Chapter 2

Stable Standing Waves and Lyapunov Asymptotic Stability

In this chapter we give sufficient conditions for the stability of the standing

waves of least energy for nonlinear Klein-Gordon equations.

Section (2.1): Nonlinear Klein-Gordon Equations:

We give sufficient conditions for the stability of standing waves of the nonlinear
Klein-Gordon equation:
Uy —Au+u+ f(ludargu =0, x€eR”, n>2, (D
or equivalently the steady-state solutions of the modulated equation:
U + 2i0u; — Au+ (1 — w?u + f(Ju])argu = 0. (2)
We show the stability of the standing waves of lowest energy in the energy norm. They
are stable with respect to the lowest energy solution set of
—Au + (1 —w?u+ f(Ju])argu = 0. 3)
The existence of solutions of (3) has already been shown in [42] and [43]. In the
generality presented and this problem was solved by Berestycki and Lions in [43]. The

condition for stability is very simple. If we define

A@) = 1/2 [ 1Vp,l? dx+ (L= 0?72 [ 19,1 dx + [ 6o,
where G’ = f and ¢, is a least energy solution of (3), then:

Theorem (2.1.1)[41]: d(w) is strictly convex in a neighborhood of w,, then Py 1S
stable.

Equation (1) arises in particle physics. It models the field equation for spin-0
particles [44]. The existence of stable standing waves has, until now, eluded any
rigorous proof. Anderson [45] showed by numerical computation that these equations
can have stable standing waves. He studied the particular example where (Ju|)argu =
—|ul?u + |u]*u, x € R3, and showed numerically that there are both stable and
unstable standing waves. We have shown in [46] the existence of unstable standing

waves for this example when w is close to 1. Here we show that d(w) is strictly convex
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for some w and therefore there are stable standing waves. This problem was
subsequently considered by Lee [44] and others who arrive at the same conclusion,
heuristically, using the principle of least energy.

It can be shown that the condition d(w) is convex, is equivalent to the condition
that the energy of equation (1) E (u, v) restricted to the charge Q(u, v) = Q(@,, iwp,)
has a local minimum at (¢, iw@,), where the charge Q(u,v) =1 mf uvdx. This
agrees
with the physical intuition of the problem [44].

The theory of linearized stability does not give a clue to whether there are stable
standing waves or not. The spectrum of the linearized problem might lie entirely on the
imaginary axis and therefore one cannot deduce the stability of these waves.

It is interesting to compare this result of stability with the instability result of the
ground state, i.e., the least energy steady state solution of equation (1). Berestycki and
Cazenave [47] showed that for special type of nonlinearities, solutions that are close to
the ground state blow up in finite time. In [46] we generalized this result to show
instability, but not necessarily blow up, of the ground state for all nonlinearities that we
can prove the existence of a ground state for.

Finally, for the Schrédinger equation: iu; — Au + f(Ju|)argu = 0. Cazenave and
Lions [48] showed the existence of stable standing waves for some nonlinearities.
Berestycki and Cazenave [47] showed the existence of unstable standing waves for
another type of nonlinearities.

Notation (2.1.2)[41]: We employ here the standard notation

HY(R™) = {u,radi al lgymmetri f uncti omn R"

1/2

lull = ([1vucldr + [ luGordx) <o)

LP(R™) = {u,radi al lyymetri d uncti con R™

wu=(jwuwuﬂ”p<m}

Cor(R™) = {radi al lgymmetri ¢i nfinitdl §ferenti ablirctions
wi t hconpactsupport,
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fs)=o(s) = If(s)/s| >0 as |[s|—>0,
f(s) =0(s) & |f(s)/s| i sboundedas s — 0.
Consider the nonlinear Klein-Gordon equation
Uy —Au+u+ f(luphargu =0, f(0)=f'(0) =0, x € R", n>2 (4)
This equation has nontrivial standing waves, u(x, t) = e!“t¢p(x) provided that

—Ap + (1= w?)e + f(lplargy = 0 (5)
has a nontrivial solution.

Definition (2.1.3)[41]: Let
o) = 172 [ 10+ m ((1 - /2 [lpidx + | G(lwl)dx)
where G' (1) = (1] and G(0) = 0,
Ko@) = (n = 2)/2 [ 10wplPdx + n<(1 -2 [lpPax+ | G(|¢|dx>>

M, = { € H; (R™), K, () = 0,3 * 0}

In order that equation (5) has nontrivial solutions it is sufficient that f and G satisfy [43]:

H.1 3n>05:G(n) <0
H={H.2 linf(m)/nt'=0, I<1+4/(n-2).
n—oo

Definition (2.1.4)[41]:Let w* = {i nfw = 05:3n(l — w*)n?/2 + G(n) < 0}. Thus w* €
[0,1). We shall always take w* < w < L.

Lemma (2.1.5)[41]: For w € (w*, 1)M,, is a C hypersurface in H}(R™) bounded away
from zero.

Proof See [46].

