CHAPTER FOUR
HEISENBERG UNCERTAINTY RELATIONS FOR PHOTONS

Section (4.1): Relativistic Uncertainty Relations

As in the standard Heisenberg form of uncertainty relation for photons is
somewhat difficult identity its position operator. However, it is apparently,
photon can be influenced by the spread of momentum and the extension in space
that represent the famous Heisenberg phrase “Je genauer der Ort bestimmt ist,
desto ungenauer ist der Impuls bekannt und umgekehrt.”

The photon uncertainty relations is mainly divided into two defined
notions: the photon wave function as mentioned in momentum space and then
the energy density of the quantized electromagnetic field. Thus, when the second
momentum is applied, it is generated the following form

ArAp > 4h (4.1)

This chapter is aimed to construct a definition for the uncertainty of the photons
position so that can be analogous to the standard definition. This to illustrate the
importance of R as the center of energy to the first momentum. Therefore, this
method is going to serve in making uncertainty relation as close as the original
form of Heisenberyg,

d
JAR2\/AP? > h (4.2)

Where d is the number of dimensions. A characteristic feature of the uncertainty
relation for photons is that the left-hand side in this inequality in two and in
three dimensions is never equal to dh/2, but it tends to this limit with the
increase of the average photon momentum. Only in the infinite-momentum
frame is the uncertainty relation for photons the same as for nonrelativistic
massive particles. However, in one dimension, the inequality (4.2) is saturated so
that in this case there is no difference between photons and massive
nonrelativistic particles.

We also prove the following sharp inequality
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In nonrelativistic quantum mechanics, the inequalities obeyed by the two
measures of uncertainty, AR2AP? and (R.R)(P.P), are completely equivalent.
They have equal lower bounds and they are both saturated by Gaussian
functions. This equivalence does not hold for photons. Nevertheless, the two
inequalities are intimately related. We shall first prove (4.3) and then use the
information about the photon states that saturate this inequality to elucidate the
Intricate properties of the inequality (4.2).

Study has been done by Schwinger, he came up with the rough estimate
that the lower bound of AR%AP? is of the order of h2.

This chapter is endeavored to derive a related uncertainty relation for
photons beams. Making use of Coherent states of the electromagnetic field to find
a description of such beams in the limit of a large number of photons so as to
prove the sharp inequality as follows

VARZ\AP2 > gh ’1 + %ﬁ (44)

and we find the mode functions of the coherent states that saturate this
inequality.

The nonexistence of the local photon density in configuration space is due
to the fact that in quantum electrodynamics the operator of the total number of
photons N involves not a single but a double integral:

—~ 1 D(r,t).D(r'.t) B(rt).B(' t)
— 3 3.0 o
N 47T2hc,[d T‘fd r X.l elr —r'|? + HlT_T’|2
1 Ft(r,t).F(r',t)
— 3 3,7 4.
ZnZhCJd r]dr.l T (4.5)

We use systematically the Riemann-Silberstein vector (the RS vector)
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F(rt) = D\(/;,_;) + iB\;;'_;)

Which will allow us to write many formulas in a compact form. The normal
ordering removes the (infinite) contribution from the vacuum state. In contrast
to the total-number operator, the total-energy operator of the electromagnetic
field A (the Hamiltonian) is an integral of a local density

(4.6)

H= fd3ré(r, t) 4.7

Where
é(r,t) = Ft(r t).F(r',¢t): (4.8)

The center of the energy operator can be introduced in any relativistic theory. All
we need for this construction is the set of generators of the Poincar’e group. We
define the operator R as follows:

1 1 1

.1 -
R:ﬁN+N2H:\/—§N\/—§ (4.9)
Where N is the first moment of the energy distribution,
N = j d3rré(r,t) (4.10)
Example (4.1.1):
Prove that R = $N+N$: \/LEN\/LE
Proof

