Chapter 3

Conservation Laws of Physics
3.1 Introduction

The conservation laws allow us to treat physical objects as point particles, when we are
concerned about their kinematics properties. They assist us in solving, in full generality,
complicated problems that would otherwise be unattainable. Perhaps more importantly, they
give us a first glance into the fundamental properties of our Universe and the symmetries that

govern the laws of physics with it.

It was considered natural to obtain ' conservation principles' from ' laws of nature .

Subsequently, with the work of Emmily Noether, emphasis shifted to a reversal of this
process, by first examining the symmetry considerations that have conservation principles
associated with them , and then deduction of the "laws of nature” from the underlying
connections between symmetry and conservation laws. This latter approach has now assumed
a fundamental role in the scientific method aimed at examining ' laws of nature', to both test

them and / or to discover new laws.
3.2 Concept of a conservation Law
Let us consider an ordinary differential equation*
F(t,q,4,4) =0 (3.1)
Describing a motion of a dynamical system. Here t is time , g = (q', ....., q°) are the position
coordinates, g = q(t),and v =g = ‘;—‘Z is the velocity, § = %.
Definition 3.2.1.
A function C = C(t, q,v) is called a conserved quantity for eq (3.1) if

dc
P 0 (3.2
On every solution of Eq(3.1)

In other words, the conserved quantity C = C(t, q, v) is constant on each trajectory g = q(t)

and therefore is called a constant of motion.
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In classical mechanics Eq(3.1) has the form
mx =20 (3.2)
And describes a free motion of a particle with the mass m and a position vector

x = (x1,x2,x3). The equation has several conserved quantities, e.g. the energy E = %mvz

and the linear momentum = mv .

Let us now consider a partial differential equation of p- th order

F = (x, u, u(l),u(z), ...... ,u(p)) =0 (34)
Where the function F depends on n independent variables x , x = (x',.... ,x™),
m dependent variables u, u = (u, ... .. ,u™), and the first , second ,....., p- th order

derivatives of u with respect to x denoted as

ugy =}, ug) = {uf]‘ b Uy = {uf‘lizmip} respectively, & = 1, ......,m and other

indices change from 1 to .
Definition 3.2.2.
Avector € = (CY, ......,C™) where C' = C'(x,u,uqy, Uy o oo Upy) =1, .0,
Is called a conserved vector for Eq (3.4) if
divC =0 (3.5)
on every solution of Eq (3.4). We can also say that Eq (3.5) is a conservation law of Eq(3.4) .
a conservation law for a system of partial differential equations can be defined similarly .

instead of dealing with functions u* = u®(x) and their derivatives, which are also functions
of x, one can treat all variables, x,u and derivatives of u, as independent variables, called
differential variables. Variables with the same set of subscripts will be symmetric, for
example u; = w; and so on. Using the idea of differential variables one can reformulate the
definition of a conservation law by introducing the operator of total differentiation with

respect to x’ :

_ 0 a
Di—ﬁ+ui

a a
+ u?

a a 9
du« Y 6u]’-1

J1Jk gu® .
OUf, ji

+otu

+ o (3.6)
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Where the usual convention of summation over repeated upper and lower indices is used.

Hence
div C|2.4) = D; (Ci)|(2.4) =0 (3.7)

Where the notation |, 4) means that the relation holds on any solution of Eq (3.4). if one of

the variables, for example x! | is time t then the component C! is called the density of the

conservation law.

Remark 3.2.1.

In practical calculations the conservation law (3.7) can be rewritten to an equivalent form. If
CYl2ay = C' + Dy (h®) + -+ + D, (h™)

Then one obtains the following conservation law: D,(C') + D,(C?) + -+ + D,(C") =0

Where €2 = €% + D,(h?), .......,C" = C" + D,(h™) , Because D,D;(h') = D;D,(h').

We can rewrite Eq(3.2) in the following form :

dc _ B
alon = Di(O)le1y =0 (3.8)

3.3 Hamilton's principle and the Euler-Lagrange equations

Consider again a motion of a dynamical system with a kinetic energy T(t,q,q) and a

potential energy U(t, q). The function
L(t' q, 17) = T(t' q, Q) - U(t' q)
is called the Lagrangian of the system.

Hamilton's principle or the principle of least action, states that the true motion of the system
between two chosen times t; and t, is described by the fact that the trajectories of the

particles provide an extremum of the action functional
[ Lt q,v) dt (3.9)

This requirement is equivalent to the statement that the Euler-Lagrange equations :

oL oLy _ _
7o = Dy (=) =0, a=1..,s (3.10)
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In the case of several independent variables x = (x1, ... ... ,x™) and dependent variables

fV L(X, u, u(l),U(z), ...... ,U(p)) dx (311)

Where V is an arbitrary n-dimensional volume in the space of the variables x and the
Lagrangian £ is a function depending on a finite number of differential variables. The

corresponding Euler-Lagrange equations have the form :

=0 =1 3.12
ou? - ’ a=1,.... , S ( ) )
Where
0 _ d 9 . 5
Sou? - dud - Dl 6u? + e + (_1) DllDlZ DI'S m -I— e

Is the variational derivative.
3.4 The Action Principle and Derivation of the Euler — Lagrange Equation

To find the equations of motion of a system with n degree of freedom, stated in terms of
first-order differential equations rather than the second-order differential equations Newton's

laws yield. We define n generalized coordinates qy, .....q, . Let the Lagrange, L be defined as
L(Qi' Qi't) = T(qi' Qi't) - V(qi' Qi!t) (313)

Where T is the kinetic energy of the system and V is the potential energy of the system.

Define the action, S of the system to be

In order to find the path which nature would "choose" for the system, it turns out that we need

to find the local extreme of the action. We therefore need to solve for the stationary points of

S, where i—f = 0, which means that §S = 0. So we need to solve for L where

§S=0=[" dt[L(q +8q; ¢ +84) — L(qi, 4.)] (3.15)

But Taylor expansions tell us that for small changes (x + éx,y +6y) — f(x,y) = f,6, +

fy 6, . So expression (3.15) is equivalent to

0 aL aL .
[%, dt %[5 6qi + 5 64 (3.16)
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Since §q; = ;75‘71' , expression (3.16) is equivalent to
w oL o (d ..
[, de i [57 8ai+ 5 (57 84 (3.17)

Notice that [ dt |- (fg)| = ()|, = 0 if (+o0) =0 . this implies that, for such

functions f and g, [~ dt [fg + gf] = 0 by the chain rule, and so

I at[fgl=—[". at[gf].

Therefore, assuming that 6q; = 0 at +oo, expression (3.17) is equivalent to

o) oL d 0L

I dt % [6_qi 6q; — (d—t a_qi) 5%’] (3.18)
oo daL d 0JL

[ [a—qi — o 5q)| =65 =0 (3.19)

Each coordinate g; is independent of the others, and so is each variation &q;, so each §g; can
have any value. Therefore, the only way to make this integral always equal to 0 is to demand

that the bracketed part be equal to 0 for all i.

It turns out, that nature would always "choose" the motion of a system to be such that the

Lagrangian L obeys this equation .
3.5 Hamilton's Equations

There is yet another way of formulating the equations of motion of a system, equivalent to

the Lagrange formulation.

JaL

Definep; = 3. and the Hamiltonian = H = Y, p;q; — L. This means that
L aL a .\ oL
dH = % (pidd; + dudp; = 5-dqy — 5= dd;) =50 dt (3.21)
o
But Frv D; , SO
o oL )
dH = Z (PidCIi + q;dp; _a_qidqi - PidCIi) 5 a4t
L

A oL oL
= (qidpi - a_qidqi) ~ o dt (3.22)
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Since H is a Legendre transformation,

o
9q;

oH

o0H
dH =¥, (a—m dp; +5- dg;) + 5 dt (3.23)

By comparing equations (3.20) and (3.21), we get :

OH _ . 9H _ _aL

T=g, —=—— 3.24
dp; 4 aq; a4q; (3.24)

This last expression is equal to — ;—t;—; by Euler-Lagrange, which equals —p; . So we have :

a_H — N a_H — — (3 25)
dp; i aq; Pi '

Put together, these are Hamilton's equations, another formulation of mechanics equivalent to

the Euler-Lagrange equation.
3.5.1 Alternative Derivation

We can also derive Hamilton's equations directly from the action principle. To do this note
that H =Y, p; ¢; — L impliesthat L = Y;p;q; —H. S0 S = f_°°m dt [¥;p; q; — H] and we

want to make 6S = 0 under independent variations of g; and p; variables. So we have

® ) a oH oH
68 = [, dt % [qié‘pi +Pi5; 00— 5 - 6P — 5~ 5%‘]
® ) . OH
=/ dt ¥ [5Pi (Qi - a_m) —&q; (Pi — 0_zh)] =0 (3.26)
S a_H — _a_H — N
Oapi_ql ’ aqi_pl

3.5.2 Significance of the Hamiltonian:

We see the significance of the Hamiltonian most clearly by looking at its time derivative.

dH oH . oH . OH .. .. OH 0H
- = i (a_pipi +6_qiql')+§=2i(qmi —PiQii)‘Fg:E (3.27)
dH 0H JaL R
So— = — = — —, from the definition of H.
dt at at

So we see that if L is not an explicit function of ¢, then Z—Z = 0, and H is a constant of the

motion. Therefore, H can give us a first-order differential equation for the motion, which we

can solve with relative case.
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Definition 3.5.1.

A conservation law is called a trivial conservation law if , D;(C") = 0. Or €' are smooth

functions of — ,D; —,...... two conservation laws which only differ by a trivial

sua 'L sya’

conservation law are regarded as equivalent.
3.6 Symmetry and Conservation Law

Conservation laws and symmetries have always been of considerable interest in science.
They are important in the formulation and investigation of many mathematical models. There
are several ideas for constructing conservation laws, one of them is conservation laws for
differential equations obtained from a variational principle could appear from their
symmetries, from works of Jacobi, Klein and Noether. Her we will considered about the work
of Noether .

Symmetry in Physics generally means the system must be invariance under any kind of
transformation, it become one of the most powerful tools of theoretical Physics. We will see
that in Noether's Theorem below that will led to group theory being one of the areas of

mathematics most studied by physicists.

3.6.1 Noether's Theorem

. . . . . 9L _ d oL
Consider a Lagrangian L(q;, g;, t), with equation of motion 30— & 35

Let q;(t) — q£ (t) = q;(t) + €6q;(t) be a (continuous) transformation of the generalized
coordinates q; that leaves the equation of motion unchanged or we can say we whatever have
a continuous symmetry of Lagrange, there is an associated conservation law. by continuous
symmetry we mean a symmetry with continuous constant parameter, typically infinitesimal

e" that we can dial, and that measures how far from the identity the transformation is

bringing us. In a sense & measures the size of the transformation.

