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Abstract

In this thesis we apply the homotopy perturbation method (HPM) to
solve some partial differential and integral equations. Firstly we solve a
time dependent homogenous and non-homogenous partial differential
equations, subject to different kind of initial and boundary conditions.
Then we apply the homotopy perturbation method (HPM) to solve non-
linear advection differential equations. Further more, the homotopy
perturbation method (HPM) is applied to solve some kind of integral

equations.
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Chapter (1)
The homotopy perturbation method for linear and nonlinear operators

1.1 Introduction

The homotopy perturbation method (HPM), proposed first by He[1,2],
for solving differential and integral equations. The method, which is a
coupling of the traditional perturbation method and homotopy in topology,
deforms continuously to a simple problem which is easily solved. This method,
which does not require a small parameter in an equation, has a signification
advantage in that it provides an analytical approximate solution to a wide
range of nonlinear problems in applied sciences. The HPM is applied to
Volterra’s integro-differential equation [3], to nonlinear oscillators [4],
bifurcation of nonlinear problems [5], bifurcation of delay-differential
equations [6], nonlinear wave equations [7], boundary value problems [8],
quadratic Riccati differential equation of fractional order [9], and to other
fields [10-18]. The HPM vyields a very rapid convergence of the solution series
In most cases, usually only a few iterations leading to very accurate solutions.
1.2 Analysis of the method

The principles of the HPM and its applicability for various kinds of
differential equations are given in [3-18]. We consider the nonlinear
differential equation.
L(u) + N(u) =1f(r) , r € Q  —mmmmmm e e e (1.1)

with boundary conditions
B(U, 25 ) =0, FEIT  mrmrmeomm e (1.2)

WhereL is linear operator while N is nonlinear operator,B is a boundary
operator,/”is the boundary of the domain Qand f(r)is known analytic function.

The He’s homotopy perturbation technique[1-13] defines the homotopy
u(r,p):Qx[0,1]—>% which satisfies

H(u,p) = (1 - p)[L(u) — L(uo)]+p[L(u) + N(u) - f(N] =0 -----mmmmmmme- (1.3)



or

H(u,p) = L(u) — L(uo) + PL(uo) +p[N(u) -f(N] =0 -----mmmmmmees (1.4)
wherereQ and pe[0,1] is an embedding parameter, ug is an initial
approximation which satisfies the boundary conditions. Obviously, from
Eqgs,(1.3) and (1.4), we have

H(u, 0) = L(u) — L(Up) =0 =mmmmmmmmmm oo (1.5)
H(u, 1) = L(u) = N(u) = f(r) =0 =m=mmmmmm e (1.6)

The changing process of p from zero to unity is just that of u(r, p) from
up(r)to u(r). In topology, this called deformation,L(u)— L(ug)andL(u) — N(u) —
f(r) are homotopic. The basic assumption is that the solution of Eqgs. (1.3) and
(1.4) can be expressed as a power series in p:

U = Ugp+ puy +p2u2 s (1.7)

The approximate solution of Eq, (1.1), therefore, can be readily

obtained:

U=1Iimu = Up+ Up +Up + .mmmmmmmmmmm oo e (1.8)
p—1

The convergence of the series (1.8) has been proved in [1,2].

1.3 Applications
To demonstrate the effectiveness of the proposed method, we have

chosen several differential equations.
Example (1.1)
Consider the following homogeneous linear PDE[19]:
U+ U, — Uy =0
with the following conditions:
u(x,0)=e*—x, u( =1+t (1, )=e-1

Solution:
By homotopy technique we construct a homotopy which is solutions
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H(u, p) =L (u) — L(u,) + pL (u,) + p [N(u) - f(r)] =0
Then we have:

[ut o (uo)t] + p[(uo) t + p[ Uy — Uxy ] =0

Then, substituting the initial condition, we have
[ut_(ex_ X)t]+p[(€x— x)t]+p[ux_uxx]zo
This gives

ut_0+p[(o)] + p[ux_uxx ] =0

Then

Uy + p[ux_uxx ] =0

Substituting  u = (p°uy + plu; + p%u, +-)  we have
(Puy + plug + p?uy + ) +p[(@°uo + plug + pPuy +--),
—(P°uy + plu; + pPuy; +--) 1=0

To find u, :

p0: (uo)t =0

ug=C(x) ,u(x,0)=e*—-x

e* —x= C(x)GL)—=8* — X

Uy =e* —x

To find u, :

pl: (ul)t + (uO)x - (uO)xx =0

(ul)t + (ex - x)x - (ex - x)xx =0

(u); +e*-1-(e*—-0)=0

(u) —1=0 >(uy), =1

U= t+ C(X)

u(x, 0)=e* —x

(pOuy + plug + p2u,+ ...)(x ,0) = e* —x

10



Then:

ug(x,0)=e* —x

uy x,0=0 , u,(x,0=0

uz (x,0)=0 andsoon

Then:

u=t+CX),u (x,0 =0

0=0+C(xX)>C(x)=0

u =t

To find u, :

p* (Uz)e + (Ur)x — (Up)xx =0

(Uz)e + (E)x = (O =0

(uz2); =0

(uz2): = C(X) uz (x,0)=0

0=C(x)>C(x)=0

u, =0 yu3 =0 and uy, =0

The solution is a series form, given by:

u(x,t) =ug +uy +uy + ...
—e¥ —=x+t+0+0+...

The required solution is:

u(x,t) =e* —x +t

Example (1.2)
Consider the following homogeneous linear PDE(KIlein-Gordon
equation) [19]:

Upe FU—Uy, =0

11



With the following conditions:
u(x,0) =e™* + x,%(x, 0)=0
Solution:
By homotopy technique we construct a homotopy which is solutions
H(u, p) = L (u) - L(u,) + pL (u,) + p [N(u) - f(r)] =0
Then we have:
[uee — Wodee] + PICU) ¢ +P[Uu—ur ] =0
Then, substituting the initial condition, we have
[ue — (™ + x ) J+PIe™ + x) e ]+ PlU—ug ] =0
This gives
U =0+ pL(0)] +plu—uy ]=0
Then
Ut + p[u_uxx ] =0
Substituting  u = (p°uy + plu; + p?u, +-)  we have
(Pup + plug + pPup + ) + 0L @up + plug + pPup + )
- (pouo + p1u1 + pZuZ + )xx ] =0
If:
(°uo + p'ug + pPup +--)(x,0)=e* +x
Then:
Ug(x,0) = e ™ +x
u(x,0) =0 |, up(x,0) =0 andsoon
To find u, :
P’ (Uo)er =0
(Uo)e = Ca(X),(up)e(x,0) =0
0 = Cl(X)—)Cl(X): 0

12



(Uo)e= 0

Uy = Co(X),ug(x,0) = e™ +Xx
e *+x =Cyx),Co(x)=e™* + X

Uy =e * +Xx

To find uyq :

pht () + Uo — (Uplxx =0
(U t (e + x) —(e7™* + x),y =0
(U He™ +x) - (™) =0
(U X =0 > (Uq)pe= X

(u1)e = = xt+ Cy(x),(ug) (x,0)=0
0= 0+ Ciy(x)>Cy(x)=0

(up) =—xt

xt 2

2

U= + Cz(X),ul(X , O):0
0=0+ CZ(X)—)CQ(X): 0

_ xt?
Ty

To find u, :
pr (U)ee + U — (Uy)yy =0

xt 2

(Uz)ee + (- %) —(- T)xx =0
(U2) e +(— g) —(0)=0

(U2)er - - 0

()i = 2= C1 (0, (uz)i(x, 0)=0
0+ O:C1(X)—)C1(X): 0

13



3
(uz)e —5-=0

xt?