Proposition (2.1.6)[41]: if ¢, € HL(R™) is a solution of (5), and [ G(|¢,|)dx < oo, then
Kw((pw) =0

Proof. Let 93 (x) = ¢, (x/B) then
Jo(0g) = B72/2 [ WpuPdx + g (1= w)?/2 [l Pdx + [ GClpuDdx). ©)

since @,, is a solution then 6/,(¢,) =0=d (]w(goﬁ)) /dBlg=1 = 0, but
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d (Jo(@p)) /dB =1

= (1= 2)/2 [ 199, x| +n(l = @272 [1go2dx + [ Gl 1)
therefore K, (¢,,) = 0.
Theorem (2.1.7)[41]: Let w? € (w*?,1),n > 2, then
d(w) = viellvfllaf)]w(v)
is achieved for some v # 0, and
d(w) {i n%jlvlzdx,l(w(v) =0,v+ O}

Moreover v satisfies

—Av+ (I — w?)v+ f(Ju])argv = 0. (7)

Proof. First we show the equivalence of both minimization problems. Consider any

function v € H} (R™) such that K,,(v) < 0. Let vg(x) = v(x/pB). Then

K,(v) =p"%(n-2)/2 fleIzdx + B™n ((1 - w?)/2 flvlzdx + f G(v)dx) (8)

Now for 8 = 1K, (v;) = K,(v) < 0 and for § close to zero Kﬁ(vﬁ) > (0. Therefore

there exist a B, € (0,1) such that K, (Uﬂo) = 0and
1/nf|Vv30|2dx = Sl‘z/anvIzdx < 1/nf|Vv|2dx
Since J, () = 1/n([|Vv|?dx + K, (v)) then
d(w) = 17i‘EI\r41af)]w(v) =i nl{l/nlevlzdx + K,(v) =0,v# 0},
=i n({l/nfleIzdx + K,(v) =0,v+# 0}

Next, consider any minimizing sequence v. Then (fIVkade) is bounded. By H. 2 for
every € > 0 there exist C;(¢) >0 such that G(n) > —e&/2n? — C,(e)n'*!, where
+4/(n — 2). Since K,,(vy) = 0, then

02K,(v,)=(n-— 2)/2]|Vvk|2dx +n((1 - wz)/2j|vk|2dx + f G(Ivkl)dx>

and this implies
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0=(n-2)/2 f|ka|2dx + n((l —w?)/2 f|vk|2dx + Cy(e) flvleldx)

Now by Sobolev embedding H}(R™) & IP(R™),2 <p <2+4/(n—2) and since
([IVvi|?dx) is bounded we get that ||v|l is bounded. Therefore there exist a
subsequence, also denote it by (v;) such that

Vy 1v>v0 € H}(R") andv, vy ELP 2<p<2+4/(n—2),
since for radially symmetric H}(R") & LP(R") is compact for 2 <p < 2 + 4/(n — 2).

By lower semicontinuity of weak limits we have:

k() =(n— 2)/2f|Vv0|2dx + n((l - wz)/ZJ-IVUOIde + j G(IVUOI)dx>

= Il_l)o?ﬁn - 2)/2f|Vvk|2dx + n((l - wz)/ZJIVkade + j G(IVka)dx> =0

And from the above argument the inequalities are equalities and the weak limit is
strong. Consequently v, # 0 by Lemma (2.1.5), and
d(@) = i 0fJo®) = Ju (o).

Finally, to show that v, satisfies Eq. (7) we have by the Lagrange multiplier method

8] w (o) = 26K, (v), €))
or

—Avy + (1 — 0o + f(lv,]) argvg
= A(—(n — 2)Avy + n(1 — w?)vy + nf (v,]) arg vy).

By Proposition (2.1.6) we have

(n-— 2)/2[|Vv0|2dx+n<(1 —wz)/Zflvolzdx+fG(|v0|)dx>

=Al(n—2)2/2f|Vv0|2dx+n<(1—wz)/Zflvolzdx+fG(Ivol)dx>l. (10)
But
K, (vy) = (n—z)/zf|w0|2dx+n<(1 —wz)/Zflvolzdx+fG(lvol)dx> 0,
therefore
0 = )L[(n—2)2/2]IVUOIde—n(n—2)/2f|Vv0|2dx],
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0=An-2) fIVUOIde,
and this implies that A = 0.
Definition (2.1.8)[41]: Let S, be the solution set of d(w) =i nfep,, Jo (V).
Corollary (2.1.9)[41]: S, is also the solution set of

inf,(v) =dw), w? € (w*3)1), 1/nf|Vv0|2dx = d(w).

Proof: Suppose 3v such that 1/n [|Vv|?dx = d(w) and J,(v) < d(w). Then
1/nK,(v) =],(w) — 1/nj|Vv0|2dx <0.
But by Theorem (2.1.7)
dlw) =i nl{l/nfleIzdx,Kw(v) =0,v+ 0}
and this contradicts the above assumption. Therefore
inf,(v) =d(w), 1/n fleIzdx = d(w).

