Chapter 1

Lyapunov Inequalities

In this chapter some special cases of our results contain the classical Lyapunov
inequalities for differential equations as well as only recently developed Lyapunov
inequalities for difference equations. We present some Lyapunov type inequalities for
discrete linear scalar Hamiltonian systems when the coefficient c(t) is not necessarily
nonnegative valued and when the end-points are not necessarily usual zeros, but rather,
generalized zeros. The purpose of this work is to establish the time scale version of

Lyapunov's inequality as follows: Let x(t) be a nontrivial solution of

(r(t)xA(t))A +p(®)x°(t) =0 on|a,b]

Satisfying x(a) = x(b) = 0. Then, under suitable conditions on p, r, a and b, we have
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where p,(t) = max{p(t),0}, f(t) = (t —a)(b —t) and d € T satisfies
a+b . (a+b
> —d’zmn{ —sse[a,b]n'I[‘}

If %b € T. Here T is a time scale (see below).

Section (1.1): Time Scales:

Lyapunov inequalities have proved to be useful tools in oscillation theory,
disconjugacy, eigenvalue problems, and numerous other applications in the theory of
differential and difference equations. A nice summary of continuous and discrete
Lyapunov inequalities and their applications can be found in the survey [2] by Chen. In
this section we present several versions of Lyapunov inequalities that are valid on so-
called time scales. The calculus of time scales has been introduced by Hilger [3] in order
to unify discrete and continuous analysis. Hence our results presented cover (among

other cases) both the continuous (see [2] and also [4]) and discrete (see [2, and also [5,



6, 7]) Lyapunov inequalities. For convenience we now recall the following easiest

versions of Lyapunov’s inequality.

Theorem (1.1.1)[1]: (Continuous Lyapunov Inequality) Let p:[a,b] - R, be positive-
valued and continuous. If the Sturm-Liouville (differential) equation
X+pt)x=0

has a nontrivial solution satisfying x(a) = x(b) = 0, then the Lyapunov inequality
b

4
f p(t)dt > m

a

holds.

Theorem (1.1.2)[1]: (Discrete Lyapunov Inequality) Let {p;}o<k<y € R, be positive-
valued. If the Sturm-Liouville difference equation
APxy + prXgsr = 0

has a nontrivial solution satisfying x, = x5 = 0, then the Lyapunov inequality

= 2/m+ 1) if N=2(m+1)
Pk > . _
; {((Zm + 1)/m(m + 1)) if N=2m+1

holds.

In this section we prove a Lyapunov inequality that contains both Theorems
(1.1.1) and (1.1.2) as special cases. It is valid for an arbitrary time scale, and it reads as

follows.
To see how Theorems (1.1.1) and (1.1.2) follow as special cases from Theorem
(1.1.5) below, it is at this point only important to know that
e T =R corresponds to the continuous case, and x% = x,x* = x, f:f(t)At =

b ) o . L
fa f(t)dt, and an rd-continuous function is the same as a continuous function in
this case;

e T =7 Corresponds to the discrete case, and x°(t) = x(t + 1),x% = x — x,

f:f(t)At = Y'b-a £(¢), and any function is rd-continuous in this case.



A short introduction to the time scales calculus is given. We prove the above
Theorem (1.1.5) below, and for the proof several lemmas on quadratic functionals
connected to the Sturm-Liouville dynamic equation (2) are needed. In the time scales
calculus, the concept of a zero of a function is replaced by a so-called generalized zero,
and (as in the classical case), a Lyapunov inequality leads immediately to disconjugacy
criteria as presented. Two extensions which we have not considered in this Section are
the cases when p is not necessarily positive-valued and when the endpoints are not
necessarily zeros but generalized zeros. Finally, we extend the theory to linear
Hamiltonian dynamic systems of the form

x? = A(t)x° + B(t)u, ul = —C(t)x° — A*(Hu, (D
where 4, B and C are square-matrix-valued functions satisfying the properties as given.
Such Hamiltonian systems contain in particular Sturm-Liouville equations of higher
order, and in particular also equations (2) as presented. Several lemmas concerning
certain quadratic functionals connected to the system (1) are needed, and a Lyapunov
inequality for Hamiltonian systems (1) is presented, as well as a disconjugacy criterion as
an immediate application of the inequality. We also consider so-called right-focal

boundary conditions and offer a Lyapunov inequality for this case, too.

A time scale T is a closed subset of R, and the (forward and backward) jump

operators g, p: T — T are defined by
o(t)=infseT:s>t} and p(t) =sup(s € T:s < t}
(Supplemented by i nfp) = supT and sup@ =i nfl), while the graininess u: T = R, is
given by
u) =o(t) -t
For a function f: T — R we define the derivative f* as follows: Let t € T. If there exists
a number a such that for all € > 0 there exists a neighborhood U of t with
|f(a(®)) — f(s) —a(a(t) —s)| <elo(t) —s| for ake U,

then f is said to be (delta) differentiable at t, and we call a the derivative of f at t and

denote it by f2(t). Moreover, we denote f° = f o g. The following formulas are useful:

o fOf +uft



e (f9)" =f%g + f°g" (“Product Rule”);
e (f/9)"=(f"g—fg")/(gg°) (“Quotient Rule”).

A function F with F2 = f is called an antiderivative of f, and then we define

b
f F(OAL = F(b) — F(a),

where a, b € T. If a function is rd-continuous (i.e., continuous in points t with (t) = t
and left-hand limit exists in points t with p(t) = t), then it possesses an antiderivative

(see [8]). We have that (see e.g., [8])
b
f() =0, a£t<binpliesff(t)At20.

Throughout this section we assume a, b € T with a < b. The two most popular cases of
time scales are T = R, where f;f(t)At = f:f(t)dt and T = Z, where f(ff(t)At =
Yb-1£(t). Other examples of time scales (to which our inequalities apply as well) are
e.g.
hZ = {hk:k € Z} for somh > 0,
g’ ={q*:keZ}u{0} for somg >1
(which produces so-called g-difference equations),

N2 = {k2:k € N}, {Z%n € N}, U[Zk,2k+ 1],

k=1 k€Z

or the Cantor set.

We let T c R be any time scale, p: T — R be rd-continuous with p(t) > 0 for all
t €T, and consider the Sturm-Liouville dynamic equation (2) together with the

guadratic functional

b
F(x) = f ()2 — p(x)2) (DAL

Our first auxiliary result reads as follows.

Lemma (1.1.3)[1]: If x solves (1) and if F(y) is defined, then
Fy) —Fx) =F@ —x) + 20y — 0)(B)x"(b) — 2(y — x)(@)x*(a).
4



Proof. Under the above assumptions we find

Fly) —Fx)—Fy —x)
b
= [1027 =P = 6 + py?
“ -4 —xM2 +p(y? — xM)F()At
b
= [1027 = O = (277 + p)? = ) + 292 - (22
a +p(¥9)* — 2py°x? + p(x?)*}()At

b

=2 f A% — py®x® + p(x®)? — ()2} (DA L
ab

=2 f{yAxA +yTxh® — (x"2} (DAt

b b
=2 f{yxA — xx2}AAt = 2 f{(y — x)x2}At

= 2(y(b) — x(b))x*(b) — 22(y(a) — x(a) )x*(a),

where we have used the product rule.

Lemma (1.1.4)[1]: If F(y) is defined, then foranyr,s € Twitha<r <s<b

f (yA(t))z Ok y(r))z.

S—r

Proof. Under the above assumptions we define

y() —y@), A —ry(s)
s—r s—r

x(t) =

We then have

and x%°(t) = 0.

) =y, 2=y, xw=222

S
Hence x solves the special Sturm-Liouville equation (2) where p = 0 and therefore we

may apply Lemma (1.1.3) to F,, defined by



Folx) = f xD)2()At

to find
Foy) = Fo(x) + Fo(y — x) + (y — ) ()x*(s) — (y — ) (r)x*(r)
= Folx) + Foly — x)
> Fo(x)

N

2
) f{y(s)—y(r)} "
S—r

T

_ (& —ym)

S—r

and this proves our claim.

Using the above Lemma (1.1.4), we now can prove one of the main results of this

Section.

Theorem (1.1.5)[1]: (Dynamic Lyapunov Inequality) Suppose T is a time scale and
a,b € Twitha < b. Letp : T - R, be positive-valued and rd-continuous. If the Sturm-
Liouville dynamic equation

X2+ p()x° =0 (2)

has a nontrivial solution x with x(a) = x(b) = 0, then the Lyapunov inequality
b

[ECIE b-a 3
7@

a

holds, where f: T — R is defined by f(t) (t — a)(b — t), and where d € T is such that

b+a (b +a
| 2 _d|:mn{

Proof. Suppose x is a solution of (2) with x(a) = x(b) = 0. But then we have from

s|:s € [a, b] n’l]‘}.

Lemma (1.1.3) (with y = 0) that

b
Flx) = j ()2 - p(x*)2}()At = .

Since x is nontrivial, we have that M defined by
M =max {x?(t):t € [a,b] N T} (4)
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is positive. We now let ¢ € [a, b] be such that x?(c) = M. Applying the above as well as
Lemma (1.1.4) twice (once with r = a and s = ¢ and a second time with r = ¢ and

s = b) we have

b b
M f p(DAL > f PG2(DAL

b c b
- j (xY)2(O)AL = f (2 (OAL + f (x)2(0)At

N (x(c) — x(@))” N (x(b) — x(c))’
c—a b—rc
1 1
:xz(c){c—a-l_b—c}
_Mb—a>Mb—a
O flo T f@’

where the last inequality holds because of f(d) = max{f(t):t € [a,b] N T}. Hence,

dividing by M > 0 yields the desired inequality.