The condition that the equation of motions are unchanged is equivalent to requiring that the
action S = [ L dt be invariant, or more generally be unchanged by no more than additive

constant term ( as the equations of motion are derived from &8S = 0 such a term will vanish ).

This means we can allow the Lagrangian to vary by no more than an overall total time
derivative, L +— L =L+ “:_t J. This is because the overall time derivative will integrate out

immediately in the action, leaving just an additive constant, and so does not affect the

equations of motion :
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1 d
S=[L dt=S=f(L+aE]) dt = [L dt +aj(ty) — af(t;) = 6S = § [ L dt
We could then formally state the theorem as follows:

Theorem ( Noether)

Let g;(t) — q£ (t) = q;(t) + £,9q;(t) be an infinitesimal transformation of the generalized

coordinates, parameterized by the (infinitesimal) quantities ¢, such that under this

transformation L — L =L + ¢, ;—t /. then the quantities j, given by
. oL
Jafa = 5 6q;€q —J€, , Areconserved .

Proof:

Consider the variation in the lagrangian caused by the change in the coordinates and their

velocities:

:—6ql+a_Li

da;
24, og; ar i

-3 b0 £ 60) - (3 ) 029

_d (oL
T dt (aqi Sqi)
Where we have used the equations of motion to eliminate two of the terms. Now for each «,

this variation multiplied by &, must be equal to the corresponding change sa;—t] in the

Lagrangian, so

d (oL d
€a E(a_ql 6%’) = &g dt ] (329)
And this implies :—t(;—; 8q; —]) =0,
Hence
. oL
Ja =54 04 =] (3.30)




Is conserved, or taking into account that the index a refers to numerous transformations we

should write 2

_ oL
Ja€a = % 6qi€a _]ga

.i
3.6.2 Continuous Symmetries and Conservation Laws

Consider a simple mechanical system® with a generic action
t .
A= [,"dt L(q(®),4(),1) (3.31)
Suppose A is invariant under a continuous set of transformations of the dynamical variables :

q(®) — q () = f(a®),4(®) (3.32)

Where f (q(t),q(t)) is some functional of q(t). Such transformations are called symmetry
transformation. Thereby it is important that the equations of motion are not used when
establishing the invariance of the action under (3.32).

If the action is subjected successively to two symmetry transformations, the result is again a
symmetry transformation. Thus, symmetry transformations form a group called the symmetry
group of the system which we will talk about it in the next chapter. For infinitesimal

symmetry transformations (3.32), the difference

5sq®) =q () —q(®) (3.33)

Which will be a symmetry variation. It has the general form

85q(t) = eA(q(t),q(t)) (3.32)

Symmetry variations must not be confused with ordinary variations 6q(t) that used to derive
the Euler-Lagrange equations (3.20). while the ordinary variations §q(t) vanish at initial and
final times, 6q(t,) = 8q(t,) = 0, the symmetry variations 6,q(t) are usually nonzero at the

ends.

Z Note the important thing to note is that there is a separate conserved quantity for each ¢, — where a is
used to index the different transformations. Note also that this formulation of the theorem does not
really take into account transforming time, though we can sort handle this — see the example after it.
Note also what the theorem essentially means is that for every continuous symmetry there corresponds
a conserved quantity, which is a really cool result.

® http://users.physik.fu-berlin.de/~kleinert/b6/psfiles/Chapter-7-conslaw.pdf
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Let us calculate the change of the action under a symmetry variation (3.32). using the chain

rule of differentiation and a an integration by parts, we obtain

ty .
=) at [6q(t) ataqm s ()+a a0 %4 |tf; (3.33)

For orbits q(t) that satisfy the Euler-Lagrange equations (3.20), only boundary terms survive
, and we are left with

_ 9L . t
Under the symmetry assumption, 8.4 vanishes for any orbit q(t), implying that the quantity
_ oL .
Q) =5- 4.9, (3.35)

Is the same at times t = t, and t = t,,. Since t;, is arbitrary, Q(t) is independent of the time

t, i.e., it satisfies

Q) =Q (3.36)

It is a conserved quantity, a constant of motion. The expression on the right-hand side of
(3.35) is called Noether charge.

The statement can be generalized to transformations &,q(t) for which the action is not

directly invariant but its symmetry variation is equal to an arbitrary boundary term :
S = e Aq,q,) |1 (3.37)

In this case,
Q) =5; Ag,4.0) = Alg,q1) (3.38)

Is a conserved Noether charge .

It is also possible to derive the constant of motion (3.38) without invoking the action, but

starting from the Lagrange . for it we evaluate the symmetry variation as follows :

. . . aL
SL=L(q+8,,4+6,9)—L(q,q) = [aq(t) o, 6q(t)] sq(t) + [a D sq(t)] (3.39)

On account of Euler-Lagrange equations (3.20), the first term on the right-hand side vanishes

as before, and only the last term survives. The assumption of invariance of the action up to a
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possible surface term in Eq.(3.37) is equivalent to assuming that the symmetry variation of

the Lagrangian is a total time derivative of some function A(qg, g, t):

. d .
6SL(C[, q, t) =€ EA(CI; q, t) (340)

Inserting this into the left-hand side of (3.39), we find
d [aL A .
e |5-8.0.0 - A@.4,0] =0 (3.41)

Thus recovering again the conserved Noether charge (3.36). The existence of a conserved

guantity for every continuous symmetry is the content of Noether's theorem.
3.7 Alternative Derivation

Let us do the substantial variation in Eq(3.33) explicitly, and change a classical orbit g, (t),
that extremizes the action, by an arbitrary variation &,q(t). If this does not vanish at the
boundaries, the action changes by a pure boundary term that follows directly from Eq(3.33) :

=Lsale
ag S1tlta

8sA (3.42)

From this equation we can derive Noether's theorem in yet another way. Suppose we subject a
classical orbit to a new type of symmetry variation, to be called local symmetry
transformations, which generalizes the previous symmetry variations Eq(3.32) by making the

parameter e time- dependent :

85q(t) = e(DA(q(0), 4(0), 1) (3.43)

The superscript t of 8%q(t) indicates the new time dependence in the parameter (t). These
variations may be considered as a special set of the general variations &,q(t) introduced
above. Thus also 6{cA must be a pure boundary term of the type Eq(3.42). For the subsequent

discussion it is to introduce the infinitesimally transformed orbit
q€(t) = q(t) + 65q(t) = q(t) + e(D)A(q(8), 4(0), ) (3.44)
Lf = L(q°(8),4° (1) (3.45)

Using the time-dependent parameter e(t),the local symmetry variation of the action can be

written as

oL d L
de(t) dt 9e(D)

6§c/l=f:abdt[ d [aLe

] e(t) + - |- (t)] e(t) |§Z (3.46)

Along the classical orbits, the action and satisfies the equation
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SA
Se(t)

0 (3.47)

Which translates for a local action to an Euler-Lagrange type of equation :

aLe  d aLf
de(t) dt 9é(t)

(3.48)

This can also be checked explicitly by differentiating (3.45) according to the chain rule of
differentiation :

aLf L . aLe R
e () - aq (t) A(Qi q, t) +F®A(q' q, t) (349)
L dLE .

A(q,q,t) (3.50)

de(n  24(D)
And inserting on the right-hand side the ordinary Euler-Lagrange equations .

We now invoke the symmetry assumption that the action is a pure surface term under the

time-independent transformations (3.43). this implies that

dLE d
Fe = o A (3.52)

Combining this with (3.48), we find that this is the same charge as that derived by the

previous method.
3.8 Displacement and Energy Conservation

As a simple but physically important example consider the case that the Lagrangian does not
depend exiplicity on time, i.e,that L(q,q,t) = L(q, q). Let us perform a time translation on

the coordinate frame :

t =t—e (3.52)
In the new coordinate frame , the same orbit has the new description

q(t) = q(t) (3.53)

i.e, the orbit ¢(t) at the translated time t’ is precisely the same as the orbit g (t) at the original
time t. If we replace the argument of ¢(t) in (3.53) by t’, we describe a time-translated orbit

in terms of the original coordinates. This implies the symmetry variation of the form (3.32) :

8q(t) =q () —q®) = q(t +€) —q(®)
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=q(t) +eq(t) — qt) = €q(t) (3.54)

The symmetry variation of the Lagrangian is in general
8L =1(q (£),4'(®) — L(q(®),4(®) = - sq(t) + 6sq(t) (3.55)

Inserting 8,q(t) from Eq(3.45) we find, without using Euler-Lagrange equation,

6L—e(an+—q)=e;—tL (3.56)

This has precisely the form of Eq.(3.39), with A = L as expected, since time translations are
symmetry transformations. Here the function A in Eq (3.39) happens to coincide with the
Lagrangian. According to Eq.(3.37), we find the Noether charge

Q=5:4-1(a9 (3.57)

To be a constant of motion. This is recognized as the Legendre transform of the Lagrangian
which is, of course, the Hamiltonian of the system.

Let us briefly check how this Noether charge is obtained from the alternative formula

Eq(3.37). The time-dependent symmetry variation is here

8:q(t) = e(t) q() (3.58)

Under which the Lagrangian is changed by

5tL——eq+—(eq+eq)——e+%é (3.59)
. aLe _ aL .
With Y aq (360)
oL _ aL . ..
And e =g + —€q = —L (3.61)

This shows that time translations fulfill the symmetry condition Eq(3.51), and that the
Noether charge Eq(3.53) coincides with the Hamiltonian found in Eq.(3.37).

3.9 Continuous Symmetry Implies Conserved Charges

Consider a particle moving in two dimensions under the influence of an external potential
U(r). The potential is a function only of the magnitude of the vector r. The Lagrangian is
then
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L=T-U=5m(i?+r2$?) - U(r) (3.62)

Where we have chosen generalized coordinates (r,¢). The momentum conjugate to ¢ is
Dy = mr?¢. The generalized force Fy clearly vanishes’, since L doesnot depend on the
coordinate ¢. ( one says that L is 'cyclic' in ¢ ) Thus, although r = r(t) and ¢ = ¢(t) will
in general be time-dependent, the combination py = mr?¢ is constant. This is the conserved

angular momentum about the 3 axis .

If instead the particle moved in a potential U(y), independent of x, then writing
1 ) .2
L= Em(x +y9)—-U) (3.63)

We have that the momentum p, = dL/dx = mx is conserved, because the generalized force
E. = dL/0x = 0 vanishes. This situation pertains in a uniform gravitational field, with

U(x,y) = mgy, independent of x. The horizontal component of momentum is conserved.

