲ    ↦  (௚,௣)ݒ      

is an isomorphism.  

Proof: Recall from Definition (3.1.24) that ࣩ[ܩ,ܲ, -*is the universal C [ߠ

algehra generated by a unitary representation (ݑ௚)௚∈ீof the group G and a 

semi- group of isometries (ݏ௣)௣∈௉ subject to the relations (CNP1)-(CNP3). 

Hence, in order to show that ߮ defines a surjective *-homomorphism, it 

suffices to show that for every ݃ ∈  is a unitary, and(௚,ଵು)ݒ the isometry ,ܩ

that the families (࢜(௚,૚ࡼ))௚∈ீ , (࢜(૚ࡳ,௣))௣∈௉ satisfy (CNP 1)-(CNP 3):  
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(௚షభ,ଵು)ݒ(௚,ଵು)ݒ = (௚షభ,ଵು)(௚,ଵು)ݒ = (ଵಸ,ଵು)ݒ = 1  

(௚,ଵು)ݒ(ଵಸ,௣)ݒ(1 ܲܰܥ) = ଵಸ)ݒ ,௣)(௚,ଵು) = ൫ఏ೛(௚),௣൯ݒ =  (ଵಸ,௣)ݒ൫ఏ೛(௚),ଵು൯ݒ

(ଵಸ,௣)ݒ(2 ܲܰܥ)
∗ (ଵಸ,௤)ݒ(௚,ଵು)ݒ   ߯ఏ೛(ீ)ఏ೜(ீ)ୀ

൫௚మషభ,(௣˄∧௤)షభ௣൯ݒ(௚భ,(௣˄∧௤)షభ௤)ݒ(݃) !
∗  

݃ ݁ݎℎ݁ݓ                                                                 =   ௤(݃ଶ)ߠ௣(݃ଵ)ߠ

⟺ (ଵಸ,௣)ݒ(ଵಸ,௣)ݒ                
∗ (௚,௤)ݒ(௚,௤)ݒ

∗
ୀ
!  ߯ఏ೛(ீ)ఏ೜(ீ)(݃)ݒ൫ఏ೛,(௚భ),௣∨௤൯ݒ൫௚ఏ೜൫௚మషభ൯,௣˄௤൯

∗  

⟺                  ݁ଵಸ,௣݁௚,௤   ߯ఏ೛(ீ)ఏ೜(ீ)(݃)݁൫௚ఏ೜൫௚మషభ൯,௣∨௤൯ୀ
!  

as ݃ = ௣(݃ଵ)ߠ ௤(݃ଵ) givesߠ௣(݃ଵ)ߠ  = ௤(݃ଶߠ݃
ିଵ) This last equation holds 

by Lemma (3.1.27), so (CNP 2) is satisfied as well. (CNP 3) is a relation that 

is encoded inside ࣞ, so it is satisfied as the range projection of the isometry 

 Injectivity of ߮ follows from the fact that the .࢖,ࢍ݁ coincides with (௚,௣)ݒ

isometrics ݑ௚ݏ௣satisfy the covariance relation for the action of ܩ⋊బܲ on ࣞ 

since ݑ௚ݏ௣݁௛,௤(ݑ௚ݏ௣)∗ = ݁௚ఏ೛(௛),௣௤ = .(݌,݃) ݁௛,௤.. Indeed, in this case there 

is a surjective *-homomorphism from ࣞ ⋊ ܩ) ⋊ఏ ܲ) to ࣩ [ܩ,ܲ,  sending[ߠ

࢜(௚,࢖)to ݑ௚ݏ௣ and the two                        *- homomorphism are mutually 

inverse, so ߮ is an isornorphisrn.  

This description of ࣩ[ߠ,ܲ,ܩ] allows us to deduce several relevaimt 

properties of ࣩ[ܩ,ܲ,  .and its core subalgebra ℱ[ߠ
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Corollary (3.1.39)[3]: 

The isomorphism ߮ from Proposition (3.1.38) restricts to an 

isomorphism between ℱ and ࣞ ⋊  In particular, we have a canonical .ܩ

isomorphism ࣩ [ߠ,ܲ,ܩ] ≅ ℱ ⋊ ܲ. 

Proposition (3.1.40)[3]: 

If the G-action ߬̂ on ܩఏ is amenable, then both ℱ and ࣩ[ܩ,ܲ,  are nuclear [ߠ
and satisfy the universal coefficient theorem (UCT,) (Let B be a right R-

module. Take a projective resolution of B  

… ⟶  ௡ܲ
ௗ೙ሱሮ ௡ܲିଵ ⟶⋯

ௗ೙ሱሮ ଴ܲ
ఢ
→ ⟶ ܤ 0                             (1) 

Then tensor with D to obtain  

… ⟶  ௡ܲ⨂ ܦ 
ௗ೙⨂ଵሱ⎯⎯ሮ ௡ܲିଵ⨂ ܦ ⟶⋯

ௗభ⨂ଵሱ⎯⎯ሮ ଴ܲ⨂ ܦ 
ఢ⨂ଵ
ሱ⎯ሮܦ⨂ ܤ ⟶ 0   (2) 

Since 

 im(݀௡ାଵ⨂1) < ,(௡⨂1݀)ݎ݁݇ (݀௡⨂1) ∘ (݀௡ାଵ⨂1) = (݀௡⨂1)(݅݉(݀௡ାଵ⨂1)) = 0)[8]. 

Proof : As ℱ ≅ ࣞ ⋊ఛ  by Corollary (3.1.39) and ߬̂ is amenable, ℱ is ܩ

nuclear by results of Claire Aniatharaman-Delaroche. Similarly, amenability 

of ߬̂ passes to the corresponding transformation groupoid ࣡. Thus, we can 

rely on results of Jean-Louis Tu, to deduce that ℱ ≅  ࣞ ⋊ఛ ܩ ≅ C∗(࣡) 

satisfies the UCT. The class of separable nuclear C*-algebras that satisfy the 

UCT is closed under crossed products by ℕ and inductive limits. Recall that 

either ܲ ≅ ℕ௞ for some ݇ ∈ ℕ or ܲ ≅⊕ℕ ℕ  according to condition (ii) of 

Definition (3.1.4). Hence the claims concerning ࣩ[ܩ,ܲ,  follow from [ߠ

,ܲ,ܩ]ࣩ [ߠ ≅ ℱ ⋊ ܲ, see Corollary (3.1.39). 
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Corollary (3.1.41)[3]: 

The map ܧଶ൫ݑ௚ݏ௣ݏ௤∗ݑ௛∗൯: =  ௚௛݁௚,௣, defines a conditional expectationߜ 

ଶ:ℱܧ → ࣞ which is faithful if and only if ߬̂ is amenable.  

Proof: Due to Corollary (3.1.39), ℱ is canonically isomorphic to ࣞ ⋊ఛ  . ܩ

Since G is discrete, the reduced crossed product ࣞ ⋊ఛ,௥  has a faithful ܩ

conditional expectation given by evaluation at 1ீ  The map ܧଶ is nothing but 

the composition of  

ℱ ≅ ࣞ ⋊ఛ ܩ ↠ ࣞ ⋊ఛ,௥ ܩ
௘௩భಸሱ⎯ሮ ࣞ 

The canonical surjection ࣞ ⋊ఛ ܩ ↠ ࣞ ⋊ఛ,௥  is an isomorphism if and only ܩ

if ߬̂  is amenable. 

Corollary (3.1.42)[3]: 

The map ܧ൫ݑ௚ݏ௣ݏ௤∗ݑ௛∗൯: =   ௚௛݁௚,௣ defines a conditionalߜ௣௤ߜ

expectation E:ࣩ [G, P, θ] → ࣞ  which is faithful if and only if ߬̂ is amenable. 

Proof: Clearly, ܧ = ଶܧ  ∘   ଵ, , so the result follows fromܧ

Corollary (3.1.41) . 

Note that if G happens to be amenable, the faithful conditional expectationܧ 

can he obtained directly by showing that the left Ore semigroup ܩ ⋊ఏ ܲ has 

an amenable enveloping group. Before we can turn to simplicity of 

,ܲ,ܩ]ࣩ   :we need the following general observations ,[ߠ
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Definition (3.1.43)[3]: 

Given a family of commuting projections (ܧ௜)௜∈ூ in a unital C*-algebra 

⊃ ܣ and finite subsets ܤ   of I, let ܨ 

ܳி,஺
ா ∶  ෑܧ௜

௜∈஺

ෑ (1 − .(௜ܧ
௜∈ி\஺

 

Products indexed by ∅ are treated as 1 by convention.  

Lemma (3.1.44)[3]: 

Suppose (ܧ௜)௜∈ூ is a family of commuting projections in a unital        

C*-algebra 1 ܣ,ܤ ⊂ are finite subsets of I. Then each ܳி,஺ ܨ 
ா is a projection, 

∑ ܳி,஺
ா

஺∈ி =1  and, for all , ࢏ࣅ ∈ ℂ, ݅ ∈   we have ,ܨ 

෍ ௜ܧ௜ߣ =
௜ ∈ ி

෍൭෍ߣ௜
௜ ∈஺

൱
஺⊂ி

ܳி,஺
ா  and ะ෍ ௜ܧ௜ߣ

௜ ∈ ி

ะ = max
஺⊂ி
ொಷ,ಲ
ಶ ஷ଴

อ෍ߣ௜
௜ ∈஺

อ 

Proof:  Since the projections ܧ௜ commute, ܳி,஺
ா is a projection. The second 

assertion is obtained via 1 = ∏ ௜ܧ) + 1 − (௜ܧ = ∑ ܳி,஺
ா

஺ ⊂ ி௜∈ி . The two 

equations from the claim follow immediately from this.  

Lemma (3.1.45)[3]: 

For ݀ = ∑ ௜௡ߣ
௜ୀଵ ݁௚௜,௣௜ ∈ ࣞାwith ߣ௜ ∈ ℂ and ( ௜݃ (௜݌, ∈ ܩ × ܲ,  there 

exist (݃,݌) ∈ ܩ × ܲ satisfying ݀݁௚,௣ = ‖d‖௘೒,೛. 
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Proof: d is contained in ܥ∗({ܳி,஺
௘ ܣ| ⊂ ܨ = {( ௜݃ , |(௜݌  1 ≤  ݅ ≤  ݊}}), which 

is commutative by Lemma (3.1.27). Then Lemma (3.1.44) says that there 

exists ܣ ⊂ such that ܳி,஺ ܨ
௘ is non-zero and ݀ܳி,஺

௘ = ‖݀‖ொಷ,ಲ
೐ . In particular,  

∏ ݁௚,௣(௚,௣)∈஺  is non-zero, so Lemma (3.1.27) implies that there exist ݃஺  ∈

஺݌ and ܩ  ∈  ܲ such that  ∏ ݁௚,௣(௚,௣)∈஺ = ݁௚ಲ,௣ಲ . Thus, we can apply Lemma 

(3.1.30) to  ݁௚ಲ,௣ಲ ∏ ൫1 − ݁௛,௤൯ =(௛,௤)∈ி\஺ ܳி,஺
௘ ≠ 0 and the proof is 

complete.  

Note that the hard part of the proof for Lemma (3.1.45)is hidden in Lemma 

(3.1.30).  

Theorem (3.1.46)[3]: 

If (ߠ,ܨ,ܩ) is minimal and the action ߬̂ is amenable, then ࣩ[ܩ,ܲ,  is  [ߠ

purely infinite and simple.  

Proof: The linear span of ൫ݑ௚ݏ௣ݏ௤∗ݑ௛∗൯௚,௛∈ீ,௣,௤∈௉
is dense in ࣩ[ܩ,ܲ,  [ߠ

according to Lemma (3.1.26). Every element z from this linear span is of the 

form  

ݖ = ෍ܿ௜݁௚೔,௣೔

௠ଵ

௜ୀଵ

+ ෍ ܿ௜ݑ௚೔ݏ௣೔ݏ௤೔
∗ ௛೔ݑ

∗
௠ଶ

௜ୀ௠భାଵ

+ ෍ ܿ௜ݑ௚೔ݏ௣೔ݏ௤೔
∗ ௛೔ݑ

∗
௠ଷ

௜ୀ௠మାଵ

 

where ܿ௜ ∈ ℂ,  

(i) ௜݃ ≠ ℎ௜݂ݎ݋ ݉ଵ + 1 ≤ ݅ ≤ ݉ଶ,and  

(ii) ݌௜ ≠ ଶ݉ ݎ݋௜݂ݍ + 1 ≤ ݅ ≤ ݉ଷ.  
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By Corollary (3.1.42), we have (ݖ)ܧ = ∑ ܿ௜݁௚೔,௣೔
௠భ
௜ୀଵ ∈ ࣞ . If we assume ݖ to 

be non-zero and positive, which we will do from now on, then (ݖ)ܧ >

 is a faithful conditional expectation. Applying Lemma (3.1.45) to ܧ ݏܽ 0

(݌,݃) yields (ݖ)ܧ ∈ ܩ × ܲ  such that  

(iii) (ݖ)ܧ݁௚,௣  =   ௚,௣݁‖(ݖ)ܧ‖ 

In order to prove simplicity and pure infiniteness of ࣩ[ܩ,ܲ,  it suffices to ,[ߠ

establish the following claim: There exist ( ෤݃,݌෤)ܩ × ܲ  satisfying  

(i) ݁௚෤ ,௣෤ ≤ ݁௚,௣  

(ii) ݁ ௚෤ ,௣෤ݑ௚೔ݏ௣೔ݏ௤೔
∗ ௛೔ݑ

∗ ݁௚෤ ,௣෤ = ଵ݉ ݎ݋݂ 0 + 1 ≤ ݅ ≤ ݉ଶ and  

(iii) ݁௚෤ ,௣෤ݑ௚೔ݏ௣೔ݏ௤೔
∗ ௛೔ݑ

∗ ݁௚෤ ,௣෤ = ଶ݉ ݎ݋݂ 0 + 1 ≤ ݅ ≤ ݉ଷ.  

Indeed, if this can be done, then we get  

݁௚෤ ,௣෤ݖ௚෤ ,௣෤ ݁௚෤ ,௣෤ୀ     
(୧୧),(୧୧୧) ௚෤݁(ݖ)ܧ ,௣෤ ௚෤݁‖(ݖ)ܧ‖ ,௣෤ୀ     

(୧୧୧),(୧)  

Now for ݔ ∈ < ࢿ positive and non-zero, let [ߠ,ܲ,ܩ]ࣩ  0 and choose a 

positive, non-zero element z, which is a finite linear combination of elements 

௚ᇲܵ௣ᇲܵ௤ᇲݑ
∗ ௛ᇲݑ

∗ to approximate x up to ߝ. Then ‖(ݖ)ܧ‖ is a non-zero positive 

element of ࣞ. Thus, choosing ݁௚෤ ,௣෤as above, we see that  

݁௚෤ ,௣෤ݖ௚෤ ,௣෤ = ௚෤݁‖(ݖ)ܧ‖ ,௣෤is invertible in ݁௚෤ ,௣෤ ࣩ[ߠ,ܲ,ܩ]݁௚෤ ,௣෤. If ‖ݔ −  is ‖ݖ

sufficiently small, this implies that ݁௚෤ ,௣෤ ݁ݔ௚෤ ,௣෤ is positive and invertible in 

݁௚෤ ,௣෤ ࣩ[ܩ,ܲ, ௚෤݁[ߠ ,௣෤ as well because ‖(ݖ)ܧ‖
ఌ→଴
ሱ⎯ሮ ‖(ݔ)ܧ‖ > 0. Hence, if we 

denote its inverse by y, then  
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൬ݕ
ଵ
ଶ ݑ௚෤ݏ௣෤൰

∗
݁௚෤ ,௣෤݁ݔ௚෤ ,௣෤ ൬ݕ

ଵ
ଶ ݑ௚෤ݏ௣෤൰ =  1.  

We claim that there is a pair e ( ෤݃,݌෤) ∈ ܩ × ܲsatisfying (i)-(iii). Let 

(݃ᇱ, (ᇱ݌ ∈ (ܩ)௣ߠ݃ × and ݉ଵ ܲ݌ +  1 ≤ ݅ ≤  ݉ଶ. Noting that 

௣೔ݏ௣೔ݏ௚೔ݑ
∗ ௛೔ݑ

∗ =   ௚೔௛೔షభ݁௛೔,௣೔Lemma (3.1.27) impliesݑ

݁௚ᇲ௣ᇲݑ௚೔௛೔షభ݁௛೔,௣೔݁௚ᇲ௣ᇲ =   ݁௚ᇲ௣ᇲݑ௚೔௛೔షభ݁௛೔,௣೔ 

                      = ߯ఏ೛ᇲ(ீ)((݃ᇱ)ିଵ ௜݃ℎ௜
ିଵ݃ᇱ)ݑ௚೔௛೔షభ݁௚ᇲ,௣ᇲ݁௛೔,௣೔  

According to (i), we have (݃ᇱ)ିଵ ௜݃ℎ௜
ିଵ݃ᇱ ≠ 1ீ . Thus, minimality of 

௜ᇱ݌ provides(ߠ,ܲ,ܩ) ∈ with the property that (݃ᇱ)ିଵ ܲ݌ ௜݃ℎ௜
ିଵ݃ᇱ ∉  .(ܩ)௣೔ᇲߠ

So if we take ݌(௕) ≔ ⋁ ௜ᇱ݌
௠మ
௜ୀ௠భାଵ , then (i) and (ii) of the claim hold for all 

(݃ᇱ, (ᇱ݌ ∈ (ܩ)௣ߠ݃ × ᇱ݌ Let us assume that . ܲ(௕)݌ ≥ (௕)݌ ∨  ⋁ ௜݌
௠మ
௜ୀ௠మାଵ ∨

௜and݃ᇱݍ ∈   if and only if (ᇱ݌,ᇱ݃) Then condition (iii) holds for .(ܩ)௣ᇲߠ݃

0 = ௣ᇲݏ 
∗ ௤೔ݏ௣೔ݏషభ௚೔(௚ᇲ)ݑ

∗ ௛೔షభ݃ݑ
ᇱݏ௣ᇲ  

= ߯ఏ೛೔(ீ)((݃ᇱ)ିଵ ௜݃)߯ఏ೜೔(ீ)(ℎ௜
ିଵ݃ᇱ) ݏ௣೔షభ௣ᇲ 

∗ ఏ೛೔షభ((௚ᇲ)షభ௚೔)ఏ೜೔ݑ
షభ(௛೔షభ௚ᇲ)௦೜೔

షభ೛ᇲ
 

is valid for all ݉ଶ + 1 ≤ ݅ ≤ ݉ଷ. This is precisely the case if at least one of 

the conditions  

(i) (݃ᇱ)ିଵ ௜݃ ∈   ,(ܩ)௣೔ߠ

(ii) (݃ᇱ)ିଵℎ௜ ∈   or ,(ܩ)௤೔ߠ

(iii) ߠ௣೔
ିଵ((݃ᇱ)ିଵ ௜݃)ߠ௤೔

ିଵ(ℎ௜
ିଵ݃ᇱ) ∈  (ܩ)షభ௣ᇲ(௣೔∨௤೔)ߠ



82  
 

fails for each i. Suppose, we have an index i for which the first two 

conditions are satisfied. Using injectivity of ߠ௣೔∨௤೔the third condition is 

equivalent to ߠ௥೜((݃ᇱ)ିଵ ௜݃)ߠ௥೛(ℎ௜
ିଵ݃ᇱ) ∈ ௣ݎ where (ܩ)௣ᇲߠ ≔ ௜݌) ∧ ௜݌௜)ିଵݍ  

and ݎ௤ ≔ ௜݌) ∧ ௣ݎ ௜. Condition b) impliesݍ௜)ିଵݍ ∧ ௤ݎ = 1௉ ≠  .௤ݎ௣ݎ

Moreover, we have  

௥೛(ℎ௜ߠ௥೜((݃ᇱ)ିଵ݃௜)ߠ
ିଵ݃ᇱ) = 1ீ ⇔ ௥೛(݃ᇱ)ିଵߠ௥೜(݃ᇱ)ߠ = ௥೛(ℎ௜ߠ௥೜(݃௜)ߠ

ିଵ). 

Let us examine the range of the map ௜݂:ܩ ⟶ ݃ that is defined by ܩ ↦

 ௥೛(݃)ିଵ. Note that ௜݂ need not be a group homomorphism unless Gߠ(݃)௥೜ߠ

is abelian, in which case the following part can be shortened. If ݇ଵ,݇ଶ ∈  ܩ 

have the same image under ௜݂, then ߠ௥೛(݇ଶିଵ݇ଵ) =  (1ܥ) ௥೜(݇ଶିଵ݇ଵ). Byߠ

from Definition (3.1.4), this gives ݇ଶିଵ݇ଵ ∈ (ܩ)௥೛ߠ ∩ (ܩ)௥೜ߠ =  But (ܩ)௥೛௥೜ߠ

if ݇ଶିଵ݇ଵ = ௥೛௥೜(݇ଷ) holds for some ݇ଷߠ ∈ ௥೛(݇ଶିଵ݇ଵ)ߠ then ,ܩ  =

௥೛(݇ଷ)ߠ ௥೜(݇ଶିଵ݇ଵ) implies thatߠ =  ௥೜(݇ଷ) holds as well because P isߠ

commutative and ߠ௤೔,ଵ௤೔,ଶ is injective. By induction, we get ݇ଶିଵ݇ଵ ∈

 ⋂ ೙௡∈ℕ(௥೛௥೜)ߠ   .(ܩ)

Hence ௜݂
ିଵ(ߠ௥೛(ℎ௜)ߠ௥೜( ௜݃

ିଵ)) is either empty, in which case there is 

nothing to do, or it is of tile form ෤݃௜⋂ ೙௡∈ℕ(௥೛௥೜)ߠ for a suitable ෤݃௜ (ܩ) ∈  . ܩ

But for the collection of those i for which the preimage in question is non-

empty, we can apply Lemma (3.1.13) to obtain ෤݃ ∈  such that (ܩ)௣ᇲߠ݃

௜݂( ෤݃) ≠ )௥೜ߠ௥೛(ℎ௜)ߠ ௜݃
ିଵ)  for all relevant i.  
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By condition (C2) from Definition (3.1.4), we can choose  ݌෤ ≥  ᇱ large݌

enough so that these elements are still different modulo ߠ(௣೔∨௤೔)షభ௣෤(ܩ) for all 

i. In this case, we get  

௣೔ߠ
ିଵ( ෤݃ିଵ ௜݃)ߠ௤೔൫ℎ௜

ିଵ ෤݃൯ ∉ for all  ݉ଶ  (ܩ)షభ௣෤(௣೔∨௤೔)ߠ + 1 ≤ ݅ ≤ ݉ଷ, 

so ( ෤݃, ) ෤)satisfies (iii). In other words, we have proven that the pair݌ ෤݃,  (෤݌

satisfies (i)-(iii). Thus, ࣩ[ܩ,ܲ,   .is purely infinite and simple [ߠ

From this result, we easily get tile following corollaries:  

Corollary (3.1.47)[3]: 

 If (ܩ,ܲ, ߣ  is minimal and ߬̂is amenable, then the representation (ߠ ∶

,ܲ,ܩ]ࣩ  [ߠ → ℒ(ℓଶ(ܩ))from Proposition (3.1.25) is faithful.  

Proof. This follows readily from Proposition (3.1.25) and simplicity of 

,ܲ,ܩ]ࣩ   .[ߠ

Combining Lemma (3.1.26), Theorem (3.1.46) and Proposition (3.1.40),we 

get:  

Corollary (3.1.48)[3]: 

If (ܩ,ܲ, ,ܲ,ܩ]ࣩ is minimal and Т෡is amenable, then (ߠ  is a unital [ߠ

UCT  Kirchherg algebra.  

Thus, minimal irreversible algebraic dynamical systems (ܩ,ܲ,  for which(ߠ

the action ߬̂ is amenable yield C*-algebraic ࣩ[ߠ,ܲ,ܩ]that are classified by 

their K-theory. Let us come back to some of the examples from this section 
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and briefly describe the structure of the C*-algebraic obtained in the various 

cases:  

Examples (3.1.49)[3]:  

(i) Let ܩ =  ℤ, ௜∈ூ(௜݌) ⊂  ℤ\{0, ±1} be a family of relatively prime 

integers, and set ܲ = 〈௜∈ூ(௜݌)| ⊂ ℤ×, which acts on G by ߠ௜(݃) =

 ௜݃. We know from the considerations in Example (3.1.5) (i) that݌ 

,ܲ,ܩ]ࣩ is minimal, so (ߠ,ܲ,ܩ)  .is a unital UCT Kirchberg algebra [ߠ

If we denote ݌ ∶=  ∏ ௜|௜∈ூ݌| ∈ ℕ ∪ {∞}, then ܩఏ can be identified with 

the p-adic completion ℤ௣ =  lim
←

(ℤ/ݍℤ,ߠ௤)௤∈௉ ݂݋ ℤ. Moreover, ℱ is the 

Bunce-Deddens algebra of type ݌ஶ for the classification of Bunce-

Deddens algebras by supernatural numbers.  

