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Abstract

We study the functions of bounded mean ascillation area inequality
clavceterigation of Bergman spaces in the unit ball of the complex space, Cauchy-
type integrals in several complex variables and best constant in Sobolev trace ine
qualities on the half-space. We characteribe amass-transportation approach
Gagliardo-Niverberg type inequality with lvitical and sharp Sebder inequalities.
We obtain the generalized Gagliardo-Niverberg inequalities using weak lebesgue
space, Lorentz spaces ltalder spaces and factienal Soboler spaces. The
censtructire description of Hardy-Soboler spaces on ctranglyconver demans in
the complex spaces with new shap and sharp trace Gagliardo-Niverberg Sahaler
ine pqalities for convex cones and improved Borell-Brascomp-lieb inequality are

considered.
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Introduction

We show an inequality expresses a function can approximated in L' mean. We
consider the generalized Gagliardo—Nirenberg inequality in R"™ in the
homogeneous Sobolev space HS"(R™) with the critical differential order s =

n/r, which describes the embedding such as LP(R") n Hr" (R") c LI(R")

forallgwithp =q < oo,wherel < p < wand1 < r < oo. We establish
the optimal growth rate as g — oo of this embedding constant. In particular, we

realize the limiting end-point r = oo as the space of BMO in such a way that
4 4

lulla(R™) = Cpqllull}, (R™) [lullgp With the constant C™ depending only on
n.

We establish real-variable type maximal and area integral characterizations of
Bergman spaces in the unit ball of C". The characterizations are in terms of
maximal functions and area functions on Bergman balls involving the radial
derivative, the complex gradient, and the invariant gradient. We present the theory
of Cauchy—Fantappié integral operators, with emphasis on the situation when the
domain of integration, D, has minimal boundary regularity. Among these
operators we focus on those that are more closely related to the classical Cauchy
integral for a planar domain, whose kernel i1s a holomorphic function of the
parameter z € D.

We show that mass transportation methods provide an elementary and powerful
approach to the study of certain functional inequalities with a geometric content,
like sharp Sobolev or Gagliardo—Nirenberg inequalities. Using a mass
transportation method, we study optimal Sobolev trace inequalities on the half-
space.

Using elementary arguments based on the Fourier transform we show that for
1 <g<p< oand s = 0 with s >n(1/2 — 1/p), if f € L?*(R") N
HS(R™), then f € LP(R™) and there exists a constant cp,q,s such that ||f]|,» <

Cp,q,sllfllgq,oo”fllll_'l_se , where 1/p = 8/q + (1 —0)(1/2 — s/n). In particular,
in R? we obtain the generalised Ladyzhenskaya inequality ||f]|;+ <

1 1
C”f”zZ,oo”f”]qu' We also show that fors = n/2 and g > 1 the norm in ||f||H%

can be replaced by the norm in BMO. We show some generalized Gagliardo—
Nirenberg interpolation inequalities involving the Lorentz spaces LP*, BMO and
the fractional Sobolev spaces WP, including also C" Hélder spaces.



We use the method of pseudoanalytic continuation to obtain the characterization
of Hardy-Sobolev spaces on strongly convex domains in terms of polynomial
approximations.

We present a simple direct proof of the classical Sobolev inequality in R™ with
best constant from the geometric Brunn—Minkowski—Lusternik inequality. We
propose a new Borell-Brascamp—Lieb inequality that leads to novel sharp
Euclidean inequalities such as Gagliardo—Nirenberg—Sobolev inequalities in R™

and in the halfspace R’ .
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Chapter 1
Remarks on Gagliardo—Nirenberg Type Inequality

We make it clear that the well known John—Nirenberg inequality is a consequence of our
estimate. Furthermore, it is clarified that the L*-bound is established by means of the BMO-
norm and the logarithm of the HS"-norm with s > n/r, which may be regarded as a
generalization of the Brezis—Gallouet—Wainger inequality.

Section (1.1): Functions of Bounded Mean Oscillation

We show an inequality, which has been applied by J. Moser. The inequality expresses that a
function, which in every subcube C of a cube C, can be approximated in the L! mean by a
constant a; with an error independent of C, differs then also in the LP mean from a. in C by
an Tor of the same order of magnitude. The measure of the set of points in C, where the
function differs from a, by more than an amount a decreases exponentially as o increases.
We apply Lemma (1.1.2) to denve a result of Weiss and Zygmund [4], and we present an
extension of Lemma (1.1.1).

Since for every contiiuooely differentiable function (s) , vanishing at the origin,

F(u=ag)dx = [ w6)dfes),
Co 0
inequality implies that u belongs to LP for every finite p = 1, and, in fact for b’ < K~1b the

function e”llu_acf is integrable and

0]

Jc
A function satisfying for every subcube C of C, , for come constant a, will be said to have
“mean oscillation = K in C,’ Taking for a, the average of u in C we always have

(Lj |u-a|dx>2st |u(x) - ad?dx
m(C) J, ¢ —n(0)'J;

=3 m@) [ dx [ dyhueo-uo)r

!

blu-acyl gy < (14 — 20
co x—( "X Tb-b’

)m(Co)- (1)

0

In particular u has mean oscillation = K, if u is bounded and its oscillation |u(x) — u(y)|

does not exceed the value V2K in C,.

Boundedness of u is not necessary for boundedness of its mean oscillation. Lt gindeed u(x)
be any integrable function in C, with the property that we can associate with every subcube
C a value a, such that the subset S, of C, where
lu—ac| = o,
has measure
u(o) = Be "m(C) for o > 0.
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Then

« B
fc|u—a0|dx=j; ,u(a)daégm((f)

so that the mean oscillation of u does not exceed B /b. Take now for u the function log |x —

y|, where y is fixed. Let C be any cube of side h, and let ¢ and 1 be points of C for which
§ —yl=max|lx —y[,|n -yl =min |x—yl

Take a; = log |§ — y|. Then for x in C

1S — VI

lx =yl

lu(x) — ac| = log

S, 1s the subset of C lying in the sphere
o

lx =yl =|$—yle™.
If S, 1s not empty. it must contain 7, so that

E=yle?Zn—y|Z[E-yl= =1l 2 |§—y|—Vnh
Thus

€ —y| st

1—e7°
It follows that S,; is contained in the sphere

Vnh
e? -1

lx —y| =

and that its measure u(o) does not exceed

(eiﬁ_wl n) m(C),

where the volume of the unit sphere in n-space is denoted by (0j,,)™. Since also u(o) =
m(C) for all ¢ = 0, we find that

(o) = (1 ++vVn(),)""n(C) = Be ?m(C) for o > 0,
where B and b do not depend on C. This proves that log |x — y| is of bounded mean
oscillation in every cube C,. The same holds then for any function u(x) of the form

ulx) = {()log|x—y|dy with [ | {(y)|dy < co. Lemma (1.1.1) will be derived from

Lemma (1.1.1)[1]. Let u(x) be integrable in a cube C, and assume that there is a constant
k such that for every parallel subcube C we have

L']‘ |u —ucldx =k (2)
m(C) Jg e

where uc is the mean vatue of u in C. Then if S, is the set of points where [u — ug,| > o,

its reassure m(S,) satisfies



A _ o
m(Ss) é;fco |u—uc,|dx - e~ for —Za (3)
Since n(S;) = m(C,) it follows that
m(S,) = e“ae‘a""_lm(Co) fora > 0. (4)

Here A = 1, a, a are positive nuvnbers depending only on the dimension n.
By a standard type of argnment we can derive, as consequences of (4), the following
inequalities: for 0 < f < a,

_ a
j. eﬁk 1u_uCO dx = ( + eﬁu> m(Co), (5)
Co ©=p
1 eﬁa — 1 A (00]
(eﬁ;c lu—ucel _ 1) dx = ( + = e®B-ay | |y — U |dx
c Ba Ka—f Co
_ Aj |u—ug,|dx < 24 | |uldx. (6)
CO CO

Lemma (1.1.2)[1]. Let u(x) be an integrable function defined ;, a finite cube Cy;pp-
dimensionat space; x = (X1, ***.Xy,) . Assume that there is a constant K such that for every
parauel subcube C. artd some constant a.. the inequdity

1
——, | |lu—ag|dx <K 7
e IR )
holds. Here dx denotes element of volume and n(C) is the Lebesgue ,neasure of C. Then, if

(o) is the measure of the set of points where |u — ao,, 1 > o, we have

u(o) = Be P I¥m(C,) for o > 0, (8)
where B, b are constants depending only on n.

Proof. We may assume without loss of generality that u;, = 0 and that k = 1, by replacing

u by (u—ug,)/x.

Denote by F (o) the smallest number, depending only on ¢ and n (and independent of the
particular function u or cube Cy) such that

m(Ss) = F(o) | |uldx;
Go

obviously F(o) = 1/0. We now prove that, for o = 2",
F(o) SF(o —2"s) for2 "o Z s Z 1. 9)

The inequality (3) is of interest since, in case u(x) is integrable in an infinite cube C, and
satisfies (1) in every finite subcube, we can conclude from (3) that
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(ePr i — 1)dx = ZAfJ | u|dx. (10)
Co 0
If one wishes to prove (7) directly, without proving (7) , then the proof given below can be
simplified slightly.
Lemma (1.1.2) follows easily from For (1) implies that |u; — a-| = K so that

1
— — = 2K.
m(C)Jclu u|dx =

By Lemma (1.1.1) holds, with K = 2K, and (2) then folows easily.

The proof of Lemma (1.1.2) is based of integrable functions which, in one dimension, is due
to I'. Riesz, m; which has been used extensively by Calderon and Zygmund [1] and
Hormander [2]. For completeness we include the proof, in a form suitable for application to
Lemma (1.1.2).

For u be an integrable function defined in a cube C;, and let s be a positive number such that

s = ! f|u|dx. (11)
— m(Co) Co

There exists a denumerable number of open disjoint cubes I}, in C;, such that
i) |u| = sae.in Cy — Uxly,
i1) the average value u;, of u in I; is bounded in absolute value by 2"s,

i) Y, m(I,) st fGO | uldx.

Proof. Divide C, (by halving each edge) into 2" equal cubes and let I;4, I;, , be those open
cubes over which the average value of |u| is 2 s. Then

sm(lyy) = j |uldu = 2"sm(ly)
Ik

by (4). Next subdivide each remaining cube, over which the average of |ul is < s, into 2"

equal cubes, and denote by I,, . I,,, those cubes thus obtained over which the average of

|ul is = s. Again subdivide the remaining cubes, etc. In this way we obtain a sequence of

cubes [;, which we rename I}, such that

sm(l,) = j | uldx < 2™sm(1,) .
Iy
Clearly property 1i) is satisfied. Furthermore, summing the left inequality over k we obtain
i1i1). We observe finally that a point of €, which does not belong to any of the I;, belongs to
arbitrarily small cubes over which the average of |u| is < s. Hence |u| = sa.e. outside all
the I, venfying 1).
To this end we apply the above to the function u in C, with

1
uldx,
m(Co) f%' |

4
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the last inequality following from (7). Because of i) we see that if [u(x)| > o, then x belongs
to one of the [}, (except for a set of measure zero). Hence, since the average u; of u in Iy is
bounded by 2"s in absolute value, we see that

m(S,) = mi{x||lu(x)| > o} = z rn{x|u(x) —u,| >o—2"sinl,}.
k
Now in the cube [, the function u — u; satisfies the hypotheses of Lemma (1.1.1), in
particular it satisfies (1) for every cube in I,. Hence, using the definition of (o) , we have

v{x|u(x) —uy| >0 —-2"sinl,} =S F(oc—2"s) | |u—uldx
Iy
= F(o—2"s)m(l) .
Thus we find

1
m(S,) < F(o — 2s) z va(l) S<F(o—2") | |uldx
t Co
by iii) , proving (3). Setting s = e in (3) we see that if F(g) = Ae %%, 0o = 1/(2"e) for
some o, then

1 n
F(o+2"e) = gAe‘a" = Ae~>(0+2%e),

From this it follows that if on some interval of length 2™e the inequality F (o) = Ae™%°
holds, then it holds for all larger o. But a calculation shows that
1 12 2"e 2"e
F <_< Z9p-np-ac < g< Ne.
(cr)_a_10 e fore_l_a_e_1+2e
(This interval is the one of length 2"™e on which the maximum of e%? /g is as small as
possible.) Thus we conclude that

(S,) = Ez—ng—cw d = 1 _ L
m ) =715 Co|u| x for G=e—1'a_2"e'
that is, we have proved (8) with
. 12 ) g = 1 A 17
T10° YT e Te—1 (12)

We have made no attempt here to obtain the best constants. The exponent a can be
considerably improved, i.e. increased, by using the hypothesis (5) again to sharpen the
estimate |uy | = 2™s that was provided by ii). We mention only that we have proved (8) with
a constant a which for large n behaves like (1/e log 2)(logn/kt) . M. Weiss and A.
Zygmund [4] contains the following

Theorem (1.1.3)[1]. If F(x) is geriodit and for some [3 > € satisfies

F(x+h)+ F(x —h) — 2F(x) = 0 <W) (13)

uniformly in x, then F is the indefinite integral of an f belonging to every L. They also give

5



an example showing that the result does not hold for f = %

The proof of the Theorem (1.1.3) in [4] is rather short but it relies on a Theorem (1.1.3) of
Littlewood and Paley, and it seems of interest to us to show how it may be derived from our
Lemma (1.1.1).

Then u satisfies the conditions of Lemma (1.1.1) with some constant k depending on K, 3
and n so that, consequently, u satisfies (7) and (8).

The preceding Theorem (1.1.3) follows easily from this lemma. By convolution of F with a
smooth peaked kernel we may suppose that F is infinitely differentiable. It suffices merely

to estimate the L, norm of the denvative f of F. Hypothesis (7) asserts simply that f satisfies

(8) for n = 1. Applying Lemma (1.1.4) we obtain from (2) or (a) an estimate for the L,
norm of f depending only on K and S, proving the Theorem (1.1.3). From (3) we find,

furthermore, that e® /1 is integtable for some a’ > 0.

We show

Lemma (1.1.4)[1]. Let u(x) be an integrable function defined in a finite cube C, in n-space.
Assume that there is a constant K and a constant 3 > # such that if C; and C,, are any two
equal subcubes having a futl (n — 1)-dimensional face in common, then

K
B. (14)

— o —
|ucl ucf" — 1+ |logh|

here u., , uc, are the mean values of u in the cubes C; and C,, and h is the common side

length.

Proof. Consider a subcube C, of side length h subdivided into 2™V equal cubes C,, r = 1,
-+, 2™V obtained by dividing each edge into 2V equal parts, and let u, denote the mean
value of u in C,.. Then

1 o
mLM—uddxz}\lg&Z "N2|ur—uc|.

Thus to prove (1) it suffices to show that 27"V Y | u, — u,| = k, with k depending only

on K, f and n.
By Schwarz inequality,

1/2
2‘"”2 | u, —ug| = [2'""’2 | u, — uC|2] = Ap1/2.

We shall prove that the ay are uniformly bounded by showing that

nK )2 k

< h = 15

- ON+1°

Since a, = 0, it follows that



Ay = nZKZZ(l + |jlog 2 — log k|ﬁ)_2 = K
=1

for some constant k independent of k, convergence being guaranteed by the fact that § > %

Thus to complete the proof we shall establish (9). We observe first that 27" ¥ u;. = u, so
that using the general identity

kzk: bZ = (z br)2 + %Z(br — b,)®
1 7,8

for real b;., we find
1
22"Wq, = 2"’\’2:|ur—ucl2 =EZ|ur——u512. (16)
r.s

Now, on the next subdivision of C into 2N+ cubes each C, is divided into 2™ equal cubes
C;,i =1, 12" ofside length h = k/2N*1 If u,; is the mean value of u in C,; we have

u, = 2‘"2 Uy. (17)
i

Furthermore, since any two C,.,, C. can be connected by a chain of at most n + 1 cubes each
having a full face in common with the succeeding one, we find from (6) that
nk
1+ |loghl? M,
where M i1s so defined. This together with (11) implies
|uri - url =M.

|uri - ur]l =

According to formula (8)
22000 qy ) = z |wy —upl? = z[(ugl +ug) — 2upug;|

r,s=2nN
i,j=2n

8
= Z[ (uri - ur)z + (uej - ug) + zuriur + 2u53us - u72" - ulz - 2uriu8j]

= z [(uri —u,)?+ (ul-j — ue)z] + 2[2. 22" (u2 + uf) — 22" (uZ + uf}
r,S r.8

ij
— 2.28"y, u,
by (9),
< 2M?222nN+2n 4 p2n z(ur _ us)z — 2. 22n(N+1) g2 4 o 22n(1v+1)aN,
T
by (8), or

ay+1 é ay + Ml.
This is the desired inequality (7) and the proof is complete.

7



We present briefly a generalization of Lemma(1.1.2).
Lemma (1.1.5)[1]. Let u be integrable in a finite cube C, and consider a subdivision of C,
into a denumerable number of cubes C;, no two having acommon interior point. Assume that
for fixed, 1 < p < oo, the expression

1/p
D m Pl | Ju—ugldal?
i Ce

is tinite. Denote by K, the lim sup of such expressions for all possible subdivisions of C,
of this kind: in general K, = oo. If K, < oo, the measure m(S,) of the set S,., where |u —

ug,| > o, satisties

K
m(S,) = Al?uri’fora > 0,
for some constant A depending only on n and p.
The result implies that the function u belongs to L' for every p' < p. For p = oo the

hypothesis of Lemma agrees with that of Lemma (1.1.1).
Proof. We shall not attempt to obtain the best constants. Let ¢ = pf (p — 1) be the conjugate

exponent to p. We may assume that uc, = 0. Using induction with respect to the integer j

we shall prove that if

27 a K.
s = (j_1)+1§ -, (18)
v n(Co)?
then
_ 2. vi/aion p(1—gr Ky _ +1 1 1/q/ .
m(S,) = 2 nqt/areaY +J/qj|2—%|p(1 v )(K_ufco |u|dx) Since
1
m(Sy) = —j | uldx, (19)
oJe,
Holds for i = 0. Suppose then it is true for i — 1, we wish to prove it iorj. Since
K,
|uldx = ——= (20)

m(Co) Co m(Co)*™’

we may apply the u, with s equal to its value in (12). Let u;, denote the mean value of u in
I, and set v, = u — uy, in I;,. From the definition of K,, we may assert that

Zka = KP. (21)

k

Setting a; = flk | v, 1dx we note further (as in (14)) that



m(l)'Paf < K7 (22)

so that by Holder’s inequality

1/p
Y@= QO wi) A Y mUIMe S ( YKL ) 1) mU1ve,

or

1
zak < Ku|s—1f | u|dx[a (23)
C

0
by (15) and iii).
As in the derivation of (5), we have

m(S,) = Zm{x € I ||vk1 > 0 — 2"s}.
K

Applying the induction hypothesis (13), for j — 1, to the functions v}, in I,,. We find
m(Ss)

j—1
-1 2"p(1 —q° e
< lz_nqlfq+...+{z—1)/a 1| p( q )lv(l 1/1) ] ZK”{l 1/"])( f |vk1dx>
vk 1

o—2"s
kP00 e e P\
Z 1) w) Ok
by Holder’s inequality,

A

<[ IKYY s =1 | Juldx| KPP

u
Co

by (17) and (15), so that

. /af
[ ] v(1-1g/+1) [ 1 '
< —
m(S,) = Y K, e col u|dx

A slightly tedious calculation shows that this inequality is identical with the desired result

(13).
Having established (13) we may now express it in a more convenient fonn: if (12) holds,
then, in virtue of (14), there is a constant k depending only on n and p such that

p(l—lT) )
m(S,) < k (;) m(C) e 41

or



O'm(Co)l/p

|p/e]+L
Ky

ms,) < k(22)

If now 2" = K,m(C,)~*/? and we choose the largest integer j = 0 so that (12) is
satisfied, we have the opposite inequality for i + 1:

om(Cy)/P .

(K—O) = 2(p(g/tt = 1)+ 1) = 2"¢pq't.

u

Inserting into the previous inequality we find
1
kP (1-g7) :
m(S,) =k (f) 1 m((;o)l/qf+1

K. p
A (7“) for o Z 2"K,m(C,)~ /P,

for some constant A depending only on n and p. Since (S,) = m(C,) , the same inequality
holds for all ¢ > 9. with some other constant A, and the proof of the lemma is complete.
Inequality (2) in Lemma (1.1.1) can be replaced by the more general inequality

m(Syne,) S Ae 8% " m(S,)for o > 0 (24)

with , B depending only on n. Let k = 1, uy. = 0. For a fixed positive s the cubes I}, shall
be defined as in the proof of Lemma (1.1.2). Put

(o) = m(x|lu(x) —w| >0 = 2" sinly)
By definition, (o) is non-increasing and does not exceed (/i) . By (2) applied to I,

Ur (o) = m(x||u(x) —uxl >0 —2"sin )

< e%e=a(@-2") (1),

Then

oo

sm(ly) éJ |u|dx=j Uy (0)do

Iy 0
o)

s/2 2Ms
- j w, (0)do + j w (0)do + j e (0)do
0 s/2 2

ng
=-—m(l,) + (2”5 — i),u (i) + le"‘am(l )
It follows for s > @~ 12U*2¢%a that

S 1 1 n
Hk( ) ; 2n+1 m( k) = 2n+1 e—aa 2 as‘u (2n+1 )

N«

2

S Nas
m(SS/Z) = Z Uk (E) = 2 nlegmaae2 z w, (2% 1s)
K K

10
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1
—_— _ n
=2 " leT®e2 Sy (S one1) for s > —2M12e%4,
a

Inequality (7) is an immediate consequence.
Section (1.2): Critical Sobolev Space and BMO

We give a systematic treatment to prove the Gagliardo-Nirenberg type inequality at
the critical index and its related estimates in the Sobolev space. It is well known that the
Sobolev space HSP (R™) , 1 < p < oo is continuously imbedded into L* (R™) provided s >
n/p. The case when s = n/p is called the critical exponent, which implies H"/P?(R™) is
not imbedded into L*(R™) , but into LY(R™) for all ¢ with p = q < . See, e.g., Adams
[7]. Then, Ogawa [19], Ogawa and Ozawa [20] and Ozawa [21] gave a precise investigation
for this imbedding and obtained the following optimal growth rate as g — oo. Indeed, for

every p with 1 < p < oo, it holds
e s
”u”Lq(]Rn) = Cn,pqp”u“LP(Rn)”(_ A)ZPu”LP(Rn) (25)

for all u € H™PP(R"™) and for all ¢ with p = q < oo, where p’ = p/(p — 1) denotes the

Holder conjugate exponent of p and C,, ,, is a constant depending on n and p, but not on q.

We generalize (25) to the estimate in the homogeneous Sobolev space such as LP(R™) N
H™77(R™) . In fact, we shall prove that

- n 1
lullsaqry S Car' g llull gy Il (= A)Z7ull (26)

holds for all u € LP(R™) N H™"(R™) with 1 S p = g < 0 and 1 < r < oo. Here and in
what follows, we denote by H5" (R™) the homogeneous Sobolev space defined by

. S
57 (R™): = {u € 5'(R™; [|(— 2)7ullprgny < o0},

It should be noted that our constant C, in (26) depends only on n. It seems to be an

interesting problem to deal with the limiting end-point of the estimate (26) as r = 0. Our

second purpose is to show the following estimates treating the marginal case in the space of
functions of bounded mean oscillation, 1.e., BMO. It holds

P ,P

lulliarny < Cagqliully (R™[|ull 5,0 (27)

for all u € LP(R™) N BMO with 1 = p < o and for all g with p = q < . Recently, Chen

and Zhu [11] obtained (27) by means of a variant of the John-Nirenberg inequality such as

u(fx € R% [u(x)] > t))
lull 2 g
< ¢, —=) exp (= =22 ) with ¢ > [[ullgao (28)

— " ullamo llullemo
for all u € LY(R™) N BMO with positive constants C,, and a,, depending on n, where u
denotes the Lebesgue measure on R™. However, our method is different from theirs. Indeed,
instead of BMO, we make use of the set W defined by

W= {u € Lipe (R ; |lullw = sup (™ (t) —u'(8)) < =},

where u* and u™* denote the rearrangement of u and the average function of u*, respectively.
11



First, we prove (27) with BMO replaced by W. Next, we show the estimate

lullw = C,llullgmo for allu € BMO.
It is well-known that at the critical index, the Gagliardo-Nirenberg inequality and the
Trudinger-Moser one are equivalent. Hence, as a consequence of (27) with p = 1, we see
that there exist two positive constants C,, and «,, such that

f (exp (a M)—l)dxéC ”u”Lﬂ (29)
Rn

" [[ullsmo " |l gmo

holds for all u € L'*(R™) N BMO. Our advantage is to obtain (28) from (29), which implies
that the John-Nirenberg type estimate such as (28) is a consequence of (29). As a result, it
turns out that the Gagliardo-Nirenberg inequality in L'(R™) N BMO is equivalent to the
John-Nirenberg type estimate. We also show the Trudinger-Moser inequality in LP (R™) N
H™7™7 (R™) which is based on (26).

It is known that the L-norm is dominated by means of the logarithm of the H59(R")-
norm with 1 < g < oo and s > n/q provided the norm of the critical Sobolev space
LP(R™) n H™""(R™) is added on the right-hand side of the estimate. This is called the
Brezis—Gallouet—Wainger inequality. As an application of (27), we show that

lellincamy S Cupqs (14 (lelliamp + llullamo) log (e + (= A)eullyma)) (30)

holds for all u € LP(R™®) N H¥4(R") , where 1 =p <o, 1< g <o and s >n/q. A
similar estimate was proved by Kozono et al. [14] by using the Littlewood-Paley theory. On
the other hand, based on (27), we derive (30) in terms of the LP — L7 estimate for the
semigroup {e‘t(_A)s/z} o which 1s different from [14] and Engler [22]. See also Kozono
t20
and Taniuchi [21] and Ozawa [16].
The LP-estimate of difference between the shifted and original Riesz potentials plays an
important role for the proof of (26). The relation between the space of BMO and the set W
is clarified. The asymptotic behavior of the semigroup {e't(‘A)s/z} _att= Oand t =
t20

is established. We shall state main results. First, we show the Gagliardo-Nirenberg type
inequality which may be regarded as a generalized version of (25). We shall deal with the
function defined on R™. For simplicity, we abbreviate LP (R™) and H>P (R") to LP and H5P,
respectively.
Theorem (1.2.1)[5]: There exists a constant C,, depending only on n such that

p p

q

1 no1
lullie = Cor'qrllullfp I (= 2)2ru|, (31)
holds for allu € LP N HY"™7" with 1 = p < 00,1 < r < o andfor all q withp < q < oo.
Next, we deal with the limiting end-point of Theorem (1.2.1) as r = oo. Indeed, we may
regard the limit of the space H™/™" as r — oo as the space of BMO.
Proof. We may assume u belongs to the Schwartz class S since § is dense in the function
space LP N HY™ Wesetm:= max (n+1, p, 1) . First, we deal with the case m = q <

12



0. By taking @(§¢) = e ¢ and (&) =1—-d(&), we have
uG) = [ et a)as
Rn

- f e2mE (E)D(¢/R)dE + f e2miVE (W (§/R)dE
RN R™

=:u(x) + u(x),
where R >0 is a parameter determined later. Obviously, # (&) =Fu(é) :=

Jgn e 2§ 3 (x)dx represents the Fourier transform of u. Since F~1®(x) = e ™I it is
easy to see that
1 N n 1
I @ /RYs = ROSF 10y, = RP0S)s 725 < g705)

holds forall R > O and s = 1. Taking s sothat 1/s = 1/q — 1/p + 1, we have by the Young
inequality that

lulllg = llu* FHEC/R g = NullplF~HOC/R s

< R0l = Rl (32)
On the other hand, u, can be rewritten as:
— 2mix-& Pl (f/ ) —
w (1) = [ 2 @rlgF 6 ()t dg = (= AV s Ke(O), (39)
R (2m|$ I)T

where

KeG) = FH{@rl - D77 (1= 9C/R)} () = In(@) = In « FH{OC/RI)

= In(x) — In * (R"e‘”'R'|2)(x) = R”j (In(x) — In(x — y)) ~mIRyI® gy,

Rn

Notice that R™ [, e "RV dy = 1 for all R > 0. Let us take s s0 thati = é — % + 1. Since

q =2 m,wehaveq = rand g > n, whichyields 2 landnr'/(n+r') <s <r'.
Applying the Minkowski inequality and Lemma (1.2.6) with p replaced by r, we see
1

5 s
IKll,s = R® ( 0] (@) = By e = ) e dy|5dx>
R JRM
1
< | e-”'Ry'2< | Ly () = Iy (x = y)|5dx> dy
]RTL
1

=R"y(n/T)™" e'"'Ry'2< | Iy () = n/r(x—y)lsdx> dy

IRTL

13



1
_S\\s
< RYyGu/ry | et (6, riy"C ) ay
Rn
1 _n
= C,y(n/r)"1TsR q,

where

! 14

r

T:= + .
r'—s m+r)s—nr

Hence, by (33) and the Young inequality, it holds

n 1 _n n
luzllpe = [[(= A)zrul| || Krlls = Cny(n/r)‘lTSR )| (= A)zrul|r

for all R > 0. By (32) and the above estimate, we have
-1 1 n

11
g = G (RF lulr +v (3) 75m78

(- &zrully) G4

(=)™ @Dy r
lullp

ny-1 1 o n p
Il = G (143 (5) 75) Il - 22l =2 35)

p/n
forall R > 0with1l/s =1/q —1/r + 1. Taking R = ( ) in (34), we have

forall g withm = max (n+ 1,p,7) = q < .
We next establish a bound T/ in (35) such as
1 11
Ts < 8eeqr (36)

Indeed, since 1/s = 1/q + 1/7’, we have
1

1 11 11
r’\s 1 1y 1.1 1E+71<411
— — —_ =gl | — — =
r'—s {q(q-l_r)} 4 <q+r) ar=nesar

Note that max,-ot*/¢ = e/¢ and max = 4. Furthermore, since 2 n + 1, we have

oétézft

similarly as above that
1

1.1 1.1
r’ s [ r'+q 5+7< r' +q\a'T
m+r)s—nr')]  \r'(g—n) —\ r

1.1

1 1 E+F<4 11
UL L

which yields (36). Since I'(a) = O(1/a) as a = +0, it holds

" (@)

yanfryt S ns— 20
(@)

forall 1 < r < oo. From (35), (36) and (37), we obtain
14
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lulla =C

Ll Azru|y1 -2 (38
r —_ 2T r —_——
ny g Ol I Azl =2 (38)

for all ¢ with ¢ 2 m = max (n+ 1,p,r). We next deal with the case p = q = m. By the

Hoélder inequality, we have
p

(1-6) 720
L 3
lullg = Ny’ Nl

p
where 0 = 6 = 1 is given by ¢ = p(1 — ) + m8. Moreover, from (38) with ¢ = m, we
obtain

1 7

O BT e

lullg = llull;p Co 7 Ilullp™ (= 2)zrul|

1
T 14

1 A 7 1 P
—_ Zr r —_—
— lull p I (= A)2rul|, p

<c,

1
C, /m\r 1 n p p
=s——(— — A)zru|r=1—=—
_r—l(p> qriiulle |l )ruIILq 7 (39)

In the above estimates, notice that (q/p)Y/" = 1 and

1 1
mr rr 1 r 1 r 1
= =rr =e' e = e e,
r—1 r-—1 r—1 r—1
which yields
m
1\ q? 1
mr 1 mr
= ee
r—1 r—1

Now, we investigate the constant (m/p)?/ r /(r — 1) in (39). When p = r, we see that

1 (T)%_ 1 (max(n+1,r)>%< 1 <r+n+1>%
r—1\p r—1 p r—1 p
1
S(r+n+1)r<cnr,

for all p = r < . Next, when p 2 r, we have

1 1

1 (m)%_ 1 max(n+1,p)7‘< 1 <p+n+1>7 c 1
r—1\p/) r-1 p —r—1 p

forall 1 < r = p < . Hence, we have by (39) that

15



b, P 1 n
lullpe = Cur™® “qrllullwll(— A)Zrull,r (40)
for all ¢ with 1 = g = m. From (38) and (40), we obtain the desired result. This completes
the proof of Theorem (1.2.1).
Theorem (1.2.2)[5]. There exists a constant C,, depending only on n such that
p P
llulle = Coqllull o1l gprh (41)
holds for all u € LP N BMO with 1 = p < oo andfor all q withp = q < oo.
An immediate consequence of Lemma (1.2.7) and (1.2.8).
Corollary (1.2.3)[5]. (i) For every 1 <r < oo, there exists a positive constant oy
depending only on n and r such that thefollowing inequality holds. That is, for every 0 <
a < oy, there exists a constant Cy, ., which depends only on n, r and a such that

r' p
lu(x)| ||ullLp
j D, 1 a( i dx = Cprq T
R |(— A)zru||,r |(—= A)zrul|r

holds for all for all u € LP n H/™F with 1 = p < oo, where @, . 1s the function defined by

t)

D, (t):= expt — z 7 t € R
j<k
jeNuU{0}

(i1) There exists a positive constant o, depending only on n such that the following
inequality holds. That is, for every 0 < a < ay, there exists a constant C, , depending only

on n and o such that
p
- u(x u
j cbp(a lu(x)| )dxécn,a( [ullp )
R ||ullgmo ||ullgmo

holds for all u € LP N BMO with 1 = p < oo, where a)p is defined by

_ t/
P, (t):= expt — z j—l,felR%.
<e, 7’
JENU{0}

By taking p = 1 in Corollary (1.2.3)(i1), we have the following generalized John-Nirenberg
type inequality.
Proof. (1) By applying Theorem (1.2.1), we see that

T’ ' T,j
[ue)| o juw
[on@® a( = > dxzfnz.p,f< n > dx
R W( I(=2)2rullyr ) R i& I\ i=ay2ru,r
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. r'j
o Il

) ]_! n T,j

jzﬂ ”(_ A)ZTu”Lr
-r

JEN

B SR -1 n\T
o (o @ PP ) (= A2l )

< ol
- 2 j! o
jzﬂ ”(_ A)ZT‘u”Lr
-r
jeN
C - [ ’
/ ’ ] Lp
= Z aj (aCy r™*1) ( 1 )
j=1 | (= A)zru||,r

where a; = j7/(Y . Since ]ll_)rglo aj /aj4q = e~ 1, the power series of the above righthand

rr’+1 <e1lj

. . !
side converges provided aC}; r Le.,

a< Q= (C,f'r”’““le)_1

This proves Corollary (1.2.3) (1).
(i1) In the same way as we have derived Corollary (1.2.3)(1) from Theorem (1.2.1), it is easy
to see that Theorem (1.2.2) yields Corollary (1.2.3)(ii), so we omit the detail.
Corollary (1.2.4)[5]. There exist two positive constants C, and «, depending only on n
such that

|[2e]] 2 1
u({x € R™ [u()| > 1) £ C, —
llullgmo exp ( n )_ 1
||u||BMO

holds for all u € L' N BMO and all t > 0. In particular, we have
|l 2 ant
n. < L — n
Bl € R u(l > ) = gt exp (=)
holds for all u € L' n BMO and for all t > ||u||gmo-
By Corollary (1.2.3)(i1) with = 1 , we have

Ju(x)| ) ) [lul]
exp | a —1)dx=Cp———
fRn< < " ullzmo "lullsmo

for all u € L' n BMO. Since the distribution function 4,(t) is non-increasing, we obtain

from (48) that
u(x ol
f (exp (an&> — 1>dx = Z—n I ”L
R™ [lullpmo I )

17



(0]

C(

f A, (D ldr
= ek Iu”BMO

> (t)Z—”u”BMOf -ldr
=/ (”2 <||u||BMO)

=20 (& (i) = 1)

for all t > 0. Hence, we have

llull 1 1
Au(t) = G lullemo exp (7”11%;0)—1 (42)
for all A > 0. In particular, if t > ||u||gmo, then by (42) it holds that
lull 1 agt
A() = Gt exp ()

Finally, we shall show the Brezis—Gallouet—Wainger type inequalities Theorem (1.2.5)(1)
and (i1) by applying Theorems (1.2.1) and (1.2.2), respectively. Since those proofs are quite
similar, we may only show Theorem (1.2.5)(1).

Theorem (1.2.5)[5]. (i) Forevery 1 S p<o,1<r<om,1<q<ooand n/q<s < o,

there exists a constant C = Cp, j, . o s such that

1
T

lullye = € [ 1+ (lhullr + 1= 2)2rull,) ( log (e + I A)%unm))

holds for all u € LP n HY™" with (— A)%?u € LY.
(ii) Forevery 1 = p < 0,1 < g < o and n/q < s < oo, there exists a constant C = Cp ;, s

such that

S
lull = C <1 + (lellze + el zao) log (e + 1I(~ A)zunm)>

holds for all u € LP n BMO with (— A)%?u € LY.
Proof. (i) Let v : R™ X [0,0) = R be the solution of the following heat equation with the
fractional derivative.

P — _(= A)evin R" X (0,00),

at
v(-,0) = ¢ in R",
where ¢ is the given initial data belonging to §. By Lemma (1.2.10), we have the expression
of v such as

18



v(,t) =G * .
Take u = u(x) € LP n HY"" with (— A)S/?u € L9 for s > n/q. Since

jo t (—(— Az, v(r)) dr = jo t <u, (- A)%v(r)> dr = jo t <u, %) dr

= (wv(®) - W),

we have

t

1w ®)] = (6 v(®)] +f

|
0

((— Aﬁ?«lﬂ?(ﬂ) ldt =:J,(¢) + J2(t)

for all t > 0. Here, (., ) denotes the usual inner product in L?. From the Holder inequality,
Lemma (1.2.10) and Theorem (1.2.1), we obtain

1 n

1(@®) = llglv©llg = ulllIGE * Bllygr S Copsirt 1

x (Iellp + 1= 2zrully) lle (43)

forallt > 0 and p = § < oo, where C,, , ¢ is a constant depending only on n, r and s.
Again by the Holder inequality and Lemma (1.2.10), we have

t s s t
() < f | (= A)2ull gl (D] gt = [I(— A)Zull,q j 165+ pll, 7

t

n
= Cogs T D dt

(= AY2ullg | 9l |

0

- s
= Crgst 0 || (= 2)2ullye || o1l (44)
forall t > 0, where C,, , ¢ is a constant depending only on n, g and s. Hence, from (43), (44)

and the duality argument, we obtain
llull o=@l sup [(u, @) = 1

1 n
< Capgs |37 757 (lulip + 1= A)27ullr)
- s
+ 617501 (= 8)2ul (45)

forall ¢t > 0 and p = § < oo, where C,, , 4 5 is a constant depending only on n, 7, g and s.

Now we take § = p and t > 0 in (45) so that

G = log (1/0) .t = {ep = 2yl (1= ) }
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Since t /6D = (tl/log t)n/s = ™/ and since

-z s s n\~1! ( s
£750 (= A)Zull = | + (= A)Zull,, (1—5) (= A)zulle < 1,

we see that such choice of § and t in (45) yields the desired estimate. We prepare some
lemmata for the proof of the main theorems. First, to prove Theorem (1.2.1), we need to
estimate the difference of L°-norm between the translation of the Riesz potential and the
usual Riesz potential. We denote by I, , 0 < a < n the Riesz kemel defined by

1 = . =~ —(n—
Ia(x)::mla(x) with I, (x): = |x|~ "),

where

(9
)

Lemma (1.2.6)[5]. Let 1 < p < oo. For every s with np’/(n + p’) < s < p’, it holds
in/p(' _y) - in/p(') €L°

for all y € R™. More precisely, we have

i . p' p' n(1-)
L..(x—v)—1L .(x)|°dx = C + p

for all y € R" with a constant C,, depending only on n.
Proof. We divide the domain of the integration into two parts. For any € R" , we have

fRnl Tn/p(x - y) - in/p(x)lsdx = j; | in/p(x - y) - in/p(x)lsdx

XER™;|x|=2|y|}

+ j 1Ty (= y) — Ly ()| dx
{xeR™|x|>2|y(}

=1 +:0).
As for the estimate for J; (y) , we see that

Lo s | )y (¢ — y)dx

{xeR™;|x|=2]y|}

+f L (X)%dx = 2] L/p (x)Sdx
{xeR™;|x|=2|y|} {xeR™;|x|=3]y(}

ns ! S
= zf < P dx < oLy
{xeR™|x|=3|y(} p—s

,  (46)
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Here, we note that f{x — (x)%dx is integrable since s < p’. On the other hand,

1x|=3|y[} “/P

for |x| > 2]y|, we have

N N d . 1
|In/p(x _y) _In/p(x)l = |j. E[In/p(x - Ty)]dTl = |J (Vln/p) (x - Ty) ) (_y)dT|
0 0
n (! n, n o om vl -
=—|y|f lx— oy P dr < Zyljal P f|1—r e
p 0 p 0

x|
n —3—1 1 T =
= —|yllx| P’ j 1-2)° dT=2(2
p 0 ( 2)

n
_I

1)yl ?
which yields
L) s 25 (27 1)

S !

n
y|sf Pl P
(xR |x[>2]y} (n+p')s—np

,| x| /P =Dsdx < oo, From (46)

Jyt) a7y

Notice that since > np’/(n + p') , we have f{xe]R” x[>2[y|

and (47), we obtain the desired estimate. For a measurable function u on R" , let us recall
the distribution function A,(t) and the nonincreasing rearrangement u*(t) for t > 0. For
detail, see E.M. Stein-G.Weiss [22]. We denote by u™* the average function of u* defined
by

1 t
u”(t): = ?J u* (t)dt fort > 0.
0

Notice that u** is continuous and nonincreasing on (0, o) . It is well known that

(00

lull » = pf A, (OtP~1dt = j u (H)Pdt,1=p <o (48)
0 0

and that
llul|o = supu*(t) = ltllrglu (t) = supu™(t) = ltllrglu (t).

Since
t 1
j u* (t)dt = tP||u||Lp, 1=p=ow
0

holds for t > 0, we have

1
w@ su@® =t Pllullp,1SpS e (49)

for all t > 0. See, e.g., Stein and Weiss [22]. Moreover, it is easy to see that if {u,,}m=1

satisfies |u; ()| = |u, (%)| = = |uy(x)| = with lim | u,(x)| = |u(x)| for a.e.x € R",
m—oo
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then it holds uj (t) = uj(t) = = up,(t) = with limu;y, (t) = u*(t) for all t > 0. We define

a new function space W by

={u € Lj,c (R™); |lully := sup (u™(t) —u*(t)) < }.

Then, the assertion of Theorem (1.2.2) is an immediate consequence of the following two
lemmata.
Lemma (1.2.7)[5]. There exists an absolute constant C such that

2 p
lullLg = Cqllull p”u”W1 4

holds for all u € LP N W with 1 = p < oo andfor all q withp = q < .
Proof. Let s > 0. By (48), it holds that

lullze = (f; " (©7de)7 = (f; ur (©%dt)" + ([ u” (£)7de)T = Jy(5) +J2(5) -
Since u* is non-increasing, we have by (48) and (49) that

p
]2 5,00)51_ ’

q
p
W% gt (5) T S 57607

0

= ul|p. (50)

Since

d .. . df1t um () —w @) _ lullw
U (t) = — dt( ju (T)dT) ” n (51)

holds for all t > 0, we have

w0 = u ) = [} (~ 2w @) dr £ [T ully = (log 3) lullw, 0 < ¢ <55

which yields with the aid of (49) that
1

* % *% S Yy S
w (D) S u(s) + (log ) llullw = s Pllulle + (log ) llullw , 0 < t = 5. (52)

Hence from (49) and (52) we obtain
1 1

S a 1 1 S a
J(s) < (j - (t)th)q < s | + (f (1og ;)q dt)q el

1

s~ ) ~(3¢) 7
= s Gl + 597G+ DTty = cq (575 i + 57

ulw), (53)

where C is an absolute constant independent of . In the above, we have used the fact that

1
I'(qg+1)7a=0(q) as g — . It follows from (50) and (53) that

11 1
lullg < a (sl + sl

22



for all s >0 with an absolute constant C independent of g. Now, taking s =
(lullze /|lullw)P in this estimate, we have the desired result.
Lemma (1.2.8)[5]. There exists a constant C,, depending only on n such that

lullw = Cpllullsmo
holds for all u € BMO.

Proof. For R > 0 we denote by Qg and by xr : = x, the cube centered at the origin with
the side length R and the characteristic function on Qg, respectively. It is easy to see that

(Uxr)bp = Uy (54)

For every fixed t > 0 we take R so that u(Qg)/6 > t. Since uyy € L*(R™) with supp

uygr C Qg , it follows from (54) and Proposition (1.2.9) that

(uxr) ™ (®) — (wxr)*(®) = Cu((uxp)8,) ) = Co(ud ) () = C(ufin) @©),
which yields that

WrR)™(8) = (wra)"(®) + Coufn) () S w (@) + Cougn) (©  (55)
for all t > 0 and all R > 0 such that (6t)Y/™ < R. Since |uyg| T |u| as R = o a.e.in R", it
holds (uyg)* T u*, which yields also (uyz)** T u*™ as R — . Since ||[u#|| 0 = ||ullzmo,
by letting R — o0 in (55), we have

u () —u' (1) S Co(ufin) @ = Cullufinllioo = Collullmo  (55)

for all 0 < t < oo. Taking the supremum with respect to 0 < t < oo in (55), we obtain the
desired estimate. Finally, for the proof of Theorem (1.2.5) we need the LP — L9 estimates

for the semigroup {e‘t('ms/z}> defined by ety =G xu with G5 :=
t20

F1(e=@mD) where F ! represents the Fourier inverse transformation.

Next, we introduce the sharp function u} of u relative to the domain 2 ¢ R" defined by
~ 1
{Q C 2 sup @fé|u(y)—u5|dy, x €10,
0, x € R™\0,

ub(x): =

with the mean value Ug = ,u(Q)_l f oY (y)dy on Q , where the supremum is taken over all

cubes that contain x and are contained in (2. For the proof of Lemma (1.2.8), we make use
of the following proposition by Bennett-Sharpley [9].
Proposition (1.2.9)[5]. There exists a constant C,, depending only on n such that

w(t) —u(t) = C(ud) (®),0 <t < u(Q)/6

holds for all cubes Q in R™ and all u € L}(R™) with supp uc Q.
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Lemma (1.2.10)[S]. For every 0 < s < o, there exists a constant C,, ; depending only on n
and s such that

—t(_ ANS/2 n/1 1
e~ D" ullyy S 6 = (- - =

holds for all u € LP andfor all t > 0, where p and q are any numbers satisfying 1 =S p =
q = oo,

Proof. Let us first recall that F _1(6_(2"|'|)s) € L' n L, which states

NG|l = t‘%(l‘%)||7-"—1(e—(2n|-|)5)”ﬂ < Cn’st—%(l—%)

forallt > 0 and all 1 = r = oo. See e.g., Bendikov [8] and Jacob [13]. Forevery 1 = p =
q = oo, we take r so that 1/r + 1/p = 1/q + 1. Then it follows from the the Young

inequality that
s -0 A1)
le™ %)l S IGSlllully S cyet © | Mr=enst TP

which yields the desired estimate.

lullp
)
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Chapter 2

Maximal and Area Integral and Cauchy-Type Integrals
We show that the proofs utilize some sharp estimates of the Bergman kernel function and
Bergman metric. The characterizations extend to cover Besov-Sobolev spaces. A special
case of this is a characterization of HP spaces involving only area functions on Bergman
balls in the unit ball of C™. We show LP estimates for these operators and, as a consequence,
to obtain LP estimates for the canonical Cauchy—Szeg6 and Bergman projection operators
(which are not of Cauchy—Fantappi¢ type).
Section (2.1): Characterizations of Bergman Spaces in the Unit Ball Of C"
For C denote the set of complex numbers. We fix a positive integer n, and let

C"=Cx--xC
denote the Euclidean space of complex dimension n. Addition, scalar multiplication, and
conjugation are defined on C" componentwise. For z = (z, -+ ,z,) and w = (wy, =+ ,wy,)

in C™, we write
(z,w) = zywq + -+ Z, Wy,
where wy, is the complex conjugate of w;. We also write

|z = V|z1]? + +]zg |2

The open unit ball in C" is the set
B, ={zeC"|z]| <1}

The boundary of B,, will be denoted by S,, and is called the unit sphere in C", i.e.,
S, ={zeC"|z| =1}

Also, we denote by B,, the closed unit ball, i.c.,

B,={z€C%|z| <1}=B,US,.

The automorphism group of B™, denoted by Aut(B,), consists of all biholomorphic
mappings of B™. Traditionally, bi-holomorphic mappings are also called automorphisms.

Recall that for @ > —1 and p > 0 the (weighted) Bergman space A% consists of
holomorphic functions f in B,, with

1/p

Ifllpe = | f(2)|Pdvy(2) < oo,
Bn

where the weighted Lebesgue measure dv, on B,, 1s defined by
dve(2) = co(1 — |z]?)*dv(2)
andc, =I'(n+ a + 1)/[n! I'(a + 1)] is a normalizing constant so that dv, is a probability
measure on B,,. Thus,
Al = H(By) N LP(By, dvg)
where H (B,,) is the space of all holomorphic functions in B,,. When @ = 0 we simply write

AP for cﬂg. These are the usual Bergman spaces. Note that for 1 < p < oo, AP is a Banach
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space under the norm |[[[|, ,. If 0 < p < 1, the space AP is a quasi-Banach space with p-

p
norm || £ |1, q-

Recall that D(z,y) denotes the Bergman metric ball at z
D(Z,)/) = {W € Bn:.B(ZrW) < ]/}

with y > 0, where £ is the Bergman metric on B,,. It is known that
1+ |9, (w)|
1-|¢.wW)|’
whereafter ¢, is the bijective holomorphic mapping in B,,, which satisfies ¢,(0) = z,
¢,(z) =0and ¢p, o ¢, = id.
Maximal functions play a crucial role in the real-variable theory of Hardy spaces (cf. [12]
we first establish a maximalfunction characterization for the Bergman spaces. To this end,
we define for each y > 0 and € H(B,)) :

M f)@ = sup IfWIVz€B, (1)

wWED(z,y)

1
B(z,w) = 3 log Z,w € B,,

We begin with the following simple result.
Theorem (2.1.1)[24]: Suppose Yy >0 and a > —1. Let 0 < p < oo. Then for any f €

H (By), f € AL if and only if M, f € LP(By, dv,) . Moreover,

1fllpa = IMyflip,ar (2)

where (¢ = depends only on v, a, p, and n.

The norm appearing on the right-hand side of (2) can be viewed an analogue of the so-called
nontangential maximal function in Hardy spaces. The proof of Theorem (2.1.1) is fairly
elementary (3), using some basic facts and estimates on the Bergman balls.

In order to state the real-variable area integral characterizations of the Bergman spaces, we
require some more notation. For any f € H (B,,) and z = (7, ..., z,) € B,, we define

o0
R =y L2
k=1

and call it the radial derivative of f at z. The complex and invariant gradients of f at z are
respectively defined as

Vf(z) = (ag“ "’g(n)) and V£ (2) = V(fo,)(0) .

Now, for fixed y > 0 we define for each f € H'(B,,) and € B,, :
(1) The radial area function

1

d 2
Ay (Rf)(2) = (j | (1= [wPHRf(W)|? vw) >

(z)y) (1 - |W|2)n+1

(i1) The complex gradient area function
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dv(w) >%
(1 — |W|2)n+1

A, (V)(2) = (f | (1= IwPVf(wW)|?

(zy)
(i11) The invariant gradient area function

Juy

~ =~ d 2
@ = ([ 1ornr )

(z,y)
We state another main result as follows.
Theorem (2.1.2)[24]: Suppose y > 0 and a > —1. Let 0 < p < oo. Then, for any f €
H (B,,) the following conditions are equivalent:
() fe AL

(if) Ay (Rf) is in LP(By, dvg,) .
(iii)) A, (Vf) is in LP(By, dvg,) .

(v) A, (Vf) is in LP(B,,, dv,) .
Moreover, the quantities

£ O+ 14y RO lpar I O]+ 114y THlp.a 1f O + 14y (V) p,eo

are all comparable to ||f||, , where the comparable constants depend only on y, a, p, and n.

In particular, taking the equivalence of (a) and (b), one obtains

1fllp,e = 1f O]+ 1Ay (R lp,e

which looks tantalizingly simple. There is a mature and powerful real variable Hardy space
theory which has distilled some of the essential oscillation and cancellation behavior of
holomorphic functions and then found that behavior ubiquitous. A good introduction to that
is [33]; a more recent and fuller account is in [25], [35], [36], [37]. However, the real-
variable theory of the Bergman space is less well developed, even in the case of the unit disc
(cf. [34]). We remark that the first real-variable characterization of the Bergman spaces was
presented by Coifman and Weiss in 1970’s. Recall that

llz] = Iwl| +[1 - (z,w)l,if z,w € B, \ {0},

|z||w|
|z| + |w|, otherwise

is a pseudo-metric on B,, and (B,, 0,dv,) is a homogeneous space. By their theory of
harmonic analysis on homogeneous spaces, Coifman and Weiss [33] can use g to obtain a
real-variable atomic decomposition for Bergman spaces. However, since the Bergman
metric 8 underlies the complex geometric structure of the unit ball of C", one would prefer
to real-variable characterizations of the Bergman spaces in terms of . Clearly, our results
above are such a characterization.

These two real-variable characterizations can be extended to the so-called generalized
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Bergman spaces [40]. For 0 < p < o and —o0 < a < o we fix a nonnegative integer k
with pk+a > —1 and define A. as the space of all f € H(B,) such that
(1 - |z|)*R¥f € LP(B,,, dv,) . One then easily observes that A" is independent of the
choice of k and consistent with the traditional definition when a > —1. Let N be the

smallest nonnegative integer such that pN + a > —1 and define
1
p
Ifllpe = 1f(O)] + (1= 2PV |RVf(2)|Pdve(2) | f € AL (3)
By,

Equipped with (3), AL becomes a Banach space when p > 1 and a quasiBanach space for
O0<p<l1
Corollary (2.1.3)[24]. Suppose y > 0 and a € R. Let 0 < p < o and k be a nonnegative

integer such that pk + a > —1. Then for any € H (B,) , f € AL, if and only if My(ika) €

LP(B,, dv,) , where

M, (R*f)(2) = Joup (1= [wID*R fF(W)|, 2 € Bp. (4)

Moreover,

1fllp.e = If O]+ 1My R*Ollp,ar (5)

where (¢ = depends only on vy, «, p, k, and n.
Corollary (2.1.4)[24]. Suppose y > 0 and o € R. Let 0 < p < o and k be a nonnegative
integer such that pk + a > —1. Then for any € H (B,) ,

f € AP if and only ifAy(Rk“f) is in LP(B,,, dv,) , where

dv(w) >21
(1 — |W|2)n+1

Ay(R¥f)(2) = <f | (1= [w»*R fF(W)? (6)

(zy)
Moreover,

1fllp.a = 1f O] + 14, (R F)llp,q (7)
where ({ = depends only on v, a, p, k, and n. To prove Corollaries (2.1.3) and (2.1.4), one
merely notices that f € AL if and only if R¥f € Lp(Bn, dva+pk) and applies Theorems

(2.1.1) and (2.1.2) respectively to R¥ f with the help of Lemma (2.1.10). Note that the family
of the generalized Bergman spaces A%, covers most of the spaces of holomorphic functions

in the unit ball of C", which has been extensively studied before. For example, By = c/lg

with = —(ps +1) , where Bj is the classical diagonal Besov space consisting of

holomorphic functions f in B,, such that (1 — |z|?)*¥SR¥f belongs to LP(B,,,dv_,) with
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k being any positive integer greater than s. It is clear that A, = BS with s = —(a + 1) /p.

Thus the generalized Bergman spaces AL are exactly the diagonal Besov spaces. See
Arcozzi-RochbergSawyer [23], [29] and Volberg-Wick [39] for some recent results on such
Besov spaces. On the other hand, if k is a positive integer, p is positive, and f is real, then

there is the Sobolev space sz?ﬁ consisting of holomorphic functions f in B,, such that the

partial derivatives of f of order up to k all belong to Lp(Bn, dvﬁ) (cf. [26],[27], [30]). It is
easy to see that these holomorphic Sobolev spaces are in the scale of the generalized

Bergman spaces, i.e., sz?ﬁ =AY with = —(pk—pf+1) . There are various

characterizations for B, or Wkpﬁ involving complexvariable quantities in terms of fractional

differential operators and in terms of higher order (radical) derivatives and/or complex and
invariant gradients, see [40]. However, Corollaries (2.1.3) and (2.1.4) can be considered as
a unified characterization for such spaces involving real-variable quantities. In particular,
HP = AP with @ = —2s — 1, where H? is the Hardy-Sobolev space defined as the set

feHB:NSfN = sup | [UT+R)f(r)IPdo(() < oo},
s Sy,
Here,

U+Rf =) A+K) fi
k=0

if f=Yr-0fk is the homogeneous expansion of f. There are several realvariable
characterizations of the Hardy-Sobolev spaces obtained by Ahern. These characterizations
are in terms of maximal and area functions on the admissible approach region

Do(n) = {z € Bp: [1—(z,m)| <5 (1~ |2]")},n €Sy a > 1.

Evidently, Corollaries (2.1.3) and (2.1.4) present new real-variable descriptions of the
Hardy-Sobolev spaces in terms of the Bergman metric. A special case of this is a

characterization of the usual Hardy space HP = c/lfl itself.

We collect a number of auxiliary (and mostly elementary) facts about the Bergman metric
and Bergman kernel functions, We show Theorems (2.1.1) and an atomic decomposition of
AL with respect to Carleson tubes, which is of independent interests and crucial for the
proof of Theorem (2.1.2) in the case of p = 1.
We devoted to the proof of Theorem (2.1.2) in the case of p = 1, which is somewhat
involved and technical. Finally, we show Theorem (2.1.2) in the case of 0 < p < 1 by using
atom decomposition for Bergman spaces due to Coifman and Rochberg [32].

