Chapter 1

Transference and Spectral Decompositions

In this chapter every uniformly bounded one-parameter group on LP(u), is
the Fourier-Stieltjes transform of a projection-valued mapping of R ,and that
every hermitian-equivalent operator on LP(u), is well bounded of type (B).
In the setting of an arbitrary Banach space X, power-bounded operators with
a logarithm of the form iA with A well bounded of type (B) are studied. It
is shown that if U is such an operator on X, then for every function fof

bounded variation on the unit circle, Y2 _, f(n)U™ converges in the strong
operator topology. This result, which formally is a transference by U of
Steckin’s Theorem, makes it possible to calculate directly from U a
(normalized) logarithm for U and the spectral projections for the logarithm.

Let Y be a closed subspace of LP(u), where 1 < p < oo. and u is an arbitrary
measure, and let V be any operator on Y which is power-bounded (i.e., V 1is
invertible, and sup{||[V*||:n = 0,+1,+ 2,...} < o ) .We show in Theorem
(1.34)(ii) that V can be written in the form e4, where A is a bounded operator on
Y having a spectral “diagonalization” analogous to, though weaker than, that
occurring in the spectral theorem for self-adjoint operators. In the precise
terminology described and adopted in this Section , A is a well-bounded operator of
type (B), and the conclusion of Theorem (1.34)(ii) asserts thatV is
trigonometrically well-bounded. Also we develop an abstract Fourier-series
analysis for Banach space operators which are simultaneously power-bounded and
trigonometrically well-bounded. The abstract machinery of this Section
automatically goes into effect for power-bounded operators on Y once Theorem
(1.34)(ii) 1s established. To illustrate the combined effects of this Section, we state
here the following partial summary of Theorem (1.34)(ii) in conjunction with
Theorem (1.25)(ii), postponing a description of spectral families of projections
and their integration theory until in this Section.

Theorem(1.1) [178] : Let Y be a subspace of LP (i), where , u is a measure and
1 < p < oo. Suppose that V' is a power-bounded operator on Y. Then:

© AdE (4), where E(.) is a spectral

(i) V has a logarithm of the form i f[o 2]

family of projections in Y;



(it) for each complex-valued function f of bounded variation on the unit
circle,, {ZN=_ O & } converges in the strong operator topology asN — +oo
Conclusion (i) of this Theorem is used to show (in Theorem (1.40)) that every
uniformly bounded one-parameter group on Y is the Fourier Stieltjes transform of a
spectral family of projections.

Without need of this Section , Theorem (1.34)(ii) has the direct consequence that
every hermitian-equivalent operator on the space Y described above is well
bounded of type (B) (see Theorem (1.36)).

To make the paper more self-contained, this section is denoted to a summary
of the pertinent methodology from the theory of well-bounded operators. We
conclude, in this Section, with some counterexamples which rule out various
directions of generalization for Theorem (1.34)(i1). For instance, the space Y can
not be replaced by an arbitrary reflexive Banach space (see Example (1.44)).

Our considerations merge three main themes: the transference notion of Coifman
and Weiss [215]; well-bounded operators; and Steckin’s Theorem for the additive
group Z of integers, which we take in the following form (see, e.g., [183, Theorem
20.7)).
Theorem(Steckin)(1.2) [178]: Let BV(T) denote the Banach algebra of all
complex-valued functions of bounded variation on the unit circle T, with the norm
I .1l T given by

I flle = If(D] +var(f,T),
where var(f, T) is the total variation of f.if 1 <p < oo, there is a constant Cj ,
such that for each f € BV(T) convolution by £, the Fourier transform of f, is a
bounded operator on L? (Z ) whose norm does not exceed Cp|| f1| .

Before describing the interplay of our main themes, it will be necessary to state
in some detail the General Transference Theorem of Coifman and Weiss because
of its central role. Suppose G is a locally compact, amenable group, m is a o-finite
measure space, 1 <p < oo, and S is a closed subspace of LP(m ) Let u = R,
be a strongly continuous representation of G by bounded operators on S such that
for Fe S, (R, F)(x) is jointly measurable in(u,x) €G Xm, and ¢ =
sup{||R,ll : u € G} < . Let Y € L'(G ) have compact support, and denote by ¥
the operator of convolution by ¥ on LP(G ).

Theorem (1.3) (general transference Theorem [215,Theorem 2.4]):[178] Put
(Hy, F)(x) = [ @R~ F)(x)du for F € S,x € m.



Then H,, , is a bounded linear mapping of S into S such that ||H¢|| < c?||¥]]. (In
should be mentioned that the General Transference Theorem is stated in [215] only
for the case S = LP(m), but the proof therein covers the case S S LP(m), as
asserted in Theorem (1.3) .When the group G in (1.3) is specialized to Z, measure-
theoretic complications associated with Fubini’s Theorem are replaced by
considerations with finite sums, and the proof of [215, Theorem 2.4] can be
simplified so as to dispense with the o-finiteness requirement on the measure space
m (see Theorem (1.33)). The demonstration of Theorem (1.34)(ii) proceeds by
applying this specialized version of Theorem (1.3) and Steckin’s Theorem to show
that the power bounded operator V in the hypotheses has an AC(T) —functional
calculus, where AC (T) denotes the Banach subalgebra of BV (T) consisting of the
absolutely continuous functions of T. The proof is completed by invoking [213,
Theorem (2.3)], which characterizes trigonometrically well-bounded operators on
reflexive Banach spaces by the possession of an AC(T) functional calculus. Thus
Theorem (1.34)(i1) is a transference phenomenon. In contrast the abstract Fourier
analysis in this Section is inspired by a purely formal simulation of the statement in
the General Transference Theorem. Specifically, let U be a power-bounded,
trigonometrically well bounded operator on a Banach space X, and let f €
BV (T). Consider the bounded representation Rof Z in X defined by R , =
U™ for n € Z.By Stec¢kin’s Theorem ( 1.2) f determines a bounded convolution
operator on LP(E), for 1 <p < oo. However, the General Transference Theorem
(1.3) cannot possibly apply to the representation R and the convlution kernel f,
since, in particular, f need not belong to L'(Z), and X need not even be
reflexive.

Nevertheless, in the context at hand the conclusion of Theorem (1.3) states in a
purely formal way that ¥, f (n)U™™ is a bounded operator on X. We show in
Theorem (1.25)(i1) that this series does in fact converge in the strong operator
topology, and thus an abstract transference of SteCkin’s Theorem is valid for
U. This result is deduced from a blend of classical Fourier series methods and an
abstract type of Riemann-Stieltjes integration (with respect to a spectral family of
projections), and provides formulas for direct calculation from U of its
(normalized) logarithm and the corresponding spectral projections (Theorems
(1.29) and (1.30)(ii)).

In this section we collect, in a convenient form, the known items we shall
need from the theory of well-bounded operators.
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Let J = [a,b] be a compact interval of the real line R. We denote by
BV (J) (resp.AC(J)) the Banach algebra of complex-valued functions having
bounded variation on | (resp. absolutely continuous on J) with the norm ||f]|;, =
|f(b)| + var(f,]). Let X be a Banach space, and B(X) the Banach algebra of
bounded operators on X.

Definition(1.4)[178]: An AC(J)-functional calculus (resp. A C( T)-functional
calculus) for an operator T € B(X) is a norm-continuous homomorphism y of
AC(J) (resp. A C(T))-into B(X) such that y sends the identity map to T and the
function identically 1 to I, the identity operator of X. In either case we say y is
weakly compact provided that for each .x € X ,y(.)x is a weakly compact linear
mapping of the domain of y into X.

