CHAPTER 1
Introduction

1.1 Standard Model:

Standard model (SM) is the electroweak model which unifies
electromagnetic and weak interactions. The SM is proved experimentally to
be successful in explaining a number of elementary particles interactions
[1,2], recently the discovery of Higgs particles come as an ultimate reward
confirming the SM [3].

The nature of elementary particles interactions plays a central role in
modern technology; this is because it shows how different fields and energies
are correlated. This helps in producing new techniques that be utilized to

solve the energy problem and promoting the present techniques.

The Standard Model, which physicists have populated since the 1950s
with quarks, leptons, and force-carrying particles, does not hold the answers.
But major neutrino experiments in the US, Japan, and Europe are collecting
data while undergoing expansion and construction, and they are gearing up to
address these problems. These initiatives could not only unravel the mysteries
of the ghostly particles, but the research might lead into larger questions about

the nature of all things [4].
1.2 Research problem:

The present standard model (SM) mathematical model is complex
[4].Moreover the standard model needs to be unified with gravity and strong

interaction [5].




1.3 Literature review:

Different attempts were made to develop (modify) perturbation theory
and momentum concept to solve some quantum mechanics problems
[6,7,8,9,10,11] , they are mainly based on Schrédinger or Heisenberg or
quantum field theory [12,13,14,15,16,17].

In the work done by Dirar [18] , the ordinary Heisenberg equation of
motion describes the time evolution of the quantum system. But ignores the
spatial evolution. In this paper, we carried a derivation with a new Heisenberg
form, which clearly describes the spatial evolution of the quantum system.
The derivation of the spatial Heisenberg representation is carried in the
ordinary space and the abstract space, where the two expressions coincide.
This new treatment can be utilized to deduce the x and p, commutation
relation, beside the classical relation between the force and the potential.

In the work done by Lutfi [19], a new quantum model that accounts for
the medium friction is derived. The first advantage is the addition of natural
oscillation of particle. The second advantage is the incorporation of frication
effect in the Hamiltonian operator. This means that both Schrédinger equation
and energy Eigen equation are affected by friction. The Eigen energy is not
affected by friction, which is in direct conflict with experiment and common
sense.

For the work done by Rasha [20], a relation of the Josephson current
density equation is successfully derived; this is done through a new derivation
of the equation of quantum by neglecting kinetic Newtonian term in the
energy expression.

In the work done by Sawsan [21], Transverse relaxation time T, , plays
an important role in MRI. It represents one of the important factors affecting
image quality and the relaxation time. The aim of this work is to utilize the
laws of quantum mechanics and electromagnetic theory to obtain new

expressions for T,.




| the work done by Dirar [22], Special relativity is isolated from the
main stream of physics, because the equation of motion and energy does not
stem from a single Lagrangian. More over the expression of time, length,
mass and energy does not include the effect of fields. In this work a

generalized version of GR which cure these defects is presented.
1.4 Aim of the work:

The aim of this work is to construct a new mathematical model based
on a momentum perturbation in the generalized coordinates; this may bridge

the gap between the Standard Model and Gravity beside strong interaction.
1.5 Research Methodology:

1. Constant Lagrangian of the SM having new terms to do further unifications

and simplifications.
2. To find the new momentum perturbation.
3. To see how this new Lagrangian respond to the gauge invariance.

4. To see how mass can be generated.
1.6 Thesis Layout:

This thesis consists of 4 Chapters. Chapter 1 is the introduction .Chapters 2
and 3 are devoted for Quantum field theory and literature review. The

contribution is done in chapter 4.




Quantum Mechanics & Quantum Field Theory

2.1 Introduction:

Quantum field theory is the basic mathematical language that is used to
describe and analyze the physics of elementary particles [23, 24, 25,].

The ordinary Lagrangian is dependent on coordinate variables; beside
generalized coordinates and their first derivatives unfortunately this
Lagrangian is found to be unable to describe the generalized Einstein
generalized general relativity (EGGR) without adding to it a second derivative
in the generalized coordinate [26,27,28,29].

This chapter is devoted to extend this notion to describe the general
fields besides investigating its direct impact on Higgs field and its role in

generating mass [30].
2.2 The Principle of Least Action:

It state the physical system moves in a trajectory, such that the action.

I = jL(q,q,x)dx (2.2.1)
Is extreme (minimum or maximum)
ol = j 6L(q,q,x)dx =0 (2.2.2)
&y = y(x) — y(x) (2.2.3)
6q = q(x) — q(x) (2.2.4)
8q = q(x) — ¢(x) (2.2.5)
§g = H2_ 10 (2.2.6)




s — a0y — _ 4 _ 4
6q = —[q(x) —q(x)] = —8q(x) = —dq (2.2.7)
Using the laws of partial differentiator and since L = L(q, g, x) it follows that.
oL oL .. | OL
But using equation (2.2.3) it follows that:
ox=x(x)—x(x)=x—x=0 (2.2.9)

Also from (2.2.7) and (2.2.8) one can get:

0L s — L d

But,
d d oL d
dx aq ] dx [aq] oq %d_S (2.2.11)
oL o. d _d[aL
o £5q = aa(?q Ix aé‘q ax [aq] 8C[ (2.2.12)
Substitute (2.2.12) and (2.2.7) in (2.2.8) to get:
oL da d
oL = a(gq + E d—qS - a[a](y (2.2.13)
_ for 4 (oL d
oL = dq dx (dq)] dx 6q6 ] (2.2.14)
Substitute (2.2.14) in (2.2.2) to obtain:
b
51 = chL dx = 0 (2.2.15)
a

ol = J[%—a aq ]&1 x+f [6 6q]dx—0 (2.2.16)

Put f(x) = Z—Z(Sq




Hence the second integral (2.2.16) reduces to:

b b
d

f _];Ecx) dx = ] df () = [fOOI = fb) - f(@)  (22.17)

oL oL
=2al _, dq(b) — 2al. 6q(a) =0 (2.2.18)
6q(a) = q(a) —q(a) =0 (2.2.19)
6q(b) =q(b) —q(b) =0 (2.2.20)
f [— - ia—L =0 (2.2.21)

dqg dx aq

%_%%=0 (2.2.22)

This equation is called Euler-Lagrange equation [31].
2.3 symmetries and conservation laws:

One of the most interesting properties of the Lagrangian is the
invariance of the Lagrangian which lead naturally to conservation laws. These
are many types of transformations: continues or discrete, geometrical or
internal, global or local. The Ilink between continues symmetry
transformations under which the Lagrangian is invariant is provided by
Noether's theorem, since space and time appear on an equal forting in special
relativity (SR),thus the invariance of launder space-time translation will lead

to momentum-energy conservation [32,33,34,35].

Conservation of momentum results from invariance under space translation,
while energy conservation results from time translation. To obtain energy
momentum tensor considers the translation of the space time variables of the

. ;7 u
form:; X, = X, = x, +6x




2.3.1 Energy-Momentum Conservation:

To obtain the energy-momentum tensor considers translations the space-time

variables of the form [36,37].

X

r U
" —>xﬂ—xu+6x

Where 6, is independent of x,.

(2.3.1.1)

If the Lagrangian is invariant in form under this transformation it follows that;

) oL
6L =L(x)— L(x) = mc?x”

6L = 9,L6x* = (9,L)846xY = 9,[65L]6xY
If L has no explicit dependence onx*, it follows that

L=1L(¢,0,0)
Thus

_ oL oL
SL ¢5¢ 79, —6(0,9)

Where
0p = p(x) — p(x) = ¢(x,u + 5X#) - (px/,t

o¢
S At = (0,¢)6x* = 6xH9,¢

5(au¢) = 0,9 (%)

90,9

pp ——6x" = 6u"0,0,¢

From Euler-Lagrange equation:

(2.3.1.2)

(2.3.1.3)

(2.3.1.4)

(2.3.1.5)

(2.3.1.6)




oL _ . oL
op " 39,

oL oL
%% 0

Thus inserting (2.3.1.5, 6, 7) in (2.3.1.4) yields:

=0

SL = [a 5xH3, ¢ +

oL
" 0(0,9)

Since v, u are dummy indices it follows that:

a(a )va v

Oxt 0, = 6xV0,¢

Hence (2.3.1.8) becomes;

L
5x70,0,¢

%
ox v¢+66H¢

6L = laﬁa(a—m

Therefore;

6L—{6 oL 2, + aLaa(p}
B 09,6 0up *7

=[(8,4)B + A9,B|6x"

= [(9,4)B]6x" =

0 —aL 15) ox?
“lafw ”(”] g

Where;

In view of (2.3.1.10) and (2.3.1.2);

Y ¢|6x¥ = a,[85L]6xY
09,0 nLov

(2.3.1.7)

(2.3.1.8)

(2.3.1.9)

(2.3.1.10)
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Thus,

0, oL SYL|=0 2.3.1.11
posao-si]=0 @i

Dividing both sides by §xV,it follows that;

0, oL —— 9 SIL16xY =0 2.3.1.12
aa ¢ ¢ ( Rty )
Denoting
TH = oL d,¢ — SEL (2.3.1.13)
v _aaﬂd) V¢ v Ry
Thus;
0,T, =T, ,=0 (2.3.1.14)

Hence the tensor T is conserved and it is called the energy momentum

tensor.

The Hamiltonian of the system is given by zero-zero component of the energy

momentum tensor, i.e.

aL

_ 70
H=T, EEN

—9y¢ — 80L (2.3.1.15)

Which stands for the Hamiltonian density, where 68 = 1 and

oL
00,9

H= 9o — L (2.3.1.16)

The momentum density P; is given by;

p = TO = aL

0y _
A

Go.g0  (23117)

Where; 80=0,0#i (2.3.1.18)




2.4 Classical Lagrangian and Hamiltonian Equation of Motion:

We review briefly the structure of classical Hamiltonian theory; the
equation of motion of a conservative dynamical system that has f degree of

freedom may be derived from a Lagrangian function, L(qy, ....qf, 41, .- 4y, t)

of the coordinatesg;.