The symmetrization in (4.9) is necessary to obtain a Hermitian operator.
The inverse of the Hamiltonian is well defined, provided we exclude the vacuum
state. The spectrum of the Hamiltonian is non negative, therefore the positive
square root is unique. The significance of N is further underscored by its being
the generator of Lorentz transformations. Since the operators H and N do not
commute (the energy changes under Lorentz transformations), the equivalence
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of the two forms of R in (4.9) is not obvious and to prove the equality of the two
forms of R in (4.9) we will first prove the following lemma[93]

if [A,¢]=0 then [VA.C|=0 (4.11)

In the proof, we use the fact that the eigenvectors of the Hamiltonian form a
basis. Acting on an arbitrary state in this basis |E) (excluding the vacuum), we
have

(VAVE)=|VA.c|iEy = [A.ClIEy =0 (4.12)
Since the factor (\/ﬁ \/F) does not vanish, it can be dropped and the validity of

the lemma is established.

Next, we use the commutation relations between the Hamiltonian and the
generator of the Lorentz transformations

| N] = —inP (4.13)

to obtain

1 .1 1 1 ... 1 1 AP 1
H,l N ]:l [H,N] ]:—,l ]:o (4.14)

Finally, using the lemma, we may replace H by \/ﬁ in the first term and expand
the resulting double commutator[93]:

—(1 .1 1 1.
o:l\/ﬁl _ A]: N+

1
N— (4.15)
A

The vanishing of the difference of two expressions for R appearing in (4.9)
means that they are equal.

It follows from the commutation relations between the generators of the
Poincar’e group [33],[34],

[N, P;| = iné;;H (4.16)
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That R and the total momentum P obey the canonical commutation relations
between the position and momentum,

[Ri, B] = ihy; (4.17)

We must, however, resist the temptation to treat R as a bona fide position
operator because its components do not commute,

[ﬁliﬁj] - _ihCZH\—lsAijﬁ—l (418)

Where fij Is the operator of the intrinsic angular momentum: the difference
between the total angular momentum and the orbital angular momentum,

Sij = Mij — (Ri, P, — R;, Py) (419)

Note that the effects of the noncommutativity are present in all systems with
intrinsic angular momentum and decrease with the increasing energy. We shall
fully confirm this observation in Section (4.3).

Despite all of the differences between the nonrelativistic and relativistic
dynamics we may derive a sharp Heisenberg uncertainty relation along one
direction, say x, for any relativistic system. This one-dimensional uncertainty
relation is based solely on the commutation relations between X = R, and
P = P, and has the standard form

JAaxz/apz > %h (4.20)

Where
AX?2 = ((AP)"), AR =R —(X) (4.21q)
AP? = ((AP)®), AP =P —(P) (4.21b)

The one-dimensional uncertainty relation holds for any relativistic quantum
system. A simple proof of (4.20) uses the commutation relations (4.17) and the
non-negative expectation value of the operator:

((AX —i2AP)(AX + iAAP)) = 0 (4.22)
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Where A is an arbitrary real number. The condition that this expression treated
as a function of A1 can have at most one real root gives (4.20). This inequality is
saturated by the quantum state whose state vector satisfies the condition

(AX — iAAP) W) = 0. (4.23)

The specific form of |¥) depends, of course, on the system under study. Note that
we may remove the average values # (X) and A(P) from (4.23) by choosing |¥)
in the form

|¥) = exp(i(PYX/h —i(X)P/h)|¥') (4.24)

Since the inequality must hold for all vectors, replacing |¥) by |¥') makes no
difference and the two forms of the uncertainty relation in one dimension,
namely,

VAXZVAPZ = ~h and /()?2) /(132) >~h (4.25)

are completely equivalent. In nonrelativistic quantum mechanics the equivalence
holds in any number of dimensions. A spherically symmetric Gaussian function
shifted in the coordinate space by (r) and in the momentum space by (p) by the
unitary transformation of the form (4.24) will automatically saturate the
inequality (4.2). This equivalence, however, is no longer valid for relativistic
systems in three dimensions.