Definition(1.5) [178]: An operator T € B(X) is called well bounded provided that
for some compact interval /,T has an AC(J)-functional calculus.(Note that in this
event, a(T), the spectrum of T, must be a subset of J). Well bounded operators
were introduced by Ringrose [ 225,226] and Smart [ 227]. Without further
specialization Definition (1.5) is too weak for our purposes in this Section , since a
well bounded operator on the arbitrary Banach space X need not have a spectral
decomposition in terms of projections acting in X (see, e.g., [ 183, Example 16.5]).
The relevant notion for our considerations is that of type (B) well-bounded
operator introduced in [212] (note especially [212, Theorem 4.2(ii] ).
Definition(1.6) [178]: An operator T € B(X) is said to be well bounded of type
(B) provided that for some compact interval J,T has a weakly compact AC(J)-
functional calculus. (Note that every well-bounded operator on a reflexive space is
automatically of type (B).)

As will be seen presently (in Proposition (1.13)), well-bounded operators of type
(B) can be characterized by an appropriate spectral decomposition expressed in
terms of a “spectral family” of projections acting in the underlying Banach space.
Definition(1.7) [178]: A spectral family of projections in X is a uniformly
bounded, projection-valued function E(.): R — B(X) which is right continuous on
R in the strong operator topology, has a strong left-hand limit at each point of R
,and satisfies

(i) E(s)E(t) = E(t)E(s) = E(min{s, t}),fors,t € R

(ii) E(s) = 0 (resp.E(s) — I) in the strong operator topology as
s > —oo (resp.s = +a).



If there is a compact interval [a, b] such that E(s) =1 fors > b and E(s) = 0
for s < a, then we say that E(.) is concentrated on [a, b].

A theory of Riemann-Stieltjes integration with respect to spectral families of
projections is described in detail in [183, Chapt. 17]. We outline here, for
subsequent use, its main features. Let | = [a, b] be a compact interval of R , and
let E(.) be a spectral family of projections in X concentrated on J . For g € BV (J)
andu = (Ay, A4,...,1y,) a partition of J, put

pgw) = g@E@ + ) g(A) {(E®) - E(3-0)) (1)
j=1

Rearrangement of the terms on the right in the style of integration by parts gives
n

o(gw) = gME®) — ) {8() - 8(y-1)} ERy-s). @)
j=1

In particular, [[@(g, Wl < |lgll; sup {[E(D)[:A €R} . Let B be the set of all
partitions of | partially ordered and directed by refinement. For x € X and
u € B withu = (Ay,44,...,4,) put

w(u,x) = lrgl]a;; sup{ ||E(/'1)x — E()Ij_l)x || t A€ [/'1]-_1 ,/’1]-)}

Lemma (1.8) [178]: Given x € X,lim,cg w(u,x) = 0.

Proof . See [183, Lemma 17.2].

Lemma (1.9) [178]: Let u,v € B with v > u, and let g € BV (J). Then for
x € X

lp(g w)x — ¢(g v)xll < var(g,))w(u,x).
Proof . Standard and elementary from (2).

It is evident from Lemmas (1.8) and (1.9) that forg € BV (J)

L®WE=g§¢@m)
exists in the strong operator topology.
Proposition (1.10) [178]: The mapping g ~ [ ]EB gdE is an identity-preserving
algebra homomorphism of BV (J) into B(X) satisfying

@
j gdE
J

Furthermore,

< llglly sup{ IE()II: 2 € R} for g € BV()). (3)




<var(g J)w(u,x) ,forge€ BV(),ue B,x € X. (4)

(&)
‘ (j] ng)x —o(g )

Proof. The conclusion (4) is an immediate consequence of Lemma (1.9). The
remaining assertions are obvious consequences of (1) and the defining properties of
a spectral family of projections.

Remark (1.11) [178]: It is shown in [ 183, Theorem 17.4 and Theorem 17.8] that if

g € BV(]) and g is continuous on J, then [ ]EB gdE is the strong limit of Riemann-

Stieltjes sums obtained by using arbitrary intermediate points to evaluate g in (1),
that 1s, sums of the form

@E@ -+ Y 50) (£(3) ~ E(r)

where 7; € [/'1]-_1, Aj ] forj = 1,2,...,n. However, we shall not need this fact.
One further inequality will be useful. Given f € BV (J), g € BV(J), x € X,
u € B, we have

|52 FaE - 12 gar) x| < tvar(£.)) +var(g N, x)
+Hlo(f, wWx — e(gwx|| . (5)

This comes from writing

[P faE = [P gdb = {[° fdE — p(f,w)} - {[° gdE - p(g w)}
+{§0(f; u) - (p(g' u)} 5

and utilizing (4). As an immediate consequence of (5) and Lemma (1.8) we obtain
the following proposition [ 183, Theorem 17.5], which will be of critical importance
in this Section.
Proposition (1.12) [178]: Let {g, } be a net in BV(J), and let g be a cornplex-
valued function on J such that

(i) supqvar(ge, /) < o,

(ii) g4 — g pointwise on .
Then g € BV(J) and { 1} ]EB godE } converges to [ ]EB gdE in the strong operator
topology.

We can now formulate the spectral decomposition characterization of type (B)
well bounded operators alluded to earlier.
Proposition (1.13) [178]: Let X be a Banach space, and let T € B(X) . In order that

T be well bounded of type (B) it is necessary and sufficient that there be a spectral
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family E(.) of projections in X such that for some compact interval J,E(.) is
concentrated on J, and T = [ ]EB AdE (A). If this is the case, the spectral family E(.)

is uniquely determined (and called the spectral family of T).

Proof: Necessity and sufficiency are shown in [183, Theorem 17.14], while the
uniqueness assertion follows from [183, Theorem 16.3(i)]. More direct methods of
proof are available from the approach we have been following, and we shall
indicate them briefly. An alternate necessity proof is described in the last paragraph

in this Section of [213]. For sufficiency, let y(f) = f]EB fdE for f € AC(J). By

Proposition (1.10) above y is an AC(J) —functional calculus for T. The argument
with absolutely convex hulls in[183, p. 347] shows that y is indeed weakly

compact. To verify the uniqueness assertion, suppose that

@ @
T = ME;(A) = ME,(A) .
J1 J2
Let Ay € R, and choose M > 0 so that J; U J,U{A,} S (—M,M). Then, in

E_BM M AE, (A1) for k = 1,2. We can choose a sequence {f,,} of

polynomials uniformly bounded in AC( [ —M, M]) such that {f,,} tends pointwise
on [—M,M] to the characteristic function of [— M ,A1,]. It follows from
Proposition (1.10) and Proposition (1.12) that {f,,(T)} converges in the strong

particular, T = f[

operator topology to E (1 o) fork = 1,2 (here f,,(T)has its elementary meaning).
An obvious corollary of the method in the uniqueness proof just concluded
is stated in the next proposition (which is shown by a different method in [183,
Theorem 16.3(i1)]).
Proposition (1.14) [178]: Let T € B(X) be well bounded of type (B), and let E (.)
be its spectral family. Then an operator S € B(X) commutes with T if and only if
S commutes with E(4) forall1 € R.
The relationship between E'(.) and the resolvent set of T, p(T), is spelled out in
Proposition (1.15)(1).
Proposition (1.15) [178]: Under the hypotheses of Proposition (1.14) we have.
(1) an open interval ¢ is contained in p(T), ifand only if E(.) is constant on ¢ .
(ii) foreach ,A € R,{E(41) — E(A 7)}is a projection operator and
{EA)—EQA DX =(x€eX:Tx =2x},
where E (A 7)denotes the strong limitas s — 4 ~ of E(s).
Proof. The assertion in (1) is a special case of a more general fact about well-
bounded operators [ 211, Proposition (2.1)(ii1)]. We sketch a more direct proof of
7



(1.15)(1) designed for type (B) operators. Suppose a,f are real numbers with
a < [. We can choose a compact interval J on which E(.) is concentrated such
that J contains [, ] in its interior and satisfies

T = f]EB AE (2). For z € C\[a, B] let f,:] = C be given by f,(1) = (z—1)~?!
for1 € (a,f], f,(A) = 0 otherwise. Then

(&)
z-T) j] fdE = E(B) — E(a).

