Chapter (1)

Exterior Calculus, Lie Algebra and , Lifted Action
Section (1.1): Classical Mechanics , Exterior Calculus and
Fermat's Theorem

We start with some review of Newton , Lagrange's equations and Hamilton.
In Newton's law:

m§=F (q,d4) , inertial frames , uniform motion , etc

In The Lagrange's equations:

d oL oL : :
——=-"= for Lagrangian L(qg,qd,t) .
dt o oq g J (q | )

Define on the tangent bundle TQ of the configuration space Q with coordinates
(0.6)€TQ , the solution is a curve (or trajectory) in Q parametrized by time t.

The tangent vector of the curve q(t) through each point q €Q is the velocity g
along the trajectory that passes though the point g attime t .

This vector is written ¢ T ,Q .

Lagrang's equations may be expressed compactly in terms of vector fields and
one — forms (differentials). Namely , the Lagrangian vector field

X, =q ai+ F (q,q’)g acts on the one —form (%dq ) just as a time- derivative
q q q

does. To yield

9% g = Jag | & g =aL - 4L &
dt \ oq dt o9 g dt og oq

In The Hamiltonian H (p.g)=pd —L and Hamilton's canonical equations:

_oH o, H

q_ap’p aq

The configuration space Q has coordinates q eQ . Its phase space , or cotangent
bundle T'Q has coordinates (q,p)eTQ .



Hamilton's canonical equations are associated to the canonical Poisson bracket
for functions on phase space , by

p={p.H}.d={aH]=F(a.p)={FH}="-="~—
The canonical Poisson bracket has the following familiar properties , which may

be readily verified:

1
2

3

It is bilinear,
skew symmetric , {F,H}=~{H ,F},
satisfies the Leibniz rule (chain rule) ,

{FG,H}:{FJ4K3+F{G,H}

for the product of any two phase space functions F andG ,

S
1

and satisfies the Jacobi identity
{F.{G.H}}+{G.{H.F}}+{H {F.G}{=0
for any three phase space functions F,G and H

Its Leibniz property (chain rule) means the canonical Poisson bracket is a type of
derivative. This derivation property of the Poisson bracket allows its use in
defining the Hamiltonian vector field X, ,by

X, ={.H =z =2

for any phase space function H .The action of X, on phase space functions is
given by

p=X,, , G4=X, and X, (FG)=(X,F)G+F(X,G)=FG+FG .

Thus ,solutions of Hamilton's canonical equations are the characteristic paths of
the first order linear partial differential operator X , . Thatis, X, corresponds to

the time — derivative along these characteristic paths, given by

dq dp
dt = =— 1.1
oH /op oH /&g (1.1)



The union of these paths in phase space is called the flow of the Hamiltonian
vector field X, .

Proposition(1.1.1): (Poisson Bracket as Commutator of
Hamiltonian Vector Field)

The Poisson bracket {F,H} is associated to the commutator of the corresponding
Hamiltonian vector fields X . and X, by

X e =X X e =X e Xy =—[X ¢, X ]

{F.H]

Corollary (1.1.2) :

Thus , the Jacobi identity for the canonical Poisson bracket {.,.} is associated to
the Jacobi identity for the commutator [.,..] of the corresponding Hamiltonian
vector fields ,

[X F'[XG Xy ]:|+|:XG’[X ho X FH‘F[X Y ,[X X H:O_
The differential , or exterior derivative of a function F on phase space is written
dF =F,dq +F,dp,

In which subscripts denote partial derivatives. For the Hamiltonian itself, the
exterior derivative and the canonical equations yield

dH =H dq +H dp =—pdg +ddp

The action of a Hamiltonian vector field X ,, on phase space function F
commutes with its differential, or exterior derivative. Thus,

d (X, F)=X, (dF).

This means X,, may also acts as a time derivative on differential forms defined
on phase space . For example, it acts on the time dependent one- form pdg (t)
along solutions of Hamilton's equations as

d . .
Xy (pdq)=a(pdq)= pdq + pdg

= pdg — pdd +d (pq )



=—H,dg —H dp+d (pq)
=d (-H +pd)=dL(q,p),
Upon substituting Hamilton's canonical equations .

The exterior derivative of the one — form pdq Yields the canonical , or symplectic
two — form

d (pdq)=dp Adq

Here we have used the chain rule for the exterior derivative and its property that
d?=0 . (The latter amounts to equality of cross derivatives for continuous

functions .)

The result is written in terms of the wedge product A , which combines two one —
forms (the line elements dg and dp ).

As aresult , the two — form o =dq +dp representing area in phase space is
conserved along the Hamiltonian flows ,

d
X, (dg Adp):a(dq Adp)=0

This proves .

Theorem (1.1.3) : (Poincare's Theorem)

Hamiltonian flows preserve area in phase space .

Definition (1.1.4) : (Symplectic two — Form)

The phase space area o =dq Adp is called the symplectic two — form .
Definition (1.1.5) : (Symplectic Flows)

Flows that preserve area in phase space are said to be symplectic .

Remark (1.1.6) : (Poincare's Theorem)

Hamiltonian flows are symplectic .



Now we discuss the Handout on exterior calculus , Symplectic forms and
Poincare's theorem in higher dimensions .

Exterior calculus on symplectic manifolds is the geometric language of
Hamiltonian mechanics .

As an introduction and motivation for more detailed study , we begin with a
preliminary discussion .

In differential geometry , the operation of contraction denoted as | introduce a

pairing between vector fields and differential forms . Contraction is also called
substitution of a vector field into a differential form . For example , there are the
dual relation ,

&q_|dg=1=6p_Jdp ,and &g _|dp=0=0p_|dq
A Hamiltonian vector field

d d
X, =(—+p—=H.60—-H op={.H
anq pap »00 —H op={,H}

Satisfies
X, ldg=H, and X, _Jdp=H,

The rule for contraction or substitution of a vector field into a differential form is
to sum the substitutions of X, over the permulations of the factors in the

differential form that bring the corresponding dual basis element into its leftmost
position . For example , substitution of the Hamiltonian vector field X, into the

symplectic form o =dq ~dp Yields
Xy _lo=X, |(dgrdp)=(X, _Jdq)dp—(X, _|dp)dq

In this example , X, Jdp=-H, and X, |dq=H_ ,s0 which follows because

oq |dp=0=¢p |dg and oq |dg=1=6p |dp.
This calculation proves .
Theorem (1.1.7) : (Hamiltonian Vector Field)

The Hamiltonian vector field X, ={,H} satisfies



X, |o=dH with @o=dgadp (1.2)
Relation (1,2) may be taken as the definition of a Hamiltonian vector field .

As a consequence of this formula , flow of X, preserve the closed exact two

form » for any Hamiltonian H . This preservation may be verified by a formula
calculation using

Along [‘;—f,g—fj:(q,p)=(Hp,—Hq) , (1.3)

We have

‘jj—t‘”=dq Adp +dg Adp =dH | Adp —dq AdH,

=d (H dp +H,dq)

=d (X, _|o)
=d (dH )=0

The first step uses the chain rule for differential forms and the third and last steps
use the property of the exterior derivative d that d®=0 for continuous forms .
The latter is due to equality of cross derivatives H , =H_, and antisymmetry of

the wedge product : dg Adp=—dp Adq .

Consequently , the relation d (X ,, |e)=d*H =0 for Hamiltonian vector fields
shows the following .

Theorem (1.1.8) : (Poincare's Theorem for One Degree of
Freedom)

The flow of a Hamiltonian vector field is symplectic , which means it preserve
the phase space area , or two — form, o=dq Adp .

Definition (1.1.19) : (Cartan's Formula for The Lie Derivative)

The operation of Lie derivative of a differential form » by a vector field X, is
defined by



£, o=d(X, lo)+X, Jdo (1.3)

Corollary (1.1.10) :

Because dw=0 , the symplectic property ‘2—? =d (X, _|w)=0in Poincare's
Theorem (1,1,8) may be rewritten using Lie derivative notation as

Oz(jj—tw:EXHw:d(XHJa))+XHJda):(divXH)a) (1.4)

The last equality defines the divergence of the vector field X, in terms of the Lie
derivative .

Remark (1.1.11) :

1- Relation (1,4) associates Hamiltonian dynamics with the symplectic flow
in phase space of the Hamiltonian vector field X, , which is

divergenceless with respect to the symplectic form o .

2- The Lie derivative operation defined in (1,4) is equivalent to the time
derivative along the characteristic paths (flow) of the first order linear
partial differential operator X, , which are obtained from its characteristic

equation in (1,1) . This is the dynamical meaning of the Lie derivative £,
in (1,3) for which invariance £, »=0 gives the geometric definition of
symplectic flows in phase space .

Theorem (1.1.12) : (Poincare's Theorem for N Degrees of
Freedom)

For a system of N particles , or N degrees of freedom , the flow of a
Hamiltonian vector field preserves each subvolume in the phase space T 'R" .
Thatis, let o, =dg, Adp, be the symplectic form expressed in terms of the

position and momentum of the nth particle . Then

d
P —0 ,for w, =", @, , VY, <N .




The proof of the preservation of these Poincare's invariants »,, with
M =123 ... ,Nfollows the same pattern as the verification above for a
single degree of freedom .

Basically , this is because each factor o, =dq, Adp, in the wedge product of

symplectic forms is preserved by its corresponding Hamiltonian flow in the
sum

4(. 0 . 0
XH :Z[qn aq +pn%]: (Hpnﬁqn_anapn)

n=1 n

M= 1DV

n=1
Thatis, £, , vanishes for each term in the sum

M

Ex, O =2 Ex, @y

i
Since

oq,, lda, =&, =0dp,,_ldp, and  oq,,_|dg, =0=2op, dp, .
Now we discuss the Fermat's theorem in geometrical ray optics .

In geometrical optics , the ray path is determined by Fermat's principle of least
optical length,

5In(x,y,z)ds:0.

Here n(x,y,z) is index of refraction at the spatial point (x,y,z) and ds is the

element of arc length along the ray path through that point . Choosing
coordinates ,so that the z-axis coincides with the optical axis (the general
direction of propagation) , gives

ds :[(dx ) +(dy )’ +(dz )2}; :[1+x'2+y2];dz ,

with x :‘;_X and y :t;_y .Thus , Fermat's principle can be written in
YA

A
Lagrangian form , with z playing the rule of time.

5_[L(x,y,x',y‘,z)dz =0.

8



Here , the optical Lagrangian is,
L(x,y,x',y',z):n(x,y,z)[1+x'2+y2]=/]/ ,

or, equivalently , in tow — dimensional vector notation with q =(x,y ) ,

1 ] -1
L(q,q,z)=n(q,z)[1+|q'|2]2 =% with y:[1+|q'|2}2 <1.
Consequently , the vector Euler — Lagrange equation of the light rays is
dfpda)_, d (. da)_on
ds (n ds j_ydz (nydz )_ aq

The momentum p canonically conjugate to the ray path position g in an
"Image plane™ , or on an "image screen" , at a fixed value of z is given by

oL,
p P =nyq
Which satisfies
b =n*(1-7).

This implies the velocity ¢ = p/(n2 —|p|2)]/2 .

Hence , the momentum is real — valued and the Lagrangian is hyperregular ,
provided n?—|p|° >0 .When n?=|p|’ , the ray trajectory is vertical and has

grazing incidence with the image screen .

Defining sing=dz /ds = leads to |p|=ncosé , and gives the following

geometrical picture of the ray path . Along the optical axis (the z - axis) each
image plane normal to the axis is pierced at a point q =(x,y ) by a vector of

magnitude n(q,z ) tangent to the ray path . This vector makes an angle ¢ to
the plane .

The projection of this vector onto the image plane is the canonical momentum
p . This picture of the ray paths captures all but the rays of grazing incidence

to the image planes . Such grazing rays are ignored in what follows .



Passing now via the usual Legendre transformation from the Lagrangian to the
Hamiltonian description gives

12
q=pd-L=nyld[ -n/y==|n(a.z) ~[p[]

Thus , in the geometrical picture , the component of the tangent vector of the
ray — path along the optical axis is (minus) the Hamiltonian , that is ,
n(q,z)sind=-H .

The phase space description of the ray path now follows from Hamilton's
equations ,

_od _-1
op H

oH -1 on?

; PN T

Remark (1.1.13) : (Translation Invariant Media)

If n=n(q) , so that the medium is translation invariant along the optical axis ,

then H =-nsin@ is conserved . (conservation of H at an interface is Snell's
law.)

For translation — invariant media , the vector ray — path equation simplifies to

. =1 on?
q = 2 A
2H° oq

Newtonian dynamics for g eR? .

Thus , in this case geometrical ray tracing reduces to "Newtonian dynamics "
inz , with potential —n*(q) and with " time " rescaled along each path by the

value of /2H determined from the initial conditions for each ray .

In axisymmetric , translation invariant media , the index of refraction is a
function of the redius alone . Axisymmetry implies an additional constant of
motion and , hence , reduction of the Hamiltonian system for the index of
refraction satisfies

n(q,z)=n(r) , r=a .

Passing to polar coordinates (r,#) with g =(x,y)=r(cosg,sing) leads in the
usual way to

10



[p[ =p?+p;/re.

Consequently , the Optical Hamiltonian ;

H=[n(ry-pi-p/r*]"

Is independent of the a zimuthal angle ¢ ; so its canonically conjugate *
angular momentum ™ p, is conserved .

Using the relation q.p =rp, leads to an interpretation of p, in terms of the
Image — screen phase space variables p and g . Namely ,
[pxal =[p[la]" ~(pa)" = p;

The conserved quantity p, =pxq =yp, —xp, is called the skewness function,

y
or the Petzval invariant for axisymmetric media . Vanishing of p, occurs for

meridional rays , for which p and q are collinear in the image plane .On the
other hand , p, takes its maximum value for sagittal rays , for which pg =0,

so that p and g are orthogonal in the image plane .

Now we discuss the Petzval invariant and its Poisson bracket relations .

The skewness function
S =p,=pxq=Yyp, —Xp,

Generates rotations of phase space , of g and p jointly, each in its plane,
around the optical axis. Its square , S (called the Petzval invariant) is
conserved for ray optics in axisymmetric media. That is , {s 2 H } =0 for

optical Hamiltonians of the form

= nfof) -]

We define the axisymmetric invariant coordinates by the map T 'R* —»R?® ,
(@.p)=(XY,Z) , X =jaf20 , Y =[pf20 , Z=pqg .

The following Poisson bracket relations hold
{s2,x}=0, {s?y}=0, {s?z}=0,

11



Since rotations preserve dot products. In terms of these invariant coordinates ,
the Petzval invariant and optical Hamiltonian satisfy

S?=XY -z%?20, and H?=n*(X)-Y >0.

The level sets of s? are hyperboloids of revolution around the X =Y axis,
extending up through the interior of the S =0 cone , and lying between the X
and Y - axis. The level sets of H* depend on the functional form of the index
of refraction , but they are z - independent .

Now we discuss the R*® Poisson bracket for ray optics .

The Poisson brackets among the axisymmetric variables X .y and z close
among themselves ,

(XY}=4z |, {y,2}=-22 , {Z,X}=-2X
The Poisson brackets derive from a single R? Poisson bracket for X =(x,y,z)
given by

{F,H}=-VS2VF xVH

Consequently , we may re — express the equations of Hamiltonian ray optics in
axisymmetric media with H =H (X Y ) as

X =VS?2xVH .

With Casimir s?2 , for which {SZ,H}zo , for every H . Thus, the flow
preserves volume (divx' = 0) and the evolution takes place on intersections of

level surfaces of the axisymmetric media invariants S* and H (XY ) .

Now we discuss the Recognition of the Lie — Poisson bracket for ray optics .

The Casimir invariant S*=XY -z ? is quadratic . In such cases , one may
write the R*® Poisson bracket in the suggestive form

oF oH
FHI=-C Xy .
{ } CIJ kaxiaxj

12



In this particular case, C . =4 ,C ,=2andC =2, and the rest either

vanish , or are obtained from antisymmetry of C kj under exchange of any

pair of its indices.

These values are the structure constants of any of the Lie algebras sp(2,R)
, s0(2,1) , su(11) ,orsl(2,R) . Thus, the reduced description of

Hamiltonian ray optics in terms of axisymmetric R® variables is said to be "
Lie — Poisson " on the dual space of any of these Lie algebras , say ,

sp(2,R)" for definiteness . We will have more to say about Lie — Poisson
brackets later , when we reach the Euler — Poincare reduction theorem .

Remark (1.1.14) : (Coadjoint Orbits)

As one might expect , the coadjoint orbits of the group SP(2,R) are the
hyperboloids corresponding to the level sets of s2.

Remark (1.1.15) :

As we shall see later , the map T "‘R*+>sp(2,R) taking (q,p)—(X Y ,Z) isan
example of a momentum map .

Now we discuss the Geometrical structure of classical mechanics .

Configuration space : coordinates g e M , where M is a smooth manifold . The
composition ¢, 0¢,* is a smooth change of variables .

For later , smooth coordinate transformations :
g0 with dQ =58_qu.
q

Definition (1.1.16) :

A smooth manifold M is a set of points together with a finite (or perhaps
countable) set of subsets U, <M and one — to — one mappings ¢,:U, —>R"

such that

1- Ju, =M

13



2- For every nonempty intersection U, nU , , the set ¢, (U, ~U ;) is an open
subset of R" and the one — to — one mapping ¢, o4, is a smooth function
on ¢,(U,nU,) .

Remark (1.1.17) :

The sets U, in the definition are called coordinate charts . The mappings ¢, are

called coordinate functions or local coordinates . A collection of charts satisfying
1 and 2 is called an atlas . condition 3 allows the definition of manifold to be
made independently of a choice of atlas .A set of charts satisfying 1 and 2 can
always be extended to a maximal set ; so , in practice , conditions 1 and 2 define
the manifold.

Example (1.1.18) :

Manifolds often arise as intersections of zero level sets
M ={xf (x)=0,i =Lurrreeccs k|

For a given set of functions f.:R" >R , i=1........, k .

If the gradients vf. are linearly independent , or more generally if the rank of
{Vf (x)} isaconstant r forall x , then M is a smooth manifold of dimension

n-r.

The proof uses the Implicit Function Theorem to show thatan (n-r) -

dimensional coordinate chart may be defined in a neighbourhood of each point on
M . In this situation , the set M is called a submanifold of R" .

Definition (1.1.19) :
If r =k , then the map {f,} is called a submersion .

Definition (1.1.20) : (Tangent Space to Level Sets)

Let M ={x:f (x)=0,i =L........, k} be a manifold in R" . The tangent space at
each x eM , is defined by

14



Note : we use the summation convention , that is , repeated indices are summed
over their range .

Remark (1.1.21):
The tangent space is a linear vector space .
Example (1.1.22) : (Tangent Space to The Sphere in rR?)

The sphere s? is the set of points (x,y,z)eR® solving x?+y?+z?=1 . The
tangent space to the sphere at such a point (x ,y ,z) is the plane containing
vectors (u,v w ) satisfying xu +yv +zw =0.

Definition (1.1.23) : (Tangent Bundle)

The tangent bundle of a manifold M , denoted by T™M , is the smooth manifold
whose underlying set is the disjoint of the tangent spaces to M at the points
x eM ;thatis,

™ =JT M

xeM

Thus , a point of TM is a vector v which is tangentto M at some point x eM .
Example (1.1.24) : (Tangent Bundle ts? of s2)
The tangent bundle Ts? of S? eR?® is the union of the tangent space of S? :

TSZ={(x,y,z uyv w)eR®:x?+y?+z?=1and XU +yVv +zw =0}.

Remark (1.1.25) : (Dimension of Tangent Bundle 152 )
Defining TS ? requires two independent conditions in R® ; SO dimTS?=4 .
Example (1.1.26): (The Two Stereographic Projections of s? -Rr?)

The unit sphere S*={(x ,y,z):x*+y?+z* =1} is a smooth two — dimensional

manifold realized as a submersion in R® .

Let U, =S?\{0,0,1} , and U, =S?\{0,0,—1} be the subsets obtained by deleting the
North and South poles of s? , respectively .

15



Let », Uy = (& m)eR? and yx :Ug — (&, 75 ) eR? be stereographic projections

from the North and South poles onto the equatorial plane, z =0 . Thus , one may
place two different coordinate patches in S? intersecting everywhere except at
the points along the z — axis at z =1 (North pole) and z =-1 (South pole).

In the equatorial plane z =0 , one may define two sets of (right — handed)
coordinates .

4,:U, >R*\{0} , a=N,S

obtained by the following two stereographic projections from the North and
South poles:

1- (Valid everywhere except z =1)

do (X2 .2) = (& )=[%$j
2- (Valid everywhere except z =-1)

0y ) =6 m) (£ ).

1+z '1+z

(The two complex planes are identified differently with the plane z =0 . An
orientation — reversal is necessary to maintain consistent coordinates on the
sphere .) One may check directly that on the overlap U, nU the map,

gy o :R?\ {0} >RZ\ {0}

is a smooth diffeomorphism , given by the inversion

¢N0¢3_1(va)=[ 4 2y 2)'

X2+y?'x2+y
Answer (1.1.27):

1-z 1
(68,78 )=7—(¢N N ):2—772N(§N 7N ).

E°N +

The map (N, 7N ) —(&S,%8) is smooth and invertible at (&N, N )=(0,0) .

Example (1.1.28):

16



If we start with two identical circles in the xz — plane , of redius r and centeral at
x =+2r , then rotate them round the z —axis in R® , we get a torus , written T > .
It's a manifold .

Answer (1.1.29):

The origin has a neighbourhood diffeomorphic to a double cone . This is not
diffeomorphic to R? .

Remark (1.1.30):

The sphere will appear in several examples as a reduced space in which motion
takes place after applying a symmetry . Reduction by symmetry is associated
with a classical topic in celestial mechanics known as normal form theory .
Reduction may be " singular" in which case it leads to " pointed " spaces . For
example different resonances of coupled spaces : 1:1 resonance — sphere ; 1:2
resonance — pinched sphere with one cone point ; 1:3 resonance — pinched sphere
with one cusp point ; 2:3 resonance — pinched sphere with one cone point and one
cusp point .

Now we discuss the tangent vectors and flows .

Envisioning our later considerations of dynamical systems , we shall consider
motion along curves c(t) parametrized by time t on a smooth manifold M .

Suppose these curves are trajectories of a flow ¢4 of a vector field . We anticipate
this means ¢ (c(0))=c(t) and go4, =4, (flow property). The flow will be

tangent to M along the curve . To deal with such flows , we will need the
concept of tangent vectors .

Recall from Definition (1,1,23) that the tangent bundle of M is
™ =T, M.
X eM

We will now add a bit more to that definition . The tangent bundle is an example
of a more general structure than a manifold .

Definition (1.1.31): (Bundle)

17



A bundle consists of a manifold B , another manifold m called the " base space
" and a projection between them 11:B —M . Locally, in small enough regions of
x the inverse images of the projection I1 exists . These are called the fibers of
the bundle . Thus , subsets of the bundle B locally have the structure of a
Cartesian product . An example is (B,M ,IT) consisting of (R*,R*,IT:R* »>R*) .

In this case , IT:(x,y )eR* >x eR" . Likewise , the tangent bundle consists of M
,TM andamap r,, .\TM ->M .

components of a tangent vector .

.M ={v eR”:ﬁf—‘.v=O,i=1, ......... ,m}
OX

for
M ={x eR":f, (x)=0,i =L, ,m}
These 2n numbers (x,v) give local coordinates on TM , where dimTM =2dimM .

The tangent bundle projectionisamap r,, :TM — M which takes a tangent

vector v to a point x e M where the tangent vector v is attached (that is,
v eT,M ). The inverse of this projection 7,/ (x ) is called the fiber over x in the

tangent bundle .
Now we discuss the vector fields , integral curves and flows .
Definition (1.1.32):

A vector field on a manifold M isamap X :M —TM that assigns a vector
X (x) at each point x e M . This implies that z,,0X =1Id .

Definition (1.1.33):

An integral curve of X with initial conditions x, at t =0 is a differentiable map
c:la,b[—>M , where Ja,b[ is an open interval containing 0, such that ¢ (0)=0 and
c'(t)=X (c(t)) forall t eJa,b[ .

Remark (1.1.34):

18



A standard result from the theory of ordinary differential equations states that x
being Lipschitz implies its integral curves are unique and ¢’ . The integral curves
c(t) are differentiable for smooth X .

Definition (1.1.35):

The flow of X is the collection of maps 4 :M —M , where t —» ¢ (x) is the
integral curve of X with initial condition x .

Remark (1.1.36):

1- Existence and uniqueness results for solution of ¢'(t)=X (c(t)) guarantee
that flow ¢ of X is smoothin (x,t) , for smooth X .

2- Uniqueness implies the flow property

t.s = dod, (1.5)
for initial condition ¢, =1d .
3- The flow property (FP)(1,5) generalized to the nonlinear case the familiar
linear situation where M is a vector space , X (x )=Ax is a linear vector
field for a bounded linear operator A , and ¢ (x )=e*'x .

We are now ready to define differentials of smooth functions and the
cotangent bundle .
Let f :M —R be a smooth function . We differentiate f at x eM to

obtain T,f :T,M —T, R . Asisstandard , we identify T, R with R itself

, thereby obtaining a linear map df (x):T,M —R . The result df (x) isan
element of the cotangent space T, M , the dual space of the tangent space
T.M . The natural pairing between elements of the tangent space and the
cotangent space is denoted as (.,.):T,M xT M R .

In coordinates , the linear map df (x ):T,M —R may be written as the

directional derivative ,

(df (x)v)=df (x)v =§)(Li.vi ,

forallveT,M .

(Reminder : the summation convention is intended over repeated indices.)
Hence, elements df (x )eT,/M are dual to vectors v eT, M with respect to

the pairing (.,.) .
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Definition (1.1.37):
df is the differential of the function f .

Definition (1.1.38):

The dual space of the tangent bundle T™M is the cotangent bundle T "M , that is ,

T,M) =T;M and T'M ={JT, M

Thus , replacing v eT,M with df eT'M , forall x em and for all smooth

functions f :M —R , yields the cotangent bundle T "M . When the basis of

vector fields is denoted as ii Jfori=1,........, n , its dual basis is often denoted

OX
as dx' . In this notation , the differential of a function at a point x eM is
expressed as

df (x)=§XLidxi

The corresponding pairing (.,.) of bases is written in this notation as

<dx",aii>:5ii
X

Here 5 is the Kronecker delta , which equals unity for i = j and vanishes
otherwise . That is , defining T "M requires a pairing (.,.):T 'M xTM —>R .
(Different pairing exist for curvilinear coordinates , Riemannian manifolds

. etc.).

Section (1.2):The Tangent Lift, Lie Algebra and Lifted Actions

We start by discussing of the tangent lift .
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We next define derivatives of differentiable maps between manifolds (tangent
lifts).