To extend our analysis to two and three dimensions, we introduce the
dispersion in position that involves two or three components of the center-of-
energy vector R,

AR? = (AR.AR) (4.26)
Where AR = R — (R) and the dispersion in momentum,
AP? = (AP.AP) (4.27)

Where AP = P — (P). Following the same procedure as the one used in deriving
(4.20), we obtain (4.2). The proof is based this time on the expectation value of
the following positive operator:
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((AR — iAAP)(AR + irAP)) > 0 (4.28)

In contrast to the one-dimensional case, the inequalities (4.2) and (4.28) are not
sharp because there is no state vector that is annihilated by all three components
of the vector operator A = AR + iAAP and even by two components. This is due
to the fact that the commutators (4.18) of the components of R do not vanish.
Should there exist a state vector annihilated by A4, then this vector would also be
annihilated by the commutators of the components of A. These commutators are
proportional to the components of spin. Therefore, for any relativistic quantum
system endowed with spin the inequality (4.2) cannot be saturated.

In the next section, we introduce a convenient formalism to describe
photon states that will be later applied to derive the inequalities (4.3) and (4.4)
and also to elucidate the meaning of the inequality (4.2).

Section (4.2): Uncertainty Relation for the Product of (R - R) and (P - P)

In what follows, we shall consider one-photon states of the
electromagnetic field. These states are generated from the vacuum state by the
action of the photon creation operators,

d*k
1) = | TE A ®al ) + £ (et 0]i0 (429)

Where al(k) create photons with momentum Ak and positive or negative
helicity A (left-handed or right-handed circular polarization). We assume the
normalization of these operators such that the commutation relations have the
form

[ar (), al (k)] = 8, k® (ke — k) (4.30)

This leads to the relativistic form (the volume element on the light cone d3k/k is
invariant under Lorentz transformations) of the scalar product,

(@) = [ 3 25D 02w (431)

and the associated norm of one-photon state vectors,

95



1
AR =112 = | D Z1R0F (432)

The symbol [ ¥, stands for the summation over 1 and the integration over k

fz :Zfd% (4.33)

The functions f, (k) and f_(k) are the photon wave functions in momentum
space. Their moduli squared are the probability densities to find the left- or
right-handed photons with momentum #k.

The creation and annihilation operators are connected with the field
operators through the expansion of the RS operator (where (RS) is Riemann-
Silberstein) into plane waves,

F(rt) = \/Ej x e(k)[a, (k)ekr=Wt + q_(k)e~tkr+iwt] (4.34)

d°k
(2m)3/2
The normalized polarization vector e(k) is:

kx(nxk)—ik(nxk)
V2k|n x k|

Where n is an arbitrary unit vector.

e(k) =

(4.35)

In order to find the action of all relevant operators on one-photon states,
we first express these operators in terms of creation and annihilation operators.
This task is simplified by using the RS vector in the form (3.34)

q= f 2  hwa (), (k) (4.360)

P = [ Y kel (0a®) (4.36b)
k

12 —haf(k) (K D,1 +27) 220 (4.36¢)

= [ > el i) (4.36d)
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Where D, is the covariant derivative in momentum space on the light cone,
D; =V —ida(k) (4.37)

(n. k)(n > k)
kln x k|?

a(k) =ie*(k).Ve(k) = (4.38)

the dot denotes the scalar product of polarization vectors, and V denotes the
derivatives with respect to k.

In relativistic quantum mechanics of photons, the generators of the
Poincar’e group (4.36) act on the photon wave functions as follows:

Hfy(k) = awf; (k) (4.39q)
Pf(k) = hkf, (k) (4.39b)

_ 1 k
if,k) = h (k x =D, + AE) £,(k) (4.39¢)
Nfy(k) = hwiD, f; (k) (4.394d)

Where we stretched our notation keeping the same symbols to denote the
operators acting on the states of the field and the operators acting on the photon
wave functions. Since all of these operators are Hermitian with respect to the
scalar product (4.31), they generate two unitary representations f, (k) and f_(k)
of the Poincar’e group.

