Chapter 4

Lyapunov Inequality for Linear Hamiltonian Systems

We state and prove some Lyapunov inequalities for linear Hamiltonian system on
an arbitrary time scale, so that the well-known case of differential linear Hamiltonian
systems when the time scale is a set of real and the recently developed case of discrete
Hamiltonian systems when the time scale is a set of integers are unified. Applying these

inequalities, a disconjugacy criterion for Hamiltonian systems on time scales is obtained.
Section (4.1): linear Hamiltonian Systems on Time Scales:

The theory of time scales, which has recently received a lot of attention, was
introduced by Stefan Hilger in his Ph.D. thesis in 1988 in order to unified continuous and
discrete analysis (see [74]). A time scale is a closed subset of the real numbers. We
denote a time scale by the symbol T. For a function y defined on T, we introduce a so-
called deltaderivative y“. This delta derivative is equal to y'(the usual derivative) if
T = Ris the set of all real numbers, and it is equal to 4y(the usual forward difference)
if T = Zis the set of all integers. In recent years there has been much research activity
concerning some different equations on time scales.

We would like to consider the Hamiltonian system (see [79,80,81]) which contain
two scalar linear dynamic equations

x2() = a(®x(a(®)) + b(Ou(d), ud(t) = —c(Ox(a (@) — a(Ou)(1)
on an arbitrary time scale T, where a, b and care real-valued rd-continuous functions
onTwith the coefficient a(t)satisfying the condition
1—u(®)a(t) # 0, teT. 2
Notice that the second order linear dynamic equation
[p(Ox*(®]* + q(®x(a(t)) =0, tE€T, (3)
in which p(t), q(t)are real-valued rd-continuous function and p(t) # 0 forallt € T, can
be written as an equivalent Hamiltonian system of type (1). Indeed, let x(t)be a
solutionof (3) and set p(t)x2(t) = u(t). Then we have
1

x40 = p(t)

u(t), ud(t) = —q()x(a (D).
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So, (3) is equivalent to (1) with
a(t) =0, b(t) = i c(t) = q(t).
p(t)

We remark that system (1) cover the continuous Hamiltonian system (when

T = R,see [82,83])
x'(t) =a()x(t) + b®u(t), u'(t)=—-c(®)x(t)—a(t)u(t), t € R,
and the discrete Hamiltonian system (when T = Z, see [84,82])
xA(t) = a(®)x(t+ 1)+ bOu(t), u2@®) =—c)x(t+1)—a(t)u(t), t €ER.
Furthermore, system (1) extends these classical cases to many cases in between as well,
such as the so-called g-difference equations, where
T = q%: {q*|k € Z} U {0}for some q > 1

and difference equations with constant step size, where

T = hZ = {hk|k € Z}for some h > 0.
Particularly useful for the discretization aspect are time scales of the form

T = {ty|k € Z}, wheret, € R, t; < ty4,foralk € Z.

Lyapunov inequalities have proved to be very useful in oscillation theory,
disconjugacy, eigenvalue problems, and numerous other applications in the theory of
differential and difference equation. An introduction to Lyapunov inequalities for
continuous and discrete linear Hamiltonian system can be found in [82] by Guseinov.
The main purpose of this section is to obtain Lyapunov inequalities for Hamiltonian
system on time scales.

Concerning system (1) with (2), we will also assume that

b(t) >0, ¢teT. 4)
Foreacht € T, let us set

¢, (t) = max{c(t),0}. (5
Instead of the usual zero, the concept of generalized zero on time scales is given as

follows.

Definition (4.1.1)[73]):Let t € T. A vector solution (x,u)of the system (1) has a
generalized zero at o(t)if one of the following two conditions is satisfied:

(i) tisdenseandx(t) =0;
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(ii) tis right-scattered, and x(t)x(a(t)) <Oor x(a(t)) =0.

Note that under the condition (4) above, the definition of generalized zero, a
special case of that given in [81], is consistent with what is used for the generalized zero
in the discrete case [84,82]

The continuous and/or discrete versions of these results may be found in [82],

but the following theorems have covered all of such results.

Corollary (4.1.2)[73]:Suppose
1—u(a() >0, b(t)>0, c(t)>0 forallteT,
and let a,f € T“with o(a) < . Assume that (1) has a real solution (x,u)with

generalized zeros in o(a)and a(B)and x is not identically zero on [o(a), B]. Then the

inequality
() () a(B) 1/2
fla(t)IAt+ f b(t)At~f c(t)At >1
a a a

holds.

We state by introducing the following concepts related to the notion of time
scales, which can be found in [79,80,81,74,86]. A time scale T is defined as a nonempty
closed subset of the real numbers. The two most popular example are T = Rand T = Z.
Define the forward jump operator a(t): T — T fort € T by

o(t) =infr>t|t €T},
And back jump operator p(t): T — Tfort € T by

p(t) == sup{r < t|t € T}
(supplemented by infp =supT and sup¢ =1infl). A point t € Tis called right-
scattered, right-dense, left-scattered, left-dense, if a(t) > t,a(t) =t,p(t) <t p(t) =
t holds, respectively.We define T* = T if Tdoes not have a left-scattered maximum
tmax Otherwise T = T\{t,..}. The graininess function u: T — [0, +oo)is defined by

u(t) =o(t) —t.

Hence the graininess function is constant 0 if T = R while it is constant 1 for T =

Z.However, a time scale Tcould have no constant graininess.
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Let X be a real Banach space. The function f:T — Xis called (delta)
differentiable att € T*with (delta) derivative f2(t) € X, if for any € > 0 there is a
neighborhood Uof t(i.e., U = (t — §,t + §) N Tfor some & > 0) such that

If(c(®) = f(s) = FAW®)[o(t) —s]| < |la(®) —s|  foralls € U.
The function f is differentiable on T*provided f4(t)exists for all t € T*. The following

lemma shows some important properties of f4.

Lemma (4.1.3)[73]:[80,74]. Let f,g: T — X be two functions, and let t € T*. Then we
have
(i) If fA2(t)and g2(t)exist, then Af + Bgis differentiable at twith (Af + Bg)(t) =
Af2(t) + Bg?(t)for any constants A, B.
(i) If f2(t)exists, then fis continuous at t.