The velocities ¢; = % and time, by means of a variational principle

[38,39]
6]Ldt = (2.4.1)

5q;(t;) = 6q;(t;) = 0 (2.4.2)

The resulting Lagrangian equation:

d(aL) aL_O 243
dt\dq;) dq; (24:3)
i=1,..f

: : : oL
If now we define a momentum canonically conjugate to g; as p; = EP anda
i

Hamiltonian function of the coordinates and momenta as:

f
H(qy, - Qs Py, o Df ) = Z piq; — L (2.4.4)

i=1
Variation of H leads to the Hamiltonian equation of motion:

oH oH

°.=—' -:——’.21,,,__ 245
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2.5 Second Order Field Dependent Lagrangian:
The Lagrangian of (EGGR) is in the form.
L = L(xy,$,0up,0u¢)

Where:

Xo =t ,X1 = X,Xp = Y,X3 = Z
Thus the Lagrangian variation takes the form:

OLOxy  0LOG  0L63yy L83

SL = + +
Oxu 3]0 d0,¢ 00, ¢

Where:
Sxp = 0 83, = 9,0(x) — 9,0(x)
= 0ulp(x) - P ()]
= 9,00
60u® = OpP(x1) — Oud(x) = Op[P(x) — P(x)]
= 04y0¢
Thus:

60, _ . %uu0u8® _  [0L8g]  [0L]5¢

5L — gL T g
00, 90,6 " 00,6 * 00,9

Similarly:

80 _
00,9

08¢ OLSK — 0,(0,66)

oL =
00, ¢ 00, P

6L

(2.5.1)

(2.5.2)

(2.5.3)
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9,[0L]6¢  9,[0L]0,d,5¢
00,0 00,0

9, [0L0,0¢] —

Thus The Lagrangian of the electroweak field takes the form:

L = iy¥a,¥ - mP¥ - judu- = FuvF

2.5.1 Disappearance of Mass Term in the Lagrangian:

The second term in the Lagrangian is given by:

Myy = p
According to poison equation:
P =0y = —C1p

Thus the mass term in L can be replaced by (2.5.5) to get:

. . 1
L = iyuy¥9,¥ + Co0® — JjuA, - ZFA'wF

(2.5.4)

(2.5.5)

(2.5.1.1)

(2.5.1.2)

(2.5.1.3)

It is clear that the mass term which prevents invariance disappear. According

to equation (2.5.1.3) the mass term appears to be.

SL = iyuWa, ¥ + Coduy

(2.5.1.4)

Thus the need to Higgs fields variables to generate mass need to be revised

[40].
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2.6 Schrodinger Equation for free particle:

For Schrédinger ordinary equation,

P 62¢+V = F
2m 0x2 o = B

(2.6.1)

For free particle the potential (V) = zero so that the equation become,

h2 9%y .
- %W + VOA e”"'x = El/)

Where for solution of this equation let:

l/)=Aeikx

Insert equation (2.6.3) in (2.6.2) get:

h%? 0% . . .
— %WA etkx VOA etk = F. A etkx

2
— —ZmAk2 ef* 4 VA etk* = E. A etk*
2 . .
— —Ak? e = (E — V) A e**

2m
Where V =0,
2mE
L
2mkE

(2.6.2)

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)
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2.6.1 Schrodinger Equation from Lagrangian:

Schrodinger equation can be obtained from the Lagrangian form [41, 42]

. h?
L= i+ o= VY TP+ V(@ Oy (2.6.1.1)
L ay’ h? 0y 0y \
9 o )
EaVT T T

Where the generalized Euler-Lagrangian equation takes the form:

oL i ) [aL
dq < Oaxi 00:q
i=

Withxy, =ict, x;, =x, x,=y,x3=zand

] =0 (2.6.1.3)

a 0 3 g g 0 Jd 1
dx, icot ' od = 6x0q = Gcae? "Ox,  icdt
0 dq dq
0. = A0 019 = 5= 7=
dx; Ox dx, Ox
0 6L]_ 6[ oL ]_6 dL ] 2614
" 0xyl00,q)  icotladq/icot]l  oxlaoq/at (26.1.4)

aaL]_a[aL ]_6 6L]
dx, 100,q]  9x, l0dq/0x,]  0x190q/0x

If we consider one dimension only equation (2.6.1.3) reduced to (let ¢ =

Y*) for (i = 0,1)

aL  a [ aL ] @
[ (2.6.2.5)

oL
FVEE PN CERTE _a[aalp*/ax] =0

Substitute equation (2.6.1.4) in (2.6.1.5) we get:

14



oL 0 oL 9] oL

= _Z - =0
0 ot |, (0Y* 0 P
voe (B e (%)
In view of (2.6.1.1):
oL _,
al/)* - llj
oL _ oL _ .
au a0 - ayr
) oL AT AT
&[a(alp*/at)]_ &[a_tp* M
oL Ry
oY\ 2mox
a(ax) m ox
o oL |  h%o%y
ax | (09|~ 2max?
X a(al,i) m ox

Substitute equations (2.6.1.7) (2.6.1.8) (2.6.1.9) yields:

v _halp h?% 02 _0

Y- ot 2m 0x2
hZ 921 oY

T amoxz TV = gy

This is the ordinary Schrédinger equation [43].

(2.6.1.6)

(2.6.1.7)

(2.6.1.8)

(2.6.1.9)

(2.6.1.10)
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2.7 Time independent Perturbation Theory:

Time-independent perturbation theory is an approximation scheme that
applies in the following context, we know the solution to the Eigenvalue
problem of the Hamiltonian H°, and we want the solution to H° + H; ,
where H; is small compared to H° in a sense to be made precise shortly. For
instance, H° can be the Coulomb Hamiltonian for an electron bound to proton
and H,the addition due to an external electric field that is weak compared to
the proton's field at the (average) location of the electron. One refers to H® as
the unperturbed Hamiltonian and H;as the perturbing Hamiltonian or
perturbation [44].

Hyu, = Epuy, (2.7.1)
H=H,+H, (2.7.2)

HY = EY (2.7.3)
O=H0,+20= H,+ A0, (2.7.4)
Y=o+ AP + /12‘,02 + /137103 + (2.7.5)

E = EO + AEl + /12E2 + A3E3)

Substitute equation (2.7.4), (2.7.5), and (2.7.6) in (2.7.3), when A — 0

Hy = Ey (2.7.7)

H, = E, (2.7.8)

Yo = uy, E, = Ej (2.7.9)

(Ho + AH;, + - ) (o + APy + 22 + ) (2.7.10)
(Eg + AE; + - )W + 2Py + A2 + ) (2.7.11)

Hoyo + A(ﬁﬂpo + H0¢1) + 12(511,01 + ﬁo¢2) =

———————————
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Egho + A(Exipo + Eoa) + A2 (Exipy + Eoiz + Extpo +
Hoo + Egihg
Hio + Hopy = Eqtpo + Eqiy
ﬁ1l/)1 + ﬁolpz = E1; + EoYp + Exp
Y=o+
E~Ey+E

Where 1 =1

Y = Z CnUn

N

Substitute (2.7.14), (2.7.15) in (2.7.16) yields:

Hu, + H, z chun = E, Z CnUp + Ejuy

A, z Cplly = z c Hyu, = z cnEqau,

n

Hou, + z c Eq u, = Ejuy, + Ej, z Coly,

n

Multiply both sides by u; and integrate over dr yields;

fLT]ﬁlukdr + ZEncnjtT]undr
n
Elfﬂjukdr+ Echnfuj u,dr
n

(u]', Hluk) + Z CnEn6jn = E16jk + Ek Z Cn6jn
n

n

(2.7.12)
(2.7.13)
(2.7.14)

(2.7.15)

(2.7.16)

(2.7.17)

(2.7.18)

(2.7.19)

(2.7.20)

(2.7.21)

(2.7.22)
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So;

(ﬁl)jk + E]C] = E16jk + Eij

(ﬁl)jk = (w, Hyu)

Where j =k
(Hl)kk = Exc, = E; + Eycy
By = (A),, = (u Ay) = j L Ayuydr
Ey = (), = (o Ay
Where j # k

(ﬁl)kk = E]C] + Eij

. = (ﬁl)kk
J T Ey — E
E~Ey+E;

E=E.+ (H),

Y= P+t =u + E —E,

n+k

(2.7.23)

(2.7.24)

(2.7.25)

(2.7.26)

(2.7.27)

(2.7.28)

(2.7.29)

(2.7.30)

(2.7.31)
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2.8 Time dependent Perturbation Theory:

Consider unperturbed Hamiltonian H, satisfying Schrédinger equation,

H 0—'hd 0 2.8.1
olpn)_le}rJ ()

One can split [2) to time dependant and independent part in the form

lYR) = Ip(@®)|u(r)) (2.8.2)
Substitute (2.8.2) in (2.8.1) to get:

d|p(t))
dt

Holp@®)u(r) = ih Uun (1))

We can split this equation into two parts to be

Hylu,) ik d|p)
= — = En
[u,) lp) dt

To get

ﬁo|un> = Eplup) (2.8.3)

d E

dlp) _ .—"f dt

lp) in

hw,, hw,t hwpt _
ln|p>_ ih CT T T R it

Where;

Aw, = E, (2.8.4)
Thus

|p) = e~tWnt (2.8.5)

Inserting (2.8.5) in (2.8.1):

19



YR) = e ntluy) (2.8.6)

Assume that an unperturbed system described by (2.8.1) is subjected to a time
dependant perturbation, like subjecting atoms to electromagnetic radiation

such that the Hamiltonian becomes.
A= H0,+ H (2.8.7)

Where H; stands for time dependant perturbation, in this case Schrodinger

equation takes the form.
. . d
Alp) = ih— )
L d
(Ho + Hy) 1) = ih—- ) (2.88)

Since [y2) are energy Eigen states, one can expand in term of them i.e.