Example (1.1.6)[1]: Here we shortly wish to discuss the two popular cases T = R and

T = Z. We use the notation from the proof of Theorem (1.1.5).

(i) T =R, then

a+b a+b

2
Hence f(d) = ((b — a)?/4) and the Lyapunov inequality from Theorem (1.1.5)

iof

s|:s€ [a,b]}zO sothatd =

reads
b

4
fp(t)dt > b—a’

a
(ii) f T = Z, then we consider two cases. First, if a + b is even, then

a+b a+b
:sE[a,b]ﬂZ}zO sothatd = .

2

—S

miof

Hence f(d) = ((b — a)?/4) and the Lyapunov inequality reads

b-1 A

>
Zp(t) “b—a’
t=a

7



If a + b is odd, then

) a+b 1 a+b-—-1
mn{ :sE[a,b]nZ}=— sothatd = ———.

2 2 2

This time we have f(d) = ((b — a)? — 1/4) and the Lyapunov inequality reads

b—-1
;p(” Zp - a{—(l/(bl— a)z)}'

As an application of the above Theorem (1.1.5) we now prove a sufficient

criterion for disconjugacy of (2).
Definition (1.1.7)[1]: Equation (2) is called disconjugate on [a, b] if the solution ¥ of (2)
with #(a) = 0 and ¥2(a) = 1 satisfies

Xx° >0 on (a,p(b)].

Lemma (1.1.8)[1]: Equation (2) is disconjugate on [a, b] if and only if

b
f@)=[«ﬂy—paﬂ%aMt>o

for all nontrivial x with x(a) = x(b) = 0.
Proof. This is a special case of [15].

Theorem (1.1.9)[1]: (Sufficient Condition for Disconjugacy of (2) If p satisfies

: b—a
jp@Mt<7@7 ©

a

then (2) is disconjugate on [a, b].

Proof. Suppose that (5) holds. For the sake of contradiction we assume that (2) is not
disconjugate. But then, by Lemma (1.1.8), there exists a nontrivial x with x(a) = x(b) =

0 such that F(x) < 0. Using this x, we now define M by (4) to find

b b
Mjp@Mtzj@@ﬂQGMt

b
> f(xA)Z(t)At



M(b —
> ( a),
f(d)
where the last inequality follows precisely as in the proof of Theorem (1.1.3). Hence,

after dividing by M > 0, we arrive at
b

fp(t)At > b;a
f(d)

a

which contradicts (5) and hence completes the proof.

Remark (1.1.10)[1]: Note that in both conditions (3) and (5) we could

1 b—ab 4
repacuf(d) yb—a’

and Theorems (1.1.5) and (1.1.9) would remain true. This is because fora < c < b we

have

1 1 (a+b—2c)? 4 4
+ = + >
c—a b—c W-a)c—a)b—c) b—a b-a

We consider the linear Hamiltonian dynamic system (1), where A,B and C are
rd-continuous n X n-matrix-valued functions on T such that I — u(t)A(t) is invertible
and B(t) and C(t) are positive semidefinite for all t € T. For the continuous case of this
theory we refer to [16] (in particular for Lyapunov inequalities [17]) while [18] is a good

reference for the discrete case. A corresponding quadratic functional is given by
b
F(x,u) = f{u*Bu — (x?)*Cx°}(t)At.
a

A pair (x,u) is called admissible if it satisfies the equation of motion
x® = A(t)x° + B(t)u.
As in the previous section we start with the following auxiliary lemma.
Lemma (1.1.11)[1]: If (x, u) solves (3) and if (y, v) is admissible, then
Fly,v) —Fx,u) =Fly—x,v—u)
+2 Re[(y x)*(b)u(b) — (y — x)"(a)u(a)].
Proof. Under the above assumptions we calculate

Fy,v) —Fx,u) —F(ly—x,v—u)

9



b
= f{v*Bv — (?)*Cy° —u'Bu — (x°)Cx°
—[(v—-w)'B(v—u) - (y? —x?)"C(y? —x7)}(O)At
b
= f{—Zu*Bu + v*Bu + u*Bv

+2(x%)*Cx° — (y?)*Cx° — (x°)*Cy°}(t)At

b
= f{—Zu*Bu + 2Re[u"Bv] + 2(x?)*Cx° — 2Re[(y?)*Cx°}(t)At

b
= 2Re f{u*(Bv — Bu) + [(x9)" — (y")*]Cx"}(t)At)

b
= 2Re j{u*(yA — Ay — x% + Ax?)
a

+[(x9)* — (yo)* ] [—ub — A*ul} (t)At)
b
= 2Re (f{u*(yA —x®) + (y? —x%)*ub

+2i Im[u*Ax° + (y°)*A*ul} (t)At)

b
Re (f{u*(yA —x8) + (y° - x")*uA}(t)At>
b

2
= 2Re (f{[u*(yA —xM) + @ (&7 - x")}(t)At>

b
= 2Re ( f (- x)]A}(t)At)

= 2Re{w’ (D)[y(b) — x(B)] - w' (@ [y(@) - x(@]}
= 2Re{[y — xI*(u(b) - [y — 21" (@u(a)},

10



which is the conclusion we sought.

Notation (1.1.12)[1]: For the remainder of this section we denote by W (., ) the unique
(see [8]) solution of the initial value problem
wh=-AOwW, W) =1,

where r € [a, b] is given. We also write
S
F(s,1r) = f wW*(t,r)B(t)W(t,r)At.
r

Observe that W (t,r) = I provided A(t) = 0.

Lemma (1.1.13)[1]: Given are W and F as introduced in Notation (1.1.12). If (y,v) is

admissible and if r,s € T with a < r < s < b such that F(s,r) is invertible, then
S
f(v*BV)(t)At = [W(s,m)y(s) =y F(s,n)[W*(s,)y(s) — y()].
r

Proof. Under the above assumptions we define

x(t) =W (&, "{y@) + F(&,r)F (s, ) [W*(5,1)y(s) — y()]}

and

u(®) =W, NF (s, [W"(s,my(s) —y(®].

Then we have

xM) =y,  x()=y06), ut®) =-4Ou),

and
xi(0) = — W 0@, 1) (WA ) x(0) + W (0(8), IW* (6,1 B@u(t)

=W* " (a(t), IW* (£, A x() + W* (o (), I)W*(t, ) B()u(t)
=W, W (o), NI'TA®x(t) + B@®u(®)].

But

W, W (o), ] = W(a(t),r) —u@WA(t, )W (o (t), 1)
=1+ u®A*OWE, W (a(t),r)
and therefore [I — u(t)A*()]W (t,r )W ~1(a(t),r) = I so that
[I — u(®A@®)]x2(t) = A@®)x(t) + B(D)u(t)

and hence

11



x4(t) = A®)x (1) + u(®)ADxA() + B(Ou(t)
= A(t)x°(t) + B(t)u(t).
Thus (x,u) solves the special Hamiltonian system (1) where C = 0 and we may apply

Lemma (1.1.11) to F,, defined by

Folx,u) = f(u*Bu)(t)At

to obtain
Foly,v) =Folx,u) + Fo(y —x,v —u)
+2Re{u"(s)[y(s) —x(s)] —uw My () —x(M)]}
=Folx,u) + Foly —x,v —u) = Fy(x,u)

= f(u*Bu) (H)At

= [W*(s,1)y(s) =y F(r, s)[W*(s,r)y(s) — y()].
which shows our claim.
Remark (1.1.14)[1]: The assumption in Lemma (1.1.13) that F(s,r) is invertible if r < s

can be dropped in ease B is positive definite rather than positive semidefinite.

As before, we now may use Lemma (1.1.13) to derive a Lyapunov inequality for

Hamiltonian systems.

Theorem (1.1.15)[1]: [LyapunoV’s Inequality] Assume (1) has a solution (x, 1) such that
x is nontrivial and satisfies x(a) = x(b) = 0. With W and F introduced in Notation
(1.1.12), suppose that F(b,c) and F(c,a) are invertible, where

lx(c)ll = max epqpinrllx(®)]l. Let A be the biggest eigenvalue of

b
F= f Wt )BOW (L, )AL,

and let v(t) be the biggest eigenvalue of C(t). Then the Lyapunov inequality
b

fv(t)At > f
— A

a

holds.

12



Proof. Suppose we are given a solution (x,u) of (1) such that x(a) = x(b) = 0. Lemma
(1.1.11) then yields (using y = v = 0) that

b

Flxu) = j (wBu — (x®) Cx®}(E)AE = 0.

So we apply Lemma (1.1.13) twice (once with r = a and s = ¢ and a second time with
r = c and s = b) to obtain
b b

f [(x7)*Cx®](£)At = f (W Buw) (DAL

a a

c b
= j (wBu)(t)At + f (u"Bu)(t)At

> x* ()W (c,a)F~1(c,a)W*(c,a)x(c)
+x*(c)F~1(b, c)x(c)
= x"()[F~'(b,c) — F*(a,0)]x(c)
> 4x*(c)F~1x(c).
Here we have used the relation W (t,r)W(r,s) = W(t,s) (see [8 (i)]) as well as the

inequality M1 + N1 > 4(M + N)™ ! (see [6] or [19]). Now, by applying the Rayleigh-

Ritz theorem [20] we conclude

f v(t)at 2 f ”u U((>)|:|22

b

B ||x(1)||2 j v(0)(x7 () x" (At

> ”x( TE j (x° (D) C(Ox" (DAt

> o OF )




and this finishes the proof.

Remark (1.1.16)[1]: f A= 0, then W =] and F = ffB(t)At. If, in addition B = I, then
F=b—a. Note how the Lyapunov inequality f; v(t)At = (4/A) reduces to
f: p(t)At = (4/b — a) for the scalar case as discussed in Section (1.3).