Now to show that the solution set of this problem is S,, we note that Vv which is a
minimum we have

5], () = A4v, or —(1+DAv+ (1 —w?)v+ (Jv|])argv = 0, (11)
and by Proposition (2.1.6)

1+MDn- 2)/2f|Vv|2dx +n<(1 - wz)/Zjlvlzdx + j G(Ivl)dx> =0
= J.(0) =1/2 levIde — A+ D0 —2)/2n) j|v17|2dx = d(w)

= J,(v) = 1/nf|Vv|2dx —A(n—2)/(2n) jIVvlzdx = d(w)

= A=0and ~K,(v)=0=vES,.
Corollary (2.1.10)[41]: Let v* € H}(R™) be a sequence such that 1/n [|Vv*|?dx >
d(w) and J,(v*) — d* = d(w) then v* has a strongly convergent subsequence

v* > ¢, € H(R™) for some ¢, € S,, and

|| (64vD) - Gl Dax

-0, d! = d(w)
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Proof. Since [|Vv*|2dx and ], (v¥) are bounded, v* is a bounded sequence in H}(R™)
(see the proof of Theorem (2.1.7). v* has a weakly convergent subsequence, also
denote it by v¥, such that

vk S v € H(R™), vk ov,ell, 2<p<2+4/(n—2)

Now 1/n||Vvy|?dx =11 .0 1/n [|Vv¥*|2dx = d(w) and K, (vy) =11 ma,e K, (V%)
(by the proof of Theorem (2.1.7)), therefore

Ko@) 1 ) in{Ju ) = 1/n [ Ivoldx)
or
K,(v)=d'—dw)=0

But from Theorem (2.1.7) we have
dw) =i nl{l/nfleIzdx,Kw(v) =0,v+ 0}

Therefore all inequalities are equalities and the weak convergence is strong.

Therefore

fG(lvkl)dxﬁfG(I(pwl)dx and d!=d(w)

Since  1/n [|Vvy|?dx =d(w) and K,(vg)) =0=1v,€S, and ~vF->vpy€
HY(R™),v, € S,,.
Remark (2.1.11)[41]: This is the only place where radial symmetry is needed. One can
generalize the above result to include the space H}!(R™) by using the notion of
“concentrated compactness” introduced by Lions [49]. In this case the sequence
v, € HY(R™) of Corollary (2.1.10) will have a subsequence vkn such that vkn(. +ykn) €
H(R™M) is relatively compact in H'(R") for some sequence (ykn).

We'll study the behavior of d(w)=1/n[|V¢,|*dx as a function of the
frequency w.
Lemma (2.1.12)[41]: Let w; < w, be such that [w;,w;] € (w* 1), then d(w) and

[1@e?dx(p,, € S,) are uniformly bounded in w € [w1, w,].
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Proof. Since K is continuous in w,d(w) is bounded for w € [wy,w,]. Now for
@ €S, K,(p,) =0. By H2G(n) Z —cn*t;1<1+4/(n—2), for n large, and
G(0) = G"(0) = 0 =foranya > 0,-n* + G() > —Cano*!, Iy = 1+ 4/(n - 2),

a
j(zlvlz + G(Ivl)) dx 2 —Caflvltoﬂdx.

Now because K, (¢,,) = 0, and by Sobolev embedding

a

(n—2)/2 f Voo l2dx + n(1 — w? — a?)/2 f 9ul?dx = G ( f Ipul?dx) <0
for a small.

This implies that [|¢@,,|?dx is uniformly bounded for w € [w,, w,] © (w0*, 1).

Proposition (2.1.13)[41]: a) d(w) is a decreasing function of w € (w*, 1), b) if w; < w,,
. 2
i) d(w;) <d(w;) — (a)% - a)%)/Z f|(Pw1| dx + o(w; — w3)

. 2
i) d(wy) < d(wy) — (a)% - a)%)/Z f|(Pw2| dx + o(w; — w3)
Consequently, d(w) is a continuous function of w € (w*, 1).

Proof. a) Let w; < w5, then

sz((pwl) =(n- 2)/2f|(pw1|2dx +n<(1 — w%)/2f|gow1|2dx + f G(|(pw1|)dx>
or
sz(gowl) =(n- 2)/2[|Vgow1|2dx +n((1 — w%)/2f|V(pw1|2dx
+G(|<pw1|)dx) —n(wi — w?)/2 f|V<pw1|dx,
Koo (90.) = Koy (90,) = 13 = 0D)/2 [ [V, [ x,
but sz((pwl) =0

= K,,(¢n,) = n(w} — w?)/2 f|Vgow1|2dx <0

Therefore
d(w,) = 1/nf|V(pw1|2dx > i n({l/anVvlzdx,sz(v) =0,v+ 0},

since sz((pwl) <0,
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= d(w,) > d(wy)
b) Again let w; < wy and Yp(x) = @, (x/B), then

Ko,(05) = (n — 2)p"2/2 f Vg, | dx
+ np" ((1 —w3)/2 f|(pw1|2dx + f G(|<pwl|)dx>,
Ko, (p) = (n = 2)p"7?/2 flvfpwllzdx =B ((n-2)/2 f|V<Pw1|2dx

+n(ws — w%)Zf |gow1|2dx)

Let
Bio= (@3 = D)/ [ g, dx. (12)
then K, (¥3) = (n(n — 2)d(w,)/2)B" 2 — n((n — 2)d(w,)/2 + A;;), and for
By =1/(1+ 28,/ (n — Dd(w))"?, Ko, (¥5,) =0, (13)

wd(w,) < 1/nf|Vl/J[;2|2dx - g-z/nf|wpw1|2dx = B 2d(w,)  (14)

