Chapter Three

Combined Laplace Transform and
Variational Iteration Method

It is well known that there are many nonlinear differential equations which
are used in the study of several fields for example, physics, mechanics, etc.
The solutions of these equations can give more understanding of the
described process. But because of the complexity of the nonlinear
differential equations and the limitations of mathematical methods, it is
difficult to obtain the exact solutions for these problems. Thus, this
complexity hinders further applications of nonlinear differential equations. A
broad class of analytical and numerical methods were used to handle these
problems such as Backlund transformation ,Hirota’s bilinear method,
Darboux transformation Symmetry method, the inverse scattering
transformation, the tanh method, the A domain decomposition method ,the
improved Adomian decomposition method, the exp-function method and
other asymptotic methods for strongly nonlinear equations. In 1978,
Inokutiet al. proposed a general use of Lagrange multiplier to solve
nonlinear problems, which was intended to solve problems in quantum
mechanics. Subsequently, in 1999, the variational iteration method(VIM)
was first proposed by Ji-Huan.

The idea of the VIM is to construct an iteration method based on a
correction functional that includes a generalized Lagrange multiplier. The
value of the multiplier is chosen using variational theory so that each
iteration improves the accuracy of the solution.

In this chapter, we have applied the modified variational iteration method
(VIM) and Laplace transform to solve a new type of equations called
convolution differential equations.

Sec(3.1):Combined Laplace Transform and Variational
Iteration Method to Solve Convolution Differential Equations

In this section we combine Laplace transform and modified variational
iteration method to solve new type of differential equation called
convolution differential equations, it is possible to find the exact solutions or
better approximate solutions of these equations. In this method, a correction
functional is constructed by a general Lagrange multiplier, which can be
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identified via variational theory. This method is used for solving a
convolution differential equation with given initial conditions. The solutions
obtained by this method show the accuracy and efficiency of the method.
Definition(3.1.1) [26]:

Let f (x),g(x) be integrable functions, then the convolution of f (x),g(x) is
definedas

f(9*909 = [ (x-g(Dat

And the Laplace transform is defined as
L[f (X)]=F(s) = Te“f (x) dx

where x > 0 and is complex value.
And further the Laplace transform of first and second derivatives are given

by
(i) LIF ()] = sL[f()]-(0)
(i) L[F"(x)] = s°L[f(x)]—s f(0) - (0)

More generally
L[f® (x)]=s"L[f(x)]-s"* f(0) —s "2 £(0) —...—sf "2 (0) - F "2 (0)

Theorem (Convolution Theorem) (3.1.2)[26]:

If LIF)1=F(s), L[g(X)]=G(s), L[u(x,t)]+N [u(x,t)]=g[u(x,t)] then:
L[f(x)*9(x)] = L[f(x) 9(x)] = f(s) 9(s)
or equivalently,
L[F(s) G(s)]=1(x) *9(x)

Consider the differential equation

LIy()]+RIy()1+ N[y()]+ N Ty(x)]=0 (1)
With the initial conditions
y(©)=h(x) , y'(0)=k(x) (2)

Where L is a linear second order operator, R is a linear operator less than L
, N is the nonlinear operator, and N *[y(x)] is the nonlinear convolution term
which is definite by
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u=u,t) NYeI=f 06,y Y 2900 YL Y Y )
According to the variational iteration method, we can construct a correction

functional as follows
Y00 =¥, 0+ [AEILY, (E)+R Y, (E)+N ¥, (&) + Ny, (1de  (3)

Ry, (&),Ny. (&) and N "y (&), are considered as restricted variations, i.e.
SRy, =0,6Ny, =0and §N"y_=0, A=-1

Then the variational iteration formula can be obtained as
Y009 =Y, 00— [[Ly, (£)+R Y, (&) +Ny, (&) + Ny, (£)]d¢ 4)

Eq. (4), can be solved iteratively using y,(x) as the initial approximation.

Then the solution is y (x) = limy, (x)

Consider the nonlinear convolution ordinary differential equation
LIy()]+RIy()]+ N[y()]+ N [y(x)] =0 ()
With the initial conditions
y(©0)=h(x) , y'(0)=k(x) (6)
Where Lis a linear operator, R is a linear operator less than Land Nis the
noninonlinear operatord NTyX)I=f (v,Y,Y".... Y")*a(y,y,Y",....y") is the
nonlnonlinear convolutionm.

d2

X2

In this section we assume thatL =

Take Laplace transform of both sides of eq (5), to find
AL+ ARy(X)]+ AINy(x)]+ /[N"y(x)] = 0 (7)
sy —sy (0)-y'(0) =—H{Ry(x) + Ny(x) + N'y(x)}=0 (8)
By using the initial conditions and taking the inverse Laplace transform we

have

44



Y (x) = p0o — £ Li Ry(X) + Ny(x) + N*y(x)} -0 9)

Where p(x ) represents the terms arising from the source term and the
prescribed initial conditions.