In what follows, C always denotes a constant depending only on n, ¥, p, and &, which may
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be different in different places. For two nonnegative (possibly infinite) quantities X and Y
by X ~ Y we mean that there exists a constant C > 1 such that C™1X <Y < CX. Any
notation and terminology not otherwise explained, are as used in [17] for spaces of
holomorphic functions in the unit ball of C".

Recall that P, is the orthogonal projection from L?(B,,dv,) onto A2, which can be
expressed as

P,f(z) = an K* (z,w)f(w)dv,(w) ,Vf € L1(B,,,dv,), a > —1,
where
1
(1 — (Z, W))n+1+a ’

P, extends to a bounded projection from LP (B,,, dv,) onto AL (1 < p < o) .
Also, we let

K*(z,w) =

zZ,w € B,,.

1 _
d(z,w) =|1—-(z,w)|2,z,w € B,,.

It 1s known that d satisfies the triangle inequality and the restriction of d to S,, is a metric.
As usual, d is called the nonisotropic metric.
First, we show an inequality for reproducing kernel K¢ associated with d, which is
essentially borrowed in [38] with d instead of the pseudo-metric ¢ in B,,.
Lemma (2.1.5)[24]. For a > —1 there exists a constant § > 0 such that for all z, w € B,
¢ € S, satisfying (z, () > &d(w, () , we have
d(w,{)

|Ka(zl W) - K(Z(Z’ Z)l S Ca,n d(Z, ()2(n+1+a)+1'

Proof. Note that
1d 1
Ka(Z, W) — Ka(Z, Z) - fO E ((1—(Z,f)—t(Z,W—z))TH‘H'a) dt.
We have

a " L m+1+a)|{z,w—0)|
K= @w) =K@ OI< | TG~z w —gmeeea 4t

Write z = z; + z, and w = w; + w,, where z; and w; are parallel to ¢, while z, and w,

are perpendicular to ¢. Then

(Z' W) - (Z' () = (ZZIWZ) - (Zliwl - ()
and so

[(z,w) = (z,{)| < |zz||w2| + |wy —{].
Since |w; — ¢| = |1 —(w, {}],

|22|% = 12| = |z1]* <1—|z;]* < (1 + |z DA + |z,])
S 1=z, O = 2|1 = (2,7},
and similarly
wz|? < 2|1 = (w,{),
we have
(z,w) = (2, )] < 211 = (2, OV |1 = (w, M + 1= (w, )|
30



=2d(w,[d(z,{) + d(w,{)]
<2<1+1)1d2( )
< 5)5 z,{).
This concludes that there is § > 1 such that

[(z,w = {)| <%|1 —(z,0),Vz,w € By, { €Sy,
whenever (z,{) > 6d(w, {) . Then, we have
11=(z,{) —t{z,w = )| > [1=(z, )| — tl(z, { —w)| > %Il —{z, 0)l.
Therefore,

2M3% ¢ (n + 1+ a)(1 + 1/6)d(w,{)d(z,)
|1 _ <Z,€)|n+2+a
dw,{)

an d(z, ()2(n+1+a)+1

|Ka(zi W) - Ka(ZJ §)| <

and the lemma is proved.
For any ¢ € S,, and r > 0, the set

Qr(§) ={z €By:d(z,{) <1}

is called a Carleson tube with respect to the nonisotropic metric d. We usually write Q =

Q,-(¢) in short.
As usual, we define the atoms with respect to the Carleson tube as follows: for 1 < g <

o, a € L1(B,,, dv,) is said to be a(1, q),-atom if there is a Carleson tube Q such that
(1) a 1s supported in Q;

1
. __1
(i) lall o, avy < Va(@)

(iii) an a (z)dv,(z) = 0.

The constant function 1 is also considered to be a(1, q) ,-atom.
By the above lemma, we have the following useful estimates.

Lemma (2.1.6)[24]. For a > —1 and 1 < q < oo there exists a constant Cg > 0 such that

”Pa(a)”l,a < Cq,a

for any (1, q),-atom a.
Proof. When a is the constant function 1, the result is clear. Thus we may suppose a is

a(1, q) ,-atom. Let a be supported in a Carleson tuber Q,(¢) and 87 < V2, where & is the

constant in Lemma (2.1.5). Since P, is a bounded operator on L4(B,,,dv,) , we have

f | P (@)]dve(2) < 12 (Qs) Y|Py (@)l
Q

Sr
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< ”Pa ”Lq(Bn,dva)va (er)l—l/q ”a”q,a

=< ”Pa'”Lq(Bn,dva)-

Next, if d(z,{) > Or then

a(w)
|f (1 )n+1+a dv@—’(w)l

=1 aw|q= g ()|

Qr(Q) (z, W))n+1+“ (1 — (z,J))n+1+a

dw,{)
<c fQ Al G e v )

Cr
< Cr Lr(()l Cl(W)ldUa(W) d(Z, ()2(n+1+a)+1 = d(Z, ()2(n+1+0£)+1'

Then

1
| P(@ldve () < Cr | dv.(2)
jd(z,()>6r “ “ d(Z,{)>6rd(Z; {)2(n+1+a)+1 a

1 Vo (Qar+1sr)
—Crzj dv(z)_Crz 2rc2 ” Or
e 2"5r<d(z,{)szk+15rd(z 0)2(m+1+a)+1 a £ (2kSr)2(n+1+a)+1

hod (2k+15r)2(n+1+a)
=(r z (Zk(gr)z(n+1+a)+1 =C,
k=0

where we have used the fact that v, (Q,) =~ r2(*1*®) in the third inequality in [41]). Thus,
we get

| Py(@)]dve (2) + j | Py (B vy (2) < C,
d(z,{)>6r

jB | Pu(@)ldve() = |

Qsr

where C depends only on n and a.
Note that for any (1, q),-atom a,

lalle = f | aldvy < 2o (@) Y||ally o < 1
Q

Then, we define Jlé’q as the space of all f € AL which admits a decomposition

f=) NP and Y 14l < Collflhe
i i
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where for each i, a; is an (1, q),-atom and 4; € C so that }}; | 4;] < c. We equip this space

with the norm
1fll gz = inf {Z 24 =) Ay Paal-}
i

i

where the infimum is taken over all decompositions of f described above. It is easy to see

that c/l;’q is a Banach space. By Lemma (2.1.6) we have the contractive inclusion Jlé’q C

AL. We will prove that these two spaces coincide. That establishes the “real-variable”
atomic decomposition of the Bergman space A%.

In fact, we will show the remaining inclusion AL C a‘lé’q by duality (Theorem (2.1.14)).

Recall that the dual space of AL is the Bloch space B defined as follows (see [41]). The
Bloch space B of B,, is defined to be the space of holomorphic functions f in B,, such that

Ifllz = sup {|[Vf(2)|:z € B} < .

||| 5 1s a semi-norm on B. B becomes a Banach space with the following norm

AN =1/ + [If ]z
It is known that the Banach dual of cﬂgx can be identified with B (with equivalent norms)
under the integral pairing

(f.9)e = lim | f(r2)g(2)dve(2),f € AL g E€B.
Bn

(e.g., see Theorem (2.1.14)7 in [17].)

In order to prove the atomic decomposition of the Bergman spaces (cf. Theorem (2.1.14)),
we need the following result, which can be found in [41]).

Lemma (2.1.7)[24]. Suppose « > —1 and 1 < p < 0. Then, for any € H'(B,) , fis in B if
and only if there exists a constant C > 0 depending only on a and p such that

1
—= | f = fao,PdVve < C
v(@r (D) Jo, 0 ©

forallr > 0 and all ¢ € S,,, where

fa0.) = 0.0 QT(Of (2)dv,(2) .

Moreover,
1

p
Ifllz = sup < |f_fa,Qr({)|pdva> :

1
ve(@r () Jo,0)

where (¢ = depends only on «, p, and n.
The following lemma is elementary.
Lemma (2.1.8)[24]. Suppose y > 0 and a > —1. If f € A2, then
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f 1A, (FH)@Pdve ~ | 17 = £O)2dv,,
Bn Bn

where “ = “ depends only on y, «, and n.

Proof. Note that v, (D(z,7)) = (1 — |z|*)"**%, Then

14, (7F)(2)|2dv, = j j (1 = WD) |7 £ (w) P dv(w) dve (2)
Bn B, YD

(zy)
-,

~ | [fw) = fO)|*dv,(w).
Bn

Ve (D(w, 1)) — [w|D) T TFW)Pdv(w) = | | Vf(w)|?dv, (W)
Bn

n

In the last step we have used (ii) in [41].
Let 1 < p < o and let H be a complex Hilbert space. We write L? (B,,, H) for the Banach

space of strongly measurable H-valued functions on B,, such that
1

b
I f(DNPdva(2) | < oo
Bn

We write AL (B, H) for the class of weighted H-valued Bergman space of functions €
H (B, H) n LY (B, H) , where H (B,,, H) stands for the space of H-valued holomorphic
functions in the unit ball B,,. Also, we define B(B,,, H) the space of all f € H (B,,, H) so
that

Iflls = sup 7 (@)l < .
B(B,,, H) with the norm |[f|| = ||f(0)|lg + ||f||5 is the H-valued Bloch space. Then, by
merely repeating the proof of the scalar case we have the following interpolation result.

Lemma (2.1.9)[24]. Suppose a > —1 and
1 1-6

p 7
for0 <8 <1land1 <p' < . Then

[ A% (B, H), B(B,, )] = AL(B,, HD)

with equivalent norms.
Finally, we collect some elementary facts on the Bergman metric and holomorphic functions
in the unit ball of C" as follows.
Lemma (2.1.10)[24]. For each y > 0,
1—lal*=1—|z|* = |1 —{a,z)|
for all a and z in B, with B(a,z) <.
Lemma (2.1.11)[24]. Suppose y > 0,p > 0, and a > —1. Then there exists a constant C >
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0 such that for any f € H(B,,) ,

C
P < Gy |, |FO0Pau (V2 €8,

Lemma (2.1.12)[24]. For each y > 0,
11 =(z,u)| = [1—=(z,v)]|

for all z in B, and u, v in B, with B(u,v) <.
We first prove Theorem (2.1.1). The sufficiency is clear. It remains to prove that if f € A"
then M, f € L,(B,, dv,) .

Lemma (2.1.13)[24]. For fixed y > 0, there exist a positive integer N and a sequence {ay}
in B, such that

(i) Bp = Uy D (ar,¥) » and

(1) each z € B,, belongs to at most N of the sets D(ay, 3y) .

The following is the proof of Theorem (2.1.1):

Proof. Let p > 0. By Lemmas (2.1.13), (2.1.11), and (2.1.10), we have

jB 1MD@Pdv) S Z j | M) (D) Pdvg(2)

(ak,y)

(ak,y)WeD(zy)

_ Z j suplf (W) [P dve (2)

1
<c. J. s g, P

(ar,y)

1

(ak,y)
< CZ j
X D

where N is the constant in Lemma (2.1.13) depending only on ¥ and n.

Now we turn to the real-variable atomic decomposition of AL (a > —1) with respect to
the Carleson tubes. We reproduce this atomic decomposition for the Bergman spaces and
then proceed with the proof.

Theorem (2.1.14)[24]. Let 1 < q< o and a > —1. For every f € AL there exist a
sequence {a;} of (1, q)4-atoms and a sequence {A;} of complex numbers such that

f=> APaiand ) 14]< Collflh e (®)
i i

| FWIPdvg ) < CN j | F ()P dvg ()
Bn

(ar,3v)
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Moreover,

flle = inf |4
i

where the infimum is taken over all decompositions of f described above and = “ depends
only on a and q. We will prove Theorem (2.1.14) via duality. We first prove the following
duality theorem.

Proof. By Lemma (2.1.6) we know that Jlé’q C AL. On the other hand, by Proposition

(2.1.15) we have (AL)* = (c/lé’q)* Hence, by duality we have ||fl14 = |If|| ;1.

The goal prove Theorem (2.1.2) in the case of p > 1. Note that for any € H(B,,) ,
A= 1zP)IRf (@D < (A = [zIDIVf (2| < |Vf(2)],Vz € By,
(e.g., Lemma 2.14 in [17].) We have that (d) implies (c), and (c) implies (b) in Theorem
(2.1.2). Then, we need to prove that (b) implies (a), and (a) implies (d).
Proof of (b) = () . Since Rf (z) is holomorphic, by Lemma (2.1.11) we have

IRf(2)|? < | Rf (W)|2dv(w)

)
(1 - |Z|2)n+1 D(zy)

<G [ a-wP TR PdW).
D(zy)

Then,

N =

(1 - 1ZDIRF@)] < €A — |2]?) j (1 — W)™ [RF W) 2dv(w)

D(zy)

1
2

<G| [ a-wpme iRz
D(z)y)

= C,A,(Rf)(2) .

Hence, for any p > 0, if A, (Rf) € LP(B,, dv,) then (1 — |z|?)|Rf (2)| is in LP (B,, dv,) ,

which implies that f € AL (e.g., Theorem 2.16 in [17]).

The proof of (a) = (d) is divided into two steps. At first we prove the case of p = 1 using
the atomic decomposition, then we prove the generic case via complex interpolation.
Proof of (a) = (d) in the case of p = 1. By Theorem (2.1.14), it suffices to show that for
y > 0 and a > —1 there exists C > 0 such that

14, (VPea)ll1o < C
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for all (1, 2),-atoms a. Given an (1, 2),-atom a supported in = Q,.({) . By Lemma (2.1.8)
we have

1/2
f A, (VPya)dv, < v,(2Q)"? <j [Ay(ﬁpaa)]zdva>
2Q 2Q

1/2
< Cva(Q)l/z( | Ppa(z) — Paa(O)Izdva>

Bn

< Cva(Q)l/lea”Z,a < Cr

16 Z. Chen and W. Ouyang
where 2Q = Q,,({) . On the other hand,

1/2
j 4, (PP,a)dv, = j j (1= [w|?)=""1 |PR,a(w)2dv(w) | dvy(2)
(2Q)¢ (2Q)¢ \ “D(zy)

= e 0000

d 2
~ K(w, Ola()dv, (0 = rvﬁ‘l”z))) 4, (2)

< ||a||z,aj (j j|\7w[1<“(w,u)
Q) \VD(zy) “Q

1

| =

dv(w)

- Ka(Wr c)]lzdva(u) (1 _ |W|2)n+1> dva(z)

| =

- 5 dv(w) 2
<[ (] swimlxemw - kw0l ) dve@,
2Q)¢ \/D(zy) (1—|wl?)
where (2Q)¢ = B,\20.
An immediate computation yields that
VW [Ka(WJ u) - Ka(W' Z)]

u ~ I ]
(1 — (W, u))n+2+a (1 — (W, ())n+2+a

=(n+1+a)[

a(l _ (W, ())n+2+a _ Z(l _ <W’u))n+2+a’

=n+1+a) (1 — (w, u))+2+a(1 — (w, {))n+z+a

and
RW [Ka(WJ U,) - Ka(wi ()]
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(w,u) (w,{)

(W, u))n+2+a - (1 — (W, ())n+2+a

(W, u)(1 — (w, N2+ — (W, 0)(1 — (w,u))"+2+a

=(n+1+a)[(1_

= (TL 1+ a) (1 — (W,u>)n+2+a(1 — (W, {))n+2+a
Moreover,
Gy [K*w,u) — K*(w, ]|
B , |u|2|1 _ (W, c>|2(n+2+a) 4+ |1 _ (W, u>|2(n+2+a)
=m+1+a)% 11— (W,u)|2(n+2+“)|1 —(w, Olz(n+2+a)
L= W O =, w)™ )
|1 — (W, u>|2(n+2+a)|1 — (W, Olz(n+2+a)
A=)t -, W))"”*“(u,C)}
|1 —_ (W, u)|2(n+2+a)|1 — (W’{>|2(n+2+a) ’
and
|Rw[K*(w,u) — K*(w, O]|?
— a)z{l(w,u)lzll — (W, P2 4 (w, O)|2|1 — (w, u)| 22

|1 _ (W,u)|2("+2+“)|1 _ (W, ()lz(n+2+a)

_ (W, uZ, w)(1 — (w, {))n+2+a(1 —(u, W))n+2+a
|1 — (w, u)|2(n+2+a)|1 - (W’{>|2(n+2+a)

_ (w, O (u, w)(1 —(w, u))n+2+a(1 —(, W))”"’z"‘“
|1 — (w, u)|2(+2+2) |1 — (w, {)|2(n+2+a)

}.

Then, we have
[V [K¥(w,w) — K¥(w, D> — |Ry [K*(w,w) — K“(w, D]|?

B (n+1+a)?
- |1 — (W’u>|2(n+2+a)|1 —(w, €>|2(n+2+a)

X {([u]? = |(w,u)|>)|1 = (w, {)|?+2+e)
+(1 = [(w, OIP)I1 = (w,u)| 22+
+((w, u) (g, w) = (S up (1 — (w, {N™FHFE(L — (u, w))r2re
+((w, O w, w) — (w, O — (w, u)) 27 (1 — ({, w))H2Hey,
Note that for any € H'(B,,) ,
Vf@)I? = (1 = 2P AVf(@I* = |Rf(2)]?) , 2 € By,

It 1s concluded that

|ﬁw[Ka(Wi U,) - Ka(wi ()]lz
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(n+1+a)?(1—|w»)
1 = (w,u)|2(t2t )| — (w, J)[2(nt2ta)

X {(1 = Kw,u)|)[1 — (w, §)|?++2+)
+(1 = [(w, O)IH)I1 = (w,u) |22+
+[((W,u - §><§, W) + (l(W, {>|2 - 1) + (1 - <€'u))]
X (1 _ (W, ())n+2+a(1 — (u,W))n+2+a
+[((W,( - u)(u, W) + (l(W, u>|2 - 1) + (1 - <u' ())]
X (1 — (W,u>)n+2+a(1 — <c’ W))n+2+a}

- (n+1+a)?2(1— |w2)(M, + M, + Ms + M,)
= 11— (w,u)|2("+2+“)|1 —(w, ()lz(n+2+a)

where
]V[1 — |1 _ (W, (>|n+2+a|1 — <u’ W>|n+2+a
X [{(w,u =, w) + (1 = (S, u)l,
M2 — |1 — (W,u>|n+2+a|1 — ((} W>|n+2+a
X |(w, ¢ —upu,w) + (1 = (w, )|,
Mz = (1= [w,w)|)|1 —(,w)|"*2*@
X (1 = (w, O™ — (1 — (w,u))+279,
My = (1= [w, )DL — (u,w)|" 2+
X (1= (w,u))™ 2+ — (1 —(w, ()27,
forw € D(z,y),u€ Q,({)andz € B, { €S,,.
Hence,

_I Ay (ﬁpa’a)dva
(2Q)°¢

1
7 a _ra 2 dv(w) >§
< LZQ)C <.[D(Z’y) sup |Vw[K (W, u) K (W, {)]l (1 — |W|2)n+1 dva(z)

Sm+1+a) | U+L+1+1)dv(2),
(2Q)¢

where

N =

: f Qv T, dv(w)
1 D(Z’y) up |1 _ (W, u)|2(n+2+a)|1 _ <W, ()lz(n_'_z_l_a) w

1
2
: j St LR dv(w)
= su S
2 D(zy) g |1 — (w, u)|2(+2+a) |1 — (w, {)|2(n+2+a)

39



N[

Iy = (1—|w|?) "M, ]
o fD(m) o |1 — (w, u)|2( 24D |1 — (w, {)|2(nF2+a) v(w)
1
2
I, = (1—|w|®)™M, .
b fD(z,y) P = (w, w) 22O — (w, ¢)[2nF2ra) v(w)

We first estimate 1,. Note that
My < (Kw,u = O+ 11 = (G uDIL = (w, P21 — (w, w2+

1 1 1
< (211 = @ Ol (1L = W, + 11 - @ Ol + 11 - G w))
X |1 — (W, §>|n+2+a|1 — (W’u)|n+2+a
1 11 1
< (211 - @0l (611 - @Ol + 311 - @OkR) +11 - Gwl)
X |1 — (W, (>|n+2+a|1 — (W’u>|n+2+a
< (€711 = (@ Ol +72) 11 = (w, Q)21 = (w, u) 42+,

where the second inequality is the consequence of the following fact which has appeared in
the proof of Lemma (2.1.5)

1 1 1
(w,u— ) < 21— @Ol (11— w,OF + 11— ()
the third inequality is obtained by Lemma (2.1.12) and the fact

1 1 1
Iz <r<7|1-(z0)2
foru € Q and z € (2Q)F. Since

L L 1
I1=(zu)2 2|1 (2,02 — |1 = (u,{)|2
11 1
2 1=z 02 =51 -(z )2

1 1
> 11= (0P,
by Lemmas (2.1.10) and (2.1.12) we have
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N

( : )
(=Wl [erlt =z, +17]
= Upm SUP T w, w2+ 1 — (w, (yreera VW) )

N =

[ o )
(=12 el = @)z + 17|
<G| Jy P T g ) )

1 % 1 1/2
1-|z?) [r|1 —(Z O+ rZ] [r|1 (2O + rZ]
<C <cdC
14 |1 — (Z, ()lz(n+2+a) 14 |1 _ (Z, ()|n+3/2+a

1
r2 .
< C}/ <d(2,5)2(n+1+a)+1/2 + d(z,()Z(n+1+a)+1> .
Hence,
1
r2
j 11 dva(z) < Cy( : dva(z)
(2Q)°¢ (2Q)°¢ d(Z, ()2(7’l+1+05).|.E
<
’ 'I(ZQ)C d(z, ¢)2(m+1+a)+1 dve(2)) < C,,
because

r1/2

-Id(z,g)>2r d(z, {)2(n+1+a)+1/2

dve(2)

- : dv(2)
2kr<d(z,0)<2k+1r A(Z, 0)2(+1+a)+1/2

k=0
< 1/2 Ua(Q2k+1r)
=7 (Zkr)z(”+1+“)+1/2
k=0
i k+1.,.\2(n+1+a)
< Crl/? @77 <C
- (zkr)z(n+1+a)+1/2 -
k=0

where we have used the fact that v, (Q,) =~ r2™+1+@) in the third inequality in [41] and the
second term has been estimated in the proof of Lemma (2.1.6).

By the same argument we can estimate I, and omit the details. Next, we estimate /.

Note that
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Mz < (1 — [(w,w)|)|1 —(w, )"+
X (1 = (w, EPTFETE — (1 — (w,u))™+2
< 2|1 —(w,u)||1 — (w, Q)" 2+

X |f1i(1 —(w, t{ + (1 — tu))*2+ade|
o dt ’
=2(n+ 2+ a)|1 — (w,u)||1 — (w, |2t

1
X |(w, ¢ —u) f (1= (w, 6 + (1 — Du))™1+ ]
0

< Gy |1— (w,w)[|1 — (w, O)|™2+%r|1 — (2, )|/
where the last inequality is achieved by the following estimates

11— (w,t{+ (1 —Du)| < C, |1 —(z,t{ + (1 —t)u)|
<Gl —=(zu)| + [z, —u)

< G 1=(z )

and

1
|(w,{ —w)| = Gr[1 —(z,0)2,

forany w € D(z,y) and u € Q,({) . Thus, by Lemmas (2.1.10) and (2.1.12)
1
2
(1= W) |1 = (z,0)|"+3/2*
I; = CV fD(zy) sup |1 — (W,u>|2(n+1+a)+1|1 — (w, )|nr2te dv(w)

N =

(1= |z|>) |1 — (2, {)|"+3/2+
= CY .[ sup |1 - (Z u)|2(n+1+a)+1|1 - (Z ()|n+2+a
D(zy) ’ !

dv(w)

< (11— |z|P)r >1/2 r%

|1 —(z, €)|Z(n+1+a)+3/2 = CY d(z, {)2(n+1+a)+1/2'

<c,

Hence,

1
T2

I;dv,(z) < C j
f(ZQ)C 3% a 14 (ZQ)Cd(ZJ ()2(n+1+a)+1/2

as shown above.

Similarly, we can estimate I, and omit the details. Therefore, combining above estimates we
conclude that

dv,(z) < C,
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j A, (VPya)dv, < C,
(2Q)°

where C depends only on y, n, and a.
Proof of (a) = (d) for p > 1. Set H = L*(By,, Xp(0y)dV-n-1,cv With dv_,_;(w) =

dv(w)

Aiwiyn Consider the operator

T(f)(zw) = (Vf)(.W), f € H(By).

Note that ¢Z(D(0, y)) = D(z,y) and the measure dv_,_; is invariant under any

automorphism of B,, we have
1
2

1T @)l = fB | (7F) (5 (W) 220,y (W) Vg (W)

| =

2

= | VW) Xp(zyy Wdv_pna(W) | =4, (Vf)(2).
Bn

On the other hand,
- 1
A,(VF)(@ <6, =1z (D) |?IIflls < Clifls-
Then, we conclude that T is bounded from B into B(B,,, H) . Thus, applying

Lemma (2.1.9) to this fact with the case of p = 1 proved above yields that T is bounded
from AP into AL (B,,, H) for any 1 < p < oo, that is,

14y (Y )llpa < Cllf llp.a Vf € Ag,

where C depends only on y, n, p, and a. The proof is complete.

Proposition(2.1.15)[24]. For any 1<q<o and a>—1, we have (Ay%) =B
isometrically. More precisely,

(1) Every g € B defines a continuous linear functional ¢4 on Jli’q by
$() = lim | f(r2)g(@dve(2) Vf € A" (9)
By,

(i1) Conversely, each ¢ € (ﬂ(lz’q)* is given as (9) by some g € B.

Moreover, we have
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pall = 19(O1 + ligllg, Vg € B. (10)

Proof. Let p be the conjugate index of q, i.e., 1/p + 1/q = 1. We first show B c (cﬂé’q)*
Let g € B. For any (1, q),-atom a, by Lemma (2.1.7) we have

[ P a@9@dve(@)] = 1(Pu(a)), 9)el = | f aGdve| = | j a (9 - gg)dval
B, Bp Bn

1/q 1/p 1 1/p
< a|ldv f — gol|Pdv, S( f — golPdv, >
(L' ra, | (Q|g soPive) = (5 19~ goldve

< Cliglls-
On the other hand, for the constant function 1 we have P,1 = 1 and so

|| P1(@g@dv, ()| =1 g@dv.(2)|=|g(0).
B, Bn

Thus, we deduce that

|| f9dval < ClIfll 42a(1g(0)] + llglls)
Bn

for any finite linear combination f of (1, q),-atoms. Hence, g defines a continuous linear

functional ¢, on a dense subspace of a‘l;’q and ¢, extends to a continuous linear functional
on c/l;’q such that
19g(H = C(g O]+ llglilIf Il 4za
forall f € c/l;’q.
Next let ¢p be a bounded linear functional on c/ltlz'q. Note that

H(B,, dv,) = H(B,) N LI(B,,dv,) c AL

Then, ¢ is a bounded linear functional on H 9(B,, dv,) . By duality there exists g €
HP(B,, dv,) such that

() = j £ Gdve Vf € H(B,, dvy).

Let Q = Q,-({) be a Carleson tube. For any f € L(B,,, dv,) supported in Q, it is easy to
check that

ar = (f = fo)xo/[Ifllava(@)V/7]
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is a(1, g)-atom. Then, |¢(Paaf)| < ||¢|| and so

10(P[(f = fo)xo DI < Il fllLave (@7,

Hence, for any f € L9(B,,, dv,) we have
| ff (9= 9o)dvel = | j (f - fo) Gdvel = | j (f = fo) xoFdvel
Q Q Bn
- | jB P, [(f = fo)xelGdvel = 16(B[(f = fo)xa))l

< IN(f = fo)xollLaw, ary) Ve (@YP < 201N f Il L9¢0,dvy) Ve (@MP.
This concludes that

1 1/p
(@ J,1o- sl <20l

By Lemma (2.1.7) we have that g € B and ||g||z < C||¢||- Therefore, ¢ is given as (9) by
g with [g(O)] + llgll < Cligll.

We prove Theorem (2.1.14).

Remark (2.1.16)[24]. From the proofs of that (b) = (a) and that (a) = (d) for p > 1 we
find that Theorem (2.1.2) still holds true for the Bloch space of the endpoint case when p =

0. That is, for any f € H'(B,), f € B if and only if one (or equivalent, all) of A, (Rf),
A, (Vf) , and A, (Vf) is in L*(B,) . Moreover,

Iflls = 14, RONe@, = 14, VHlew,y = 14, (V)o@ (1)

where ({ = depends only on y and n.

We prove Theorem (2.1.2) for the case 0 < p < 1, through using atom decomposition for
Bergman spaces due to Coifman and Rochberg [32],[41],as follows.

Proposition (2.1.17)[24]. Suppose >0, a > —1, and b > nmax {1,1/p} + (a + 1)/p.
Then there exists a sequence {a,} in B, such that A}, consists exactly of functions of the
form

(L= laH@noor
=) ¢ Z€B,,
fO= 2, % a—@ay "

where {c, } belongs to the sequence space £P and the series converges in the norm topology
of AY. Moreover,

Pdv,(z) ~ inf pl
f@Pdu ) ~ in {Zlm }
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where the infimum runs over all the above decompositions.

Also, we need a characterization of Carleson type measures for Bergman spaces as
follows, which can be found in [16].
Proposition (2.1.18)[24]. Suppose n + 1 + a > 0 and p is a positive Borel measure on B,,.
Then, there exists a constant C > 0 such that

1(Q-(D) < Cr2®+it®) 'y €S, andr > 0,

if and only if for each s > 0 there exists a constant C > 0 such that

1,12)\S
j | (1 —1z[%) du(w) < C
B

. 1— (Z’W>|n+1+a+s

for all z € B,,.
We prove Theorem (2.1.2) in the case of 0 < p < 1.
Proof. Since the proof of (d) = (a) valid for 0 < p < 1, as noted in the first paragraph of

it suffices to prove that (a) = (d) , i.e., if f € AL then Ay(ﬁf)(z) €Al for0<p<1.
To this end, we write

(1 - |a[H @i

& = Gy
An immediate computation yields that
Ay(ﬁfk)(z)
1
B - , dv(w) )f
= < J, 1nenr
1
B - ., dv(w) )f
- < J, oA - AR G
1
_ -n-1-a arl?>=|(w,ax)?1 _ + dv(w) 2
= <jD(Z,y)b2 (1 — |a,|?)2@b—n-1-a)/p|lal"~|W.al”1 — (w, q,, |2 +D) i IWIZ)">

L= jwal?  dvw) >

(z,y) |1 - (W' ak)lz(b+1) (1 - |W|2)n

< (1~ |a[HPPota/ ( j
D
1
211 =(w,ai)]  dv(w) \?2
) |1 — (W, ak)lz(b+1) (1 — |W|2)n

1
2

dv(w)

< b(1 — |ay[H o1 ( |
D

_ 2\-n—1
< b(l _ |a |2)(pb—n—1—a)/p 4(1 |W| )
k 1— 2b
D(zy) | (w, ag)|
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N| -

Cyb(1 — |y |1/ e
e a1 [ dve)

D(zy)

_ Gyb(1 = |ay[Hr -
= 11—z aP

where the last two inequalities are achieved by using Lemmas (2.1.10) and (2.1.12) and the
fact v(D(z,7)) ~ (1 — |z|?)™*. Note that v,(Q,) ~ r2(+1+a)
[41]), by Proposition (2.1.18) we have

(1 — Jag )PPt
B, |1—{(zax)|pb
Hence, for 0 < p < 1 we have for f = }\;7_; ¢ fie With X | ¢ |P < oo,

j |4, (Vfi)(@)|Pdv, < CUB dvg(z) < Cp g
Bn

Ln' A {PF)DP e < Ln' kz i Ay (Vfic) @I dve (2)

< Z|ck|p jB 14,(PR)@ P ave

k
[0 ]
< Cp,a z | Cklp-
k=1

This concludes that

j 14,(Vf)(@)|Pdvy < Cpg inf{z | Cklp} < Ga | 1 f(@)Pdug(2)
Bn k=1 Bn

The proof is complete.
Remark (2.1.19)[24]. We note that Theorem (2.1.2) is valid for so-called g-square area
functions. For simplicity, we only consider the case of radical derivatives: For 1 < q < oo,

define
1

d
AP (Rf)(2) = <j | (1 = [w[HRf (W) o) )q

) (1 — [w[?)n+t

It is easy to check that the proofs of both the case 0 < p < 1 above and that (a) = (d) in

the case 1 < p < oo can apply to Ag,q) Thus, we have that

1 llpe = If O]+ AP RO pe Yf € AL, (12)
for0<p<o,a>-1and 1< q < oo, where “ = “ depends only on y, a, p, n, and q.
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Section (2.2): Several Complex Variables

We study Cauchy-type integrals in several complex variables and to announce new results
concetning these operators. While this is a broad field with a very wide literature, our
exposition will be focused more narrowly on achieving the following goal: the construction
of such operators and the establishment of their LP mapping properties under “minimal”
conditions of smoothness of the boundary of the domain D in question.

The operators we study are of three interrelated kinds: Cauchy-Fantappi¢ integrals with
holomorphic kernels, Cauchy-Szeg6 projections and Bergman projections. In the case of
one complex variable, what happens is by now well-understood. Here the minimal
smoothness that can be achieved is “near” C! (e.g., the case of a Lipschitz domain). However
when the complex dimension is greater than 1 the nature of the Cauchy-Fantappi¢ kernels
brings in considerations of pseudo-convexity (in fact strong pseudo-convexity) and these in
turn imply that the limit of smoothness should be “near” C2. We establish LP-regularity for
one or more of these operators in the following contexts:

When D is strongly pseudo-convex and of class C?;

When D is strongly C-linearly convex and of class C11

with p in the range 1 < p < oo. for the precise statements.

we briefly review the situation of one complex variable. We devoted to a few generalities
about Cauchy-type integrals when n, the complex dimension of the ambient space, is greater
than. The Cauchy-Fantappié forms are taken up and the corresponding CauchyFantappié
integral operators are set out. Here we adapt the standard treatment in [34], We show that
these methods apply when the so-called generating form is merely of class C! or even
Lipschitz, as is needed in what follows. The Cauchy-Fantappié integrals constructed up to
that point may however lack the basic requirement of producing holomorphic functions,
whatever the given data is. The kernel of the operator may fail to be holomorphic in the free
variable z € D. To achieve the desired holomorphicity requires that the domain D be pseudo-
convex, and two specific forms of this property, strong pseudo-convexity and strong C -
linear convexity are discussed.

There are several approaches to obtain the required holomorphicity when the domain is
sufficiently smooth and strongly pseudo-convex. The initial methods are due to Henkin [59],
[60] and Ramirez [75]; a later approach is in Kerzman-Stein [63], which is the one we adopt
here. It requires to start with a “locally”” holomorphic kernel, and then to add a correction

term obtained by solving a E-problem. These matters are discussed. Note that in the case of

strongly C-linearly convex domains, the Cauchy-Leray integral given here requires no
correction. So among all the integrals of Cauchy-Fantappié type associated to such domains,
the Cauchy-Leray integral is the unique and natural operator that most closely resembles the
classical Cauchy integral from one complex variable.

The main LP estimates for the Cauchy-Leray integral and the Szegd and Bergman
projections (for C? boundaries). We limit ourselves to highlighting the main points of
interest in the proofs. For the last two operators, the LP results are consequences of estimates
that hold for the corrected Cauchy-Fantappi¢ kernels, denoted C, and B, , that involve also
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their respective adjoints. Highlights a further result concerning the Cauchy-Leray integral,
also to appear in a separate: the corresponding LP theorem under the weaker assumption that
the boundary is merely of class C1,

Among matters not covered here are LP results for the Szegé and Bergman projection and
for the Cauchy-Leray integral for other special domains (in particular, with more regularity).
For these, see e.g. [44]-[46], [48]-[50], [54], [55], [571, [65], [71], [72], [74], [79]. It is to
be noted that several among these works depend in the main on good estimates or explicit
formulas for the Szegd or Bergman kernels. we have to proceed via the Cauchy-Fantappié
framework.

Euclidean volume measure for C* = R2™(n = 1) will be denoted dV. The notation bD will
indicate the boundary of a domain D c C"*(n = 1) and, for D sufficiently smooth, do will
denote arc-length (n = 1) or Euclidean surface measure (n = 2) .

In the case of one complex dimension the problem of LP estimates has a long and
illustrious history. Let us review it briefly. (see [52], [58], [66], which contain further
citations.)

Suppose D is a bounded domain in C whose boundary bD is a rectifiable curve. Then the
Cauchy integral is given by

CHE@=| fW)ICWw,z),forzeD
bD
where C (w, z) is the Cauchy kernel
1 dw
C (W, Z) = —
2w — Z
When D is the unit disc, then a classical theorem of M. Riesz says that the mapping
C(f)|pp » defined initially for f that are (say) smooth, is extendable to abounded operator
on LP(bD) , for 1 < p < oo. Very much the same result holds when the boundary of D is of
class C1*¢ | with € > 0, (proved either by approximating to the result when D is the unit
disc, or adapting one of the several methods of proof used in the classical case). However
in the limiting case when € = 0, these ideas break down and new methods are needed. The
theorems proved by Calderén, Coifman, McIntosh, Meyers and David (between
1977-1984) showed that the corresponding L? result held in the following list of increasing
generality: the boundary is of class C1; it is Lipschitz (the first derivatives are merely
bounded and not necessarily continuous); it is an “Ahlfors-regular” curve.
We pass next to the Cauchy-Szegd projection S, the corresponding orthogonal projection
with respect to the Hilbert space structure of L?(bD) . In fact when D is the unit disc, the
two operators C and S are identical. We restrict our attention to the case when D is simply
connected and when its boundary is Lipschitz. Here a key tool is the conformal map : D —

D, where D is the unit disc. We consider the induced correspondence T given by
1

T(f)(eie) = (¢’(ei9))5f(¢(ei9)) , and the fact that S = t71S,7, where S, is the

Cauchy-Szego projection for the disc D. Using ideas of Calderén, Kenig, Pommerenke and
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others, one can show that |@’|" belongs to the Muckenhaupt class A,, with r =1 —p/2,

from which one gets the following. As a consequence, if we suppose that bD has a Lipschitz
bound M, then S is bounded on LP, whenever
-1 < p < o0, if bD is in fact of class C1.
- py < p < py. Here py, depends on M, but p,, > 4, and py, is the exponent dual to py,.
There is an alternative approach to the second result that relates the Cauchy-Szego
projection S to the Cauchy integral C. It is based on the following identity, used in [21]

S(I —A) =C,where A =C"-C. (13)
There are somewhat analogous results for the Bergman projection in the case of one complex
dimension. We shall not discuss this further, We shall see that a very different situation
occurs when trying to extend to higher dimensions. Here are some new issues that arise
when n > 1. There is no “universal” holomorphic Cauchy kernel associated to a domain D.
(1) Pseudo-convexity of D, must, in one form or another, play a role.
(11) Since this condition involves (implicitly) two derivatives, the best” results are to be
expected “near” C?2, (as opposed to near C! whenn = 1).
In view of the non-uniqueness of the Cauchy integral(and its problematic existence), it might
be worthwhile to set down the minimum conditions that would be required of candidates for
the Cauchy integral. We would want such an operator C given in the form

CH@=| fw)w,z),z€D,

bD

to satisfy the following conditions:

(a) The kernel C(w, z) should be given by a “natural” or explicit formula (at least up to first
approximation) that involves D.

(b) The mapping f + C(f) should reproduce holomorphic functions. In particular if f is

continuous in D and holomorphic in D then C(f)(z) = f(2) , for z € D.

(¢) C(f)(2) should be holomorphic in z € D, for any given f that is continuous on bD.
Now there is a formalism (the Cauchy-Fantappié formalism of Fantappié (1943), Leray, and
Koppleman (1967)), which provides Cauchy integrals satisfying the requirements (a) and
(b) in a general setting. Condition (c) however, is more problematic, even when the domain
is smooth. Constructing such Cauchy integrals has been carried out only in particular
situations.

The Cauchy-Fantappié formalism that realizes the kernel C (w, z) revolves around the
notion of generating form: these are a class of differential forms of type (1, 0) in the variable
of integration whose coefficients may depend on two sets of variables (w and ) , and we
will accordingly write

n
nw,z) = Z n; (w,z)dw; with (w,z) € U XV
j=1
to designate such a form. The precise definition is given below, where the notation
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(U(W» Z)' f) = 277] (W, Z)fj
j=1

is used to indicate the action of n on the vector § € C".
Definition (2.2.1)[42]. The form n (w, z) is generating at z relative to V if there is an open
set
U, € C"\{z}
such that
bV c U, (14)
and, furthermore

n
nlw,z),w—2) = an (w,z)(wj —Zj)=1foranyw e U, (15)
j=1
We say that 7 is a generating form for V (alternatively, that V supports a generating form 1)
if for any z € V we have that 1 is generating at z relative to V.
Example (2.2.2)[42]. Set

pw,z) = |w —z|?
We define the Bochner-Martinelli generating formto be

Oy « W, 5.
1) =22 w2) = Y (16)
=1

It is clear that 7 satisfies conditions (14) and (15) for any domain V and for any z € V, with
U, :=C"\{z}.
The Bochner-Martinelli generating form has several remarkable features. First, it is
“universal” in the sense that it is given by a formula (16) that does not depend on the choice
of domain V; secondly, in complex dimension n = 1 it agrees (up to a scalar multiple) with
the classical Cauchy kernel

1 dw

2w — Z
and in particular its coefficient (w — z)™! is holomorphic as a function of z € V for any
fixed w € bV. On the other hand, it is clear from (16) that for n > 2 the coefficients of this
form are nowhere holomorphic: this failure at holomorphicity is an instance of a crucial,
dimension-induced phenomenon which was alluded to in conditions ii. and (c) and will be
further discussed in Example (2.2.3).

Suppose now that for each fixed zn(w,z) is a form oftype (1, 0) in w with
coefficients of class C! in each variable. (We are not assuming that 7) is a generating form).
Set

,w € U,: = C\{z}

20(n)(w, ) = nA @) W,2) (17)

Q2mi)»
_ -1 — —
where (awn)" stands for the wedge product: d,,n A -+ A d,,17 performed (n — 1)-times.

We call 2,(n) the Cauchy-Fantappie form for . Note that 2,(n) (w, z) is of type (n,n — 1)
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in the variable w € U while in the variable z € V it is just a function.
Example (2.2.3)[42]. The Cauchy-Fantappié form for the Bochner-Martinelli generating
form or, for short, Bochner-Martinelli CF form 1s

0, ( Z'B) (w,z) = (anrw_ 1)'2)n Z(W z) dw; A /\ dw, Adw,

Vi]

Now the Bochner-Martinelli integral is the operator

Camf(2) = fW)Cpu(W,2),z€D,f € C(bD)

webD
where the kernel Cgy, (w, z) is the Bochner-Martinelli CI" form restricted to the boundary;
more precisely

o (OwPB
Copy(W,z) =j" Q| ——)(w,z) ,webD,z€ D

B

where j* denotes the pullback of forms under the inclusion
j:bD & C"

It is clear that such operator is “natural” in the sense discussed in condition (a) in and we
will see that this operator also satisfies condition (b), see Proposition (2.2.9). On the other
hand, the kernel Cgy (W, z) is nowhere holomorphic in z: as a result, when n > 1 the
Bochner-Martinelli integral does not satisfy condition (c).

We will now review the properties of Cauchy-Fantappie forms that are most relevant to us.
Property (2.2.4)[42]. For any function g € C1(U) we have

Do(gwWIn(w,2)) = g" W) (M (W, 2) for any w € U.
Proof. The proof is a computation: by the definition (17), we have
20(gm = gn A (5(977))11_1
On the other hand, computing Co~(gn))"™ ! produces two kinds of terms:
(a.) Terms that contain dg A : but these do not contribute to 2,(gn) because gn A dg A
n = 0 (which follows from n An = 0 since n has degree 1);
(b.) The term g"‘lgn, which gives the desired conclusion.

Suppose, further, that n (w,z) is generating at z relative to V. Then the following two
properties also hold.
Property (2.2.5)[42]. We have that

(Ewn)n(w, z) =0 foranyw € U,. (18)
Note that if the coefficients of 7 (., z) are in C?(U,) , then as a consequence of the fact that
900 = 0, we have that (Ewn)n(w, z) =d,2y(n)(w,z) and (18) can be formulated
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equivalently as
d,2,(m)(w,z) =0,w € U,.
Proof. We prove (18) in the case: n = 2 and leave the proof for general n as an exercise for
the reader. Thus, writing
n =ndw; +ndw;
we obtain

—_ 2 —_ —_
(awn) = —20,M N OyNn, Adwy Adw, (19)

Now
n(w,z)(wy —zy) +n,(w,z2)(w, —2z,) =1 foranyw € U,

because 7 is generating at z, and applying 5W to each side of this identity we obtain

Wy = 2,011 (W, 2) + (W — 2,)9,m2 (W, 2) = 0 for anyw €U, (20)

Recall that U, c C?\{z}, see Definition (2.2.1), and so
U,NnU =U}uU?
where
Ul={w=Ww,w)elU,nU,wl # z} (21)
U2 ={w=(w,w,) EU,NU,w, # z,} (22)
But for any two sets A and B one has A U B = (A\B) U (B\A) U (4 N B) where U denotes
disjoint union. Now, if w € U}\U2 then (20) reads

(Wl_zl)awnl (w,z) =0,w; # z;
but this implies
3,11 (w,2z) = 0 for any w € UN\UZ.
One similarly obtains
a1, (W, z) =0 for any w € U2\UD).

We are left to consider the case when w € U}l N UZ; note that since
(w; —z)(wy, —2,) #0 foranyw € Ul n U2

— .2
showing that (9,,n) (w,z) = 0 for any w € U} N UZ is now equivalent to showing that

— 2
(wy — z1) (W, — 2,)(01) (W,2) =0 for any w € U} N U2
To this end, combining (19) with (20) we find

(Wiez ) (Wars, ) (@) (w,2)

= 2(w; — 2,)20,, 1 (W, 2) A 8,y (W, 2) A dw;y A dw,

and indeed
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5W771 /\Ewnl =0

because 5W771 is a form of degree 1.

Let n (w, z) be a form of type (1, 0) in the variable w (not necessarily generating for V)
and with coefficients in C1(U X V) ; set
(n—1)

MW, 2) = s (1A @) AT WD) (23)

Note that 2, (n)(w, z) is of type (n, n — 2) in the variable w and of type (0,1) in the variable
z. We call 2, (n) the Cauchy-Fantappie’ form of order 1 for n, and the previous one, 2,(n) ,
will now be called Cauchy-Fantappie ’ form of order .

In the previous properties z was fixed; here it is allowed to vary.

Property (2.2.6)[42]. We have (again for n generating at z)

2i)"3. () ——(@.m" 'AD 3.0 CAD.D.n (24
(T”) z O(n)(W;Z) (wﬂ) A z77+77/\( WTI) A zO0w!, ( )

For any w € U, N U, where U, is as in (15). Note that if the coefficients are in fact of class
C? in each variable, then (24) has the equivalentformulation

3:020(M (W, 2) = —d, 024 (M (W, 2) (25)

Proof. As before, we specialize to the case: n = 2 and leave the proof of the general case as
an exercise for the reader. For n = 2 identity (24) reads

52 (7’ A 5W77) = _Ewn A 5277 +nA EZEWT’ (26)

By the Leibniz rule we have

52(77 A 5w77) = 527’ A 5w77 +nA 5z5w71
and so it is clear that (26) will follow if we can show that
5Wn /\5271 =0, foranyw € U,

for any generating form 1 with coefficients of class C!. Proceeding as in the proof of Basic
Property (2.2.5), we decompose
U,nU=UlvU?
where U} and UZ are as in (21) and (22), respectively. Again, we have
niw,z)(wy —z) +n,(w,z2)(w, —z,) = 1 foranyw € U,

because 7 is generating, and applying 5W to each side of this identity we find

Cav_vnl) . (W1 — Zl) + (5W772) . (WZ - Zz) ,lfW € Uzl N UZZ
0=<(dyn1) (Wl—2z),ifw e UNUZ (27)
(Ownz) - (Wa-z,) ,if w € UA\U}
Similarly, applying d,, we have
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(52771) . (Wl—Zl) + (52772) . (WZ—ZZ) ,lfW € Uzl N UZZ
0=1(0,m).(wi_y,), ifw € UNUZ (28)
(52772) .(wy, — z,),ifw € U2\U}
Now

5W77 A 527] = (Ewnl A 527’2 - 5wn2 A 52771) A dWl A dWZ (29)
Note that if w € U\UZ then 1 # Z; , and so showing that
d,nAd,m =0 forw e UNU2

is equivalent to showing that

(5w77 A 5277) -(Wl—zl) =0
that is (using (29))
(5w771 (wy —z) A 5zTIz - 5w772 A 5zTh (wy — 21)) Adwy Adw, =0

but this is indeed true by the generating form hypothesis on 7 as expressed in (27) and (28).
This shows that the desired conclusion is true when w € UX\UZ; the case: w € UZ\U} is
dealt with in a similar fashion. Finally, if w € U} N U2, then (w; — z;)(w, — z,) # 0 and

(5w77 A 5277) . (W1—z1)(W2 - ZZ)
= ((5w771) (w; —2z) A (527’2) (wy —2zp) + _(5w772) (w—2z)

A (527’1) (wy —z1)) Adwy Adw,

but the two terms in the righthand side of this identity cancel out on account of (27) and
(28). We highlight the theory of reproducing formulas for holomorphic functions by means
of integral operators that arise from the Cauchy-Fantappi¢ formalism. We show that the
usual reproducing properties of such operators extend to the situation where the data and the
generating form have lower regularity. We begin with a rather specific example: the
reproducing formula for the Bochner-Martinelli integral, see Proposition(2.2.9). The proof
of this result is a consequence of a recasting of the classical mean value property for
harmonic functions in terms of an identity (30) that links the Bochner-artinelli CI" form on
a sphere with the sphere’s Euclidean surface measure.

Because the Bochner-Martinelli integral of a continuous function is, in general, not
holomorphic in z, in fact we need a more general version of Proposition (2.2.9) that applies
to integral operators whose kernel is allowed to be any Cauchy-Fantappié form: this is done
in Proposition (2.2.10). While the operators defined so far are given by surface integrals
over the boundary of the ambient domain, following an idea of Ligocka [68] another family
of integral operators can be defined (essentially by ifferentiating the kernels of the operators
in the statement of Proposition (2.2.10)) which are realized as solid” integrals over the
ambient domain, and we show in Proposition (2.2.11) that such operators, too, have the
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reproducing property.

Lemma (2.2.7)[42]. Let z € C" be given and consider a ball centered at such z, B.(z) =
fweC", |w—-1z| <r}L

Then, at the center z andfor any w € bB,(z) we have that the Bochner-Martinelli C¥ form
for the ball B,.(z) has the following representation

do(w)
o (b B, (z))
where do(w) is the element of Euclidean surface measure for bB.(z) , and

Zn.n.an—l

O'(bIBT (Z)) = m

Cey(w, z) = (30)

denotes suiface measure of the sphere bB,.(z) .
Proof. We claim that the desired conclusion is a consequence of the following identity

(n—1)!
"QO(aW:B)(WJ Z) = 2 * aW,B(Wr Z) (31)

where, as usual, we have set f (w,z) = |w — z|?, and * denotes the Hodge-star operator
mapping forms of type (p,q) to forms of type (n —q,n —p) . Let us first prove (30)
assuming the truth of (31). To this end, we first note that from (31) and Basic Property (2.2.4)
we have

—1)!
0 (5F) 00 = T s aupw D w e
But d,,f (w,z) = dp(w) , w € C" with (w) := B(w,z) — 12, a defining function for
B, (z) . Now recall that Cgy, (W, z) = j*0,(8,,8/F) where j is the inclusion: bB,.(z) - C",
see Example (2.2.3), so that j*B™ = r?™. Combining these facts we conclude that, for p as
above
—1)!
Cem(w, z) = (Zr;nrzzl

and since ||dp(w)|| = 2r whenever w € bB,.(z) , we obtain

(n— D! 2j"(x dp)
CBM(WI Z) = Znnrzn_l ||dp” (W) W € b]BT'(Z) )

J*(x0p)(w) ,w € bB,(2)

but

_ 2j7(xdp)

do(w) = o] (w),w € bB,(2) (32)

see [76], and this gives (30).
We are left to prove (31): to this end, we assume n = 2 and leave the case of arbitrary
complex dimension as an exercise to for the reader. Since

1 _ . .
* dwj = ﬁdwj A del A der ,where j' = {1,2\{j}

and
owpB = (W1—El)dW1 + (Wz—z‘z)dwz
then
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* 0,0 = ﬁ(Wl —z)dw; Adw, Adwy, + (W, —Z,)dw, Adwy Adwy
On the other hand
9,,0,,8 = dw, Adw, + dw, A dw,
and so

1 —
2 (aw.B) = (27T—l)zaw'8 A 0,0y

1 W YY) b— —
= (27-”)2 ((W1_21)dW1 A dWZ A dWZ + (WZ—EZ)dWZ N dW1 N dWl)
1
= g2 b

This shows (31) and concludes the proof of the lemma.
(We remark in passing that identity (30), while valid for the Bochner-Martinelli generating
form, is not true for general 7.)
Definition (2.2.8)[42]. Given an integer 1 < k < oo and a bounded domain D < C", we say
that D is of class C* (alternatively, D is C* —smooth) if there is an open neighborhood U of
the boundary of D, and a real-valued function p € C*(U) such that

UnD={weU|p(w) <0}
and

Vo(w) # 0 for anyw € U.
Any such function is called a defining function for D.
From this definition it follows that

bD = {w € Ulp(w) = 0} and U\D = {w € U|p(w) > 0O}
Proposition (2.2.9)[42]. For any bounded domain V c C" with boundary of class C! and
for any € 9(V) N C(V) , we have

f(z) =Cgyf(2),z€eV.
Proof. Given z € V, let r > 0 be such that

B,.(z) c V.

Note that the mean value property for harmonic functions:

f(z) = f (w)da(w) , f € Harm(B,.(z)) N C (]B%r(z))

_ j
U(bBr (Z)) bB(2)

and identity (30) give

f@=f £ (W)W, 2) 33)
wEbB,(2)

To prove the conclusion, we apply Stokes’ theorem on the set
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Vi (2): = V\B,(2)

and we obtain

OwpB
f dy | fW) (T (w, Z)) = f f w)Cgy(w,z)
WEV,-(2) WEDV,(2)

But by Basic Property (2.2.5), and since f is holomorphic, we have

owpB = ow B
dy | f(W)2, (T (w, Z)) = f(w)o, 0, (T (w, Z)) =0

and so the previous identity becomes

£ (W) (W, 2) = j £ (W) Coa(w, 2)

wEebV WEDbB,(2)

but the lefthand side is Cgy f(2) , while (33) says that the righthand side equals f(z) .

Proposition (2.2.10)[42]. Let D c C" be a bounded domain of class C! and let z € D be
given. Suppose that 1 (., z) is a generatingform at z relative to D. Suppose, furthermore, that
the coefficients of 1 (., z) are in C1(U,) , where U, is as in Definition (2.2.1). Then, we have

fz) = f W)j* Qe (w, 2) for any f €9(D)NC(D).  (34)

WEDbD

Proof. Consider a smooth open neighborhood of bD, which we denote U, (bD) , such that
U,(bD) c U, (35)
where U, is as in (14) and (2). Now fix two neighborhoods U’ and U"’ ofthe boundary of D
such that
U'"eU cU,bD)
and let y, (w, z) be a smooth cutoff function such that

1 ifweU"”

wD =y it e T (36)

Define
owpB
77°(W; Z) = XO(W, Z)T’(W' Z) + (1 - XO(W; Z)) ,8 (W; Z)

and

D°=DnU,(bD).
Then n° is generating at z relative to D° (and the open set U, of Definition (2.2.1) is the
same for 1 and for °); furthermore, it follows from (35) that

D° c U,.

Now let {n,},en be a sequence of (1, 0)-forms with coefficients in C? (D_) with the property
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that

lne — Tlo(';Z)”Cl(ﬁ) - 0as¥ — .
Suppose first that € J (U (5)) . Then by type considerations (and since f is holomorphic in

a neighborhood of D) for any w € D° and for any P we have
dy (f W) (W, 2)) = 0, (f W) (W, 2))

—_ — n
= f(W)d, 2 (mz) (W, 2) = fW)(dwn;) (W, 2)
Thus, applying Stokes’ theorem on D° we find

[ rwn@am) ma+ | e
wWED® w

€bD

f w)j 2 (np)(w, z)

fWEDﬂb(UZ(bD))

Letting P — oo in the identity above we obtain

£ ) (@un°) (w,2) + j £ (W) o1 (W, 2)

WED"® WEDbD

f W)j*2o(n°)(w, 2)

'[WEDﬂb(UZ(bD))

Since 1° is generating at z, by Basic Property (2.2.5) this expression is reduced to

F Q) 0w 2) = | F )" 0o(w,2)  (37)
webD weDNb(U,(bD))
But
n(w,z), for w in an open neighborhood of bD
° =10
n(w,z) %ﬁ (w,z), forw inan open neighborhood of b(U,(bD))
as a result, (37) reads
F Oy 22 = | £ W)Cana (W, 2)
WEbD weDNb(U,(bD))

On the other hand, D Nb(U,(bD)) =bV for a(smooth) open set V < D, and using
Proposition (2.2.9) we conclude that (34) holds in the case when € (U (5)) . To prove the

conclusion in the general case: € 9(D) N C (5) , we write D = {p(w) < 0}, so that p(z) <

0 (since z € D) and furthermore
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ZE€EDp:={wplw) < —%} foranyk > k(z). (38)

But D, € D andso €9 (U(Ek)) ; moreover

bD, c U, for k = k(z) sufficiently large.
Thus, (34) grants

f F Wi w.2) = £@ for any k= k(2
WEDbDy

where j, denotes the pullback under the inclusion jj : bD, < C™.

The conclusion now follows by letting k — oo.

We remark that in the case when 7 is the Bochner-Martinelli generating form := 9d,,5/p,
Proposition (2.2.10) is simply a restatement of Proposition (2.2.9). However, since the
coefficients of the Bochner-Martinelli CI" form are nowhere holomorphic in the variable z,
Proposition (2.2.9) is of limited use in the investigation of the Cauchy-Szegd and Bergman
projections, and Proposition (2.2.10) will afford the use of more specialized choices of 7.
The following reproducing formula is inspired by an idea of Ligocka [68].

