Chapter 4
Extension of Sampling Inequalities in Sobolev Spaces

The extensions established in this Chapter allow us to bound fractional order semi-norms and
to incorporate, if available, values of partial derivatives on the discrete set. Both the cases of a
bounded domain and the Euclidean space are considered .Sampling inequalities in the
Sobolev space WP (2) , where Q is a domain of R™, are defined as relations like
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for suitable values of r,p, g and £. In this statement, u denotes a function in W"P(2) ,Ais a
discrete set in Q and d = sup,eg infyeqlx —al .
Sec(4.1):Sobolev Semi-norms of Fractional order and Derivative data:

Sampling in equalities in Sobolev spaces have received increasing gattention in fields like
variational splines, surface reconstruction, machine learning or numerical solution of
partial differential equations. Given a domain {2 and suitable values of p,q € [1, ],these
inequalities s typically yield bounds of the| - |l‘qﬂSoboleV semi-norm of a function uon {2

interms of the|:| semi-normofu, withr > land!l € N,the Hausd(or fill)distance d

r,q0

between 2 and a discrete set A c 2, and the values of u on 4, thatis, abound of the form

[uli g0 < €m0 e ], ot dr (1)
(see later the relation (19) for a full explanation). Most section on this subject assume that
£ is bounded. Let us quote, for instance, Narcowich et al. [149], Wendland and Rieger
[157], Arcangéli et al. [136] and the references therein. A few articles deal with the case
Nunbounded (Madych and Potter [146], Madych [145] and Arcangéli et al. [137]). For a
survey on sampling inequalities and their applications, we referred to Rieger et al. [151].

The purpose of this section is to extend the results of [136] and [137], for both cases 2
bounded and = R", in two directions: to allow fractional order semi-norms on the left-
hand side of the sampling inequality (1), and to admit derivative pointwise values on the
second term of the right-hand side of (1), so increasing the order of the approximation
parameter d .

First, let us consider the problem of the extension to fractional order semi-norms. The
proof of (1) for | € N commonly follows a strategy which dates back to Duchon [143]: first,
a special case of the sampling inequality is proven for a class of sets with simple geometry
(like balls); then, for any set A with fill distance d small enough, one considers a finite

family {B;};c; , formed by sets belonging to such a class, that covers the set (2 ; next, for
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eachu € WP (), one considers an extension i of u to R™and uses the relation

@l < 2liqus < (Zialillys) @)
finally, one applies the sampling inequality on each B;and collects terms to derive (1). If [
is non-integer, this workflow breaks precisely when using (2), because Sobolev semi-
norms of non-integer order are subject to a super-additivity rule. This means that, if 2 is
the union of two disjoint sets £2; and (2, , then

U g0 201 g o+ 101 4 0,

So, it is clear that(2) cannot hold .This is there as on why we have a doped a different strat
egy, now based on the interpolation theory between Banach spaces. We have chosen
the K-method which see m stousra ther well adapted to explicit calculus. Thus, we obtain
as extensions of previous results in [136] and[137]. It that interpolation is applied for the
first time to obtain interpolation sampling inequalities in a section by Schaback (cf.[152]).

If ris large enough, the space WP (f2) is imbedded into a space of functions having
continuous partial derivatives up to a given order. Hence, it is natural to try to use values
of partial derivatives as pointwise data and incorporate them into sampling inequalities.
This idea was introduced by Corrigan et al. [142]. We exploit it, with corrections and
improvements, as we later express [140],[147],[148].
For any x € R, we shall write |x| and [x] for the floor (or integer part) and ceiling of x ,
that is, the unique integers satisfying |x] < x < |[x]+ 1and [x] —1 < x < [x] . Likewise,
we shall write (x), = max{x, 0}.
The letter nwill always stand for an integer belonging to N* = N\{0} (by convention,

0 € N). The Euclidean norm in R"will be denoted by | - |. For any t € R"and for any 6 > 0,
we shall denote by B(t, §) the open ball with centre t and radius §. In addition, S,,_; will
stand for the unit sphere in R" (i.e, S,,_; = {x € R": |[x | = 1}) and |S,,_; | will denote its
area.

For any k € N, we shall denote by P, the space of polynomial functions defined on S,,_; of
total degree less than or equal to k.

For any = (a,...,a,) € N*, we write |a| = a; + +a, and 9% = 3!*l/(9x;* ---6xff”)
X1 ,..., Xy being the generic independent variables in R". From now on, the term domain
means a non-empty, connected open set in likewise, we shall use the expression Lipschitz-
continuous boundary in the sense of NecCas [150]. It can be seen (cf., for example, Adams
and Fournier [135]) that any bounded domain 2 ¢ R"with a Lipschitz-continuous

boundary satisfies, for some 6 € (0,7/2]and p > 0, the cone property with radius p and
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angle @ , that is, for every x € (2, there exists a unit vector £(x) € R" such that the cone
C(x¢(),0,p)={x+hp:neRY|n|=171n-&x) =cos6,0<h<p}

is contained in (1 (above, the dot symbol - is the Euclidean scalar product in R"). We recall

that the radius of the greatest ball contained in C(x,¢&(x),0,p) is just p/t, with

t=1+1/sinf.

For any domain 2 ¢ R™and for any discrete subset A c 2 (i.e., made up of

isolated points), we define the fill distance

5(2,A) = supdist(x,A), (3)

XEN
wheredist(x,A) = inf,c5|x — a| stands for the Euclidean distance between x and A. Clearly,
8(Q, A) may be infinite when Q is unbounded, and is just the Hausdorff distance between

A and Q when Q is bounded. Moreover, for any function v defined on A and for any

x € [1, 0], we shall use the notation

( 1
I x
* ) f < )
Iolall { (;'”(“)' ) o< @
krggflv(a)l , if x = oo,

Hereafter, the expression L[p, 6 ]-domain will be a shorthand for bounded domain with a
Lipschitz-continuous boundary satisfying the cone property with radius p and angle® .

For the sake of completeness, we include here a brief account of the K-method for real
interpolation of Banach spaces. The reader is referred to Adams and Fournier [135] for
details. In particular, we recall below an adapted version of Theorems in [135].

Let {X,, X;} be an interpolation pair of Banach spaces (i.e. X, and X; have non-trivial
intersection and are continuously imbedded in the same Hausdorff topological vector
space). The spaces X, N X; and X, + X; are themselves Banach spaces with respect to the
norms

llullxonx, = max(llullx,, llullx,)
and
llullxy+x, = inflllugllx, + llugllx,:u = up +uy, ug € Xo, uy € Xy,
where, fori = 0,1, ||- [lx, is the norm in X; . For each t > 0, the functional (t;-) :X, + X; - R
is defined by
K(t;u) = inf{|luollx, + tllugllx,:u = ug + uq, ug € Xo, uq € Xy}

Then,for anyo € (0,1)andq € [1, oo](oreveno € [0,1]ifg = o0),onewrites

[Xo Xilog = {u€Xo+Xs: Iullpgxy,, < @}

where
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1

(/= dt\a _
j (t°K(t;u)?1—] , ifl1<q<oo,
||u||[x0,x1](,,q = 0 t

k ess sup{t °K(t;u)}, if g = oo,

0<t<oo
Theorem (4.1.1)[134]:
The space [X,X1lsq is a nontrivial Banach space with norm ||llix,x,1,,4 -
Furthermore,

Xo+ % < (@01 =0l xgny < Mgy
if g < oo, or, for q = oo,
Xo + X1 < [Xo, X1loq < Xo N X,
Thus, the following embeddings hold:
Xo N X1 = [Xo, X1loq = Xo + X1
(i.e, [Xp, X115 4 isan intermediate space between X, and X; ).
Theorem(4.1.2) [134]:
Let{X,, X;}and{Y;, X;}Jbe two interpolation pairs of Banach spaces, and letTbe abounded
linear operator fromX, + X;intoY,, + Y;, having the property that, fori = 0,1, T is bounded
from X; to ¥; with norm at most M;, thatis,
vu; € X;, Tllully, < M;llwll, -
Then, for any q € [1, 0] and o € (0,1),T maps [X, X;]54 into [Y,, 1], 4and