In general, whenever the system exihibits a continuous symmetry, there is an associated
conserved charge. ( The terminology 'charge’ is from field theory ). Indeed, this is a rigorous

result, known as Noether's Theorem. Consider a one-parameter family of transformations,

9 — 4,(q.$) (3.64)

Where ¢ is the continuous parameter. Suppose further ( without loss of generality) that at
¢ = 0 this transformation is the identity, i.e, §,(q,{) = q,. The transformation may be
nonlinear in the generalized coordinates. Suppose further that the Lagrangian L is invariant
under the replacement ¢ — §. Then we must have

oL di,
¢=0 94o d¢

-4 (2L die
T dt\aq,/ d

d

=< (;TL %){ZO (3.65)

d oo aL dd,
0=2| L(G§t)=L e
al, (@40 =7 %

¢=0

Thus, there is an associated conserved charge

_ 0L dg,
94, d¢

(3.63)
7=0

N Chapter 7- Noether Theorem - http://users.physik.fu-berlin.de/~kleinert/b6/psfiles/Chapter-7-conslaw.pdf
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Example 3.9.1 ( one —parameter families of transformations)

Consider the Lagrangian
1 . .
L= Em(x2 +y%) — U(w/x2 + yz) (3.64)
In two-dimensional polar coordinates, we have : L = %m(f*z +12¢?) = U(r)

And we may now, #({)=r

P =¢+7 (3.65)

Note that #(¢) = r and ¢ () = ¢, i.e. the transformation is the identity when ¢ = 0. We now

L di,
have A = —
ZO-B(IU d¢

0L df
=0 T T

oL dg) mr?¢

7=0 d¢p d¢ 7=0 B

Another way to derive the same result which is somewhat instructive is to work out the

transformation in Cartesian coordinates. We then have
X({) =xcos{ —ysin(

$(¢) = xsin{+ycos

Thus,
0% _ 0y _ .
aw - Y T* (3.66)
And
_ 0L dx oL dy = y — yx
=% @ o Ty @l m(xy — yx) (3.67)
But
mxy —yx) =mg -r xt =mri¢ (3.68)

As another example, consider the potential

Ulp,¢,2) =V(p,ap + z) (3.69)

Where (p, ¢, z) are cylindrical coordinates for a particle of mass m, and where a is a constant

with dimensions of length. The Lagrangian is

%(pz +p2Ph2+22)—V(p,ad + 2) (3.70)
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This model possesses a helical symmetry, with a one-parameter family

p)=p
P =¢p+¢
2({)=z—{a

Note that : ap + 5 = a¢ + 3

So the potential energy, and the Lagrangian as well, is invariant under this one-parameter

family of transformations. The conserved charge for this symmetry is

_dLdp| oL dd| oL dz

= mold — maz
= oy Yo7 @l TR @ =mp“¢p —maz (3.71)

=0

We can check explicitly that A is conserved, using the equations of motion

d (oL _L_ ov
i(55) = 3 00?8 =35 = a3

0¢
d(@L)_d( ., _OL oV
at\oz) ~dt Y T oz oz
. d ; d, .
Thus, A = E(mpz(p) - ad—t(mz) =0 (3.72)

3.10 Conservation of Linear Angular Momentum

Suppose that the Lagrangian of a mechanical system is invariant under a uniform translation

of all particles in the n direction. Then our one-parameter family of transformations is given

by
Xy =x,+ (R (3.73)

And the associated conserved Noether charge is

Ai=f-P (3.74)
Where P =Y, P, isthe total momentum of the system.
If the Lagrangian of a mechanical system is invariant under rotations about an axis 1 , then

Z, = R({, M)x,

=x, +{Axx, +0(%) (3.75)
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Where we have expanded the rotation matrix R({, 1) in powers of {. The conserved Noether

charge associated with this symmetry is

a

CAXx, =AY, 4, XP, =L (3.76)

Where L is the total angular momentum of the system.
3.10.1 Invariance of L vs Invariance of S :

Observant readers might object that demanding invariance of L is too strict. We should

instead be demanding invariance of the action 5 . Suppose S is invariant under
t—t(q,t,0) (3.77)

q,(t) — 4,(q,t,{)

Then invariance of S means

S=J"dt L(qq,0) = ffj dt L(g,q,t) (3.78)

Note that ¢ is a dummy variable of integration, so it doesn't matter whether we call it ¢ or £.
The endpoints of the integral, however, do change under the transformation, for which

6t =t—tand 6t = G(t) — q(t) are both small. Thus,

. tp+6 . oL &z L z.
S=frde L@.q.0 = ;5" de {La,4,0) + 5= 8q, +5— 8, + -} (379)

atdty
Where
854, (t) = Gy (£) — 5 ()
=3, () — G (O + §o (&) — g5 (1)
= 8q, — 4,0t + 0(8q5t) (3.80)

Substracting Eq.(3.79) from Eq(3.80), we obtain

0=L,8t, — L, 6t, + oL 54 oL 59 +ffb+6tbdt{aL d (aL )}S ®)
bPLp aPla aqa ) ds,b aqg . 9o,a o vots aqa dt aqa ds
_ rtp d oL . oL
= fta dt & {(L —@qg)é‘t +E6qg} (381)

® Indeed, we should be demanding that S only change by a function of the endpoint values.
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Where L, , is L(q, q,t) evaluated at t = t, ;. Thus, if { = 6¢ is infinitesimal ,and
6t = A(q,0)8¢
84, = B, (q,1)6¢ (3.82)

Then the conserved charge is

A

(L oL )A t) + oL B.(q,t
2. 4, |A(q,t) 33, 5 (q,t)
=—H(q,p,t)A(q,t) + p,B,(q,t) (3.83)

Thus, when A = 0,we recover our earlier results, obtained by assuming invariance of L. Note
that conservation of H follows from time translation invariance : t — t + ¢, for which A =1

and B, = 0. Here we have written
H=p;4, — L (3.84)

And expressed it in terms of the momenta p,, the coordinates q,, and time t. H is called

Hamiltonian.
3.11 The Hamiltonian

The Lgrangian is a function of generalized coordinates, velocities and time. The canonical

momentum conjugate to the generalized coordinate q, is

oL
pO' aqo_

(3.85)

The Hamiltonian is a function of coordinates, momenta, and time. It is defined as the

Legendre transform of :

H(q' b, t) = ZG’ Psqs — L (386)
Let's examine the differential of :

oL JaL JaL

= ;  ——— d ——d')——dt
dH Z(qadpa+padqa 34, 4o 94, Ao ) =57

_Z( p oL J ) aLdt
- qO’ pO’ aqa qO' at

[

Where we have invoked the definition of p, to cancel the coefficients of dq,. Since
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ps = 0L/0q, , we have Hamilton's equations of motion,

oH . 0H

Ao =5~ c = T3 (3.87)
Thus, we canwrite  dH = ).,(q, dps + Py Aq,) —Z—f dt
Dividing by dt, we obtain

;: =-2 (3.88)

Which says that the Hamiltonian is conserved (i.e. it doesn't change with time) whenever

there is no explicit time dependence to L.

Example 3.11.1.

For asimple d = 1 system with L = %m;’cz — U(x), we have p = mx and

1 p?
_ oo — .2 _r
H = px L—zmx +U(x)—2 + U(x)

Example 3.11.2.

Consider the mass point — wedge system analyzed above, with

1 . ) 1
L= E(M +m)X? + mXx +Em(1 + tan? @)%? — mgx tana

The canonical momenta are

P= j—f( = (M +m)X + mx (3.89)

oL , y <.
p:a:mX+m(1+tan a)x

The Hamiltonian is given by : H = PX + px — L

H =%(M +m)X? + mXx + %m(l + tan? @)%? —mgxtana (3.90)

However, this is not quite H since H = H(X,x, P, p,t) must be expressed in terms of the
coordinates and the momenta and not the coordinates and velocities. So we must eliminate X

and x in favor of P and p. We do this by inverting the relations
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(g) - (Mr:m m(1 +nt1an2 a)) (i)

To obtain
(ﬁ) - m(M+(M+1m)tan2a) (m(l i) om ) (P) (3.91)
m M+ m/\P
Substituting into Eq(3.90), we obtain
_ M+m p? cos’a Pp cos®a p?

— + mgx tana
2m M+ msin2a M +sinfa  2(M + sin? a) g

Notice that P = 0 since Z—)L( = 0. P is the total horizontal momentum of the system (wedge

plus particle) and it is conserved.

Example 3.11.3.

Is=T+U?

The most general form of the kinetic energy is

1 SN .
= T2 (0.4, 4o + TV (4.4, + TO(q, 1)

Where T™(q, ¢,t) is homogeneous of degree n in the velocities °. We assume a potential

energy of the form
= Ui"(q,04, + U, 1)

Which allows for velocity-dependent forces, as we have with charged particles moving in an

electromagnetic field. The Lagrangian is then
1 . . .
L=T-U==>T2 (04, 4o + " (0,04, +TO(q, ) U@, )4, + UV (g, 0)

The canonical momentum conjugate to g, is

oL 2 . 1 1
Po = 5= Tog (0,04, + 77 (0.0 = UfP(q,0) (3.94)

® A homogeneous function of degree k satisfies fAxy, o, Axy) = A f(xy, ..., x,). It is then easy to prove Euler's
n of
theorem, X7 x; o= kf.
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Which is inverted to give

. 2)~1 1 1

o =T (py -1 +UP) (3.95)
The Hamiltonian is then

H= paéIJ —L
2)~1 1 1 2)~1 1 1
= Tcr(a? (pa' - Ta( ) + Ué )) <Ta(a? (pa' - Tog’ ) + Uo(V'))) - TO + UO

If Ty, T; and U; vanish, i.e. if T(q,q,t) is a homogeneous function of degree two in the
generalized velocities, and U(q, t) is velocity-independent, then H =T + U. But if Ty or T; is

nonzero, or the potential is velocity-dependent then H # T + U.
Example 3.11.4

Consider a bead of mass m constrained to move along a hoop of radius a. The hoop is further

constrained to rotate with angular velocity ¢ = w about the 2-axis, as shown in Fig 3.1

m

Fig (3.1) : A bead of mass m on a rotating hoop of radius a.
The most convenient set of generalized coordinates is spherical polar (r, 8, ¢), in which case
T = %m(f‘z + 71202 +r%sin’ @ ¢2)
= %ma2 (92 + w? sin® 9)
Thus, T, = %maz 6% and T, = %mazw2 sin? 6. The potential energy is
U(0) = mga(1l — cosB) (3.97)

The momentum conjugate to 6 is py, = ma? 6 , and thus
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H(Q,p) :TZ —T0+U

=%ma2 62 — %mazw2 sin? @ + mga(1 — cos )

2

=P _Llya202sin? 6 + mga(l — cos ) (3.98)

" 2ma? 2

For this problem, we can define the effective potential

Uerr (0) = U — Ty = mga(1l —cos0) — %mazw2 sin? 6

2
=mga(l —cosf — 2(‘)7sin2 0) (3.99)
0

Where wj = g/a . The Lagrangian may then be written

1 .
L =2ma? 62 — Uysy (6) (3.100)

And thus the equations of motion are

24 _ _ OUes
ma“ 0 = %0 (3.101)

Equilibrium is achieved when U’.¢ (8) = 0, which gives

Wesr _ : _w? _
g = mga sin 6 {1 Y cos H} =0 (3.102)

2
i.e,0*=0,0"=mor 0" = +cos! (%) where the last pair of equilibria are present only

for w? > w§. The stability of these equilibia is assessed by examining the sign of U err (67).