The center-of-energy operator R given by the second expression in (4.9)
has the following representation in quantum mechanics of photons:

L
vk

It is often convenient to replace the function f; (k) by its rescaled counterpart
gl(k)v

Rfy(k) = iVkD, — f; (k) (4.40)

f2(k)
vk

The transformation properties of g,(k) under the Lorentz transformations are
more complicated than those of f;(k), but this function is similar to the

ga(k) = (441)
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nonrelativistic wave function because in contrast to (4.32) its norm (and also the
scalar product) has a familiar nonrelativistic form

lgll?= [ " gi 05 (442)

The center-of-energy operator acting on g; (k) is
ﬁgl = iDlgl(k) (443)

As a simple application of this formula, we find now the function that saturates
the general one dimensional uncertainty relation (4.20) in the case of photons.
Choosing the direction in this relation along the n vector, we find that the
covariant derivative (4.37) becomes an ordinary derivative along this direction
because the component of a(k) along n vanishes. Therefore, the function g, (k)
which saturates the inequality is a Gaussian in the direction n. This result has
been obtained before by Holevo in the framework of estimation theory.

The extension of the Heisenberg uncertainty relation for photons from one
to three dimensions is nontrivial. In the next section, we use the representation
(4.43) of the operator R to fulfill this aim.

The formulation of the uncertainty relation for the photon will be carried
out with the use of the operators R and P acting on the photon wave functions
f1(k) in momentum space. In this section we shall consider the product of the
quantities (R - R) and (P - P), instead of their variances. The variances AR? and
AP? reduce to (R - R)and (P - P) only when both (R) and (P) vanish.

The quantities (R - R)and (P - P) expressed in terms of the rescaled wave
function g, are

1 *
(R-R)= ”gHZJE(DAgA) D39

||g||2] E[Vga Vga + 2a®(k)gigs + ida(k).(9iV1—g2Vg3)]  (4.44)

(P . P)= ”gHZJEglngl (4.45)
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There is one immediate conclusion that can be drawn by inspecting the
integrand in the formula for (R - R). Namely, the presence of a(k) rules out
spherically symmetric functions. To obtain a finite value of (R - R) we must
eliminate the singularity at [n x k| = 0 by the appropriate angular dependence
of g,. Our analytic solution will confirm this expectation. The breaking of the
spherical symmetry is an important difference between the uncertainty relation
for photons and for the nonrelativistic particles.

Further calculations are most easily done after the transformation of the
integrals to spherical coordinates,

2T

o1 . ™
R - R)= 22] dksz desinequ)
gz £ady, 5,

0

2
100921  10,92]"  22cos? 6 |g;,1?
Z+ + -2 +
* [lak‘g’ll k2 k2sin2 @ k2sin2@
iAlcos0(gr0,91 — gaaq)gi)]
k2sin2@ (4.46)
2T
o hz [ee] T
(P.P) = 22] dksz stian do k2| g, (4.47)
TolE £ )y ),
0
- - 2T
lgll2 :EJ dk sz desinef do k2| g, (4.48)
X 0 0 0

The left-hand side of the uncertainty relation for R - R and P - P divided by A2 is
a dimensionless quantity which will be denoted by y 2,
(R RNP-P)

= -

2

(4.49)

We shall determine the minimal value of y applying a variational procedure. The
variation of y 2 with respect to g; (k) leads to the following equation for g, (k):
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—ia k20 ! 0gSiNO 0y + 02 — A% — 2iA 0 /12+ 2
” k k—m( g SIN 0 o — 2lACOS @ (‘0)_; YK

~2y| g 6.9) = 0 (450)

Where we replaced k by the dimensionless variable x,

K = (hz R AR>> (451)

After performing the variation, we put ||g|| * = 1. The variational equations for
two values of 1 decouple, so that we may take one value of A at a time. Since the
change of the sign of A is compensated by complex conjugation, we will consider
only positive helicity A = 1.