Theorem (1.1.17)[1]: [Sufficient Condition for Disconjugacy of (1)] the notation from

Theorem (1.1.15), if
b

jv(t)At < %,

a

then (1) is disconjugate on [a, b].

We conclude this section with a result concerning so-called right-focal boundary

conditions, i.e., x(a) = u(b) = 0.

Theorem (1.1.18)[1]: Assume (1) has a solution (x,u) with x nontrivial and x(a) =

u(b) = 0. With the notation as in Theorem (1.1.15), the Lyapunov inequality
b

f v(t)At = %

a

holds.

Proof. Suppose (x,u) is a solution of (1) such that x(a) = u(b) = 0 with a < b. Choose
the point c in (a, b] where ||x(t)]|| is maximal. Apply Lemma (1.1.11) with y = v =0 to

see that F (x,u) = 0. Therefore,

b b c
f[(x")*Cx"](t)At = f(u*Bu)(t)At > f(u*Bu)(t)At.

Using Lemma (1.1.13) with r = a and s = ¢, we get
j(u*Bu)(t)At > [W*(c,a)x(c) — x(@)]*F~(c, ) [W*(c,a)x(c)x(a)]

=x*( )W (c,a)F1(c,a)W*(c,a)x(c)

14



= —x*(C)F_l(a; C)X(C)

— % (c) ( f Wt OBOWE AL | x(c)

> x*(c) (f W=(t,c)B(t)W(t,c)At x(c)

= x*(c)F1x(0).

Hence,

b
f [(x7) Cx°] (DAL = x* () F-1x(c),

and the same arguments as in the proof of Theorem (1.1.15) lead us to our final

conclusion.

Lemma (1.1.19)[219]: If x solves (1) and if F(x + €,) is defined, then
Flx+e)—Fx)=F(e)) + 2(e)(a+ e)xP(a + €) — 2(e) (@)x*(a).
Proof. Under the above assumptions we find

Fx +e) —F(x) — Fler)

ate

= f {(Cx+€e)? = p((x + €))% — (¢ + p(x?)?

—((x+ €)= x% +p(x + 6,7 —xM2}(t)At

= f {(Cc+ €)% —p((x + €))% = (2 + p(x?)? = ((x + €))% + 2(x + €)°x® — (x*)?

+p((x + €)9)% — 2p(x + €)% + p(x?)*} (DAL

ate

=2 f (Gt €00 — px + €)°x% + p(x®)? — ()2} (DA L

ate

_ f ((x + €)% + (x + €)°x8 — (XM2}(DA¢

a

15



ate ate

_2 f ((x + €)x — xxB}0AL = 2 j ((e1)x At

=2((x+e)(a+e)—x(a+e€))x*(a+e) —2((x + &)(a) — x(a))x*(a),

where we have used the product rule.

Lemma (1.1.20)[219]: If F(x + €,) is defined, then for any r,r+e€; € T with

as<r<r+e3<a+te

r+€;3

f ((x + el)A(t))z At >

T

((x+e)r + &) — (x+e)()’
€3

Proof. Under the above assumptions we define

_ate)lrte)-Gre)d), G e3)(x +e)() —r(x + &)(r + €3)
€3 €3 .

x(t)

We then have
x(r) = (x+e)@), x(r+€3) = (x+€)(r +€3),

(x+€&)(r+e)— (x+e)()
€3 ’

x2(t) = and x2*(¢t) = 0.

Hence x solves the special Sturm-Liouville equation (2) where p = 0 and therefore we

may apply Lemma (1.1.3) to F,, defined by

r+es3

Folx) = f 2Dt

to find
Folx +€1) = Fo(x) + Fo(er) + (e)(r +E3)xA(7" +e3) — (61)(7”)xA(7”)
= Fo(x) + Foler)

2 ?o(x)
_ f ’ {(x re)re) -G 61)(7")}2 .

(x+e)r+e) — (x+e)®)’
€3 '

and this proves our claim.
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Using the above Lemma (1.1.4), we now can show one of the main results of this
section, Theorem (1.1.3)(see [22]) .
Theorem (1.1.21)[219]: Suppose T is a time scale and a,a + € € T with € > 0. Let

p: T — R, be positive-valued and rd-continuous. If the Sturm-Liouville dynamic

equation
X2 +p()x° =0 (6)
has a nontrivial solution x with x(a) = x(a + €) = 0, then the Lyapunov inequality
ate
(HAt = 7
| pone= 2

a

holds, where f: T —» R is defined by f(t) = (t —a)(a+ € —t), and where d € T is

such that
2a+ €

2a+e€ _
2 _d|:mn{

_t+62

(t+ey) € [a,a+6]n'I[‘}.

Theorems (1.1.1) and (1.1.2) follows as special cases from Theorem (1.1.3) below

[22], it is at this point only important to know that

(i) T = R corresponds to the continuous case, and x? = x, x* = x, f;+ef(t)At =

f;+6f(t)dt, and an rd-continuous function is the same as a continuous function in
this case;
(ii) T =Z Corresponds to the discrete case, and x(t) = x(t + 1),x* = x? —x,

fa+6f(t)At = Ya+e=1 £(t), and any function is rd-continuous in this case.

In the time scales calculus, Martin Bohiner , Stephen Clark and Jerry Ridenhour
[22] that proof the concept of a zero of a function is replaced by a so-called generalized
zero, and a Lyapunov inequality leads immediately to disconjugacy criteria as presented
with an extend given done by[22] to linear Hamiltonian dynamic systems of the form

x2=AM)x° +B(t)u, ul=-C{t)x° —A*"(u, (8)

Where A,B and C are square-matrix-valued functions for complete description (see
[22]).
Theorem (1.1.22)[219]: (Sufficient Condition for Disconjugacy of (2) If p satisfies

17



ate

f p(HAt <

a

€

@ ®

then (2) is disconjugate on [a, a + €].

Proof. Suppose that (9) holds. For the sake of contradiction we assume that (2) is not
disconjugate. But then, by Lemma (1.1.8), there exists a nontrivial x with x(a) =

x(a + €) = 0 such that F(x) < 0. Using this x, we now define M by (4) to find

ate ate

M f p(DAL > j PG(OAL

ate

> f (x®2 (At

M(e)
f@’

where the last inequality follows precisely as in the proof of Theorem (1.1.3) Hence,

=

after dividing by M > 0, we arrive at

ate

j p(At =

a

€

f(@

Which contradicts (9) and hence completes the proof.

Lemma (1.1.23)[219]: If (x, u) solves (3) and if (x + €;,u + €,) is admissible, then
Fx+e,u+ey) —F(x,u) =F(€1,€4)

+2 Re[((x + el)x)*(a + e)ul(a +¢€) — (61)*(a)u(a)].

Proof. Under the above assumptions we calculate

T((x +e€),u+ 64) —F(x,u) — F(€q1,€4)

= f fu+e,Bute,—((x+€)°)C(x+¢€)° —uBu— (x°)Cx°
—[(ex)"B(€4) — ((x + €1)7 = x7)"C((x + €1)° — x?)]} ()AL

ate

= f {—2u"Bu+u+€," Bu+ u*Bu +€,
a
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+2(x%)*Cx° — ((x + €,)9)"Cx? — (x°)*C(x + €,)?}(t)At

ate

= f {—2u*Bu + 2Re[u*B(u + €,] + 2(x7)*Cx7 — 2Re[((x + €,)7)*Cx° 1} (t) At
= 2Re <T{u*(3(u +€,) — Bu) + [(x9)" — ((x + el)o)*]CxJ}(t)At>
= 2Re (76{u*((x +e)? —A(x + €)% — x2 + Ax?)
Hx ) = (e + €)Y ][—u® — A"ul} (t)At)
= 2Re <af+e{u*((x +e)? —x®) + ((x + €)% — x%) ud
+2i Im[u*Ax® + ((x + €,)%)*A*u]} (t)At)
= 2Re (T{u*((x +e)? —x®) + ((x + €))7 — x")*uA}(t)At>

= 2Re f {[u ((x + €)% = x®) + W) ((x + €))7 — x")}(t)At)

= 2Re f{[u*(el)]A}(t)At>

= 2Refu’(a + €)[e1(a + )] —u"(a)[e, (@) ]}
= 2Re{[e1]"(a + e)u(a + €) — [ ] (@)u(a)},
which is the conclusion we sought.

Lemma (1.1.24)[219]: Given W and F as introduced in Notation (1.1.12). If ((x+

€1),u+ 64) is admissible and if r,7 + €3 €T with a <r <r + €3 < a + € such that

F(r + €5,7) is invertible, then
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r+€3

f ((u+ €, B(u+¢€,))(t)At

>[W*(r+er)(x+e)r+e)— (x+e)I'Fi(r

+ &3, N[W*(r+e3,1)(x+€)(r +€3) — (x + ) ()]

Proof. Under the above assumptions we define

x() =W (6, {(x + ) ()
+ F(t,r)F 1(r+€5,n)[W*(r+e5,r)(x + ) (r + €3) — (x + e,) (M) ]}

and

u(t) =W, r)F1(r+ e, )W (r+es5,r)(x +e)(r +€3) — (x + €,)()].
Then we have
x(r)=(x+e)), x(r+e)=ylr+e)  ud(t)=-4"(Ou®),

and
X2 = — W (o (b), 1) (WA(t, r))* x(t) + W (o), IW*(t, r) B(E)u(t)

=W (a(6), HW*(t, ADx(E) + W (o), IW*(t, ) B(O)u(t)

= W, W= (o(@®), NI [A®x(®) + B(Ou(®)].
But

W, W (o), n]" = W(a(®),r) — p(eOWA(t, NIW " (a(t), 1)
=1 +u®)A*OWEt, W (a(t),r)
and therefore [I — u(t)A*()]W (¢, )W ~1(a(t),7) = I so that
[I — n(®OA®]xA () = A®)x(E) + B(Ou(t)
and hence
x4() = AOx(®) + u®ADx (1) + BOu(t)
= A(t)x°(t) + B(t)u(t).