Now the first derivative of eq (9) is given by

dy (X):dp(X)_d_gfl
dx dx dx

Lizz{Ry(X) +Ny(x) + N*y(X)}} =0 (10)

By the correction function of the irrational method we have

Y000 =y, 00— {(yn (©). —;—5 p©) —f—éw L%ﬁ{Ry(&) FNy(E)+ N*y(é)}} }d :

Then the new correction function (new modified VIM) is given by
J1 .
0= 00+ 2| S HRY, (60 N, 00+ N, 00} n0 (11)
In the last we find the solution in the form y (x) =limy  (x), if inverse Laplace

transform exist.
In particular, consider the nonlinear ordinary differential equations with

convolution terms
1- y'(x)-2+2y" *y"-y' *(y")* =0, y(0)=y'(0)=0 (12)
Take Laplace transform of eq (12), and making use of initial conditions, we

have
2 2 _ IEIEVL 2_ XN
s éy(X)—g—f[y (y") -2y y}
The inverse Laplace transform implies that
— l ! % " U
y(X)=x2+/ 1{3—25[y (y )2-2y y }}

By using the new modified (eq (11)), we have the new correction function
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1 1 Iy 2_ g,
Yoa(X) =Yy, (X)+7 {S—M[y (y") -2y y}}

or

1
<2

Yo (X) = yn(><)+€1{S

L) () 200) *z(y")}} (13)
Then we have
Vo0 =

y,(X) =X+ {Siz[ﬁ(4)£(2 X)—2/0(2 x)(Z(Z)} =x?

Y,00=x" , Y,(X)=%X% .. Y. (X) =X
This means that
Vo) =y, =y,(X) = .=y, (X) = X

Then the exact solution of Eq.(12) is y (x)=x?

y-(y)’-2x+y' *(y")’ =0, y(0)=1 (14)
Take Laplace transform of Eqg. (14), and use the initial condition, we obtain
2

sty —1-5=1|(v) vy |

Take the inverse Laplace transform to obtain
1

y(X)=1+x"+ 0" {gg[(yf) -y *(y") }}
Using eq (11) to find the new correction function in the form
-1 l 1\2 I % n\2
yn+1(x):yn(x)+£ {gg[(y) Ya (yn) :|}
or

V0a) =y, 00+ 07 {g[ﬁ[(y')ﬁ VALY )Z]}} (15)

Then we have
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Yo(X)=1+x°

y, (X) =1+ x2+£1§{£(4x )= 02X)0(4)} =1+x* +£181{—3—[—2j(—j} =1+x°

yo(x):yl(x):yz(x): ------- =yn(x)=1+x2
Then the exact solution of Eq. (14) is:
y(X)=1+x2
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Sec(3.2): Solution of Nonlinear Partial Differential Equations
by the Combined Laplace Transform and the New Modified
Variational Iteration Method

In this section, we present a reliable combined Laplace transform and the
new modified variational iteration method to solve some nonlinear partial
differential equations. The analytical results of these equations have been
obtained in terms of convergent series with easily compute able components.
The nonlinear terms in these equations can be handled by using the new
modified variational iteration method. This method is more efficient and
easy to handle such nonlinear partial differential equations.

The basic definition of the Laplace transform is given as follows:
Laplace transform of the function f (t) is

L[f (X)]=F(s) = Te f (x)dx, Res>0 (16)
And the inverse Laplace transform is given by

LF @) =f () =—— [ e*F(s)ds, a>0
2ri %
Obviously Land L™are linear integral operators.
In this section, we combined Laplace transform and variational iteration
method to solve nonlinear partial differential equations.
To obtain Laplace transform of partial derivative we use integration by parts,
and then we have:

of (x,t)) B
L( P j—SF(X,S) f(x,0) ,

of (X, 1)), ~ _of (x,0)
L pve J_s F (x,s)—s f(x,0) "
of (x,t))_d
" J_dx [Fx9)],
of (x,)) d°
L 2 j_dXZ[F(X’S)]'

where f (x,s)is the Laplace transform of (x,t).
We can easily extend this result to the nth partial derivative by using
mathematical induction.
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To illustrate the basic concept of the He's VIM, we consider the following
general differential equations