Equation (4.50) allows for the separation of variables,

gi(k,8,9) = K(x) © (8)e™? (452)
and we obtain the following equations for the radial and the angular parts
1 jG+1) =22
[—Pakaak + 2 +yr? | K (k) = 2yK (k) (453)
1 _ m? + 1% — 2Amcos 8 o
l—mag sinf dgy + 57 g ] ©B)=j+1)o(@®) (4.54)

The equation for © (0) is the same as in the theory of magnetic monopoles. Its

!
solutions are given in terms of Jacobi polynomials Pj(m’m )(x) (also known as
“monopole harmonics”),

© () =sin* g cos™ 6 Pj(_’lr:lm’“m)(cos 6) (4.55)

Regular solutions are obtained when j is a natural number starting from j = 1.
For j = 0, not only are both solutions of the angular equation, namely, 1/ sin 6
and cot 6, singular, but also the radial equation does not have regular solutions
because the centrifugal force becomes attractive. Therefore, the states are ruled
out as we already observed before.
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The equation for K (k) is the radial part of the Schrodinger equation for
the three-dimensional harmonic oscillator with a modified centrifugal force. This
equation after the substitution,

K (k) = k¥3/% exp (—%KZ)J?(K) (4.56)

reduces to the equation for the confluent hypergeometric function,

v_

7o) = 1F1 (L v x?) (457)

where v = 1 + \/j + j2 — 3/4.To obtain a regular solution, 1F1 must become
a polynomial and this leads to the quantization condition for the parameter y,

y=2n+1+,j+j2-3/4 n=012,.. (4.58)

The lowest value of y is obtained for j = landn = 0,

(4.59)

This is the right-hand side in the uncertainty relation (4.3). In what follows, we
shall denote by y always its lowest value (4.59). This eigenvalue is degenerate.
There are three eigenfunctions that saturate the inequality (4.3) corresponding
tom = 0,x1:

fo(k,6,08) = Aasin 8 (ak)" lexp (—%(ak)z) (4.60a)

(1 +cos0)
V2

where the normalization constant is

/ 3
R ) (4.61)

and the parameter a sets the length scale. The value of a is arbitrary because
there is no intrinsic length associated with the photon.

. 1
fo(x,0,0) = Aa e*®(ax)’texp (— > (aK)Z) (4.60b)
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To exhibit the geometric structure of the wave functions (4.60) we shall
rewrite them as components of a Cartesian vector f = (f, f,, f;) in Cartesian
coordinates

kX (nxk)+ik(nxk)
In > k|

1
f(k) = Aa?(ax)? texp (_5 (aK)Z) x (4.62)
The presence of the unit vector in the direction n x k means that there is a
vortex line in momentum space along the n direction with unit intensity. To
obtain the formulas (4.60) we must choose the direction of n as the z axis in
spherical coordinates.

The increase of the lower bound in the uncertainty relation (4.3) from the
value 3A/2 underscores the unique properties of photons. This increase is due to
the specific angular dependence of the photon wave function in momentum
space enforced by the nontrivial geometry on the light cone. As a result, all three
functions (4.60) vanish at k = 0, in contrast to the Gaussian functions saturating
the standard Heisenberg relation. In this case, the angular dependence is the
same. However, the radial dependence is different and this difference is reflected
in the values of the lower bounds. The scaling of x is chosen so that the
uncertainties in position and momentum are equally distributed,

(R - R)y=a?(1++5/2) (4.633)

(P - P) = (h/a)?(1+5/2) (4.63Db)

Of course, their product is scale independent and gives the lower bound.

Section (4.3): Uncertainty Relation for the Product of AR? and AP? and Photon
Beams

The information gained in the analysis of the uncertainty relation (4.3)
will now be used to improve the bound in (4.2). The first observation is that
(R) = Ofor all three
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FIG. (4.1). Dependence of the product of variances (in units of #%) on the squared
mean momentum (in units of A%/a?). The leftmost dot represents the exact
valueof y? obtained for vanishing average momentum. The remaining dots (from
left to right) mark the values obtained for the trial functions (4.65) with none,
one, two, and up to six terms. The solid curve represents the two-parameter fit
(4.66).