Proposition (2.2.11)[42]. With same hypotheses as in Proposition (2.2.10), we have

f2) =

G ). f @A) W), f €600 1)

for any (1, 0)-form 7(., z) with coefficients in C*(D) such that

J* 2o 2) = j 2o (M), 2) (39)
where j* denotes the pullback under the inclusion j : bD < C™.

Note that if one further assumes that the coefficients of 77 (., z) are in C*(D) N C 1(5) then,

as a consequence of the fact that 000 = 0, we have

1 — _\n =

Proof. Fix z € D arbitrarily and let {ﬁf}{’EN c CZ, (5) be such that
”ﬁg - ﬁ("z)”Cl(ﬁ) - 0asf - oo. (40)
Suppose first that € 9 (U (5)) . Applying Stokes’ theorem to the (n,n — 1)-form with

coefficients in C1 (5)

f ’ Qo(ﬁ{’)
we find
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[ r@dBasaamn = [ 0o for any ¢
WED w

€bD

On the other hand, since the coefficients of 77 are in C%(D) , we have

— 1 —\n
6.(20(5{,) = 2" (aﬁp) for any ¢

and so the previous identity can be written as

£ w)(378)" w) = f £ (W)j* Qo Gip)w) for any 2.

(27Ti)n WED WEDbD

Letting £ — oo in the identity above and using (40) we obtain

Fw@) w2 =  fFW)i 2w,z

(Zﬂi)n WED WEDbD

Combining the latter with the hypothesis (39) we obtain

F w)(3,7)" (w,2) = j FO)* Qo) w, 2) = £(2)

(Zﬂi)n WED WEbD

where the last identity is due to Proposition (2.2.10).
If f € 9(D) N L}(D) then € I (U(Bk)) , Wwhere Dy, is as in (38); moreover, bD,, c U, for

any k = k(z) , so by the previous case we have

f(z) = f W)(3,7) (w,2) for any k = k(z).

WEDy

The conclusion now follows by observing that

£ W) (@,7)" (W, 2) - j

w

— n
f w)(9n) w,2)

WEDy €D
as k — oo, by the Lebesgue dominated convergence theorem.
Note that the extension 7 (w, z) : = yo(w, z)n(w, z) , with y, as in (36), satisfies a stronger
condition than (39), namely the identity

n(C,z) =n(,z) foranyw € U,(bD). (41)
On the other hand, it will become clear in the sequel that this simple-minded extension is
not an adequate tool for the investigation of the Bergman projection, and more ad-hoc
constructions are presented. In order to obtain operators that satisfy the crucial condition (c)
one would need generating forms whose coefticients are holomorphic. However, in contrast
with the situation for the planar case (where the Cauchy ketnel plays the role of a universal
generating form with holomorphic coefficient) in higher dimension there is a large class of
domains IV c C™ that cannot support generating forms with holomorphic coefficients. This
dichotomy is related to the notion of domain of holomorphy, that is, the property that for
any boundary point w € bV there is a holomorphic function f,, € 9(D) that cannot be
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continued holomorphically in a neighborhood of w. It is clear that every planar domain V C
C is a domain of holomorphy, because in this case one may take f,,(z) : = (w — z) " where
w € bV has been fixed. On the other hand the following
V={zeC’1/2<|z| <1}

is a simple example of a smooth domain in C? that is not a domain of holomorphy; other
classical examples are discussed e.g., in [76]. A necessary condition for the existence of a
generating form n whose coefficients are holomorphic in the sense described above is then
that I/ be a domain of holomorphy. To prove the necessity of such condition, it suffices to
observe that as a consequence of (15) and (14) one has

n
n; (W,Z)(Wj—Zj) =1foranyw€ebV,zeV. (42)
=1

J

It is now clear that for each fixed w € bV, at least one of the 17; (w, z)’s blows up as z > w

(and it is well known that this is strong enough to ensure that IV be a domain of holomorphy).
In its current stage of development, the Cauchy-Fantappié framework is most effective in
the analysis of two particular categories of pseudo-convex domains: these are the strongly
pseudo-convex domains and the related category of strongly C-linearly convex domains.
Definition (2.2.12)[42]. We say that a domain D < C" is strongly pseudo-convex if D is of
class C? and if any defining function p for D satisfies the following inequality
- 9%p(w) | -
L,(p)(): = 2 ——=;%, > 0 for anyw € bD,{ € T5(bD) (43)
jk=1 G0
where TS denotes the complex tangent space to bD at w, namely
T (bD) = {§ € C*[{dp(w), §) = 0},
see [76].
If D is of class C* with k > 1, and if p; and p, are two distinct defining functions for D, it
can be shown that there is a positive function h of class C*~1 in a neighborhood U of the
boundary of D, such that
pr(w) = h(w)p,(w),w € U,
and
Vp,(w) = h(Ww)Vp,(w) foranyw € U NbD, (44)

see [76]. As a consequence of (44), if condition (43) is satisfied by one defining function
then it will be satisfied by every defining function. The hermitian form L, (p) defined by
(43) is called the Levi form, or complex Hessian, of p at w. We remark that in fact there is a
“special” defining function p for D that is strictly plurisubharmonic on a neighborhood U

of D, that is

L,(p)(&) >0 foranyw € U and any & € C™"\{0}, (45)
see [76], and we will assume that p satisfies this stronger condition.
We should point out that there is another notion of strong pseudo-convexity that includes
the domains of Definition (2.2.12) as a subclass (this notion does not require the gradient of
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p to be non-vanishing on bD); the domains of Definition (2.2.12) are sometimes referred to
as “strongly Levi-pseudo-convex see [76].

Definition (2.2.13)[42]. We say that D < C" is strongly C-linearly convex if D is of class
C?! and if any defining function for D satisfies this inequality:

{dp(w),w — z)| = C|w — z|? for any w € bD, z € D. (46)
We call those domains that satisfy the following, weaker condition
|(@p(W) ,w — z)| > 0 for any w € bD and any z € D\{w}  (47)

strictly C-linearly convex. This condition is related to certain separation properties of the
domain from its complement by (real or complex) hyperplanes, see [43], [62]: that this must
be so is a consequence of the assertion that, for w and z as in (46), the quantity [(dp(w) ,
w — z)| is comparable to the Euclidean distance of z to the complex tangent space T, (bD) ;
It is not difficult to check that

D:={z€C"Imz, > (|5 + +|z,_1|*)?}
is strictly, but not strongly, C-linearly convex.
Lemma (2.2.14)[42]: If D is strictly C-linearly convex then for any z € D there is an open
set U, € C™\{z} such that bD c U, and inequality (47) holds for any w in U,. Furthermore,
if D is strongly C-linearly convex then the improved inequality (46) will hold for any w €
U,.
Proof. Suppose that D is strictly C-linearly convex and fix z € D. By the continuity of the
function h({) :=|(0p({) , (—2z) | , if (47) holds at w € bD then there is an open
neighborhood U, (w) such that h({) > 0 for any { € U,(w) and so we have that h({) > 0
whenever

(el = U U, (w).

webD
It is clear that bD < U,; furthermore, since h(z) = 0 then U,(w) < C™\{z} for any w € bD
and so U, ¢ C™"\{z}.
If D is strongly C-linearly convex then the conclusion will follow by considering the
function h(¢) : = [(9p(¢) , ¢ — z)| — CI¢ — 2|
Lemma (2.2.15)[42]: Any strongly C-linearly convex domain of class C? is strongly
pseudoconvex.
The key point in the proof of this lemma is the observation that, as a consequence of (46),
the real tangential Hessian of any defining function for a domain as in Lemma (2.2.15) is
positive definite when restricted to the complex tangent space T,S(bD) (viewed as a vector
space over the real numbers). The converse of Lemma (2.2.15) is not true: we have the
following (smooth) domain

D:={z=(z,2,) € C*|llmz, > 2(Rez)?*—(Imz)?}

is strongly pseudo-convex but not strongly C-linearly convex.
We remark that while the designations “strongly” and “strictly” indicate distinct families of
C-linearly convex domains (and of convex domains), for pseudo-convex domains there is
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no such distinction, and in fact in the literature the terms “strictly pseudo-convex” and
“strongly pseudo-convex” are often interchanged: this is because the positivity condition
(45) implies the seemingly stronger inequality

L, (p,&) = co|é|? for anyw € U’ and for any é € C* (48)
Indeed, if (45) holds then the function y(w) : = min {L,,(p, &)||€] = 1} is positive, and by
bilinearity it follows that L,, (p, &) = y(w)|&|? for any & € C™; since p is of class C? (and
D is bounded) we may further take the minimum of y(w) over, say, w € U’ c U and thus
obtain (48), see [76]

A first step in the study of the Bergman and Cauchy-Szegd projections is the
construction of integral operators with kernels given by Cauchy-Fantappié¢ forms that are (at
least) locally holomorphic in z, that is for z in a neighborhood of each (fixed) w: it is at this
juncture that the notion of strong pseudo-convexity takes center stage. We show how to
construct such operators in the case when D is a bounded, strongly pseudo-convex domain,
and we then proceed to prove the reproducing property.
we fix a strictly plurisubharmonic defining function for D; that is, we fix

p:C" > R,p € C?(CM)
such that D = {p < 0}; Vp(w) # 0 for any w € bD and
L,(p,w —z) = 2¢cq|lw — z|?, W,z € C"
where L,, denotes the Levi form for p, see (43) and (48). Consider the Levi polynomial of p
atw:
1 9%0(w)
Aw,z):=(@0pw),w—2z)—=

2 £, 0308,

(wj = z)) (Wi = )

Lemma (2.2.16)[42]. Suppose D = {p(w) < 0} is bounded and strongly pseudo-convex.
Then, there is gy = gy(cy) > 0 such that
2Re A (w,z) = pw) —p(z) + c|lw — z|?

whenever w € D.0 = {w|p(w) < ¢y}, and z € Bz0(w).

Here ¢, is as in (49). We leave the proof of this lemma, along with the corollary below, as
an exercise for the reader. Now let y; (w, z) be a smooth cutoff function such that

1,iflw—2z|<¢g,/2
GO N

_ 4
0,if [w—2z| > ¢, (49)
where € is as in Lemma (2.2.16) and set

gw,z) = y;(w,z2) A (w,z) + (1 — x1(w, z))|w —z|,,w,z€ C* (50)
Lemma (2.2.17)[42]. Sup-pose D = {p(w) < 0} is strongly pseudo-convex and of class C2.
Then, there is 8, = 8,(E,, Co) > 0 such that

p(w) —p(2) +clw —z|%,if [w — z| < &,/2
2Re g(w,2) = {p(w) + 268,,if5,/2 < |w — z| < &,

g iflw —z| > &,
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whenever
w € D, = (wlpw) < co} (51)
and

z€Dy5 = (w|p(w) < 268,}.

Proof. It suffices to choose 0 < 50 < COE(Z, /16: the desired inequalities then follow from

Lemma (2.2.16).
Corollary (2.2.18)[42]. Let D = {p(w) < 0} be a bounded, strongly pseudo-convex

domain. Let
n
dp 1 0%p(w)
Ai(wz)i==—W)—= ———(Wy—y, ), j=1,...1n,
J a¢; 2 L4799, (Wizi)

Define
N — 1 A7 -
2= s (WD) 8 w2 + (1= 1w, 2) 7 - D)

where x; and g are as in (49) and (50), and set

n
nw,z):= an (w, z)dwj for (w,z) € D, XD
j=1
with D0 as in (51). Then we have that n(w, z) is a generating form for D, and one may take
for U, in Definition (2.2.1) the set

U, = {w| max {p(2), =8,} < p(w) < min {|p(2)], co}}. (52)

Note, however, that the coefficients of 1 in this construction are only continuous in the
variable w and so the Cauchy-Fantappié¢ form 2,(n) cannot be defined for such n because
doing so would require differentiating the coefficients of n with respect to w, see (17). For
this reason, proceeding as in [34], we refine the previous construction as follows. For €, as

in Lemma (2.2.16) and for any 0 < & < &,, we let 7/, € C*(C") be such that

a%p(w)
070G

We now define the following quantities:

max |

mas 15 W <ejk=1..n

) 1w
A]‘-S(W,z):=a—g(w)—Ezrﬁk(w)(wk—zk),j=1,...,n; (53)
k=1

A% (w,2):= ) A5 (0, 2)(w; = 7))
=1

and, for y; as in (49):
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g*Ww,2):= 1w, 2) A° W, 2) + (1 = s (W, 2))lw — 2| (54)

1 . _
n;(w,z):= m(xl(w, z) Aj (w,z) + (1 — x1(w, Z))(Wj — Zj))

and finally
n
né(w,z):= Z n; (w, z)dw;.
j=1

Lemma (2.2.19)[42]. Let D = {p(w) < 0} be a bounded strongly pseudo-convex domain.
Then, there is €, = £7(cy) > 0 such that for any 0 < € < g, and for any z € D, we have that
n%(w, z) defined as above is generating at z relative to D with an open set U, (see Definition
(2.2.1)) that does not depend on €. Furthermore, we have that for each (fixed) z € D the
coefficients of n€ (., z) are in C1(U,) .

Proof. We first observe that A® can be expressed in terms of the Levi polynomial A, as
follows

n
1
A (w,z):=A (w,z) + 5 z
jk=1

<6zp(W)

acja{k - Tﬁk(w)> (W - Z)(Wk - Zk)

and so by Lemma (2.2.16) we have
2Re A% (w,z) = p(w) — p(2) + ¢o|lw — z|?
for any

0 < & < & := min {&,2¢,/n?}

whenever w € D.0 = {p(w) < ¢p} and z € B_0(w). Proceeding as in the proof of Lemma
(2.2.17) we then find that

p(w) —p(2) + colw —z|?,  if|lw—z| < g/2

2 Re g*(w,z) = {p(W) + po, ifeg/2 < |w—2z| <%

%, if |w—z| > &,

for any 0 < € < g, whenever
w € D, = (wlp(w) < co)
and
2 € Dy, = (WlpW) < 1o}
as soon as we choose
0 < py < c0gs/8. (55)
We then define the open set U, € C*\{z} as in (52) but now with &, in place of 8, (note

that U, does not depend on ¢). Then, proceeding as in the proof of Corollary (2.2.18) we
find that
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1&15 Re g*(w,z) > 0 forany 0 < € < ¢,.
welz

From this it follows that n® is a generating form for D; it is clear from (53) that the
coefficients of n€ are in C1(U,) .

Lemma (2.2.19) shows that n® satisfies the hypotheses of Proposition (2.2.10); as a
consequence we obtain the following results:

Proposition (2.2.20)[42]. Let D be a bounded strongly pseudo-convex domain. Then, for
any 0 < € < g7 we have

f@=| fW)j 20" Ww,z2) forany f €9(D)NC(D),z€D

WEDbD

where €, and n°® are as in Lemma (2.2.19).
Proposition (2.2.21)[42]. Let D = {p(w) < 0} be a bounded strongly pseudo-convex
domain. Let

9w, z)

9c(w,z) — p(w)
where n® is as in Lemma (2.2.19). Then, for any 0 < € < g, we have

fif(w,z): = né(w,z),w € D,z € D.

f W) (8,7°)" (W, 2) for any f € 9(D) N L}(D) ,z € D.

f(2) =

Qri)™ J,ep

Proof. We claim that 77° satisfies the hypotheses of Proposition (2.2.11) forany 0 < € < &,.
Indeed, proceeding as in the proof of Lemma (2.2.19) we find that

Re (gé(w,z) —p(w)) > 0 for anyw € D, for any z € D
and for any 0 < € < gp; from this it follows that
7i€(.,2) € CLy(D) for any 0 < ¢ < &,.
Moreover, as a consequence of Basic Property (2.2.4) we have

gg(_’ Z)
9¢(,z) —p()

207, 2) = < ) 2o(n°)(,2) for any 0 < e < &,

but this grants

J (@), 2) = j 2e(n°) (., 2) for any 0 < & < &.
The conclusion now follows from Proposition (2.2.11).
Fundamental limitation: it is that these propositions employ kernels, namely

7 20(m®)(w, z) and (5Wﬁ8)n(w, z) , that are only locally holomorphic as functions of z,

that is, they are holomorphic only for z € B, ,,(w) . We address this issue by constructing

for each of these kernels a “correction” term obtained by solving an ad-hoc d-problem in

the z-variable.
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We shift our focus from the w-variable to z, that 1s: we fix w € 5, we regard z as a variable

and we define the “parabolic” region
Pvi=1{zlp(2) + p(W) < co|lw —z|?}.
The region P, has the following properties:

WED=>DcCP,;

wEDbD = z:=w € bP,,.
As a consequence of these properties we have that

P, N BSO/Z(W) * Q@

Lemma (2.2.22)[42]. Let D = {z|p(z) < 0} be a bounded strongly pseudo-convex domain.
Then, there is py = Py(c0) > 0 such that

Duo = {Z|p(Z) < :UO} C :Pw U BEO/Z(W) (55)
for any (fixed) w € D. Furthermore, there is a bounded strongly pseudo-convex Q of class
C® such that

Dyy2 = 1{2lp(2) < po/2} € 2 € Dy = {z|p(2) < po}

where py > 0 is as in (55).
Proof. For the first conclusion, we claim that it suffices to choose uy, = py(cy) as in (55).

Indeed, given € D, , if |[w — z| = &,/2 then p(2) < co|lw — z|*/2 and since p(w) < 0 (as
w € D) it follows that z € P,,. On the other hand, if |w — z| < &,/2 then of course €

BSQ/Z (W) .
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Fig. 1 [42] The region p,, in the case when w € bD
To prove the second conclusion note that, since p (the defining function of D) is of class C?

and is strictly plurisubharmonic in a neighborhood of D, there is p € C*® ( U (5)) such that

lp — PIICz(U(g)) < Uo/8
and
L,(p,&) >0 for any z € U'(D) and for any £ € C",
see (43) and (45). Define
N:={zp(z) —% < 0}
Then (2 is smooth and strongly pseudo-convex; we leave it that ) satisfies the desired

inclusions: D, , € 2 C Dy, .

Lemma (2.2.22) shows that (the smooth and strongly pseudo-convex domain) (2 has the
following properties, see Fig. 1:

Dc,andc P, U B, ,2(w) , for everyw € D.

We now set up two d-problems on (2. For the first d-problem, we begin by observing that if

wis in bD and z is in B, then Re g® (w, z) > 0 (that this must be so can be seen from the
inequalities for Re g¢ (w, z) that were obtained in the proof of Lemma (2.2.19)), and so the
coefficients of n®(w, ) are in C*(P,,) whenever w € bD. Now fix w € bD arbitrarily and
denote by H(w, z) = H.(w, z) the following double form, which is of type (0,1) in z, and
oftype (m,n—1) inw

_[-0,20(15)(w,2), ifz € P,
H(w,z) = {0’ if 2 € By ,o(w) (56)

Now for each fixed w € b D, the coefficients of 2,(w, z) are holomorphic in z for z €

B¢, 2(w) and so H(w, z) is defined consistently in ,, U B, ,»(w) . It is also clear that H
(w,z) is C% for € B, UB, ,,(w) , and as such it depends continuously on w € bD.

Moreover we have that 3,H(w,z) = 0, forz € P, U B ¢,/2(W) , w € bD. For the second -

problem, we begin by observing that if w is in D and z is in %, then

Re (g¢(w,z) — p(w)) > 0 (that this must be so can again be seen from the inequalities for

Re g¢ (W, 2) in the proof of Lemma (2.2.19)), and so the coefficients of 7" (w,) are in
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C*(P,) whenever w € D. Fixing w € D arbitrarily, we denote by F (w,z) = F.(w, z) the
following double form, which is of type (0,1) in z, and of type (n,n) in w

- - n
— ~c .
0 if z € By, (W)

Now for each fixed w € D, the coefficients of 7° (w, z) are holomorphic in z for z €

B¢,/2(w) and so F(w, z) is defined consistently in B, U B, ,,(w) . It is also clear that
F(w,z) is C* for € P, UB, ,,(w) , and as such it depends continuously on w € D.
Moreover we have that 3,F (w,z) = 0, forz € P, U Be/20(w) ,w € D.

Now let S = S, be the solution operator, giving the normal solution of the problem ou=a
in 0, via the d-Neumann problem, so that u = §(a) satisfies the above whenever «a is
a(0,1)-form with da = 0. We set

C2(w,z) =S,(H (w,)),w€bD (57)
and
BZ(w,z) = SZ(F(W,-)) ,wED.
Then by the regularity properties of S, for which see e.g., [51], or [56], we have that C?

(w,z) is in C w(ﬁ) , as a function of z, and is continuous for w € bD. Moreover 52
(€2 (w,2)) = —0,0,(n%)(w,z) = 0, for z € D (recall that D  P,) so

3,(2,(n%) + C2))(w,z) = 0 for z € D and w € bD. We similarly have that BZ(w, z) is in
C m(ﬁ) , as a function of z, and is continuous for w € D and, furthermore

9, ((gwﬁg)n + Bgz))(w, z) =0 forz€Dandw € D.

We complete the construction of a number of integral operators that satisfy all three of the
fundamental conditions (a) — (c) that were presented. The crucial step in all these
constructions is to produce integral kernels that are globally holomorphic in D as functions
of z. For strongly pseudo-convex domains, this goal is achieved by adding to each of the
(locally holomorphic) Cauchy-Fantappié forms that were produced the ad-hoc “correction”
term that was constructed in the resulting two families of operators are denoted {C, }, (acting
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on C(bD)) and {B,}, (acting on L*(D)). In the case of strongly C-linearly convex domains
of class C?, there is no need for “correction” a natural, globally holomorphic
CauchyFantappié form is readily available that gives rise to an operator acting on C(bD)
(even on L' (bD)) , called the Cauchy-Leray Integral C; and, in the more restrictive setting
of strongly convex domains, also to an operator B; that acts on L(D) . In the special case
when the domain is the unit ball, the Cauchy-Leray integral C; agrees with the Cauchy-
Szegd projection S, while the operator B; agrees with the Bergman projection B.) All the
operators that are produced satisfy, by their very construction, conditions (a) and (c) and we
show that they also satisfy condition (b) (the reproducing property for holomorphic
functions).
For 1, is as in Proposition (2.2.20) we now write
Csl (W, Z) = 'QO (TIS) (W, Z)

and let

Cc(w,z) = j*(CE(w,2) + CZ(w, 2))
and we define the operator

C.f(2) = j fw)C.(w,z),zeD,f € C(bD). (58)

WEDbD

Proposition (2.2.23)[42]. Let D be a bounded strongly pseudo-convex domain. Then, for
any 0 < € < g5 we have

f(2) =C.f(2),forany f € 9(D) N C(E),z € D.

Proof. By Proposition (2.2.20), forany f € (D) N C (5) we have

fwW)Ccw,z) = f(2) + f W)j*C(w,z) for any z €D,

WEDbD WEDbD

and so it suffices to show that

f w)j*C2(w,z) =0 for any z € D.
WEbD

By Fubini’s theorem and the definition of C2, see (57), we have

fw)j*Ciw,z) =S, fw)j*H(w,)

WEDbD WEDbD

where H(w,-) is as in (56). Since the solution operator S, is realized as a combinations of
integrals over ) and b{2, the desired conclusion will be a consequence of the following
claim:
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| F )0 =0 forany (€T
WEDbD

and since 2 C P,, for any w € bD, proving the latter amounts to showing that

j f W)j* 820 W,3) = 0 for any € T, (59)
WEM(

where we have set

M; ={w € bD||lw — {| = &/2}, (60)
see (56) and Fig. 2 below. To this end, we fix { € 2 arbitrarily; we claim that there is a

sequence of forms (15 (., {)) , with the following properties:
a.n; (.,¢) is generating at { relative to D;
b.n5 (., {) has coefficients in CZ(U() with U; as in Definition (2.2.1); c. as P — o, we have

that
J om0 = j 2 (m*) (-, ¢) uniformly on bD;

d. the coefficients of n; (w, {) are holomorphic in { € B, ,,(w) for any w € bD.

N\

IBEM?(C)

Fig. 2 [42]The manifold M in the proof of Proposition (2.2.23)

Note that (59) will follow from item c. above if we can prove that

f W)j*0:00(m5) W, {) = 0 for any ¢. (61)

WEM(
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We postpone the construction of 3 (., ) to later below, and instead proceed to proving (61)

assuming the existence of the {ng (.,¢ )} /- On account of items a. and b. above along with

Basic Property (2.2.6) as stated in (25), proving (61) is equivalent to showing that

j W) B0y )W, $) = O for any £,
WEM(

To this end, we first consider the case when € 9(D) n C* (5) , as in this case we have that

FW)j* 0,2 MW, ) = j*0,, (FRL )W, ) = j*dy, (F21(15) (W, )

(where in the last identity we have used the fact that 4,02, = d,, {2, because 2, (n7) is of

type (n,n — 2) in w). But the latter equals
duj* (f21 (1)) W, )

where d,, denotes the exterior derivative operator for M, viewed as a real manifold of

dimension 2n — 1. Applying Stokes’ theorem on M; to the form a(w) :=

j*(fﬂ1 (U?))(W, ()€ Cﬁ,n_z (Mg) we obtain

£ (W)jB0 s (15 (W, 0) = f £ W 25w, )

WEM( WEbM{

but
j* 0, (5w, ) = 0 for any w € bM; = bD n {|lw — {| = &/2}

because the coefficients of 7;(w, {) are holomorphic in { € B, /,(w) for any bD, see (23)
and item d. above. This concludes the proof of Proposition (2.2.23) in the case when €
I(D)NnC 1(5) . To prove the proposition in the case when € 9(D) N C 0(5) ,wefixz€D

and choose § = §(z) > 0 such that
z€D_s={p<—=6}forany b <45(2).
Then we have that

fedID_s)N 61(5_5) forany § < 6(z)

and so by the previous argument we have
f fWw)jsCi(w,z) =0 forany § < 6(2), (62)
WEbD-§
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where j* 5 denotes the pullback under the inclusion: bD_g < C™. For § sufficiently small
there is a natural one-to-one and onto projection along the inner normal direction:

/15: bD — bD_(g ,
and because D is of class C2 one can show that this projection tends in the C1-norm to the
identity 1;p, that is we have that

11vp = Asllcrppy = 0asé = 0.

Using this projection one may then express the integral on bD_s in identity (62) as an
integral on bD for an integrand that now also depends on A5 and its Jacobian, and it follows
from the above considerations that

j fW)jsCi(w,z) > f fw)j*C2(w,z)as § - 0.
WEbD_s WEbD

We are left to construct, for each fixed ¢ € £2, the sequence {1 (., {)}, that was invoked

U:=DUUUZ

zeD
where U, is the open neighborhood of bD that was determined in Lemma (2.2.19). Consider
a sequence of real-valued functions {p,}p < C3(C™) such that

earlier on. To this end, set

lpt = pllciwy = 0as £ — o,

and, for { € 2 fixed arbitrarily, set

9 1
A5 0, 0:= 52 W) =5 ) ThWWe =G ,j = L.m
J k=1

25 w,0:= ) A, w0, DW= )
j=1
and, for y; as in (49):
gf’:(wr () = XI(WJ Z) A; (W' Z) + (1 - Xl(Wr Z))lw - le;
£ 1 £ — K
i 0,0 = s (10000 A 00 + (10,0 (- 7))
and, finally
77;: (W, Z) = z 77;;,1? (Wr Z) dW]r
j=1

We leave it that {7 (-, {)}, has the desired properties.
Next, for 7}¢ is as in Proposition (2.2.21), we write
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1 — n
Bl(w,z) = Zni)" (0,,77)

and
B.(w,z):= (Bt + B®)(w,z),we D,z € 0,

and we define the operator

B.f(2) = j f (W)B.(w,2),2 €D, f € L'(D). 63)

wWED

Proposition (2.2.24)[42]. Let D be a bounded strongly pseudo-convex domain. Then, for
any 0 < € < g7 we have

f(z) =B.f(2),forany f € 9(D) nL}(D),z € D.
Proof. By Proposition (2.2.21), for any f € 9(D) N L'(D) we have

f W)B.(w,z) = f(2) + j f W)B2(w,z) foranyz € D,

wEeD wEeD

and so it suffices to show that

f W)B2(w,z) =0 for any z € D.
wWEeD
For the proof of this assertion we refer to [67].

Let D be a bounded, strictly C-linearly convex domain. We claim that if p is (any)
defining function for such a domain, and if U is an open neighborhood of bD such that
Vp(w) # 0 for any w € U, then

dp(w)

(Op(w),w — z)
is a generating form for D; indeed, by Lemma (2.2.14) for any z € D there is an open set
U, € C"\{z} such that (dp(w) , w—2z) # 0 for any w € U, and bD c U,; thus the
coefficients of n (., z) are in C(U,) and (14) holds. It is clear from (64) that (n (w,z) ,w —
z) =1 for any w € U,, so (15) holds for any z € D, as well. It follows that Proposition
(2.2.10) applies to any strictly C-linearly convex domain D with 1 chosen as above under
the further assumption that D be of class C? (which is required to ensure that the coefficients
of n (., z) are in C1(U,)). The form

nw,z):= (64)

op(w) )z.* opw) A (30p)" (W) s

Cwlw,2) =70 <<ap<w), w—2) =7\ @ri@pw,w -z
is called the Cauchy-Leray kernel for D. It is clear that the coefficients of the CauchyLeray
kemel are globally holomorphic with respect to z € D: indeed the denominator j*(dp(w) ,
w — z)" is polynomial in the variable z, and by the strict C-linear convexity of D we have
that j*(dp(w) , w — z)™ # 0 for any z € D and for any w € bD, see (47). The resulting
integral operator:
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C.f(2) = j £ (W)CL(w,2)z €D, (66)

WEDbD

is called the Cauchy-Leray Integral. Under the further assumption that D be strictly convex
(as opposed to strictly C-/inearly convex), for each fixed z € D one may extend 71 (., z)
holomorphically to the interior of D as follows

ap(-), — dpo(-
ﬁ(.,z)::< (9p(), —2) p()

(0p() =2) = p() @000 7

The following lemma shows that if D is sufficiently smooth (again of class C?) then 7
satisfies the hypotheses of Proposition (2.2.11), and so in particular the operator

)n(-.Z) =

B.f(2) = f W)B,(w, z)

wEeD

with

B (w,z) =

1 — \n

and 7 given by (67), reproduces holomorphic functions.
Lemma (2.2.25)[42]. If D = {p < 0} c C" is strictly convex and of class C2, then for each

fixed z € D we have that | (., z) given by (67) has coefficients in Cl(ﬁ) and satisfies the

hypotheses of Proposition (2.2.11).
Proof. In order to prove the first assertion it suffices to show that

Re ((0p(w),w — z)) — p(w) > Ofor anyw € D,z € D. (69)
Indeed, one first observes that if D is strictly convex and sufficiently smooth then

Re (dp(w) ,w — z) > 0 for any w € D\{z}

(see [62] for the proof of this fact) so that Re (dp(w) , w — z) is non-negative in D and it

vanishes only at w = z. On the other other hand the term —p(w) is non-negative for any

w € D, and if w = z € D then —p(w) = —p(z) > 0. This proves (69) and it follows that

the coefficients of 1y (., z) are in C 1(5) . By Basic Property (2.2.4) we have

(0p(), —2z)
(0p(), —2z) —p()
it is now immediate to verify that j*2,(#) (.,z) = j*2,(m) (, z), so that 7 satisfies (39), as
desired. We summarize these results in the following two propositions:

Proposition (2.2.26)[42]. Suppose that D is a bounded, strictly C-linearly convex domain
of class C2. Then, with same notations as above we have
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f(z) =C.f(z),zeD,f ed(D)n (D).

Proposition (2.2.27)[42]. Suppose that D is a bounded, strictly convex domain of class C2.
Then, with same notations as above we have that
f(z)=B,f(2),z€D,f € 9(D)nL(D).
we discuss LP-regularity of the Cauchy-Leray integral and of the Cauchy-Szegd and
Bergman projections for the domains under consideration. Detailed proofs of the results
concerning the Bergman projection, Theorem (2.2.32) and Corollary (2.2.34) below, can be
found in [67]. The statements concerning the Cauchy-Leray integral and the Cauchy-Szego
projection Theorem (2.2.37) is the subject of a senes of forthcoming here we will limit
ourselves to presenting an outline of the main points of interest in their proofs.
We begin by recalling the defining properties of the Bergman and Cauchy-Szegd projections
and of their corresponding function spaces.
Let D © C™ be a bounded connected open set.
Definition (2.2.28)[42]. For any 1 < q < oo the Bergman space 9L1(D) is
ILI(D) =9(D) N L1(D,dV) .
The following inequality

sup |F(2)| < CCFONF|lLpp,av)
ZEXK

which is valid for any compact subset K < D and for any holomorphic function F € 9(D) ,
shows that the Bergman space is a closed subspace of L(D, dV) . This inequality also shows
that the point evaluation:
ev,(f):=f(2),z€D
is a bounded linear functional on the Bergman space (take K : = {z}). In the special case
q = 2, classical arguments from the theory of Hilbert spaces grant the existence of an
orthogonal projection, called the Bergman projection for D
B: L?(D) - 9L*(D)
that enjoys the following properties
Bf(z) = f(z),f € 9L*(D),z€ D
B*=B

IBfll2p,av) < Wflliz,avy. f € L*(D,dV)

Bf(z) = f wW)Bw,2)dV(w),z€D,f € L*(D,dV)
weD
where dV denotes Lebesgue measure for C". The function B (w, z) is holomorphic with
respect to z € D; it is called the Bergman kernel function. The Bergman kernel function
depends on the domain and is known explicitly only for very special domains, such as the
unit ball, see e.g. [77]:
n!

(1= [z, w]nt’

(w,z) € B,(0) X B,(0) (70)
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here [z, w] : = }7_, z; - w; is the hermitian product for C".

Let D © C" be a bounded connected open set with sufficiently smooth boundary. For
such a domain, various notions of Hardy spaces of holomorphic functions can be obtained
by considering (suitably interpreted) boundary values of functions that are holomorphic in
D and whose restriction to the boundary of D has some integrability, see [78]. While a
number of such definitions can be given, here we adopt the following
Definition (2.2.29)[42]. For any 1 < q < oo the Hardy Space H1(bD, do) is the closure in
Li(bD,do) of the restriction to the boundary of the functions holomorphic in a

neighborhood of D. In the special case when q = 2 the orthogonal projection

S: L?(bD,do) —» H?(bD,do)
is called the The Cauchy-Szegé Projection for D.
The Cauchy-Szegd projection has the following basic properties:
S*=S

ISfll20p.a0) < 1fli2p,a0) f € L?(bD, do)

Sf(z) = j Sw,z)f(w)da(w),z € bD.

WEDbD

The function (w, z) , initially defined for z € bD, extends holomorphically to z € D; it is
called the Cauchy-Szegé kernel function. Like the Bergman ketnel function, the Cauchy-
Szegd kernel function depends on the domain D; for the unit ball we have [77]

(n—1)!

S w,2) = 2 (1 — [z, w]™

,(w,z) € bB,(0) X bB,(0). (71)

We may now state the main results.

Theorem (2.2.30)[42]. Suppose D is a bounded domain of class C? which is strongly C-
linearly convex. Then the Cauchy-Leray integral (2.67), initially defined for € C1(bD) ,
extends to a bounded operator on LP(bD,do), 1 < p < oo,

It is only the weaker notion of strict C-linear convexity that is needed to define the Cauchy-
Leray integral, but to prove the L? results one needs to assume strong C-linear convexity.
Theorem (2.2.31)[42]. Under the assumption that the bounded domain D has a C? boundary
and is strongly pseudo-convex, one can assert that S extends to a bounded mapping on
LP(bD,do) ,when 1 < p < 0.

Theorem (2.2.32)[42]. Under the same assumptions on D itfollows that the operator B
extends to a bounded operator on LP(D,dV) for 1 < p < co.

The following additional results also hold.

Corollary (2.2.33)[42]. The result of Theorem (2.2.31) extends to the case when the
projection S is replaced by the corresponding orthogonal projection S,,, with respect to the
Hilbert space L?(bD, wdo) where w is any continuous strictly positive function on bD.

A similar variant of Theorem (2.2.32) holds for B,,, the orthogonal projection on the sub-
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space of L2(D, wdV) . Here w is any strictly positive continuous function on D.

Corollary (2.2.34)[42]. One also has the LP boundedness of the operator |B|, whose kernel
is |B(z,w)|dV(w) , where B(z, w) is the Bergman kernel function.
Cauchy-type integrals

We begin by making the following remarks to clarify the background of these results.
(1) The proofs make use of the whole family of operators {C,},,0 < € < &,: in order to obtain
LP estimates for p in the full range (1, ) one needs the flexbility to choose € = &(p)
sufficiently small. (A single choice, as in [76], of C, for a fixed &, will not do.)
(11) There is no simple and direct relation between S and S, nor between B and B,. Thus
the results for general w are not immediate consequences of the results for w = 1.
(iii) When bD and w are smooth (i.e. C* for sufficiently high k), the above results have been
known for a long time (see e.g., the remarks that were made concerning the case when D is
the unit ball). Moreover when bD and w are smooth (and bD is strongly pseudo-convex),
there are analogous asymptotic formulas for the ketnels in question due to [55],[74].
(4) Another approach to Theorem (2.2.32) in the case of smooth strongly pseudo-convex

domains is via the -Neumann problem [51] and [56], but we shall not say anything more
about this here.

A further point of interest is to work with the “Levi-Leray” measure du,, for the boundary

of D, which we define as follows. We take the linear functional

€)= Fw)* (901 (300)") (72)

@mi)™ ),
and write £f = fbD fdu,. We then have that du,(w) = D(w)do(w) where D(w) =

c|Vp(w)| det L,,(p) via the calculation in [76] in the case p is of class C2, and we observe

that D(w) =~ 1, via (48).

With this we have that the Cauchy-Leray integral becomes
fw)dp,(w)

bD {ap(W), w — Z>n

C.(H2) = (73)

Thus the reason for isolating the measure dp,, is that the coefficients of the kernel of each
of C, and its adjoint (computed with respect to L? (bD, d,up)), are C! functions in both

variables. This would not be the case if we replaced du, by the induced Lebesgue measure

do (and had taken the adjoint of C; with respect to L?(bD, do)). In studying (73) we apply
the T(1)-theorem”technique [53], where the underlying geometry is determined by the
quasi-metric
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1
[(0p(w),w — z)|2
(It 1s at this juncture that the notion of strong C-linear convexity, as opposed to strict C-
linear convexity, is required.) In this metric, the ball centered at w and reaching to z has

du, —measure = |[{dp(w) ,w — z)|".

The study of (73) also requires that we verify cancellation properties in terms of its action
on “bump functions These matters again differ from the case n = 1, and in fact there is an
unexpected favorable twist: the kernel in (73) is an appropriate derivative, as can be
surmised by the observation that on the Heisenberg group one has (|z|? +it)™ =

, d N : .. .
c— (|z|* + it) ™!, if n > 1. (However for = 1, the corresponding identity involves the

logarithm!). Indeed by an integration-by-parts argument that is presented in (77) below, we
see that when n > 1 and f is of class C?,

df (w) Aj*(30p)"

LN@ =c| T Y EO@,
where
E(D() = jb £ (2, w) f (w)do(w)
D
with

E(z,w) = 0(|z —w|(dp(w),w — 2z)| ™)
so that the operator E is a negligible term.
A final point is that the hypotheses of Theorem (2.2.30) are in the nature of best possible. In
fact, [46] gives examples of Reinhardt domains where the L? result for the CauchyLeray
integral fails when a condition near C? is replaced by C?~¢ , or “strong” pseudoconvexity is
replaced by its “weak” analogue.
One more observation concerning the Cauchy-Leray integral is in order. In the special case
when D is the unitball B(0) , we claim that the operators C; and B, agree, respectively, with
the Cauchy-Szegé and Bergman projections for B;(0) . Indeed, for such domain the
calculations apply with U, = C™\{z} and
pw) :=|w|* -1 (74)

and by the Cauchy-Schwarz inequality we have Re ((dp(w),w — z)) = |w|(Jw| — |z]) for
any w , z € C™. Using (74) and (32) we find that
n—=—1! do(lw)

2n™ (1= [z,w])™
which is the Cauchy-Szegd kemel for the ball, see (71) Next, we observe that, again for D =
B;(0) and with p as in (74), we have that

(dp(w),w —z) —p(w) =1—[z,w] for anyw,z € C"

and from this it follows that (68) now reads

C,(w,z) =

=S(w,z)do
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n!dV(w)
(1 — [z, w])"+1
which is the Bergman kernel of the ball, see (70).
There are three main steps in the proof of Theorem (2.2.31).

(1) Construction of a family of bounded Cauchy Fantappi¢-type integrals C, (i1) Estimates
for C, — C;

(ii1) Application of a variant of identity (13)

Step (i): The construction of C, was given see (58). One notes that the kernel CZ(w, z) of
the correction term that was produced is “harmless” since it is bounded as (w, z) ranges over

B, (w,z) = = B(w, z)dV(w)

bD x D. Using a methodology similar to the proof of Theorem (2.2.30) one then shows

ICe(Ollr < cepllfllr, 1 <p < co.

However it is important to point out, that in general the bound c, ,, grows to infinity as € —

0, so that the C, can not be genuine approximations of S. Nevertheless we shall see below
that in a sense the C, gives us critical information about S.
Step (ii): Here the goal is the following splitting:
Proposition (2.2.35)[42]. Given 0 < € < g, we can write
Ce—Ce=A,+R,
where

Al Lporr S €cp,1<p <o (75)

and the operator R, has a bounded kernel, hence R, maps L (bD) to L®(bD) .

We note that in fact the bound of the kernel of R, may grow to infinity as € = 0. To prove
Proposition (2.2.35) we first verify an important “symmetry” condition: for each ¢, there is
ad, , so that

lgE(w,2) — gé(z,w)| < eclw — z|?,if |w — z| < &.. (76)

Here g.(w,z) is as in (54). With this one proceeds as follows. Suppose H.(z,w) is the
kernel of the operator C, — C;. Then we take A, and R, to be the operators with kernels

respectively ys(w — z)H.(w, z) and (1 —xs(w — Z))H «(w,z) , where ys(w — z) is as in

(54) and 6 = 6. , chosen acccording to (76).
Step (iii): We conclude the proof of Theorem (2.2.31) by using an identity similar to (13):

S(I-(C;—Cy) =C,

Hence
S(I—A,) =C, + SR,

Now for each p, take € > 0 so that for the bound ¢, as in (2.76)
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1
€Cp = E

Then I — A is invertible and we have

S=(Cg + SR - As)_l
Since (I — A,) ™! is bounded on L?, and also C, , it sufficies to see that SR, is also bounded
on LP. Assume for the moment that p < 2. Then since R, maps L! to L*, it also maps L? to
L? (this follows from the inclusions of Lebesgue spaces, which hold in this setting because
D is bounded), while S maps L? to itself, yielding the fact that SR, is bounded on LP. The
case 2 < p is obtained by dualizing this argument.
The proof of Theorem (2.2.32) can be found in [67]: it has an outline similar to the proof of
Theorem (2.2.31) with the operators B,, see (63), now in place of the C, , but the details are
simpler since we are dealing with operators that converge absolutely (as suggested by
Corollary (2.2.34)). Thus one can avoid the delicate T(1)-theorem machinery and make
instead absolutely convergent integral estimates.

For domains with boundary regularity below the C? category there is no canonical
notion of strong pseudo-convexity- much less a working analog of the Cauchy-type
operators C, and B, that were introduced. By contrast, the Cauchy-Leray integral can be
defined for less regular domains, but the definitions and the proofs are substantially more
delicate than the C? framework of Theorem (2.2.30).

Definition (2.2.36)[42]. Given a bounded domain D c C" , we say that D is of class C11 if
D has a defining function (in the sense of Definition (2.2.8)) that is of class C¥! in a

neighborhood U of bD; that is, p is of class C* and its (real) partial derivatives dp/dx; are
Lipschitz functions with respect to the Euclidean distance in C* = R?":

% (0

<Clw-— ,eU,j=1,...,2n.
7 )= | S Cw—¢lwg e, n

Theorem (2.2.37)[42]. Suppose D is a bounded domain ofclass C'* which is strongly C-
linearly convex. Then there is a natural definition of the Cauchy-Leray integral (66), so that
the mapping f — Cy (f) initially defined for € C1(bD) , extends to a bounded operator on
LP(bD,do) for 1 < p < oo.

Here our hypotheses about the nature of convexity are stronger, but the regularity of the
boundary is weaker.

First, we explain the main difficulty in defining the Cauchy-Leray integral in the case of
C11 domains. It arises from the fact that the definitions (65) and (72) involve second
derivatives of the defining function p. However p is only assumed to be of class C1'! | so
that these derivatives are L™ functions on C" , and as such not defined on bD which has 2n-
dimensional Lebesgue measure zero. What gets us out of this quandary is that here in effect
not all second derivatives are involved but only those that are “tangential” to bD. Matters
are made precise by the following “restriction” principle and its variants.

Suppose F € C11(C™) and we want to define d0F |bD . We note that if F were of class C?
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we would have

J j*(00F) AW = —j j* (OF) A d¥, (77)
bD bD

where ¥ is any 2n — 3 form of class C! , and here j* is the induced mapping to forms on
bD.

Proposition (2.2.38)[42]. For € C1'1(C™), there exists a unique 2-form j*(5 dF) in bD with

L (do) coefficients so that (77) holds.

This is a consequence of an approximation lemma: There is a sequence {F, } of C* functions
on C" | that are uniformly bounded in the C¥*(C™) norm, so that F,, - F and VF, » VF
uniformly on bD, and moreover V2E, converges (do) a.e. on bD. Here VZF is the
“tangential” restriction of the Hessian V2F of F. Moreover the indicated limit, which we
may designate as VZF, is independent of the approximating sequence {F, }.
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Chapter 3
A Mass-Transportation Approach and Best Constant in Sobolev Trace Inequalities
The Euclidean structure of R™ plays no role in our approach: we establish the inequalities,
together with cases of equality, for an arbitrary norm. We show a conjecture made by J.F.
Escobar in 1988 about the minimizers.
Section (3.1): Sharp Sobolev and Gagliardo—Nirenberg Inequalities
We discuss a new approach for the study of certain geometric functional inequalities, namely
Sobolev and Gagliardo- Nirenberg inequalities with sharp constants. We wish to
(a) give a unified and elementary treatment of sharp Sobolev and GagliardoNirenberg
inequalities (within a certain range of exponents);
(b) illustrate the efficiency of mass transportation techniques for the study of such
inequalities, and by this method reveal in a more explicit manner their geometrical nature;
(c) show that the treatment of these sharp Sobolev-type inequalities does not even require
the Euclidean structure of R™, but can be performed for arbitrary norms on R";
(d) exhibit a new duality for these problems;
(e) as a by-product of our method, determine all cases of equality in the sharp Sobolev
inequalities.
Whenever n > 1 is an integer and p = 1 is a real number, define the Sobolev space
WP (R™) = {f € LP(R"); Vf € LP(R™)}.
Here LP (R™) is the usual Lebesgue space of order p, and V7 stands for the gradient operator,
acting on the distribution space D'(R™) . When p € [1,n), define
* np

e (D

Then the (critical) Sobolev embedding WP (R"™) c LP" (R™) asserts the existence of a

positive constant S,,(p) such that for every f € W1P(R")

1/p
e <50 [ 17717) @

where || denotes the standard Euclidean norm on R™. For the great majority of
applications, it is not necessary to know more about the Sobolev embedding, apart maybe
from explicit bounds on S,,(p) . However, in some circumstances one is interested in the
exact value of the smallest admissible constant S,,(p) in (2). There are usually two possible
motivations for this: either because it provides some geometrical insights (as we recall
below, a sharp version of (2) when p =1 is equivalent to the Euclidean isoperimetric
inequality), or for the computation of the ground-state energy in a physical model. Most
often, the determination of S,,(p) is in fact not as important as the identification of extremal
functions in (2).

Similar problems have been studied at length for very many variants of (2): one example
discussed by Del Pino and Dolbeault, which we also consider here, is the Gagliardo-
Nirenberg inequality:
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fllr < G, NVFNGNFEE, 3)

wheren > 2,p € (1,n),s <r <p*,and 6 = 8(n,p,r,s) € (0,1) is determined by scaling
invariance. Note that inequality (3) can be deduced from (2) with the help of Hdolder’s
inequality.
The identification of the best constant S,,(p) in (2) for p > 1 goes back to Aubin [82] and
Talenti [110]. The proofs by Aubin and Talenti rely on rather standard techniques
(symmetrization, solution of a particular one-dimensional problem). For p = 1, it has been
known for a very long time that (2) is equivalent to the classical Euclidean isoperimetric
inequality which asserts that, among Borel sets in R™ with given volume, Euclidean balls
have minimal surface area (see [108], [109]). Also the case p = 2 is particular, due to its
conformal invariance, as exploited in Beckner [85]. In Lieb [101], this case was derived by
(rather technical) rearrangement arguments. Carlen and Loss have pointed out the crucial
role of “competing symmetries” in this problem and used it to give a simpler proof [91],
reproduced in [102]. Recently, Lutwak et al. [103] and Zhang [112] combined the co-area
formula and a generalized version of the Petty projection inequality (related to the new
concept of affine LP surface area) to obtain an affine version of the Sobolev inequalities,
which implies the Euclidean version (2).
Considerable effort has been spent recently on the problem of optimal Sobolev inequalities
on Riemannian manifolds, see the survey [97]. We shall concentrate on the situation where
the problem is set on R™. We do not know whether our methods would still be as efficient
in a Riemannian setting. Note however that nonsharp Sobolev Riemannian inequalities can
easily be derived by mass transportation techniques, as shown in [92].
For inequality (3), the computation of sharp constants G, (p, 1, s) is still an open problem in
general. Del Pino and Dolbeault [95], [96] made the following breakthrough: they obtained
sharp forms of (3) in the case of the oneparameter family of exponents:
{p(s —1)=r(p—1)whenr,s > p, @
p(r—1) =s(p—1)whenr,s <p.
Inequality (2) is actually a limit case of (3) when r = p* (in which case 8 = 1). Note that
an LP version of the usual logarithmic Sobolev inequality also arises as a limit case of (3)
when r = s = p (see [96]; the usual inequality would be p = 2).
The proofs by Del Pino and Dolbeault for (3) rely on quite sophisticated results from
calculus of variations, including uniqueness results for nonnegative radially symmetric
solutions of certain nonlinear elliptic or p-Laplace equations. This work by Del Pino and
Dolbeault has been the starting point of our investigation. We shall show how their results
can be recovered (also in sharp form) by completely different methods.
Unlike the above-mentioned approaches, our arguments do not rely on conformal invariance
or symmetrization, nor on FEuler-Lagrange partial differential equations for related
variational problems. Instead, we shall use the tools of mass transportation, which combine
analysis and geometry in a very elegant way. We recall some relevant facts from the theory
of mass transportation. If u and v are two nonnegative Borel measures on R™ with same
total mass (say 1), then a Borel map T: R™ — R" is said to push-forward(or transport) u
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onto v if, whenever B is a Borel subset of R", one has

v[B] = u[T~*(B)], ()
or equivalently, for every nonnegative Borel function b: R™ = R +,

j b (Mdv(y) = j b (T(0))du(x) . )

The central ingredient in our proofs is the following result of Brenier [6], refined by McCann
[105]:

Theorem (3.1.1)[80]. If p and v are two probability measures on R™ and p is absolutely
continuous with respect to Lebesgue measure, then there exists a convex function ¢ such
that V¢ transports p onto v. Furthermore, V¢ is uniquely determined dp almost everywhere.
Observe that ¢ is differentiable almost everywhere on its domain since it is convex; in
particular, it is differentiable du almost everywhere. The (monotone) map T = V¢ will be
referred to as the Brenier map. By construction, it is known to solve the Monge-Kantorovich
minimization problem with quadratic cost between p and v, but here we shall not need this
optimality property explicitly. See [111] for a review, and discussion of existing proofs.
From now on, we assume that y and v are absolutely continuous, with respective densities
F and G. Then (6) takes the form

f b (y)G(y)dy = f b (Vep(x))F (x)dx, (7)

for every nonnegative Borel function b: R™ - R +- If ¢ is of class C2, the change of
variables y = V¢ (x) in (7) shows that ¢ solves the Monge-Ampére equation

F(x) = G(Vp(x)) det D3¢p(x) . (8)

Here D?¢(x) stands for the Hessian matrix of ¢ at point x. Caffarelli’s deep regularity
theory [88]—[90] asserts the validity of (8) in classical sense when F and G are Holder-
continuous and strictly positive on their respective supports and G has convex supportwe
shall use a much simpler measure theoretical observation, due to McCann [106] which
asserts the validity of (8) in the F(x)dx almost everywhere sense, without further
assumptions on F and G beyond integrability. In Eq. (8), D¢ should then be interpreted in
Aleksandrov sense, i.e. as the absolutely continuous part of the distributional Hessian of the
convex function ¢. Of course, D?¢ is only defined almost everywhere. An alternative,
equivalent way of defining D?¢ is to note (see [98]) that a convex function ¢ admits almost
everywhere a second-order Taylor expansion

1
p(x+h)=¢p(x)+Vep(x)-h+ §D2¢>(x)(h) +h+o(lh]?).

Where defined, the matrix D?¢ is symmetric and nonnegative, since ¢ is convex.
Mass transportation (or parameterization) techniques have been used in geometric analysis
for quite a time. They somehow appear in all known proofs of the Brunn-Minkowski
inequality,
|A+B|"/™ = AV + |B|M/™, 9)
86



where A, B € R™ and | - | denotes the Lebesgue measure on R™ (see [99], [109]). The
isoperimetric inequality easily follows from (9). An important source of inspiration for us
has been the direct mass transportation proof by Gromov [107] of the (functional)
isoperimetric inequality, namely inequality (2) in the case p = 1; we shall recall his
argument below. Closely related to our work is also the mass transportation proof by
McCann [106] of functional versions of (9) known as Prékopa-Leindler and
Borell-Brascamp—Lieb inequalities (see [99]). Barthe has exploited all the power of
Brenier’s theorem to prove deep Gaussian inequalities (see [4] or the reviews [99], [111]).
Our proof has many common points with Barthe’s work, which is surprising since the
inequalities under study here and there look quite different. As far as tools and methods are
concerned, be seen as the continuation at [93], [94]. Until recently, it was believed that those
techniques could not be adapted to general Sobolev-type inequalities besides the p = 1 case.
Here we shall demonstrate that this guess was wrong.

Among the main advantages of our proof, we note that it is extremely simple (apart from
nonessential technical subtleties linked to the lack of smoothness of the Brenier map). In
addition to the existence of the Brenier map, our proof makes use of just two ingredients:
the arithmetic—geometric inequality on one hand (domination of the geometric mean by the
arithmetic mean), and on the other hand the standard Young inequality for convex conjugate
functions, in the very particular case of Eq. (10) below, or equivalently Hloder’s inequality
(11).

The proof avoids any compactness argument, and has the great merit to allow room for
quantitative versions, which are often important in problems coming from physics: for
instance, if a function is far enough from the optimizers in (2), how to give a lower bound

on how far the ratio ||Vf||;;/||f]l;y« departs from the optimal value S, (p) ? Here we will

not investigate such questions (to do so, it would be desirable to have a more precise
formulation of the problem), but it will be clear from our arguments that their constructive
nature makes them a plausible starting point for such an investigation, at least when f is
strictly positive on R".

Finally, our proof will cover non-Euclidean norms. It clearly shows that the treatment of
optimal Sobolev inequalities, and the resulting extremal functions, do not depend on the
Euclidean structure of R™. As far as Sobolev inequalities are concerned, such versions for
arbitrary norms are not new. The p = 1 case was contained in Gromov’s treatment. For p >
1, the inequalities can be obtained by using a symmetrization procedure and Aubin and
Talenti’s argument; this was done recently by Alvino et al. [81]. As mentioned, our approach
1s completely different since we will not solve any variational problem and since our proof
will be carried on R™ till the end.

As we just discussed, the only two ingredients which lie behind our proof of Sobolev
inequalities are the arithmetic-geometric inequality, and Holder’s inequality. By tracing
carefully cases of equality in these two inequalities, we shall manage to identify all cases of
equality in the Sobolev inequalities. Though this problem has been solved in the case of the
Euclidean norm, the result seems to be new in the case of arbitrary norms; in [81] this
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problem was left open. And even in the Euclidean case, we believe that our approach is
simpler than the classical one based on sharp rearrangement inequalities.

We give a proof of optimal Sobolev inequalities. We shall give the adaptations which enable
to turn this proof into a proof of optimal Gagliardo-Nirenberg inequalities. Even though we
could have treated directly the general case of Gagliardo-Nirenberg inequalities with general
norms, we have chosen to present Sobolev inequalities separately because they are popular
and of independent interest.

We consider general norms from the beginmng. Let (E, || - ||) be an n-dimensional normed
space, with dual space (E*, || - ||.) . Let A be an invariant Haar measure on E (unique up to
a multiplicative constant). We shall prove a sharp version of the Sobolev inequality

1/p* 1/p
(j Ifl”*d/1> < Sg2(p) <J | Idfllfd/l)
E E

Here : E — E™ denotes the differential map of f : E = R.
We assume that E = (R", || - ||) where || - || is an arbitrary norm on R™. Then the dual space
is E* = (R™, || - ||.) where, for X € E*,

[|1X]|.:= supX-Y

and X - Y:= ), X;Y;. The duality can also be expressed through Young’s inequality
A7P Al
X'YSTIIXIIf+;IIYII" (10)
for A > 0. q = p/(p — 1) denotes the dual exponent of p > 1 (we hope this notation will

avoid confusions with p* defined in (3.1)). For X: R™ - E* in LP and Y: R" — E in L9,

integration of (10) and optimization in A gives Holder’s inequality in the form
1 1

jX-Ys(j ||X||f)p(j ||Y||q)a ()

This inequality expresses the well-known fact that the dual space of LP(R™, E) coincides
with L1(R", E*) .
The norm || - || is Lipschitz and therefore differentiable almost everywhere. Whenever x €
R™\{0} is a point of differentiability, the gradient of the norm at x is the unique vector x* =
V(|| - ||)(x) such that

[Ix*[l. = 1Lx-x" = ||x]| = supx - y. (12)
In the usual case of the Euclidean norm | - |, x™ = x/|x]|.