LIu (¢ DTN fu(x 0] = g (x ) (17)

with the initial condition

u(x,0)=h(x) (18)
where Lis a linear operator of the first order, Nis nonlinear operator and
g (x,t)is inhomogeneous term. According to variational iteration method we
can construct a correction functional as follows.

uml:un+tji[Lun(x,s)+NJn(x,s)—g(x,s)]ds (19)

where 1is a Lagrange multiplier (1=-1), the subscripts n denote the

nth approximation, u, is considered as a restricted variation, i.e. su, =0.
Equation (19) is called a correction functional.
The successive approximation u_,, of the solution u will be readily obtained

n+l?

by using thedetermined Lagrange multiplier and any selective function u,,

consequently, the solution is given by
u=Ilimu,

u—o0

In this section we assume that L is an operator of the first order ait in

equation (17).
Taking Laplace transform on both sides of equation (17), to get

L[Lu(x,t)]+L[Nu(x,t)]:L[g (x,t)] (20)
Using the differentiation property of Laplace transform and initial condition
(18), we have:

sL[u(,D]-h()=L[g X ]-L[Nu(x,1)] (21)
Appling the inverse Laplace transform on both sides of equation (21) to find:
u(x,t)=G (x,t)—L* {%Nu[x,t]}, (22)

where G(x,t) represents the terms arising from the source term and the
prescribed initialcondition.
Take the first partial derivative with respect to t of equation (22), to obtain:
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0 0 0,41
SU) -G (4L {;L[Nu(x,t)]} (23)

By the correction function of the variational iteration method

t

5 o (1
Un+1=un_'(|;{(un)5 (X,é)—%G(X,§)+%L {EL[NU(é,t)]}}dé

or
unH:G(x,t)—Ll{lL[Nun(x,t)]} (24)

s
Equation (24) is the new modified correction functional of Laplace
transform and the variational iteration method, and the solution uis given by

u (X, t):LIIin;un(x,t)

In this section, we solve some nonlinear partial differential equations by
using the new modified
variational iteration Laplace transform method, therefore we have:

Example (3.2.1) [32]:
Consider the following nonlinear partial differential equation

u +uu, =0 , u(x,0)=-x (25)

Taking Laplace transform of equation (25), subject to the initial condition,
we have:

L [u(x,1)] :—g—SlL [uu, ]
The inverse Laplace transform implies that:

u(x,t)=—x-L" {SEL [uu,, ]}
by the new correction function we find:

41
un+1(X’t) =-x-L {EL [u” (u”)x :I}

Now we apply the new modified variational iteration Laplace transform
method,
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Ug(X,t) =—X

u (X,t) = —x— Ll{lL [ ]}:—x —Ll[%} =X —xt
s s

1 2 2 1
U, (X,t) =—x—L X (S5 +—+—) |=—Xx —xt —=xt? - =xt*
2( ) [ (Sz Ss 34)} 3

So we deduce the series solution to be
X

u(x,t) =—x(1+t+t*+t3+..) =

which is the exact solution.

Example (3.2.2) [32]:
Consider the following nonlinear partial differential equation

ou (au) & o
a_t_(axJ == u(x.0)=x (26)

Taking Laplace transform of equation (26), subject to the initial condition,

we have:
x? 1 au) o
Liux,t)|l=—+—L|| — | +u
lutx.9] s s Kaxj axz}

Take the inverse Laplace transform to find that:

2 2
u(x,t)=x+L" iL (a—uj +U 8u2
S OX OX

The new correction functional is given as

2 2
l'InJrl(th)=X2—i_|:1 EL (aunj U, auzn
S OX OX

This is the new modified variational iteration Laplace transform method.
The solution in series form is given by:

51



Uy (X, ) = X

2

u (X, t) = x>+ L1{6XZ }=x 246X
s

u,(X,t) = x*(1+6t+36t>+72t°%)

The series solution is given by

X2

1-6t

u(x,t) =x>(1+6t+36t°+72t°+...) =

Example (3.2.3) [32]:

Consider the following nonlinear partial differential equation

ou ouY ,0u X +1
— 0)="-= 27
(ax) +U e u(x.0) 5 (27)

Using the same method in the above examples to find the new correction
functional in the form:

2 2
u, () =22 ;1+L1{£L {ZUn (Zu” j +u?, E;UZ” }}
s X X

Then we have:

X +1
g (%, ==

ul(x,'[):x_-i_l.|.|_*1 X_-i-liz :X_+1 1+t_
2 4 s 2 2
u,(x,t) :X—+l(1+£+§t2+lt3+it4)
2 2 8 8 64