We have
U"eff(6) = mga {cos 0 — Z—;(Zcosze - 1)} (3.103)
Thus,
mga (1—2—;) at6* =0
U" o (87) = { —mga (1 +Z—§) atf* = (3.104)

w2

0
2 2
wo * -1 (%0
mga (w(% - wz) atf* = + cos (wz )

Thus, 8* = 0 is stable for w? < w§ but becomes unstable when the rotation frequency w is

sufficiently large, i.e. when w? > wj. In this regime, there are two new equilibria,
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2
at 0* = +cos™?! (%) , Which are both stable. The equilibrium at 8* = m is always unstable,

independent of the value of w. The situation is depicted in Fig.3.2 .

')'\ ——_ =~ ~1
N //’ 18
18 N\ /
\ / 121
12 \
® \ U@®) o5+
08 \
04 \ ° P
\ / \ / \\ /
q \‘4"/ 06+ N NS
-1 08 08 -04 02 0 02 04 06 08 1 1 08 06 94 02 0 02 04 0& 08
X X
s e 21
1 ’/.' . % — \\\ . \ 2
08 '," y / / //,I 3 A 1 , p, 4\‘.\§ A ’/,{.- 2 x\
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Fig 3.2 : The effective potential U,/ (6) =mga{1—cos€—;;—zsin2 6}. (The dimensionless
0

L~ U . .
potential T,r =~/ /1 gq is shown, where x = %). Left panels: w = %x/?wo right panel : w = V3w,

3.12 Charged particle in a Magnetic Field

Consider next the case of a charged particle moving in the presence of an electromagnetic

field. The particle's potential energy is

U(r, ) = qp(r,t) —% A(rt) - T (3.105)

Which is velocity-dependent. The kinetic energy is T = %miﬂz, as usual. Hence ¢(r) is the

scalar potential and A(r) the vector potential. The electric and magnetic fields are given by
E=-V¢p —=-=— , B = V X A The canonical momentum is
p==mr+—A (3.106)

And hence the Hamiltonian is
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H(r,p,t)=p-r—1L

= mi-? + A- r—Emr ——A T+ q¢
1 .2
=5, mr°+q¢

(p ~2a, t)) +qd(r,0) (3.107)

If A and ¢ are time-independent, then H (r, p) is conserved.

Let's work out the equations of motion. We have

d (0L 6L
da (_) (3.108)
dt \or ar
Which gives
mi + %Z—f =—qV¢ + % V(A 1) (3.109)

Or in component notation

q 0A; ¥ qu 09 | q04; .

- - = 3.110
mx + c ax] + 0x; T c 0x; ( )
Which is to say
oo 0¢ q 04; 04; 04;\ .
mx; = qaxl c ot o TL <axl GES % (3.111)

It is convenient to express the cross product in terms of the completely antisymmetric tensor

of rank three, €, :

dAy
And using the result
€ijk €imn = (S}'m 6kn - 6}n 6km (3.113)

We have €, B; = 9; A, — 0, 4; and

mxl = —q_ — 1=t + ; Eijk X; Bk (3114)




Or in vector notation, mi* = —qV¢ — %Z—f + %1’” X (VxA)
= qE+71i % (B) (3.115)

Which is of course the Lorentz force law.

3.13 Fast Perturbations: Rapidly Oscillating Fields

Consider a free particle moving under the influence of an oscillating force,
mqg = F sin wt

The motion of the system is then

F sin wt

q(t) = q,(t) = (3.116)

maw?

Where g, (t) = A + Bt is the solution to the homogeneous (unforced) equation of motion.
Note that the amplitude of the response g — q;, goes as w2 and is therefore small when w is

large.
Now consider a general n = 1 system, with
H(g,p.t) = Ho(q,p) +V(q) sin(wt + 6) (3.117)

We assume that w is much greater than any natural oscillation frequency associated with H,,.

We separate the motion g(t) and p(t) into slow and fast components:
q®) =g +{()

p() =p(t) + m(t)

Where {(t) and r(t) oscillate with the driving frequency w. Since ¢ and = will be small , we

expand Hamilton's equations in these quantities :

. ., O0Hy, 0°Hy, 0°H, 1 0°Hy, _, 0°H, 10°Hy
T C=55 Yo "togan Y2 aq70p ¢ Tagep Tz o8 "
. . O0Hy 0°Hy_  0°H, 10%H, , 0°H, 1 0°H,
P = T g (_aqaﬁn_i 033 ¢  9g%0p =3 0Gap?
v %V
—a—c_lsm(a)t +6) —a—qz{sm(wt +6)—.. (3.118)
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We now average over the fast degrees of freedom to obtain an equation of motion for the slow

variables g and p which we here carry to lowest nontrivial order in averages of fluctuating

guantities :
__6H 16H0 6H0 16H0
(3.119)
= dHy 1 93Hg 2_63H0 1 HO 2_
8))
The fast degrees of freedom obey
9%H,
( - agao
qop op*
i= LM { — %Mo o —sm(a)t +6)
RFY P 0Gap 0q

Let us analyze the coupled equations
{=A{+Bn
= —C{—Am + Fe™'

The solution is of the form

() =(F)e™

Plugging in, we find

BF BF L
LTy i A C
A+iw)F iF
p= At i) == +0@™)

BC — A? — w?
Taking the real part, and restoring the phase shift §, we have

1 dV a?%H,

F
sin(wt + 6) = YT 37 6'2

¢(t) =

sm(wt +6)

(m?)

a%v .
77 (¢ sin(wt +

(3.120)

(3.121)

(3.122)

(3.123)
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t) = l t+8—1aV (wt + 6)
(t) = Zcos(w )—aa—qcosw

The desired average, to lowest order are thus

1 /0V\2 (9%H,\°
€ =522 (55) (a—pz)

(%) = 1 (OV)
ANy 0q
) 1 av aZHO
(sin(wt + 6)) = Z_w2 6_676—752

Along with {({m) = 0.

Finally, we substitute the averages into the equations of motion for the slow variables g and

P, resulting in the time-independent effective Hamiltonian

1 8%H, (av>2

K _‘ — H _' — 121
d tI t- t- ) - p‘

Example 3.13.1

Consider a pendulum with a vertically oscillating point of support. The coordinates of the

pendulumbobare x =#¢sinf , x=a(t)—{fcosb

The Lagrangian is easily obtained L = % m#26% + m#Osin@ + mg¥ cos @ +% ma? —mg

these may be dropped

=% mé202% + m(g + d)¥ cos 6 +% ma? —mga — ;—t(m{’a sin @) (3.125)

Thus we may take the Lagrangian to be

1 . .
L= 5 me?0% + m(g + d)¢ cos @

From which we derive the Hamiltonian

2

H(6,pg,t) = %—mg{’cose —mbicosf
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= Hy(0,pg,t) + V1(08) sinwt (3.126)
We have assumed a(t) = a, sin wt, SO
V,(8) = mlayw? cos @

The effective Hamiltonian, per Eq (3.124) is

q & Ps 5. 1 2, 2en2]
K(0,pg) = g mg¥ cos 0 + Z7Mmay @”sin ] (3.127)
Let's define the dimensionless parameter € = 29 #2
w? af

The slow variable 6 executes motion in the effective potential V¢, (8) = mg#v(6)
v(0) = —cosf + % sin® @ (3.128)
Differentiating, and dropping the bar on 6, we find that V., () is stationary when

v'(0) =0 = sinf cosf = —sinb

Thus, 6 = 0 and 6 = m, where sin 6 = 0, are equilibria. When e < 1 ( note ¢ < 0 always ).

There are two new solutions, given by the roots of cos 8 = —e.

To assess stability of these equilibria, we compute the second derivative

" 1
v (cos™i(—e)) =€ — - (3.129)

Which is always negative since € < 1 in order for these equilibria to exist. The situation is
sketched in Fig 3.3 , showing v(8) for two representative values of the parameter €. For
€ > 1, the equilibrium at 8 = m is unstable, but as ¢ decreases, a subcritical pitchfork
bifurcation is encountered at e = 1, and 8 = mw becomes stable, while the outlying 6 =

cos~1(—¢) solutions are unstable.




P L
-1 -0.5 0 0.5 1

Fig 3.3: Dimensionless potential v(8) for € = 1.5 (black curve) and € = 0.5 (blue curve)
3.14 Field Theory
i. Systems with Several Independent Variables

Suppose ¢, (x) depends on several independent variables: {x!,x?,.....,x"}.Furthermore,

suppose

SHepa (O3 = [, L(ba0,ParX) (3.130)

i.e. the Lagrangian density L is a function of the fields ¢, and their partial derivatives

d¢,/0x*. Here Q is a region in RX. Then the first derivation of S is

55— fd {612 Lot a&pa}
“156% °% * 3(3090) 02"

ff Zn" j 6+ f {az: a,c< oL >}5¢a (3.131)
a(a, d)a 0¢,  0x*\0(0,¢.)

Where 9Q is the (n — 1)-dimensional boundary of Q, d). is the differential surface area,

and n* is the unit normal. If we demand aL/a(aﬂ¢a)|m =0 of 8¢, |50 = 0, the surface

term vanishes, and we conclude

(3.132)

§s 9L oL oL >
5o (X) 0, Oxt (0(%%)
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As an example, consider the case of a stretched string of linear mass density u and tension .
The action is a functional of the height y(x, t), where the coordinate along the string, x, and
time t, are the two independent variables. The Lagrangian density is

c= () b 6159

Whence the Euler-Lagrange equations are

0= oS B d (6L> 6<6L>
C Sy(x,t)  ox\dy' dat \oy

_ 9%y 3%y
~Toxz Moz
y

Where y' = g—z and y = ?3_,: . Thus, uy = ty", which is the Helmholtz equation. We've

assumed boundary conditions where §y(x,,t) = 6y(xp,t) = 8y(t, x,) = 6y(t,x;,) = 0. The
Lagrangian density for an electromagnetic field with sources is

L=LF

1.
= —— E, F" —= j,A¥ (3.134)

The equations of motion are then

oL 6( oL

41
- = w o — sV
axt  oxV a(auAV)) 0 = 9,F = (3.135)

Which are Maxwell's equations.