For 1 < p < n, we define the function h,, as follows:

1
(ny iy (2): = e (>1), (13)
(0p + 112119) P, 1B 7 15(x)

where g, > 0 is determined by the condition
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[|hpllp *=1, (14)

and B stands for the unit ball of (R™, || - ||) ,

B:={x € R ||x|] < 1}.
These functions will turn out to be extremal in the Sobolev inequalities. This property is
well-known in the Euclidean case (|| - || = |- ]) : for p > 1 it is due to Aubin and Talenti
and for p = 1 it is the classical isoperimetric inequality. As mentioned, the case of arbitrary
norms was considered in [81].
The natural space to look for extremal functions in the Sobolev inequality is the
homogeneous Sobolev space

WP(R"): = {f € LP"(R™); Vf € LP(RM)}.

This space coincides with the space of functions f whose distributional gradient lies in LP
and verifying that |{|f| = a}| is finite for every a > 0. It is homogeneous in the same sense
inequality (2) is homogeneous under the rescaling = f; = f(-/A) . This space is better
adapted to the study of inequality (2) than W1?; indeed, for p > 1, extremal functions will
always exist in WP (R™) but will not belong to WP (R™) when p = vn.

If € W' (R™), it is natural to consider the dual norm of the Vf. Thus, we define

. 1/p
1V fl]e:= (f | |\7f||§3> (15)

For notational reasons, we will separate the case p = 1 from the rest. Let us start with p >
1.
Theorem (3.1.2)[80]. Let p € (1,n) and = p/(p — 1) . Whenever f € WP (R™) and g €

LP"(R™) are two functions with ||f]| l1y* = 1911 » then

[ 1gP"@=1/m p(n—1)
77 = = IVFll (16)
([ 1ylegG)Prdy) i =p)
with equality if f = g = h,,.
As immediate consequences we have
(1) The duality principle
|g|p*(1—1/n) n—1
s J PO D L (17)

up - — —
(J 1yllalgopdy) ' =)

with h,, extremal in both variational problems,

(ii) The sharp Sobolev inequality: if f # 0 lies in WP (R™) , then
(18)
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Vf1l
flle g

The variant for p = 1 of (18), for general norms, can be found in Gromov [107]. Below we
shall shortly reproduce his argument, with minor modifications which will make it look just
like the proof of Theorem (3.1.2) above. Extremal functions for p = 1 do not exist in
WLL(R™) , and should rather be searched for in the space of functions with bounded
variation.

> [[Vhg]l

Proof. First of all, it is well-known that whenever € W'/ (R™) , then V|f| = £Vf almost
everywhere, so f and |f| have equal Sobolev norms. Thus, without loss of generality, we
may assume that f and g are nonnegative and, by homogeneity, satisty ||f|[;+ = [|g]l;,» =

1. Moreover, we shall prove (16) only in the special case when f and g are smooth functions
with compact support; the general case will follow by density.
Introduce the two probability densities

F(x) =P (x),6(y) = g*" ()

on R"; let V¢ the Brenier map which transports F(x)dx onto G(y)dy. In a first step, we
shall establish that

2 _ 1 42
[ s | Fonag, (18)
where A (x): = trD?¢(x) appears as the absolutely continuous part of the distributional
Laplacian.
As explained in the introduction (8), we have, for F (x)dx almost every x € R",
F(x) = G(Vp(x)) det D2¢p(x) . (19)
Therefore, for F (x)dx almost every x,
G (V(x)) = F~Un(x)( det D2gp(x))""
1  Ap(x
<P 22 (20)

where we used the arithmetic-geometric inequality. By integrating inequality (23) with
respect to F(x)dx, we find
1 1
f G/ (W (x))F (x)dx < - f F ()  n(x)A¢ (x)dx.

The proof of (21) is completed by using the definition of mass transport (7).

Here we shall go a little bit into nonessential technical subtleties. In the inequality (21),
A¢ = trD?¢ is to be understood in the almost everywhere sense. It is wellknown that A¢
can be bounded above by A5 ¢, which denotes the distributional Laplacian of ¢, viewed as
a nonnegative measure on the set where ¢ is finite (see [98] or [93]). On the other hand,
since f and g are compactly supported, we know that V¢ is bounded on supp(f) , the
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support of f, since V(j)(supp(f )) c supp(g) (see [111]). Extending ¢ if necessary outside

of the support off, we can assume that the support off lies within an open set where ¢ is
finite, and then we can apply the integration by parts formula

1 1—l 1 1—l 1 1__
—JF‘nA¢SEJF'nAD¢=—£JV< )v¢ 1)

n

Back to our original notations F = f P and G = gp*, we have just shown, combining (21)

and (24), that

f gp*(1——) < _p(n— 1)f fn%p_—pl) _—

“n(n—p)
_p(n-=1) ( .
O] frave-ve. (22)

We now apply our second crucial tool: Holder’s inequality (11) with the choice X = —Vf
and Y = fP/9V¢. This gives

) . 1/q
- [ rravs v <ol (jfp ||\7¢||q> (23)

But, by definition of mass transport (7), [ P ||[Vo||7 = [ | |yl|?g” (y)dy. Therefore, the
combination of (25) and (26) concludes the proof of inequality (16).
We now choose f = g = h,,, and check that equality holds at all the steps of the proof, and

therefore in (16). This function is not compactly supported, but in this particular case the
Brenier map reduces to the identity map V¢ (x) = x, and all the steps can be checked
explicitly. Indeed V¢p(x) = x leads to an equality in (21) and in (24) (via integration by
parts). Then Eq. (20) ensures the equality in (26). This ends the proof of Theorem (3.1.2).
Theorem (3.1.3)[80]. If f # 0 is a smooth compactly supported function, then
17flls _

1l —
This inequality extends to functions with bounded variation, with equality if f = h;.
Proof. Gromov’s original proof [107] relied on the Knothe map [100], but the proof also
works with the Brenier map as it was pointed out to us some time ago by Michael
Schmuckenschléger.
We prove the theorem only when f is a nonnegative function, such that ||f || n/a-1 = 1.
We introduce the Brenier map V¢ which pushes forward F(x)dx = f™ @ D (x)dx onto

1
n|B|n.

G(y)dy = h;l/ (n=1) (y)dy. Reasoning as in the proof of Theorem (3.1.2), we write, after

20,
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1 1
Brins—[rap<—=[vr-vs

The justification of the integration by parts goes as in (24). By definition of h,, for almost
every x in the support of f, V¢p(x) € B. In particular —Vf - V¢p < ||Vf]]., and thus

1
n|BJi < j ZFIl. = 117f] ] @24)

By a standard approximation argument, one can express this inequality in terms of an
isoperimetric inequality: whenever A is some closed (say) subset of R™, we have

1 n-1

m*(04) = n|B|r|A[ 7, (25)
where m™ stands for the surface measure with respect to the metric || - || (not necessarily
Euclidean),

A+eB|—|A
m*(0A4): = lim inf | I~ | l.
&-0 &

Note that A + €B is the e-neighborhood of A with respect to the metric || - ||. Now, there is

equality in (28) when A is an affine image of B. So this inequality has to be sharp, and so
has to be (27).

Remark (3.1.4)[80]. (i) Inequality (16) is interesting only when [ ||y]||7|g() | dy <
+00, in which case (16) forces g to belong to LP"1=1/M(R™) .
(i1) The crucial property of h,, here is that, for almost every x, there is equality in Young’s

inequality (10) when X = —Vh,(x), Y = p/?(x)x * and

n—op 1/q
)L=)Lp:=(p_1) ( 26)
Indeed, after a few computations and using (12), we are led to the straightforward equality
(Tl—P> [lcfl® 1 (n—P>” x| +§ x|
P=1 (g +Ilxll))" PP =1 (0 +11x119)" 4 (0 + [Ix1]9)"

As a consequence (or by a direct computation), the same choice of X and Y gives an equality
in Holder’s inequality (11):
1/q
_ . ]/q — q p*
| 7Ry [/ Cox]dx x= 117y 1 ( | tiion (x)dx) 27)

Let us now give the proof of Theorem (3.1.2).
Remark (3.1.4). Following the terminology of McCann [106], inequality (21) can be
rephrased by saying that the functional

1
pw —jp(x) mdx
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is displacement convex. This fact is well-known to specialists, and rests on the concavity of
the map M — (det M)¥/", defined on the set of nonnegative symmetric matrices; see in
particular [111].

We conclude with a few remarks about the way we have proven and stated our results.
Remark (3.1.5)[80]. (i) A classical way to attack the problem of optimal constants for
Sobolev inequalities is to look at the Euler-Lagrange equation and to identify its solutions.

Here, on the contrary, we have established that h,, is an optimizer without establishing any

Euler-Lagrange equation. Neither did we use the co-area formula or a rearrangement
procedure.

(ii) The best constant S,,(p): = | |Vhy| |[I} in the sharp Sobolev inequality (18) can easily be

expressed as a function of |B| since hy, is radially symmetric with respect to the norm || - [|.

In particular, we have

g()_<waym5()
n\P) = IB| n\P),

where B} is the standard Euclidean ball and S,,(p) is the best constant in the Euclidean

Sobolev inequality (2). We stress however that the extremal function h,, depends on || - ||

and not just on |B]|.
(i11) If we exploit the left-hand side maximization in (17), we immediately obtain, after

setting h = gp*, the following sharp inequality: there exists a constant C,, (p) > 0 such that

for every h € L!,

1/q
j Ihﬂﬂﬁlsca@ﬁ<j |b4wvmyNdy> (j |h0

with equality if h(y) = hg* ) = (g, + [|y119) . It would be interesting to understand

1/p*

why this inequality appears as a dual of the Sobolev inequality.

The right-hand side of (16) is invariant under dilations and translations (for fixed L?" norm),

whereas the left-hand side is only invariant under dilations. If we define Var,(G):=

infy [ |1y —¥ol|7G(y)dy, then inequality (16) can obviously be replaced by the

following dilation-translation invariant version: for ||f||;; = ||g|lii* = 1,

[ 1g|P"@-1/m - p(n—1)
Varg(|g|P)¥e ~ n(n —p)
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with equality if f = g = h,.

What happens if in the proof of Theorem (3.1.2), in Eq. (26), we use, instead of Holder’s
inequality (11), the simpler Young inequality (10)? In view of the Remark (3.1.5) before
(19), we obtain the following (equivalent) form of the theorem: whenever f € WP (R™)
and g € LP(R™) are two functions with ||f||; = ||g]||;* = 1, then, for all A > 0,

n(n—p) . 1
B e -2 [ 1pielg0ray <= [ 1AE @9)

with equality if f = g =h, and A = 2,(19) . As a consequence we have the duality

principle

[n(n p)

1
p*(1-1/n) _ q P av| = — i ff VP,
o fl I fIIyII g y] L inf | [[VFIIS

with hy, extremal in both variational problems.
This formulation was our original one. Clearly, the duality seems to be expressed in a much

more satisfactory way in (16) than in (30). Furthermore, the extremal function h,, appears

more naturally via (16), and one need not choose 4 = 4, in a seemingly arbitrary manner.

On the other hand, (30) has the advantage to separate the integrals in an additive way, and
this form will appear more convenient to deal with more sophisticated integral expressions.
We give a treatment of some Gagliardo-Nirenberg inequalities in sharp form. As we
explained, the results in the Euclidean case were recently obtained, with a different method,
by Del Pino and Dolbeault (the case p = 2 is treated in [95] and the general case in [96]).
Here again, we shall consider an arbitrary norm || - || on R™.

We introduce a new family of functions, which will turn out to be optimal in a more general

family of inequalities: for @ = 0, we define
1

ha,p(x): = (Ga,p + (C( - 1)||x||q)-1|-—_a

As before we write = p/(p — 1) , and 6, ,, > 0 is chosen in such a way as to turn hgg, into

a probability density. Note that for ¢« < 1, h,,, has compact support, while for & > 1 it is
P p pp

positive everywhere, decaying polynomially at infinity. The LP norm of the gradient is again
considered in the sense of (15). We stress that the statement will include L (R™)-spaces with
€ (0,1) , for which || - ||~ is no longer a norm. We shall prove

Theorem (3.1.6)[80]. Letn > 2,p € (1,n) and a € (O ] a + 1. Let f and g be such

that ||f || e = ||g|| e» = 1. Then, for all u > 0,
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“p a(p—1)+1 _ﬁ o
(a—1>(ap_(a_1))f g1 = [ yieigieay

1 — -1
<o | s+ - _“f)(a';(f (azl)) | fle@ D+ (30)

Moreover, when

u= = q'e, (BD
then
(1) equality holds in (31) when f = g = hgy; in particular, one has the duality principle

ap
||g||Lap ll@e-D(ap—(@-1D)

q
_ u
j gle-i -2 f ||y||q|g(y>|“de]

_ 1 p ap —n(a —1) a —1)+1]
=l [pugf e D (ap - @ 1))f L o

and hg,y, is extremal in both variational problems;,

(i) as a corollary, whenever f # 0 lies in WP (R™) , then

fora >1,
VAN If 1, e
T 2 VhaplDolhapllzb-ne, (33)
where
. n(a — 1) R
a(np—(ap+1-a)(n—p)) ap@*—ap+a-1)’
fora <1,
IVANZ IF I 1 Vhapl |y
> , (34)
[f L a@-1+1 [ hep || pa-v+1
where
n(l—-a) B p*(1—a)

B (ap+1—a)(n—a(n—rp)) C(pr—ap)ap+1—a)

Proof. The proof will follow the same scheme as in the the basic inequality replacing (21)
will be the following: whenever y > 1 —1/n,y # 1,

1 1-N1 -
o<+ [ rae. (35)
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Inequality (21) corresponds to the case y = 1 — 1/n. Here and as in the proof of Theorem
(3.1.2), F and G denote two probability densities, and V¢ is the Brenier map pushing
F(x)dx forward to G(y)dy. In [111], inequality (36) is shown to be an immediate
consequence of the displacement convexity (in the terminology of McCann [106]) of the
functional

1
p mfpy(x)dx. (36)

Again, for the sake of completeness we shall give a short proof which does not rely explicitly
on this concept. It proceeds exactly in the same way that we followed to prove (21). From
the Monge—Ampe re equation (8) we deduce that for F (x)dx almost every x € R™ we have

G 1(Veo(x)) = F7~1(x)(det D? <p(x))1_y. (37)

The function M — (det M) is concave (resp. convex) on the set of nonnegative symmetric
n X n matrices when k € [0, 1/n] (resp. k < 0). In other words, the function

1
M- 1— (det M)l_y

is concave on the set of nonnegative symmetric n X n matrices whenever y > 1 — 1/n.
(The case y = 1, not needed here, is defined in the limit as the log-concavity of the
determinant and can be used for provinglog arithmic Sobolev inequalities [93]).
Thus, for a nonnegative symmetric matrix M, we have
(1—y)7'(detM)*™ = (1 —y)~*(det(l + (M — D))
<A-p)t+tr(M-1)

= (1 -py) Y(10n(1 —y)) + tr(M).
We then deduce from (38) that
G (T(0) < TEEL Y0 + FTH@)Ag ()

Integrating this inequality with respect to F (x) dx and using the definition of mass transport
(7), we conclude to (36).
We go on with the proof of (31). Define

alp—1)+1 " a—1

ap ap
and note that y = 1 — 1/n precisely when a € (0,n/(n — p)]. Reasoning exactly as in
Theorem (3.1.2), we deduce from (36) that whenever F and G are two smooth, compactly
supported probability densities and V¢ is the corresponding Brenier map, then
il fcy Lop—n@-1) FV—fVFV-ng. (38)
a—1 - a—1
Choosing F = f*? and G = g“? in this inequality, we obtain
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ap a(p—1)+1
a — 1,[ g

Sap—n(a—l)
a—1

j FA-DH_ (q(p— 1) + 1) j T

Next we apply Young’s inequality (10) with X = —Vf(x) and = f*@~D(x)V¢(x) , to find

ap a(p—1)+1 ap — n(oc — 1) a(p—1)+1
(a—l)(ap—(a—l))jg S(0(—1)(0(119—(0(—1)) f

b [wAr + 5 [ g,

puP T q

To conclude the proof of (31), it suffices to apply the identity (7) to the last integral.

We now turn to the proof of part (i) of Theorem (3.1.6). Just as in Theorem (3.1.2), it is a

direct consequence of the observation that if we set f = g = h, 5, and thus V¢p(x) = x, in

the previous proof, then all the steps can be computed explicitly and lead to equalities. The
crucial point here, which ensures a pointwise equality in Young’s inequality (10) is that, for
almost all x € R"™,

1
Pfp

Indeed, after a little bit of computation, this identity reduces to the straightforward equality
x| q° [1x]|?

" pf, ap.
(0ap + (@ = D|x[|7)*1 P (07 + (@ — D|x]|?)a-1

q
J-1) u -
Vhay @) [1E 7 x| = S Wy QI + -2 1RGP x|

Mo x|
+—= R
T (0a)) + (@ = D]]x[|9)a-T
Finally, let us prove part (i1) of Theorem (3.1.6). To show that part (i) of the theorem implies
part (i1), we use a scaling argument, more or less standard in problems of this kind. Assume
for instance & > 1, and let us see how to establish (34). From part (i) we have the inequality,
when [|f]]|zer =1,
1 ap —n(a—1)
— [ 1A+
P, (@ —1D(ap— (¢ —1))

|f|a(p—1)+1

- ap Jia(p—-1)+1 _’u_g a
> c: [(a_l)(ap_(a_l))j o150 041 =B [ {391y D)1y, (39)

with equality when f = h,J/. Thus, for every € WP (R") ,
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a(p-1)+1
A etoes . 1I7f 1l _

-1)41 1 p =
IflEe ™ 111

where C; and C, are positive constants. Here we do not write down the precise values of C;
and C,; anyway this is not necessary, to carry on the argument till the end it will be sufficient

Cs, (40)

to know that h 5, is optimal in this inequality.

Next, we apply (41) with f replaced by f; = f(-/1)(A > 0) . We find

a(p-1)+1
n(a-1) 1F11 atp-1741 am=-p)-n ||Vf||,

+ (4 a
-1)+1 D
IIf15B~D+ (74l

and we can now optimize with respect to A > 0, to recover

0 1-6
[|flleer = CHVF LS ag-1+1)

with equality when f = (h,J’);, with the optimal choice of 1. As expected, 8 is determined
by scaling invariance. The same scaling invariance guarantees that there is also equality
when f = h,J?, which is the content of (34).

The case @ < 1 is obtained exactly in the same way. This concludes the proof of

Theorem (3.1.6).

The mass transportation method appears to be extremely efficient in the treatment of
sharp Gagliardo-Nirenberg inequalities, as illustrated by the short length and simplicity of
the proofs above. Among the other advantages of our method, we note that it provides a
common framework to all the family of Sobolev inequalities, making the link with
isoperimetric estimates clearer. It also emphasizes a strong connection between the Brunn-
Minkowski inequality (9) (and more generally convex geometry) and sharp Sobolev
inequalities. Finally, we should mention that the use of the Brenier map is not compulsory:
we could as well have worked with the Knothe map [100].

Certainly, one of the most irritating open problems remaining in the field, is the fact

that we do not understand how to get sharp inequalities and extremal functions in the

rest of the range of the Gagliardo-Nirenberg family (3).

Another natural problem is that of the identification of all cases of equality in Sobolev or
Gagliard +Nirenberg inequalities. In the case of a Euclidean norm, it is known that the

A

= Cy, (41)

functions h,, are the only minimizers, up to translation, dilation and multiplication by a

constant. But even in this case, the known proofs of this result are far from being
straightforward; they first use the Brothers-Ziemer theorem [87] to reduce to the one-
dimensional case, after which a somewhat tedious analysis is performed. From our proof, it
1s possible to determine all cases of equality, even when dealing with arbitrary norms. We
restrict the discussion to the sharp Sobolev inequalities. A similar proof would solve the
problem for the Gagliardo-Nirenberg inequalities, at least in the case a > 1.

Theorem (3.1.7)[80]. 4 function f € WP (R"™) is optimal in the Sobolev inequality (18) if
and only if there exist C € R, A # 0 and x, € R" such that
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flx) = Chp(/l(x — xo)) . (42)

It is enough to prove Theorem (3.1.7) for nonnegative functions f. Indeed, for an arbitrary
optimal function f, |f| will also be optimal and then the conclusion of the theorem will force
f to have constant sign on R™.

Let f and g be two nonnegative measurable functions; we say that f is a dilationtranslation

image of g if there exists C > 0,  # 0 and x, € R" such that (x) = Cg(A(x — x,)) . If

[ fe=/[ g¥* for some k > 0, then necessarily f(x) = |A|"*g(A(x — x;)) . This is

equivalent to saying that the Brenier map V¢ pushing f*(x)dx forward to g*(y)dy is a
dilation-translation map, in the sense that = A(Id — x;) . Note that f is a dilation-translation
image of g if and only if g is a dilation-translation image of f.

The Sobolev inequality is invariant under dilation Hranslation maps. Thus, it suffices to

prove Theorem (3.1.7) when f P” is a probability density. In view of Theorem(3.1.2), we just

have to set g = h,, and prove that all f’s which achieve equality in (16) are dilation-

translation images of h,,. Then, Theorem (3.1.7) is an immediate consequence of

Proposition (3.1.8)[80]. Let Q € (1,n) , and letf and g be two nonnegative functions
satisfying the assumptions of Theorem (3.1.2). If equality holds in (16), then f is a dilation-
translation image of g.

proof. will not rely on any sharp rearrangement inequality, but on rather standard tools from
distribution theory, combined with careful approximation procedures. Let us start with an
informal discussion. Our derivation of the optimal Sobolev inequality only relied on (i)
Theorem (3.1.1), together with the Monge-Ampere equation (22) and the definition of mass
transport;

(ii) the arithmetic-geometric inequality (23), (det D?¢)Y/™ < A¢/n, integrated with

respect to fP =1/ (x)dx;

(111) the integration by parts formula (24);

(iv) Holder’s inequality (11), in the form of Eq. (26).

If ¢ was smooth and f positive everywhere, equality in the arithmetic- geometric inequality
(i) would imply that D?¢ is a pointwise multiple of the identity, from which it could be
shown that it is in fact a constant multiple of the identity, so that V¢ is a dilation-translation
map. However, we do not know a priori that ¢ is smooth, neither that f is positive almost
everywhere. Moreover, it is definitely not clear that the integration by parts formula (24)
applies to the minimizer: we proved it only in the case when f and g are compactly
supported! This restriction on f and g had no consequence on the generality of the final
inequality, since a density argument could be applied; but it prevents us to go anywhere as
far as equality cases are concerned. Therefore, our proof will be performed in two steps: (1)

99



generalize the proof of (16) in order to directly obtain the inequality for all admissible f’s
and g’s, not necessarily smooth and compactly supported, (i1) trace back cases of equality
in the proof of this inequality, without assuming extra smoothness on f, g or ¢.

To carry out step 1, it is sufficient to generalize the proof of the integration by parts (24) to
more general functions f and g.

With the notations of Theorem (3.1.2), let us fix nonnegative functions f and g for which
there is equality in (3.16). We will trace back the equality cases in the proof of (16). Recall

that V¢p denotes the Brenier map pushing f?" (x)dx forward to g?" (y)dy. Our goal is to

prove that V¢ is a dilation dranslation map. As before, we denote by (2 the interior of the

convex set where ¢ < +00; we recall that 2 contains supp(f) , and that 802 is of zero

measure.
The proof will be done in three steps:
Step i: The function f is positive on £2; Step ii: D3, ¢ has no singular part on £2; Step iii: V¢
is a dilation-translation map.
Let us first show that f is positive everywhere, or more rigorously that for every compact
subset K of (2, there exists a positive constant ag such that
Vx €EK,f(x) = ag > 0. (43)

Here, of course Vx” should be understood as “for almost all x” A proof was suggested to us
by Almut Burchard; we reproduce her argument almost verbatim below.
For equality to hold in Holder’s inequality (11) it is necessary that, for some positive
constant k > 0,

[1X]|? = k||Y]|? almost everywhere (44)
Therefore, equality in (26) implies

WZFCONE = kfP" (II7p()]|? (45)

for almost every x € ().
Let us introduce f,,(x) = max (f(x),1/m) . We know that Vf,, € LP and that in fact

Vin = Vf1lsq/m. It follows that

V£ GOIE < IVFGOIIE = kfFP @IV < kfE @IV

As a consequence,
17 ("Y1l < e

Since ||V ]| is locally bounded on 2, it follows from (51) that the functions f,,, P/(nP) are

e LLLCI LA CD

uniformly (in m) locally Lipschitz on £2. Taking m to infinity shows that f ~P/(*~P) js Jocally
Lipschitz, and therefore locally bounded, on (2. From this we deduce that f is positive,
locally bounded away from 0 on {2, in the sense of (48). This implies in particular that the
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support of f is £2.

We now prove that D3, ¢ has no singular part. Since this is a nonnegative matrixvalued
measure, it is enough to prove that its trace A4¢ is itself absolutely continuous in (2. Let
A¢ be the singular part of Ay ¢; recall that Ag¢ is a nonnegative measure and that Apr¢p =
Ap + As¢. Since there should be equality in (44), we deduce from the proof of Lemma
(3.1.9) that

p(n-1)
limlim inf ((f?) ™? ,4s¢)p = 0. (47)

£-06-0
Without loss of generality, we assume that 0 € (2. Let K be an arbitrary convex compact

subset of {2 containing 0 in its interior. For dg:= d(K, Q) ,let K' = {x € 2;d(x,K) <
dg/2}. From its definition K’ is a convex compact subset of 2 whose interior is a
neighborhood of K. By (48) we know that there exists @ = ags > 0 such that f > alg,
where 1, stands for the indicator function of K'. If ¢ is small enough, we can make sure
that K/(1 — ¢)? c K'; then, with the notation of Lemma (3.1.9) we have f,(x) =

aly/1-g(x) . If § is small enough, this implies

3 > aly.
As a consequence, when both € and § are small enough we see that

(-1 x(1-1
(Y 0, gy = o CRaplk). @)
Combining this with (52) and the positivity of a, we find that A;¢p[K] = 0. Since K is

arbitrary, we conclude that A¢¢ vanishes. As announced above, this means that D3, ¢ is
absolutely continuous. Since we have equality in the arithmetic-geometric inequality (23)

for fP"(1=1/M (x)dx almost every x € 2, and therefore for almost every x € £, we conclude

that D2 ¢, which can be identified with D3, ¢, is proportional to the identity matrix at almost
every x € (). Let k be a smooth regularizing kernel with support included in a small ball of
radius €. Since D% (¢ * k) = D?¢ * k, we deduce that the smooth function ¢ * k is such that
its Hessian is also pointwise proportional to the identity matrix on £2,: = {x € £2; d(x,d2) >
¢}. From this one easily shows that D?(¢ * k) is a constant multiple of the identity. By
making k tend to a Dirac mass, we see that D3, ¢ is also a constant multiple of the identity
on the whole of (2, and therefore V¢ is a dilationtranslation map on (2. This concludes the
proof of Proposition (3.1.8).
This is the content of the following:

Lemma (3.1.9)[80]. Let f € W'P(R™) and g € LP (R™) be two nonnegative functions such
that ||f )i = N1glls = 1and [ gP" (D)||y]|9dy < +oo. Let V¢ denote the Brenier map

pushing P (x)dx forward to gP (y)dy. Then, f?"/1V¢ € L1(R™) and
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j fp Ad) < — f V[fp*(l_%>] Ve = (n p)f fP */a Vf.V¢, (49)

where A¢p = trD?*¢ = 0 denotes the absolutely continuous part of the distributional
Laplacian.

To achieve step 2, and eventually prove Proposition (3.1.8), we shall have to overcome a
few more technical difficulties. We establish that f is positive; the proof of this fact was
given to us by Almut Burchard, As we shall see, the argument eventually relies on the fact
that there should be equality in Holder’s inequality (iv) above. From this strict positivity we
shall deduce that the distributional Hessian D3, ¢ is absolutely continuous, and therefore
coincides with D?¢, defined almost everywhere. Once we have introduced the distributional
Hessian in our problem, we will use a standard regularization argument to conclude the
proof.

A subtle point in the argument is the following: for our proof to work out, it is not sufficient
to prove that f is positive almost everywhere. Indeed, if f would vanish at some place, then
we could not exclude the possibility that D?¢ has some singular part, living precisely on the
set where f vanishes. On the other hand, f is not a priori continuous, so discussing the
positivity off everywhere does not seem to make much sense. To avoid this contradiction,
we shall show that f is positive everywhere in the sense that it is, locally, bounded from
below almost everywhere by a positive constant.

After these explanations, we can go on with the proofs of Lemma (3.1.9) and of
Proposition (3.1.8).

Proof. By definition of mass transport (7), we know that [ f?" ||Vo||9 = [ gP ||y||9dy

and so fP/9V¢ € LI9(R™) . The proof of (44) will be done by approximation and

regularization; there is no fundamental difficulty, but one has to be careful enough.

Let £2 be the interior of the convex set where ¢p < +00. Note that 1 contains the support of

f, and that 92 is of zero measure. Without loss of generality we assume that 0 € (2.
Whenever € > 0 is a (small) positive number, we define

£.00 = min |f (=), f@OxE0), (50)

where y is a C* cut-off function with 0 < y < 1, y(x) =1 for |x| < 1/2, y(x) = 0 for
|x| = 1. Note that the support of f, is compact and contained within (2 (here we use the fact
that (2 is starshaped with respect to 0).

Both functions in the right-hand side of (45) are bounded in WP (R™) , uniformly in &.
This is clear for the first one; for the second one this is a consequence of

[ frervixeotra=e [ frivxeopa
Rn

Rn
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() ([ieeora)

where we used Holder’s inequality and the change of variables x — ex. Thus (by the formula
min (f,g9) = (f + 9)/2 = |f — g1/2), f: lies in WP, and in fact V', is bounded in LP as
e - 0.

We now fix € > 0, and let (2, be a bounded open set whose closure is contained within (2,
and which contains the support of f,. It is standard that f, can be approximated in W1H? (R")
by a sequence £% — f. of smooth nonnegative functions compactly supported inside 2,; for
this one just has to regularize f, by convolution with a kernel whose support is contained
within a ball of radius &, § small enough and going to 0. Then we can use the fact that A¢
(in the sense of Aleksandrov) is bounded above by the distributional Laplacian of ¢ in (2
(see [98] or [92]), and write

j (ES)p*(l_%)A¢ < _f V[(fsg)p*(l_%)] Ve = _Cnpj (fsg)p*/q VES - vg (51)

p
n

where cp,:=p(n—1)/(n—p) > 0. We know that £8 converges to f. in LP (by

convergence in WP (R™)) and since V¢ remains essentially bounded within 2., we
conclude that ( ﬁf)p /4

V£S converges to Vf, in LP. We then deduce from (46) by Fatou’s lemma that
j(fg)p*(l'l/") Ap = —cpyp j(fg)”*/" Vie-Vo. (52)

It now remains to pass to the limit in (47) as € = 0. For this we argue as follows. First of all
we note that, up to possible extraction of a subsequence € = (&) ren, fe converges almost

V¢ converges to (f.)P /9V¢ in L?. On the other hand we know that

everywhere to f as & - 0. To prove this, it is sufficient to show that g (x): = f(x/(1 — ¢))

converges almost everywhere to f(x) as € — 0. Clearly, g, is bounded in WP (R™) as € —
0, and it also converges to f in the sense of distributions, since for all compactly supported
test-functions ¢ one can write

[ seo=a-o[ r@ea-oa- | ro

So g, converges weakly to f in W'y , and therefore locally strongly in L" for any r €

(1,p*) . It follows that (up to extraction of a subsequence) g, — f almost everywhere. As a

consequence, f. converges to f almost everywhere. Since f. < f € LP", by dominated
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. * . .
convergence theorem f, — f in LP Similarly (or as a consequence of the LP convergence

of f, to f) Vf, converges to Vf in distributional sense on R", and is also bounded in LP, so
Vf. converges weakly in LP to Vf. On the other hand, again because f, < f, we know that

(£.)P/||V || € L2. So, by dominated convergence, (f.)P /1V¢ converges (strongly) in L

to f p'/q V. Thus we can pass to the limit as € = 0 in the right-hand side of (47), and by

Fatou’s lemma we obtain

| rromimag < —cplim [ GOPIevs T = —cuy | FrIOTF V0

This concludes the proof of (44).
Remark (3.1.10)[80]. No strict convexity of the norm is required for (49), as shown by the
following short argument. Let A > 0 satisfy

(f ||X||i’>1/p(j ||Y||q)1/q=§<j ||X||f)+§<f ||Y||q).

Then, equality in Holder’s inequality (11) implies a pointwise (almost everywhere) equality
in Young’s inequality (10). When there is equality in Young’s inequality, the function

a(t):= (X -Y)t—(A7P||X||¥/p)tP achieves its maximum at ¢t =1, and therefore
A7P[1X|[® = A9]|[Y|]9. This implies (49) with k = AP*4.

In the case g = hy, > 0, once the strict positivity of f has been proven, it is possible to
appeal to Caffarelli’s interior regularity results [90] for solutions of the Monge-Ampere
equation, in order to conclude directly that ¢ € Wli‘cl (a > 1) . This argument also implies

that D3, ¢ has no singular part; it has however the drawback to rely on very sophisticated
results.

If we look for extremal g’s in (17), we can set f = hy, in (16) and check for equality cases

there. From Proposition (3.1.8) we know that g has to be a dilationtranslation image of h,,
and that V¢ is a dilation dranslation map. But, as in the proof of Proposition (3.1.8),
equality in Holder’s inequality with f = h,, implies ||V¢(x)|| = A||x|| almost everywhere,
for some A > 0 (see (50)). Therefore V¢p(x) = +Ax, and the only cases of equality are

dilations of A. In (29) with f = h,, the only equality cases will again be the

dilation —ranslation images of h,, as in Theorem (3.1.7).
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Replacing Holder’s inequality by Young’s inequality—in fact, we eventually used the cases
of equality in Young’s inequality! — in the proof of Proposition (3.1.8), we can conclude
that for equality to hold in (30), it is necessary that f be a translationdilation image of g.

It was pointed out to us by Maggi [104] that the technicalities encountered above can be
greatly simplified if one restricts to radially symmetric functions. Indeed, in this case we
have to deal with a one-dimensional transportation problem, which is completely
elementary. The interest of this Remark (3.1.10) lies in the fact that it is often possible, for
many variational problems, to show a priori that optimal functions have to be radially
symmetric around some point, by sharp rearrangement inequalities (in this case, the
Brothers-Ziemer theorem). Once this reduction has been performed, the classical procedure
for the identification of extremals is still somewhat subtle, and even in this context the mass
transportation argument leads to substantial simplifications. On the other hand, these sharp
rearrangement inequalities are in general nontrivial. A proof of the Brothers-Ziemer theorem
for general norms has been recently announced by Ferone and Volpicelli (after a similar
result for strictly convex norms, by Esposito and Trombetti); by combining this with
Maggi’s Remark (3.1.10), one can devise an alternative proof of Theorem (3.1.7).

Section (3.2): On the Half-Space

For n > 3 be an integer and p a real in (1,n) . The classical Sobolev inequality in R™ asserts
the existence of an universal positive constant K, (p) , such that, for all function f in the
Sobolev space WP (R") ,

1f 1l o* gy < Kn@INVF e ey, (53)

In fact, the space W? is not well adapted to study Sobolev inequalities on R", and should
be replaced by the homogeneous Sobolev space

WLP(R™) = {f € LP"(R™),s.t.Vf € LP(R™)},

or equivalently (see [23]), the space of functions vanishing at infinity with their gradient in
LP(R™) . We will say that a measurable function: R™ — R vanishes at infinity if
Va > 0,mes ({x € R"; |f(x)]| = a}) < +o. (54)
The best constant in (53), together with extremal functions, was found in 1974
independently by Aubin [82] and Talenti [126] by classical variational methods. By a
symmetrization argument, the problem is reduced to the dimension one, and then solved by
ODE techniques. The extremal functions, up to dilations and translations, take then the
following form,
PP 1 1
fQ) =9+ |y p,€>0,5+5= L. (55)
Consider now a smooth bounded domain 2 < R™. The inequality (53) does not hold

anymore, because of the constant functions. Then, a natural strategy is to replace the
condition (54) on the functions by a vanishing condition on the boundary, that is to work on
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the space WO1 P () . In that setting, Guedda and Veron proved in [122] that, for a bounded

and starpshaped domain (2, the corresponding inequality does not admit extremal function.
In [118], F. Demengel and E. Hebey studied a modified version:

L) = inf ( f (7uGo)|? +a(x)|u(x)|p)dx>. (55)
ueWy P (RM), [, f0)lu(x)ldx=1 0
They proved that the existence of extremal functions to (55) is related to the following

condition
n

L, (D) K, (p)P (r;leag f (x)> "< (56)

The value of L,(£2) being unknown, they use the extremals in (53) in order to get explicit

conditions on the domain and the data , f, by localization around a point of maximum of f.
A generalization of (55) by Demengel leads to the subject of the present Replacing the
constraint in (55) by

u€W2(); | f)u()|Pdx =1,
a0

(n-1p

where p = is the critical exponent for Sobolev imbeddings into trace spaces, an

existence condition similar to (56) is found, the reference constant K,,(p) being replaced by
the best constant in the following Sobolev inequality on R} = R, X R""1,

1F 5oy < Qu@ITFllpcapy- (57)

If we know the extremals in (57), the work done in [118] can be adapted to get explicit
existence conditions of minimizers. Notice that the existence of extremals for (57) has been
established by Lions in [124] using the concentration-compactness principle. In the case
where p = 2, these extremals (and then the best constant) have been computed by Escobar
in [120], and further by Beckner in [85]. Unfortunately, their proofs both deeply used the
conformal invariance of the associated variational problem, then cannot be generalized to
other values of p and the problem was still open. Escobar conjectured that the functions

1
V(t,x) € RY, f1(t,x) = 7= A >0 (58)

((t+2) + |x[*)2P~D
are optimal in (57). This is natural since they solve the PDE
—div(|Vf|P72Vf) =0 in R
_2 , np—-1) "
|‘7f|p an = —Qn(p)fﬁ on 6R+

The difficulty is to prove that Q,,(p) = Q,,(p)~P. It is impossible to reduce the problem to
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the dimension 1, since symmetrization arguments only apply with respect to the x variable,
and don’t really simplify it (see [123] for such a construction). Using the particular form of
the expected extremals, the proof of this result uses a mass transportation method, and is
deeply inspired by [80] and more recently [125]. In [125], Maggi and Villani proved an
optimal inequality valid on all locally Lipschitz domains (2:

11l @y < Kn@NVfllr ) + Tn@®@) T Nl 5 o0 (59)

(n-1p
n—p

where p = (this exponent is the critical ones for the Sobolev embedding into LY space

on the boundary), and T,,(p) P is the isoperimetric constant. In addition, they showed that

(59) is sharp on balls. This generalizes in particular a result of Brezis and Lieb in [116],
correponding to p = 2.
The results of [125] stand in the continuation of the considerable efforts which have been
spent in the last years to get a better understanding of Sobolev type inequalities, with the
introduction of mass transportation concepts in the field. These methods are not new and,
for example, are somehow used in all known proofs of the Briinn-Minkowski inequality:
|A + B|% = |A|% + |B|%, (60)
for all measurable sets A and B in R™. [125], Gromov gave a proof of the isoperimetric
inequality based on the Knothe transport map between two probability densities. After the
work of Brenier on the polar factorization [115] and more especially of McCann on the
Monge-Kantorovitch optimal transportation problem [125], Otto and Villani found deep
links between log-Sobolev inequality and the asymptotic profiles in the FokkerPlanck
equation. In [95], Dolbeault and Del Pino used the entropy-entropy production method to
prove that asymptotics in nonlinear diffusion equations were exactly the extremals of a one-
parameter family of Gagliardo-Nirenberg inequalities, with (53) as a limit case, and obtained
these extremals by similar methods as Aubin and Talenti. Inspired on the one hand by this
work, and on the other hand by the direct proof using a mass transportation method of
Gaussian inequalities obtained by Barthe in [84], Cordero-Erausquin, Villani exhibited in
[80] a completely new proof of (53) in its optimal form (together with the whole family of
Gagliardo-Nirenberg inequalities of [95]). This result is derived from a new duality principle
generalized later by Agueh, Ghoussoub and Kang in [114]. The proof of this duality
principle is direct, by writing a sequence of elementary inequalities, each of them being
optimal. The extremals are then recovered by tracing back the cases of equality at each step.
In addition, except from the Brenier map, it only involves arithmetic-geometric and Holder
inequalities. For that reason, the result is obtained for an arbitrary norm on R", and it is
possible to prove that, up to translations and dilations, the functions given by (55) are the
only minimizers in (53), avoiding the use of the moving plane method [121], or competting
symmetries of Carlen and Loss [117]. Contrary to the inequalities covered by [80], which
have already been proved by variational approach, the inequalities studied in [20] and this
work have no other proof. This shows that mass transportation techniques are particularly
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adapted to inequalities involving trace terms. Actually, since the proof applies for any norm
on R, it generalizes in the case p = 2 the result of [120] and [85], showing that neither
conformal invariance nor the Euclidean structure of R" play any role in the problem of sharp
Sobolev inequalities with trace terms.

We devoted to the proof of Theorem (3.2.1), after a summary of the mass transportation
ingredients and some basic considerations about norms on Euclidean spaces we shall give
some comments about uniqueness and results which can be derived from the proof,
especially when interesting to arbitrary domains.

Theorem (3.2.1)[113]. Letn = 3 and p areal in (1,n) . Let || . || be a norm on R™, its dual

norm being denoted by || - ||. Then, for all f in WYP(R%) ,
1

p
f Il m-vw < Qn(p)<Jn HVf(y)Hfdy> (61)
) R

L m=P (9R% n

with equality in (61) as soon as, for some A > 0 and x, € R"1,

n-p
1 (r-1)
AP

|t + A, x — xo)|

V(t,x) ERY, f(t,x) = (62)
It contains the conjecture of [120], in the particular case of the Euclidean norm.

Proof. First, we give a brief presentation of the key ingredients of the analysis, and recall
the main properties of the Brenier map. Let F and G some probability densities on R”. By
a result of Brenier [5], further refined by McCann [21], there exists a function = V¢ : R} —
R?%, with ¢ convex, such that T maps the measure F(y)dy onto G(y)dy, which means by
definition that, for all measurable set B,

| eway=]  Foa, (63)
B T-1(B)
or, equivalently, for all measurable function ¥ : R} - R,
YOIy = | $(TR)FOy. (69
R™ R7

With this properties, T is uniquely determined F-a.e. Note, even if it is not crucial in this
work, that T realizes the optimal transportation in the Monge-Kantorovich problem with
quadratic cost (see [126]) from F(y)dy to G(y)dy. Assuming that the function T is C! and
realizes a diffeomorphism, which is in general completely unrealistic, a change of variables
in (64) leads to the following Monge-Ampere equation:

F(y) = G(V¢(y))DetD?¢(y) . (65)

In the general setting of probability densities, McCann proved in [124] that (65) remains
valid at least F almost everywhere, D?¢ being undestood as the absolutely continuous part
of the of the distributional Hessian matrix of ¢ (or in the Alexandrov sense, that is, the
quadratic part obtained in a second order Taylor expansion). The only more general
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regularity result known is due to Caffarelli [88], [89], [90] for C%% densities with compact
convex support, in which case the potential ¢p becomes of classe C#* and then equation (65)
holds in the classical sense. Note, as done in [125], that if the arrival density G is compactly
supported in R%, then the potential ¢p can be assumed to have its domain the whole R",
since it is possible to extend it as a convex function outside R7. The main consequence of
this fact is that we can assume that V¢ has bounded variations up to the boundary.

Now, we introduce the underlying structure. Consider the vector space R™ endowed with

some arbitrary norm denoted by || - ||. Then, the dual norm on (R™)* = R" is defined for all
X € R" by
[|X]||« = sup X-Y.
I¥il=1
It means that || - ||, is the conjugate function of the convex function || - ||. With this setting,

the Holder inequality holds: Vf : (R")* - Rin LP, and Vg: R® - R in L9, with% + 5 =1,

1 1

: v 5( q>a 66
reas (L) ([ na (66)

which expresses the fact that LP((R™)* || - ||.) is the dual space of LI(R™ | -|) . In
addition, the norm function is differentiable at all X € R™, x # 0, and for all such x,
V(| - |D(x) is the unique vector x* such that

x*x = ||x|l.
More generally, for a given differentiable function f: R™ — R, its gradient with respect to
the norm || - || lives in (R™)* and its || - ||, norm corresponds to the norm of the derivative

of f as a linear map.
We set, forp € (1,n) , and fory = (t,x) € R? = R +x R"1,

— b—n
f) =Gy —ellP1, (67)
where e = (—1,0) and
11

— n pn — -n
60 = (G=irgy) | @=] a0 (6

P

This normalization makes the function ]_‘”_p to be a probability density. Let us remark that

it is sufficient to prove that ]_f is extremal in (59), in order to get that all the functions given

by (62) are also extremals by the scaling invariance. The key point will be that 7 realizes

the equality in (66) with

_ n(p-1) _
FO) =FO) P (v —e) and g(3) = ~VF(). (69)

Note that it is sufficient to prove (59) for non negative functions by taking |f| in the
inequality. We begin by establishing with the techniques of [80], [125] an inequality valid
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on two arbitrary smooth and compactly supported probability densities F and G. Then, in a
np
second part, we apply the inequality to F = f % and G = gn-r, where f and g are still

supposed to be non negative, smooth and compactly supported in R% . At this stage, we shall
remove the assumptions by a density argument and the final step will then lead to the
conclusion.

Consider F and G two smooth and compactly supported probability densities on R”, and let
V¢ the Brenier transportation map between F(y)dy and G(y)dy. What follows is deeply
inspired from [80], [125], and only differs by the treatment of the trace term. Then, we write

k

by the definition of the Brenier map. Then, using the Monge-Ampére equation (65), we have

1 1
G (y)' ndy = J G (Vo)) "F(»)dy,

n
+ +

j G () ndy = f (DetD2p()) F(y)' dy,
R™ R”:

1
< 2 agoIFe) dy,
n Rz
thanks to the arithmetic-geometric inequality. In the previous inequality, the Laplacian is
understood as the absolutely continuous part of the distributional Laplacian. But, since ¢ is
convex, its distributional Hessian is a measure with values in the set of the semi-definite
positive matrix. Then, it follows that

1 1 1

[ 6oy <= | Ay dOIFG) Ty
R" nJgn

We introduce Y(y) = ¢(y) — e - y. Then, ¢p and Y share the same Laplacian. We have that

€ BV;,.(R}) , and since F is smooth, we can use an integration by parts formula for BV

functions. This leads to

n

where n denotes the exterior normal vector, and in this case we have n = e at each point of
the boundary. In addition, by the definition of the mass transportation, V¢p(y) € R}, for all
y, which exactly means that V¢ satisfies V¢p(y) - n < 0. Since, e - e = 1, we get

7.7 (F) 0y + [ FO)ITpen, (70)

OR"

G () Tdy < - f

n n
+ R¥

f F () rdy +n f 6y <= [ (W) —e) 7 (FR) (ay. (71)
IR R™ R

The next step consists in considering two non negative, smooth and still compactly
supported functions f and g such that
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np _ np ., _
e f g (P!
R R7

np
and setting F = f 2 and G = g™?. Then, (3.72) becomes
n-p

(n-p

f Q) nr dy
IR"

—1 n(p-1) (n-Lp
R f FO) P (TH() - e) - TF()dy —n LI = dy

Using the definition of the dual norm and then applying Holder inequality, it follows that

S

(n—1p —1 . \M4
fy) mr dy < %( IR”” Vo) — eII"f(y)"‘de> < Rnll Vf(y)llfdy>

IR"

(n-1)p
-n f g (y) P dy,
R}

and actually, by the definition of the transport map,

1 1
(r;l—_l)p (n—1p B e a p )5
me(y) Pdys— —~ (fmlly el7g(y) pdy) <fMII VIl dy
(n-1p
—n f g ) P dy. (72)
R?

At this stage, it is necessary to remove the compactness and smoothness hypothesis. Let us
make two remarks. First, (72) has been established only for compactly supported functions,
but since the transport map V¢ does not appear anymore, by density arguments it remains
valid as soon as each term is defined, typically for f € WP (R?) and g € LP (R") (Indeed,
the compactness hypothesis on g was necessary to get sufficient regularity on V¢ for the

integration by parts). On the other hand, this beeing done, if we set f = g = 7, then, the

transport map becomes the identity, so each step can be performed and provides an equality
As a conclusion for this step, (72) holds for any functions f € WP (R") and € LP (R?) ,

and is an equality for f = g = f :
Now, we can finish the proof. Let us set g = f in (3.73). This leads to, for all non negative

f in WP (R?) such that ||f]],* ®H = L
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(n-Dp

Rnf ) P dy < A,(OIVflewry — Ba(p), (73)
with
1 1
_(m—Dp — 2\ _(n—-Dprp—1ya % 1
An(p) = W(Lﬂ”)’ —elf(y) de) i— (n — p) Co(p) ™7 Jn(p)a
and
(n-p np—1) n-Dp
Byp)=n| f@) P dy=——- — Co(p) ™P J(P),
R7? p
where

Jn(p) = f | (1, )] Ddx.

RN—1
Here, we remove the normalization. For all f € WP (R?%) , the inequality (73) reads
(n-1p

K(f) »? Q(f) = Ay(P)K(f) — Ba(p) ,

where we set

(74—

WVl wn
———* an —,

O =

dQ(f) =

hence

_(n-1)
Q) <K~ ™7 (Ax@K(F) — Ba(®)).

_(-1)p
The function H: k = k™ »» (A, (p)k — B,(p)) achieves its maximum on R* at the point

_p(—1) By(p)
T -1 4,0)

- (p_p)lc (PYn(PY?
= < j || \77||f>5=1<(7),

by a simple computation. As a conclus1on for all f € WYP(R?),

Q(f) < H(ko),

with equality for f = ]_f, which ends the proof. A natural question arising here concerns the

identification of all the minimizers in (60). Following [80], the guess would be that, up to
dilations and multiplication by constants, the function given by (62) are the unique
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minimizers in (59). Unfortunately, it supposes that we are able to perform the integration by
parts (70), only assuming that f € WP (R?%) , which is not really a problem, but also g €
LP"(R™) not necessarily compactly supported. In that case, the normal derivative of ¢ has
no reason even to exist on the boundary.

If we don’t introduce the vector e in (70), then the trace term does not appear anymore, and,

replacing ]_” by the minimizers in the corresponding sharp Sobolev inequality in R™, we can

end the proof in the same way as in [80] and get the Sobolev inequality (53) for R, which
means that R? is a gradient domain in the sense of [125] (This was already proved in [124]).
It is not the only one, and a natural criterion can be directly derived from the proof. Indeed,
it is easy to see that, if 2 € R"™ satisfies that there exists some y, € £ such that, Vy € 2 and
x € 012,
(v = ¥0) - ny < 0,and (x — y,) -0, =0,

where n stands for the exterior normal of the boundary at the point x, then (2 is a gradient
domain, and the minimizers takes the form

_b
fO =y —yll? + o' ™m0 > 0.

In particular, this is the case for the following conical subsets of R,
n={tx)e Rﬁ;F(f) <o},
t

for any convex function F: R""1 - R.
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Chapter 4
Generalised Gagliardo—Nirenberg Inequalities

We provide a brief primer of some basic concepts in harmonic analysis, including weak
spaces, the Fourier transform, the Lebesgue Differentiation Theorem, and Calderon—
Zygmund decompositions. We obtained by using interpolation spaces, the precise form of
the inequalities stated here appears to be novel and, moreover, the proofs given in the present
are self-contained (save for the use of the John—Nirenberg inequality for the BMO result) in
contrast to the other mentioned approach. The use of C7 Holder spaces in such Gagliardo—
Nirenberg inequalities seems to be new.
Section (4.1): Weak Lebesgue Spaces and BMO
The Gagliardo-Nirenberg interpolation inequality (Nirenberg [23])
0 1-0 1 6 1 s

IFle < el NI 1S g <p <o =—+A=0)(3-7) @
1s an extremely useful tool in the analysis of many partial differential equations. In particular,
in the mathematical theory of the two-dimensional Navier-Stokes
equations it is frequently encountered in the form of Ladyzhenskaya’s inequality
(Ladyzhenskaya [141])

Iflle < cllf 1221V (2)

provides an introduction to some of the basic ideas of harmonic analysis, as a means of
generalising the Gagliardo-Nirenberg inequality in two directions.

First, using only simple properties of the weak L? spaces and the Fourier transform we show
that one can replace the LY norm on the right-hand side of (1) by the norm in the weak L7
space:

£l < clifllacollf1ljs° 3)

Along the way we also provide a proof of various forms of Young’s inequality for
convolutions and the endpoint Sobolev embedding HS(R"™) c LP(R") for s = n(1/2 —
1/p), 2 <p < oo.

We note that, in particular, (3) provides the following generalisation of the 2D
Ladyzhenskaya inequality:

Iflle < cllf 122NV EI22 (4)

How this inequality is relevant for an analysis of the coupled system
—Au+Vp=(B -V)B,V-u=0,

dB
E_|_,7A}_L;_|_(u.\7)3=(B-l7)u,l7-B=O,

on a two-dimensional domain (for full details see McCormick et al. [143]). This system
arises from the theory of magnetic relaxation for the generation of stationary Euler flows
(see Moffatt [144]), and was our original motivation for pursuing generalisations of (2) and

114



then of (1).
Related to the case s = n/2 in (1), Chen & Zhu [11] (see also Azzam & Bedrossian [11];
Dong & Xiao [132]; Kozono & Wadade [5]) obtain the inequality

Ifllee < el FIEE" 1 Nens” (5)

where BMO is the space of functions with bounded mean oscillation. This inequality
Grafakos [136]) is stronger than (1) since ||f||gmo < c||f || gzn/2. In fact for ¢ > 1 one can
obtain a stronger inequality still, weakening the LY norm on the right-hand side as we did in
our transition from (1) to (3):

1_
£l < clFNTEIf . (6)

We adapt the proof used in [11] for (5) to prove (6); their argument makes use of the John-
Nirenberg inequality for functions in BMO, which is proved via a Calderon-Zygmund type
decomposition This decomposition in turn makes use of the Lebesgue Differentiation
Theorem.

One can prove (6), and a slightly stronger inequality involving Lorentz spaces,

a/p 1-q/p
Ifllpr < clifll allfllgme 1 <q <p <o,

using the theory of interpolation spaces (as in McCormick et al. [143]); see Corollary
(4.1.17) (and also Kozono et al. [140]). We briefly recall the theory of interpolation spaces
and give a proof of this inequality.

Since it provides one of the main applications of weak LP spaces, we include a final that
contains a statement of the Marcinkiewicz interpolation theorem and some of its
consequences, including a strengthened form of Young’s inequality. A very readable account
of all the harmonic analysis included here can be found in the two books by Grafakos [135],
[136].

We attempt to find the optimal constants for our inequalities, and throughout we treat
functions defined on the whole of R"™. Similar results for functions on bounded domains are
more involved, since one requires carefully tailored extension theorems (see Azzam &
Bedrossian [128]).

We begin with the definition of the weak L? spaces and quick proofs of some of their
properties. For more details see Chapter 1 of Grafakos [135].
For a measurable function f: R"™ — R define the distribution function of f by

de(a) = u({x: [f(x)| > a}),

where @(A) (or later |A|) denotes the Lebesgue measure of a set A. It follows using Fubini’s
Theorem that

0]

|f ()
£l = Rn|f(x)|pdx = 'pJRn.[O aP ! dadx = pjo aP~tde(a)da. (7)

For1l < p < oo set

115



cP
”flle,oo:inf {C df(a) < ﬁ}

= sup {yd;(y)*/?:y > 0}.

The space LP*®(IR™) consists of all those f such that ||f || p. < oo. It follows immediately
from the definition that

f ELP®(R™) = dp(a) < ||flljpeoa™ (8)
and that for any f and g
drg(@) < dp(a/2) + dy(a/2), )
which implies that
If + gllzpeo < 2(JIf llLpee + [IgllLpe). (10)

The following simple lemma (the proof is essentially that of Chebyshev’s inequality) is
fundamental and shows that any function in L? is also in LP*®
Lemma (4.1.1)[127]. If € LP(R™) , then f € LP*(R™) and ||f ||, < ||f]|»-
Proof. This follows since

_ P .
de(a@) = | |f(x)| > a} | fO)] > a}=———dx < ||flpa”®.
{x: {x: a
While LP < LP'®, clearly LP'™ is a larger space than LP: for example,
|x|™/P € LP=(R™) (11)

but this function is not an element of LP (R™) .
An immediate indication of why these spaces are useful is given in the following simple

result, which shows that in the LP interpolation inequality
1-6

1 6
< 1F11° 162 _7 7Y
A = ANl f e .

one can replace the Lebesgue spaces on the right-hand side by their weak counterparts.
Lemma (4.1.2)[127). Take 1 < p<r < q<oo. If f € LP® N LT then f € L" and

0 1-6
Ifller < cprqllfllLoeollfllLaw,

where
6 1-6
=t —
p q
If q = oo, we interpret L as L

Proof. We give the proof when g < oo; the proof when q = oo is slightly simpler. If f €

LP®, then df(a) < ||f||fp,ooa_p, so for any x we have

(0]

IFl =7 j a1 d(@)da
0
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X [oe]
< rf a" | fIV e Pda + rf a" Iflllgewada
0 x

< — I IPoeox™P + —— ||| Tqeox T
r—op L r—gq L
Now choose
D
o 1B
q
£ 11 q.00

to equalise the dependence of the two terms on the right-hand side on the weak norms.