‘w = Y Ol = ) a®e ™) (289)

k k

Multiplying both sides by (uj| one gets,
~ _ d
A1) = ih(y] — [¥)
(ujl(ﬁo +H,) Z ¢ (D)e Wkt uy)
k
d :
= ih(u;| Ez ¢ (D)e Wit |uy) (2.8.10)
k
Thus,

z cx €Wt (ug | Hy |uge) + (uj|Hy |ug)
K

. . deg] i
=ihY, [—kack + %] e~ Wkt (u;|uy)

———————————
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But:

(wi|Holug) = (w|Exlug) = Exlujlug) = Exj

(ﬁ1)jk = (wj|Hyluy), —i%hwy = E

Hence,

k

Loiwit 7 —iwgt — . ,-iwjit ‘B ,—iWit
cie " "JE; + Z(Hl)jk Cre cje ""I'E; + ithe "

(2.8.11)

(2.8.12)

. . . dc
z Cke_lwkt [Ek6]k + (Hl)]k] = z e“wkt [CkEk6jk + lhd_tk6]k]
k

ag

Thus the time evolution of the time dependant wave function in the energy

space is given by:

lhﬁ z( 1) lW]kt

Where,
ij = W] — Wg
2.9 Heisenberg picture:

The ordinary Schrodinger equation is given by,

ItP)s
= = Alp)
The solution is,
dlyp)s  H,
. i)

One can define Heisenberg state vector to be,

_ By, _ o
lhs) = eh” [p(0))s = et [Y)y

(2.8.13)

(2.8.14)

(2.9.1)

(2.9.2)

21



Where, Heisenberg state vector takes the form,

[W(0))s = [P)u (2.9.3)

Expectation values are the same in all pictures; therefore

Qciass = (WslQs|s) = (Wy|Quln)

Thus,
A, i,
Wls = e (Ylp = Wy etn (2.9.4)
Hence,
Ay, iy,
(Yl er Qsen”[P)y = (Yly Qulpdn (2.9.5)

Therefore Heisenberg operator is given by,

H, &t
Qy = eih Qqein (2.9.6)
dQy iH, _ifo, iHot iHot 1H, iHot dQg iHot
— = h h h h h —e h
it hQSe ih™ + e Qe +eih” + e dte
iHy, ~ i aQ
22 Quy Qo + (3) (29.7)
_L [H,OH H,]+ OQ) 2.9.8
R [HQH = QuH] + (3;) (298)
dQu i, aQ
o =Rl o]+ (5), (2:9:9)

Which is the Heisenberg equation.
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2.10 Quantum Field theory interaction picture:

In standard quantum mechanics, we're taught to take the classical
degrees of freedom and promote them to operators acting on a Hilbert space.
The rules for quantizing a field are no different. Thus the basic degrees of
freedom in quantum field theory are operator valued functions of space and
time. This means that we are dealing with an infinite number of degrees of
freedom at least one for every point in space. This infinity will come back to
bite on several occasions. It will turn out that the possible interactions in
quantum field theory are governed by a few basic principles: locality,
symmetry and renormalization group flow (the decoupling of short distance
phenomena from physics at larger scales). These ideas make QFT a very
robust framework: given a set of fields there is very often an almost unique
way to couple them together. The answer is: almost everything. As | have
stressed above, for any relativistic system it is a necessity. But it is also a very
useful tool in non-relativistic systems with many particles. Quantum field
theory has had a major impact in condensed matter, high energy physics,
cosmology, quantum gravity and pure mathematics. It is literally the language

in which the laws of Nature are written [45].

2.11 Free Field Equations:

In guantum mechanics, canonical quantization is a recipe that takes us
from the Hamiltonian formalism of classical dynamics to the quantum theory.
The recipe tells us to take the generalized coordinates g, and their conjugate
momenta p® and promote them to operators. The Poisson bracket structure of
classical mechanics morphs into the structure of commutation relations
between operators, so that, in units with A = 1,

[9a qp] = [P, p"]1 =0
(9, p°] = i6
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In field theory we do the same, now for the field Q,(¥) and its momentum
conjugate ?(¥). Thus a quantum field is an operator valued function of
space obeying the commutation relations;
[0 (X), 9, ()] = [ (), ()] = 0
[$a (), pp ()] = i6P (X - )88
Note that we've lost all track of Lorentz invariance since we have separated
space X and time t. We are working in the Schrodinger picture so that the
operators ¢, (x) and 7%(x) do not depend on time at all - only on space. All
time dependence sits in the states [y) which evolve by the usual Schrodinger

equation.

i% = HI)

We aren't doing anything different from usual quantum mechanics; we're
merely applying the old formalism to fields. Be warned however that the
notation |y) for the state is deceptively simple; if you were to write the wave
function in quantum field theory, it would be a functional, and that is a
function of every possible configuration of the field ¢.

The typical information we want to know about a quantum theory is the
spectrum of the Hamiltonian H. In quantum field theories, this is usually very
hard. One reason for this is that we have an infinite number of degrees of
freedom at least one for every point X in space. However, for certain theories
known as free theories we can find a way to write the dynamics such that each
degree of freedom evolves independently [46] from all the others. Free field
theories typically have Lagrangian which are quadratic in the fields, so that
the equations of motion are linear. For example, the simplest relativistic free
theory is the classical Klein-Gordon (KG) equation for a real scalar field
¢ (%, 1),

0,0 + m?*¢p =0
To exhibit the coordinates in which the degrees of freedom decouple from

each other, we need only take the Fourier transform,
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d3p ...
b0 = [ G D( )
Then ¢ (p; t) satisfies

az+ 2 +m? 5,t) =0
5z T ®@*+m?) (1) =

Thus, for each value of p, ¢ (p, t) solves the equation of a harmonic oscillator
vibrating at frequency;

w5 = ++/p? + m?
We learn that the most general solution to the KG equation is a linear
superposition of simple harmonic oscillators, each vibrating at a different
frequency with different amplitude.
To quantize ¢ (%, t) we must simply quantize this infinite number of harmonic
oscillators. Let's recall how to do this.
2.11.1 The Simple Harmonic Oscillator:
Consider the quantum mechanical Hamiltonian with the canonical
commutation relations[q; p] = i. To _nd the spectrum we define the creation
and annihilation operators (also known as raising/lowering operators, or

sometimes ladder operators) [47]
W [ ) W [
a =\/;+\/T—wp»a = iq_\/T_wp
Which can be easily inverted to give

1
—(@+a),p=—i—(a—a)
w

1" 2w V2
Substituting into the above expressions we find
[a,a] =1

While the Hamiltonian is given by

1 1
H= -w(aa+ da) = w(c’za+—)
2 2
One can easily confirm that the commutators between the Hamiltonian and

the creation and annihilation operators are given by

———————————
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[H,a] = waand [H,a] = —wa
These relations ensure that a and & take us between energy eigenstates. Let
|E) be an eigenstate with energy E, so thatH |E) = E |E). Then we can
construct more eigenstates by acting with a and 4,

Ha|E) = (E + w)a|E),HalE) = (E — w)alE)

So we find that the system has a ladder of states with energies

i, E—w,E,F +w,E+ 2w, ....
If the energy is bounded below, there must be a ground state |0) which
satisfies a|0) =0

This has ground state energy (also known as zero point energy),
1
H|0) = - w|0)
2
Excited states then arise from repeated application of 4,

) = ()"0 with H|n) = (n+1)w|n>
2

Where I've ignored the normalization of these states so, (n|n) # 1.

2.12 Interaction Picture Equation:

There's a useful viewpoint in quantum mechanics to describe situations
where we have small perturbations to a well-understood Hamiltonian. Let's
return to the familiar ground of quantum mechanics with a finite number of
degrees of freedom for a moment. In the Schrodinger picture, the states

evolve as [48].

dlp)s
—=> = HlW)s

While the operators Q, are independent of time.

[

In contrast, in the Heisenberg picture the states are fixed and the operators
change in time;
Qu(t) = et Qse™"

Y)Yy = e l)s

The interaction picture is a hybrid of the two. We split the Hamiltonian up as

———————————
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H = Hy + Hint
The time dependence of operators is governed by H,, while the time
dependence of states is governed by H;,;. Although the split into H, and H;,,;
Is arbitrary, it's useful when H, is soluble (for example, when H, is the
Hamiltonian for a free field theory).
The states and operators in the interaction picture will be denoted by a
subscript | and are given by,

[W(@©); = el (t))s

0,(t) = eiHotQSe—iHot
This last equation also applies to H;,;, which is time dependent. The
interaction Hamiltonian in the interaction picture is,

H = (Hpe); = et (Hpy)se Mot

The Schrodinger equation for states in the interaction picture can be derived

starting from the Schrodinger picture.

dly) cd o ~
T > = Hglp)s = i 7 (et 1)) = (Ho + Hine)se ™ot i),
d . ;
S N inot gy, ettt [y,
dt
So we learn that
dly)
i dt’ = H,(t)|y)

2.12.1 Dyson's Formula:
We want to solve (3.14). Let's write the solution as

[P = UL, to) (o))
Where U(t, t,) is a unitary time evolution operator such that
U(ty, t,) U(t,, t3) = U(ty,t3) and U(t,t) = 1. Then the interaction picture
Schrodinger equation (3.14) requires that

'dU—H(t)U
Yar T

If H, were a function, then we could simply solve this by
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t

U(t, ty) = exp| —i jH,(f)df

tO
But there's a problem. Our Hamiltonian H; is an operator, and we have
ordering issues. Let's see why this causes trouble. The exponential of an
operator is defined in terms of the expansion,

t t t 2
—7)2
exp| —i JH,(f)df - 1—iJH,(f)df+ ( 2‘) jH,(f)df +

to to to

But when we try to differentiate this with respect to ¢, we find that the

quadratic term gives us

t t

1 < o2 1 N s
5| [m®at | mw -5 mo { [ moa

to to
Now the second term here looks good, since it will give part of the H,(t)U
that we need on the right-hand side of (3.16). But the first term is no good
since the H,(t) sits the wrong side of the integral term, and we can't commute

it through because H, () ,H,(t) # 0 whenf # t .

28



Literature Review

3.1 Introduction:

Perturbation theory is important since it simplify solving quantum equations.
Different attempts were made to develop (modify) perturbation theory to
solve some quantum mechanics problems in this chapter we mention some of
them [49, 50, 51, 52, 53].

3.2 Ordinary Time Evolution Heisenberg Equation:
The ordinary Heisenberg picture form describes [49] the time evolution of
any quantum system through the operator Q. The matrix representation of the
operator Q in the {u;} space is given by,

Qij = J w,Qu; dr (3.2.1)
The differentiation of both sides with respect to time yields

dQ;; du; dQ . du;
QU: lQu]' d£+ful_Qu]d£+fﬂle_t] dr

dt dt dt
. _.0d 0 H
H = lh& ,& = E , (322)
40;; = _—1 Hu,Q u; dr + l Ju-@ﬁu-dr+ (d—Q) (3.2.3)
dt ih l ) = ih l ] =— dt ij o

Since H is hermition, it follows that,

dQij i [ _1aan An dq

il ful[HQ — QHu; dr + <E>u

dQij i (. A dQ

il [4,0] + <—t) (3.2.5)




This Heisenberg equation describes non localized system as far as the
integration is taken over r .The physical meaning of matrix element Q;; can

be know j by using the definition of the matrix element.

Qij = f‘l_’z Qy; dr (3.2.6)

The Eigen functions w; and ; can be expressed in terms of the Eigen function

of @ , which satisfies:

~

Quy, = qnu, (3.2.7)
This is not surprising since ordinary unit vectors in polar coordinates § and 7
can be expressed in terms of i" and j in Cartesian coordinates in the form
7 cosOi+ sinfj = sin@1i +cosbj, (3.2.8)
Thus one can express y; 's interms of u,'s, in the form,

Y = chun ;= Ecmum

n m

As a result equation (3.2.6) can be written in the form

Qij = chmjméumdr = zqcmqm&nm = Z|Cn|2CIn
n,m n

nm

= Y lea(®lan = (@) () (3:29)

This is average of the physical quantity. This average can change with time
according to the change of the probability

lcn (012
Thus

dQjj
dt

The change of matrix elements in the coordinate space can be found by using

= Rate of change of the average value (Q) (3.2.10)

the definition of the wave function, it is well known that wave function y of a
free particle is a function of space and momentum where it takes in one

dimension form

i
Y = AerPxED (3.2.11)
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The same holds for the momentum eigen function in one dimension, where it

IS given by

i
u(p) = Aer® (3.2.12)
Thus one expects the average of any physical quantity Q to be spatially

dependent if it is integrated over the momentum p, i.e.