Thus the spectrum of the restriction T| {E(f) — E(a)} X satisfies
o(THE(B) — E(a)}X) S [a, B]. (6)
Suppose now that ¢ 1is an open interval contained in p(T). Without loss of
generality we can assume ¢ is a bounded interval (7, s). Suppose a and [ belong to
(r,s) witha < f.Since o(T) € R,
o(THE(B) — E(@)}X) S o(T) . (7)
In view of (6) and (7) T|{E(8) — E(a)} X has void spectrum. Hence E(a) =
E(B). Conversely, suppose ¢ 1is an open interval, and E'(.) is constant on ¢ Once
again we can assume that ¢ is a bounded open interval.
Let ¢ = (a,p ) and pick J as in the discussion leading to (6). For 1 ; € ¢ . define
g:] > C by setting g(1) = (4g,— A1) L for 1 € ¢,g(1) = 0 for AE @.
Then
(Ao—T) [ gdE =1+ E(@) — E(B")
Since E(.) is constant on ¢ and E(.) is strongly right continuous, it follows that
E(a) = E(B7). Hence Ay € p(T). Assertion (1.15)(ii) is the statement of [183,
Theorem 17.15(ii1)], and can be seen with the aid of Proposition (1.12) in
conjunction with a sequence of polynomials pointwise convergent on an
appropriate interval to the characteristic function of { 1}.
Corollary (1.16) [178]: Under the hypotheses of Proposition (1.14), if J, =
[ay, by] contains o(T), then E(.) is concentrated on Joand T = [ ]iB AdE (A).
Proof . Obvious from Proposition (1.15)(1).
Definition (1.17) [178]: Let X be a Banach space. An operator U € B(X) is called
trigonometrically well bounded provided there is a well bounded operator T of
type (B) on X such that U = e .
Proposition (1.18) [178]: If U is a trigonometrically well bounded operator on the
Banach space X, then there is a unique well bounded operator A of type (B) on



X such that: U = e*4;0(A) €[0,2r]; and the point spectrum of A does not
contain 27 .
Proof : By [211, Proposition (3.15) and proof of Proposition (3.11)].
Definition (1.19) [178]: The unique operator A in Proposition (1.18) will be
denoted by arg U.
Proposition (1.20) [178]: Let U be a trigonometrically well bounded operator on
the Banach space X. Then an operator S € B(X) commutes with U if and only if
S commutes with arg U.
Proof: The assertion here 1s [211, Proposition (3.14)(ii)].
We conclude this section with the following recent result from [213], which plays a
crucial role in it.
Theorem (1.21) [178]: Let X be a Banach space, and let U € B(X) .In order that
U be trigonometrically well bounded it is necessary and sufficient that U have a
weakly compact AC (T)-functional calculus. If this is the case, then

sup{l[EoMIl : 1€ R } <3y, C))
where y is the unique AC(T)-functional calculus for U, and E,(.) is the spectral
family of arg U.
Proof. The necessity and sufficiency assertion is the statement of [213, Theorem
(2.3)]. Before taking up the proof of (8) we first observe that an operator can have
at most one AC (T)-functional calculus because of the density in AC(T) of the
trigonometric polynomials. To demonstrate (8) we make use of the sufficiency
proof in [213, Theorem (2.3)], where in a particular spectral family E'(.) is obtained

so that E(.) is concentrated on [0,27], and U = e4, where A = f[?m] AdE (A).

Obviously A is a well bounded operator of type (B), E(.) is its spectral family, and
o(A) € [0,2r]. If x € X, and Ax = 2mx, then Ux = x. Hence for every f €
AC(T), y(f) x = f (1) x. The specific construction of E(.) in [213] now shows
that E(1) x = x for A € [0,2m]. Thus

2mx = Ax = f[ffm] AE(A) x = 0.

Hence A = argU. The construction of E(.) further shows that ||E(A)|| <
3llyll| forall 2 € RLet f € BV(T), and put

Fi(t) = lim f(e®), F(t)= lim f(e®) forteR. (9)
S5— St
Obviously F; , F, have period 2w . Moreover,
var(F;,[0,2m]) < var(f,T) forj= 1,2. (10)
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To see (10), put F(t) = f (e%) ,for t € R , and note that for ¢ > 0 and
(to,tq1, - , t,) apartition of [0,2m],
h=1|F(tg + &) — F(ty_1 + &)| < var(f,T).

Lete — 0% to get (10) forj = 1.The case j = 2 is similar. Thus for j = I,2
|15 ||[0 oy does not exceed [sup{ |f(2)| : z € T} + var(f, T)], and so

15 1 g 5.y < 201 1l forj = 1,2. (11)

Foreacht € R , define f; : R — Cby
(D) = f(e e for 1 € R. (12)

Obviously f;(A+2r) =f;(A) for A€ R, and var(f;, [0,2r]) = var(f,T).
Hence

IFe lfo,27) < 211 f Il for ¢t € R. (13)
The next theorem provides the technical underpinnings for the subsequent
results of this section.
Theorem(1.22) [178]: Suppose Xis a Banach space, and U € B(X)is a
trigonometrically well bounded operator. Let E(.) denote the spectral family of
argU,and let f € BV(T). For each t € R put

@
(1) = fe(DAE(A), (14)

[0,27]
Where f; is given by (12). Then
(i) ®(t + 2m) = d(t)for t € R;
(ii) o(t) —» f[gam] F,(ty + 2)dE(R) in the strong operator topology as t — tg

@®
and ®(t) - f[O,Zrt]

t = tg, where Fy , F, are given by (9); (iii) [[®(® < 2[|f|ly sup {IIE(DIl: 1 €
R > fort € R.

(iv) for each x € X ®(.) x 1s an X-valued Lebesgue measurable function on R.

(v) If for eachn € Z, we define ®(n) € B(X)by setting

F,(ty + A)dE(A) in the strong operator topology as
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21

d(n)x = (2n)‘1j e "t d(t)xdt forx € X, (15)
0

then ®(n) = f(M)U™ for n € Z.

Proof: Conclusion (i) is obvious since f;,,; = f; . Conclusion (ii) is immediate
from (13) and Proposition (1.12). Conclusion (iii) follows at once from (13) and
(14). To verify conclusion (iv), we first observe that by virtue of (4) we have for
every partition u of [0,27] and every t € R,

|P()x — o (fr, x| < var(f, T)w(u, x) (16)
Since for given u, @(f;, u) x is a measurable function of t, conclusion (iv) now
follows from Lemma (1.8). Note that if we replace ®(t) in (15) by the right-hand
side of (14) and formally interchange the order of integration, then the desired
conclusion in (v) results. However, since E(.) need not stem from a spectral
measure, this procedure is purely heuristic, and we shall employ a technical
alternative. Let n € Z.and fix a vector x € X. For te€R and
u = (Ag,A4,..., A,,) a partition of [0,27] it follows from (16) that

m

e" M (t)x — e M f(e")E(0)x — Z e~ Mf(ee ) {E(A) — E(Ar_)}x

k=1

< var(f, Tw(u, x).
Hence from Lemma (1.8)

®(n)x = lim
u

FOE©x+ ) fmem™{E Q) - E(Ak_o}x]
k=1

Thus forn € Zandx € X,
@® _ )
d(m)x = f(n) j e dEMW)x = f(n)U™x.
[

0,27]
The stage is now set for our abstract transference theorem. Here and throughout,
the relevant partial sums for a bilateral series Yn—_q a, Wwill be the “balanced”
sums YN__ya,,for N > 0.
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Theorem (1.23) [178]: Let U be a trigonometrically well-bounded operator on a
Banach space X, and let f € BV(T). Let E(.) denote the spectral family of arg U.
Then

(i) ¥ _of(mU™ is (C,1)-summable in the strong operator Topology to

f[?m] 27YF, () + F,(M)}dE(A) , where F; ,F, are defined in (9);
(ii) if in addition to the above hypotheses, sup{|| U"||:n € Z} < oo, Then
>* o f(m)U™ converges in the strong operator topology to

®
j[ 27HF, (D) + F,(DYEQ) .

