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Abstract

We show Steckin’s theorem, transference, spectral decompositions, operators and
examples with bounded and unbounded imaginary powers. We discuss the powers,
spectrum of class operators, and the operator equations with applications .We
establish the maps preserving the harmonic mean or the parallel sum of positive
operators preserving Lebesgue decompositions. We study the strong convergence
theorems and viscosity approximation methods for nonexpansive mappings and
monotone mappings, with a general iterative method with strongly positive
operators for general variational inequalities .We characterize the Krein’s
differential system and generalization with the effective construction of a class of
positive operators, in Hilbert space which do not admit triangular factorization.
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Introduction

Let Y be a closed subspace of LP(u), where pu is an arbitrary measure and
1 <p< oo. It is shown that every invertible operator V on Y such that
sup{ [[V"*|l:n = 0,+1,+2,...} < oo can be expressed in the form V = e'4,
where A is well bounded of type (B) .This result, which fails if Y is replaced
by an arbitrary reflexive space, is obtained by a blend of the transference
method of Coif-man and Weiss with Steckin’s Theorem and a recent result
in abstract operator theory. We introduce the class of operators under
consideration and discuss several examples to show its importance. Then the
functional calculus for this class is presented and exploited, also we show the
uniform estimates on the imaginary powers of € + A. A study of examples of
Unbounded Imaginary Powers of Operators are follows. We show some spectral
properties of class w F(p,r,q) operators for p > 0,r > 0,p+7r < 1,
and q = 1. It is shown that if T is a class wF(p, 1, q) operator, then the
Riesz idempotent E; of T with respect to each nonzero isolated point
spectrum A is selfadjoint and E; 3 = ker (T — A) = ker (T — A)". Let
H and K be bounded positive operators on a Hilbert space, and assume that H is
nonsingular. Based on Pedersen and Takesaki’s research on the operator equation
K = THT, Furuta and Bach gave deep discussion on the equation
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K =Tz (TET ETE) Tz where n is a natural number. We show that any
transformation is implemented by an invertible bounded linear or conjugate-linear
operator on H. Similar results concerning the parallel sum and the arithmetic mean
in the place of the harmonic mean are also presented. It is showed that every such
transformation ¢ is of the form ¢(A) = SAS* (A € B(H)*) for some invertible
bounded linear or conjugate-linear operator S on H. We introduce an iterative
scheme for finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality for an inverse strongly
monotone mapping in a Hilbert space. Then we show that the sequence converges
strongly to a common element of two sets. Viscosity approximation methods for
nonexpansive mappings are studied. Consider the iteration process {x,},where
Xo € Cis arbitrary and x,.1 = anf(xp) + (1 —an)SPe(xy — A,4x,), f1s a
contraction on C, S is a nonexpansive self-mapping of a closed convex subset C of
a Hilbert space H. We introduce and study a general iterative method with strongly
positive operators for finding solutions of a general variational inequality problem
with inverse strongly monotone mapping in a real Hilbert space. We investigate
Krein’s differential systems as well as correct some assertions both in M.G. Krein’s
article and in our works dedicated to the Krein’s systems and their generalization.



We investigate the problem of the triangular factorization of positive operators in a
Hilbert space. A class of non-factorable positive operators is constructed.
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