(iii) If t is right-scattered and fis continuous at t, then f4(t)exists and

fle@®) - f©®
u(t) '

(iv) If fA(t) exists, then f(a () = £ (£) + u(@®)f2(®).
(v) If fA(t) and g(t) exist, then f gis differentiable at t with
(F9*®) = f(0(®)g*® + f2(Og®) = F(OF*®) + (g (a ().
(vi) Let f,g : T > Rbe such that g(t)g(a(t)) # 0and fA(t), g*(t)exist. Then f/

A =

gisdifferentiable at t with

<£>“ NP O[Oy (OVO
g ggle®)

A function f : T — Xiis called rd-continuous provided it is continuous at each

right-dense point and has a left-sided limit at each point, which is at the same time
right-scattered and left-dense. One can show, see [80,74], that if f : T — Xis a rd-
continuous function, then there exists an unique function (antiderivative) F : T —
X with the properties FA(t) = f(t)for all t € T*and F(t) = 1, where 7 € Tand 1 € X.
Then we define the Cauchy integral offbyf;f(t)At = F(b) — F(a), wherea,b € T. In
the following lemma we present some properties of the integral that will be needed

later.
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Lemma (4.1.4)[73]:[80,74]. Let f, g : T — X are rd-continuous and a,b € T. Then
(i) f:[Af(t) + Bg(t)]Aat = A f:f(t)At +B f;g(t)At, where A,Bare any

constants.
(i) [0 F(s)4s = u(Df () for t € T*.
(iii) f:f(t)At = [ f(D)At + fcbf(t)At.

(iv) f:f(t)g“(t)At = [f(Og®)]2 - f: 40 g(o(t))At(integration by parts).

) IfIf(®)| < g(t)on [a, b), then
b

ff(t)At ng(t)At.

a

The notation [a, b], [a, b), [a, +0), and so on, will denote time scales intervals, i.e.,for
example, [a,b) = {t € T|a <t < b}, where a,b € T. To prove our results, we will need

the following auxiliary statement.
Lemma (4.1.5)[73]:(Cauchy-Schwarz inequality [85,80]). Let a,b € T. For rd-continuous

f,g:la, b] = R we have

b 1/2

b b
f F(Dg(O1at < f 204t - f (DAt

a

Theorem (4.1.6)[73]:Let a, € T*with o(a) < 8. Assume that (1) has a real solution
(x,u) such that x(a(a)) = x(a(,B)) = Oand xis not identically zero on [o(a), B]. Then

the inequality

B a(B) B 1/2
j|a(t)|At+ f b(O)AL jc+(t)m >2 (6)
o(a) o(a) o(a)

holds.

Proof.Multiplying the first equation of (1) by u(t) and the second one by x(a(t)), and

then adding the results, we obtain

w2 (6) = b(OUA(t) — c(Ox*(a (D). (7)
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Integrating the last equation from o (a)to o(f)and noticing that x(a(a)) = x(a(ﬂ)) =

0,we have
a(B) a(B)
0= f b(Ou2() 4t - f c(Ox2(a(D)At.
o(a) o(a)
Since x(a(ﬂ)) = 0, by Lemma (4.1.4)(ii), (iii) we have
a(B) B a(B)
b2 ()4t = f c(Ox2(o(D))At + j c(Ox2(a (D)) At
o(a) o(a) o(a)
B
= | c0x*(e@)ac + uBe@x (o))
o(a)
B
= fc(t)xz(a(t))At. (8)
o(a)

Choose T € (G(a), a(ﬁ))such that

x(7)| = max x(t .
k@] = max {x(0]}

Since x is not identically zero on [o(a), 8], we have |x(t)| > 0. Integrating the first

equation of (1) initially from o(a)to Tand then from tto o(B)and observing

that x(a(a)) = x(a(ﬁ)) = 0, we get

T T

x(t) = fa(t)x(a(t))At+ fb(t)u(t)At,
o(a) o(a)
a(B) a(B)

—x(0) = j a(®)x(o(®)At + j b(®u(t)At

T

B a(B)
_ j a(©x(0(®)At + j b(®u(t)At,

T

respectively, where for the second equal sign of the latter equation we have used
Lemma (4.1.4)(ii) and (iii). Hence, employing the triangle inequality and Lemma

(4.1.4)(v) gives
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T

x(0)] < f|a(t)||x(a(t))|m+ jb(t)lu(t)lAt,
o(a) o(a)

B a(B)
lx(7)] sfla(t)||x(a(t))|At+ f b(t)|u(t)|At.

T

Adding these last two inequalities gives rise to

B a(B)
20x(0)] < f|a(t)||x(a(t))|m+ f b(©)[u()|4t. (9)
o(a) a(a)

Applying Cauchy—Schwarz inequality (Lemma (4.1.5)) and (8), we have

(B a(B) Y2 ap) 1/2
f b(®)|u(t)|At < f b(t)At . f b(t)u?(t)At
o(a) o(a) o(a)
a(B) 1/2 B 1/2
= f b(t)Aty - fc(t)xz(a(t))At
o(a) o(a)
() V2 ooop 1/2
< f b(t)Aty - f c; (Ox?(o(t))4t
o(a) o(a)

Therefore, we get from (9)

B a(B) 1/2 B 1/2
2|x(7)| < fla(t)||x(a(t))|At+ f b(t)Aty - fc+(t)x2(a(t))At
o(a) o(a) o(a)
B a(B) B 1/2
< |x(7)]| - la(t)|At + b(t)At - c.(H)At
0('!1-) aft[z) J(Ja-)

Dividing the latter estimate by |x(7)|, we get the desired inequality (6).
Theorem (4.1.7)[73]:Suppose

1—u(®)a(t) >0, b(t) >0  forallteT (10)
and let a,f € T“with o(a) < . Assume that (1) has a real solution (x,u)such

that x(a(a)) = O,x(ﬁ)x(a(ﬁ)) < 0. Then the inequality
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1/2

B B B
fla(t)lAt+{ fb(t)At- fc+(t)At} >1 11D
o(a) o(a)

o(a)

holds.