Uy — T: Cz(X), uz(X , O):O

0+ 0-0 =Cy(Xx)>C, (x)=0

_xt?
b

Uz= —— U= —-
The solution is a series form, given by:

U(X, t)=u0 +u +tuszt+...

2 4 6
— X _xtt o a7 oxt”
ux, ) =e™ +x 21 * 4 6! +

R t2 ottt
—e X +X(l-= +——— +..)
20 41 6l

The required solution is:

u(x, t) = e + xcos(t)

Example (1.3)

Let us consider the problem:

U = Uy T U

With boundary conditions:

u(0,t) = cosh(t), u,(0,t)=1

and the initial conditions

u(x,0)=sin(x) +1 , u.(x,0)=0

Solution:

By homotopy technique we construct a homotopy which is solutions
H(u , p) = g —(uo) =Pl Urx + U]

Then, substituting the initial condition, we have

14



Upe—(sin(x) + 1)g=p[ uyr+ U]
Then we have:
Use = Pl Upx+ U]
Substituting  u = (puy + p'uy + p%u, +---)  we have
(@°up + pluy + pPup + ) = p[@Uy + Plug + PPUp + )
+(@%uy + pluy + pPup +-)]
If:
u(x, 0) =sin(x) + 1
(P°uy + pluy + p?uy, +--)(x,0) = sin(x) + 1
Then:
up(x, 0) =sin(x) + 1,u;(x,0)=0 ,uy(x,0)=0 andsoon
To find u, :
P (Ug)e=0
(ug)e= C1(x),(up)¢(x,0) =0
0=Ci(x)>C1(x)=0
(ug): =0
up=Cy (X),  up(x,0)=sin(x) + 1
sin(x) + 1=Cy(x)—> Cy(x)=sin(x) + 1
uy =sin(x) + 1
To find u, :
Pl (U = (Ug)xx + (Ug)
(U1)g = (sin(x) + 1),, +sin(x) + 1
(uqy)s = - sin(x) +sin(x) + 1
(u); =t+ Cy(x),(ur)(x,0) =0
0=0+Ci(x)>Cy(x)=0

15



(), =t
2
u ==+ Co(x), uy(x,0) =0

0=0+ CZ(X) %CQ(X): 0

tZ
U = ;
To find u, :

pZ: (uZ)tt = (ul)xx + (ul)
(uz)tt = (tz_z,)xx +t2_2!

() =+ Cu,(up)i(x, 0) = 0
0=0+ Cl(X)—)Cl(X): 0
(uz)e :§

4
up=—+ Cp(X), u(x,0)=0

0=0+ CZ(X) ﬁCg(X): 0

t4
[25) _Z
To find us :

p3: (u3)tt = (u2)xx + (uZ)

t4 t4
(u3)tt - (ﬂ)xx +ﬁ

(ug)e = -t Cy(X),(t13) (X, 0) = 0

120
0=0+ Cl(X)—)Cl(X): 0
t5
(uz); = 120
6
us=—+ Co(x), uz(x,0)=0

0=0+ CZ(X) ﬁCz(X): 0

16



t6
U3 —a
Then, The exact solution is:

U(X,t): Ug+tuy tuy; +tus+ ...

t2 t* b

:Sil’l(X) + 1+; +Z +a + ...

The required solution is:

u(x, t) = sin(x) + cosh(t)

Example (1.4)

Let us consider the one dimensional non-homogeneous problem

U+ Uy, TU-e X1 +2t)=0

Subject to boundary conditions:
u(0,t) =t, wu,(0t)=e"t -t
and the initial condition :u(x,0)=x
Solution:

By homotopy technique we construct a homotopy which is solutions
H(u, p) = u—(up)e + Pl urt U—e™* (1 +21)] = 0

Then, substituting the initial condition, we have
U—(x) ¢t Plutu—e (1 +21)]=0
Then we have:
uHp[uy,,tu—e (1 +2t)] =0
Substituting  u = (p°uy + plu; + p?u, +-)  we have
(Puo + pluy + PPup + ) +p[(u + Plug + PPup + )
+@%uy + pluy + pPuy +)-e (1 + 2t)] =0
If:

17



u(x, 0) = x

P’uo + plus + pPup +-)(x,0) = x

Then:

up(x, 0) =x,u1(x,0)=0 ,uy(x,0)=0 and so on

To find uy :

p?: (up)=0

uyg =C(X) ,up(x,0)=x

x= C(X)>»C(X)=x

Uy = X

To find u; :

Pl (u)e + (Up)x +Uup—e (1 +2t)=0

(U)y + (X)yy +X—e*(1+2t)=0

(U +x—e*(1+ 2t) =0

uy + xt—e ¥(t+ t?) = C(X) , uy(x,0)=0
0 +0-0=C(x) C(x)=0

u; = e *(t +t?) —xt

To find u, :

p*: (u2)e + (Uq)yy tug =0

(uz)e + [e7(t + t2)- xt ] +e™*(t+t2) —xt] =0

(u) + [e7(t + t2)]+ [e7*(t+ t?) —xt]=0

(uy), +2e(t + t?)—xt =0

xt?

t2 3
u, + Ze_x(7+ ?) -

=C0 . up(x0)=0
0 +0-0=C —C(x)=0

18



To find uj :
p3: (u3)t + (uZ)xx tu; = 0

e t2 3 t2 e t2 3 t2
(us)e +[- 267 (5 + P+ Flutl-2e7 (F+ P+ 51=0

2 3 2 3 2
(us)e + [ 2e7% (S + S+ 267 (S + D+ =0
e [t 3 t2
(us)e=4e™ (S + ) +77 =0
gt ot xt3_ _
usz-4e (z + E) +T— C(x) , usz(x,0)=0

0 0+0=C(x)  —C(x)=0

xt3
6

— —x ot t*
uz= 4e™ (—+ )

Then, The exact solution is:

U(X,t): u0+u1+u2+u3+...
2 3 2
:x+e‘x(t+t2)—xt—2e‘x(%+ %)+%

T A1
vt (Tt

2 3 s g a3 /3
U(X,t):X[l—t+7—?+...]+€_x [t +t°—t —2?4'4?—

The required solution is:

u(x,t) =te ™ + xe™t

Example (1.5)
Consider the following nonhomogeneous PDE:

U + Uy +(u)? = 2x + t*

with the following conditions:
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u(x,00=0 2 (x,0)=au0,t=at , 20,1t ="’

ot
solution:

By homotopy technique we construct a homotopy which is solutions
H(u, p) =L (u) — L(u,) + pL (u,) + p [N(u) - f(r)] =0

[ e — o)ee] + PLo)ec] + Pliex + (u)? —2x-t*] =0
Then, substituting the initial condition, we have

Use— (0)ee 1+ PL(O)ee 1+ Pltyy + (uy)* —2x-t*]1 =0

Then we have:

U+ Plug, + (u,)? —2x-t*]1=0

U+ Pluy, + (u,)? —2x-t*]1=0

Substituting  u = (p°uy + plu; + p?u, +-)  we have
(P°uy + pluy + pPup + )y + Pl U + plur + PPup F )y
+(p%ug + plug + pPup + ), - 2t41=0

If:

u(x,0)=0

°uo + p'ug + p*up +--)(x,0)= 0

Then:

up(x,0)=0

u1(x,0=0

u,(x,0)= 0 andsoon

To find uy :

P’ (Up)ee =0

(Uo)e = Ca(X),  (up)e(x,0)=a

a=Ci(X)>Ci(X)=a

(uo)t —a

20



uy =at + C, (X),ug(x,0)=0
0=0+C,(xX)>Co,(x)= 0

ug =at

To find uyq :

ph (W) + (Uo)xx + ((Uo)x)* —2x—t* =0

(e + (@) + ((at))? —2x-t* =0

(Uy)y =2X +t*

(e =20 +5 +Ci0) ()i, 0)=0
0=0+0+Ci(X)>Ci(x)= 0

5
(W), =2xt +=

6
up =xt? + =+ Co(x), g (x,0)=0

0=0+0+0+Cy(x)>C(x)= 0

t6
U — xtz

30
To find u, :
P*: (Up)ee + (Up)r + ((U1)x)*=0
£6 t6

(Uz)ee + (xt? + 5)” + [(xt? + 5),6]2: 0
(up)ee + 0+ [t* ]
(Up)ee = — t*

5
(W2)e =—% +Ci(x) (u2)e(x,0)=0

0=0+ Cl(X)—)Cl(X): 0

(u2)e = — i

(uz): = —i + Cy(X),uy(x,0)=0

21



0=0+ Cg(X)—)Cz(X): 0

U, — —ﬁ

To find us3 :
P> (Ug)ee + (Uz)xx + ((11)x)*=0

£6 L6
(Uz)ee + (— 3_0)xx + [(— g)x]z =0
(uz)ee = 0
(us): =Ca(x) ,(uz)e(x,0=0
0= Ci(x)>Cy(x)= 0
(uz): =0
uz =+ Cy(x),u3(x,0)=0
0= 0+CyXx)>Cy(x)= 0
uz; =0
The solution is a series form, given by:
u(x,t) =ug+ ug +up +uz + ...

té  to

—at+xt? +———+0+...
30 30

The required solution is:

u(x , t) = at + xt?

1.4 Homptopy Perturbation Method for Solving Non-linear
differential Equation

The proposed homptopy perturbation method solves effectively, easily
and accurately a large class of linear, nonlinear, partial, deterministic or
stochastic differential equations with approximate solutions which converge

very rapidly to accurate solutions.

22



Example (1.6)

U, +% (u?),=u(l—u) +g(x,t) 0<x<1,t>0

Case (1):

Withg(x, ) =0  then  u, +(u?), = u(l -w)

We start with an initial approximation wuy(x,t)= e™*
Solution:

By homotopy technique we construct a homotopy which is solutions
H(u , p) = u—(ug); + Pl (u?)x—u +u?]= 0

Then, substituting the initial condition, we have

(e ™)+l (u),- +u?] = 0

Then we have:

w+ ply (u)-U +u?] = 0

Substituting  u = (puy + plu; + p%u, +-)  we have
°uo + plug + pPuy + ),

+p[5 [ @%up + plug + pPup + ),

-@u + plug + pPup + )

+ @u + pluy + pPup +)°]=0

If

u(x,0)=e™*

°uo + p'uy + p*up +--)(x,0) = e™*
Then:

ug(x, 0) =e " u1(x,0)=0 ,uy(x,0)=0 andsoon
To find u, :

po: (ug):=0
23



uy= C(x), upg(x,0) =e™™

e *=C(x)-»>C(X)=e™™*

uy=e*

To find uy :

Pl (u)e + 51 (o) ]x— g + (ug)? = 0
()e +3[ (@™ — e +(e™)? =0
(u)e +5[ €], —e* +e™ =0
(uy), + % [2e7%*] —e*+e™2* =0
(u),—e ¥ -e*+ e 2*=0

(u);=e™
ui=te *+ C(x), uy(x,0)=0
0=0+C(x)>C(x)=0

u=te™

To find u, :

p*: (up)e + %[ 2ugug [~ ug + 2upuy) = 0

() +5l2(e™)(te™) I, — te™ +2(e™*)(te™)= 0
(uy), + % [2te ], —te™* +2te™2* =0

(uy), + % [- 4te™2*] —te *+2te ¥ =0

(up),—2te 2 — te ™ + 2te™2* =0

(uy), =te™

2
up=—e ¥+ C(X),  up(x,0)=0
0=0+C(x)»C(x)=0

24



t2
uz—ze

To find us :
1

p: (u3), + L 2upuy + (u)? 1= uz + [2upuy; + (u1)?1=0

1 _ 2 _ _ t2
(e +312(e™) (T ™) + (ke ™), -5 e~

2
+2(e™) (5 e7%) + (te™)?] =0
2
(ug), + %[tZe—Zx +t2e720 ], _% e~ + [t2e™2% +t2e72%] =0
2
(ug); +5[2t2e %], -= e~ + [2t2e 2] =0
2
(uz), + %[—4tze_2x] —% e ™ +2t2e™?* =0
2

(uz), — ZtZe_Zx—% e ™ + 2t?e™?* =0

2
(uz)e = = e

2

3
us=—e ¥+ C(x),  u3(x,0)=0
0=0+C(x)—=>C(x)=0
t3
—_ X

u3—§ e

The exact solution:
u(X,t)=u0+u1+u2+u3+...

—_ _x+ _x+t2 —X+t3 —X+

- € te ; e ; e

2 3
—e*(l+t+++..)
2! 3!