We expect that a smooth map f :U -V fromachartuU cM toachartv =N ,
will lift to a map between the tangent bundles TM and TN so as to make sense
from the viewpoint of ordinary calculus ,

UxR™cTM -V xR" TN

Namely , the relations between the vector field components should be obtained
from the differential of the map f :U —V . Perhaps not unexpectedly , these
vector field components will be related by

Y‘i_:xii_ , soY‘:@xj
oQ' a’ oq’

in which the quantity called the tangent lift

aq

of the function f arises from the chain rule is equal to the Jacobian for the
transformation Tf :TM —TN . The dual of the tangent lift is the cotangent lift .

Roughly speaking , the cotangent lift of the function f

T =09
0Q
arises from
| | aq’
ﬂldQ :ajdq’ y SO ﬁl :aj @Qﬁ

and Tf :T'N =T "M . Note the directions of these maps :

Tf :q,X €eTM Q)Y €TN
f:qeM —QeN
Tf:Q,8eT'N >q,acT M (map goes the other way)

Definition (1.2.1): (Differentiable Map)
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Amap f :M —N from manifold M to manifold N is said to be differentiable
(resp.c* ) if itis represented in local coordinates on M and N by differentiable
(resp.c* ) functions .

Definition (1.2.2): (Derivative of a Differentiable Map)

The derivative of a differentiable map f :M —N at apoint x eM is defined to
be the linear map

T.f T, M >T N
constructed , as follows . For v eT,M , choose a curve c(t) that maps an open

interval t e(—,¢) around the point t =0 to the manifold M .

ci(-e¢e)>M

with ¢ (0)=x and velocity vector c’(o):=3—(t:|to=v .Then T,f v is the velocity
vector at t =0 of the curve f oc:R -»N .Thatis,

d

T fv :Ef (c(t))

of d
=——=C(t
k.o oOc dt ()t=0

Definition (1.2.3):

The union Tf =(JT,f of the derivatives T,f :T,M —T,N over points x eM is
called the tangent lift of the map f :M —N .

Remark (1.2.4):

The chain — rule definition of the derivative T,f of a differentiable map at a point

x depends on the function f and the vector v . Other degrees of differentiability
are possible . For example , if M and N are manifolds and f :M —N s of class
C ***, then the tangent lift (Jacobian) T.f :T,M —-T N isC* .

Now we discuss the Lie groups and Lie algebras .
Definition (1.2.5):
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A group is a set of elements with :

1- A binary product (multiplication) , G xG —G , such that
o the product of g and h is written gh , and

« the product is associative : (gh)k =g (hk) .
2- An identity element e suchthateg =g and ge=g , v, €G
3- An inverse operation G -G , such that gg™*=g"'g =e

Definition (1.2.6):

A Lie group is a smooth manifold G which is a group and for which the group
operations of multiplication, (g,h)—gh , for heG , and inversion,g — g with

gg ‘=g 'g=e , are smooth .
Definition (1.2.7):

A matrix Lie group is a set of invertible nxn matrices which is closed under
matrix multiplication and which is submanifold of R™" .

The conditions showing that a matrix Lie group is a Lie group are easily checked

1- A matrix Lie group is a manifold , because it is a submanifold of R"™"
2- Its group operations are smooth , since they are algebraic operations on
the matrix entries .

Example (1.2.8): (The General Linear Group GL(n,R) )

The matrix Lie group GL (n,R) is the group of linear isomorphisms of R" to
itself . The dimension of the matrices in GL (n,R) is n? .

Proposition (1.2.9):

Let K eGL(n,R) be a symmetric matrix , K" =K . Then the subgroup S of
GL (n,R) defined by the mapping

S ={U eGL(n,R):UTKU =K}

is a submanifold of R™ of dimension n(n-1)/2 .
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Remark (1.2.10):

The subgroup S leaves invariant a certain symmetric quadratic form under linear
transformations , S xR" - R" given by x -U _, since

x"Kx =x"U'KU .

So the matrices U €S change the basis for this quadratic form , but they leave its
value unchanged . Thus, S is the isotropy subgroup of the quadratic form
associated with K .

Proof:

(i) Is S asubgroup ? We check the following three defining properties

1 —Identity : 1 €S because I"KI =K .

2 —1Inverse: U €S =U *eS ,because

K=UT(U'KU)U*=UT (K)U™*
3 — Closed under multiplication : U vV €S =UV €S , because
(UV) KUV =vT(UTKU V =vT (K =K

(i) Hence, S isasubgroup of GL(n,R) .
(iii)  Now one come ask S is a submanifold of R™" of dimension n(n-1)/2

Indeed , S is the zero locus of the mapping UKU™ —K .This makes it a
submanifold , because it turns out to be a submersion .

For a submersion , the dimension of the level set is the dimension of the
domain minus the dimension of the range space . In this case , this

dimension is
n’-n(n +1)/2:n(n —1)/2 .

Example (1.2.11):

Explain why one can conclude that the zero locus map for S is a submersion . In
particular , pay close attention to establishing the constant rank condition for the

linearization of this map .

Solution:
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Here is why is a submanifold of R™" .
First, S is the zero locus of the mapping
U—->U'KU-K , (locus map)

Let U €S ,and let s3U be an arbitrary element of R™ .Then linearize to find

(U+8U) KU +8U)-K =UTKU -K +3U"KU +UTK&U +O (U )" .
We may conclude that S is a submanifold of R™ if we can show that the
linearization of the locus map , namely the linear mapping defined by

L=sU >0U'KU +U'K8U , R™ »R™

has constant rank for all U S .

Lemma (1.2.12):

The linearization map L is onto the space of nxn of symmetric matrices and
hence the original map is a submersion .

Proof:
That L is onto:

1- Both the original locus map and the image of L lie in the subspace of nxn
symmetric matrices .

2- Indeed , given U and any symmetric matrix S we can find &J such that

SUTKU +UTK&U =S .
Namely
U =KUTs/2.

3- Thus, the linearization map L is onto the space of nxn of symmetric
matrices and the original locus map U —UKUT to the space of symmetric
matrices is a submersion .

For a submersion , the dimension of the level set is the dimension of the domain
minus the dimension of the range space . In this case , this dimension is
n?-n (n +1)/2= n(n —1)/2 .

Corollary (1.2.13): (s is A Matrix Lie Group)

25



S is both a subgroup and a submanifold of the general linear group GL(n,R) .
Thus , by Definition (1,2,3) , S is a matrix Lie group .

Proposition (1.2.14):
The linear space of matrices A satisfying
ATK +KA =0

defines T,S , the tangent space at the identity of the matrix Lie group S defined
in Proposition (1,2,9) .

Proof:
Near the identity the defining condition for S expands to

(1 +eAT +O(£°))K (1 +2A+0 () =K, for e<<L1.
At linear order O (¢) one finds ,

ATK +KA =0 .

This relation defines the linear space of matrices A T,S .
If A,B T,S , itfollow that [A,B]eT,S . Using [A,B] =[B" A" |, we check
closure by a direct computation ,

[BT AT ]K +K[A,B]=B"ATK —ATB"K +KAB -KBA =BTATK —ATBTK ~ATKB +B"KA =0
Hence , the tangent space of S at the identity T,S is closed under the matrix
commutator [.,.] .

Remark (1.2.15):

In a moment , we will show that the matrix commutator for T,S also satisfies the

Jacobi identity . This imply that the condition A"K +KA =0 defines a matrix Lie
algebra .

We are ready to prove the following , in preparation for defining matrix Lie
algebras .

Proposition (1.2.16):
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Let S be a matrix Lie group , and let A,B <T,S (the tangent space to S at the
identity element). Then

AB —BA €T,S .

Proof:

Let R,(s) beacurvein s suchthat R, (0)=1 and R; (0)=A . Define
S(t)=R,(t)BR,(t)" T, . Then S (t)eT,S foreveryt .Hence, S'(t)eT,S ,
and in particular , S'(0)=AB -BA eT|S .

Lemma (1.2.17):

Let R be an arbitrary element of a matrix Lie group S ,and let B €T,S . Then
RBR'eT,S .

Proof:

Let R, (t) be acurvein S such that R, (0)=1 and R’(0)=B . Define
S(t)=RR, (t)R*eT,S forallt . Then S(0)=1 and S’(0)=RBR ™. Hence,
S'(0)eT,s , thereby proving the lemma .

Definition (1.2.18): (Matrix Commutator)

For any pair of nxn matrices A,B , the matrix commutator is defined as
[A,B]=AB -BA .

Proposition (1.2.19): (Properties of The Matrix Commutator)
The matrix commutator has the following two properties :

(i) Anytwo nxn matrices A,B satisfy
[B.A]=-[AB]
(This is the property of skew — symmetry .)
(i)  Any three nxn matrices A,B and C satisfy

[[A.B].cJ+[[B.C1AT+[[c.ALB]=0
(This is known as the Jacobi identity .)

Definition (1.2.20): (Matrix Lie Algebra)
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A matrix Lie algebra 4 is a set of nxn matrices which is a vector space with
respect to the usual operations of matrix addition and multiplication by real
numbers (scalars) and which is closed under the matrix commutator [.,.] .

Proposition (1.2.21):

For any matrix Lie group S , the tangent space at the identity T,S is a matrix Lie
algebra.

Proof:
This follows by Proposition(1,2,16) and because T,S is a vector space .

Example (1.2.22): (The Orthogonal Group o (n) )

The mapping condition UTKU =K in Proposition(1,2,9) specializes for K =1 to
UTU =1, which defines the orthogonal group . Thus , in this case , S specializes
to O(n) , the group of nxn orthogonal matrices .The orthogonal group is of

special interest in mechanics .

Corollary (1.2.23): (o(n) is A Matrix Lie Group)

By Proposition (1,2,9) the orthogonal group O (n) is both a subgroup and a
submanifold of the general linear group GL (n,R) . Thus, by Definition (1,2,7)
the orthogonal group O (n) is a matrix Lie group .

Example (1.2.24): (The Special Linear Group sL(n,R) )
The subgroup of GL (n,R) with det(U )=1 is called SL(n,R) .
Example (1.2.25): (The Special Orthogonal Group so (n,R) )

The special case of S with det(U )=1 and K =1 is called SO (n) . In this case ,

the mapping condition U"KU =K specializesto U'U =1 with the extra
condition det(U )=1.
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Example (1.2.26): (The Tangent Space of so(n) at The Identity
T,50(n) )

The special case with K =1 of T,SO(n) yields,

AT +A=0.

These are antisymmetric matrices . Lying in the tangent space at the identity of a
matrix Lie group , this linear vector space forms a matrix Lie algebra .

Example (1.2.27): (The Symplectic Group)

Suppose n =2l (thatis, let n be even) and consider the nonsingular skew —
symmetric matrix
0 |
J =
S

where | isthe I xI identity matrix . One may verify that
sp(1)={U eGL(2I,R):U"JU =3}

Is a group . This is called the symplectic group . Reasoning as before , the matrix
algebra A satisfying JA™ + AJ =0 . This algebra is denoted as sp(l) .

Example (1.2.28): (The Special Euclidean Group)

Consider the Lie group of 4x4 matrices of the form

E(RN):(E 1)

where R €SO (3) and v eR® . This is the special Euclidean group , denoted SE (3)

. The special Euclidean group is of central interest in mechanics since it describes
the set of rigid motions and coordinate transformations of three — dimensional
space .

The action of a Lie group G on a manifold M is a group of transformations of
M associated to elements of the group G , whose composition acting on M is
corresponds to group multiplicationin G .
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Definition (1.2.29):

Let M be a manifold and let G be a Lie group . A left action of a Lie group G
on M is asmooth mapping ®:GxM —M such that

(i) @(ex)=x forall xem ,

(i)  @(g,®(h,x))=d(gh,x) forall g,heG and x eM , and

(iif) @(g,.) is adiffeomorphism on m foreach g G .
We often use the convenient notation gx for ®(g,x) and think of the group
element g acting on the point x e M . The associativity condition (ii) above then
simply reads (gh)x =g (hx) .
Similarly , one can define a right action , whichisamap ¥:M xG - M
satisfying ¥(x,e)=x and ¥(¥(x,g),h)="¥(x,gh) . The convenient notation for
right action is xg for ¥(x,g) , the right action of a group element g on the point
x eM . Associativity ¥ (¥(x,g),h)="¥(x,gh) is then be expressed conveniently
as (xg)h=x(gh) .

Example (1.2.30): (Properties of Group Actions)

The action ®:GxM —M of agroup G on a manifold M is said to be

(1) transitive, if for every x,y eM there existsa g G , such that gx =vy;
(2) free, if it has no fixed points , thatis, @ (x )=x implies g =e ;
(3) proper, if whenever a convergent subsequence {x,} in M exists, and the
mapping g,x, convergesin M , then {g,} has a convergent subsequence
inG .
Orbits . Given a group action of G on M , for a given point x eM , the subset

Obx ={gx:geG}c=M,

is called the group orbit through x . In finite dimensions , it can be shown that
group orbits are always smooth (possibly immersed) manifolds . Group orbits
generalize the notion of orbits of a dynamical system .
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Theorem (1.2.31):

Orbits of proper group actions are embedded submanifolds .

Example (1.2.32): (Orbits of so(3) )

A simple example of a group orbit is the action of SO (3) on R® given by matrix
multiplication :

The action of A €SO (3) onapoint x eR® is simply the product Ax . In this case

, the orbit of the origin is a single point (the origin itself) , while the orbit of any
other point is the sphere through that point .

Example (1.2.33): (Orbits of A Lie Group Acting on itself)

The action of a group G on itself from either the left, or the right , also produces
group orbits . This action sets the stage for discussing the tangent lifted action of
a Lie group on its tangent bundle .

Left and right translations on the group are denoted L, and Rg respectively . For
example , L, :G -G isthe map given by h — gh , while R, :G -G is the map
givenby h —»hg , for g,h eG.

(a) Left translation L, :G -G ;h — gh defines a transitive and free action of
G on itself . Right multiplication R, :G -G ;h —hg defines a right action
, While h — hg * defines a left action of G on itself .

(b)G actson G by conjugation, g -1, =R_.oL, . Themap I,:G -G given

by h — ghg ™ is the inner automorphism associated with g . Orbits of this
action are called conjugacy classes .
(c) Differentiating conjugation at e gives the adjoint action of G on 9 :
Ad, =TI, TG=9->TG=9.
Explicitly ,the adjoint action of G on ¢ is given by
Ad:Gx9—>9 , Ad,()=T,(R oL, )¢
We have already seen an example of adjoint action for matrix Lie groups
acting on matrix Lie algebras , when we defined S (t)=R, (t)BR, (t) " €T,S
as a key step in the proof of Proposition(1,2,16) .
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(d) The coadjoint action of G on 9", the dual of the Lie algebra ¢ of G , is
defined as follows . Let Ad, : 9" — 9 be the dual of Ad, , defined by

(Ad;e.£)=(aAd, )
for a9, £ 9 and pairing (.,.): 9 x$—R . Then the map
PG xJ > givenby (g,a)—Ad .«

Is the coadjoint action of G on 9" .

The Lie algebra of SO (n) is called so(n) . A basis (e,.e,.e,)for so(3) when n=3

0 -z vy
X =| z 0 —X |=Xe +Yye,+ze,

-y x 0

IS given by

Example (1.2.34): (The Isomorphism between so(3) and R?)

The previous equation may be written equivalently by defining the hat —
operation - as

Xy =g5x*, where (x",x%x%)=(x,y,z)

Here ¢,, =1 and &,,, =-1 , with cyclic permutations .The totally antisymmetric
tensor &, =—¢;, =—¢, also defines the cross product of vectors in R*
.Consequently , we may write,

(xxy), =g x'y“ =x;y!  thatis, x xy =xy
Examples (1.2.35): (The Rotation Group so(3) )

(1) The Lie algebra so(3) and its dual:

The special orthogonal group is defined by
SO (3):={A:A a3x3orthogonal matrix , det(A)=1}.

Its Lie algebra so(3) is formed by 3x3 skew symmetric matrices , and its
dual is denoted so(3) .
(2) The isomorphism - : (so(3),[...]) > (R®x)
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The Lie algebra (so(3),[.,.]) , where [., ] is the commutator bracket of
matrices , is isomorphic to the Lie algebra (R3,x) , Where x denotes the
vector product in R® , by the isomorphism

0 —u® u?
u=(ututu®)eR d=| u® 0 -u'|eso(3),
—u® ut 0
that is , u; =—gu".
Equivalently , this isomorphism is given by
uv =uxv forall uyv eR®.
The following formulas for u,v,w € R*® may be easily verified :
U xv ) =[uV]
[UVw =(uxv)xw

uv = —%trace (Wv') .

(3) The Ad action of SO (3) on so(3) :
The corresponding adjoint action of SO (3) on so(3) may be obtained as
follows . For sO(3) we have 1, (B)=ABA™ . Differentiating B (t) at
B (0)=Id gives
AdAvAzc;l AB()A=AVA? , with v =B'(0) .

t=0

One calculates the pairing with a vector w eR*® as
AdY(W)=AV(AW)=A(VxAW)=Avxw =(AV )'w

where we have used a relation
A(u xv):Au x AV

which holds for any u,v eR* and A eSO (3) .
Consequently ,

Ad,V =(Av)
Identifying so(3)=R?* then gives
Ad,v =Av .

So (speaking prose all our lives) the adjoint action of SO (3) on so(3) may
be identified with multiplication of a matrix in SO (3) times a vector in R®

(4) The ad action of so(2) on so(3) :
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Differentiating again gives the ad - action of the Lie algebra so(3) on
itself:

[UV]=adV zg—t (eW) =(uv) =(uxv)".

t=0

So in this isomorphism the vector cross product is identified with the
matrix commutator of skew symmetric matrices .

(5) Infinitesimal generator :
Likewise , the infinitesimal generator corresponding to u eR*® has the
expression

d ; R
uR3(x)::— e'x =ux =uxXx .
dtl,_,

Now we discuss the dual Lie algebra isomorphism .

The dual so(3) is identified with R* by the isomorphism

*

eR*" es0(3) 7 (0)=u foranyueR®.

In terms of this isomorphism , the Co — Adjoint action of SO (3) on so(3) is
given by

Ad ., "=(AI)
and the coadjoint action of so(3) on so(3) is given by
ad 1= (Txu)" . 1.7)
Now we discuss the Lifted actions .

Definition (1.2.36):

Let ®:GxM —M be a left action, and write @ (x)=®(g,x) for x eMm . The
tangent lift action of G on the tangent bundle T™ is defined by gv =T, @ (v ) for
everyv eT, M .
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Remark (1.2.37):

In standard calculus notation , the expression for tangent lift may be written as

oD

T, dv =§—tc1>(c (t))tO == (t)

=DO(x)v ,

with ¢(0)=x and ¢’(0)=v .
Definition (1.2.38):

If X isavector fieldon M and ¢ is a differentiable map from M to itself, then
the push — forward of X Dby ¢ is the vector field ¢ X defined by

(& X )(#(x))=T,4(X (x)).
That is , the following diagram commutes :

T¢

M —> M

If 4 is a diffeomorphism then the pull — back ¢ X is also defined :
(6% )(x) =To#™ (X () -
Definition (1.2.39):

Let ®:GxM —M be a left action, and write ® (m)=®(g,m) . Then G has a
left action on X e (M) (the set of vector fields on M ) by the push —forward:

Definition (1.2.40):

Let G acton M on the left. A vector field X on M is invariant with respect to
this actions (we often say " G — invariant " if the action is understood) if gX =X
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for all g G ; equivalently (using all of the above definitions !)
g(X (x))=X (g(x)) forall geG andall x X .

Definition (1.2.41):

Consider the left action of G on itself by left multiplication, @, (h)=L, (h)=gh .

A vector field on G that is invariant with respect to this action is called left —
invariant if and only if g (X (h))=X (gh) , which in less compact notation means

T,L,X (h)=X (gh). The set all such vector field is written " (G).

Proposition (1.2.42):

Givena £eT,G , define X ; (g)=g¢ (recall : g&=T,L,& ).Then X ; is the unique
left — invariant vector field such that X ; (e)=¢.

Proof:

To show that X} is left — invariant , we need to show that g (X} (h))=X} (gh)
for every g,h eG . This follows from the definition of X ; and the associativity
property of group actions :

g (X (h))=g(hs)=(gh)¢ =X (gn)
We repeat the last line in less compact notation :
Tol, (X si_ (h)) =Tyl (h§) =T Lypo=X §L (gh)

For uniqueness , suppose X is left —invariantand X (e)=¢. Then forany g G,
we have

X (9)=9(X (e))=9&=X:(9).
Remark (1.2.43):

Note that the map £+ X ; is an vector space isomorphism from T.G to #*(G)

All of the above definitions have analogues for right actions . The definitions of
right —invariant, 2% (G) and X } use the right action of G on itself defined by

®(g,h)=R,(h)=hg.
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Definition (1.2.44):
The Jacobi — Lie bracket on (M ) is defined in local coordinates by

(X ]

L (DX ).Y—(DY ).X

which , in finite dimensions , is equivalent to

[X Y], ==(X V)Y +(f .V)X =—[X Y]

Theorem (1.2.45): (Properties of The Jacobi — Lie Bracket)

(1) The Jacobi — Lie bracket satisfies
d

(XY =6y =5 | oy

where @ is the flow of X .(This is coordinate — free , and can be used as an
alternative definition .)
(2) This bracket makes " (M ) a Lie algebra with [X Y ], =-[X.Y |, where

[X Y ] isthe Lie algebra bracket on (M ).
(3) &[X Y ]=[¢.X 4y ] for any differentiable g:M —M .
Theorem (1.2.46):
#"(G) is asubalgebra of x«(G).
Proof :

Let X Y ex"(G). Using the last item of the previous theorem , and then the G
invariance of X and Y , gives the push — forward relations

(o). T =[ (L)X (k)Y |

forall g G .Hence [X )Y ], ex"(G).This s the second property in
Theorem(1,2,45) .

Theorem (1.2.47):

Set [X !X, |  (e)=[&n] forevery &ned , where the bracket on the right is the

Jacobi — Lie bracket . (We say : the Lie bracket on ¢ is the pull — back of the
Jacobi — Lie bracket by the map & X ;)
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Proof :

The proof of this theorem for matrix Lie algebra is relatively easy : we have
already seen that ad ,B =AB —BA . On the other hand , since X , (C)=CA for all

C , and this linear in C , we have DX; (1).A=AB,s0
[AB]=[XEXE], (1)=DXE(1)XE(1)-DXE(1)XE(1)
=DX 4 (1).A-DX, (1).B=AB-BA
This is the third property of the Jacobi — Lie bracket listed in Theorem(1,2,45) .

Remark (1.2.48):

This theorem , together with Item (2) in Theorem (1,2,45) , proves that the Jacobi
— Lie bracket makes ¢ into a Lie algebra .

Remark (1.2.49):

By Theorem (1,2,46) , the vector field [ X },X | is left — invariant . Since
[ XX ] (e)=[&mn], it follows that

[ XEX =X

Definition (1.2.50):

Let ®:GxM —M be aleftaction, and let £ 9. Let g(t) be a path in G such

that g (0)=e and g'(0)=¢. Then the infinitesimal generator of the action in the ¢

direction is the vector field &, on M defined by ¢, (x):d— Dy (X)-

dt ko
Theorem (1.2.51):

For any left action of G, the Jacobi — Lie bracket of infinitesimal generators is
related to the Lie bracket on 9 as follows :

[fM 1T ]:_[5’77],\,, .
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Chapter (2)

The Lie Derivative , Jacobi — Lie Bracket and Euler's
Equations for Incompressible Flow

Section (2.1): Euler's Equations and Lie Algebra as A Tangent
Bundle

We start by discussing the Lie derivative and the Jacobi — Lie bracket .

Let X and Y be two vector fields on the same manifold M .

Definition(2.1.1):

The Lie derivative of Y with respectto X is £Y E:—th;Y where @ is the

t=0

flow of X .

The Lie derivative £,Y is " the derivative of Y in the direction givenby x ™.
Its definition is coordinate — independent . By contrast, DY .X (also written as
X [Y ] )is also " the derivative of Y inthe X direction ", but the value of Dy .X

depends on the coordinate system , and in particular does not usually equal 2,Y
in the chosen coordinate system .

Theorem (2.1.2):

LY =[X )Y ], where the bracket on the right is the Jacobi — Lie bracket .

Proof:
In the following calculation , we assume that M is finite — dimensional , and we
work in local coordinates . Thus we may consider everything as matrices , which

allows us to use the product rule and the identities (M ‘1)' =-M *M'M * and
d

E(Dd)t(x)):D(g—tCDtj(x).
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LY (0)=Fo¥ ()| =S E® )Y (@.0))|
| (G000 (@0 +(Do, ) G (0.00)|
:[—(cht (x ))‘1(%D®t (x )j(Dth ()Y (@, (x))+(D, (x ))‘1d_Y (@ (x ))}

d

:[_(EDQ (x ))Y (x )+3—tY (@, (x ))}

—-o[ o)

=-DX (x).Y (x)+DY (x).X (x)
=[X Y ]J—L (X)
Therefore £Y =[x Y ], .

The same formula applies in infinite dimensions , although the proof is more
elaborate . For example , the equation for the vorticity dynamics of an Euler fluid
with velocity u (with divu =0) and vorticity o =curlu may be written as

o wo=-UVo+aoVU
— [u.a]
=—-ad,w

:—QJQ)

All of these equations express the invariance of the vorticity vector field « under
the flow of its corresponding divergenceless velocity vector field u .

This is also encapsulated in the language of fluid dynamics in characteristic form
as

d—(a).ijzo , along d—X:u(x,t):curI‘lw.
dt OX dt

Hence , the curl — inverse operator is defined by the Biot — Savart Law ,
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u=curl *o=curl (—A)f1 @ ,
which follows from the identity
cur curl u=-Au+Vdiwu ,

and application of divu = 0. Thus, in coordinates ,

dx

E=u(x,t):x(t,x0)=d)txO

with @, =1d , thatis, x(0,x,)=x, att =0, and

o (x(t,xo),t)mza)A (XO)axg* D,

Consequently

ox ! (t,%,)

=D .w.
ox g '

D0’ (X(t,%,),t) =" (%,)

This is the Cauchy solution of Euler's equation for vorticity ,

The vorticity » evolves by the ad — action of the right — invariant vector field
u=curl "o . Thatis,

Ow
ot

. O
curl @

The Cauchy solution is the tangent lift of this flow ,namely,
D.o(®D, (%)) =T, P, (2(X,))-
Now we discuss the Euler's equation for incompressible flow.

The Euler's equation of incompressible fluid motion.

u, +uvVu+vp =0

| —
du/dt along dx/dt

where u: R xR - R satisfies divu=0.
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The Geometric dynamics of vorticity

w=curlu

o, =-uVo+oVu
=-[u.]
=-ad,»

=L,

In these equations , one denotes g—t: §+£u and , hence , may write Euler

vorticity dynamics equivalently in any of the following three forms

d—wzm.Vu ,
dt
as well as
(25)[0l)-0
ot OX
or
d dx
—(oV)=0 along —==u
at (V) 9 G
The last form is found using the chain rule as
d—(a).V):d—w.V+a).d—V:(d—a)—w.Vuj.VzO .
dt dt dt dt

Theorem (2.1.3): (Ertel's)

The operations d/dt and ».v commute on solutions of Euler's fluid equations .
That s,

so that



for all differentiable A when w=curlu and u is a solution of Euler's equations
for incompressible fluid flow.Consequently ,one finds the following infinite set
of conservation laws:

If ‘i—?zo , then I@(w.VA)d3X=const :

for all differentiable @.