(00

Q) = f 50 u(p)dp = Q(x)

0
Q) = j FOwdp=fot) = Q(x0) (32.13)
0

These expectation values stands for the average values for systems localized
at x.
Thus it is different from the expectation value of a system having a

momentum p, described mathematically by

Q) = f J 0 0% @0 di= Q%) (32.14)
0

It seems that the former expression (3.2.3) describes the particle nature where
the system is spatially localized while the latter one (3.2.4) is suitable for the

wave nature where the matrix element

Qij = Jﬂ(Pi»x) Q u(pj,x) dx = Q(pi, p;) (3.2.15)

Describes a function of momentum, while

Qi = jﬁ(pl-,x) Q u(p,x) dx = Q(x;, x;) (3.2.16)

Describes a function of x;,x; . The space here is discrete, which is not

surprising as far as x for harmonic oscillator is given from
V)= 1k 2 o L +1 h
=gk~ 3 (" 2) “

Thus:
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+1 v 3.2.17
S L (3.2.17)

(x) = j Up XUy, dx = %\/g m=n-—1 (3.2.18)
0
For hydrogen Atom the Bohr Radius is given by
r = a,n’ n=123 ... (3.2.19)
Although x; represents a discrete values for atomic particles or systems, but x
can be treated continuous as well. This is true when x; , s are very close to
each other that one can consider them as continuous, where

Xi =X  Xig1 = X; +dx; = x; (3.2.20)

This is true as well as the dimension of the atom is in the range of

14 ~ 107%m (3.2.21)
Thus one expects the distance between atomic orbits to be much smaller.
In view of equations (3.2.13), the matrix element of a system in states i and j

is in general a function of x if it is integrated over p , i.e.

(0]

Qy = j #(p,) 0wy (0,%) dp = Qi (x) (32.22)

0
Thus one can describe their spatial evolution by using a derivation similar to

that done by Heisenberg to describe the time evolution of the quantum
systems, but before doing this derivation it is important to confirm the
dependence of the wave vectors on p and x in equation (3.2.22) by utilizing

the wave function

i
i = AeRPrEnt) (3.2.23)
This can describe a free particle in the energy state n. The wave function of a

particle which resembles a free electron in a certain crystal can be described
by

i
Y= Aer™n' sin a x (3.2.24)
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2mkE,
h
This again is the state of a particle in the energy state n.

a =

For harmonic oscillator the ground state is given by

_p’x?
P(x) = Ae @ X = fe K ** = e 2 (3.2.25)
Where:
, mw (mcHw  hw® w® (2n>2 2o p?
TR T T er Cen e \af) T T e

Thus s Jig again has momentum and spatial dependence Spatial changed
matrix element.
According to equation (3.2.22) Q;;(x) is a spatially dependent matrix

element. Thus one can see how it changes spatially w.r.t.x to get

[00] oo
A~

inj dul A dQ _ ,\du]'
= | o Qu;dp + _Iu‘d u;dp + JujQEdp (3.2.26)
0 0 0
But since
d [

It follows that:

dQ;, jo I I, 0py, (‘g)” (3.2.28)

But since p is a hermetical operator it follows that

| 7 Qun = [ @0, dp (3.2:29)
Inserting (3.29) in (3.28) yields
dQU 56 — 0P| dQ
_f [P0 — 0P|, dr + (dx)u
thi] A o dQ

Or:




A A d
=[P.Q],, +in (d—g)” (3.2.30)

This is the Heisenberg spatial equation of motion. Thus in view of equation
(3.2.26), it is clear that the matrix elements of (@;; describe a system of
independent momentum as far as the integration is taken over p from 0 to co.

Thus the momentum p and the wavelength A where

h
P=73 (3.2.31)
are indefinite, According to uncertainty relation
h
Ax = S (3.2.32)

Thus equation (3.2.30) describes a highly localized system which exhibits
particle nature.

Spatial changed operator in the abstract space the abstract vector space picture
can be utilized to deduce the Heisenberg spatial evolution using the form of p

in the coordinate space

" =p 3.2.33
= - lw) = ply) (32:33)
Where |y) stands for a certain state vector. Rearranging (3.2.33) yields
d . A
%=% j;ﬁdx+c ,lnllp)=%x+c
W) =)= e r e (32.34)
Atx=0
[W(0)) = [¢P(x =0)) = e° (3.2.35)
Thus
iDx 17229
W)= enrlpe) ,  |Ps)=el[|Py) (3.2.36)

The spatial dependence of i can be removed in Heisenberg representation
Yy by choosing Y, to be ¥, , hence
[¥) = [¢s) , [Yu) = o) (3.2.37)
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Where 1) represents Schrodinger spatially dependent wave vector. As far as
the expectation value is independent of representation it follows that

(Q) = WslQsls) = WulQulibn) (3.2.38)

In view of equations (36) and (38) one gets

“0se i) = (Wil Oulton) (3.2.39)

Thus the operator Q,; in the Heisenberg picture takes

0) = (Pule ™

_ —ipy . iPx
Qu=¢e h Qsen (3.2.40)

Where Q, represents the operator in the Schrodinger picture.

Differentiating both sides with respect to, yields

dQH —i A &dé lpx lpx lpx lp
—r h — o h R R
dx _ p Plute dxe te hQse []
B —i . N dQ
) pQy + QHP dx ;

Hence, the spatial evolution of any operator in the Heisenberg picture can be

described by the equation
dQ 1, . dQ
dxH = =[5.Qu] + (E) (3.2.41)
H

This expression is typical to equation (3.2.30)

If 0, = X one gets

'hdf— [p,X] =ih 3.2.42
l dx - prx _l ( e )
Which is the ordinary commutation relation for p and X. Again by setting
Q, tobe
av . A A . . . v
ih——¥ = [BVY) VPPl =VPy + YpV — VY = YpV = ih——y
But when V depends on x only
o v dv_ oV 3943
T 9X  dx  ox (3:2:43)

This is typical to the classical relation between the potential and the field

force.
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3.2.1 Discussion:

The rate of change of the matrix element Qij is clear from equation
(3.2.10) to be related to the average quantities time evolution. Equation
(3.2.10) states that this rate of change is related to the rate of change of the
average value of (Q) in the space {u;}. The displacement of harmonic
oscillator in equations (3.2.17, 3.2.18), beside the Bohr radius in (3.2.19)
shows that the ordinary space is quantized on the micro scale, hence x; and x;
are discrete, thus the matrix elements Q; jare well defined. The wave function
for the free particle and the harmonic oscillator depends on both p and x .
Thus the wave functions in general are dependent on p and x , which make
integration over x or p physically meaning full. Hence, one can obtain
spatially dependent matrix elements Q; j by integrating over.

The spatial change of the matrix elements is required to see how average
physical quantities evolve with the derivations made in section (3.2.5) for the
coordinate space shows that such change is related to the momentum operator
p as shown in equation (3.2.30). A similar Heisenberg spatial equation is
obtained in the abstract space as shown by equation (3.2.41).

Equations (3.2.42) and (3.2.43) confirm the validity of this spatial picture,
where the ordinary commutation relation for p and x and the classical relation
between F and V are obtained with the formula of the Heisenberg spatial
picture. The representation of the operator matrix elements in the { u;} space
shows that Heisenberg form is related the time rate of change of the
expectation value of any operator. The Heisenberg spatial form, in which the
change of operators matrix elements in space, is derived in both ordinary and
abstract space. The spatial evolution of the matrix elements is shown to be
related to the momentum operator. This spatial picture is shown to be capable

of obtaining the ordinary.
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3.3 Quantum Equations for Frictional Medium:

For resistive medium one can write the wave function 1 similar to E.
This is justifiable as far as [51]

E%?a  Number of photon

Y2a  Number of particles

Thus, one can write ¥ to be:

if. ik
= AeRE-T) (33.1)
oy —i ih
s w BT
oY ih
lha + ?lp = Ell)
h 0 + 1y = E 3.3.2
l[at T]¢—¢ (33.2)
The energy operator takes the form:
Hy =Ey (3.3.3)
Using:
PZ
PZ
oY i
ox h
0%y _—P
dx2  h2
In 3 dimensions:
—hV3yY = P%Y (3.3.6)

'h[a+1] = Mgy
ST Tw_ 2m v v

oY h?
= " m
iha—lp = _—hzvzlp + Vi — Tlp (3.3.7)
at 2m T

———————————
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3.3.1 String Oscillatory Solution:

To find solution for harmonic oscillator, it is important to separate variables.

Thus one can write the wave function [51]

Y(r,0) = fOulr)
Inserting of equation (3.3.8) in (3.3.7) yields:

- i Viu+V = ih+E
l fot  2mu “ B 0
Therefore:
of
2 _F
ih PR of
The solution of this equation is:
f = Age Pt
Substituting (3.3.11) in (3.3.10) yields:
hB, = E,
For Harmonic Oscillator the potential is given by:
1
V = Ekxz

This equation (3.3.9) reduces to:

2

M g2y 4 L —(E +ih) —F
SV utsketu=(E +—Ju=Eu

But the energy of harmonic Oscillator is given by:
E=E,+ ﬂz <n+l>hw
T 2
n=123,..