But for w; — w, small, |A1,| < C(w, — wy), since [|@,|*dx is bounded. Therefore

172 =1— A1, /d(wy) + 0(Ary), (15)
and from equation (14) we get
dw) S dw) - @3 = D)/2 [ |po, [ + 0w, = w), (16)
or
Aw,) = d(@n) = @F = 0D/2 [ g, 'dx + 0w, - ). (17)

To show the second part of b) let ¥, (x) = ¢,,(x/y), then

Kau () = 1= 27272 [ [V, [*dx

+ ny™ <(1 —w%)/2j|<pw2|2dx+jG(|<pw2|)dx>
or

K,,(¥,) = (n(n— 2)d(w,)/2)y™" 2 — n((n — 2)d(w,)/2)y™, (18)
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where
2
Arp= (03 — w?)/2 j 9o, [2dx, (19)

since f|V(pw2|2dx = nd(w,) and K,,,(¢,,) = 0.

For

1/2

V1= 1/(1 — 205, /(n— Z)d(wz)) )
2 2 (20)
le(lpyl) =0=d(w,) = 1/nf|V1/Jy1| dx = yf"2/2f|V(pw2| dx =y 2d(w,)
but for w; — w, small
V2 =144,,/d(w;) + o(w; — wy) (21)
~ @) < d() + @F — 0D/2 [[o, [dx + ol —w0)  (22)

The continuity of d(w) follows from equation (17) and (22).
Next we'll need this lemma about strictly convex functions.

Lemma (2.1.14)[41]: Suppose h(w) is a strictly convex function in a neighborhood of
wy, then
Ve > 03N(g) > 05: |w, — wyl| = ¢,

a) w <wy<w,|w—wy| <e/2

(h(@e) = h(@))/ (@ — ) = (h(wy) — h(w))/(@o — @) — 1/N (&)
b) w < wy < wg, |w—wyl <e/2

(h(we) = h(@))/ (0 = @) Z (h(wp) — h(w))/(wo = w) + 1/N(e)

Proof. The proof is very easy to see geometrically from the picture below.
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We'll give a proof for the case w, < wy < w and the second part follows by an identical
argument. Assume that the claim is false. Then there is an ¢, > 0 and a sequence
Wy D |w£0 — w0| = &, |w — wol| < €/2,

(h(wo) - h(wk))/(wo —wy) —1/k < (h(weo) - h(wk))/(weo - wk)- (23)
Pick w, such that w,, < w1 < wy, then

(h(wp) = h(wi))/(wo — wy) > (h(wy) — h(w))/ (w1 — wp).  (24)

[since h(w) is convex]. From equation (23) we get

(h(wgo) - h(wk))/(wso - wk) > (h(w1) - h(wk))/(wl — wy) — 1/k. (25)
Since wy, is bounded it has a convergent subsequence. Also denote it by w; such that

Wy = Wy = Wo > W1 > wg,. Now from Eq. (25) and continuity of h(w)

(R(we,) = h(@2))/ (w0, = @2) Z (hlw1) = h(w)) /(@ —wy)  (26)
But since h(w) is strictly convex

(h(w1) - h(wz))/(wl —wy) > (h(wl) - h(wz))/(wso - a’z); (27)

which contradicts equation (26). Therefore the claim is true.

Theorem (2.1.15)[41]: Suppose that d(w) is strictly convex in a neighborhood of w,,

then for w close to wy, An(w) > 0,n(wy) = 0, such that

2
A) = d(@0) Z (@0 = ) [ [0, [ dx + 1),
Proof. Let w < w,, w close to w,. Then from Lemma (2.1.14) and for w < wy < wy,

(d(w1) - d(a)))/(a)l —w) = (d(w1) - d(wo))/(w1 + wy) — 1/N(w) (28)
and from Proposition (2.1.13)

(d(a’l) - d(w))/(w1 — wy)
< —(w; + wo)/2 j |9 [2dx + 0(w1 — w) /(@1 — o) (29)

From equation (28) and (29)
(d(wy) — d(w))/ (w1 — w)
S —(wq + wo)/2f|(pw0|2dx —1/N(w) + 0 (w; + wg) /(w1 + wy) .

Let w; = wy, then by continuity of d(w)
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(d(wo) — d(@))/(wo — @) = — wo f |9, |2dxc — 1/N(w)

or
d(@) — d(wo) Z wo(wo — ) f (9o [2dx + (o — w)/N(w).

For w > wy, from Lemma (2.1.14) and w > wy > w4, we have

(d(w) = d(w1)/ (@ = wy) Z (d(wp) — d(w1))/(wy — wy) + 1/N(w),

and from Proposition (2.1.13)
(d(wo) - d(w1))/(w0 —wq)
= (wo — wy1)/2 f|g0w0|2dx + (w1 — wp) /(w1 — wy).