Recall the result of Noether's theorem for mechanical systems :

=0

d (aL aqa)
(=0

dt \aq, o¢

Where G, = G,(q,{) is a one-parameter (¢) family of transformations of the generalized

coordinates which leaves L invariant. We generalize of field theory by replacing

4o (t) = Pa(t, X)

Where {¢,(t,x)} are a set of fields, which are functions of the independent variables
{x,v,z,t}. we will adopt covariant relativistic notation and write for four-vector
x* = (ct, x,y,2). The generalization of dA/dt = 0 is
0 < aL a¢'5a> _ 0
OxH a(aﬂ¢a) a¢ (=0
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Where there is an implied sum on both x and a. We can write this as 9, /# = 0, where

]l‘ za—L%
- 0(9u¢a) 91,

We call A = J°/c the total charge. If we assume J = 0 at the spatial boundaries of our system,

then integrating the conservation law g, J* over the spatial region Q fives

‘:t\ fd3x6 JO = fd3xv']=—fdzﬁ-l=0 (3.136)

Q Q aQ

Assuming J = 0 at the boundary Q.

As an example, consider the case of a complex scalar field, with Lagrangian density’

1
L(IIJ, 1/)*,6 ll), g l/J*) = E K(aylp*)(a#l/)) - U(l/)r l/)*)

This is invariant under the transformation — ey , * — e®* . Thus,

*

. d .
— =iy al/;”e@w*

And, summing over both y and * fields, we have

J = )+ ———= - (=iy7)

oL oL
9(a.9) 0(0.4")
K
= ot = ot yT) (3.137)

The potential, which depends on |1|?, is independent of ¢. Hence, this form of conserved 4-

current is valid for an entire class of potentials.
ii. Continuous Symmetry and conserved Currents :

A similar relation between continuous symmetries and constants of motion holds in field
theory .

Let A be the action of an arbitrary field ¢(x),

A =fd4 xL(qJ,aq,,x)

" We raise and lower indices using the Minkowski metric Juw = diag (+,—,—,—)

148



and suppose that a transformation of the field
Ssp(x) = eA(op, 6(p,x)
Changes the Lagrangian density £ merely by a total derivative
8L = €d, A (3.138)

Or equivalently, that it changes the action A by a surface term
8;A = ef d* xd, A (3.139)

Then §,L is called a symmetry transformation.
Given such a symmetry transformation, we can file a current four-vector

oL
j* = A— A* (3.140)

00, ¢

That has no four-divergence
9,j" (x) =0 (3.141)
The expression on the right-hand side of (3.139) it is a local conservation law.

The proof of Eq(3.140) is just as easy as it was for the mathematical action in section (3.6).
We calculate the symmetry variation of L under the symmetry transformation in a similar

way as in Eq.(3.38), and find

sr=(%_o 5 \sora (2 s
" \og ~ “9,0) % T ¥\, =7

(oL aaz; Atd aLA

~\og ™ “a0,9 k\80,0
Then we invoke the Euler-Lagrange equation to remove the first term. Equating the second
term with Eq(3.138) we obtain

aL
T — - — AH | =
d,j" = 8, <aaﬂ<p A— A ) 0 (3.142)

The relation between continuous symmetries and conservation is called Noether's Theorem.
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Assuming all fields to vanish at spatial infinitely, we can derive from the local law Eq(3.142)
a global conservation law for the charge that is obtained from the spatial integral over the

charge density J° :

0 =fd3x1°(x,t)

And add on the right-hand side a spatial integral over a total three-divergence, which vanishes

because of the boundary conditions, we find

d .
0 =fd3x6(,]0(x,t) =fd3x[6010(x,t) +9,J(x0] =0
Thus, the charge is conserved:
d
EQ(t) =0 (3.143)

3.15 Gross-Pitaevskii model

As one final example of a field theory, consider the Gross-Pitaevskii model, with

lliflz

2m

= thy” V-V — g(IY1* —no)?

This describes a Bose fluid with repulsive short-ranged interactions. Here (x, t) is again a

complex scalar field, and ¥ * is its complex conjugate. Using the Leibniz rule, we have

SS[Y ] =S[Y" + 6 ¢, + 6y
= [dt [ ddx {iny* L + insy* 2 — e le*-v&/)_%v&p*.vlp_

29 (112 = no) "6 + s w*>} (3.144)

Ja [

[lh— + —szp 29(Iy1* - no)llJ] 5111*}

, 0Y”
0

hz * 2 2 * 6
— VA" = 2g (Y| —no)w] Y

Where we have integrated by parts where necessary and discarded the boundary terms.

Extremizing S[y*, ] therefore results in the nonlinear Schrodinger equation (NLSE),

2L = =gz — 29 (pI2 — ng)y (3.145)

As well as its complex conjugate,
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0t R . x
—ih 2+ 22t — 2g(1pI? — ng)yp (3.146)

Note that these equations are indeed the Euler-Lagrange equations :

6S oL 6L<0L>

& oy axk \d o,y

6S 9L AL ( oL
Sp* oy oxt \0 9,y

With x* = (t, x) ® Plugging in

0L gl —ne)y  ~o = iy OL _ W b (3147

i gy ng)P ’aattp—lw ' e 7m Y (3.147)
And

oL =iy — 2g(|y|? ) 0L =0 oL _ K v 3.148

We recover the NLSE and its conjugate.
The Gross-Pitaevskii model also possesses a U (1) invariance, under

Y(x,t) > Plx, ) = eSy(x,0) , P (xt) = P (xt) = eSP(x,0)

Thus, the conserved Noether current is then

oL 3P oL oy
J* = — +
00, 0¢|,_, 99,9 97 |,_,
JO = —hly|?
hZ
J = e Y~ ) (3.149)

Dividing out by #, taking J° = —Ap and J = —hj, we obtain the continuity equation,

dp
——4V-ji=0
TV

Where

. h * *
p=1yl*, ]—%(I/J VY —YVyr)

8 In the nonrelativistic case, there is utility in defining x° = ct, so we simply define x° = t.
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Are the particle density and the particle current, respectively.
Example 3.15.1.

Consider the Lagrangian which gives rise to Schoedinger's equation.

—h2 . ih . -
L=——Vp'VY+— (" Y-y ) (3.150)

In this Lagrangian density, i and y* are consider independent functions. The action of this
Lagrangian density is symmetric under the transformation ¥ — 1 =1 +€ where :
€ = ep +i€; . because this is still a one dimensional symmetry, there is only conserved

current. Also, A is zero for this system.

Using Noether's theorem,

o = z 0L de
~\o (@) ™

oL de oL de
ph = (a(%) ) ¥ ((—) )

p = ({imp", 2 vy} + finp, 2 wy)) (3.151)

The continuity equation of this gives
M+v*=(ihz/)*+ﬁvzz,b*+ihz/)+h—zvzzp)zo (3.152)
dt P 2m 2m '
This gives the Schoedinger equation of a free particle. Using Gauss's Law, we can find that
hZ
Q= jﬂ (VY + Vy™) dx (3.153)

3.16 Momentum and Angular Momentum

While the conservation law of energy follows from the symmetry of the action under time
translations, conservation laws of momentum and angular momentum are found if the action

is invariant under translations and rotations.

Consider a Lagrangian of a point particle in a Euclidean space
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L =L(x'(t),%'(t),t) (3.154)

In contrast to previous discussion of time translation invariance, which was applicable to
systems with arbitrary Lagrange coordinates q(t), we denote the coordinates here by x' to
emphasize that we now consider Cartesian coordinates. If the Lagrangian does depend only
on the velocities x* and not on the coordinates x‘ themselves, the system is translationally

invariant. If it depends, in addition, only on %> = x! %!, it is also rotationally invariant.

The simplest example is the Lagrangian of a point particle of mass m in Euclidean space :

L= %XZ (3.155)

It exhibits both invariances, leading to conserved Noether charges of momentum and angular

momentum, as we now demonstrate.
3.17 Translation Invariance in Space
Under a spatial translation, the coordinates x‘ change °to
x't=xl 4 € (3.156)

Where €' are small numbers. The infinitesimal translations of a particle path are [compare
Eq(3.132)]

S.xi(t) = €! (3.157)
Under these, the Lagrnagian changes by

8L = L(x"'(6), 2" (1), t) — L(x'(£), %' (t), t)

=L sxi=2Lel=0 (3.158)

axi ST T gxd

By assumption, the Lagrangian is independent of x¢, so that the right-hand side vanishes. This
is to be compared with the symmetry variation of the Lagrangian around the classical orbit,

calculated via the chain rule, and using the Euler-Lagrange equation:

6L—(6L d 6L)6 i+d [6L i]
s* = \oxt " dt 0xt) * Tac loat OF
d oL ;
== 5] € (3.159)

° http://users.physik.fu-berlin.de/~kleinert/kleiner_reb9/psfiles/conslaw.pdf
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This has the form Eq(3.134), from which we extract a conserved Noether charge Eq(3.135)

for each coordinate x' :

i _ oL

= 92 (3.160)
These are simply the canonical momenta of the system.
3.18 Rotational Invariance
Under rotations, the coordinates x change to
X" =R} x/ (3.161)

Where Rji is an orthogonal 3 x 3-matrix. Infinitesimally, this can be written as

Rf =68 — wyey; (3.162)
Where w is an infinitesimal rotation vector. The corresponding rotation of a particle path is
Sxi(t) = x'1(t) — x'(t) = —wFe X/ (1) (3.163)
It is useful to introduce the antisymmetric infinitesimal rotation tensor
Wij = Wi Ekj (3.164)
In terms of which
8sxt = wyx! (3.165)

Then we can write the change of the Lagrangian under &,x*,

8L =L(x"'(@®), %' '(t),t) — L(x'(), ¥'(t), t)

_ %5Sxi + %&Xi (3.166)

As

oL . oL
5.L = — (Wé‘sxf + x.xf)a)ij =0 (3.167)

If the Lagrangian depends only on the rotational invariants x2, %2, x - x, and on powers thereof
the right-hand side vanishes on account of the antisymmetry of w;. This ensures the

rotational symmetry.
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We now calculate once more the symmetry variation of the Lagrangian via the chain rule and

find, using the Euler-Lagrange equations,

5L = (6L daL) L.+d 6L6 L.]

s8= T \oxt droxt) Ot T ar o OF
d [OL j] 1d [ ; OL G _)] 3168
dat Lozt © 19 T2 ac |1¥ axi T VT @ (3168)

The right-hand side yields the conserved Noether charges of type Eq(3.135), one for each

antisymmetric pair , j :

LU = xt 2 — o) 22 = xip) — 2! (3.169)

These are the antisymmetric components of angular momentum.