0,27]

Proof. We employ the notation of Theorem (1.22). For x € X. it follows from
Theorem (1.22)-(v) that the X-valued function @(t)x has Fourier
series Y2 _o, ™ f(n)U™x. Moreover, ®(t)x has a right-hand limit and a left-
hand limit at t; = 0, as described in Theorem (1.22)(i1). Applying the analogue
for vector-valued functions of Fejér’s Theorem [ 222, Theorem 1.3.1] to ®(t)x at
to = 0, we obtain conclusion (1.23)(i). Under the power boundedness hypothesis
of (1.23)(ii), we see from (1.22)-(v) that ®(n)x, the nth Fourier coefficient of
®(t)x, has norm O( |n|™1), since f € BV(T). The vector-valued version of a
simple Tauberian theorem of Hardy [222,Theorem I1.2.2] now enables us to infer
the convergence of the Fourier Series of &(t)x whenever the series is (C,1)-
summable. Application of (1.23)(i) completes the proof of (1.23)(i1).

Next, we consider the use of Theorem (1.23)(ii) for the direct calculation
(from U) of arg U and its spectral family of projections.
Theorem(1.24) [178]: Suppose X is a Banach space, and let U € B(X) be a
trigonometrically well-bounded operator such that sup{ ||U™|| : n € Z} < oo.
Let E(.) be the spectral family of arg U. Then

argU = m{l— E(0)}+ i Z n~tyun (17)

n=—oo
where the prime superscript in the series on the right indicates omission of n = 0
as a summation index, and the series converges in the strong operator topology.
Proof. Let g, : T — Cbe defined by go(e) = i(mr-¢t)for0 < t < 2m,
go(1) = 0. It is elementary that 8,(1) = 0and 8,(n) = n~! forn # 0. Applying

Theorem (1.23)(i1) to U and gy € BV(T), we find that
12



oo

@
z n~tyn =j go(eM)dE(A). (18)
[0,27]

n=—oo

With the aid of Remark (2.18)[178], the right-hand side of (18) is easily calculated
to get

[00]

Z n~ty® =in{l—- E(0)} —i(argU).

n=—oo
The desired conclusion is now evident.

Next we proceed to consider a method for calculating E(.) from U under the
hypotheses of Theorem (1.24). In particular, we shall obtain a concrete formula for
E(0) in (17). We begin with a companion theorem to Proposition (1.18)(i1).
Theorem (1.25) [178]: Let U, be a trigonometrically well-bounded operator on a
Banach space X, and let E (.) be the spectral family of arg U, . Then for

0<A<2m:

M {EQ) —EMQ)}X = {x € X: Uyx = ex};
() [I —{E(1}) —E(A)}] X = (e"* — U, )X, where the bar superscript denotes
closure

Proof. If x € {E(1) —E(17)}X, then (argU,)x =Ax, and so Uyx =
iA

e*x. Conversely, if Uyx = e*x, then we choose a sequence {Q,} of
trigonometric polynomials (i.e., linear combinations, with complex coefficients, of
continuous characters of T) such that {Q,, }is bounded in AC(T) and {Q,, }tends

pointwise on T to X {ein}s the characteristic function, relative to T, of the singleton
set {e"} Thus Qn (Ug)x = f[O,Zn] Qn (e")dE (t)x. Approaches

f[gBZn] Xein) (e")dE(t)x.  as n - +oo. However, Q, (Ug)x = Q, (e"t)x for

all n, and so

@
X = j[ X{eu} (eit)dE(t)x ={EQ1) —E(1)}x,

0,21]
where in the second equality the cases 0 < A < 2m and A = 0 are considered
separately, and the equalities E((2m)™) = I, E(0”) = 0 are taken into account
in the latter case. Thus (1.25)(i) is established, and we proceed to (1.25)(i1), taking
up the case 0 < A< 2m first. Suppose that {E(A1) —E(A17)}x=0. Let
¢, denote the characteristic function, relative to [0,27] , of the arbitrary subset 4

of [0,27] . Obviously we have been given that
13



S
’[[0 , ]QD{A} ()dE(t)x =0. (19)

For small positive §, let T 5 =[0,A— 8] U[A+ &§,2m] .Clearly ”901“5”[0 _—

and ¢@r, — 1— @y pointwise on [0,2] as § - 0*. Making use of Proposition
(1.12) and taking account of (19) we see that

@
j or, (OAE({)x > x as §—0". (20)
[

0,27]

For each &, let hs : [0,2m] — C be defined by putting hg(t) = (et — eit)~?
For t € T'g , hs(t) = 0for t € [0,2m] \ T g. Itis evident that

_ ) )
(e” —U,) —[[OZn]h6 (HdE(t)x = j[ or, (DAE[D)x .

0,27]

In particular ® MdE(t)x € (e” —U,)X. Hence from (20) ,
[

0271] PTs
x € (e* —Uy)X .To prove the converse suppose first that y € X,z € X with
y = (e"*-Ug)z. Put z; = {E(}) — E(17)}z. By (1.25)(d),
Upz; = et z,. Hence

{(EQW—-EQ )}y = (e —Uy)zp =0 .
Thus (ei’1 — U)X is contained in the kernel of {E(1) — E(17)} , and we have
established (1.25)(i1) for the case 0 < A < 2m. The proof of (1.25)(i1)) when
A = 0 is entirely analogous. One uses the intervals (§,2m — §] in place
of the sets T' 5. The proof of Theorem (1.25) is complete.

Although Theorem (1.25) lies outside of ergodic theory, it allows us to deduce
directly, in the following corollary, a result of the discrete-averages variety (cf.
[216, Corollary VIII.53 and Corollary VIII.5.2]).

Corollary (1.26) [178]: Suppose that, in addition to the hypotheses of Theorem
(1.25), sup{ (||lUSl:n € Z,n>1} < oo. Thenfor 0 < A< 2m,

n—1
n1 Z e"*kAyk - EQ) —EQ7) asn — +o,
k=0
in the strong operator topology,

14



Proof: Put A(m) =n"1Y"le *A Uk for each positive integer n (1 will be
fixed in the range 0 < A < 2m). If x € {E(1) — E(A7)} X, then, by Theorem
(1.25) - (i), A(m)x = x foralln = 1.1f y € (e'* — U)X, put

y = (1 —e UO) z , and observe that
AMm)y =n ‘1(1 — e~ind Ugl) z >0 as n- +owo,

since sup{ (||U§||: n = 1} < co. However, sup{ ||AM)|: n = 1} is also finite.
Hence we see with the aid of Theorem (1.25)(ii) that {A(n)} tends to zero
pointwise on the kernel of {E(1) — E(17)}and the proof of the corollary is
complete.