The harmonic Oscillator satisfies periodicity condition,1 .e:

fE+1)= f(©)

In view of equation (3.3.11) this requires:

e~ Pt = cosB,T — i sinf,T = 1
This means that:
cospoT =1 , sinf,T

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

38



Hence:

BoT = 2ms ,
s=123,..
Bo = 2?”5 = Sw (3.3.17)
Inserting (3.3.17) in (3.3.12), the energy is given by:
Ey=hws (3.3.18)

This energy lost by friction is thus gives according to eqn (3.3.14, 3.3.15) and
(3.3.18) given by:

1
Ef=E—Ey= hw (n —s+ 5) (3.3.19)

Maxwell equation for electric field is used to find a useful expression
for absorption coefficient was found. The solution suggested includes
damping term. The relation between polarization and displacement, together
with the expression of conductivity for direct current, in addition to the eqgn of
electron motion in the presence of electric field and frictions. It is found also
that a is equal to the reciprocal of relaxation time t . Using the electron
equation of motion, together with conductivity relation of alternating current,
beside Maxwell equation solution for travelling an attenuated wave in section
(5) a useful expression for absorption coefficient is found also. According to
eqgn (3.3.13) velocity relation is found and is inserted in egn (3.3.14) to find
complex conductivity in egn (3.3.15). This egn is substituted in Maxwell
solution in egn (3.3.16). By assuming the wave number K to be equal to that
of free space a useful expression for friction energy egn (3.3.15) is found by
using Plank quantum hypothesis, for non polarized and polarized medium. It
is very striking to note that this frictional energy expression is similar to that
of egn (3.3.1).Quantum Equation for frictional medium, which is reduced to
ordinary Schrddinger equation, is found in section 4 eqgn (3.3.14). By treating
particles as vibrating strings or moving in a circular crbit, a useful expression

of friction energy is found. The friction energy is shown to be quantized.
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Maxwell Equations for damping or non-damping electromagnetic
wave, in the presence of friction can be used to derive new Schrodinger
Equation; this equation reduces to ordinary Schrodinger Equation and shows

quantized friction energy.
3.4 New Quantum Equation:

Newton laws of motion are used to describe macroscopic objects. The

Newtonian energy E is a sum of kinetic and potential energy V, i.e.:

E=smv?t V= p2+V 3.4.1
—va _Zm ()

Where m, v, p are the mass, velocity and momentum respectively.
According to a theorem of Bloch’s [52], in such superconductors the

momentum p is zero.

Thus (3.4.1) becomes:
E=V (3.4.2)
This is related to the fact that in Josephson Effect the tunneling potential is

considered to be larger than kinetic term squaring both sides' yields:

E? = V? (3.4.3)
Multiplying both sides by iy , one gets:
E?Y = V2y (3.4.4)

The wave function of a free particle is given by:

P = AehPrED (3.4.5)
Differentiating both sides with respect x and t wee
5 .
—h2 % =E% (3.4.6)

Similarly:
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oy i

ox Y
0% i 0y ip ip i’p?
2 = — = — —_— | — =

VY=o T h o h(h)‘l’ h2

—h?V2yY = P%Y (3.4.7)
Substitute (3.4.6) in (3.4.4) to get
R/
_KR2__ T _p2

h 72 V2y (3.4.8)

3.4.1 Josephson Effect Equation:

In Josephson Effect electrons are considered as having small kinetic energy
compared to the potential. Thus

Schrddinger Equation (3.4.8), in which Kinetic term is neglected is suitable for
describing the Josephson Effect. To derive Josephson Effect equation,

consider the solution:

Y =Dsin(at+ ¢) (3.4.1.1)
The tunneling potential is constant inside a superconductor, thus
V=7 (3.4.1.2)

From (3.4.1.1), one can differentiate ¥ with respect to time twice to get:

6_1/1 = aDcos(at + ¢)

ot
azw 2 H 2
Freiaial Dsin(at+ ¢) =—a“y (3.4.1.3)
Substitute (3.4.1.2) and (3.4.1.3) in (3.4.1.1) to obtain:
h2a* = Vi
a’? = V—OZ
hZ
Vo
a=t— (3.4.1.4)

By Substituting (3.4.1.4) in (3.4.1.1) and choosing a negative sign, that is in
dealing with the change in potential energy one gets
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W = Dsin (_eV" £+ ¢) (3.4.1.5)

But the energy density J is given by:

on _ [pI* _ |¢|

]—€E= T 2e|p|——

] =2e Dsin(at + ¢) ( VO) cos(at + ¢) (3.4.1.6)

, DV

J= —2e 751n0c056

eVt
6 = ¢——°

By using mathematical identity

Sin260 = 2sinfcosb
One can rewrite Equation (3.4.1.6) to be

J= -

Setting:

e?DV, 2eV,t , 2eV,t
- Sln< i )=Asm(¢— ) (3.4.1.7)

2¢ = §(0)

The current density is given by:

J = Josin (500) - 257)

Which is the Josephson Effect equation.

(3.4.1.8)

3.4.2 Discussion

Equation (3.4.1.2) shows a new energy equation based on Newtonian
mechanics, with the neglected kinetic term. This equation is used to derive a
new quantum Equation in (3.4.1.8). This new equation is based on Newtonian
energy with no kinetic term beside the wave equation of a free particle. This
derivation resembles simple derivations of Schrodinger equation except the
fact that the kinetic term is neglected this equation is used to derive simple
Josephson current density equation. This Equation (3.4.1.8) is the same as the

old one, but derived using simple arguments.

———————————
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Neglecting kinetic Newtonian term in the energy expression, one can easily
derive a new gquantum equation.
This equation is shown to be successful in deriving simple Josephson current

density equation.

3.5 Transverse relaxation time from time dependent

perturbations theory:

The time dependent perturbation theory provides scientists with powerful tool
to find the probability that a certain energy level, for two energy levels system
can be occupied at a certain time (t). This probability is obtained with the aid
of the wave function, (C,, (t)), in the energy space the probability that the

energy level in this occupation is given by [ 53]
2

4
|Cm(t)|2 = ?.urznn(EOx)zt
Where u,,,, stands for the matrix element of the electric dipole moment P,,,,

which is given by:

Pon = elyn = ef.umx.undx (3.5.1)

It is straight forward to observe that at t = 0 the state m is completely
empty, there for equation (1) reads:

lc,(t=0)]2=0 (3.5.2)
Where:
E = electric field intensity
h = Planck's Constant
If immediately after t = O the state m is occupied till ¢t = T,, in this case

equation (1) reads:

2 471'2 2 2
lem (D)1 = ?.umn(EOx) T, =1 (3.5.3)
Thus the relaxation time is given by:
h? 1
T, (3.5.4)

T 4n% B2y,
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Umn Refers to electric polarization from state m to state n.
This expression is valid when the stimulating photons frequencies range from
0 — oo, if a photon of single frequency f which has energy approximate
equal to the energy difference between the states m and n such that:
En,—E,= hf = how
hw,, — hw,, = hw
Wy — W, = 21nf

w = angular frequency

sin%(a)m — w, —2nf) = (v, — w, — 21f) (3.5.5)

1
E(wm — w, — 2nf) = a small angle.
Thus:
4r? Yo (0m = wp =20t AmZ B2 (wn — wn — 27f)?
lem @1 = ?urz,mngsmz (O — @p—21f)2 4(wm — @y — 21f)2
lem (O = phnEdet (3.5.6)
Againatt = 0
lem(t=0)>=0 (3.7.7)
I.e.the state mis empty. Butatt = T, if itis fully occupied, i.e.
lem (t = 0)|* = 42 E5,T, =1 (3.5.8)
The relaxation time can thus be given by:
T. ! (3.5.9)
T = = O,
? .umnng

But the square of electric field intensity is related to the photon density (n)
and the photon energy Aw via the relation
EZ, = nhw

1
T, =——— 3.5.10
° fmanho ( )
If the energy of the photon excites protons between two states spitted by the
interval due to the effect of the internal magnetic field

B. Then:
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hw = gug M¢B; (3.5.11)
Hence:

1 1
T,a— ,T,a— 3.5.12
ZaBl- zaw ( )

g = constant (g factor)
ug = Bohar magnetron
mg = Spin magnetic quantum number

B; = internal magnetic field intensity

Thus the relaxation time depends on internal field as well as free frequencies.

3.6 Transverse Relaxation Time and Conductivity in the

Presence of Internal Local Field
When a photon which oscillates in electric and magnetic fields E and B are

applied on a proton of mass (m), in the presence of a resistive forceF,. =

mT” ,T= T, and internal magnetic field B; , the equation of motion thus

becomes [3.7.6,3.7.7]:

YW b -" 4 Bev+B 3.6.1
mdt—e T, jev ev (3.6.1)

Where:

E = Electric field strength
e = Electron charge

v = velocity

m = mass

Assume the solution:

v=uv,et |, E=E, et (3.6.2)
By putting equation (3.6.2) into equation (3.6.1) one gets:
mv,

imwv, = eE, — + B;ev, + B,v,

o

m
T——Bie— B, + imw|v, = ek,
2
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e

v =1,e% = — E
ﬁ—Bie+Be+imw
The conductivity is thus given by:
e
] =ev = m ) E =oFE
ﬁ—Bie—Be + imw

Where:
J = Current density
o = Electrical Conductivity

The conductivity can be spitted in to imaginary part and real part:

e? [% — Bje— B, — imw]

[% — Bie — Be]z + [mw]?

o= 04+ lop =

The conductivity is thus given by the real part:

_ .2 [%—Bie — B, — imw]

o, = > (3.6.3)
m
[ﬁ — Bie — Be] + [mw]?
When the conductivity is very low as in the case of the human body
me? 5
? = (Bl - B)e
Thus the relaxation time is given by:
T, = m 3.6.4
>~ (B;+ B)e (3.64)
. 1
zaBl_

Reviewing equation (3.6.3) and equation (3.6.4) we found the value of the
quantum transverse relaxation time, is thus depend on external and internal

magnetic fields.
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3.7 generalized special relativity:

The behavior of matter in the presence of the gravitational field was discussed
in many standard texts [53.54.55]. In these text the equation of motion of
matter in gravitational and the matter energy momentum tensor are treated
separately. The equation of motion of matter is obtained either by expressing
the equation of motion of straight line in curvilinear coordinate system [51] or
by minimizing the proper time [52] or even by using Euler-Lagrange
equations [53].The energy momentum tensor of matter was found by
generalizing its special relativistic form in a curved space . This situation is
not inconformity with the classical field theories, where the equation of
motion and the expression for the energy momentum tensor stem from only
one action and from the same Lagrangian. On the other hand the physical
properties of matter; like time, length, and mass; in special relativity (SR) are

incomplete for not recognizing the effect of fields on them.

Many attempts were made to modify SR to include the effect of gravity and
other fields. The attempts concentrate on the notion of mass and energy
without accounting the influence of both fields and motion on time and
length. Using the ordinary classical Euler-Lagrange equations [3.7.1.5] a full
expression for the equation of motion of matter in an arbitrary gravitational
field and the energy momentum tensor are obtained from the same
Lagrangian in section (3). Stemming from General Relativity (GR) the effect

of gravitation and other fields on time, length and mass are obtained in section

3).

3.7.1 The Equation of motion and the Energy-Momentum

Tensor for Matter:

In this section a full expression for the energy-momentum tensor of matter in
the form of a perfect fluid as well as the equation of motion of matter, in

particle form, in the gravitational field can be obtained from the action
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47




principle. By variation of the matter action the equation of motion and the

energy-momentum tensor can be derived.