(ii)  Let ܫ ⊂ ℕ, choose {ݍ} ∪ ௜∈ூ(௜݌) ⊂ ℤ\ℤ∗relatively prime, ܲ =

ܩ ௜∈ூ〉, set(௜݌)| = ℤ[1/ݍ], and let ߠ௣(݃)  = ݃ for ݃݌  ∈ ,ܩ ݌ ∈ ܲ. As 

in (i), ࣩ[ߠ,ܲ,ܩ] is a UCT Kirchberg algebra by the considerations in 

Example (3.1.5) (ii) and Corollary (3.1.48). If   ݌ ∶=  ∏ ௜|௜∈ூ݌| ∈ ℕ ∪

{∞}, then ܩఏ can be thought of as a p-adic completion of ℤ[1/ݍ] and 

we obtain ℱ ≅ (ఏܩ)ܩ  ⋊ఛ  ℤ[1/ݍ]. 

Eamp1e (3.1.50)[3]: 

We have seen in Example (3.1.8) that for ݊ ≥ 2, the dynamnical  

system given by the unilateral shift on ܩ = ⊕ℕ ℤ/݊ℤ is a minimal 

commutative irreversible algebraic dynamical system of finite type. It has 

been observed that ࣩ[ܩ,ܲ, is isomorphic toࣩ௡ in a canonical way: If ݁ ଵ[ߠ =

 (1, 0, 0, . . . , )  ∈ ,ܩ  ∋ ݏ ,ܲ,ܩ]ࣩ   denotes the generating isometry for P [ߠ
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and ݏଵ, … ,  ௡ are the generating isometries of ࣩ௡then this isomorphism isݏ

given by ݑ௞௘భݏ ↦ = ݇ ݎ݋݂   ௞ݏ  1, . . . ,݊. In particular, ℱ is the UHF algebra 

of type ݊ஶ and ܩఏ is homeomorphic to the space of infinite words using the 

alphabet {1, … , ݊}. 

Ecamp1e (3.1.51)[3]: 

Given a family (ܩ(௜), ,݌  ( (௜)ߠ,݌,(௜)ܩ) ௜∈ℕ, where each((௜)ߠ

an irreversible algebraic dynamical system, we can consider ܩ =

 ⊕௜∈ℕ  on which Pacts component-wise. Assume that each    ,(௜)ܩ

,݌,(௜)ܩ) ,ܲ,ܩ) and hence  ( (௜)ߠ  .is minimal, compare Example (3.1.10) (ߠ

We have ܩఏ ≅ ∏ ఏ(௜)ܩ
(௜)

௜∈ூ . Thus the G-action ߬̂ on ܩఏ is amenable if and only 

if each ܩ௜-action ߬̂௜ on ܩఏ(௜)
(௜)  is amenable. As G is commutative (amenable) if 

and only if eac-h ܩ(௜) is, there are various cases where amenability of ߬̂is for 

granted. In such situations, ࣩ[ܩ,ܲ,   .is a unital UCT Kirchberg algebra  [ߠ

Example (3.1.52)[3]: 

For the examples arising from free group ॲ௡ ݐ݅ݓℎ 2 ≤ ݊ ≤ ∞ , see 

Example (3.1.11), we are able to provide criteria (i)-(iii) to ensure  

that we obtain minimal irreversible algebraic dynamical systems. Hence ܩఏ 

can be interpret as a certain completion of ॲ௡ with respect to ߠ.  Now ॲ௡, is 

far from being amenable, but the action ߬̂could still be amenable: The free 

groups are known to be exact. By a famous result of Narutaka Ozawa, 

exactness of a discrete group is equivalent to amenability of the left 

translation action on its Stone-Cech compactification . Recently, Mehrdad 

Kalantar and Matthew Kennedy have shown that exactness of a discrete 
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group is also determined completely by amenability of the natural action on 

its Furstenberg boundary. The latter space is usually substantially smaller 

than the Stone-Cech compactification and their methods may give some 

insights into the question of amenability of the examples presented here. - 

Section (3.2): A product Systems Perspective and Cross 

Prouducts by Semidirect Products: 

We provide a more detailed presentation of the case where (ܩ,ܲ,  is(ߠ

of finite type. We exhibit additional structural properties of the spectrum ܩఏ 

of the diagonal ࣞ in ࣩ[ߠ,ܲ,ܩ] . The assumption that ߠ௣(ܩ) ⊂  is normal ܩ

for every ݌ ∈ ܲ causes ܩఏ to inherit the group structure from G. This turns 

,ܲ,ܩ) ,ఏ into a profinite group. If, in additionܩ  is minimal and G is (ߠ

amenable, then ℱ falls into the class of generalised Bunce-Deddens algebras 

they belong to a large class of C*-algebras that can be classified by K-

theory.  

We are particularly interested in the case where G is abelian. For such 

dynamical systems, the situation is significantly easier as ߠ௣(G) ⊂ G  is 

normal for all ݌ ∈  ܲ and the action ߬̂ is always amenable. In fact, the 

structure of ࣞ and ℱ is quite similar to the one discovered in the singly 

generated case: ܩఏ is a compact abelian group and we have a chain of 

isomorphisms ℱ ≅ (ఏܩ)ܥ ⋊ఛ ܩ ≅ ෠൯ܩ൫ܥ ⋊ఛ  ෠ఏ. We will assume thatܩ

  .is an irreversible algebraic dynamical system of finite type (ߠ,ܲ,ܩ)
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Proposition (3.2.1)[3]: 

Suppose (ܩ,ܲ,  is minimal and G is amenable. Then ℱ is a (ߠ

generalised Bunce-Deddens algebra.  

Proof: This follows directly from the construction of the generalised Bunce 

Deddens algebras presented: Choose an arbitrary, increasing, cofinal 

sequence (݌௡)௡∈ℕ ⊂ ܲ , where cofinal means that, for every ݍ ∈ ܲ there 

exists an ݊ ∈ ℕ  such that ݌௡ ∈  ,௡∈ℕ is a family of nested((ܩ)௣೙ߠ) Then .ܲݍ

normal subgroups of finite index in G. This family is separating for G by 

minimality of (ߠ,ܲ,ܩ).  

These assumptions force ℱ to be unital, nuclear, separable, simple, 

quasidiagonal, and to have real rank zero, stable rank one, strict comparison 

for projections as well as a unique tracical state. As the combination of real 

rank zero and strict comparison for projections yields strict comparison, so 

ℱ also has finite decomposition rank. This establishes the remaining step to 

achieve classification of the core ℱ by means of its Elliott invariant 

,଴(ℱ)ାܭ,଴(ℱ)ܭ) [1ℱ] ,ܭଵ(ℱ) . 

Corollary (3.2.2)[3]: 

Let (ܩ௜, ௜ܲ,  ௜ be amenable for i = 1,2. If ℱଵ and ℱଶܩ ௜) he minimal andߠ

denote the respective cores, then ℱଵ ≅ ℱଶ holds if and only if  

,଴(ℱଵ)ାܭ,଴(ℱଵ)ܭ) [1ℱభ] ,ܭଵ(ℱଵ)) ≅ ,଴(ℱଶ)ାܭ,଴(ℱଶ)ܭ) [1ℱమ] ,ܭଵ(ℱଶ)). 

We  presenting an intriguing isomorphism of group crossed products on the 

level of  ℱ. 
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Corollary (3.2.3)[3]: 

Let (ܩ,ܲ,  ̂߬ ෠ఏ-actionܩ be commutative and minimal. Then there is a (ߠ

on C(ܩ෠) for which ℱ ≅ ≅ ಜG⋉(ఏܩ)ܥ ܩ෠൯⋊ಜതܩ൫ܥ
෠ఏ.  

Proof: The first isomorphism has been achieved in Corollary 3.19. For the 

second part, let τොఞഇ(߯)(݃) ≔  ߯ఏ(ߡ(݃))߯(݃) ݂ݎ݋ ߯ఏ  ∈ ,෠ఏܩ ߯ ∈ ∋ ݃ ෠andܩ 

ߡ Since .ܩ  ∶ ܩ  → ఏܩ  is a group homomorphism, τොఞഇ(߯) defines a character 

of  G. Clearly τො is compatible with the group structure on ܩ෠ఏ. The group 

homomorphism ߡ identifies G with a dense subgroup of ܩఏ. In this case the 

characters on ܩఏ are in one-to-one correspondence with the characters on G. 

Note that this correspondence is precisely given by regarding characters on 

 ෠ఏ byܩ Therefore, τොdefines an action of .ߡ ఏ as characters on G usingܩ

homneornorphisms of the compact space ܩ෠. Once we know that τොdefines an 

action, we readily see that there is a canonical surjective *-hornomnorphism 

(ఏܩ)ܥ ⋊தො G ↠  C൫ܩ෠൯ ⋊தො (଴ܩ)ܥ ෠ఏ. Asܩ ⋊தො G is simple, this map is an 

isomorphism.  

We provide a product system of Hilbert bimodules for each irreversible 

algebraic dynamical system (ܩ,ܲ, ,ܲ,ܩ) The features of .(ߠ  result in a (ߠ

particularly well-behaved product system ߯. Therefore, it is possible to 

obtain a concrete presentation of ࣩ௑. from the data of the dynamical system. 

In the case of irreversible algebraic dynamical systems of finite type, this 

algebra is shown to be isomorphic to ࣩ[ߠ,ܲ,ܩ].  

The corresponding result in the general case, that is, allowing for the 

presence of group endomorphisms ߠ௣of G with infinite index, requires a 
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more involved argument. The reason is that the prerequisites are not met, so 

one has to deal with Nica covariarice of representations. Since this is more 

closely related to the Nica-Toeplitz algebra ࣨ ई࣮ we will only treat the finite 

type case for the strategy in the general case. More precisely, it shows that, 

for ईassociated to (ܩ,ܲ,  .Nica covariance boils down to its original form ,(ߠ

A representation ߮ of the product system ߯ is Nica covariant if and only if 

߮௣(1஼∗(ீ)) and ߮௤(1஼∗(ீ)) are doubly commuting isometrics whenever p 

and q are relatively prime in P.  

We start with a brief recapitulation of the necessary definitions for 

product systems and Cuntz-Nica-Pimnsner covariance.  

Definition (3.2.4)[3]: 

 A product system of Hilbert bimodules over a monoid P with 

coefficients in a C*-algebra A is a monoid ई together with a monoidal 

homomorphism ߩ: ई → ܲ such that:  

(i) ई௣ ≔ ∋ ݌ is a Hilbert bimodule over A for each (݌)ଵିߩ ܲ,  

(ii) ईଵ௣ ≅ ௜ௗ௜ௗܣ  as Hilbert himnodules and  

(iii)  for all   ݍ,݌ ∈ ܲ  we have ई௣ ⊗஺ ई௤ ≅ ई௣௤ ݌ ݂݅  ≠ 1௉ , and  

ईଵು ⊗஺ ई௤ ≅ ߶௤(ܣ)ई௤തതതതതതതതതതത.  

Definition (3.2.5)[3]: 

Let  ℋ be a Hilbert bimodule over a C*- algebra A and. (ߦ௜)௜∈ூ ⊂ ℋ  

Consider the following properties:  
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(i) 〈ߦ௜ , 〈௝ߦ = ,݅ ௜௝1஺for allߜ ݆ ∈   .ܫ

(ii) ߟ = ∑ ௜ߦ〉௜ߦ , ௜∈ூ〈ߟ ߟ ݈݈ܽ ݎ݋݂  ∈  ℋ.  

If (ߦ௜)௜∈ூsatisfies (i) and (ii), it is called an orthonormal basis for  ℋ .  

Lemma (3.2.6)[3]: 

Let ℋ be a Hilbert bimodule. If (ߦ௜)௜∈ூ ⊂ ℋ  is an orthonormal  

basis, then (Θక೔,కೕ)௜,௝∈ூ is a system of matrix units and ∑ Θక೔,క೔ = 1ℒ(ℋ)௜∈ூ  if 

ℋ admits a finite orthonormal basis, then ܭ(ℋ) = ℒ(ℋ).  

This lemma is a reformulation implies that product systems whose fibres 

have finite orthonormal bases are compactly aligned. An explicit proof of 

this fact is presented .  

Definition (3.2.7)[3]: 

Let ߯ be a product system over P and suppose B is a C*-algebra. A map 

߮ ∶ ߯ → whose fibre maps ߯௣ ,ܤ →  are denoted by ߮௣, is called a Toeplitz ܤ

representation of ߯, if :  

(i) ߮ଵು is a *-homnomnorphisrn.  

(ii) ߮ ௣ is linear for all ݌ ∈  ܲ.  

(iii) ߮௣(ߦ)∗߮௣(ߟ) = ߮ଵು(〈ߦ, ݌ for all (〈ߟ ∈  ܲ and ߦ, ߟ ∈ ߯௣. 

(iv)߮௣(ߦ)߮௤(ߟ) = ߮௣௤(ߟߦ) for all ݌, ݍ ∈  ܲ and ߦ ∈ ߯௣ , ߟ ∈ ߯௤ . 

A Toeplitz representation will be called a representation whenever there is 

no ambiguity. Given a representation ߮ of ߯ in B, it induces                              
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*-homomorphisms ߰ఝ,௣: Κ൫߯௣൯ → ݌ for ܤ ∈  ܲ characterised by Θక,ఎ →

߮௣(ߦ)߮௤(ߟ)∗. If ߯ is compactly aligned, the representation ߮ is said to be 

Nica covariant, if ߰ఝ,௣൫݇௣൯߰ఝ,௤൫݇௤൯ = ߰ఝ,௣∨௤ ቀߡ௣
௣∨௤൫݇௣൯ߡ௤

௣∨௤൫݇௤൯ቁholds for 

all ݌, ݍ ∈  ܲ and ݇௣ ∈ ,൫߯௣൯ܭ ݇௤ ∈  ൫߯௤൯. Concerning the choice of anܭ

appropriate notion of Cuntz-Pimnsner covariance for product systems, there 

have been multiple attempts:  

Definition (3.2.8)[3]: 

Let B be a C*-algebra and suppose ߯ is a compactly aligned product 

system of Hubert bimodules over P with coefficients in A.  

ܥ) ிܲ) A representation ߮:߯ →   is called Cuntz-Pimsner covariant  ܤ

 in the sense of [3], if it satisfies  

߰ఝ,௣൫∅௣(ܽ)൯ = ߮ଵು(ܽ) for all ݌ ∈  ܲ and ܽ ∈ ∅௣ିଵ(ܭ൫߯௣൯) ⊂   .ܣ

(CP) A representation ߮:߯ →  is called Cuntz-Pimsner covariant, if the  ܤ

following holds:  

Suppose ܨ ⊂ ܲ is finite and we fix ݇௣ ∈ ݌ ൫߯௣൯ for eachܭ ∈  ,If .ܨ 

for every ݎ ∈  ܲ, there is ݏ ≥   such that ݎ 

෍ ௣௧ߡ ൫݇௣൯ = 0
௣∈ ி

holds for all  ݐ ≥  ,ݏ 

then ෍߰ఝ,௣൫݇௣൯ = 0
௣∈ ி

holds true. 
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(CNP) A representation ߮:߯ →  ’is said to be Cuntz-Nica-Pimsner  ܤ

covariant, if it is Nica covariant and (CP)-covariant.  

Fortunately, it was observed that the different notions are closely related 

that (ܥ ிܲ)  implies Nica covariance in the cases of interest to us.  

Proposition (3.2.9)[3]: 

Suppose (ܩ,ܲ,  is an irreversible algebraic dynamical system. Let (ߠ

ீ∋௚(௚ݑ)  denote the standard uniaries generating C∗(G) and ߙ be the action 

of  P on C*(G) induced by ߠ, ݅. (௚ݑ)௣ߙ.݁  = ݌ for(ࢍ)ఏ೛ݑ  ∈  ܲ and ݃ ∈  .ܩ

Then ߯௣: = C∗(G)஑౦, with left action߶୮given by multiplication in C∗(G)and 

inner product 〈ݑ௚ݑ௛〉௣ = ߯ఏ೛(ீ)(݃ିଵℎ)ݑఏ೛షభ(௚షభ௛)is an essential Hilbert 

bimodule. The union of all ߯௣ forms a product system ߯ over P with 

coefficients in C∗(G). ߯ is a product system with orthonormal bases. it is of 

finite type if (ߠ,ܲ,ܩ) is of finite type.  

Proof: It is straightforward to show that ߯ defines a product system of 

essential Hilbert bimodules and we omit the details. For ݌ ∈  ܲ, we claim 

that every complete set of representatives ( ௜݃)௜∈ூfor ߠ/ܩ௣(ܩ) gives rise to 

an orthonormal basis of ߯௣. Indeed, if we fix such a transversal ( ௜݃)௜∈ூ and 

pick ݃ ∈ ௚೔ݑ〉 then ,ܩ , ௚〉௣ݑ = ߯ఏ೛(ீ)( ௜݃
ିଵ݃)ݑఏ೛షభ(௚೔

షభ௚) equals 0 for all but 

one ݆ ∈  ,Thus .(ܩ)௣ߠ/ܩ namely the one representing the left-coset [g] in ,ܫ

the family (ݑ௚೔)௜∈ூ ⊂ ߯௣ consists of orthonormnal elemnents with respect to 

〈. , . 〉௣, and ݑ௚೔ߙ௣൫〈ݑ௚೔ , ௚〉൯ݑ =   .௜∈ூ satisfies (3.2.5) (2)(௚೔ݑ) ௚ soݑ௜௝ߜ
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Lemma (3.2.10)[3]: 

Suppose (ܩ,ܲ,  ߯ is an irreversible algebraic dynamical system and (ߠ

denotes the associated product system from Proposition (3.2.9). Then the 

rank-one projection Θ௨೒,௨೒ ∈  ൫߯௣൯depends only on the equivalence classܭ

of ݃ in ߠ/ܩ௣(ܩ). Moreover, if ߮ is a Nica covariant ant representation of ߯, 

then  

߰ఝ,௣ ቀΘ௨೒భ ,௨೒భቁ߰ఝ,௤ ቀΘ௨೒మ ,௨೒మቁ

= ቊ߰ఝ,௣⋁௤ ቀΘ௨೒య ,௨೒యቁ ݂݅ ݃ଵିଵ݃ଶ = ௤(݃ସ)for some ݃ଷ,݃ସߠ௣(݃ଷ)ߠ ∈ ,ܩ
0                                                                                        else.

 

holds for all ݃ଵ,݃ଶ ∈ ,݌ and  ܩ ݍ ∈  ܲ.  

Proof: If ݃ଵ = ݃0௣(݃ଶ)for some ݃ଶ ∈   then ,ܩ

Θ௨೒భ ,௨೒భ
(௛ݑ) = ߯ఏ௣(ீ)൫ߠ௣(݃ଶିଵ)݃ିଵℎ൯ݑ௛ = ߯ఏ௣(ீ)(݃ିଵℎ)ݑ௛ = Θ௨೒,௨೒(ݑ௛) 

for all ℎ ∈ and hence Θ௨೒భ ܩ ,௨೒భ = Θ௨೒,௨೒. For the second claim, Nica 

covariance of  ࣩߡഖimplies  

߰ఝ,௣ ቀΘ௨೒భ ,௨೒భቁ߰ఝ,௤ ቀΘ௨೒మ ,௨೒మቁ = ߰ఝ,௣ ൬ߡ௣
௣⋁௤ ቀΘ௨೒భ ,௨೒భቁ ௤ߡ

௣⋁௤ ቀΘ௨೒మ ,௨೒మቁ൰. 

If we denote ݌ᇱ ∶= ݌)  ᇱݍ and ݌ଵି(ݍ⋀ ∶= ⋀ ݌)    then , ݍଵି(ݍ

௣ߡ
௣⋁௤ ቀΘ௨೒భ ,௨೒భቁ = ෍ Θ௨೒భఏ೛(௚య),௨೒భఏ೛(௚య) ∈ ℒ

[௚య]∈ீ/ఏ೜ᇲ(ீ)

൫߯௣⋁௤൯ 
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and  

௣ߡ
௣⋁௤ ቀΘ௨೒మ ,௨೒మቁ = ෍ Θ௨೒మఏ೜(௚ర),௨೒మఏ೜(௚ర) ∈ ℒ

[௚ర]∈ீ/ఏ೛ᇲ(ீ)

൫߯௣⋁௤൯ 

hold. We observe that  

Θ௨೒భఏ೛(௚య),௨೒భఏ೛(௚య)Θ௨೒మఏ೜(௚ర),௨೒మఏ೜(௚ర) 

is non-zero if and only if [݃ଵߠ௣(݃ଷ)] = [݃ଶߠ௤(݃ସ)] ∈  In .(ܩ)௣⋁௤ߠ/ܩ

particular, this is always zero if   ݃ଵିଵ݃ଶ ∉  Let us assume that . (ܩ)௤ߠ(ܩ)௣ߠ

there are ݃ଷ, … ,଼݃ ∈   such that ܩ

௤(݃ସ)ߠ௣(݃ଷିଵ)݃ଵିଵ݃ଶߠ =  ௣⋁௤(݃଻)ߠ

and  

௤(݃଺)ߠ௣(݃ହିଵ)݃ଵିଵ݃ଶߠ =  (଼݃)௣⋁௤ߠ

Rearranging the first equation to insert it into the second, we get  

௤(݃ସିଵ݃଺)ߠ ௣⋁௤(݃଻)ߠ௣(݃ହିଵ݃ଷ)ߠ =  (଼݃)௣⋁௤ߠ

By injectivity of ߠ(௣∧௤) this is equivalent to  

௤ᇲ(݃ସିଵ݃଺)ߠ షభ(௣⋁௤)(݃଻)(௣∧௤)ߠ௣ᇲ(݃ହିଵ݃ଷ)ߠ =  (଼݃)షభ(௣⋁௤)(௣∧௤)ߠ

From this equation we can easily deduce ݃ହିଵ݃ଷ ∈ and ݃ସିଵ݃଺ (ܩ)௤ᇲߠ ∈

 ௤ᇲ , see Definition (3.1.4)(iii). Thus, ifߠ ௣ᇲandߠfrom independence of (ܩ)௣ᇲߠ

there are ݃ଷ,݃ସ ∈ ௤(݃ସ)ߠ௣(݃ଷିଵ)݃ଵିଵ݃ଶߠ such that  ܩ ∈  then they ,(ܩ)௣⋁௤ߠ

are unique up to ߠ௤ᇲ(ܩ) and ߠ௣ᇲ(ܩ) respectively. This completes the proof.  
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Theorem (3.2.11)[3]: 

Let (ܩ,ܲ,  be an irreversible algebraic dynamical system of finite type (ߠ

and ߯ the product system from Proposition (3.2.9). Then ݑ௚ݏ௣ ↦

,ܲ,ܩ]ࣩ:߮ defines an isomnorphisms (௚ݑ)ഖ,௣ࣩߡ  [ߠ → ࣩఞ.  

Proof:  The idea is to exploit the respective universal property on both sides. 

We begin by showing that (ࣩߡഖ,ଵು൫ݑ௚൯)௚∈ீis a unitary representation of G 

and (ߡङഖ,࢖൫1஼∗(ீ)൯)௣∈௉ is a representation of the inonoid P by isomnetries 

satisfying (CNP1)-(CNP3), compare Definition (3.1.24). ࣩߡഖ,ଵು is a *-

homomorphism, so we get a unitary representation of G. In addition,  

൫1஼∗(ீ)൯࢖,ङഖߡ
∗
൫1஼∗(ீ)൯࢖,ङഖߡ = ,(ீ)∗ഖ,ଵು൫〈1஼ࣩߡ 1஼∗(ீ)〉݌൯ = ഖ,ଵು൫1஼∗(ீ)൯ࣩߡ

= 1ࣩഖ 

and 

൫1஼∗(ீ)൯ࢗ,ङഖߡ൫1஼∗(ீ)൯࢖,ङഖߡ = ௣൫1஼∗(ீ)൯ߙഖ,ು೜൫1஼∗(ீ)൯ࣩߡ =  ഖ,ು೜൫1஼∗(ீ)൯ࣩߡ

show that we have a representation of P by isometries. (CNP 1) follows from 

 

௚൯ݑഖ,ଵು൫ࣩߡ൫1஼∗(ீ)൯࢖,ङഖߡ = ࢖,ङഖߡ ቀݑఏ೛(೒)ቁ = ഖ,ଵುࣩߡ ቀݑఏ೛(೒)ቁ  ൫1஼∗(ீ)൯࢖,ङഖߡ

Let ݍ,݌ ∈ ܲ and ݃ ∈  Then (CNP 2) follows easily from applying Lemma .ܩ

(3.2.10) to  
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൫1஼∗(ீ)൯࢖,ङഖߡ
∗
൫1஼∗(ீ)൯ࢗ,ङഖߡ௚൯ݑഖ,ଵು൫ࣩߡ

= ൫1஼∗(ீ)൯࢖,ङഖߡ 
∗
߰ఐङഖ,ࢗ(Θଵ.ଵ)߰ఐङഖ,ࢗ ቀ߆௨೒,௨೒ቁ  .௚൯ݑ൫ࢗ,ङഖߡ

Finally, we observe that,  

൫1஼∗(ீ)൯࢖,ङഖߡ൫1஼∗(ீ)൯࢖,ङഖߡ௚൯ݑഖ,ଵು൫ࣩߡ
∗
௚൯ݑഖ,ଵು൫ࣩߡ

∗
= ߰ఐङഖ,࢖ ቀ߆௨೒,௨೒ቁ 

and tile computation  

෍ ߰ఐङഖ,࢖ ቀ⊝௨೒,௨೒ቁ = ߰ఐङഖ,࢖൫1ℒ(௫)൯
[௚ర]∈ீ/ఏ೛ᇲ(ீ)

= ߰ఐङഖ,࢖ ቀ∅௣൫1஼∗(ீ)൯ቁ

= ഖ,ଵು൫1஼∗(ீ)൯ࣩߡ = 1ࣩೣ 

yield (CNP 3). Thus we conclude that ߮:ࣩ[ܩ,ܲ, [ߠ → ࣩఞ defines a 

surjective *-hornomnorphismn. For the reverse direction, we show that  

߮஼ே௉ ∶  ߯ → ,ܲ,ܩ]ࣩ    [ߠ

௣,௚ߦ ↦  ௣ݏ௚ݑ

defines a (CNP)-covariarit representation of ߯, where ߦ௣,௚denotes the 

represeritative for ݑ௚ in ߯࢖. To do so, we have to verify (i)-(iv) from 

Definition (3.2.7) and the (CNP)-covariance condition. (i) and (ii) are 

obvious. Using (CNP 2) to compute  

߮஼ே௉,௣൫ߦ௣,௚భ൯
∗
߮஼ே௉,௣൫ߦ௣,௚మ൯ =  ௣ݏ௚భషభ௚మݑ∗௣ݏ

          = ߯ఏ೛(ீ)(݃ଵିଵ݃ଶ)ݑఏ೛షభ൫௚భషభ௚మ൯ 
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= ߮஼ே௉,ଵು൫ߦ௣,௚భ,  ௣,௚మ൯ߦ

we get (iii). (iv) follows from (CNP 1) as  

߮஼ே௉,௣൫ߦ௣,௚భ൯߮஼ே௉,௤൫ߦ௤,௚మ൯ =  ௤ݏ௚మݑ௣ݏ௚భݑ

                                                         =  ௣௤ݏ௣(݃ଶ)ߠ௚భݑ

= ߮஼ே௉,௣௤(ߦ௣,௚భߙ௣൫ߦ௤,௚మ൯). 