The series solution is given by

u(x b =XT+1(1+%+§€+...) =XT+1(1—t)5

which is the exact solution of equation (27).
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Example (3.2.4) [32]:
Consider the following nonlinear partial differential equation

o (ouY . ou
“—+| = | +u-u’ste™ , u(x.0)=0,—=e* 28
. (axj x0=0,% (28)

Taking the Laplace transform of the equation (28), subject to the initial
conditions, we have:

2 -X _ —X Z_a_uz_
s’Lu(x,t)]—e —L|:te +u (axj u}

Take the inverse Laplace transform to find that:
2
u(x,t)=te ™ +L™ {%L {teX +u’® _(a_uJ —u}}
S OX

The new correct functional is given as

2
u,,(xt)=te” +L1{S’%L{teX +u,’ —(%i} —un}}
X

This is the new modified variational iteration Laplace transform method.
The solution in series form is given by:

Ug(X,t)=te™
u, (x,t) =te ™ (29)
u,(x,t)=te™

The series solution is given by
u(x,t)=te™ (30)
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Sec(3.3): A Comparative Study of Variational Iteration Method and

He- Laplace Method

Consider the following nonlinear differential equation:
Y Py + Py +psf (¥) =1(x)

y(0) =a, y'(0)=p

(31)

(32)

where p,,p,,ps;,«, 8 are constants. f (y) is a nonlinear function and f (x) is

the source term. Taking Laplace transformation (denoted throughout this

section by L) on both side of Equation (31), we have
L{y"]+L[py J+L[p.y |+L[psf ]=L[f (9]
By using linearity of Laplace transformation, the result is
L[y ]+ p.L[y ']+ p,L[y ]+ psL[f ]=L[f (9]
Applying the formula on Laplace transform, we obtain
S?L[y ]-sy (0)=y'(0)+p,{sL[y]-y (O)} +p,L [y ]+ psL [f ®)]=L[f (]
Using initial conditions in Equation (5), we have
S+ ps)L[y |=as+B+ap,—p,L[y |- pL[f(y)]+L[f (9]
or

_(@s+prap) b, 11 b
DI @ g O

Taking the inverse Laplace transform, we have
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(35)
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y () = F(x)— L [LL [y ]j Lt [LL [f (y)]j (38)

(s*+p.s) (s*+pys)

whereF (x) represents the term arising from the source term and the

prescribed initial conditions.
Example (3.3.1) [38]:

Consider the following first order nonlinear differential equation:
y’+y2:0, y>0 (39)
y(0)=1 (40)

If y, is an initial approximation or trial-function then we can write down

following expression for correction:
You®=Y,O+[ 4 {y,@)+y (@) (41)

where the last term of right is called “correction”, 4, is a general Lagrange

multiplier. The above functional is called correction functional, the Lagrange
multiplier in the functional should be chosen such that its correction solution
IS superior to its initial approximation (trial- function) and is the best within
the flexibility of the trial- function, accordingly we can identify the
multiplier by variational theory. Making the above correction, functional

stationary with y()=1s0 that, we can obtain following stationary

conditions:
- (@) +2y,(@)Az)=0 (42)

1+, (2) | =0 (43)
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The Lagrange multiplier, therefore, can be identified as follows:
2, = —exp{zt]yn(s)ds} (44)
To simplify the multiplier, we approximate Equation (44) as follows:
7 ()= —exp{ijo(:)d :} (45)

Substituting Equation (45) in Equation (41) yields following variational

iteration formula
You® =Yy, () -4,(z) = —eXp(ZI yo(&)d& {y o (1) + ynz(f)}Jd T (46)

We start with by above iteration formula, we can obtain the following

results,

t
y.()=1-[e* Vdr =1-1(1-e*)=1(+e™) (47)
0
t
Y ()=3@+e™)~[eX e +i(re™)dr
0

t
=%(1+e*2t)—'|'e2(“) {%—%e’ZTJr%e"”}dr (48)
0

=3@+e™)-fl-e ™) +ite ™ —3 (e —e-dt)
=l(@1l+e?)+ite?-1(1-e™)

if, suppose, y,(t)is sufficient, the approximation atx =0.4 isy,(0.4) = 0.6678,
while its exact one isy,(0.4)=0.6667,, the 0.17% accuracy is remarkably
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good in view of the crudeness of its initial approximation. The process can,
in principle, be continued as far as desired, however, the resulting integrals
quickly become very cumbersome, so some simplification in the process of

identification of Lagrange multiplier will be discussed at below:

We re-consider the correction, functional Equation (41) as follows:
Yoa® =y, O+ [A{y, @) +y 2 (@)dr (49)
0

Where the nonlinear term y’is considered as non-variational variation or
constrained variation i.e.5y’ =0.The Lagrange multiplier, therefore, can be

readily identified and the following variation iteration formula can be

obtained:
a0y, 0+ [y +y 0l (50)
Putting n =0,1,in Equation (50), we can obtain the following
y, (1) =1—tj(0 +1)dr =1-t

y,(0)=1-t —]{—l+(l—r)2}dr =1-t+t?-1t?