Thus (x,u) solves the special Hamiltonian system (H) where C = 0 and we may apply

Lemma (1.1.11) to F,, defined by

r+€3

To(x;u)=.[ (w*Bu)(t)At

to obtain

20



Folx + e, u+€,) =Folx,u) + Fy(eq, €4)
+2Re{u" (r + e3)[(x + €1)(r + €3) — x(r + €3)]
—u' (M +e) () —x(M]}
= Folx,u) + Fo(€1,€4) = Folx,u)

r+e€3

- f (W Buw) (DAL

=[W*(r+e,r)(x+e)r+e3)— (x+ €)M F1(r,r
+ 63)[W*(r +e5,r)(x+e)r+e)—(u+ 64)(7‘)].
which shows our claim.
Theorem (1.1.25)[219]: [LyapunoV’s Inequality] Assume (1) has a solution (x,u) such
that x is nontrivial and satisfies x(a) = x(a + €) = 0. With W and F introduced in
Notation (1.1.12), suppose that F(a + €, ¢) and F(c, a) are invertible, where

lx(Il = ,

mx x(E)|l.
E[a,a+e]n”ﬂ"” ()”

Let A be the biggest eigenvalue of

ate

sz W(t,c)B(t)W(t, c)At,

and let (u + €4)(t) be the biggest eigenvalue of C(t). Then the Lyapunov inequality

ate

j (u+ €,) (ALt = %

a

holds.

Proof. Suppose we are given a solution (x,u) of (H) such that x(a) = x(a +¢€) = 0.

Lemma (1.1.11) then yields (using u + €, = 0) that

ate

Fx,u) = f W' Bu — (x7) Cx } ()AL = 0.

So we apply Lemma (1.1.13) twice (once with r = a and r + €3 = ¢ and a second time

withr = cand r + €3 = a + €) to obtain

ate

j [(x7)*Cx®](£)At = f (0 Buw) ()AL
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ate

f (w Bu)()AE + f (uw Bu) (At

> x*(c)W(c,a)F1(c,a)W*(c,a)x(c)
+x*(c)FY(a + ¢ ¢)x(c)
=x*(¢)[F Y(a+¢€,c)— F(a,c)]x(c)
> 4x*(c)F~x(c).
Here we have used the relation W(t,r)W (r,r +€3) = W(t,r +€3) (see [6]) as well as
the inequality M~ + N1 > 4(M + N)™! (see [11] or [21]). Now, by applying the

Rayleigh-Ritz theorem [17] we conclude

ate

j (u + €4 (DAt = f —l:f;((ct))l:L At

a

ate

- Ix( NE f (u+ ) (O (x° (D) x° ()AL

ate

1 *
> ST f (x° (D) C(Ox° (DAt

> ! 4x*(c)F 1
2 O x*(c)F~*x(c)

x*F 1x
=

35

i n
#0 X*x

Y NN

-

and this finishes the proof.
Theorem (1.1.25)[219]: Assume (1) has a solution (x,u) with x nontrivial and
x(a) =u(a+¢€) =0. With the notation as in Theorem (1.1.15), the Lyapunov

inequality
ate

j (u+ €,) (At = %

holds.
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Proof. Suppose (x,u) is a solution of (1) such that x(a) = u(a + €) = 0 with € > 0.
Choose the point ¢ in (a,a + €] where ||x(t)]| is maximal. Apply Lemma (1.1.11) with

X+ €, =u+ €, = 0toseethat F(x,u) = 0. Therefore,

f [(x")*Cx"](t)Atzf (u*Bu)(t)At > f(u*Bu)(t)At.

a

Using Lemma (1.1.13) withr = a and r +€5= ¢, we get
j(u*Bu)(t)At > [W*(c,a)x(c) — x(@)]*F~(c, ) [W*(c,a)x(c)x(a)]

=x*( )W (c,a)F~1(c,a)W*(c,a)x(c)

= —x*(c)F~'(a, c)x(c)
-1

— % (c) f Wt OBOWE AL | x(c)

a+e -1

> x*(c) fW*(t,c)B(t)W(t,c)At x(c)

= x*(c)F1x(c).

Hence,

f [(x2)*Cx°](t)At = x*(c)F1x(c),

a

and the same arguments as in the proof of Theorem (1.1.15) lead us to our final

conclusion.

23



Section (1.2): Discrete Linear Hamiltonian Systems:

The continuous Hamiltonian system, in the case of two scalar linear differential
equations, has the form (see, for example, [24, 25])
y'(@®) =JH@®y(@), tER, (10)
in which

y(b) = yl(t)] ]:[o 1] H(t):[hll(t) hyy (0)
’ -1 ol

y2(t) hy1(8)  ha (D))
where hjk(t),j,k = 1,2, are real-valued piece-wise continuous functions defined on R
and hq,(t) = h(t).
The vector equation (6) will be written as

y1 = ha1 Oy + h 22(0)y2, y2 = —h11(©)y; — hi2(O)y2
or setting y;(t) = x(t), y(t) =u(t), and hy,(t) = hy1 () = a(t), ha2(¢) = b(2),
hy1(t) = c(t), it can be rewritten as

x' =a(t)x + b(t)u, u' =—c(t)x —a(t)u, t € R (11)
We remark that the second-order differential equation

[p@®Ox" (O] +q(Ox() =0, teR, (12)

in which p(t), q(t) are real-valued functions and p(t) # 0 for all t € R, can be written
as an equivalent Hamiltonian system of type (7). Indeed, let x(t) be a solution of (8) and
set p(t)x'(t) = u(t). Then we have

1
x' = —1U, u' = —q(t)x.
s q(t)

So, (8) is equivalent to (7) with

1
a(t) =0, b(t) = ﬁ’ c(t) = q(t).

In the proceeding, an elementary proof of the following theorem is given.

Theorem (1.2.1)[23]: In view of the notations described above, assume that b(t) = 0
for all t € R and assume (7) has a real solution (x, u) such that x(a) = x(8) = 0 and x
is not identically zero on [a,fB], where a,f € R with a < . Then the Lyapunov

inequality
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a B B 1/2
fla(t)ldt+ fb(t)dt-fc+(t)dt > 2 (13)
B

a a
holds, where ¢, (t) = max{c(t), 0} is the nonnegative part of c(t).
An introduction to the theory of Lyapunov type inequalities and their
applications can be found in the survey paper of Cheng [26].
As it is well known (see [27-28]), an adequate form of the discrete Hamiltonian
system corresponding to (7) is
Ax(t) = a(®)x(t+ 1) + b(Du(t), Au(t) = —c(@®)x(t+1) —a®)u(t), tE€Z (10)
where A denotes the forward difference operator defined by Ax(t) = x(t + 1) — x(¢t),
with the coefficient a(t) satisfying the condition
1—a(t) #0, t €Z. (14)
Notice that the second-order difference equation
Alp(H)Ax(t)] + q(O)x(t + 1) =0, tEeZ, (15)
where p(t) # 0 for all t € Z, can be written as an equivalent discrete Hamiltonian
system of type (10). Indeed, let x(t) be a solution of (12) and set A(t)Ax(t) = u(t).

Then we have

Ax(t) = %u(t), Au(t) = —q(t)x(t + 1).
So, (12) is equivalent to (10) with
1
a(t) =0, b(t) = m, c(t) = q(t).

Concerning system (10), besides taking into account (11), we will also assume
that the functions a(t), b(t), and c(t) are real valued and
b(t) =0, t eZ. (16)
Foreacht € Z, let us set
¢, (t) = max{c(t),0}. 17)
In the discrete case, instead of the usual zero, the concept of generalized zero, which is
due to Hartman [29], is used. A function f : Z — R is said to have a generalized zero at
ty € Z provided either f(t,) = 0 or f(ty — 1)f(t,) < O.
The main results of this section are the following theorems.
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Proof. Multiplying the first equation of (7) by u and the second one by x, and then
adding the results, we obtain
(xw)’ = b()u? — c(t)x?.

Integrating the last equation from a to f and taking into account that x(a) = x(8) = 0
yields

B B

f b(OUA(E) dt = j c(t)x2(t) dt. (18)

a

a

Choose T € (a, B) such that

lx(0)| = Ogé%lx(t)l-

Since x is not identically zero on [a,B], we have |x(t)| > 0. Integrating the first
equation of (7) initially from a to t and then from 7 to 8, and taking into account that
x(a) = x(B) = 0, we get, respectively,

T T B B

x(1) = fa(t)x(t)dt+fb(t)u(t)dt, —x(71) =fa(t)x(t)dt+fb(t)u(t)dt.

a a T T
Hence, employing the triangle inequality gives

T T B B
X1 < [1e@Ik@lae + [ bOR@lde, :@1 < [1e@Ix@lae + [ bOlulde.
a T

a T

Adding these last two inequalities gives rise to

B B
2lx(D)] < f|a(t)||x(t)|dt+fb(t)|u(t)|dt. (19)
T T
On the other hand, applying the Cauchy-Schwarz inequality and using (15), we have
g g 12 g 1/2
f b(O)u(®)] < j b(D)de! - j b (e)dt
a a a
g 12 g 1/2
_ j b(O)des - f (O (O)dt
a a
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B 1/2 B 1/2
< f b(t)dt - f cy (Dx2(t)dt

Therefore, we get from (16)

8 8 /2 . 1/2
21x(0)] Sfla(t)l-lx(t)ldt+ jb(t)dt - jc+(t)x2(t)dt
B B B 1/2
< x| fla(t)ldt+ jb(t)dt-fc+(t)dt

Dividing the latter estimate by |x(7)|, we get the desired inequality (9).