Thus, we are left with the (CNP)-covariance condition. But since ߯ is a 

product system of finite type, see Proposition (3.2.9), we only have to show 

that ߮େ୒୔ is (ܥ ிܲ)-covariant due to [3]. Noting that  

߮௣ିଵ ቀ݇൫߯௣൯ቁ = ݌ for all(ܩ)∗ܥ ∈ ܲ, we obtain  

߰ఝ಴ಿು ,೛ ቀ߶௣൫ݑ௚൯ቁ = ߰ఝ಴ಿು,೛ ቌ ෍ Θ௨೒೓,௨೓
[௛]∈ீ/ఏ೛(ீ)

ቍ 

             = ௚ݑ ෍ ݁௛,௣
[௛]∈ீ/ఏ೛(ீ)

 

                 = ௚ݑ = ߮஼ே௉ ,ଵು(ߦଵು,௚). 

Thus߮஼ே௉ is a (CNP)-covariant representation of ߯ . By the universal 

property of ࣩఞ there exists a *-homomorphism ത߮஼ே௉:ࣩఞ → ,ܲ,ܩ]ࣩ  such [ߠ

that ത߮஼ே௉ ∘ ఐࣩഖߧ =  ߮஼ே௉. It is apparent that ത߮஼ே௉ and ߮ are inverse to each 

other, so ߮  is an isomorphism.  
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We establish a result about viewing a crossed product of a C*-algebra by a 

semidirect product of discrete, left cancellative monoids as an iterated 

crossed product, see Theorem (3.2.15). This extends the well-known result 

for semidirect products of locally compact groups in the discrete case and is 

essential for the proof of Corollary (3.1.39). 

We restrict our attention to the case of unital coefficient algebras and 

include the basic definitions for semigroup crossed products based on 

covariant pairs of representations.   

All semigroups will be left cancellative and discrete. In the following, 

let Isom (B) denote the semigroup of isometries in a unital C*-algebra B.  

Definition (3.2.12)[3]: 

Let S be a semigroup and A a unital C*-algebra with an S-action ߙ by 

endomorphisms. A covariant pair (ߨ஺ ,ߨ௦ ) for (ܣ,  is given by a unital ( ߙ,ܵ

C*-algebra B together with a unital C*-homomorphism ߨ஺:ܣ →  and a ܤ

sernigroup homomorphism ߨ௦: ܵ → Isom (B) subject to the covariance 

condition:  

∗(ݏ)௦ߨ (ܽ)஺ߨ(ݏ)ௌߨ = ∋ ܽ ݈݈ܽ ݎ݋݂ ((ܽ)௦ߙ)஺ߨ ,ܣ ݏ ∈ ܵ 

Definition (3.2.13)[3]: 

Let S be a semnigroup and A a unital C*-algebra with an S-action ߙ 

by endomorphisms. The crossed product for (A, S, ߙ), denoted by ܣ ⋊ఈ ܵ, is 

the C*-algebra generated by a covariant pair (ߡ஺,  ௌ) which is universal in theߡ

sense that whenever (ߨ஺,ߨௌ)  is a covariant pair for (A, S, ߙ), it factors 



99  
 

through (ߡ஺,   ௌ). That is to say, there is a surjectiveߡ

C*-homomorphism ߨത: ܣ ⋊ఈ ܵ → ஺ߨ satisfying ((ܵ)ௌߨ,(ܣ)஺ߨ)∗ܥ = തߨ ∘  ஺ߡ

and ߨ௦ = തߨ  ∘ ܣ .ௌߡ ⋊ఈ ܵ is uniquely determined up to canonical 

isomorphism by this universal property.  

This crossed product may be 0. But it is known that the coefficient 

algebra A embeds into ܣ ⋊ఈ ܵ provided that S acts by injective 

endoimorphisms and is right-reversible, i.e. ܵݏ ∩ ≠ ݐܵ  ∅ for all , ∋ ݐ  ܵ. 

Suppose that T is a semigroup which acts on another semnigroup S by 

semigroup homomorphisms ߠ௧. Then we can form the semidirect product 

ܵ ⋊ఏ ܶ, which is the semigroup given by ܵ × ܶ with ܽݔ + b-composition 

rule:  

,ݏ) ,ᇱݏ)(ݐ (ᇱݐ = ,(ᇱݏ)௧ߠݏ)  (ᇱݐݐ

Now suppose further that S and T are monoids and that ߙ is an action of 

ܵ ⋊ఏ ܶ on a unital C*-algebra A. Then the semigroup crossed product ܣ ⋊ఈ 

(ܵ ⋊ఏ ܶ) is given by a unital *-homomorphism  

ܵ,஺ߡ ⋊ఏ ܣ:ܶ → ܣ  ⋊ఈ (ܵ ⋊ఏ ܶ) 

and a semigroup homomorphism  

ܵ:ௌ⋊ഇ்ߡ ⋊ఏ ܶ → ܣ)݉݋ݏܫ ⋊ఈ (ܵ ⋊ఏ ܶ)) 

Of course, we can also consider ܣ×ഀ|ೄܵ given by a unital                             *-

homomorphism ߡ஺,ௌ:ܣ → :ௌߡ ೄܵ and a homomorphism ts|ഀ⋉ܣ ܵ → 

Isom(ܣ ⋊ఈ|ௌ ܵ). A natural question in this situation is whether ߙ and ߠ give 
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rise to a T-action ߙ෤ on ܣ ⋊ఈ|ௌ ܵ. The next lemma provides a positive answer 

for the case where ߙ satisfies {1஺ − ݏ |(1஺)(௦,ଵ೅)ߙ  ∈  ܵ}  ⊂ ⋂ ker ଵೄ)ߙ ,௧)௧∈் . 

For the sake of readability, let ݌(௦,௧) ∶= ∋ ݏ for ((1஺)(௦,௧)ߙ) ஺,ௌߡ  ܵ, ∋ ݐ  ܶ 

and we will simply write ݌௧  for ݌(ଵ௦,௧). We observe that the aforementioned 

condition is equivalent to ݌(ఏ೟(௦),௧) = ௧݌  for all ݏ ∈ ܵ, ݐ ∈ ܶ.  

Lemma (3.2.14)[3]: 

Suppose that S and T are monoids with α T-action ߠ on S by semigroup 

homomorphisms. Let α be an action of   ܵ ⋊ఏ ܶ on ܽ unital C*-algebra A by 

endomorphisms. For ݐ ∈  ܶ, let  

((ݏ)ௌߡ(ܽ)஺,ௌߡ)෤௧ߙ ∶= ∋ ܽ ݎ݋݂ ((ݏ)௧ߠ)ௌߡ஺,ௌ(α൫ଵ౩,౪൯(ܽ))ߡ ,ܣ  ∋ ݏ  ܵ 

ܣ ෤௧is an endomorphism fromߙ ⋊ఈ|ௌ ܵ → ܣ௧൫݌ ⋊ఈ|ௌ ܵ൯݌௧  provided that  

1஺ − (1஺)(௦,ଵ೅)ߙ  ∈  ker (ଵೄ,௧)ߙ ݏ ݈݈ܽ ݎ݋݂  ∈ ܵ  

In particular, if this holds for all ݐ ∈ ܶ, i.e.  

1஺ − (1஺)(௦,ଵ೅)ߙ  ∈  ሩ ker (ଵೄ,௧)ߙ
௧∈்

ݏ ݈݈ܽ ݎ݋݂ ∈ ܵ . 

therm ߙ෤ defines an action of T on ܣ ⋊ఈ|ௌ ܵ. 

Proof:  Note that ߙ෤௧൫ߡௌ(ݏ)൯ = (ݏ)ௌߡ஺,ௌ(1஺)ߡ)෤௧ߙ = ௧݌  ൯ is valid for all(ݏ)௧ߠௌ൫ߡ

ݏ ∈ ܵ, ݐ ∈ ܶ since ߡ஺,ௌ is unital. Suppose ݐ ∈ ܶ satisfies  

1஺ − (1஺)(௦,ଵ೅)ߙ  ∈  ker ଵೄ)ߙ ,௧) ݏ ݈݈ܽ ݎ݋݂  ∈ ܵ 
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 This is equivalent to ݌(ఏ೟(௦),௧) = ௧݌ . Hence, ݌௧commutes with ߡௌ൫ߠ௧(ݏ)൯ 

since  

௧݌൯(ݏ)௧ߠௌ൫ߡ = ൯(ݏ)௧ߠௌ൫ߡ∗൯(ݏ)௧ߠௌ൫ߡ௧݌൯(ݏ)௧ߠௌ൫ߡ = ,(ݏ)௧ߠ)݌ ൯(ݏ)௧ߠௌ൫ߡ(ݐ =  .൯(ݏ)௧ߠௌ൫ߡ௧݌

 To prove that ߙ෤௧ is an endomorphism of ܣ ⋊ఈ|ௌ ܵ we show that  

஺,ௌߡ) ∘ ଵೄ)ߙ ,௧),݌௧൫ߡௌ ∘ .)௧ߠ )൯) 

is a covariant pair for (ܣ,  Itis then easy to see that the induced map.( ܵ|ߙ,ܵ

coming from the universal property of the crossed product is precisely ߙ෤௧ 

and maps ܣ ⋊ఈ|ௌ ܵ onto the corner ݌௧൫ܣ ⋊ఈ|ௌ ܵ൯݌௧. 

஺,ௌߡ ∘ ଵೄ)ߙ ,௧) is a unital *-homomorphism from A to ݌௧൫ܣ ⋊ఈ|ௌ ܵ൯݌௧ In 

addition, ݌௧൫ߡௌ ∘ .)௧ߠ )൯ maps S to the isomnetries in ݌௧൫ܣ ⋊ఈ|ௌ ܵ൯݌௧ because  

൯(ݏ)௧ߠௌ൫ߡ௧݌∗൯(ݏ)௧ߠௌ൫ߡ௧݌ = ൯(ݏ)௧ߠௌ൫ߡ௧݌∗൯(ݏ)௧ߠௌ൫ߡ = ௧݌൯(ݏ)௧ߠௌ൫ߡ∗൯(ݏ)௧ߠௌ൫ߡ = ௧݌ . 

 This map turns out to be a semigroup homomorphism as  

௧݌൯(ଵݏ)௧ߠௌ൫ߡ௧݌ ൯(ଶݏ)௧ߠௌ൫ߡ = ൯(ଶݏ)௧ߠௌ൫ߡ൯(ଵݏ)௧ߠௌ൫ߡ௧ଶ݌ =  .൯(ଶݏଵݏ)௧ߠௌ൫ߡ௧݌

 Finally, for ܽ ∈ ݏ ݀݊ܽ   ܣ ∈ ܵ  , we compute  

∗(((ݏ)௧ߠ)ௌߡ௧݌)஺,ௌ(α(ଵ౩,୲)(ܽ))ߡ൯(ݏ)௧ߠௌ൫ߡ௧݌ = ௧݌ ஺,ௌߡ ቀα(ఏ೟(௦),௧)(ܽ)ቁ ௧݌  

                                                                                    =   .஺,ௌ(α(ଵ౩,୲)(α(ୱ,ଵ౐)(ܽ))ߡ

Thus, (ߡ஺,ௌ ∘ ଵೞ)ߙ ,௧),݌௧൫ߡௌ ∘ .)௧ߠ )൯) forms a covariant pair for (ܣ,  In .( ܵ|ߙ,ܵ

particular, the induced map ߙ෤௧ is an endomnorphism of ܣ ⋊ఈ|ௌ ܵ.  
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Conversely, assume that ߙത௧ defines an endomorphism of ܣ ⋊ఈ|ௌ ܵ. 

Then (ߙ෤௧ ∘ ,෤୲ߙ,஺,ௌߡ ∘  mapping A ( ܵ|ߙ,ܵ,ܣ) ௌ) forms a covariant pair forߡ

and S tothe C*-algebra ܤ ≔ ܣ෤௧൫ߙ ⋊ఈ|ௌ ܵ൯. Note that the unit inside this    

C*-algebra is ݌௧ . In particular, we have a semi group homomorphism ߙ෤௧ ∘

:௦ߡ ܵ →   This forces .(ܤ)݉݋ݏܫ

௧݌ = ((ݏ)ௌߡ)෤௧ߙ∗((ݏ)ௌߡ)෤௧ߙ  = ൯(ݏ)௧ߠௌ൫ߡ 
∗
൯(ݏ)௧ߠௌ൫ߡ௧݌ =  (ఏ೟(௦),௧)݌

for all ݏ ∈ ܵ , which is equivalent to  

൛1஺ − ݏ ห(1஺)(௦,ଵ೅)ߙ  ∈ ܵ } ⊂ ker  (ଵೄ,௧)ߙ

Since ߙ|ܶ and ߠare semigroup homomorphisms , ߙ෤ defines an action of T on 

ܣ ⋊ఈ|ௌ ܵ provided that the imposed condition holds for every ݐ ∈  ܶ.  

Theorem (3.2.15)[3]: 

Suppose S and T are monoids together with a T-action ߠ on S by semigroup 

homomorphisms, and an action ߙ of ܵ ⋊ఏ ܶ on a urtital C*-aigebra A by 

endomorphisms. If  

൛1஺ − ݏ ห(1஺)(௦,ଵ೅)ߙ  ∈ ܵ } ⊂ሩ ker ଵೄ)ߙ ,௧)
௧∈்

 

holds true, then there is a canonical isomorphism 

ܣ ⋊ఈ (ܵ ⋊ఏ ܶ)
గ
→ ൫ܣ ⋊ఈ|ௌ ܵ൯ ⋊ఈ෥ ܶ , (ܽ)஺,ௌ⋊ഇ்ߡ ⟼ ஺⋊ௌߡ  ∘   (ܽ)஺,௦ߡ 

,ݏ)ௌ⋊ഇ்ߡ (ݐ ⟼ ஺⋊ௌߡ)   ∘   (ݐ)்ߡ(ݏ)(௦ߡ 
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where ߙ෤ is given by ߙ෤௧(ߡ஺,ௌ(ܽ)ߡௌ(ݏ)) =  ((ݏ)௧ߠ)ௌߡ஺(α(ଵ౩,୲)(ܽ))ߡ

Proof : Recall that (ߡ஺, ܵ ⋊ఏ , ݏ,஺ߡ) ,(ௌ⋊ഇܶߡ ,ܶ  denote the (்ߡ ,஺⋊௦ߡ) ௌ,) andߡ

uiversal covariant pairs for (ܣ, ܵ ⋊ఏ ,ܣ) , (ߙ,ܶ ܣand ൫ (ܵ|ߙ,ܵ ⋊ఈ|ௌ  ,෤൯ߙ,ܶ,ܵ

respectively. The strategy is governed by the following claims: 

(i) ( ߡ஺⋊௦  ∘ (ௌߡ°஺⋊ௌߡ ),஺,ௌߡ  × ܵ,ܣ) forms acovariant pair for (்ߡ ⋊ఏ   .(ߙ,ܶ

(ii) (ߡ஺,ௌ⋊ഇ்
 × ,ݏ|ௌ⋊ഇ்ߡ ܣௌ⋊ഇ்|்) forms acovariant pair for ൫ߡ ⋊ఈ|ௌ   .෤൯ߙ,ܶ,ܵ

If we assume (i) and (ii), then (i) and the universal property of 

ܣ ⋊ఈ (ܵ ⋊ఏ ܶ) give a *-homomorphism  

ܣ ⋊ఈ (ܵ ⋊ఏ ܣ൫↠ߨ(ܶ ⋊ఈ|ௌ ܵ൯ ×ఈ෥ (ܽ)஺,ௌ⋊ഇ்ߡܶ           ⟼ ஺⋊௦ߡ  ∘   (ܽ)஺,௦ߡ

,ݏ)ௌ⋊ഇ்ߡ (ݐ           ⟼ ஺⋊ௌߡ) ∘  (ݐ)்ߡ(ݏ)(௦ߡ

Since S and T both have an identity, the induced map equals ߨ . Note that the 

pair from (ii) is the natural candidate to provide an inverse for ߨ. Indeed, if 

(ii) is valid, then the two induced *-homomorphisms are mutually inverse on 

the standard generators of the C*-algebras on both sides. Thus it remains to 

establish (i) and (ii).  

 For step (i), note that ߡ஺⋊ௌ  ∘  ஺,௦is a unital *-homomorphism andߡ 

஺⋊௦ߡ ∘  ௦ defines a semigroup homomorphism from S to the isometries inߡ

൫ܣ ⋊ఈ|ௌ ܵ൯ ⋊ఈ෥ ܶ. The covariance condition for (T,ߙ෤) yields  

஺⋊ௌߡ(ݐ)்ߡ ∘ (ݏ)௦ߡ = ஺⋊ௌߡ)෤ߙ   ∘ (ݐ)்ߡ(ݏ)௦ߡ = ஺⋊ௌߡ  ∘  .(ݐ)்ߡ((ݏ)௧ߠ)௦ߡ
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Therefore, (ߡ஺⋊ௌ  ∘ (௦ߡ ×  is well-behaved with respect to the semnidirect ்ߡ

product structure on S × T coming from θ, so we get a semigroup 

homomorphism (ߡ஺⋊ௌ  ∘ (௦ߡ × ഇܶ⋉ܵ :்ߡ → ܣ൫) ݉݋ݏܫ ⋊ఈ|ௌ ܵ൯ ⋊ఈ෥ ܶ). Now let 

ܽ ∈ , ܣ ݏ ∈ ݐ ݀݊ܽ  ܵ ∈ ܶ. Then we compute  

൫(ߡ஺⋊௦  ∘ (௦ߡ × ,ݏ)൯்ߡ ஺⋊ௌߡ(ݐ ∘ ஺⋊ௌߡ))(ܽ)஺,ௌߡ  ∘ (஺,ௌߡ × ,ݏ)(்ߡ  ∗(ݐ

 = ஺⋊ௌߡ  ∘ ஺⋊ௌߡ(ݐ)்ߡ(ݏ)௦ߡ  ∘ ஺⋊ௌߡ∗(ݐ)்ߡ(ܽ)஺,ௌߡ  ∘  ∗(ݏ)ௌߡ

= ஺⋊ௌߡ  ∘ ஺⋊ௌߡ(ݏ)௦ߡ  ∘ ஺,ௌߡ ቀα൫ଵ౩,౪൯(ܽ)ቁ ஺⋊ௌߡ  ∘  ∗(ݏ)ௌߡ

                        = ஺⋊ௌߡ  ∘ ஺,ௌߡ ൬α(ୱ,ଵ౐)൫ଵ౩,౪൯(ܽ)൰ 

                        = ஺⋊ௌߡ  ∘ ஺,ௌߡ ቀα(ୱ,୲)(ܽ)ቁ, 

which completes (i). For part (ii), we remark that (ߡ஺,ௌ⋊ഇ்,  ௌ⋊ഇ்|ܵ) is aߡ
covariant pair for (ܣ,  ஺,ௌ are unital, the inducedߡ ஺,ௌ⋊ഇ் andߡ Since .(ܵ|ߙ,ܵ
map is unital as well. Moreover, ߡௌ⋊ഇ்|ܶ is a semigroup homomorphism 
mapping T to the isometries inܣ ⋊ఈ (ܵ ⋊ఏ ܶ)). Thus, we are left with the 
covariance condition. Note that it suffices to check the covariance condition 
on the standard generators of ܣ ⋊ఈ|ௌ ܵ . For  ܽ ∈ , ܣ ݏ ∈ ݐ ݀݊ܽ  ܵ ∈ ܶ , we 
get  
 
,ௌ⋊ഇ்(sߡ஺,ௌ⋊ഇ்(a)ߡௌ⋊ഇ்൫1ୗ,t൯ߡ 1୘)ߡௌ⋊ഇ்൫1ୗ,t൯

∗
 

ௌ⋊ഇ்൫1ୗ,t൯ߡ஺,ௌ⋊ഇ்(a)ߡௌ⋊ഇ்൫1ୗ,t൯ߡ =
∗
,ௌ⋊ഇ்(sߡௌ⋊ഇ்൫1ୗ,t൯ߡ 1୘)ߡௌ⋊ഇ்൫1ୗ,t൯

∗
 

஺,ௌ⋊ഇ்ߡ = ൬α൫ଵ౩,౪൯(ܽ)൰ ,(ݏ)௧ߠ)ௌ⋊ഇ்ߡ 1୘)݌௧ 

஺,ௌ⋊ഇ்ߡ = ൬α൫ଵ౩,౪൯(ܽ)൰ ,(ݏ)௧ߠ)ௌ⋊ഇ்ߡ 1୘) 

= ෤௧ߙ ቀߡ஺,ௌ⋊ഇ்(a)ߡௌ⋊ഇ்(s, 1୘)ቁ 

Hence (i) and (ii) are both valid, so the proof is complete.   
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Chapter 4 

Product Systems over Semigroups of Ore Type 

We introduce Doplicher-Robertspicture of Cuntz-Pimsner algebras, and 

the semigroup dual to a product system of ’regular’ C*-correspondences. 

Under a certain aperiodicity condition on the latter, we obtain the 

uniquenesstheorem and a simplicity criterion for the algebras. These results 

generalize thecorresponding ones for crossed products by discrete groups, 

we give interesting conditionsfor topological higher rank graphs and P-

graphs, and apply to the new Cuntz C*-algebra ࣫ℕarising from the "ܽݔ +

 ܾ"-semigroup over ℕ. 

Section (4.1): Regular Product Systems of                                

C*-Correspondences and their C*-Algebras with Dual Objects  

We first introduce and discuss certain product systems of C*-

correspondences satisfying additional regularity conditions, and then 

construct their associated Cimtz-Pimnsner algebras and their reduced 

versions in the spirit of the Doplicher-Roberts algebras. The construction 

involves an object that may be viewed as a right tensor C*-precategory over 

P.  Regular product systems introduced and their C*-algebras will play a 

central role. 

Regular product systems and their right tensor C*-precategories. 
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Definition (4.1.1)[4]: 

Let X be a C*-correspondence with coefficients in A. We say X is 

regular if its left action is injective and via compact operators, that is  

∅ ݎ݁݇ = (ܣ)∅     ݀݊ܽ     {0}  ⊆  ݇(ܺ).                            (1) 

We say that a product system ܺ ∶= ∐ ܺ௣ ௣∈௉    over a semigroup P is regular 

if each fiber ܺ௣ ,݌ ∈ ܲ, is a regular C*-correspondence.  

The notions of regularity and tensor product are compatible in the sense 

that the tensor product of two regular C*-correspondences is automatically 

regular below. We will need the following . 

Lemma (4.1.2)[4]: 

Let Y he a regular C*-corresponderice with coefficients in A and let X, 

Z be right Hilbert A-modules.  

(i) For each ݔ ∈ ܺ, the mapping  

ܻ ∋  ݕ
்ೣ
→ ݕ⨂ݔ ∈ ܺ⨂ܻ 

is compact, that is ௫ܶ ∈ ‖Furthermore, we have .(ܻ⨂ܺ,ݕ)݇ ௫ܶ‖ =

  .‖ݔ‖

(ii) For each ܵ ∈ ݇(ܺ,ܼ)  we have ܵ⨂1௒ ∈ ݇(ܺ⨂ܻ,ܼ⨂ܻ) and the 

mapping  

݇(ܺ,ܼ) ∋ ܵ ⟼ ܵ⨂1௒ ∈ ݇(ܺ⨂ܻ,ܼ⨂ܻ)               (2) 
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is isometric. It is surjective whenever ∅௒:ܣ → ݇(ܻ) is. 

Proposition (4.1.3)[4]: 

Tensor product of regular C*-correspondences is a regular                

C*-correspondence.  

Proof:  If X and Y are C*-correspondences over A then the left action of A 

on ܺ ⨂ ܻ is ∅௑⨂௒ = ∅௑⨂1௒. Hence if X and Y are regular, then ∅ଡ଼⨂ଢ଼ is 

injective and acts by compacts, by Lemma (4.1.2) part (ii).  