Had we work with original vector form of the rotation angles w*,we would have found the

angular momentum in the more commom form:

L, = % € LU = (x X P)E (3.170)

The quantum-mechanical operators associated with these, after replacing p* — —a/dx?,

have the well-known commutation rules
In the tensor notation Eq(3.169), these become

[Lij, L] = —i(8u Ly — 8uLy + 8

L — 8 Ly) (3.172)
3.19 Center of Mass Theorem

Consider the transformations corresponding to a uniform motion of the coordinate system.
We shall study the behavior of a set of free massive point particles in Euclidean space

described by the Lagrangian
L(#) = Z% %2 (3.173)

Under Galilei transformations, the spatial coordinates and the time are changed to
x'(t) = x'(t) —v't

t' =t (3.174)
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Where v is the relative velocity along the ith axis. The infinitesimal symmetry variations are
Ssxt(t) = x1(t) — xi(t) = —v't (3.175)
Which change the Lagrangian by
8L = L(x' —v't,x' —v') — L(x%, x") (3.176)

Inserting the explicit form Eq(3.173), we find

5,1 = Z%[(xn —vi) — ()’ (3.177)

n

This can be written as a total time derivative :

8L—dA—d ¢l v’ 3.178
sL=— —EZmn —Xp V +7t (3.178)
n

Proving that Galilei transformations are symmetry transformations in the Noether sense. By
assumption, the velocities v' in Eq(3.174) are infinitesimal, so that the second term can be

ignored.

By calculating 8,L once more via the chain rule with the help of the Euler-Lagrange

equations, and by equating the result with Eq(3.178). we find the conserved Noether charge

o _
Q=2ﬁ55" —A
n

= <—Zmn XLt + Zmn x,‘l> vt (3.179)
n n

Since the direction of the velocity v’ is arbitrary, each component is separately a constant of

motion:
Ni = _Zmn XLt + Zmn x} = const (3.180)
n n

This is the well-known center of mass theorem. Indeed, introducing the center of mass
coordinates

_ Zn mnxrll

=5 (3.181)

i
XcMm

And the associated velocities




vl =21 (3.182)
M ym,
The conserved charge Eq(3.180) can be written as
Ni = Z My (—vit + xby) (3.183)
n

The time-independence of N’ implies that the center of mass moves with uniform velocity

according to the law

xXew () = Xhem + Ve t (3.184)
Where
. Nt
Xopey = =———— 3.185
oM = 3o ( )

Is the position of the center of mass at t = 0.

Note that in non-relativistic physics, the center of mass theorem is consequence of momentum
conservation since momentum = mass X velocity . In relativistic physics, this is no longer

true.
3.20 Conservation Laws resulting from Lorentz Invariance
In relativistic physics, particle orbits are described by functions in space time
xH (1) (3.185)

Where 7 is an arbitrary Lorentz-invariant parameter. The action is an integral over some

Lagrangian:
A = fdr L(x* (1), x* (1), 1) (3.186)

Where x*(t) denotes the derivative with respect to the parameter 7. If the Lagrangian
depends only on invariant scalar products x*x, ,xx, ,x*x, , then it is invariant under

Lorentz transformations
e Il (3.187)
Where A is a 4 x 4 matrix satisfying

AgAT =g (3.188)
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With the Minkowski metric

1
Juw = ( -1 ) (3.189)
-1

For a free massive point particle in spacetime, the Lagrangian is

L(x(7)) = —Mc,/ gy X* XV (3.190)

It is reparametrization invariant under T — f(t), wuth an arbitrary function f(t). Under

translations
8, xt (1) = xH(x) — €*(1) (3.200)

The Lagrangian is obviously invariant, satisfying 6, £ = 0. Calculating this variation once

more via the chain rule with the help of the Euler-Lagrange equations, we find

OxH oxH
T/l
Ty
= “fd d (E)L) 3.200
- € Tdr axH (3:200)
T

From this we obtain the Noether charges

oL %, (1)
Py = —5; =Mc —————= Mcu* (3.201)

oxH / Gy X X

Which satisfy the conservation law

d
P =0 (3.202)

They are the conserved four-momenta of a free relativistic particle. The quantity

w= @ (3.203)

N Iuv xH xv
is the dimensionless relativistic four-velocity of the particle. It has the property u*u, =1,
and it is reparametrization-invariant. By choosing for t the physical time t = x°/c, we can

express u* in terms of the physical velocities v! = dx'/dt as
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u =y(L,v'/c), with y=.1—-v%/c? (3.204)

Note the minus sign in the definition of Eq(3.201) of the canonical momentum with respect to
the nonrelativistic case. It is necessary to write Eq(3.201) covariantly. The derivative with
respect to x* transforms like a covariant vector with subscript @, where as the physical

momenta are p*.

A, =8+ o, (3.205)
Where

", = ut w,, (3.206)

is an arbitrary infinitesimal antisymmetric matrix. An infinitesimal Lorentz transformation of

the particle path is
s xt (1) = xH (1) — x*(7)
= w", x* (1) (3.207)

Under it the symmetry variation of a Lorentz-invariant Lagrangian vanishes :
", = (3.208)

This is to be compared with the symmetry variation of the Lagrangian calculated via the chain

rule with the help of the Euler-Lagrange equation

6L—(6L+d 6L>6 H+d [6L6 u]
sv = \oxr Tdr oar) O dr oz O
d 1oL
= | == x|t
dr [ax#x]w"
1o, d (0L L (3:209)
“2%var U a7t o, '

By equating this with EQq(3.208) we obtain the conserved rotational Noether charges [
containing again a minus sign as in Eq(3.201)]:
oL oL

U = g X G = X (3:210)

They are four-dimensional generalizations of the angular momenta Eq(3.169). the quantum-

mechanical operators
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" = i(x*9Y — xVoH) (3.211)

Obtained after the replacement p* — id/dx, satisfy the four-dimensional spacetime

generalization of the commutation relations Eq(3.209):
[Z/,WJZKA] — i(g/uc DA — grafve 4 gvAfme — ng,m) (3.212)

The quantities LY coincide with the earlier-introduced angular momenta Eq(3.169).
The conserved components

L% = xO! —xip® = M, (3.213)
Yield the relativistic generalization of the center-mass theorem Eq(3.180):

M; = const. (3.214)

3.21 Generating the Symmetries

The relation between invariances and conservation law has a second aspect. With the help of
Poisson brackets, the charges associated with continuous symmetry transformation can be

used to generate the symmetry transformation from which they were derived. Explicitly,
8:2 = —ie[Q,2(0)] (3.215)
The charge Eq (3.179) is by definition the Hamiltonian, Q = H

Whose operator version generates infinitesimal time displacements by the Heisenberg

equation of motion :
8,2 = —ie[H,2(t)] (3.216)
This equation is obviously the same as Eq(3.215).

To quantize the system canonically, we may assume the Lagrangian to have the standard form
. M .-
L(x,x) = 5 X = V(x) (3.217)
So that the Hamiltonian operator becomes, with the canonical momentum p = x:

5 P R
A= +v® (3.218)
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Equation Eq(3.218) is then a direct consequence of the canonical equal-time commutation

rules
[B@®), 2] =—i, [B®.p®]I=0 , [2(®), ()] =0 (3.219)
After quantization, the commutation rule Eq(3.215) becomes, with Eq(3.157),
e =i€[pi), ¥ ()] (3.220)

This coincides with one of the canonical commutation relations (here it appears only for time-
independent momenta, since the system is translationally invariant). The relativistic charges

Eq(3.201) of spacetime generate translations via
S Xt = et = —ie’[p,(t), X" (1)] (3.221)

Similarly we find that the quantized versions of the conserved charges L; in Eq(3.170)

generate infinitesimal rotations :
8% = —wley, £4(8) = iw'[L, 2 ()], (3.222)

Whereas the quantized conserved charges N' of Eq.(3.179) generate infinitesimal Galilei
transformations and that the charges M; of EQ.(3.213) generate pure rotational

transformations:
6S£] = El'?/C\O = l.Ei[Mi,fj]
5,80 = ;&' = ig;[M;, °] (3.223)

Since the quantized charges generate the rotational symmetry transformations, they form a
representation of the generators of the symmetry group. They have the same commutation
rules with each other as the generator of the symmetry group. The charges Eq(3.170)

associated with rotations, for example, have the commutation rules
Which are the same as those between the 3 x 3 generators of the three-dimensional rotations
(Lji = —l€g -

The quantized charges of the generators EQq(3.210) of the Lorentz group satisfy the
commutation rules Eq(3.112) of the 4 x 4 generators Eq(3.211)

[L#, 1M | = —igm L7 (3.225)
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This follows directly from the canonical commutation rules Eq(3.221)
3.22 Canonical Energy Momentum Tensor

As an important example for the field theoretic version of the theorem consider the usual case
that the Lagrangian density does not depend explicitly on the space time coordinates :

L= L(¢p,0¢p) (3.226)
We then perform a translation along an arbitrary direction v = 0,1,2,3 of space time

xH = xt — eH (3.227)
Under which field ¢ (x) transforms as

¢ (x) = p(x) (3.228)

This equation expresses the fact that the field has the same absolute point in space and time,

which in one coordinate system is labeled by the coordinates x* and in the other by x'* .

Under an infinitesimal translation of the field configuration coordinate the Lagrangian density

undergoes the following symmetry variation

8L =L(¢ (x),09 (x)) — L(p(x), dp(x))

aL aL
= m 55([)(3(,') + Wau 5S(p(X) (3229)

Where
Ssp(x) = @' (x) — p(x) (3.230)

Is the symmetry variation of the fields. For the particular transformation Eq(3.228), the

symmetry variation becomes simply

8s0(x) = € 3,0(x) (3.231)
The Lagrangian density Eq(3.226) changes by

6, L(x) =€¥0,L(x) (3.232)

Hence the requirement Eq(3.139) is satisfy and &,¢(x) is a symmetry transformation. The

function A happens to coincide with the Lagrangian density

A=L (3.233)

162



We Can now define a set of currents j !, one for each €. In the particular case at hand, the
currents j /* are denoted by @ /', and read :

0L 3,0 —8"c (3.234)

v
GU 06;1(/—’ v

They have no four divergence
0,0/ (x)=0 (3.235)

As a consequence, the total four momentum of the system, defined by
Pt = f d? x0+%(x) (3.236)

is independent of time .