Proof.Integrating (7) from o (a) to 8 and observing that x(a(a)) = 0 we obtain

B B
w(B)x(B) = j b(Ou? (D) At — f c(Ox2(o(D)At. (12)
o(a) o(a)

Further, by using Lemma (4.1.3)(iv), we rewrite the first equation of (1) and get

[1— u@®)a@®]x(a(®) = x(t) + u®)b(Ou(?). (13)
Lett = 3, we have
[1—u(BaB]x(c(B)) = x(B) + u(B)b(B)u(B).
Multiplying this by x(B) yields
[1—u(BaB)]x(B)x(a(B)) = x*(B) + uB)b(B)x(BIu(B).
Since x(ﬁ)x(a(ﬁ)) < 0, it is easy to see that u(t) > 0. In view of (10), the above latter

equality gives rise to u(B)x(f) < 0. Therefore, from (12) the inequality

B B B
f b(OUE(D)AL < f c(Ox2o(O)At < j ¢, Ox2(a (D)4t (14)
a(a) o(a) o(a)

follows. Choose T € [g(a), B]such that

x(@) = max (1x(©]}.

a(
Then |x(t)| > 0. Integrating the first equation of (1) from o(a)to 7 and noticing

that x(a(a)) = 0, we obtain

x(1) = j a(®)x(o(®))At + f b(©u(t)At.
o(a) o(a)

Hence, applying the Cauchy—Schwarz inequality and (14), it follows that

T

x(0)] = f|a(t)||x(a(t))|m+ jb(t)lu(t)lAt.

o(a) o(a)

101



B B
< jla(t)l|x(0(t))|At+ fb(t)lu(t)IAt

o(a) o(a)

1/2

B B B
< f Ia(t)||x(0(t))|At+{ f b(t)At} { f b(t)uz(t)At}

o(a) o(a) o(a)

B B 1/2 B
< j Ia(t)||x(0(t))|At+{ j b(t)At} { j c+(t)x2(0(t))At}

o(a) o(a) o(a)

B B B 1/2
< 1x(D)] - jla(t)lAt+{ jb(t)At- jC+(f)4‘t} ‘

o(a)

1/2

1/2

o(a) o(a)
Therefore, dividing the latest estimate by |x(7)|we obtain inequality (11).

Theorem (4.1.8)[73]:Suppose (10)holds and let a, B € T*with a < . Assume that (1)

has a real solution (x,u)such that x(a)x(a(a)) <0, x(a(ﬂ)) = 0. Then the inequality

B a(® B 1/2
fla(t)IAt+{ j b(t)At - f c+(t)At} > 1 (15)
o(a) o(a) o(a)

holds.

Proof.Choose 7 € [o(a), c(B)]such that

x(7)| = max x(t .
k@] = max {x(0]}

Then |x(t)| > 0. Integrating the first equation of (1) from 7to o(f)and taking into
accountx(a(ﬁ)) = 0, we get
a(B) a(B)
x(1) = — f a@®x(0(6))At - f b(®)lu(®)]4t
T

T

B a(B) a(B)
- f a@®x(0(6) At - f a@®x(0(0)At - f b(®)lu()]At
B T

T

B a(B)
. f a®)x(o(0)At — u(BaB®)x(o(R)) - f b(©)[u(o)|At
B

T
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B a(p)
__ f a®x(0(6)At - f b(O)|u(D)|At.
T B

Therefore,
a(B)

B
lx(7)] sfla(t)||x(a(t))|At+ f b(t)|u(t)|At

T

B a(B)
< fla(t)||x(a(t))|At+ f b(t)|u(t)|At
o(a) o(a)
B
< fla(t)||x(a(t))|At
o(a)
a(B) V2 a8 1/2
+ b(t)At} { b(t)uz(t)At} . (16)
{GJX) aft[z)

Now integrating equation (7) from ato o(B)and taking into account that x(a(ﬂ)) =0,

we get
a(B) a(B)

—x(a)u(a) = f b(Ou2(6)4t - f c(Ox2(a (D)4t

a

a(B)

a(B)
c(Ox2((D))At — f c(Ox2(a (D)4t
B

- f (U ()AL —

a(B)
=j b(Du?(t)At — | c(t)x?(a(D))At.

/
f

Applying Lemma (4.1.4)(iii), we rewrite the above last equality as follows:
o(a) a(p) B

—x(a)u(a@) - f b(OuR()4t = f b(Ou2() 4t - f c(Ox2(a(D)At.

a o(a) a

By Lemma (4.1.4)(ii), it follows that
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a(B) B
—u(@)[x(@) + p(@)b(@u(@)] = f b(OuE(D)AL — f c(Ox2(a(D)At. (17)

o(a) a
Further, from (13), we have, fort = «,
[1 - u(@a(@)]x(o(@) = x(a) + u(@)b(@)u(a). (18)
Multiplying this by x(a)gives that
[1 - p(@)a(@)]x(@)x(a(@)) = x*(a) + u(a)b(@)x(@)u(a).
Since x(a)x(a(a)) < 0, it is easy to see that u(a) > 0 holds. By (10) and the above
latter equality, we have
x(a)u(a) < 0. (19)
Now, we claim that
u(a)[x(a) + u(a)b(@u(a)] > 0 (20)
holds. Indeed, multiplying (18) by u(a)gives
[1 - p(@)a(@)]x(o(@))u(@) = u(@)[x(a) + p(a)b(@)u(a)]. (21)
On the other hand, it follows from x(a)x(a(a)) < 0 and (19) that x(a(a))u(a) >
0.Therefore the left-hand side of (21) is positive, and hence, (20) is true.

By virtue of (20), the string of inequalities

a(B) B B
j b(OuR()4t < f c(Ox2(o(D))At < j ¢, (D2 (a(0))At
o(a) a a

follows from (17). As a result of these last relations, from (16), we obtain

B
lx(7)| < fla(t)||x(a(t))|At
o(a)
a(B) vz g 1/2
+ b(t)At} : { cy (t)xz(a(t))At}
L oosf |
B a(B) B 1/2
< |x(7)] - la(t)]|At +{ b(t)At - c+(t)At} :
0(!1-) a(ll) ! ‘

Hence, dividing the last estimate by |x(7)|, we get inequality (15).
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Theorem (4.1.9)[73]:Suppose
1—u()a() >0, b(t)>0, c(t)>0 forallteT, (22)
and let a,f € T*with a < B. Assume that (1) has a real solution (x,u)such

that x(a)x(a(a)) < O,x(ﬁ)x(a(,[?)) < 0. Then the inequality

B (8 B 1/2
fla(t)IAt+ f b(t)At-fc(t)At > 1 (23)

holds.
Combining Theorems (4.1.6)—(4.1.9), is yield Corollary (4.1.6).