Now, let X be a regular product system over P. The family  

݇௑ ≔ ൛ܭ൫ܺ௤ ,ܺ௣൯ൟ௣,௤∈௉
 

forms in a natural manner a C*-precategory. We will describe a right 

tensoring structure on kଡ଼ by introducing a family of mappings 

௣,௤ߡ
௣௥,௤௥: ݇൫ܺ௤ ,ܺ௣൯ → ݇൫ܺ௤௥ ,ܺ௣௥൯, ,݌ ,ݍ ݎ ∈ ܲ , which extends the standard 

family of diagonal homomorphisms ߡ௤
௤௣ defined . If ݍ ≠ ݁ we put  

௣,௤ߡ
௣௥,௤௥(ܶ)(ݕݔ) ≔ ,ݕ(ݔܶ) ݔ ݁ݎℎ݁ݓ ∈ ܺ௤ , ݕ ∈ ௥ܺ    ܽ݊݀   ܶ ∈ ݇൫ܺ௤ ,ܺ௣൯ 

Note that under the canonical isomorphisrn ܺ௣௤ ≅ ܺ௣⨂஺ܺ௤  operator 

௣,௤ߡ
௣௥,௤௥(ܶ) corresponds to ܶ⨂1௑ೝ . Hence by part (ii) of Lemma 

௣,௤ߡ,(4.1.2)
௣௥,௤௥(ܶ) ∈ ݇൫ܺ௤௥ ,ܺ௣௥൯ and ߡ௣,௤

௣௥,௤௥ is isometric. Similarly, in the case 

q = e, the formula  

௣,௘ߡ
௣௥,௥(ݐ௫)(ݕ) ≔ , ݕݔ ݕ ݁ݎℎ݁ݓ ∈ ௥ܺ ௫ݐ  ݀݊ܽ   ∈ ݇൫ܺ௘ ,ܺ௣൯, ݔ ∈ ܺ௣ 
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yields a well defined map. By Lemma (4.1.2)part(i), this is an isometry from 

݇൫ܺ௘ ,ܺ௣൯ into ݇൫ ௥ܺ ,ܺ௣௥൯. Note that  ߡ௣,௣
௣௥,௣௥ = ௣ߡ

௣௥ . 

Definition (4.1.4)[4]: 

The C*-precategory ݇௫ ≔ ൫ܺ௤ܭ} ,ܺ௣൯}௣,௤∈௉ equipped with the family  

of maps {ߡ௣,௤
௣௥,௤௥}௣,௤,௥ ∈௉ defined above is called a right tensor C*-precategory 

associated to the regular product system X.  

Lemma (4.1.5)[4]: 

Let ߰ be a representation of a regular product system X over a 

semigroup P in a C*-algebra B. For each ݌, ݍ ∈ ܲwe have a contractive 

linear map ߰௣,௤:ܭ൫ܺ௤ ,ܺ௣൯ →   determined by the formula ܤ

߰௣,௤൫Θ௫,௬൯ = ߰௣(ݔ)߰௤(࢟)∗݂ݔݎ݋ ∈ ܺ௣ ,ݕ ∈ ܺ௤                      (3)  

Mappings ൛߰௣,௤ൟ௣,௤ ∈௉
 satisfy  

ψ୮,୯(S)ψ୯,୰(T) = ψ୮,୰(ST)for S ∈ K൫X୯, X୮൯, T ∈ K൫X୰, X୯൯, p, q. r ∈ P      (4) 

and are all isometric if  ߰ is injective. If  ߰ is Cuntz-Pimsner covariant, then  

߰௣,௤(ܵ) = ߰௣௥,௤௥൫ߡ௣,௤
௣௥,௤௥(ܵ)൯   ݂݌ ݈݈ܽ ݎ݋, .ݍ ݎ ∈ ܲ ܽ݊݀ ܵ ∈ ൫ܺ௤ܭ ,ܺ௣൯       (5) 

Proof:  It is not completely trivial but quite well known that (3) defines a 

linear contraction which is isometric if ߰௘ is injective. One readily sees that 

(4) holds for ‘rank one operators ܵ = Θ௫,௬ ܶ = Θ௨,௪and thus it holds 

ingeneral. Suppose that ߰ is Cuntz-Pimsner covariant representation on 
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Hilbert space H and let ݍ,݌, ݎ ∈  ܲ. To see (5), it suffices to consider the 

case when ܵ = Θ௫,௬with ݔ ∈  ܺ௣, and ݕ ∈ ܺ௤ . We may writing ݔ =  ᇱaݔ

where ݔᇱ ∈ ܺ௣ and ܽ ∈   We get .ܣ 

߰௣,௤(ܵ) = ߰௣(ݔᇱ)ߨ(ܽ)߰௤(ݕ)∗ = ߰௣(ݔᇱ)߰(௥)(∅௥(ܽ))߰௤(ݕ)∗

∈ ߰௣௥,௤௥(ܭ൫ܺ௤௥ ,ܺ௣௥൯) 

Hence both ߰௣,௤(ܵ) and ߰௣௥,௤௥൫ߡ௣,௤
௣௥,௤௥(ܵ)൯ act as zero on the orthogonal 

complement of the space ߰௣௥൫ܺ௤௥൯ܪ = ߰(௤௥)(ܭ൫ܺ௤௥)൯ܪ. Since the linear 

span of elements of the form ߰௤௥(ݔ଴ݕ଴)ℎ, ଴ݔ ∈ ܺ௤ , ଴ݕ ∈ ௥ܺ , ℎ ∈  is dense ,ܪ

in ߰௣௥൫ܺ௤௥൯(5) ,ܪ follows from the following computation:  

߰௣௥,௤௥ ቀߡ௣,௤
௣௥,௤௥൫Θ௫,௬൯ቁ߰௤௥(ݔ଴ݕ଴) = ߰௣௥൫ߡ௣,௤

௣௥,௤௥൫Θ௫,௬൯ݔ଴ݕ଴൯

= ߰௣௥൫(Θ௫,௬ݔ଴൯ݕ଴) = ߰௣௥(ݔ〈ݔ,ݕ଴〉ݕ଴)

= ߰௣(ݔ)߰௤(ݕ)∗߰௤(ݔ଴)߰௥(ݕ଴) = ߰௣,௤൫Θ௫,௬൯߰௤௥(ݔ଴ݕ଴). 

Doplicher-Roherts picture of a Cuntz-Pimsner algebra and its reduced 

version . 

We assume that X is a regular product system over a semigroup of Ore type. 

We need the following lemma.  

Lemma (4.1.6)[4]: 

Suppose ߰ is a Cuntz-Pimsner covariant representation of a regular 

product system X over a semigroup P of Ore type.  



110  
 

(i) For all ݔ ∈ ܺ௣ , ݕ ∈ ܺ௤  and  ݏ ≥ ,݌    we have  ݍ

߰௣(ݔ)∗߰௤(ݕ) ∈ :∗തതതതതതത൛߰(݂)߰(ℎ)݊ܽ݌ݏ ݂ ∈ ܺ௣షభ௦, ݂ ∈ ܺ௤షభ௦ൟ 

(ii)  We have the equality  

:∗(ݕ)߰(ݔ)߰}തതതതതതത݊ܽ݌ݏ ݕ,ݔ ∈ ܺ, [(ݕ)݀,(ݔ)݀] = ,݌] {[ݍ =

:∗(ݕ)߰(ݔ)തതതതതതത൛߰݊ܽ݌ݏ   ݔ ∈ ܺ௣௥ , ݕ ∈ ܺ௤௥  , ݎ ∈ ܲൟ. 

(iii) ܥ∗൫߰(ܺ)൯ = :∗(ݕ)߰(ݔ)߰}തതതതതതത݊ܽ݌ݏ ,ݔ ݕ ∈ ܺ}.  

Furthermore, there is a dense subspace of ܥ∗൫߰(ܺ)൯ consisting of elements 

of the form  

߰(௤)൫ܵ௤൯ + ෍߰௣,௤(ܵ௣,௤)
௣∈ி

                                        (6) 

where ݍ ∈  ܲ and ܨ ⊆  ܲ is a finite set such that ݍ ≁ோ ∋ ݌ for all ݌    .ܨ

Proof: Ad(i). Write ݔ = ܵ ᇱ withݔܵ  ∈ ᇱݔ and (௣ܺ)ܭ ∈ ܺ, and similarly ݕ ∈

∋ ܶ ᇱ withݕܶ ,(௤ܺ)ܭ ᇱݕ ∈  ܺ௤ . Then we get  

߰௣(࢞)∗߰௤(ݕ) = ߰௣(ݔᇱ)∗߰(௣)(ܵ∗)߰(௤)(ܶ)߰௤(ݕᇱ)

= ߰௣(ݔᇱ)∗߰(௦)(ߡ௣௦(ܵ∗)ߡ௣௦(ܶ))߰௤(ݕᇱ) 

Since ߡ௣௦(ܵ∗)ߡ௣௦ (ܶ) ∈ )ܭ ௦ܺ)  we may approximate ߰(௦)(ߡ௣௦(ܵ∗)ߡ௣௦(ܶ)) with 

finite sums of operators of the form ߰௦(݂ᇱ݂)߰௦(ℎᇱℎ)∗ where ݂ᇱ ∈ ܺ௉ , ݂ ∈

ܺ௉షభ௦ and ℎᇱ ∈ ܺ௤ , ℎ ∈ ܺ௤షభ௦. Hence ߰௣(ݔ)∗߰௤(ݕ) can be approximated by 

finite sums of elements of the form  
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߰௣(ݔᇱ)∗߰௦(݂ᇱ݂)߰௦(ℎᇱℎ)∗߰௤(ݕᇱ) = ߰௣షభ௦(〈ݔᇱ, ݂ᇱ〉௣݂)߰௤షభ௦(〈ݕᇱ, ℎᇱ〉ℎ)∗ 

This proves claim (i).  

Ad(ii). Clearly, ݊ܽ݌ݏതതതതതതത{߰(ݔ)߰∗(ݕ): ݕ,ݔ ∈ ܺ, ,(ݔ)݀] [(ݕ)݀ = ,݌]  {[ݍ

contains  ݊ܽ݌ݏതതതതതതത൛߰(ݔ)߰(ݕ)∗: ݔ ∈ ܺ௣௥ , ݕ ∈ ܺ௤௥ , ݎ ∈ ܲൟ. To see the converse 

inclusion, we use the mappings introduced in Lemma (4.1.5) and assume 

that [݌ᇱ,ݍᇱ] = ᇱݎᇱ݌ that is [ݍ,݌] = ᇱݎᇱݍ and ݎ݌ = ,ݎ for some ݎݍ ᇱݎ ∈ ܲ. 

Then for ܶ ∈ ൫ܺ௤ᇲܭ ,ܺ௣ᇲ൯ we have  

߰௣ᇲ,௤ᇲ(ܶ) =  ߰௣ᇲ௥ᇲ,௤ᇲ௥ᇲ(ߡ௣ᇲ,௤ᇲ
௣ᇲ௥ᇲ,௤ᇲ௥ᇲ(ܶ)) = ߰௣௥,௤௥(ߡ௣ᇲ,௤ᇲ

௣ᇲ௥ᇲ,௤ᇲ௥ᇲ(ܶ))

∈ :∗(ݕ)߰(ݔ)തതതതതതത൛߰݊ܽ݌ݏ ݔ ∈ ܺ௣௥ , ݕ ∈ ܺ௤௥  ൟ, 

which proves our claim.  

Ad (iii). Part (i) implies that ܥ∗(߰(ܺ))is the closure of elemnents of the 

form  

෍߰௣೔

௡

௜ୀଵ

( ௜ݕ)௤೔߰ ( ௜ݔ)
∗,                                             (7)  

where ݌௜ , ௜ݍ  ∈ ௜ݔ,ܲ  ∈ ܺ௣೔ , ∋ ௜ݕ  ܺ௤೔ , ݅ =  1, . . ,݊. Moreover, taking any 

଴ݍ ∈ ܲ that dominates all ݍ௜ , ݅ = 1, . . . ,݊, and writing ݕ௜ = ௜ᇱݕ ܽ௜  with ݕ௜ᇱ ∈

ܺ௤೔ ,ܽ௜ ∈   we get ,ܣ

߰௣೔(ݔ௜ ) ߰௤೔(ݕ௜ )
∗ =  ߰௣೔(ݔ௜ )߰

൫௤೔
షభ௤బ ൯ ൬∅௤೔షభ௤బ 

(ܽ௜∗)൰߰௤೔(ݕ௜
ᇱ)∗, ݅ = 1, … ,݊  



112  
 

Approximating ߰൫௤೔
షభ௤బ ൯ ൬∅௤೔షభ௤బ 

(ܽ௜∗)൰ by finite sums of elemnemits of the 

form ߰௤೔షభ௤బ 
 ௤೔షభ௤బ߰(௜ݑ)

( ௜ݕ)௤೔߰ ( ௜ݔ)we see that ߰௣೔ ∗(௜ݒ)
∗ can be 

approximated by finite sums of elements of the form  

 ௤೔షభ௤బ߰(௜ݔ)௜݌߰
 ௤೔షభ௤బ߰(௜ݑ)ݍ

݅ݕ)௤೔߰∗(௜ݒ)
ᇱ)∗  = ߰௣೔௤೔షభ௤బ 

݅ݕ) ௤బ߰(௜ݑ௜ݔ)
ᇱݒ௜)∗. 

Thus we see that tile element (7) can be presented in the form  

෍ ߰௣,௤బ (ܵ௣,௤బ )
௣∈ிᇲ

                                                    (8) 

 where ܨᇱ = : ଴ݍ௜ିଵݍ௜݌} ݅ = 1 , … , ݊} ⊆ ܲ is a finite set. Let ܨ଴ = ݌} ∈

:ᇱܨ ଴ݍ ∼ோ ݌ and for each {݌ ∈ ௣ݎ ଴ chooseܨ ∈P such that ݎ݌௣  =  ௣. Letݎ଴ݍ

ݎ ∈ ܲ be such that ݎ ≥ ݌ ௣ for allݎ  ∈   ଴, and putܨ

:ݍ = :ܨ    ݀݊ܽ     ݎ଴ݍ = :ݎ݌} ݌ ∈  .{଴ܨ\ᇱܨ

Then ݎ݌ = ݌ for all ݍ ∈ ݌ ଴, andܨ ≁ோ ݌ for all ݍ ∈  By (4) we have .ܨ

߰௣,௤బ ൫ܵ௣,௤బ ൯ ∈ ߰௣௥,௤బ ௥ ቀܭ൫ܺ௤బ ௥,ܺ௣௥൯ቁ = ߰௣௥,௤ ቀܭ൫ܺ௤ ,ܺ௣௥൯ቁ and hence 

the element (8) can be presented inthe form (6).  

We are ready to prove the main theorem. It gives a direct 

constructionof the Cuntz-Pimsner algebra ࣩ௑ of a regular product system 

Xas the full cross-sectional C*-algebra of a suitable Fell bundle 

corresponding to the limits of directed systems of the compact operators 

arising from X.  
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Theorem (4.1.7)[4]: 

Let X be a regular product system over a semigroup P of Ore type and 

let G(P) be the enveloping group of P. For each [ݍ,݌] ∈   we define(ܲ)ܩ

:[௣,௤]ܤ =  ݈݅
⟶݉

݇ (ܺ௤௥ ,ܺ௣௥)  

to be the Banach space direct limit of the directed system 

൬൛݇൫ܺ௤௥ ,ܺ௣௥൯ൟ௥∈௣, ௣௥,௤௥ߡ}
௣௦,௤௦}௥,௦∈௉

௥ஸ௦
൰. The family ß =  ௧∈ீ(௉) is in a natural{௧ܤ}

manner equipped with the structure of a Fell bundle over G(P) and we have 

a canonical isomnorphismn  

ࣩ௫ ≅ ∗ܥ ቀ൛ܤ௚ൟ௚∈ீ(௉)ቁ 

from the Cuntz-Pimsner algebra ࣩ௑ onto the full cross-sectional C*-algebra 

  ,௚∈ீ(௉). In particular{௚ܤ})∗ܥ

(i) the universal representation ݆௑:ܺ → ࣩ௑ is injective,  

(ii) ࣩ௑ has a natural grading {(ࣩ௑)௚}௚∈ீ(௉) over G(P), such that  

(ࣩ௑)௚ = :∗(ݕ)௑݆(ݔ)തതതതതതത{݆௑݊ܽ݌ݏ ݕ,ݔ ∈ ܺ, [(ݕ)݀,(ݔ)݀] = ݃}          (9) 

(iii) for every injective representation ߰of X, the integrated representation 

∏ట of ࣩ௑ is isometric on each Banach space (ࣩ௑)௚,݃ ∈  and ,(ܲ)ܩ

thus it restricts to an isomorphism of the core C*-subalgebra of ࣩ௑, 

namely  
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(ࣩ௑)ࢋ = :∗(ݕ)௑݆(ݔ)തതതതതതത{݆௑݊ܽ݌ݏ  ,ݔ ݕ ∈ ܺ, (ݔ)݀ =  .{(ݕ)݀

Proof: As the direct limit ݈݅
⟶݉

݇ (ܺ௤௥ ,ܺ௣௥)  depends only on ‘sufficiently 

large r’, it follows immediately that the limit does not depend on the choice 

of a representative of [݌, is well defined. Let ߮௣,௤ [௣.௤]ܤ and thus [ݍ ∶

݇(ܺ௤ ,ܺ௣) → denote the natural embedding Of ݇(ܺ௤ [௣.௤]ܤ ,ܺ௣) into ܤ[௣.௤]. It 

is isometric because all the connecting maps {ߡ௣௥,௤௥
௣௦,௤௦} ݎ ≤  are. Using the ݏ

(inductive) properties of the mappings ߮௣,௤ and (right tensoring) properties 

of the mappings ι୮,୯
୮୰,୯୰one sees that the formula  

߮௣భ,௣మ(ܵ) ∘ ߮௤భ,௤మ(ܶ) ≔ ߮௣భ(݌ଶିଵݏ), ௣భ,௣మߡ)(ݏଵିଵݍ)ଶݍ
௣భ,൫௣మషభ௦൯,࢙(ܵ)ߡ௤భ,௤మ

௦,௤మ൫௤భషభ௦൯(ܶ)),  

where ݏ ≥ ଶ݌ ܵ,ଵݍ, ∈ ݇൫ܺ௣మ ,ܺ௣భ൯,ܶ ∈ ݇(ܺ௤మ ,ܺ௤భ), yields well defined 

bilinear maps  

∘∶ [௣భ,௣మ]ܤ × [௤భ,௤మ]ܤ →  [௤భ,௤మ]∘[௣భ,௣మ]ܤ

These maps establish an associative multiplication ∘ on {ܤ௧}௧∈ீ(௉), 

satisfying  

‖ܽ ∘ ܾ‖ ≤ ‖ܽ‖. ‖ܾ‖.   

Hence {ܤ௧}௧∈ீ(௉)becomes a Banach algebraic bundle. Simnilarly, formula  

߮௣భ,௣మ(ܵ)∗ ≔ ߮௣మ,௣భ(ܵ∗),         ܵ ∈ ݇(ܺ௣మ ,ܺ௣భ),  

defines a ‘*‘ operation that satisfies axioms  and hence we get a Fell bundle 

structure on {ܤ௚}௚∈ீ(௉) (we omit straightforward but tedious verification of 

the details).  
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Now, we view ܥ∗({ܤ௚}௚∈ீ(௉)) as a maximal C*-completion of the 

direct sum ⨁௚∈ீ(௉)ܤ௚. Using the maps , we define mappings  

ܺ:ߖ = ሡܺ௣ →
௣∈௉

 (௚∈ீ(௉){௚ܤ})∗ܥ

by  

ܺ௣ ∋ ݔ → ߮௣,௘(ݐ௫),                ݌ ∈ ܲ                             (10) 

 is an isomorphism of C∗-correspondences, it follows that ߖ restricted to 

each summand ܺ௣, is an injective representation of a C∗-correspondence. 

Moreover, for ݔ ∈ ܺ௣ ,ܻ ∈ ܺ௤ we have ݐ௫௬ = ݅௣,௘
௣௤,௤(ݐ௫)ݐ௬ and thus  

(ݕ)ߖ(ݔ)ߖ = (ݔݐ)݁,݌߮ ∘ ൯ݕݐ൫݁,ݍ߮ = ݁,݌൫݅݁,ݍ݌߮
൯ݕݐ(ݔݐ)ݍ,ݍ݌ = ൯ݕݔݐ൫݁,ݍ݌߮ =  .(ݕݔ)ߖ

Hence ߖ is a faithful representation of the product system X in 

௘,௘ߡ ௧∈ீ(௉)൯. We recall that{௧ܤ}൫∗ܥ
௣,௣(ݐ௔) = ௘ߡ

௣(ܽ) = ∅௣(ܽ) and hence  

(ܽ)ߖ = (ܽݐ)݁,݁߮ = ݌,݌߮ ቀ݁ߡ,݁
ቁ(ܽݐ)݌,݌ = ݌,݌߮ ቀ∅݌(ܽ)ቁ = ߖ ቀ∅݌(ܽ)ቁ , ܽ ∈ ݌, ܣ ∈ ܲ, 

that is ߖ is Cuntz-Pimsner covariant. Since ߖ is injective, so is ݆௑ and claim 

(i) holds. Now, considering the integrated representation ∏ ߖ: ࣩ௑ →

∋ ݔ for ,(௚∈ீ(௉){௚ܤ})∗ܥ ܺ௣ ݕ, ∈ ܺ௤    we have  

ෑ (݆௑(ݔ)݆௑(ݕ)∗)
ߖ

= (ݔ)ߖ ∘ ∗(ݕ)ߖ = ߮௣,௘(ݐ௫) ∘ ߮௘,௤൫ݐ௬∗൯ = ߮௣,௤൫ݐ௫ݐ௬∗൯

= ߮௣,௤൫Θ௫,௬൯. (11) 

It follows that ∏ߖ  maps  
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(ࣩ௫)[௣,௤] ∶= :∗(ݕ)௑݆(ݔ)തതതതതതത൛݆௑݊ܽ݌ݏ  ݔ ∈ ܺ௣௥ , ݕ ∈ ܺ௤௥ , ݎ ∈ ܲൟ 

onto ܤ[௣,௤] Putting ݃ = ,݌]  and using Lemma (4.1.6) part (iii), we see that [ݍ

(ࣩ௑)ࢍ is given by (9). We claim that ∏ ߖ,  is injective on (ࣩ௑)ࢍ. To see this, 

let ݆௣,௤ denote the mappings from Lemma (4.1.5) associated to the universal 

representation ݆௑ and note that we have  

݆௣௦,௤௦ ∘ ௣௥,௤௥ߡ
௣௦,௤௦ = ݆௣௥,௤௥       ݂ݎ ݎ݋ ≤  ݏ

by (5). By the universal property of inductive limits, there is a mapping  

[௣,௤]ܤ ∋ ∅௣௥ ,௤௥(ܶ) ⟼ ݆௣௥,௤௥(ܶ) ∈ (ࣩ௑)[௣,௤],  

winch is inverse to ∏అ |[௣,௤] Accordingly ∏ஏ  is an epimorphism 

injective on each (ࣩ௑)ࢍ. Since the spaces ܤ௚,݃ ∈  are linearly ,(ܲ)ܩ

independent, so are (ࣩ௑)ࢍ,݃ ∈  Consequently, in view of Lemma .(ܲ)ܩ

(4.1.6) we have  

ࣩ௑ = ⊕
௚∈ீ(௉)

(ࣩ௑)ࢍതതതതതതതതതതതതതതത 

and claim (ii) follows. In particular ∏ :ஏ ⊕
௚∈ீ(௉)

(ࣩ௑)௚ → ⊕
௚∈ீ(௉)

 ௚ is anܤ

isomorphism and as ܥ∗({ܤ௚}௚∈ீ(௉)) is the closure of ⊕
௚∈ீ(௉)

 ௚ in               aܤ

maximal C*-norm we see that ∏ஏ  actually yields the desired 

isomnorphism ࣩ௑ ≅   .(௚ൟ௚∈ீ(௉)ܤ൛)∗ܥ

For the proof of part (iii), notice that we have just showed that 

(ࣩ௑)[௣,௤]is the closure of the increasing union ⋃ ݆௣௥,௤௥ ቀ݇൫ܺ௤௥ ,ܺ௣௥൯ቁ௥∈௉ , 
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where ݆௣௥,௤௥ ∶  ݇൫ܺ௤௥ ,ܺ௣௥൯ → (ࣩ௑)[௣,௤] are isometric maps. Similarly, if ߰ is 

an injective covariant representation of X, then ∏ ൫(ࣩ௑)[௣,௤]൯ట  is the closure 

of the increasing union ⋃ ߰௣௥,௤௥ ቀ݇൫ܺ௤௥ ,ܺ௣௥൯ቁ௥∈௉ , and by Lemma (4.1.5) 

mappings ߰௣௥,௤௥: ݇൫ܺ௤ ,ܺ௣൯ → ∏ ൫(ࣩ௑)[௣,௤]൯అ  are isometric. Since 

∏ ∘ట ݆௣௥,௤௥ = ߰௣௥,௤௥ ,ݍ,݌, ݎ ∈ ܲ it follows that surjection ∏ :ట (ࣩ௑)[௣,௤] →

߰൫(ࣩ௑)[௣,௤]൯ is an isometry, since it is isometric on a dense subset.  