The required solution is:

u(x,t)=e™ (ef) = et™*

25



Case (2):

Withg(x, ) = -e*  then  u +>[(w?)],= u-ul-et™
with the initial approximation u(x,0) = 1-e™*

Solution:

By homotopy technique we construct a homotopy which is solutions
H(U ., P) = =) + P [(wr )]t +uP+et ] = 0

Then, substituting the initial condition, we have

u~(1 = ™) + pl; [(w?)]e-u +u+et*] = 0

Then we have

wt Pl [(ur?)],-u +ut+e' ] = 0

Substituting  u = (p°uy + plu; + p?u, +-)  we have
(P°up + plug + pPuy + ),

+p[5 [ @%uy + plug + pPup + ),

-(Puy + plug + pPup +-)

+ (puy + plu; + p%u, +-)2+e*]=0

If

ux,0)=1—-—e*

(°uo + plug + pPup +--)(x,0) =1 —e™*

Then:

ug(x,0)=1—-e*u;(x,0)=0 ,uy(x,0)=0 andsoon
To find uy :

p%: (up)=0

uy= C(x), up(x,0)=1—-e*

1—e™*=C(X)>C(X)=1—e7"*
26



Ug=1—e>*
To find u, :
Pl () * 31 (o)L= uo + (up)*+ et *=0
(e +3[ (L= e~ (L—e™) + (1 — e ™)+ et ¥=0
)y +2[1—2e +e 2], - (1—e™) +(1 - 2¢™ + 2]
+et™=0
() +5[2e7 —2e 2] ~(1— e ™*)+(1—2e ™ +e7%¥)
+et™=0
(Uup)ete™ - e ™ —1+ e *+1- 2e ™ +e ¥+ et™=0
(uy)+2e - 2e ™+ et ™ =0
(1) =-e"™
u;=-e" =+ C(x), u;(x,0)=0
0=—e™ +C(x) »>C(x)=e™*
U =-e*4e*
To find u, :
p*: (up), + %[ (uouq)x—us + (2upuy) =0
(u2)e +5[2(1—e™)(- e + e,
(- et - e ) +[2(1 — e*) (= et + e*)=0
(up); + % [ —2e"™* 4+ 2e ™™+ 2" 7% — 274 ],
— (- et - eT*) +(=2etF + 2+ 22t — 2e72¥)] =0
(uz2)e + %[Zet_x —2e7%— 4et T2 4 4o72¥]
— (- et - eT¥)+(—2etF + 2e7F+ 2e 7 — 272 )]=0
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(Up), +et™ — e™* — 2et72% 4272 4ol ™ 7% —

+ 2% + 2et72X — 272 =0
(uz) =0
u,=C(x) , u,(x,0)=0
0 =C(x)»C(x)=0
u, = 0andthen u3;=0 ,u, =0
Then, The exact solution is:
u(x, t) = ug +uy +uy +uz + ...
=l—e*—el™+e ¥ +0+..

t2  t3
—_ X . -
=e (1+t+2!+3!+...)

The required solution is:

ux,t)=1—et™*
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Chapter (2)
Homomtopy perturbation method for solving advection equations
2.1 Introduction

Nonlinear phenomena have important effects on applied mathematics,
physics and issues related to engineering: many such physical phenomena are
modeled in terms of nonlinear partial differential equations. For example, the

advection problems which are of the form.
u,(x ,t) +uu, = h(x,t), u(x, 0) = g(x)
First we consider a general nonlinear non-homogeneous partial
differential equation with initial conditions of the form.
Du(x, t) + Ru(x ,t) + Nu(x, t) = g(x, t)
u(x, 0) = h(x), u.(x, 0) =f(x)

2.2 Application:

In order to illustrate the solution procedure of the homotopy perturbation

method, we first consider the nonlinear advection equations.

Example (2.1)

Consider the following homogeneous advection problem [20, 21]:
u,+ uu, =0
u(x,0) = —x
solution:
By homotopy technique we construct a homotopy which is solutions
H(u, p) = u—(up):+ pluu,] =0
Then, substituting the initial condition, we have
u—(- x); +plun,]=0
Then we have :
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u;+ pluu] =0

Substituting  u = (p°uy + plu; + p%u, +-)  we have

@°up + plug + pPuy + et pl (U +ug +up +.0) (Up + ug +
Uz +)x]=0

@P°uy + plug + pPuy + ) +pluoUox + Uglyy + UgUgy +
H_j \

p° pt

UgUpy + Uglyy + UpUpy T+ ...]
— ~ /)

pZ
If
u(x, 0) = —x
(P°uo + pluy + pPup; +-)(x,0) = —x
Then:
up(x, 0)= —xu1(x,0)=0 ,uy(x,0)=0
To find uy :
po: (ug):=0

uy = C(x),up(x, 0) = —x
—x=C(xX)>C(x)=0

Uy = — X

To find u, :

p': (wy)e + Upup,= 0

(1) + (= x)(= X),=0
(u): + (- x)(-1) =0
(u) +x=0

(u1)e= —X

u; =—xt+ C(x),u;(x,0)=0
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0 =0+ C(x)»>C(x)=0

uy =—xt

To find u, :

p%: (Uz)e + Ugltyy + Ugtig, =0

(uz)e + (- x)(= xt)x +(- xt)(- ), =0
() + (- x)(-€) + (- xt)(- 1) =0
(up)txt+xt =0

(uy).= — 2xt

U, = —xXt? + C(X),uy(x,0)=0

0 =0+ C(x)>C(x)=0

U, = — Xt?

In a similar, we have:

us = — Xt3
Uy = — Xt4
Then:

The solution u(x, t) is given by:
u(X,t)=u0+u1+u2+u3+...
= X — xt—xt?—xt3 — ...

—X

u(x, )=—x (L +t+t2+t3 + ...) = s

The required solution is:

=X

u(x, t) = —
Example (2.2)

We now consider the nonhomogeneous advection problem [20, 21]:

U + uu, = 2t +x + t3 + xt?
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u(x,0) =0

solution:

By homotopy technique we construct a homotopy which is solutions
H(u, p) = u,—(ug) e+ pluu,— 2t —x —t3 —xt?] =0

Then, substituting the initial condition, we have

u—(0)+ plun,— 2t —x —t3 —xt?] =0

Then we have:

u, + pluu,—2t—x—t3 —xt?] =0

Substituting  u = (p°uy + plu; + p?u, +-)  we have
Ut pl(uo +ug +up +..) (Up + ug + up +-)y
—2t—x—-t3-xt?] =0

@P°uy + plug + pPuy + ) +pluguoy + uoku1x T U U, T

p° pt

UgUpy + UiUqy + UrUgy + ... —-2t—x— t3 — th] =0
N o

~

pZ
If:
u(x,0) =0
(»°uo + pluy + p?u; +-)(x,0)= 0
Then:

up(x, 0)= 0,u(x,00=0 ,u,(x,0)=0 and so on
To find uy :

p°: ()= 0

ug = C(x),up(x,0) =0

0=C(x)>C(x)=0

U,O:O
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To find uyq :
pl: (ul)t + UgUpgy — 2t — X — t3 — thz 0
(W), + (0)(0),— 2t — x — 3 — xt2= 0

(uy), = 2t+x+t3+xt?
2 t* | ¢3
Up =t X+ -+ X+ C(x),uy;(x,0)=0

0=0+0+0+0+C —>C(X)=0

t4 t3
U1:t2+Xt+Z +X?