Taking the field variables to be x* and assuming the Lagrangian to

depend only on x* and its first derivates it follows that:

L= L(x* UW (3.7.1.1)
With
Uk = dx*
o dt

Being the four-velocity and t the proper time.

To obtain the energy-momentum tensor of a perfect fluid we choose the

Lagrangian of matter to have the form:
L=A+A,9,,U"U" (3.7.1.2)

Where the parameters A; and A, are independent of the metric g,,, and the
velocity U* .
The energy-momentum tensor of matter is given to be

2L

Tpa = gpaL — Yro Wapxk

- 0L cuprk
- gpa['_ 9o W(spu

oL
= Gpol = Gao 55, U (3.7.1.3)

According to formula
g UHUY = —1

Then the Lagrangian becomes
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Using this equation and inserting (3.7.1.4) in equation (3.7.1.3) yields.

= 9,6(A; — Ay) — 24,U,U, (3.7.1.5)
If we set
A, —A, =p, A +4,= —p (3.7.1.6)
Then
Too = GpoP + (P +PIU,U, (3.7.1.7)

Which is the expression for the energy-momentum tensor of matter in a
perfect fluid form [53].

The equation of motion can be obtained by using Euler-Lagrange
equation, where

oL _ _( f’ﬁ) =0 (3.7.1.8)

dxk oUk

Using equations (3.7.1.6) and (3.7.1.2) the various terms in the equation of

motion are given by,

0L 0A, dA, 09y
_— = — UrRUY —+ A, UHUY
dxk  Oxk + Gy dxk T 4 dxk

(A —Az) 29y
=W 4 g ynyv e

P+ AUrUY 2 (3.7.1.9)
And
d(@L)_Zd[A U”]
de\auk) = ©q¢ 129uk

dAz dut

= QUL 222 4 24, 224 YU + 24,9, S
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A-=>v,A=> puand u -v

We get

Ok, yuyyy 0w

agk 1
pppA 2R KV
U*Uu —[UUav Epm

dx* 2

Hence

a oL\ _ v [99ku a.§7kv 2 dAZ
5 (Gon) = AUmUY [T+ 2] 28,9, S+ 207U, 55 (3710)

The equation of motion is then given by substituting equation (3.7.1.9) and

(3.7.1.10) in equation (3.7.1.8) and by multiplying both sides by g** to get

kA
9 agku agkv aguv
—24. URUY _
UMV 2 | oxv + OxH dxk
L dU* dA, dp
—ZA 5 d__ 2gk/1U/1de—‘I‘gk/"L dxk =0

When we consider the motion of a point test particle of small mass, the
pressure p vanishes and the density variation is negligible. Therefore by

equation (3.7.6) we get
P =0,p = constant ,A; = A, = ‘7” (3.7.1.11)

The equation of motion of matter in a gravitational field is then given by
[3.7.1.15, 16, and 17].

2 dxHdxV d2x*
BV atr dt dt?

=0 (3.7.1.12)

It is very interesting to note that this expression obtained from the matter

action represents an alternative derivation of the geodesic equation.
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3.7.2 Special Relativity in the presence of Gravitation:

In SR the time, length and mass can be obtained in any moving frame by

either multiplying or dividing their values in the rest frame by a factor y

To see how gravity affects these quantities it is convenient to re express y

in terms of the proper time [4]
c?dt* = g, dx"dx" (3.7.2.13)

Which is a common language to both SR and general relativity. We know

that in SR (3.7.2.13) reduces to [10]
c2dt? = c2dt? — dxldx',x° =ct
Lo 1l 1Yoy (3.7.2.14)

Thus we can easily generalized y to include the effect of gravitation by

using (13) and adopting the weak field approximation where [11]

2
911 = 922 = 933 = —1,800=1 +C—? (3.7.2.15)

dt 1 dxt dxt v?

c2

When the effect of motion only is considered, the expression for time in

SR take the form [53]

dt = (3.7.2.17)

, 2
v
1_6‘_2

Where the subscript 0 stands for the quantity measured in a rest frame.

While if gravity only affect time, its expression is given by [3.7.2.11].
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dto

dt = NeS (3.7.2.18)
In view of equation (3.7.2.17), (18) and (16) the expression
dt = — (3.7.2.19)

Can be generalized to recognize the effect of motion as well as gravity on

time, to get;

(3.7.2.20)

The same result can be obtained for the volume where the effect of

motion and gravity respectively reads [52]
V=V [1-= (3.7.2.21)

V=1/9Ve= 900 Vo (3.7.2.22)

The generalization can be done by utilizing (3.7.2.14) and (16) to find
that

To generalized the concept of mass to include the effect of gravitation we

use the expression for the Hamiltonian in general relativity, i.e. [53]

dxo 2 ,00C2
H= pc? = gooT° = goopo (E) = 9007

mOCZ

2
VoY

(3.7.2.24)

= Y00

Using equations (23) and (24) yields
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C =
p vV
Therefore
m = JooMo
172
goo—c—z

(3.7.2.25)

(3.7.2.26)

Which is the expression of mass in the presence of gravitation.

Using equations (3.7.2.15) and (3.7.2.26) when the field is weak and the

speed is small, the energy E is given by

E =mc? = MoYoo (goo -

In the weak field

2) (3.7.2.27)

E = myc®+ = mgv? — mydp

2

E=myc?+ T+V

(3.7.2.28)

Unlike SR which doesn't include the potential energy, equation (3.7.2.28)

shows that the energy is reduced to the classical expressions which

include potential energy.

V == _m0¢)
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3.8 Special Relativity in the presence of other fields:

According to general relativity (GR) and standard model (SM) the effect
of the field on physical quantities manifests itself via the space. The space
deformation in our model manifests itself through the ¢ which can be

given with the aid of equation (3.7.1.13) and (16) to be.

dT /gw dx* dxV Jooc?dtz 1 o
i - B
¢ dt c2 dt dt \/ c? dt? ngan v

y= 00— LLvert (38.1)

Where a = 1,2,3

The effect of the field on gamma is incorporated in the deformation

parameters gqg andgyo. According to SM [52] the presence of the gauge
fields W, and B, deform the space by changing the ordinary derivative d,

to the covariant derivative Dﬂ.i.e

D, = 0, + iglw, + i(2)YB, (3.8.2)

2
Where the factors g, g ,I and Y are parameters determining the nature of

interaction. On the other hand the covariant derivative in GR [ 52 ] is

given by
D, = 9,— T} (3.8.3)
Where
1
F&v = 2 g [augkv + avgku - akg/.n/] (3'8'4)

The relation between the metric g,, and the field can be obtained from

relations (3.8.2) and (3.8.3) with the aid of the relation
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a/lguv - l—fv Ipu = Guv;a (3.8.5)

Where (3.8.2) and (3.8.3) gives:

I3 = —igl.w, — i(£)2B, (3.8.6)

According to these relations the generalized expression for the time
volume, mass and energy is given according to equations (3.8.1)

,(19),(23) and (25) by.

dt = % (3.8.7)

m = % (3.8.8)
2

E=mc? = % (3.8.9)

3.9 The origin of mass

It is well known that the mass is the origin of the gravitational field,
therefore it is quite natural to expect the ground state of gravity to be
related to the mass. The ground state energy can be found by minimizing

the expression (3.7.2.25) energy in the presence of the gravitational field.

Minimizing E yields
dE _ dE dgoo ™ goo CZ][ ]_0 (3.9.1)
de  dgoo deo 2¢2)2 e
2v% _ 2¢?
Yoo = CLZ = C—Cz =2 (3.9.2)

Where the field particles moves with the speed of light, therefore
equation (15):




There potential energy,

moc?

2

V=-mp=-— (3.9.3)

The energy E is given to be:

2mgc?
2-1

E=mc?= = 2mc? (3.9.4)

Equation (3.9.3) indicates that the potential is negative which means that
the particles are bounded in a negative state. The minimum energy is

twice rest mass energy.

The matter Lagrangian is used to obtain the matter energy momentum
tensor and the equation of motion. It is found that this matter tensor
represents the energy-momentum tensor of a perfect fluid as in the case
of GR. The equation of motion of matter indicates that a point-like

particle moves on a geodesic curve in the free fall.

The Schwarzschild solution comes in the case of a weak static field. Thus
the equation of motion and the energy stem from a single action, unlike

SR, and in conformity with the principle of least action.

On the other hand the effect of gravity as well as motion on time, volume,
and mass shows the dependence of them on the potential on the same
footing as the velocity. Unlike SR, the expression of energy include the
potential energy. When the classical limit is considered it is also very
interesting to note that when the effect of gravity alone is considered on
mass in equation (3.7.2.26) the mass increases which indicates that the
field increases the mass. The generalized expression of time volume,
mass, and energy in which the effect of fields on them is present through
the metric is also exhibited. The expression for minimum energy and
minimum potentials indicated that the ground state energy contains both

the mass of both the particle and its antiparticle are present. Moreover

———————————
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this ground state have negative energy inconformity with Dirac

relativistic quantum theory [53].
3.10 Summary and Critique:

The work done by authors to modify quantum theory make
contribution in using momentum operator to derive the Heisenberg
spatial evolution of the quantum system. Some of them are concerned
with recognizing the effect of friction, while others derive new
Schrodinger equation by ignoring the momentum term, to explain
Josephson effect by using simple mathematics unfortunately all these
attempts does not account for perturbation of momentum by potential

field.
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New Momentum perturbation and string theory

4.1 Introduction:

The standard texts are can concerned the development of some
(approximate) techniques of solving the time evolution of interacting fields. It
IS common to use the interaction picture of the time evolution in Quantum
field theory.

The time evolution of operators in the interaction picture is quite
simple, it is equal to the time evolution of the free fields. Indeed, both time
evolutions (the one of the free fields and the one of the interacting fields in
the interaction picture) are controlled by the same Hamiltonian H,. Let us
emphasize the similarities and the differences between the interacting fields in
the Heisenberg and the interaction pictures.

Oscillations are a physical phenomenon seen in a wide variety of
physical systems. They are especially important in that they describe the
motion of a system when perturbed slightly from equilibrium. We work
through the basic formalism of simple linear oscillations, both natural and
driven, consider coupled oscillating systems and show how to decompose
them in terms of normal coordinates, and apply the theory to oscillations of
continuous systems to introduce wave phenomena.

The linear simple harmonic oscillator (SHO) is the foundation of the

theory of oscillations.

The simple harmonic oscillator is one of the most important problems
in quantum mechanics, from a pedagogical point of view it can be used to

illustrate the basic concept and methods in quantum mechanics.

From a practical point of view it has applications in a variety of

branches on modern physics, molecular, spectroscopy, solid state physics,
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nuclear structure, quantum field theory, quantum optics, quantum statistical

mechanics and so forth.