The Schwartz space § of rapidly decreasing test functions consists of all ¢ €
C*(R™) such that

sup |[xF9%p| < M, g foralla, B =0,

where «, [ are multi-indices.
For any f € § one can define the Fourier transform1

FIFIE) = £() = f e=2mEX £ (1) dx (12)

Rn
It 1s straightforward to check that

FI0°f1) = @md)Eef(§) and F[xFf]() = (—2m)PI[0Pf](©),

from which it follows that F maps § into itself.
Given the Fourier transform of f, one can reconstruct f by essentially applying the Fourier
transform operator once more:

Fo = [ emex o (13)
Rn

If we define a(f) by (f)(x) = f(—x) , then we can write the inversion formula more

compactly as f =g oF (f ) . We define F~1 = g o F, the point being that when we can

meaningfully extend the definition of F and o we will retain this inversion formula.
An obvious extension of the Fourier transform is to any function € L'(R"™) , using the
integral definition in (12) directly. Since

F 1< Rnlf(x)ldx = Il

it follows that F maps L! into L. Furthermore, there is a natural definition of the Fourier
transform for € L?(R™) . Given f € S,

112 = %(j e_znif'xf(f)dst)dx
R R™

=1 f(© < f (x)ermisx dx) d¢
R™ R™
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Now given any f € L?, one can write f = lim f,,, where f,, € S and the limit is taken in L2.
n—>0o

It follows that f,, is Cauchy in L2, and we identify its limit as f. So we can define F: L? —
12, with [Ifll;2 = I,z

The Fourier transform can therefore be defined (by linearity) for any f € L! + L?; f can be
recovered from f using F~1if f € L' + L?, and if f € L! (in particular if f € §) , then we
can use the integral form of the Fourier inversion formula (13) to give f pointwise as an
integral involving f.

Given this, we can in fact define the Fourier transform if f € L™ for some 1 <r < 2
(and in particular if f € L"), by splitting f into two parts, one in L' and one in L?. The
following lemma gives a more general version of this, which will be useful later. We use yp
to denote the characteristic function of the set {x : P holds}.

Lemma (4.1.3)[127]. Take 1 < t < r < s < o0, and suppose that g € L™ Forany M > 0
set
and

Im- = 9X\g|lsm Im+ = 9X|g|>M-
Then g = gy_ + 9M +, where gy _ € L° with

S

lgua-llfs < —= M llgllfreo — Mdy (M) (14)

if's < o and ||gy-|lL° < M, and gy € L* with

r
lgaasllye < — M liglfre. (15)
Proof. Simply note that
0 a=M

@ = {4, @) — 1) @ < (16)

and

d,(a) a>M
dow+ (@) = {dz (M) a <M.

Then using (7), (16), and (8) it is simple to show (14), and (15) follows similarly, using (17)
in place of (16).

It is natural to ask what one can say about f when f € LP. We will that f € L9 with (p, q)
conjugate, provided that 1 < p < 2. Note, however, that for any p > 2 one can find a
function in LP whose Fourier transform is not even a locally integrable function in Grafakos
[128]).

One can extend the definition of the Fourier transform further to the space of tempered
distributions §'. We say that a sequence {¢,,} € S converges to ¢ € § if

(17)

sup |x“6ﬁ(g0n — (p)| -0 forall a,f =0,
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and a linear functional F on § is an element of §' if (F, ¢,,) = (F, ¢) whenever ¢,, = @ in
S. It is easy to show that for any ¢, € §

(0. P) = (P, ¥),

and this allows us to define the Fourier transform for F € §' by setting

(F, ) = (F,{) forevery ) € S.
Since one can also extend the definition of o to §' via the definition (¢ (F), ¥) = (F, a(¥)),

the identity F = F~1F still holds in this generality.
Expressions given by convolutions, i.e.,

[f xgl(x)=| fOglx—y)dy,

RTL
occur frequently. It is a fundamental result that [f x g]* (&) = f(6)§ (&) ; for f, g € S this
is the result of simple calculation, which can be extended to f € §, g € S’ via the definition

(f * g, 9) =(g, a(f) * p).

One of the primary results for convolutions is Young’s inequality. Following Grafakos
(Theorem 1.2.12 in [11]) we give an elementary proof that uses only Holder’s inequality.

Lemma (4.1.4)[127]. Let 1 < p, q, r < oo satisty

1 1 1

—+1==+-

p q T
Then for all € L9, g € L', we have f x g € LP with

If > glle < |Ifllallgller- (18)
Proof. We use p’ to denote the conjugate of p. Then we have

2+i42=1249=1 and Z4Z=1.
T p 4q p T P 4q
First use Holder’s inequality with exponents r’, p, and q':

I(f * @) Sjlf(y)llg(x—y)ldy
B f | FDIY (IFDIP g = ITP) | g(x — I/ dy

1/p 1/q'
< IF1% ( f O]9 Cx - y)rdy) ( j | gCx — y)rdy)

1/p
= IFIE4" ( [1ronge- y)de) gl

Now take the LP norm (with respect to x):
1/p
gl ( [ [1rore1ae=rravas)

= AN gL NP g ITeP
= Ifll allgllr

We will need a version of this inequality that allows L? on the right-hand side to be
119
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replaced by L?®. The price we have to pay for this (at least initially) is that we also weaken
the left-hand side; and note that we have also lost the possibility of some endpoint values
(r = and p, g = 1, ) that are allowed in (18). In fact one can keep the full L? norm on
the left, provided that r > 1; but this requires Proposition (4.1.5) as an intermediate step
and the Marcinkiewicz Interpolation Theorem.

Proposition (4.1.5)[127]: Suppose that 1 S r<oand 1 <p,q<oo. Iffe LY and g €
L" with

1 1 1
—+1==+-
p q T
then f x g € LP® with
If * gllpe < cpgrllfllLa, llgllor (19)

Proof. We follow the proof in Grafakos [135], skipping some of the algebra. We have
already introduced the main step, the splitting of f in Lemma (4.1.3). For a fixed M > 0 we
set f = fy— + fu+. Using (14) and Holder’s inequality we obtain

!

1/r
|fu=* D CON < fu-ll gl < < M ‘qIIfIIZ’q,oo> gller,

r'—q
where (r,r') are conjugate; the right-hand side reduces to M||g||,» if r = 1. Note in
particular that if
I _ —Goo o 1/(r'-q)
M = (27 qp  If 18, g )
(or a/2|[gllp if r = 1), then df, ,,(a/2) = 0.

For f3,, we can use (15) and apply Young’s inequality to yield

q

Wfms * gllir < Wfmallllgllr < quMl_qllfIIZq,oollgllLr-

Choosing M as above and using (9) it follows that
g (@) < dpyy, g (@/2)
< Cllfu+ * gllra™)"
< (M )If ool gllr (@ = D7 ra™)’

— P P -
= Clifllawllgllra™,

which yields (19).

This result has implications, among other things, for the regularity of solutions of elliptic

equations. It was mentioned that our study of generalised Gagliardo-Nirenberg inequalities

was motivated by the study of a particular coupled system in two dimensions, namely
—Au+Vp=@B-V)B,V-u=0,

dB
S FNAB+ W VB =B -VuV-B=0
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Formal energy estimates (which can be made rigorous via a suitable regularisation) yield

1 t t 1
SIBOIE +n [ 17 + [ 17ulf < ZIBOIE,
0 0

showing in particular that B € L®(0,T; L?) when B(0) € L2. To obtain a similar uniform

estimate on u we need to understand the regularity of solutions of the Stokes problem
—Au+Vp=(B-V)BV-u=0

when B € L?. A slightly simpler problem with the same features is

— A @ = 0;f, (3) with f € L*. It is well known that the solution of — A ¢ = g in R? is

given by E x g, where

1
E(x) = —5 log |x|.

Noting (after an integration by parts) that the solution of (3) is given by 0;E x f, and that
0;E € L*>*, it follows from Proposition (4.1.5) that f € L! implies that ¢ € L>®. The
stronger version of Young’s inequality given in Theorem (4.1.20) does not apply when f €
L, so would not improve the regularity here. Thus to obtain further estimates (in particular
on the time derivative of B) we required a version of the Ladyzhenskaya inequality that
replaced the L? norm of u with the norm of u in L>*. Further details can be found in
McCormick et al. [143].

In our proof of the inequality

1_
I£llr < cllfligaso I 1"

we will use the endpoint Sobolev embedding H¥(R™) c LP(R™) for s = n(1/2 — 1/p)
when 2 < p < oo, We prove this here, in Chemin et al. [131]. Since the Fourier transform
maps L? isometrically into itself, and

FI0*£1(§) = @r)*Igef (),

it is relatively straightforward to show that when s is a non-negative integer

O 0%l = | JeIf@rde, (20)

la|=s

where we write a = b if there are constants 0 < ¢ < C such that ca < b < Ca.
For any s = 0, even if s is not an integer, we can define® the homogeneous Sobolev
space HS(R™) using (20):

H3(R™) ={f € 8": f € Lioc(R™) and [, | §1*°|f (§)[*d§ < oo},

For s < n/2 this is a Hilbert space with the natural norm

1/2
Ifllgs = ( R”l €|25|f(€)|2d€>

and one can therefore also define HS(R™) in this case as the completion of S with respect
to the HS norm (that H5(R") is complete iff s < n/2 is shown in Bahouri et al. [2]; the
simple example showing that H¥(R™) is not complete when s > n/2 can also be found in
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Chemin et al. [5]).
Theorem (4.1.6)[127]. For 2 < p < o there exists a constant ¢ = Cn,, such that if f €

HE(R™) with =n(1/2 — 1/p) , then f € LP(R™) and
Iflle < cllf llgs. (21)

Proof. First we prove the result when [|f||zs = 1. For such an f, write f = f_p + fsr,
where

fer = F Y (Fxgeiery) and for = F 1 (Fxgeisry)- (22)

In both expressions the Fourier inversion formula makes sense: for fsz we know that fy >
R € I*(R™) , and F (and likewise F~1) is defined on L?; while for f.r we know that f €
LY,c(R™) , and so fx < R € L*(R™) which means that we can write f using the integral
form of the inversion formula (13):

fen(@) = f &2 F(£)dé,

I$1=R

Thus

1 f<rlze Sj €118 1°1F (©)1d¢

ISI=R

1/2
< <j |€|‘25d€> Ifllgs = CsR™?7° = CR™P,
HE:
since we took s=1lands=n(=—2). Now, since for any choice of R
H 2 p

de(a) < dpcp(a/2) + desp(a/2)
(using (9)), we can choose R to depend on @, R = R, : = (a/2C,)P/™, and then we have

df<Ra (“/2) = Or

it follows that ds(a) < dysg (@/2) . Thus, using the fact that the Fourier transform is an

isometry from L? into itself,

IFIs < p f a1 d;p (@/2)da
0
Io'e) - 4 X
<p [ a2 fn leda
0 a

= [ a2 F(fon, e
0
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=C " -3 F(8)|2déd
joa ijRa|f(s)| fda

2Cs|E™/P
= CJW (JO aP~3 da) 1f(&)|2d¢

<C| [§1"PRIF()1Pd¢
Rn

=C,
since n(p — 2)/p = 2s and we took ||f||zs = 1.
Thus for f € H® with ||f]|zs = 1 we have ||f]|,» < C, and (21) follows for
general f € HS on applying this result to

gfllf s

We will require a result, known as Bernstein’s inequality, that provides integrability of f

assuming localisation of its Fourier transform: if f is supported in B(0, R) (the ball of radius
R),then forany 1 < p < q < o if f € LY(R"™) , then

Ifllr < cpgRMVIHP f]| a. (23)

For our purposes we will require a version of this inequality that replaces L? by L?* on the
right-hand side.

As 1in the standard proof of (23), we make use of the following simple result. We use the
notation Dy, f(x) = h™™f(x/h) ; note that D, (x) = f(hx) . The support of g € S’ is the
of all closed sets K such that (g, ¢) = 0 whenever the support of ¢ € S is disjoint from K.
Lemma (4.1.7)[127]. There is a fixed ¢ € S such that if f is supported in (0,R) , then f =

(91/R<P) * f.
Proof. Take ¢ € S sothat p = 1 on (0,1) . Then

D1/rp () = 9(/R)

which is equal to 1 on B(0,R) . Thus (1)1 /R<p) x f — f has Fourier transform zero, and the

lemma follows.
For use in the proof of our next lemma, note that

1D1/rellr = R0 1]| . (24)
Lemma (4.1.8) [127]. Let 1 < q < oo and suppose that f € L¥®(R™) and that f is supported

in (0,R) . Then for each p with q < p < co there exists a constant ¢, q such that

Ifllp < cRPM/A=HD)||f]| a, 00, (25)
Proof. We follow the standard proof, replacing Young’s inequality by its weak form, and
making use of the interpolation result of Lemma (4.1.2). First we prove the weak weak
version
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Ifllzpeo < cRM/AHP||f ]| g0
valid for all 1 < g <p < oo. To do this we simply apply the weak form of Young’s

inequality (Proposition (4.1.5)) to f = (@1 /pr) * f
If llpeo=11(D1jr@) * fllLpeo

< C”®1/R§0”Lrllf”Lq'°°r

where

1 1 1
1+—==+-
p 1 q
withl < g <oand 1 < p, r < oo. It follows using (24) that
f |l oo < CRn(l/q_l)”f”Lq,oo and ||f || 2o~ < cRn(l/q_l/Zp)llflqu,OO,

and we then obtain (25) by interpolation of L? between L'® and L??*® (Lemma (4.1.2)),

1/(2p—-1 2p-2)/(2p-—-1
Ifllee < el VAN Ze

L1,°0 LZp,OO

1 1
< RGP a0

We now prove our first generalisation of the Gagliardo-Nirenberg inequality, replacing the
L% norm on the right-hand side of (1) by the norm in L?*. The new part of the following
result is when s > n/2, with the case s =n/2 particularly interesting: in the range
n(1/2 —l/p) < s < n/2 the inequality follows using weak-Lp interpolation from Lemma
(4.1.2) coupled with the Sobolev embedding H™*(*/2-1/P) < LP from Theorem (4.1.6).

Theorem (4.1.9)[127]. Take 1 < q <p and s = 0 with > n(1/2 — l/p) . There exists a

constant ¢, q s such that if € LT (R™) N HS(R™) , then f € LP(R™) and

Ifllee < cpasllfllfacelIfllfs for every f € L9 N HY, (26)
where
1 6 1 s
5=5+(1—¢9)(§—5) 27)
Proof. First we prove the theorem in the case p = 2. As in the proof of Theorem (4.1.6) we
write
f=fw+for

where f_p and fsp are defined in (22).
Using the endpoint Sobolev embedding H*(*/2~1/P)(R™) c LP(R") from Theorem(4.1.6)
(taking H® = L? when p = 2) we can estimate

Ifsrller < cllfsrllgnare-1m

1/2
= ¢ ( [ €|2“<1/2-1/p>|f(€>|2d6>
|€I1=R
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c 1/2
< ( f| o f|2~"|f<f)|2df)

c
< =y Il
while
If<rllir < cRMTUP||f gl pace < cRMMI7P)||f]| a00
using the weak-strong Bernstein inequality from Lemma (4.1.8) and (10).
Thus

Iflle < c(RP/A7YP|f | q, 00 + RTSHA/ZZUD)| | f g5 )

Choosing
Rstn(1/q-1/2) — ”f”HS
£l La.e
we obtain
f Nl < cllflSacellf 52, (28)
where
1/q—1/p

0=1—n

s+n(l/q—1/2)
which on rearrangement yields the condition (27).
If1 < g < p < 2, then we first interpolate LP between L® and L?, and then use the above

. i 1 _9, 14 1 S
result with p = 2. Setting z- 34 +(1-6") (E — —n) we have
Ifllr = C”f“L( e q)”} ” (p=a)/p(2=a)

/ n\2(-q)/r(2-q)
2— 2— 6 -0
< cllFIFEPPE D (el fllfasllF 1)

= cllfIZaslIf 11557,

with 6 given by (27), as required.
For any set A ¢ R" we write

1
fA=mjAfdx

for the average of f over the set A. The space of functions with bounded mean oscillation,
BMO(R™) , consists of those functions f for which

1
Ifllsmo: = @ € R” sup —f | f = foldx

Q1 Jq

is finite, where the supremum is taken over all cubes Q c R™. Note that this is a not a norm
(any constant function has ||c||gmo = 0), but BMO is a linear space, i.e., if f, g € BMO,
then f + g € BMO and
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If + gllemo = IfllBmo + l9lIBMmo-
This space was introduced by John & Nirenberg [1]; more details can be found in BMO is

a space with the same scaling as L, but is a larger space. Indeed, if € L (R"™) , then clearly
for any cube Q

flf—fQIdeZJIfI =< 2[QIlIf Nl oo, (29)
Q Q

and so

Ifllsmo = Z[If | - (30)
However, the function log |x] € BMO(RR™) but is not bounded on R™ (Example (4.1.9), in

Grafakos [136]).

The endpoint Sobolev embedding from Theorem (4.1.6) fails when s = n/2, but at this
endpoint we still have H™?(R™) ¢ BMO(R™) . This is simple to show, if we note that for
any x € (

1
Q]

Lemma (4.1.10)[127]. If f € L},.(R™) N H™?(R™) , then f € BMO(R™) and there exists
a constant C = C(n) such that

Ifllsmo < ClIf llm sz for all f € Lig(R™) N H™2(R™).

Proof. We write f = f_g + f<g as in the proof of Theorem (4.1.6) and then, recalling (29),

FG) — fol = | jQ (FCO) = FO)) dyl < VAIQIYMITF Il

1 1
NIl - 1/n 0 —_— —
0117 = ol S NEOPIT fealloor + g [ 1 = Gl

) ) 1/2
<lor [ eIl + o [ 1248
Q

I$1=R

1/2 2 1/2
1/n nyf 2 F 2
< Q] R< Rnlfl 11 ()] df) +|Q|1/2 <J|E|ZRIf(€)I d€>

< u[IQIY"™R + Q172 R™2]|If |l m -
Choosing R = |Q|~Y/" yields

Lf _f1<Clfl:
a1 )1 el < Clifllanye

taking the supremum over all cubes Q < R" yields ||f|lgmo < C||f || zn/2. We now want to
prove a result, due to John & Nirenberg [16], that gives an important property of functions
in BMO which will be crucial in the proof of the inequality

1_
Iflle < CIANIEB I lmd?, g < p < oo,
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To prove the John-Nirenberg inequality we will need a Calderon-Zygmund type
decomposition of R™ into a family of cubes with certain useful properties. The proof that
such a decomposition is possible uses the Lebesgue Differentiation Theorem, which we now
state (without proof). We define the uncentred cubic maximal function by

M) = sup — j L FO)1dy,

QI

where the supremum is taken over all cubes Q c R™ that contain x. The proof of the
Lebesgue Differentiation Theorem uses the fact that 9t maps L! into L*; see in Grafakos

[11].
Theorem (4.1.11)[127]. If € L} .(R™), then

1 _
i 1| F 02 = (1)

for almost every x € R", where Q is a cube containing X. As a consequence, |f(x)| < Wf(x)
almost everywhere.
Proposition (4.1.12)[127]. Let Q be any cube in R™. Given f € L1(Q) and M > 0 there exists

a countable collection {Qj} of disjoint open cubes such that |f(x)| < M for almost every X €

Q\ U;Q; and

M<— |f(x)|dx < 2"M (32)
1Q;1 Jg

for every Q;.
Note that it follows from (32) that

zIQ,I<—f|f| (33)
J

Proof. Decompose Q, by halving each side, into a collection Q, of 2™ equal cubes. Select
one of these cubes Q if

if () |dx > M 34
|Ql@lf»clx : (34)

Call the selected cubes C; and let @; = @, \ C;. Repeat this process inductively, to produce
a set C = U, C; of selected cubes, on which (34) holds. Note that if Q was selected at step

k, then it is contained in a cube Q' € Q;_1, and so

M<|%|fé|f(x)|dx§ | f(x)|dx < 2™"M.

1
|Q| Q'
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Enumerate the countable set C of cubes as {Q j};ozl.

Finally, if x € @ \ U; Qj, then there exists a sequence of cubes @y containing x with sides

shrinking to zero and such that

1
— d :
00 lef(x)l x=M

It follows from the Lebesgue Differentiation Theorem that |f (x)| < M for almost every x €
2\ U;0Q;.

Lemma (4.1.13)[127]. There exist constants ¢ and C (depending only on n) such that if €
BMO(R"™) , then for any cube Q c R"

[ € Q:If = fol > @} < e=ca/\lawo jQ f=fol G35

I 1lemo

Jor all a 2 ||f|lsmo-
Proof. We prove the result assuming that || f||gmo = 1; we then obtain (35) by applying the

resulting inequality to f/||f|lsmo- Let F(a) be the infimum of all numbers such that the
inequality

x€Q: IfFW] > a}] < Fla) j I f] 36)
Q

holds for all f € L1(Q) and all cubes Q; note (cf. Lemma (4.1.1)) that F(a) < 1/a.
Following the original proof of John & Nirenberg [16] we show that for all @ > 2™,

F(a) <—F(a—2"M) forall1 <M < 27a. (37)
Given M in this range we decompose f using Proposition (4.1.12). Now, if |[f(x)| > a =

2", then x € Qy for some k, and we know that |f,, | < 2"M from (32). So then
[ € Q:1f (Ol > a}l < ) 1{x € Qui I () = fo | > @ = 2"M}],
K
We can now use (36) on the cube @, for the function f — f, , so that

[{x € Qu: |f(x) = fo | > a—2"M}| < F(a —2"M) | |f — fo,ldx
Qk

< F(a—2"M)|Q]|
(recall that we took ||f|lgmo = 1). It follows using (33) that

{x €Q: [f()|>a}| = Q| QDF((y = 2"M) < %F(Of —2"M) [, | fldx,
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which is (37).
To finish the proof we iterate (37) in a suitable way. We remarked above that F(a) < 1/a;
now observe that

=< Cem®/?" forall 1<a<1+2",

F(a+2") < SfF(cx),weobtainfor C= max;g<iioned Le%/2"e lterating (37) with M =
e, which implies that F(a) < Ce ™ * forall a > 1,

where ¢ = 1/2"e, which gives (35).
The more usually quoted form of this inequality,

H{x € Q:|f — fol > a}| < ClQle_Ca/”f”BMO’

follows immediately from the definition of ||f||gmo-

We now adapt the very elegant argument of Chen & Zhu [11] to prove the following
stronger version of the inequality in (26) in the case s = n/2; they proved the inequality for
f € L1NBMO, but the changes required to take f € LT N BMO are in fact
straightforward. Another proof for f € L? n BMO, which still relies on the John-Nirenberg
inequality (but less explicitly), is given by Azzam & Bedrossian [1], and a sketch of an
alternative proof of the result for f € L7 N BMO can be found by Kozono et al. [140].
Theorem (4.1.14)[127]. For any 1 < q <p < oo, if f € LT (R")nBMO(R") , then f €
LP(R™) and there exists a constant C = C(q, p, n) such that

Ifllee < CIFNZa%Nf igaro”- (38)

Proof. First we note that it is a consequence of the John-Nirenberg inequality from
Lemma (4.1.13) that if f € BMO N L, then

ds(a) < Ce=c*/Wlsmo||£| 4 (39)
for all @ > ||f||gmO; this follows by taking |Q| — o in (35), since when f € L!,

fol <1 f 1f1=0as|Ql oo,

and [, | f = foldx < 2 [ | fldx.

Now take f € BMO with ||f|lgmo = 1. Split f = f;_ + fi14 as in Lemma (4.1.3). Since
fie € 1%, Ifi-llsmo < 2llfi_ll,% < 2 (using (30)); thus fy, = f — f,_ € BMO and

Ifi+ llemo < [IfllBmo + [IfT = llBmo = 3.
Using Lemma (4.1.3) we know that

il < Cllfi-llfae. (40)
Also, for (q,q") conjugate,
! 1+1/q’ 1/q'
fisll = j | fral < j | Fus YT = DT < el il W fuellass

(since 1 <14+ 1/q" < q we can use weak-olation), which yields
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q
fiellr = clifiell jac-

Now we calculate

(00]

il =p [ @ dpis(@)da
0

(00]

1
= 'pj aP~tde(1)da + pf aP~tdey (a)da
0 1

(00]

<d/(D+p (J aP™! Ce_C“/3da> eIl
1

where we have used (17), (39), and the fact that ||f; 4 ||gmo < 3. Thus
1fiellle < Ml aco + Cllfisllface < Clf Il aco. (41)
Adding (40) and (41) we obtain

Iflle < CIFINIEE;

(38) follows.
So far we have avoided defining the two-parameter Lorentz spaces LP", which
involve decreasing rearrangements. We will obtain an inequality involving such spaces

q/p 1-q/p
lullppr < Cppgllull g lltllgpmo (42)

from which (at least for ¢ > 1) our two previous inequalities follow (we require 1 < g <
p < o0 in (42), see Theorem (4.1.17)). We will do this via the theory of interpolation spaces.
Here we will not provide detailed proofs of any of the results, for the most part merely
providing statements of the relevant general theory.

Given a measurable function f: R™ — R, we have already defined and made much

use of its distribution function d;. We now define its decreasing rearrangement f*: [0, c0) —
[0, 0] as
() = inf{a: d;(a) < t},

with the convention that inf@ = co. The point of this definition is that f and f* have the
same distribution function,

de-(a) = df(a),

but f* is a positive non-increasing scalar function. Since their distribution functions agree,
we can use the identity in (7) to show that the LP norm of f is equal to the LP norm of f*:

| f)IPdx =p joo“p_l dr(a)da
R 0
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=p f " dy(@)da = f Tf e

Given 1 < p, q < o, the Lorentz space LP*?(R™) consists of all measurable functions f for

which the quantity
o) dt 1/q
If lipa: = ( | lerr o) 7)
0

[1fllp, 00: = sup tYP£*(£)
(for ¢ = ) is finite. It is simple to show in Grafakos [135]) that this definition agrees with
our previous definition of LP*®, that L** = L®, and that LP? = LP (the last of these, at
least, is immediate).
If r < s, then LP" < LP; so the largest space in this family for fixed p is the weak space
LP** and the smallest is LP'* To see that LP"  LP*® for every 7,
simply observe that

(for g < ) or

t 1/r
e =15 [ [srp e S
p s
0

{2 s (s)]rds}

< /o) If ller,
which yields ||f||z,© < (r/p)Y"||f|| o~ on taking the supremum over t > 0. Given this,
if r < q < oo, then, using Holder’s inequality,

1/r
q-r+r t
||f||Lp,q={j [t/7F*(D)] —} < WIS UFNTRE < Cpqrllf Il

We now very briefly outline the theory of interpolation spaces; the general theory is
modelled on the definition of the Lorentz spaces given above. For sustained expositions of
the theory see Bennett & Sharpley [9], Bergh & Lofstrom [130], or Lundari [142].

Given two Banach spaces X, and X; that embed continuously into some parent Hausdorff
topological vector space, which we term “a compatible pair we define the K-functional for
eachx € Xy, + X; and t > 0 by

K(x,t) = inf{||x0||X0 + tllxq|lx, : X0 +x1 =%x,%0 € Xo,%; € Xl}.

Then for 0 <6 <1 and 1 < q < o we define the interpolation space (X, X1)g4 as the

space of all x € X, + X; for which

o d 1/q
||x||9,q:=<f0 [t‘QK(f,t)]th>
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is finite. Similarly, for 0 < 6 < 1 and q = oo, the space (X, X1)g is the space of all x €
X, + X; such that

Ixllo.e0 = sup tT°K(f, )

is finite. For all these spaces (1 < g < o) we have the interpolation inequality

Ifllog < Cogllflli; IIfII%, (43)

Lofstrom [130].
Given the definitions of Lorentz spaces and of the interpolation spaces, it is not surprising
that

(LY L) 1oappr = LPT

for 1 <p < o, 1 < r < oo, That one can replace L* here by BMO is much less obvious,
but key to the ‘quick’ proof of (42).
Theorem (4.1.15)[127]. For1 < p<oand 1 <r < oo,

LPT = (L1, BMO);_y p,-

Proof. One can also find a proof of this result by Hanks [137], and of a similar but slightly
weaker result (with LP on the left-hand side) using complex interpolation spaces by Janson&
Jones [139].

We note here that the key step in the proof of this result given in Bennett & Sharpley [9]
(and in Hanks [137]) is a relationship between the sharp function of f,

f30:=Q < Q. Q 3xsup [ | f = fol

its decreasing rearrangement f*, and the function f**(t) : = % [ Ot f*(s)ds:

fro-fo<c(f)wo<e<|ol

This also forms the main ingredient in the proof of (38) in Kozono & Wadade [5] (and the
proof of (44) in Kozono et al. [140]).

The inequality (38) in fact follows simply from Theorem (4.1.15) using the following
‘Reiteration Theorem’, which allows one to identify interpolants between two interpolation
spaces in terms of the original ‘endpoints’.

Theorem (4.1.16)[127]. Let (X,, X1) be a compatible pair of Banach spaces, and let 0 <
0p <0, <1landl <qy q; < . Set

Yo = (X01X1)90,q0 and Y, = (XO;X1)91,q1-
If0<8<1landl1 < q < o, then

(Yo, Y1)o,q = X0, X1) (1-6)0,+66,,4-
Corollary (4.1.17)[127]. Ifu € L%* N BMO forsome q > 1 andq < p < o, thenu € LP
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and there exists a constant C, , 4 such that

q/p 1-q/p
lullpr < Copgllull e lltllgpo - (44)

Note that given the ordering of Lorentz spaces, LP'1 ¢ LPP = LP and so this result implies
Theorem (4.1.14) in the case g > 1.
Proof. Using Theorem (4.1.15), since g > 1 we have

L9 = (Ll;BMO)1—1/q,s;

set B = (L', BMO); . Note that from (43) ||fllg < C||fllgmo- Now simply use the
Reiteration Theorem to obtain

LP" = (L%, B)1-q/p;r

from which the inequality (44) follows immediately using (43).

(One can use interpolation spaces to provide a proof of Theorem (4.1.14) that does not
involve Lorentz spaces by using interpolation only with g = oo and then interpolation
between weak LP spaces, see McCormick et al. [143].)

Although we have not needed it here, one of the main uses of weak spaces arises due
to the powerful Marcinkiewicz interpolation theorem, in which bounds in weak spaces at
the endpoints lead to bounds in strong spaces in between. We include here a statement of
the theorem® and some straightforward consequences.

We say T is sublinear if
IT(f + )| < ITf| +Tgl and [TAH)| < |AITS]
almost everywhere.
Theorem (4.1.18)[127]. Suppose that q, < q; and that T is a sublinear map defined on
L0 + L9 such that for some py, p1
ITflLro, 0 < Ag|lf llLa0 and ||Tfl|Lp1,00 < Aql|fllpan-
Ifo<t<1,
—=—+—and-=—+— (45)
q do q:1 p Po b1
andp = q, then T: L9 — LP and there exists a constant A; such that
ITfllr < Aellfllza- (46)
With the restriction that py = q, and p; = g4 one can find an elementary proof of this
theorem in Folland[134]
We now give some interesting consequences of this theorem that F maps L! into L* and
L? into L?, so the following result is immediate.
Corollary (4.1.19)[127]. For 1 < p < 2 the Fourier transform is a bounded linear map from
LP into L9, where (p, q) are conjugate.
Another application is the improved version of Young’s inequality that was promised.
Theorem (4.1.20)[127]. Suppose that 1 < p, q,r < . If f € LT and g € L" with
1,11
p q T
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then f x g € LP with
If > gllr = cpqrllfliLaellglle (47)

Proof. Note that it follows from the conditions on p, g, r that p > r. Fix f € L?* with
£, 0 = 1, and consider the linear operator T(g) = f * g. Since 1 < p, r < ©© we can
findpy <p<p, ro<r<n,and 0 <t <1suchp, =ry, p; =1, and (45) holds. Now
using the weak form of Young’s inequality from Proposition (4.1.5),

If * gllLpo, 00 < Cllgllzro  and || * gl 1,00 < C||gl|prs.
We can now use the Marcinkiewicz interpolation theorem to guarantee that

If *glle < Cligllor.
Since f * g is also linear in f, we obtain (47).

Using Theorem (4.1.20) and the fact that if P,(x) = |x|™%, then [ﬁa](f) =

Cr» aPr—q (&) (this can be checked by simple calculation) we can give a very quick
alternative proof of the endpoint Sobolev embedding, after in Bahouri et al. [129].

Theorem (4.1.21)[127]. For 2 < p < oo there exists a constant ¢ = ¢, , such that if f €

HS(R™) with = n(1/2 — 1/p) , then f € LP(R™) and ||f]|p < c||f]lys.
Proof. We make the pointwise definition (§) = |&|5f(§) ; since f € HS(R™), ¥ € L*(R™).
If we set g = F 1y, then g € L2(R™) and [|gll,2 = Ilyll 2 = IIf lls. Now,

BIf @) _
G

and so f = g * c; ' _sP,_s. Since P,_s € L™ @92 and g € I? it follows from Theorem
(4.1.20) that € LP(R™).

Corollary (4.1.22)[222]: If f; € L'*¢(R") , then f; € L'**®(R™) and || X fjll 1+ew <

f(& = = g(@®|&I™s,

2 Ifjllprre.

Proof. This follows since

x 1+e
Y@= [ as[ S e
> X Ifj@)>a) wlfj@pPagst ¢

1+ -
< Il 0o,
J

While L1*€ c L1*&% clearly L'+ is a larger space than L'*€: for example,

1
x| 7+ € L' (R™) (48)

but this function is not an element of L1*€(R™).
An immediate indication of why these spaces are useful is given in the following simple
result, which shows that in the L**€ interpolation inequality
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0 1-6
1D Fllsze < O W MellfiliS e =0,
J J

one can replace the Lebesgue spaces on the right-hand side by their weak counterparts.

Corollary (4.1.23)[222]: [127] Take 0 < € < co. If f; € L'*©*° 0 L1*3¢% then f; € L'*2%€

and

0 1-6
1D fllissee < errensaensac ) WfillEasessllfylErfies,
J J

where
T e +1—9
1+2 1+4+€ 1+3€
If € = oo, we interpret L™ as L

Proof. We give the proof when € < oo; the proof when € = o is slightly simpler. If f; €

L**€% then ), ; de;(a@) < X5 If; ||} feoa™1€) 50 for any x we have

”Z f,lliiﬁzzi =(1+ ZE)JO 2 a’€ dfj(a)da
J j
* 2€ 1+€ —(1+€)
=(1 +2€)J Z a2 || fill e da + (1
0 -
]

¥ 26).[ z a2€ IIf; ||1111'_+336600a_(1+36)da
x 5

142 ez ”f]

1+E 1+3€

||L1+3eoox

Now choose

1+
2 _ £ 1] [15eco
[ | 5w

to equalise the dependence of the two terms on the right-hand side on the weak norms.

Corollary (4.1.24)[222]: Take 0 < € < o0, and suppose that g; € L***4®. For any M > 0

z (9m- =Z 9gjXigjsm and Z (9m+ =z gjXigj1>m-
j j j j
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Then g;j = (9j)m- + (9j)m+, where (gj)y- € LYT3€ with

1+3
1D (gm- Il
J

—Mez 19,1152 —M1+3fz dg, (M) (49)
J J
ife <coand||(gj)m-|l> <M, and (gj)m+ € L€ with
1+€ < + 2e —€ ||1t+2e 50
I| (9wl e M g1l 1+zeco. (50)
J
Proof. Simply note that
g _ (0 a=M 51
om0 =a, (@)~ dy (M) @ <M 61

and
dgj(a) a>M

g )y (@) = {dgj(M) a<M. 2)

Then using (7), (51), and (8) it is simple to show (49), and (50) follows similarly, using (52)
in place of (51).

It is natural to ask what one can say about f; when f; € L'*€. We will show that f; € L1*3¢

with (14 €,1+ 3¢) conjugate, provided that 0 < e <1 (Corollary (4.1.19)). Note,
however, that for any € > 0 one can find a function in L?>*€ whose Fourier transform is not
even a locally integrable function (see Exercise 2.3.13 in Grafakos [128]).

One can extend the definition of the Fourier transform further to the space of tempered
distributions §'. We say that a sequence {(pﬁ} € S converges to @ € S if

2

sup |x*0# ((pg — <p)| -0 forall a,f =0,
2

and a linear functional F on S is an element of S’ if (F, @p1+¢) = (F, @) whenever @i+e = @
2 2

in §. It is easy to show that for any ¢, Y € §
(0, ¥) = (@, ),

and this allows us to define the Fourier transform for F € §' by setting

(F, ) = (F,) for every i € S.
Since one can also extend the definition of ¢ to §' via the definition (o (F), ¥) = (F, c(y)),
the identity F = F~1F still holds in this generality.

Corollary (4.1.25)[222]: (Young’s inequality). Let 0 < € < oo satisfy € = 0.
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Then for all f; € L'*%¢, g; € L3¢, we have f; x g; € L'* with

1D G xgple < D fjllseellgy e (53)
J j
Proof. We use % to denote the conjugate of 1 + €. Then we have
1 1 L _ g L2 142 1, and 143 | 143¢ _
1436 1+€  1+2€ 1+€  1+3€ 1+€  1+2€

1+2€

First use Holder’s inequality with exponents %, 1+ €, and

> (fra)@|= [ D 15Olgs - idy
J J

3e(1+2¢) 1+2€ 1+3€ 2e(1+3¢)
=j z |f}(}’)| 1+3€ (|fj(y)|1+€ |gj(x—y)|1+e>|gj(x—y)| 1+2¢ dy
J

1 2€
3e(1+2¢€)

1+3 1+e 1+2¢
<> AR ([150rge-nreay) " ([1g,6-nroe)
J

1

3e(1+2¢€) 2e(14+3€)

1+e
= > Al (j |f,~(y)|1+26|g,-<x—y)|1+3€dy> gl 132
j

Now take the L'*€ norm (with respect to x):

1D (%9 llsse
J

3e(1+2€) 2€(1+3€)
<ML gyl (j [ 15011,
Jj

1

3e(1+2¢€) 2e(14+3€) 1+2e€ 1+3e€

1+e
—y>|1+3fdydx> = > WA Mgyl A gl
J

= Z ||f)’||L1+26||gj||L1+36.
j

We will need a version of this inequality that allows L'*2€ on the right-hand side to be
replaced by L'*26*®_ The price we have to pay for this (at least initially) is that we also
weaken the left-hand side; and note that we have also lost the possibility of some endpoint
values (¢ = o0 and 1 + €, € = 0, ) that are allowed in (53). In fact one can keep the full
L'*€ norm on the left, provided that € > 0; but this requires Proposition (4.1.26) as an
intermediate step and the Marcinkiewicz Interpolation Theorem.
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Corollary(4.1.26)[222]: Suppose that 0 < € < co.If f; € L'*?¢% and g; € L'*€ with

2+e_ 1 N 1
14e 142 1+¢€

then f; x g; € L% with

1D (5% gllsem < rrennzense ) Wfjlluszesllgyllse.  (54)
J J

Proof. We follow the proof in Grafakos [135], skipping some of the algebra. We have

already introduced the main step, the splitting of f; in Lemma (4.1.24). For a fixed M > 0

we set fj = (fj)u- + (fj) m+- Using (49) and Holder’s inequality we obtain

1D (- * 9@ < D NG ssellglve
J J

3e

14 3¢  1+6€2 126 1+3€
< Z 1+ 6EZM 3e ||f}‘||L1+26,00 ”gj“L:H'E'

J

where (1 + €, 1;—:6) are conjugate; the right-hand side reduces to M||g;|[;: if € = 0. Note

in particular that if
3¢

1+3€  1+3€ 9 _(1426) _1;_636 1+6€2
M = z a 3¢ 27 3¢ (14+26)(1+ )7 |fjll jrvzees 191l 14¢
J
(or a/2||gjll if € = 0), then d(fj)M_*gj(a/Z) = 0.

For (fj)m+ we can use (50) and apply Young’s inequality to yield

1D (s *95) Nsve < D7 N sl
J J

1+2¢
<—=m Z 11525l g ve.
€ -

]

Choosing M as above and using (9) it follows that
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1+€

Ay, (op@ = ) dip) o @D < 2) Nus * gillsea™
J J

1+€

<( 201+ 26M7 ) NIf I Euc g e 2O
J

1+ 1+ —
=€) 1l a9,
J

which yields (54).
Corollary (4.1.27)[222]: [127] For 0 < € < @ there exists a constant C = Cy p4¢ Such that

if f; € HY¢(R™) with s = n(—) , then f; € L**¢(R™) and
j - j

€
2+

DAl =D Ml (55)
J

J L2+E

Proof. First we prove the result when ||fj||z1+¢ = 1. For such an f;, write f; = (fj)<g +

(fj)>r, Where

(F<r = F (fixgaiery) and (fsr = F (fixpesry)- (56)
In both expressions the Fourier inversion formula makes sense: for (fj)>g we know that
fix >R € [*(R"), and F (and likewise F ) is defined on L?; while for (fj)<z we know

that f; € L1,.(R™) , and so fjx < R € L'(R™) which means that we can write (f})<g using

the integral form of the inversion formula (13):

Z (fj)<R(x) B flflSRZ ezmg.xfj(f)df'

Thus

J

1" () e < HESRGEIAGH
Z (5). ijRZ 1£,)1d

n

1
2 n_,
SU 'f'_mmdf) D Wl = CraeRE 049 = €, R
|§I=R -
J
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since we took [|fi||gi+e =land 1+ € =n (ﬁ) . Now, since for any choice of R

dfj(a) = dfj<R(a/2) + dfj>R(Of/2)

2+e

(using (9)), we can choose R to dependon @, R = R, : = (a/2C;,.) » , and then we have
df]<Ra(a/2) = 0'

it follows that dfj (a) < dfj> R, (@/2) . Thus, using the fact that the Fourier transform is an

isometry from L? into itself,

Il < @+ [ mZ @ dy o, (3) de
<@+o z (). st
=C JO mZ a N (), ) IErda
—c ae o Z |f,©)deda

2C1+e|f|2L‘FE R
=cj z j a1 da | If,(6)]2de
RN 7 0

n(
< chnZ | €241, () 2d¢ = C,

since Q = 2(1 + €) and we took ||f;[|g1+e = 1.

Thus for f; € H*€ with lfillz1+¢ = 1 we have [|f;[[2+¢ < C, and (55) follows for general

fi € H*€ on applying this result to g; = fi/llfjllgi+e

Corollary (4.1.28)[222]: [127] There is a fixed ¢ € S such that sz] is supported in (0, R) ,

thenf} == (Dl/R(p) *f}'.
Proof. Take ¢ € S sothat = 1 on (0,1) . Then
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331/1?(,0(5) = @(&/R)

which is equal to 1 on B(0, R) . Thus (501 /R <p) * f; — fj has Fourier transform zero, and the

Corollary follows. (57)
Corollary (4.1.29)[222]: (Weak-strong Bernstein inequality). Let 0 < € < 0o and suppose

that f; € LMo (R™) and that f] is supported in (0,R) . Then for each 1 + 2€ with € < ©

there exists a constant €4 p¢ 14¢ Such that
n((l+2€§(1+6))
| fillpi+2e < cR Il /i1l 1+eco. (58)
j J

Proof. We follow the standard proof, replacing Young’s inequality by its weak form, and
making use of the interpolation result of Lemma (4.1.23). First we prove the weak version

€
||z fill rzes < cR"((1+26><1+6)>z I1f; |l 1eoo
7 7

valid for all 0 < € < o. To do this we simply apply the weak form of Young’s inequality

(Proposition (4.1.26)) to f; = (Dy/r@) * f;:

||Z Fllsvace —Z I(Dyjr) * fllssaces <CZ 1Dl vl e,

where
2+e_ 2 1

T+e 1te 1+2e
with 0 < € < oo. It follows using (57) that

I z fj“Ll'°° < CR 1+e z ||f]”L1+E°° and || Z f]||L2(1+e)oo
J

1
< k@Y Il aves,
Jj

and we then obtain (58) by interpolation of L'*¢ between LV® and L?(+€)* (Lemma
(4.1.23)),

1+€

||Z m|L1+e<cZ ISR . < Z fllavese.

(1+e)(2e-1)
1+2€

Corollary (4.1.30)[222]: Take € > 0 and € = —1 with n < . There exists a

CONSIant C14y¢1+eq+e SUch that if f; € L'+ (R™) N H™€(R™) , then f; € L**?¢(R™) and
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0 1-6 ’
1D fillsae < crizenvenre ). IlEssenll I3 for every f; € L6 0 H1%<, (59)
J J

where

L _ % La-9 (1
1+2 1+e€ 2
Proof. First we prove the theorem in the case € = 0. As in the proof of Theorem (4.1.27)

we write

1+ E) (60)

fi = < + Fsrs

where (f;)<g and (fj)sg are defined in (56).

€

Using the endpoint Sobolev embedding Hn(2(2+6)) (R™) c L>*¢(R™) from Theorem
(4.1.27) (taking H® = L? when € = 0) we can estimate

1
2

. pre . _ Zn(ﬁ) 2 ()2
||Z (sl S € ) NGl ey =c ijRZ 1§10 )1ag

]
1
2
Cc ~
s————[[ Dligreenore
g nlzara) \Jeer 4
< > Ifllire
R1+E_n<—2(26+6)) -

while
”((z+e)1(1+e)) ”((z+e)1(1+e))
| (fj)<rllz+e < cR |(f})<rll1+ee < cR || fj1l L1 +ec0
j Jj Jj

using the weak-strong Bernstein inequality from Lemma (4.1.29) and (10).
Thus

1 €

nlm———— -(A+e)+tn\55 s

1, fllie e (R (@) svee + (2@*6))"13'“#“)'
J J

Choosing

R1+e+n(5) _ ”f}”Hl"'e

1+e/ =
s T llve

we obtain
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1D fllase e ) Mfilles 11 (61)
J J

where

1
2+e)(1+e)

1+e+n(1;§)’

6=1-

which on rearrangement yields the condition (60).
If0 < € < 1, then we first interpolate L**2€ between L1T¢* and L?, and then use the above

1+€

6") (— — —) we have

result with € = % Setting% =

(1+e)(1-2¢) 2(e)

1+26)(1- T+2e)(1-
” Z f}'”L1+26 < CZ ”E”Elﬂ;fo)( E)llfjll( €)(1—¢)
J j

(1+e)(1-2¢) 2(e)

(a+26)(1-€) dr20d=0
= Cz ”f] |§1+efo) ¢ ( ||f}”L1+€°°||f}||Hl+e)( +2€)(1-¢)

6 1-6
- cz 11 svceo 1 1575,
j

with 6 given by (60), as required.
Corollary (4.1.31)[222]: [127] If f; € Lioc(R™) N HY#(R™) , then f; € BMO(R™) and

there exists a constant C = C(n) such that

1D Fllswo <€ ) Wfjllanz for all f; € Lige(R™) 0 HV2(R™.
J J

Proof. We write f; = (fj)<g + (fj)>r as in the proof of Theorem (4.1.27) and then,

i) 2 15— e
J

1
VAl ) 7 (enllie) + 77 ]Q D 1= ((5),
J J

recalling (29),

1/2
smczmjﬂqi SIAOIE + oo fQZ [()oal?
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1/2 1/2

A 2 A
< calQI"R fRZ EPAORE |+ ijRZ 1@ Pag

< cu[101R + 1012k ]Z 1 i

Choosing R = |Q|~/™ yields
1
o 20 1= (gl €D Wl
J J

taking the supremum over all cubes @ € R" yields || X; fillsmo < CXj |Ifjllgn/z. O
Corollary(4.1.32)[222]: [127] Let Q be any cube in R™. Given f; € L*(Q) and M > 0 there
exists a countable collection {Q jo} of disjoint open cubes such that |Y.; f;(x)| <M for

almost every x € Q \ U; Q;, and

M<ij 2 | £i(0)ldx < 2"M (62)

for every Q..
Note that it follows from (62) that

PALAES DL (63)
Jo J

Proof. Decompose Q, by halving each side, into a collection Q, of 2™ equal cubes. Select
one of these cubes Q if

1
@fz | £,(Oldx > M. (64)
¢

Call the selected cubes C; and let Q; = Q, \ C;.

Repeat this process inductively, to produce a set C = U; C; of selected cubes, on which

(64) holds. Note that if Q was selected at step k, then it is contained in a cube Q' € Qj,_4,
and so

M<— z | fGOldx < 27— z | £(0)ldx < 2"M.

|Q| Q'
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Enumerate the countable set C of cubes as {Q j};ozl.

Finally, if x € @ \ U; Qj, then there exists a sequence of cubes @y containing x with sides

shrinking to zero and such that
1
—J > If@ldr <M.
|l Jo, &

It follows from the Lebesgue Differentiation Theorem that |f;j(x)| < M for almost every

Corollary (4.1.33)[222]: (See [127]) (John-Nirenberg inequality). There exist constants
c and C (depending only on n) such that if f; € BMO(R™) , then for any cube Q < R"

C
|{x € Q:Z Ifi = (Fidol > a}| = z me_ca/llfjllBMo .[QZ |fi — (ol (65)
Jj J J

for all a = ||f;l|lsmo-

Proof. We prove the result assuming that || f;||[sgmo = 1; we then obtain (65) by applying the

resulting inequality to f;/||fjllgmo- Let F(a) be the infimum of all numbers such that the

inequality

re0: ) @I>AISF@ [ 31 (66)
J J

holds for all f; € L'(Q) and all cubes Q; note (cf. Lemma (4.1.22)) that F(a) < 1/a.
Following the original proof of John & Nirenberg [1] we show that for all « > 2",
F(a) <—F(a—2"M) forall1 <M < 27"a. (67)

Given M in this range we decompose f; using Proposition (4.1.32). Now, if |f;(x)| > a =

2", then x € Qy for some k, and we know that |(f;)¢,| < 2"M from (62). So then
e @: ) 151>l < ) e Qe ) 109~ (ol > a—2"M)l
J k J

We can now use (66) on the cube Q) for the function f; — (fj)q,, so that
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0 €0 D 1) = (o) > @ = 2"M1 < Fa=27M0) [ 515 = (o, ld
J ko j

< Fla = 2"M)|Qy|

(recall that we took [|f;|[smo = 1). It follows using (63) that

reQ: Y 1> a) < (Z | Qk|>F<(y —2"M)
J k

S%F(a—Z"M)LZ | fldx,

which is (67).
To finish the proof we iterate (67) in a suitable way. We remarked above that F(a) < 1/a;
now observe that

%S Ce~@/2" forall 1<a <1+ 2",

F(a+2") < S:1F(a), we obtain for C= maxy <1 4one@ Le®/2"¢ Iterating (67) with M =

e, which implies that F(a) < Ce ™ “® forall a > 1,
where ¢ = 1/2"e, which gives (65).
The more usually quoted form of this inequality,

|{x € Qz Ifi = (fol > a}| < Cz |Q|e_ca/”fj”BMO,
J j

follows immediately from the definition of || f;|[gmo-
Corollary (4.1.34)[222]: (See [127])For any 0 < € < oo, if f; € L'*5*(R™) n BMO(R™),

then f; € L'**¢(R™) and there exists a constant C = C(1 + €,1 + 2€,n) such that

1+€ €

” }j”LHZE < ”}]”114-26600”11”1131\/[25 (68)
L
J J

Proof. First we note that it is a consequence of the John-Nirenberg inequality from

Lemma (4.1.33) that if f; € BMO N L', then
dy, (@) < Ce=C/W ol £ (69)

for all @ > ||f;llgmos; this follows by taking |Q| — oo in (65), since when f; € L',
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» <fj>QISﬁfZ |£j1 > 0as |Q| > oo,
J j

and f, | f; = (f)ldx <2 [, | fldx.

Now take f; € BMO with ||fj|lgmo = 1. Split f; = (fj)1- + (fj)1+ as in Lemma (4.1.24)

Since (fj)1- € L®, | X; (Fd1-llemo = 225 [[(fj)1-IlLo0 < 2 (using (8.2)); thus (fj)1+ =
fi — (fj)1- € BMO and

1> (5)pllawo < D lfillsmo + || f,-llawo) < 3.
J J

Using Lemma (4.1.24) we know that

D[/ I =l ST W e 8 (70)
j J

Also, for (1 + €, 1:—:6) conjugate,

1> el = [ Y11= [ 3 1l =S I
J j 7 7

1+4€
L1+2¢€

2€

< ) N NEE Nl
J

(since 0 < % < 1 we can use weak-L*2€ interpolation), which yields

1D el S €D Nl e
J J

Now we calculate

IIZ Fdrellie = (1 + ZG)J z a*€ d(fj)1+(a)da
j ° 7

1 co
=1+ Zé)j; Z a’¢ds (Dda + (1 + 26)[1 z a*¢dg, , (a)da
J J

< Z dg, (1) + (1 + 2¢) <f a?€ Ce‘C“/3da>z )1+l
7 ' J
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where we have used (52), (69), and the fact that || (f;)1+]lgmo < 3. Thus
1D Ul < D I + € U Eew <€) ISl (71)
J J J J
Adding (70) and (69) we obtain
1+€

1D fllasze <€ IFITES
J J
(68) follows.

Corollary (4.1.35)[222]: (Bennett & Sharpley). For 0 < € < oo,
L1+E,1+6 — (Ll,BMO)Ll

1+€’

Proof. See Chapter 5, Theorem (4.1.31)1, in Bennett & Sharpley [9]. One can also find a
proof of this result in the paper by Hanks [137], and of a similar but slightly weaker result
(with L}*€ on the left-hand side) using complex interpolation spaces in the paper by Janson&
Jones [139].

We note here that the key step in the proof of this result given in Bennett & Sharpley [9]

+€’

(and in Hanks [137]) is a relationship between the sharp function of f},
# l; l; 1
(5= Q' € Q.0 3xsup 1o | > 1y = (el
Q' =
J

its decreasing rearrangement f;°, and the function f*(1+¢€) := i f01+6 i fi(+

3e)d(1 + 3e):

z fj**(1+e)—z fj*(1+e)scz ((jj-)g)*(1+e)0<1+e<|Q|
Jj j Jj

Corollary (4.1.36)[222]: (Reiteration Corollary). Let (X,, X;) be a compatible pair of
Banach spaces, and let 0 < 0, < 0; < 1and 0 < € < oo, Set

Yo = (X01X1)90,1+e and Y; = (XO'X1)91,1+26'
If0<0<1and0 < € < o, then

(Yo, Y1)0,1+e = (XO'X1)(1—9)90+991,1+6'

Proof. See Theorem 2.4 of Chapter 5 in Bennett & Sharpley [9], or Theorem 3.5.3 in Bergh
& Lofstrom [130].

Corollary (4.1.37)[222]: (Generalised Gagliardo-Nirenberg with Lorentz spaces).

If u € L'*%° N BMO for some 0 < € < o, then u € L1*?¢ and there exists a constant
Cn1+2¢1+e Such that
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1+€

[ullgivzen < Coozesellull| 125 llu I|]13’§425 (72)

L1+261 cC L1+26,1+26 — L1+26 and so this

Note that given the ordering of Lorentz spaces,
result implies Theorem (4.1.34) in the case € > 0.

Proof. Using Theorem (4.1.35), since € > 0 we have
L1+6,1+36 — (Ll BMO) €

)
7o 1+3€

set B = (L',BMO); o,. Note that from (43) || X, fille < CX; Ilfillgmo- Now simply use

the Reiteration Theorem to obtain

14+26,1+€ _ (J1+€1+43€
prese = QU)o
from which the inequality (72) follows immediately using (43).

(One can use interpolation spaces to provide a proof of Theorem (4.1.34) that does not
involve Lorentz spaces by using interpolation only with € = oo and then interpolation

between weak L1*2€ spaces, see McCormick et al. [143].)
Corollary (4.1.38)[222]: [127] Suppose that 0 < € < oo. If f; € L}*26® qnd g; € [1+3€

with
24 1 N 1
14e 142 1+3¢€

then f; x g; € L**€ with
1D fi* gillise < rrenvzensac ) Ifilluesllgillase. (73)
J J

Proof. Note that it follows from the conditionson 1 + €, 1 + 2¢, 1 + 3e thate > 0. Fix f; €

L**2€% with ||f;|| 1+2e« = 1, and consider the linear operator T(gj) = fj *x g;- Since 0 <

€ < oo we can find € = 0, and (11.1) holds. Now using the weak form of Young’s inequality
from Proposition (4.1.26),

||Z (f,*g,)HLHzeomc:E lgjllse and ||Z (f; * )l ssee

< cz gjlssze.

We can now use the Marcinkiewicz interpolation theorem to guarantee that

1D Gy *gplluse <€) ligjllase.
J J
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Since f; x g; is also linear in f;, we obtain (73).

Corollary (4.1.39)[222]: For 0 < € < o there exists a constant ¢ = Cp 5 4¢ Such that if f; €

H*3€(R™) with s = n ,then fi € LY (R™) and || X fillz+e < ¢ X |Ifillgi+ae.
J J JJIL J JIH

2(2

Proof. We make the pointwise definition Y; fj(&) = [§|'*3€}; fj(f) ; since fj €
H*3¢(R™), ¥y € L2(R™) . If we set g; = F~ly, then g; € L*(R™) and || g2 = [Vl 2 =

||f)-||H1+3e. Now,

1+3e€
Z £ = z 'E'mlﬁff) =) g0,
J

andso fj = g * ¢y ' y_(1436)Pn—(1436)- Since Py_(143¢) € L»=G+39"™ and g; € L2 it follows

from Theorem (4.1.38) that f; € L**¢(R™) .

Section (4.2): Lorentz Spaces and BMO with Holder Spaces and Fractional Sobolev
Spaces

We prove some generalized Gagliardo-Nirenberg interpolation inequalities involving
the Lorentz spaces LP*, BMO, and the fractional Sobolev spaces WP, including also C”
Holder spaces.
It is well known that the Gagliardo-Nirenberg inequality plays an important role in the
analysis of PDEs, and the references therein. Thus, any possible improvement of this one
could be relevant for many purposes. We recall some previous results involving the
Gagliardo-Nirenberg inequalities that we shall improve later:
Forany 1 < g < p < oo, the following interpolation inequality holds (see Nirenberg [134])

1 0 1 s
Il < el Wl I UEstany = o+ A=0) (2] (74

In [133], McCormick et al. proved a stronger version of (74) involving the weak L? space
(denoted as L?*°) as follows:

If llrmyp < CIIfIIL(Rn)IIfIIHS(Rn) (75)
Concerning the critical case s = n/2, McCormick et al. [133] obtained
q/qp 1-
1 llanyp < CUEN ity S f e By (76)

Note that (76) is better than (75) since ||f||gyowr) < cllf ”Hg(ma”)' Furthermore, they also

showed a stronger version of inequality (76) for the norm || f || ».1 (R™) instead of || /|| ,(rr)P
when g > 1.