Yu € [Xo, X1lgq, ITullyy,, < Mo~ M¢ llull %,

Yl]a,q »Xl]a,q )

Let () be a domain of R*, g € [1,00] and s € N (resp. s € (0,)\N). We shall denote by
W=4 () the usual Sobolev space of integer order (resp. of non-integer order) s defined by
WS4 () = {v e Li(Q):Va € N, |a| < s,0% € LI(2)}

(resp.by WS4 (@) = (v € WIH(Q): [vl;q 0 < 00})
In the latter relation, | - |, o is the semi-norm defined by

q B f |0%v(x) — 0%v(y)|9
sq.2 0% |x_y|n+q(s—[sj)

|v] dxdy ()

lal=[s]

if g < o,and

(6)

|0%v(x) — d%v(y)|?
V|5 00 = Irnax ess sup
al|l=\|s

I=[s] x,yen |x — y|5-Ls]
X*Yy

We recall that the derivatives 0% v are taken in the distributional sense.

The integer order Sobolev space W*9 (Q) is endowed with the semi-norms |- |; 4 o,

with j € {0,...,s}, and thenorm |||, o given,ifq < oo, by
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1/q

Vg0 = Z j|6av(x)|q dx
0

lar|=j
and
s 1/q
lolsqn = Y 1wl a)
j=0
or,ifqg = oo,by
|v] 00,0 = maxess sup|d®v(x)|
lal=j  xen
and

V50,0 = grsl?sglvl,-,w,g-

The non-integer order space W*9(Q)is endowed with the semi-norms |.|[;, o, with

j €{0,...,s}, the semi-norm |-|g , o defined by (5) or (6), and the norm

1/q
q q .

max{||vll|s;q.0 1Vlsq.0} if g = co,
It is well-known that non-integer order Sobolev spaces can be equivalently defined, at least
on suitable domains, by real interpolation of Sobolev spaces of integer consecutive orders.
In particular, let 2 be R"or a bounded domain with a Lipschitz-continuous boundary, and
lets € (0,©)\Nand g € [1, ). Then,
W) = WH(Q), W (Do

wherel =|s| and o =s—1, and there exist constants Ys and Bs such that, for all
u € W=1(0),

Ysllullwragwi+tayig, S Mvllsga < Bsllwllwr g wi+acys, (7)
(cf., for example, Bergh and Lofstrom [139], Brenner and Scott [141] or Tartar [154]).
To deduce the results in the next sections, we need to know how the constant Bsdepends
on the order s of the corresponding Sobolev space. We have not found in the literature a
clear account of this question, so we study it here, providing some theorems. Proofs can be
skipped in a first reading. For this reason and for the sake of brevity in this preliminary
section, we defer the proofs to Appendix A.
Theorem (4.1.3) [134]:
Letq € [1,00),s € (0,0)\N,l = |s] and o = s — [. Then,

Yu € Ws,q(]Rn)’ ”u”s,q,]Rn < bs”u”[erQ(]R"),WHlrQ(]R")]O_,q; (8)

where
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bs = (qc(1—0)+ (2+ vln(l/z_l/q”)%. 9)
In the above expression, |S,-1 |, we recall, stands for the area of the unit sphere in R"and
v; = min{n, [ + 1}.
Theorem (4.1.4) [134]:
Let 2 be a bounded domain of R"with a Lipschitz continuous boundary. Let g € [1, ©)

and £ € N. Then, there exists a family {ﬁs}se(o,g)\N of positive real numbers such that, for

each s € (0,#)\Nand for allu € W%9(Q), the right bound in (7) holds, with [ = [s] and
o0 = s — L. Moreover, there exists a constant f* € [1, ), dependent on 2,1, ¢, and q, such
that, foralls € (0,2)\N, 5, < S".

We conclude this section with two lemmas about the asymptotic behaviour of fractional
order semi-norms, extensions of previous results in Bourgain et al. [140]), Maz’ya and
Shaposhnikova [147] and Milman [148]. The interested reader may find proofs and
comments in Arcangéli and Torrens [138].

Lemma (4.1.5) [134]:

Let 2 be a bounded domain of R"with a Lipschitz continuous boundary. Let g € [1, o)
and! € N,

(i) Let oy € (0,1). For any v € W'*%  q(02), the semi-norm

1/q
10%v(x) — 0%v(y)|1
1V, dini).0 = Z j - dxdy (10)
-1 Joxn |X - }’|
|la|=1
is finite and
limgot [V]i+0,0.0 = [V]dini(a).0- (11)
(i) Foranyv € whttacg),
limgoo-(1 = 0)V0|}se 4.0 = 4 Ko V0], o (12)
where
Kon = ] - vlda, (13)
Sn—-1

v being any unit vector in R", and |V'v|, .2 1sthe semi-norm, equivalent to

|vl141,4 .0, given by

1

Vvl 4.0 = (Z jIV(G“v)(X)Iq dx)q (14)
la]=1"*

Lemma (4.1.6) [134]:
Letq € [1,0) and ! € N.

(i) Let oy € (0,1). For any v € W94 (R™)
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limgoto |v|?+o',q,]Rn = 2q7|Sn-1l| vl q.rn. (15)
(i) Foranyv € WHH(R™),
1imc_,1—(1 - 0) |v|?+g,q,lR" = q_qu,n| Vvlzq,]]g"- (16)

where K, is given by (13) and |Vv|,qr" is defined by (14) with R"instead of 2.
From now on, we shall make constant use of the parameters denoted by, q, andr. The

following hypotheses state their admissible values:

p,x € [1,00], (17a)
q € [1,), (17b)
[n, o), ifp=1
r € (g,oo), ifl <p<oo, (17¢)
N7, if p = oo.

We shall also need the integer number
lo, if r € Nandeither p < g < o andl, € N, or

= (p,q) = (1,0),0rp=gq, (18)
[lo] — 1 otherwise ,

ifr € N" and either p < ¢ < % and

wherelo =7r— n(1/p—1/q )+.

Remark (4.1.7) [134]:

Given a bounded domain 2 € R"with a Lipschitz-continuous boundary, the relations (17)
and (18) serve to assure the continuous imbedding of W"?(2) into the following spaces:
C°(2) (or CR() ifp=1and r=n) and W), ifp<qand L€{0,...,} (cf. [136,
Propositions 2.1 and 2.2]). Above, C2(2) denotes the space of continuous bounded
functions on {2.

We first recall the sampling inequality established in [136].

Theorem (4.1.8) [134]:

Let Q be a bounded L[p, 8 ]-domain of R", for some p > 0 and 6 € (0,m/2]. Suppose that
p,q,x and r satisfy (17), with (17b) replaced by q € [1, ], lety = max{p, g, x} and let ¢
be the integer given by (18). Then, there exist two positive constants d (dependent on
0,p,nandr) and C(dependent on {2, n,7,p,q and x) such that the following property
holds: for any finite set A ¢ Q (or A € Qifp = 1and r = n) such that §(Q, A) < b, for any
u € WP(2) and foranyl = 0,...,¢ ,