3.23 Electromagnetism

As an important physical application of the field theoratic Noether theorem, consider the free

electromagnetic field with the action
L=-— ﬁ Fy, F* (3.237)

Where F,,. are the components of the field strength F;,, = 9,4, — 9, A; . Under a translation
in space and time from x* to x* — e&!, the vector potential undergoes a similar change as in
Eq(3.128) :

A = A (x) (3.237)

As before, this equation expresses the fact that at the same absolute space time point, which
in the two coordinate frames is labeled once by x’ and once by x, the field components have
the same numerical values. The equation transformation law Eq(3.138) can be rewritten in an

infinitesimal form as
8 AM(xHt) = AM(xH) — AN (x*)
= A*(x'" + €e8l)) — A (xH) (3.238)
= €d,A* (x*) (3.239)
Under it, the field tensor changes as follows

8,FM = €0, F** (3.240)
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So that the Lagrangian density is a total four divergence :
8 L= =€ Fy 0, F* = €0,L (3.241)

Thus, the spacetime translations Eq(3.140) are symmetry transformations, and the currents

oL

e! = T 9, A* -85 L (3.242)
Are conserved :
9,0,(x) =0 (3.243)

Using 0L/90, At = —F/{‘, the corrents Eq(3.242) become more explicitly
of = —= (F4a,4" — 1 8LF¥Fy, ) (3.244)
They form the canonical energy-momentum tensor of the electromagnetic field.

3.24 Dirac Field

We now turn to the Dirac field which has the well-known action

A= j d*x L(x) = J d* xzﬁ(x)(iy“a: - M)p(x) (3.245)
Where y* are the Dirac matrices

i = (5()# 00“ ) (3.246)

Here g# , 6* are four 2 X 2 matrices
ot =(0%0') 6" = (0% —0a') (3.247)

Whose zeroth component is the unit matrix

o0 = ((1) (1)) (3.248)

And whose spatial components consist of the Pauli spin matrices

ol = ((1) (1)) , 0= (} _1l) . o3 = ((1) _01) (3.249)

On behalf of the algebraic properties of the Pauli matrices
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olol = 8Y +ielk gk, (3.250)
The Dirac matrices Eq(3.246) satisfy the anticommutation rules
{rt, v} =2g" (3.251)
Under spacetime translations
xH = xt — ek, (3.252)
The Dirac field transforms in the same way as the previous scalar and vector fields :
P (x) =) (3.253)

Or infinitesimally :

O (x) = €9, (x) (3.254)
The same is true for the Lagrangian density, where

L'(x) = L(x) (3.255)
and

0,L(x) = "9, L(x) (3.256)

Thus we obtain the Noether current

aL
0r =
v 90,

d,0* +c.c.—8}'L (3.257)
With the local conservation law

0,0, (x) =0 (3.258)

From Eq(3.146) we see that

oL 1 _
03 Dyt (3.259)
U

So that we obtain the canonical energy-momentum tensor of the Dirac field :

0 ==yYyra, Pt +c.c.-8 /L (3.260)

N[ =
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3.25 Angular Momentum

Let us now turn to angular momentum in field theory. Consider first the case of a scalar field

@(x). Under a rotation of the coordinates,
x' =R\ x (3.261)
The field does not change, if considered at the same space point, i.e.
o (x'") = p(xt) (3.262)
The infinitesimal symmetry variation is :
8:9(x) = ¢ (x) = p(x) (3.263)
Using the infinitesimal form Eq(3.138) of Eq(3.161),
5x' = —w; x/ (3.264)
We see that
Ssp(x) = ¢ (x%,x" = 8x' ) — p(x)
= 0;0(x) x/ wy;j (3.265)

Suppose we are dealing with a Lorentz-invariant Lagrangian density that has no explicit x-

dependence :

L= L(px),00(x)) (3.266)

Then the symmetry variation is

8L = L9 (x),0¢ (x)) — p(p(x), d¢p(x))

0L

oL
- 5(0(9() SSQD(JC) +

009 (x)

9,659 (x) (3.267)

For a Lorentz-invariant £, the derivative dL/dd, ¢ is a vector proportional to 9, ¢. For the

Lagrangian density, the rotational symmetry variation Eq.(3.166) becomes

5.0 =|2Ls f+aLa(aLf)
s~ = 90 iPx aﬂcp“ i~X Wij

. oL .
= I:(aiﬁ)x] + m alq) ] (UL']' = ai(LX] (‘)L]) (3268)
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The right-hand side is a total derivative. In arriving at this result, the antisymmetry of ¢;; has
been used twice: one in order to drop the second term in the brackets, which is possible since
0L/d0;¢ is proportional to 9;¢, as consequence of the assumed rotational invariance of L,

and once, in order to pull x/ inside the last parentheses.
Calculating 6,.£ once more with the help of Euler-Lagrange equations gives

oL
oL

(0L, oL\ (oL
“\0p ~ 9,0) % T 4 \88,0 7

aL i
= 0# (aauw ai(px] )(Dl]

5L 5

s@P +m 6#65<p (3269)
u

Thus the Noether charges

i 0L : U . .
LU# = 33 gDal-goxf =6 Lx) | = (i e)) (3.270)
u

have no four-divergence
9,LI#* =0 (3.271)

The associated charges
LY =fd3 x LUH (3.272)

Are called the total angular momenta of the field system. In terms of the canonical energy-

momentum tensor

N 9,0 —8 1L (3.273)
4 aaq) v v

u

The current density LY* can also be written as
LIk = x'@/F — xJ @ (3.274)
3.25.1 Four-Dimensional Angular Momentum

A similar procedure can be applied to pure Lorentz transformation. An infinitesimal boost to

rapidity ¢* produces a coordinate change
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X =N x" = xk + 847 + 88y
This can be written as

Sxt = ", xV

wo; = —w;o = ¢ (3.277)

(3.275)

(3.276)

With the tensor w” , , the restricted Lorentz transformations and the infinitesimal rotations

can be treated on the same footing. The rotations have the form Eq(3.276) for the particular

choice w;; = €, w*
wo; = w0 =0 (3.278)
We can now identify the symmetry variations of the field as being
Ssp(x) = @ (x'* = 6x*) — ()
= =0, p(x)x" ",
Just as in Eq(3.268), the Lagrnagian density transforms as the total derivative

8sp(x) = =0, (LxV)w",

And we obtain the Noether currents

LA = —( oL x’1<p xV — §HA L x") + (U v)
aaAQD
= x* @V — x? (3.281)

These currents have no four-divergence
9, L"* =0 (3.282)

The associated charges
LW = f a3 x L#v0 (3.283)

are independent of time.

(3.279)

(3.280)
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For the particular form of w,,, in Eq(3.277), we find time independent components L° The

components LY coincide with the previously-derived angular momenta.

The constancy of L is the relativistic version of the center of mass theorem (3.52). indeed,

since
L0 = f d3x (x'0% — x°9) (3.284)

we can define the relativistic center of mass

. [d3x 0% xt
and the average velocity
i [dixe P
Vey = C W = Cﬁ (3286)

Since fd3 x ©0 = P s the constant momentum of the system, also véM is a constant. Thus,

the constancy of L% implies the center of mass to move with the constant velocity
xew () = Xocm + Vocut (3.287)

with x{cy = L% /P°. The quantities LV are referred to as four-dimensional orbital angular

momenta.
It is important to point out that the vanishing divergence of L*”* makes ©”* symmetric :
9 LA = 0, (xOVF — xVOH)
= -e"=0 (3.288)

Thus, translationally invariant field theories whose orbital momentum is conserved have

always a symmetric canonical energy-momentum tensor.
WY = Y (3.289)
3.25.2 Spin Current

If the field ¢ (x) is no longer a scalar but carries spin degrees of freedom, the derivation of

the four-dimensional angular momentum becomes slightly more involved.
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3.26 Electromagnetic Fields

Consider first the case of electromagnetism where the relevant field is the four-vector

potential A* (x). When going to a new coordinate frame
x*=A" XY (3.290)

the vector field at the same point remains unchanged in absolute space-time. However, since
the components A* refer to two different basic vectors in the different frames, they must be
transformed accordingly. Indeed, since A* is a vector and transforms like x#, it must satisfy
the relation characterizing a vector filed:

Ar(x) =AM A% (x) (3.291)
For an infinitesimal transformation
Soxt = ", x? (3.292)
This implies a symmetry variation
S A (x) = A (x) — A (x) = A*(x — 6x) — A*(x)
=", A% (x) — 0t , xV9, A* (3.293)

The first term is a spin transformation, the other an orbital transformation. The orbital
transformation can also be written in terms of the generators L, of the Lorentz group defined

as
8 AR (x) = —iw* L, A(x) (3.294)

It is convenient to introduce 4 X 4 spin transformation matrices L,,, with the matrix elements:
(Lw),, = i(9u2 o = Gue Gva) (3.295)

They satisfy the same commutation relations Eq(3.212) as the differential operators EW

defined in Eq.(3.211). By adding together the two generators ZW and L,,, we form the
operator of total four-dimensional angular momentum
Jow =L, +1L, (3.296)

and can write the symmetry variation Eq(3.293) as
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8 AR (x) = —iwh J,, A(x) (3.297)

If the Lagrangian density involves only scalar combinations of four-vectors A*, and if it has

no explicit x-dependence, it changes under Lorentz transformations like a scalar filed :
L'x)=L(Ax)0AK))=LAK),Ax)) = L(x) (3.298)
Infinitesimally, this makes the symmetry variation a pure gradient term:

6L =—(0*L x") (3.299)

Thus, Lorentz transformations in the Noether sense. Following Noether's construction
Eq(3.270), we calculate the current of total four-dimensional angular momentum :

]uv,l —

9L v_( 9L

U pAK U _ Sud vy _
79,4, IV OHA XY — M L x ) (U —>v) (3.300)

The last two terms have the same form as the current L*V+* of the four-dimensional angular
momentum of the scalar field. Here they are the currents of the four-dimensional orbital

angular momentum :

oL
90, A*

LA = — ( ARV — SH L x") +(uev) (3.301)
Note that this current has the form

Luv,/’l ]
WEWT:

7w Ae + [6" L x” — (u V)] (3.302)
where L* are the differential operators of four-dimensional angular momentum in the
commutation rules (3.12).

just as the scalar case Eq(3.298), the currents Eq(3.302) can be expressed in terms of the

canonical energy-momentum tensor as
LA = xk @t — xVeH (3.303)
The first term in Eq(3.300),

0L

Z,uv,l —
99, A,

A" — (> ) (3.304)

Is referred to as the spin current. It can be written in terms of the 4 X 4 generators Eq(3.295)

of the Lorentz group as
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A = 39, A" (LF) e A° (3.305)
The two currents together,
JEA(x) = LA (x) + SHVA (%) (3.306)

Are conserved, satisfying d,/*"*(x) = 0. Individually, they are not conserved. Thre total

angular momentum is given by the charge

JHv :jd3 x J#0 (x) (3.307)

It is a constant of motion. Using the conservation law of the energy-momentum tensor we

find, just as in Eq(3.288), that the orbital angular momentum satisfies
9y LF (x) = =[O (x) — OV (x)] (3.308)
From this we find the divergence of the spin current
9 T (x) = —[0H7 (x) — OV (x)] (3.309)

For the charges associated with orbital and spin currents
L*(t) = fd3 x L*0 (x), THY = fd3 x ZH0 (x) (3.310)
this implies the following time dependence :
*(t) = —J d® x [0 (x) — OV (x)]

SR (E) = — [d3 x [0 (x) — OV (x)] (3.311)

Thus fields with a nonzero spin density have always a non-symmetric energy momentum

tensor.