150



Another version of (74), in the critical case, was proved by Kozono and Wadade [98] (see
also [128]):

q 1-4
Iflleny < I, gy AN A7 77
f LP(R™) f L(R™) f B (R™) ( )

foranyl1 < g<p<oo,andforl <r < oo.
we enhance the results of McCormick et al., [9]. We shall prove a stronger version of (75)

64 00 _
Ifllpa(R™) < cllfIly b I I bny: (78)
In fact, we shall prove an interpolation inequality which implies (78) After that, we shall

prove that (76) holds for ||f|[,p.« instead of ||f]|.,, for any a > 0. Finally, we shall study

the Gagliardo-Nirenberg type inequality for the case sp > n of the fractional Sobolev space
WSP | and also the Lipschitz and Holder continuous space. We point out that although some
of the results can be alternatively obtained by using interpolation spaces (specifically, the
reiteration theorem), the precise forms of the inequalities stated here appear to be novel and,
moreover, the proofs given in the present are self-contained (save for the use of the John-
Nirenberg inequality for the BMO result, which will be recalled later) in contrast to the other
mentioned approach.

For the reader convenience, We recall here the definition of the functional spaces that we
use throughout We define

@ 2dA
(| (A1x e R |90l > BT ifa<on
lgllox®: =4 Jo

sup A(|{x € R™ |g(x)| > A})/4 if @ = oo,
A>0

The Lorentz spaces L?“(R") includes all measurable functions g: R™ — R such that
gl ae(R™) < oo. For a definition of Lorentz spaces using rearrangement techniques see
[150].

On the other hand, we recall that the space HS" (R"™) , the homogeneous Sobolev space, is
defined by

57 (R™) = {f € §'(R™): |(~A)2f |l < o).

In particular, we shall denote H$(R™) = HS?(R") (see, [136]).
We denote the space of Lipschitz (or Holder) continuous functions of order € (0,1] on R"
by C7(R™) : i.e. functions f such that

- _

X#y |x —3’|"

It 1s useful to introduce the notation

”f”C(]RH)T] = sup |f(x) — f(}/)l

Xy | — y|7
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On the other hand, if s € (0,1) , then we recall WSP(IR™) the fractional Sobolev space,
endowed with the norm:

=

_(env f ) = FOIP )5
s = (W + [ 2T  dvay

When s > 1, and s is not an integer, we write s = m + o, with m is an integer and o €
(0,1) . Then, WSP(IR™) is endowed with the norm (see, e.g. [147]):

p

I lwsocamy = | 1FWmngmy + ) 1D f Wyenny

la|=m

Note that if s > 0 is an integer, then WP (R™) is the usual Sobolev space.

Finally, concerning the space of functions with bounded mean oscillation (denoted as BMO)
see [4].

First of all, we show an interpolation inequality which is regarded as a generalized version
of (75).

Theorem (4.2.1)[146]. Let 0 < g<p <r <o and a > 0. If € LT(R") n L"*(R") ,
then f € LP*(R") and

1 1lp,e (R™) < ClIF Iy @ 1 f 1117 gy (79)

where C = C(q,7,p,a) > 0, and
1-6

r

1 @6
—=—+
p q
Proof. Let us write

Ao

1 1% (R = p f

dA « dA
ﬂ”ﬂﬂ>ﬂNW“7+pJ WHU1>HW”7< (80)
0 Ao

Since € LT (R™) N L™ (R™) , we have

/
| "1 > e 2 < [ o (M@ 2\ ™ da_ IR aaam)
0 A 0 y yl a(l—Q/p) 0 ’

and

/ ar/p
||f||zr'°°(man) ¢ p@ _ ||f||Lr'°°(IR{") Aa(l—r/p)
A A alr/p—-1)""° '

aq/p ar/p
”f”L(R”)q’ooAa(l—q/p) + ”f”Lr'”(R”) Aa(l—r/p)
a(l—q/p) ° a(r/p—1)""°

Now, we equalize the right hand side of the above inequality by choosing

f 2] > e L < j 2
A A A

0 0

Hﬂﬁw@w)ﬁp<

Ar—q _ | |f| |zr'°°(lR{”)
0 - dgoeo
[VqIpoe
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As a consequence of Theorem (4.2.1), we have

Corollary (4.2.2)[146]. Let 1 < q < p,and s = 0 withs > n(1/2 —1/p) . Forany a > 0,
there is a constant C = C(n, p, g, S, &) such that if f € L¥*(R™) n HS(R™) then f € LP*(R™)
and

04,00
If 1l (R™) < CIIfIILE’ﬁgn)IIfIIHS(Rn). (81)
with

1 6 1 s
—=—+(1—9)(———>.

P q 2 n
Concerning the critical case s = n/2, we have the following result.

Proof. For any r > 2, it follows from the Sobolev embedding theorem

) 1 1
1f 1y < €0 PIIf sy, with s = n (E _ ;) |

Take r > p, we have s > n (— — ;) By noting that || f|| reogny < ||f||r(rn), and inserting

the last inequality into the right hand side of (79) yield the result.
Theorem (4.2.3)[146]. Let 1 < g <p < o and a > 0. If € LT (R"™) N BMO(R") , then

f € LP*(R") , and there is a constant C = C(q,p,n, 0() > 0 such that
q

1__
Ifllpe(R™) < cufuL(Rn)q,oo||f||BM”0(Rn). (82)
Finally, we obtain the Gagliardo-Nirenberg inequality for the n-Holder space, and the

fractional Sobolev space W*P(R") with s € (0,1) such that sp > n.
Proof. It suffices to prove that holds for [|f||gyorr) = 1, then we obtain (82) by applying

the resulting inequality to f/||f[[pmown)- Let us split f = fi_ + fi4, with fi_ = fxqr1<1)

and f14 = fxqr>13, With x4(x) = 1., if x¢ Aifx € A.
Then,

. °° da L dA
I fi-llzpe(R™) = pJ A fi-l > /1}|“/P7 = Pf 2 [fi-1 > /1}|“/P7.(83)

On the other hand, we have from f € L7 (R")

I 11 ey 2
-1 > B < {IF) > A < =2 (84)
Combining (83) and (84) yields
a/p
”f”L(]Rgn)qi dA P aq/p
_a,aRn S A[Aa —_— e (R).
IR < p | ( M y e ey 1 L8
Or
n q/qp
Ifi-lliwa (R < €1 (p,q, @IF1] oy (85)
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Next, we estimate

2dA
(Ifil > BIP =

froll%e(R) = p f 2
0

- f A (1) > Ry (86)
=P ) 1+ 1

To estimate the level set {|f;.| > A} involving ||f||zmo, We recall the following result,
which is a consequence of John-Nirenberg inequality, [6] (see also Corollary 2.2, [8]):
Theorem (4.2.4)[146]. Let 0 <g<p <o, a >0, and n € (0,1) . If € L?*(R™) N
CT(R™) , then f € LP*(R™) and

n nn
"+5 q p
CRr

1fllp.e(R™) < ClFIE ) £ (87)

We point out that the use of Holder spaces in such Gagliardo-Nirenberg’s inequalities seems
to be new in the literature. As a consequence of Theorem (4.2.4) and the embedding

WsT(R™) c C"(R") , withn = # (see [129]), we get the following result.
Proof. For any € > 0, let us put

X{|x|<¢} (x)

Pei )= g o)

Step 1: If ¢ > 1, by [133], we have

If * pellpeorny < Cllf[|Lae@wmllpellLro®n),
where
1 1 1
T
p q Do
1 1

Note that ||p¢ || rowm) = C (1, po)e (5_5). Thus,

11
If * pellipscary < € @D . (88)
Similarly, we also have
If * pegjllLacomny < CllfllLaemwm. (89)
Applying (79) to the function (f — f * p.) in Theorem 2.1 yields
q 14
If = f * peillLemyp < CINf = f * pellygllf = f * pell oo

q
1__
< Ci(lIf lLawowmy + IIf *PgIIqu(Rn))pIIf f * Pe;l eogny-
It follows from the last inequality and (89) that there exists a constant, still denoted by C
such that
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q 1_g
If = £ % pelliramp < CUF s geny If = £ % Pell by (90)
Since for all x € R",

FGO) = f * p(0)] < 35 | FGc— ) — F(Idy

Bg(0)

< 35 | lleumyndy
B¢(0)

< Ce||f |l¢wmyn-
Or
If = f * pelliewny < Ce™|fl¢rmyn-

By inserting the last inequality into (90), we obtain
q

1-1 -
1 = = pisllrcanp < €N W fleTen. OD

Combining (91) with (88) yields
-4

—n(3-1) n(1-9) 1 1-1
Ifllpeomny = C\ € 9 P2 Ifllpacomny + &7 PIFI qoo eyl fl g gmyt | - (92)

1

By choosing ¢ = (M)—m in (92), we obtain with ¢ = o0 and g > 1.
1f lenrmy
Step 2: [f0 < g < 1, weset forany § € (0,q) :

i p q
g=|f|q15f.p1=qT5,q1 Tosm=n@=9).

Thanks to Step 1, we obtain

n n
& q_l_np_l
oo R"———+n
gl Lproorny < Cllgll(Rn) q1||g|| QT (93)

Next, we have the following inequality
lla|*"ta — |b|*"1b| < C;|la — b|%,Va,b € R", s € (0,1) .
By applying this inequality with a = f(x), b = f(y) ,and s = g — §, we obtain
HFQTTT0£ ) = IfF DI f O < 1F G = F)I 772,

which implies
lgllcnny = NIF177 70 fllemrmy < IIfIIC(Rn)n (94)
Note that
I llimey = NI 0 s, s > 0 (95)

Then, a combination of (93), (94), and (95) yields
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n n n
b a"p
Hﬂmwwg<CWWNMVMmdq—®——7f—%q—& T
o' R" )11
g q
Or holds fora =00, and 0 < g < 1.
Step 3: Finally, holds for any @ > 0 and g > 0.
In fact, let g < p, < p < p3 < o0 be such that
1 6 1-6
—=—+ .
p P2 P3
We have
-0
1 1l (R™) < CIF N oo 1 1| e s (96)
By Step 1 and Step 2, we proved that (87) is true with = o, so
nn
”+T i
L +Oo C(]R +n .
f lzpeeqmy < CIFIT A NI£] =23,
From the last inequality and (96), we deduce
If1lpa(R™)
0 1-6
(L . S T e
Cl IfllLae nz Il | Ifllge@n—5 IFIIC(R™) 37—
= C(R") = e b =
n+g (R G +7 n+y gt
n nn
Tp ap
e .
= CllfllLge " NFICR™) @7,
which implies (87).

Finally, follows immediately from Theorem(4.2.4) using the embedding W*" < C", with

srr_n. Then we leave it to the reader.

‘r) =
Corollary (4.2.5)[146]. Let 0 < g < p < oo, and a > 0. Let s, v > 0 be such that sr > n,

and 1 = sr—n

. n_n
" P_ 4 p
Lan+4 WST—+n
1R < CllF gy = Ml 97)

We also note that there is an alternative approach using interpolation spaces (specifically,
the reiteration theorem). We emphasize that in contrast to that approach, the proofs given in

are self-contained.
Lemma (4.2.6)[146]. If € BMO(R"™) N L1(R™) , then there exists a constant C = C(n) > 0
such that

—CA n
{lg] > B3| < Ce”MNNBmo®™)| g|| 1 s,
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for all 2> ||g|lzmowm-
We refer the reader in[8] (see also in [9]).

Now, we apply to f;, to get

[{Ufael > 3| < CemMMamofy |y || gemy-

Note that || fi—|lzmo < 2||fi-ll1o@mr) < 2, s0

Ifssllsmony < Ifillsmocen + Ificipyoqm < 3

This leads to
[{Ifiel > | < Ce™ P3| fll 2 rmy- (98)
Moreover, we have from Chapter 1 in Grafakos, [136]
9 1- q
el < =5 I W asngany (99)

By (86), (98) and (99), there is a constant C, = C,(p, q,r,n) > 0 such that

(00)

di
1fos I @myp, @ < C j 2 =P FI14R g, 00— < Callfll g (R™).

Thus,

4/qPeo
1 f1+llip,a (R™) < Cullf Il gy - (100)
It follows from (85) and (100) that

q/qPoo
1 llpa(R™) < C(0, q, & WIIfII, ey

which completes the proof of Theorem (4.2.3).
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Chapter 5
Constructive Description of Hardy-Sobolev Spaces

We study the polynomial approximations in Hardy-Sobolev spaces on for convex domains.
We use the method of pseudoanalytical continuation to obtain the characterization of these
spaces in terms of polynomial approximations.

Section (5.1): Hardy-Sobolev Spaces in C"

We give an alternative characterizations of Hardy-Sobolev (see. [25]) spaces

Hp(2) = {f € HD: |If llur (o) + Z 10%fllapa) <} (1)

|lal<l
on strongly convex domain 2 < C". We continue the research started in [163] and devoted
to description of basic spaces of holomorphic functions of several variables in terms of
polynomial approximations and pseudoanalytical continuation. In particular, we show that
for1 <p < oand!l = 1 a holomorphic on a strongly convex domain {2 function f is in the

Hardy-Sobolev space Hzl, () if and only if there exist a sequence of 2¥-degree polynomials

P,k such that

o0 p/2
do(2) (Z @) - P2k<z)|222”‘> <o @)
k=1

In the one variable case this condition follows from the characterization obtained by E.M.
Dynkin [155] for Radon domains.

We devoted to the Cauchy-Leray-Fantappie integral formula, the polynomial
approximations and estimates of its kernel. We also define internal and external Kordnyi
regions, the multidimensional analog of Lusin regions. we introduce the method of
pseudoanalytical continuation and three constructions of the continuation with different
estimates. We use these constructions to obtain the characterization of Hardy-Sobolev
spaces in terms of estimates of the pseudoanalytical continuation. To prove this result we
use the special analog of the Krantz-Li area-integral inequality [158] contains the proof of
characteristics (2).

00

For C" be the space of n complex variables, n = 2, z = (23, ..., zp), Zj = xj + Ly};

af of of\ =, of of f
o= aZJ E<a_xj_la_yj>,ajf aZ] 2<6_xj+ 6y]>

of = z dz,, 3f = Z dZ,,df = of + f.

The notation
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n
@f () wy =)
k=1
is used to indicate the action of df on the vector w € C", and

_ of of
|0f| = |—1|+ +|Z|'

of (2)

aZk

Wy

0z
The euclidean distance form the point z € C™ to the set D € C™ we denote as dist (z, D) =
inf{|z —w| : w € D}. Lebesgue measure in C" we denote as du. For a multiindex a =
(ag, ...,ay) EIN*weset || =a; + +a, and ! = aq! ...y !, also
alalys

a _ % an a
=Z  Z and.a ’ =
1 n 62?1.623"

zZ

Let 2 ={z€ C": p(z) <0} be a strongly convex domain with a C3-smooth defining
function. We need to consider a family of domains
N, ={zeCp(z) <t}

that are also strongly convex for each |t| < g, where €; > 0 is small enough, that is d?p(z)

is positive definite when |p(z)| < ¢;. For z € 0,\{2_, we denote the nearest point on 012 as

prao(z) . Then the mapping

Prag:2:\2_, - 00
is well defined, C2-smooth on 2,\2 and |z — pry,(z)| = dist(z, 00) .
For ¢ € 0(); we define the complex tangent space

Te = {z € C":(3p(§),§ — 2) = 0},

The space of holomorphic functions we denote as H({£2) and consider the Hardy space (see
[166], [156])

HP (@)= {f € HE I oy = sup [ 1£IPdo() < oo},
0

—&e<t<0 ¢

where do; is induced Lebesgue measure on the boundary of 2,. We also denote do = da.
Hardy-Sobolev spaces H},(£2) are defined by (1).

We use notations 3, =. We let f < g if f < cg for some constant ¢ > 0, that doesn’t depend
on main arguments of functions f and g and usually depend only on dimension n and
domain 2. Also f = gifc™lg < f < cg for some ¢ > 1.

In the context of theory of several complex variables there is no unique reproducing
formula formula, however we could use the Leray theorem, that allows us to construct
holomorphic reproducing kernels ([152], [161], [76]). For convex domain 2 = {z € C" :
p(z) < 0} this theorem brings us Cauchy-LerayFantappié¢ formula, and for f € H1(£2) and
z € ) we have
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f(2) = Kof (2) =

Ll F©p© A (30p(0)"
@) oy (0p@)E — 2
1

where w(€) = =2=0p(6) A (30p(©) ", and K(£,2) = 0p(©), § — 2)™"

The (2n — 1)-form w defines on df; Leray-Levy measure dS, that is equivalent to
Lebesgue surface measure da; (see [152], [42], [160]). This allows us to identify Lebesgue,
Hardy and Hardy-Sobolev spaces defined with respect to measures da; and dS. Also note,

= | fFOKE 2w(),(3)
a0

that measure dV defined by the 2n-form dw = (Ggp)n is equivalent to Lebesgue measure

du in C™.

By [162] the integral operator K, defines a bounded mapping on LP (002) to HP(2) for 1 <
p < oo,

The function d(w, z) = [(dp(w), w — z)| defines on 312 quasimetric, and if B(z,8) = {w €

002 : d(w,z) < 6} is a quasiball with respect to d then O'(B (z, 6)) —A 8™, see for example

[162]. Therefore {042, d, o} is a space of homogeneous type.
Note also the crucial role in the forthcoming considerations of the following estimate that is
proved in [163].
Lemma (5.1.1)[151]. Let 2 be strongly convex, then

dw,z) —Ap(w) + d(praggo(w),z),w € C-\2,z € AN.
In lemma (5.1.3) here we construct a polynomial approximations of Cauchy-Leray-
Fantappié kernel based on theorem by V.K. Dzyadyk about estimates of Cauchy kernel on
domains on complex plane. The approximation is choosed similarly to [16]. This
construction allows us in Theorem (5.1.9) to get polynomials that approximate holomorphic
function with desired speed.
Lemma (5.1.2)[151]: Let 2 be a strongly convex domain with 0 € (2, then for every & €

N\ the value of A = %for z € N lies in domain L(t) , bounded by the bigger arc of

the circle |A| = R = R(Q) and the chord {A € C: 1 =1+ e''s,s € R, |A| < R}, wheret =
~— arg ((9p(§),§) -
Proof. For ¢ € 02 define

(0p($), z)
A(E) = {)L eEC:A= m,z € Q}.
The convexity of 2 with 0 € (2 implies that
(0p (), ) = 19p()IIS] = 1, (4)
Re (0p(§),z— &) <0,z € 2, € N\N. (5)

The domain A(¢) c C is also convex and contains 0, thus the equality
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(0p).2) _ N (0p(§),z = $)

(0p(£),8) (0p($),€)

with estimates (4), (5) completes the proof of the lemma.
Lemma (5.1.3)[151]. Let 2 be a strongly convex domain and r > 0. Then for every k € IN

there exist function Kkgwb(f, z) defined for & € 0 \Q and polynomial in z € Q with
deg Ki (¢,') < k and following properties:

1
K(§,2) = K (5,2)| d(§,2) 2 5 (6)

kr d(f )n+r’
1
|Klgt0b(€' Z)l < knrd(fr Z) < E (7)

Proof. Due to [153] and [165] for any j € IN there exists a function T;(t, A1) polynomial in

A with degT;(t,’) < j such that

1 1 1
- TEDIS ®

/1 j‘r‘ |1 — A|1+T‘
for A€ L(H\{1: |1 -1 < %} and coefficients of polynomials T;(t,A) continuously

depend on t. Note also that by maximum principle

Ti(t,A) S j,A € L(t) n{A:|1 — 4| <]1_}. (9)

Lett(¢) = g — arg ((0p(&),¢)and forj € INand (j — 1) < k < jn define

glob(f Z) glob(f Z) _ ( p(f) Z))

1
aoT (O
Due to definition of T; polynomials K kg Lop (&,7) satisfy relations (6), (7).
For ¢ € 00) and ¢j > 0 we define the inner Kordnyi region as
D'(¢,m,&f) = {T € 2:pray(7) € B(&,—np(1)), p(7) > —¢j}.

The strong convexity of (2 implies that area-integral inequality by S. Krantz and S.Y. Li
[158] for € HP(2), 0 < p < oo, could be expressed as

) \*
j da(z)<f | |af(r)|2“—n_1> <c@p) | 1fIPde. (10)
on Dl (zne) (—p(‘[)) on

Consider the decomposition of vector T € C* as = w + tn(§) , where w € T, t € C, and

n(é) = _p—(f) 1s a complex normal vector at . We define the external Koranyi region as

19p ()]
Deé(&,n,ef) ={teC\:t=w+tn(),
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w € Te t €C,|w| <ynp(),|Im ()] <np(r),p(r) <&} (11)

We will proof the area-integral inequality similar to (10) for external regions D¢(&,n, &j) .
We point out two rules for integration over regions D¢(&,n, €f) . First, for every function F
we have

_ du(t)
jﬂ @l = fa do®]  IF@Ien

Second, if F(w) = F(p(w)) then

&
j | F(O)|du(t) = f | F(D)|ndt.
Dé(&m,e) 0

Similar rules are valid for regions D*(&,7, ) .
We could clarify the estimate of d(z, w) in lemma (5.1.1) for € D¢(z,n, &j) .
Lemma (5.1.4)[151]. Let ) be a strongly convex domain and j,n > 0, then
d(t,w) = p(t) +d(z,w),z,w € 00, T € D(z,n, €j) . (12)
Proof. For T € D¢(z,n, ¢j) we denote T = pry,(7) , then d(7,z) ~< np(7).
dit,w) S p(t) +d(T 2 p(t) +d(%,z) +d(z,w) 2 p(t) +d(z,w).
On the other hand,

p(1) +d(z,w) < p(t) + (d(z, ) + d(%, W)) S@A+n)p)+d(E,w)

S p()+d(E,w) 2d(t,w).
We the method of continuation of function f € H(R2) outside the domain 2. Let f € H1(2)
and let the boundary values of f almost everywhere coincide with the boundary values of

some function f € C}.. ((C"\ﬁ) such that |9f| € L*(C™\{2) . Then by Stokes formula for z €

) we have

S (©)0p©) 7 (30p(©)
1= Gy |y ™ @62

L1 3©nae@a(90@) "
ro0+ 20" Jem (0p(£), & — z)m

1 3(6) A 9p(O) A (30p())
~ )" S, @@, E—2"
since (for details see [13])

L (201 (3000)"
S\ (0p(®),E—2)m

=0,z€e N, & e C"\N.
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This formula allows us to study properties of function f € H(f2) relying on estimates of its
continuation.

Definition (5.1.5)[151]. We call the function f€ Clloc((C“\E) the pseudoanalytic
continuation of the function f € H(2) if

L 36() A 9p(©) A (30p()"
cm\Q

1@ = Gy G =

Note that it 1s not necessary for the function f to be a continuation in terms of coincidence

of boundary values.
For z € 2.\2 we define the symmetric along df2 point z* € (2 by

z" —z = 2(prog(z) — z) .
Theorem(5.1.6)[151]. Let f € Hy(2) and 1<p <o, meN. There exist a

pseudoanalytical continuation f € C lloc((C"\ﬁ) of function f such that supp fc 0, |0f(z)| €

LP (.(2 e \5) and

0f(2)] 3 max [9°f(z)|p(D)™ ", 2 € Q\D. (14)
Proof. Define
W= Y 0@ Tl enna (15)
|x|sm-1

Leta + e, = (aq, ..., ax £ 1, @) and define (z — z*)* ¢ = 0 if a;, = 0. In these notations
we have

D R T e s L

a—eyp)!
k=1 |a|sm-1 ( k)

gere fzy 2 Z) 9z (16)

I
Nk

&
Il

1|a|=m-1

hence,

10f,(2)| S max |09f(z")|p(z)™ 1,z € CM\Q.
Consider function y € C*(0,) such that y(t) =1 fort < /2 and y(t) = 0 for t > ¢j.
The function f(z) = f,(2)x(p(z)) satisfies the condition (15) and supp fc £,.

Letd = dist(z*,0)/10, then for every mutiindex a such that || = m by Cauchy maximal
inequality we have

09f(z)] S d™™ sup |of (D S p(z)™™  sup 10f (DI,

lt—z*|<d TEDY(praa(2),cod,€)
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for some ¢, > 0. Finally, from [8] we get

fg N (lor@|)" dutz) = ffﬂ\hd#(z)< o wm»)p

€D (pryq(2).cod.e)
S N0f By <

Let f € H1(2) and consider a polynomial sequence P;, P,, converging to f in L1(0.02) .
Define

A(z) = p(2) 7 |Pyrs1(2) — Pox(2)],27F < p(z) < 27F+1
Theorem (5.1.7)[151]. Assume that A € LP(C™"\Q) for some p = 1. Then there exist a
pseudoanalytical continuation f of function f such that

10f(2)| S AM(2),z € CM\Q2. (17)
Proof. Consider function y € C*(0, o) such that y(t) = 1 fort < z and y(t) =0fort >
Z. We let
£,(2) = Pi(z) + X(ka(z)) (P2k+1(z) - sz(z)) ,27% < p(z) < 271 k € N,
and define the continuation of a function f by formula f = )((2 p(z))f0 (z).

Now fis C1-function on C*\2 and |5f(z) | ~< A(z) . We define a function F, (z) as Fj,(z) =
f(z) for p(z) > 27 and as F (z) = P,k+1(2) for p(z) < 27¥. The the function Fy, is smooth

and holomorphic in 2,_,, and |dF,(z)| ~< A(z) for z € C*"\(2,_. Thus similarly we get

Pok+1(z) = F(2) = ,Z E 0,

(2mi)" (0p(§), & — 2

We can pass to the limit in this formula by the dominated convergence theorem; hence,
function f satisfies the formula (13) and is a pseudoanalytical continuation of function f.
Theorem (5.1.8)[151]. Let  be a strongly convex domain, 1 < p < oo, 1 € IN and €

L 3F.(6) N op(©) A (F0p(D))
cm\Q

HP(Q) . Thenf € H%,(Q) if and only if there exists such pseudoanalytical continuation f that

for somen > 0

p/2

f do(2) f 3@ 2@ | <o, (18)
on Dé(zmn,e)

du(t)
p(D)"t

where dv(t) =
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Proof. Let € Hzl, (12) . By Theorem (5.1.5) we could construct pseudoanalytical continuation
f such that
|0f(2)| Jnax 109f (") |p(2)", z € C™\L2.

al=l+1
Note that the symmetry (z — z*) with respect to d2 maps the external sector D¢(z, 7, &j)
into some internal Koranyi sector. Indeed, for every n > 0 there exists 14, & > 0 such that

{t*:1 € D°(z,n, &)} € D'(z,m, 1) -
Applying area-integral inequality (10) we obtain

p/2

do(2) f |3E()p (D) 2dv (D)
on Dé(zn,e)

p/2

|lax|=1+1

< max do(2) j | 0% (t*)|?di/ (T)
J0) Dé(zn,¢)

du(r) )”/2 Y
(—p@™)""

To prove the sufficiency, assume that function f € H1(£2) admits the pseudoanalytical

< max do(z) J 0% f ()2
N Di(z,n1€1)

|la|=1+1

continuation f with the estimate (18) We will prove that for every function € LP'(0.2), % +

1 ..
5= 1, and every multiindex a, |a| < I,

[ 9@ r@as@] < cDgllp gy

Assume, without loss of generality, that = ([, 0, ..., 0) . By representation (13) we have

_ (&) A w ()
fe) = Ln\g @) —2)"

and with C,,; = (’(‘::)13!

fa 9 (2)0°f(2)dS(2)

N

~ op()\' Bf(&) A w (&)

~Gu [ 9@ (L\ ( %, ) @p().% - z>n+l> )

_ 0p(9)\ = g(2)ds(z)
o j«:\( ) 0800 [ Gl
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g(2)ds(z)

Define @;(§) = fan (0p(&),E—z)yn*l"

Applying Holder inequality twice we have

| j 9 (D0 (2)dS(2)| S f@ | BECE)10,(E) | dpa(E)
0

TL\Q

du(t)
p(T)"

< j d5() | 3C0) |, (0|
an De(&n,e)

1/2
< da(&)(f |3 12p ()2 - (T)> x
on Dé(&én,e)

P
1/2
du(t) )
% 1D, (1) |2p(1)22 =
(f RCCORe
p/2\ /P
<[ ase j |36 [2p(2)2de/ () x
00 Deé(¢m,e)
p'/2\ VP’

x dS(f)j | 8,(0) 20 (0)22dv(2)
00 De(&m,e)

The first product term is bounded by (18), and the second one by the areaintegral inequality
(28), that we will prove in Theorem (5.1.12).

Theorem (5.1.9)[151]. Let f € H'(2) and 1 < p < o, | € IN. Then f € HL(Q) iff there

exists sequence of 2¥-degree polynomials P,k such that

) p/2
do(z) (z | f(2) — sz(z)|222‘k> < oo, (19)
k=1

a0

Proof. Assume that condition (19) holds, then polynomials P,k converge to function f in
LP(002) and by the theorem (5.1.7) we could construct pseudoanalytical continuation f such
that

10f(2)| = |Pi+1(2) — Poi(2)|p(2) ™1,z € C\2,27% < p(z) < 27k+1

Consider the decomposition of region D¢(z,1, €f) to sets D (z) = {t € D(z,1n,&j) : 27% <
p(1) < 27%*1) and define functions
ak(z) = |P2k+1(Z) - sz(z)|2‘kl,

1/2

b (z) = f()|5f(r)p(r)'l|2dt/(1) ,Z € 3.
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Prove the necessity. Now f € Hzl, (2) with 1 < p < 0o and [ € N. By Theorem (5.1.8) we

could construct continuation f of function f with estimate (18). Applying the approximation
of Cauchy-Leray-Fantappi¢ kernel from Lemma (5.1.3) to function f we define polynomials

P = | T AR on (6.
C™\n

We will prove that these polynomials satisfy the condition (19). From Lemma (5.1.3) we
obtain

@ -Pu@I3 | 13O — KS%ton (& DI du(®)

1
cm\0 (0p(§), & —z)4
SU@2)+V(z)+ W (z) + W,(2),
where
_ |0£(7)]
U= L(,,Z)Q_k ap(D, 7 — )"

du(t),

V() = 2k j |30 du(o),
d(t,z)<2-k
o 35|
WD) =2 | Ty 1 = T O
p(t)<2—k
e Pl
Wale) =2 jpum-k (P, 7 — e O

The parameter r > 0 will be chosen later.
Note that V(z) < cU(z) and estimate the contribution of U(z) to the sum. For some ¢,, ¢, >
0 we have

d(w,z) < c;2 % do(w) Z J |0f(7) di/(7)

U(z) < f i) [(dp(T), T — 2)|* p(T)

WEIN
1/2

< —[weand (w,z) < c;27%do(w) z j | 9f(0) p(v) 7! |2d/ (7) X

2(1-1) 1/2
x( f p(T) dv(ﬂ) _ z J b; (w)m;(w)do(w)

j(W) |<ap(T)' T— Z)ln j>62kd(w,2) <c12—j

Consider the integral m;(w) . Since T € D;(w) then by estimates from lemma (5.1.4)

d(t,z) —Ap(t) + d(w,z) > 277/ and
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2(1-1) 1/2 —-j(-1)
my(w) = (JD p(7) dt/(r)) < 27 Vi —amn (20)

) @@= 2" 27
Thus
2K (2) = z 2-U-it anj by (W)Do(w)
j>ak d(w,z)<c,2/
3 z 27U~ Mb,(2) . (21)
j>C1k

Now estimate the value W, (z) . Similarly to the previous we have

W, (2) < 2% 2 j b; (wym! (w)do(w)
d

Sk (w,z)zc12-k
k

<oy > by (w)mJ (w)do(w)

]>k t:C22_tSd(W ch,,)S612—t+1

) = p@* V@ "
ki JDM (0p (@), T = 2)[2(+7)

Applying the estimate d(t,z) A —p (1) + d(w, z) ~> 27t, we obtain

mjr (W) < 2—jl+t(n+r).

where

Finally
k k
t=c, Z b; (Wym! (w)do(w) 3 Z 271 Mb(z) 3 277K M (2)
dw,z) <ci2-t+1 t=c,
and
28w, (2) = 2 27100 Mb;(2) . (22)
>k

Similarly, estimating the contribution of W, (z) , we obtain

k
zklwz(z)sz—k<r—l>z J b Wym W)do(w).  (23)
0

Jj=0p
Since d(t,2z) ~> 27/ +d(w,z) fort €00, [1 € D;(z) then
27

m; (w) = - < min (277D, 2 — ji, 00 -nmy.
’ (27 +dw, )" )

Thus
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27t

f bj (w)m; (w)da(w) <f bj(w)da(w)
0 d

(w,z)<2- ]2 —J(nt7)

277t
+z f = 1ot 1 5y by W) do W)
(w,z)<2-t

3 z 277 21" Mb;(z) 3 277127 Mb;(2) .
t=1
Choosing r = 21, we have

k k
W,(2)2M < 2 2-6=D0=D Mp.(2) < Z 2-0-DEMbi(2).  (24)
Combining the estimates (21, 22, 24) we finally obtain

F(2) = Pa(2)]2% = z 2-6=Dl M b, (7) + z 2-U=OL M, (),
j>k
which similarly to [5] implies

| (2) — Poi(2)[2224 3 ) (Mby(2))”
2 2,0

k=1
Then, by Fefferman-Stein theorem
/2

1'e) p/2 1)
_ X 292tk 2
acha(z><kzzl|f<z> P22 ) <| (Yn@] dow

k=1
p/2

< da(z)j 3OO Pdv(E) | <o,
on Dé(zn,e)

This completes the proof of the theorem and it remains to prove Lemma (5.1.10).
Lemma (5.1.10)[151]. by (z) ~< May(z) , where May, is the maximal function with respect
to centred quasiballs on 9()

May (z) = sup | ax(&)|da($).

r>0 J(B (z, r)) B(z,r)
Assume, that this lemma holds, then by Fefferman-Stein maximal theorem (see [157], [156])
we have

e}

o /2 12
jaa (Z by (Z)2>p do(z) 3 LQ (2 a, (Z)2>p do(2) .
k=1

k=1
The right-hand side of this inequality is finite by the condition (19), also we have
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which completes the proof of the sufficiency in the theorem.
Proof. Define g, (z) : = 27 (P2k+1(Z) — sz(z)) .

)
10p(2)|
tangent hyperplane T, = {w € C": (dp(z),w —z) =0} and complex plane T;,
orthogonal to T, and containing the point T

T = {t +sn(z):s € C}.
Projection of vector T € C to 2 N T;; we will denote as 7,(7) .
Define 2, , = 2 N T;5 and y, ; = 042, ;. There exist a conformal map
Gsr: T\, = C\{w € C: |w| = 1} such that ¢, ;(00) = o0, ¢, .(00) > 0, and we could
consider analytical in T;5\{2, ; function Gy (s) : = %'
Applying to function G, Dyn’kin maximal estimate from [4] for domain T;5\2(z, ) we
obtain the estimate

Let z € 1 and € S, (z) . Consider complex normal vector n(z) = at z, complex

p(D)™
|s — m, (D)|m*!

1
G @IS — [ 16e(s)]1ds] +j 1G()] ds],

'D(T) SEl; a-Qz,‘r\lz,‘r

where I,; = {s €y, : |s — m, ()| < dist(z,002,,)/2}, and m >0 could be chosen
arbitrary large.
Note that |[¢,.(s)| — 1 A —dist(s,82,,) A—27%, thus |gi(s)| A—|G(s)| for s €

Dy (2) N T;. Hence,

. 1
961 3 ) 2 s |, M@l @5)

J=1 ls—m,(2)|<2/p(2)
Since the boundary of the domain 2 is C3-smooth, we can assume that the constant in this
inequality (25) does not depend on z € 912 and T € 2.\ 2.
Note that function g, (t + z — w) is holomorphic in w € T,, then estimating the mean we
obtain

i
p(T)n_l |w—z|<m

|9k ()| < | gk (T + z —w)|duzn_ (W)

1 dUzn—(w) J‘

< Vy® 2-jm______
~Z}=12 p(T)n—lf|w—z|<\/p(T) 2ip(1)

€00, |91 (s)|ds]

|s—m,(t+z-w)|<2/p(7)
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< Y g | BN ORINED
j=1 5

z,2)p(7)

where du,,_, is Lebesgue measure in T,
Assume that m > n — 1, then | g, (t)| ~< Mg, (2), z € 002, T € D}, (z) . Finally,

be(2) = f NEOTOREVOE j | 9k (Dp(@ 1 2de/ (D)
Dg(z

D(z)

dl](T)
Dy(2) p(1)?

< (Max (@)’ < (Max ()"

and the lemma is proved.
Let 2 € C™ be a strongly convex domain and , &f > 0. For function g € L'(02) and
[ € IN we define a function

1/2

IWASW) 1,4, () 27)

I,(g,2z) = j
N De(zne) | a0 (0p(D), T — w)™!

1 = n-l dpzn(®)
where dS(w) = p— dp(w) A (aap(w)) (see (3)) and di/I(t) = ST
Theorem (5.1.11)[151]: Let 0 be strongly convex domain and g € LP(02), 1 < p < oo,
Then

f (g, 2)Pdo(z) j 9@ Pdo(2). 28)
on [N

Note that in the one-variable case the integral (27) gives the holomorphic function and the
result of the theorem follows from [155].

Definition (5.1.12)[151]: Assume, that defining function p for strongly convex domain ()
has the following form near 0 € d(}

n
p() =2Re (2) + ) An 5% +0(12%) (29)
jk=1
with positive definite form Ajyz;zy. We define a set

Do(n, &) = {t € C"\2: |74|* + -+ |T-1]* < Re (1),
| Im (7,)| <7 Re (7,),| Re (1,,)] < €}. (30)

Proof. Since operators T; with kernels K; verify the conditions of T;-theorem, we have T; €

L(LP(302), LP (3, L*(Dgyydt/ and
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Z | 1ms@IPdsca

Jj=13

9wy (@)];(z,1)dS (w) du(7)
ds 2
ZJ “ J Jem (0p (¥, (=), byt Re @)™

21917 0y

Thus by decomposition (35) [, 1, (g,2)Pda(2) 3 [,,19(2)|Pda(z) , which proves the

theorem.
Lemma (5.1.13)[151]: Suppose, that p has the form (29). There exist constants c, g, > 0
such that
D¢(0,7n,¢) € Dy(cn, cgj),Dy(n, ) € D€(0,cn, cej) for 0 < n,e < &,.
Proof. For the function p of the form (29) the Kordnyi sector (11) could be expressed as
follows
D(0,m, &) = {t € C\2: |71 |* + - + [T54|* < p(7),

| Im (7,)| < np(2), p(7) < €}
and
,D(T) < 2Re (Tn) + C0(|T1|2 + -|'|Tn—1|2 + Im (Tn)z + Re (Tn)z)

< (24 ¢ Re (1)) Re () + ¢o(1 + np(2))np(r), T € D¢(0,7, €) .

Thus forn < n, = % we have (7) < c Re (1,) .
0
It is easy to see, that |T| = 0 when p(7) = 0, T € D¢(0,7, ¢) . Then by convexity of 2
n
2Re (1) = p() = ) AnTyTi +0(t*) < p(x), 7 € D°(0,1, &)
jk=1

for some g, € (0,7n,) .
Finally D€(0,n,¢) c D,y(cn, €f) and analogously Dy(n, ) € D¢(0,n,¢) for 0 < n, € < &,.

Theorem (5.1.14)[151]: There exists such covering of the set Q. \Q_, by open sets [ such

that for every & € I we can find a holomorphic change of coordinates ¢;(§,) : C" — C"

such that
I. The mapping ¢;(§,-) transforms function p to the type (29) and could be

expressed as follows
$;(§,2) = 2;(H)(z—8) + (z— B () (z — e, (31)
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where matrices @;(§), B;(§) are C!-smooth on [;,and e, = (0,...,0,1) .

ii. Let g;(§,-) be an inverse map of ¢;(&,-) , and let J;(§,-) be a complex Jacobian of

y;. Then
sup  |J;(§) —[;E )= IE-€], (32)
TEQ\Q,
sup [ (5) — ;)= 1€ =€) (33)
TEQ N\,

Note that real Jacobian is then equal to |J;(§,) |2 = J;&)]; (8.

lii.  There exist constants c, g, > 0 such thatfor 0 <n, € < g,

¢j(51De(€' m 8)) c DO(CUI CE) rlp](fl DO(TII 8) c De({) cn, CE) . (34)

Proof. Let & € 042, by linear change of coordinates z' = (z — &)@ (&) we could obtain the
following form for function p

p(z) =p(§+ @~ 1(5)2')
=2 Re (z,) + Z A]k (f)zjzk + Re z A (€)z]zk +0(z']®).

J,k=1 J,k=1

Setting z,, = z,, + A%zjz; and z{' = z{, 1 < j <n — 1, we have (see [13])

p(z") = 2Re (z3) + Z Ak (77 + 037" 9.

J,k=1
Denote (§) = @(&)1A%2(&)® (&) , then
¢, 2) = P()(z—§) +(z—EB(E)(z— ey

We choose I such that the matrix @(&) could be defined on I; smoothly, this choice we
denote as @;, and the change corresponding to this matrix as ¢;
$;(§,2) =2 ()-8 + (- Bz — ey

Thus mappings ¢; satisfy the first condition. Easily, the second condition also holds.

The last condition (34) follows immediately from Lemma (5.1.15). This ends the proof of
the theorem.

Further we will assume, that the covering 2,\2_, € U ?’:1 I; and maps ¢, ;. For covering
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{I}} we consider a smooth decomposition of identity on :

Xj € C°°(I}),O <xj<Lsuppy; c Tj'sz (z)=1,z€on.

Fix parameters 0 < €, n < &,, denote Dy, = Dy(n, €) . Then by (34)
D¢(2) = ¢;(2,D°(z,n/c,j/c)) < Do

and
Il (gl Z)Z

gw)J;(z,t)dS(w) ,  du(™)
ZX] (Z) jDe(z) LQ (ap l/J] (Z T)) l/)j(Z T) — W)“"‘l | Re (‘L'n)n—21+1

=1

g(W)X,/ (2)];(z, 1)dS (W) du(7)
z .[ J ? n-20+1" (35)
00 (0p (¥;(z.7)) W (z,7) —wyr+t Re ()
We will consider the funct1on
1/2 .
@) = 2@z, 0) 36

@p (¥;(z1)), ) (z,7) — wyr+t

as a map 02 X a2 - L(C, L? (Dory)dt/, such that its values are operator of multiplication

from C to L?(D,di/) , where di/l(t) = #&?_M is a measure on the region D,.

Throughout the proof of the Theorem (5.1.11) j, [ will be fixed integers and the norm of
function F in the space L? (Dorydt/ will be denoted as ||F||.

We will show that integral operator defined by kernel K; is bounded on L. To prove this we

apply T'1-theorem for transformations with operator-valued kernels formulated by Hyténen
and Weis in [159], taking in account that in our case concerned spaces are Hilbert. Some
details of the proof are similar to the proof of the boundedness of operator Cauchy-Leray-
Fantappie K, for lineally convex domains introduced in [14]. Below we formulate the T'1-
theorem.

Definition (5.1.15)[151]. We say that the function f€ C;’(0Q) is a normalized
bumpfunction, associated with the quasiball B(wy, r) if supp fc B(z, 1), |f| < 1, and

Y
@ - fa = 828

The set of bump-functions associated with B(w, r) is denoted as (y,w,T) .

Theorem (5.1.16)[151]. Let K: Q2 X 0Q = L((C, L2 (Ddl/)) verify the estimates
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IK(z,w)|| = Az W) (37)
KGw) - KEwll %2 10 w) > cd(z6); (38
|K(z, w $w lINd(z,w)"JfV' zZ,w z,§); (38)
|K(z,w) — K(z,w")| = %,d(z, w) > Cd(w,w'). (39)

Assume that operator T:S(9Q) —» § ’(GQ,L(@, LZ(D,dl/))) with kernel K verify the

following conditions. - T1, T'1 € BMO(012, L* (Dyyydt/,

where T' is formally adjoint operator. - Operator T satisfies the weak boundedness property,
that is for every pair of normalized bump-functions f, g € A(y, wy, r) we have

I<g, TAHIl < Cr™™
Then'T € L(LP(0N), LP (6.(2, L*(D,, dvl))for every € (1,0) .

In the following three lemmas we will prove that kernels K; and corresponding operators T;

satisfy the conditions of the T1-theorem.

Lemma (5.1.17)[151]. The kernel K; verify estimates

Proof. By lemma (5.1.4) we have [(0p(t), T — w)| A —p(7) + |(Fp(2), z — W)|,
z,w € 012, Tt € D®(z,cn,cgj) . Thus

= dvy(7)
”Kj(z’ W)HZ B ']1.)0 | K]'(Z' WXT)lZdvl(T) : JDT(z,cn,cs) |<ap(T),T - W>|2n+21
< j 1 du (o)
" Dé(z,cn,ce) (P(T) + |(ap(z),z — W)|)2n+21 p(T)n—2[+1

o t2-1d¢ 1 1
< ~< ~l—
o (t+0p(2),z—w)|)?n+2 |(0p(2),z — w)|?" d(z,w)?"

Similarly,

1K (z,w) — K;(z, w")||?

1 1
: - 2dv,(t
jDe(z,cn,cs)l (0p(0), T — wy  (3p(), T — w')nH 1*dv, (1)

Denote T = pry, (1) , then
[(0p(D), T —w)| = p(7) + [(9p(D), T —w)]|
S p(@) + [(0p(2),z = w)| + (9p (1), T — 2)| 3 p(7) + [(0p(2),z —w)|,
which combined with Lemma (5.1.4) and condition
dw,w") = [(0p(w),w —w')| < C|{0p(2),z — w)| = Cd(z,w)
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implies
[{0p(T), T — W) A —p() + [{0p(2),z —w)| A —p(T) + [(9p(2),z — W'}
A—[dp(D), T —w')|.
Next, we have
[{0p(7), T —w') = (0p(7), T —w)| = [(9p (1), T —w) —(dp(2),T —w')|
< [{0p(7) — 0p(),w —w')| + [{0p(2),T —w) — (0p(E),T — w')]|
S p(@NBp W), w — w2 + [(0p(£), T — w)|2[(dp(w), w — w')|'/?
< 0p(0), T — w)|2(dp(w), w — w')|'/?
Hence,

1K (2, w) — K;(z,w)||? 3 f (@p(w),w —w')|

d,l(T)
De(z,cn,ce) |<a,0(T),T — W>|2n+21+1 L/ (

< j°° [(@pw),w —wH)[e2ldt  _ [(dp(w),w—w")| _ d(w,w’)
Ty 4 K0p(2),z — w2 T [(9p(2), 2 — w) [P d(z w)mHY

The last inequality (39) is a bit harder to prove.
Letz, & wedn, C(z,&) <d(z,w), and estimate the value

A= 0p (¥;(z ),z 7) —w) = (0p (W; (€. D), ;5 1) = w.

Denote 7, = ¥;(z,7), 7 = ¥;(¢, 1) , then by (31)
T=®(2)(t,—2) +i(r, — 2)TB(2)(r, — 2)e,
= o(§)(te — &) +i(ze — &) BE)(rs — &)ey,

whence denoting ¥ (z) = ®(z)~! and introducing L(z, ¢, 7) we obtain
,=z+%@)1 - (1,—2)"B(2) (1, — 2)¥(2)e,,

e = E+ W (T — (16 — €)' BE)(1: — E)¥ (e,

T,—Tg=z—&+ (‘I’(Z) — ‘{’(E))T + L(z,&,1)e,.
Note, that norms of matrices ||¥(§)]| are bounded, thus

IL(z,¢,D)| < |(r; = D)"B@) (1, — 2)(¥(2) = ¥(©))|
+I(t, = DTB(2)(t, — 2) — (1¢ = §) BE)(te — )P
Slz—éllt,— 22 +1(r, — 2 — 1 + £) B)(z, - 2)|
+1(zg =€) B(2) (1, — 2) — (g — €) B&)(rs — )|
Sz —éll, — 2 + 12— £l +1 (2 - P©)r + Lz EDen) BE)(, —2)|
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+(ze =€) (B(2) = B(O) (1, — 2)| + |(tz — €) BE) (1, — 2 — 1 =€)

S|z —=¢llt, — 2> + |z = &llt] + 7]|L(z, & D) + |z = €[[z]* + [7]L(z,§, 7).
Choosing &f > 0 small enough we get |t| < n|Im (t,)| + (1 +7n)|Im (7,,)| < 3¢ and
|L(z,&,7)| 2 d(z,&)Y?|7|, for t € Dy = Dy(n, €) . Hence,

A < [(0p(z,) — 0p(te), T, — W)l + [(9p(7¢), 7, — W)
3 |, = el (p(r) + d(z,w)Y?) + [(9p(z,) — 9p(t¢), 2 — )| + (9p(2), 2 = &)
+ (9p(z¢),

(¥ (@) —¥@©)D) + [(0p(re),

L(Z' f' T))l ~ d(Z, 6)1/2d(1’z, W) + |TZ - f”Z - fl + d(Z: f) + |Z - E“Tl + |L(Z, fl T)l
< d(z, &) + d(z, ©)Y?d(z, w)'/?
< d(z,&)Y?d(z, w)1/?

Combining this estimate with inequality |(dp(t,), T, — W)| A —|(6p(r§), T: —w)| we

obtain

@Y= OV du()
1K)~ K€ wl < | o ORI W

(0p(2),z = )(Fp(2),z —w)|  du(7)

+X](€) Dy |<ap(TZ)'TZ _ W)|2n+4 Re (Tn)n—21+1
_ M@p@z=01 _ 10p@z=O1 __K0p@, 7 )
" 0p(2),z —w)|?"  (3p(2),z — w)|2"+t T [(9p(2), z — w)| 2t

d(z,$)

~ d(Z, W)2n+1'

Lemma (5.1.18)[151]: T;(1) = 0 and || T;(1)|| ~< 1.

Proof. Introduce the notation 7, = 1;(z,7) . The function (dp(7,), T, — w) is holomorphic

in £ with respect to w, then the form (dp(7,), T, — w) ""'dS(w) is closed in 2 and
dS(w)

00 O, T, —wyrHl

It remains to estimate the value of formally-adjoint operator T' on f = 1.

(N1/27.
O = | 2, 2)'"); (2, 1)dS (2)

on (ap(Tz): T, — W>n+l

Tj(l) () = Xj (2)1/2]]_ (z,7)
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_ f Xi(@2)'?];(z,7)(dS(z) — dS(zy,)) N x; (@)% (2, 7)dS(z,) Ly
oo (0p(T) T —w)™ oa Op(t) T, —wymt 1T

Note that |z — 7,| S Re (t,,) , therefore |dS(z) — dS (IIJ(Z, T))l < Re (1,,)do(z) and

L% j‘ Re (t,)do(2) - Re (t,)do(2)
1= ) Gpt), o, —wy™ = (Re (z) + {p(@), 2 — W)™

*® Re (t,))v" tdv - 1
~ Jo (Re(r,) +v)™ "~ Re ()07

Thus we get

LA 3 [ e dp® jetndt

— 3| == ~<1(40)
DO Re (Tn)Zl_Z Re (T’fl)n 21+1 0 tn 1

Dy

To estimate L, we recall that dg¢ % =0,z €00, & € C\Q2, and
consequently
o as© _ (99©)
(0p(8),& — z)™* ~ (3p(&),& — z)n+!
=) — n-1
0:((0p(8),€ —z)) ADdp()
_(nﬂ)(g« @5 -1500®) 1 av)

(0p(8),& — z)ntt = T n(0p(8),§ — zynHl

By Stokes’ theorem we obtain

. f xj(@)Y?];(z,7)dS(,)
27 Jo (0p(r), T, — wynH

j a, ()(j (2)'?];(z, T)) ANdS(T,) | f X;(2)Y?]i(z,v)dV (z,)
B _()81\_() <ap(Tz):Tz - W)n+l n -Qsl\-Q (ap(Dz);Tz - Z)n+l
Analogously to Lemma (5.1.4) we have [(dp(t,), T, —w)|—A Im (7,) +p(2) +
|(0p(2),Z — w)|, where Z = pr,(z) . Hence,

du(z)
|L2| $f (0 _ n+l
Ne,\0 p(TZ)'TZ W)l

° do;
<[ _
0 o0, (t + 1m (7,) + [(3p(2), 2 — w)|)™

P v idy e dt
5f dtj __ ~<f l
0 o (t+ Re(r,)+v) o (t+ Re (1))
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1—t 1
< (Re (Tn)) In (1 + R (Tn)> ,

and

| L, |2di/1() < j (Re (z))* > In? (1 + Rel(T )> dv,(7)
Do n

Dg

€ 1
$J In? <1+—>Sd5‘~ <1,
o S

which with the estimate (40) completes the proof of the lemma.

Lemma (5.1.19)[151]: Operator T; is weakly bounded.

Proof. Letf,g € A G, WO,T) , denote again 7, = ;(z,7) , then

f(w)dS(w) )2
B(wg,1) (ap(rz)' Tz — W>n+1
Denote t : = inf |(dp(7;,), T, — w)| and introduce the set
W(z,t,r):={we€adn:|(0p(r,),7,—w)| <t+r}
Note that B(wy,7) € W(z,7,cr) € B(z, c?r) for some ¢ > 0, therefore,
fw)dS(w)

B(wo,1) (6,0(1-2)’ T, — W)n+l

umﬁwsj

Dg

M@(L 19@Ias@
B(wgq,r

fw)dS(w) j f(2) — f(w)|dS(w)

| =
W(Z,‘L',CT') <ap(TZ)J TZ - W>n+l W(Z,‘L',CT') |<ap(Tz); TZ - W)|n+l

dS(w)

|
0O\W (zT,c1) <ap(Tz)' Tz — W)nH

+f (@ = Li(z, 1) +|f(2)|L2(z,7) .

It follows from the estimate |f(z) — f(w)| < +/v(w, z) /7 that

L(21) < v(w, z)'/? 21 jczr tn=1/2¢
1(z, 1) S — <

Vs (Re (1) + vw, 2))" Vrlo  (Re () + O™
1 fczr dt 21 ( 1 1 )
Trly (Re(ry) + )27 r\Re (1,)1"1/2  (Re (1) +1)i71/2

1 (Re(ry) + )2 —pin1/2 _ 1 (Re (1) + r)?71 — r2i-1
~ r Re (1) Y2(Re (1) + 1)FY2 7 fr Im (1,)"/2(Re (1) + )21
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1 rRe (1,)?72 + r2t-1
~ VrRe (t,)"1/2(Re (1) + )21

Estimating the L?(D, dv;)-norm of the function L (z,7) , we obtain

j L, (2, 7)%dv, (1)
Dy (7)

< -[ r Re (1,,)%73 s F41-3 du(t)
" Dy (%) (Re (1,) + r)*=2 ° Re (1,)%"1(Re (1) + r)*=2 ) Re (1, 2l+1

0o 41—-4 00
<rj S—ds+r4l‘3j _ B 1w
T )y (s+r)H2 o (s+ =27

To estimate the second summand L, we apply the Stokes theorem to the domain
fwen:|(0p(z,), T, —w)| >t+cr}
as(w)
(0p(r)T,—w)nHl

and to the closed in this domain form

j dS(w) B j dS(w)
0Q\W(z,tT,cr) (ap(TZ)' Tz — W>n+l wen (ap(Tz)r T, — W>n+l

lv(t,w)|=t+cr

1 - n+l
=TT wen (0PI mw) Ao
lv(z,w)|=t+cr

Applying Stokes’ theorem again, now to the domain
{weN:[(dp(z,), T, —w)| <t+cr}
we obtain

Ly = @), —w)y dS(w)

WEN
|[v(T,w)|=t+cr

= _ (0p(t,), T, — W)n+l ds(w)

WES
[v(t,w)|=t+cr

— n+l
[ e (@@ W) ) adsow)
|[v(T,w)|=t+cr
n+l
+ WEn (ap(Tz)rTz - W) dV(W) .

|[v(T,w)|=t+cr

— l
Since [3,, (09 (2,7, —w) ) AdSW)] 3 K0p(x,), 7, = w)[™T we get
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t+cr t+cr
|L3| 5 f (Sn+lsn—1 + Sn+l + Sn+l—1sn)ds 5 j 52n+l—1ds 5 T‘(t + r)2n+l—1.
t t

Note that t —A p(t,) —A Im (7,) and consequently

r(Re (t,,) + r)?ti-1
< (Re (7,,) + r)2n+2l

2
j L,(z,7)%dv,(1) 5f ) dv,(1)
D Do

0

f tndt , Joo t21 1 0o dt
=r < r? < 1.
(t + T)2l+2 tn— 21+1 0 (t + r)21+2tn—21+1 0 (r + t)3

(16) Summarizing estimates (15) and condition |f(z)| < 1, z € 002, we obtain

g, THIP < f dv, () f 1 9@I(La(2,D) + Ly DIf @)DdS)

0 (Wo,‘l")

SNl sup | (a0 + Lo ) (o)
0

~ ”.g”il(ag) < |B(W0:T)|2

The last estimate implies weak boundedness of operator T and completes the proof of the
lemma.
Section (5.2): Strongly Convex Domains in C™

We continue the research started in [164] and devoted to the description of some
fundamental spaces of holomorphic functions of several complex variables in terms of
polynomial approximations and the pseudoanalytic continuation. We give alternative
characterizations of Hardy-Sobolev spaces (see [25], [158])

HY (@) = {f € HO: vy + ) 10 Fllawcay < o0} (42)
|al<!
on the strongly convex domain 2 ¢ C".
We show that for 1 < p < oo and [ = 1 a holomorphic on a strongly convex domain (2

function f is in the Hardy-Sobolev space H} (2) if

and only if there exists a sequence of 2*-degree polynomials P, such that

0 p/2
d — P k(2)|%2%k 0, 43
fa ) a(Z)(kZlIf(Z) ()] ) < (43)

In the one variable case this characterization was obtained by E.M. Dynkin [155] for Radon
domains.

