Chapter Two

Laplace Transform

In this chapter, we will review only the basic concepts of the Laplace
transform method. The details can be found in any text of ordinary
differential equations. The Laplace transform method is a powerful tool
used for solving differential and integral equations. The Laplace
transform changes differential equations and integral equations to
polynomial equations that can be easily solved, and hence by using the
inverse Laplace transform gives the solution of the examined equation.

Sec (2.1): Definition of Laplace Transform

Definition (2.1.1)[13]: Let F(x) be defined for x>0. The Laplace
transform of F(x), denoted by F(s) or L{f(x)}, is an integral transform
given by the Laplace integral

F(s)=L{f (x)}:Te‘SX f (x)dx 1)

Where s is real, and L is called the Laplace transform operator.

The Laplace transform is an operation that transforms a function of t (i.e.,
a function of time domain), defined on [0,«), to a function of s (i.e., of
frequency domain) . F(s), is the Laplace transform, or simply transform,
of f(x). Together the two functions f(x)and F(s)are called a Laplace
transform pair. For functions of t continuous on [0,.), the above

transformation in the frequency domain is one-to-one. That is, different
continuous functions will have different transforms.

Theorem (2.1.2) [13]: Suppose that:

1. f, is piecewise continuous on the interval 0 <x<Aforany A>0.

2. |f(x)|<Ke™, when x>M, for any real constant a, and some positive

constants K and M . (This means that f is “of exponential order”, i.e. its
rate of growth is no faster than that of exponential functions.) Then the
Laplace transform , F(s)=L{f(x)}, exists for s>a.

The Convolution Theorem for Laplace Transform

This is an important theorem that will be used in solving integral
equations.

The kernel K (x,t)of the integral equation:
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h(x)
u(x)=f (x)+4 (J' K (x,t)u(t)dt, (2)
9(x)

is termed difference kernel if it depends on the difference x -t examples
of the different kernels are e**,sin(x —-t) , and cosh(x —t). The integral
equation (2) can be expressed as

h(x)

u(x)=f (x)+/1j K (x —t)u (t)dt, (3)

9(x)

Consider two functions f,(x) and f,(x)that possess the conditions needed

for the existence of Laplace transform for each. Let the Laplace
transforms of the functions f,(x) and f,(x)be given by

2{f, ()} =Fi(s),

4
0, (x)} =F,(9), ®)
The Laplace convolution product of these two functions is defined by
(F,%,) () = [1.0¢ ~OF, )k, (5)
Or
(F,#£,)() = [, ~OF, Oct, (6)
Recall that
(f=f,)(x) =(f,*f,)(x) @)

We can easily show that the Laplace transform of the convolution product

(f,*f,)(x), is given by:

(f,+,)x)) = {If (x —t)f, (t)dt} F.(5)F, (). (8)

29



Example (2.1.3) [13]:

Find the Laplace transform of

X

x2+jex“y(t)dt (9)

0
Solution:

Notice that the kernel depends on the difference x -t . The integral
includesf (x)=e*and f,(x)=y(x). The integral is the convolution

product. This means that if we take Laplace transform of each term we
obtain

K[xz}rﬁﬁe“y(t)dt}:f[xz]f[ex]f[y(t)] (10)

Using the table of Laplace transforms gives

2 1

S—3+EY (S)
Example (2.1.3) [13]:
Find the Laplace transform of
xe* =Iex“y(t)dt (11)

0
Solution:

Notice that f,(x)=e*and f,(x)=y(x). The right hand side is the
convolution product (f,=f,)(x). This means that if we take Laplace
transforms of both sides we obtain

E[xex}z(ﬁ'ex“y(t)dt}zf[ex}E[y(t)] (12)

Using the table of Laplace transforms gives

1 1
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That gives

Y (s)= (14)

1
s-1

From this we find the solution is

-1 1 _aX
y(X)ZE {a}—e
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Sec (2.2): Laplace Transform Variational Iteration Method

Consider the following general nonlinear differential equation:

Ly(x) + Ny(x) = f(x) (15)
whereL is a linear operator, N is a nonlinear operator and f(x)is a
known analytical function. Before we begin the implementation, we shall
present the variational iteration method scheme in constructing the
correction functional.
The (VIM) admits the use of the correction functional for Eg. (15) given

by
Yon () =Y, 0)+ [A(E)[Ly, (&) + Ny, (&) -F(£)]d &, n =012,.. (16)
where 1is a general Lagrange multiplier, which can be identified

optimally via the variational theory. The subscript n denotes, the nth
approximation and y is a restricted variation (sy,=0). In a will of

problems that appear in the literature, the general form of Lagrange
multiplier is found to be of the form

A=2(x=¢&)
In this section, we will make the assumption that 2is expressed in this
latter way. In such a case, the integration is, basically, the convolution;
hence Laplace transform is appropriate to use. Operating with Laplace

transform of both sides of (16) the correction, functional will be
constructed in the following manner:

Iy a0 =2y, ()] + ¢ II(X—ﬁ)[Lyn(ﬁ)JrNVn(ﬁ)—f(ﬁ)]dﬁ ,n=012,..

Therefore
1Y a 0] =0y, ]+ £ A) *(Ly,, (x) + Ny, (x) T (X)) ]
= [y, )]+ [ Z0) J[Ly () +NY, (x) = (x)]. 17)

To find the optimal value of A(x -&)we first take the variation with
respectto y (x). Thus

S
oy

S
5y

o

5y CLA) e[y () + Ny, (x)-F (x)], (18)

E[y n+1(X )] =

Iy, (x)]+

n n n

and hence upon applying the variation this simplifies to
([8y,a)=t[8y,]+oe[ A ]e]y,]. (19)
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We assume that L is a linear differential operator with constant
coefficients contain given by

L(y)=a,y W +a,y " +a,y" P+ +ay +ay +a,y, (20)

where a,'s are constants. It is important to note that if the coefficients

contain only non-constant terms of the form 4*, then the Laplace
variation approach is still valid.

The Laplace transform of the operator L is given by
E[any (”)] =a,s"([y]-a,> s" Ty "(0), (21)
k=1
so the variation with respect to y is

(22)5¢[a,y ™ |=a,s"[sy].

The other term in the operator L, namely a_,y“™,..,ay +a,y yields
similar results. Hence, using (22), Eq. (19) reduces to

(23)¢[6y,.a]=L[0Y, ]+ /[ ]{Zak j [5y,]= {1%[ ]{Zak ﬂ [5y,]

The extremum condition of y_, requires that sy, =0. This means that

the right-hand side of Eq. (23) should be set to zero. Hence, we have the
stationary condition

(24)

Taking the Laplace inverse of the last equation gives the optimal value of
A . For this value , we have the following iteration formulation:

Y aaCO]= 0y, 0]+ | [Ax =)Ly () + Ny, (&) ~f (£)]d& |,

where n >0.
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Example (2.2.1) [14]:

Consider the boundary-value problem

Yy +(y) +y? =l-sinx, (25)
y(0)=0,y'(0)=1

Solution:

The Laplace variational iteration functional will be constructed in the
following manner:

X

(1Y pa)]= [y (x)]MU x—&)( "(5)+(y;)2+y§—1+sinx)d«:] (26)

0

or equivalently, upon applying the properties of Laplace transform, we
have

1Y 02 00]= £y, 00T+ £ 200 *([y 200 + (v 00)" +y 2 () ~1+sinx] |

= [y, O]+ L[ A) ] e[y 7 (x) + (v, ) +y 2 (x ) ~1+sinx]
=‘[yn(x>]+€[1<X>](Szf(yn(X»—wn(0>—y;(0>+f(y;(x»2+z(y§(x>>—§+ : J

s?+1
Taking the variation with respect to y, (x) on both sides of the latter
equation, leads to

o 0 r= 2 Y 2 1 1
5y raGOl=5 =Dy, 0]+ 5 - e[z(x)][s £y () =1+ £y ; () +f(yn(x))—;+sz+l}
and upon simplification we get

E[éym]=£[5yn]M[ﬂ(szﬁ[éyn])=€[5yn](1+52£[ﬂ) (27)

The extremum condition of y_, requires that sy, ,=0. This means that
the right-hand side of Eq. (27) should be set to zero. Hence, we have

1+£[/T]sz -0, that is, z[ﬂz—siz . Therefore:

A(x)=-x (28)