Again from equation (31) and (32) and letting w; = w,,

(d(@) — d(w)) Z —wo(@ — wp) f |90, [P + (@ — wo)/N(w),

and this concludes the proof of Theorem (2.1.15).
Now if we consider the Cauchy problem
Uy —Au+u+ f(lu])argu =0, x €R"
u(0) =uo € H7(R™),  u(0) =u; € LZ(R™),

(30)

(31

(32)

(33)

we don't have strong solutions (u(-) e c([0,T], HX(R™)), u.(*) € c([o, T)L%(IR”))) for

the general nonlinearities we are considering but we always have weak solutions

(2O € L2(10, 1), HE®R™), u () € L°([0,7), L2 (RM)),

that are weakly continuous in t. Also we don't necessarily have uniqueness, or energy

identity, but we always can find a weak solution that satisfies the energy inequality

1/2 f e (©)Pdx + Jo(u() < 1/2 f lueldx + Jo (o),

provided [ G(Juy|)dx < oo (see Strauss [50]).

Definition (2.1.16)[41]: Define the metric space X= {completion of u € Cg, (R™) with

the metric

(s ) = s = w1+ | [ (60t = 6Cur D)
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and define the modulated energy functional of Eq. (2), E,(u,v) = 1/2 [|v|?dx +
Jo, (), u € X,v € L2(R™).
RL={ueXx,vel2(R");E,(uv) < d(w)K,u) > 0}u{0,0)}
= {u € X,v € LZ(R"); E,(u,v) < d(w), 1/nf|Vu|2dx < d(w)},

R:Z = {ueX,veLi(R");E,(u,v) <d(w)K,u) <0,u+0}

_ {u € X,v € I2(RM); E,, (u,v) < d(w), 1/nf|w|2dx > d(w)}.

Lemma (2.1.17)[41]: R} and R2 are invariant regions under the flow of (2) for the
solutions that satisfy the energy inequality.

Proof. We'll prove this by contradiction. Let (ug, u;) € R}, and assume that there exist a
t; such that (u(tl),ul(tl)) & R.. By lower semi-continuity of Km(u(t)) there exist a
minimal t, such that (u(to),ut(to)) € RL, ie. Kw(u(to)) = 0 and Km(u(t)) > 0 for

t €[0,t,). Now

1/nf|Vu(t0)|2dx =1 itni/nIIVu(t)Izdx
—to

t<to

< gjtg<1/nf|Vu(t)|2dx + Kwu(y)>,

t<to

therefore
1/n f IVulto) 2dx < 1, (u(®)) S 11 nE, (u(t), 1, () d(w)
—to —to
and we also have K(u(to)) = 0. This contradicts the definition of

d(w) =i nf{1/nf|Vu(t)|2dx FK, () S0,v % o}

Therefore R} is invariant under the flow of equation (2). Similarly we can show that R2

is also invariant.
Lemma (2.1.18)[41]: Let u(t) be a solution of
Uy —Au+u+ f(lu|)argu =0,
u(0) = u, € X, u,(0) = u; € L2(RM),
that satisfies the energy inequality. Then for every K > 0 there exist § (K) such that if
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then d(wy + 1/K) = 1/n [|Vu(t)|?dx = d(wy — 1/K)Vt.

Proof. Fix K > 0 and let w, = wy + 1/K,w_ = wo — 1/K, and u(t) = v, (t)e'® *t =

v_(t)e'® *t Then
Vige + 2l v — Avy + (1 — w?)vy + f(|ve]) argvy =0,
v1(0) =up,  v4:(0) = uy — lw4u,.

The energy inequality of this equation is
E,, (vi(t), vit(t)) = 1/2j|u1 - iwiu0|2dx + 1/2]|Vu0|2dx
+(1 —wi)/ZJIuolzdx+fG(|u0|)dx,
Or

1/2 j|vit(t)|2dx +Jo, (u®) = 1/2f|u1 — iwiu0|2dx + Jo, (o),
but

luy — iwiu0|2 =< |uy — iw0<pw0|2 + |woPu, — wi<pw0|2 + | Wi Pu, — wiu0|2
= 1/2f|u1 — iwiu0|2dx < (wg — wi)2/2f|(pw0|2dx
+ C(w4, wo)f | f|u1 - iwiu0|2dx + f|u0 - (pw0|2dx.
Now since d(w,) < d(wy) < d(w_) and
d(wy) = 1/nj|V(pwo|2dx = l/nJIVuOIde + 0(9).
If we pick & small enough we have
dlw,) < l/anVuolzdx <d(w.),

Ed’i(uo’ul — iwiup) = (wo — wi)Z/Z jl(pwolzdx +]wi((pwo) +0(5)

< (wp — w4)wo f (0o [2dx + Ju, (90,) + 0(8)

since (w3 — w3 )/2 + (W — w1)?/2 = (W — W4)Wg.

By Theorem (2.1.15) and for 6 small
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(wo — 4w f|(pw0|2dx + d(wg) + 0(5)

= (wg — W4)wg f|<pw0|2dx +d(wg) + n(wy) S d(wy), (40)

and therefore from equation (39) we have the energy inequality
2
1/2 f|vit(t)| dx +]wi(u(t)) < d(ws) vt

= d(w4) < 1/nf|Vu(t)|2dx < d(w.) vt (41)
by Lemma (2.1.17)

Theorem (2.1.19)[41]: If d(w) is strictly convex at w,, then the standing waves of
frequency w, are stable in the following sense: for every € > 0 there exists a 6(g) > 0

such that ifg(uo, <Pw0) + |u1 - iw0<pw0|2 < §(¢) then

it @), ¥) + |u, () — lwepl,) <& forallt.