Attempts were made to develop perturbation theory but are complex in
their mathematics. This work is concerned time dependant perturbation based
on generalized special relativity (GSR).

Quantum field theory (QFT) is a subject which has evolved
considerably over the years and continues to do so. From its beginnings in
elementary particle physics it has found applications in many other branches
of science, in particular condensed matter physics but also as far afield as
biology and economics. In this thesis we shall be adopting an approach (the
perturbation theory) However, to set this in its context, it is useful to have
some historical perspective on the development of the subject.

Quantum field theory is the basic mathematical language that is used to
describe and analyze the physics of elementary particles.

The ordinary Lagrangian is dependent on coordinate variables; beside
generalized coordinates and their first derivatives unfortunately this
Lagrangian is found to be unable to describe the generalized Einstein
generalized general relativity (EGGR) without adding to it a second derivative

in the generalized coordinate.

Many attempts were made to develop quantum field theory to unify forces,

but with no remarkable success.
4.2 Time Independent Momentum perturbation:

The motion of fast particles in special relativity (SR), can enable to simplify

energy-momentum relation, where

Also For small rest mass m, ,

———————————
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E? = C?*P? + myc* =~ c?p?
Thus one can to a good approximation write:
E=CP (4.2.1)
Consider a Hamiltonian which has this form:
H=H, +H (4.2.2)
Where the second term represents perturbation which is given by:
H =V (4.2.3)

With the r.h.s stands for the perturbation potential. According to equation

(4.2.1) the Hamiltonian of the stable system is given by,
H, = CP, (4.2.4)

The Hamiltonian of the perturbed system can be given according to equation
(4.2.1) and (4.2.2) as:

H=CP=H,+ H = CP,+ H, = CP,+ CP, (4.2.5)
Where
Pl - — (426)

The perturbation of (p) momentum by afield is not surprising according to
G.G.R:

1

20 v?\ 2 v: @
pzmov(1+———> =m0v<1+§—c—2

c2 (2
mov:  myv 3
0 oV myv myve
MVt —5— = — 5 = Pot—5~ —3
c c c c

Consider particle of definite momentum Eigen equation of the form:
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A h

PolUy = ;Vuk = PrlUg
Perturbation of momentum is given by:

P=P +P,=Py+—>
Thus its action on an arbitrary wave function y yields:
Hy

Ly
C

Py =Py +
Py= (37+ Py
Let: P=P,+ AP,
Consider the solution:
Y=Y, + AP+ 2P, + ...
P= P + AP, + A*P, + ......
Sub equation (4.2.10) in (4.2.11) to get:
Py =Py
(Po+ AP ) (o + A1) = (po + AP ) (o + A1)
The free terms satisfy,
Pobo = Pty
Py + Piyp, = Py + Py,
Comparing (4.2.14) and (4.2.7) gives,
Yo = U B = Py
Sub equation (4.2.15) in (4.2.14) gives,

ﬁo¢1+ ﬁluk = Py + Piuy

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)
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One can write Y in terms of momentum Eigen value to get,
Y = z Cnln (4.2.17)
Inserting (4.2.17) in (4.2.16) gives,
z c,Bu, + Piu, = P, Z Colly, + Piuy

Multiply both sides by u,and integrate over dr to get,

chPnjﬁ]undr+fﬁjl31ukdr = Pchnfﬁ]undr+ Pljﬁjukdr
n

= Z CnPn6jn + (pl)]k = sz Cndjn + Pldjk

m m
P + (Pl)],k = Pycj + P8y

Letj=k,
P1 = Pk (4.2.18)

Thus from (4.2.8, 4.2.15, 4.2.18) ,

1,
p= P+ 7 (H1), (4.2.19)
where : j # k
_ @oje _ 1 (Hojk
¢ = cc;  cleney) (4.2.20)

Thus from (4.2.11, 4.2.15, 4.2.17, 4.2.20),
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4.3 Time Independent perturbation for string Harmonic

oscillator:

The harmonic oscillator potential is probably the most widely used

potential in physics, because of its ability to represent physical potentials in

the vicinity of stable equilibrium.

From equation of momentum, let:

m,v

P =

= po(1+5+55)

@  PoV?

Do + POC_2+ 76,_2: Po t+ D1

1
mep + 5 mev*\  p,(V+T)  p,H

1 = =
P Po myc? m,c? myc?

For harmonic oscillator:
PZ
H = HOSC = %-F V

This is since for harmonic oscillator,

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)
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x = xgeWt

V=X =Iiwx

F= —kx = —mw?x
1 1
v= o kx? = Emwzx2
1 1 1
T = |Emv2 = |— Emwzx2 =3 mw?x? =

2

Therefor: H=2T =%
m

But: puy = pruy , pPu = P2,

pzk

Huk = 7 U = Ekuk

p P
Pk = WoczfukHukdr

p, = 0 j— E.u,d
1= P U LU AT
D)o = —2 F j Gt d
P1lkk = moCZI Upuar
Py 1 _
— mOCZ |:n+§:| hwjukukdr
Where:
fﬁkukdr = 1

n= ()]
1= [\"73 Wmoc2

H=T+V =2V, T=V

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

(4.3.13)
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jﬂnHundr = (H)=2(V)=2 j u,Vu,dr

Thus the perturbed term of momentum is given by:

o= [+ D]

myc?
Thus the total momentum of the system perturbed:

p=DP1+Do

— hw|+ 1 ¢ po

p:

4.4 Particle in a crystal:

Yx+a) = Px)

tkx olka — olkx

e
Where etk =1
Coska =1
thus, k= Z?Tn
py = miocz f g~ tkx <;:lnz V2 + 0> tkx dx

2
Po fe—ikx h_kz oKX g
m,c? 2m

2 lforesed 2]

Where: k= — ,V=0 , there fore

P =

(4.3.14)

(4.3.15)

(4.4.1)

(4.4.2)

(4.4.3)
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P1:

p, Hh? <2nn)2_ p
m,c?2m a Y dx

One uses normalization condition:

[y dx = [|Pp?|ldx =1

Thus

2nm\2 2 [ p,
w b= (T) %(mocz)
Thus the total momentum is thus given.

4.5 Particles in a box:

From the equation of energy in the perturbed system:

E = hw
Since:
Y = Asinax + Bcosax
Y = Asinax + Bcosax
At:x=0,y =0

Y = Asin0 + Bcos0 =0
0+B=0,~B=0
Yx=1)=Asinal=0
sinax =0

al =nm n=0,123,.....

(4.4.4)

(4.4.5)

(4.5.1)

(4.5.2)

(4.5.3)




From equation (4.5.1):

Vi = —a?y (4.5.4)
h? h?
%azlﬁ = Eg = %kzzp (4.5.5)
a= tk (4.5.6)

Substitute o by K in equation (4.5.6) to get:

By mE- V= (P ) - v = Boo K (4.5.7)
0 0 2m 0 ™ 2m 2m o
2
— __y2 _
Vi + Vo = Ey
hZ
- %v%p: (E—=V)yY = Eqyp (4.5.8)
nm
K=— (4.5.9)

For momentum perturbation for particle in a box,

nm
po = hk = hT (4.5.10)
1y h? Po
Py = U’l’(‘ %V2+ VO>1,l)dT] s
N _{ h? p
= = k2 0
Py = Uv,b(zmk + VO>¢dr] 2 (4.5.11)
Y = Asin ax ,Vip = —aAcosax
V2 = —a?Asinax = —a®y (4.5.12)
h? - p
5 — |——Kk2 0
P1 = Ika + Vo] f bipdr [mocz] (4.5.13)
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— _Po_ [h_2k2 + VO]

myc? 12m

Where:
nm
K =— (4.5.14)
Thus:
pO hZT[Z
DL = mocz [an + U()] (4‘515)
1 [h?%m? N
P = Po+DP1=DPo 1+'m0c2 >z T o

This means that the momentum is quantized.
4.6 Time dependant momentum perturbation:

Consider the Hamiltonian:

'hd = Hy = i |4
i = w—<—+ )w

2m
If the system is perturbed such that,

= (2522 ]y

Where the momentum perturbed is given by:

D = Do+ D1 (4.6.2)
With p, representing non perturbed momentum satisfying.
DoUn = Pnln (4.6.3)

To solve equation (2.1), one can write

Y = Z Cnln (4.6.4)
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Where,

i
ch = cn(, ), up = u(p,x) = e (4.6.5)

Inserting (4.6.4) in (4.6.1) yields:

dc 52 + PPy + P1D, + D?
lhz:cn an B z[(po poplzmplpo p1) wvlw

1
_mz pnzun + Po P1 Up + P1PolUn + Vun

1
ﬁz P Un + Doy Un + PpPiltn + Vu,

Multiplying both sides by i, and integrating yields:

dc
ithzI]undr —=
ZmanJu]undr+ > Zu]poplundr
ancnju]plundr + qu]Vuncndr
Thus:
dc
lhz )
Zmzp 6]77. Cn
A A 1 A
+ %Z(popl)jncn +%z pn(pl)jn +z(v)jncn
n n n

ac] 1, 1 o )
th— Fraiali ey s %Z[Popﬂjn + Pn (P1) jnCn
4 z(v en (4.8.6)
n

69



ac;
i ] m + ZV(T t)6cn + _z (popl)]n + pn(pl)]n] Cn

o _ p)° .
th=r=5-¢+ V(#, t)c
1 A oA A
+ ﬁZ[(popl) jn + Pn(B1) jn]cn (4.6.7)
n

The potential term was found by using the matrix elements of V , where one

uses the following relations:

_ho _n
"= i dp B p
h o i
r=- %ehpnrn = ru,
. (hdy(ho )
i = (735) (T3) v =
PRu, = rku, (4.6.8)
h o i h d =ipnm
-1 o FbPnTn — (___
Tt (i@p) ¢ (lape )

.o _(ha)_l(h —i )
T = \Gap) G R P

hay'
=(735) P M = 1) Py
Thus:
Fu, = (1) uy (4.6.9)
Thus if :
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V(P = (Z ckf”k) u; = (Z Ci i k) U; (4.6.10)

Also
_ipry  _tPTj h 0 [ —ipri 7
fuu=*f(e h.e h |=—-—|e h .eh
[ dp
= [-fay + ry] = (5 - n)Ey = riy,
fuw = FOrigy) = P(riny) = rfuy; = r’uy;
Py = rtuy (4.6.11)
1 ho pri _ipriy"'
Pl == (—,— e'h.e )
i dp
_ _ -1 1, -1 4
= (rwi, — rwi) = (m-n) (wig) = DO ay
P 2uu; = (Dr A luy] = (D2 r
rtuu; = (D" r My (4.6.12)
Thus:

V(f*)jﬁlujdr = flTlV(T)uj dr= (V)

It is very interesting to note that when no perturbation exists p; = 0 and
equation (4.6.1) reduced to:
. 0c  pj?