- - 2
|u|l,q,!2 < @(d(r 1-n(1/p-1/q)+ ulr,p,!) +dv u|A) (19)

whered = §(Q, A) is defined by (3) and llulall, is given by (4).
183



Remark (4.1.9) [134]:
The constant d provided by Theorem (4.1.8) is explicitly given byd = p/(2Rt), where
T =1+ 1/sinf and R is a constant greater than 1 which depends on n and r through the
following condition: the ball B(0,R) contains & balls By ,...,Bgof radius 1 such that
H?:l Ei is a compact subset of (R”)Rformed by Py —unisolvent tuples, with k = [r] — 1
and & = dimPy . For example, forr =n = 2, we haveR > 1+ 2//3. Let us point out two
useful consequences:
If needed, it can always be assumed that the constant d belongs to (0,1], since, for fixed
values of p and @ , the constant R can be chosen as large as required to getd < 1.
In the hypotheses of Theorem (4.1.8), any finite set A € 2 such that §({2, A) < dcontains a
Py-unisolvent subset. To prove this, let us first observe that (2 contains a ball B with
radiusp/t, because it is a L[p,0]-domain. Now let F:R™ - R" be a bijective affine
mapping such that F(B(0,R)) = B . Thus, F maps the balls By , ..., Bg of radius 1 contained
in B(O,R) onto the balls F(By),...,F(Bg) of radius p/(zR) = 2b contained in B .
Consequently, [T, F(B)is a compact subset of 2% K formed by P-unisolvent tuples.
Since §(2, A) < b, there is at least one point of A in each ball F(B;). Collecting these points,
we get a Py-unisolvent subset of A.
Remark (4.1.10) [134]:
Let T, denote the second term on the right-hand side of (19), that is, T, = d™Y Hulall,
with d = 8§({2, A). It can be easily shown that, for any u € W™? (), there exists a constant
C = C(w), such that, for any finite set A such that d is sufficiently small,

T, = Cd™ Y =) Hjull o ),
whereC3 () denotes the space of continuous bounded functions on £2 . Therefore, in order
for T;to be bounded for d near 0, it is necessary that! = 0 and y = x . Thus, relation (19)
makes sense in this case. It also makes sense, when u is the approximation error function
by spline interpolation or smoothing (cf. [136]). We can now establish the main result of
this subsection.
Theorem (4.1.11) [134]:
Let 2 be a bounded L[p, 8]-domain of R", for some p > 0 andf € (0,7/2]. Suppose that
p,q,x ,and r satisfy (17), lety = max{p, ¢, x } and let £ be the integer given by (18). Then,
there exist two constants d* € (0,1] (dependent on8,p,nandr) and € > 0 (dependent
on2,n,7,p,qand x ) such that the following property holds: for any finite set A € 2 (or
AcQifp=1andr=n) such that §(2,4) <", for any u € W™P(Q) and for any
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s € [0,¢ ], we have

ulsqo S € Agg(d7 s/ PV |y o+ d7 7 |lulall, ) (20)
Where d = §(£2, A) is defined by (3),llulall, is given by (4), 0 = s — |s] and

_((qe(1—o)V4,  ifg € (0,1),
Aoq = { 1, ifo =0. (21)

Proof.
We start by applying Theorem (4.1.8)to the given set {2 and parameters p, ¢, x and r. This
theorem provides two constants: b, which , by Remark (4.1.9), can be supposed to belong

to (0,1], and €. Then, we take D" = b and we define € as follows:

C =C"(¢+ 1)%, (22)
wheref” is the constant given by Theorem (4.1.4) .It is easily seen thatC", like €, only
depends on Q,n,1,p,q, and , and that € < €~,

Now, lets € [0,#]. Letus writel = [s]land 0 = s — . If s = [(so 0 = 0), by
Theorem (4.1.13), the result obviously holds, since (19) and the relation € < C¢”
immediately imply (20). We assume in the sequel thats #[. Hence,=1[1+ o, with
c€(0,1)andl €{0,...,£— 1}.
For any finite setAC 2 (orAc Qifp=1andr =n) such thatd = §(2,A4) < b, let
['14 : W™P(2) - R be the mapping defined by

[y = d7 =0/ ful, g+ d el (23)

It is readily checked that [']4 is a semi-norm on WP (). In fact, it is a norm and W™? (),
endowed with [']4, is a Banach space. To prove this, it suffices to show that there exist
constants C; and C; such that

vu e WTP(D), Gillullype < [ula < Gllullypeo (24)
Since A is finite, the upper bound is a consequence of the continuous imbedding of W™ (2)
intoC°(2). The lower bound can be deduced, for example, from Proposition 3.3 in [136],
taking Remark (4.1.9) into account. Thus (24) holds.
We now proceed by real interpolation of Banach spaces, using the K-method. Let
Xo =X, =W (), equipped with the norm [l . Likewise, let ¥, = W"?(Q) and
Y, = W4 (2), endowed with their usual Sobolev norms |Ill; ;.0 and II‘llj+1,4,0. On
the one hand, by Theorem (4.1.1), it is clear that [Xo, X115,q = WP (£2) and

||'||[X0,X1]g,q = Aa,q[[']]A,

with Ag4 given by (21). On the other hand, as already pointed out in Sect. 2.3[Xo, X115, =

W*9(0)and there exists a constant s such that
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Ills .2 < Bsll vy va10q (25)
Let T be the injection operator from X, =X; = W"P(Q2) into Yo +Y; = W"P(Q). For
i = 0,1 and for any u € W"P (), it follows from Theorem (4.1.13) That

1+i /a

q
ITully, = lellis g0 = | ) 1lfa
=0

1+i /a

< Z((Sd‘f [ul)? <GCU+1+ i)%d‘(”i) [ul 4
7=0

Thus, by (25) and Theorem (4.1.2), for any u € WP (2), we get

lulls g.0 = Tullsq.0 < BslITullvy,v11,

< Bs(C(+ D7d™)7 (€ + 2)7d~ D) |Jullx,,

X1lo.q

= B+ DI (4 2))d O g,
< BsC(U+2)YNgqd ™ [ull4 -
Therefore, from Theorem (4.1.4) and relations (22), (23) and [ < £ — 1, we finally derive
(20). The proof is complete.
Remark (4.1.12) [134]:

It follows from the preceding proof that (20) holds with [|[ulls 4,0 instead of |uls 4,0 on
the left-hand side of the bound. It is worth noting that, if ul4 = 0, we get

”u”s,q 2 < (S*Aa,qdr —-s—n(1/p-1/q)+ |u|mm )
Cf. a similar result in Wendland [156]. See also Krebs et al. [144] for a particular case of
Theorem (4.1.11).
The presence of the number A4 on the right-hand side of (20) may be quite disturbing
from a numerical standpoint since, by (21),As4 = ®aso = 0% oro = 17. Hence, it is
natural to wonder whether the appearance of such a number is an intrinsic feature of the
sampling inequality or an undesirable by-product of the interpolation technique used to
derive it. To provide an answer to this query, let us temporarily assume that (20) can be
written with a constant C, independent of s, instead ofC€" A, 4 . With the help of (23) and
writings =1+ o0, withl =[s]and 6 = s — [, under such an assumption, the sampling
inequality reads as

|u|l+a,q,.(2 < cd (9 [ul - (26)
Let us fix a suitable set Aand a functionu € W"?(2). By Lemma (4.1.5)(ii), the

product (1 — o)Va |uli+4,4.0 has a finite limit as ¢ = 1. Hence, unless u is a polynomial of
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degree< [, itis clear that
lilll u = 00.
o 1_| |l+0',q,.(2

Likewise

lirrll_ ca~WIul, = cd~ O [u],.
o>

Therefore, by taking limits in (26) aso — 17, one is led to an obvious contradiction. This
means that C must depend on s. In fact, since |u|1+a,q,g grows to © as o = 1~ at the same
rate as (1 — ¢)*/9, this should also be the case of C.

The preceding reasoning, however, does not apply as ¢ = 0%, In this case, by Lemma
(4.1.5) (i), the semi-norm | * l; 444,20 has a finite limit and so the producto*9|ul; 45,4 0
simply tends to 0. If we had taken limits in (26) as ¢ = 0¥, we would not have been led to
contradiction.

Summarizing, the sampling inequality (20), for a non-integer s, contains the number
Apg = q_l/qa_l/q(l - a)_l/q on its right-hand side. The presence of the decay factor
(1-0)Y s absolutely necessary, while that of 67%/4 Jacks an analogous justification.
Whether or not the factor 0~ /9can be avoided is an open question.