Proof. Assume not. Then 3 sequence (uok,ulk), (t*) and an gy > 0 such that

Ugy Usy,) = (Puyr iWoPw,) €EX D LE
(w0 1) = (Pu, o)

and
Jif o), ) + e (£9) = ol > &6,

From Lemma (2.1.18), 3 subsequence also denote it by (uk(t")) such that

d(wy + 1/k) = 1/nf|Vuk(t")|2dx = d(wy — 1/k),
and ([|u (t%)]%dx) is bounded (by Theorem (2.1.7)). Now as k — oo

1/ [ lu () Pdx - d(wo) (42)

from continuity of d(w). From equation (41) we have

1/2 f 104 e (E)2dx + ], (1 (£9)) < d(wo + 1/K),

therefore 3 subsequence such that

Jaoo (e (£9)) > d™ = d(wo). (43)

By Corollary (2.1.10) equation (42) and (43) imply that 3y € S, such that
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lu (%) =yl - 0,
Jaoo (e (%)) = d(@y).
Again from equation (41) we have
[ 1o @ Pdx = e () = 0,04 ()13 0,

and

|| (60D - 6yd)ax| o

which contradicts the assumption of instability.

We'll present here two examples where we have stable standing waves.

Theorem (2.1.20)[41]: The equation
U —Au+u—|ulPlu=0, x€R" n=3,

has stable standing waves for1 <p <1+ 4/n.

Proof. In order to show the existence of stable standing waves it is sufficient to show
that d(w) is strictly convex for some interval of w.

Solution of the equation

¢y + (1 — 0@y = 19u P, =0 (44)
has the following scaling property: let v(x) = (1/6)¢p,(x/B), then
—8B%Av + (1 — w?)6v — 8P |v|P~ v = 0, (45)
and for
p?=1-—w?=6P1, (46)
Equation (44) becomes
—Av+v— [P lv=0. (47)

Now
[1wetax = pr2/6% [ 19, 1ax
= f Vg, |2dx = (1 — w?)® f Vool2dx  (48)

where a = (4 -(n—-2)(p - 1))/2(p -1).

Now it becomes easy to see when d(w) = 1/n [|Ve,,|?dx is strictly convex,
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d(w) =(1- wz)“/nf|V¢0|2dx = (1 - w?)%d(0) (49)
= d"(w) = [-2a(1 — w?)* + 4a(a — Dw?*(1 — 0w?)*2]d(0)
=d'(w)=-2a[-1+ Qa—-1Dw?](1-w?)*2d(0), (50)
sincel<p<1+4/na>0,2a—-1>0.
Therefore d”’ (w) > 0 implies — 1 + (2a — 1)w? > 0,
Moreover w? > 1 for equation (44) to have a solution. Therefore and this set is not

emptyforl <p <1+4/n.

Remark (2.1.21)[41]): For 1 +4/n <p <1+ 4/(n— 2) we showed that all standing
waves obtained by Theorem (2.1.7) are unstable [46].

Another example we'll consider is one which appears in studying spin-0 particles
in field theory [44]. The potential, i.e. G(|w|) for this model is of the form G(|jw|) =
— |ul*/4 + [ul®/6
Proposition (2.1.22)[41]: The equation

—AMu+ (1 —-—ou—|ulPu+|ul*u=0 x€eR? (51)
has nontrivial solution ¢,, of lowest energy for w? € (13/16,1). Moreover as w?
Proof. For equation (51) to have nontrivial solution it is sufficient to have 1 — w? > 0
and 37 such that (1 — w?)n?/2 + G(n) < 0. Now

(11— w?)n?/2—n*/4+1°/6 <0
for some 7 if
(1/4)? —4(1 — w?)/12>0
= w? > 13/16.

We show that d(w) — o as w? - 13/16 by contradiction. Assume that d(w) remains

bounded then by Theorem (2.1.7) ||¢, |l is bounded. This implies that 3 sequence

w
wy = 13/16 and v € H} (R®) such that ¢, —v € H}(R*). Again by Theorem (2.1.7)

Ko, () S 1inkK,, (00,) = Li fw? — 03)/2 j (00, [2dx + Ko, (00,),  (52)

where w3 = 13/16. But Kwk(fpwk) = 0, therefore
Ky,(v) = 0. (53)
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Now K, (u) >0 Vu €,u # 0 so from (53) we have that v = 0. By equation (52) we
have that-the convergence is strong. But d(w) =1/2 fl(pwlzdx is monotone

decreasing function,

d(w;) >0 = 0= limd(wy) >d(wy) >d

k—oo

a contradiction. Therefore d(w) - o as w — 13/16.

Theorem (2.1.23)[41]: The equation
U — Au+u — |ul?u + |ul*u=0, x € R3
has stable standing waves for w close to 13/16.
Proof. By Proposition (2.1.22) d(w) - o0 asw — 13/16 and by Proposition (2.1.13)

d(w) is monotone decreasing function of w. Therefore the graph of d(w) looks like

diw)

13115 1

Fig. 2.2
Now it is easy to see that d(w) is strictly convex for w close to 13/16 and by Theorem

(2.1.19) these standing waves are orbitally stable.