Ohktani's Formula (2.1.4):

2
d 20 = d—(a).Vu) = a).Vd—u =-w.VVp =-Pw
dt dt dt
where
o°p :
P, = o] (" Hessian" of pressure) .
X OX

In addition , one has the relations

p=—A"tr (VU Vu)
S = %(Vu +Vu') (strain rate tensor)

so that , the following system of equations results ,

2
do_¢, , ¢ Y -—Po
dt dt
Theorem (2.1.5): (Kelvin Circulation)
0l 2 Miyp_o,
OX ox ! dt

where divu=0 , or equivalently u’ =0 in index notation .

The motion equation may be rewritten equivalently as a 1 — form relation ,
du, ., ; i dx
—Ldx' =—dp =V, pdx' along —=u
pm pP=Vip g m

;l—t(uidx‘)—ui :;l—tdxi =—dp

| —
=u;du’ =d \u\z/z
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Consequently

which becomes

d—é u.dx:ﬁf d(p—luzjzo
dt d) () 2

upon integrating around a closed loop C (u) moving with velocity u. The 1 —
form relation above may be rewritten as

(6, + £,)(udx)=—d (p —%uzj
whose exterior derivative yields using d? =0
(6, +L£,)(@dS) =0
where odS=curludS=d (udx) .

For these geometric quantities , one sees that the characteristic , or advective
derivative is equivalent to a Lie derivative . Namely,

d
E - Gt + 'Cu
%K_J
advect geometry

fluids

Theorem (2.1.6): (Stokes)

The classical theorem due to Stokes

gsu.dx =f! curluds

shows that Kelvin's circulation theorem is equivalent to conservation of flux of
vorticity

d
d—tf_!a).dS=O

with ss=c(u) through any surface commoving with flow.
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Recall the definition,

o
— |d3x =@dS
@.— _|d°x =@
One may check this formula directly , by computing

1 8 2 a 3 a 1 2 3
(a) aX1+a) aX2+a) axajJ(dx AdX “ Adx )

= w'dx 2 Adx® + @%dx 3 Adx  edx* Adx ?
= dS

One may then use the vorticity equation in vector — field form,

0
(8t +£u)0).&20

to prove that the flux of vorticity through any commoving surface is conserved ,
as follows .

@ +£u)(a).§xd 3xj

:((8t +£u)a).§de *X +w.§J(8t +£,)d*x =0

=div ud3x =0
=0

That is , as computed above using the exterior derivative
(6t +£u)a).d S=0
From Euler's fluid equation du; /dt +V,p =0 with u’ =0 one finds,

I(atui +u’o,u; +0, p)d3x =0

:(;j_tfuidsx +[o; (uu! +ps) )d*

d . . .
=M, A, (uu’ +ps; )ds
T =0,if A.u=0
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Local conservation of fluid momentum is expressed using differentiation by parts
as

ou; =—0,T;
where T,) :=u,u’ + ps; is the fluid stress tensor.

Moreover ,each component of the total momentum M, =juid3x fori=1231is

conserved for an incompressible Euler flow, provided the flow is tangential to
any fixed boundaries, that is, i.u =0.

For mass density D (x,t) with total mass J'D(x ;t)d* ,along dx/dt =u(x,t) one
finds,
9 pasx =(8,+£4,)(Dd* ) =(8,D +divD u) d°x =0

dt v Su—

continuity equation
The solution of this equation is written in Lagrangian form as

(Dd® ).g7*(t) =D (x,)d
For incompressible flow, this becomes

3
i=detﬁ: d3X
ox, d°x,

Likewise, in the Eulerian representation one finds the equivalent relations,

D=1
&, D +div (D u)=0

} =divu=0
Euler's fluid equation for incompressible flow div u=0
o,u+uvVu+vp =0
conserves the total kinetic energy, defined by
KE = [4|uf"d*
The vector calculus identity

uvu=-uxcurl u+1vlu’
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recasts Euler's equation as
ou—uxcurl u+V(p+3iu®)=0
So that

§%|u|2 +div (p +%|u|2)u =0

Consequently ,

d 1 2 13 _ 1 2 _
EiEM d3x _ég(p +E|u| j.dS =0

since u.dS =u.idS =0 on any fixed boundary and one finds
KE :j%|u|2d3x =const
for Euler fluid motion.

Now we discuss the Lie group action on its tangent bundle.
Definition (2.1.7):

A Lie group G acts on its tangent bundle TG by tangent lifts. Given X T,G we

can consider the action of G on X by either left or right translations, denoted as
T,L,X orT,R X, respectively. These repression may be abbreviated as

T,L,X =L;X =gX and T,R,X =R;X =Xg .

Left action of a Lie group G on its tangent bundle TG is illustrated in the figure
below.

TL,
TG > TG
\ /
X gX
Lg
G —> G
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For matrix Lie groups , this action is just multiplication on the left or right,
respectively.

A vector field X on G is called left — invariant , if for every g eG one has
L, X =X ,thatis, if

(ToLy )X (h)=X (gh)

for every h eG . The commutative diagram for a left — invariant vector field is
illustrated in the figure below.

TL,
TG >TG
N N
X X
Lg
G G

Proposition (2.1.8):

The set X, (G) of left invariant vector fields on the Lie groupG is a subalgebra of
X(G) the set of all vector fields on G .

Proof:

If XY ex (G) and g G ,then
Ly [X Y ]=[ X LY [=[X Y]

Consequently , the Lie bracket [X Y Je X, (G). Therefore, X, (G )is a subalgebra
of X(G), the set of all vector fields on G .

Proposition (2.1.9):

The linear mapsx,_(G) and T,G are isomorphic as vector spaces.
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Demonstration of proposition . For each £ eT,G , define a vector field X, on G
by letting X, (g)=T.L,(&). Then

X . (gh)=T,L ,h(&)=T, (Lgol_h)(g)
=T,L, (T.L, (&) =TuL, (X . (D))
which shows that X : is left invariant .

Definition (2.1.10): (Jacobi — Lie Bracket of Vector Fields)

Let g(t) and h(s) be curvesin G with g(0)=e , h(0)=e and define vector
fields at the identity of G by the tangent vectors g’(0)=¢ , h'(0)=7».Compute
the linearization of the Adjoint action of G on T.G as

)= s OnE©)e )| =Seng()’ | =en-nz.

This is the Jacobi — Lie bracket of the vector fields ¢ and .
Definition (2.1.11):
The Lie bracket in T,G is defined by

[£m]=[X..X,]E),

for £,7eT,G and for [X ., X ] the Jacobi — Lie bracket of vector fields. This

makes T.G into a Lie algebra . Note that
[Xg”Xn]:X[:nz] '
forall £,7eTG.

Definition (2.1.12):

The vector space T,G with this Lie algebra structure is called the Lie algebra of
G and is denoted by 9.
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If we let & (g)=T.L &, then the Jacobi — Lie bracket of two such left — invariant
vector fields in fact gives the Lie algebra bracket:

[é:L’ﬂL](g):[éZ’U]L (9)

For the right — invariant case, the right hand side obtains a minus sign ,

[§R’T7R](g):_[§!n]R (g)-

The relative minus sign arises becomes of the difference in action
(xh)g™=x(gh)™ on the right versus (gh)x =g (hx) on the left .

Infinitesimal generators in mechanics , group actions often appear as symmetry
transformations , which arise through their infinitesimal generators , defined as
follows.

Definition (2.1.13):

Suppose ®:GxM —M isanaction. For £e 9, @ (t,x):RxM —M defined by
@ (x ) =D(expts,x ) =@, (x )is an R —action on M . In other words @, . —>M
is a flow on M .The vector field on M defined by

d

S ()= L

Doy (X)

is called the infinitesimal generator of the action corresponding to &.

The Jacobi — Lie bracket of infinitesimal generators is related to the Lie algebra
bracket as follows:

[§M 11w ]:_[5177],\,,
Now we discuss the Lie algebras as vector fields.
Definition (2.1.14): (The ad — operation )

For A €9 we define the operator ad, to be the operator ad : 9x 4 — & that maps
Begto[AB].Wewrite ad,B =[A,B].
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Definition (2.1.15):

A representation of a Lie algebra $ on a vector space vV is a mapping p from 9
to the linear transformations of v such that for A,B € ¢ and any constant scalar c ,

(i)  p(A+cB) =p(A)+cp(B),
(i) p([AB])=p(A)p(B)-p(B)p(A).
If the map p is one —to — one , the representation is said to faithful.
Example (2.1.16): (Vector Field Representations of Lie Algebras)

The Jacobi — Lie bracket of the vector field £ and » in Theorem(2.1.2) may be
represented in coordinate charts as

_d
g ds

=v (x) , and 5:(;—):

s=0

The Jacobi — Lie bracket of these two vector fields yields a third vector field ,

_dp df| _dvdx | dudx
S5 = ko ds ko dx Ot o dx 05 o
dv du
=— u-——.
dx dx
=u.Vv -v . Vu

Thus , the Jacobi — Lie bracket of vector fields at the tangent space of the identity
T.G is closed and may be represented in coordinate charts by the Lie bracket

(commutator of vector fields )
[&n]=¢én—né=uVv —v.Vu=[uyv].
Proposition (2.1.17):

Let 36(9%) be the set of vector fields defined on %" .A Lie algebra $ may be

represented on coordinate charts by vector fields X , =X ! 2- x(%") for each

o i

element £ e $. This vector field representation satisfies

X =[X X, ]
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where [£,7]e 3 is the Lie algebra product and [ X .,X , | is the vector field
commutator .

Now we discuss the Lagrangian and Hamiltonian formulations .

Newton's equations
mdg, =F , i=1..., N (nosumon i) (2.1)
describe the accelerations g, of N particles with
Masses m. ,i=1... N,
Euclidean position O (¢ Oy )eR™

in response to prescribed forces ,

acting on these particles . Suppose the forces arise from a potential . That is , let

oV ({a})

Fi(a)=-—pg VR o0, (2.2)

where oV /oq, denotes the gradient of the potential with respect to the variable g,
. Then Newton's equations (2.1) become

NV

m.d. =
a aq;

i =1 N (2.3)

Remark (2.1.18):

Newton introduced the gravitational potential for celestial mechanics , now called
the Newtonian potential

v ()= > ; (2.4
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Theorem (2.1.19): (Lagrangian and Hamiltonian Formulations)

Newton's equations in potential form ,

NV

m.g, = =1, N (2.5)

for particle motion in Euclidean space %*" are equivalent to the following four
statements:

(i)  The Euler — Lagrange equations

d—(ij-ﬁzo L N (2.6)
dt\oq, ) oq;
hold for the LagrangianL : R ={(q,q):p,quR3N}—>SR , defined by

L (a.a):=2 2 v (a) (27)

with g, |* =¢,.6, =d/q¥s, (nosumon i ).
(i) Hamilton's principle of stationary action , 5§ §=0, holds for the action
functional (dropping i S)

STa()]=[ L (a@t).a())t. (28)
(ili) Hamilton's equations of motion ,
y-oH L H
=%y P= % (2.9)
hold for the Hamiltonian resulting from the Lagendre transform ,
H (a,p):=p.a(a,p)-L(a.a(a,p)) , (2.10)

where ¢(q,p) solves for ¢ from the definition p:=oL (q,q)/0q.
In the case of Newton's equations in potential form (2.5) , the
Lagrangian in equation (2.7) yields p, =m,g, and the resulting
Hamiltonian is (restoring i S)
N1 2
H=—p[ +V
> —lp [+ (a)

i i Potential

Kinetic energy
(iv) Hamilton's equations in their Poisson bracket formulation ,
F={F H} forall Fe F(P), (2.11)
hold with Poisson bracket defined by

_L(oF oG oF oG
{F,G}._Z(aqi EoRar j forall F,.Gc e F(p) . (2.12)

i=1
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We will prove this theorem by proving a chain of linked equivalence relations :
(2.5) < (i) < (ii) < (iii) < (iv) as propositions .

Step(1): Proof that Newton's equations (2.5) < (i)
Step (I1): Proof that (i) < (ii)

The Euler — Lagrange equations (2.6) are equivalent to Hamilton's principle of
stationary action .

To simplify notation , we momentarily suppress the particle index i .

We need to prove the solutions of (2.6) are critical points 6 8§=0 of the action
functional

STa()] =], L(a(t).a(t))t, (2.13)

(where g=aq(t)/at ) with respect to variations onc * ([a,b],iRSN ) , the space of

smooth trajectories q:[a,b]—>%R* with fixed endpoints g, ,q, .

In Cc~([a,b],%* ) consider a deformationg(t,s) ,s e(-s,¢) ,&>0 ,with fixed
endpoints g, ,q,, of acurve q,(t), thatis, q(t,0)=q,(t)for all t €[a,b]and
q(a,s)=q,(a)=a,,q(b,s)=a,(b)=q, foralls e(-s,¢) .

Define a variation of the curve q,(.) in c*([a,b], %™ ) by

q(.s) €T, C " ([ab]. %),

Go ()
s=0

oq(.) = (;j—s

and define the first variation of § at q,(t) to be the derivative

d

58:=DS[a,0)(6a(): =5 | S[a(.9)]: (2.14)

Note that sq(a)=05q(b)=0 . With these notations , Hamilton's principle of
stationary action states that the curve q, (t)satisfies the Euler — Lagrange
equations (2.6) if and only if q,(.) is a critical point of the action functional , that
is DS[q,(.)|=0. Indeed, using the equality of mixed partials , integrating by parts
, and taking into account that sq(a)=¢6q(b)=0, one finds
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5SZ:DS[qO(.)](5q(.)):§—S S[a(.s)]

for all smooth &q; (t) satisfying &9, (a) =4aq; (b)=0.These proves the equivalence
of (i) and (ii) , upon restoring particle index i in the last two lines .

Definition (2.1.20):
The conjugate momenta for the Lagrangian in (2.7) are defined as

Pi :=$=miqi e W,

% =1, N (nosumon i) (2.15)

Definition (2.1.21):

The Hamiltonian is defined via the change of variables (q,q)~ (q.p) called the
Legendre transform,

H (a,p)=p.q(a,p)-L(a.4(a.p))

N
m
=3 o, +v (a)

i=1

Ipil v (a) (2.16)

Potential
Kinetic energy

Remark (2.1.22):

The value of the Hamiltonian coincides with the total energy of the system . This
value will be shown momentarily to remain constant under the evolution of Euler
— Lagrange equations (2.6) .
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Remark (2.1.23):

The Hamiltonian H may be obtained from the Legendre transformation as a
function of the variables (q,p), provided one may solve for g(a,p), which

requires the Lagrangian to be regular , for example ,

o’L
aq; q;

det

%0 (nosumoni).

Step (I11): Proof that (ii ) < (iii)

(Hamilton's principle of stationary action is equivalent to Hamilton's canonical
equations .) Lagrangian (2.1.7) is regular and the derivatives of the Hamiltonian
may be shown to satisfy ,

oH_1 =0, _99 ang

M _ 1 oH v aL
op, m, ' dt oq, oq, g

Consequently , the Euler — Lagrange equations (2.6) imply

5 _dﬁ_d[@Lj_aL_ oH

“dt dtleq, ) eq,  oq,
These calculations show that the Euler — Lagrange (2.6) are equivalent to
Hamilton's canonical equations :

= g =0 (217)

qi—a’ i a

where 6H /oq, ,oH /op, e ®® are the gradient of H with respect to q; ,p, € %*°,
respectively . This proves the equivalence of (ii) and (iii) .
Remark (2.1.24):

The Euler — Lagrange equations are second order and they determine curves in
configuration spaceq, eC°°([a,b],£R3N ) . In contrast , Hamilton's equations are

first order and they determine curves in phase space (q,,p,)eC” ([a,b],SRGN ) a
space whose dimension is twice the dimension of the configuration space .

Step (IV): Proof that (iii) < (iv)

(Hamilton's canonical equations may be written using a Poisson bracket .)
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By the chain rule and (2.17) any F eF(P) satisfies

aE_$(OF
dt  “\og, “ ap.'i

Z( 8F.8HJZ{F’H}

aq| apl ap| aql

This finishes the proof of the theorem , by proving the equivalence of (iii) and

(iv) .
Remark (2.1.25): (Energy Conservation)

Since the Poisson bracket is skew symmetric , {H ,F}=-{F,H} , one finds that

H ={H,H}=0. Consequently, the value of the Hamiltonian is preserved by the
evolution . Thus , the Hamiltonian is said to be a constant of the motion .
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Section (2.2): Lie Derivative and Euler — Lagrange Equations of
Manifolds

We start with some Hamilton's principle on manifolds .
Theorem (2.2.1): (Hamilton's Principle of Stationary Action)

Let the smooth function L :TQ — % be a Lagrangian on TQ.AC? curve
c:[a,b]—>Q joining q, =c(a) to g, =c(b) satisfies the Euler — Lagrange equations
if and only if

5[ L(e(t).c(t))dt.

Proof :

The meaning of the variational derivative in the statement is the following .
Consider a family of C? curves c(t,s) for |s| <& satisfying

Co(t)=c(t) , c(as)=q, ,and c(b,s)=q, forall s e(-¢,¢). Then

d
S

5I:L(c(t),c(t))dt:=d [L(c(ts).c(ts))t.

s=0

Differentiating under the integral sign , working in local coordinates (covering
the curve c(t) by a finite number of coordinate charts) , integrating by parts ,

denoting

v(t)::d—

i c(t,s),

s=0

and taking into account that v (a)=v (b)=0, yields

J'b[a—l'.vi +8—|,_.vijdt = b[a—l_.—d—a—l._-jVidt

al oq' oqg' aloq' dt og'

This vanishes for any C* function v (t) if and only if the Euler — Lagrange
equations hold .
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Remark (2.2.2):

The integral appearing in this theorem
b .
S(c())= L L(c(t).c(t))dt

is called the action integral . It is defined on C? curves c:[a,b]—>Q with fixed
endpoints , c(a)=q, and c(b)=q,.

Remark (2.2.3): (Variational Derivatives of Functionals vs Lie
Derivatives of Functions)

The variational of a functional s [u] is defined as the linearization

S [u +gv]:<§v—8,v> .

Compare this to the expression for the Lie derivative of a function . If f is a real
valued function on a manifold M and X is a vector field on M , the Lie
derivative of f along X is defined as the directional derivative

lim > [u+ev]-S[u]

£—0 E _dg

=0

Lf =X (f)=df X .
If M is finite — dimensional , this is

B _ ot L f(x+eX)-f (x)
Lf =X [ ]=df X = 25X = lim - .

The similarity is suggestive : Namely , the Lie derivative of a function and the
variational derivative of a functional are both defined as linearizations of smooth
maps in certain directions .

The next theorem emphasizes the role of Lagrangian one — forms and two —forms
in the variational principle . The following is a direct corollary of the previous
theorem .

Theorem (2.2.4):

Givena C* Lagrangian L:TQ — % for k >2, there exists a unique C** map
YL(L):Q >T'Q, where

59



v dzq
Q'_{dt2

eT (TQ):q(t)isaC?curveinQ }

t=0

is a submanifold of T (TQ), and a unique C** one — form ®_ e A'(TQ), such that
for all c* variations q(t,s) (defined on a fixed t —interval) of q(t,0)=q,(t)=q(t)

, We have
55::(‘;'_S ' S[e(.)]-DS[a()]-sa()
= [ YL(L)(a.d,6)-6adt +©, (a.q).59 f (2.18)
where
d
da(t)=go | alts)

Now we discuss the vector fields and 1 — forms .

Let M be a manifold . In what follows , all maps may be assumed to be C
although that's not necessary .

A vector fieldon M isamap X :M —»TM such that X (x)eT,M for every
x e M . The set of all smooth vector fields on M is written X(M ). (" Smooth "
means differentiable or C " for some r <o, depending on context .)

A (differential) 1 —formon M ismap ¢:M —T "M such that 6(x)eT, M for
every x eM .

More generally , if z:E —M is a bundle , then a section of the bundle is a map
¢:M —E suchthat zop(x)=x forall x eM . So a vector field is a section of

the tangent bundle , while a 1 — form is section of the cotangent bundle .

Vector fields can added and also multiplied by scalar functionsk :M — %R , as
follows :

(X +X,)(x) =X, (x)+X,(x) (kX )(x)=k (x)X (x).

Differential forms can added and also multiplied by scalar functions k :M —»R,
as follows :
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(a+p)(x)=a(x)+A(x). (kO)(x)=k (x)O(x).

We have already defined the push — forward and pull — back of a vector field .
The pull —back ofal —form ¢ on N byamap ¢:M — N isthe 1—form ¢'6 on

M defined by
(#°0)(x)v =0(p(x)) T o(v)

The push — forward of a 1 — form « on M by a diffeomorphism :M — N is the
pull — back of « by w™.

A vector field can be contracted with a differential form , using the pairing
between tangent and cotangent vectors : (X _]6)(x)=6(x).X (x ). Note that

X _]@ isamap from M toR . Many books write ‘X ¢ in place of X _|@, and the
contraction operation is often called interior product .

The differential of f :M —> %R isal—form df on M defined by

df (x)v :j'—tf (1)

t=0

forany x eM ,anyv eT,M and any path c(t) in M such that c(0)=0 and
c’(0)=v . The left hand side , df (x )~ , means the pairing between cotangent and
tangent vectors , which could also be written df (x )(v) or (df (x).v).

Note :

X _Jdf =£,f =X [f]

Remark (2.2.5):

df isvery similarto Tf , but Tf is defined for all differentiable f :M —N ,
whereas df is only defined whenN = . In this case , Tf isamap fromT™M to
TR ,and Tf (v)=df (x)v €T, % foreveryv eT,M (we have identified T , %

with® .)
In coordinates . Let M be n —dimensional , and let x*,........, x" be differentiable

local coordinates for M . This means that there's an open subset U of M and an
open subsetv of ®" such that the map ¢:U —V defined by

o(x)=(x*(x),...x"(x)) is a diffeomorphism . In particular , each x' is a map
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from M to% , so the differential dx' is defined . There is also a vector field ai‘
X

for every i , which is defined by @(ii(x):g—tqfl(go(x)ﬂei) g , Where ¢, isthe i"
standard basis vector .

Remark (2.2.6):

Of course , given a coordinate system (0:(X1, ......... X" ) it is usual to write

For every x eM , the vectors aii(x) form a basis for T, M , so every v eT *M
X

can be uniquely expressed as v =v' &(ii(x ). This expression defines the tangent —

lifted coordinates x*,.....,x" V', ... v" onTM (they are local coordinates ,
defined on TU cTM ).

For every x eM , the convectors dx' (x ) form a basis for T'M , so every
aeT*M can be uniquely expressed as a =a;dx' (x ). This expression defines the

cotangent — lifted coordinates x*,......., X" Oy a, onT M (they are local
coordinates , definedonT'U cT'M ).

Note that the basis (axi‘] is dual to basis (dxl, ........ ,dx”). It follows that

(aidx ‘ )(v ‘ i‘j =aV'
OX
(we have used the summation convention) .

In mechanics , the configuration space is often called Q , and the lifted
coordinates are written : g, ........, (T R g" (onTQ)and g*,......q", Py, .eeeene P,

(onTQ).

Since TQ is manifold , we can consider vector fields on it , which are sections of
T (TQ). In coordinates , every vector field on TTQ has the form
o 0

X =a' 8—i+bi a , Where the a' and b" are functions of q and 4. Note that the
q q
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same symbol g' has two interpretation : as a coordinate on TQ and as a

coordinate on Q , SO ai‘ can mean a vector field TQ (as above) oron Q.
q

The tangent lift of the bundle projection -:TQ -»Q isamap Tz:TTQ »TQ. If X

is written in coordinates as above , the T zoX =a' %. A vector field X onTTQ
q

is second order if T zoX (v)=v ; in coordinates , a' =q'. The name comes from the
process of reducing of second order equations to first order ones by introducing

new variables g' :%'

One may also consider T TQ ,TT'Q and T T 'Q . However , the subscript
/superscript distinction is problematic here .

The 1 —forms on T'Q are sections of T T 'Q . Given cotangent — lifted local
coordinates

onT'Q, the general 1 — formon T'Q has the form adg +b,dp, , where a, and b,
are functions of (q,p). The canonical 1 -formon T°Q is

szidqi

also written in the short form pdq . Pairing 6(q, p) with an arbitrary tangent

vector v :a‘i.+b‘i.eT( T'Q gives
aq' opt — @P)

<9(q,p),v>:<pidq‘,ai %m‘ %>: p,a :<pidqi,ai %>=<p,T o (v))

where 7" :T'Q —»Q is projection . In the last line we have interpreted q' as a
coordinate on Q , which implies that p,dq' = p, by definition of the coordinates
p, . Note that the last line is coordinate — free .

Recall that a 1 — form on M , evaluated at a point x e M , is a linear map from
T, M toR .
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A 2—formon M, evaluated at a point x e M , is a skew — symmetric bilinear
form on T M ; and the bilinear form has to vary smoothly as x changes .

(Confusingly bilinear forms can be skew — symmetric , symmetric or neither ;
differential forms are assumed to be skew — symmetric .)

The pull —back ofa2 —form @ on N byamap ¢:M —N isthe2—form ¢'w
on M defined by

(¢'@)0) v w)=0(e(x))(T ¢(v).T o))

The push — forward of a 2 — form @ on M by a diffeomorphism :M — N is the
pull — back of o by w.

A vector field x can be contracted witha 2 —form » togetal—form X |w
defined by

(X Jo)(x)(v)=o(x)(X (x)v)

forany v eT M . A shorthand for this (X _|w)(v)=w(X v), or just
X _Jo=aw(X,).

The tensor product of two 1 — forms « and g is the 2 — form «® g defined by
(@®p)vw)=a(v)sw)
forallv.w eT/M .

The wedge product of two 1 — forms « and g is the skew — symmetric 2 — form
a A p defined by

(anp)vw)=a(v)pWw)-aWw)sVv).

The differential df of a real — valued function is also called the exterior
derivative of f . In this context , real — valued functions can be called 0 — forms .
The exterior derivative is a linear operation form 0 — forms to 1 — forms that
satisfies the Leibniz identity , a.k.a the product rule ,

d (fg)=fdg +gdf

The exterior derivative of a 1 — form is an alternating 2 — form , defined as
follows:
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d(aidx‘):a%ai.dxj Adx ',
ox !

Exterior derivative is a linear operation from 1 — forms to 2 — forms. The
following identity is easily checked:

d(df )=0
for all scalar functions f .

Unless otherwise specified , n — forms are assumed to be alternating . Wedge
products and contractions generalise .