The above discussion suggests that the sampling inequality (20) could be

advantageously rewritten as follows:
n
[lsg.a < © (@YD ul g + @I, @7)

where []sq.0 = Aggqal * Is.q.0, witho = s —|s]. The use of a “normalized” semi- norm like
[-]S,q,g is common to deal with defective semi-norms, as is the case of the intrinsic Sobolev
semi-norms of fractional order. See, for example, Milman [148]. Let us observe that
[‘]5+1,q.0behaves “continuously” asa — 17, since, by Lemma (4.1.5) (ii), this semi-norm,
up to a constant, tends to a semi-norm equivalent to | * l; +1,4,0 = [li+1,4.0 . however, the
semi-norm [-];44,4,0 is not fully satisfactory, since, by Lemma (4.1.5) (i),
(}i_)r{)h [uli+s,q.0 = 0.

we shall see later that matters are much clearer for Q@ = R"
The contents of this subsection follow the account of Corrigan et al. (cf. [142]), that we
have changed and improved.

We have previously obtained sampling inequalities which involve Lagrange data. Now we
are interested in expressing those bounds in terms of derivative data, that is, values of
derivatives at selected points. Of course, the nature of the data plays a crucial role in the

matter. On the one hand, it is clear that, given a function in W"?(2), the derivative data

187



cannot include derivatives of arbitrary order. In fact, assuming thatr and p satisfy (17),

only derivative data of order, at most, #* should be allowed, where

|7 —nl, if p=1,
p={lr—n/pl-1, if 1<p<o, (28)
r—1, ifp = co.

On the other hand, to keep things at a reasonable degree of complexity, we assume that,
for a function u, the sets of derivative data of order 1 < 1" consist of the values d%u(a) of

all the derivatives of order |a| = u at the points of “dense” subsets A of 2.

Theorem (4.1.13) [134]:

Let 2 be a bounded L[p, 6]-domain of R", for some p > 0 and 6 € (0,7/2]. Suppose that
,q,%,and r satisfy (17), lety = max{p,q,x } and let and ¢* be the integers given by (18)
and (28), respectively. Then, there exist two constants 8 € (0, 1] (dependent on 8, p,n,
and p) and € > 0 (dependent on,n,7,p,q and ) such that the following property
holds: for any u = 0,..., ", for any finite set A € 2 (or A € 2 ifp = 1 and r = n) such that
5(2,A) <™, forany u € WP () and for any s € [0, ], we have

n
lulsg a0 < (S**Aa,q(dr_s_n(l/p_l/q)“L|u|r,p,!2 + art S||D)‘u|A||x), (29)

where d = §(2,4), A = min{w, |s|},0 = s —|s], As,q is given by (21) and

1/x
j [ Y Y@l ) itx <o,
[D7ulall, = 1\ 42 &4 30)
Ikrnaxrnax|6“u(a)|, ifx = oo.
la|=j a€A

Proof:
Let j be an integer in {0,..., u"}. It is clear that (17c) holds with r — j instead of . Hence, we
can apply Theorem (4.1.11) with 7 — j instead of . Letd; and €;be the two constants that
Theorem (4.1.11) provides. Thus, for any finite set A € {2 (or A € 2 ifp = landr — j = n)
for which d = §(2,A) < d*, for any v € W™ /?(2) and for any $ € [0,£ — j], we have

[Vls,q.0 < G hgq(d SR VDey| . + & lvlal), G
with & = § — |8] . Then, we take

= Orsr]nsrlll b;,

which obviously is a constant that depends only on 8, p, n, 7 and p. Likewise, we choose

C* = max{vjl/q@;!j =0, ---,Il*}, (32)
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wherev; = (jH;_l) is just the cardinal number of{a € N™:|a| =j}. The constantC™"

dependson ,n,7,p,q and x .

Now, letu € {0,...,u"}and s € [0,#]. We first assume thatu < s, so A = min{y, |s]|} = u.
Let us see that (29) holds.

LetAc 2 (orAc( ifp =landr = n) such thatd = §(2,4) <bd™.
Given u € W"P(2), for any « € N* such that |¢| =, the function 0%u belongs to
W™ 7#P (). Hence, by (31) with8 =s—pand j = p,sincec =s—[s|] =8§—1[5] =6, we
get

0%l s ppa < Cphgq(dm TP D+ 9oy 0 o + d™Y ST 0%l 4]l,)
Consequently, since [0%ul,—yp.0 < |ulyp,0, we deduce that
109Ul < G (d7 S TRAP=YDs ], 4 @Iy =SH]|DHul 4] ).

This relation implies (29), taking into account (32) and that

luld, 0 < Z 10%ul_, 0
le|=u

Let us finally assume thatu > s. The above reasoning cannot be done, since it
explicitly requires the condition s —p = 0. However, sincels| <s<u<pu*, such a
reasoning still holds if u is replaced by|s], which yields (29) with 2 = min{u, |s]} = [s].
Following Madych and Potter [146] and Madych [145], we considered in [137] the case of
sampling inequalities for functions defined on R"or on quite general unbounded domains.
In the present section, for the sake of simplicity, we limit ourselves to the R"-case.
There are three main changes with respect to the framework described. Firstly, instead of
finite sets A, sampling inequalities will now involve discrete sets (i.e., sets without
accumulation points) whose fill distance to R"is finite. Such sets, in particular, should be

countably infinite. Secondly, the parameters p, ¢ , x and r should satisfy a set of conditions

more restrictive than (17), namely:

p,q,x € [1,00), withmax{p,x} <gq, (33a)
n
r € [n, ), ifp=1,orr€<5,00), ifp > 1. (33b)

Please note that (33a) implies that(1/p —1/q)+ = 1/p — 1/q. We still define by (18),

which, accordingly with (33), now reads as with

{ lo, if r € N"and eitherp < qandly, € N,orp =q,
£ = .
[lo] —1, otherwise,

withlo =r—n(1/p—1/q).

(34)

Finally, sampling inequalities on unbounded domains, in particular, R", are
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established for functional spaces more general than the Sobolev ones. Specifically, as in
[137], we shall use the Beppo-Levi space W™ (R"), formed by all the distributions v on
R™whose |r|th order derivatives are functions such that |v],,r? < . We recall that any
v € WTP(R™) is locally in WP (R"), that is, v belongs to W"?(w) for any bounded open
set w € R™(cf. [137]).

We shall need some additional notations and results. For any v € N, we write
w, = B(0,v). For suitable values ofp > 0and 6 € (0,/2) (e.g,p =1/2and 6 = m/3; cf.
Wendland [154]), any ball w,, is a L[p, 8]-domain. Likewise,

W, C wysy, forallv €N, and U w, = R™., (35)
vEN*

Thus, in the terminology introduced in [137], (Wy)nen* is a filling sequence of R™ . We
shall exploit this fact.

Lemma (4.1.14) [134]:

Letp > 0and 8 € (0,7/2) such that w; is a L[p, ]-domain. Let A be a discrete subset of
R"such that (R",A) < p/7, witht =1+ 1/sinf, and, for anyv € N*, let4, = AN w,.
Then, there exists an integer Vo , depending on 4, such that

Vv E N, v 2 vy, T 15(R" A) < 8(&,,4,) < 16(R™A), .

Proof:

The hypothesis on p and 6 implies that any other ball w,is also a L[p, 8]- domain. Now, the
existence of Vpand the lower bound come from [137], whereas the upper bound follows
from [137].

Lemma (4.1.15) [134]: Suppose thatp,q,x andr satisfy (34) and let¥ be the integer
defined by (35). For any v € N*, let us apply Theorems (4.1.11) and (4.1.13) with 2 = w,, .
Then, the constants € and € that these theorems respectively provide can be chosen

independently of v.

Proof : Given the way in which the constant €"is chosen in Theorem (4.1.13), it suffices to

prove the result for the constant € of Theorem (4.1.11).