Let A be a C*-algebra. We denote by ≃ the unitary equivalence relation 

between representations of A, and by [π] the corresponding equivalence 

class of ܣ:ߨ → ß(ܪ).  Spectrum ܣመ = [ߨ]} ∶ ߨ ∈  consists of the {(ܣ)ݎݎܫ

equivalence classes of all irreducible representations of A, equipped with the 

Jacobson topology. The relation ≤ of being a sub representation factors 

through≃ to a relation ≼on A෡. Namely if π: A → ß(Hπ)and ܣ:ߩ → ß൫ܪఘ൯ 

are representations of A, then 

[ߨ] ≼ [ߩ] ⇔ గܪ:ܷ ݕݎݐ݁݉݋ݏ݅ ∃ → .ݏ ఘܪ ܽ∀) ݐ ∈ (ܽ)ߨ(ܣ =  .ܷ(ܽ)ߩ∗ܷ

Let ߙ: A → B be a homomorphism between two C*-algebras. It is useful to 

think of the dual map we aim to define as a factorization of a multivalued 

map αො଴ ∶  Irr(B) →  Irr(A) given by  

αො଴(π୆) = {π୅ ∈ Irr(A): π୅ ≤ π୆ ∘ α}                             (12) 

The set [αො଴(π୆)] = ൛[π୅] ∈ A෡: π୅ ≤ π୆ ∘ αൟdoes not depend on the choice of 

a representative of the class [π୆] and thus the following definition make 

sense.  
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Definition (4.1.8)[4]: 

The dual map to a homomorphism ߙ: A → B is a multivalued map 

αො: B෡ → A ෡   given by the formula  

αො([π୆]) ≔ ൛[π୅] ∈ A ෡ : [π୅] ≼ [π୆ ∘ α]ൟ 

= ൛[π୅] ∈ A ෡ : π୅ ≤ π୆ ∘ αൟ 

Time range of αො  behaves exactly as one would expect. But for non-liminal B 

the map αො , and inparticular its domain, has to be treated with care. Let us 

explain it with help of the following proposition and an example.  

Proposition (4.1.9)[4]: 

For every homomorphism ߙ: A → B between two C*-algebras. its 

image  

αො൫B෡൯ ≔ ൛[π୅] ∈ A෡ : ker π୅ ⊇ ker αൟ 

is a closed subset of A෡. Its domain D(αො) is contained in an open subset 

൛[π୆] ∈ B෡ : ker π୆ ⊉ B α (A)Bൟof B෡. Moreover, if B is liminal, then  

(ොߙ)ܦ ≔ ൛[ߨ஻] ∈ ෠ܤ ݎ݁݇ : ஻ߨ ⊉ ܤ ߙ  ൟܤ(ܣ)

and αො: B෡ → A ෡ is continuous.  

Proof: If [ߨ஺] ∈ ஺ߨ ෠൯, thenܤො൫ߙ ≤ ஻ߨ ∘ ஻ߨ for some ߙ  ∈  and hence ,(ܤ)ݎݎܫ

ݎ݁݇ ஺ߨ ⊇ ݎ݁݇ [஺ߨ] Conversely, if .ߙ ∈ ݎ݁݇ መ is such thatܣ ஺ߨ ⊇ ݎ݁݇  then ,ߙ

ݎ݁݇/ܣ ஺factors through to the irreducible representation ofߨ ߙ ≅  Thus.(ܣ)ߙ
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the formula ((ܽ)ߙ)ߨ ≔ ,(ܽ)஺ߨ ܽ ∈  yields a well defined element of , ܣ 

஻ߨ to any ߨ Extending .((ܣ)ߙ)ݎݎܫ ∈ onehas π୅ (ܤ)ݎݎܫ ≤ π୆ ∘ α.  

Now, let ܬ be an ideal of A. Then  ܬመ = [஺ߨ]} ∈ :መܣ ݎ݁݇ ߨ ⊉  is open  {ܬ

and we have  

[஻ߨ] ∈ መ൯ܬොିଵ൫ߙ ⇔ ∃గಲ∈ூ௥௥(஺)ߨ஺ ≤ ஻ߨ ∘ ,ߙ

ݎ݁݇ ஺ߨ ⊉ ܬ ⟹ ஻ߨ)ݎ݁݇ ∘ (ߙ  ⊉  ܬ

⇔ ݎ݁݇ ஻ߨ ⊉                 (ܬ)ߙ

⇔ ݎ݁݇ ஻ߨ ⊉          .ܤ(ܬ)ߙܤ

That is αොିଵ൫Jመ൯ ⊆ {π୆ ∈ B෡: ker π୆ ⊉ Bα(J)B}   and in particular ܦ(ߙො) =

መ൯ܣොିଵ൫ߙ ⊆ ൛ߨ஻ ∈ ෠ܤ : ݎ݁݇ ஻ߨ ⊉ ߙܤ  .ൟܤ(ܣ)

If we additionally assume that B is liminal, then for ߨ஻ ∈  the (ܤ)ݎݎܫ

representation ߨ஻ ∘  ,decomposes into a direct sum of irreducibles. Namely ߙ

there is a subset K of ߙො଴(ߨ஻)such that ߨ஻ ∘ ߙ = ⨁గಲ∈௄ߨ஺⨁0 (where 0 

stands for the zero representation and is vacuous if π୆ ∘ αis nondegenerate). 

Hence the implication  

஻ߨ)ݎ݁݇ ∘ (ߙ  ⊉ ܬ ⟹ ∃గಲ∈ ܭ ⊆ .ݏ (ܣ)ݎݎܫ ஺ߨ.ݐ ≤ ஻ߨ ∘ ,ߙ  ݎ݁݇ ஺ߨ ⊉  ܬ

holds true. This combined with the preceding argument yields ߙොିଵ൫ܬመ൯ =

஻ߨ} ∈ ෠ܤ : ݎ݁݇ ஻ߨ ⊉   .and the second part of the assertion follows  {ܤ(ܬ)ߙܤ
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Example (4.1.10)[4]: 

Let ܪ = ఓଶܮ  [0, 1] with ߤthe Lebesgue measure. Put ܤ: = ß(ܪ),ܣ ∶=

,ஶ [0ܮ  1] and let ܣ:ߙ → ߙ bethemonomorphism sending ܤ ∈  to theܣ

operator of multiplication by a. Then ߨ஻ = ݅݀  is irreducible and π୆ ∘

αfaithful but αෝ([π୆]) = ∅. Accordingly,  

D(αෝ) ≠ ൛[π୆] ∈ B෡: kerπ୆ ⊉ Bα (A)Bൟ = B෡ 

Let X be a regular C∗-correspondence with coefficients in A. We may 

treat X as ܭ(ܺ) − 〈ܺ,ܺ〉஺-imprimitivity bimodule and therefore the induced 

representation functorX − lnd ∶  Irr(〈X, X〉୅) → Irr (K (X))factors through to 

the homeomorphism [X − lnd]: 〈X, X〉୅෣ → (K (X)෣ which in turn may be 

viewed as a multivalued map [X −  lnd] ∶ A෡ → (K (X)෣  with domain D([X-

Ind]) = 〈X, X〉୅෣ . 

Definition (4.1.11)[4]: 

Let X be a regular C∗-correspondence over A. We define dual map 

X෡: A෡ → A෡ to X as the following composition of multivalued maps  

෠ܺ = ∅෡ ∘ [ܺ − ݈݊݀], 

where ∅෡: ܭ (ܺ)෣ → ܣ:∅ መis dual to the left actionܣ→   .of Aon X (ܺ) ܭ 

Alternatively, ෠ܺ is a factorization of the map ෠ܺ଴:∅෡଴ ∘ ܺ − lnd: Irr(ܣ) →

Irr(ܣ).  
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Proposition (4.1.12)[4]:  

The multivalued map dual to a regular C* -correspondence X is always 

surjective, that is ෠ܺ൫ܣመ൯ =  መ. The domain of X෡ satisfies the followingܣ

inclusion  

൫ܦ ෠ܺ൯ ⊆ (஺〈ܺ(ܣ)∅,ܺ〉) ෡                                        (13)  

Note here that 〈ܺ,∅(ܣ)ܺ〉஺ is an ideal in A. If, in addition, A is liminal, then 

X෡ is a continuous rnultivalued map and we have equality in (13); in 

particular, if X is full and essential, then ෠ܺ:ܣመ →  መ is a continuousܣ

multivaluedsurjection with full domain, ܦ൫ ෠ܺ൯ = ෡ ܣ .  

Proof: As [X-Ind]: A෡ → K (X)෣  is surjective and ker ∅  =  {0} we get X෡൫A෡൯ =

A ෡  by Proposition (4.1.9). Since [X- Ind]:〈X, X〉୅෣  → K(X)෣ is a 

homeomorphism, it follows from Proposition (4.1.9) that  

D൫X෡൯ ⊆  [X − Ind]ିଵ(K(X)∅(A)෣K(X))                               (14)  

with equality if A is liminal (note that if A is liminal then ܭ(ܺ) is also 

liminal being Morita—Rieffel equivalent to the liminal C*-algebra 

〈X, X〉୅  ⊆  A). Hence it suffices to show that the sets in the right hand sides 

of (13) and (14) coincide. However, for any representation ߨ of A and any 

C*-subalgebra ܤ ⊆   we have (ܺ) ܭ

⊇ ܤ ൫ܺݎ݁݇  − Ind(ߨ)൯ ⟺ (஺〈ܺܤ,ܺܤ〉)ߨ  = 0 ⟺ ஺(ܺܤ,ܺ)  ⊆  .ߨݎ݁݇

thus the assertion follows from the equality  
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஺〈ܺ(ܺ)ܭ(ܣ)∅(ܺ)ܭ,ܺ〉  = ஺〈ܺ(ܺ)ܭ(ܣ)∅,ܺ(ܺ)ܭ〉   =    .஺〈ܺ(ܣ)∅,ܺ〉 

In view of Proposition (4.1.3), if X and Y are regular C*-

correspondences with coefficients in A, then the tensoring on the right by the 

identity 1ଢ଼in Y yields a homomorphism ⨂1୷ ∶ K(X) → K(X ⊗ Y). With 

help of its dual map we are able to analyze the relationship between the 

spectra of compact operators on the level of spectrum of A.  

Proposition (4.1.13)[4]: 

Let X and Y be regular C*-correspondences with coefficients in A. Then W 

have  

 [X.−Ind] ∘ Y෡ =⊗ 1ଢ଼ ∘ [(X ⊗ Y) − Ind]                                  (15)෣  

In other words, the diagram of multivalued  maps 

 

 

 

is commutative, and in particular  

D([X − Ind] ∘ Y෡)  = D(⊗ 1ଢ଼෣ ∘ [(X ⊗ Y) − Ind])  = Y෡ିଵ (〈X, X෢ 〉୅) 

Proof: Let π୅: A → ß(H) be an irreducible representation. If ߨ ∈ ෠ܻ଴(ߨ஺), 

then ܪగ in is a closed suhspace of ܻ ⊗గಲ  irreducible under the left ܪ

multiplication by elements of A, or more precisely, irreducible for (ܻ −

 Ind(ߨ஺))( ∅ଢ଼ (A)). Since the tensor product of C*-correspondences is both 
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associative and distributive with respect to direct sums, we may naturally 

identify ܺ ⊗గ ܺ  గ with a closed subspace ofܪ ⊗ ܻ ⊗గಲ ܽ Since for .ܪ ∈

  we have (ܺ)ܭ

൫(ܺ ⊗ ܻ) − Ind(ߨ஺)൯(ܽ ⊗ 1௒)൫ݔ ⊗ గಲ⊗ݕ ℎ൯ = ݔܽ ⊗ ݕ ⊗గಲ ℎ, 

we see that, the action of ൫(ܺ ⊗ ܻ) − Ind(ߨ஺)൯(ܽ ⊗ 1௒) 

Onܺ ⊗గ  గcoincides with the action of (X-Ind(π))(a). In particular, theܪ

subspace ܺ ⊗గ ߨ గ is either {0}, when itܪ ∉ 〈ܺ,෢ܺ 〉஺ or is irreducible for 

൫(X ⊗ Y) − Ind(π୅)൯(K(X) ⊗ 1ଢ଼). Consequently,  

(X − Ind) ∘ Y෡଴(π୅) ⊆⊗ 1ଢ଼బ෣ ∘ (X ⊗ Y) − Ind (π୅). 

To show the reverse inclusion, let ρ ∈ ൫⊗ 1ଢ଼෣൯଴ ∘ (X ⊗ Y) − Ind (π୅). Then 

:is an irreducible subrepresentation of the representation π୏(ଡ଼)ߩ K(X) →

ß൫X ⊗ Y ⊗஠ఽ H൯where π୏(ଡ଼)(a) = ൫(X ⊗ Y) − Ind(π୅)൯(a ⊗ 1ଢ଼). We may 

consider the dual C*-correspondence X෩ (not to he confused with the dual ෠ܺ 

to the C*-correspondence X) as an〈X, X〉୅ − K(X) −imprimitivity bimnodule. 

Then using the natural isomnorpinsmn  

൫ ෨ܺ ⊗௄(௑)⊗ܺ൯⊗ ܻ ⊗గಲ ܪ ≅ ܻ ⊗గಲ  ,ܪ

we see that X෩- Ind(π୏(ଡ଼)) is equivalent to Y − Ind(π୅) ∘ ∅ଢ଼ ∶ A →

ß൫Y ⊗஠ఽ X൯. Since induction respects direct sums, X෩- Ind (ρ) is equivalent 

to an irreducible subrepresentation π of Y − Ind(π୅) ∘ ∅ଢ଼. Then πbelongs to 

both 〈X, X〉୅෣  and Y෡଴(π୅), and we have  

ߩ ≅  ܺ − Ind( ෨ܺ − Ind(ߩ)) ≅  ܺ − Ind(ߨ).  
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Consequently, ⊗ 1ଢ଼బ෣ ∘ (X ⊗ Y) − Ind (π୅) ⊆ X − Ind ∘ Y෡଴(π୅).  

Corollary (4.1.14)[4]: 

The composition of duals to C*-correspondences coincides with the 

dual of their tensor product:  

X෡ ∘ Y෡ = X ⊗ Y෣ . 

Proof: We showed in the proof of Proposition (4.1.13) that X − Ind ∘ Y෡଴ =

⊗ 1ଢ଼బ෣ ∘ (X ⊗ Y) − Ind    and all subspaces of ܺ ⊗ ܻ ⊗గಲ  irreducible for ܪ

൫(ܺ ⊗ ܻ) − Ind(ߨ஺)൯(ܭ(ܺ) ⊗ 1௒)are of the form ܺ ⊗గ గ, where πܪ ∈

Y෡଴(π୅)⋂〈X, X〉୅෣ . Since ∅ଡ଼⊗ଢ଼(A) ⊆ K(X) ⊗ 1ଢ଼, the action of (ܺ ⊗ ܻ) −

Ind(ߨ஺) ቀ∅௑⊗௒(ܽ)ቁ ܽ ∈ ܺ coincides on ,ܣ  ⊗గ  .గ with X-Ind(π) (∅ଡ଼(a)ܪ

Thus we have  

X෡଴ ∘ Y෡଴ = ൫∅ଡ଼బ෢ ∘  X − Ind൯ ∘ Y෡଴ = ∅ଡ଼⊗ଢ଼బ
෣ ∘ (X ⊗ Y) − Ind = X ⊗ Y଴෣ .  

Let X be a product system over P. By Corollary (4.1.14), the family 

{ ෠ܺ௣}௣∈௉ofdual maps to C*-correspondences ܺ௣ ݌, ∈ ܲ, forms a sernigroup 

of multivalued maps on A෡, that is  

෠ܺ௘ = ݅݀,    ܽ݊݀   ෠ܺ௣  ∘  ෠ܺ௤ = ෠ܺ௣௤ ݍ,݌      , ∈ ܲ. 

If A is liminal then these mnutivalued maps are continuous by Proposition 

(4.1.12).  
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Definition (4.1.15)[4]: 

We call the semigroup ෠ܺ ≔  { ෠ܺ௣}௣∈௉ dual to the product system X.  

We prove certain technical facts concerning the interaction among 

Cuntz-Pimsner representations, dual maps and the process of induction. 

Lemma (4.1.16)[4]: 

Let X be a product system over a left calculative semi group P. If  

,݌ ,ݍ ݏ ∈ ܲ are such that ݏ ≥ ,݌     then ,ݍ

෠ܺ௤షభೞ ෠ܺ௣షభೞ
ିଵ  = [ܺ௤ − Ind]ିଵ  ∘  ଓ௤௦෡ ∘ ଓ௣௦෡

ିଵ
∘ [ܺ௣ − Ind]. 

Proof:  Applying Proposition (4.1.13) to ܻ = ܺ௣షభೞ ,ܺ =  ܺ௣ܽ݊݀ ܻ =

 ܺ௤షభೞ ,ܺ = ܺ௤ , respectively, we get  

ൣܺ௣ − ൧݀݊ܫ ෠ܺ௣షభೞ = ଓ௣௦෡ [ ௦ܺ − ௤ܺൣ ݀݊ܽ    [݀݊ܫ − ൧݀݊ܫ ෠ܺ௤షభೞ = ଓ௤௦෡ [ ௦ܺ −  .[݀݊ܫ

As ൣܺ௣ − Ind൧ and ൣܺ௤ − Ind൧arehomeomorphisms, this is equivalent to  

෠ܺ௣షభೞ = ൣܺ௣ − Ind൧
ିଵ
ଓ௣௦෡ [ ௦ܺ − Ind]    ܽ݊݀  ෠ܺ௤షభೞ

= ൣܺ௤ − Ind൧
ିଵ
ଓ௤௦෡ [ ௦ܺ − Ind], 

 and the assertion follows.  
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Lemma (4.1.17)[4]: 

 Suppose Y is an imprimitivity Hilbert A-B-bimodule and (ߨ஺,ߨ௒  (஻ߨ,

is its representation on a Hilbert space H. Thus  ߨ஺:ܣ → ß(ܪ),ߨ஻:ܤ →

ß(ܪ), are representations and with the map ߨ௒:ܻ → ß(ܪ) they satisfy  

(ܾ)஻ߨ(ݕ)௒ߨ(ܽ)஺ߨ = ,(ܾݕܽ)௒ߨ ∗(ݕ)௒ߨ(ݔ)௒ߨ = ,ݔ〉ܣ)஺ߨ  ,(〈ݕ

(ݕ)௒ߨ∗(ݔ)௒ߨ = ,ݔ〉)஻ߨ   ,(ܤ〈ݕ

ܽ ∈ ,ܣ ܾ ∈ ,ݔ, ܤ  ∋ ݕ  ܻ. If ߨis an irreducible subreprsentation of ߨ஻then 

the restriction ߩ(ܽ) ≔  ஺(ܽ)|గೊ(௬)ுഏ, yields an irreducible sub representationߨ

of ߨ஺ such that [ߩ] = [ܻ − lnd(ߨ)]. 

Proof: Let it ߨ ≤ గܪ ஻ be a representation of B on a Hilbert spaceߨ ⊂

గܪ(ܻ)௒ߨ The Hilbert space.ܪ ⊂  and(ܣ)஺ߨ is invariant for elements of ܪ

therefore ߩ(ܽ) ≔ ܽ, ஺(ܽ)|గೊ(௒)ுഏߨ ∈   defines a representation of A. Since ܣ

ะ෍ߨ௒(ݕ௜)ℎ௜

௡

௜ୀଵ

ะ
ଶ

= ෍〈ߨ௒(ݕ௜)ℎ௜ 〈௝൯ℎ௝ݕ௒൫ߨ,
௡

௜,௝ୀଵ

= ෍〈ℎ௜ ௜ݕ〉஺൫ߨ, , 〈௝〉஺൯ℎ௝ݕ
௡

௜,௝ୀଵ

=  ะ෍ݕ௜ ⊗గ ℎ௜

௡

௜ୀଵ

ะ
ଶ

, 

the mapping ߨ௒(ݕ)ℎ ↦ ݕ ⊗గ ℎ , ݕ ∈ ܻ, ℎ ∈  గ, extends by linearity andܪ

continuity to a unitary operator V: ߨ௒(ݕ)ܪగ → ܻ ⊗గ  గ, which intertwinesܪ

  and Y-Ind(π) because ߩ

= ℎ(ݕ)௒ߨ (ܽ)ߩܸ ℎ(ݕܽ)௒ߨ ܸ  = ݕܽ)  ⊗గ ℎ) =  ܻ − Ind(ߨ)(ܽ)ܸ ߨ௒(ݕ)ℎ.  
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Accordingly, if ߨ it is irreducible then ߩ, being unitary equivalent to the 

irreducible representation Y-Ind(π), is also irreducible.  

Lemma (4.1.18)[4]: 

Suppose ߰ is a Cuntz- Pimsner covariant representation of a regular’ 

product system X Over ߩ on a Hilbert space H. Let ݌, ݍ ∈ ܲ and let ߨ he an 

irreducible summnand of ,߰(௤) acting on a subspace K of H. Then the 

restriction  

(ܶ)௣ߨ  ≔ ߰(௣)(ܽ)หట೛൫௑೛൯ట೜൫௑೜൯∗௄, ܶ ∈  ൫ܺ௣൯,                  (16)ܭ

yields a representation  ߨ௣:ܭ൫ܺ௣൯ → ß(߰௣൫ܺ௣൯߰௤൫ܺ௤൯
∗
 which is either ( ܭ

zero or irreducible. and such that  

௣൧ߨ ൣ =  [(ܺ௣ − ௤ܺ))(݀݊ܫ −   .[((ߨ)ଵି(݀݊ܫ

Proof: The dual C*-correspondence ෨ܺ௤ to ܺ௤ is an imprirnitivity 〈ܺ௤ ,ܺ௤〉஺ −

,൫ܺ௤൯-bimodule and (߰௘ܭ ෨߰௤,߰(௤)), where ෨߰௤൫ƅ(ݔ)൯ = ߰௤(ܺ)∗, is its 

representation. Thus, by Lemma (4.1.17), the restriction  ߨ௘(ܽ) ≔

߰௘(ܽ)|ట೜൫௑೜൯∗௄ ,ܽ ∈ ܣ:௘ߨ yields an irreducible subrepresentation ܣ →

ß(߰௤൫ܺ௤൯
∗
[௘ߨ ] of ߰௘ such that ( ܭ =  ൣ ෨ܺ௤ − Ind(ߨ)൧ = ൣܺ௤ − Indିଵ(ߨ)൧, 

if ߨ௘൫〈ܺ௣ ,ܺ௣〉஺൯ = 0, then (16) is a zero representation. Otherwise we may 

apply Lemma (4.1.17) to  ߨ௘ and the representation (߰(௣),߰௣,߰௘) of the 

imprimitivity ܭ൫ܺ௤൯ − 〈ܺ௣ ,ܺ௣〉஺-bimnodule ܺ௣. Then we see that (16) 

yields an irreducible representation such that ൣ ߨ௣൧ =  [ܺ௣ − Ind(ߨ௘)] =

[ܺ௣ − Ind (ܺ௤ − Ind)ିଵ(ߨ))]. 
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Section (4.2): A Uniqueness Theorem and Simplicity Criteria 

for Cuntz-Pimsner Algebras with Applications 

We consider a directed, left cancellative semigroup P and a regular 

product system X over P with coefficients in an arbitrary C*-algebra A. We 

recall from Theorem (4.1.7) that the Cuntz-Pimsner algebra ࣩ௑is graded 

over the enveloping group G(P)with fibers  

(ࣩ௫)௚ = ∗(ݕ)௑݆(ݔ)௑݆}݊ܽ݌ݏ  ∶ ∋ ݕ,ݔ  ܺ, [(ݕ)݀,(ݔ)݀]  =  ݃}, ݃ ∈   .(ܲ)ܩ

Moreover, ࣩ௑ may be viewed as a full cross-sectional algebra 

 of the Fell bundle{(ࣩ௑)௚}௚∈ீ(௣), and the reduced (௚∈ீ(௣){௚(௑ࣩ)})∗ܥ

Cuntz—Pimsner algebra  

ࣩ௑௥ ∶=  ௥∗({(ࣩ௑)௚}௚∈ீ(௣))ܥ

is cletined as the reduced cross-sectional algebra of {(ࣩ௑)௚}௚∈ீ(௣). There 

exists a canonical epimorphsmn  

௑ࣩ:ߣ → ࣩ௑௥ .                                             (17)  

This epimorphism may not be injective. However, ߣ is always injective 

whenever the group G(P)is amenable or more generally when the Fell 

bundle {(ࣩ௑)௚}௚∈ீ(௣)has the approximation property be defined.  

By now, several conditions implying amenability of the Fell bundle 

{(ࣩ௑)௚}௚∈ீ(௣)are known. That is, conditions which guarantee the identity 

ࣩ௑ = ࣩ௑௥ . These conditions seem to be independent of aperiodicity we want 

to investigate, and thus we decided not to assume any of them. Accordingly, 
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we seek an intrinsic condition on the product system X (or on the dual 

sernigroup ෠ܺ) which would guarantee that every Cuntz-Pimsner 

representation of X injective on the coefficient algebra A generates a C*-

algebra lying in between ࣩ௑ and ࣩ௑௥ . Before proceeding further, we 

summarize a few known facts useful in the aforementioned context.  