It is a fact that all n — forms are linear combinations of wedge products of 1 —
forms . Thus we can define exterior derivative recursively by the properties

d(a/\,B):da/\ﬁ+(—1)ka/\dﬁ,
for all k — forms « and all forms g, and
dod =0

In local coordinates , if a=¢; ; dx" a.....adx™ (sumover all i, <....<i, ), then

g

oa; ) _
do=—2"%dx' Adx" A...... AdXx
ox’

The Lie derivative of an n — form ¢ in the direction of the vector field X is
defined as

where ¢ is the flow of X .
Pull — back commutes with the operations d, |, and Lie derivative .
In Cartan's magic formula:
£.a=d(X _|a)+X _|de
This looks even more magic when written using the notation 'X “ =X |« :

£, =di, +i.d
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Ann—form « isclosed if da=0 , and exact if « =d g for some g . All exact

forms are closed (since dod =0 ) , but the converse is false . It is true that all
closed forms are locally exact ; this is the Poincare' Lemma .

Remark (2.2.7):

For a survey of the basis definitions , properties , and operations on differential
forms , as well as useful of tables of relations between differential calculus and
vector calculus .

Now we discuss the Euler — Lagrange equations of manifolds .

In Theorem (2.2.4) ,

S[e(.s)]=DS[a()].5a()

s=0

55::d—
ds

b

=IYL(L)(q,q,dj-5th+®L (9.9)-5q]; (2.19)

a cf .Noether 'sTheorem

where

sq(t)=2

ds a(ts),

s=0

the map Y£:Q —T'Q is called the Euler — Lagrange operator and its expression
in local coordinates is

One understands that the formal time derivative is taken in the second summand
and everything is expressed as a function of (q,d.q).

Theorem (2.2.8): (Noether Symmetries and Conservation Laws)

If the action variation in (2.19) vanishes 6 §=0 because of a symmetry
transformation which does not preserve the end points and the Euler — Lagrange
equations hold , then the term marked cf.Noether's Theorem must also vanish .
However , vanishing of this term now is interpreted as a constant of motion .
Namely , the term,
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A(v,w)=(FL(v)w),or,in coordinates A(q,q,éq)za%‘im‘ ,

Is constant for solutions of the Euler — Lagrange equations . In particular , in the
PDE (Partial Differential Equation) setting one must also include the
transformation of the volume element in the action principle .

Remark (2.2.9):

Conservation of energy results from Noether's Theorem if , in Hamilton's
principle , the variations are chosen as

s (t)=2

ds a(ts)

s=0

Corresponding to symmetry of the Lagrangian under reparametrizations of time
along the given curve q(t) >q(z(t.s)) .

The canonical Lagrangian one — form and two — form . The one — form o,
whose existence and uniqueness is guaranteed by Theorem (2.2.4) , appears as
the boundary term of the derivative of the action integral , when the endpoints of
the curves on the configuration manifold are free . In finite dimensions , its local
expression is

oL

®L (q,q’):=—_idq

% (=pi(a.d)dg") .

The corresponding closed two — form @, =d®, obtained by taking its exterior
derivative may be expressed as

2 2
?.L. dg' Adq’ + ?.L_
og'oq’ og'og’

Q, =-de, = dg' Adg!  (=dp,(q.d)Adq’) .

These coefficients may be written as the 2nx2n skew — symmetric matrix

o°L
a4'aqg !
Q = ) oL (220)
a4'ag’

: : (L oL Y
where A is the skew — symmetric nxn matrix | —— |-| ———| .
og'oq’ oq'oq’
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Non — degeneracy of Q, is equivalent to the invertiblility of the matrix { qa a}q’J’ ] :
Definition (2.2.10):

The Legendre transformation FL :TQ —T Q is the smooth map near the identity
defined by

L(vq +swq).
s=0

<IFL(vq),wq>::(;j—S

In the finite dimensional case , the local expression of FL is

FL(qi,q‘)=(q‘,%j=(qi'pi (9.4))-

If the skew — symmetric matrix (2.20) is invertible , the Lagrangian L is said to
be regular . In this case , by the implicit function theorem, FL is locally
invertible . If FL is a diffeomorphism , L is called hyperregular .

Definition (2.2.11):
Given a Lagrangian L , the action of L isthe map A:TQ — % given by

A(v)=(FL(v)v) , or,incoordinates A(q,q‘):%q‘ , (2.21)

and the energy of L is
E()=A()-L(v),or,incoordinates E(q,q‘)=%q" ~-L(g.d). (2.22)

Definition (2.2.12):

A vector field z on TQ is called a Lagrangian vector field if
QL (v)(Z (v)w) = (dE (v )w ),

forallveT,Q ,weT, (TQ).

Proposition (2.2.13):

The energy is conserved along the flow of a Lagrangian vector field z .
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Proof :
Letv (t)eTQ be an integral curve of z . Skew — symmetry of &, implies

d

SEW (1)=(dE (7 (1)) ()= (dE (v (©)).2 ( (1)

Thus, E (v (t)) is constantin t.

Recall that a Lagrangian L is said to be hyperregular if its Legendre
transformation FL :TQ —»T Q is a diffeomorphism .

The equivalence between the Lagrangian and Hamiltonian formulations for
hyperregular Lagrangians and Hamiltonians is summarized below ,

(a) Let L be a hyperregular Lagrangianon TQ and H =Eo(FL) ", where E

is the energy of L and (FL)":T'Q »TQ is inverse of the Legendre
transformation . Then the Lagrangian vector field z on TQ and the
Hamiltonian vector field X , on T'Q are related by the identity

(FL) X,, =Z .
Furthermore , if c(t) is an integral curve of Z and d (t) an integral curve
of X, with FL (c(0))=d (0) , then FL (c(t))=d (t) and their integral curves
coincide on the manifold Q . Thatis, 7, (c(t))=7, (d (t))=7(t) , where
7, :TQ »Q and 7z, :T'Q —»Q are the canonical bundle projections .

In particular , the pull back of the inverse Legendre transformation FL™
induce a one — form ® and a closed two — form @ on T'Q by

©=(FL') ®, ,0=-do=(FL?) Q

In coordinates , these are the canonical presymplectic and symplectic
forms , respectively ,

@=pdg , Q=—d®=dp, Adq" .
(b) A Hamiltonian H :T'Q — % is said to be hyperregular if the smooth map
FH :T'Q -»TQ defined by

< =—‘ a Sﬂ a,. B3, €T,Q ,
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is a diffeomorphism . Define the actionof H by G =(0,X,,) . If H isa

hyperregular Hamiltonian then the energies of L and H , and the actions
of L and H are related by

E=Ho(FH) A=Go(FH)".
Also , the Lagrangian L =A —E is hyperregular and FL =FH .

(c) These construction define a bijective correspondence between hyperregular
Lagrangians and Hamiltonians .

Remark (2.2.14):

For through discussions of many additional results arising from the Hamilton's
principle for hyperregular Lagrangians .

Definition (2.2.15): (Cotangent L.ift)

Given two manifolds Q and S related by a diffeomorphism f :Q —S , the
cotangent lift T'f :T'S —=T°Q of f isdefined by

(Tf (a)v)=(aTf (v)) (2.23)
where ¢ eTS v el Q ,and s=f(q).

Cotangent lifts preserve the action of the Lagrangian L , which we write as
(p.G) =(a3) (2.24)

where p=Tf («) is the cotangent lift of « under the diffeomorphism f and
§=Tf (q) is the tangent lift of g under the function f , which is written in
Euclidean coordinate components as q' —s' =f ' (q) . Preservation of the action
in (2.24) yields the coordinate relations,

i
i

(Tangent lift in coordinates) s’ = gfqi §' =

k

P = ‘?T (Cotangent lift in coordinates)

Thus, in coordinates , the cotangent lift is the inverse transpose of the tangent
lift.
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Remark (2.2.16):

The cotangent lift of a function preserves the induced action one — form,
(p.da)=(a.ds),
so it is a source of (pre - ) symmetric transformations .

An important example of a Lagrangian vector field is the geodesic spray of a
Riemannian metric . A Riemannian manifold is a smooth manifold Q endowed

with a symmetric nondegenerate covariant tensor g , which is positive define .
Thus , on each tangent space T,Q there is nondegenerate definite inner product

defined by pairing with g (q).

If (Q.g) is a Riemannian manifold , there is a natural Lagrangian on it given by
the Kinetic energy K of the metric g , namely ,

K (V)::%g (q)(vq’vq) '
for g eQ and v, eT,Q . In finite dimensions , in a local chart ,

K (q’q):%gij (q)qiqj .
The Legendre transformation is in this case FK (v, )=g(q)(v,..) , forv, eT,Q . In

coordinates , this is

(a',p;).

The Euler — Lagrange equations become the geodesic equations for the metric g,
given (for finite dimensional Q in a local chart)

FK (q,d)=(qi,%j=(qivgu (a)d’)

G +T0q'q =0 | i=L.n,

where the three — index guantities

jk =2

h 1 hl(agjl +agk| _égjk

1 . , Wwith g, g" =4,
ﬁqk ﬁqj aq| j glhg i

are the Christoffel symbols of the Levi — Civita connection on (Q,g).
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Remark (2.2.17):

A classic problem is to determine the metric tensors g (q) for which these
geodesic equations admit enough additional conservation laws to be integrable.

Remark (2.2.18):

The Lagrangian vector field associated to K is called the geodesic spray . Since
the Legendre transformation is a diffeomorphism (in finite dimensions or in finite
dimensions if the metric is assumed to be strong) ,the geodesic spray is always a
second order equation .

The variation approach to geodesic recovers the classical formulation using
covariant derivatives , as follows . Let X(Q) denote the set of vector fields on the

manifold Q . The covariant derivative
V:XQ)xX(Q)—=>X(Q), (XY )V, (Y),
of the Levi — Civita connection on (Q,g) is given in local charts by

k
Vi (Y )=TiX'Y iik+x JEAC

&q oq' oq*

Ifc(t) isacurveonQ and Y €X(Q), the covariant derivative of v along c(t) is
defined by

DY _yy
Dt ’
or locally ,
DY ) g - d
(2] —mem)e 0 )+ 2 ).
A vector field is said to be parallel transported along c (t) if
DY _
Dt

Thus c¢(t) is parallel transported along c(t) if and only if
¢+ cick =0
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In classical differential geometry a geodesic is defined to be a curve c(t) in Q
whose tangent vector c(t) is parallel transported along c(t). As the expression

above shows , geodesics are integral curves of the Lagrangian vector field
defined by the kinetic energy of g .

Definition (2.2.19):

A classical mechanical system is given by a Lagrangian of the form
L(vy)=K(v,)-V (v,), forv, eT,Q . The smooth functionv :Q —R is called the

potential energy . The total energy of this system is given by E =K +V and the
Euler — Lagrange equations (which are always second order for a hyperregular
Lagrangian ) are

i OV

— =0, i=1..., n,
aq

g +Td'd" +9g
where g are the entries of the inverse matrix of (g ” )

Definition (2.2.20):

If Q =%° and the metric is given by g, =5, , these equations are Newton's
equations of motion (2.3) of a partial in a potential field .

Remark (2.2.21): (Gauge Invariance)

The Euler — Lagrange equations are unchanged under

L(q(t),q(t))—>L’:L+:—t7(q(t),q(t)), (2.24)

for any function y : %™ ={(a,4):9,qeR™ } > R.

Remark (2.2.22): (Generalized Coordinate Theorem)

The Euler — Lagrange equations are unchanged in form under any smooth
invertible mapping f :{q—s}. Thatis , with

L(a(t).a(0) =L (s(t).5() (2.25)

Then

73



d_[ﬁj_%:(,@d_(i]_i:o. (2.26)
dt\og ) oq dt{ o8 ) 0s

Example (2.2.23): (Charged Particle in Magnetic Field)

Consider a particle of charged e and mass m moving in a magnetic field B,
where B=VxA is a given magnetic field on %°.The Lagrangian for the motion is
given by the " minimal coupling " prescription (jay —dot —ay )

. m,. e 3
L(a.a)==lal +>A(a)-4,

in which the constant c is the speed of light . The derivatives of this Lagrangian
are

izmq+9Az:p and i=e—VAT.c'|
aq c oq ¢

Hence , the Euler — Lagrange equations for this system are
mg==(VAT.q-VA.q)==¢xB
C C

(Newton's equations for the Lorentz force) . The Lagrangian L is hyperregular ,
because

p=FL(q.q)= mq+%A(q)
has the inverse
q=FH (q p)=i[p—9A(Q)j-
' m c

The corresponding Hamiltonian is given by the invertible change of variables ,

2

. (2.27)

1 e
H y =M C _l— ' ])= __A
(a.p)=p.a-L(q,9) Zme -
The Hamiltonian H is hyperregular since

q=FH (q,p)=%(p—%Aj has the inversep=FL (g,q)=m q+%A :
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The canonical equations for this Hamiltonian recover Newton's equations for the
Lorentz force law .

Example (2.2.24): (Changed Particle in a Magnetic Field by The
Kaluza — Klein Construction)

Although the minimal — coupling Lagrangian is not expressed as the kinetic
energy of a metric , Newton's equations for the Lorentz force law may still be
obtained as geodesic equations . This is accomplished by suspending them in a
higher dimensional space via the Kaluza — Klein construction , which proceeds as
follows .

Let Q.. be the manifold %*xs* with variables (q,6). On Q,, introduce the one
— form A +dé (which defines a connection one — form on the trivial circle bundle
R¥xS*—>R* )and introduce the Kaluza — Klein Lagrangian

Lk ‘TQu =T RExTS' > Ras

2

L (0.6.6.0)=3m ] + 2|(A+d0.(a.6.0.6)

1 a2 1 Y
=S mlal’ +3(A.a+)"
The Lagrangian L,, is positive definite in (q,e’); so it may be regarded as the
Kinetic energy of a metric , the Kaluza — Klein metric on TQ,, . (This construction
fits the idea of U (1) gauge symmetry for electromagnetic fields in%®°. It can be

generalized to a principle bundle with compact structure group endowed with a
connection . The Kaluza — Klein Lagrangian in this generalization leads to
Wong's equations for a color — charged particle moving in a classical Yong —
Mills field .) The Legendre transformation for L., gives the momenta

p=mg+(A.q+0)A and 7=A.g+6. (2.28)
Since L, does not depend on ¢, the Euler — Lagrange equation

[ 0
dt 06 00 ’

where z=4L,, /06 is conserved . The charge is now defined by e :=cz. The
Hamiltonian H,, associated to L,, by the Legendre transformation (2.28) is
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Hu (0.6.p,7) =p.q+ 70— Ly (0,6.0,0)

:p%(p—n’A)+7r(7z—A q)—%m||q|2—%7r2
1
:pH(p—;zA)+—7r2—ﬂA.—(p—ﬂA)——”p—ﬂA”Z
I RN
-k p-naf L 229)

On the constant level set = =e/c, the Kaluza — Klein Hamiltonian H,, isa
function of only the variables (q,p) and is equal to the Hamiltonian (2.27) for
charged particle motion under the Lorentz force up to an additive constant . This
example provides an easy but fundamental illustration of the geometry of
(Lagrangian ) reduction by symmetry . The canonical equations for the Kaluza —
Klein Hamiltonian H,, now reproduce Newton's equations for the Lorentz force
law .
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Chapter (3)
The Rigid Body Equations on so(n), Heavy Top Equations

and Euler — Poincare' (EP) Reduction Theorem

Section (3.1): The Rigid Body in three Dimensions, Momentum
Maps and Rigid Body Equations on SO (n)

We start with some the rigid body in three dimensions .
In the absence of external torques , Euler's equations for rigid body motion are :
1,9, =(1,—1,)Q,Q,,
1,02, =(1,—1,)Q,Q,, (3.1)
1,0, =(1,—1,)Q,Q,,
or , equivalently ,
Q=12 xQ ,

where 2 =(,©,,Q;) is the body angular velocity vector and 1,,1,,1, are the
moments of intertia of the rigid body .

Answer (3.1.1): (Lagrangian Formulation)

The Lagrangian answer is this : These equations may be expressed in Euler —
Poincare' form on the Lie algebra %* using the Lagrangian

1 2 2 2 1 T
|(g)=§(|lQ1 +1,0 +I3QS):EQ IQ, (3.2)
which is the (rotational) kinetic energy of the rigid body .

Proposition (3.1.2):

The Euler rigid body equations are equivalent to the rigid body action principle
for a reduced action

5S =5T| (£2)dt =0, (3.3)
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where variations @ are restricted to be of the form
0 =X+QxX, (3.4)

in which X(t) is a curve in %° that vanishes at the endpoints in time .

Proof:

Sincel (Q)=%<HQ,Q> ,and T is symmetric, we obtain

5}| (Q)dt = T(HQ,&Q)dt

a

<m,2+gx>:>dt

D e T

I[<—§—tﬂg,z>+<m,gx Z)}dt

b
=I<—§—t]IQ+]IQxQ,Z>dt ,

upon integrating by parts and using the endpoint conditions, x(b)=x(a)=0.
Since x is otherwise arbitrary, then

—d—(]IQ)+]IQ><Q:0,
dt

which are Euler's equations (3.1).
Let's derive this variational principle from the standard Hamilton's principle.

An element R €SO (3) gives the configuration of the body as a map of a reference
configuration B %°® to the current configurationR (B); the map R takes a
reference or label point X <5 to a current pointx =R (X )eR (B).

When the rigid body is in motion, the matrix R is time — dependent . Thus,
x(t)=R ()X

with R (t)a curve parametrized by time in SO (3). The velocity of a point of the
body is
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X(t)=R ()X =RR*(t)x (t).

Since R is an orthogonal matrix, R'R and RR ™ are skew matrices.
Consequently,

X =RR X =wxX . (3.5)

This formula defines the spatial angular velocity vector . Thus, o is essentially
given by right translation of R to the identity. That is, the vector

w=(RR™) .

The corresponding body angular velocity is defined by

Q=R@p , (3.6)
so that is the angular velocity relative to a body fixed frame. Notice that

R7'R X =R"RRx =R *(wxx)
=R ToxR X =QxX , (3.7)

so that @is given by left translation of R to the identity. That is, the vector

Q=(R'R)".

The kinetic energy is obtained by summing up |x'|2/2 (where |.| denotes the
Euclidean norm) over the body. This yields

K :%ip(x RX [[d°x (3.8)

in which pis a given mass density in the reference configuration. Since
RX | =|@xx|=[R ™ (@xx )| =|@xX |,

K is a quadratic function of @. Writing

K =%QT I (3.9)

defines the moment of inertia tensor 1, which, provided the body does not
degenerate to a line, is a positive — define (3x3) matrix, or better, a quadratic

form. This quadratic form can be diagonalized by a change of basis; thereby
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defining the principle axes and moments of inertia. In this basis, we write
I=diag(l,.1,.1;).

The function K is taken to be the Lagrangian of the system on TSO (3) (and by

means of the Legendre transformation we obtain the corresponding Hamiltonian
description onT "SO (3)). Notice that K in equation (3.8) is left (not right)

invariant onTSO (3), since
Q=(R'R)".
It follows that the corresponding Hamiltonian will also be left invariant.

In the framework of Hamilton's principle, the relation between motion in R space
and motion in body angular velocity (or ) space is follows.

Proposition (3.1.3):
The curve R (t)eSO (3)satisfies the Euler — Lagrange equations for

L(R,R):%Ip(x )|RX \2d3x , (3.10)

B

if and only if Q(t)defined by R *Rv=aQxveR® satisfies Euler's equations

IQ=IQxQ. (3.11)

The proof of this relation will illustrate how to reduce variational principles using
their symmetry groups. By Hamilton's principle, R (t)satisfies the Euler —

Lagrange equations, if and only if
S[L(R,R)dt =0.

Letl (Q):%(HQ).Q , S0 that I (@)=L (R,R) where the matrix R and the vector

are related by the hat map, @ =(R 'R )~. Thus, the Lagrangian L is left SO (3)-

invariant. That is,
1(Q)=L(R,R)=L(e,R'R).

To see how we should use this left — invariance to transform Hamilton's principle,
define the skew matrix @ by Qv=Qxvforanyve®®.
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We differentiate the relation R 'R =Q with respect to R to get
-R(sR)R'R+R™(5R)=5Q. (3.12)

Let the skew matrix £ be defined by

=RR, (3.13)
And define the vector * by
Tv=Exv. (3.14)
Note that
i =-R'RR 'SR +R R,
SO

RR = i+ RIRL. (3.15)
Substituting (3.15) and (3.13) into (3.12) gives
—ﬁfl+ﬁ+fzﬁ‘.=5ﬂ,
that s,
sQ=2+Q1]. (3.16)

The identity [Q):} =(@xX)~ holds by Jacobi's identity for the cross product and

SO
SQ=X+QxX . (3.17)
This calculations prove the following:
Theorem (3.1.4):
For a Lagrangian which is left — invariant under SO (3), Hamilton's variational

principle

5 zéiL(R,R)dt =0 (3.18)
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on TSO(3) is equivalent to the reduced variational principle

55, = 5T| (@)dt =0 (3.19)

a

with © :(R’lRi )A on R* where the variations 6Q are of the form

SQ=X+QxX,
With Z(a)=X(b)=0.
Reconstruction of R (t)eSO(3) , in Theorem (3.1.4), Euler's equations for the
rigid body
IQ=IQxQ,
follow from the reduced variational principle (3.19) for the Lagrangian

! (9):%(]19).9 , (3.20)

which is expressed in terms of the left — invariant time — dependent angular
velocity in the body, @ eso(3). The body angular velocity Q(t) yields the tangent

vector R (t)eT,,SO(3) along the integral curve in the relation group
R (t) eSO (3) by the relation,

R(t)=R(t)Q(t).

This relation provides the reconstruction formula. It's solution as a linear
differential equation with time — dependent coefficients yields the integral curve
R (t) eSO (3)for the orientation of the rigid body, once the time dependence of

Q(t) is determined from the Euler equations.
A dynamical system on a manifold M
X(t)=F(x), xeM
is said to be in Hamiltonian form, if it can be expressed as
X(t)={xH}, for HM—>R,
in terms of a Poisson bracket operation,
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(L} F(M)xF(M)>F(M),

which is bilinear, skew — symmetric and satisfies the Jacobi identity and
(usually) the Leibniz rule.

As we shall explain, reduced equations arising from group — invariant Hamilton's
principles on Lie groups are naturally Hamiltonian. If we Legendre transform our
reduced Lagrangian for the SO (3) left invariant variational principle (3.19) for

rigid body dynamics, then its simple, beautiful and well — known Hamiltonian
formulation emerges.

Definition (3.1.5):
The Legendre transformation FI :so(3)—so(3) is defined by

_ol_

FI (@) ===

The Legendre transformation defines the body angular momentum by the
variations of the rigid — body's reduced Lagrangian with respect to the body
angular velocity. For the Lagrangian in (3.20), the %* components of the body
angular momentum are

L =1.Q =—, i=1,2,3. (3.21)

Let
h(I)=(ILQ)-1(Q),
where the pairing (.,.):s0(3) xso(3) — % is understood in components as the
vector dot product on %®
(ILQ) =11.Q.
Hence , are finds the expected expression for the rigid body Hamiltonian

2 2 2
h =£H.H_1H:=£+£+£

. 22
2 21, 21, 2, (3.22)

The Legendre transform FI for this case is a diffeomorphism, so we may solve
for
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g (n22) (2 @) g

orl oI/ \oQ’ eIl

In %® coordinates, this relation expresses the body angular velocity as the
derivative of the reduced Hamiltonian with respect to the body angular
momentum, namely (introducing grad — notation ),

_oh g

V.h=—=
T an

Hence ,the reduced Euler — Lagrange equations for [ may be expressed
equivalently in angular momentum vector components in %** and Hamiltonian h
as:

(1) = 10xQ & M= TV, h = T h}.

This expression suggests we introduce the following rigid body Poisson bracket
on functions of the m's:
{f ,h}(I0)=-IL(V,f xV h). (3.23)

For the Hamiltonian (3.22), one checks that the Euler equations in terms of the
rigid — body angular momenta,

I,—1 P N P
23700, , I,=——02ILI, , I= 1” 211,11, , (3.24)

L= 1,1, 1,
that is,
N=IxQ. (3.25)
are equivalent to
f ={f,h}, with f =II.

The Poisson bracket proposed (3.23) is example of a Lie Poisson bracket, which
we will show separately satisfies the defining relations to be a Poisson bracket.

The rigid body Poisson bracket (3.23) is a special case of the Poisson bracket for
functions on%?®,

{f .h} =—Vc.Vf xVh (3.26)
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This bracket generates the motion

x={x,h}=VcxVh (3.27)

For this bracket the motion takes place along the intersections of level surfaces of
the functions ¢ and h in%®.In particular, for the rigid body, the motion takes

place along intersections of angular momentum spheres ¢ =|x|’ /2 and energy
ellipsoids h =x.Ix.

Remark (3.1.6):
Consider the ®® Poisson bracket

{f ,h}=—Vc.Vf xVh (3.28)

Letc =x" . Cx be a quadratic formon®® , and let C be the associated symmetric
3x3 matrix. Determine the conditions on the quadratic function c(x) so that this

Poisson bracket will satisfy the Jacobi identity.
Now we discuss the momentum maps.

Symmetries are often associated with conserved quantities. For example, the flow
of any SO (3)—invariant Hamiltonian vector field on T "®* conserves angular

momentum, gxp . More generally, given a Hamiltonian H on a phase spaceP ,

and a group action of G on P that conservesH , there is often an associated
"momentum map" J:P — g that is conserved by the flow of the Hamiltonian
vector field.

Definition (3.1.7):

A Poisson bracket on a manifold P is a skew — symmetric bilinear operation on
F(P)=C”(P,R)

The pair (P.{...}) is called a Poisson manifold .

Remark (3.1.8):

The Leibniz identity is sometimes not included in the definition. Note that
bilinearity, skew — symmetry and the Jacobi identity are the axioms of a Lie
algebra.
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In what follows, a Poisson bracket is a binary operation that makes #(P) into a
Lie algebra and also satisfies the Leibniz identity.

Definition (3.1.9):
A Poisson map between two Poisson manifolds is a map
?:(Pulod) > (P )
the preserves the brackets, meaning
{Fop,Gop} ={F.G},op, forall F.GeF(P,).
Definition (3.1.10):

An action @ of G on a Poisson manifold (P.{.,.}) is canonical if @, is a Poisson
map for everyg , that is,

{FOCDQ,KOCDQ} ={F,G}0CI)g
for everyF,K e 7(P).

Definition (3.1.11):

Let (P.{..}) beaPoisson manifold, and let H :P —% be differentiable. The
Hamiltonian vector field for H is the vector field X, defined by

Xy (F)={F,H}, forall FeF(P)

Remark (3.1.12):

X, 1s well — defined because of the Leibniz identity and the correspondence
between vector fields and derivations.

Remark (3.1.13):

X, (F)=£4 F=F ,the Lie derivative of F along the flow of X, . The equations
F={F,H}

Called "Hamilton's equations" , have already appeared in Theorem(2.1.), and
equivalent definition of X , .
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Let G act smoothly onP , and let¢ e . Recall that the infinitesimal generator &,
Is the vector field on P defined by

& ()= golx)

for some path g(t) in G such that g(0)=e and g'(0)=¢.