(1) We first apply Theorem (4.1.11) to £2 = w4, which is a L[p, 8]-domain for, say, p = 1/2
and 6 = /3. We get a constantd”, only dependent onn and r (and the fixed values of p
and 6 ), and a constant €, dependent onn,7,p,qand x (the dependence on w;, unit ball

of R", is subsumed in that on 1), such that

11 n
|ﬁ|5;q W1 S (SAO-rq (dT ’ n(p q)lﬁlrrprwl + dq ’ ||u|A||x )’ (36)
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whered is any finite subset of w; (or w; if p = 1 and r = n) such that
d= §(@y,A) <d1is any element of WP (w;) and s € [0,7].
(2) We shall now use the technique of change of scale. Let v € N” be fixed and let
L,:R™ - R"be the linear continuous mapping given by £ = v£. Clearly
w, =L, (w;) and detlL, =v, .
Likewise, for any @ € N" with |a| < r and for any u € W"?(w,,), we have
0%u(x) = v 1¥9%0(%) a.e.on w,,
wherefl = u o Lyand £ = L;*(x) = v"'x. Thus, it is readily seen that, for anyu € W™ (w,)
and for any s € [0, ¢], either integer or non-integer,

ulsgw, = VN85 g0, and Ul e, = VP80, (37)
In addition, given A € w,,, we have

ul, = 1tz and d = vd (38)
withd = §(@,, A),A = L,*(4) and d = §(@4,A).
(3) Letu € W™ (w,)and A € @, (orA € w,, ifp=1andr =n) such thatd <bd". Then,
Ll € W"P(w;)and 4 is such that d < d*/v < ", It follows from (36), (37) and (38) that, for
any s € [0,7],
[ulsgw, S Chgq (@7 STV P |y o +d ™75 |[ulall,),

Thus, we obtain the bound of Theorem (4.1.11) for 2 = w,, with€" = € which is
independent of v
Theorem (4.1.16) [134]:
Suppose that, q,x, and r satisfy (33) and let € be the integer given by (34). Then, there
exist two constants d’ € (0,1] (dependent onnand ) and €' > 0 (dependent onn,7,p,q
and x) such that the following property holds: for any discrete set A € R"such that
§(R",A) <d',foranyu € WP (R"™) and for any s € [0,#], we have

r-s—n

g € 6 Ao (@ ul i + 8 bl (39)
whered = §(R™ A) is defined by (3), llulall,is given by (4),0 =s—|s] and Ngq is
given by (21).
Proof :
We proceed as in the proof of [137]. Likewise, as in the proof of Lemma (4.1.15), we fix
p=1/2and 0 =n/3,andwelett =1+ 1/sinf .

We set’ = d"/7, where d"is the constant given by Theorem (4.1.11) when applied to any
L[p, 8]-domain for n,r and the fixed values of p and 8 . Hence, ' depends onn and , and,

since d* <1< 17, wehave d' € (0,1]. Likewise, remembering the definition of d"given in
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the proof of Theorem (4.1.11) and taking Remark (4.1.12) into account, we see that d'<d”
<p/tT.

Let A be a discrete subset of R"such that (R",4) < d'. It follows from Lemma( 4.1.15)
that, for any v € N* big enough, (@,,4,) < 7' =bd", with 4, = A N w,. Then, by Theorem
(4.1.11),foranyu € W™P(R™ ), which belongs to W' (w, ), and for any s € [0, ], we have

1 1 n
i r —s—n(———) —=5
|u|s,q,wv < ¢ Ac,q (du b |u|1"p'wv + dg ”ulAv”x)' (40)
with d, = §(@,, 4,), where, by Lemma (4.1.5), the constant € only depends onn,7,p,q

and x (it does not depend on v). Since 4, C 4, it is clear that ”ulAv”x < lulall, . Likewise,
|u|r,p,wv < |u|r,p,]Rn. Hence

* r —s—n(1/ p—1/q) n/p—s
|u|s,q,wv < CAsq (d, |u|1"p»Rn +d, P ”ulAv”x ),

Now, using again Lemma (4.1.15), we obtain

|u|s,q oy < (S*Ao',q max{TT -s-n(1/p-1/q )’Tln/q—sl}

X (§(R™, A)" SRV Dy | gn + SR, A)™ 75 |[ulall,.
Sincet > 1,r 2 n/pand 0 < s <r —n/p+n/q, itthen suffices to set
€ = g n/ptn/q

and to take limits as v = 90, since the sequence (Iuls,q ,w,,)veN* is increasing and
|u|s,q Wy ™ Iuls,q,Rn as v = o0 (this is a consequence of the Monotone Convergence
Theorem).

Remark (4.1.17) [134]:

In view of (39), we may take up again the discussion held in Sect. 3.2 about the role of the

number Ag,4 in the sampling inequality. The reasoning is now based on Lemma (4.1.6),
which shows that the semi-norm | * |; 44,4 &?, with [ € N and ¢ € (0,1), blows up to infinity
aso — 0" and 0 = 0~ (except for polynomials of degree< l). Consequently, the presence
in (36) of both factors 6™*9 and (1 — )"/, by means ofA, 4, is absolutely required by

the intrinsic nature of the semi-norm | - |54 r".

Of course, the sampling inequality (39) can be expressed as
[u]s,q < C (dr -s—n(1/ p_l/q)+|U|r,p,]Rn + dV_S” ulA”x ), 41

where []sq rr = A;lq | - |sq,rn, witho =s—[s|. In this way, the constant on the right-

hand side of the sampling inequality no longer blows up. We remark that, on the left-hand

side, one could also use any semi-norm equivalent to [-]sq rrwith equivalence constants
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not depending ono . For example, forq = 2, an admissible choice could be the semi-norm

1/2
[Vlos = ( jmlf I2I95I2d5> ,

Dbeing the Fourier transform of v (cf. [138]).

I"lo,s given

Theorem (4.1.18) [134]:

Suppose thatp, g, x and r satisfy (33) and let# and " be the integers given by (34) and
(28), respectively. Then, there exist two constants d” € (0,1] (dependent onn,r and p)
and €"” > 0 (dependent onn, 1, p, q and %) such that the following property holds: for any
u=0,...,u", for any discrete set A € R" such that §(R",4A) <b", for anyu € WP (R™)
and for any s € [0, ], we have

|u|s,q rn < @IIAO_'q(dT _S_n(l/p_l/q)lulr,p,Rn + dn/a +l—s||Dl ulA”x )’

where d = §(R™, 4) is defined by (3), A = min{y, |s]}, D’/ul, is given by (30),0 = s — |s]
and Ay 4 is given by (21).

Proof :

Identical to that of Theorem (4.1.16), but applying Theorem (4.1.13) to the filling sequence
(wy)ven* instead of Theorem (4.1.11).

Sec(4.2):Sobolev Spaces and Sampling Inequalities:

The concept of sampling inequality was introduced by Rieger in his Ph.D. Thesis (cf. [169];
see also Rieger et al. [170]) in order to systematize a new kind of bounds developed, in
their origins, to cope with error estimates, using Sobolev norms, in scattered data
interpolation. Due to their increasing number of applications in areas like approximation
theory, machine learning or mesh- less methods for PDE, the research on sampling
inequalities has received an increasing attention. In our opinion, some milestones in this
field previous to Rieger’s dissertation are the pioneering work of Duchon [164] and the by
section Wendland and Rieger [175], Narcowich et al. [18], Madych[168] and Arcangéli et
al. [19]. Actual lines of research on sampling inequalities and their applications include, for
example, the extension of sampling inequalities to functions defined on Riemannian
manifolds (cf. Hangelbroek et al. [166]) or to spaces of infinitely smooth functions (cf.
Rieger and Zwicknagl [171,172]), the derivation of Sobolev-type error estimates for
several interpolation and approximation methods (cf. Fuselier and Wright [165], Lee et al.
[168]), or the development of meshless methods for the numerical solution of PDE (cf.