Functions that saturate (4.3), whereas the value of (P ) does not vanish for
the states withm = 1,

Fy=s r(3/2+v5/2)h

h
+ n = *0.686—n 4.64
2r(1++5/2) a a (464)

Thus, already in this simple case the value of AR?4P? =(R - R)}{P - P) —
(R - RYP)? is lower than the value of (R - R}{P - P).

In the general case, the bigger (P ) is, the bigger will be the average photon
energy. Thus, the noncommutativity of the components of R plays a decreasing
role, bringing us closer to the situation in nonrelativistic quantum mechanics.
This is clearly seen in Fig.(4.1) where we show the exact value (4.3) obtained for
the vanishing mean momentum and the results of numerical calculations of
AR?AP?. The points in this plot were obtained by choosing the trial functions as
the product of f..(k, 8, ¢) and a polynomial in k cos 9,

1+ a;kcosd + a,(kcosB)? + az(kcos )3 + - (4.65)

where a; are variational parameters. These parameters are determined by
requiring that they give the lowest value of AR24AP?. The points in Fig.(4.1)
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represent the values obtained with none, one, two, and up to six parameters. The
solid line represents a simple two-parameter fit of the form

V5

9/4 + — =
/ 1+ 1.14(P )2+ 0.8(P )*

(4.66)

to all eight results. The numerical results clearly show the convergence to the
value 974 when (P ) tends to infinity. This result is also in agreement with the
formula (4.18) for the commutator of the center-of-energy operators since the
right-hand side tends to zero with the increase of the energy, so that at infinite
energy these operators behave as their nonrelativistic counterparts. We shall
confirm now this result with analytic considerations. We show that in the
infinite-momentum frame, we indeed obtain as a lower bound in the uncertainty
relation the limiting value 34/2. Thus, our aim is to find the minimal value of the
expression

AR2AP? = (R — (R))")((P - (P))") (4.67)
in the limit of infinite (P ).

In the first step, we eliminate (R ) by applying the unitary transformation
exp(—i(R).P/h) (ie. by choosing the center of the energy as the origin of the
coordinate system). The elimination of (P) by the unitary transformation
exp(i(P ). R/h) is not so painless because the components of R do not commute
and we are left with the expression

L svaira A WBYR/r A A
y?= ﬁ(e_“P MR/RR Re"PIR/MY(P P') (4.68)

which is to be minimized. We find by the variational procedure that the
minimum of y is indeed equal to 3a/2.

To apply the variational procedure, we rewrite the functional (4.68) in the
one-photon space. To simplify the calculations, we choose n in the direction of
the average momentum. With this choice, the operator in R reduces to an
ordinary derivative with respect to k, because the scalar product n.a vanishes.
Therefore, the unitary operator gUP)R/M acting on the photon wave functions
becomes just the shift operator. Therefore, in the functional (4.44) the argument
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k, of a(k) is shifted now by k, = (P,/#). The solution of the differential equation
obtained by varying y?2 is a very difficult task because the variables k and 8 can
no longer be separated.

However, in the limiting case when (k,) tends to infinity, there is a radical
simplification. In this limit, a(k + (k)) becomes

x k

— 4,
kT (4.69)

lim a(k+(k)) =
Am a(k + (k)
is very simple leading to the nonrelativistic lower bound in the uncertainty
relation for photons (4.2).

In most experiments photons appear in the form of photon beams. In this
section we derive the uncertainty relation for a very common representation of
such beams: the coherent state of the electromagnetic field. The exact
determination of the uncertainty relation for the coherent state does not seem to
be feasible but the important case—the limit when the mean photon number (N)
Is large—is tractable.

Coherent states |coh) are generated from the vacuum state by the unitary
Glauber displacement operator D,

1
p=exp (Vi) Y [ F1AM}(0 - £ (0ar(W)] ) leoh) = DIO)  (470)

where the function f;(k) that so far represented a singlephoton state now
describes an arbitrary nonmonochromatic mode of electromagnetic radiation
We pulled out the square root of the mean photon number (N) in the coherent
state to have better control of the large (N) limit. The function f will be
normalized to 1 as in (4.32).