In general, the current density J#?* of total angular momentum reads

uw,A — 66;‘,/; uA v
Jrr = e — M LxV )= (e V) (3.312)
uv

By the chain rule of differentiation, the derivative with respect to d; w,, (x) can come only

from field derivatives, for a scalar field
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d6% L B aL 0d6%¢
20, a)lw(x) d0,¢ 8a)uv(x)

(3.314)

and for a vector field

965L 9L 06 A"
00) Wy (x) 00, Ax dwyy (x)

(3.315)

The alternative rule of calculating angular momenta is to introduce spacetime-dependent

transformations
5 x = 0", (x)x? (3.316)
under which the scalar fields transform as
8sp = =0 pw” , (x)x” (3.317)
and the Lagrangian density as
85rp = =0, Lw" ,(x)xV = —0,(x" Lw" ,(x) (3.318)

By separating spin and orbital transformations of §XA* we find the two contributions gV
and L to the current J#v* of the total angular momentum, the latter receiving a

contribution from the second term in Eq(3.312).
3.27 Dirac Field

We now turn to the Dirac field. Under a Lorentz transformation Eq(3.290), this transforms

according to the law

P(x) S Py () = DWYP@) (3.319)

where D(A) are the 4 x 4 spinor representation matrices of the Lorentz group. Their matrix
elements can most easily be spacified for infinitesimal transformations. For an infinitesimal

Lorentz transformation

A =6+t w," (3.320)
under which the coordinates are changed by

Oxt = w?, x¥ (3.321)

The spin components transform under the representation matrix
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D(8," +w.”) = (1- 15 wuwo™) (3.322)

Where g,,,, are the 4 X 4 matrices acting on the spinor space

v =5 [V W] (3.323)

From the anticommutation rules Eq(3.251) it is easy to verify that the spin matrices S, =
o,y /2 satisfy the same commutation rules Eq(3.212) as the previous orbital and spin-1

generators Ly, and L,,, of Lorentz transformations.

The field has the symmetry variation .
Ssp(0) = ¢ (1) = Y(x) = D(8," + 0, )p(x — 6x) = Y(x)
= i3 0o P(E) — 020 (x)
= —i W (S + IV)P() = =15 W, JU () (3.324)
The last line showing the separation into spin and orbital transformation for a Dirac particle.

Since the Dirac Lagrangian is Lorentz-invariant, it changes under Lorentz transformations

like a scalar field:

L'(x) = L) (3.325)
Infinitesimally, this amounts to

8L = —(9,Lx")w", (3.326)

With the Lorentz transformations being symmetry transformations in Noether sense, we
calculate the current of total four-dimensional angular momentum extending the formulas
Eq(3.281) and Eq(3.299) for scalar field and vector potential. The result is

wd — [ _; oL oo 0L Puv ul .
J ( iy O i Wt cc |+ 0" Lx” — (n o )] (3.327)

As before in Eq(3.300) and Eq(3.281), the orbital part of Eq(3.327) can be expressed in terms

of the canonical energy-momentum tensor as
LA = xtevt — xvert (3.338)
The first term in Eq(3.236) is the spin current
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Z‘“"A=1<—i 0L a‘“’lp+cc> (3.339)
> ERT .C. .

Inserting Eq(3.285), this becomes explicitly

i - [ 1 _
2 = — oyt = o gyl v My = o ey y (3.340)
The spin density is completely antisymmetric in the three indices.

The conservation properties of the three currents are the same as in Egs.(3.307-3.311).
3.28 Internal Symmetries

In quantum field theory, an important role is played by internal symmetries. They do not
involve any change in the space time coordinate of the fields, whose symmetry

transformations have the simple form

P (x) = e p(x) (3.341)

Where G are the generators of some Lie group and a the associated transformation
parameters. The filed ¢ may have several indices on which the generators G act as a matrix.

The symmetry variation associated with Eq(3.341) is obviously
8,0 (x) = —iaGp(x) (3.342)

The most important example is that of a complex field ¢ and a generator G = 1, where
Eq(3.341) is simply a multiplication by a constant phase factor. One also speaks of U(1)-

symmetry.

Other important examples are those of a triple or an octet of fields ¢; with G being the
generatore of an SU(2) vector representation or an SU(3) octet representation ( the adjoint
representations of these groups). The first case is associated with charge conservation in
electromagnetic interactions, the other two with isospin and SU(3) invariance in strong

interactions. The latter symmetries are however, not exact.
3.28.1. U(1)- Symmetry and Charge Conservation

Given a Lagrangian density L(x) = L(¢(x),d¢(x),x) depending only on the absolute
squares |¢|?, |0¢|?, |pdp|. Then L(x) is invariant under U(1)-transformations

8sp(x) = —ip(x) (3.342)
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Indeed:
5.L=0 (3.343)

On the other hand, we find by the chain rule of differentiation :

6L = 0L d 0L é d 0L 6,0 =0 3.344
s _<%_ #a,u_(l)) s¢+[um] sd)_ ( )

The Euler-Lagrange equation removes the first part of this, and inserting Eq(3.342) we find
by comparison with Eq(3.343) that

o
=T 80,4

) (3.345)

is a conserved current .
For a free relativistic complex scalar field with a Lagrangian density
L(x) = 0,900, —m?*@*p (3.346)

We have to add the contributions of real and imaginary parts of the field ¢ in formula

Eq(3.345). then we obtain the conserved current

«—>

Ju=—90,0 (3.347)

Where (p*((';;ﬂp denotes the left-minus-right derivative:

90,9 = 98,0 — (3,970 (3.348)
For a free Dirac field, we find from Eq(3.345) the conserved current

JH () = Py (x) (3.349)
3.28.2. SU(N) -Symmetry
For more general internal symmetry groups, the symmetry variations have the form

8s¢ = —ia;Gip (3.350)
And the conserved currents are

T (3.351)
D= —1—(; .
Ji 90, ¢ i
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3.28.3 Broken Internal Symmetries

The physically important symmetries SU(2) of isospin and SU(3) are not exact. The
Lagrnage density is not strictly zero. In this case we remember the alternative derivation of
the conservation law. we introduce the space time-dependent parameters a(x) conclude from

the extremality property of the action that

5} oL = oL 3.352
H00,a;(x)  0a;(x) (3.352)
This implies the divergence law for the above derived current
oL
.I,{ —
i (%) 72 (3.353)

3.30 Generating the Symmetry Transformations on Quantum Fields

As in guantum mechanical systems, the charges associated with the conserved currents of the
previous section can be used to generate the transformations of the fields from which they

were derived. One merely has to invoke the canonical field commutation rules.

As an important example, consider the currents Eq(3.351) of an iternal U(N)-symmetry.

Their charges

b= 'fd‘?’ aLG 3.354

can be written as

Qi = —ifd3 xG; (3.355)

where m(x) = 0L/d9, ¢(x) is the canonical momentum of the field ¢ (x). After quantization,

these fields satisfy the canonical commutation rules:

[r(x, ), ¢(x,0)] = —i6® (x —x)

[p(x, 1), p(x, )] = 0

[m(x,t),m(x,£)] = 0 (3.356)

From this we derive directly the commutation rule between the quantized charges Eq(3.355)
and the field ¢ (x):
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[QL,@()] = —a'Gip(x) (3.357)

We also find that the commutation rules among the quantized charges are
[0, Q7] =[G4, ¢/ (3.358)

Since these coincide with those of the matrices G;, the operators Q' are seen to form a

representation of the generators of the symmetry group in the Fock space .

It is important to realize that the commutation relations Eq(3.357) and Eq(3.358) remain also
valid in the presence of symmetry breaking terms, as long as these do not contribute to the
canonical momentum of the theory. Such terms are called soft symmetry breaking terms. The
charges are no longer conserved, so that we must attach a time argument to the commutation
relations Eq(3.357) and Eq(3.358). All times in these relations must be the same, in order to

invoke the equal-time canonical commutation rules.

The most important example is the canonical commutation relation Eq(3.221) itself, which
holds also in the presence of any potential V(g) in the Hamiltonian. This breakes translation
symmetry, but does not contribute to the canonical momentum p = dL/dq. In this case, the

relation generalizes to
el = ie'[p'(t), &7 (0)] (3.359)

Which is correct thanks to the validity of the canonical commutation relations Eq(3.219) at

arbitrary equal times, also in the presence of a potential.

Another important example are the commutation rules of the conserved charges associated

with the Lorentz generators Eq(3.338):

J = f d3x JH7 0 (x) (3.360)

Which are the same as those of the 4 x 4-matrices Eq(3.294), and those of the quantum

mechanical generators to be:
v, ji4] = —igh (3.361)

The generators J¥ = [ d3x J#0(x) are sums JH¥ = L*V (t) + ¥ (t) of charges Eq(3.309)
associated with orbital and spin rotations. According to Eq(3.310), the individual charges are
time-dependent. Only their sum is conserved. Nevertheless, they both generate Lorentz
transformations : L*V (t) on the spacetime argument of the fields, and Z*¥(t) on the spin

indices. As a consequence, they both satisfy the commutation relations Eq(3.361) :
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[zuv’f’ul] = —jghH LvA
[Emv, 80 = —igie £V (3.362)

The commuatators Eq(3.358) have played an important role in developing a theory of strong
interactions, where they first appeared in the form of a charge algebra of the broken

symmetry SU(3) x SU(3) of weak and electromagnetic charges. This symmetry will be

discuss in the next chapter .
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