Proposition (4.2.1)[4]: 

Suppose that ߰ is an injective Cuntz-Pimsner representation of a 

regular product system X. Consider the following conditions:  

(i) The canonical epimorphism ∏ :࣒ ࣩ௑ → (ݔ)where ݅௑ ,((ܺ)߰)∗ܥ   =

,(ݔ)߰  ∋ ݔ  ܺ, is an isomnorphism.  

(ii) There is a coaction ܩ ݂݋ ߚ =  such that ((ܺ)߰)∗ܥ on(ܲ)ܩ 

൯(ݔ)൫߰ߚ = ,൯(ݔ)൫݀ீ݅⨂(ݔ)߰ ݔ ∈ ܺ 

(iii) There is a conditional expectation ࣒ܧ from ܥ∗(߰(ܺ))onto  

ℱట = ∗(ݕ)߰(ݔ)߰}തതതതതതത݊ܽ݌ݏ ∶ ∋ ݕ,ݔ  ܺ,  {(ݕ)݀~(ݔ)݀

vanishing on elements ߰(ݔ)߰(ݕ)∗with ݀(ݔ) ≁   .(ݕ)݀

We have the implications (݅) ⟹ (݅݅) ⟹ (݅݅݅), and (iii,) is equivalent to 

existence of a unique epimorphism ܥ:࣒ߨ∗(߰(ܺ)) → ࣩ௑௥such that the 

following diagram  

 

 

(18) 
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is commutative. In particular, if the epimorphism ߣ from (17) is an 

isornorphisrn, then the conditions (i), (ii) ,(iii) areequivalent.  

Proof: Implication (i)  ⇒ (ii) is obvious because we know that ࣩ௑ is 

equipped with the coaction in the prescribed form. Suppose (ii) holds. Using 

the contractive projections onto the spectral subspaces for the coaction ߚ, 

and the fact that elements of the form ߰(ݔ)߰(ݕ)∗ span a dense suhspace of 

  Lemma (4.1.6), we get  ,((ܧ)߰)∗ܥ

൫߰(ܺ)൯൧௚∗ܥൣ
ఉ

= {ܿ ∈ (ܿ)ߚ :൫߰(ܺ)൯∗ܥ = ܿ⨂݅ீ(݃)}  = ∗(ݕ)߰(ݔ)߰}തതതതതതത݊ܽ݌ݏ

∶ ,(ݔ)݀]  [(ݕ)݀ = ݃}. 

In particular, the projection onto ൣܥ∗൫߰(ܺ)൯൧௘
ఉ

= ℱట, is the conditional 

expectation described in (iii). If we assume (iii), then {∏࣒ ൫(ࣩ௑)௚൯}௚∈ீ  is 

a Fell bundle which yields a topological grading of ܥ∗൫߰(ܺ)൯. Hence by [4] 

there exists a desired epimorphism ܥ:࣒ߨ∗(߰(ܺ)) → ࣩ௑௥ . Conversely, if such 

an epimorphism  ܥ:࣒ߨ∗(߰(ܺ))  → ࣩ௑௥  exists, then composing it with the 

canonical conditional expectation on ࣩ௑௥  one gets the conditional expectation 

described in (ii).  

Definition (4.2.2)[4]: 

 We say that a representation ߰: ܺ →  of a product system X is ܤ 

topologically graded if it has the property described in part (iii) of 

Proposition (4.2.1).  
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Thus, to conclude our discussion, by uniqueness theorem for ࣩ௑ we 

understand a result which guarantees that for every injective Cuntz-Pimsner 

covariant representation ߰ of X there is a map ߨట, making the diagram (18) 

commutative. By Proposition (4.2.1), this is equivalent to ߰ being 

topologically graded. We now introduce a dynamical condition which entails 

such a result.  

Definition (4.2.3)[4]: 

We say that a regular product system X, or the dual semnigroup 

 { ෠ܺ௣}௣∈௉, is topologically a periodic if for each nonempty open set ܷ ⊆  መܣ

each finite set ܨ ⊆ ܲ and element ݍ ∈ ܲ such that ݍ ࡾ≁ ݌ for ݌  ∈  there ,ܨ

exists a [ߨ] ∈ ܷ such that for some enumeration of elements of ܨ =

,ଵ݌}  . . . , ,ଵݏ ௡}and some elements݌ . . . , ௡ݏ ∈ ܲ with ݍ ≤ ଵݏ  ≤. . .≤  ௡ and ݏ 

≥ ௜݌   ௜ We haveݏ 

[ߨ] ∉  ෠ܺ௤షభೞ೔ ൬ ෠ܺ௣೔షభ௦೔ 
ିଵ ൰([ߨ]) = ݅ ݈݈ܽ ݎ݋݂         1, . . . ,݊.           (19)  

Proposition (4.2.4)[4]: 

If condition (19) holds for some sequence ݍ ≤ ଵݏ  ≤ . . .≤ ௡ݏ ,then it 

also holds for any sequence ݍ ≤ ଵᇱݏ  ≤ . . .≤ ௡ᇱݏ such that  

≥ ௜݌ ௜ᇱݏ ≤ = ݅  ݈݈ܽ  ݎ݋݂     ௜ݏ  1 , . . . , ݊. 

Moreover , we have the following.  

(i) If (G(P), P) is a quasi-lattice ordered group then in Definition 

(4.2.3) one can always take  
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ଵݏ = ଵ݌ ∨ ௜ݏ ݀݊ܽ        ݍ   = ௜݌ ∨ ݅ ݈݈ܽ ݎ݋݂       ௜ିଵݏ =  2, . . . , ݊.  

(ii) Topological aperiodicity of X implies that for any open nonempty 

set ܷ ⊆ ܨ መ and any finite setܣ ⊆ ܲ such that ݌ ࡾ≁ ݁ for ݌ ∈  ,ܨ

there is a [ߨ] ∈  ܷ satisfying  

[ߨ] ∉ X෡୮([ߨ])       ݂݌ ݈݈ܽ ݎ݋ ∈   (20)                              .ܨ

If (ܲ,≤) is linearly ordered then the converse implication also holds.  

(iii) In the case of a product system  {X⨂୬}୬∈ℕ arising from a single 

regular C*-correspondence X, the topological aperiodicity is 

equivalent to that for each ݊ > 0 the set  

௡ܨ = [ߨ]} ∈ ߨ:መܣ ∈ ෠ܺ௡([ߨ])} 

has empty interior. (In this case we will say that the                            

C*-correspondence X is topologically a periodic.)  

Proof: Let us notice that if ݌,ݍ௜ ≤ ௜ᇱݏ ≤  ௜ ,   then using the semnigroupݏ

property of ෠ܺ (Corollary (4.1.14)), surjectivity of mappings ෠ܺ௣ ݌, ∈ ܲ 

(Proposition (4.1.12)) we get 

෠ܺ
௤షభೞ೔ ∘  ෠ܺ௣೔షభ௦೔ 

ିଵ = ෠ܺ௤షభ௦೔ᇲ  ∘  ෠ܺ௦೔ᇲ
షభ
௦೔ 
∘ ቀ ෠ܺ௣೔షభ௦೔ᇲ ∘

෠ܺ
௦೔
ᇲషభ௦೔ 

ቁ
ିଵ

  

= ෠ܺ௤షభ௦೔ᇲ ∘  ෠ܺ௦೔ᇲ
షభೞ೔ ∘ ෠ܺ௦೔ᇲ

షభ
௦೔ 

ିଵ ∘  ෠ܺ௣೔షభ௦೔ 
ିଵ ⊇ ෠ܺ௤షభ௦೔ᇲ ∘  ෠ܺ௣೔షభ௦೔ 

ିଵ  

Hence [ߨ] ∉ ෠ܺ௤షభ௦೔ ( ෠ܺ௣೔షభ௦೔ 
ିଵ [ߨ] implies (([ߨ]) ∉ ෠ܺ௤షభ௦೔ᇲ(

෠ܺ
௣షభ௦೔ 
ିଵ  This .(([ߨ])

proves the initial part of the assertion.  
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Ad (i). It follows immediately from what we have just shown.  

Ad (ii). If  ܨ = ,ଵ݌}  . . . , {௡݌ ⊆ ܲand ݌ ࡾ≁ ݁ for all ݌ ∈ ݍ then putting ,ܨ =

݁ we see that topological aperiodicity of X implies that for any nonempty 

open set ܷ ⊆ ,ଵݏ መ there are elementsܣ . . . , ௡ݏ ∈ ௜݌,ܲ ≤ ,௜ݏ ݅ =  1, . . . , ݊ and a 

point [π] ∈ U such that  

[ߨ] ∉ X෡௤షభ௦೔ ൬ ෠ܺ௣೔షభ௦೔ 
ିଵ ൰([ߨ]) = X෡௦೔ ൬ ෠ܺ௣೔షభ௦೔ 

ିଵ ൰([ߨ])     for all ݅ =  1, . . . ,݊. 

By the inclusion noticed above we have X෡௦೔ ∘ ෠ܺ௣೔షభ௦೔ 
ିଵ = X෡௣೔ ∘ X෡௤షభ௦೔ ∘

 ෠ܺ௣೔షభ௦೔ 
ିଵ ⊇ X෡௣೔  and thus condition (20) follows.  

Conversely, suppose (ܲ,≤) is linearly ordered and the condition 

described in (ii) is satisfied. Let ܷ ⊆ ܨ ,መ be open and nonemptyܣ ⊆ ܲ finite 

and ݍ ∈ ܲ such that ݍ ࡾ≁ ݌ for ݌ ∈ = ܨ Enumerating elements of .ܨ

,ଵ݌}  . . . , {௡݌ ⊆ ܲ in a lion-increasing order we have  

ଵ݌ ≤ ଶ݌ ≤ ⋯ ≤ ௞బ݌ ≤ ݍ ≤ ௞బାଵ݌ ≤ ⋯ ≤  ௡݌

for certain ݇଴ ∈ {0, 1, . . . , ݊}. Defining  

≕  ௜ݏ ൜ ,ݍ ݅ ≤ ݇଴
௜݌       ݅ ≥ ݇଴ + 1 

we see that, ݍ ≤ ௜ݏ  ≤. . .≤   ௡  andݏ

෠ܺ௤షభ௦೔ ∘  ෠ܺ௣೔షభ௦೔ 
ିଵ ≔ ൝

෠ܺ
௣೔
షభ௤
ିଵ , ݅ ≤ ݇଴

෠ܺ௤షభ௣೔           ݅ ≥ ݇଴ + 1
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Put ܨᇱ: {݌௜ିଵݍ ∶ ݅ = 1 , . . ݇଴} ∪ ∶ ௜݌ଵିݍ} ݅ = ݇଴ + 1, . . . ݊}and note that 

݌ ࡾ≁ ݁ for all ݌ ∈  ᇱܨ ᇱ. Thus we may apply condition described in (ii) toܨ

and then we obtain a [ߨ] ∈ ܷ satisfying (19).  

Ad (iii). By part (ii) above, topological aperiodicity implies the condition 

described in (iii). To see the converse, again by part (ii), it suffices to show 

(20) for a finite set ܨ ⊆ ℕ\ {0}. The latter follows from condition described 

in (iii) applied to ݊ = ݉! where ݉ = max {݇: ݇ ∈   .{ܨ

Theorem (4.2.5)[4]: 

(Uniqueness theorem).Suppose that a regular product system X is 

topologically aperiodic. Then every injective Cuntz-Pimsner representation 

of X is topologically graded. if the canonical epimorphism ⋋ : ࣩ௑ → ࣩ௑௥  is 

injective then there is a natural isomorphisrn  

ࣩ௑ ≅  ((ܺ)߰)∗ܥ

for every injective Cuntz-Pimsner representation ߰of X.  

Proof: Suppose that ߰ is an injective Cuntz-Pimsner representation of X in a 

C*-algebra B. Then ߰(௣) ∶  ݇൫ܺ௣൯ → ݌ is injective for all ܤ  ∈ ܲ. Let us 

consider an element of the form 

߰(௤)൫ܵ௤൯ + ෍߰௣,௤൫ܵ௣,௤൯
௣∈ி

 

where ݍ ∈ ܨ,ܲ  ⊆  ܲ is a finite set such that ݌ ࡾ≁ ݁ for all ݌ ∈ and ܵ௤ ,ܨ ∈

݇൫ܺ௤൯, ܵ௣,௤ ∈ ݇൫ܺ௤ ,ܺ௣൯. By Lemma (4.1.6) part (iii), such elements form a 
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dense subspace of ܥ∗(߰(ܺ)). Thus existence of the appropriate conditional 

expectation will follow from the inequality  

ฮܵ௤ฮ = ฮ߰(௤)൫ܵ௤൯ฮ ≤ ቯ߰(௤)൫ܵ௤൯ + ෍߰௣,௤൫ܵ௣,௤൯
௣∈ி

ቯ           (21) 

To prove this inequality, we fix ߝ > 0 and recall that for any ܽ ∈  the ܣ

mapping ܣመ ∋ [ߨ] ⟼  is lower semicontinuous and attains its ‖(ܽ)ߨ‖

maximum equal to ‖ܽ‖, [4]. Thus, since ܺ௤ − Ind:ܣመ → ݇(ܺ)෣ is a 

homeomorphism, we deduce that there is an open nonemnpty set ܷ ⊆  መܣ

such that  

ฮܺ௤ − Ind(ߨ)൫ܵ௤൯ฮ > ฮܵ௤ฮ − [ߨ] ݕݎ݁ݒ݁ ݎ݋݂          ߝ ∈ ܷ 

Let ܨ = ,ଵ݌}  . . . ,  ௡}. By topological aperiodicity of X, there are elements݌

,ଵݏ . . . , ௡ݏ ∈ ܲ  such that ݍ ≤ .≥ ଵݏ . .≤ ௜݌ ௡ andݏ ≤ ,௜ݏ ݅ =  1, . . . ,݊, and 

there exists a (ߨ) ∈ ܷsatisfying (19). Let us fix these objects.  

We recall that if ݌ < then ݅௣௦ ,ݏ ቀ݇൫ܺ௣൯ቁ ⊆ ݇( ௦ܺ) and thus 

߰(௣) ቀ݇൫ܺ௣൯ቁ ⊆ ߰(௦)൫݇( ௦ܺ)൯, c cf. Lemma (4.1.5). In particular, we have 

the increasing sequence of algebras  

߰(௤) ቀ݇൫ܺ௤൯ቁ ⊆ ߰(௦భ) ቀ݇൫ܺ௦భ൯ቁ ⊆ ⋯ ⊆ ߰(௦೙) ቀ݇൫ܺ௦೙൯ቁ ⊆  .൫߰(ܺ)൯∗ܥ

We construct a relevant sequence of representations of these algebras as 

follows. We put  
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௤:߰(௤)ݒ ቀ݇൫ܺ௤൯ቁ → ß൫ܪ௤൯      defined as    ݒ௤ ቀ߰(௤)(ݏ)ቁ = ܺ௤ − Ind(ߨ)(ܵ) 

Then ݒ௤ is an irreducible representation because so is ߨ. We let 

௦భ:߰(௦భ)ݒ ቀ݇൫ܺ௦భ൯ቁ → ß൫ܪ௦భ൯ to be any irreducible extension of ݒ௤, 

andfor݅ =  2,3, . . . ,݊we take ݒ௦೔:߰
(௦೔) ቀ݇൫ܺ௦೔൯ቁ → ß൫ܪ௦೔൯  to be any 

irreducible extension of ݒ௦೔షభ . Finally, we let ܥ :ݒ∗൫߰(ܺ)൯ → ß(ܪ) to be any 

extension of ݒ௦೙. In particular, we have  

௤ܪ ⊆ ௦భܪ ⊆ ⋯ ⊆ ௦೙ܪ ⊆  .ܪ

Let ௤ܲ ∈ ß(ܪ) be the projection onto the suhspace ܪ௤. Clearly  

ቛ ௤ܲݒ ቀ߰(௤)൫ܵ௤൯ቁ ௤ܲቛ = ቛݒ௤ ቀ߰(௤)൫ܵ௤൯ቁቛ = ฮܺ௤ − Ind(ߨ)൫ܵ௤൯ฮ ≥ ฮܵ௤ฮ −  ߝ

and as ߝis arbitrary we can reduce the proof to showing that  

௤ܲݒ ቀ߰௣,௤൫ܵ௣,௤൯ቁ ௤ܲ = ݌ ݎ݋݂        0 ∈  (22)                                   .ܨ

To this end, we fix a ݌௜ ∈ Let ௦ܲ೔  .ܨ   be the projection onto ܪ௦೔ and consider 

the space 

௣೔ܪ ≔ ൫߰௣೔൫ܺ௣೔൯߰௤൫ܺ௤൯ݒ
∗
൯ܪ௤ 

We claim that ௦ܲ೔ܪ௣೔ = {0}. Since ܪ௤ ⊆ ௦೔ܪ , this implies (22) and finishes 

the proof. Suppose to the contrary that ௦ܲ೔ܪ௣೔ ≠ {0} By Lemma (4.1.18) and 

the definitions of ݒ and ܪ௣೔  the mapping 
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݇൫ܺ௣೔൯ ∋ ܵ → ݒ ቀ߰(௣೔)(ܵ)ቁቚ
ு೛೔

 

is an irreducible representation equivalent to ܺ௣೔- Ind(π). In particular, ܪ௣೔  is 

irreducible for ݒ ൬߰(௣೔) ቀ݇൫ܺ௣೔൯ቁ൰. Since  

ݒ ൬߰(௣೔) ቀ݇൫ܺ௣೔൯ቁ൰ ⊆ ݒ ൬߰(௦೔) ቀ݇൫ܺ௦೔൯ቁ൰ and ݌௦೔ ∈ ݒ ൬߰
(௦೔) ቀ݇൫ܺ௦೔൯ቁ൰

ᇱ
, 

we see that ௦ܲ೔ܪ௣೔  is an irreducible subspace for ݒ ൬߰(௣೔) ቀ݇൫ܺ௣೔൯ቁ൰. Thus, 

since ܪ௣೔  and ௦ܲ೔ܪ௣೔  are both irreducible subspaces for ݒ ൬߰(௣೔) ቀ݇൫ܺ௣೔൯ቁ൰, 

either ܪ௣೔ = ௦ܲ೔ܪ௣೔ or ܪ௣೔ ⊥ ௦ܲ೔ܪ௣೔ . However, (as ௦ܲ೔ܪ௣೔ ≠ {0}) the latter is 

clearly impossible. Thus ܪ௣೔ ⊆ ௦೔ܪ  and denoting by ࢏࢙ߨ  the representation  

݇൫ܺ௦೔൯ ∋ ܵ 
గೞ೔ሱሮ ݒ ቀ߰(௦೔)(ܵ)ቁቚ

ு೛೔
 

we get [ߨ௦೔] ∈ ௣ഢߡ
௦ഢ෢ିଵ

([ܺ௣೔ − Ind(ߨ)]) . Denoting by ߨ௤ the representation  

݇൫ܺ௤൯ ∋ ܵ → ݒ ቀ߰(௤)(ܵ)ቁቚ
ு೜

 

we have [ࢗߨ] ∈ ௤ߡ
௦ഢ෡ ௤ߨ and ([࢏࢙ߨ]) = ܺ௤ − Ind(ߨ). Hence we get  

[ߨ] = ቂ൫ܺ௤ − Ind൯
ିଵ

ቃ(௤ߨ) ∈ ൣܺ௤ − Indିଵ൧(ߡ௤
௦ഢ෡ (([௦೔ߨ])

⊆ ൣܺ௤ − Indିଵ൧(ߡ௤
௦ഢ෡ ௣ഢߡ)

௦ഢ෢ିଵ
([ܺ௣೔ − Ind(ߨ)]))) 

Thereby in view of Lemma (4.1.16) we arrive at  
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[ߨ] ∈ ෠ܺ௤షభ௦ ೔ ( ෠ܺ௣೔షభ௦ ೔ 
ିଵ  ([ߨ])(

which contradicts the choice of ߨ.  

As an application of Theorem (4.2.5), we obtain simplicity criteria for the 

reduced Cuntz- Pimsner algebra ࣩ௑௥  To this end, we first introduce the 

indispensable terminology.  

Definition (4.2.6)[4]: 

Let X be a regular product system over a semigroup P with coefficients 

in a C*-a1gebra A. We say that an ideal J in A is X-invariant if and only if 

for each ݌ ∈  ܲ the set  

ܺ௣ିଵ(ܬ): =  {ܽ ∈ ௣ܺ〉 :ܣ , ܽܺ௣〉௣ ⊆  {ܬ 

is equal to J. We say Xis minimal if there are no nontrivial X-invariant ideals 

in A, that is if for any ideal J in A we have  

݌∀) ∈ ܲ)ܺ௣ିଵ(ܬ) = ܬ ⟹ ܬ = ܬ  ݎ݋    {ܱ} =  .ܣ

Theorem (4.2.7)[4]: 

(Simplicity of ࣩ௑௥ ) If a regular product system X is topologically a periodic 

and minimal, then ࣩ௑௥ is simple.  

Proof:  SupposeI is an ideal in ࣩ௑௥  and put ܬ = (݆௑௥)ିଵ(ܫ) ∩ ܣ = {ܽ ∈

(ܽ)௑௥݆ :ܣ  ∈  .Then J is an ideal in A. We claim that J is X-invariant .{ܫ

Indeed, for ݌ ∈ ܲ we have  
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݆௑௥൫〈ܺ௣ , ௣〉஺൯ܺܬ = ݆௑௥൫ܺ௣൯
∗
݆௑௥൫ܺܬ௣൯ = ݆௑௥൫ܺ௣൯

∗
݆௑௥(ܬ)݆௑௥൫ܺ௣൯ ⊆  ܫ

That is 〈ܺ௣ , ௣〉஺ܺܬ ⊆ ܬ and hence ܬ ⊆ ܺ௣ିଵ(ܬ). Onthe other hand, if ܽ ∈

ܺ௣ିଵ(ܬ). then we have  

∅௣(ܽ) = ෍Θ௫೔,௬೔,௝೔
௜

௜ݕ,௜ݔ   ݁ݎℎ݁ݓ     ∈  ܺ௣    ܽ݊݀    ݆௜ ∈   .ܬ

Since ݆௑௥ ∶  ܺ → ࣩ௑௥  is Cuntz-Pimsner covariant, we get  

݆௑௥(ܽ) = ݆௑௥
(௣) ቀ∅௣(ܽ)ቁ = ෍݆௑௥

(௣)(Θ௫೔,௬೔,௝೔)
௜

= ෍݆௑௥(ݔ௜)݆௫௥(ݕ௜ , ݆௜)∗

௜

= ෍݆௑௥(ݔ௜)݆௫௥(݆௜∗)݆௑௥(ݕ௜)∗ ∈ .ܫ
௜

 

Thus  ܺ௣ିଵ(ܬ) ⊆  ,and this proves our claim. In view of minimality of X  ܬ

either ܬ = ܬ orܣ = {0}. In the former case, ࣩ௑௥ = ((ܺ)௑௥݆)∗ܥ =  becauseࡵ 

݆௑௥(ܺ௣)= ݆௑௥(ܺܣ௣)=  ݆௑௥(ܣ)݆௑௥(ܺ௣) ⊆ ∋ ݌ for each ܫ  ܲ. In the latter case, the 

composition of ݆௑௥ ∶ ܺ →  ࣩ௑௥with the quotient map ߠ:ࣩ௑௥ → ࣩ௑௥/ܫ  yields a 

Cuntz Pimsner representation݇௫: = ∘ ߠ  ݆௑௥  which is injective ܫ/௑௥ࣩ ݊݅ ܺ  ݂݋   

on A. Thus by Theorem (4.2.5) we have an epimorphism 

௞೉ߨ :ࣩ௑௥/ܫ → ࣩ௑௥  

such that ߨ௞ೣ ൯(ݔ)൫݆௑௥ݍ)  = ݆௑௥(ݔ),ݔ ∈  ܺ.Hence ݆௑௥(ݔ) ∩ ܫ = {0}and 

therefore ܫ = {0}.  

Schweizer found a necessary and sufficient condition for simplicity of 

Cuntz-Pimsner algebras associated with single C*-correspondences, 
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improving similar results. Namely, if X is a left essential and full C*-

correspondence with coefficients in a unital C*-algebra A, then ࣩ௑  is simple 

if and only if X is minimal and nonperiodic, meaning that ܺ⨂௡ ≈ ஺ܣ஺  

implies ݊ = 0, where ≈ denotes the unitary equivalence of C*-

correspondences. This result suggests that topological aperiodicity of a 

product system X should imply nonperiodicity of X, and this is indeed the 

case.  

Proposition (4.2.8)[4]: 

Suppose that X is a topologically a periodic regular product system over a 

semigroup P of Ore type. Then ܺ௣ ≈ ܺ௘ implies ݌ ࡾ∽  ݁ , and if in addition 

is a quasi-lattice ordered group, then ܺ௤షభ(௣௏௤) (ܲ,(ܲ)ܩ) ≈  ܺ௣షభ(௣௏௤) 

implies ݌ =   .ݍ

Proof: In view of Proposition (4.2.4) parts (i) and (ii), it suffices to note that 

ܺ௣ ≈ ܺ௤implies that [ߨ] ∈ ෠ܺ௣(ܺ௤ିଵ(ߨ)) for all [ߨ] ∈ መܣ . To this end, let 

ܸ: ܺ௣ → ܺ௤bea bimodule unitary implementing the equivalence ܺ௣ ≈ ܺ௤ . 