Proof.(l) First, we assume that x(t) # 0 for all t € [a, B]. Denote by B, the smallest
number in (a, 8] such that

x(Bo)x(a(By)) < 0. (24)
Then x does not have any generalized zero in [a(a), By]. And without loss of generality

we may assume that

x(t) >0 foralt e [o(a),pB]. (25)
Then we will have
x(a) <0, x(a(By)) < 0. (26)
Let s € [a,0(By)]. Integrating the second equality of (1) from a to s and then from s to
Bo, we get
u(s) — u(a) = — j c(Ox(o (D)4t - j a(Ou(O) AL, (27)
Bo Bo
w(Bo) — u(s) = — j c(Ox(o (D)4t - f a(Ou(t)At, (28)

respectively. Noticing that for s = a we write solely (28), and for s = [, only (27) is
written.
Now, we aim to show that
u(a) >0, u(By) < 0. (29)
Indeed, multiplying (13) by x(t)gives
[1 = u(®a@®lx®x(a(®)) = x*() + p®ObOx(E)u(®),

105



where settingt = aand t = (3, yields
[1 - u(@a(@)]x(@)x(a(@) = x*(a) + u(@)b(@)x(@)u(a),

[1 — u(Bo)a(B)]x(Bo)x(a(Bo)) = x*(Bo) + 1(Bo)b(Bo)x(Bo)u(Bo),
respectively. Using the inequalities x(a)x(a(a)) < Oand x(ﬁo)x(a(ﬁo)) <0,
u(a) > 0and u(By) >0 can be obtained easily. Combining (22) with the above
equalities, we get the estimates

x(@)u(a) <0, x(Bo)u(By) < 0. (30)
Observing that x(a) < 0 and x(8,) > 0, we obtain (29).
Employing (27) if u(s) < 0 and using (28) whenever u(s) > 0, and also taking

into account (29), we get

Bo Bo
lu(s)| sf c(t)|x(a(t))|At+f a(t)u(t)At

1/2

Bo Bo V2 g,
s{f C(t)At} {f c(t)xz(a(t))At} +f|a(t)||u(t)|At. (31)

a a a

Next, integrating Eq. (7) from a to o(B,)gives

a(Bo) a(Bo)
x(a(Bo))u(a(By)) — x(@u(a) = f b(t)u?(t)At — f c(®)x?(a(D))At.
It follows from Lemma (4.1.4)(iii) that
a(Bo)
x(0(Bo))u(o(By)) + f c(Ox2(a(0)) At — x(a)u(@)
Bo
a(Bo) Bo
= f b(t)u?(t)At —f c(®)x?(a(t))At.

Using Lemma (4.1.4)(ii), we have

x(“(ﬁo)) [u(a(ﬂo)) + #(ﬂo)c(ﬁo)x(a(ﬂo))] — x(a)u(a)
a(Bo) Bo

= f b(u?(t)At — f c(t)x?(a(t))At. (32)

a a
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We claim
x(a(B0))[1(0(Bo)) + u(Bo)c(Bo)x(a(Bo))] > O (33)
holds. Indeed, from the second equation of (1), we have, for t = f3,,
[1 — u(Bo)a(Bo)u(Bo) = u(a(Bo)) + 1(Bo)c(Bo)x(a(Bo)).
Multiplying the above equality by x(a(,[?o))yields
[1 = 1(Bo)a(Bo)1u(Bo)x(a (Bo))
= x(0(B))[u(0(B) + u(Bo)c(B)x(0(B)]. (39
On the other hand, from (26) and (29), it follows that u(ﬁo)x(a(ﬁo)) > 0. Therefore
from 1 — u(By)a(By) > 0 and (34), (33) follows.
In view of (30) and (33), the inequality, from (32),

Bo a(Bo)
fc(t)xz(a(t))At<f b(t)u?(t)At

follows. By virtue of (31), the above estimate yields

1/2

Bo a(Bo)
lu(s)| <{f c(t)At} {f b(t)uz(t)At}

a a

1/2

Bo
t f (O [u(D) |4t (35)

foralls € [a,0(By)]. Choose T € [a,a(B,)]such that
lu(@)| = max {lu(s)[}.

ass<o(Bo)

Clearly, lu(t)| > 0. Then from (35), we have

Bo o(Bo) Bo 1/2
()| < |u(r)|-lj|a(t)|4\t+{f b(t)At-f c(t)At} ‘

a

Hence, dividing this inequality by |u(7)|we get

Bo (Bo) Bo 1/2
fla(t)lAt+{f b(t)At~f c(t)At} > 1.

a a

Since By < [, (23) follows.
(Il) Second, we consider the case when x(t,) = 0 for some t, € (o(a),fB). In

this case, applying Theorem (4.1.7) to the points t, and 5, we get the inequality
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B B B 1/2
fla(t)IAt+ fb(t)At- fc(t)At > 1.

to to to

Therefore, inequality (23) holds in this case as well.

Let a, B € T* with 0(a) < B. Consider the linear Hamiltonian dynamic system
x2(t) = a®x(a(t)) + b(Ou(d),
ut(t) = —c(Ox(a@®) —a(®u®), telapls, (36)
where the coefficients a(t), b(t)and c(t)are real rd-continuous functions defined on
[a, B] satisfying
1—u(®)a(t) >0, b(t) >0, c(t)>0 foralt € [a,p]. (37)
Note that each solution (x,u) of system (36) will be a vector-valued function defined
on[a,a(B)].
Now we give the concept of a relatively generalized zero for the component x of
areal solution (x, u) of system (36) and also the concept of disconjugacy of this system
on[a, a(B)]. The definition is relative to the interval [, a(8)] and the left end-point a is

treated separately.