To find u, :

p?: (Uz)e + Ugliyy + UyUg,= 0
(u2)e + (0ug,+ug(0),=0
u,= C(x),u(x,0)=0

0 =C(x)>C(x)=0

u, =0

To find us :

p>: (U3)e + Uglipy + Uylyy + Uplp,= 0
2 t4 t3 2 t4 t3
(ug)e+(0)ugye + (T7+ XU+ — + X ) [(E7 + xt + - + X 7)y
+0(0), =0

4 3 3
(us)e + (£ xt+ 5 +x3) [+5]=0

3y g2 4 8 gy L 8
(uz); +t°+ xt tooHXo o Xt X 9—0
t3 et 2 7 6 t7  t8_ _
Uz +X— + — + o Xt° + -t X =+ == C(X),u3(x,0) =0
0+0+0+..+0=C(X)>C(x)=0
t3

_ t4 5 . 7 .6 t7 8
Uz= —(x3 t o Xttt +x63+96)

2
15
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Then, The exact solution is:

U(X,t): u0+u1+u2+u3+...

t4 t3 t3 ot 2

=0+ t2+xt+— +X—+0-X=————=xt>+ ...
4 3 3 4 15

The required solution is:

u(x, t) = t%+ xt

Example (2.3)
Consider a nonlinear partial differential equation [22]
U +Uu, = x + xt?
With initial conditionu(x, 0) =0
Solution:
By homotopy technique we construct a homotopy which is solutions
H(u , p) = u—(up),+ PU ue—x—xt*] = 0
Then, substituting the initial condition, we have
u— (0), + pluu,—x —xt?]=0
Then we have:
u, + puu,—x—xt?]=0
Substituting  u = (p°uy + plu; + p?u, +-)  we have
@°up + plug + pPuy + )+ pllug +ug +up + L) (U + ug +
Uy + )= X—Xt?]=0

P°uy + plug + pPuy + ) +pluguoy + uO\ulx T U U, T

0
p pt
UgUpy + Ui U1y + UrUgy +...—X —th] =0
— /)
I
2
p

If:
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u(x,0)=0

®°uo + p'uy + pPuy +-)(x,0)= 0
Then:

up(x, 0)= 0,u1(x,00=0 ,u,(x,0)=0
To find uy :

p%: (u)=0

uyg = C(X),up(x,0) =0
0=C(x)>C(x)=0

uyg =0

To find u, :

pl: (uy); + ugug, —X —Xt?=0

(u1)¢ + (0)(0)—*—xt?= 0

(Ug) = X+Xt?
3
uq = xt +x% + C(x),u1(x,0) =0

0 =0+0+C(X)>C(x)=0

t3
u; = xt +X?

To find u, :

p?: (Up)e + Ugliyy + UyUg,= 0
(u2)e + (0)ug,+uy(0),=0
(u2):=0

u,= C(x),up(x,0)=0

0 =C(x)>C(x)=0

u, =0

To find u; :
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p3: (Uz)y + Uglpy + UgUs, + UpUg,= 0
t3 t3
() H (O + (Xt + X 5) (&t +x £+ 1 (00,7 0

3 3
(u3)e + (XE+x ) (L+7) + =0

5, th t4 t©
(uz); + xt tXT Xt x;zo

2 6
(uz), + xt?+ gxt4 + x%:O
u +xi+ixt5+x£:C(X) uz(x,0)=0
3 3 ' 15 63 ! 3\

0+0+0+0=C(x)>C(x)=0

_ t> 2.5
Uz= — X T, Xt X 3
Then,The exact solution is:
U(X,t): u0+u1+u2+u3+...

= 0+ xt+xf+0—x£—
3 3

The solution is:

u(x, t) = xt

Example (2.4)

Consider another nonlinear partial differential equation [22]
Uy — UxUyy ==X + U
With initial condition
u(0,y) =siny , u,(x,0)=1
Solution:
By homotopy technique we construct a homotopy which is solutions
H(U', p) =ty —(U0)xx = PL Uy thyy—X + U]

Then, substituting the initial condition, we have
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Upxe=(SINY) iy =p[ Uruyy—X + U]

Then we have:

Uyy =P[ uxuyy—x + U]

Substituting  u = (p°uy + plu; + p?u, +-)  we have
@°up + plug + pPuy + )y =

p[(uo + u + u; + ...)x(uo + u + u, + ...)yy—X
+ (UO + Uuq + U + )]
(pOuO + plul + p2u2 +"')xx: p[(uo)x(uo)yy
-
pO
+ (Ug)x (Up)yy *()x (Uo)yy + ... =X+ ug + pluy + p2up+..)]
— _/
YT
1
p
If:
u(0,y) =siny

(P°uo + pluy + p®up +--)(x,0) = siny

Then:

Up= siny , u1=0 , U= 0 and so on
To find uy :

P (Ug)ax=0

(uo)x = Ca(X),(ug)x(x, 0) = 1

1= C1(x)>Cy(x)=1

(ug)x=1

uy = X + Cy(x),up(0,y) = siny

siny =0 + Cy(x) —>Cy(X) =siny

Ug =X +siny
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To find uyq :
pl: (ul)xx = (uO)x(uO)yy_x T U
(U)xx = (x + siny),(x + siny),, —X+(X +siny)

(U1)yx =(1 +0)(0—siny)— x+x +siny

(U1)yx =—Siny—X+X+siny =0
(ux=Ca(x) »  (uy(x,0)=0
0=Ci(x) » Ci(x) =0

(u1)y =0

u=Ca(x) ,u1(0y) =0

0 =0CyXx) —>Cy(x) =0

u; =0

To find u, :

P*: (Up)xy = (o) (U1)yy + (up)y(Uo)yy + Uy
(U2)x = (Uo)x (0uyy + (0)x(ug)yy+ 0
(U2)xx=0

(uz)x= Ci(X) ,(uz)x(x, 0) =0

0 =Cy(x) > Ci(x) =0

(uz)x =0

u= Ca(x) ,uz(0,y) =0

0 =C,(x) >Cy(x) =0

u, =0 , Uz =0 ,uy =0

Then, The exact solution is:

u(x, t) = ug +uy +uy +uz + ...