Remark (3.1.14):

For matrix groups, we can takeg(t)=exp(t&). This works in general for the
exponential map of an arbitrary Lie group. For matrix groups,

& (x)zj—texp(tg)x ] = &X (matrix multiplication).

Example (3.1.15): (The Momentum Map for the Relation Group)

Consider the cotangent bundle of ordinary Euclidean space %®. This is the
Poisson (symplectic) manifold with coordinates(q,p)eT "R =R°, equipped with

the canonical Poisson bracket. An element g of the rotation group SO (3)acts on
T "®® according to

g(a.p)=(99.9p)

Set g (t)=exp(tA), so that j—t g(t)=Aand the corresponding Hamiltonian

t=0

vector field is
X, =(4.p)=(Aq,Ap)

where A eso(3) is a skew — symmetric matrix . The corresponding Hamiltonian
equations read

Hence ,

Jo(9.p)=-Apg=as;p,q; =aqgxp.
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for a vector a < ®%® with components a, , i =12,3. So the momentum map for the
rotation group is the angular momentum J =qgxp.

Example (3.1.16):

Consider angular momentum J =qxp, defined on p =T "R*.For every &e%R?,
define

J.(a,p)=¢.(axp)=p.(¢xq)

Using Remark (3.1.14),

o). oJ N
X, (q,p){a—;,a—;):@xq,gxp):@(q,p>,

where the last line is the infinitesimal generator corresponding to & eso(3). Now
suppose H :P — %R is SO (3) - invariant.

We have£éH =0. It follows that
EXHJé:{Jé,H}:—{H,Jé}:—EXJZH =—£, H =0.

Since this holds for all £, we have shown that J is conserved by the Hamiltonian
flow.

In order to generalise this example, we recast it using the hat map ~:%° —so (3)
and the associated map ~:(£R3)* —s0(3), and the standard identification

(9%3)* = R* via the Euclidean dot product. We consider J as a function from P to
so(3) given by J(a,p)=(gxp) . Forany &=, we define

Jé(q,p)=<(qxp)~ ,\7>=(qxp).v. As before, we find that X, =&, for every ¢, and
J is conserved by the Hamiltonian flow. We take the first property, X, =¢&;, as

the general definition of a momentum map. The conservation of J follows by the
same Poisson bracket calculation as in the example; the result is Noether's
Theorem.
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Definition (3.1.17):

A momentum map for a canonical action of Gon P isamap J:P — 9 such that,
for every &< 9, the map J,:P — % defined by J,(P)=(J(P),¢) satisfies

XJ,; :gp

Theorem (3.1.18): (Noether's Theorem)

Let G act canonically on (P,{.,.})with momentum map J . If H is G —invariant ,
then J is conserved by the flow of X, .

Proof :

For every ¢e 9,

£, J.={J.H}=-{H I, }=—£ H=-£ H=0.

Theorem (3.1.19):

Let G acton Q, and by cotangent liftson T'Q . Then J:T'Q — & defined by, for
every e 9,

3o (e)=(e.& (a)), forevery a, eT,Q,

Is a momentum map (the "standard one") for the G action with respect to the
classical Poisson bracket.

Proof :

We need to show that X, =¢& ., for every ¢ . From the definition of
Hamiltonian vector fields, this is equivalent to showing that & . [F]={F,J.} for
every F e f(T *Q) . We verify this for finite — dimensional Q by using cotangent

— lifted local coordinates.

0J

a—;(q,p)%(q)
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toj> B < P %(a%q)(exn(té)) (g )J

0 |« « 0
i :a<T CD(exp(té))p’aq_i(q )>

)

t=0

So for every F e 7(T°Q),

& [F]=§F (exp(t&)a,exp(tép))

t=0

oF oF COF A, oF &,
e é:Q(q)+8|o é*‘?(q’p)_éq o o &

={F,J§}

which completes the proof.
Example (3.1.20):

Let G =M, (R) be a matrix group, with cotangent — lifted action on (q,p)eT "R".
For every g =M, (R), ggq . The cotangent — lifted action is
(d.p)(ga.9*p). Thus, writing g =exp(t¢), the linearization of this group
action yields the vector field

X, =(&,-£p)
The corresponding Hamiltonian equations read

_a‘]é

_ o, _8\]5
o

&q - p= a

This yields the momentum map J(q,p) given by
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J.(a,p)=(3(a.p).&)=p"& (q)=p" & -
In coordinates, p" &g =p,&a’,s0 J(q,p)=0q'p; .

Example (3.1.21):

Calculate the momentum map of the cotangent lifted action of the group of
translations of %°.

Solution:

The element x e ®*acts on q e %* by addition of vectors,

x.(q)=q+x .

The infinitesimal generator is Iirrgdd—(q+x): Id . Thus, & =1d and
X—> X

(3,€)=((a.p).&)=(p,1d) = p,5, =p,

This is also Hamiltonian with J, =p, so that {p,J.}=0 and {q,J.}=1d .

Example (3.1.22):

Let G act on itself by left multiplication, and by cotangent lifts on T G . We first
note that the infinitesimal action on G is

&(9)-Son(te)g | TR,

t=0

Let J. be momentum map for this action. Let «, €T G . For every &< 4, we have
<‘]L (e, )’§>:<ag % (9))=(a, TR<)
=(TR;,.¢)
S0 J, (a,)=TR;a,. Alternatively, writing , =T "L .« for some ne 9 we have

J. (T *Lg,“u) =TR,T "L, u=Ad .p.
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Example (3.1.23):

Consider the previous example for a matrix group G . For any Q G , the pairing
given above allows use to consider any element P eT,G as a matrix. The natural

pairing of T,G with T,G now has the formula,
<P,A>:—%tr(PTA), forall AeT,G.
We compute the cotangent — lifts of the left and right multiplication actions:
(T, (P).A)=(P.TL, (A))=(P.QA)
=—%tr(PTQA)=—%tr((QTP)T A):(QTP,A>
TRy (P),A)=(P.TRy (A))=(P,AQ)
:—%tr(P(AQ)T ):-%tr(PQTAT )=(PQ" A)
In summary,
T'L,(P)=Q"P and T'R,(P)=PQ’
We thus compute the momentum maps as
J (Q,P)=T 'R,P =PQ’
J:(Q.P)=TL,P=Q"P

In the special case of G =SO(3), these matrices PQ™ and Q"P are skew —

symmetric, since they are elements of so(3). Therefore,
J (Q,P)=TR,P =%(PQT -QPT)
J:(Q.P)=T L,P :%(QTP -P'Q)

Definition (3.1.24):

A momentum map is said to be equivalent when it is equivalent with respect to
the given action on P and the coadjoint action on $". That is,
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J(g, p):Ad;’,lJ (p)

for every g G, p P, where g.p denotes the action of g on the point p and
where Ad denotes the adjoint action .

Example (3.1.25): (Momentum Map for Symplectic
Representations)

Let (v,Q) be asymplectic vector space and let G be Lie group acting linearly

and symplectically on Vv . This action admits an equivalent momentum map
JV — 9 given by

0)=().) =S 0(ev ),

where &v denotes the Lie algebra representation of the element £ < $ on the
vector v eV . To verify this, note that the infinitesimal generator &, (v)=¢v , by

the definition of the Lie algebra representation induced by the given Lie group
representation, and that Q(&uyv)=-Q(u,év) forall u,v ev . Therefore

dIf(u)(Vv)=21Q(cuv)+iQ(év,u)=0Q(cuv).
Equivariance of J follows from the obvious relation g *.£.gv :(Adg,l(f).v for any
geG , fec9,and vev .

Example (3.1.26): (Cayley — Klein Parameters and The Hopf
Fibration)

Consider the natural action of SU (2) onC?. Since this action is by isometries of
the Hermition metric, it is automatically symplectic and therefore has a

momentum map J:C2? —su(2) given in Example (3.1.24), that is,

<J(z W ),§>:%Q(§.(z w),(zw)),

where z,w eC and &esu(2). Now the symplectic form on C*is given by minus
the imaginary part of the Hermitian inner product. That is, C"has Hermitian inner

where z=(z,,........ Z,), W=(Wy e, w,)eC". The

i

product given by z.w :=iz W
=1
symplectic form is thus given by Q(z,w):=-Im(zw) and it is identical to the one
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given before on ®*" by identifying z=u+iveC" with (u,v)e®* and

w=u'+iv e C" with (u',v')eR*".

The Lie algebra su (2) of SU (2) consists of 2x2 skew Hermitian matrices of
trace zero. This Lie algebra is isomorphic to so(3) and therefore to (iRs,x) by the
iIsomorphism given by

i3 il 2
x:(xl,xz,X‘°’)eSR3|—>>~(::1 X X esu(2).

—ix*+x? ix ®
Thus we have [%,¥]=(xxy) forany x,y e®°. Other useful relations are
det(2%)=|x|* and trace (xy)=-1xy . Identify su(2) with %* by the map

pesu(2) - aen® defined by

ax==2(p,%)

for any x e %®. With these notations, the momentum map J:C* - %®* can be
explicitly computed in coordinates: for any x e ®* we have

J(zw)x=-2(I(zw),x)

S ol |

=—3(2Re(wz),2Im(wz),J2 [~ [ ) x.
Therefore
j(Z W )=_%(2WZ_,|Z |2 _'W |2)eﬂ%3.

Thus, J is a Poisson map fromC?, endowed with the canonical symplectic
structure, to %°, endowed with the +Lie — Poisson structure. Therefore ,

-J:C* - R* is a canonical map, if %° has the — Lie — Poisson bracket relative to
which the free rigid body equations are Hamiltonian . Pulling back the
Hamiltonian H (IT) =TLI'M/2 to C* gives a Hamiltonian function (called

collective) onC?. The classical Hamilton equations for this function are therefore
projected by —J to the rigid body equations IT=TIxI"I. In this context, the
variables (z,w ) are called the Cayley — Klein parameters.
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Definition (3.1.27):
A momentum map is Ad" - equivariant iff

J (g.x):Ad;,lJ (x)
forall geG , x eP.
Proposition (3.1.28):
All cotangent — lifted actions are Ad ™ —equivariant .
Proposition (3.1.29):

Every Ad”™ -equivariant momentum map J:P — §" is a Poisson map, with respect
to the '+' Lie Poisson bracket on $".

Now we discuss the Quick summary for momentum maps .

Let G beaLiegroup, ¢ its Lie algebra, and let 9" be its dual . Suppose that G
acts symplectically on a symplectic manifold P with symplectic form denoted by
Q. Denote the infinitesimal generator associated with the Lie algebra element ¢&

by & and let the Hamiltonian vector field associated to a function f :P — % be
denoted X, ,sothat df =X, |Q.

Definition (3.1.30): (History and Overview)

A momentum map J :P — 4" defined by the condition relating the infinitesimal
generator &, of a symmetry to the vector field of its corresponding conservation

law, (J,¢),
égp =X (3,8)
forall &< 9. Here (J,¢£):P —» %R is defined by the natural pointwise pairing .

A momentum map is said to be equivariant when it is equivariant with respect to
the given action on P and the coadjoint action on $". That is,

J(g.p)zAd;,lJ(p)

for every g eG, p eP, where g.p denotes the action of g on the point p and
where Ad denotes the adjoint action .
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The links with mechanics were developed in the work of Lagrange , Poisson ,
Jacobi and , later , Noether . In particular , Noether showed that a momentum
map for the action of a group G that is a symmetry of the Hamiltonian for a
given system is a conservation law for that system .

Now we discuss the rigid body equations on SO (n).
The left invariant generalized rigid body equations on SO (n) may be written as
0=QQ,
M =MQ-OM =[M,Q], (RB,)

where Q €SO (n) denotes the configuration space variable (the attitude of the
body) , @=Q'Q eso(n) is the body angular velocity , and

M =J(Q)=D’Q+QD?eso (n),

Is the body angular momentum . Here J :so(n)—>so(n) is the symmetric (with

respect to the above inner product) positive definite operator defined by
J(Q)=D*Q+QD?,

where D? is the square of the constant diagonal matrix D =diag {d,,d,.d,}

satisfying d?+d; >0 forall i = j . For n=3 the elements of d;? are related to the
standard diagonal moment of inertia tensor 1 by

| =diag {1,,1,,1,} , I,=d?+d?, 1,=d2+d?, 1,=d?+d?.

The Euler equations for the SO (n) rigid body M =[M ,Q] are readily checked to
be the Euler — Lagrange equations on so(n) for the Lagrangian

L(Q.Q)=1(Q)=%(QJ(Q)), with 0=Q'Q.

The momentum is found via the Legendre transformation to be
ol

o J(Q)=M,

And the corresponding Hamiltonian is
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H (M ):%.Q—l (Q)=%(M,J7*(M)).

The quantity M is the angular momentum in the body frame . The corresponding
angular momentum in space,

m =QMQ" , is conserved m =0.

Indeed , conservation of spatial angular momentum m implies Euler's equations
for the body angular momentum M =Q"mQ =Ad,m.

This Hamiltonian H (M) is invariant under the action of SO (n) from the left .
The corresponding conserved momentum map under this symmetry is

J TS0 (n)sso(n) is J, (Q,P)=PQ"
On the other hand , we know that the momentum map for right action is
J.:T’SO(n)so(n) , J.(Q,P)=Q"P
Hence M =Q"P =J, . Therefore , one computes
H(Q,P)=H(Q.QM )=H (Id,M) (by left invariance)

:H(M):%<M J7H (M)

1, ¢ “1(AT
:E<Q P,J*QP))
Hence , we may write the SO (n) rigid body Hamiltonian as
1/at
H(Q,P)_E<Q P.Q@Q.P))
Consequently , the variational derivatives of H (Q,P):%<QT P.Q(Q.P)) are

SH =(Q"6P +8Q"P,Q(Q,P))
=tr (6PTQQ)+tr (PTQQ)

=tr (6PTQQ)+tr (RQQP" )
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=tr (6PTQQ)+tr (Q"PQY )
=(6P,QQ)—(8Q,PQ)

where skew symmetry of Q is used in the last step , thatis, Q" =-Q. Thus,
Hamilton's canonical equations take the form,

. OH

oH
O=%p " -

QQ, P= E—PQ. (3.29)

Equations (3.29) are the symmetric generalized rigid body equations , from
viewpoint of optimal control . Combining them yields ,

QQ=Q=P P <(PQ") =0,

in agreement with conservation of the momentum map J, (Q,P)=PQ’
corresponding to symmetry of the Hamiltonian under left action of SO (n).This

momentum map is the angular momentum in space , which is related to the
angular momentum in the body by PQ"™ =m =QmQ" . Thus , we recognize the
canonical momentum as P =QM (see Example (3.1.22) , and the momentum
maps for left and right actions as

J.=m=PQ (spatial angular momentum)
J. =M =Q'P (body angular momentum)

Thus , momentum maps TG — " corresponding to symmetries of the
Hamiltonian produce conservation laws ; while momentum maps TG" — 9" which
do not correspond to symmetries may be used to re — express the equations on §°,
in terms of variableson TG ™ .
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Section (3.2): Free Ellipsoidal Motion on GL (n), Heavy Top
Equations and Euler — Poincare’ (EP) Reduction Theorem

We start by studying the Manakov's formulation of the SO (4) rigid body .

The Euler equations on SO (4) are

dd—l\t/I:MQ—QM =[™m,Q], (RB,)

where Q and M are skew symmetric 4x4 matrices . The angular frequency Q
Is a linear function of the angular momentum , M . Manakov[41] "deformed"
these equations into

j_t(M +AA)=[(M +2A),(Q+4B)],

where A,B are also skew symmetric 4x4 matrices and A is a scalar constant

parameter . For these equations to hold for any value of A, the coefficient of each
power must vanish .

(1) The coefficient of 1% is

0=[A,B]
So A and B must commute . So, let them be constant and diagonal :
A; =diag (a, )5, , By =diag (b, )d; (no sum)
(2) The coefficient of A is
dA
0=—=[A,Q]+[M,B
—=[A.Q]+[M B]
Therefore , by antisymmetry of M and Q,
b, —b.
—a. )Q. =(b. -b, ) M. Q. =—L M. no sum
(al aJ) 1) ( 1 J) 1 g j ai _aj ij ( )
(3) Finally , the coefficient of A° is the Euler equation,
dMm
—=[M,Q],
= M.Q]
but now with the restriction that the moments of inertia are of the form,
b, —b.
Q =—"—"IM. no sum
ij ai _aj ij ( )

which turns out to posses only 5 free parameters .
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With these conditions , Manakov's deformation of the SO (4) rigid body implies
for every power n that

d n n
(M +2A) =[(M +2A)" (Q+2B)].
Since the commutator is antisymmetric , its trace vanishes and one has
d n
—trace (M +1A) =0
dt
after commuting the trace operation with time derivative . Consequently ,

trace (M +AA)" =constant

for each power of 4. Thatis, all the coefficients of each power of A are constant
in time for the SO (4) rigid body .

Answer (3.2.1):

The traces of the powers trace (M +4A)" are given by

n=2:trtM ?+21(AM )+ A%rA°

n=3:trM °+3tr (AM ?)+ 32%rA°M + A%rA°

n=4:tM* +4tr (AM °)+ 22 (2rA*M * + 4rAMAM )+ ATrA’M + A%trA

The number of conserved quantities for n =2,3,4 are , respectively , one

(C,=trm ?),one (1, =trAM ?) and two (C,=trM * and I, =2trA’M * + 4rAMAM ).
The quantities C,and C, are Casimirs for the Lie — Poisson bracket for the rigid
body . Thus, {C,,H}=0={C,,H} for any Hamiltonian H (M ); so of course C,
and C, are conserved . However , each Casimir only reduce the dimension of the
system by one . The dimension of the original phase space is

dimT "SO (n)=n(n-1). This is reduced in half by left invariance of the
Hamiltonian to the dimension of the dual Lie algebra dimso(n) =n(n-1)/2. For

n =4, dimso(4) =6. One then subtracts the number of Casimirs (two) by passing

to their level surfaces , which leaves four dimensions remaining in this case . The
other two constants of motion 1, and 1, turn out to be sufficient for integrability
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, because they are in involution {I,,1,} =0 and because the level surfaces of the
Casimirs are symplectic manifolds .

Now we discuss the free ellipsoidal motion on GL (n).

Consider the deformation of a body in ®" given by
X (t,%0)=Q (t)X,, (3.30)

with x,x, e®R", Q(t)eGL, (n,R) and x (t,,x,)=x,, Sothat Q(t,)=1d . (The
subscript + in GL, (n, %) means nxn matrices with positive determiniant .) Thus ,
x (t,x,) is the current (Eulerian) position at time t of a material parcel that was at
(Lagrangian) position x, at time t,. The "deformation gradient" that is , the
Jacobian matrix Q =ox /ox, of this "Lagrange — to — Euler map," is a function of
only time, t,

x/ox,=Q(t), with detQ >0.
The velocity of such a motion is given by
X (t,%)=Q (t)x, =Q (t)Q7*(t)x =u (t,x). (3.31)

The kinetic energy for such a body occupying a reference volume B defines the
quadratic form,

L =3[ p(xo) X (tx,) d %, =3tr (Q () 19 (t))= 3041 *°Qy .
Here 1 is the constant symmetric tensor ,
| A® :IBp(xo)x(fx(?daxo :

which we will take as being proportional to the identity 1%® =c25*® for the

remainder of these considerations . This corresponds to taking an initially
spherical reference configuration for the fluid . Hence , we are dealing with the
Lagrangian consisting only of kinetic energy ,

L=4tr(Q(t) O (t)).

The Euler — Lagrange equations for this Lagrangian simply represent free motion
on the group GL, (n,R),
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Q(t)=0,
which is immediately integrable as
Q(t)=Q(0)+Q(0)t,
where Q (0) and Q (0) are the values at the initial time t =0. Legendre
transforming this Lagrangian for free motion yields

oL

-5 =Q.

The corresponding Hamiltonian is expressed as
H(Q.P)=1tr(PTP)=1|P| .
The canonical equations for this Hamiltonian are simply
Q=P , with P=o0.
The deformation tensor Q (t) eGL, (n,R) for such a body may be decomposed as
Q(t)=R*)D(V)S (1). (3.32)

This is the polar decomposition of a matrix in GL, (n,®). The interpretations of
the various components of the motion can be seen from equation (3.30). Namely,

(1) R €SO (n) rotates the x —coordinates ,
(2) s €SO (n) rotates the x, — coordinates in the reference configuration ,and

(3) D is a diagonal matrix which represents stretching deformations along the
principal axes of the body .

The two SO (n) rotations lead to their corresponding angular frequencies ,
defined by

Q=RR™, A=SS™. (3.33)

Rigid body motion will result , when S restricts to the identity matrixand D isa
constant diagonal matrix .
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Remark (3.2.2):

The combined motion of a set of fluid parcels governed by (3.30) along the curve
Q(t)eGL, (n,R) is called "ellipsoidal,” because it can be envisioned in three

dimensions as a fluid ellipsoid whose orientation in space is governed by
R €SO (n), whose shape is determined by D consisting of its instantaneous

principle axes lengths and whose internal circulation of material is described by
S €SO(n). In addition , fluid parcels initially arranged along a straight line within

the allipse will remain on a straight line .

In Hamilton's principle , 5[ Ldt =0, we chose a Lagrangian L :TGL, (n,%)—>%® in

the form

L(Q.Q)=T (2A,D,D), (3.34)

in which the kinetic energy T is given by using polar decomposition
Q(t)=R™*(t)D(t)S (t) in (3.32), as follows .

Q=R*(-QD +D +DA)S . (3.35)
Consequently , the kinetic energy for ellipsoidal motion becomes

T :%trace [—QDZQ—QDD +QODAD +DDQ+D?-DA’D —-DAD +DADQ + DAD]

—Lirace| -0?D? —A’D?+ 20D AD +DB? . (3.36)
2 %/_/

Coriolis coupling

Remark (3.2.3):

Note the discrete exchange symmetry of the kinetic energy : T is invariant under
QoA

For A=0and D constant expression (3.36) for T reduces to the usual kinetic
energy for the rigid — body ,

:—%trace [Q(DQ+QD )] (3.37)

T |/\:0,D:const

This Lagrangian (3.34) is invariant under the right action, R -R, and S —S_,
for g €SO (n). In taking variations we shall use the formulas
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KD=2+[,Q]=2-ad,=, Z=05RR7, (3.38)
SA=E+[E,A]=E-ad,E, E=65S7, (3.39)

in which the ad —operation is defined in terms of the Lie — algebra (matrix)
commutator [.,.] as, for example , ad, > =[Q,x]. Substituting these formulas into

Hamilton's principle gives

0=5det =jdt L o+ sar %t sprtsp ,
2Q oA oD oD

oD dt oD
S A g 05 A o [8 A ]y (g
dt oQ X2 dt oA oA dt oD oD

where the operation ad,, for example , is defined by

ad, L s L s-—L oy, (3.41)
oQ oQ oQ
and the dot "' denotes pairing between the Lie algebra and its dual . This could

also have been written in the notation using (.,.): 9 x3—> R, as

<ad;;%,z>=—<2—;,mgz>=—<§—;,[g,z]>. (3.42)

The Euler — Poincare' dynamics is given by the stationarity conditions for
Hamilton's principle ,

5.9 gzt o, (3.43)
dt oQ oQ
=4k g o, (3.44)
dt oA OA
p.do o 4 (3.45)
dt oD oD

These are the Euler — Poincare' equations for the ellipsoidal motions generated by
Lagrangians of the form given in equation (3.34) . For example , such
Lagrangians determine the dynamics of the Riemann ellipsoids — circulating ,
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rotating , self — gravitating fluid flows at constant density within an ellipsoidal
boundary .

The Euler — Poincare' equations ((3.43) — (3.45)) involve angular momenta
defined in terms of the angular velocities Q,A and the shape D by

oT

M=—=-0OD?-D’Q+2DAD, (3.46)
5.9
N :a:—AD -D°A+2DQD . (347)

These angular momenta are related to the original deformation gradient
Q =R DS in equation (3.30) by the two momentum maps from Example (3.1.22)

PQ" -QP" =QQ" -QQ" =R 'MR, (3.48)
PIQ-Q"P=Q0"Q-Q"Q =S 'NS.. (3.49)

To see that N is related to the vorticity , we consider the exterior derivative of
the circulation one — form u.dx defined as

d (u.dx)=curlud S

-1(Q'Q —QTQ) dxg Adxg =(S'NS )jk dx ) Adxg . (3.50)

i
Thus, S NS is the fluid vorticity , referred to the Lagrangian coordinate frame .
For Euler's fluid equation , Kelvin's circulation theorem implies (S NS ) =0.

Likewise , M is related to the angular momentum by considering
uin _ujxi :Qikx(l)(X(I)Qa'— _QingXéQ; . (3-51)

For spherical symmetry , we may choose x;x; =6 and , in this case , the
previous expression becomes

Ui X —U;X; :[QQT _QQT :Iij Z[RflMR]ij . (3.52)

Thus, R™MR is the angular momentum of the motion , referred to the
Lagrangian coordinate frame for spherical symmetry . In this case , the angular

momentum is conserved , so that (R MR ) -0.
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In terms of these angular momenta , the Euler — Poincare' — Lagrange equations
((3.43) — (3.45)) are expressed as

M =[aM], (3.53)
N =[AN], (3.54)
d (oL oL

E(E) -z (3.55)

Perhaps not unexpectedly , because of the combined symmetries of the kinetic —
energy Lagrangian (3.34) under both left and right actions of SO (n), the first

two equations are consistent with the conservation laws ,
(R™MR)=0 and (s'Ns) =0,

respectively . Thus , equation (3.53) is the angular momentum equation while
(3.54) is the vorticity equation . (Fluids have both types of circulatory motions.)
The remaining equation (3.55) for the diagonal matrix D determines the shape of
the ellipsoid undergoing free motion on GL (n,R).

In three dimensions these expressions may be written in vector form by using the
hat map , written now using upper and lower case Greek letters as

Q=40 , Ay =g,
with ¢,,=1,and D =diag {d,,d, d,}.

Remark (3.2.4):

Locally the Lie algebra so(4) is isomorphic to so(3)xso(3).

Hence , the angular — motion terms in the kinetic energy may be rewritten as

—4trace (Q’D°?) :%[(df +d; ) @i +(dF +d7)f +(d; +df)a)§] : (3.56)
~itrace (A’D?) =4[ (d] +d7) A2 +(d} +d7) A2 +(dZ +d?) 2 ], (3.57)
—itrace (QDAD ) =[dd, (@4,)+d d, (@4 )+dd, (@,4,)]. (3.58)
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On comparing equations (3.37) and (3.56) for the kinetic energy of the rigid
body part of the motion , we identify the usual moments of inertia as

|, =d’+d;, with i 6jk cyclic.

The antisymmetric matrices M and N have vector representations in 3D given
by

aT

M, =0 =(d? +d})o, —2d,d; 2, (3.59)
aT ), 2

N, :@:(di +d}) 4 —2d,d; o, , (3.60)

again with i, j k cyclic permutations of {1,2,3;}.