Definition (4.1.10)[73]:The component x of a solution (x,u)of (36) has a relatively
generalized zero at « if and only if x(a) = 0, while x has a relatively generalized zero at
o(ty) > a provided (x,u) has a generalized zero at o(t,). System (36) is called
disconjugacy onla,c(B)]if there is no real solution (x,u)of this system with

x nontrivial and having two (or more) relatively generalized zeros in [a, o (8)]

Noting that when T = Z, the definitions of relatively generalized zero and that of

disconjugacy are equivalent to those given in [84,82].

Theorem (4.1.11)[73]:Assume (37) holds. If

a(B) a(B) a(B) 1/2
j la(t)|At + j b(t)At-f c(t)At <1 (38)
a a a

Then (36) is disconjugate on [a, a(B)].
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Proof.Suppose, on the contrary, that system (36) is not disconjugate on [a, d()]. By
Definition (4.1.10), there exists a real solution (x,u)of (36) with x nontrivial and such
that x has at least two relatively generalized zeros in [a,d(B)]. Now, we have the
following two cases to consider.

() One of the two relatively generalized zeros is at the end-point «, i.e.,
x(a) = 0, the other is at a(B,) € (a,a(B)]. Therefore, applying Theorem (4.1.6) or
Theorem (4.1.7), we get

(Bo) (Bo) (Bo) 1/2
f la(t)]|At + f b(t)At-f c(t)At > 1.
a

a a

This contradicts with condition (38) of the theorem.

(1) None of the two relatively generalized zeros is at a, that is, x have two
generalized zeros a(ag),d(By) € (a,a(ﬁ)](a(ao) <a(,80)). Therefore, applying
Corollary (4.1.2), we have

(Bo) a(Bo) (Bo) 1/2
f la(t)]|At + f b(t)At - f c(t)At > 1,
Qo Qo Qo

which is contrary to condition (38) of the theorem.

The proof of Theorem (4.1.11) is now completed by combining cases (l) and (II).

Section (4.2): Inequalities of Lyapunov for Linear Hamiltonian Systems:

In recent years, the theory of time scales (or measure chains) has been
developed by several authors with one goal being the unified treatment of differential
equations (the continuous case) and difference equations (the discrete case).A time
scale is an arbitrary nonempty closed subset of the real numbers R. Throughout this
section, we assume that T is a time scale and T has the topology that it inherits from
the standard topology on the real numbers T. The two most popular examples are
T = Rand T = Z. In the next section, we'll briefly introduce the time scale calculus and
some relatedbasic concepts of Hilger [88—89] and refer to the books of Kaymakcalan et

al. [90] and Bohner and Peterson [91] for further details.
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Consider a linear Hamiltonian system
x4() = a®x(a(®) + BOY©®), y*®) = -yOx(c(®) —a@®y®), (39
on an arbitrary time scale T, where a(t), (t)and y(t)are real-valued rd-continuous
functions defined on T.We always assume that
p(t) =0, vt € T. (40)
For the second-order linear dynamic equation
[pOx*O]* + q(®x(a(®)) =0, tE€T, (41)
where p(t) > 0, and p(t), g(t)are real-valued rd-continuous functions defined on T. If
we let y(t) = p(t)x2(t), then (41) can be written as an equivalent Hamiltonian system
of type (48):
L

x40 = p(t)

y(©), yA(@®) =—q®O)x(c(D)), (42)

where

1
a(t) =0, B = o0’ y(@® = q(@®).

It is obvious that system (39) covers the continuous Hamiltonian system and
discrete Hamiltonian system respectively when T = Rand T = 7Z, i.e.,

x'(t) = a®x@) +B®)y@), ¥y =-y®Ox@)—a®y®), teR,
Ax(n) = a(n)x(n+ 1) + B(n)y(n), Ay(n) = —y(n)x(n+ 1) —a(n)y(n), n€Z.
Furthermore, system (39) extends the above classical cases to some cases in between as

well, such as the so-called g difference equations, where
T = q” = {q"|k € Z} U {0}
for some g > 1, and difference equations with constant step size, where
T = hZ := {hk|k € Z}
for some h > 0. Particularly useful for the discretization aspect are time scales of the
form
T = {t; € Rty < ty41, k € Z}.

It is a classical topic for us to study Lyapunov type inequalities which have

proved to be very useful in oscillation theory, disconjugacy, eigenvalue problems and

numerous other applications in the theory of differential and difference
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equations.There are many literatures which improved and extended the classical
Lyapunov inequality for the Hamiltonian systems including continuous and discrete
cases. We refer to [92,93-94,95]. Recently, there has been much attention paid to
Lyapunov type inequality for linear Hamiltonian systems on time scales and some
authors including Agarwal [96], He [97], Jiang [98] and Saker [99] have contributed the
above results. Our motivation comes from the recent sections by Guseinov and
Kaymakcalan[72] and Jiang and Zhou [98]. In [98], Jiang has obtained some interesting
Lyapunov-type inequalities and these results have almost covered the corresponding
continuous and discrete versions that may be found in [94].
Theorem (4.2.1)[87]:(See [98].) Suppose

1—u®a(t) >0, p) >0 vy()>0, vt €T, (43)
and let a,b € T* with c(a) < b. Assume that (39) has a real solution (x(t),y(t))such

that x(a)x(a(a)) < O,x(b)x(a(b)) < 0. Then the inequality

b a(b) b 1/2
[le@ia@ +| [ p@sw [rosw| >1 (44)
holds, where and in the sequel
y*(©) = max{y(v), 0}. (45)
Theorem (4.2.2)[87]:(See [98].) Suppose
1—u@a() >0, PLt)>0 forallteT, (46)

and let a,b € T* with o(a) < b. Assume that (39) has a real solution (x(t),y(t))such

that x(a)x(a(a)) < O,x(a(b)) = 0. Then the inequality

b o(b) b 1/2
f la@®IA®) + f BOA) f VOA®)| > 1 47)
o(a) o(a) a

holds.
In this section, by using some simpler methods different from [98], we obtain

several better Lyapunov-type inequalities than (44) and (47)
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b o(b) b 1/2

f Fonor j BDAE) f Ao =2 (48)
and

p(b) b b 1/2

j la(®)IA@) + f B f A0 =2 (49)

only under the assumption
1—u®a(t) >0, vt € T. (50)
Our results not only cover the corresponding continuous versions, but also
improve greatly discrete versions that may be found in [94]. In addition, when the end-
point b satisfies some general conditions (see Theorem (4.2.16) below), it is not
necessarily a generalized zero, we also establish a better Lyapunov-type inequality than

(48)

1/2

b b b
f la(®)IA®) + f B f FOAD| =2 (51)

Instead of the usual zero, we adopt the following concept of generalized zero on

time scales.