= X+siny+0+0+...
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The required solution is:

u(x,t) = x +siny

Example (2.5)

Consider the following homogeneous nonlinear PDE(Burger
equation) [19]:
us —u (ux) = Uyx = 0
With the following conditions:

1

u(x,0)=1—-x , u(0, x):1—+t, u(1,t)=0
solution:
By homotopy technique we construct a homotopy which is solutions
H(u, p) = L (u) — L(u,) + pL (u,) + P [N(u) - f(r)] =0
[ Uy — (uo)t] + p[(uo)t]+p[_u (ux)_ Uy ] =0
Then, substituting the initial condition, we have
[ut_(l_x)t ] + p[(l_x)t ] + p[_u(ux)_uxx ] =0
Then we have:
Uy — 0+ p[O] + p[_u (ux)_ Uyx ] =0
Substituting  u = (puy + plu; + p%u, +-)  we have
(up + p'ug + p*uy + ) +pl-0°uo + plug + pPuy + )
®uo + plug + pPuy ) = (Pup + plug + PPup + )] =0
If:

u(x, 0)=1-x
(p°ug + pluy + pPup+ . ) (x,0)=1—x
Then:

ul(X , O):O
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u,(x, 0)=0 and so on
To find uy :
p°: () =0
uy =C),u(x,0)=1-x
1-x=C(x),C(x) =1-x
U =1 -X
To find uy :
p': (w)e — ug(ug)x — (Up)xy =0
(U = A =-X)A=x)y = (1 =x)y =0
(u)e —(1 =x)(-1)-(0)=0
(u)); +(1—x) =0
u+(1 — x)t= C,uq (x, 0)=0
0+(1—x)0=C(x) >C(x) =0
u; =—(1—x)t
u, =(1 —x)t?, uz =—(1 —x)t3
Then, The exact solution is:
u(x, t) =ug +uy +uy + ...
=1-x)t"—- A -0t +(1 —x)t? - (1 —x)t3
=(1-x)[1-t +t?—t3+..]

The required solution is:

_ _1_(1—X)
u(x,t) =1 -x)(1+1¢t =110

Example (2.6)

Consider the following homogeneous nonlinear PDE [19]:
U —U—u(uy,) —u2=0
With the following conditions:
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u(x, 0) = vx, u(0,t)=0 , u(l,t)=et

Solution:

By homotopy technique we construct a homotopy which is solutions
H(u, p) = L (u) — L(u,) + pL (1) + p[N(u) = f(r)] = 0

[ — (o)l =pl(wo)e] + Plu+u () + (wr)?]

Then, substituting the initial condition, we have

[ue — (VX )e 1=pL(VX)e 1+ plu + u(uy) +u, ]

Then we have:

U= plu + u(ie) +u,’]

Substituting  u = (puy + plu; + p%u, +-)  we have
Puy + plug + pPuy + ) +pl(@°uo + plug + pPuy + o)
+ @ + plu + pPupy +)@uo + plug + PpPuy + )

2
+ [(pouo + p1u1 + pzuz + )x ]: 0

If:

u(x, 0) = vx

(P°up + p'ug + pPuy +--)(x,0) = Vx
Then:

u(x, 0)= Vx

ui(x,0=0

u,(x,0)= 0 andsoon

To find u, :

p°: (Up); =0

uy = C(x),up(x, 0) = Vx
Vx= C(X),C(X) =V
Up :\/}
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To find uyq :

Pl (u)e = up + ug(Up)xy + [(Ug)x]?

(W) = \/E + \/E(\/E)xx + [(\/E)x]z

(u)e = VX + VE(Sx7) + a7t

(u1)e= \/x_—%x‘l + ix‘l

(ug)e= Vxo

ur=(vVx Jt+C(x) ,uy(x,0)=0

0=0+C(X)=—C(x)=0

Uuq :\/X_t

To find u, :

P*: (U2)r = ug + ug(ug)xy +ug (Ug)rx +2(Up)yx (Ur)y

(uz): = \/x_t + \/x_[‘/x_t]xx + ‘/x_t[‘/x_]xx'l'z(\/x_)x (\/X_ )y
(), =V € +VE (X2 +Vx o 52T 42 GxT)(3x7E)
(up)e= \/x_t—%x_lt—%x_lﬁ %x‘lt

(Uy),= Vx t— %x‘lt + %x‘lt

(uz)e= Vxt

2
uzz\/it +C(X) uz(x,0)=0

0=0+C(xX)»>C(x)=0

_Vx t?
U2 =,

The exact solution:

U(X, t) = Uy + Uuq + U +U3 + ...

2 3
u(x, t) =vx + \/x_tﬂff +€f -
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2 t3
=Vx(l+t++2+.0)
The required solution is:

u(x, t) =vxet

2.3 Homotopy Perturbation Method for System of advection
Problems
To illustrate this method for system of advection equations, we

take the following example.

Example (2.7)
We consider system of coupled nonlinear partial differentials [18]
utovu, +u =1 t>0
vi—uv, - v =1
With initial condition
ux,0)=e* ,v(x,0)=e™*
Solution:
utovu, + u =1
By homotopy technique we construct a homotopy which is solutions
H(u, p) = u—(ug)e + plvu,+u—-1]=0
Then, substituting the initial condition, we have
u—(e*)e + plvu,tu—-1]=0
Then we have:
wt pfvu,tu—-1]=0

Substituting  u = (p°uy + plu; + p?u, +-)  we have
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@°up + plug + pPuy + ) p[(wo + vy + vy + L) (U + g +

U, + .y + (P%uy + pluy + pPu, +..)-1]=0

If:

u(x, 0) = e*

®°uo + p'ug + pPuy +-)(x,0) = e*
Then:

up(x, 0) =e*,uy(x,0)=0 , Uy (x,0)=0 and so on

To find uy :

p%: (u)=0

uy = C(x),up(x, 0) = e*

e* = C(x)>C(x) =e”*

Uy =e*

By homotopy technique we construct a homotopy which is solutions
H(v, p) = v—(vo)e = pluvytv+1] =0

Then we substitute the initial condition we have

vi—(e ™) =p[uv,+v+1] =0

Then we have:

vi=pluv,+v+1]=0

Substituting  u = (puy + plu; + p%u, +-)  we have
@°vo + p'vy + p*v + ) Pl (uy + up + up + L) (Vo + vy +
v + )t (g + v+ +.)+H1]=0

If:

v(x,0) =e™

vy + p'vy + pPvy +-)(x,0) = e7*

Then:
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vo(X,0) =e ™, v1(x,00)=0 ,v,(x,0)=0 and so on
To find vy :

p%: (9)=0

vy = C(X),vp(x, 0) = e™*

e =C(X)>C(x) =e™*

vo=e*

To find uyq :

pl: (uy)e + vo(ug)y + up-1=0

(u)e + e (e*), +(e*)-1=0

(u)e te™ (e¥)+(e*)-1=0

(ug);+ 1+e*-1=0

(u); = —e*

u = —te* + C(x) : u1(x,0)=0
0=0+C(x)>C(x)=0

u; =—te*

To find vy :