Schrader and Wend- land [173]).
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In this section, we shall restrict our study to the classic frame of Sobolev spaces. We

have two objectives in mind: (a) to provide new insights on the structure of sampling
inequalities and, in particular, on the discrete term, and (b) to show that sampling
inequalities are strongly related to and allow the recovering of existing bounds for
intermediate semi-norms. We shall later precise these goals. Before that, we introduce the
notations used throughout this section and formalize, in this context, the notion of
sampling inequality.
For any x € R, we shall write |x | and [x | for the floor (or integer part) and ceiling of x,
that is, the unique integers satisfying [x] < x < |x| + 1and [x] — 1 < x < [x]. The letter n
will always stand for an integer belonging to N N* = N\{0} (by convention, 0 € N).
Likewise, we write for the set of positive real numbers. The Euclidean norm in R™ will be
denoted by | - |.

For any multi-index = (aq,...,a,) €EN* , we write |a|=a;+ -+ +a, and
9% = 9!l /(9x;* - axf{n), X4, ..., Xy being the generic independent variables in R".

Let (1 be a nonempty open set in R". For any r € N and for any p € [1, ), we shall denote
by WP (Q) the usual Sobolev space defined by

WwrP(Q) = {velP(Q):Va € N, |a| <r,d%v € LP(Q)}.
We recall that the derivatives 0%v are taken in the distributional sense. The space W"? ()
is equipped with the semi-norms | - | , o, with j € {0,..., 7}, and the norm || - ll,, o given by

1/p 1/p

T
Mipa=( 0 [100CoPdx | and ol pa = ( 1017,
=0

lee|=j
We remark that |-y, o is, in fact, the usual L”-norm || - I p o . For any r € R} \N and for

any p € [1,0), we shall denote by W"P(Q) the Sobolev space of noninteger orderr,

formed by the (equivalence classes of) functions v € W17 (Q) such that

1/p
[0%v(x) — a%v(y)|?
vl pa = (| lz; | jﬂm x — 5[+ PC—ID dxdy <o (42)
al=|r

The space WP(Q)is endowed with the semi-norms|-|;,q, with j€{0,...,|r ]}, and

| p,o and the norm
1/p
ollpa = (10100 + 012,0) -
It is known that, for anyr € R;\Nand p € [1,+00) such that eitherr > n/p, if
p>lorr >mn, ifp =1, the space WP (Q)is continuously embedded in C2(Q) (space of

bounded continuous functions on (), provided that, for example,Q = R" orQis a
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bounded open set with a Lipschitz-continuous boundary. For r > n/p, the space €3 (Q)can
be replaced by the space C°(Q) of bounded and uniformly continuous functions on .
Let Q = R"be a domain (i.e. a non-empty connected open set) and letA c Qbe a
discrete set (i.e. a closed set without accumulation points). We set
8(Q,A) = supyeqinfaeq |x — al.
It is clear that §(Q2, A) may be infinite when Q is unbounded, and is just the Hausdorff
distance between A4 and Q when Q is bounded. Moreover, for any function v defined on

Aand p € [1,00), we shall write

1/p
lvlall, = (ZIU(a)I”) .

a€eA

If O is bounded, the discrete set A is finite and so it is ||v| 4[|, . However, if Q is unbounded,
the set A is necessarily countably infinite; hence, ||v|, II§ is a series which may diverge.

Let O be R"or a domain satisfying a suitable geometric condition. Likewise, let
r€R; andp,q € [1,0), withp < gandr > n/p, ifp > 1, orr = n, ifp = 1. The
condition p < g is just a simplifying hypothesis that only modifies the form of
forthcoming results.

We setv=n(1/p—1/q)and? =[r—v] — 1 (or¥ =r —vifr € Ry andv € N). Then,
we shall write sampling inequality in the space WP () for designating a relation such as

lulygo < €A7A= D)ul, g +dY 9 ulull, , 1<¢, (43)

whereu € W™P(Q), C =C(Q,n,7,p,q) andd = 5§(Q,A)is small enough, ie.d < b for
some d = d (Q,n,r ). This relation corresponds to various situations like, for instance:
e the one of [134], where (Qis supposed to be a bounded domain with a Lipschitz-
continuous boundary;
e the one of [161], where the domain Q is supposed to verify a particular property, that is,
the so-called property C[p,0 ] .
e the one of [134], where 0 = R" (a particular case of the previous one)
Relation (43) is susceptible to several extensions. One may more generally replace ||u|,ll,
by a discrete norm defined from values of continuous linear forms on WP (Q). It may be a
matter; for instance, of point values of derivatives (cf. [134]). The first question which
must be asked about relation (43) is the following one: are these bounds meaningful, i.e.
are they finite for alld € (0,d]? The answer is obviously positive when Q is bounded.

However, when Q is unbounded, we have already pointed out thatd = §(Q, A)may be

infinite and that |[u|, II§ may be a divergent series. Consequently, we are led to analyse the
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behaviour of the term

T, = d"/a- lulall,
i.e. the second term inside the parenthesis on the right-hand member of the
sampling inequality (43). This will be the subject of. We shall first prove a one-sided
Marcinkiewicz-Zygmund type estimate, which may have some interest on its own, and
then we shall obtain sufficient conditions to assure that T,is finite.
we shall briefly consider the problem of bounding the interpolation error by D™ -splines,
which historically is the origin of the introduction of sampling inequalities, as already
noted above.

Finally, we study the analogy and relationship between sampling inequalities and
classical inequalities for intermediate semi-norms in Sobolev spaces W"? (). For example,
Adams and Fournier prove in [159] that, given a domain Q satisfying the cone condition,
r € N,p > 1andt, > 0, there exists a constant C such that, for any
uewrr(Q),te(,tyand=0,...,r,

[ulipo < C(t" " ulrpe +t—lulopa) (44)
We show that, in fact, (44) can be derived from (43), or even extended, under suitable
conditions (cf. Theorems 4.1.16-4.1.18). Probably the inequalities so obtained may be not
new in the literature or could be proved independently. But, to our knowledge, this
method to recover or establish bounds for intermediate semi-norms starting from
sampling inequalities is original.
We assume that (1 is a domain in R™, bounded or unbounded. Given a discrete subset A of

R™, with card A > 2, we recall that the separation radius q of A4 is defined as
1
q=q(4) =§inf{|a — b|: a,b €A, a+ b}
Theorem (4.2.1)[158]:
Letr € R} and p € [1,00) such thatr > n/p, ifp > 1orr > Qbe a domain in R"having a
Lipschitz boundary (cf. [162, Definition 1.4.4]). Then, there exist positive constants K and
Esuch that, for any u € WP (Q) and for any discrete subset A ¢ Qsuch thatq > 0
||u|A||§ < sz_lq_n(vrfl|u|g,p,n + € max{1, qrp}”u”f,p,,ﬂ)’
where v, = meas B(0, 1).
Proof.