J_ 5
ih E = %Cj + V(T')Cj (4614)
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Which is the ordinary Schrodinger equation in momentum space.
4.7 Harmonic oscillator momentum perturbation:

According to string theory particles can be considered as oscillating
string. Also electrons moving in a circular orbit around the nucleus can also
be treated as a harmonic oscillator. Thus the behavior of electrons and

elementary particles can be explained by harmonic oscillator model.

The external field applied on these particles can be treated as a
perturbation. The perturbing term can be found from the momentum equation
in GSR to be,

myv
p =
20 v?
\/1 ¢z 2
For ¢ ,v? < ¢?
p=potn1 (4.7.1)
, -t
2
p= mov( — C—f — 2%) ’ (4.7.2)
1 /-2 2
= myv [1 ‘E(C_;p_:_z)] (4.7.3)
2
QD v
= m0v<1 +C2 +ﬁ>
2
= po(1+5+5) (4.7.4)
@  PpoV?
Pot Pozt 5 3= Pt (4.7.5)

(4.7.6)




For harmonic oscillator:

P
H = Hosc == %‘F V (477)
T=V (4.7.8)
Pi
Hu, = == F 4.7.9
Uy m KUk ( )
B = oy | gy
Po _
= mczfu]Enundr
pOEn — pOEn5]n
= ju]undr— 7 (4.7.10)
Bob)in = o [ Gpondr
Po N PoE A
= WjuJPoEnundT = m—C;Ju]Poundr
PoEn [ _ PoEnpn [ _ PoEnp
= mcgju]pkundr = #Iu]undr = # Oin (4.7.11)

Substituting (4.7.10), (4.7.11) in (4.6.7) to get:

ac. p.z p Epc
. 0C _ Pj 05jPjC;
lhE— 2—Cj+ UC]'+ T

Dropping j indices and assuming the solution:

¢; =c=u(p)v(t) (4.7.12)
One gets:
Ldv_ p? PoEp u
lha= %u+vu+mz Eu (4.7.13)
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2

P
—u+vu=(1+
> u vu (

For harmonic oscillator:

1 1
— 552 — “(_p2y. 2
v ka Zk( h?Vp?)
Thus:
h%k p?
—— V% u+4-——u=cE
5 ku+2mu coEu
hZ

1 c
2 _ -0
—g Tt gt u =g b

Comparing this with ordinary harmonic oscillator equation:

hZ
—77211 + Ekox2 u=Eyu
k L g = %p
- = — = —
X =P, 0 m’ 0 2
Using the fact that:
1
EO == (Tl + _) h(l)o
2
ko
ko =mow; , wo= m
k = mw?

Thus the energy is quantized and given by:

k

E = Ck—OE0 = C—O(n+%)ha)0
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(4.7.14)

(4.7.15)

(4.7.16)

(4.7.17)

(4.7.18)

(4.7.19)

(4.7.20)

(4.7.21)

(4.7.22)




4.8 Heisenberg Interaction Picture:

dQU
T dx fu Q u;dr

jd_ dr + de+j_ d d
dxuiQuj T u‘d u;dr uideuj T

First integral:

Where: Qu; = 9,

Since (P) is hermition,

Second integral:

Third integral:

(4.8.1)

(4.8.2)

(4.8.3)

(4.8.4)

(4.8.5)

(4.8.6)

(4.8.7)

(4.8.8)

(4.8.9)




aQ irpg A1 L9490 _ 1 &, 00 _ ~»

—_— = —= + — = — + —=

— - [2,Q] —=—S5+—-=G (4.8.10)
a’Qy _ a’q _i(d_Q)_iG el
dx? dx? dx \dx dx dx Y

dZQij dul [ _ dG _ du]
T :f . Gu;dr + —jui—xu]-dr+JuiGadr (4.8.11)

The first term is given by,

du, .. L~ \ & I [ =
f Gu]dr = j(%Pul) Gu;dr = —EJPulw,bjdr

Since p is hermition.

u, Pl/J]dT' = u, PGu]dr (4.8.12)

I
R h

The second term can be defined to be,
G dG
(E) Jul o7 w;dr (4.8.13)
The third term takes the form,
I [ .
= EfuiGPujdr (4.8.14)

Thus,
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dG l1ra A G

E—E[P,G]+a
Where,

dQ 1. 00

G—a ﬁ[P,Q]+a
Thus,

a’Q _ 1 2%

dx?z ih[P'G]+6x

'hsz— [P G]+'haG

' dx2 U’ ! d0x

4.9 Spatial Evolution in the Interaction Picture:

From the total spatial momentum:
p = po + ﬁint

ih= )5 = B, )

Rearrange equation (4.9.2) and integrate over dx one get:

dip)s o
Wy, i)

W) = [W)s = € [)s
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(4.8.15)

(4.8.16)

(4.8.17)

(4.8.18)

(4.9.1)

(4.9.2)

(4.9.3)




The average value is the same in all pictures; thus,

(Q) = (Lpsolﬁsmjso) = (LPI|QI|LPI) (4-9-4)

But,

I W)s = (Wle T Qse i 1) (4.9.5)

But since the interaction wave vector is given by,

|¥1) = [Wso) (4.9.6)
Therefore,
(Ws|Qs s 1) = (W10l Qr1¥1o) (4.9.7)
Also,
(ol = (ol = [P10)™ = [Wso)™ (4.9.8)
Thus,
iPo x iPox
(Wole™ v Qse 1 [Wro) = (ProlQr[Wro) (4.9.9)
Hence,
0= e 506 s (4.9.10)

This is the operator in the interaction picture; let us see now the spatial

evolution of the (‘¥) by assuming,
1) = U(x, %0)[¥o) (4.9.11)

In view of equation (4.9.2):

hd¥) — ply,) (4.9.12)

idx_

By using equation (4.9.3) one can assume also that,
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Po x
|¥s) = e in |¥) (4.9.13)

Inserting equation (4.9.13) in the left hand side of (4.9.12) yields,

hd|¥)  ih i?ﬁx W+ ik HA’Tox d w
i dx  Poip© )+ ihe ho | 19D
Thus,
hodlws) = PoX hd|¥))
2 = e [, [y + SO (4.9.14)
But,
hdw,) -
— =Py

From (4.9.1) and the right hand side of equation (4.9.12) one gets,

h d|W¥) PO S [Pox
- = (B, + Ppt)I¥s) = (B, + Pp)e ® |¥))
iPox 5 [Pox
=Pe n |¥)+ Ppen |¥) (4.9.15)

Comparing (4.9.14) and (4.9.15) yields,

iP,x iPox R d|¥;) iP,x iP,x
e h BlP)+en - dr Poe 7 (W) + Ppe 1 |Wy)
h d|¥;) ~
28 = P9 (4.9.16)

i dx

Which is the spatial evolution of |¥;).
But from (4.9.11),
W1} = Ux, x,) [P (%)) (4.9.17)

Also from equation (4.9.16),
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h d|¥))

h d
Since |W¥;,) is constant, thus:
h d
- EU = PU (4.9.19)

This equation can be solved by interaction. Since,
[P (x)) = Ulx, x,) [ (x,)) (4.9.20)
atx, = x =0
[4(0)) = U(0,0)[(0))
Uy = U(x,x,) = U(0,0) = I

Consider the solution,

%faw1 = [P, Uyd, (4.9.21)
Xq Xq
i
U1 - ﬁ J PIUde - f Pl(xl)dxl (4‘922)
X0 Xo

Using equation (4.9.21) again,

h
TdUz = PIU1dx

X2

[
UZ = - J PI(xZ)Uldxz

h
X1
L, 2
i
= (E) ffP,(xl)P,(xZ)dxldxz (4.9.23)
X1 Xo
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Similarly,

h
—dUs = PUpdx

X3
[
Us :ﬁj P;(x3®) Updx? (4.9.24)
X1
3 X3 Xy Xq
[
(ﬁ) f j jPI (V)P (x*) P (x>) dx'dx?dx®
X2 X1 Xo
On the other hand,
auv lP,d
TR
Thus,
dU_ ide
T
[
InU = —jP,dx+c
h
Therefore,

i
U= eceh | Pdx

i
U = Uyeh f Pdx (4.9.25)
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4.10 Discussion:

In ordinary special relativity and Schrédinger equation, the effect of
potential manifests itself through energy term. However the situation is
different within the framework of GSR where the potential affect the
momentum through the mass term. This means that momentum can be
perturbed by the potential. The perturbation term p, is given by (4.2.6) to be
related to the Hamiltonian. Expanding the momentum, wave function in terms
of powers of A (see equations (4.2.10, 4.2.11), one can find the new
momentum and wave function in equations (4.2.20, 4.2.21) by using the

momentum equation (4.2.12).

Treating elementary particles as oscillating strings the new momentum
is found to be quantized as shown by equation (4.3.15). Inside the crystal
having periodic structure, the total momentum is quantized as equations
(4.2.19) and (4.4.5) indicates.

Treating the string as one dimensional box of length L, equation

(4.5.15) shows that the string momentum is quantized.

In section (6) time dependent perturbed Schrédinger equation in momentum
space is derived {see equation (4.6.7)}. This equation reduces to ordinary
Schrddinger equation when perturbation term vanishes as shown by equation
(4.6.14). By taking into account GSR momentum relation in equation (4.7.1),
it is clear that P is affected by the potential through the mass term. The
perturbation term P; is given by equation (4.7.1). Using string theory the
particles can be treated as harmonic oscillator. The quantum perturbed
equation equation is shown in equation (4.7.7).

The energy of perturbed system is given by equation (4.7.18) which shows
that the energy is quantized.

In sections (8) and (9) the spatial evolutions of the system in terms of

momentum operator are derived, the spatial evolution in the interaction

———————————
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picture leads to the equation (4.9.16). The solutions of this equation are
shown by (4.9.20, 24, and 25).
These resembles that of time evolution for quantum field theory, this new

version can describe spatial evolution of quantum system [54].

4.11 Conclusion:

Perturbation momentum quantum model based on GSR shows that the
momentum is quantized it one treats particles as vibrating strings or finite

length string.

The GSR opens a new horizon in developing spatial evolution of the quantum

system on the bases of momentum operator.
4.12 Recommendation and outlook:

1. The perturbation theory need to be promoted construct new perturbative

quantum field theory.

2. The perturbation of momentum need to be applied to hydrogen and other

atoms.

3. Angular momentum perturbation theory needs to be developed.
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