Pl () = ug(vp)y + o+l

(v1)e = e*(e7")y +(e™)*1

()= e* (me™)+(e™)+1

(V)= —1+e™*+1

(1) =e™™

vi=te ™ + C(x) : v1(x,0)=0
0=0+C(x)>C(x)=0

vy =te ™

To find u, :
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p%: (u2)e + vo(uy)yx + v1(ug)y+ uy =0

(Uz)e + €7 (- te¥), +te ™ (e¥),+ (- te®) =0
(uy), +e > (- te¥)+te™™(e*)- te*=0

(uy),— te®+ te®- te* =0

(up); =te”

=6t 1C(X),  up(x, 0) =0

0=0+C(xX)»>C(x)=0

U, = tz—z!ex

To find v, :

p%: (12)e = uog(w1)x + ug (Vo) t vy
(vy); = e*(te™),-te*(e ™)+ te™

(vy)=e* (- te™)-te* (e ™) +te™

(vy), = -te? +te + te™

(uz), =te™

w=e 4C0)  ,  up(x 0)=0
0=0+C(x)>C(x)=0

vy = ﬁe"‘

2!

The solution is a series form is given by:

u(x,t) = ug+uy +u, +uz+...
t2 t3
=e* —te* +—e* + —e”
2! 3!
t2 3

=e* [1—t+2! o ]

The required solution is:
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u(x,t) = eX.e7t =e*t

The solution is a series form, given by:

V(X,t): VgtV tvy,+tvgt ...

t2 t3

e *[l+t+—= +—= +..]
2! 3!

The required solution is:

v(X,t) = e ™. et = et™
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Chapter (3)
Homotopy PerturbationMethod for solving integral equations
3.1 Introduction
Various kinds of analytical methods and numerical methods [1, 2] were
used to solve integral equations. In this chapter, we apply homotopy

perturbation method to solve integral equations. To illustrate the basic idea of

the method, we consider the following general nonlinear system:

LLu® I+ N[u(®)]= g(t)

Where L is a linear operator, N is a nonlinear operator and g(t) is a given
continuous function. The basic character of the method is to construct a

correction functional for the system, which reads

Unt1 () = Uy (8) + J5 A (5) [ L Up () + Nily () —9(s) 1ds
Where A is a language multiplier which can be identified optimally via
variational theory, u,, is the n-th approximate solution, and 1, denotes a

restricted variation, i.e. 6U, =0

3.2 HomotopyPerturbation Method integral equations of the second kind
First, we consider the Volterra integral equations of the second kind, which

read:
u() =f(x) + [ k(x, u(t)de

wherek(x, t)is the kernel of the integral equation.

Example (3.1)

u(x)= x+ [7(t —x)u(t)de
with an initial condition
up(0) = x
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Solution:
u) =f () + [ k(x, Hut)de
By homotopy technique we construct a homotopy which is solutions
H(u , p) = u(x)- up(x) =p[x + f; (t —x) u(t)dt]
Then, substituting the initial condition, we have
u(x)—x=p[x + f(jc(t — x) u(t)dt]
Substituting  u = (p°uy + plu; + p%u, +-)  we have
P°up + plug + pPup +-)(x)-x=
pLx + fox(t —x) (P°up + prug + pPuy +-)(t) dt]
To find uy :
p%: ug(x) —x=0
uy(x) =x

To find u, :
plru(x) = x + fox(t — x) up(t)dt

=x+ [ (t—x)(D)dt

=x+ [ (t? —xt)dt

. t3 t2 ])ﬁ x3 X3 1 3
u(x) =x+5—x= 6x+—3 S TX—CX
1 5
ul(x)—x—B!x

To find u, :
p?iu,(x) = x + fox(t — x)uqy ()dt
_ X 1.3
=x+ fo(t—x)(t—gt )dt
=x+ [5 (2 —2tt —xt +2xe%) dt
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3 1 t2 1
uz(x)=x+[?—£t5—x7+axt4 ]0
31 2 1

uz(x)=x+%—3—0x5—x7+zx5 ]
() =x— g2 + o
up(x) = x =27 + =5 x
1 1
uz(x)=x—§x3+§x5

The solution u(x) in a series:

[oe]

(_1)71 n+
ulx) = Z (2n + 1)!’“2 1

n=0

Which is the exact solution

Example (3.2)
_ 17/
u(x)=cos X + Efo sinx u(t)dt
We can assume an initial approximation
ug(X) = cos x
Solution:

By homotopy technique we construct a homotopy which is solutions
H(u, p) = u(x)- uy(x) = p[cosx + %foﬂ/z sin x u(t)dt]

Then, substituting the initial condition, we have

u(x)— cos x= p[cosx + % fon/ 2 sinx u(t)dt]

Substituting  u = (p°uy + plu; + p?u, +-)  we have
(p°uy + plu; + p*uy +---) —coS X =

p[ cos x + %fon/z sinx (pug + pluy + p?uy, +---)(t) dt]

50



To find uy :

p%: ug(x) —cosx =0
uy(x) = cos x

To find uyq :

pliu(x) =cosx + %foﬂ/z sin x uy (t)dt

1.7/, .
=Cosx + Efo /2 in x (cos t)dt

/2
uq (x) = cosx + %s[n x (sint) ]
0

1 . ;

uy (x) = cosx + Elnxsm% ]
1 .

uq (x) =C0s X + - sinx

21—

1 .
——sinx

uq (x) =cos x +
To find u, :

2. _ L "/2
p%:u,(x) = cos x + Efo sin x uq (t)dt

1 (/s 1
= cosx + Ef0/251nx(cost+5 smt)dt

/2
U, (x) = cosx + %siﬁ x(sin t— %cos t) ]
0

1, (x) = cosx +3 §in x[(1-0) - (0-2)] )
u,(x) =cos x + %isinx ]

3 .
u,(x) =cos x + S Sinx

221
22

u,(x) =cos x + sin x

To find u; :
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p3:uz(x) = cos x + %fon/z sin x u, (t)dt

T
= cosx + %fo /Zsinx(cos t +Z sin t) dt
Vs
1 . . 3 /2
uz(x) = cosx + E;ln X(sin t— = cos ) ]
0

u3(x) = cosx +3 finx[(l—O)—(O—%)] )
uz(x) =cos x + %i[sinx ]

7 .
u,(x) =cos x + 5 Sinx

23-1

5 sinx

usz(x) =cos x +

Then, The exact solution is :

. 2" -1 . ;
u(x) = cos X +lim (——) sin X = cos x + sin x
n—oo 2

Example (3.3)

u(x) =x + fol(x t2 + x2t) u(t) dt
Withuy(x) = x

Solution:

By homotopy technique we construct a homotopy which is solutions
HU , p) = w(0)—up(x) = plx +J, (x t2 + x%t) u(t) dt]

Then, substituting the initial condition, we have

u(x)-x = px +f, (x t2 + x%t) u(t) dt]

Substituting  u = (p°uy + plu; + p?u, +-)  we have

(Puo + plug + pPuy + ) (x)-x=
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p[x + fol(x t?2 + x°t)(puy + pluy + p?u, +-)(t) dt]
To find uy :
p%: ug(x) — x =0
uy(x) =x
To find uyq :
plru(x) = x + fol(x t2 + x2t) up(t) dt
=x+ [ (xt?+x*)(0) dt

u(x) =x + f01 xt3 + x?t2dt
1
4 3

uq (x) =x+[xt—+x2 t—]
4 3

0

u(x) = x+£+£

1 4 3

ul(x)=2x+§x2

To find u, :

piu,(x) = x + fol(x t2 + x2t) uy(t) dt

=x+ fl(x1:2+x2t)(5t+l t2) dt
uz(x)—x+f0—xt3+ xtt +2 X 242 41 X 2 ¢3dt

_ 4,1 .5 323 124 T
u,(x) = x+[ Xttt xt? +ox"t +oxt A

1
Uy (x) = x+—x Ex+—x +—x2
331 1 5
= x4+ =
u, (x) 0 Xtox
To find us :

p3iuz(x) = x + fol(x t2 + x2t) u,(t) dt
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_ 1o 12 24331 . L1 2
=x+ [,(xt* +x )G t+5 t°) dt
_ 1331 3,1 44,331 2.2 1 2.3
us(x) =x+ | o XU oxtt +oext tf +oxf P dt
1
331 1 331 1
uz(x) = x + [%xt4+ =xt? +ox? 0 +ox? ¢t ]
0
331 1 331 5, 1 »
= oy —x = z
us (x) X+ X tgX+gx"+ox
1387 421 5
= +
U3 (x) 960 * 720 ¥
The required solution is:
20 5
= — +
u(x) 5 (9x + 4 x*)
Example (3.4)
1
u(x) =X+Af0 xt u?(t) dt 0<A<1

We begin with uy(x) = x
Solution:

By homotopy technique we construct a homotopy which is solutions
H(u , p) = u(x)- up(x) = plx +A [ xt u?(t) dt]

Then, substituting the initial condition, we have

u(x)-x = px +1 f, xt u(t) di]

Substituting  u = (p°uy + plu; + p%u, +-)  we have
®°up + prug + pPup + - )(xX)-x=

pIx + A fy xt@ ug + plug + pPuy +-)2() d]

To find uy :

pY:ug(x) — x=0

uy(x) =x
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To find uyq :
plru(x) = x + Afol xt up?(t)dt
=x + Afol xt (t%)dt

=x+ /lfolxt3dt

4 A1
u(x) =x+ A%%J
0

u(x) =x+ )L[%x—O]

1
u(x) =x+ Z)lx

1
u (x) =(1 +Z/1)x
To find u, :
pZiu,(x) = x + Afol xt ug % (t)dt
= x + Afol xt (t+%/’lt)2 dt
1 1 1
=x+ A [, xt (t® +24t? +EAZ t2)dt

U (X)) =x+ 1 fol (xt3 +%/1xt3 +%/12 xt3)dt

1
_ th 1. 4,10 g ]
u,(x) =x+ /1{4+8/1xt +64/'l xt
_ 1 1 12
uz(x)—x+ALx +8/1x+64/'lx]

()—1+1/1+1/12+1/13
() = (L gdt g+ ) x

The exact solution is:

u(x)=§(1—\/1—/1)x
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Example (3.5)

u=1+xe™ - fox e* " tu(t)dt
Where

u(0)=0, u(0)=1

Solution:

Suppose the initial approximation in the form:

uy (X) =a+b e

w () =up () — f €¥ Cuy(t)dt

w () =a+be’ — [fe¥Ha+be*)dt
—a+be* — fg (ae*"t+ b e*) dt

u (x)=a+he* —[— ae* "t + bt e"];c‘

u, (X)=a+be*—[—ae’ + bxe* — (—ae*+ 0)]
—a+be*+a—bxe* — ae*
u; (X) =2a+ (b-a)e® — bx e*
u; (0)=2a+(b—-a)e’ -0
0 =2at+b-a

u; (x) =(b —a)e*-b [xe* + e*]
u; (0) =(b—a)e-b [0 + €]
u; (0)=b-a-b

l=-a ,a=-1

From (1):
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uy (x) =a + be”*

Then

uy (x) =1 +e*

u'(x) =1+ xe* — f(;c e* tu(t)dt

By homotopy technique we construct a homotopy which is solutions
H(u, p) = u(x)— ug (x)=p[l + xe* — f(;c e~ tu(t)dt]

Then, substituting the initial condition, we have

u(x)—(e* - D"(x)=p[1 + xe* — f(;c e* " tu(t)d]

Then we have:
u(x)- e*=p[l + xe* — [ e* tu(t)d]
Substituting  u = (p°up + p'uy + p*u, +-)  wehave
P°up + plug + pPuy + )" (X)-e* =
p[l + xe* — f(;c et y(t)dt]
To find uy :
p°:up (x) —e*=0
uy (x) = e*
up (x) = e* + Cy(x),up (0) = 1
1 =1+Ci(x)>Cy(x)=0
uy (x) = e*
ug(x) = e* + Co(x),ug(x)=0
0 =1+Cx)>Cy(x)= —1
up=e* —1

To find u4 :
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pliuy (x) =1+ xe* — f(;c e tuy(t)dt
=1+ xe* — f(;x(ex_t (et — 1)dt
=14 xe* — fg(ex— eX~t)dt
u; (x) =1+ xe* —[tex + e*¥t ];C
u; () = 14 xe*- [(xe* +e°) -(0 +e¥)]
u; (x) =1+ xe*-xe*— 1 +e*
u; (x) = e*

u; (x) =e* + Cy(x),u; (0) =1

1 =1+ Cy0)—Ci(X)=0
u; (x) = e*
uy (x) = e*+ Cy(x),u1(0) =0

0 =1+Cy(x)»Cyx)=-1

uyx)=e*—-1

The exact solution:

u(x) =e*—1
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Conclusion:

In this thesis, we have applied the homotopy perturbation
method (HPM) to find the analytic solution for some linear and
nonlinear differential equations, advection equations and some
integral equations. The proposed method is applied without using
linearization, discretization or restrictive assumptions. It may be
concluded that the (HPM) is very powerful and efficient in finding
the analytic solution for a wide class of boundary value problems.
The method gives more realistic series solutions that converge very

rapidly in the problems that studied in this thesis.
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