0

Similarly, putting n =2,3,....,n -1 the nth approximation can be obtained,

which converges to its exact solution, a little more slowly due to the

approximate identification of the Lagrange multiplier.
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Remark

The variational iteration technique mentioned above can be readily
extended to partial differential equations (PDEs). We will illustrate its

process.
Example (3.3.2) [38]:

Consider the following equation
6 2
va J{—uj =2y +x*
oy

u(0,y)=0, u(Ly)=y +2a (51)
u(x,0) = ax, u(x,1)=x" +ax

which has the exact solution u = x (xy+a) .

Supposing the initial approximation equation (51) is u,, its correction
variational functional in x -direction and vy -direction can be expressed

respectively as follows:

unﬂ(x,y)—un(x,ynjz{a“5§§’y)+a “gy(f’y){a“”af’”j 2y54}§

unﬂ(x,y)—un(x,ynj@F“giﬁ’gha“a”x(xz’g){a“”g’g)j 25X4}5 (52)

where u. is a non variational. Their stationary conditions are written down

respectively as follows
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0°2,(&) =0, 4(&)].,=0, 1-%25) ;=0 (53)

oL
and
0%, 0
?55) =0 ©l,=0 1—%@ =0 (54)
The Lagrange multipliers can be easily identified
h=E-X,  J=¢-y (55)

The iteration formulae in x-direction and y-directions can be, therefore,

expressed respectively as follows

Uy a,Y) =U, 06, y)+ [ E-%) a“ggﬁf’”ﬁ“gy(f’y){a““af’”j 2y5“}5

&2 ox o0&

Uy s (6, Y) =, (6, )+ [ (=) a“”(X’5)+a““(X’5)+[5““(X’5)j zgx“}é

(To ensure the approximations satisfy the boundary conditions at x=0 and
y=0, we modify the varittional iteration formulae in x-direction and y-

direction as follows

un+1(X1y)=Un(X,y)+J'(§X){aun(giy)_i_aun(giy)_i_[aun(g!y)j _2y §4}5

o&* oy° oy
(56)
uml(x,y)=un(x,y)+j(éy{a u;g;’g)+8 ugixz’é){au“;?é)j 25x4}d§

Now we start with an arbitrary initial approximation:
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u, =A +Bx,where A and B are constant to be determined, by the variational

iteration formula in x-direction, we have

u,(x,y)=A +Bx +](g—x)[0+0—2y—g4]dg (57)

=A+Bx +x%y iy
30

By imposing the boundary conditions at x =0 andy = 0 and B = a — 1/30,

thus we have
u, (X,y) = X (Xy+ a)+3i0x (x°-1) (58)

By (56) we have:
uz(x,y)=x(xy+a)+3—10x(x5—1)+j(§—x)[2y +ET+0+E -2y —54}15 (59)

=X (xy+a)
which is an exact solution. The approximation can also be obtained by
y-direction.
Example (3.3.3) [38]:

Consider the following nonlinear PDE:

a_u =X 2 _l(a_u)2
ot 4 ox (60)
u(x,0)=0

Its t-direction correction functional can be constructed as
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un+1(x,t)—un(x,t)+]l{wx2+%(MJ }7: (61)

T OX

In which Un is a non variational variation.The multiplier can be identified

and its variational iteration formula t-direction can be obtained

B rolou,(x7) . (ou,(x1) ?
un+1(x,t)_un(x,t)+'([1|:—af X +4(—8x j}ir (62)

We start with an initial approximation u, =0, by above iteration, we can

obtain successively its approximation:

ul(x,t)=0—tj(—x2)dr,

t

u,(x,t)=x4 —I[xz—x2+%(ZXT)2}jr,

0
=x*t -1 x%t°,

t
uy(x.0) =X =50 = [ Xt x (2 —Exe) i,
0
t

_y?2 1243 2024 1,26
=X t—§X t _'”:_EX T —§X T }jT
0

w24 1243 23243 1 247
=Xt =X T HEXT -5 X
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