Using Corollary (1.26) for the case A = 0, we obtain the following restatement of
Theorem (1.24).
Theorem (1.27) [178]: Let U be a trigonometrically well-bounded operator on a
Banach space X such that sup{ (||U"|[: n € Z } < . Then

n-—1 n
argU =7l — 7 st. lim{n ‘12 Ukt + ist. lim k~tuk , (21)
e k=0 "

where st.lim denotes “limit in the strong operator topology” .We now turn to the
explicit calculation of the spectral family E(.) occurring in Theorem (1.24). Since
E(.) is concentrated on [0,27], we need only consider E(4) for0 < A < 2m.
Theorem (1.28) [178]: Under the hypotheses of Theorem (1.24), we have for
0 < A< 2m:

(i) With series convergence in the strong operator topology,

Z G,(k) UX = 271 {EQ") + E(A) — E(0)},

k:—OO

Where G ; € BV(T) is the characteristic function relative to T of {e':0 <t <
A}.
(i)) EQ) = st lim n__ G(k) U* + st lim (2n)~t Ypzl emkA yk
n—- +oo n- +oo

+st. lim (2n)~t XR2 U*.

n—- +oo

15



Proof . Conclusion (1.28)(1) is an immediate consequence of Theorem (1.23)(ii)
for 0 < A < 2m, and is trivial for A = 0. Conclusion (1.28)(ii) is easily obtained
by combining (1.28)(i) with Corollary (1.26).

We conclude this section with consideration of a norm estimate.
Theorem (1.29) [178]: Let U he a trigonometrically well-bounded operator on a
Banach space X such that sup{ ||U™|[:n € Z} < o, and let E(.) be the spectral
family of arg U. Suppose that f € BV (T). Then for each nonnegative integer n we

have
> faouk

k=—n

<n lKyvar(f,T) + 2K|fllr (22)

where K; = sup{ ||[U™|:m € Z}and K, = sup {||[E(D)||: 2 € R}.

Proof. We employ the notation of Theorem (1.22). Letx € X. Standard
considerations with the Cesaro means for the Fourier series of ®(t)x (in
conjunction with Theorem (1.22)(v)) show that

n 21
K A
z (1 — nl—-l-ll) f(k)Ukx = (Zn)_lj k,(t) ®(t)xdt, (23)
k=—mn 0
where k,, is the nth term of the Fejér kernel. Applying Theorem (1.22) (ii1) to (23)
we see that
n
S (1-EL) faoud| <2605 (24)
n+1 o
k=—n
Moreover
n n
) Kl o KL
Zf(kw Z 1-—=) fRUF= ) = faut . @25
k=-n k=-n

Since f € BV(T), it is elementary that |f (k)| < (2rlk|)~* var (f, T) for k € Z,
k # 0. Using this fact with (25), we get easily

n n

A K A
> fwouk- ) (1—%) HGY

k=—n k=—n

< n Kjvar (f,T) (26)

The desired conclusion now follows at once from (24) and (26).

16



Remarks (1.30) [178]: We make two observations under the hypotheses of
Theorem (1.29).

(a) The purpose of the estimate in (22) is to provide an explicit bound, intrinsic to
fand U, for the sequence {||XF__,f(k) U¥|[} It is already clear, without
calculations, from Theorem (1.23)(ii) and the Banach-Steinhaus Theorem that this
sequence is bounded.

(b) It is obvious from Proposition (1.10) that
n @ n
Z Fk) UK = j ( Z O e”‘t) dE(t) .
ke [0,27] \ /==,

Thus, from (3) we get

i f ) U

k=—n

< ISn(F, Illr suplllIE|l: 2 € R}, (27)

where S, (f,z) = XR__,. f(k) z¥ for all z € T . Hence, if the sequence of partial
sums for the Fourier series of f is bounded in BV(T), then (27) can be utilized to

get a bound for the sequence { ||Z”=_n f(k) Uk || }. However, not every function in
BV (T)has a Fourier series with this property. For example, it is easy to see for the
function g, in the proof of Theorem (1.24) that

var(S, (g¢,.), T) = 2n(L, — 1),
where L,, is the nth Lebesgue constant [231, p. 67]. Since L,, = oo as

n - +0,[1S, (8o, )l = +oo.

We begin this section with an adaptation to the special case G = Z of the
Coifman-Weiss technique for proving their General Transference Theorem. As
mentioned in it, the simplifications available for this special case allow us to
eliminate measure-theoretic technicalities from the hypotheses and the proof. For
&= {&,} € L}(Z), we denote by Kz , the operator of convolution by ¢ on

LP(Z), for1 <p < oo. Notice that

1Kepll = llKep | (28)
where { = {¢_,}.

17



Theorem (1.31) [178]: Suppose (M,u) is an arbitrary measure space, and
1 <p < oo. Let Y be a closed subspace of LP(u), , and let V:Y — Y be an
invertible bounded linear operator such that sup{||V"|:n € Z} < co. Then for
every trigonometric polynomial Q
le Il < ¢ [[Kgp (29)
where ¢ = sup{||[V"|:n € Z}.
Proof. In view of (28) the desired conclusion is clearly equivalent to the assertion
that for every trigonometric polynomial Q
lQ (DIl < c?[|Kgp |, (30)
We show (30) for an arbitrary trigonometric polynomial Q . For notational
convenience, put Q = {a,}, and choose N sothat a, = 0 for |n| > N. Fix an
element f € Y, and for each n € Z, treat V™ f as a function on M, rather than as
an equivalence class of functions. Let M be an arbitrary positive integer.
Obviously

lgll, <cllv™gll, for meZgey,
Where we denote the norm of LP(u), by |||, . It follows that
M
lgly < cP@M+ D™ Y vmgllh, forgey. (31)
m=—M

Taking g in (31) to be Q (V~1)f we easily obtain

M p

lo v fIE < cv@m+n [

M \m=—-M

N

> a0

n=-N

du(x) (32)

Fix x € M temporarily. Let k be the characteristic function relative to Z of
{n €Z:|n] <M + N}. We have

M N p M 1Y) p
DD @@l = DY @k A
m=—M In=—N m=—M In=—o0
M+N
<llkgpl” ) 1" p@P.
n=—M-N

Using this inequality in (32) .

18



We see that

M+N
l0 VOFI < cP@M+ D Ko, [ ). VA1
n=—M-N
Hence
IQ VOFIL < c?P@2M + 1D)7|Kq, ||I” 2M + 2N + DIIfII (33)

Letting M — +o0 in (33) we obtain

10 VOFIE < |Kgp ITIF15
for f € Y. This shows (30), which completes the proof of the theorem.
Theorem (1.32) [178]: Under the hypotheses of Theorem (1.31), we have,
(1) for every trigonometric polynomial Q,

e NIl < ¢, lIQlly,
where G, , is the constant occurring in Stec¢kin’s Theorem (Theorem (1.2 ), and
¢ = sup{|[V"|l:n € Z};

(i1) V is trigonometrically well-bounded;

(iii) sup{llIEM)Il: 2 € R} < 3 ¢*C, , where E(.) is the spectral family of argV .
Proof. Conclusion (1.32)(1) is an immediate consequence of Theorem (1.31) and
Steckin’s Theorem for Z . Since the trigonometric polynomials are dense in AC(T),
it follows from conclusion (1.32)(i), by continuous extension, that IV has an AC(T)-
functional calculus whose norm does not exceed csz . Conclusions (1.32)(i1) and
(1.32)(1i1)) are now apparent by virtue of Theorem (1.21) in conjunction with
Remark (2.22)[178]. This completes the demonstration of the theorem.