Definition (4.2.3)[87]:A function f : T — Ris said to have a generalized zero at t, €
T provided either f(t,) = 0 orf(to)f(a(to)) <0.

Now, we introduce the basic notions connected to time scales. We start by

defining the forward and backward jump operators.

Definition (4.2.4)[87]:(See [91].) Let t € T. We define the forward jump operator
c:T—>Thby
o(t) =infse€T:s>t}foralt €T,
While the backward jump operator p : T — Tby
p(t) :=sup{s € T:s < t}foralt € T.
In this definition we put i nf) = supT(i.e., (M) = M if T has a maximum M) and

sup® =i nfT(i.e., p(m) = mif T has a minimum m), where @ denotes the empty set. If
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o(t) > t, we say that tis right-scattered, while if p(t) <t, we say thattis left-
scattered. Also, if t <supTand o(t) =t, then tis called right-dense, and if t >
i nfTand p(t) = t, then tis called left-dense. Points that are right-scattered and left-
scattered at the same time are called isolated. Points that are right-dense and left-dense
at the same time are called dense. If T has a left-scattered maximum M, then we define
T* = T — {M},otherwise T* = T. The graininess function p : T — [0, o) is defined by
u(t) =a(t) —t, vt € T.

We consider a function f : T — R and define so-called delta (or Hilger) derivative of fat
a point t € T,

Definition (4.2.5)[87]:(See [91].) Assume f : T — Ris a function and let t € T*. Then
we define f2(t)to be the number (providedit exists) with the property that given any

£ > 0, there is a neighborhood Uof t(i.e., U = (t — §,t + 6) N Tfor some & > 0)such
that

F(0(0) ~ (&) = FAOOG® ~9)| < elo® —sl,  VseU.
We call £2(t) the delta (or Hilger) derivative of f at t.

Lemma (4.2.6)[87]:(See [91].) Assume f, g : T — R are differential at t € T¥. Then
(i) For any constant a and b, the sum af + bg : T — R is differential at t with
(af +bg)*(t) = af*(t) + bg"(®).
(i) If f2(t)exists, then f is continuous at t.
(iii) If f2(Dexists, then f(a(t)) = f(t) + (O FA@).
(iv) The product f g : T — R s differential at t with
F9E®) = fA0g® + f(e(®)g*® = F(Dg*(®) + fA (D) g(c(®).
(v) Ifg(t)g(a(t)) + 0, then f /g is differential at t and

(z)A o = L1090 ~F O ®)
g gg(e®)

Definition (4.2.7)[87]:(See [91].) A function f : T = R is called rd-continuous provided

it is continuous at right-dense points in Tand left-sided limits exist (finite) at left-dense

points in Tand denotes by C,; = C,4(T) = C,.4C(T, R).
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Definition (4.2.8)[87]:(See [91].) A function F : T — Ris called an antiderivative of
f : T = R provided FA(t) = f(t)holds for all t € T*. We define the Cauchy integral by

ff(t)At = F(s) — F(1), vs, T €T.

The following lemma gives several elementary properties of the delta integral.
Lemma (4.2.9)[87]:(See [91].) If a,b,c € T,k € Rand f , g € C,q, then
(i) JF(0) +g®IA® = [ FOAD + [, g(OAED);
(i) [2CeN)OAE) =k [} FOARD):;
(i) [ FOA®) = [ FOAED + [T FOAWD);
i) [ F(a(©)g*©OAE®) = (FgB) — (fg) (@) — [, FADGDAR);
W) 7O fs8)(s) = w(Of (Dfor t € TF;

vi)if|f(®)| < g(t)on [a,b), then
b

b
fﬂﬂMQng&M@)

a

The notation [a,b],[a,b)and [a,+o)will denote time scales intervals. For
example, [a,b) = {t € T|a <t < b}. To proveour results, we present the following

lemma.

Lemma (4.2.10)[87]:(Cauchy—Schwarz inequality). (See [91].) Let a,b € T. For f, g € C,q4

we have

b b b 2
fﬂomomws{fﬂuma»fg%ﬂMo}.

a

Lemma (4.2.11)[87]:(See [91].) Let
A={t eT|tisl efdense and ri ghiscattered},
B = {t € T|ti sri ghtlense and 1 efiscattered].
Then

op(t) =t, VteT\4; pa(t) =t, Vt € T\B.
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In this section, we establish some new Lyapunov type inequalities on time scales T.

Theorem (4.2.12)[87]:Suppose that (50) holds and let a,b € T* with c(a) < b. Assume
(39) has a real solution (x(t), y(t))such that x(t) has generalized zeroes at end-points a

and b and x(t)is not identically zero on [a, b], i.e.,

x(a) =0 or x(a)x(a(a)) <0; x(b)=0 or x(b)x(a(b)) <0;

E?;élx(t)l > 0. (52)
Then one has the following inequality
b a(b) b 1/2
[le@ia +| [ pwaw [roao| =2 (53)
Proof.It follows from (52) that there exist &,n € [0, 1)such that
(1-8x(a) +¢x(o(a)) =0, (54)
and
(1 —=n)x(b) +nx(a(b)) = 0. (55)

Multiplying the first equation of (39) by y(t)and the second one by x(a(t)), and then
adding, we get

[x(®y®]* = BO)y*(©) —y(O)x*(o(D)). (56)

Integrating equation (56) from a to b, we can obtain
b

b
x(b)y(b) — x(a)y(a) = fﬁ(t)yz(t)At—f)/(t)xz(ff(t))At- (57)

a

From the first equation of (39) and using Lemma (4.2.6)(iii), we have

[1—pu@®a®]x(a(®) = x(t) + u®)B®)y(L). (58)