Let [ߨ]  ∈ መܣ  be arbitrary and take any [ߩ] ∈ ෠ܺ௤ିଵ  exists ߩ such) ([ߨ])

because ෠ܺ௤is surjective). In other words, [ߨ] ≼ [ܺ௤ − Ind(ߩ) ∘ ∅௤]. Then V 

gives rise to a unitary map  

෨ܸ ∶ ܺ௣⨂ఘܪఘ  → ܺ௤⨂ఘܪఘ , (ℎ ⨂ ݔ)෨ܸ    ݐℎܽݐ ℎܿݑݏ  =  .ℎ ⨂ (ݔܸ) 

Indeed, this follows from the following simple computation:  
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ะ෍ݔ௜⨂ℎ௜

௡

௜ୀଵ

ะ
ଶ

= ෍〈ݔ௜⨂ఘℎ௜ 〈௝⨂ఘℎ௝ݔ,
௡

௜,௝ୀଵ

= ෍〈ℎ௜ , ௜ݔ〉)ߩ 〈௝〉஺)ℎ௝ݔ,
௡

௜,௝ୀଵ

 

= ෍〈ℎ௜ ௜ݔܸ〉൫ߩ, 〈௝〉஺൯ℎ௝ݔܸ,
௡

௜,௝ୀଵ

=  ෍〈(ܸݔ௜)⨂ఘℎ௜, 〈ఘℎ௝⨂(௝ݔܸ)
௡

௜,௝ୀଵ

=  ะ෍(ܸݔ௜)⨂ఘℎ௜

௡

௜ୀଵ

ะ
ଶ

 

where ݔ௜ ∈ ܺ௣ , ℎ௜ ∈ ,ఘܪ i =  1, . . . , n. Since V is a left A-module morphism, 

we see that ෨ܸ  establishes a unitary equivalence between ܺ௣ − Ind(ߩ) ∘

 ∅௣and ܺ௤ − Ind(ߩ) ∘  ∅௤. Hence we have both [ߨ] ≼ [ܺ௤ − Ind(ߩ) ∘  ∅௤] 

and [ߨ] ≼ [ܺ௣ − Ind(ߩ)  ∘  ∅௣]. 

We give several examples and applications of the theory developed 

above. We discuss algebras associated with saturated Fell bundles, twisted C 

*-dynamical systems, product systems of topological graphs and the Cuntz 

algebra ࣫ℕ.  

We consider a regular product system X over a semigroup Pof Ore 

type, with the additional property that each C*-correspondence ܺ௣ ݌, ∈ ܲ, is 

a Hilbert bimodule equipped with left A-valued inner product ݌〈∙,∙〉:ܺ௣ ×

ܺ௣ →  .We call such an X regular product system of Hilbert bimnodules .ܣ

With help of for instance, one can show that a regular product system is a 

product system of Hilbert bimodules if and only if each left action 

homomorphism ∅௣:ܣ → ܣ:൫ܺ௣൯ is surjective. In this case,∅௣ܭ →  ൫ܺ௣൯  isܭ

an isomorphism and  
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,ݔ〉݌ 〈ݕ = ∅௣ିଵ൫Θ௫,௬൯, ,ݔ ݕ ∈ ܺ௣ 

The following Proposition (4.2.9) gives another characterization of regular 

product systems of Hilbert bimodules in terms of the Fell bundle structure in 

ࣩ௑  identified in Theorem (4.1.7) above.  

Proposition (4.2.9)[4]: 

A regular product system X over a semigroup P of Ore type is a product 

system of Hilbert bimodules if and only if the algebra of coefficients 

Aembeds into ࣩ௑ as the core subalgebra (ࣩ௑)[௘,௘], that is  

݆௑(ܣ)  =  (ࣩ௑)[௘,௘] 

In this case, each space ܺ௣. embeds into ࣩ௑ as the fiber (ࣩ௑)[௣,௘] In 

particular, ݆௑(ܺ௣)  =  (ࣩ௑)[௣,௘], for all ݌ ∈ ܲ. and  

(ࣩ௑)[௣,௤] = :∗(ݕ)௑݆(ݔ)തതതതതതത {݆௑݊ܽ݌ݏ ݔ ∈ ܺ௣ , ݕ ∈ ܺ௤}, ݍ,݌ ∈ ܲ.           (23)  

Proof: If all the maps ∅௣:ܣ →  ൫ܺ௣൯are isomorphisms, it follows fromܭ

Lemma (4.1.2) part (ii) that all the maps ߡ௣,௤
௣௥.௤௥: ܭ൫ܺ௤ ,ܺ௣൯ → ൫ܺ௤௥ܭ ,ܺ௣௥൯ 

are (Banach space) isomorphisms. Hence  

lim
⟶

൫ܺ௤௥ܭ ,ܺ௣௥൯ = ߮௣,௤ ቀܭ൫ܺ௤ ,ܺ௣൯ቁ 

where ߮௣,௤ denotes the natural embedding of  ܭ൫ܺ௤ ,ܺ௣൯ into the inductive 

limit lim
⟶

൫ܺ௤௥ܭ ,ܺ௣௥൯. As the isomnorphismn from Theorem (4.1.7) sends 
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݆௑(ݔ)݆௑(ݕ)∗ to ߮௣,௤൫Θ௫,௬൯, ݔ ∈ ܺ௣ ݕ, ∈ ܺ௤ ,  we get [4]. In particular, we 

have݆௑(ܣ) = (ࣩ௑)[௘,௘]. 

Conversely, if we assume that ∅௣:ܣ →  ൫ܺ௣൯is not onto for certainܭ

݌ ∈ ܲ. Then  

߮௘,௘൫(ܣ)ܭ൯ = ߮௣,௣ ቀ∅௣(ܣ)ቁ ⊆ ߮௣,௣ ቀܭ൫ܺ௣൯ቁ lim
⟶

)ܭ ௥ܺ ,ܺ௥), 

and hence ݆௑(ܣ) ⊆ (ࣩ௑)[௘,௘].  

Definition (4.2.10)[4]: 

A partial action of a group G on a topological space Ω consists of a pair 

ீ∋௚{௚ܦ}) , ௚షభܦ:௚ߠ ௚’s are open subets of Ω andܦ ௚∈ீ), where{௚ߠ} →  ௚ areܦ

homeomorphisms such that  

௘ܦ(1ܣܲ) = Ω  ܽ݊݀ ߠ௘ = ݅݀, 

௧షభܦ)௧ߠ(2ܣܲ) ∩ (௦ܦ = ௧ܦ  ∩  ,௧௦ܦ

((ݔ)௧ߠ)௦ߠ (3ܣܲ)  = ݔ ݎ݋݂,(ݔ)௦௧ߠ  ∈ ௧షభܦ ∩   .௧షభ௦షభܦ

the partial action ({ܦ௚}௚∈ீ ,  ௚∈ீ) is topologicaily free if for every{௚ߠ}

open nonempty ܷ ⊆ ܨ and finite ߗ  ⊆ ݔ . there exists {݁} \ ܩ ∈  ܷ such that 

∋ ݔ (ݔ)௧ߠ ௧షభimpliesܦ ≠ ∋ ݐ for all ݔ   .ܨ 

Proposition (4.2.11)[4]: 

Suppose X is a regular product system of Hilbert bimodules and the 

underlying semigroup P is of Ore type. The formulas  
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[௤,௣]ܦ ≔  ෠ܺ௤൫〈ܺ௣ ,ܺ௣෣ 〉௣൯,  

෠ܺ[௣,௤]([ߨ]) ≔ ෠ܺ௣ ෠ܺ௤ିଵ 
,([ߨ]) [ߨ] ∈ ,݌,[௤,௣]ܦ ݍ ∈ P, 

yield a well defined family of open sets ൛ܦ௚ൟ௚∈ீ(௉)and homeomorphisms 

෠ܺ௚:ܦ௚ିଵ → ,௚ൟ௚∈ீ(௉)ܦ௚ such that (൛ܦ ൛ ෠ܺ௚ ൟ௚∈ீ(௉)) is a partial action of 

G(P)on ܣመ. Moreover,  

(i) ൛ ௚ܺ
 ൟ
௚∈ீ(௉) is a semigroup dual to {(ࣩ௑)௚}௚∈ீ(௉), where we treat 

{(ࣩ௑)௚}௚∈ீ(௉)asa pruduct system, and ෠ܺ௚ are viewed as 

multivalued maps on ܣመ with ෠ܺ௚ (ܣመ\ܦ௚షభ) = {∅} 

(ii) We have the following implication: 

ቀ൛ܦ௚ൟ௚∈ீ(௉), ൛ ෠ܺ௚ ൟ௚∈ீ(௉)ቁ  ݁݁ݎ݂ ݕ݈݈ܽܿ݅݃݋݈݋݌݋ݐ ݏ݅

⇒  (24)                         ,ܿ݅݀݋݅ݎ݁݌ܽ ݕ݈݈ܽܿ݅݃݋݈݋݌݋ݐ ݏ݅ܺ 

and if P is both left and right Ore. (so for instance it is a group or a 

cancellative abelian semi group) then the above implication is 

actually an equivalence.  

Proof: Tobegin with, let us note that for an ideal IinA and ݌ ∈ ܲwe have 

෠ܺ௣ ൫ܫመ൯ = 〈ܺ௣ܫ,ܺ௣෣ 〉௣
 , ෠ܺ௣ିଵ൫ܫመ൯ = ൫〈ܺ௣ , ௣෣ܺܫ 〉௣൯                  (25) 

Now, let [ߨ] ∈ ∋ ݎ መ  andܣ  ܲbe arbitrary. Natural representatives of the 

classes ෠ܺ௣ ෠ܺ௤ିଵ 
and ෠ܺ௣௥ ([ߨ]) ෠ܺ௤௥ିଵ 

 act by multiplication from the left on ([ߨ])

the spaces  
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ܺ௣⨂ ෨ܺ௤⨂గܪగ, ܺ௣௥⨂ ෨ܺ௤௥⨂గܪగ,  

respectively. The obvious C*-correspondence isomorphisms  

ܺ௣௥⨂ ෨ܺ௤௥ ≅  ܺ௣⨂൫ ௥ܺ⨂ ෨ܺ௥൯⨂ ෨ܺ௤ ≅  ܺ௣⨂ܣ⨂ ෨ܺ௤  ≅ ܺ௣⨂ ෨ܺ௤ 

yield a unitary equivalence between the aforementioned representations. 

Hence ෠ܺ௣ ෠ܺ௤ିଵ 
([ߨ]) = ෠ܺ௣௥ ෠ܺ௤௥ିଵ 

and thus ෠ܺ௣ ([ߨ]) ෠ܺ௤ିଵ 
does mint depend on 

the choice of represen tative of [݌,  It follows from (25) that the natural .[ݍ

domain of ෠ܺ௣ ෠ܺ௤ିଵ 
 is ෠ܺ௤൫〈ܺ௣ ,ܺ௣෣ 〉௣൯which coincides with the spectrum 

of ௤〈ܺ௤〈ܺ௣ ,ܺ௣〉௣,ܺ௤〉. This shows that the formulas above indeed define 

homeomorphisms ෠ܺ௚ :ܦ௚షభ → ݃, ௚ܦ ∈   .(ܲ)ܩ

Condition (PAl) is obvious. To show (PA2), let ݐ = ,ଵݐ]  ,[ଶݐ = ݏ

,ଵݏ]  ݎ ଶ] andݏ ≥ ,ଶݐ ݍ ଵ. Puttingݏ = ,(ݎଶିଵݐ)ଵݐ ݌ = = ݐ we have ,(ݎଵିଵݏ)ଶݏ

,(ݎଶିଵݐ)ଵݐ]  [(ݎଶିଵݐ)ଶݐ = ,ݍ]  ݏ and [ݎ = ,(ݎଵିଵݏ)ଵݏ]  [(ݎଵିଵݏ)ଶݏ = ,ݎ]   .[݌

Hence  

෠ܺ௧(ܦ௦) = ෠ܺ[௤,௥]൫[࢖,࢘]ܦ൯ = ෠ܺ௤ ෠ܺ௥ିଵ ቀ ෠ܺ௥൫[࢖,ࢋ]ܦ൯ቁ = ෠ܺ௤൫[࢖,ࢋ]ܦ ∩  .൯[࢘,ࢋ]ܦ

On the other hand, since ݐݏ = ,ଵݐ]  [ଶݐ ∘ ,ଵݏ] [ଶݏ = ,(ݎଶିଵݐ)ଵݐ]  [(ݎଵିଵݏ)ଶݏ =

  we have ,[݌,ݍ]

௧௦ܦ ∩ ௧ܦ = [௤,௣]ܦ   ∩ [௤,௥]ܦ    = ෠ܺ௤൫ܦ[௘,௣]൯ ∩ ෠ܺ௤([࢘,ࢋ]ܦ)  =  ෠ܺ௤൫ܦ[௘,௣] ∩   .൯[࢘,ࢋ]ܦ

This proves condition (PA2). 
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To show (PA3), let t =  [tଵ, tଶ], s = [sଵ, sଶ], r ≥ tଵ,sଶ and [π] ∈ D୲షభ ∩

D୲షభୱషభ. Then a natural representative of X෡ୱ୲([π])  =  X෡[ୱభ,ୱమ]∘[୲భ,୲మ]([π])  =

X෡ୱభୱమషభ ୰X෡୲మ୲భషభ ୰
ିଵ ([π]) acts by left multiplication on the space  

ܺ௦భ௦మషభ௥⨂ ෨ܺ௧మ௧భషభ௥
 ⨂గܪగ = ܺ௦భ ⨂ܺ௦మషభ௥⨂ ෨ܺ

௧భషభ௥
 ⨂ ෨ܺ௧మ 

 ⨂గܪగ 

Similarly, a representative of X෡ୱ 
 ቀX෡୲  ([ߨ])ቁ = ൫X෡ୱభ ∘ X෡ୱమ

ିଵ ∘ X෡ୱమ
 ∘ X෡ୱమ

ିଵ൯([π]) acts 

by left multiplication on the space  

ܺ௦భ ⊗  ෠ܺ௦మ ⊗  ܺ௧భ ⊗  ෠ܺ௧మ ⊗గ  .గܪ

The latter can be considered an invariant subspace of the former with help of 
the following natural isomorphisms of C*-correspondences: 

Xୱభ ⨂X෩ୱమ
 ⨂X୲భ ⨂X෩୲మ

 ≅ Xୱభ ⨂X෩ୱమ
 ⨂൫X୰⨂X෩୰ ൯⨂X୲భ ⨂X෩୲మ

 

≅ Xୱభ 〈Xୱమ , Xୱమ 〉ୱమ ⨂Xୱమషభ୰⨂X෩୲భషభ୰
 ⨂〈X୲భ , X୲భ 〉୲భ X෩୲మ

 . 

By the choice of [ߨ] and property (PA2), we see that ෠ܺ௦ ෠ܺ௧  ([ߨ]) is nonzero 

and thus equals ෠ܺ௦௧ ([π]), as irreducible representations have no non-trivial 

subrepresentations.  

Ad (i). This follows from our description of ෠ܺ[௣,௤]
 and the form of 

ࣩ[௣,௤]
 given in (23).  

Ad (ii). Implication (24) is straightforward. For the converse, let us 

additionally assume that Pis right cancellative and right reversible (then Pis 

both left arid right Ore). Take any ݃ଵ, . ,݃௡  ∈ ,e]} \(ܲ)ܩ  e]}. Using left 

reversibility of Pwe may represent these elements in the form ݃ଵ =

,ݐ] ,[ଵݎ . . . ,݃௡ = ,ݐ]  ,ݐ ݁ݎℎ݁ݓ,[௡ݎ ,ଵݎ . . . , ௡ݎ ∈ ≠ ݐ ݀݊ܽܲ  ݅ ݎ݋݂ ௜ݎ = 1, . . . ,݊. 
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By right reversibility of P, one can inductively find elements 

,ଵݍ . . . , ,௡ݍ ଵᇱ݌ , . . . ௡ᇱ݌, ∈  ܲsuch that  

ݐଵݍ =  .ଵݎଵᇱ݌

ݐଵݍଶݍ =   ,ଶݎଵᇱ݌ଶᇱ݌

. . . ௡ݍ … ݐଵݍଶݍ = ௡ᇱ݌ …  .௡ݎଵᇱ݌ଶᇱ݌

Then defining  

:ݍ = ௡ݍ . . . ,ଵݍ :ݏ = ௜݌    ݀݊ܽ     ݐݍ ≔ ௡ݍ . . . ௜ᇱ݌௜ାଵݍ … ଵᇱ݌ ݅  ݎ݋݂     = 1, . . . ,݊,  

we get ܵ = ௜݌ ௜ andݎ௜݌  ≠ = ݅ for ݍ  1, . . . , ݊. Hence ିݍଵݏ = = ݏ௜ିଵ݌ and ݐ 

݅ ௜  for everyݎ  =  1, . . . ,݊. Thus  

෠ܺ௚೔ = ෠ܺ[௧,௥೔] = ෠ܺ௧ ෠ܺ௥೔
ିଵ = ෠ܺ௤షభೞ ෠ܺ௣೔

షభೞ
ିଵ  

Since ෠ܺ௤షభೞ ෠ܺ௣೔
షభೞ
ିଵ = ෠ܺൣ௤షభೞ ,௣೔

షభ௦൧ does not depend on the choice of ݏ ≥

, ݍ   ௜, we see that the aperiodicity condition applied to q and݌

,ଵ݌  . . . , ,ଵݍ ௡yields the topological freeness condition for݌ . . . ,  .௡ݍ

We do not know if the converse to implication (24) holds in general. 

Nevertheless, applying Proposition (4.2.1) and Theorems (4.2.5) and (4.2.7), 

we obtain the following. 

Corollary (4.2.12)[4]: 

Suppose ൛ܤ௚ ൟ௚∈ீis a saturated Fell bundle. Treating its fibers as 

imprimitivity Hilbert bimodules over ܤ௘, the dual semigroup ൛ܤ෠௚ ൟ௚∈ீ  is a 

group of genime homeomorphisms of ܤ෠௘.  
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(i) The action ൛ܤ෠௚ ൟ௚∈ீ 
is topologically free if and only if the product 

system ܺ = ∐ ீ∋௚ ௚ܤ  
 is topologically aperiodic. If this is the case, 

then every C*-norm on ⨁∐ ீ∋௚ ௚ܤ  
 is topologically graded.  

(ii) If the action ൛ܤ෠௚ ൟ௚∈ீis topologically free and has no invariant non-

trivial open subsets then the reduced cross-sectional C*-algebra 

 ீ∋௚ ൟ௚ܤ௥∗(൛ܥ
) is simple.  

Suppose ߙ is an action of a semigroup P by endomorphisms of A such 

that each, ߙ௦, ݏ ∈  ܲ, extends to a strictly continuous endomorphism ߙത௦ of 

the multiplier algebra M(A). Let ߱ be a circle-valued multiplier on P. That 

is ߱: ܲ ×  ܲ →  ॻ is such that  

,݌)߱ ,ݍ݌)߱(ݍ (ݎ = ,݌)߱  ,ݍ)߱(ݎݍ ,ݍ,݌         ,(ݎ ∋ ݎ  ܲ.  

Then (ߙ,ܣ,ܲ,߱) is called a twisted semigroup C*-dynamical system. A 

twisted crossed product ܣ ×஑,ఠ  ܲ, is the universal C*-algebra generated by 

{ ݅஺(ܽ)݅௉(ݏ) ∶ ܽ ∈ ,ܣ ݏ ∈ ܲ},where (݅஺, ݅௣) is a universal covariant 

representation of (ߙ,ܲ,ܣ,߱). That is, ݅஺ ∶ → ܣ  ஑,ఠ× ܣ  ܲis a 

homomorphism and {݅௉(݌) ∶ ݌ ∈ ܲ}are isometrics in M(ܣ ×஑,ఠ ܲ) such that  

݅௉(݌)݅௉(ݍ) = ,݌)߱  ∗(݌)஺(ܽ)݅௉݅(݌)௉݅    ݀݊ܽ     (ݍ݌)௉݅(ݍ  = ݅஺൫ߙ௣(ܽ)൯, 

for ݌, ݍ ∈ ܲ and ܽ ∈  A necessary condition for ݅஺ to be injective is that .ܣ 

all endomorphisms ߙ௣, ݌ ∈ ܲ, are injective. We apply Theorem (4.1.7) to 

show that when P is of Oretypethis condition is also sufficient. Additionally, 

we reveal a natural Fell bundle structure in ܣ ×஑,ఠ ܲ.  
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We associate to (ߙ,ܣ,ܲ,߱) a product system ܺ =  ∐ ܺ௣௣∈௉∘೛ over the 

opposite semigroup ܲ∘௣ We equip the linear space ܺ௣ ≔ α୮(ܣ)ܣ with the 

following C*-correspondence operations  

ܽ ∙ ݔ = α୮(ܽ)ݔ, ݔ ∙  ܽ = ,ܽݔ  ,ݔ〉 ௣〈ݕ  =  ,ݕ∗ݔ 

ܽ ∈ ,ܣ  ,ݔ ∋ ݕ ܺ௣ . The multiplication inX is defined by  

ݔ ∙ ݕ = ,݌)߱  ,ݕ(ݔ)തതതതതതതതതതα୮(ݍ ݔ ݎ݋݂ ∈  ܺ௣ = ݕ ݀݊ܽ ܣ(ܣ)௣ߙ ∈ ܺ௤ =  α୯(ܣ)ܣ.  

X is a product system and the left action of A on each of its fibers is by 

compacts. Accordingly, X is a regular product system if and only if all the 

endomorphisms ߙ௣, ∋ ݌  ܲ, are injective. Moreover, there is an 

isomnorpinsm 

ܣ ⋊஑,ఠ  ܲ ≅ ࣩ௑ 

given by the mapping that sends an element ݅௉(݌)∗݅஺(ܽ) ∈ ܣ  ⋊஑,ఠ  ܲ to the 

image of the element a ∈ ܺ௣ =  in ࣩ௑. Using this isomnorphisrn ܣ(ܣ)௣ߙ

and Theorem (4.1.7) one immediately gets the following. 

Proposition (4.2.13)[4]: 

Suppose that (ߙ,ܣ,ܲ,߱) is atwisted semigroup C*-dynamical system, 

where P is of Ore type and all the endomorphisms ߙ௣, ∋ ݌  ܲ, are injective. 

Then the following hold.  

(i) The algebra A embeds via ݅஺ into the crossed product ܣ ⋊஑,ఠ ܲ.  
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(ii) The crossed product ܣ ⋊஑,ఠ ܲ is naturally graded over the group of 

fractions G(P) by the subspaces of the form  

௚ܤ ∶= :(ݍ)஺(ܽ)݅௉݅∗(݌)തതതതതതത൛݅௉݊ܽ݌ݏ  ܽ ∈ ,(ܣ)௤ߙܣ(ܣ)௣ߙ ,݌] [ݍ = ݃ൟ, ݃ ∈   .(ܲ)ܩ

Morvover ܣ ⋊஑,ఠ ܲ can he identified with the cross-sectional 

C*algebra ܥ∗൫{ܤ௚}௚∈ீ(௉)൯.  

We keep the assumptions of Proposition (4.2.13). It is natural to define 

a reduced twisted crossed product ܣ ×஑,ఠ
௥ ܲ to be the reduced crosse 

sectional algebra of the Fell bundle {ܤ௚}௚∈ீ(௉). Let ߣ ∶ ܣ  ×஑,ఠ ܲ →

ܣ ×஑,ఠ
௥ ܲ be the canonical epimorphism, and  

ఒܫ ≔  .ߣݎ݁݇ 

We wish to generalize the main results to the case of twisted semnigroup 

actions. Let X be a product system associated to (ߙ,ܣ,ܲ,߱)as above. One 

can see, cf., for instance, that a fiber ܺ௣ ݌, ∈ ܲ, is a Hilbert bimodule if and 

onlyif the range of ߙ௣ is a hereditary sub algebra of A. If this is the case, 

then ߙ௣(ܣ) is a corner in A:  

(ܣ)௣ߙ = (ܣ)௣ߙܣ(ܣ)௣ߙ =  ,ത௣(1)ߙܣത௣(1)ߙ

and the left inner product in ܺ௣is defined by  

,ݔ〉 ௣〈ݕ = ,ݔ        ,(∗ݕݔ)௣ିଵߙ  ݕ ∈ ܺ௣ =  .ܣ(ܣ)௣ߙ 

The spectrum of ߙ௣(ܣ) can be identified with an open subset of ܣመ. Then the 

homeomorphism ߙො௣:ߙ௣(ܣ)෣  → ܣ:௣ߙ መ dual to the isomorphismܣ  →
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 መ. Theܣ can be naturally treated as a partial homeomorphism of(ܣ)௣ߙ

following Lemma (4.2.14) is based dealing with interactions on unital 

algebras. 

 Lemma (4.2.14)[4]: 

If the monomorphism ߙ௣, has a hereditary range, then the 

homeomorphisms ߙො௣:ߙ௣(ܣ)෣  → :መ  and ෠ܺ௣ܣ  〈ܺ௣ ,ܺ௣෣ 〉௣ →   .መ coincideܣ

Proof: With our identifications, we have  

෣(ܣ)௣ߙ = ቄ[ߨ] ∈ ߨ:መܣ ቀߙ௣(ܣ)ቁ ≠ 0ቅ = 〈ܺ௣ ,ܺ௣෣ 〉௣ 

Let ߨ ∶ ܣ → ß(ܪ) be an irreducible representation such that ߨ ቀߙ௣(ܣ)ቁ ≠ 0. 