Remarks (1.33) [178]: It is well known (and easy to see from Theorem (1.2)) that
if 1 <p< oand f € BV(T), then f € M,(T), the space of p-multipliers for

LP(Z), and convolution by f on LP (Z)has norm equal to ||f]| m,(T)> the p-multiplier

norm of f . Hence in the special case of p = 2 and V unitary, Theorem (1.31)
becomes a form of the spectral theorem for unitary operators. Specifically, in this
context, Theorem (1.31) asserts that I has a norm-decreasing C( T)-functional
calculus, where C(T) is the Banach algebra of complex-valued continuous
functions on T with the usual “sup” norm. (Apart from the o-finiteness restriction
on M for Theorem (1.3) the General Transference Theorem likewise contains the
spectral theorem for unitary operators [215]. Thus our results stemming from
Theorems (1.31) and (1.21) (specifically, Theorems (1.32), (1.35), (1.36), and
(1.39)) can be viewed as generalizing the spectral theorem from Hilbert space to

arbitrary reflexive LP-spaces. In the special case p = 2, these results are
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immediate consequences of B. Sz.-Nagy’s similarity theorems [228, Theorems I
and II], which they also generalize to reflexive LP-spaces. Theorem (1.32)(ii) has a
surprising consequence for hermitian-equivalent operators (Theorem (1.35)). First,
let us recall some basic facts about hermiticity. A bounded operator T on a Banach
space X is said to be hermitian (in the sense of Lumer and Vidav [223.229])
provided ||e itT” = 1 ,(for all t € R. The operator T is said to be hermitian-
equivalent provided T can be made hermitian by equivalent renorming of X. It is
shown in [ 185, Theorem 6] that T is hermitian-equivalent if and only if
supf [|e 7|
interest.
Lemma (1.34) [178]: Suppose X is a Banach space, A € B(X) and e* is
trigonometrically well-bounded. Then A is well-bounded of type (B).

Proof . We adapt the demonstration of [183, Theorem 20.28] to the general
Banach space setting. Let A, = arg(e*4). By Proposition (1.20), A and 4,
commute. Thus e!@=40) = | By [183, Proposition 10.6] A — A , has the form

t € IR} < oo. We shall also require a lemma of independent

n
A—Aozz/'lka, (34)
k=1

where 0(A —Ay) = {A1,42,...,A,}; the operators Fi, F,,..., F, are projections
satisfying Y-, Fx = I,and FjF, = Ofor j #k; {A, Ao, F,F,,...,F,} is a
commutative set of operators. Clearly {A,,1,,...,4,,} = (4 — A ) is a subset of

R. Fork = 1,2,...,n, X , = F; X is invariant under A (,, and hence from (34) we
see that A has the direct sum representation
A= @k=1[(A o+ )X k] (35)

The proof of the lemma is easily completed by applying to (35) the following facts,
readily deducible from the definition of type (B) well-bounded operator in this
Section . if T is a type (B) well-bounded operator, then the restriction of T to an
invariant subspace and any sum of the form T + A with A real are type (B) well-
bounded operators; a finite direct sum of type (B) well-bounded operators is a type
(B) well-bounded operator.

Theorem (1.35) [178]: Let Y be a closed subspace of LP(u), where ,u is an
arbitrary measure and 1 <p < oo.If A € B(Y ) is hermitian-equivalent, then A is
well bounded of type (B).
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Proof. Since sup{ ||e ®4||: t € R} < oo, e is power bounded. The desired
conclusion follows at once from Theorem (1.32)(i1) and Lemma (1.34).

It follows from Theorem (1.32)(ii) that if V is a power-bounded operator on a
closed subspace Y of an LP-space, where 1 < p < oo, then the machinery of this
Section applies to V (notably Theorems (1.23)(i1), (1.24), (1.27), (1.28), (1.29)). In
particular, by Theorem (1.29) (alternatively by Theorem (1.23)(ii), (3), and (11))
there is a constant K (depending on V) such that

i fayvr

However, by using the actual transference result (29) rather than the purely

< Xlfllx for f € BV(T). (36)

abstract operator-theoretic methods of this Section , we can improve on the
estimate in (36) and generalize (29) from trigonometric polynomials to all of
BV (T) . Specifically, the following inequality can be obtained for the p-multiplier
norm.

Theorem (1.36) [178]: Under the hypotheses of Theorem (1.31) we have

i fayvr

n=—oo
where ¢ = sup{||V"||:n € Z}.

Proof. Let f € BV(T), and for N a nonnegative integer let ay (f, V) be the Nth
Cesaro mean for the series Yoo, f(k) V¥. Thus, if {%,}%_, denotes the Fejér
kernel, then oy(f,V) = Qn(V), where Qy is the trigonometric polynomial
Ko * f . By Theorem (1.31),

< c2||f||Mp(T) for  f € BV(T).

lon (£, V) Il < 2Ky * flla, ey -
4

It is a well-known and easy consequence of Parseval’s formula and Holder’s
inequality that if G is a locally compact abelian group with dual group
I'1<p < o ,pelL(l),andyp € M,(I), then

¢ * Y,y < NPl Pl -
Thus,
1Ky * flla,cry < 1 ey cmy » (37)
and so
lon(f, V) Il < C2||f||Mp(1r) :
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The proof is now complete, since oy (f,V) = X2 _f(m) V* as N — +oo,

in the strong operator topology.

Remarks (1.37) [178]: We shall make some observations which show that the
estimate in Theorem (1.36) improves (36). The argument in [231,Theorem III.
(3.7)] demonstrates that if f € BV (T), then

1S (f,) llo < m L var(f, T) + ||f|le for each nonnegative integer n, (38)

where S, (f,.) isas in (27) and, foreachg: T — C,
llg llc = sup{|g(z)| : z € T}. The argument used to establish (38) can easily be
modified to give, for f € BV(T)and1 < p < oo,

1Sn(F> ) ey < n~tvar(f,T) + £l cry forn = 0. (39)
To obtain (39) one need only begin with (37) and then replace || . || by || .|| M, (T)
throughout the demonstration of (38). Next, note that, by Steckin’s Theorem, for
1 <p < oo,

Ifllym < Collfllx for, £ €BV(T).

And hence Theorem (1.36) implies (36). However, there does not exist a constant
By, such that

Iflle < Byliflluyey for  f€BV(T).
In fact, the function g, € BV (T) discussed in (1.30)(b) satisfies

I1S,,(g0,.) llf = +o0asn - +oo, where as from (39),{||Sn(g0,.) ”Mp('ll“)} is a

bounded sequence. Thus the inequality (36) has a larger order of magnitude
occurring in its majorant than does Theorem (1.36) and consequently (36) provides
a weaker estimate than Theorem (1.36).

We next take up an application of Theorem (1.32) to one-parameter groups. We
shall require the following theorem from [ 211].
Theorem (1.38) [178]: (Generalized Stone's Theorem). Let {W;},t € R, be a
strongly continuous one-parameter group of trigonometrically well-bounded
operators acting on a Banach space X. For each t € R, let E;(.) hethe spectral
family of arg W,, and suppose that

K =sup{ ||[E;(D]:te R A1ER} < oo. (40)

Then:
(i) there is a unique spectral family &(.) in X (called the Stone-type spectral
family of {W;}) such that
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a

Wex = lim_ e d¥(A)x  for t € R, x € X, (41)
-a

where the integral on the right in (41) exists as a strong limit of Riemann- Stieltjes
sums;

(i) {W:t € R}and {F(4): 4 € R} have the same commutants;

(iii) sup{ [F(DI: 1 € R} < 24K3.
Conclusions (1.38) (i), (ii) are contained in the statement of [ 211, Theorem (4.20)],
while conclusion (1.40) (ii1) can be seen from an examination of the proof for [
211, Theorem (4.20)].
Theorem (1.39) [178]: Let Y be a closed subspace of LP (i) where u is a measure
and 1 <p < oo, and let {W,} be a strongly continuous one-parameter group of
continuous linear operators on Y such that

s = sup{ ||Wll:t € R} < .
Then the group {W;},t € R, satisfies the hypotheses of the Generalized Stone’s
Theorem (1.38) on Y, and its Stone-type spectral family &(.) satisfies
sup{ IF()1: 2 € R} < (648)s5°C3,

where €y, is the constant in Steckin’s Theorem (1.2).
Proof. For each t € R, sup{|W!|:n€ Z}<s. By Theorem (1.32)(ii),
(1.32)(1i1) W, is trigonometrically well-bounded, and

sup{ [E;(D]|l: 1 € R} < 3s2C,,

where E.(.)is the spectral family of arg W;,. It is clear that the group {W,},t €
R, satisfies the hypotheses of Theorem (1.38) on Y, with K in (40) satisfying
K < 352Cp. Application of (1.38)(i11)) completes the proof.