Our aim, as in Section (4.2), is to minimize the left-hand side of the
uncertainty relation (4.67). All expectation values are to be evaluated in the
coherent state (4.70),

J2 = ((R.R)—(R).(R))({P.P)—(P).(P))
hZ

(4.71)
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We evaluate the leading terms of the expansion in 1/(N) for the dispersion in
position (4.26) and momentum (4.27) evaluated in the coherent state of the
electromagnetic field. In this calculation, we use the second form of the position
operator (4.9). The expectation value of any combination of creation and
annihilation operators in a coherent state is tantamounts to the vacuum
expectation value of the same combination of these operators transformed by the
action of the displacement operator D,

taf(k)D = af (D) + V(N)f; (k) (4.72a)
Dtay(k)D = a, (D) + /(N f (k) (4.72b)

We will need only the following lowest-order correction to the operators H , N
and

DYAD = (Nyhe lz [BXGIAG
T2 [ w0+ w0 (i) (473a)

D'ND :(N)hcl f ff(k)iD,lf,l(k)
1
752 |l + i +o ()] @ren

D'PD = (N)hlz f £ (Rnfy (k)
=" [ af(mfi0 + £ Gomaz (k) + 0 473
o R RRACRIACRAOR (4730)

The first two formulas lead to the following expression for R

Do =3 [+ JWZ | (fwimafuti) + 7 (01, 0)
R 1
_ WZ [ (a0 + £ arw)) + 0 (<N))] (4.74)
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Where

TENFAGIAG (4750)
N FACENAG (475b)
R=N/H (4.75¢)

In both factors of (4.71), the leading terms cancel because they are ¢ numbers, so
that there is no difference between the averaged square and the square of the
average. We shall first calculate the next-order corrections to the difference
(R.R) — (R).(R). First, note that if the contribution comes from only one R, then it
does not con tribute to the difference because it cancels out between the two
terms. The O(1/(N)) terms are not canceled by their counterparts in (R).(R) only
when the corrections appear in both operators (R) in R. R. The same observation
holds for the momentum operator. Therefore, the lowest-order corrections come
only from the products of two terms linear in the creation and annihilation
operators, and the final results can be written in the form

~ ~ 1
(R =R =5 Y [ K1GDA = DAL (D2 = RIHE)  (476)

(P =P = wm Yy [ kfrfo (477)

Without any loss of generality [the function f; (k) is at this point arbitrary and it
will be determined from the variational procedure later], we can make the
following replacement:

fa(k) - exp(=ik.R) f; (k) (4.78)

This change of phase makes no difference in (4.77), but it leads to the elimination
of the R -dependent terms in (4.76), and we obtain

S a2 1
(R= R = 505 0. | KIDafar (479)

Using the formulas (4.79) and (4.77) we obtain the following expression for y?
valid for large values of (N):
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e = [1/()I7T2 +0((N))

In what follows we will tacitly assume that all results are valid only in the limit
when (N) - oo, and we will omit the symbol O(1/(N)).

(4.80)

Before subjecting this expression to the variational procedure, let us note
that it does not depend on the normalization of f; (k). Therefore, we may vary the
function f;(k) freely, as we did in all previous cases. The variation with respect
to f; (k) leads to the following equation for f;in the spherical coordinate system

1 3 1 ) 5 N ' 2 yk?
_Fakk 0 —m(agsmeag +02 — 2% — 2iAcos @ 0, =
+ ]/2] fl(Kva(p) =0 (481)

we have omitted here all intermediate steps because they are analogous to those
followed in Sec.(4.2). The dimensionless parameter k is defined as

_hk (@) S TIAWP
¢ AP? T TKIA(OP

After the separation of variable we obtain the following equation for the radial
part

(4.82)

iG+1)—2* 2y
AR e 4

> | 30() = =230 (x) (483)

while the angular part is the same as in (4.54), so that the lowest allowed value
of j is 1. The equation for the radial part after the substitution,