In terms of their 3D vector representations of the angular momenta in equations
(3.59) and (3.60) , the two equations (3.53) and (3.54) become

M=(RR)M=QM=0xM, N=(SS*)N=AN=1xN. (3.61)

Relative to the Lagrangian fluid frame of reference , these equations become
(R™M) =R*(M-0xM)=0, (3.62)
(S'N) =s*(N-2xN)=0. (3.63)

So each of these degrees of freedom represents a rotating , deforming body ,
whose ellipsoidal shape is governed by the Euler — Lagrange equations (3.55) for
the lengths of its three principal axes .

Now we discuss the Heavy top equations .

A top is a rigid body of mass m rotating with a fixed point of support in a
constant gravitational field of acceleration—g 2 pointing vertically downward .

The orientation of the body relative to the vertical axis 2 is defined by the unit
vector I'=R™(t)zfor a curve R (t)eSO(3). According to its definition , the unit

vector T represents the motion of the vertical direction as seen from the rotating
body . Consequently , it satisfies the auxiliary motion equation ,

=-R'R()[=I'xQ.
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Here the rotation matrix R (t) €SO (3), the skew matrix @=R 'R eso(3) and the
body angular frequency vector @ < %? are related by the hat map , Q= (R’lR ) :

where 7:(so(3),[...]) > (%°.x) with Qv=Qxvforany ve®’.
The motion of a top is determined from Euler's equations in vector form,
Q=12 x2+mgTxy, (3.64)
N=rxQ, (3.65)
where @ T,y e ®® are vectors in the rotating body frame . Here

(1) 2 =(%,9,,9Q,) is the body angular velocity vector ,
(2) I=diag (1,,1,,1,) is the moment of inertia tensor , diagonalized in the body

principle axes,
(3) r=R7(t)z represents the motion of the unit vector along the vertical axis ,

as seen from the body ,
(4) x is the constant vector in the body from the point of support to the body's

center of mass ,
(5) m s the total mass of the body and g is the constant acceleration of

gravity .
Proposition(3.2.5):

The heavy top equations are equivalent to the heavy top action principle for a
reduced action

b b
5S4 =0, With s, =[1(2,1)dt = [1(12,2)—(mgy, T )dt, (3.66)

a

where variations of @ and r are restricted to be of the form
SR =X+02x¥ and SI'=I'xX, (3.67)

arising from variations of the definitions @ =(R 'R ) and I'=R™(t)z in which

(t)=(R6R) isacurve in %° that vanishes at the endpoints in time .

Proof :
Since I is symmetric and y is constant , we obtain the variation
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5i| (Q,T)dt =i<m,5g>—<mg x0T )dt

a

D e T

(1Q,£+QxE)-(mg z, T x Z)dt

b
I<_3_tm,z>+<m,gxz>—<mgz$x2>dt

b
j<—3—tHQ+HQxQ+mng;{,Z>dt )

upon integrating by parts and using the endpoint conditions , £(b)=x(a)=0.
Since x is otherwise arbitrary , (3.66) is equivalent to

—j—tHQ+HQxQ+mng;{=O,

which is Euler's motion equation for the heavy top (3.64) . This motion equation
is completed by the auxiliary equation T'=IxQ in (3.65) arising from the
definition of r.

The Legendre transformation for 1 (€,T') gives the body angular momentum

n-2 0.
oQ

The well known energy Hamiltonian for the heavy top then emerges as
h(ILI)=1Q-1(Q,I)=4(I,T"m)+(mg z.T), (3.68)
which is the sum of the kinetic and potential energies of the top .

Let f ,h:9 — % be real — valued functions on the dual space $". Denoting
elements of 9" by ., the functional derivative of f at x is defined as the unique
element sf /su of 9 defined by

|im3[f (u+eou)—f (y)]=<5ﬂ,ﬂ>, (3.69)

>0 ¢

for all sue 9", where (.,.) denotes the pairing between 9" and 9.
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Definition (3.2.6): (Lie — Poisson Brackets and Lie Poisson
Equations)

The (£) Lie — Poisson brackets are defined by

The corresponding Lie — Poisson equations , determined by f ={f ,h} read

fi={uuh} = e, 0, (3.70)

where one defines the ad " operation in terms of the pairing (..., by

of . of
{f ,h} =<,U1ad5h/5# E> :<ad5h/5#,u,5> .

The Lie — Poisson setting of mechanics is a special case of the general theory of
systems on Poisson manifolds , for which there is now an extensive theoretical
development .

An important feature of the rigid body bracket carries over to general Lie
algebras . Namely , Lie — Poisson brackets on ¢ arise from canonical brackets on
the cotangent bundle (phase space) T 'G associated with a Lie group G which has
& as its associated Lie algebra . Thus, the process by which the Lie — Poisson
brackets arise is the momentum map

TGrH 9.

For example , a rigid body is free to rotate about its center of mass and G is the
(proper) rotation group SO (3). The choice of TG as the primitive phase space is

made according to the classical procedures of mechanics described earlier . For
the description using Lagrangian mechanics , one forms the velocity phase space
TG . The Hamiltonian description on T ‘G is then obtained by standard
procedures: Legendre transforms , etc.

The passage from T 'G to the space of 1's (body angular momentum space) is
determined by left translation on the group . This mapping is an example of a
momentum map ; that is , a mapping whose components are the "Noether
quantities™ associated with a symmetry group . The map from T'G to " being a
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Poisson map is a general fact about momentum maps . The Hamiltonian point of
view of all this is a standard subject .

Remark (3.2.7): (Lie — Poisson Description of the Heavy Top)

As it turns out , the underlying Lie algebra for the Lie — Poisson description of
the heavy top consists of the Lie algebra se (3,%) of infinitesimal Euclidean

motions in %K*. This is a bit surprising , because heavy top motion itself does not
actually arise through actions of the Euclidean group of rotations and translations
on the body , since the body has a fixed point ! Instead , the Lie algebra se (3,%)

arises for another reason associated with the breaking of the SO (3) isotropy by

the presence of the gravitational field . This symmetry breaking introduces a
semidirect — product Lie — Poisson structure which happens to coincide with the
dual of the Lie algebra se(3,%) in the case of the heavy top . As we shall see later

, a close parallel exists between this case and the Lie — Poisson structure for
compressible fluids .

The Lie algebra of the special Euclidean group in 3D is se(3)=%°x®°* with the
Lie bracket

[(£.u).(m.v)]=(Exn.Exv—nxu). (3.72)

We identify the dual space with pairs (I1,T'); the corresponding (—) Lie — Poisson
bracket called the heavy top bracket is

{f h}(ILT)=-ILV_f xV h-[.(V,f xVh=V hxV.f). (3.73)

The Lie — Poisson bracket and the Hamiltonian (3.68) recover the equations
(3.64) and (3.65) for the heavy top , as

ﬂz{l’[,h} =MxV h+TxV.h=NxI"M+Txmg y,
I'={Ih}=TxV h=TxI".
Remark (3.2.8): (Semidirect Products and Symmetry Breaking)

The Lie algebra of the Euclidean group has a structure which is a special case of
what is called a semidirect product . Here , it is the semidirect product action
so (3)@R° of the Lie algebra of rotations so(3) acting on the infinitesimal
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translations %*, which happens to coincide with se (3,%). In general , the Lie

bracket for semidirect product action 3@V of a Lie algebra $ on a vector space
V is given by

[(x.)(7 &) ]=(X X]X (@)% (@)

in which X ,X €9 and a,a eV . Here, the action of the Lie algebra on the vector
space is denoted , for example , X (a). Usually , this action would be the Lie

derivative .

Lie — Poisson brackets defined on the dual spaces of semidirect product Lie
algebras tend to occur under rather general circumstances when the symmetry in
TG is broken , for example , reduced to an isotropy subgroup of a set of
parameters . In particular , there are similarities in structure between the Poisson
bracket for compressible flow and that for the heavy top . In the latter case , the
vertical direction of gravity breaks isotropy of R*from SO (3) to SO(2). The

general theory for semidirect products is reviewed in a variety of places,
including Marsden . Many interesting examples of Lie — Poisson brackets on
semidirect products exist range from simple fluids , to changed fluid plasmas , to
magnetized fluids , to multiphase fluids , to super fluids , to Yang — Mills fluids ,
relativistic , or not , and to liquid crystals .

The Lagrangian in the heavy top action principle (3.66) may be transformed into
a quadratic form . This is accomplished by suspending the system in a higher
dimensional space via the Kaluza — Klein construction . This construction
proceeds for the heavy top as a slight modification of the well — known Kaluza —
Klein construction for a changed particle in a prescribed magnetic field .

Let Q.. be the manifold SO (3)x%* with variables (R,q). On Q,, introduce the

Kaluza — Klein Lagrangian L, :TQ,, ~TSO (3)xT ®° >R as
Lk (R.0,R.G; 7)) =Ly (R.1,0.G)=4(IQ, Q)+ [T +¢[", (3.74)

with @=(R"R ) and =R 'z.The Lagrangian L,, is positive definite in
(,1,4); so it may be regarded as the kinetic energy of a metric , the Kaluza —
Klein metricon TQ,, .

The Legendre transformation for L, gives the momenta
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n=I1Q and p=r+q. (3.75)
Since L, does not depend on g, the Euler — Lagrange equation

d Oby _ Ol _g
dt oq aq ’

shows that p=éL,, /og is conserved . The constant vector p is now identified as
the vector in the body ,

p=T+q=-mgy.

After this identification , the heavy top action principle in Proposition (3.2.5)
with the Kaluza — Klein Lagrangian returns Euler's motion equation for the heavy
top (3.64) .

The Hamiltonian H,, associated to L, by the Legendre transformation (3.75) is
Hy (TI,T,q,p) =ML +pd—L, (.T.q.9)
— IMLI*M-pI+ifp[
=TI T+ ip -1 -4’

Recall that T is a unit vector . On the constant level set |1|° =1, the Kaluza —
Klein Hamiltonian H,, is a positive quadratic function , shifted by a constant .
Likewise , on the constant level set p=-mg y, the Kaluza — Klein Hamiltonian
H . Is a function of only the variables (I1,I') and is equal to the Hamiltonian

(3.68) for the heavy top up to an additive constant . Consequently , the Lie —
Poisson equations for the Kaluza — Klein Hamiltonian H,, now reproduce

Euler's motion equation for the heavy top (3.64) .

Now we discuss the Euler — Poincare' (EP) reduction theorem .

Remark (3.2.9): (Geodesic Motion)

In many interesting cases , the Euler — Poincare' equations on the dual of a Lie
algebra & correspond to geodesic motion on the corresponding group G . The
relationship between the equations on $" and on G is the content of the basic
Euler — Poincare' theorem discussed later . Similarly , on the Hamiltonian side ,
the preceding paragraphs described the relation between the Hamiltonian
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equationson T'G and the Lie — Poisson equations on $°. The issue of geodesic
motion is specially simple: if either the Lagrangian on $ or the Hamiltonian on
§" is purely quadratic , then the corresponding motion on the group is geodesic
motion .

Many of our previous considerations may be recast immediately as Euler —
Poincare' equations .

(i)  Rigid bodies =(EPSO (n)),

(i)  Deforming bodies =(EPGL, (n,%)),

(iii) Heavy tops =(EPSO (3)x%°),

(iv) EPDiIff
This work applies reduction by symmetry to Hamilton's principle . Fora G —
invariant Lagrangian defined on TG, this reduction takes Hamilton's principle

from TG to TG/G = . Stationarity of the symmetry — reduced Hamilton's

principle yields the Euler — Poincare' equations on $". The corresponding reduced
Legendre transformation yields the Lie — Poisson Hamiltonian formulation of
these equations .

Euler — Poincare' Reduction starts with a right (respectively , left) invariant
Lagrangian L :TG — %R on the tangent bundle of a Lie group G . This means that
L(T,R, (v))=L(v), respectively L(T ,L,(v))=L(),forall g,heG and all

v T G . In shorter notation , right invariance of the Lagrangian may be written as
g ®).9()=t{g®ng(0)n),

forall heG.

Theorem (3.2.10): (Euler — Poincare' Reduction)

Let G beaLiegroup, L:TG —» %R aright—invariant Lagrangian , and
| =L|,:3— R be its restriction to 9. For a curve g(t)eG, let

E()=g(t)g(t) =Ty R, d(t)es.

Then the following four statements are equivalent :

(i)  go(t) satisfies the Euler — Lagrange equations for Lagrangian L defined
onG.

114



(i)  The variational principle
b
S[L(g(t).g(t))dt =0

holds , for variations with fixed endpoints .
(ili)  The (right — invariant ) Euler — Poincare' equations hold:
dol __ -6

ares T ToE
(iv) The variational principle
b
S[1(&(t))dt =0
holds on 4, using variations of the form & =7-[¢&,n], where 5 (t) is an
arbitrary path in ¢ which vanishes at the endpoints , that is ,

n(a)=n(b)=0.
Proof :
The proof consists of three steps .
Step (1): Proof that (i) < (ii)

This is Hamilton's principle: the Euler — Lagrange equations follow from
stationary action for variations sg which vanish at the endpoints .

Step (I1): Proof that (ii) < (iv)

Proving equivalence of the variational principles (ii) on TG and (iv) on 4 for a
right — invariant Lagrangian requires calculation of the variations s of &=¢g™

induced by sg . To simplify the exposition , the calculation will be done first for
matrix Lie groups , then generalized to arbitrary Lie groups .

Step (I1A): Proof that (ii) < (iv)

For & =dg ™, define g, (t) to be a family of curves in G such that g,(t)=g(t)
and denote

The variation of & is computed in terms of 5g as
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2

.oy d°g
g:o(gfgg )_dtdg

d
SE = —
5 de

9-dg *(s9)g". (3.76)

&=0

Set n:=g'sg . Thatis, n(t) is an arbitrary curve in ¢ which vanishes at the
endpoints . The time derivative of » is computed as

_an_d((d | )oa) o
T=t "t ((de g_ogfjg j_dtdg

Taking the difference of (3.76) and (3.77) implies

9'-(59)g*dg . (3.77)

=0

5&-11=-049 " (59)g " +(39)gdg " =-En+né =-[&n].
That is , for matrix Lie algebras ,
5&=n-[&n],

where [£,7] is the matrix commutator . Next , we notice that right invariance of
L allows one to change variables in the Lagrangian by applying g~*(t) from the
right, as

L(9(t).6(1)=L(e.(1)g (1) =1 (£().

Combining this definition of the symmetry — reduced Lagrangian | : 9 —>9R
together with the formula for variations s just deduced proves the equivalence

of (it) and (iv) for matrix Lie groups .
Step (11B): Proof that (ii) < (iv)
The same proof extends to any Lie group G by using the following lemma .

Lemma (3.2.11):

Let g:U c®* —G be asmooth map and denote its partial derivatives by

(3.78)

Then
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95 _9n__
—-—=—[&n], (3.79)

where [¢£,7] is the Lie algebra bracket on 9. Conversely , if U = ®R? is simply

connected and ¢&,7:U — ¢ are smooth functions satisfying (3.79) , then there
exists a smooth function g :U —G such that (3.78) holds .

Proof of Lemma (3.2.11):

Write £=¢gg ™" and n=g@g™" in natural notation and express the partial
derivatives g =og /ot and g’'=0g/0e using the right translations as

g=<¢og and g'=nog.
By the chain rule , these definitions have mixed partial derivatives
§'=¢'=vén and g'=n=vns.
The difference of the mixed partial derivatives implies the desired formula (3.79),
§'-n=Vén-vné=-[&n]=—ad,,.
(Note the minus sign in the last two terms .)
Step (111): Proof of equivalence (iii) < (iv)
Let us show that the reduced variational principle produces the Euler — Poincare'

b
equations . We write the functional derivative of the reduced action s _, :jl (&)dt

with Lagrangian I (&) in terms of the natural pairing (.,.) between 9" and 9 as
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The last equality follows from integration by parts and vanishing of the variation

b
n(t) at the endpoints . Thus, stationarity 5I| (£(t))dt =0 forany n(t) that

vanishes at the endpoints is equivalent to
dol_ 49
dt && S 58]

which are the Euler — Poincare' equations .

Remark (3.2.12): (Left — Invariant Euler — Poincare’ Equations)

The same theorem holds for left invariant Lagrangians on TG , except for a sign
in the Euler — Poincare' equations ,

d ol . Ol

—— =+ad] —,

dt o6& 5
which arises because left — invariant variations satisfy & =7+[&,7] (with the
opposite sign) .

The procedure for reconstructing the solution v (t)eT G of the Euler —

Lagrange equations with initial conditions g (0)=g, and ¢ (0)=v, starting from

the solution of the Euler — Poincare' equations is as follows . First , solve the
initial value problem for the right — invariant Euler — Poincare' equations:

4o e it 20— ey g
d o adfég with £(0)=¢& =v,g,

Then from the solution for &£(t) reconstruct the curve g (t) on the group by
solving the "linear differential equation with time — dependent coefficients "

d(t)=<£(t)g(t) with g(0)=g,.

The Euler — Poincare' reduction theorem guarantees then that
v(t)=g(t)=&(t).g(t) is asolution of the Euler — Lagrange equations with initial
condition v, =¢&,g,.
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Remark (3.2.13):

A similar statement holds , with obvious changes for left — invariant Lagrangian
systems on TG .

As in the equivalence relation between the Lagrangian and Hamiltonian
formulations discussed earlier , the relationship between symmetry — reduced
Euler — Poincare' and Lie — Poisson formulations is determined by the Legendre
transformation .

Definition (3.2.14):
The Legendre transformation Fl : 9 — 9" is defined by

I (f)—é—g—,u.

Let h(u)=(u&)-1(&). Assuming that FI is a diffeomorphism yields

oh _ o\ _[dl &\ _

Su _§+<ﬂ’ 5u> <5§’5ﬂ> d

So the Euler — Poincare' equations for | are equivalent to the Lie — Poisson
equations for h:

d (ol « Ol . .
E[Eg}z_adf §—§©ﬂ=—ad5h/5yﬂ-

The Lie — Poisson equations may be written in the Poisson bracket form
f ={f,h}, (3.80)

where f : 8" — % is an arbitrary smooth function and the bracket is the (right) Lie
— Poisson bracket given by

{f .} (1) H%%D (T R O N <Y 1)

In the important case when ¢ is quadratic , the Lagrangian L is the quadratic
form associated to a right invariant Riemannian metric on G . In this case , the
Euler — Lagrange equations for L on G describe geodesic motion relative to this
metric and these geodesics are then equivalently described by either the Euler —
Poincare', or the Lie — Poisson equations .
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Chapter (4)

Diffeons — Singular Momentum, Hamilton — Poincare’
Reduction and Lie — Poisson Equations

Section (4.1): Diffeons — Singular Momentum Solutions of the
EPDiff Equation for Geodesic Motion in Higher Dimensions

We start with some discuss the Euler — Poincare' equation on the
diffeomorphisms (EPDiff).

Eulerian geodesic motion of a fluid in n dimensions is generated as on EP
equation via Hamilton's principle , when the Lagrangian is given by the Kinetic

energy. The kinetic energy defines a norm |ju|* for the Eulerian fluid velocity ,

taken as u(x,t):R"xR*—R". The choice of the kinetic energy as a positive

functional of fluid velocity u is a modeling step that depends upon the physics of
the problem being studied . We shall choose the Lagrangian,

u[? :Iu.Qopud "X :_fu.md "X, (4.2

so that the positive — definite , symmetric , operator Q,, defines the norm |ju||, for

appropriate (homogeneous , say , or periodic) boundary conditions . The EPDiff
equation is the Euler — Poincare' equation for this Eulerian geodesic motion of a
fluid . Namely ,

d oC « ol :
gt ou te 5y =0 with cful=4jul. (4.2)

Here ad " is the dual of the vector — field ad —operation (the commutator) under
the natural L? pairing (.,.) induced by the variational derivative §¢[u]=(s5¢/su,su)

. This pairing provides the definition of ad ",

<ad:m,v>=—<m,aduv>, (4.3)
where u and v are vector fields , ad v =[u,v] is the commutator , that is , the Lie
bracket given in components by (summing on repeated indices)

[u,v] =u’ %—vj ;(L’ or [u,v]=uVv-v.vu. (4.4)
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The notation ad,v:=[u,v] formally denotes the adjoint action of the right Lie
algebra of Diff(D) on itself , and m=3s¢/su is the fluid momentum , a one —
form density whose co — vector components are also denoted as m.

If u=u’o/ox!, m=m,dx' ®dv , then the preceding formula for ad, (m®dv ) has
the coordinate expression in R",

(ad;m) dx' ®dv =(axij(ujmi )+m, Z)l:—:jdxi ®dV . (4.5)

In this notation , the abstract EPDiff equation (4.2) may be written explicitly in
Eulerian coordinates as a partial differential equation for a co — vector function

m(x,t):R"xR* > R".
Namely ,

9 m+ uvm +vd m+m(divu)=0, with m:ﬁ:Q0 u. (4.6)
at N f 5u P

Convection Stretching Expansion

To explain the terms in underbraces , we rewrite EPDiff as preservation of the
one — form density of momentum along the characteristic curves of the velocity .
Namely,

j—t(m.dx®dv):o along (jj_txzu:G*m' 4.7)

This form of the EPDiff equation also emphasizes its nonlocality , since the
velocity is obtained from the momentum density by convolution against the
Green's function G of the operator Q,,. Thus , u=G *m with QG =5(x), the

Dirac measure . We may check that this "characteristic form™ of EPDIff recovers
its Euclidean form by computing directly,

9 (mdxedv )= 1M gxedv +md X edv +md x®(d—dv j
dt dt dt dt
along dX _y—G*m
dt

:(§m+u.Vm+VuT .m+m(div u)j.d X®dV =0.
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Remark (4.1.1):

The EPDiff may be written as
(§+£Uj(m.dx®dv )=0, (4.8)

where £, is the Lie derivative with respect to the vector field with components

u=G *m. And the EPDiff may also be written equivalently in terms of the
operators div , grad and curlin 2D and 3D as

%m—umurlm+V(u.m)+m(divu):0. (4.9)

Thus , for example , its numerical solution would require an algorithm which has
the capability to deal with the distinctions and relationships among the operators
div, grad and curl .

Let's derive the EPDiff equation (4.6) by following the proof of the EP reduction
theorem leading the Euler — Poincare' equations for right invariance in the form
(4.2) . Following this calculation for the present case yields

5ZI (u)dt ::[<§—L,5u>dt __£<55—L v—ad v>dt
o

where (.,.) is the pairing between elements of the Lie algebra and its dual . In our
case , this is the L? pairing , for example ,

-

This pairing allows us to compute the coordinate form EPDiff equation explicitly
, as

b b i i i
J.<5—I,5u>dt :jdtJ. ol [ov +u! Vi d"x
- \ou - Jou'| ot ox ! ox !

b ) j )
=—Idtf o 5'. + 6. ( 5'. U‘J+5—I.au—. v'd"x
ot ou'  ox!'\au' ou’ ox'

a
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Substituting m=sl1/6u now recovers the coordinate forms for the coadjoint action
of vector fields in (4.5) and the EPDiff equation itself in (4.6) . When K[u]:%”u”z

, EPDiff describes geodesic motion on the diffeomorphisms with respect to the
norm |ul.

Lemma (4.1.2):

In Step (11B) of the proof of the Euler — Poincare' reduction theorem (that (i)

< (iv) for an arbitrary Lie group) a certain formula for the variations for time —

dependent vector fields was employed . That formula was employed again in the
calculation above as

su=v-ad,Vv. (4.10)

This formula may be rederived as follows in the present context . We write
u=gg "and v=gg™ in natural notation and express the partial derivatives

g =ag /ot and g’'=aog /o using the right translations as
g =uog and g’'=vog.

To compute the mixed partials , consider the chain rule for say u(g (t,«)x,) and
set x(t,e)=g(t,).x,. Then,

o du X _au
oX b OX

’ _a_u N -1 _a_u
g (t,g)xo_éx.gg x_ax.v(x).

The chain rule v gives a similar formula with u and v exchanged . Thus, the
chain rule gives two expressions for the mixed partial derivative g’ as

g'=u'=Vuv and ¢'=v=Vvu.

The difference of the mixed partial derivatives then implies the desired formula
(4.10) , since

U —v=vuv-vvu=—[u,v]=-ad,v.

We shall discuss the solutions of EPDiff for pressureless compressible geodesic
motion in one spatial dimension . This is the EPDiff equation in 1D,

o,m+ad_ m =0, or, equivalently, (4.11)
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om+um, +2u,m=0, With m=Q,u. (4.12)

1- The EPDIff equation describes geodesic motion on the diffeomorphism
group with respect to a family of metrics for the fluid velocity u (t,x ), with

notation ,

m = % =Q,,u forakinetic —energy Lagrangian (4.13)

£(u) =4 fuQuudx =3[u]". (4.14)

2- In one dimension , Q,, in equation (4.13) is a positive , symmetric operator
that defines the kinetic energy metric for the velocity.

3- The EPDiff equation (4.12) is written in terms of the variable m =s¢/6u . It
Is appropriate to call this variational derivative m , because it is the
momentum density associated with the fluid velocity u .

4- Physically , the first nonlinear term in the EPDIff equation (4.12) is fluid
transport .

5- The coefficient 2 arises in the second nonlinear term , because , in one
dimension , two of the summands in ad’m =um_+2u m are the same, cf.
equation (4.5) .

6- The momentum is expressed in terms of the velocity by m =s¢/6u =Q_u .
Equivalently , for solutions that vanish at spatial infinity , one may think of
the velocity as being obtained from the convolution ,

u(x)=G*m(x)=IG(x—y)m(y)dy, (4.15)
where G is the Green's function for the operator Q,, on the real line .

7- The operator Q,, and its Green's function G are chosen to be even under

reflection , G (-x)=G(x), so thatu and m have the same parity .

Moreover , the EPDiff equation (4.12) conserves the total momentum
M =jm (y)dy , for any even Green's function .

The EPDiff equation (4.12) on the real line has the remarkable property that its
solutions collectivize into the finite dimensional solutions of the "N — pulson *
form that was discovered for a special form of G, then was extended for any even
G,

u(x,t)=2p(t)G (x =g, (t)). (4.16)
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Since G (x ) is the Green's function for the operator Q,, , the corresponding

op?

solution for the momentum m =Q_u is given by a sum of delta functions,

N

=>p (t)5(x —q; (1)) (4.17)

i=1

Thus , the time — dependent "collective coordinates” q; (t) and p, (t) are the

positions and velocities of the N pulses in this solution . These parameters
satisfy the finite dimensional geodesic motion equations obtained as canonical
Hamiltonian equations

of :a(;)_'\l :iij (qi _qj)’ (418)
p, = aq. =—p, Zp G'(a ;). (4.19)

in which the Hamiltonian is given by the quadratic form,

" z G (a,-q;)- (4.20)

;_x

Remark (4.1.3):

In certain sense, equations (4.18) — (4.19) comprise the analog for the peakon
momentum relation (4.17) of the "symmetric generalized rigid body equations" in
(3.29) .