Remark (2.1.24)[41]: This particular example was studied numerically by Anderson [45]
where he showed that for w? close to 13/16 there are stable standing waves and that

for w close to 1 they are unstable and this is precisely what we show in [46].

Section (2.2): Zhukovskij Asymptotic Stability:

Stability of motion in dynamical systems is an old but still active area of studies.
At the close of the 19" century, three types of stability were established for motion in
continuous dynamical systems, i.e., for solutions of differential equations. The Liapunov

stability [52,53-54] and Poincaré stability [53,55] or orbital stability are well-known to
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the people. But the Zhukovskij stability [53,56] is less known, which was sometimes
regarded as a special kind of Poincaré stability [57].

In [53], these types of stability were discussed with stress on the corresponding
instability, where these notions of stability were recalled and some examples were given
to show the differences and relations between these types of stability. However,
geometric meaning of these differences is still unclear, hence it is necessary to go
further to make out geometric mechanism of these types of stability. It is found out that
in case of asymptotic stability, Liapunov asymptotic stability and Zhukovskij asymptotic
stability are of simple and distinct geometric meaning in terms of omega limit set, and
the purpose of this section is to demonstrate these observations.

Consider a continuous dynamical system described by autonomous differential

equations

dx n
E:f(x)’ x € G C R™, (54)

where G is a closed bounded domain in R™,and f € C"(G)(r = 1).

Denote by x(t,x3),0 <t < +oo, the solution of (54) with initial poi ntc, =
x(0,x,). Let o*(x,) be the forward or positive orbit passing x,,i.e.,0"(xy) =
{x(t,x5)|0 <t < +o0}. In addition, let Bg(x) be the open ball with center x and radius
d. Clearly only bounded orbits are of interest to us, so we shall consider orbits bounded
in the domain G.

The well-known Liapunov stability is as follows:

Liapunov stability. A solution x(t, x,) to system (54) is said to be Liapunov stable
if, for each e > 0, there exists §(¢) > 0, such that for every y, € Bs(x,) the relation

1X(t, x0) = X (&, y0)ll < €
holds for t > 0.

This stability means that if two orbits are near in the beginning then they remain
near together synchronously for all the time t = 0.

Based on the Liapunov stability, the well-known asymptotic Liapunov stability

can be described as the following.
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Asymptotic Liapunov stability. A solution x(t, x,) to system (54) is said to be
asymptotically Liapunov stable if, it is Liapunov stable and there exists n > 0 such that
for every y, € B, (xo), one has the relation

X (¢, x0) = X (£, y0)ll 20 as t—> oo

Zhukovskij stability. A solution x(t,x,) to system (54) is said to be Zhukovskij
stable if, for any e > 0, there exists §(&) > 0, such that for every y, € Bs(x;,), one can
find two parameterizations 74, T, of time t, such that

llx(z1(£), x0) — x(T1(£), Yl < €
holds for t = 0, where 7, and 7, are homeomorphisms from [0, +) to [0, +o0) with
7,(0) = 1,(0) = 0.

Asymptotic Zhukovskij stability. A Zhukovskij stable solution x(t,x,) to system
(54) is said to be asymptotically Zhukovskij stable if, for any € > 0, there exists 6(g) >
0, such that for every y, € Bs(x,), one can find two parameterizations 7,, T, of time t,
such that

llx (T, (£), x0) — x(72(0), y)Il > 0 as t— 4o
where 7, and 7, are homeomorphisms from [0, +) to [0, +) with 7,(0) = 7,(0) =
0.

It is easy to see [53] that (asymptotic) Zhukovskij stability implies (asymptotic)
Liapunov stability. However the converse is not true, the reader can convince himself by
constructing some examples. Furthermore, it is not difficult to see that these two types

of stability are equivalent in case of x(t, x,) being an equilibrium point.

In this section we shall show that the omega limit set of an asymptotically stable
orbit of autonomous system is just an equilibrium point set. This may be a known fact to

some people, but for completeness we give a proof here.

Theorem (2.2.1)[51]: If the solution x(t, x,) to system (54) is asymptotically Liapunov

stable, then the omega limit set w(x,) consists of equilibrium points of (54).

Proof. Since the solution x(t, x,) is asymptotically Liapunov stable, for every value At

small enough, there holds the following relation:
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tl_}oorﬁx(t + At, x) — x(t, xo)) =0,

(d d? ,
tl_}oo Ex(t, Xo)At + 0 Wx(t, Xo)At ,

d
— gjmnf(x(t, x0))At + 0 (%ﬂt’ xO)Atz),

or

d
- tl_jmnf(x(t, x0))At + 0 (% (x(t, x0))f (x(t, xo))At2>,

= t]_éoonf(x(t, x0)) (At + Og (x(t, xo))Atz)

= 0.
Since x(t, x,) is contained in the closed bounded domain, of Z—ﬁ(x(t, xo))f(x(t, xo)) is
bounded, therefore the above relation holds for arbitrary small At. It follows that for At

small enough,
d
At +0 (% (x(t, xo))> At? # 0

This means that
tl_éoorrf(x(t, %)) =0
Hence x(t, x,) must approach an equilibrium point set.