We devoted to the Cauchy-Leray-Fantappi¢ integral formula, polynomial approximations
and estimates of its kernel. We also define internal and external Koranyi regions, the
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multidimensional analog of Lusin regions. we introduce the method of pseudoanalytic
continuation and two constructions of the continuation with different estimates. We use these
constructions to obtain the characterization of Hardy-Sobolev spaces in terms of estimates
of the pseudoanalytic continuation. To prove this result we use the special analog of the
Krantz-Li area-integral inequality [158] for external Kordnyi regions established in [169].
Finally, contains the proof of characterization (43).

For C" be the space of n complex variables, n = 2, z = (24, ..., Z,), Z; = x; + 1y;;

0 0 , 0 = d 0 0
o == i80) o = i),

0z; oxj 0y 0z 0xj 0y;j
n af
af=Z— dz,, 3f = Eszk,df of + 3f.
Zy %)
k=1
We use the notation
n
@
(0f (2w Z
k=
to indicate the action of df on the vector w € C" and define
=12 e Y
10f1=15= | t Hlo= I

For a multiindex a = (ay, ..., a,) € IN" we set la| = 0(1 + +a,and ' = ay!...a, !, also

|.a.|
—_ L% Un ag . OMHf
=zM z0"and 0%f = — e

a1 an
0z, .0z,

Z(Z

We denote the euclidean distance from the point z € C™ to the set D © C" as dist (z,D) =
inf{|z —w| : w € D} and the Lebesgue measure in C" as du. Let 2 = {z € C"* : p(z) <
0} be a strongly convex domain with a C3-smooth defining function. We will also consider
the family of domains

N, ={zeCp(z) <t}

and assume that they are strongly convex for each [t| < &;, where &; > 0 is small enough.

This is equivalent to the assumption that d?p(z) is positive definite when |p(z)| < €. For

z € N, \2_,. we denote the nearest point on 92 as pry,(z) . Then the mapping
praﬂ:ﬂe\ﬂ—e — 00

is well defined, C2?-smooth on 2,\2 and |z — pry, (z)| = dist(z, 002) .

For ¢ € 00, we define the complex tangent space

Te = {z € C":(0p(£),§ — 2) = 0}

and complex normal vector

n($) =

— 0,0(&), ..., 0,p(&)) . 44
|ap<e)|( p(& p() (44)

We denote the space of holomorphic functions as H (2) and consider the Hardy space (see
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[167], [156])

HP(@): = {f € HQ@): I pngay = sup [ 1f)IPdoy(2) < o0},
¢

where da; is induced Lebesgue measure on the boundary of £2,. We also denote do = do.
We are interested in Hardy-Sobolev spaces Hj,(12) defined by (42).

we use notations <, =.We write f <~ g if f < cg for some constant ¢ > 0, that doesn’t
depend on main arguments of functions f and g and usually depend only on the dimension
n and the domain . Also fVg ifc 1g < f < cg for some ¢ > 1.

In the theory of several complex variables there is no canonical reproducing formula,
however we could use the Leray theorem that allows us to construct holomorphic
reproducing kernels ([152], [76], [162]). For convex domain 2 = {z € C" : p(z) < 0} this
theorem gives us the Cauchy-Leray-Fantappi¢ formula, and for f € H1(2) and z € 2 we
have

L GIGINELIG)
N

f(2) =Kof(2) = (2mi)™ (0p(6),§ — z)"

fKE Dw(S), (45)

00

(r )n ap($) A (aap(f)) Land K(£,2) = (9p(&), & — z)™"

The (2n — 1)-form w defines the Leray-Levy measure on d2; which is equivalent to the
induced Lebesgue surface measure do; (see [152], [160], [161]). This allows us to identify
Lebesgue, Hardy and Hardy-Sobolev spaces defined with respect to these measures. Also

where w(§) =

note, that the measure defined by the 2nform dw = (aEp)" is equivalent to the Lebesgue

measure du in C" in 0,..\f2_,.. By [163] the integral operator K, defines a bounded mapping
from LP(002) to HP(2) for 1 < p < oo.
The function d(w, z) = [(dp(w), w — z)| defines on 012 a quasimetric, and if B(z,§) =

{wean: d(w,z) <8} is a quasiball with respect to d then a(B(z,§)) VA 8", see for

example [163].

In Lemma (5.2.2) here we construct polynomial approximations of CauchyLeray-
Fantappié kernel based on the theorem by V.K. Dzyadyk [153] about estimates of the
Cauchy kernel on domains in the complex plane. We choose approximations similarly to
[165]. This construction allows us in Theorem (5.2.9) to get polynomials that approximate
the holomorphic function with the desired speed.

Lemma (5.2.1)[167]: Let 2 be a strongly convex domain with 0 € (2, then for every & €

0\ the value of A = (0p(§),z)

@p(5), f)f r z € 1) lies in the domain L(t) bounded
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by the bigger arc of some circle |w| = R = R(Q) and the chord{w € C:w = 1+ e's, s €
R, [w| < R}, where t = — arg ((9p(£),)) -
Proof. For ¢ € 02 define
d )
(0p($) Z),ZE.Q}.
(0p(£), €)

The convexity of 2 with 0 € Q2 implies that |[{(dp(&), &Y. > |0p(&)]||€]. > 1, thus for some
R=R(2) >0

A ={/1€ C:A=

[(0p(£), 2)|
@p@©, 8 < ® (46)
Re (0p(§),z— &) <0,z € ,§ € N, \. (47)

The domain A(¢) < C is also convex and contains 0, thus the equality

0p).2) _ N (0p($),z = $)

(0p(),¢) (9p($),€)

with estimates (46), (47) completes the proof of the lemma.
Lemma (5.2.2)[167]: Let 2 be a strongly convex domain and v > 0. Then for every k € IN

there exists a function K,f’ ton (&, 2) which is defined for & € 0¢;\(2, is polynomial in z € 0

with deg KkglOb (¢,)) < k and satisfies the following properties:

K(&,2) — K2 (&,2)| S 11 d(§,z) = L (48)
) k ) ~ kr d({"Z)n-l-r’ ) e k)
lob 1
K€ 2| S k™, d(§2) < 7. (49)

Proof. Due to [153] and [166] for any j € IN there exists a function T;(t, 1) polynomial in
A with degT;(t,’) < j such that
1 (6] < 1 1
1=21 JASK er|1—ﬂ|1+r
for AeL(®)\{1: |[1-1|< %} and coefficients of polynomials T;(¢,4) depend

(50)

continuously on t. Note also that by the maximum principle

T;(t,2) Sj,A€L(t) N{A: |1—,1|<]1,}. (51)

Lett(¢) = % — arg ((0p(&), &) and for j € INand (j — 1)n < k < jn define

Kglob :Kglob — 1 T (9p(§)z) -
ko &2 =K@ 2) = oo en T (t(f)'wp(f),a)
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Due to the definition of T; polynomials K 10 (€,7) satisfy relations (48), (49).
Following [158] for ¢ € 012 and € > 0 we define the inner Kordnyi region as

D'(¢,m,€) = {T € 2:pray (1) € B(E, —np(0)), p(v) > —¢}.

The strong convexity of (2 and the area-integral inequality by S. Krantz and S.Y. Li [158]
imply that for f € HP(2),0 < p < oo,

,_du@ \""
do(2) j L roP—22 ) <c@p | 1fPde. 52)
J0) D(zne) (—P(T))

0N

Consider the decomposition of a vector T € C" as = w + tn(§) , where w € Tg, t € C, and

n(§) is a complex normal vector (44). We define the external Kordanyi region as
Dé¢(&ne) ={teC\2:t=w+tn(é),

weTgt €C|w| <ynp),|Im@)| <np(z),p(r) <&} (53)
For function g € L*(02) and | € IN we define the area integral function (compare to (44))
1/2
gw)w(w)
I,(g,2) = J 2dv,(1) ,Z € 012, 54
l g De(z,n,s:)l 20 (ap(‘[),‘[ _ W)n+l | l ( )
du(t) . .
where dv,(t) = #. It is proven in [169 that
Theorem (5.2.3)[167]: Let 2 be a strongly convex domain and g € LP(90), 1 < p < co.
Then
| w@arice) s | 1g@rdem.  69)
20 20

We point out two estimates for integration over regions D¢ (¢, n, €) . First, for every function
F we have

u(7)
(o™

d
j | F(2)|du(z) - j do(?) |F@D)|
2\ on Dé(&m.e) P

Second, if F(w) = F(p(w)) then

&
f | F(D)du(), v f | F(O)|ende.
De(&m,e) 0

Analogous estimates are valid for regions D(&,n, €) .
Recall the following lemma (see [165]).
Lemma (5.2.4)[167]: Let 2 be a strongly convex domain and ,n > 0, then
d(t,w) = p(t) +d(z,w),z,w € a0, T € D°(z,n, ¢€) . (55)

185



We give the definition and exhibit two constructions of pseudoanalytic continuation. These
constructions allow us to relate different properties of a holomorphic function. We use the
continuation by symmetry (Theorem (5.2.6)) to obtain the description of Hardy-Sobolev
spaces by pseudoanalytic continuation (Theorem (5.2.8)) and the continuation by global
polynomial approximations (Theorem (5.2.8)) to prove characterization (43) in Theorem
(5.2.9).

Let f € HY(2) and let boundary values of f coincide almost everywhere with
boundary values of some function f € C1(C™\(2) such that |3f| € L'(C™\2) and supp fc

N\ for some &>0. Then by Stokes formula for z€ 2 we have f(z)=
(©ap©n(30p©)"

Jim G Joa, @&
o 36(5) A 9p(©) A (30p(O)
0 I S, PCE — 2"
B 36(6) A 9p(O) A (30p())
I OR VT R TR (>6)

since (for details see [162])

— n-1
| [2p© A (390))
@ E-2)"

=0,z € 0,§ € CM\N.

Definition (5.2.5)[167]: We call the function f € C* (C"\ﬁ) the pseudoanalytic continuation
of the function f € H(2) if

fz2) = z€0.  (57)

(2mi)" (0p($),§ —z)"
Note that in this definition we do not assume that boundary values of functions f and f
coincide. This definition allows us to study properties of a holomorphic function using
estimates of its continuation.

For z € 2.\ we define the point z* symmetric to z with respect to 92 by

z" —z = 2(prag(z) —2) . (58)
Theorem (5.2.6)[167]. Let f € Hy(2) and 1 <p < o, m € IN. Then there exist a

L 36(5) A 9p(©) A (30p())
cm\Q

pseudoanalytic continuation f € C 1(((:"\5) of the function f such that supp fc (l,
10f(2)| € LP(2,\2) and

10f(2)|. < max |0%f(z")|p(2)™ 1,z € N \N. (59)
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Proof. Define
£ (g) = 54 (z — )“
0(2) = f(2) 2 € 0\ (60)
|x|s7n—-1
Letate, =(ay,..,ap £ 1,a,) if ap # 0 and (z — z*)* % = 0 if @, = 0. With these
notations we have

(0]

5ff0:z Z (aa+ekf(z)ﬂ_aaf( )( )_k>azz

a—eg)!
k=1 |a|srn—-1 ( )

= z z % *erk f(z*)z_—g-z* (61)
al ]2k
k=1 |a|
hence,
10f,(2)| ~< max |0%f(z*)|p(z)"™" L,z € C"\2.
Consider a function y € C* (0, 00) such that y(t) = 1 fort < &/2 and y(t) = 0 fort > ¢.
The function f(z) = f,(2) )((p(z)) satisfies condition (59) and supp fc £2,.

Let d = dist(z*,002)/10. Then by the Cauchy maximal inequality for every multiindex «
such that || = m we have

109f(z")| = d™™ sup |8f (T)| < p(2) ™" sup |0f (7)),
for some c, > 0. Finally, by [158] we get

j B Pdu(z) < j d u(2)(sup [0f (D))P
2\

Q\02_¢
< 119f oy <

Thus |0f(z)| € LP (.(25 j \12) and this finishes the proof of the theorem.

By [20] strict convexity of domain (2 implies that functions holomorphic in
neighbourhood of 2 are dense in H1(£2) . Also every holomorphic in neighbourhood of {2

function can be approximated on 2 by polynomials since 2 is Runge ([159]). Thus there

exists a polynomial sequence P;, P,, converging to f in L1(02) . Define

A(z) = p(2) | Pyes1(z) — Por(2)],27F < p(2) < 27FH1
Theorem (5.2.7)[167]: Assume that A € LP(C™\Q) for some p = 1. Then there exist a
pseudoanalytic continuation f of the function f such that

10f(2)| S A(2) ,z € C\Q2. (62)

Proof. Consider a function y € C*(0,) such that y(t) =1 for t < Z and y(t) = 0 for
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t > 7 Welet

4
fo(2) = Pye(2) + x (20(2)) (Pyers(2) = Pye(2)) , 27K < p(z) <27¥*,k €N, and
define the continuation of the function f by formula f = )((2 ,o(z))f0 (2).

Now fis C1-function on C*\2 and |0f(z)| S A(2) . We define a function F, (z) as F,(z) =
f(z) for p(z) > 27% and as F;(z) = P,k+1(2) for p(z) < 27¥. The function Fj, is smooth
and holomorphic in 2,_, and |0F, ()| < A(z) for z € C"\{2,_. Thus similarly to (56) we
get

P, k+1(2) = Fy(z) = ,Z € (),

— — n-1
1 f 0F(§) A9p() A (30p(D))
)" Jom g @p(©),€ — 2)"

We can pass to the limit in this formula by the dominated convergence theorem; hence, the

function f satisfies identity (57) and is a pseudoanalytic continuation of the function f.
Theorem (5.2.8)[167]. Let 2 be a strongly convex domain,1 < p < oo,l € INand € H(2) .

Then f € Hzl, () if and only if there exists such pseudoanalytic continuation f that for some

g,n>0

p/2

da(z)j 3@ Pdv(D) | <o,  (63)
on Dé(zn,€)

du(t)

where D¢(z) = D¢(z,n, &) and dv(t) = ST

Proof. Let f € Hzl, (12) . By Theorem (5.2.6) we can construct a pseudoanalytic continuation
f such that
10f(2)|. < max |09f(z")|p(2)}, z € C"\Q2.

Note that the symmetry with respect to 02 (z = z™* defined by (58)) maps the external sector
D€¢(z) = D®(z,n, ) into some internal Koranyi sector. Indeed, for every sufficiently small
g, > 0 there exist n4, & > 0 such that

{t*:7 € D®(z,1, €j)}subseteqD'(z,1n1,.&j) = D'(2) .

Applying the area-integral inequality (52) we obtain
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p/2

f do(2) f |36 (0)p (D) 2dv(2)
X0} D€(z)

p/2

< max | do(2) f ()la"‘f(r*)lzdi/(r)
D€(z

du(t) b
S d aa 2 —_— (00]
max , o(2) (Li(z)| f(@)] (—p(r))n_l) <

To prove the sufficiency, assume that the function f € H1(2) admits the pseudoanalytic

continuation f with estimate (63). We will prove that for every function € LP’(9.2), % + % =

1, and every multiindex «, |a| < |,

|| 9@ @@ < c(Hlgllp o

a0

Assume, without loss of generality, that a = ([, 0, ..., 0) . By representation (57) we have

_ Af(E)Aw (&) : _ (n+l-1)!
f(Z) - f(cn\ﬂ (ap(f),f—z)" and Wlth Cnl = (n—1)!

. _ p(©)\' ) A w(®)
| s@o@ow=cu| 9@ ( | n\ﬂ( 22 e é;_Z>n+l)w<z>

_ 0p(9) = g(2)w(z)
o L\( ) e [ e

9(2)w(z)

Define @;(§) = fan D) iz

& € C™\N. Applying Holder inequality twice

we have

| g(Z)a“f(Z)w(Z)ISJ | 9£(E)||P,(§)]dp (&)
a0 C™\2

_ du(t)
< ja O] aoleo e

= ZP(T)_ZLdﬂ(T) % zp(T)Zl_Zd“(T) %
< Lﬂd a(&) (Le(§)| of(7)| (D)1 ) <Le(5)|¢l(T)| p(7)" 1 )
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< j 0 ®( [ 1at@P@ o x
an D®(&)

1/p’
p’/z /p

x j o (©) f | B (D) 2p(0)22dy (1)
on De(&)

The first product term is finite by (63) and the second one is estimated by ||g|| in the

P’ (00)
view of area-integral inequality (55) in Theorem (5.2.3).

Theorem (5.2.9)[167]: Lest f € H(R) and1 < p < oo,l EIN. Then f € H;, () if and only

if there exists a sequence of 2%-degree polynomials P,k such that

a0

o0 p/2
do(z) (2 | f(z) — sz(z)|222‘k> < o, (64)
k=1

Proof. Assume that condition (64) holds, then polynomials P, converge to the function f
in LP (002) and by Theorem (5.2.7) we can construct pseudoanalytic continuation f such that

10f(2)| S |P,i+1(2) — Pu(2)|p(2) ™1, z € C"\R2, 27 (=k) < p(z) < 27++1

Consider the decomposition of the region D€(z, 7, €) into sets
D, (2) = {t € D(z,1,€):27% < p(1) < 27F*1},
and define functions
a(z) = |Pk+1(2) — Pyr(2)|27H,

1/2

b, (2) = JD ( )|5f(r)p(r)‘l|2dv(r) ,Z € 00.

Lemma (5.2.10)[167]: b, (z) . < May (z) , where May, is the maximal function with respect
to centred quasiballs on 012

May(2) = sup oo [y, | ax(©Ido(€)

Assume, that this lemma holds, then by the Fefferman-Stein maximal theorem (see [157],
[156]) we have

(e )

oo /2 12
fag (Z by (Z)2>p do(z) < .];m (Z a, (Z)2>p do(2).
k=1

k=1
The right-hand side of this inequality is finite by condition (64), also we have

NG IR GYGRRO)
k=1 D®(zn.e)
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which completes the proof of the sufficiency in the theorem.
Let us prove the necessity. Now f € Hzlg (2) with1 < p < coand! € IN. By Theorem (5.2.8)

we could construct a continuation f of the function f with estimate (63). Applying the
approximation of the Cauchy-Leray-Fantappi¢ kernel from Lemma (5.2.2) to the function f
we define polynomials

Py(2) = fon o O£ A 0(OKiton(,2) -

We will prove that these polynomials satisfy condition (64).
From Lemma (5.2.2) we obtain

_ 1 g
f(2) - Pu(2)| < j(c TN s = Ko (€ D)
SU@2)+V(z)+ W, (2) + Wy(2),

where

_ |9f(D)|
U@ = Jaenr<o-r Tap, i M@ -

V(@) =2 [, 1 cp i | 9FDIdU() |

|0f(0)|

— 92— kr
W) =27, @pm—ar )

d(z,z) >27%

(t)<27k

|0f(0)|

— 97— kr
WZ(Z) =2 fp(‘c)>2—k (8p(T),T—z)|"+T M(T) .

The parameter r > 0 will be chosen later.
Note that V(z) < cU(z) and estimate the contribution of U(z) to the sum. For some c¢;, ¢, >
0 we have

U(z) Sj

WEIN

) |0f(7)| dv(t)
dw,z) <c2 kdO'(W)] z fj(w) Kap(1),T — 2)|* p(7)

.>C2kD
1/2

< —[weaad (w,z) < c;27%do(w) z f | 0f(0)p(v)~|2di/(7) X

P(T)Z(l_l)dlj(‘r) 1/2 )
X(L-m)lwp(r),r—z)w) B Z L o) (w)m;(w)do(w)

J>c2 kd(w,z)

. v
By Lemma (5.2.4) we have d(t,z)Xp(t) + d(w,z) > 27/ and v(Dj(w)) 272 for €
A

D;(w) . Hence,
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2(1-1) 1/2 -j-1)
m;(w) = ( j p(x) dv(T)) S - — 27 = 2/n-Jt
D

o @@, 1= 2" 27T
and
2k (2) < z 2_(j_k)12jnf b; w)dao(w)
j>cik d(w,z)<cy2—j
< z 27U~ Mb;(2) . (65)
j>cqik

Now we estimate the value W; (z) . Similarly to the previous we have

W, (2) < 2—’"2

j>k bj (w)m; (w)dao(w)

d(w,z)=c,2—k

- k
< 2787 Sk Db o-teaw Fy ey B )] (W)do(w)

where
p(©)2Vav(r) \"’
o = | o
o, 0D, T — 2)

Applying the estimate d(t,z) = p(1) + d(w, z) ~> 27¢, we obtain

m]r (W) < 2—jl+t(n+r)

Finally
k k
z f iy wrdot) < Z 27 M by (z) S 27K M by (2)
t=c2 ) <c12—-t+1 t=c,
and
W, (2) < z 27109 M, (2) . (66)
j>k

Similarly, estimating the contribution of W, (z) , we obtain

k
2K, (z) < 27+0-D b; T(w)d : 67
@ ;Lﬂmmem 67)

Since d(t,z) =2~/ +d(w,z) fort € 00, T € D;(z) then

27 J1

mi(w) S o < min (2/0*7=0 277l d (w, )T

(2_f+d(w,z))
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Thus

vk

f bj (w)m; (w)dao(w) Sf bj(w)do(w)
20

dw,z)<2-j 2—j(n+r)

27
+ Z J , W bj (W) dO'(W)
- =d

wz)<2-t

Choosing r = 21 and applying estimate (67)

k k
W,(z)2k < Z 27k=D0=D M, (2) < z 2~ k=DEMb,(2) . (68)
j=1 j=1

Combining estimates (25, 26, 28) we finally obtain
If(2) = Py (2) |29 < TX_ 27 %Dt Mbi(2) + X5 27V Mb;(2),

which similarly to [155] implies

D@ = Pr@PH 25 Y (Mb(2))”
k=1 k=1
Then, by the Fefferman-Stein theorem ([156], [157])
0 p/2 0 p/2
0@ Y 1f@ -pPal22% ) <[ (Y] dot)
a0 e a0 \ &=t
p/2

< da(z)j 3OO Pdv(E) | <o,
on Dé(zn,e)

This completes the proof of the theorem and it remains to prove Lemma (5.2.10).

Define gy (z) : = P,k+1(z) — P,k(z) . Let z € 912 and t € D, (z) . Consider the complex
normal vector n(z) defined by (44), the complex tangent hyperplane T, and the complex
plane T,5, orthogonal to T, and containing the point T T;5: = {t + sn(z): s € C}. Projection
of the vector T € C to 32 N T;; we will denote as 7,(7) .

Define 2,, =2 NT;; and y,, = 042, ,. There exist a conformal map ¢,: T,5\2,, -
C\{w € C:|w| < 1} such that ¢, () = o, ¢, (0) > 0. We consider an auxiliary

gk(s)
$2+1(s)

function G, (s) : = that is holomorphic in T;5;\#2, ;. Applying the maximal estimate

from [4] to this function we have

@om
|Ge(ds| + [y, |G = o lds],  where I, =

|S—TL’Z(‘L') |7rt+1

1
p(v) IsEl, ¢

|G (D] <~
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{S€Ey,r: |s—m,(7)] < dist(r, aam) /2}, and m > 0 could be chosen arbitrary large.

Note that |¢, . (s)| — 1 VA dist(s, 32,,) VA 27%, thus | g, (s)| VA |Gx ()| for s € D (z) N

1
T; . Hence,

(00

. 1
95 Y 27im g®lldsl. (69
1 ZJ'O(T) SE@.QZ,-L-,|S—7TZ(‘L')|<2jp(T)

Since the boundary of the domain 2 is C3-smooth, we can assume that the constant in this
inequality (69) does not depend on z € 412 and T € 2,.\2.

Note that the function g, (T + z — w) is holomorphic in w € T,, then estimating the mean
we obtain

j | 9T + 2 — W) | ditgn_p (W)
lw—z|<\/p(7)

1
|gk(T)| = p(T)n_l

(00]

< Z 2-Jm j Uan—2 (W)
- PO w_s<ipm 2P0 Jsean,,

lgi(lds||s —m,(z + 2z —w)|

<2ip(@) s Y 27immey | 9k (w)ldo(w), (70)
j=1
where du,,,_, is the Lebesgue measure in T,

Assume that m > n — 1, then | g, ()| S Mg, (2), z € 02, T € D, (z) . Finally,

b2y = |

Dy(z)

-[B(z,zfp(r))

| 9f(2)p ()2 dv (7). <f | gk (Dp(@ ™ 2dy/ (1)

Dy(z)

_ 2 dv(t) 2
= (2 klMgk(Z)) Dk(z)W S (Mak(z))

and the lemma is proved.

194



Chapter 6
Brunn—Minkowski and Sharp Gagliardo—Nirenberg-Sobolev Inequalities

We give a new bridge between the geometric point of view of the Brunn— Minkowski
inequality and the functional point of view of the Sobolev-type inequalities. We find a new
sharp trace Gagliardo-Nirenberg-Sobolev inequality on convex cones, as well as a sharp
weighted trace Sobolev inequality on epigraphs of convex functions. By using a generalized
Borell-Brascamp-Lieb inequality, coming from the Brunn-Minkowski theory.

Section (6.1): Sharp Sobolev Inequalities

The classical Sobolev inequality in R™, n > 3, indicates that there is a constant C,, >
0 such that for all smooth enough (locally Lipschitz) functions f : R® = R vanishing at
infinity,

Ifllq = GullVFl2 (1)

where 5 = %— % Here ||f]|; denotes the usual L7-norm of f with respect to Lebesgue

measure on R", and, forp > 1,

1/p
WEll, = ( IVfI”dx>
Rn

where |Vf] is the Euclidean norm of the gradient Vf of f.
Inequality (1) goes back to Sobolev [199], as a consequence of a Riesz type rearrangement
inequality and the Hardy-Littlewood-Sobolev fractional-integral convolution inequality.
Other approaches, including the elementary Gagliardo-Nirenberg argument [105], [145], are
discussed in (cf. e.g. [82], [194], [102] ...). The best possible constant in the Sobolev
inequality (1) was established independently by Aubin [82] and Talenti [110] in 1976 using
symmetrization methods of isoperimetric flavor, together with the study of the one-
dimensional extremal problem. Rearrangements arguments have been developed
extensively in (cf. [87], [102] ...). The optimal constant C,, is achieved on the extremal
functions (x) = (¢ + |x|?)?™/2,x € R", ¢ > 0. Building on early ideas by Rosen [197],
Lieb [196] determined the best constant and the extremal functions in dimension 3.
According to [198], the result seems to have been known before, at least back to the early
sixties, in unpublished notes by Rodemich.
The geometric Brunn-Minkowski inequality, and its isoperimetric consequence, is a well-
known argument to reach Sobolev type inequalities. It states that for every non-empty Borel
measurable bounded sets 4, B in R",

vol, (4 + B)Y" > vol,(A)Y™ + vol,(B)Y/" (2)
where vol,(-) denotes Euclidean volume. The Brunn-Minkowski inequality classically
implies the isoperimetric inequality in R™. Choose namely for B a ball with radius € > 0
and let then € = 0 to get that for any bounded measurable set 4 in R",

vol, ,(04) = na),ll/nvo 1,,(4)@m=D/n
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where vo1l,,_;(dA) is understood as the outer-Minkowski content of the boundary of A and
wy, is the volume of the Euclidean unit ball in R™. By means of the co-area formula [182],
[194], the isoperimetric inequality may then be stated equivalently on functions as the L!-
Sobolev inequality

1
Ifllg = —=7 1IVfllx 3
nw,

where §= 1- % Changing f = 0 into f" for some suitable r and applying Hdolder’s

inequality yields the L2~ Sobolev inequality (1), however not with its best constant. In the
same way, the argument describes the full scale of Sobolev inequalities

Ifllqg < @IVl (4)

1<p<n, i = % — % , : R™ - R smooth and vanishing at infinity. According to Gromov
[107], the L!-case of the Sobolev inequality appears in Brunn’s work from 1887.

We show that the Brunn-Minkowski inequality may actually be used to also reach the
optimal constants in the Sobolev inequalities (1) and (4). This new approach thus completely
bridges the geometric Brunn-Minkowski inequalities and the functional Sobolev
inequalities.

Inequality (2) was first proved by Brunn in 1887 for convex sets in dimension 3, then
extended by Minkowski (cf. [109]). Lusternik [191] generalized the result in 1935 to
arbitrary measurable sets. Lusternik’s proof was further analyzed and extended in the works
of Hadwiger and Ohmann [186] and Henstock and Macbeath [187] in the fifties.

Note in particular that the one-dimensional case is immediate: assume that A and BB
Springer are non-empty compact sets in R, and after a suitable shift, that sup A =0 =
inf B.ThenANB ={0}and A+ B D AU B.

Starting with the contribution [187], integral inequalities have been developed throughout
the last century in the investigation of the geometric Brunn-MinkowskiLusternik theorem.
The idea of the following elementary, but fundamental, Lemma (6.1.1) goes back to
Bonnesen’s proof of the Brunn-Minkowski inequality (cf. [176]) and may be found already
by Henstock and Macbeath [187]. The result appears in this form independently in the works
of Dancs and Uhrin [178] and Das Gupta [179]. We enclose a proof for completeness. As a
result, the proof below only relies on the one-dimensional Brunn-Minkowski-Lusternik
inequality, which is the only basic ingredient in the argument. All the further developments
and applications to Sobolev inequalities are consequences of this elementary Lemma (6.1.1).
Lemma (6.1.1)[18]. Let 6 € [0,1] and u, v, w be non-negative measurable functions on R
such that for all x,y € R,

w(fx + (1 —6)y) = min (u(x),v(y)) :

Then, if sup,eruU(x) = sup,erv(x) =1,
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fwdxzefudx+(1—9)fvdx.

Proof. Define, for t > 0, E, (t) = {x € R;u(x) > t} and similarly E,(t), E,, (t) . Since
sup,erU(x) = sup,erv(x) =1, for 0 < t < 1, both E, (t) and E,(t) are non-empty, and
E,(t) D 0E,(t)+ (1 —-6)E,(t) . By the one-dimensional Brunn-Minkowski-Lusternik
inequality (2), forevery 0 <t < 1,

A(E, (@) = 0A(E, (D) + (1 — OA(E, (1))

where A denotes Lebesgue measure on R. Hence,

fwdx > folll (E,(©)dt

1 1
> QJ A(E,(©)dt + (1 - Q)f A(E,(t))dt
0 0

=9judx+(1—6)fvdx

which is the conclusion.
As discussed in [178], the preceding Lemma (6.1.1) may be extended to more general means

by elementary changes of variables. For a € [—oo, +], denote by Mée)(a, b) the a-mean

of the non-negative numbers a, b with weights 8, 1 — 6 € [0,1] defined as

M (a,b) = (8a® + (1 — 6)b¥)V/®
(with the convention that M? (a, b) = max (a,b) if @ = +o0, M¥’(a, b) = min (a, b) if

a = —ooand M%(a,b) = a®b'% ifa = 0) if ab > 0, and MP(a, b) = 0 if ab = 0.
Note the extension of the usual arithmetic-geometric mean inequality as
6 6 6
Mo(clé(al, b1)M2( )(Clz»bz) = Mé )(a1a2'b1b2) (5)

ifl=i+i,a1+a2>0.
a2

a aq

Corollary (6.1.2)[18]. Let —c0o < a < 4+, 0 € [0,1] and u, v, w be non-negative
measurable functions on R such that for all x,y € R,

w(6x + (1 - 60)y) = M (u(x),v(y)).

Then, if a = sup,eru(x) < 0, b = sup,erv(x) < o,

1 1
j wdx > Mée)(a, b)Ml(Q) <Efudx,gj vdx).

The statement still holds if a or b = 400 with the convention that 0 X co = (.
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Proof. Assume first that —oo < a < +o0. For p = Mo(lg)(a, b) > 0, set
1 /a% 1 /b%y
U(X) = au (p—a> and (y) = EU (p—a> .
Then, if n = 8a*/p*(€ [0,1]) ,

wnx + (1= n)y) = M (a,b) min (U0, V()
for all x,y € R. Since sup,erU(x) = sup,erV (x) = 1, by the Lemma (6.1.1),

deZMée)(a,b) n|Udx+@—n)| Vdx
f (] fver)

=M, (a,b) 2 udx+T vdx

by definition of 7. The cases @« = —o0 and @ = +o may be proved by standard limit
considerations. The corollary is thus established.

By the Holder inequality (5), the preceding corollary implies the more classical Prékopa-
Leindler theorem [189], [186], [196], as well as its generalized form put forward by Borell
[174] and Brascamp and Lieb [175], in which the supremum norms of u and v do not appear.
Namely, under the assumption of Corollary (6.1.2) and provided that —1 < a < +o00,

1 1
jwdx > Mée)(a, b)Ml(B) <afudx,5j vdx)

ZM[ge) (judx,jvdx)
where B = a/(1+ a) .

The preceding generalized Prékopa-Leindler theorem is easily tensorisable in R"™ by
induction on the dimension to yield that whenever - % <a<+4o,0€[01]and u, v, w:
R™ — R + are measurable such that

w(x + (1 - 0)y) = MP (u(x), v(y))

jwdeM[ge) (judx,fvdx)

where B = a/(1 + an) . Namely, assuming the result in dimensionn — 1, forx; , y; ,z; =
0x; + (1 —0)y, € R fixed,

@)
fRn-lw <zl, t)dr = Ma/(1+a(n—1))(jRn_1 u(xq, t)dt, JRTH v (yq, t)dt) :
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Since a > —% implies that a = a/ (1 +a(n — 1)) > —1, the one-dimensional result

applied to [ ,_, u (xq, )dt, [ony v vy, )AL, [rny W (2, t)dt yields the conclusion since

a/(14+a) =p. The case @ = 0 corresponds to the Prékopa-Leindler theorem. When
applied to the characteristic functions u = y4, v = yp of the bounded non-empty sets 4, B
in R™ with ¢ = 400, we immediately recover the Brunn-Minkowski-Lusternik inequality

(2).

Most of the proofs of the preceding integral inequalities rely in one way or another on
integral parametrizations. They may be proved either first in dimension one together with
induction on the dimension as above, or by suitable versions of the parametrizations by
multidimensional measure transportation. see [172], [179], [99], [193] for complete
accounts on these various approaches.

As presented in [178], Corollary (6.1.2) may also be turned in dimension n, as a
consequence of the generalized Prékopa-Leindler theorem. Re resulting statement will be
the essential step in the proof of the sharp Sobolev inequalities. In particular, the possibility

1. .
to use & up to- — will turn out to be crucial.

For a non-negative function f : R® - R,and i = 1, , n, set

mi(f) = sup j £ (O dx, - dx_y Ay -+ A,
n—-1

x;ER
Corollary (6.1.3)[18]. Let - ﬁ <a<+w, 0€[0,1] and u, v, w be non-negative
measurable functions on R™ such that for all x,y € R",
w(Ox + (1= 0)y) = MY (u(x), v(»).
If, for some i =1,,n,m;(u) = m;(v) < oo, then

jwdeGfudx+(1—6)Jvdx.
Proof. Apply the generalized Prékopa-Leindler theorem in R®™! (thus with- ﬁ <a<

+00) to the functions u(x), v(y), w(z) with x;, y; . = 8x; + (1 — 6)y; fixed, and conclude

with the Lemma (6.1.1) applied to ti(x;) = fRn_l u (x)dx; -+ dx;_,dx;q -+ dx,, U(y;) and

W (Z;) being defined similarly.
Under the assumption m;(u) = m;(v) , the conclusion of Corollary (6.1.3) does not depend

on « and is thus sharpest for « = — ﬁ (the statement for - ﬁ < a < 400 being actually

a consequence of this case). Following the proof of Corollary (6.1.2), the complete form of
Corollary (6.1.3) actually states that (cf. [178]), forevery i = 1, . n,
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jw dx > M[ge)(mi(u),mi(v))Ml(e) <%Mf u dx'm-l(v) f v dx>

with B =a/(1+a(n—1)).

Recently, mass transportation arguments have been developed to simultaneously reach the
Brunn-Minkowski-Lusternik inequality and the sharp Sobolev inequalities (cfi [99] [172],
[193], [201], [202] ...). In particular, Cordero-Erausquin et al. [80] provide a complete
treatment of the classical Sobolev inequalities with their best constants by this tool (see also
[114]). Their approach covers in the same way the family of GagliardoNirenberg inequalities
put forward by Del Pino and Dolbeault [180] of non-linear diffusion equations (see also
[201]). By means of Holder’s inequality, the Sobolev inequality (1) implies the family of
so-called GagliardoNirenberg inequalities [183], [145],

Ifll- < CUZFNZIFIIE (6)

For r,some constant > 0 and %= % + 1—T/‘L0’/1 >and all smooth enough functions f€
[0,1]. Re optimal constants f: R™ - Rwhereare notpreserved through Holder’s inequality.
However, it was shown by Del Pino and Dolbeault [ 180] that optimal constants and extremal
functions may be described for a sub-family of Gagliardo-Nirenberg inequalities, namely
the one for which r = 2(s—1) when r,s > 2 and s = 2(r — 1) when r,s < 2. The
extremal functions turn out to be of the form f(x) = (¢ + |x|?)%?~™) in the first case,
whereas in the second case they are given by f(x) = ([0 — |x|?].)Y@ ™ (being thus
compactly supported). The limiting case r,s — 2 gives rise to the logarithmic Sobolev
inequality (in its Euclidean formulation) with the Gaussian kernels as extremals.

While mass transport arguments may be offered to directly reach the n-dimensional
Prékopa-Leindler theorem (cfi [172], [201] ...), we do not know if Corollary (6.1.3) admits
an n-dimensional optimal transportation proof.

On the other hand, the Prékopa-Leindler theorem was shown in [173], following the early
ideas by Maurey [192] (cL [188]) , to imply the logarithmic Sobolev inequality for Gaussian
measures [ 185] which, in its Euclidean version [177], corresponds to the limiting case 7, s —
2 in the scale of Gagliardo-Nirenberg inequalities. We demonstrate that the extended
Prékopa-Leindler theorem in the form of Corollary (6.1.3) above may be used to prove in a
simple direct way the classical Sobolev inequality (1) with sharp constant. The argument
only relies on a suitable choice of functions u, v, w. The varying parameter a in Corollary
(6.1.3) allows us to cover in the same way precisely the preceding sub-family of Gagliardo-
Nirenberg inequalities with optimal constants, justifying thus this particular subset of
functional inequalities. As in [80], we may deal as simply with the LP-versions of the
Sobolev and Gagliardo-Nirenberg inequalities (cf. (4)), and even replace the Euclidean norm
on R™ by some arbitrary norm. The extension of the Sobolev inequalities to arbitrary norms
on R™ was known previously [81] by symmetrization methods. With respect to earlier
developments (notably the recent [80], which provides a new and complete treatment in this
respect), the approach presented here does not provide any type of characterization of
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extremal functions and their uniqueness, which have to be hinted in the choice of the
functions u, v, w.

We presents an outline of the direct proof of the sharp Sobolev inequality (1) from Corollary
(6.1.3). We then discuss variations on the basic principle which lead to the sharp Sobolev
and Gagliardo-Nirenberg inequalities (4) and (6).

The last describes, with standard technical arguments, the rigorous and detailed proof of the
Sobolev inequality.

We follow the strategy put forward in [173] (see also [184]) on the basis of Corollary (6.1.3)
rather than the more classical Prékopa-Leindler theorem. For g: R" — R and t > 0, recall
the infimum-convolution of g with the quadratic cost defined by

1
Qeg(x) = inf {g(y) to - ylz}.x € R™
(with Qug = g). It is a standard fact (cL e.g. [5], [181] ...) that, for suitable C! functions g,
1
0tQtgle=0 = —§|Vg|2. (7)
Actually, if g is Lipschitz continuous, the family p = p(x,t) = Q;g(x), t > 0, x € R",
represents the solution of the Hamilton-Jacobi initial value problem d,p + % |Vp|? =0 in

R™ X (0,), p = g on R" X {t = 0}.
Foro > 0, set

|x|?
vy(x) =0 +T,x € R™.

Let o > 0 to be determined and let g: R"® — R + be smooth and such that m; (g1™) < oo.
In order not to obscure the main idea, we refer for a precise description of the class of
functions g that should be considered in order to justify the technical differential arguments
freely used below.

By definition of the infimum-convolution operator, we may apply Corollary (6.1.3) with

a=- ﬁ to the set of (positive) functions
u(x) = g0x)'™,
1-n
v()’) = Vs (\/EY)

w(z) =[(1-60)o+60Q,_g9(2)]'™
Note that m; (1) = 8 ""m,(g*™™) and m; (v) = (66)*"™/2m, (v}™) < 0. Choose thus

o=k0>0 such that my(u)=my(v) where k=k(ng)= (m1 (wvi ™)/
1—n\\2/(n-1)
my(gt™™)) .Set=1—0 € (0,1) . Hence, by Corollary (6.1.3), for every € (0,1) ,

f (ks + Qs9)* " dx = ng_" dx + sx2~™/2 f vi ™ dx.

Taking the derivative at s = 0 yields, by (7),
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(1- n)f K —= |Vg|2> x > k@ ™/2 f vi =™ dx. (8)
Set g = f2/=™ 50 that

2 1
2 1-—
—(n_2)2f|l7f| deKffqu+(n_1)K(n_2)/2J1;1 ndx

where we recall that ¢ = 2n/(n — 2) . In particular,

—2)? 1
f||7f|2dx > }gg %(Kij dx + = 1)K("‘2)/2_]v11_n dx>. 9

This infimum is precisely C,;2||f ||(21 where C,, is the optimal constant in the Sobolev

2
inequality (1). Actually, if (x) =v;(x) =1+ % , the preceding argument develops with

equalities at each step with k = k(n, g) = 1. Moreover, the infimum on the right-hand side
of (9) is attained at k = 1 if and only if

ijdxzfv_"dxzi v " dx
1 2n—-1)J) ?

which is easily checked by elementary calculus. Thus (9) is an equality in this case and the
conclusion follows.

As emphasized, the same proof, with the varying parameter « in Corollary (6.1.3),
yields the sub-family of Gagliardo-Nirenberg inequalities recently put forward in [180]. We
briefly emphasize the modifications in the argument. (It is somewhat surprising that these

optimal Gagliardo-Nirenberg inequalities follow from Corollary (6.1.3) with—ﬁ <a<

+o00 which is a consequence of the « = — ﬁ case, whereas they are not direct consequences
of the sharp Sobolev inequality.)
For- ﬁ < a < 0, apply Corollary (6.1.3) to
u(x) = g(6x)"/«,
v(y) = v, (VBy) "

w(z) = [(1—6)o +0Q1_o9(2)]"/*
to get that for all s € (0,1) ,

[ es1 = )+ (1= )@, g1 dx
> (1—-s)t™" j g/ dx + k€s(1 — 5)? f e .

Here a > 0, b,c < 0, k > 0 depending on n and a (and g), are such that m, (u) = m,(v)
for some suitable choice of o. Taking the derivative at s = 0,

1 1
Ejg(l/“)_l (K—g—EIVgIZ)de (n—l)]gl/“dx+zccj e gy,
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Setf=gp,2p—2=1—1,sothat

{2 o o

wherer =2(1—a)/(1+ a)ands = 2/(1 + a) . Note thatr,s > 2,r = 2(s — 1) . Take
the infimum over k¥ > 0 on the right-hand side, and rewrite then the inequality by
homogeneity to get the Gagliardo-Nirenberg inequality

I£1l- < CUVFNZIFNE,
1 A

1-1 . .
o =i +— Spnger , with optimal constant C.

To reach the sub-family r,s < 2, s = 2(r — 1) , work now with 0 < @ < +o0 and replace
|x|* I2

v, by the compactly supported function [ |x| < v20. Actually, only the values

0 <a <1 are concerned in the argument. We do not know what type of functional
information is contained in the interval &« = 1. The case a = 0 leading to the logarithmic
Sobolev inequality has been studied in [173], [184] and follows here as a limiting case.

We can work more generally with the LP-Sobolev inequalities (4), 1 < p < n, and similarly
with the corresponding sub-family of Gagliardo-Nirenberg inequalities. It is also possible to

equip R™ with an arbitrary norm || - || instead of the Euclidean one | - | , and to consider
IVfllp = | I7FCOIYdx
]Rn
where || - ||, is the dual norm to || - ||. To these tasks, consider as in [184],

Q:g9(x) = inf {g(y) + tV* ( ;y)},t > 0,x € R™,

where V*(x) = % |lx||?” with p* is the Holder conjugate of p, i.e. (1/p) + (1/p*) = 1.
Then p = p(x,t) = Q;g(x) is the solution of the Hamilton-Jacobi equation d,p + V(Vp) =
0 with initial condition g, where V (x) = % ||x]|? is the Legendre transform of V* (cf. [181]).

The proof then follows along the same lines as before. The general statement obtained in

this way is the following (cf. [80], [96]). For 1 < p < n,g = % — % ,s<r<gq,A1€[01],

If1l- < Ca@,MDIVFNGIFIIS™

with%=%+ - ,ps—1)=rp-1)ifr,s>p,pr—1)=s(p—1) if r,s < p, and

the optimal constant C,, (7, p) is achieved on the extremal functions (0 + ||x||p*)p/ (p_r), X €

w1 \@-D/(p-71)
1)

R™, ¢ > 0, in the first case and ([a — [|x||P N ,x € R", ¢ > 0, in the second

case. The optimal Sobolev inequality (4) corresponds to the limiting case A —» 1,7 - g, s =
r. We collect the technical details necessary to fully justify the proof of the Sobolev
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inequality outlined . Although the case p = 2 is a bit more simple, we can actually easily
handle in the same way the more general case of 1 < p < n and of an arbitrary norm || . ||
on R™. The arguments are easily modified so to deal similarly with the Gagliardo-Nirenberg
inequalities discussed.

Consider thus on R™ the Sobolev inequality

Ifllg < C@IVFIlp (10)

in the class of all locally Lipschitz functions f vanishing at infinity, with parameters p, q

satisfying 1 < p <mn, i = % — % The right-hand side in (10) is understood with respect to

the given norm || - || on R™. More precisely,
IVfllp = | I7FCOIYdx
RTL
where || - ||« i1s the dual norm of || - ||. We show that the best constant c¢,Cp) in (10)

corresponds to the family of extremal functions

*\Cp—
) =@+ 1xIP) "™ xeRY o >0,

where p* is the conjugate of p. We may assume that the norm x = ||x|| is continuously
differentiable in the region x # 0. In this case, ||V||x]|||. = 1 for all x # 0, and all the
extremal functions belong to the class C1(R™).

The associated infimum-convolution operator is constructed for the cost function V*(x) =

% l|x||P", that is,

Qg(x) = inf {g) +ev* ( ;y)},t >0,x € R™

The dual (Legendre transform) of V* is V(x) = supyern[{x,y) = V*(¥)] = % lx||? (and

conversely).

See (such as [171], [181] . . .) for general facts about infimum-convolution operators and
solutions to Hamilton-Jacobi equations, and only concentrate below on the aspects relevant
to the proof of the Sobolev inequality. What follows is certainly classical, but we could not
find appropriate references.

Lemma (6.1.4)[18]. If a function g on R" is bounded from below and is differentiable at
the point x € R™, then

11m ~[0g(0) — g(0)] = —v(Vg(x))———||Vg(x)||”

Proof. Fix x € ]Rn. By Taylor’s expansion, g(x — h) = g(x) —(Vg(x),h) +|h|e(h) with
e(h) = &,(h) - 0 as |h| = 0. Hence, for vectors h; = th with fixed h € R",

1
lim—[g(x = hy) —g(0)] = ={Vg(0), h).
Since we always have th(x) <g(x—nh)+tV:(h),
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1 1
lim sup [Qeg () — 9GO < lim = [9(x = he) = 9G] + V" (h)

= —{VQ(X), h) +V*(h).
The left-hand side of the preceding does not depend on h. Hence, taking the infimum on the
right-hand side over all h € R™, we get

lim sup — [th(x) g < -V(rg(x)).

Now, we need an opposite inequality for the lim inf . Assume without loss of generality that

g = 0. Since Q;g(x) < g(x) , it is easy to see that for any t > 0,

Q) = . inf . 1gG—he)+tV7 ()}

Hence, recalling Taylor’s expansion,

1
109 —gCl = | inf  {(~(Vg(),h) + |hle(th) + V(W) (1)

Note first that the argument in (-) = &, (+) is small uniformly over all admissible h since,
as 1s immediate,

sup {t|h|;tV*(h) < g(x)}>0ast— 0.

Thus removing the condition tV*(h) < g(x) in (11), we get that, givenn > 0, for all t small
enough,

1
m [Qeg () —g()] =z inf {={Vg(x),h) —|hIn +V"(R)}.  (12)

Now, to get rid of 7 on the right-hand side for t approaching zero, note that the infimum in
(12) may be restricted to the ball |h| < r for some large r. Indeed, the left-hand side in (12)
is non-positive. But if || is large enough and 0 < 1 < 1, the quantity for which we take the
infimum will be positive for V*(h) = C|h| > {Vg(x), h) + |h|n with C taken in advance to
be as large as we want. Finally, restricting the infimum to |h| < r, we get that

1
£ [Q:g(0) = g1 = Inf  {=(7g(x), h) + V" (W)} =11 = =V(Vg(x)) = rn.
It remains to take the lim inf on the left for ¢ = 0, and then to send 7 to 0. The proof of

Lemma (6.1.4) is complete.
Our next step is to complement the above convergence with a bound on [Q,g(x) — g(x)|/t
in terms of ||V g(y)||. with vectors y that are not far from x. So, given a C! function g on

R", for every point x € R™ and v > 0, define Dg(x, 1) = supjx—y<r[IVg(¥)||.. Note that

Dg(x,r) = ||Vg(x)||. as v = 0. Assume g = 0 and write once more

_ || RIIP”
Qrg(x) = inf {g(x—h)+p* S t>0.
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Again, since Q;g(x) < g(x) , the infimum may be restricted to the ball (|| "/ p*tp*_l) <

g(x) . Hence, replacing h with th and applying the Taylor formula in integral form, we get

that with r = (p*g(x))l/p ,forany t > 0,

1 1 .
21900~ Qa1 < sup  {Z1gG) — g — el = (IR /p)]

t||h||sr

< sup {Dg(x tllRIDIIRI - (IAIP /p7)}

tlh||sr
< supp {Dg(x, |lAll = (IIRIP" /p*)}
1
=—Dg(x,1)P. (13)
p
In applications, we need to work with functions g(x) = 0(|x|p*) as |x| = oo. So, let us

define the class F, *, p* > 1, of all C* functions g on R™ such that

Vg ()|
lim sup

|x| >0 |x|p*—1

< o0
If f € F, *, then, for some C, [Vg(x)| < C|x|P"~! as long as |x| is large enough, and hence
lg(x)|/P" < C'|x| for |x| large. It easily follows that Dg (x, (p*g(x))l/p*) < C”(l +

|x|p*‘1) for all x. As a consequence of (13), we may conclude that for any g = 0 in F, *,

p® > 1, there is a constant C > 0 such that

sup +[9(0) ~ Qa1 < C(1+1x”) x ER™  (14)

t>0
We may now start the proof of the Sobolev inequality according to the scheme outlined

Given a parameter o > 0, define

x € R™

vy(x) =0+

lIx Ilp
P

For a positive C! function g on R", and 8 € (0,1) , define the three (positive, continuous)
functions

u(x) = g(6x)* ™
v(y) = v, (/P DT,

w(z) =[(1-6)g+0Q1-g9(2)]' ™"
The function w is chosen as the optimal one satisfying
wlx+ (1 -0)y)* <bux)*+ 1 -0)v(y)“
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fora = — ﬁ and all x, y € R™. Assume that

my(g'™™) = sup f g (xx, -, %) dy, ... dx,, < .
n—1

xle]R
By homogeneity, m; (u) = 81""m,(g*™™) and
m,(v) = 9(1—n)/p*0(1—n)/pm1(vll—n) _
Note that m; (vi™™) < o0. Hence, we may choose o such that m; (u) = m,(v) , that is,

my(vi™) )p/(n_l)

o = k0,wherek = k(n,g) = (W
1

By Corollary (6.1.3) (with ¢ = — i), we have

fwdeHJudx+(1—9)Jvdx,
that 1s,
j [(1-60) +0Q,_gg(x)]* "dx =0 j g (0x)' dx + (1 —9) j Vg (Ql/p*x)l_ndx.

After a change of variable in the last two integrals, and since o0 = k8, we get, setting s =
1-6,

j (ks + Q) " dx > jgl‘" dx + sx®-™/p j vi"dx. (15)
Inequality (15) holds true for all 0 < s < 1, and formally there is equality at s = 0. Re next

step 1s to compare the derivatives of both sides at this point. To do this, assume g € F, *
and

g = c(1+ |Ix|I”") (16)

for some constant ¢ > 0. (Recall that the functions in F,, * satisfy an opposite bound g(x) <

C(1 4+ ||x||P") which will not be used.) Due to (16), Qsg(x) = ¢’(1 + ||x||P")

(where ¢’ > 0 is independent of s). In particular, m; (g1™™) < oo, and the first and second
integrals in (15) are finite and uniformly bounded over all s € (0,1) . Rewrite (15) as

1
@1/ j vimdx < j < [(ks + Qsg)t™™ — gt™]dx. (17)

Now we can use a general inequality
lal ™ = b < (n—1D]a-b|(a™+b™),a,b >0,
to see that, uniformly in s,

1[ + 1-n _ 1—n]<2 -1 ( +l[ _ ]) -n
. (ks + Qs9) g <2n—-1\k -l9—0Qs9 (Qs9)
<C'(1+xP) "
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for some constant C' > 0. On the last step, we used that Q,g(x) = C’(l + ||x||p*) together

with the bound (14) for functions from the class F, . Since the function (1 + ||x||p*)1_n is
integrable (for p < n), we can apply the Lebesgue dominated convergence theorem in order

to insert the limit lim  inside the integral in (17), and to thus get together with Lemma

(6.1.4),

7gll?
K(p_n)/pjv%_n dx < (1—71)Jg_“ <K— I i” )dx,

or equivalently,
1 1
= -n p > -n 1-n
- j g IVgllidx = f g "Mdx + CEEY =T f v "dx. (18)
Now, let us take a non-negative, compactly supported C! function f on R", and for £ > 0,
define C?! functions

p/(p-n) *
ge(¥) = (f(x) + epp(x)) +e(1+ [Ix]I”")
«\Cp—n)/p . . o
where ¢(x) = (1 + [|x||?") . Clearly, all g, satisfy (16). The first partial derivatives
of f are continuous and vanishing for large values of |x|. g.(x) = cg(l + ||x||p*) for |x|

large enough, so all g, belong to the class F, *. Thus, we can apply (18) to get

1
(n —_ ]_)K(n—P)/p

1
[ g IPgellax = x [ gemax + [vimax. 19)
Note that g;" < (f + e¢)? and [ ¢p?dx < oo (where we recall that g = pn/(n — p)).

Hence, by the Lebesgue dominated convergence theorem again, [ g;™ dx is convergent, as

g = 0,to [ f9dx. By a similar argument, recalling that ||V||x||”"||. = p*||x||P~% x € R",

we see that there is a finite limit for the left integral in (19). As a result, we arrive at

j IPI2dx > x [ £ dx - [winax, o)

(n p)p n —_ 1)K(n—p)/p

which implies

pP
m]”Vf”deZ inf Kffqu+

1 1-n
(n_p)fvl dx (21)
m—1Dk P

BS_ri

DSpringer

As we will see with the case of equality below, this is precisely the desired Sobolev
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inequality (10) with optimal constant. It is now easy to remove the assumption on the
compact support of f and thus to extend (21) to all C! and furthermore locally Lipschitz
functions f(= 0) on R™ vanishing at infinity.

To conclude the argument, we investigate the case of equality. To this task, let us return to
the beginning of the argument and check the steps where equality holds true. Take g = v,
so that k = k(n,g) = 1 and ¢ = 6. In addition, the right-hand side of (15) automatically

turns into (1 + s) [ v{~™ dx. By direct computation,

Bk
p*(1+s)p-v

Qsvi(x) =1+

so the left-hand side of (15) is

1-n
|||
1-1 4o _
j(}cs+QSg) dx—f (1+S)+p*(1+s)1’*‘1 dx
IylP
=(1+s)f<1+ ” *) dy=(1+s)jv11_"dy

where we used the change of the variable x = (1 + s)y. Thus, for g = v, there is equality
in (15), and hence in (18) and (20) as well.

As for (21), first note that, given parameters 4, B > 0, the function Ax + Bk®™/P i > 0,
attains its minimum on the positive half-axis at « = 1 if and only if A = B(n — p) /p. In the
situation of the particular functions = v, , f9 = g™ = v ", we have

1
A=fv1_”dx,B=n_1Jv11_”dx.

Hence, the infimum in (20) is attained at k = 1 if and only if

fvl_” dx = ——P [ p1ngy.
p(n—-1)J
But this equality is easily checked by elementary calculus.
We may thus summarize our conclusions. In the class of all locally Lipschitz functions f on

R™, vanishing at infinity and such that 0 < ||f[, < o, the quantity

VA 1lp
1fllq”

1<p<n, % = % — % , 1s minimized for the functions

)PP e R o> 0.

fG)=(o+|lx

Here % + % = 1and || - || is a given norm on R", and
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V£l = Rnll Vf (oL dx

where || - ||, is the dual norm to || - ||.
From Brunn-Minkowski to sharp Sobolev inequalities.