Theorem (1.2.2)[23]: Let a, f € Z with a < 8 — 2. Assume (10) has a real solution
(x,u) such that x(a) = x(B) = 0 and x is not identically zero on [a, B]. Then the
inequality

B2 1/2

B2 -1
ZIa(t)|+ Zb(t)-zc+(t) >2 20)

t=

holds.

Proof. Multiplying the first equation of (10) by u(t) and the second one by x(t + 1),
and then adding, we get

Alx(®Du(t)] = b()u?(t) — c(t)x?(t + 1). 21
Summing the last equation from a to f — 1 and taking into account that x(a) =

x(B) = 0, we obtain

p-1 p-1
0= ) b(®Ou?@t)— ) c(®)x?(t+1).
Since x(B) = 0, we have
p-1 B-2 p-2
b(®Hu?(t) = c®)x?(t+1) < ) c,(O)x?(t+1). (22)
Choose T € [a + 1, 8 — 1] such that
x(@)] = mx %Ol
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Then |x(7)| > 0. Summing the first equation of (10) at first from a to T — 1 and then

from 7 to f — 1, we get, respectively,

-1 pL-2 B-1
x(1) = Z a(Ox(t + 1) + Z b(Ou), —x(1) = Z a(Ox(t+1) + Z b(Ou(t).

Passing here to the modulus, we have

T— -1
(@1 < ) 1a(®] - 1x(e + DI+ ) bOIu®,

B-2 B-1
x(0)] < Z|a(t)| (e + DI + Z bOIu(®)].

Adding these inequalities implies

B-2 B-1
20x(@] < ) la(®] - Ix(c + DI+ ) b@O (O 23)
t=a t=a
On the other hand, applying the Cauchy-Schwarz inequality and using (19), we have
g1 g1 12 g4 1/2
> @] < Z O - Z b(©u?(©)
t=a = =a
< 2 b() Z e, (Ox2(t + 1)
t=a
Therefore, we get from (19)
B-2 /2 rp_> 1/2
20x(0)] < Z ()] - et + D)l + Z BOF ) e @x+ D)
t=a

B2 -1 B2 1/2
<@ | Y @1+ Y b® - > e,®

Dividing the latter inequality by |x(7)|, we obtain inequality (17).
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Theorem (1.2.3)[23]: Suppose
1—a(t) >0, b(t) >0, for all € Z, (24)
and let @, € Z with a < — 2. Assume (10) has a real solution (x,u) such that
x(a) = 0,x(B — 1)x(B) < 0. Then the inequality
B2 B2 1/2

B2
ZIa(t)|+ Zb(t)-Za,(t) >1 (25)

t=

holds.
Proof. Choose 7 € [@ + 1, 8 — 1] such that
Ix(D)] = a“rgg;%_llx(t)l-

Then |x(7)| > 0. Summing the first equation of (10) from a to 7 — 1 and taking into

account that x(a) = 0, we get

-1 -1
x(1) = Z a(O)x(t + 1) + Z b(Ou().
Hence,
-1 -1
lx(7)| < Zla(t)l x(t+ DI+ ) b@)|u(t)]
- bz
< > la@)|-[x(t + DI+ ) bOIu®) 26)

1/2 /2

B-2 B-2 B-2 !
< Dla@l- Ikt + DI+ e 1> buro

Now summing equation (18) from a to f — 2 and taking into account that

x(a) = 0, we obtain

B-2 B-2
x(B = DuB =1 = ) bOWO - ) c@x*(t+1D). @7

Further, from the first equation of (10), we have, fort = — 1,

[1—a(@—-D]x(B)=x(F—-1)+b(B—DulB-1).
Multiplying this by x(8 — 1) yields
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[1-a(B - D]x(B - Dx(B) =x*(B—1) +b(B - Dx(B - Du(B - 1).
Since x(B —1)x(B) <0, in view of (21), the above latter equality gives rise to
x(B — Du(B — 1) < 0. Therefore, from (24) the inequality

B-2 B-2 B-2
2 b(OU(E) < Z c(Ox2(t+1) < Z e, (Ox2(t + 1)

t=a t=a
follows. Employing this last string of relations, inequality (23) gives
g2 f-2 12 p_p 1/2

@I Y la@®]- xE+ DI+ Y b 1) c@x?C+D

t=a

g2 1/2

B-2 B2
< @I ) 1a®1+4 > b© - ) er®

=a
Hence, dividing by |x(7)| we obtain inequality (22).

Theorem (1.2.4)[23]: Suppose condition (21) holds and let a,f € Z with a < f — 1.

Assume (10) has a real solution (x,u) such that x(a@ — 1)x(a) < 0,x(8) = 0. Then the

inequality
B-2 B-1 B-2 1/2
Zla(t)|+ Zb(t)- Z b >1 28)
t=a t=a t=a-1

holds.

Proof.

Choose T € [a, 8 — 1] such that
lx(0)| = asrggé(_llx(t)l :

Then |x(7)| > 0. Summing the first equation of (10) from 7 to f — 1 and taking into

account that x(B) = 0 yields

B-2 -1
x(1) = — Z a(Ox(t+1) + Z b(Ou(t).

Hence,
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B-2 B-1
x@I < ) la@I- e+ DI+ ) O

B-2 B-1
< ) 1a®]- Ix(t + DI+ ) bO ()| 29

/2 /2

p-2 p-1 Y2 (p-1 '
< Dla@l- e+ DI+ e 1Y buro

Now summing equation (18) from ¢ — 1 to f — 1 and taking into account that

x(B) = 0, we obtain

-1 B2
—x(a—Du(f—-1) = b(t)u?(t) — c()x?(t+1
(@ — Du(g — 1) ;1() ® t;_lo (t+1)
or
B-1 B2
—u(a — Dx(a—1) + b(a — Dula — 1)] = Z b(OUR(E) — Z c(O)x2(t + 1) . (30)

Further, from the first equation of (28), we have, fort = a — 1,
[1—a(a—1D]x(a) =x(a—1) + b(a — Du(a —1). (31D
Multiplying this by x(a — 1) gives that
[1—a(a—D]x(a—Dx(a) =x*(a—1) + b(a — Dx(a — Du(a — 1).
Since x(a — 1)x(a) < 0, by (21) it follows from the above latter equality that
x(a—Du(a—1) <0. (32)
Now our aim is to show that
u(a—1D[x(a—1)+b(a—Du(a—1)] >0 (33)
holds. Indeed, multiplying (28) by u(a — 1) gives
[1—ala—D]x(@)u(a—1) =ula — D[x(a—1) + b(a — Du(a — 1)]. (34)
On the other hand, it follows from x(a — 1)x(a) < 0 and (29) that x(a)u(a — 1) > 0.
Therefore, the left-hand side of (31) is positive, and hence, (30) is true.

By virtue of (30), the string of inequalities

p-1 B2 B2
Zb(t)uz(t)< Z c(Ox2(t+1) < 2 e, (Ox2(t + 1)
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follows from (27). As a result of these last relations, from (26) we have

p—2 f-1 1/2 g2 1/2
x@I< D la@®]- Ixt+ DI+ Y b ] > e@x?C+D
t=«a t=a t=a—1
B2 p-1 B2 1/2
<@ 1a®1+ > b©- ) e(®)

Hence, dividing the last estimate by |x(7)|, we get inequality (25).

Theorem (1.2.5)[23]: Suppose
1—a(t) >0, b(t) >0, c(t)>0, for all € Z, (35)
and let a,f € Z with a < — 1. Assume (10) has a real solution (x,u) such that
x(a —1x(a) < 0and x(B — 1)x(B) < 0. Then the inequality
/2

p-2 p-1 p-2 1
Z la(o)] + 2 b(t) - Z c®t >1 (36)

t=a-1 t 1 t=a-1

holds.

Proof.
(1) First, we assume thatx(t) # 0 forall t € [a, B — 1]. Denote by S, the smallest
integer in [a, B] such that 8, # a and
x(Bo — Dx(Bo) <O0. (37)
Then x does not have any generalized zero in [a + 1,8, — 1], and without loss of
generality we may assume that
x(t) >0, for all € [a, By, — 1]. (38)
Then we will have
x(a—1) <0, x(By) < 0. (39)
Let s € [a — 1, By — 1]. Summing the second equation of (10) first froma —1tos—1

and then from s to 5, — 2, we get
s—1 s—1

u(s) —ula—1) = Z c(Ox(t +1) — Z a(®) u(o), (40)
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Bo—2 Bo—2
w(@—1) —u(s) = — Z c(O)x(t + 1) — Z a(®) u(t), 41)

t=s t=a—1
respectively. Notice that for s = @ — 1 we write solely (38), and for s = , — 1 only (37)
is written.
Let us now show that
u(a—1) >0, u(Bo—1) <O. (42)
Indeed, from the first equation of (26), we have
[1—a(t)]x(t+ 1) =x(t) + b(t)u(t).
Multiplying this last equation by x(t) gives
[1—a®)]x(®)x(t+1) =x2(t) + b()x(®)u(t),
where settingt = a — 1 and t = , — 1, respectively, yields
[1—a(a—D]x(a — Dx(a) =x*(a—1) + b(a — Dx(a — Du(a — 1),
[1—a(Bo — D]x(Bo — Dx(By) = x*(Bo — 1) + b(Bo — 1x(Bo — Du(By — 1).
Using the inequalities x(a — 1)x(a) < 0,x(By — 1)x(By) < 0, and (19), we get from
the above latter equalities the estimates
x(a—Dula—1) <0, x(Bo—Du(By—1) < 0. (43)
Hence, taking into account x(a@ — 1) < 0 and x(B, — 1) > 0, we obtain (39).
Employing (37) if u(s) < 0 and whenever u(s) > 0 using (38), and also taking

into account (39), we get

Bo—2 Bo—2
@< Y @i+ DI+ ) la®]- @)l
t=a-1 t=a-1
Bo—2 1/2 Bo—2 1/2 Bo—2
< Z b Z cOR2E+1D + Z la(®)] - [u(®)]. (44)