Thus, the canonical equations for the Hamiltonian H, describe the nonlinear

collective interactions of the N — pulson solutions of the EPDiff equation (4.12)
as finite — dimensional geodesic motion of a particle on N — dimensional surface
whose co — metric is

G'(q)=G(q, -q;). (4.21)

The case G (x )=e "/ with a constant length scale « is the Green's function for
which the operator in the Kinetic energy Lagrangian (4.13) is Q,, =1-«”¢; . For

this (Helmholtz) operator Q,,, the Lagrangian and corresponding kinetic energy

op?

norm are given by,
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(ul=%ulf :%Iqupudx :%qu +a’uldx , for ‘I‘im u=0.
This Lagrangian is the H* norm of the velocity in one dimension . In this case,
the EPDIff equation (4.12) is also the zero — dispersion limit of the completely
integrable CH equation for unidirectional shallow water waves first derived,

m, +um_ +2mu =-cu +m, , Mm=u-aiu,. (4.22)

This equation describes shallow water dynamics as completely integrable solition
motion at quadratic order in the asymptotic expansion for unidirectional shallow
water waves on a free surface under gravity . For more details and explanations
of this asymptotic expansion for unidirectional shallow water waves to quadratic
order.

Because of the relation m =u —au , , equation (4.22) is nonlocal. In other words,

it an integral — partial differential equation . In fact, after writing equation (4.22)
in the equivalent form,

xx !

(1—0:282)(ut +uu, ) =-0(u’ Jr%ozzuf)—couX +AU, (4.23)

one sees the interplay between local and nonlocal linear dispersion in its phase
velocity relation,

Q_Co—yk2
k 1+a’k?’

(4.24)

for waves with frequency » and wave number k linearized around u =0. For
r/c, <0, short waves and long waves travel in the same direction . Long waves

travel faster then short ones (as required in shallow water) provided y/c, > —a”.
Then the phase velocity lies in the interval w/k e(-y/a? ,00].

The famous Korteweg — de Vries (KdV) solition equation,
ut +3Jux :_Coux +7uxxx ' (425)

emerges at linear order in the asymptotic expansion for shallow water waves, in
which one takes «® —0in (4.23) and (4.24) . In KdV, the parameters c, and »

are seen as deformation of the Riemann equation,

u, +3uu,, =0.
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The parameters ¢, and y represent linear wave dispersion , which modifies and

eventually balances the tendency for nonlinear waves to steepen and break . The
parameter « , which introduces nonlocality , also regularizes this nonlinear
tendency , even in the absence of ¢, and .

Now we discuss the Diffeons — singular momentum solutions of the EPDiff
equation for geodesic motion in higher dimensions .

As an example of the EP theory in higher dimensions , we shall generalize the
one — dimensional pulson solutions of the previous section to n — dimensions .
The corresponding singular momentum solutions of the EPDiff equation in
higher dimensions are called "diffeons" .

Eulerian geodesic motion of a fluid in n — dimensions is generated as an EP
equation via Hamilton's principle , when the Lagrangian is given by the kinetic

energy . The Kkinetic energy defines a norm ||u||2 for the Eulerian fluid velocity ,
u(x,t):R"xR*—>R". As mentioned earlier , the choice of the kinetic energy as a

positive functional of fluid velocity u is a modeling step that depends upon the
physics of the problem being studied . Following our earlier procedure , as in
equation (4.1) and (4.2) , we shall choose the Lagrangian,

||u||2 = _[u.Qopud "X = ju.md "X . (4.26)

so that the positive — definite , symmetric , operator Q,, defines the norm |ju|, for
appropriate boundary conditions and the EPDiff equation for Eulerian geodesic
motion of a fluid emerges ,

d of « Ol .
aoradise=0, with ¢[u]=uf’. (4.27)

The corresponding Legendre transform yields the following invertible relations
between momentum and velocity ,

m=Q,,u and u=G*m, (4.28)

where G is the Green's function for the operator Q_ , assuming appropriate

op !

boundary (onu) that allow inversion of the operator Q,, to determine ufrom m.

The corresponding Hamiltonian is ,
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h[m]= <m,u>—%||u||2 :%jm.G smd"x =1 |m||2, (4.29)

which also defines a norm |m| via a convolution kernel G that is symmetric and

positive , when the Lagrangian ¢[u] is a norm . As expected , the norm |m| given
by the Hamiltonian h[m] specifies the velocity u in terms of its Legendre — dual

momentum m by the variational operation ,

=1 _G«m=[G (x-y)m(y)d"y . (4.30)

~sm
We shall choose the kernel G (x—y) to be translation — invariant (so Noether's

theorem implies that total momentum M:jmd"x Is conserved) and symmetric
under spatial reflections (so that u and m have the same parity) .

After the Legendre transformation (4.29) , the EPDiff equation (4.27) appears in
its equivalent Lie — Poisson Hamiltonian form,

0 .
Em:{m,h}:—adéh/émm. (4.31)

Here the operation {.,.} denotes the Lie — Poisson bracket dual to the (right)
action of vector fields amongst themselves by vector — field commutation

ool 5

For more details and additional background concerning the relation of classical
EP theory to Lie — Poisson Hamiltonian equations .

In a moment we will also consider the momentum maps for EPDiIff .

The momentum for the one dimensional pulson solutions (4.17) on the real line is
supported at points via the Dirac delta measures in its solution ansatz ,

N
m(x,t)=> p, (t)5(x —-q; (t)), meR". (4.32)
i=1
We shall develop n — dimensional analogs of these one — dimensional pulson
solutions for the Euler — Poincare' equation (4.9) by generalizing this solution
ansatz to allow measure — valued n — dimensional vector solutions meR" for
which the Euler — Poincare’ momentum is supported on co — dimension — k
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subspaces R"™ with integer k €[1,n]. For example , one may consider the two —

dimensional vector momentum meR? in the plane that is supported on one —
dimensional curves (momentum fronts) . Likewise , in three dimensions , one
could consider two — dimensional momentum surfaces , etc . The corresponding
vector momentum ansatz that we shall use is the following , cf. the pulson
solutions (4.32) ,

m(x,t):ZIPi (s.t)d(x-Q;(s,t))ds, meR". (4.33)

Here, P,,Q, eR" fori =1,2,....... ,N . For example , when n—k =1, so that s eR"

Is one — dimensional , the delta function in solution (4.33) supports an evolving
family of vector — valued curves , called momentum filaments . (For simplicity of
notation , we suppress the implied subscript i in the arclength s for each P, and

Q, .) The Legendre — dual relations (4.28) imply that the velocity corresponding
to the momentum filament ansatz (4.33) is,

U(xt)=G *m :_Nzljpj (51)G (x-Q, (s'.t)is". (4.34)

Just as the 1D case of the pulsons , we shall show that substitution of the nD
solution ansatz (4.33) and (4.34) into the EPDiff equation (4.6) produces
canonical geodesic Hamiltonian equations for the n — dimensional vector
parameters Q, (s,t) and P, (s,t), i=12.....N .

For definiteness in what follows , we shall consider the example of momentum
filaments meR" supported on one — dimensional space curves in R", S0 s eR* IS
the arclength parameter of one of these curves . This solution ansatz is
reminiscent of the Biot — Savart Law for vortex filaments , although the flow is
not incompressible . The dynamics of momentum surfaces , for s eR* with k en
, follow a similar analysis .

Substituting the momentum filament ansatz (4.33) for s eR* and its
corresponding velocity (4.34) into the Euler — Poincare' equation (4.6) , then
integrating against a smooth test function ¢(x) implies the following canonical

equations (denoting explicit summationon i, j €1.2,......,N ),

L0, (5:0)=2 [P (611)6 (Q (5:)-Q; (s1))ds' =i, (4.35)

j=1 i
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%Pi (S’t):_ij(a (S’t)'Pj (S"t)) 8Qi?s,t)G (Q. (S’t)_QJ (S"t))ds,:_ '

(sumon j,nosumoni). (4.36)

The dot product P,.P, denotes the inner , or scalar , product of the two vectors P,
and P, in R". Thus, the solution ansatz (4.33) yields a closed set of integro —
partial — differential equations (IPDEs) given by (4.35) and (4.36) for the vector
parameters Q, (s,t) and P, (s,t) with i =12,......,, N . These equations are
generated canonically by the following Hamiltonian function

H, :(R"xR")" SR,

N
H, :%Ij_zl(Pi (s.t).P; (s'.1))G (Qi (s.t)-Q; (s,t))dsds’. (4.37)

I
This Hamiltonian arises by substituting the momentum ansatz (4.33) into the
Hamiltonian (4.29) obtained from the Legendre transformation of the Lagrangian
corresponding to the kinetic energy norm of the fluid velocity . Thus , the
evolutionary IPDE system (4.35) and (4.36) represents canonically Hamiltonian
geodesic motion on the space of curves in R" with respect to the co — metric

given on these curves in (4.37) . The Hamiltonian H,, =1|P|" in (4.37) defines the
norm |P| in terms of this co — metric that combines convolution using the Green's
function G and sum over filaments with the scalar product of momentum vectors
inR".

Remark (4.1.4):

Note the Lagrangian property of the s coordinate , since

gQi (s,t):u(Qi (S't)'t)'

Now we discuss the singular solution momentum map J,,,, for diffeons .

Sing

The diffeon momentum filament ansatz (4.33) reduces , and collectivizes the
solution of the geodesic EP PDE (4.6) in n+1 dimensions into the system (4.35)
and (4.36) of 2N canonical evolutionary IPDEs . One can summarize the
mechanism by which this process occurs , by saying that the map that implements
the canonical (Q,P) variables in terms of singular solutions is a (cotangent
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bundle) momentum map . Such momentum maps are Poisson maps; so the
canonical Hamiltonian nature of the dynamical equations for (Q,P) fits into a

general theory which also provides a framework for suggesting other avenues of
investigation .

Theorem (4.1.5):

The momentum ansatz (4.33) for measure — valued solutions of the EPDiff
equation (4.6) , defines an equivariant momentum map

Jgrg T Emb (S, %") > X(W")

Sing
that is called the singular solution momentum map .

We shall explain the notation used in the theorem'’s statement in the course of its
proof . Right away , however , we note that the sense of "defines " is that the
momentum solution ansatz (4.33) expressing m (which are functions of s ) can be
regarded as a map from the space of (Q(s),P(s)) to the space of m's . This will
turn out to be the Lagrange — to — Euler map for the fluid description of the
singular solutions .

We shall give two proofs of this result from two rather different viewpoints . The
first proof below uses the formula for a momentum map for a cotangent lifted
action , while the second proof focuses on a Poisson bracket computation. Each
proof also explains the context in which one has a momentum map .

First proof:

For simplicity and without loss of generality , let us take N =1 and so suppress
the index a. That is , we shall take the case of an isolated singular solution . As
the proof will show , this is not a real restriction .

To set the notation , fix a k — dimensional manifold S with a given volume
element and whose points are denoted s €S . Let Emb(s ,9%") denote the set of

smooth embeddings Q:S — R". (If the EPDiff equations are taken on a manifold
M , replace ®" with M .) Under appropriate technical conditions , which we
shall just treat formally here , Emb (s ,9%") Is a smooth manifold .

The tangent space T,Emb (S,%") to Emb(S,%") at the point Q < Emb (s, R") is
given by the space of material velocity fields , namely the linear space of maps
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V:S — " that are vector fields over the map Q. The dual space to this space will
be identified with the space of one — form densities over Q, which we shall

regard as maps P:S — (%" ) In summary , the cotangent bundle T "Emb (s, %") is

identified with the space of pairs of maps (Q,P).

These give us the domain space for the singular solution momentum map . Now
we consider the action of the symmetry group . Consider the group ® = Diff
of diffeomorphisms of the space & in which the EPDIff equations are operating ,
concretely on our case %" . Let it act on S by composition on the left. Namely for
n e Diff (R"), we let

nQ=n0Q. (4.38)

Now lift this action to the cotangent bundle T "Emb (s ,SR”) in the standard way .

This lifted action is a symplectic (and hence Poisson) action and has an
equivariant momentum map . We claim that this momentum map is precisely
given by the ansatz (4.33).

To see this, one only needs to recall and then apply the general formula for the
momentum map associated with an action of general Lie group ® on a
configuration manifold Q and cotangent liftedto T Q.

First let us recall the general formula . Namely , the momentum map is the map
J:T'Q » ¢ (¢ denotes the dual of the Lie algebra $ of ® ) defined by

Ie)&=(.& (@), (4.39)

where «, T,Q and ¢&e g, where &, is the infinitesimal generator of the action of
® on Q associated to the Lie algebra element £, and where <aq,§Q (g )> Is the

natural pairing of an element of T/Q with an element of T.Q .

Now we apply this formula to the special case in which the group ® is the
diffeomorphism group Diff (%"}, the manifold Q is Emb(s,%") and where the

action of the group on Emb (S,%") is given by (4.38) . The sense in which the Lie

algebra of ® = Diff is the space $=2X of vector fields is well — understood . Hence
, its dual is naturally regarded as the space of one — form densities . The
momentum map is thus a map J:T "Emb (S, %" ) > X",
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With J given by (4.39) , we only need to work out this formula . First , we shall
work out the infinitesimal generators . Let X X be a Lie algebra element . By
differentiating the action (4.38) with respect to » in the direction of X at the

identity element we find that the infinitesimal generator is given by

X Emb(s ,m") (Q) =X 0Q.
Thus , taking «, to be the cotangent vector (Q,P), equation (4.39) gives
(3(QP).X)=((Q.P).X0Q)=[P (s)X ' (Q(s))d*s .

On the other hand , note that the right hand side of (4.33) (again with the index a
suppressed , and with t suppressed as well) , when paired with the Lie algebra
element X is

([P(e)st-QEelersx )= (7 5)6(x-le ' (01

:'S[Pi (s)X"(Q(s))d*s.

This shows the expression given by (4.33) is equal to J and so the result is
proved .

Second proof:

As is standard , one can characterize momentum maps by means of the following
relation , required to hold for all functions F on T *Emb(s,m”); that is , functions

of Q and P:
(F.(1.E)}=&[F]. (4.40)

In our case , we shall take J to be given by the solution ansatz and verify that it
satisfies this relation . To do so, let &< x so that the left side of (4.40) becomes

{F, P (s) (Q<s>>dks}= J[%si (Q6))-P(6) 25074 () f¢'s.
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On the other hand , one can directly compute from the definitions that the
infinitesimal generator of the action on the space T "Emb (s ,ER“) corresponding to

the vector field &' (x)aQii (a Lie algebra element) , is given by

5Q=£00,  P=-P(5) 3¢ (Q())
An important element left out in this proof so far is that it does not make clear
that the momentum map is equivariant , a condition needed for the momentum
map to be Poisson . The first proof took care of this automatically since
momentum maps for cotangent lifted actions are always equivariant and hence
are Poisson .

Thus , to complete the second proof , we need to check directly that the
momentum map is equivariant . Actually , we shall only check that it is
infinitesimally invariant by showing that it is a Poisson map from T "Emb (S, %")

to the space of m's (the dual of the Lie algebra of x) with its Lie — Poisson
bracket . This sort of approach to characterize equivariant momentum maps is
discussed in an interesting .

The following direct computation shows that the singular solution momentum
map (4.33) is Poisson . This is accomplished by using the canonical Poisson
brackets for {P}, {Q} and applying the chain rule to compute {m, (x),m; (y)},

with notation & (y)=a5(y)/oy " .
We get

{m; (x),m, (y)} :{Zjds P (s.t)s(x-Q" (s,t)),gj'ds'ij (s"t)s(y-Q° (s',t))}

a=1

= i _Uds ds’[{Pia(s),ij (s’)}~5(x—Q"’1 (s))é(y—Qb (s’))

ab=1
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Substituting the canonical Poisson bracket relations

{2 (s).Q7 (1)} =0,
and  {Q¢(s).P/(s")}=6"5,5(s —s')

into the preceding computation yields

m, (x),m, (y)} :{gjds P2 (5.t)5(x~ Q" (s,t)),gdstb (s'1)8(y-Q° (s’,t))}
=§;ds P} (s)&(x—Qa (s))é{(y—Qa(s))

_gjds P (s)5 (x-Q(s))s(y—Q(s))

Thus,
{m, (x).m, (y)! =_(mj 02+ m, (X)Jé‘(x—y), (4.41)

which is readily checked to be the Lie — Poisson bracket on the space of m's ,
restricted to their singular support . This completes the second proof of theorem .
Corollary (4.1.6):

The singular solution momentum map defined by the singular solution ansatz
(4.33) , namely ,

J

Sing

T 'Emb (S, %" ) - X(R")
Is a Poisson map from the canonical Poisson structure on T "Emb (S ,m") to the Lie

— Poisson structure on 36(9%)

This is perhaps the most basic property of the singular solution momentum map.
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Since the solution ansatz (4.33) has been shown in the preceding Corollary to be
a Poisson map , the pull back of the Hamiltonian from x" to T *Emb(s ,SR”) gives

equations of motion on the latter space that project to the equations on x".

Thus , the basic fact that the momentum map J,,, is Poisson explains why the
functions Q*(s,t) and P?(s,t) satisfy canonical Hamiltonian equations .

Note that the coordinate s e ®* that labels these functions is a "Lagrangian
coordinate" in the sense that it does not evolve in time but rather labels the
solution .

In terms of the pairing
(L)1 FxI>R, (4.42)

between the Lie algebra 4 (vector fields in 8" ) and its dual $* (one — form
densities in ®" ), the following relation holds for measure — valued solutions
under the momentum map (4.33),

(m,u)=[mud"x, L* pairing for m,ue®’

=[] 3 (P (5.0) P (7)) (@ ()~ @ (s't)ds s’

a,b=1

L Q)
:j;P (s,t). p ds
-(fp.0) (44

which is the natural pairing between the points (Q,P)eT "Emb (S, %") and
(Q.Q)eT Emb (s, %"). This corresponds to preservation of the action of the
Lagrangian ¢[u] under cotangent lift of Diff (%" ).

The pull — back of the Hamiltonian H [m] defined on the dual of the Lie algebra
", t0 T Emb (s ,m") Is easily seen to be consistent with what we had before:

H[m]=4(m,G *m)=1((P,G +P))=H [P.Q]. (4.44)

In summary , in concert with the Poisson nature of the singular solution
momentum map , we see that the singular solutions in terms of Q and P satisfy
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Hamiltonian equations and also define an invariant solution set for the EPDiff
equations . In fact:

This invariant solution set is a special coadjoint orbit for the diffeomorphism
group.

Now we discuss the geometry of the momentum map.

In this section we explore the geometry of the singular solution momentum map
discussed earlier in a little more detail . The treatment is formal , in the sense that
there are a number of technical issues in the infinite dimensional case that will be
left open . We will mention a few of these as we proceed .

We claim that the image of the singular solution momentum map is a coadjoint
orbitin x". This means that (modulo some issues of connectedness and
smoothness , which we do not consider here) the solution ansatz by (4.33) defines
a coadjoint orbit in the space of all one — form densities , regarded as the dual of
the Lie algebra of the diffeomorphism group . These coadjoint orbits should be
thought of as singular orbits — that is, due to their special nature , they are not
generatic.

Recognizing them as coadjoint orbits is one way of gaining further insight into
why the singular solutions form dynamically invariant sets — it is a general fact
that coadjoint orbits in 9" are symolectic submanifolds of the Lie — Poisson

manifold ¢ (in our case 36(9%”)* ) and , correspondingly , are dynamically

invariant for any Hamiltonian system on 9.

The idea of the proof of our claim is simply this: whenever one has an equivariant
momentum map J:P — ¢ for the action of a group G on a symplectic or Poisson
manifold P, and that action is transitive , then the image of J is an orbit (or at
least a piece of an orbit). Roughly speaking , the reason that transitivity holds in
our case is because one can "more the images of the manifolds S around at will
with arbitrary velocity fields " using diffeomorphisms of R".

The momentum map J,,, involves Diff (%"), the action of the diffeomorphism

group on the space of embeddings Emb (s ,SR”) by smooth maps of the target
space R", namely,

Diff (R"):Qn=7n0Q, (4.45)
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where , recall, Q:S —%R". As above , the cotangent bundle T *Emb(s ,ER”) IS
identified with the space of pairs of maps (Q,P), with Q:S — %" and

P:S 5T R".

However , there is another momentum map J, associated with the right action of
the diffeomorphism group of S on the embeddings Emb (S ,SR”) by smooth maps
of the "Lagrangian labels" s (fluid particle relabeling by »:S —S ). This action
Is given by

Diff (S):Qn=Qon. (4.46)

The infinitesimal generator of this right action is

d
X e "J‘")(Q):E 0Q077t =TQoX . (4.47)

t =

where X eX istangent to the curve » att=0. Thus, again taking N =1 (so we
suppress index a ) and also letting «, in the momentum map formula (4.39) be
the cotangent vector (Q,P), one computes J:

(3:(Q.P).X)=((QP)TQX)

:[!P(s).d Q(s)®d*s,X (3)j

=(PdQ,X).
Consequently , the momentum map formula (4.39) yields
J; (Q,P)=PdQ, (4.48)

with the indicated pairing of the one — form density Pd Q with the vector field X

We have set things up so that the following is true.
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Proposition (4.1.7):

The momentum map J, is preserved by the evolution equations (4.35) — (4.36)
for Q and P.

Proof :

It is enough to notice that the Hamiltonian H, in equation (4.37) is invariant
under the cotangent lift of the action of Diff (S); it merely amounts to the

invariance of the integral over S under reparametrization ; that is , the change of
variables formula ; keep in mind thatP includes a density factor .

Remark (4.1.8):

(1) This result is similar to the Kelvin — Noether theorem for circulation T of

an ideal fluid , which may be written as I'= ¢ D (s) "P(s)dQ(s) for each
c(s)

Lagrangian circuit c(s), where D is the mass density and P is again the
canonical momentum density. This similarity should come as no surprise ,
because the Kelvin — Noether theorem for ideal fluids arises from
invariance of Hamilton's principle under fluid parcel relabeling by the
same right action of the diffeomorphism group , as in (4.45).

(2) Note that , being an equivariant momentum map, the map J,, as with Jg,

Is also a Poisson map . That is , substituting the canonical Poisson bracket
into relation (4.48) ; that is , the relation M(x)=> " P, (x)VQ' (x) yields the
Lie — Poisson bracket on the space of M's. We use the different notations
m and M because these quantities are analogous to the body and spatial
angular momentum for rigid body mechanics. In fact, the quantity m given
by the solution Ansatz ; specifically , m=Jg (Q,P) gives the singular

solutions of the EPDiff equations , while M(x)=J; (Q,P)=>_ P, (x)VQ' (x)
IS a conserved quantity.
(3) In the Lagrange of fluid mechanics , the expression of m in terms of (Q,P)

is an example of a Clebsch representation , which expresses the solution of
the EPDiff equations in terms of canonical variables that evolve by
standard canonical Hamilton equations. This has been known in the case of
fluid mechanics for more than 100 years. For modern discussions of the
Clebsch representation for ideal fluids.
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(4) One more remark is in order ; namely the special case in which S =M is of
course allowed. In this case , Q corresponds to the map 5 itself and P just
corresponds to conjugate momentum . The quantity m corresponds to the
spatial (dynamic) momentum density (that is, right translation of P to the
identity) , while M corresponds to the conserved "body" momentum
density (that is, left translation of P to the identity) .

Emb (S, %" ) admits two group actions . These are: the group Diff (S ) of

diffeomorphisms of S, which acts by composition on the right ; and the group
Diff (iR”) which acts by composition on the left. The group Diff (9{“) acting from

the left produces the singular solution momentum map, J,, .. The action of

Sing

Diff (S) from the right produces the conserved momentum map

J :TEmb (S, %") - x(S) . We now assemble both momentum maps into one
figure as follows:
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Section (4.2): Hamilton — Poincare’ Reduction and Lie — Poisson
Equations with Applications

We start with some discuss the fluid a' la Holm, Marsden and Ratiu[31].

Almost all fluid models of interest admit the following general assumptions .
These assumptions form the basic of the Euler — Poincare' theorem for Continua
that we shall state later in this section , after introducing the notation necessary
for dealing geometrically with the reduction of Hamilton's principle from the
material (or Lagrangian) picture of fluid dynamics , to the spatial (or Eulerian)
picture . This theorem was first stated and proved by Holm , Marsden and
Ratiu[31] , to which we refer for additional details , as well as for abstract
definitions and proofs .

Basic assumptions underlying the Euler — Poincare' theorem for continua

(1) There is a right representation of a Lie group G on the vector space v and
G acts in the natural way on the right on TG xv ":(U,,a)h =(Uh,ah).

(2) The Lagrangian function L :TG xV “ — %R is right G —invariant under the
isotropy group of a, eV .

(3) In particular , if a,ev ", define the Lagrangian L, :TG —» % by
L, (U,)=L(U,.a). Then L, is right invariant under the lift to TG of the
right action of G, on G, where G, is the isotropy group of a .

(4)Right G —invariance of L permits one to define the Lagrangian on the Lie
algebra 9 of the group G . Namely, ¢:9xv "~ — % is defined by ,

((ua)=L(U,g(t).ag (1) =L (U,.a),
where u=U g7(t) and a=a,g~*(t). Conversely, this relation defines for
any (:9xv " — % aright G —invariant function L :TG xvV " - R,
(5)Foracurve g(t)eG, letu(t):=g(t)g(t)" and define the curve a(t) as the

unigue solution of the linear differential equation with time dependent
coefficients &a(t)=—a(t)u(t), where the action of an element of the Lie

algebra u € ¢ on an advected quantity a<Vv * is denoted by concatenation
from the right . The solution with initial condition a(0)=a, €V * can be

written as a(t)=a,g (t) "
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Remark (4.2.1):

(1) Let 9(D) denote the space of vector fields on D of some fixed
differentiability class . These vector fields are endowed with the Lie
bracket given in components by (summing on repeated indices)

v (4.49)
ox | ox '

The notation ad,v:=[u,v] formally denotes the adjoint action of the right
Lie algebra of Diff (D) on itself .

(2) Identify the Lie algebra of vector fields 9 with its dual $" by using the L?
pairing

[u, v] —ul —

(u,vy= '[u.vdv : (4.50)

(3)Let 9(D) denote the geometric dual space of $(D), that s,
9(D) =A'(D)®Den (D). This is the space of one — form densities on D .
If m®dv eA*(D)®Den (D), then the pairing of m®dv with ue 9(D) is

given by the L* pairing,
(m®dv ,u)= [mudv (4.51)
D
where m.u Is the standard contraction of a one — form m with a vector

field u.
(4)For ue 9(D) and m®dv e 4(D) , the dual of the adjoint representation is

defined by
(ad; (m®dV ),v)= jmad vV =—jm [u,v]dV (4.52)

and its expression is
ad; (M®dV )=(£,m+(divy, u)m)@dv =£,(m®dV ), (4.53)

where div,, u is the divergence of u relative to the measure dv , that is ,
£,dv =(div,, u)dv . Hence, ad, coincides with the Lie — derivative £, for

one — form densities.
(5)If u=u'd/ox’, m=m,dx", then the one — form factor in the preceding

formula for ad; (m®dV ) has the coordinate expression
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. . _ ] .
(ad;m) dx' =(uJ 2%!+mj ((’;;J(—ijt(divdvu)mi jdx'

o aull
:{ax—j(ujmi)'ijax—inX . (454)

The last equality assumes that the divergence is taken relative to the
standard measure dv =d"x in ®". (On a Riemannian manifold the metric
divergence needs to be used.)