The spectral decomposition, afforded by its Stone-type spectral family, for the
one-parameter group {W;} in Theorem (1.39) was obtained by D. Fife in the
special case where Y = LP(u), u is o-finite, and the operators W;,t € R, are
induced by a one-parameter group of measure-preserving transformations (of the
underlying measure space) satisfying appropriate measurability and continuity
conditions (see [218, Theorem 1 and p. 139], or, for more details, [217, especially
Theorem 12]). Thus Theorem (1.39) extends in various ways Fife’s spectral
decomposition for ergodic flows.
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Proposition (1.40) [219]: Let G be a locally compact abelian group with dual
group I, let x € G, and suppose that 1 <p < oo. Let R, be the translation
operator on LP (G) corresponding to x. Then R, is trigonometrically well-bounded,
and the spectral family E,(.) of arg R, satisfies sup{|E,(D)[l:1€ R} < Q,
,where (), is a constant depending only on p and not on x or G. Furthermore,
(i) the function ¢,: I' — [0, 2m) defined by
dr(@) = Arg(a(x)) fora €T.
Is an LP (G)-multiplier whose corresponding multiplier transform is arg R,;
(ii) for each A € [0, 2m) the function i, 3 : T — {0,1} defined by
Ya(a) = K,l(a(x)) fora €T
is an LP(G) -multiplier whose corresponding multiplier transform is E, (1).
First, we observe that by virtue of Theorem (1.32)(iii) €1, can be taken to be
3C, Next, consider conclusion (1.40)(i). For f in LP(G) N L?(G), let
fuo=n"t YR IREf forn > 1.Thus f, € LP(G) N L?>(G) and
fo=n"t YRlxk f where ¥:T - T is given by (a) = a(x) for a € T. By
Theorem (1.27)

n
(argR,)f = nf — nlirrlnfn + ilirrln Z K~1REf, (42)

k=—n
the limits being taken in LP (G). Let h be the characteristic function relative to I' of
{a €T: %¥(a) = 1}. It is elementary that the sequence {n~1 Y7_3 ¥} is uniformly
bounded on I and tends pointwise to h. Thus f, = hf , in L?(T'). Taking inverse
Fourier transforms, we see that {f,} converges in L?(G) to(hf) . Since

{f., } converges [mean P], we infer that
(hf) € LP(G) and f, » (hf) in LP(G). (43)

Let F,= Y K *REf for n > 1. Clearly F, € LP(G) NL?*(G) and E, =

k=-n =

n__ K 'xFf . Let g, be the function employed in the proof of Theorem

(1.21). Since g , € BV(T), the sequence { S, (g,.)} is uniformly bounded (due to

(38)) and pointwise convergent on T to g, (by [ 222,Corollary 11.2.2]). It now

follows that {}7__. K~ %} is uniformly bounded on I' and pointwise convergent

to g o(%(.)). Hence Fy— g O(f(.))f , in L2(T) Similar reasoning to that just
used to establish (43) now gives

[go(f(.))f ]ELP(G) and Fnﬁ[go(f(.))f] in LP(G).
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Using this and (43) in (42) we find that (arg R,)f belongs to LP (G) n L?(G) , and
has Fourier transform given by
n(1-h)f+igo(%())f .
Since it is easy to see that
g0(%()) = i(1 — W[ — Arg(2())],

the conclusion (1.40)(i) follows at once. Similar reasoning based on Theorem
(1.28)(i1) readily demonstrates conclusion (1.40) (ii). Alternatively, (1.40)(ii) can
be deduced from (1.40)(i) and the following result of Ralph [ 224, Theorem 3.2.4].
Proposition (1.41) [178]: Let G be a locally compact abelian group with dual
group I' Suppose that 1 < p < oo, and ¢ is a real-valued function belonging to
M, (T'). Then the multiplier transform Ty corresponding to ¢ is well bounded of
type (B) if and only if for all A € Rthe characteristic function of
¢~ ((—, 1]) belongs to M, (T), and, for the corresponding multiplier transforms
E(1), A € R, we have sup{ ||[E(1)|| : 2 € R} < oo. If this is the case, then E(.)
is the spectral family of Ty, .

This section exhibits a few counterexamples which preclude various potential
extensions of Theorems (1.32) and (1.35).
Example (1.42) [178]: There exist a reflexive Banach space X and a power-
bounded Operator Uy € B(X) such that Uyhas no logarithm in B(X) , in
particular Theorem (1.32)(i1) fails if we replace Y by an arbitrary reflexive Banach
space . In fact, let { P}, be a sequence in the interval (1, 4+ o) such that P, —
1, and take

X=1-®y X,

where X, = {f € LP*(T): £(0) = 0} for k> 1. Thus X is a reflexive space.
Denote by N the set of positive integers. Let {ay}r=1, be a sequence of distinct
irrational numbers in (0,1) such that: (i) for j,k € N with j # k, the set
{a;, ay ,1} is linearly independent over the rational field, and (ii) {@} converges to

an irrational number a . (An easy way to construct such a sequence is to take
1

a € (0,1) transcendental and a; = cx+s,:E for k €N, where {s;}z=,, is a
1

strictly increasing sequence of positive primes such that a + s ,:5 <lfork €N).

Let T, be the translation operator on X, corresponding to e ™% for k € N .
Regarding each X, as a subspace of X, put Uy =@;’-; Ty. Thus U, is a surjective
isometry of X. We show that there does not exist A € B(X) such that U, = e®4.
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Suppose, to the contrary, that U, = e*4. For n € Z\{0}and k € N, let d),(lk) € X,

be defined by d),(lk)(z) = z" for all z € T. Thus the linear span of { ,(lk): n e

7\ {0}, k € N} is dense in X, and Uy = e 2miacgp®)  for n € 7\ {0}, and
k € N. We claim that for n € Z\ {0}, and k €N, d),(lk) spans the kernel of
(e #™m@] — Up). For f € ker(e?™"%[ — U,),let f =X, f; with f; € X;
for all j € N. Thus, for each jEN , we have T; f; =e 2minay fj Equating the
Fourier coefficients from both sides of this equation, we see that

e Znimajf;_ (m) = e Zninakfj (m) for meZ,j€N.
From property (i) of the sequence of a'S,we have that e 2™™M®j = g 2minay

implies j = kand m = n. Thus f = f, (n)qb,(lk) and the claim is established. Since
A commutes with Uy it follows from the claim that for n € Z\ {0}, and k €N,