Then ߙො௣([ߨ])is the equivalence class of the representation ߨ ∘ ܣ:௣ߙ →

ß ቀߨ ቀߙ௣(ܣ)ቁܪቁ.  Since  ߨ ቀߙ௣(ܣ)ቁܪ =   and ܪ൯ܣ(ܣ)௣ߙ൫ߨ

ะ෍ܽ௜⨂஠ℎ௜

 

௜

ะ
ଶ

= ቯ෍〈ℎ௜ ,π(a௜∗ ௝ܽ)ℎ௝〉௣

 

௜,௝

ቯ = ะ෍π(ܽ௜)ℎ௝

 

௜

ะ
ଶ

, 

ܽ௜ ∈ ܺ௣ = α୮(A)A, ℎ௜ ∈ ,ܪ ݅ = 1, … , ݊,  we see that ܽ⨂஠ ℎ ↦ π( ܽ)ℎ yields 

a unitary operator ܷ ∶  ܺ௣⨂஠ ܪ → πቀα୮(A)ቁH. Furthermore, for ܽ ∈

,ܣ  ܾ ∈ ∋ ℎ ݀݊ܽ (ܣ)௣ߙ    we have ܪ 

ൣܺ௣ − = ℎ(ܾ)ߨ൧∗ܷ(ܽ)(ߨ)݀݊ܫ ܺ௣ − = గℎ⨂ ܾ(ܽ)(ߨ)݀݊ܫ  ൫ߙ௣(ܽ)ܾ൯⨂గ ℎ 

=  ൣܷ∗൫ߨ ∘  .ℎ(ܾ)ߨ௣൯(ܽ)൧ߙ
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Hence U intertwines ܺ௣ − Ind and ߨ ∘ ௣. This proves that ෠ܺ௣ߙ =  .ො௣ߙ 

Before stating our criterion of simplicity for semigroup crossed 

products, we need to define minimality for semigroup actions.  

Definition (4.2.15)[4]: 

 Let α be an action of a semigroup P on a C*-algebra A. We say that ߙ 

is minimal if for every ideal J in A such that α௣ିଵ (ܬ)  = ݌ for allܬ  ∈ ܲ we 

have ܬ = ܬ ݎ݋ ܣ = {0}.  

Let us note that if X is the product system associated to a twisted 

semigroup C*-dynamical system (ߙ,ܣ,ܲ,߱)then minimality of ߙ in the 

sense of Definition (4.2.15) is equivalent to minimality of X in the sense of 

Definition (4.2.6).  

Proposition (4.3.16)[4]: 

Suppose (ߙ,ܣ,ܲ,߱)is a twisted semi group C*-dynamical system with 

P of Ore type. We assume that each endomorphism ߙ௣, ݌ ∈ ܲ, is injective 

and has hereditary range. As above, we regard ߙො௣, ݌ ∈ ܲ, as partial 

homeomorphisms of ܣመ. The formulas  

[௤,௣]ܦ ≔ αෝ୯൫α୮(ܣ)෣ ൯, αෝ[௣,௤]([ߨ]): = αෝ୮ ቀαෝ௤ିଵ([ߨ])ቁ , [ߨ] ∈ ,݌,[௤,௣]ܦ ∋ ݍ ܲ 

yield a well defined partial action ቀ൛ܦ௚ ൟ௚∈ீ(௉) 
, ൛ߙො௚ൟ௚∈ீ(௉) 

ቁ which 

coincides with the partial action induced by the Fell bundle 

൛ܤ௚ ൟ௚∈ீ(௉) 
described in Proposition (4.2.13) part (ii). Moreover,  
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ቀ൛ܦ௚ ൟ௚∈ீ(௉) 
, ൛ߙො௚ൟ௚∈ீ(௉) 

ቁ  ݁݁ݎ݂ ݕ݈݈ܽܿ݅݃݋݈݋݌݋ݐ ݏ݅

⟹  ൛ߙො௣ൟ௣∈௉ ݅ܿ݅݀݋݅ݎ݁݌ܽ ݕ݈݈ܽܿ݅݃݋݈݋݌݋ݐ ݏ, 

and 

(i) if the semigroup ൛ߙො௣ൟ௣∈௉is topologically aperiodic, then for any 

ideal I in ܣ ×஑,ఠ ܲ such that ܫ ∩ ܣ =  {0} we have ܫ ⊆  .ఒܫ

(ii) if the sernigroup ൛ߙො௣ൟ௣∈௉is topologically aperiodic and α is minimal, 

then the reduced twisted crossed product ܣ ⋊஑,ఠ
௥ ܲ is simple.  

Proof: With the identification of ܣ ⋊஑,ఠ
௥ ܲ with ࣩ௑ , for each ݃ ∈  we (ܲ)ܩ

have the correspondence between (ࣩ௑ )௚ and ܤ௚ . Thus Lemma (4.2.14) and 

Proposition (4.2.11) imply the initial part of the assertion. The remaining 

claims (i) and (ii) follow from Lemma (4.2.14) and Theorems (4.2.5) and 

(4.2.7). 

Let ܧ = ,ଵܧ,଴ܧ)  , ݏ  be a topological graph as introduced. This (ݎ

means we assume that vertex set ܧ଴ and edge set ܧଵ are locally compact 

Hausdoff spaces, source map ݏ ∶ ଵܧ  →  ଴is a local homeomorphism, andܧ

range map ݎ ∶ ଵܧ  →   .଴ is a continuous mapܧ

A C*-correspondence ܺா  of the topological graph E is defined in the 

following manner. The space ܺா  consists of functions ݔ ∈   for which (ଵܧ)଴ܥ

଴ܧ  ∋ ݒ ⟼ ෍ ଶ|(݁)ݔ|

{௘∈ாభ:௦(௘)ୀ௩}
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belongs to ܣ ∶=  Then ܺா is a C*-correspondence over A with the .(଴ܧ)଴ܥ

following structure.  

ݔ) ∙ ܽ)(݁): = ݁ ݎ݋݂    ((݁)ݏ)ܽ(݁)ݔ ∈  ,ଵܧ

,ݔ〉 :(ݒ)஺〈ݕ = ෍  (݁)ݕതതതതതത(݁)ݔ
{௘∈ாభ:௦(௘)ୀ௩}

∋ ݒ ݎ݋݂ ,଴ܧ  ܽ݊݀  

(ܽ ∙ (݁)(ݔ ∶=  ܽ൫ݎ(݁)൯ݎ݋݂    (݁)ݔ ݁ ∈  .ଵܧ

C*-correspondence ܺா  generates a product system over ℕ. It follows that 

this product system (or simply, this C*-correspondence ܺா).is regular if and 

only if  

തതതതതതത(ଵܧ)ݎ  

=  ଵ(ܸ)is compact.   (26)ିݎ ଴ has a neighborhood ܸ such thatܧ  ݒ ݕݎ݁ݒ݁ ݀݊ܽ ଴ܧ 

In particular, (26) holds whenever ܧ:ݎଵ →  ଴ is a proper surjection. If bothܧ 

 ଵ are discrete then E is just a usual directed graph and then (26)ܧ ଴ andܧ

says that every vertex in ܧ଴ receives at least one and at most finitely mnany 

edges (in other words, graph ܧ is row-finite and without sources). 

Accordingly , the C*-algebra of E is  

:(ܧ)∗ܥ = ࡱࢄࣩ  . 

Let ݁ =  (݁௡, . . . , ݁ଵ), (௜݁)ݎ = ,(௜ାଵ݁)ݏ ݅ = 1, . . , ݊ − 1, beapath in E. Then e 

is a cycle if ݎ(݁௡) =  is called tile base point of e. A (ଵ݁)ݏ and vertex ,(ଵ݁)ݏ

cycle e is said to be without entries if ିݎଵ(ݎ(݁௞)) =  ݁௞ ݂ݎ݋ ݈݈ܽ ݇ =

 1, . . , ݊. Graph E is topologically free, if base points of all cycles without 

entries in Ehave empty interiors. It is known, that topological freeness of ܧ 

is equivalent to the uniqueness property for C*(E). 
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In general, topological aperiodicity of ܺா is stronger than topological 

freeness of E. However, when ܧ = ଴ܧ) ଴ܧ, , ,ݏ ݅݀) is a graph that comes from 

a mapping ݏ ∶ ଴ܧ →   .଴ , these two notions coincideܧ

Proposition (4.2.17)[4]: 

Suppose ܺா is a C*-correspondence of a topological graph E satisfying 

(26). The dual C* -correspondence acts on ܧ଴ (identified with the spectrum 

of ܣ =   via the formula ((଴ܧ)଴ܥ 

෠ܺா(ݒ) =   ൯.                                            (27)(ݒ)ଵିݏ൫ݎ 

In particular, 

(i) ܺா  is topologically aperiodic if and only if the set of base points for 

periodic paths in E has empty interior;  

(ii) If ݎ is injective, topological aperiodicity of ܺா  is equivalent to 

topological freeness of E;  

(iii) If ܧ is discrete, then ܺா  is topologically aperiodic if and only if ܧ has 

no cycles, and this in turn is equivalent to C*(E) being an AF-

algebra.  

Proof: We identify ܣመ with ܧ଴by putting ݒ(ܽ): = ݒ ݎ݋݂ (ݒ)ܽ  ∈ ,଴ܧ ܽ ∈

= ܣ  ݒ We fix .(଴ܧ)଴ܥ ∈  ௘∈௦షభ(௩) in the{௘ݔ} ଴and an orthonormnal basisܧ

Hilbert space ℂห௦షభ(௩)ห. Let us consider the representation ߨ௩ = ܣ →

ß(ℂห௦షభ(௩)ห) given by  
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(ܽ)௩ߨ =  ෍ ܽ൫ݎ(݁)൯࢞ࢋ,
(࢜)ష૚࢙∋ࢋ

        ܽ ∈ ܣ =   .(଴ܧ)଴ܥ

One readily checks that the mapping  

ܺா⨂࢜ℂ ∋ ߣ ࢜⨂ ݔ ⟼ ෍ ࢋ࢞(݁)ݔߣ ∈
(࢜)ష૚࢙∋ࢋ

ℂห௦షభ(௩)ห 

gives rise to a unitary which establishes equivalence ܺா −  Ind(ݒ) ≅  .௩ߨ

Furthermore, we have  

{ ߱ ∈ ߱:଴ܧ ≤ {௩ߨ  = {߱ ∈ ߱:଴ܧ = ݁ ݁݉݋ݏ ݎ݋݂(݁)ݎ ∈ {(ݒ)ଵିݏ  =   .((ݒ)ଵିݏ)ݎ

This yields (27). Claim (i) follows from (27), part (iii) of Proposition (4.2.4) 

and the Baire category theorem. Claims (ii) and (iii) are now 

straightforward.  

Corollary (4.2.18)[4]: 

Keeping theassumptions of Proposition (4.2.17), let ܸ ⊆  .଴ be closedܧ

Then ideal ܬ = (ܸ)is ܺா-invarant if and only if ෠ܺா (ܸ \଴ܧ)଴ܥ = ܸ.  

Proof: It is known, that ideal ܬ =  is ܺா-invariant if and only if (ܸ \଴ܧ)଴ܥ 

V satisfies the following two conditions  

(i) (∀݁ ∈ (݁)ݏ(ଵܧ ∈ ܸ ⟹ (݁)ݎ  ∈  ܸ,    ܽ݊݀   

(ii)  ݒ ∈ ܸ ⟹ (∃௘ ∈ (݁)ݏ (ݒ)ଵିݎ ∈ ܸ. 

in view of (27), conditions (i) and (ii) are respectively equivalent to the 

inclusions ෠ܺா(ܸ) ⊆ ܸ ܽ݊݀ ܸ ⊆ ෠ܺா(ܸ).  
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Example (4.2.19)[4]: 

(Excel's crossed product for a proper local homeomorphism).  

Let ܣ = ܣ :ߙ for a locally compact Hausdoff space M and let (ܯ)଴ܥ →  beܣ

the operator of composition with a proper surjective local homeomorphism  

ߪ ∶ ܯ  →  is an extendible monomorphism  possessing a natural ߙ Then .ܯ

left inverse transfer operator ܣ :ܮ →   defined by ,ܣ

(ݐ)(ܽ)ܮ  =
1

|(ݐ)ଵିߪ| ෍ ,(ݏ)ܽ
௦∈ఙషభ(௧)

 

Let ܺ௅be the C*-correspondence with coefficients in A, constructed as 

follows. ܺ௅ is the completion of A with respect to the norm given by the 

inner-product below, and with the following structure:  

ݔ ∙ ܽ = ,ݔ〉    ,(ܽ)ߙݔ 〈ݕ = ܽ     ,(ݕ∗ݔ)ܮ  ∙ = ݔ   ,ݔܽ 

where ܽ ∈ ,ܣ  ,ݔ ∋ ݕ ܺ௅ . Clearly, the left action of A on ܺ௅ is injective. One 

can also show that it is by compacts. Hence ܺ௅ is a regular C*-

correspondence. It is known that is naturally isomorplic to a C*-

correspondence associated to the topological graph ܧ = ,ߪ,ܯ,ܯ)  ݅݀). Thus, 

by Proposition (4.2.17), the dual C*-correspondence to ܺ௅ acts on M, 

identified with the spectrum of ܣ =   via the formula ,(ܯ)଴ܥ 

෠ܺ௅(ݐ) =  (28)                                                          .(ݐ)ଵିߪ

It is observed that  

(ܯ)଴ܥ ⋊ఈ,௅ ℕ ≔ ࣩ௑ಽ 
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is a natural candidate for Exel’s crossed product when ܣ = -is non (ܯ)଴ܥ

unital. When M is compact, (ܯ)ܥ ×ఈ,௅ ℕ coincides with the crossed product 

introduced and can be effectively described in terms of generators and 

relations.  

Now, combining Proposition (4.2.17), we see that the following 

conditions are equivalent.  

(i) ܺ௅ is topologically aperiodic;  

(ii) the set of periodic points of ߪ has empty interior;  

(iii) ߪ is topàlogically free in the sense of Exel and Vershik .  

(iv) every non-trivial ideal in ܥ଴(ܯ) ⋊ఈ,௅ ℕ intersects ܥ଴(ܯ) non-

trivially.  

Consequently, in view of Corollary (4.2.18), the crossed product 

(ܯ)଴ܥ ×ఈ,௅ ℕ is simple if and only if in addition to the above equivalent 

conditions there is no nontrivial closed subset Y of M such that ିߪଵ(Y) = Y.  

We introduce topological P-graphs which generalize both topological 

k-graphs and (discrete) P-graphs. Within the framework of a general 

approach to product systems proposed, the reasoning shows that a 

topological P-graph defined below is simply a product system over P with 

values in a groupoid of topological graphs. In the sequel P is a semigroup of 

Ore type. We treat elements of P as morphisms in a category with single 

object e.  
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Definition (4.2.20)[4]: 

By a topological P-graph we mean a pair (Λ, ݀) consisting of:  

(i) a small category Λ endowed with a second countable locally compact 

Hnusdorff topology under which the composition map is continuous 

andopen, the range map r is continuous and the source map s is a 

local homeomorphism;  

(ii) a continuous functor ݀: Λ →  ܲ, called degree map, satisfying the 

factorization property: if ݀(ߣ) =  with ݒ,ߤ then there exist unique ݍ݌ 

(ߤ)݀ = ,݌ (ݒ)݀  = ߣ ݀݊ܽ ݍ  =   .ݒߤ

Elements (morphisms) of Λ are called paths. Λ௣: =  ݀ିଵ (݌) stands for 

the set of paths of degree ݌ ∈ ܲ. Paths of degree ݁ are called vertices.  

We associate to a topological P-graph (Λ, ݀) a product system inthe 

same manner as it is done for topological k-rank graphs. That is, for each 

݌ ∈ ܲ we let ܺ௣ = ܺா೛  be the standard C*-correspondence associated to the 

topological graph  

௣ܧ = ൬Λ௘,Λ௣ , ,หΛ௣ݏ หݎ
ஃ೛
൰ 

so that ܣ ∶=  ଴(Λ௘) and ܺ௣, is the completion of the pre-Hilbert A-moduleܥ 

  ௘(Λ௣)  with the structureܥ

〈݂,݃〉௣(ݒ) = ෍ തതതതതത(ߟ)݂
ఎ∈ஃ೛(௩)

ܽ)  ݀݊ܽ  (ߟ)݃  ∙ ݂ ∙ (ߣ)(ܾ  

=   .((ߣ)ݏ)ܾ(ߣ)݂((ߣ)ݎ)ܽ 
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The proof works in our more general setting and shows that the formula  

:(ߣ)(݂݃) = ,݁)ߣ)݂  ,݌)ߣ)݃((݌   ((ݍ݌

defines a product ܺ௣ × ܺ௤ ∋ (݂,݃) →  ݂݃ ∈  ܺ௣௤ that makes ܺ = ∐ ܺ௣௣∈௉ , 

into a product system. In view of (26), we see that the product system X is 

regular if and only if for every ݌ ∈ ܲ we have  

തതതതതതതത(Λ௣)ݎ = Λ଴and  

every ݒ ∈ (ܸ)ଵିݎ ଴ has a neighborhood ܸ such thatܧ ∩ Λ௣ is compact in Λ௣.  

If the above condition holds, we say that the topological P-graph (Λ, ݀) is 

regular. It follows that if (Λ, ݀) is a regular topological k-rank graph (that is, 

if ܲ =  ℕ௞), then the Cuntz-Krieger algebra of (Λ, ݀) defined coincides with 

ࣩ௑  Hence it is natural to coin the following definitions.  

Definition (4.2.21)[4].  

Suppose (Λ, ݀) is a regular topological P-graph, where P is a semi 

group of Ore type. We define a C*-algebra ܥ∗(Λ, ݀) and a reduced 

C*algebra ܥ௥∗(Λ,݀) ݂݋ (Λ, ݀) to be respectively the Cuntz- Pimsner algebra 

ࣩ௑  and the reduced Cuntz-Pimsner algebra ࣩ௑௥  where X is the regular 

product system defined above.  

Proposition (4.2.22)[4]: 

Suppose (Λ, ݀) is a regular topological P-graph. The C*-algebras 

,Λ)∗ܥ ݀)  and ܥ௥∗(Λ, ݀) are non-degenerate in the sense that they are 
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generated by the images of injective Guntz-Pimsner representations of ܺ =

 ∐ ܺ௣௣∈௉ ,. Moreover,  

(i) X is topologically a periodic if and only if for every nonempty 

open set ܷ ⊆ Λ௘, each finite set ܨ ⊆ ܲ and an element ݍ ∈ ܲ with 

ݍ ≁ோ ݌ for all ݌  ∈ ,ଵ݌} there is an enumeration ,ܨ . . ,  ௡}of݌

elements of F and there are elements ݏଵ, . . , ௡ݏ ∈ ܲsuch that ݍ ≤

ଵݏ ≤ ⋯ ≤ ,௡ݏ ௜݌ ≤ ,௜ݏ  ݅ ݎ݋݂ =  1, . . . , ݊, and the union  

ራ{ݒ ∈ Λ௘
௡

௜ୀଵ

ߤ: ∈ Λ௣೔షభ௦೔ , ݒ ∈ Λ௤షభ௦೔ (ߤ)ݏ  = (ߤ)ݎ ݀݊ܽ (ݒ)ݏ = (ݒ)ݎ =  (29)       {ݒ

     does not contain U.  

(ii) Xis minimal if and only if there is no nontrivial closed set ܸ ⊆ Λ௘ 

such that  

൫Λ௉ݎ ∩ ଵ(ܸ)൯ିݏ  = ∋ ݌  ݈݈ܽ ݎ݋݂     ܸ   ܲ.                    (30)  

In particular, if the equivalent conditions in (i) hold, then any non-

zero ideal in ܥ௥∗(Λ, ݀) has non-zero intersection with ܥ଴(Λ௘). If the 

conditions described in (i,) and (ii) hold, then ܥ௥∗(Λ, ݀)  is simple.  

Proof: The initial claim of tins proposition follows from Theorem (4.1.7) 

above. To see that the equivalence in part (i) holds, it suffices to apply 

formula (27) to the C*-correspondences ܺ௣ =  ܺா೛ ∋ ݌,  ܲ. Similarly, using 

(27) and Corollary (4.2.18), we see that X-invariant ideals inܥ଴(Λ௘) are in 

one-to-one correspondence with closed sets V satisfying (30). This proves 
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part (ii). The final claim of the proposition now follows from Theorems 

(4.2.5) and (4.2.7) above.  

Cuntz- introduced ࣫ℕ, the universal C*-algebra generated by a unitary 

u and isometrics ݏ௡, ݊ ∈ ℕ×, subject to the relations  

௡ݏ௠ݏ(1ܳ) =   ,௠௡ݏ 

ݑ௠ݏ(2ܳ) = ௠ݏ௠ݑ  ,  and  

(ܳ3)෍ ∗௠ݏ௠ݏ௞ݑ 
௠ିଵ

௞ୀ଴
௞ିݑ  = 1 ,  

for all ݉, ݊ ∈ ℕ× Cuntz proved that ࣫ℕ is simple and purely infinite. Now 

we deduce the simplicity of ࣫ℕ from our genergl result - Theorem (4.2.7) 

above.  

It was shown that ࣫ℕ may be viewed as the Cuntz-Pimnsner algebra of 

a certain product system. We recall an explicit description of that product 

system given. 

The product system X is over the seimgroup ℕ×and its coefficient 

algebra is ܣ =  .We denote by Z the standard unitary generator of A .(ଵܵ)ܥ

Each fiber ܺ௠ ,݉ ∈ ℕ×, is a C*-correspondence over A associated to the 

classical covering map ܵଵ ∋ ݖ → ௠ݖ ∈ ܵଵ as constructed in Example 

(4.2.19). Each ܺ௠ as left A-module is free with rank 1, and we  

denote the basis element by 1௠ Hence, each element of ܺ௠ may be uniquely 

written as1ߦ௠ with ߦ ∈   We have .ܣ

(1௠ߦ) ∙ ܽ = ௠(ܽ)1௠ߙߦ  , 

௠〈1௠ߟ1௠ߦ〉 =  ,(ߟ∗ߦ)௠ܮ
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ܽ ∙ 1௠ߦ = 1௠(ߦܽ)  ,  

For ߦ, ܽ ∈   then ܣ 

ܺ ≔  ሡ ܺ௠
௠ ∈ ℕ×

 

becomes a product system with multiplication ܺ௠ × ௥ܺ → ܺ௠௥  given by  

(1௥ߟ)(1௠ߦ) ≔ 1௠௥((ߟ)௠ߙߦ)  

for ݉, ݎ ∈  ℕ×. We have  

ࣩ௑ ≅ ࣫ℕ 

Now, let ܧ௜,௝݅, ݆ = 0,1, . . . ,݉ −  1, be a system of matrix units in ܯ௠(ℂ). 

There is an isomorphism 

௠(ℂ)ܯ ⨂ (ଵܵ)ܥ ≅  (௠ܺ)ܭ 

such that  

௜,௝ܧ⨂ ݂ ⟷ Θ௓೔ഀ೘(௙)ଵ೘,௓ೕ ଵ೘
. 

Thus ܭ(ܺ௠)෣  may be identified with the circle ܵଵ. With these identifications, 

we have  

∅௠(ܼ) = ଴,௠ିଵܧ ⨂ܼ  + ෍ ,௝ାଵ,௝ܧ⨂1

௠ିଶ

௝ୀ଴

 

and hence the multivalued map ∅௠෢ : ܵଵ → ܵଵ is such that  
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∅௠෢ (ࢠ) =  {߱ ∈  ܵଵ|߱௠ =   .{ݖ 

Furthermore, [ܺ௠ − Ind ] is identified with the identity map on ܵଵ, and 

consequently the multivalued map ܺ௠෢ = ∅௠෢  ∘ [ܺ௠ − Ind]: ܵଵ → ܵଵis  

ܺ௠෢ (ࢠ) =  {߱ ∈  ܵଵ|߱௠ =  .{ݖ 

For in݉ ≠ ݊the set {ݖ ∈  ܵଵ| ݖ ∈  ܺ௠෢ (ܺ௡෢
ିଵ(ݖ))} is finite, while every 

nonempty open subset of ܵଵ is infinite. It follows that the product system X 

is topologically aperiodic.  

Now, we see that A does not contain any non-trivial invariant ideals. Indeed, 

suppose J is an X-invariant ideal in A. Then ܮ௠(ܬ)  ⊆ ݉ for all ܬ  ∈  ℕ×. 

There exists an open subset U of ܵଵ and a function  ݂ ∈ ݂ such that ܬ ≥ 0 

and ݂(ݐ) ≠  0 for all ݐ ∈ ܷ. If m is sufficiently large then for each ݖ ∈

ܵଵthere is a ݓ ∈ ܷ such that ݓ௠ =  ௠(݂) is strictly positive onܵଵܮ Then .ݖ 

and hence invertible. Since ܮ௠(݂) ∈ ܬ we conclude that ,ܬ =  .ܣ
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List of Symbols 

Symbol Page No 
⊕ Orthogonal Sum 1 
loc local 1 
Leb lebesgue 1 
Dif. diffeomorphism 3 
dim dimension 5 
min minimum 5 
max maximum 10 
dom domain 12 
deg degree 50 
ker kernel 58 
im imaginary 61 
ℓଶ Hilbert space for the sequences 65 
UCT Universal coefficient theorem 76 
⨂ Tensor product 76 
⊝ Direct difference 96 
isom isomorphism 98 
Irr irreducible 117 
 ଶ Hilbert space 120ܮ
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