Next, summing equation (18) from a — 1 to ff; — 1 gives

Bo—2 Bo—1
x(B)u(Bo) —x(a = Du(@— D= > bOWO ~ ) c@x*+1)

or
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Bo—1 Bo—2
x(BuBo) + ¢(Bo = Dx(B)] — x(@ = Dula =D = > bOWH©) = Y c(®x*(t+1).(45)

t=a-1 t=a-1

We proceed to show that
x(Bo)[u(Bo) + c(Bo — Dx(Bo)] > 0 (46)
holds. Indeed, from the second equation of (10) we have, fort = f, — 1,
[1—a(Bo— DIu(Bo— 1) =uBo) + c(Bo — 1) + x(y),
which upon multiplication by x(8,) yields
[1—a(Bo — D]u(Bo — Dx(Bo) = x(Bo)[u(Bo) + c(Bo — Dx(Bo)]. (47)
On the other hand, from the inequalities x(B8, — 1)x(B,) < 0 and x(By — Du(By —
1) <0, it follows that u(B, — 1)x(By) > 0. Therefore, (43) follows from (44).
By virtue of (40) and (43), from (42) the inequality

Bo—2 Bo—1
c®)x?(t+1) < b(t)u?(t)

follows. In view of (41), the last estimate above yields

Bo 1/2 Bo—-1 1/2 Bo—2
[u(s)| <{Z c(t>} {Z b(t)uZ(t)} > la®l- @], @8)
t 1 t=a-1

=a— t=a-1
foralls € [a—1,B, — 1].
Choose sy € [ — 1, 8, — 1] such that

lu(so)l = a_lrsrgsﬁo_llu(S)l :

Then |u(sy)| > 0 and from (45), we have

Bo—2 Bo—1 /2 gy-2
[u(so)] < [u(so)] {Z - ) b(t)} > la@l|.
t=a-1 t=a-1 t=a—-1

Hence, dividing by |u(sy)| we get

Bo-1 1/2 Bo—2
1 <{ Z c(b) Z b(t)} Z (o).
t= t=a—1

-1 t=a-1

Since o < B, from the latter inequality follows inequality (20).
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(I1) Second, we consider the case when x(t,) = 0 for some t, € [a + 1,8 — 2].

In this case, applying Theorem (1.2.3) to the points t, and 3, we get the inequality

1/2

B-2 -2 B-2

Zla(t)l + z b(t) - 2 c®)t >1.

t=to t=tg t=tg
Therefore, inequality (20) holds in this case as well.
Corollary (1.2.6)[23]: Suppose

1—a(t) >0, b()>0c(t)>0, for all € Z,

and let @, € Z with @ < 8 — 2. Assume (10) has a real solution (x,u) such that x has
generalized zeros at @ and 8, and x is not identically zero on [a, 8]. Then the inequality

B2 /2

B-1 B-2 1
Z la(®)] + Z b(e) - Z col >1

a—-1 t 1 t 1

t

holds.

Let @, f € Z with @ <  — 2. Consider the discrete linear Hamiltonian system
Ax(t) = a(t)x(t + 1) + b()u(t), Au(t) = —c(®)x(t+ 1) —a®)u(t), te[a Bl (49)
We will assume that the coefficients a(t), b(t), and c(t) are real-valued functions
defined on [a, B], and
1—a(t) >0, b(t) > 0, for alk € [a, B]. (50)
Note that each solution (x, 1) of system (46) will be a vector-valued function defined on
[, B + 1].

Now we define the concept of a relatively generalized zero for the component x
of a real solution (x,u) of system (46) and also the concept of disconjugacy of this
system on [a, B + 1]. The definition is relative to the interval [, 8 + 1] and the left
end-point « is treated separately. We say x [or (x,u)] has a relatively generalized zero
at a if and only if x(a) = 0, while we say x has a relatively generalized zero at t, > «
provided either x(ty,) = 0 or x(t, — 1)x(t,) < 0. Finally, we say that system (46) is
disconjzlgute on [a, B + 1] provided there is no real solution (x, 1) of this system with x

nontrivial and having two (or more) relatively generalized zeros in [a, 8 + 1],
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Notice that under condition (47) above, given definitions of a relatively
generalized zero and of disconjugucy are equivalent to those given in [30, 31].
Let us set ¢, (t) = max{c(t), 0}, that is the nonnegative part of c(t).

Theorem (1.2.7)[23]: Assume condition (47) holds. If

1 1/2
a

B-1 B B
Zla(t)|+ Zb(t)-zc+(t) <1. (51)

t=

then (46) is disconjugate on [, 8 + 1].

Proof. Suppose, on the contrary, that system (46) is not disconjugate on [a, 8 + 1].
Then there exists (see [30, 31]) a real solution (x,u) of (46) with x nontrivial and such
that x(a) = 0 and that x has a generalized zero B, in [a + 1,5 + 1]. We will have
Bo > a + 1 and either x(B,) = 0 or x(By — 1)x(By) < 0. Therefore, applying Theorems
(1.2.2) and (1.2.3), we get

Bo—2 Bo—1 Bo—2 1/2
Z la(O)] + Z b(t) - Z b >1
t=x t=a t=a

This contradicts condition (48) of the theorem.

Consider the discrete linear Hamiltonian system
Ax(t) = a(®)x(t+ 1) + b(Ou(t), Au(t) = —c(@®)x(t+1) —a®)u(t), t € Z.(52)
Let the coefficients a(t), b(t), and c(t) be. real-valued functions defined on Z and
1—a(t)#0, foralteZ (53)
In addition, we assume that the coefficients of (49) are periodic,
a(t+N) =a(t), b(t+N)=b(t), c(t+N)=c(t), teZ, (54)
where the N > 2 is fixed integer (period).
We first present some facts about the discrete Hamiltonian system (49) with

periodic coefficients (51) that will be necessary for the subsequent discussions. Setting

1=[% o Ho =[98, e =T e =[CEY]

a(t) b)) — lu@® u(t)
we can write system (49) in the vector form
Ap(t) =JH(O)’ (), tEL (55)
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Let us seek a nonzero complex number p and a nontrivial solution ¢ of (52) such that

p(t+ N) =pep(t), t €Z. (56)
Denote by
p©=[20] and w0 =[2
the solutions of (52) under the initial conditions
x1(0) =1, uy(0) =0; x%,(0) =0, u,(0) =1, (57)
and set
*O =lp® @01 =[10) T (58)
Then
AD(t) = JH(t)D(t), tEeZ, (59)
®(0) =1, (60)
where
O el 1=b i
The general solution ¢(t) of (52) will have the form
@(t) = 1901 (8) + c2002(8) = D(D)c, (61)

where c;,c, are arbitrary complex constants and c¢ is a column vector with the
components ¢; and c,.
Substituting (58) in (53), we obtain
®d(t+ N)c = pP(t)c, t €. (62)
On the other hand,
d(t+ N) = (t)P(N), t € Z. (63)
Indeed, because H(t + N) = H(t), the left and right sides of (60) are solutions of the
matrix system (56), and for t = 0 they coincide. Then by the uniqueness of solution,
equality (60) holds.
Since detd(t) = 1, the matrix ®(t) is invertible for all t € Z. Therefore, from
(59) by (60) we get
®(N)c = pc.
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Thus, in order that the vector function cp defined by (58) be a nontrivial solution
of (52) satisfying (53), it is necessary and sufficient that p be an eigenvalue and ¢ be a
corresponding eigenvector of the matrix ®(N).
The matrix ®(N) is called the monodromy matrix of system (49). The
eigenvalues of the matrix ®(N), i.e., the roots of the algebraic equation
de{®(N) — pI] =0, (64)
are called the multipliers of (49).

Equation (61) can be written as the quadratic equation

p?—Dp+1=0, (65)
where
D = x;(N) + u,(N). (66)
The roots of (62) are defined by
1
prs = 5(D +/D2 —4). 67)

Definition (1.2.8)[23]: System (49) is said to be
(i) unstable if all nontrivial solutions are unbounded on Z,
(i) conditionally stable if there exists a nontrivial solution which is bounded on Z,
and
(iii) stable if all solutions are bounded on Z.
Since the coefficient of (52) and the initial conditions (54) are real, the solutions
@1(t), p,(t), and hence, the number D defined by (63) will be real. The following

statement can be proved in the standard way (see [24,25,32]).

Lemma (1.2.9)[23]: System (49) is unstable if |[D| > 2, and stable if [D| < 2. If |D| = 2,
then system (49) will be stable in the case u;(N) = x,(N) = 0, but conditionally stable

and not stable otherwise.

Theorem (1.2.10)[23]: If
(i) 1—a(t) >0, b(t) =0, c(t) <0, (68)

(i) ﬁ;n ﬁ AL IOLIO) [
t=11_a(t)_ ’ L 1—a(t) ’
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then system (49) is unstable.

Proof. Our aim is to show that under the hypotheses of the theorem, the inequalities

x;(N) =1, u,(N) > 1 (70)
hold. Then D = x;(N) + u,(N) > 2 will be obtained, and therefore, by Lemma (1.2.9),
system (49) will be unstable.