From the computational view point, the above theorem indicates a fact that if
one takes an orbit and calculates its Liapunov exponents that are all negative, then one
could reasonably expect that this orbit would go to an equilibrium point as t goes to
infinity thus showing a way to decide whether iterates of a point can reach a zero point
of a map.

It can be expected that the omega limit set of a asymptotically Zhukovskij stable
orbit would be of a simpler structure. In fact, the omega limit set should just be a cycle,
i.e., a closed orbit. We will demonstrate this observation under a little more conditions.

To facilitate the ensuing arguments, we introduce a notion of uniform

asymptotic Zhukovskij stability.
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Definition (2.2.2)[51]: A solution x(t,x,) to system (54) is said to be uniformly
asymptotically Zhukovskij stable if, for any & > 0, there exists 6§ > 0, which is
independent of &, such that for every t° > 0, if y, € Bé‘(X(tO,XO)), then one can find
two parameterizations 74, 7, of time t, such that
[l (228, x(2°, x0)) — x(z2 (), yo) || < &
holds fort > 0, and
x (2 (0, x(t% x0)) = x(T2(8), ¥0)|| 0, as t o0

where 7; and 7, are homeomorphisms from [0, +) to [0, +o) with 7,(0) = 7,(0) =
0.

Note that this definition is sharply different from the so-called uniform stability

of equilibrium points, for example, see [58].

Theorem (2.2.3)[51]: If a solution x(t,x,) to system (54) is uniformly asymptotically

Zhukovskij stable, then its omega limit set is a periodic orbit.

Proof. Denote by Ds(x) the n — 1 dimensional disc:

Ds(x) = Ty N Bs(x),
where T, is the n — 1 dimensional hyperplane at the point x, and is perpendicular to the
vector f(x) of (54) at the regular point x (the point where f (x) # 0), Bs(x) is the ball
defined as before.

Now suppose that the orbit x(t,x,) to system (54) is uniformly asymptotically
Zhukovskij stable. By long tubular flow theorem [59], it is not difficult to see that there
exists a r < § (6 is the number defined as in Definition (54)) and a Poincaré map from
D, (xp) into Dyx(t, x,):

¢¢: Dy (x0) — D(,(x(t, xo))
forevery t > 0.

Since x(t, x,) is uniformly asymptotically Zhukovskij stable, the relation
di am(d)t(Da(x))) -0 as t— o

holds for every point x € x(t,x,), where diam means the diameter of d)t(D(,(x)) in

terms of
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di am(4) = gﬂéllx =l

Llet w be an omega limit point of x(t,x,), then there exists a sequence ti -
o (as j - o) with x(tj,xo) € D,(w) and x(tj,xo) — w. Therefore there exists k > 0
such that

|l (tx, x0) — wll < 0/8, Ds/p(w) © Da(x(tk'xo))-

Since

di am<¢tj—tk (D(,/Z(w))> -0 asj— oo,

there exists i > 0, such that

di am((btj_tk (Da/z(w)» <o/8 fort>i. (55)
On the other hand, by the definition of the asymptotic uniform Zhukovskij
stability, it is easy to see that there exists a homeomorphism h : [0,0) — (0, o) with
lx(h(t), w) — x(t, x(ty, x0)|| = 0 as t = oco. Furthermore, one can find m > k such
that
12 (tm, o) — wll < 0/8
and
| x(R(tm — tr), @) — x(6m — t, x(tr, x0)) || < 0/8:
Note that x(tm - tk,x(tk,xo)) = x(t,, xo)) € D,(w) so one can choose the
homeomorphism h such that x(h(t,, — t), w) € D (w).
It follows that
lx(h(tm — t), w) — wl|
< ||x(h(tm = tr), @) = x(tm — t, x(tr, X)) || + || (6 — trr X (tis %0)) — |
= [lx(h(tm — t), @) — x(Em, x| + X (Em, X0) — wll < 0/4.
Now for every y € D?/?(w), take t, = nBx {t,,, t;}, one gets by Theorem (2.2.3)
Ix(h(ta — t),¥) — x(h(tq — t), W)l < 0/8;
where h* is a homeomorphism from [0,o0) to [0,) such that x(h*(t, — ty),y) €
Dy (w).

Now it is obvious that
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llx(h*(tq — ti), y) — wll
< lx(h*(tq = tie), ¥) — x(h(tq — ti), )l + llx(h(tq — ti), @) — wl|
<o/8+0a/4 <o/

This means that the Poincaré map

¢:Dg/2(w) = Dy (w)

satisfies
o) (Da/z (w)) C Dyyp(w)
It follows from the fixed point theorem that there exists a point x;, such that
¢(xp) = Xp,

and the orbit x(t, xp) is a periodic orbit.

Because of the uniform asymptotic Zhukovskij stability of x(t,x,), the orbit
x(t,xp) is an omega limit set of x(t,x;), again due to the uniform asymptotic
Zhukovskij stability of x(t,x,), this periodic orbit is the unique omega limit set of

x(t, xg).
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