Definition (4.2.2):

Elements of D representing the material particles of the system are denoted by
X ; their coordinates X #, A =1,......,n may thus be regarded as the particle labels.

(i) A configuration , which we typically denote by 7, or g, is an element of
Diff (D).

(if)A motion , denoted as 5, or alternatively as g (t), is a time dependent
curve in Diff (D).

Definition (4.2.3):

The Lagrangian , or material velocity U(X ,t) of the continuum along the motion
n, or g (t) is defined by taking the time derivative of the motion keeping the
particle labels x fixed:

u(x ,t)::d”td(tx ):zg RACIETICES

These are convenient shorthand notations for the time derivative at fixed
Lagrangian coordinate X .

Consistent with this definition of material velocity , the tangent space to Diff (D)
at e Diff (D) is given by

T,Diff (D)={U,:D -TD:U, (X )eT,, D}.

Elements of T, Diff (D) are usually thought of as vector fields on D covering 7.
The tangent lift of right translations on T Diff (D) by ¢ e Diff (D) is given by

Ue=TR, (Un): U, op.
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Definition (4.2.4):
During a motion 5, or g (t), the particle labeled by x describes a pathin D,
whose points

X (X, t)=n(X)=9(t)X,

are called the Eulerian or spatial points of this path , which is also called the
Lagrangian trajectory , because a Lagrangian fluid parcel follows this path in
space . The derivative u(x,t) of this path , evaluated at fixed Eulerian point x , is

called the Eulerian or spatial velocity of the system:

u(x.t):=u(n (X ),t):=U(X ,t)::g (X)X =g (g ).

Thus the Eulerian velocity u is a time dependent vector field on D, denoted as
u, € 9(D), where u, (x ):=u(x,t). We also have the fundamental relationships

U, =uon and u, =g'(t)g_1(t),
where we denote U, (X ):=U(X ,t).
Definition (4.2.5):

The representation space v = of Diff (D) in continuum mechanics is often some

subspace of the tensor field densities on D , denoted asT(D)®Den(D), and the
representation is given by pull back . It is thus a right representation of Diff (D)
on T(D)®Den(D). The right action of the Lie algebra (D) onv " is denoted as
concatenation from the right . That is , we denote

au=£ a,

which is the Lie derivative of the tensor field density a along the vector fieldu.
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Definition (4.2.6):
The Lagrangian of a continuum mechanical system is a function
L :T Diff (D)xV "™ >R,

which is right invariant relative to the tangent lift of right translation of Diff (D)

on itself and pull back on the tensor field densities. Invariance of the Lagrangian
L induces a function ¢: $(D)xV " — R given by

((u,a)= L(uon,n*a)= L(Ua),

where ue (D) and aeV " =T (D)®Den(D), and where »"a denotes the pull
back of a by the diffeomorphism » and u is the Eulerian velocity . That is ,

U=uon and a,=7"a. (4.55)
The evolution of a is by right action , given by the equation
d=-£,a=-au. (4.56)

The solution of this equation , for the initial condition a,, is

at)=n.a,=29 " (t), (4.57)
where the lower star denotes the push forward operation and #, is the flow of
u=gg - (t).
Definition (4.2.7):

Advected Eulerian quantities are defined in continuum mechanics to be those
variables which are Lie transported by the flow of the Eulerian velocity field .
Using this standard terminology , equation (4.56) , or its solution (4.57) states
that the tensor field density a(t) (which may include mass density and other

Eulerian quantities ) is advected .

Remark (4.2.8): (Dual Tensor)

As we mentioned , typically V"= <(D)®Den (D) for continuum mechanics . On

a general manifold , tensors of a given type have natural duals . For example ,
symmetric covariant tensors are dual to symmetric contravariant tensor densities ,

145



the pairing being given by the integration of the natural contraction of these
tensors . Likewise , k —forms are naturally dual to (n—k )—forms , the pairing

being given by taking the integral of their wedge product .
Definition (4.2.9):

The diamond operation ¢ between elements of v and Vv * produces an element of
the dual Lie algebra 9(D) and is defined as

(boa, w) :—jb.£wa, (4.58)

D

where b.£,a denotes the contraction , as described above , of elements of vV and
elements of v ™ and we (D). (These operations do not depend on a Riemannian
structure.)

For a path 7 eDiff (D), let u(x,t) be its Eulerian velocity and consider the
curve a(t) with initial condition a, given by the equation

a+£,a=0. (4.59)

Let the Lagrangian L, (U):==L(U,a,) be right — invariant under Diff (D). We can

now state the Euler — Poincare' Theorem for Continua of , Marsden and
Ratiu[31] .

Theorem (4.2.10): (Euler — Poincare' Theorem for Continua)

Given a path #, in Diff (D) with Lagrangian velocity U and Eulerian velocity u,
the following are equivalent:

(1)  Hamilton's variational principle

5TL (X, U (X )3, (X ))dt =0 (4.60)

Holds , for variations o7, vanishing at the endpoints.
(ii)  n satisfies the Euler — Lagrange equations for L, on Diff (D).
(iii)  The constrained variational principle in Eulerian coordinates
5[ t(u.a)dt =0 (4.61)

t

holds on 9(D )=V ", using variations of the form
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5u:%+[u,w]:@+aduw, sa=-£,a (4.62)
ot ot

w

where w, =&n,0m " Vanishes at the endpoints.

(iv) The Euler — Poincare' equations for continua
%%:—ad:%+%0a:—£u%+%0a, (4.63)
hold , with auxiliary equations (¢, +£,) =0 for each advected quantity
a(t). The ¢ operation defined in (4.58) needs to be determined on a
case by case basic , depending on the nature of the tensor a(t). The

variation m=¢s¢/suis a one — form density and we have used relation
(4.52) in the last step of equation (4.63).

We refer to Holm , Marsden and Ratiu[31] for the proof of this theorem in the
abstract setting . We shall see some of the features of this result in the concrete
setting of continuum mechanics shortly.

The following string of quantities shows directly that (iii) is equivalent to (iv):

0=5["1(u,a)dt = jt2(ﬁ.5u +ﬂ.5ajdt
t t,

ou oa
= (" i'.(@—aduwj—ﬂ.,swa dt
u|ou \ ot oa
_ tzw.[—ia—l—adlf&—l+ﬂ<>a}dt. (4.64)
t ot du ou oda

The rest of the proof follows essentially the same track as the proof of the pure
Euler — Poincare' theorem , modulo slight changes to accommodate the advected
guantities.

In the absence of dissipation , most Eulerian fluid equations can be written in the
EP form in equation (4.63) ,

90 ag: % _%C0a, with (¢, +£,)a=0. (4.65)
ot ou ou oa

Equation (4.65) is Newton's Law: The Eulerian time derivative of the momentum
density m=¢5¢/su (a one — form density dual to the velocity u ) is equal to the

force density (s5¢/sa)0a, with the ¢ operation defined in (4.58) . Thus , Newton's
Law is written in the Eulerian fluid representation as
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(if)

(iii)

(iv)

d ol

— | m=(6,+£,)m=—90a, Wwith g a=(0,+£,)a=0. (4.66)

dt la oa t lLag

The left side of the EP equation in (4.66) describes the fluid's dynamics
due to its kinetic energy. A fluid's kinetic energy typically defines a

norm for the Eulerian fluid velocity , KE =|ju[’. The left side of the EP

equation is the geodesic part of its evolution , with respect to this norm .
However , in a gravitational field , for example, there will also be
dynamics due to potential energy . And this dynamics will by governed
by the right side of the EP equation .

The right side of EP equation in (4.66) modifies the geodesic motion is
also a geometrical quantity . The diamond operation ¢ represents the
dual of the Lie algebra action of vectors fields on the tensor a. Here
st/sa is the dual tensors , under the natural pairing (usually , L? pairing

) (...) that is induced by the variational derivative of the Lagrangian
((u,a). The diamond operation ¢ is defined in terms of this pairing in

(4.58) . For the L? pairing , this is integration by parts of (minus) the
Lie derivative in (4.58).

The quantity a is typically a tensor (for example , a density , a scalar, or
a differential form) and we shall sum over the various types of tensors
a that are involved in the fluid description . The second equation in
(4.66) states that each tensor a is carried along by the Eulerian fluid
velocity u. Thus, a is for fluid "attribute™ and its Eulerian evolution is
given by minus its Lie derivative , -£,a. That is, a stands for the set of

fluid attributes that each Lagrangian fluid parcel carries around
(advects) , such as its buoyancy , which is determined by its individual
salt, or heat content , in ocean circulation .

Many examples of how equation (4.66) arises in the dynamics of
continuous media are given by Holm , Marsden and Ratiu[31] . The EP
form of the Eulerian fluid description in (4.66) is analogous to the
classical dynamics of right bodies (and tops , under gravity) in body
coordinates . Rigid bodies and tops are also governed by Euler —
Poincare' equations , as Poincare' showed in a two — page paper with no
references.
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Corollary (4.2.11): (Kelvin — Noether Circulation Theorem)

Assume u(x,t) satisfies the Euler — Poincare' equations for continua:

8(56] £“£ﬂj NI
ot \ du ou) oa
and the quantity a satisfies the advection relation

oa
Z i, 4.67
~ TEa= 0. (4.67)

Let , be the flow of the Eulerian velocity field u, that is, u=(dz /dt)orn".
Define the advected fluid loop y, =70y, and the circulation map I (t) by

1 60
I(t)= %5%. (4.68)

In the circulation map I (t) the advected mass density D, satisfies the push

forward relation D, =»*D,. This implies the advection relation (4.67) with a=D,
namely , the continuity equation ,

0,D +divDu =0.

Then the map 1 (t) satisfies the Kelvin circulation relation,
L1 t)=¢ ~2%a. (4.69)
"

Both an abstract proof of the Kelvin — Noether Circulation Theorem and a proof
tailored for the case of continuum mechanical systems are given in Holm,
Marsden and Ratiu[31]. We provide a version of the latter below .

Proof :

First we change variables in the expression for 1 (t):

_ ié‘_l_sﬁ 15 _Sﬁi {&}
» D, du o 1 D, su| ‘»D ™| su

Next , we use the Lie derivative formula , namely
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d * * 6
E(Utat):nt (Eat +£uatj’

applied to a one — form density «, . This formula gives

)= ()]
—§ 2| 2L, [ 2],
nD, |[ot\ou ou
By the Euler — Poincare' equations (4.63) , this becomes
d 1 .[ol 1[0l
a I (t) - é}/oD_ont {508} = @}q D_tligoa:l ’
again by the change of variables formula .

Corollary (4.2.12):

Since the last expression holds for every loop 7, we may write it as

(ﬁ+£u)i5_':iﬂ<>a. (4.70)
ot D 6u D oda

Remark (4.2.13):

The Kelvin — Noether theorem is called so here because its derivation relies on
the invariance of the Lagrangian L under the particle relabeling symmetry, and
Noether's theorem is associated with this symmetry . However , the result (4.69)
is the Kelvin circulation theorem: the circulation integral I (t) around any fluid
loop (,, moving with the velocity of the fluid parcels u ) is invariant under the
fluid motion .

These two statements are equivalent . We note that two velocities appear in the
integrand 1 (t): the fluid velocity u and D &s¢/su. The latter velocity is the
momentum density m=¢5¢/su divided by the mass density D . These two

velocities are the basic ingredients for performing modeling and analysis in any
ideal fluid problem . One simply needs to put these ingredients together in the
Euler — Poincare' theorem and its corollary , the Kelvin — Noether theorem .
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Now we discuss the Euler — Poincare' theorem and GFD (geophysical fluid
dynamics) .

We compute explicit formulae for the variations sa in the cases that the set of
tensors a is drawn from a set of scalar fields and densities on %*. We shall
denote this symbolically by writing

ae{b,Dd | . (4.71)

We have seen that invariance of the set a in the Lagrangian picture under the
dynamics of u implies in the Eulerian picture that

(£+£uja:0,
ot

where £, denotes Lie derivative with respect to the velocity vector field u. Hence
, for a fluid dynamical Eulerian action &= [dt¢(u;b,D), the advected variables b
and D satisfy the following Lie — derivative relations,

(3+£u)b=0, or 2 __uwb, (4.72)
ot ot

[i+£ujod3x —0, or 2__y(pu). (4.73)
ot ot

In fluid dynamical applications , the advected Eulerian variables b and Dd*x
represent the buoyancy b (or specific entropy , for the compressible case) and
volume element (or mass density) Dd*x , respectively . According to Theorem
(4.2.10) , equation (4.61) , the variations of the tensor functions a at fixed x and
t are also given by Lie derivatives , namely sa=-£ a, or

Sh=—£,b=-wVb,
oDd *x =—£W(Dd 3x)=—V.(D w)d>x . (4.74)
Hence , Hamilton's principle (4.61) with this dependence yields
O=5Idt£(u;b,D)
R4

=jdt {ﬂ.5u+ﬂ5b +—§D}
ou ob oD
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o2 3] S 0]

—jdt w.[—ﬁﬁ—ad*ﬁ—ﬁw +Dvﬁ}
ob 5D

ot su Y su

:—Idtw.{(g+£ujﬁ+ﬁVb—Dvg—é}, (4.75)

ot ou ob
where we have consistently dropped boundary terms arising from integrations by
parts , by invoking natural boundary conditions . Specifically , we may impose
Aw =0 on the boundary , where f is the boundary's outward unit normal vector
and w=sn0n " vanishes at the endpoints .

The Euler — Poincare' equations for continua (4.63) may now be summarized in
vector form for adveced Eulerian variables a in the set (4.71) . We adopt the
notational convention of the circulation map 1 in equations (4.68) and (4.69)
that a one form density can be made into a one form (no longer the a density) by
dividing it by the mass density D and we use the Lie — derivative relation for the
continuity equation (g/at +£,)Dd°x =0. Then , the Euclidean components of the

Euler — Poincare' equations for continua in equation (4.75) are expressed in
Kelvin theorem form (4.70) with a slight abuse of notation as

(£+£UJ(iﬁdxj+iﬁVb.dx—V[ﬁ).dx=0, (4.76)
ot D du D ¢6b oD

in which the variational derivatives of the Lagrangian ¢ are to be computed
according to the usual physical conventions , that is , as Fre'chet derivatives .
Formula (4.76) is the Kelvin — Noether form of the equation of motion for ideal
continua . Hence , we have the explicit Kelvin theorem expression , cf. equations
(4.68) and (4.69),

d iﬁ.dx:—QS L 90 Updx, (4.77)
dt Y4 D su 2D ob

where the curve y (u) moves with the fluid velocity u. Then, by Stokes' theorem
, the Euler equations generate circulation of v:=(D ™ sl/5u) whenever the
gradients Vb and v(Dsl/sb) are not collinear . The corresponding
conservation of potential vorticity q on fluid parcels is given by
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a—q+u.Vq =0, where g - L Ubcur (iﬂj (4.78)
ot D D 6u

This is also called Pv convection . Equations (4.75) — (4.77) embody most of the
panoply of equations for GFD . The vector form of equation (4.75) is ,

(£+U.Vj(i5—|)+ L ol —Vu’! :Vi—ig—IVb (4.79)
ot Dsu) D éu’ oD D ob

Geodesic Nonlinearity :Kinetic energy Potential energy

In geophysical applications , the Eulerian variable D represents the frozen —in
volume element and b is the buoyancy . In this case , Kelvin's theorem is

—” (15'] xVbds,

with circulation integral

16
| = -9
C-‘Sy(t)D ou

In the Eulerian velocity representation , we consider Hamilton's principle for
fluid motion in a three dimensional domain with action functional s =I|dt and

Lagrangian I (u,b,D) given by
I (u,b,D):JpoD (1+b)(%|u|2 +UuR(x)-gz )— p(D-1)d°x, (4.80)

where p,, = p,D (1+b) is the total mass density , p, is a dimensional constant and

R is a given function of x. This variations at fixed x and t of this Lagrangian
are the following,

1 ol ol 2
55=p0(1+b)(u+R), %=pOD(%|u| +u.R—gz),
ol 2 ol
5_D:p0(1+b)(%|u| +UR-gz)-p, %:_(D -1). (4.81)

Hence , from the Euclidean component formula (4.79) for Hamilton principles of
this type and fundamental vector identity ,

(b.V)a+a,Vbh! =-bx(Vxa)+V(ba), (4.82)
we find the motion equation for an Euler fluid in three dimensions ,
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OI—u—u><curl R+gz+
dt

1
Vp = .
D) p=0, (4.83)

where curl R =2Q(x) is the Coriolis parameter (that is , twice the local angular

rotation frequency) . In writing this equation , we have used advection of
buoyancy ,

@+U.Vb =0,
ot

from equation (4.72) . The pressure p is determined by requiring preservation of
the constraint D =1, for which the continuity equation (4.73) implies divu=0.
The Euler motion equation (4.83) is Newton's Law for the acceleration of a fluid
due to three forces : Coriolis , gravity and pressure gradient . The dynamic
balance among these three forces produce the many circulatory flows of
geophysical fluid dynamics . The conservation of potential vorticity q on fluid
parcels for these Euler GFD flows is given by

g—?+u.Vq =0, where,onusing D=1, q=Vbcurl (u+R). (4.84)

Now we discuss the Hamilton — Poincare' reduction and Lie — Poisson equations.

In the Euler — Poincare' framework one starts with a Lagrangian defined on the
tandent bundle of a Lie group G

L:TG —-%R

and the dynamics is given by Euler — Lagrange equations arising from the
variational principle

tl .
§L0L(g,g)dt =0

The Lagrangian L is taken left\ right invariant and because of this property one
can reduce the problem obtaining a now system which is defined on the Lie
algebra @ of G, obtaining a now set of equations , the Euler — Poincare'
equations , arising from reduced variational principle

5[°1(£)dt =0

where 1 (¢) is the reduced Lagrangian and & e 9.
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Problem (4.2.14):

Is there a similar procedure for Hamiltonian system?

More precisely : given a Hamiltonian function
HTG >R

defined on the cotangent bundle T ‘G , one wants to perform a similar procedure
of reduction and derive the equations of motion on the dual of the Lie algebra ¢
, provided the Hamiltonian is again left\ right invariant .

Hamilton — Poincare' reduction gives a positive answer to this problem, in the
context of variational principles as it is done in the Euler — Poincare' framework:
we are going to explain how procedure is performed .

More in general , we will also consider advected quantities belonging to a vector
space V on which G acts, so that the Hamiltonian is written in this case as

HTGxV >R
The space v is regarded here exactly the same as in the Euler — Poincare' theory .

The equations of motion , that is , Hamilton's equations , may be derived from the
following variational principle

S[{(p(t).d(t))~H, (g(t).p(t))dt =0

ty

as it is well know from ordinary classical mechanics (g (t) has to be considered
as the tangent vector to the curve g (t), sothat g (t)eT,,G ).

Problem (4.2.15):
What happens if H, is left\ right invariant ?

It turns out that in this case the whole function
F(9.9.p)=(p.g)-H, (9.p)

Is also invariant . The proof is straightforward once the action is specified (from
now on we consider only left invariance):

h(g.9.p)=(hg.T,L,d.TL,.P)
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where T L, :T,G »T,,G is the tangent of the left translation map L,, =hg G at
the point g and T, L ., :T,G »T,G isthe dual of themap T L ,:T, .G >TG.

We now check that
(hp,hg ) =<Th*;|_h,1p,Tthg>
=(P.ThL, 20T L, G)
=(p.T, (L,m0L,)9)=(p.q)

where the chain rule for the tangent map has been used . The same result holds
for the right action .

Due to this invariance property , one can write the variational principle as
5[ {(m.)=h ()}t =0
with

u(t)=0"(1)p(M)ed . £0)=0"1)g()<s, alt)=g*(t)a,v

In particular a(t) is the solution of

where a Lie algebra action of ¢ onV ” is implicitly defined . In order to find the
equations of motion one calculates the variations

5[ {(u. &)= (wa)dt =] {<5,u,§>+<,u,5§>—<5ﬂ,%>—<5&,§—2>}dt

As in the Euler — Poincare' theorem , we use the following expressions for the
variations

8 =n+[&m], da=-na

and using the definition of the diamond operator we find

ﬁ%@wﬁ+om%»(@h§»-¢agg%m
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so that

and the equations of motion are
L
1=ad,. u——>=~=0a
M=t e

together with

. oh
d=——a.

ou

This equations of motion written on the dual Lie algebra ¢ are called Lie —

Poisson equations . We have now proven the following:

Theorem (4.2.16): (Hamilton — Poincare' Reduction Theorem)

With the preceding notation , the following statements are equivalent:

(1) With a, hold fixed , the variational principle
5[ 4{p(0).6 (1)) -H, (9¢t).p(t))jdt =0

Holds , for variations &g (t) of g (t) vanishing at the endpoints .
(2) (9(t).p(t)) satisfies Hamilton's equations for H, on G .
(3) The constrained variational principle
5[ {(u(t). ()= (u(t)a(t))dt =0
holds for 9xv ", using variations of ¢ and a of the form
SE=n+[En], oca=-na
where 7(t) e 9 vanishes at the endpoints .

(4) The Lie — Poisson equations hold on 9xv *
. oh Sh
1,d)=|ad}u——0a,~—
(£1,8) (a M=~ a &laj
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Remark (4.2.17):
More exactly one should start with an invariant Hamiltonian defined on
TGV )=TGxV XV~

However , as mentioned by Holm , Marsden and Ratiu[31], such an approach
turns out to be equivalent to the treatment presented here .

Remark (4.2.18): (Legendre Transform)

Lie — Poisson equations may arise from the Euler — Poincare' setting by Legendre
transform

_al
el

If this is a diffeomorphim , then the Hamilton — Poincare' theorem is equivalent
to the Euler — Poincare' theorem .

Remark (4.2.19): (Lie — Poincare' Structure)

One shows that $"xV “ is a Poisson manifold:

_lag 4 0H o, 6F\ _[H  SF
st = s P s |\ o sa
oH OF oH oF oH OF
= u,| —,— —%a,— )—(—a,—
ou ou oa ou ou oa
S6F S6H <5H > SH _ 6F
5,u 5,u oa 5/,1 ' Sa

[ J8F SR\ [ oFoH oW oF
§,u 5,u ou d6a oy oa

In fact it can be easily shown that this structure

o o[ 2 8-
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satisfies the definition of a Poisson structure . In particular one finds that any dual
Lie algebra 9 is a Poisson manifold .

Remark (4.2.20): (Right Invariance)

It can be shown that for a right invariant Hamiltonian one has

- 8582

ou’ Su ou é6a ou oa
. oh oh
,d)=—|ad.u——>%0a,——a

with all signs changed respect to the case of left invariance .
Now we discuss the two applications .

In plasma physics a main topic is collisionless particle dynamics , whose main
equation , the Vlasov equation , will be heuristically derived here . In this context
a central role is held by the distribution function on phase space f (q,p.t),

basically expressing the particle density on phase space . Intended as a density
one defines F :=f (q,p,t)dqdp: because of the conservation of particles , one

writes the continuity equation just as one does as in the context of fluid dynamics
F+V.(uF)=0

where u is a "velocity " vector field on phase space , which is given by the single
particle motion

u=(q,p)ex(TR")
if we now assume that the generic single particle undergoes a Hamiltonian
motion , the Hamiltonian function h(q,p,t) can be introduced directly by means
of the single particle Hamilton's equations

(q,p){@ —@}

op’ oq

which shows that u has zero divergence , assuming the Hessian of h is
symmetric . Therefore , the Vlasov equation written in terms of the distribution
function f (q,p,t) is
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f +uVvf =0

Expanding now the Hamiltonian h as the total single particle energy
h (q,p,t)=ip2 +V (a,p.t)
2m

one obtains the more common form

Problem (4.2.21):
Can the Vlasov equation be cast in Lie — Poisson form ?

We show here why the answer is yes . First we write the Vlasov equation in terms
of a generic single particle Hamiltonian h as

f +{f ,h}=0
where we recall the canonical Poisson bracket

o a o

69 op op aq

The main point , of this discussion is that the canonical Poisson bracket provides
the set f(T RN ) of the functions on the phase space with a Lie algebra structure

[k.h]={k.h}

At this point , in order to look for a Lie — Poisson equation , one calculates the
coadjoint operator such that

(f.{hk})=(f ad,k)=(ad;f k) =(-{h,f } k)

where the last equality is justified by Leibniz property of the Poisson bracket ,
with the pairing defined as

(f ,g):jf gdqdp.

In conclusion , the argument above shows that the Vlasov equation can in fact be
written in the Lie — Poisson form
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f +adf =0
The reduced Lagrangian for ideal compressible fluids is written as
I (u,D):j%|u|2—De(D)dx
where ue x(M < %°) is tangential on the boundary oM and D is the advected
density , which satisfies the continuity equation
o,D+£,D =0,

Moreover , the internal energy satisfies the barotropic First Law of
Thermodynamics

p(D)

S 7D

de =—p(D)d (D‘l):
for the pressure p(D). The "reduced" Legendre transform on this Lie algebra
x(%°) is given by

m=Du
and the Hamiltonian is then written as
h(m,D)=(m,u)—1(u,D)
that is
h(m,D)=.[%|m|2+De(D)dx

The Lie — Poisson equations in this case are as from the general theory

« oh
Otm :—ad(sh/b‘mm—EOD

8,D =L, mD

om

Earlier we found that the coadjoint action is given by the Lie derivative . On the
other hand we may calculate the expression of the diamond operation from its

definition
Sh Sh
~—— —£D)=({—90D,
<§D 7 ><5D ﬁ



to be

Sh .
——,—divD
<5D ”>

5D 5D

oh
DV—,
< 5D ”>

Therefore , we have

where

2

2
6h/sD :—ﬁ+[e +£j
2D D
Substituting into the momentum equation and using the First Law to find
d(e+p/D)=(1/D)dp yields
om=-Lm-Vp

Upon expanding the Lie derivative for the momentum density m and using the
continuity equation for the density , this quickly becomes

1
o,u=-uVu-—V
t D p

which is Euler's equation for a barotropic fluid .

The barotropic equations recover Euler's equations for ideal incompressible fluid
motion when the internal energy in the reduced Lagrangian for ideal
compressible fluids is replaced by the constraint D =1,as

I (u, D):_f%|u|2 —p(D-1)dx

where again uGae(lvl cSR?’) Is tangential on the boundary éM and the advected
density D satisfies the continuity equation ,

0,D +divDu =0

This equation enforces incompressibility div u=0 when evaluated on the
constraint D =1. The pressure p is now a Lagrange multiplier , which is
determined by the condition that incompressibility be preserved by the dynamics
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