The matrix system (56) can be written as

d(t+1) =M()D(t), tEeZ, (71)
where
1 b(t)
_[my (1) my (0] |1 —a(t) 1—a(t)
MO =@ mo®l ™| e ) poco| 7P
—an ‘O T

Conditions (51), (65), and (66) are, respectively, equivalent to
m;;(t + N) = my;(¢), ij=1,2.

mq1(t) >0, mq,(t) =0, m,q.(t) =0, my,(t) >0

N N
Hmll(t) > 1, Hmzz(t) > 1. (73)
t=1 t=1

From (68) taking into account (57), we have
®(N) =M(N —1)M(N — 2)--- M(0).
Hence, by (69) and (55), it follows that

N-1 N N-1 N
aW = | [ma@=] [m©,  ww =] [mo =] [mo.

Consequently, by (70) inequalities (67) hold. The theorem is therefore proven.

Theorem (1.2.11)[23]: Suppose
1) b)) >0, c(t) >0, b(t)c(t)—a?) =0, b(t)c(t)—a?(t) 0, tE€Z (74)

N N N 1/2
(i) Zla(t)l +{ by + Z b(t)] Z c(t)} <1 (75)
t=1 t=1 t=1

where
by, = max{b(1),b(2),...,b(N)}. (76)
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Then system (49) is stable.

Proof. It is sufficient by Lemma (1.2.9) to show that D? < 4. Assuming on the contrary
that D? > 4 will lead to contradiction.

First, we prove the following lemma.

Lemma (1.2.12)[23]: If D? > 4, then system (49) has a real nontrivial solution (x,u)

such that x has a generalized zero in [1, N].

Proof. If D? > 4, then it follows from (64) that system (49) has a real nontrivial solution
(x,u) such that
x(t+N) =px(t), u(t+N)=pu(t), tEeZ, (77)

where p is a nonzero real number. Now we show that x(t) must have at least one
generalized zero in the segment [1, N]. If not, then by (74), x(t) does not have any
generalized zeroin Z, so x(t) # 0 and x(t — 1)x(t) > 0 forall t in Z.

Multiplying the first equation of (49) by u(t) and the second one by x(t), and
then subtracting, we get
u(t)Ax(t) — x(®)Au(t) = a(t)x(t + Du(t) + b()u?(t) + c®)x(®O)x(t + 1) + a(®)x(t)u(t).

Hence, substituting

= 1 b(t)
X'(t+ )—1_—a(t)x 1_—a(t)u

in the right-hand side of the previous equation and then dividing both sides by

(&) + )

x(t)x(t + 1), we obtain

A [u(t) _c@®x?(@®) + [2a(t) — a®(t) + b(t)c(O)]x(®)u(t) + b()u?(t)

x| [14+a(®)]x(®)x(t+ 1)
Summing the latter equation from 1 to N and taking into account that, by (74),

u(N+1) u(1) B pu(l) u(1) B
x(N+1 x(1D) px(1) x(1)

we get

N

c(®)x?(t) + [2a(t) — a®(@®) + b®)c(®]x(®)u(@) + b(Ou(t) .
2 [1—a(®)]x(©)x(t+ 1) =0 (78)

t=1
From (72) and b(t) > 0,c(t) > 0, it follows that
la(t)] <1, 0<b(t)c(t) <1, t €Z.
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Therefore, 1 — a(t) > 0 and the denominator of the fraction under the sum sign in (75)

is positive. The numerator is equal to

1
cx? + dxu + bu? = E{(dx + 2bu)? + (4bc — d?)x?},

where
d =2a—a? + bc.
On the other hand,
4bc — d? = (bc — a®)[(2 — a)? — bc].
Hence, taking into account that
bc —a? >0, 2—a>1, 0< bc<1,

we get 4bc — d? > 0 and 4bc — d? # 0. Therefore, the numerator of the fraction under
the summation sign in (75) is nonnegative and not identically zero, since (x,u) is
nontrivial. Consequently, equation (75) leads to a contradiction, and hence, the lemma
is proven.

Let (x,u) be a solution of system (49) indicated in Lemma (1.2.12). So, x(t) has
at least one generalized zero a in [1, N]. From (74), we get that x(t) will also have a
generalized zero at a + N. Applying Corollary (1.2.6) formulated in the Introduction to

the solution (x,u) and the pointsaand f = a + N, we get

a+N-2 a+N-1 a+N-2 1/2
2 |a(t)|+{ 2 b(t) Z } > 1. (79)
t=a—-1 t=a—-1 t=a—-1
Next, noticing that for any periodic function f(t) on Z with period N the equality
t0+N—1 N
PIWCEDWIG
t=to t=1
holds for all t, € Z, we have
a+N-2 a+N-2 N
> la®)l = Z|a(t>| > =) c®
t=a—-1 t=a—1 t=1
a+N-1 a+N-1
Z b(e) = b(a—1) + Z b(t) = b(a —1) +Zb(t) < b, +Zb(t)
t=a-1 t=a—-1

where b, is defined by (73). Consequently, it follows from (76) that
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N N 1/2
by + Z b(t)] : Z c(t)} > 1.
t=1 t=1

This last inequality contradicts condition (72). Therefore, the inequality D? > 4 cannot

N
}]aan+{

t=1

be true. Thus, D? < 4 and system (49) is stable. The theorem is thus proven.

Consider the continuous linear Hamiltonian system (7) in which a(t), b(t), and
c(t) are real-valued piece-wise continuous functions defined on R and periodic with a
period w > 0,
a(t+w) =a(t), b(t+w)=>b(t), c(t+w)=c(t), t eR.

Applying Theorem (1.2.1), we can prove the following statement: if

A  b®)>0 c(t)=0, b(t)c(t)—a?t) =0, t ER, (80)

(i) b()c(t) —a?(t) 0, (81)
w w w 1/2

(i i la(t)|dt + { b(t)dt - c(t)dt} <2, (82)
Jroenacs o |

then system (7) is stable.
Indeed, if system (7) is not stable, then this system has a real nontrivial solution
(x,u) such that
x(t+w) = px(t), u(t+ w)=pul(t), t € R, (83)
where p is a real nonzero number. Now we show that x(t) must have at least one zero
in the segment [0, w]. If not, then by (80), x(t) # 0 for all t € R. Multiplying the first
equation of (7) by u(t) and the second one by x(t), and then subtracting, we get
u(®)x'(t) — x(Ou'(t) = c(®O)x2(t) + 2a(t)x(O)u(t) + b(t)u?(t).
Hence, dividing both sides by x2(t), w e obtain
[u(t) ' _c®x*(@®) + 2a®)x@Ou(t) + b(O)u(t)
x(t) x2(t) '
Integrating the latter equation from 0 to w and taking into account that, by (80),

u(w) _u(®) _pu(0) u(®) _
(@) %0 @ x©

we get
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w

j c(®)x2(t) + 2a(t)x(®O)u(t) + b(t)u?(t)
dt =
x2(t)

0. (84)
0

On the other hand,
1
cx? + 2axu + bu? = E{(ax + bu)? + (bc — a?)x?}.

Therefore, equality (81) cannot be true, since (x, 1) is nontrivial.

Thus, x(t) has at least one zero a in [0, w]. From (80), we get that x(t) will have
a zero also at a + w. Applying Theorem (1.2.1) to the points ¢ and f = a + w, and
taking into account the fact that for any periodic function f(t) on R with period w, the

equality

t0+(1) w

t{ f(t)dtzoff(t)dt

holds for all t, € R, we obtain

13 w 1/2

fwla(t)ldt+{f b(t)dt-fc(t)dt} > 2.

0 0

The latter inequality contradicts condition (79). Therefore, system (7) must be stable

under conditions (77)-(79).

Consider the discrete linear Hamiltonian system with constant coefficients

Ax(t) = ax(t + 1) + bu(t), Au(t) = —cx(t + 1) — au(t), teZ, (85)
where a, b, and c are real constants and 1 — a # 0. This case corresponds to the value
N = 1 of the period.

System (82) can be written as the vector equation

p(t+1) =Mp(), tE€Z, (86)
where
1 b
_[x(®) |l 1-a 1—a
(t)_[u(t)’ M= e . bc
1—a 1—a

It follows from (83) that
@) =M'@(0), tEeLZ
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Therefore, if the matrix M has two distinct eigenvalues with the modulus 1, then all
solutions of system (82) will be bounded on Z.

The eigenvalues of the matrix M are defined as the roots of the quadratic

equation
A+Ar+1=0, (87)
where
a=beme (88)
1—a

Since the roots of (84) are defined by
Ay = %(—A T4z -4),
the matrix M will have two distinct eigenvalues with the modulus 1, provided
—2<A<K?2. (89)
From (85), it follows that (86) will be satisfied, if
bc—a®*>0 and |a|+Vbc<2. (90)

So, if conditions (87) are satisfied, then system (82) is stable. This result is better than

the result given by Theorem (1.2.11).

Systems (7) and (10), in general, may have a nontrivial solution (x, 1) such that x
is identically zero on any interval. Indeed, for

al®)=-1, c(t)=0 u(t)=et (t € R),

2(t—Pe7?, t>pB, (t—pB)2et, t>B,
b(t) =<0, 0<t<p, x(t)=<0, 0<t<p,
2te 2t t <0, t?et, t<0,

where [ is an arbitrary positive real number, system (7) will be satisfied. The statement

of Theorem (1.2.1) is not true for the solution (x, u) and the points 0 and B, if 8 < 2.

Also, for
a(t) =-1, c(t)=0, u(t)=2¢ (t € D),
2t, t=>p+1,
-B+1 _
b©=lo  ostsp-1 (t)—{o’ Ost=p
I e stsp-1 =1, teZ-[0,p],
-2, t=—1,
27 t< -2,
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where § > 1 is any integer, system (10) will be satisfied. The statement of Theorem
(1.2.1) is not true for the solution (x, u) and the points 0 and 3, if B = 2.
However, if b(t) # 0 for all t, then for any nontrivial solution (x,u) the

component x cannot be identically zero on any interval containing two or more points.