Combining (58) with (54), we have
_ u@p(a)

1- (- Du@a@”
Similarly, it follows from (58) and (55) that
_ nub)B®)

1— (- mub)a®)”
Substituting (59) and (60) into (57), we have

x(a) =

(a). (59)

x(b) = (b). (60)
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b b
[ Boyr@ac- [yox(ow)ar=

OO
- (1 - nu®ab)

by using Lemma (4.2.9)(v), we get

$u(a)B(a)

—a-Dr@a@” @

y*(b) +

b

(1 -9 —p@a(a)] nu(b)B(b)

e M@B@Y @ + | oy s+ — Ay ®
o(a)
b
= fy(t)xz(a(t))At. (61)
Denote that
(1= - p@a(@)]
PO =T pu@ata) ©2
~ _ n
PO =T a—amam (69
and
B©) =B, ola)<t<pb). (64
Then we can rewrite (61) as
o(b) b
| poy@ac= [yor o) 65)

On the other hand, integrating the first equation of (39) from a to 7 and using

(59), (62), (64) and Lemma (4.2.9)(v), we obtain

T T

x(0) = x(a) + f a(Ox(o(D)At + j By ()AL

a
T

y(a) + f a(t)xo(t)At + f B®)y(t)At
1-9[1 - pl@a(a)]
1-(1-9Hu(@)ala)

_ a@p@
1= (- Du(@ala)

T

- f a(©x(a(D))At + w@B@y (@) + j B(OY (DAL

o(a)
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T T

_ j a(Ox(o(D)At + f By (AL, 6(a) <T<b. (66)

a

Similarly, integrating the first equation of (39) from 7 to b and using (60), (63), (64) and

Lemma (4.2.9)(v), we have
b b

x(t) = x(b) —fa(t)x(a(t))At—fﬂ(t)y(t)At

T

b b
_ nub)B®) B )
=TT e’ f a(t)x(a(t))At f B(®)y(®)At
b o(b)
= [atmoat - [ By, s@sr<b 7

It follows from (66), (67) and Lemma (4.2.9) that

x(0)] < j|a(t)||x(a(t))|m+jﬁ(t)|y(t)|m:, o(a) <7 <b,

and
b a(b)

|x(r)|sj|a(t)||x(a(t))|m+j BOly®IAt, 0@ <T<b.

T
Adding the above two inequalities, we have

o(b)

b
2|x(r)|Sfla(t)||x(a(t))|At+f BOl®lAt, s@<t<b (68

Let [x(t*)| = max,(q)<e<p|x(t)]. There are two possible cases:
(a) end-point b is left-scattered;

(b) end-point b is left-dense.

Case (1). In this case, it follows from Lemma (4.2.11) that a(p(b)) = b. Hence,

b p(b) b
f la(©)l|x(o(D)]At = j la(®)l|x(a(D)|At + j a(®)|x(o(0)|At a(e)
a a p(b)
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p(b) a(p(m)

=f la(®)]|x(a(®))]At + j la(®|x(a(®)|At
a p(b)
p(b)

_ f la(@®)I]x(a())|At + u(p(1))|a(p®))] |x (c(p(b)))]

p(b)

=f la@®|x(a(®)[at + u(p())]a(p())|Ix(d)]

p(b)
< Ix(@)] l j la(6) At +u(p(b>)|a(P(b>)|\

b
< x| j la(®)]At.

(69)
That is
b b
fla(t)||x(a(t))|At < |x(t")| fla(t)lAt. (70)
Similarly, we have
b b
fy*(t)xz(a(t))At < Ix(r*)lzfy““(t)At. (71)

a

Case (2). In this case, there exists a sequence {b,,} of T such that

a<b;<b,<b;3<--<b, < <b, linb, =b.
n—->0o
Hence

b bn by,
j la(®)|x(o(0)|At = j la(®)l|x(a(D)|At + j la(®)l|x(a(D)]At
a a b

b

bn
< Jx(2)] j la(6)|At + f la@®)l|x(a(®)|At

bn
b b

< |x(t)] fla(t)lAt + fla(t)||x(a(t))|At
a bn
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b
< 1x(e) f (®lAt, - oo,
a

which implies that (70) holds. Similarly, we can prove that (71) holds as well. Applying
Lemma (4.2.10) and using (65),(70) and (71), we have

o(b)

20x(r)] < j la(®)l|x(o(0)|at + j HOTOIY

o(b) o(b) 1/2

< |x(0)] f la(®)|At + f O f HOYEOIY

a(b) a(b) 1/2

= |x(z)| f ja(®)lat + f poae | v (o(o)at

a

b o(b) b 1/2
< |x(z9)| fla(t)IAt+ f B(t)Atfy*(t)At . (72
a a a
Dividing the latter inequality of (72) by |x(7*)|, we obtain
b o(b) b 1/2
jla(t)IAt + j E(t)Atjy’f(t)At > 2. (73)
a a a

Since u(t) = 0,1 — u(t)a(t) > 0and &, n € [0,1), we have
L) <), a<t<a(b),

then it follows from (73) that (53).

Remark (4.2.13)[87]:It is obvious that the Lyapunov type inequality (53) of Theorem
(4.2.12) is better than (44) of Theorem (4.2.1) for the bound 2 in the right side of (53) is
better than that of (44). Furthermore, the assumptions of the former is weaker than the

ones of the latter.

In case x(b) = 0, i.e. n = 0, then we have the following equation
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b

b
f BOy2(DAL = f Y (©x2(a (D)t (74)

a
and inequality

p(b) b

2|x(7)] < f |a(t)||x(a(t))|At +fﬁ~(t)|y(t)|At, o(a) <t <b, (75)

instead of (65) and (68), respectively. It is easy to see that (74) holds because ,[?(b) = 0.
Next, we prove (75) is true.If b is left-dense, then p(b) = b, and so (75) holds. If b is left-
scattered, then it follows from Lemma (4.2.11) that a(p(b)) = b.Thus, it follows from

Lemma (4.2.9)(iii) and (v) and the assumption x(b) = 0 that

b p(b) b
j la(®)l|x(o(D)|At = f la@®)l|x(a(0)|At + f la(®)l|x(o(D)|At
a a p(b)

p(b)

- f la(©)[x(a(©)|at + u(p(B))]a(p())]1x®)]

p(b)

= [ le@llx(e@)la,

which, together with (68) and the fact that S(b) = 0, implies that (75) holds. Similar to

the proof of (73), we have

p(b) b b 1/2

f la(t)|At + jﬁ(t)Atjy’f(t)At > 2. (76)
Since f(t) < B(t)fora <t < b, it follows that

p(b) b b 1/2

f la(t)|At + jﬁ(t)Atjy’f(t)At > 2. (77)

Therefore, we can obtain the following theorem.