K (k) = VU D~"Lexp(—yk) K (k) (4.84)
reduces to the equation for the confluent hypergeometric function,
(k) = 1F1 (; — ¥, 2yx) (4.85)

where p = 1+ 2,/j(j +1). To obtain a regular solution, 1F1 must become a
polynomial and this leads to the quantization condition for the parameter y,
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2n+1+2./j(G +1

Y (4.86)
The lowest value of y is obtained forj = 1andn = 0O,
1 3 2

again, as in Section (4.2), the solution corresponding to the lowest value of y has
a threefold degeneracy. The three normalized solutions, which are the
counterparts of (4.60), are

fo(k,0,0) = Aasinf (ak)ﬁ‘le‘yak (4.88a)
fe(x,0,0) = Aa(li—jgsg) e*0(qx)V2-1g-vak (4.88b)
Where
A=y 3 (4.89)
8nr(2v2)

and the parameter a sets the scale as in the case of a single photon.

Our uncertainty relations for individual photons can be connected with
observations through the Glauber theory of photodetection [35], as we have
indicated in [36]. The interpretation of the uncertainty relation for photons is
basically the same as in the case of the standard Heisenberg uncertainty relation.
The only difference is that the photodetection relies on the energy density of
photons— the photon is where its energy is localized—rather than on the
probability density to find the particle (its charge or mass) at a given location. To
test our uncertainty relation, one would have to make repeated measurements
on photons produced by the same source.

The uncertainty relation plays a different role in the case of photon beams.
In this case, the limitation on the dispersion AR? imposed by the uncertainty
relation finds its physical interpretation in terms of the directly observable
quantity: the focal volume. Of course, the focal volume does not have sharp
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boundaries. However, the moments of the energy distribution give reasonable
measures of its size. Thus, a sensible measure of the size of the focal volume Ve IS:

Ve = (4R?)3/2 (4.90)

The uncertainty relation in three dimensions gives precise bounds on the size of
the focal volume for a given spectral composition of the beam. According to this
relation, the decrease of V; is limited by the dispersion of momentum

h3y3

Ve 2 W (4.91)

It is worth mentioning here that the one-dimensional uncertainty relation (4.20)
can give only a rough estimate of the focal volume due to the strong correlations
imposed by the noncommutativity of the components of R.

The reduction of the size of the focal volume is important in many practical
applications of laser beams, such as fluorescence microscopy, optical tweezers,
material processing and also in medicine. We are far from suggesting that our
uncertainty relations will lead to an improvement in any of these techniques, but
we believe that they are relevant at the fundamental level.

Section (4.4): Conclusion

This chapter focuses on the uncertainty relation for photons on a measure
of the spatial extension of the photon wave function, the measure is mainly built
around the center-of-energy vector: the first moment of the energy distribution
divided by the total energy. The replacement of the second moment of energy
used in Ref. [36] by the first moment of energy, it serves to bring the analysis as
close as the measurement standard quantum-mechanical treatment.

The suitable substitute for the nonexistent photon position operator, is
going to be the center of energy vector. Never the less, the non commutativity of
its components leads to significant differences compared to the non relativistic
case. In nonrelativistic Heisenberg uncertainty relations, the lowest value of
VAR2VAP? doesnt depend on the average position and on the average
momentum. It does not work with photons. The lowest possible value of

VAR?VAP? depends on the choice of the Lorentz frame. It varies between
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3/2n(1 + 4+/5/9) and 3ha/2, when the average momentum changes from O to
infinity. Then the photons is going to take the same uncertainty relations as
nonrelativistic particles. This can be proved and explained by the special
properties of relativistic dynamics in the infinite-momentum frame.

Eventually, the uncertainty relations based on the center-of energy
operator were also derived for photon beams and that can be described by
Coherent states of the electromagnetic field. Findings were obtained in the limit
of a large number of photons. These uncertainty relation provide a fundamental
limitation on the reduction of the beam focal volume.
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