Substituting Eqg. (28) into Eq. (26) result in the following iterative scheme
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Y 0a0O]= 2Ly, 00]=£| J o =) (Y HE)+(y ;)7 () + Vi (§)~L+sin&)d &

(29)

= [y, 0)]=£[x ][y 700+ (Y )? () + 2 () —1+sinx |
Let y,=sinx

E[yl]=£[y0]—f[x]£[yg'+ygz+y§—1+sinx]

=£[sinx]—£[x]f[—sinx +cosx?+sinx 2 —1+sinx]

_ /Tsi (30)

=/([sinx |

B 1

5241

Inverse Laplace transform yields

y, =sinx
And so on, then the exact solution

y =sinx
Example (2.2.2) [14]:
Consider the boundary-value problem

y'=-1+xy +y?,y(0)=0

Solution:

The Laplace variational iteration correction, functional is expressed as:
(Y aa)]=1ly, (X)]MD (x =& (Y1 () +1- V(&) -y (é‘))dé‘} (31)

Appling the Laplace transform, Eq. (31) becomes

Y 00T = [y, 0]+ £ 209 *(y ' +1-xy =y ?) |

=£[I(x>](s£[yn(x>]—yn(0>—si—f[xyn]—f[y§}j (32)

Taking the variation with respect to y, (x) and making the above
correction, functional stationary, noting that sy =0, we have:
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([8y,a]=[8y,](1+s¢[ X])=0. (33)

This implies that z[ﬂ:—sl ; hence

I(X )=-1 (34)
Substituting Eq. (34) into Eq. (31), we get:

1Y aa ()] =]y, ()]~ j(y;(§)+1—§yn(§)—y§)d§}

0

Y 0a )] =01y, ()] =[] ]y (x) +1=xy, (x) -y 2(x) ]. (35)

Let y, =y (0)=0. Then form the scheme (35), the first iteration is

Iy o] e -3 3] -5

S\ S S
Take inverse Laplace

Y, =-X

E[YZ]ZK[—X]—([1]([_1+1_X2+X2}:_Siz

y,=-X
And so on , then the exact solution is:

y =—X
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Sec (2.3): Solution of Differential Equations of Lane-Emden
Type by Combining Integral Transform and Variational
Iteration Method

In this section, we introduce a dependable joined the modified Laplace
Transform and the new modified variational iteration method to solve
some nonlinear differential equations for Lane-Emden type. This method

may be efficient and not difficult.

The basic definition of the modification of Laplace Transform is given as
below:

the transform of the function f (t) is
o[f (t)]=Te‘S‘f (tydt (36)

let us consider the following general differential equation

L[u(x,t)]+N [ux,t)]=g(x,t),u(x,0)=h(x), (37)
where L is a linear operator of the first order, N is a nonlinear operator
and g(x,t) is inhomogeneous term. According to the variational iteration

method, we can construct a correction functional as

u,,=u, +ji[Lun(x ,8)+NU, (x,5)—g(x,s)]ds, (38)

0

where 2 is a Lagrange multiplier (2 =-1), the subscript n denotes the nth

approximation, q_ is considered as a restricted variation, i.e. 54, =0.

n

The successive approximation u_, of the solution u will be readily

obtained upon using the determined Lagrange multiplier and any

selective function u,.

Consequently, the solution is given by u=Ilimu, . In this section, we

assume that L is an operator of the first order a% in the equation (37).
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Let us take the modified Laplace Transform of both sides and apply the
differentiation property of new transform. Then we get
C[Lu(x )]+ £[Nu(x,t)]= g (x,t)] (38)

and
1 1 1
Cu(x,t)] =;£[g (x ,t)]+gh(x)—g£[Nu(x 1], (39)

Applying the inverse of modified Laplace Transform of both sides of the

equation, we have
u(x,t):G(x,t)—E‘{éf(N(u(x,t))] (40)

where G (x,t) represents the terms arising from the source term and the
prescribed initial condition. Taking the first partial derivative with respect

to t, we have
8 o 4[1 ~
ut(x,t)—a—tG(x,t)Jra—tE {;E(N (u(x,t))}_o. (41)
Or, alternatively
U (X ) =G (x,t) =" EE(N U (x ,t))}, (42)

Thus, we can obtain the solution u by
u(x,t)=limu, (x,t) (43)

Illustrative examples
In this section, we solve some examples of nonlinear differential
equations of Lane-Emden type by using the modified Laplace Transform

variational iteration method.