(1) Let us introduce the Stein total extension operator (cf. [174]), which exists since ) is a

domain with a Lipschitz boundary. Let Sbe such an operator. We recall that, for any
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p € [1,)and for all non-negative integers 1 , the operator Genjoys the following
properties:
o forallu € WH?(Q), (Su)|q = u (i.e, S is an extension operator);
e Sis a linear continuous operator from W (Q) to W'P(R™), and so there exists M, > 0
such that
vu e WP(Q), 1Gull grn< Millull 40- (45)
In fact, for any s > 0, the operator Smaps W*? () continuously into W*?(R"), that is,
there exists a constant K, > 0 such that
Vu e Ws(Q), 1Gullsprr < Ksp llullsp- (46)
For proving this assertion, we only have to show it for any non integer s > 0. To this end,
givens > 0,s € N,wewritel = |s|]and ¢ = s — [, and consider the spaces
[WEP(R™), WHEP(R™)] 5 pand [WHP(Q), WHP(Q)],
obtained by real interpolation between the corresponding Sobolev spaces. It follows from
(45) ,Adams and Fournier [159] that
Yu € WP (Q),

” Gu ”[Wl,p(Rn)'Wl+1,p(Rn)]0_’p S Mll—O'MlO'+1 ” u ”[Wl,p(ﬂ)'wl+1,p(ﬂ)]0_’p . (47)

Now, we know that WSP(R") = [W'"P(R"), W'1P(R™)] with norm equivalence (cf

op
[162]). Hence, there exists C; > 0 such that
Vv € WSP(RM), ||v||s,p,]]gn <Clv ”[erl’(R"),W”l'?’(R")](,,p. (48)
(for an estimation of C;, see [134]). Likewise, the proof in Brenner and Scott [163] shows
that there exists C, > 0 such that
vu € WSP(Q), |l u ”[Wl'p(ﬂ),Wl“"’(ﬂ)]g,pS CZ”u”s,p,.Q . (49)

The relation (46) is then a consequence of (47)-(49).
(2) Let us fix a functionu € W™P(Q). To simplify notations, we shall write U instead of

Su. By the Mean Value Theorem, for any a € A, we can pick a pointa’ € B(a, q) such that
j |U()Pdx = q"v, |U(a)I?, (50)
B(a,q)

where v,, = meas B(0, 1). Let A’ denote the set of points a’ so selected. We remark that, for
any a,b € A, witha # b, the balls B(a,q) and B(b, q) are disjoint, so the corresponding
points a’ and b’ are distinct. Moreover

[ wera=Y [ wwra=euy ve@r =il
UaeaB(a,q) B

acA (a.q) acA

which implies that
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W14 1E < o 1UPE ) o (1)
On the other hand, we have

UL 1y < 2272 (U1 Iy + U Ls = Ul I1). (52)
Thus, to get the result, we are led to bound the term ||U|, — U| 4 II§ .

(3) Givena € A, let F: R™ - R" be the bijective affine mapping defined by F () = a +
qX . It is clear that F transforms the ball B(0,1) onto the ball B(a,q) and that the
Jacobian determinant of F is g™ . As usual, for any function v: R™ - R, we write? = voF.
Let us continue reasoning with the function u € W"?(Q) fixed in point (2). We have

U(a) - U(a) =0(0)— U(g™* (a' — a),
and, taking into account that |g™*(a’ — a)| < 1, we obtain

U(a) -U@) <2 sup |U()].

£€B(0,1)
Now, since W ™P (B(0,1)) is continuously embedded into C2(B(0,1)), we have
U@ — U@ <C T llypp0m), (53)
where C is a constant that only depends on r,p and n.
Now, it easily results from the change of variables x = F(X) that, for any o € R"
with|a| < r,
0°U(%) = ¢!¥19°U(x) a.e.on B(0,1).
Consequently, for any s € [0, 7], either integer or non-integer, we readily have
1Ulspa01) = P U lsppaq -
Noting that, for all s € [0,7], ¢° < max{1, q"}, we obtain
10 lrpson< ¢ <max{1,q"} 1 U llypscaq)- (54)
Then, setting € = C?, we derive from (53) and (54) that
1ULs = Ulall} = Y U@ = U@)IP < Emax{1,q"}a™ ) NI, 5y

a€A a€A

= Cmax{1,q""}¢ " NI, 4By
< Cmax{1,q"P}q " |U|l, p gn- (55)

Since |4 = Ul 4, the theorem follows from (46), (52), (53) and (55).

Corollary (4.2.2) [158]:

Letr € R} andp € [1,00) such thatr > n/p,ifp > 1, orr = n, ifp = 1. Let Q be a domain

in R"*having a Lipschitz boundary. Then, for any u € W " () and for any discrete subset

A c Qsuch that g > 0, u|, belongs to the space #P(R) of real sequences a = (a;);ey Such

that Y};cnla;|? is finite.

Corollary (4.2.3) [158]:
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Let A be a family of discrete sets in a domain (A € R" satisfying the quasi-
uniformity condition
iC >0,vAe A, d<C(q,,

whereq is the separation radius of A and d = §(Q, A). Then, in the hypotheses of Theorem
(4.2.1), the quantity d™? || u|, I, is bounded independently of A.

As a consequence, under the conditions of Corollary (4.2.3), the relation (43) is
always meaningful.
Let f4€ W™ (Q)be a function interpolating f onA. When settingu = f4 — f, the
sampling inequality (43) takes the form of a relation between the semi-norms of orders 1
and r of the interpolation error f4 — f:
1

r-l —n(l——

A fliaa<cd G| g0, 1o, (56)

with? =[r—v]|—1(orf =r —vifr € N"andv € N), wherev =n(1/p — 1/q).
Above, it is a matter of Lagrange interpolation, but we could be thinking of a more general
situation (as, for instance, when the discrete term in (43) involves derivatives). We could
also remove the condition < q.
When () is a bounded domain with a Lipschitz-continuous boundary, m € N* ;,m > n/2 and
p = 2, an emblematic interpolation example is the one where f4 is the interpolating D™ -
spline over Q of f relative to A (cf. [160]), i.e. the element of W™2((Q) such that
vv € W™2(Q), vl|a=fla: If%mza < [VImza-
It is shown in [160] that limd =0 || f A — f Im,2,Q = 0. Then, for q > 2, we deduce from the
relation (56) the estimate
If4=fliqo =o(d™ /2715, d—0,l<2.

When Q = R"and p = 2, we obtain similar results replacing the space W™2(Q) by the
space D"™L? or, more generally, by the space X™ (see in [160], for example, the
definition of these spaces).

Let us observe that relation (56) follows results of J. Duchon, namely [164, Propositions
2 and 3]. So, we can consider that the notion of sampling inequality, as well as the main
results about spline-interpolation derive from ideas of ]. Duchon.
Our aim is to obtain a result analogous to the one of Adams and Fournier (cf. [159]) that

we recalled in the introduction (see (44)), but which is a bound for the semi- norm | - [; 4 o

of functions in W"P(Q), withq > p.
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Let us denote by L(p, 8)-domain a bounded domain of Rn with a Lipschitz-continuous
boundary verifying the cone property with radius p and angle . Assuming that g > pand
x = p, (see [134]) reads as

Theorem (4.2.4) [158]:

Let Q be a L(p,0)-domain of R", with p >0 and 8 € (0,m/2). We suppose that
p,q€E€[1l,00), withp<gq,reR, andr>n/p, ifp>1, orr=>n, ifp=1. We set
v=n(l/p—1/q)and £ = [r—v] —1(orf =r —vifr € N*and v € N) then, there exist
two positive constants d (depending on 8, p,nandr ) and C (depending on ,n,r,p and
q) such that the following property holds:

(i) for any finite set A ¢ Q such that §(Q,4) < b,

(ii) foranyu € W"P(Q) and forany [ = 0,..., %,

we have
uli o0 < Cd™ (df-l|u|m,,ﬂ +dr Nl ||,,), (57)

where d = §(Q, A).
The idea of the method is the following one: to consider Theorem (4.2.4) with a

permutation of points (i) and (ii), as it is allowed to do, and then to choose the set A from

the function u so that the norm LP (Q) of u appears in some upper bound of the termd%_l
g lly.

For any h > 0, let R;, be a set of open n-cubes Q = Q; of R*"with sides of length h,
such that any face of an n-cube Q € R is a face of another n-cube belonging to R,and
Uger, Q =R"

We set I = {i|Q; c Q}. Letn > 0 such that] # ¢for h < 7.

In (ii), we fixu € W™P(Q). Therefore (cf. [160]), u is continuous over Qand it results
from the Mean Value Theorem that

viel,3c; € Q;, | |lu(x)|Pdx = h™u(c)|? . (58)
Qi

We set A, = {c; | i € I}Jand d}, = d(Q,A}). We want to use Theorem (4.2.4) with A = A,.
For that, we have to verify that, for h small enough, d;, < d. Moreover, in order to bound
the right-hand member of (57), it is necessary to bound the term d;,below and above.
Lemma (4.2.5)[158]:
Let A be a L(p, 8)-domain of R". There exist constants @ > 1 and f € (0, 1) such that, for
any h <n,fn, < dp < ay.