Aqb(k) = )Iglk)c],'),(lk) for some )151") € C .Hence Uoc],'),(lk) = [exp (i/’lglk))] cl)(k) , and

n n

SO
exp(2mina) = exp iAo forn € Z\ {0},k € N. 44
n

Applying Tychonoff’s Theorem to the sequence {4y} r~, in the compact metric
space [ 1, ezy {0y Dn, Where D, = {z € C : |z| < ||A]|} for alln € Z\ { 0},

and A, = {)I(k)} for all k € N, we obtain a strictly increasing sequence
" Jnen\{o}

{K]} j= of positive integers, and an element A = {4,,} of [], ez, 0} Dn such that for
each no n € Z\{O},Ag{j) — A, Define A1, =0 Now fix a trigonometric
polynomial Q and let Q o = Q — Q(0). Fix M € N so that [ —M, M] contains the
support of Q. For j € N regard Q ,, as an element of X k; and, denoting the norm of
LP*i (T) by | .|, observe that

| AQo)l; < 1Al (Qo)l; -

In other words,

M
Z Aglkj) 0(n) z"

n=—-M

< llAlllQo)l; for jEN. (45)

J
Letting j = o0 in (45) we obtain
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< AN Qoll . (m
LX(T)

> 2 02"

Z 2, Q(n) 2" < 201A1l 1l Qll 2 ry -
LY(T)

This shows that the sequence {A,} - _., is a multiplier sequence for L!(T). Let B

denote the corresponding bounded operator on L!(T). Replacing k by k; in (44)
and letting j — oo, we infer that e 2™"* = e*n for all n € Z (the case n = 0
being trivial). It follows that e® is the translation operator on L'(T) corresponding

2mie  However, this translation operator on L'(T) has no logarithm [ 221],

to e
and we have reached a contradiction (cf. Example(1.45)).

Example (1.43) [178]: There are a reflexive Banach space X, and a hermitian
operator Aon X such that A is not a well-bounded operator of type (B). In
particular, Theorem (1.35) fails if Y is replaced by an arbitrary reflexive Banach
space. Forn €Z let E,, : T = T be defined by E, (z) = z" for all z € T. Let
C(T) be the Banach space of all complex-valued continuous functions on T with
the norm || . ||, where || fllo = sup{|f (2)|:z € T} for f € C(T) For each k € N,
let X;, be the linear span in C(T) of {E,,: —k < m < k},X; being equipped with
|.llo. Define Ay : X, — X,  as the linear operator such that A,(E,,) =
mk™*E,, for —k<m<k. Thus for each f€X,, and all s€R,
(ik)~1(df (e®)/dt) = (A4, f)(e'). Using Bernstein’s Inequality [231,,,p.11],
we see that ||A; || = 1. Note that for all s € Rand all f € X;,,

(eB4kf)(2) = f(e®/*z) forall z €T.
Thus Aj, is a hermitian operator on X;, for all k € N. Now let
X=0P-®y., Xx and A=0p-, Ay
Then X is reflexive, and Ais hermitian. (The construction of X and A for this
example was inspired by [214, Example 1, p. 69],  which deals with the
differentiation operator on a space of almost periodic functions). For each Positive

N N
Y nten =gy, (Z n_lemAk)
n=-N n=-N
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Suppose that k € Nand f € Xj,. Forall j€EZ , N €N,

—

N N
n-t emAf) ()= ) n7te™IEf()). (46)
» 2

n=-—N

Suppose that the sequence {3N__y n~1e™4} ., converges in the strong operator

topology to B € B(X).Fork € N, f € X,, it follows by letting N — oo in (46) that

(BF)(j) = Z n~te™/kf(j) for all j €EZ. (47)

n=—oo

Let gg € BV(T) be the function employed in the proof of Theorem (1.24). As
noted in the discussion immediately following (43), g¢(z) = Ym=_o 1~ z™ for all
z € T. Using this in (47), we get

(BF)() = go(e¥®)F () fork eN ,f€X,,j €Z. (48)
Fix a trigonometric polynomial Q, and let Q have degree k . By considering
Q as an element of X}, for k = k,, we see from (48) that

|Z7 k80 (e")QWE; || <1BIIQN, fork = ko (49)

Letting k — +o00 in (49), while taking into account the definition of g, we obtain

ko

m > 0WE; - Q-NE ;] || <lBIIQl . (50)

j=ko o
Since Qis an arbitrary trigonometric polynomial, (50) implies that for every
f € C(T) the conjugate Fourier series for f, Y72 _c,(—i) (sgnj)f(j)Ej, is the
Fourier series of a function f € C(T).This conclusion is well known to be false
(see, e.g., [231,, VI1.(2.3)]). Hence X% _,, n~'e™ does not converge in the
strong operator topology. Put U = e*4. Since A is hermitian, U is power bounded.
If U were trigonometrically well-bounded, then (17) would produce a contradiction.
So e* is not trigonometrically well-bounded, and hence A cannot be a well-
bounded operator of type (B). We observe that the present operator e, like the
operator U, of Example (1.42) is power bounded on a reflexive Banach space, but
not trigonometrically well-bounded. However, e*4does have a logarithm in contrast
to Uj.
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Example (1.44) [178]: There is a well-bounded operator T of type (B) on L?( N )
which is not hermitian-equivalent. Hence already in the Hilbert space case (p = 2)
the converses of Theorems (1.32)(ii)) and (1.35) fail. By the construction of a
suitable conditional basis for L?( N ) it is shown in [ 220] (see [ 183, Chap. 18] for a
discussion) that there is a sequence {P,};=; of projection operators defined on
L?>( N) such that:

(i) BBy, = 0forn +m;

(ii) Xq=1 B, converges to I in the strong operator topology;

(iii) || 252, Poj || = 0 as n > o0 ; and

(iv) for every bounded, strictly decreasing sequence {A,}m—; in R, X2, 1, B,
converges to a well-bounded operator of type (B) in the strong operator topology.
Choose a sequence {4,,} as in (iv), and let T be the well-bounded operator of type
(B) given by the series in (iv). If T were hermitian-equivalent, then it follows from
[ 185, Theorem 6] that T can be made self-adjoint after an appropriate equivalent
Hilbert space renorming of L?( N ) .Let T then have spectral measure & . Thus, for
eachk € N, F({ A }) has range equal to the kernel of (T — A; ). By properties
(i) and (ii) for the sequence {P,}n=; , Py likewise has range equal to the kernel of
(T — A ). Since P, commutes with T, it commutes with ({A,}) .Thus

P, =F({A}) for k €N. But this implies that {37_; P, };":1 is strongly
convergent, hence uniformly bounded. We have reached a contradiction to (iii),
and so T is not hermitian-equivalent. It follows from this that sup{ ||ei"T||: ne
Z} = +oo.

Example (1.45) [178]: For the index p = 1, Theorem (1.32)(ii) fails. Let R_; ,
denote the translation operator on L'( Z) corresponding to (— 1). Thus R_; is a
surjective isometry. However, R_; is not trigonometrically well bounded for each
of the following reasons:

(i) R_; does not have a logarithm in B(L'( Z))

(i) X _n~ 1 R™, does not converge in the strong operator topology;

(ii1) R_; does not have an AC(T)-functional calculus. The assertion (1) is shown
in [183, Example 20.1]. Let &, be the characteristic function relative to Z of {0} For
each N € N it is straight forward that
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N

Z n_l Rlll 60

n=-N

N
= 22:71_1 :
n=1

This shows (ii). If R_; had an AC(T)-functional calculus, then there would be a
constant M such that for every trigonometric polynomial Q ,

IQ(R-1)8 Il < MIIQ]lT - (51)
But [[Q(R_1)& Il = X5-_|0(n)|. Hence by (51), every function in
AC(T) would have an absolutely convergent Fourier series. This conclusion is well
known to be false [231, VI.(3.7)], and so assertion (iii) is established.
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