Section (1.3): LyapunoV’s Inequality on Time Scales:

The classical Lyapunov inequality [34] is stated as follows:

Theorem (1.3.1)[33]: Let p € C([C, d], [0, 00)). If y(t) is a nontrivial real-valued solution
y(t) of

y"'(@®) +p@)y@) =0
satisfying y(c) = y(d) = 0, then

d
(c—d) f p(s)ds > 4

and the constant 4 cannot be replaced by a larger number.

Many authors have extended and improved this distinguished inequality; see, for
example, [35, 36].

Recently, Bohner et al. [37] extended Theorem A on a time scale and obtained
the following:
Theorem (1.3.2)[33]. Let p € C,4[T,(0,0)] and a,b € T with a < b, where T is a
timescale. If x(t) is a nontrivial solution

X2 +p()x° =0

satisfying x(a) = x(b) = 0, then
b

b—a
J-p(t)At Z_f(d) )
where f(t) = (t —a)(b —t) fort € T and d € T satisfies
a;b—d| =m'n{a_b—s S E [a,b]n’]I‘}.

The purpose of this work is to generalize Theorem (1.3.2) to a time scale

version[38],[39],[40],[34].
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Definition (1.3.3)[33]. A time scale is an arbitrary nonempty closed subset of the real
numbers R. Throughout this section we assume that T is a time scale and T has the
topology that it inherits from the standard topology on the real numbers R. For t € T, if
t < supT, we define the forward jump operatorg : T — T by

ot):=inf{t >t:71€T}ET,
while if t > i nfT, we define the backward jump operatorp : T — T by

p(t) :=sup{r<t:7€eT}eT.
If o(t) > t, we say t is right scattered, while if p(t) < t, we say t is left scattered. If
o(t) = t, we say t is right dense, while if p(t) = t, we say t is left dense.

The mapping 1 : T — [0, ) given by
p@) =o(t) -t

is called the graininess.

Definition (1.3.4)[33]. If f : T — R, then f? : T — R is defined by
fo@® = f(e®)
forallt € T.
Definition (1.3.5)[33]. Let a, b € R with a < b. Define the interval [a, b] in T by
[a,b] :={t € Tsuchthau <t < b}.

Other types of interval are defined similarly.
Definition (1.3.6)[33]. A mapping f : T — R is called rd-continuous if it satisfies:

(A) f is continuous at each right-dense or maximal elementt € T,

(B) the left-sided limit li m_.- f(s) = f(t™) exists at each left-dense point t € T.

Let us have

Crq(T,R) ={f|f : T - Ris a r-donti nuous f uncti}on

Definition (1.3.7)[33]. The function p : T — R is called regressive provided that
1+u()p() =0 for eacthe T
holds.

Definition (1.3.8)[33]. Assume x : T = R and fix t € T; then we define x2(t) to be the
number (provided it exists) with the property that given any € > 0, there is a

neighborhood U of t such that
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[[x(a(©) = x(s)] — x2(O)[a(t) — 5]| < ela(®) — 5],
forall s € U. We call x(t) the delta derivative of x(t).
It can be shown that if x : T — R is continuous at t € T and t is right scattered,

then

x2(6) = x(a(t)) — x(t)
o(t)—t '

Definition (1.3.9)[33]. A function F : T - R is an antiderivative of f: T —» R if

FA(t) = f(¢t) forall t € T*. In this case, we define the integral of f by

[ s =@ -F )

fors,t € T, where

T = {’J]‘ —{m}, ifThas alefscattered maxi malpoimt
T, otherwi se

Throughout this section, we suppose that:
(a) R = (—00,+00), R* = [0, +00);
(b) T is atimescale;
) R={p: T>R|1+ u()p(t) #0for eacthe T}, that is, the set R is all
regressive functions on T;
(d) all interval means the intersection of a real interval with the given time scale;
(e) e,(t; a) is the solution of the initial value problem
Y@ =p®)y(), y@=1
with p € R.
In order to discuss our main results, we need the following three lemmas:
Lemma (1.3.10)[33]. Let x be a solution of
rx®2 + p()x?(t) = 0 on [a, b], (91)
where r,p € Crq([a, b],R) withr > 0 on [a, b]. Then
F(y) = F(x) = F(y — %) = 2(y = x)(D)r(b) (D) — 2(y — x)(a)r(a)x"(a)
forany y : [a,b] - R, where
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b

F(y) = j{(\/FyA)Z —p(y7)?} (At

a

Proof.

F(y) = F(x) = F(y — x)
b
= f [(Vry®)" = p(y2)? = (Vrxt) + p(x)?
~(Vr(y = %) + p(y7 = x)?] (D)t

b

=2 f {rxAyA —px°y? +p(x9)? — (\/FxA)z} (t)At
ab

=2 f{(rxA)yA + (rx®)2y9 — (rx®)2x% — (rx®)x2}(t)At
ab

=2 [ (o2 - e ae

b
=2 f (& — DDA

= 2(y(b) — x(b)) (r(D)x* (1)) — 2(y(@) — x(@)) (r(@)x*() )
This completes our proof.
By using the mean-value theorem [see [39,40]], we obtain the following:
Lemma (1.3.11)[33]. Let ¢ € R be given. Then, for each x € R, there exists ak € R
(depending on c and x) such that
x?2—c?2=2k(x—c) =2c(x—0),

where k lies between c and x.

Lemma (1.3.12)[33]. Under the assumption of Lemma (1.3.10),
b

e (f;r(t)|xA(t)|At)2
Jr(t)(|x ©|)at > From

Proof. Let
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b A
czj r(0)|x (t)lAt.

ff r(t)At
Then, by Lemma (1.3.11),
b b
f r(0)|x20) 2ot — c? j on
a a

b
= jr(t)(|xA(t)|2 —c?) At

b

> 2cfr(t)(|xA(t)| —c)At

a

b b
- 2cfr(t)|xA(t)|At - cjr(t)ms
b b
= 2c fr(t)|xA(t)|At—jr(t)|xA(t)|At 0,

and therefore we obtain the desired result.

We now can state and prove the main results as follows.

Theorem (1.3.13)[33]. Let x(t) be a nontrivial solution of (88) satisfying x(a) = x(b) =

0 and r,p € Cry([a,b],R) with r >0 on [a,b]. If r(t) is monotone on [a,b] and

a+b

—~ € T, then
, r(aA)b—a frisi :
—_—, lf 1S increasing,
Foucone ) F@ 9
P+ “|r(b)b—a frisd ;
—<=——, if risdecreasing,
a @ F@ ¢

where p,(t) = max{p(t),0},f(t) = (t —a)(b —t) and d € T satisfies

a+b _ (la+b
2 _d’:mn{

—S

|s € [a,b]}.

Proof. Taking y = 0 in Lemma (1.3.10),
F(0)—F(x)—F(0—-—x)=0.
Hence F(x) = 0, that is,
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b b

] p(O)(x° (1)) At = f () (xA(t))zAt.

a a
Thus, if x2(¢) = maXg<1<p x2(t), then

b

b
¥2(c) j p. (DAL > j r(©) (x20) At

a
c

b
— [ 10 (x*©) ac+ f r© (x4©)
(f r®|x8(0)]at)’ ( r(t)|xA(t)|At)
[RIGLY: [P r(®)ae

(by Lenmm (1.3.12))

r@(LRok)’ | r@ () xe()at)’

C 5 , Ifrisincreasing
. J, At IGLY
= 2
o) olag” o) (Fleola) |
g + - , ifris decreasing
L [ r®Ae [IIGIY:
r(a)x?(c) 4 ! + ! } ifrisincreasing
N r(b) [, 18t r(b) [ 1At)"
) r(b)x2(c) ! + ! } ifris decreasin
r(@) [{18t r(a) [P 18t) &
r(a) 1 1 r(a)b — r@b—-a o .
y (b) 2(){ a+b c} @) f() x%(c) = —= (b)f(d) x2%(c), ifrisincreasing
- r(b) 1 1 r(b) b — r(b)b — o )
(a) 2(){ a+b—c} @ f(c) x%(c) = —= @ )f(d) x%(c), ifris decreasing

Therefore, we obtain the desired result.

Corollary (1.3.14)[33]. Let g, h € C4([a, b],R) and let g € R not change sign on [a, b].
Suppose that

() + g(©) (xA(t))a + h(Dx° () = 0 on [a, b] (92)

has a nontrivial solution x(t) with two consecutive zeros a and b. Then
b

f e, (b; hy (DAL > ky(a; b) -

a

—a

f@’
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or

b
4
f eg+ (b, a)h+ (t)At > kg(a; b) m,

a

where d is defined as in Theorem (1.3.13) and

eq(b;a), if g=0onla,b],

ky(a; b) = {eg(a; b), if g <0on]a bl

Proof. Letting r(t) = ey4(t;a) (ie., () =r(t)g(t) and r(a) = eg(a;a) = 1) and
p(t) = r(t)h(t), we see that, by (89),

(r(t)xA(t))A +p0x7(@®) = @) (x2®) +7(0) (x*(©) + r(O”©Ox7(©)

= r(0) {x2* @©) + 9 (x2(0) +h©Ox° (D} = 0.
Hence, if follows from Theorem (1.3.13) and Theorem (1.3.6) of [12] that
eq(b;a)b—a
eg(aa) f(d)’
eq(a;a)b—a

eg(b;a) f(d)’

b
j e, + (t, )hy (DAL >

a

ifg=>0(.e.,risincrea9ing

ifg<0(.e.,ris decreas)ng

which completes the proof.
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