Proof.
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(1) We recall that | - | stands for the Euclidean norm in R™. For any € I, let ¢; be the centre

of Q;and let A" be theset{c;|i €1 }. Then, foranyh <nandforany€/,
h
Ix—cl <lx—cil+lef —al < |X—Ci*|+z\/7_l,
hence

§(Q,Ay) < supinflx — ¢/ + 5V < 60, 43) + 5 Vn.

xeq

(2) So, to get an upper bound of d}, /h, it is enough to get an upper bound of §(Q, A3},). First,
let us point out that a L(p, 8)-domain is a fortio ri a L(p’, 8)-domain for any p’ < p. Now,
let h be any positive number < nand setp’ = htVn, with =1+ 1/sinf . Adjusting 7 if
necessary, we have p’ < p.

Let x be any point of . Since Q is a L(p’, 8)-domain of R, x is the vertex of a cone
C , with radius p’ and angle 8, included in Q. On the other hand, we know that C contains
a ball B of radius ’/7, hence a cube of side 2p’/(t Vn). Therefore, C contains a cube Q, of
side 2h. We can always suppose that Q,has its faces parallel to the ones of the generic
element of Ry, from which it is easy to verify that Q,contains a cube Q; € R, . Let us
denote by c*the centre of Q; . Then

S5(Q,A) < |x—c*|<suplx—y| <p/
yec

and we finally obtain § (1, 4}) < tvnh. The bound follows with & = Vn(r + 1/2)

(3) We still have to get a lower bound for d,/h. Let us fix a cube Q; . This cube can be
divided into 2" small cubes with sides of length h/2. The cube Q; contains a sole point of
Ap , that is ¢; . There obviously exists a small cube not containing ¢; . Let T be its interior
and t* its centre. It is clear thatT is a cube with sides of length h/2, which is contained in
Q; and does not contain ¢; , hence no other point of Aj. In addition, the point of A;,close to
t*is, at least, on a face of , therefore from a distance > h/4tot*. Consequently, the
distance from t* to Ais, at least, h/4. In short, we have 8, < d, , with f = 1/4.

Remark (4.2.6) [158]:

The reasoning in point (1) of the above proof shows that one could choose n = p/(tVn) in
the statement of Lemma (4.2.5).

Proposition (4.2.7) [158]:

For h < n, we have

d;v+n/p—l ”ulAh ”p < a™1B~ h " ul, 0, (59)

withv =n(1/p—1/9).

Proof.
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From relation (58), we have
Y@l =Y [ fueoldx < [ lueol ax
iel ier “Qi Q
Then, the proposition derives from Lemma (4.2.5).
The envisaged result will follow from Theorem (4.2.4), with A = 4, , Lemma (4.2.5) and
Proposition (4.2.7).
Theorem (4.2.8) [158]:
Let Q be a L(p,0)-domain of R", with p >0 and 8 € (0,m/2). We suppose that
p,q €[1,00), withp<q,r andr >n/p,if p>1,0orr>n,if p=1. We setv=n(1/p—
1/g)and ¥ =[r—v]|—1(orf =r —vifr e N*andv € N). Then, for any t, > 0, there
exists a positive constant C depending on Q,n,7r,p,q and tysuch that, if 0 <t <t¢,,
u€eW"(Q)and!l =0,...,#, we have the relation
lul; g0 <Ct™ (" ulppa + t_l|u|0,p,n)- (60)
Proof.
Let us suppose that h < 7.
(1) By the right-hand inequality in Lemma (4.2.5) (i.e, d, < a), we have the relation
(h<d/a) = (d, < d). Therefore, for h < d/a, equation (58) holds with djand Ah instead
of d and A. Remarking thatr — v — [ > 0, we also have the bound
drvl < @V 61)

Thus, from (57), (59) and (61), we obtain for h < d/a the equation
lul; g o < Cmax {aT -v-L aab } h7V(hr ! |u|m,,g +ht |u|0,p,ﬂ), (62)

where C is the constant of Theorem (4.2.4).
(2) Now, we reason as in [159]. Let t, be any positive number. Setting t; = min{n,d/a}, it
follows that (62), written with t instead of h is verified for t < t; . So, (60) (with a suitably
adjusted constant C) is verified for tt, /t, < t; ,i.e.fort <t,.
Let us notice that C may be chosen as

C = Comax{a™ v ,a™i6 ¢},
whereCydepends on Q,n,r,p and q, (see [134]), and also on ¢,
Remark (4.2.9) [158]:
For a bounded domain with a Lipschitz continuous boundary and p < q, Theorem
(4.1.16) extends [159]. This is true even if p = g and r is not integer. However, forp = q
and r integer, our result is less general than the one of Adams and Fournier: Theorem

(4.2.8) requires a stronger condition on () and, moreover, needs the assumptionr > n/p,
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unnecessary for this theorem. A similar remark can be made to Theorems 4.3 and 4.4
below.

The starting point is no longer (see [134]). In the inequality corresponding to (57), the
number s replaces the integer [. Now, we have: T, = dn/a=s | uls ll, , withs € [0,£], and,
instead of (59), the inequality

d’:v+n/p—s ||u|Ah ”p < qVAB=Spv=s lulop.a

Then, the following theorem, an equivalent of Theorem (4.2.8), can be derived.
Theorem (4.2.10) [158]:
Let Q be a L(p,0)-domain of R", with p >0 and 8 € (0,m7/2). We suppose that
p,q € [1,00), withp < q,r andr >n/p,if p>1,orr=>n,if p=1setv=n(1/p—1/q)
and? =[r—v|—1(orf =r —vifr € N"andv € N). Then, for any t, > 0, there exists a
constant C depending on ,n,r,p,q and tysuch that, for any 0 < t < ty,u € W"P(Q) and
s € [0, %], we have the relation

ulsga < Cgqt ™ (67 [lypa +1 [ulopa),
where o0 = s — |s] and

_((@e(1—=o)™M1 , if 6 € (0,1)
Ao { 1, if 0=0 (63)

The matter of the validity of Theorem (4.2.8) for any open set {2 having the cone property
is not straightforward. The difficulty comes from the definition of the sampling inequality
(57) for an unbounded domain Q.
This problem has been studied in the article [161], where we show that the extension of
(57) is possible in the following case: (1) the function u belongs to the space W™ () of
distributions v on () whose derivatives of order [r| are functions in LP (Q)); (2) the open set
Q verifies the so-called C[p, 8]-property, that is satisfied in different examples, the simplest
one being O = R™.
Thus, we have the following result.
Proposition (4.2.11) [158]:
We suppose thatp,q € [1,00), withp < q,r € Ry andr >n/p, ifp>1,orr=>n,ifp=1.
We setv=n(l/p—1/q)and? =[r—v]—1(or¥=r —vifr e N* and v € N). Then,
there exist two positive constants b (depending on n and ) and C (depending onn,r, p and
q) such that the next property is verified: for any discrete setA ¢ R"™ such that
S(R™, A) < b, foranyu € W"P(R") and any [ = 0,..., %, we have

[ulipan < €A™ (@ Julyppe + d™ P70 Ly ),
where d = 6(R", A).
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Proof.
The proposition is a particular case in [161] and [134], another analogue follows.
Theorem (4.2.12) [158]:
We suppose thatp,q € [1,00), withp < q,r € Ry andr >n/p, ifp>1,orr=>n,ifp=1.
We setv=n(l/p—1/q)and® =[r—v]—1(or¥ =r —vifr € N*and v € N). Then, for
any t, > 0, there exist a constant €depending onn,r,p,q and tysuch that, for any
0<t<tyu€eW"P(R") ands € [0, ], we have the relation

[ulsq in < CAggt™ (€7 [l pan + £ [lopmn),

where 6 = s — [s] and 4, 4 is defined by (63).
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