Example (2.3.1) [20]: (The isothermal gas sphere equation) The

isothermal gas sphere equation is

y”+X3y’+ey =0 (44)
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subject to the boundary conditions, y (0)=0,y'(0)=0 . This model can be
used to view the isothermal gas spheres, where the temperature remains
constant.

Solution:

Now, taking the transform on the given equation, we have:
E[y”]M{XEy'Jrey}:O
szz[y(x)]z—ﬁ{xgy#ey} (45)
172,
E[y(x)]zs—zf{;y +ey}
taking the inverse to obtain,
y(x)=€‘{_—3€{zy’+ey ﬂ (46)
S X
According to the equation (42), the correction function is given by
b= 2o Zyzven | (1)

Now let us apply the modified Sumudu transform variational iteration
method, the solution in the series is given by

Yo =0,

w

S SV SO S
24 240 2688

Continue this process, and we can obtain the solution in the form:

1, 1 , 1 o+ 1
X)z—x2+—x*'—— x4+ ——x%+.. 48
y () 2 24 240 2688 ( )
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Example (2.3.2) [20]: The Emden-Fowler type equations
y”+xgy'+sin(y)=0,(x >0) (49)

subject to the boundary conditions, y (0)=1y’'(0)=0 .

Solution:

Now, taking the transform on the given equation, we have
E[y”]+£[xzy’+siny}=0
2([y(x)]—s=—£{xzy’+siny} (50)
E[y(x)]zsl—sizﬁ{xzy#siny}
taking the inverse to obtain
y (x)=1—£‘lLi2£[ng’+siny ﬂ (51)
According to the equation (51), the correction function is given by
Y, ..(X) =1—€‘1Li2€{xzy; +sin ynﬂ (52)

Now let us apply the modified Laplace transform variational iteration

method, the solution in the series is given by

=1 {iz y0+smy0ﬂ 1-¢° {1 (sm(l))} kzlxz,klzsin(l).

S

y,=1- {——E y1+smy1 }zl 0 { 2k1+sin(1—%x2)ﬂ (53)
2

:1_[{3%5[_2k1+k1—k12k!2x2 Z!X Zx“+...ﬂ,k2=cos(l)

=1+£x2+@x4—k—fx5+k—fx6+...

24 120 720
Continue this process, we obtain the solution in the form:

k k. k k2 k23
X)=l4—Lx?p—lo2yd 2L xSy 1y 64 54
y () 2 24 120 720 ( )
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Example (2.3.3) [20]: The Emden-Fowler type equations
y”+X£y’+sinh(y)=O,(x >0) (55)

subject to the boundary conditions y (0)=1,y'(0)=0 .

Solution:

Now, taking the transform on the given equation, we have:
E[y”]+({xgy’+sinhy}=0
sy (x)]-s =—E{X3y’+sinhy} (56)
E[y(x)]zsl—sizﬁ{xgy#sinhy}

then we follow the same procedure in the previous examples to get
40112, .
yn+1(X):1_£ |:S_2£|:X_yn+3|nhyn:|:| (57)
and apply the modified Laplace Transform variational iteration method,
to get

Yo=1
k 62—1 2

y,=1-/¢" Lizﬁ(xzyg +sinh yoﬂ =1-/¢" Lizﬁ(sinh(l))} =1—?1x2 =1- o x*, Kk, =sinh().

2
y,=1-/¢" {%E(ngl' +sinh ylﬂ =1-/¢" {%Z[—Zkl +sinh(1—e 4e_1x2)ﬂ

S

3
=1-¢" i( -2k, +k —2k1k2x2+10k1 x*+... ||k, =cosh(1)
2 1 1 2| 4| 2

=1+£x2+2k1k2x4—10k13x6+
2! 24 720
e’-1 , e*-1 , e®°-3*+3x°-1 ,
+ X2 +——x* - - X°+...
de 48e 576e

=1

Continue this process, we obtain the solution in the form:

2 4 6 an4 2
y(x);1+e 1x2+e 21 . 8% +§e ! Sy
4e 48e 576e
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