Theorem (4.2.14)[87]:Suppose that (50) holds and let a,b € T* with o(a) < p(b).
Assume (39) has a real solution (x(t),y(t)) such that x(t) has a generalized zero at

end-point a but a usual zero at end-point b and x(t)is not identically zero on [a, b], i.e.,
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x(a) =0 or x(a)x(a(a)) <0; x(b)=0; m?)glx(t)l > 0.
asts
Then inequality (77) holds.

Remark (4.2.15)[87]:In view of the proof of Theorem (4.2.14), in case both end-points
a and b are usual zeros, i.e. x(a) = x(b) = 0, then assumption (50) can be dropped in

Theorem (4.2.15).

While the end-point b is not necessarily a generalized zero of x(t), we still can

establish the following more general theorem.

Theorem (4.2.16)[87]:Suppose that (50) holds and let a,b € T* with c(a) < b. Assume
(39) has a real solution (x(t), y(t))such that x(t) has a generalized zero at end-point a
and (x(b),y(b)) = (Alx(a),)tzy(a))with 0 < A2 < 1,4, < land x(t)is not identically
zero onla, b]. Then one has the following inequality

b 1/2

b b
fla(t)lAt+ fﬁ(t)Atfy*(t)At > 2. (78)

a
Proof.lt follows from the assumption x(t) = 0 or x(t)x(a(t)) < 0 that there exists
& € [0, 1)such that (54) holds. Further, by the proof of Theorem (4.2.12), (56)—(59) hold.

Since (x(b),y(b)) = (Alx(a),/lzy(a)), then by (57), we have
b

b
(M2, — Dx(a)y(a) = f B(®)y*()At — j y(®)x?(a(t))At. (79)

a

Substituting (59) into (79), we have

b b
_ (1 - 142)¢éu(a)B(a)
! B()y*(t)At — af y(©)x?(a(t))At = (= Da@al@) y?(a),
which implies that
b b
kiu(@)p(@y?(a) + j B®)y* ()ALt = j y(©)x?(a(t))At, (80)
o(a) a

where

_ (1-8(1—u@a(a)) + 1,2,&

T (- pr@a@ ©D
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On the other hand, integrating the first equation of (39) from a to t and using
(59) and Lemma (4.2.9)(v), we can obtain the following inequality which is similar to
(66):

(0 < Q=0 - k@a@]
eI T -ou@a@

R@B@Y(@ + [ ax(o(0)at

T
+ f B)y(t)At, o(a) <t <b. (82)
o(a)
Similarly, integrating the first equation of (39) from tto b and using (59), Lemma

(4.2.9)(v) and the fact that x(b) = A,x(a),we have
b b

x(0) = x(b) — j a(O)x(o())At — j By ()AL

T
b b

= Jyx(a) — j a(O)x(o(D)At - j By ()AL

T

b
_ —au) )

= T- (- Hu@ata) WY@ f
From (82) and (83), we obtain

(1-9[1 - pl@)a(a)]
1-(1-9Hu(@a(a)

b
a(®)x(a())At — f L)y (AL, o(a) <1 <b.(83)

lx(D)] <

u(@)p(a)ly(a)l

+j|a(t)||x(0(t))|At+ fﬁ(t)ly(t)lAt, o(@<t<bh
a o(a)
and

|441§
1-(1=Hu(@)a(a)

lx()| <

u(@)p(a@)ly(a)l

b b
; f (O [x(o(0)[at + f BOl®IAL, o(a) <7<b,

Adding the above two inequalities, we have

b

2|x(D)] < kieu(@)p(@)ly(a)| + fla(t)llx(o(t))w + fﬁ(t)ly(t)IAt.d(a) <7<b (84
a a(a)
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where

o = (1 =9 —pl@al@] + 141§
: 1-(1-Hu@ala)

Let |x(t")| = max,(q)<r<p|x(7)|. Applying Lemmas (4.2.9) and (4.2.10) and using (70),

(85)

(71), (80) and (84), we have

b b
2[x()| < k(@) () ly(a)] + fla(t)||x(0(t))|At + f B®)ly(®)At
a o(a)

b
< |x(™)] f la(t)]At

5 b b 1/2
Zu(@p@ + j B(t)At] [Klﬂ(a)ﬂ(a)yz(aH j ﬁ(t)yz(t)At]}

o(a)

|

b
= |x(r")] f la(O)]at +{

o(a)
1 b»b

> b 1/2
2 (@B@ + f Bt f Y (©)x?(a(0))At
K1

o(a) la
b , b b 1/2
< @)1 | |a<t>|At[<ﬂu<a)ﬂ(a)+ [ sac| [v@ae| ¢ @6
a 1 o(a) a
Dividing the latter inequality of (86) by |x(7*)|, we obtain
b , b b 1/2
K3
[la@ac+ (K—lu(a)ﬁ(a)+ | ﬁ(t)At> [roa| =2 @7
a o(a) a

Set d=1—-(1-8u(a)a(a). Since (1—-¥&)[1—ul(a)a(a)] >0, it follows that
d>¢&>0,andso

[d —1— |27 <d[d - (1 —2,2,)¢].
This, together with (81) and (85), implies that

, [(1—5)(1—u(a)a(a))+l/11|§]2 )
K_z _ 1-(1-du(a)a(a) _ [d - (1 - M'll)ﬂ <1
K, 0—D(—s@a@) Azt dld— (1= A8 —
1-(1—Hu(@a(a)

Substituting this into (87), we obtain (78).
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