Section (6.2): An Improved Borell-Brascamp-Lieb Inequality

Sharp inequalities are interesting not only because they correspond to exact solutions
of variational problems but also because they encode, in general, deep geometric
information on the underneath space. We are interested in new functional inequalities of
Sobolev type, and their links with the Brunn-Minkowski inequality

1 1
vol, (A + B)Y/" > vo1,,(A)n + vol,(B)n (22)

for nonempty Borel sets A, B in R™; here vol,(-) denotes the n-dimensional Lebesgue
measure. It 1s known since [171] that sharp Sobolev and Gagliardo-Nirenberg inequalities
in R™ may be derived using Brunn —Minkovvski type inequalities, we will see that a new
functional version of (22) provides a more direct and simple answer, that allows to tackle
both the cases of R™ and the half-space R7}.

Before presenting this new functional inequality, We discuss new sharp Sobolev type
inequalities in R™.

Let [|fll, = lIfll.(rm)p denote the LP-norm with respect to Lebesgue measure. The sharp

classical Sobolev inequalities state that for n > 2, p € [1,n), p* = nn—p and any smooth

enough function f on R" (i.e., for f belonging to the correct Sobolev space ensuring that
both integrals are finite),

1/p
1fllye < — ol ( ] IWI”) : 23)
(fRn|\7hp|p) /D RN

here
p—n

h,(x):= (1 + |x|%> g

The optimal constants in the Sobolev inequalities have been first exhibited in [82], [215].

Quite naturally, these inequalities admit a generalization when the Euclidean norm | - | on
R™ is replaced by any norm or quasi-norm || - || on R™. Indeed, if we use a norm || - || to
compute the size of the differential in (2), then the result remains true, namely
1/p
”hp | |p*
11l < ([ e (24)
Rn

(Jun 17117
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p—n

P
where ||y||.: = supjy<1X - y. In this case, h,,(x) : = (1 + ||x||p-1> b

In turn, a natural extension of this problem may then be the minimization, under integrability
constraints on a function g, of more general quantities like

JWF Vg)g“,

where : R" - R is a convex function (F = W™ below). We have to allow a g% term, « € R
since it can no longer be absorbed in the gradient term when F is not homogeneous.
We have the following optimal Sobolev type inequality.

Theorem (6.2.1)[203]. Let 7 > 2 and : R™ — (0, +00) such that lim inf, ., 22 > 0 for

lx|¥

some y > ﬁ For any g: R™ - (0, +) with g™|Vg|"/®~V € L' and

fomf e

f w*WVg)g™ = %j wim, (25)

one has

Moreover, equality holds in (25) when g is equal to W and is convex.

Here W™ is the Legendre transform of the function W, explained below. This result admits
auconcave” analog, as we shall see.

We shall see that the sharp Sobolev inequalities (24), for p € (1,n) , easily follow from this
theorem when applied to W(x) = C(1 + ||x[|%/q9), q =p/(p —1) >n/(n—1)(y = q in
the assumptions), and to g = fP/®~™)_Let us mention that the coefficients n and n — 1 in
this theorem are not arbitrary at all; in some aspects, they are the ugood” ones to reach the
Sobolev inequality, as we shall see. This may be compared to of [171] that was derived via
a more involved formulation of the Prékopa-Leindler inequality, leading to a less direct
proof of the Sobolev inequalities.

As mentioned above, our work is inspired by the Brunn—Minkowski-Borell theory. We will
propose a new functional viewpoint on this theory. As already said, it has been observed by
S. Bobkov and M. Ledoux in [174], [171] that Sobolev inequalities can be reached through
a functional version of the Brunn—Minkowski inequality, the so-called Borell —
Brascamp —Lieb [BBL) inequality, due to C. Borell and H. J. Brascamp-E. H. Lieb [207],
[176].

The standard BBL inequality states that, for n > 1, given s € [0,1], t = 1 — s, and three

nonnegative functions u, v, w: R" - [0, +o] such that [ u=[ v =1and
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-n
Vx,y € R, w(sx + ty) > (su‘l/"(x) + tv—”“(y)) ,

J w > 1.

This is the ustrongest” version of BBL inequality, see for example, [99]. By a simple change
of functions, the result can be restated as follows: let three nonnegative functions g,
W,H:R"™ - [0, +o] be such that

Vx,y € R", H(sx + ty) < sg(x) + tW(y)

then

and [ W™ =] g™ =1.Then

f H™" > 1. (26)

One observes that (26) is not well adapted to the Sobolev inequality, but that a version with
n — 1 instead of n would do the job. To solve this issue, in [171] S. Bobkov and M. Ledoux
cleverly used a classical geometric strengthening of the Brunn—Minkowski inequality, for
sets having an hyperplane of same volume.
A natural question raised by S. Bobkov and M. Ledoux 1s whether the Sobolev inequality
can be proved directly from a new BBL inequality, which moreover would be well adapted
to a monotone mass transport argument. We propose an answer in the following form.
Theorem (6.2.2)[203]: Letn > 2. Let g, W, H : R™ — [0, +oo] be Borel functions and s €
[0,1],t = 1 — s be such that

Vx,y € R", H(sx + ty) < sg(x) + tW(y)

and [ W™ =] g™ =1.Then

f Hi™ > s] g™ +tj wim, (27)

We shall that, for small t, the optimal H satisfies H = g — tW*(Vg) + o(t) , so that (6)
gives the above (4) in Theorem (6.2.1) and therefore the Sobolev inequalities (24) at the 1st
order for t = 0; as mentioned the Sobolev inequalities correspond to the case W(x) =
C(1+|x17/9), q =p/(p —1),g = fP/®~™_ We shall see that sharp (classical and trace)
Sobolev inequalities and new (trace) Gagliardo-Nirenberg inequalities follow from it.
Moreover, it can be easily proved using a mass transport argument, and we believe that this
is a way of closing the circle of ideas relating BrunnMinkowski and Sobolev inequalities.
The Sobolev inequalities in R™ belong to the larger family of Gagliardo-Nirenberg
inequalities

Iflle < CUVFIRIANE®

Here the coefficients a, 8, p belong to an adequate range and 6 € [0,1] is fixed by scaling
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invariance. These inequalities have attracted much attention these past years. Sharp
inequalities are known for a certain family of parameters since the pioneering work of M.
del Pino and J. Dolbeault [181]; namely, for p >1,a =ap/(a—p) , and B =
p(a—1)/(a —p) , where a > p is a free parameter.

This family can be recovered from Theorem (6.2.1), or rather an extension of it (see
Theorem (6.2.3) and its uconcave” counterpart Theorem (6.2.4)). In fact this extension turns
out not only to be a natural way of recovering this family, but also allows to extend the
family to parameters a < p leading to new sharp Gagliardo-Nirenberg inequalities with
negative powers

/1l ja-1 < CIVF NN ll1gp-0
a-p ap

Here p >aif=2n+1,0rpe€ (a,ng ) if a € [n,n+ 1), and @ is fixed by a scaling

—-a
condition. We note that partial results for a narrower range of such a < p have been proved
by V.-H. Nguyen [212], by another approach.

It can be applied to reach a new family of sharp trace Gagliardo-Nirenberg inequalities that
extend the trace Sobolev inequality proved by B. Nazaret [113]. Indeed, letting R} =
{(u,x) , u = 0, x € R" 1} we obtain the sharp family of inequalities

9 -6
1 liomny < CITFIl ny 1 5 G

Herep >1,a =p(a—1)/(a—p) ,and B =p(a—1)/(a —p) , where a > p is a free
parameter and again 6 € [0,1] is fixed by a scaling argument. This is thus the analog of the
del Pino-Dolbeaut family in the trace case.

We state and prove the main results, namely generalizations we show how these results lead
to Gagliardo-Nirenberg inequalities in R™, including and extending the del Pino-Dolbeault
family, whereas in we follow the same procedure to reach trace Gagliardo-Nirenberg
inequalities. We devoted to limit forms of the BBL and Gagliardo-Nirenberg inequalities,
namely the classical Prékopa-Leindler inequality and classical or new trace logarithmic
Sobolev inequalities. Finally, deals with a general result on the infimum convolution, which
is a crucial tool for our proofs.

When the measure is not mentioned, an integral is understood with respect to Lebesgue
measure. For x, y € R", |x| denotes the Euclidean norm of x and x - y the Euclidean scalar

product. As already used, ||f||,, stands for the IP(R™) norm of a function f.

Our results have two formulations, as a convex (or concave) Sobolev-type inequality
illustrated by Theorem (6.2.1), and as a Borell-Brscamp—Lieb type inequality like Theorem
(6.2.2).

Our setting splits in two separate cases, the origin of which will be explained below.
We shall measure the gradient using a function W on R" in one of the following two
categories:

i. Either W: R™ - R U {40} is a convex fonction, with Legendre transform W* defined by
W*(y) = sup{x -y - W)}
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The function W is differentiable at almost every x in its domain, with
W*(VW(x)) + W(x) =x - VW (x). (28)

ii. Either W is a nonnegative function that is concave on its support (2, = {W > 0}. More
precisely, W is a nonnegative function such that the function W defined on R™ by W (x) =
W(x) if x € 2, and —oo otherwise, is concave. In particular 2y, is a convex set. The
corresponding Legendre transform is defined by

W.(y) = inf{x.y — W(x))} = inf{x.y — W(x)}. (29)
Likewise, W is differentiable at almost every x € (2, with
W.(VW(x)) + W(x) = x - VW (x). (30)

We will later assume that W is continuous on R™ to avoidjumps on 9.2y, .

See [214] for instance for these classical definitions and properties.

One rather naturally comes to such a setting if one has in mind the Brunn—Minkowski theory
of convex measures on R™ as put forward by C. Borell. We briefly recall it to put our results
in perspective, although we will not explicitly use it. A nonnegative function G on R" is said
to be k-concave with k € R if kG¥ is concave on its support. In other words,

i. If kK < 0, then G = W/* with W convex on R". The Brunn—Minkowski—Borell theory

shows that one should consider the range k € |[- %, 0). Below we shall let k = —1/a for

a = n with the typical examples W (x) = 1+ |x]|%, ¢ = 1 and then G(x) = (1 + |x|1)™¢%.
The results above correspond to the extremal case a = n.
ii. If &« > 0, G = W/* with W concave on its support. Below we shall let x = 1/a for a >
0 with the typical examples W(x) = (1 — [x]|9);, g = 1and G(x) =

(1 — [x]DE.
The limit case k = 0 is defined as the log -concavity of G.
A central tool in our work will be monotone transportation, which by now has become a
cornerstone of many proofs of functional inequalities. So let us briefly describe the
mathematical setting and notation on this topic we shall use below, see [202], [216] for
instance.
Given u and v two (Borel) probability measure on R™ with u absolutely continuous with
respect to Lebesgue measure, a result of Brenier [86], in a form improved by McCann [105],
states that there exists a convex function ¢ {the so-called Brenier map) on R" such that v
is the image measure Vo#u of u by V¢, that is, for any positive or bounded Borel function
H on R",

j Hdv =j H(Ve)du.

Assuming that du = fdx and dv = gdx then [211] ensures that the Monge-Ampere
equation
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f(x) = g(Vé(x)) det (V?¢(x)) (31)

holds fdx-almost surely. Here V2¢ is the Alexandrov Hessian of ¢ that is the absolutely
continuous part of the distributional Hessian of the convex function ¢ (but below ¢ will

belong to ng’cl so there will be no singular part).

and classical and elementary tool will be the convexity of the determinant of nonnegative
symmetric matrices, such as V2¢(x) . This splits in two cases, in accordance to the cases
discussed above.
For every k € (0,1/n], the map H — det®H is concave over the set of positive symmetric
matrices. Concavity inequality around the identity implies
det*H<1-nk+ktrH (32)
for all positive symmetric matrix H.
For every k < 0, the map H — det®H is convex over the set of positive symmetric matrices.
Convexity inequality around the identity implies
det*H >1—nk+ktrH (33)
for all positive symmetric matrix H.
We start with a generalization of Theorem (6.2.1) and we will next establish its
uconcave” counterp art.
The result involves a umeasurement” function: R™ — R* that will be convex in
applications, and actually of the form

Wx) =1+|x|1?/q (34)
for anorm || - || on R™® and q > 1; its Legendre transform is W*(y) = ||y||¥/p — 1 withp =
q/(q — 1) and || - ||, the dual norm. We assume that negative povvers of W are integrable,

so when W is convex this implies already that W is greater than |x| at infinity. We actually
require a slightly stronger super-linearity, which is trivially fulfilled in the applications
of type (34).
Theorem (6.2.3) [203]: Let n>1. Let a=>n {and a>1 if n=1) and let W:R" -
(0, +0) such that

[

n W)
11}, lim inf ——= > 0. (35)

X+ |x|

and

dy > max{

For any positive function g € Wtjél such that g=%|Vg|*/=1 is integrable and

one has
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(a — 1)f w*(Vg)g ®+ (a— n)f gt > f wi-a, (36)

Moreover, there is equality in (36) if g = W and is convex.
Theorem (6.2.1) and the classical Sobolev inequalities correspond to the extremal case a =
n. Much could be said regarding the assumptions on W and g in the theorem.

First, the condition {14)and [ W ™% < 4o ensure that [ W™ < 400, Actually, W > 0

continuous (for instance convex) and (35) ensure that [ W' %and [ W ~* are finite.

Next, the integrability assumption g~%|Vg|"/¥~1 € L'(R™) is here for technical reasons,
in order to justify an integration by parts; we believe that the correct assumption should

simply be that [ W* (Vg)g~® < +oo. Note that a convex W itself has no reason to match

this integrability assumption (although it is W,>'"). When we write that there is equality in

loc

(36) for g = W, it is by direct computation and integration by parts, as we shall see; then
the assumption (35) appears as the natural requirement to justify the computation.
Note that the condition y > 1 in (35), already needed for the condition on g to make sense,
ensures that W* is well defined (i.e., finite) on R™.
Analogously, we assume that W is finite (i.e., the convex function W has a domain equal to
R™) ; this prevents us from reaching the 1-homogeneous case W*(x) = C + ||x]|., which
corresponds to the L! Sobolev inequality. In this case, extremal functions are given by
indicators of sets (given by the domain of W), and it requires to work with functions of
bounded variation and related notions of capacity. Therefore, it is to be expected that this
degenerate case should be treated separately when it comes to identifying the extremal
functions.
Proof. Let ¢ be Brenier’s map such that Vgp#g~% = W™%. Then, from (10), almost
everywhere

W) = g(det 72p)*/*
Moreover, since a = n, from {11) with k = 1/a we have almost everywhere

n 1
(detqub)l/aS1—a+aA¢,

where here and below A ¢ = tr (V2¢) . Integrating with respect to the measure g~ %dx we
get

f W@e)g™* < (1 —g)f g +%f Apgte.

Let us assume we can integrate by parts the and term; this only requires to put some suitable

2,1

.« . 1—a ;: . . .
condition on g*~ (in our situation ¢ 1s at least W_.,

see e.g., [208]). Actually, we can for

instance establish, when a > y/(y — 1) , the following sufficient inequality:
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[ aog-e<@-n|[ vo-vgg (37)

Assuming (16) we have

aj W(V(}b)g_“s(a—n)f gl‘“+(a—1)f Vg -Vpg 2.

But by definition of Legendre’s transform
Vg -V <WWep)+W*(Vg)
so collecting terms we have

| wonge<@-n[ wogge+@-n| g

Finally, [ W (Vgp)g™ = [ W' % since Vp#g~® = W%, so we have

@-1[ wEpg+@-n[ gz [ we (38)

as claimed.

This ends the proof of the inequality in the Theorem when y': = y/(y — 1) < a, provided
we justify the integration by parts (16). For this, we extend the argument in [80] that is given
for W(x) =1+ ||x]|¥ and a = n. We introduce the function

1-2 _a a
g, "(x) := min {gl V(x/(l — e)),gl_V(x))((ex)} for a cutoff function y , for instance

suchthat 0 < y <1, y(x) = 1if|x| < 1/2and y(x) = 0is |x| = 1. The argument is then
identical to the one in [80]; we firstjustify (37) for the function g, instead of g, then we let

a

e tend to 0. For this, a key fact is that the sequence Vg, " is bounded in LY. To see this fact

we observe that the sequence < gl_?(x /(1 - 8))) is bounded in LY’ by change of variable
y = x/(1 — &) . So is the sequence V <gl7(x))((ex)> since
i—g /
2 [ 7 (g V(x)x(ex)> ' dx

a
< j Vg YO [x(ex)| dx + ' j 9V (O|7x| (ex)dx.

There, for the 1st term, |y| <1 and Vg’ ¥ € LY since g=%|Vg|”’ € L* by assumption.
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Moreover, by Holder’s inequality for the power a/(a — y') with a > y' and then change of
variable y = &x the 2nd term is bounded by

! !

Y Y

gV'(1—§)<f g—a>17(f |l7)(|“>7

and hence uniformly bounded in € for a = n.

Next, we extend the result to the case ¥’ = a by reducing to the previous case as follows.
Fix any s>a/(a—1) , that is, 1<s' :=s/(s—1)<a. Define W,(x) :=
Z:(W(x) + €|x|®) with Z, such that [ W, % = 1. Since s’ < y’, Holder’s inequality and

the integrability of g~¢ ensure that g=%|Vg|*’ is integrable. Therefore, g and W, match the
hypotheses of the previous case, so (38) gives

@-1 [ 0 g+ @-w| gz | wre

Note that Z, — 1 and W, — W. The right-hand side converges to [ W?!~% by dominated or
monotone convergence. For the left-hand side, since W, >Z.W, we have
[ W)y (vg)g*<Z,[ w* (Z—g) g~ @ that converges to [ W* (Vg)g~* by dominated

convergence. This gives the desired inequality (38) for W and g.
Finally, it is easily proved that equality holds in (38) when g = W with W convex. In this
case V¢ (x) = x in the argument above. The growth condition {14) allows to perform the

integrationby parts (a — 1) [ (x - VW)W ™% =n [ W% which means equality in (37);

together with the crucial relation 6.7), this ensures equality in the argument above and in
(15). The companion uconcave” case is as follows. The notation are those given.For any
nonnegative W we let W,.(y) = infyysofx -y — W(x)}. Note that W, is a negative
function in our case of interest when W is a nonnegative continuous function concave on its
support.

Theorem (6.2.4)[203]: Letn > 1,a > 0, and W:R"™ — [0, +00). Then for any compactly
supported function g: R™ — [0, +o0) with g¢*1 € W11 such that

[ e

@+ [ W Tg - @+ [ grez [ wre @)

we have

Moreover, there is equality if g = W, with W continuous on R™ and concave on its support.
Proof. The proof follows the previous one. Let ¢p be Brenier’s map such that Vgp#g% = W4,
Then, from {12), g%-almost everywhere
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n 1
W(Te) = g(det7?¢) 2 (1+-)g—-g 2.
Integrating with respect to the measure g“dx and then by parts, we find

n a+1
f W ($)g® = (1 +E)J gt +—J gevg - V.
We obtain inequality {18) using the g%- a. e. inequality
Vg -V 2W(Ve)+W.(Vg),

which is valid since W(qu(x))a > 0 for g%-almost all x, and the fact that Vgp#g?® = W2,

When g = W and is continuous and concave on its support, the proof above with V¢ (x) =
x gives equality at all steps. Note that integration by parts is valid because W is continuous
and therefore equal to zero on d{W > 0} and that we can invoke (30) in the last step.

We convex or concave generalizations of Theorem (6.2.1) (which is Theorem (6.2.3)
for a = n), we now present two generalizations of Theorem (6.2.2).
The 1st one concerns the convex case.
Theorem (6.2.5)[203]: Leta>n=>1 (and a >1if n=1) and let ® : R* > R* be a
concave function.
Let also g, W, H: R™ — [0, +o0] be Borel functions and s € [0,1],t = 1 — s, be such that

Vx,y € R", H(sx + ty) < sg(x) + tW(y) (40)

and [ W% =] g% =1.Then

jcp(H)H—azsj cp(g)g—a+tf ® (W)W, (41)

Observe that Theorem (6.2.2) is Theorem (6.2.5) in the case when @(x) = x and a = n,
while the classical BBL inequality (26) is recovered for @(x) = 1 and a = n. There is a
hierarchy between all the inequalities (41), and inequality (27) (when a = n) appears as the
strongest one.
Proof. The theorem can be proved in two ways, following the ideas from R. J. McCann’s or
I'. Barthe’s PhDs [81], [210].
Let ¢ be Brenier’s map such that Vgp#g~* = W ™. Then from the Monge-Ampeére equation
{10), we have that almost everywhere

W(Vg) = g det (72¢)"/%

Moreover, it follows from the assumptions that @ is non-decreasing and x — 209-200) 5

non-increasing, so that x = @(x)x~ is non-increasing.

This proof is a little bit formal since we use a change of variables formula without proof.
However, it is useful to fix the ideas and helpful to follow the rigorous proof below. So, by
the change of variable z = sx + tV¢(x) , and using both assumptions on @ we have
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j @ (H)H ¢ = f o) (H(sx + thb(x))) H™%(sx + tVp(x)) det (sId + tV2¢p(x))dx
> j ® (sg + tW(Vg))(sg + tW (V)" det (sId + t72¢) .

> f [s®(g) + to(W(V$))] (s + t det (V2¢)/2) ™" det (sId + tV2p) g~

Since a > n, the concavity of det® with k = 1/a, recalled before {11), yields
det (sId + tV2¢) = (s + t det (V2¢)+/2)" (42)

Finally, [ ®(W(V¢))g®=[ ®(W)W™® by image measure property since

Vop#g~* = W™ This concludes the argument, as

j @ (H)H™ @ zj [s®(g) + to(W (V)] g™@ = sj ®(9)g™*+ tJ o (WHW~4,

We use the idea of R. J. McCann. From [210], let (p;).e[o,1] be the density of the path
between g~% and W ~¢ defined as follows: for each ¢, p; is the density of the image measure

2
of py under sld + tT = V¢,, where ¢:(x) = s % + t¢p(x), x € R™ Then, using twice the

associated Monge-Ampere equations (31) for p; = Vo#p, and p; = Vo, #p,, together with
the determinant inequality {21), we find that py-almost everywhere

pe(Voy) < (sg + W (V) .
Multiplying the inequality by (Sg + tW(qu)) , then p, — a.e.

®(sg + tW(VP))p (Vo) < @(sg + tW(V))(sg + tW (7)) .

Hence, using that @ is concave and x = @(x)x~% nonincreasing, we get that p, — a. e.
[s®(g) + te(W([VP))]p (V) < P(H(sx + V))H(sx + V)™
= O(H(Ve(x))H(Ve(x)) .

Since pt(Vq,')t(x)) > 0 for py-almost every x, we can rewrite the previous inequality as

PH(V0))H(V.(x)) "
Pt (V¢t (x ))
Integrating with respect to p, = g~% we find, using Vgp#g~% = W2, for the left-hand side

so(g(x)) + to (W (7 (x))) <

pe(V(x))>0/P0 (x) —a.e.
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j [Sd)(g(x)) + td (W(qu)(x)))] pPo(x)dx = Sf ®(g)g~*+ tj o (W)H)w-¢

and, using V¢, #p, = p;, for the right-hand side

f ®(H(Vp,(x))H(V e (x)) "
Pt(V¢t(x))

1pt(l7¢>t(x))>o] po(x)dx = f @ (H)H™%dy
{pt>0}

< f ® (H)H™“.

This concludes the argument. blacksquare
The concave inequality in Theorem (6.2.4) also has a BBL formulation. We only state it for
power functions @ since the general case seems less appealing.
Theorem (6.2.6)[203]. Let n > 1 and a > 0. Let also g, W,H : R™ — [0, +o0] be Borel
functions and t € [0,1] and s = 1 — t be such that

Vx,y € R", H(sx + ty) = sg(x) + tW (y) (43)

and [ W%= [ g2%=1.Then

j H1+a 2 Sn+a+1j gl+a + Sn+atj W1+a + (n + a)STl+atj gl+a. (44_)

Inequality (41) is optimal in the sense that if g = W and is convex, then one can exhibit a
map H that depends on s such that inequality (41) is an equality. This is not the case for
inequality (44) that is less powerful than (20). The linearization of (23), for t going to O,
becomes optimal and gives optimal Gagliardo-Nirenberg inequalities in the concave case.
Proof. We start as in the proof of Theorem (6.2.5), sticking to the 1st formal argument for
size limitation. As above, the argument can be made rigorous following McCann’s
argument.
Let ¢ be Brenier’s map such that Vgp#g® = W%, Then almost surely,

g% =W(Ve)* det (V2¢).
By assumption on ¢ and the concavity inequality (42) we have

j Hita = j H*4 (sx + tV(x)) det (sId + tV2p(x))dx
> j (sg + tW(V¢))1+a det (sId + tV72¢)

> f (sg + tW(V¢))1+a (S + t( det Vz¢)1/n)n

Now we keep only the order zero and one terms in the Taylor expansion in t of both
terms above;

221



(V¢)>1+a
9
> sttagita 4 (g + 1)s%g* W (Vo) ;

n\" g a/m\" n n-1 9 “r
(s + e det P9y /m)" = (” (wra) ) 25" s )

(sg + tW(Vp)1te = (sg)l + a <1 + -

Hence,

j H1+a 2 Sn+a+1j gl+a + (1 + a)Sn+atf ga W(V¢)

n+a

ns"+at f gEW (7)) (W(v ¢))T

Then in the last term we apply the inequality

n+a
nXn >n+a)X—a,X=0
with X = g/W (V@) . We obtain the desired inequality.
BBL inequalities admit an equivalent dynamical formulation given by the largest possible
function H given g and W. For that, consider the following inf-convolution, defined for
functions W, g: R™ = (0,+o0], h = 0, and x € R" by

inf {g(y)+hW( ;y)} ifh >0,

gx) ifh=0

0 (g)(x) = (45)

or equivalently

n (@) (x) = inf{g(x — hz) +hW (2)}.
Then the constraint (40) implies that the inf-convolution

H(x) = s0%,(9)(x/s) ,x € R

if the largest function H satisfying (40). From this observation, the @-BBL inequality (41)
can be rewritten as follows.
Theorem (6.2.7) [203]: Leta>n>1(anda >1ifn=1) and let ® : Rt > R* be a

concave function. Let also g, W: R™ — [0, +o] be Borel functions such that f w-a =

J g7%=

Then for any h = 0 the @-BBL inequality (41) is equivalent to

1
asne [ oot @)@
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h
(@g *+——| W)W~ (46)

>__
T 1+h 1+h

In particular, when a = n and @ (x) = x, the extended BBL inequality (27) is equivalent to

Vh > O,J o (g™ = f g™+ hf wim, (47)

Moreover, equality holds in inequalities (46) and (47) when g = W and is convex.
For the equality case, note from (45) that

oV (g(x) =1 +hw (%) ,X € R®
when g = W and is convex. Hence, equality holds in (46) and (47) in this case, as claimed.
Inequalities (25) and (47) are equalities when h = 0. Moreover, for h - 0 we have in
general that

0y g=g—hW*(Vg)+o(h)

so that Theorem (6.2.7) admits a linearization as a convex inequality. With the same
conditions on the function @ as in Theorem (6.2.7), from inequality (25) we obtain

@
j w* (Vg) (a ;g) —~ db’(g))g‘“ + f ((a=n+1Do(g) - g@'(9) g™

> j ® (W)W~ (48)

for a class of functions g and W (which we do not try to carefully describe for a general
®) . Of course again inequality (48) is optimal; equality holds when g = W and is convex.
In the case @ (x) = x, it is shown how to deduce the inequality (15) of Theorem (6.2.3) (and
therefore Theorem (6.2.1)) from (25) for a restricted class F¢ of functions (g, W) , inspired
by [171] and given and Definition (6.2.22). In the case of interest of the Sobolev inequality
44) forW(x) =C(1 4+ ||x||?/q),q = p/(p — 1) , it is shown in [171] how to recover the
Sobolev inequality from this restricted class. For, it is classical to be sufficient to prove (44)
for C! , nonnegative and compactly functions f, and this case can be recovered by using

9:(0) = (F() + e(1 + || V) @=/P)P/ P 4 o(1 4 |x)j9)

that is in the restricted class.
Remark (6.2.8)[203]. Likewise, the classical BBL inequality (6.5) admits the following

dynamical formulation: if W, g: R"® — (0, +) aresuchthat [ W™ = [ g™ =1, then

j o/ (g)™=1,h=0.

For h tending to 0 we recover the convexity inequality (36) with a = n + 1, namely
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n+1 - 7’
g

(49)

which had been derived in [206]. As can be seen from, this inequality implies the Gagliardo-
Nirenberg inequalities only for the parameters a = n + 1. In particular, it does not imply
the Sobolev inequality, as pointed out in [171].

It has recently been proved in [217] that the two formulations(5) and (49) are in fact
equivalent. The concave BBL inequality (44) also admits a dynamical formulation with the
supconvolution instead of the inf-convolution. For W, g : R® = [0, 40c0) and h = 0 we let

X—y )
RY () = (S8, {g@) +iw (=)} itn>o
g(x) ifh =0,

Then the constraint (22) implies that the best function H if given by the sup -convolution,
H(x) = sR{}s(g)(x/s) ,x € R™.
From this observation, the uconcave” BBL inequality (23) admits the equivalent following

dynamical formulation: if [ W®dx = [ g%dx = 1 then forall h = 0,

j RY (g)t*® > f gttt + hf wite + (n+ a)hj gite. (50)

Similarly to the convex case, inequality (39) can be recovered from (50) by taking the
derivative in h, at h = 0.

A family of sharp Gagliardo-Nirenberg inequalities in R™ was first obtained by M.
del Pino and J. Dolbeault in [181]. The family was generalized to an arbitrary norm in [80]
by using the mass transport method proposed in [93].
The del Pino-Dolbeault Gagliardo-Nirenberg family of inequalities, which includes the
Sobolev inequality, is a consequence. We prove in a rather direct and easy way that our
extended BBL inequality (48) implies the del PinoDolbeault Gagliardo-Nirenberg family of
inequalities, but also a new family. As recalled, S. Bobkov and M. Ledoux [171] have also
derived the Sobolev inequality from the Brunn—Minkowski inequality, but we believe that
our method is more intuitive than theirs.

Below, || - || denotes an arbitrary norm in R™ and for y € R™ we let [|y|[. = sup)xjj<1x -y

its dual norm. Recall that the Legendre transform of x = ||x||?/q (with g > 1) is the
functiony » ||y||¥/p for 1/p + 1/q = 1.
Letn>1,a=n(a>1ifn=1),and g > 1. Let W be defined by

wo <

+C,x € R",

where the constant C > 0 is such that [ W~% = 1. Then
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w*(y) =

14
WIE o
p

arn/n+1—a)

T
Fig. 1.[203] Ranges of admissible parameters (a, p) with n = 4.

where 1/p+1/q = 1.
We apply Theorem (6.2.3) with this fixed function W. First, let us notice that C is well

defined and [ W79 is finite whenever

Ifa=n+1thenp >1

(51

Ifa€enn+1)thenl <p < = p(p = nwhena = n).

n+l-a
These constraints are illustrated in Figure 1 in the case n = 4; Equation (51) is satisfied
whenever the couple (a, p) is in the gray or black area.

Let us note that, under (30), the condition (14) on W in Theorem (6.2.3) is satisfied with
¥y = q. Assuming that the parameters a and p are in this admissible set, then for any function

g: R" -]0, +oo[ such that [ g~* = 1 and Vg' » € IP, inequality (36) in Theorem (6.2.3)

becomes

D <

a-— 1] IVgll2

. 2t @ j g, (52)

Here D = (a— 1)C + [ W% is well defined, W and a > 1 being fixed. This inequality

1s the cornerstone.
Sobolev inequalities: As a warm up, let us consider the case a =n,n = 2,andp € (1,n) .
Then inequality (31) becomes

D p
4 SJ [Vgll-
n—1 gt

p—n
p

for any positive function g such that [ g™ =1and Vg' » € IP. Letting f = g ? , this

gives
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Dp n—p

P < vFlP
=Ly < [

np

for any positive function f such that [ f7? =1 and Vf € LP. Removing the normalization

we get
n-p

Dp n-p CANSL
p n—p < dille
e |<j f ) <[ 1w
The inequality is of course optimal since equality holds when g = W or equivalently when

p-n
f(x) = (C + Lxli® ) P . Classically removing the sign condition we recover

Theorem (6.2.9)[203]. Letn>2,p €(1,),and p* = np/(n — p). The inequality
1

(j |f|p*)%scn,p (j ||\7f||3f>E

holds for any function f € LP" with Vf € IP; here Cy,p 18 the optimal constant reached by

p-n
the function x —» (1 + ||x]|9)

Gagliardo-Nirenberg inequalitiGS' Consider now the case a >n and p # a satisfying

p-a

conditions (51). Letting h = g »=g 7 | inequality (52) becomes

1spaf|wmﬁ+(a—mj'h%p

ap_
for any positive function h such that [ he-» =1 and Vh € IP, where D, is an explicit
positive constant. Removing the normalization, the inequality becomes
a-p
ap \ ¢ p
f h SDZJ RIP + @—n) [ nPa

for any positive h for which the integrals are finite.
To obtain a compact form of this inequality, we replace h(x) = f(Ax) and optimize over
A > 0. For another explicit constant D; we get

ﬂa—p(lp) 1-w apal
(J )

ap 1ap p(a—1Da-p 1)ap
s%([ IIVfII”> (f f”)

_ €(0,1(y _p_ —

where = (1 — P w) =@ pdm) et ) p < a the n both coefficients
a-p p(a—n)+n a-p

arepositive p(a_;;la).Thearenowtwocases,depending onthesignof as one can check by
a-p
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considering the cases a < n + 1 and a = n + 1; this leads to the 1st
case in Theorem (6.2.10) below. If p > a, then under the constraints (30) both coefficients
are negative; this leads to the 2nd case below.
Removing the sign condition we have obtained the following:
Theorem (6.2.10)[203]. Let n = 1 and a > n.
For any 1 < p < a, the inequality
a-p _27P_(1-g)

ap \ ap p a-1\p(a-1)
(j Ifla‘p> SD;,,,,aU ||\7f||£3) (f Iflp“‘P> (53)

holds for any function f for which the integrals are finite. Here 8 €] 0,1] is given by

a— n— a—
Pl PL_g=?P (54)
a n a—1

)

p-a
and Dy, , is the optimal constant given by the extremal function x = (1 + [|x|[?) »

Ifp>awhena=n+1,orifp € (a, n+n ) when a € [n,n + 1), then the inequality

, —
0 a=P g

pa=l _a=p_ P _ap \ ap
(| 1reED <y ( [ IVfIIf> ( | IfI“‘P> (55)
holds for any function f for which the integrals are finite. Here 8’ €] 0,1[is given by

P P 1-0nla
a—1 n a

p-a

and Dy, 5, 4 is the optimal constant given by the extremal function x ~ (1 + [|x]|9)

Letn>1.Leta > 0and > 1, and define
C
W(x) = 5(1 — [x]19) 4, x € RY,

where C is such that [ W = 1. From definition {8), we have

cl=p » C
W.(y) =4 D ||Y||*_a if [lyll. = C y € R,
=1yl if {lyll. = C,
where 1/p + 1/q = 1. In particular from the Young inequality
cl-p b _c
W.(y) = - llyll., *y € R™ (55)

Then the inequality (39) with this function W gives
cip

p

C
<a+n)f gt < (a+ 1) j ||Vg||fga+5<a+1)—j wa+i

for any nonnegative and compactly supported function g such that [ g% = 1 and g'*? €
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a+p

W11, Let us notice that s (a+1)— [ Weldx > 0. Lettingnow f = g » we obtain

1+a

fPare < le [ZFIIP + Dy,

ap 1+a
for any nonnegative and compactly supported function f such that [ fa+t? = 1 and f Parp

W11 here D; and D, are explicit constants. Removing the normalization, this gives
1-p 1+a

[ <o nwne([ %) " o] h%)T

We can now remove the sign condition and optimize by scaling to recover the following
result of [181] (and [80] for an arbitrary norm).
Theorem (6.2.11)[203]. Let n = 1. For any p > 1 and a > 0 the inequality

4 M(l—@)

at+l _a+p p ap \ ap
ql [f|”a+p)p<a+1>s0n,p,a<j ||\7f||f) (j Ifla+p>

holds for any compactly supported function f with Vf € LP. Here 6 €] 0,1[is given by

a+ n— a+
Pl Pi1-g™?
a+1 n a

a+p
and Dy, ;, 4 is the optimal constant given by the extremal function x — (1 — |[[x||9) +»

The obtained inequality is optimal since (39) is an equality when g = W. When g = W,
then almost surely ||V g||. < C, so that (55) is an equality. We explain how our framework
allows to recover known and obtain new trace Sobolev and Gagliardo-Nirenberg inequalities
on R%} , in sharp form. In the above denomination we shall restrict to the convex case. As
before, we have two possible, equivalent, routes. One is to establish an abstract convex
Sobolev type inequality using mass transport, and the other one is to establish a new
functional Brunn-Minkowski type inequality on R} , and derive Sobolev inequalities from
it, by linearization. Since the and one is formally more general although it requires technical,
non-essential, assumptions on the functions), we will favor it.
Let us fix some notation. For any n = 2, we let
R% ={z = (u,x),u = 0,x € R" 1},

Then OR%} = {(0,x),x € R* 1} = R" 1 Fore = (1,0) € RxR" ! and h € R we let

me =RE+he ={(u,x),u=hxeR"1}
The BBL inequality (41) with @(x) = x takes the following form in R%.
Theorem (6.2.12)[203]. Let a =>n, g : R} = (0,+) and : R}, = (0,+) such that

Jgn 9% = Jgn W™ = 1. Then, forall h > 0,

g+ hf wi-e, (56)

n
R+e

op (9% = f

RY

(1+ R)*™ j

n
]R+he
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where, for (u, x) € R},
W B U—v x—y
0F (9)(wx) = {9y +hw (—,—=)}.
Moreover, (36) is an equality when g(z) = W(z + e) for any z € R} and is convex.

Proof. Let § : R™ - (0, +o0] and W : R"™ - (0, +00] be defined by

.~ _ (gx)ifx € R} — {W(x) if x € R},
9&) = {+oo ifx g Rt W) =1 oifx ¢ R,

1n
v,y)ERY,0sv<su—h

(57)

Then [, G~ = [ W™* = 1. Hence, we can apply the dynamical formulation (25) of
Theorem (6.2.5) with @(x) = x and the functions § , W. For any h > 0 we obtain

1+ h)“‘"J

OKT/ (g)l—a ZJ gl—a +h Wl—a’
Rn

RT R,

where

OF (), x) = inf {g(V,y) + bV (——=, )}, () €R".

From the definition of § and W , the infimum can be restricted to 0 < v < u — h, so that

OKT’ (§)(u, x) is equal to + when u < h, and to o}’ (g)(x) otherwise. It implies

johW @)a = f oF ()17 = f o (g),
R™ IRﬁhe

the
which gives inequality (56).
When g(z) = W(z + e) and W is convex, then by convexity

1 X
oY (9)(u,x) = (h+1)W(ZJ+r1’h+1)

for any (u,x) € R%},,. Then inequality (36) is an equality. blacksquare BBL type
inequality on R™ implies a convex inequality. It is also the case on R} , by computing the
derivative of (56) at h = 0 and using the identity

f n
IR+he

Assume now that (g, W) is in F{ as in Definition (6.2.18). Then by Theorem (6.2.21),
w*(Vg)

o @ = [ | ol (9w x)dudx.
h JRn-1

d ® .
= |h:Oj f 10,‘{" (Y %(u, x)dudx = —J g7 %dx + (a—1) dz,
h Jrn-

ORT R?
where we recall the definition of the Legendre transform
Wi(y) = inf {x-y-W)}y€R™ (58)
X€E

+e

So we have obtained the following:
Proposition (6.2.13)[203]. Leta = n.Let : R} — (0,4+00) and W : R}, — (0, +o0) belong
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to F§ (see Definition (6.2.18)) with W convex and [, g™¢ = [ W% = 1. Then
+ +e

W*(Vg) i—a 1-a 1-a
(a—1) —+@-n)| g7*= wi—¢dz + g °. (59)
R 9 R7 R7?, OR?

Moreover, (39) is an equality when g(z) = W(z + e) for z € R} and is convex.

Remark (6.2.14)[203]: Inequality (39) can also be directly proved by mass transport and
integration by parts.

We follow to get trace Gagliardo-Nirenberg inequalities from Proposition (6.2.13). Let a >

n,p € (1,n),andq =p/(p —1).LetalsoW(z) = C@forz € R%,., where the constant

C > 0 is such that fRn W~% = 1. We first observe that Conditions (CI) and (C2) of
+e
Definition (6.2.18) hold with y = g since ¢ > n/(a — 1) for a = n. Moreover, fory € R",

Oy x| 1E3 T W 4]
W*(y) = sup jx-y—C p < sup x-y—CT =C pT.(60)

n n
xX€ERY, x€ERY,

Hence, Proposition (6.2.13) implies

a—=1( |I7gll? - :

ct-p j +@a-n)| g*=| w4 J g (61)

a
P Jrr 9 R R7?, ORT}

for any function g satisfying fRn g~% =1 and (C3) and (C4) with y = g, so that (g, W)
+

belongs to F{.

It has to be mentioned that inequality (61) is still optimal, despite inequality {40). For, when
g(x) = W(x + e) for € R%} , then the minimum in (6.59) at the point Vg(x) is reached in
R?%, and then (40) is an equality.

Inequality (61) is again the cornerstone.

Trace Sobolev inequalities: Again, as a warm up, let us assume that a = n. Then (61) gives

p
[ greqmnsif Wl (.,
OR" p Jrn 9" R

n n
+ +e

p—n
D

for any function g satisfying fRn g "=1and (C3)and (C4)fory =q.For f =g ? , s0
+

.
that fRn fr-p = 1, this inequality becomes
+

n—1 n—1 p
f PO iy (£ )f WA - w62
a]Rﬁ n—p p n—p R’}_ Rze

We now need to extend this inequality to all C! and compactly supported functions f in R?
(it does not mean that f vanishes in dR"%) . For this, consider a C* and compactly supported
function f in RY} and let
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_n-p
fe(x) = elx +e| P71 +c.f(x),
o D

where c, is such that [, f P =1.Then g, = f, P satisfies (C3) and (C4). Moreover,

¢ = 1 when € goes to O and then inequality (62) holds for the function f. Removing the
normalization in (62) we have, for any f,

| prax<al nwaiapr - g,
R™ R™

where

on n-p p
5~ _ p(n-1 — = dy ) _ l-pnti( P _ 1-n
p=== - B = (fRﬁf P dz) A=C > (n_p) and B = fMeW dz.

i(whlch satisfyu,v>1,and1/u+1/v =1),

Equivalently, with u = g =2 andv =

7 <By
ORY}

= J, nonizer S|

Now the Young inequality xy < x*/u + y¥ /v with

A p
*=5 ||IVfIIY andy = PP
RTL
yields
1/p n-p 1/p
. Al/p Tl—p p(n_l)
([ ) === G=2r"" ([ vwone)
IRy (BV)p(n—l) R¥

The proof of optimality it is a little bit technical and will be given below in the more general
case of Theorem (6.2.16). It is also given in [113]. Equality holds when g(z) = W(z + e)

: lz+ell ™\ _ e ,
or equivalently when f(z) = (C T) = C'||z+ e|| P for z € R}. Removing the
sign condition we have thus obtained the following result by B. Nazaret [113], who
promoted the idea of adding a vector e to the map W. We proved the main inequality for C*
and compactly supported functions, but by approximation it is possible to extend it to the
appreciate space.
Theorem (6.2.15)[203]: For any 1 < p < n and for p = p(n—1)/(n — p) the Sobolev

inequality
1/9
(f |f|ﬁdx) SDn,p(f ||Vf||£?dz>
IR™ R™

holds for any C! and compactly supported function f on R%. Here Dy, 1s the optimal

1/p

constant given by the extremal function
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_n-p
hy(2) = ||z +e|| P~1,z € R

E
Trace Gagliardo-Nirenberg inequalities: Assume now thata >n>p > landleth =g »

Then the inequality (41) can be written as

a—1
j hPa=p dx
AR"

a—1 P a-1
c1p ( P ) J ||IVh||Pdz + (a—n) | RPaPdz
p \a—p/ Jrn R7}

—f wil-adz
R

Ye
ap
for any C! and compactly supported function h in R? such that fRn ha—r = 1. In this case
+

we use the same argument as for the Sobolev inequality above to replace the Conditions
(C3) and (C¥4) of Definition (6.2.18).
Removing the normalization, we get

a-1 -1 P p-1
j war < e = () f Nl
OR" P/ Jr

p \a-— n
p2=1 p2=L
—| wtepap+(a—n)| havp (63)
Rie R}
with now
a-p

p-(] i)

¥
Let u = Z—:; and v = ;—:i that satisfy u, v > 1 and 1/u+ 1/v = 1. As for the Sobolev

inequality we rewrite the right-hand side of (63) as

— P p—1 a—1
c1-v ! ( P ) f | [Vh||PBFa—Pp — wi-a gPa—p
a—p R

p n R,

BY A - p=t 1 ,a-1
— — a-p — —f37a-p

with

a—1 p
A=Cl"? ( P ) and B =J wi-e
p a—p R

n
+e
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From the Young inequality applied to the parameters u, v and

A p pP=L
X =gy | |Vh||? and y = PP (64)
Rn
we get
a—1/ p \P pP=1 pa-1
e () wniEgte - [ wegte
p \a—p/ Jrn R7%,
a-1 a1
AP a—p ap
<= nme) (65)
(By)aP s
and then
-1 a-1
pa_—l AP a—p » a-p pa_—l
j h"a-pdx < =) j | |Vh]|,dz +(a—n)| h"ePdz(66)
OR" (B,)*P a—1\Jgy R}

from (43). For any A > 0, we replace h(z) = f(1z) for z € R}. We obtain

a—1

fPa=p dx
IR™
a-1 a-1
(a-n)(p-1) Aﬁ a—p a-p
<i e S OB piraz
(By)*P R
a—1

+1 Y a—-n)| fPerdz
Rn

Taking the infimum over 4 > 0 gives
a-p 6

a-1  \p(a-1 v a-1
(j fpa—p dx) SD(J | |\7f||de> <f fpa—P dz)
AR R R

for an explicit constant D and 6 €] 0,1] being the unique parameter satisfying

n—1la-p —-p —-p
- a—1_9 - +(1—9)— (67)

1
Removing the sign condition, we have obtained the followmg.

Theorem (6.2.16)[203]: For any a = n > p > 1, the Gagliardo-Nirenberg inequality
a-p

pa=1l \pla-1)
( f | f] a—pdx)
IR™
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Z] (1-0) a

-p
P pa=1 p(a-1)
<Dnpa (J IIVfIIde> < frap dZ) (68)
R R

holds for any C! and compactly supported function f on R%. Here 8 is defined in (67) and
Dy, 5, o 1s the optimal constant, reached when

_a-p
f@) = hy(@) = |1z +e|| 71,z € R
When a = n, then 8 = 1 and we recover the trace Sobolev inequality of Theorem (6.2.15).
Proof. From the above computation we only have to prove that the inequality (48) is
optimal.
First, it follows from Proposition (6.2.13) that inequality {43) is an equality when

_a-p
Vz € R, h(z2) = hy(2) = ||z + e]| P2

the function h, not needing to be normalized. Moreover, if inequality (65) is an equality,

then it is also the case for (66) and then (68). So, we only have to prove that (65) is an
equality when h = h,, that sums up to the fact that the Young inequality is an equality. This

is the case when x = yV~1 in (44), that is,

p—1, V-1

7h||?dz = (757 )
57 ), il dz = (4
or equivalently
a-p

A P _ap \ @
Vh||idz = p-1
7 ) 7RI = ([ Je+ers)

+

Letnow 7, = | .||z + e|]| %dz for @« > 0. Then
(4 ]R+

1—a
o a — p\P
c=_P o B = 77 oy,and | ||VhI[Pdz = (pr) 7 a1

p—1 — Pp—1 R™ 1/ pp=g

from their respective definition. Then, from the definition of A, equality in the Young
inequality indeed holds. This finally gives equality for the map h. It has to be mentioned
that the case a = n gives the optimality of the trace Sobolev inequality of Theorem (6.2.15).

In their work [96] on Gagliardo-Nirenberg inequalities where only the Euclidean
norm is considered), M. del Pino and J. Dolbeault observed that when the parameter a goes
to infinity, the sharp Gagliardo-Nirenberg inequality (32) in R" yields the IP-Euclidean
logarithmic Sobolev inequality
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p
Ent,, (fP) < z fPdx log Lpf [P71]. d (69)

P e [ frdx

for any positive function f. Here 1/p +1/q =1, L, is the optimal constant attained for

f(x) = e~IxI? and

p
Enty (fP):= | fP log dx.
wo [ f
This bound is an instance, when V(x) = ||x||? + C, of the following general inequality of

[185], [209]; for any V, f : R* — (0,+o0) suchthat [ e/ = [ e~V =1, there holds

jRn(f +V*(Vf))e S =n, (70)

with equality when f = V and is convex. Inequality (70) has been derived in [185], [209]
from the Prékopa-Leindler inequality, which is a consequence of the classical BBL
inequality (5). It says that for F, V, f:R™ - R and u € [0,1] such that [e™/ = [e7V =1
and

Vx,y € ]Rn,F((l —ux + uy) <A-wflx)+uV(y), (71)

then

jRne—F > 1. (72)

As above for the BBL inequalities, (72) can be rewritten in a dynamical form;
—LOV([)
e 1+h Y > (14+ h)", h = 0. (73)
]RTL

Then, as for above inequalities, this formulation can be linearized as h = 0,
recovering (70).
Our new BBL inequality (20) also yields the Prékopa-Leindler inequality (71) and (72) for

@ = 1 and a going to infinity. For that, it suffices to apply (61) with g = Z 1/ “(1+f/a),

W= Z;l/a(l +V/ja)forZy;=[ (1+g/a)®and Z, = [ (1+V/a)™% s= uZ;/a/

(ngl/a +(1- u)Z;/a) and = (1 + F/a)/(ngl/a +(1- u)Z;/a) , and then to leta go to

infinity.
In the derivation of (49) from the sharp Gagliardo-Nirenberg inequality, the argument in
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[96] 1s based on the key fact that the exponent 6 in Equation (54) goes to 0 when a — +o0o0.
In the case of the half-space R, the exponent 8 in Equation(47) goes to 1/p when a —
+00; hence, this method does not seem to adapt easily to the R} case. Hence, to get a trace
logarithmic Sobolev inequality in R} we rather resort to the argument, as follows.

Let then W:R?%?, - Rand g : R} - R such that [

-w _ -g — A7
e = e 9 =1, and define W
R} e fR’l ’

and g as in (57). Then by (73)
1 W, ~ ® 1w
f e 1+ 9 (7)dz = j f e THRn WY dqudyx > (1 + )™
R h Jrn-t
In the limit h = 0 we get the bound corresponding to (70) in the trace case, namely

(g + W*(Vg)) e 9>n+ f e 9 (74)
IR"

RY
whenever the function g is in an appropriate set of functions. We will not give here more
details. As in again, let now > 1, || - || be anorm in R", and let W (z) = C||z||?/q for z €
_lx

q/n
e 4 dx) is such that fR" e W =1. Then W*(y) <
+e

n
+

R%,, where C = <fR

CP||y||?/p fory € R? , with 1/p + 1/q = 1. Let then f be a positive function on R?
such that fRn fP =1, and apply inequality {54) to g = —p log f. After removing the
+

normalization we obtain

Ente (F7) < (%)p [

Inequality (75) is a trace logarithmic Sobolev inequality. It does not have a compact
expression as does inequality (69) in the case of R™, where the scaling optimization can be
performed. In R, it improves upon the usual (69) if we consider functions on R”.

The time derivative of the Hopf-Lax formula (65) has been treated in different
contexts, namely for Lipschitz (as in [182]) or bounded as in [216]) initial data. In our case
the function g grows as |x|? with p > 1 at infinity and thus these classical results cannot be
applied. We will thus follow the method proposed by S. Bobkov and M. Ledoux [171],
extending it to more general functions W and also to the half-space RY.

We give all the details for the half-space R} that are more intricate.

||Vf||fdx—annfp clx—Ja £P dx. (75)

n n
+ R¥

Let a >n and let g:R% - (0,+), W:R%, - (0,4+) such that fMg_a and

f]R” W~ are finite. The functions g and W are assumed to be C?* in the interior of their
+e

respective domain of definition. Moreover, we assume that W goes to infinity faster that
linearly
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W(x)
x€ERY | x| 00 |x|

Our objective is to give sufficient conditions such that the derivative at h = 0 of the function

= +oo, (76)

R* 3 h HJ f ol ()" *(u, x)dudx
h JRr-1

is equal to
: w*(v
—J g'~%dz+ (a—1) (ag)dz,
OR® R 9
where
W*(@y) = sup {x-y—-W(x)}y€R™ (77)

n
xXERY,

For this, let us first recall the definition of 0}Y g; for x € R,

. —y |
Oh g(x) = { yeR?, ;ny€R+h6 [g(Y) + hW( n )] ifh >0,
or equivalently, for h > 0 and x € R%,,,,

yER® X —h eR®

Z
o 05000 3)
yeIR{’jhlegc—zeIR{ﬁ {g(x 2) + AW <h
First, we have the following:

Lemma (6.2.17)[203]: In the above notation and assumptions, for all x € R} o

0
—ln=o0l () = =W (7g(x)) , (78)

Proof. We follow and adapt the proof proposed in [171]. Let x € R%} bee fixed.
By definition of 0} g, for any z € R%, and h > 0 small enough so that x — hz € R%, one
has

Oy g(x) — g(x) _9&—hz) —g(x)
h - h
Since g is C! , then for all z € R?%,
lim su Oy g(x) — g(x) -
h—-0 P h -
Then, from the definition (77) of W,
lim su Oy g(x) — g(x)
h—-0 P h
We now prove the converse inequality. Let

Ayp ={z € R}, hW(z) < g(x — he) + hW (e)}.
For a small enough h > 0 such that x — he € R? we have 0/ g(x) < g(x — he) +
hW (e) , so

+ W(z2).

—Vgx).z+W(z2).

< —W*(Vg(x)) :
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0V g(x) = inf {g(x — hz) + hW (2)}.

ZE€EA,,x—hz€eRY
Hence,

Mg —gt) _

h ZEAy,x—hzeRY

{g(x — hz) —g(x)

A + W(z)}

= inf  {-Vg(x).z+ zex(hz) + W(2)},

z€Ay,x—hzeRY}

where ey (hz) - 0 when hz — 0. It implies

I I it (Vg 2+ 25y () + W),

By the coercivity condition {Al) on W and since g is locally bounded, the set Ay, is
bounded by a constant C, uniformly in A € (0,1) . In particular for every n > 0, there

New Borell-Brascamp-Lieb inequalities and applications exists h,, > 0 such that forall h <

h, and € A, j, |ex(hz)| < 1. Moreover, for all h < h,,

w —
Op g —9) . ¢ {-Vg(x).z+W(2)} - Cn

h Z€Axh

> inf {-Vgx).z+W(z)}—-Cn

n
z€R,

= -W*(Vg(x)) — Cn.
Let us take the limit when h goes to 0,
Oy g(x) — g(x)
L > _w* _
}ll_r>r(1) inf . > - (Vg(x)) Cn.
As 7 is arbitrary, we finally get equality (78). blacksquare
Our assumptions on the couple (g, W) are summarized in the following definition.
Definition (6.2.18)[203]: Letn > 2, g : R} = (0,+) ,and W : R}, = (0,+0) . We say
that the couple (g, W) belongs to F¥ with a = n if the following four conditions are
satisfied for some y:

(C1) > max {ﬁ, 1}

(C2) There exists a constant A > 0 such that W (x) > A|x|" for all x € RY,.
(C3) There exists a constant B > 0 such that |[Vg(x)| < B(|x|*~! + 1) for all x € R%. (C4)
There exists a constant C such that C(Jx|” + 1) < g(x) for all x € R%.

In the following, we let C; denote several constants that are independent of h > 0 and x €

R% .., but may depend on y , 4, B.
Lemma (6.2.19)[203]: Assume (Cl) ~ (C4) . Then, we find a constant h; > 0 such that,
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forall h € (0,h;) and x € RY,,
—Cih(1+ |x]") < 07/ g(x) — g(x) < Gh(Ix]™" + 1)
Proof. i. Let us first consider the easier upper bound. For any h > 0 and x € RY,,, then
—he € R% , so that
O g(x) — g(x) < g(x — he) — g(x) + hW (e) .
On the other hand, for any x € R} and y € R" such that x + y € R} we have from (C3),

lg(x +y) — g(x)]
1 1
- |f 7 g(x + 6y).yd6] < |y|f Vg (x +6y)]d6
0 0

< Glyl(x" 7 + Iyt + 1) (79)
From this remark applied to y = —he with h € (0,1) , one gets for any x € R%,,
0V g(x) — gx) < C,h(|x]"" 1+ 1) + kW (e) < Csh(|x|V™1 + 1) .(80)
ii. For the lower bound, we first need some preparation. Thus, fix h € (0,1) and x € R%,,
arbitrarily. Let § € R, , be a minimizer of the infimum convolution

. y . y
0Y g(x) = inf [g(x —y) + hW (ﬁ)] =g(x—9) +hW (E) :
Such a y surely exists by (C2) and (C4). From (80) and (C2) we have (recall that h < 1),

91" < hw () < 900 —g(x =P+ G+ DL (81

hV —1
From inequality {A4),
l9(x) = g(x =PI < 9Nl + 91" + 1]. (82)
From (82) and (81),
917 S CalIP ™ 19177+ D+ Gl + 1),
Choose a small constant 0 < h; < 1 so that
hy
When 0 < h < h; , we have
91>

< C[1+ x|V ?
91+ 1 711+ |x[V7]

so that

91 < Ce(1 + |x]).
iii. Then, fix h € (0, h,) and x € RY,,, arbitrarily, where h; is the constant defined in Step
By the arguments in Step 2, we see that

O g(x) — g(x) = [9Gc—y) = g+ hw (£)] . (83)

R, . x— llelf <Cg(1
yE +h€’x ye +|Y|—C8( +|x|)

we have

9G) - gGx—y) < Iyl f | 7g(x — Oy)|de. 84)
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When |y| < Cg(1+ |x]) and 0 < 8 < 1, we have |x — 0y| < (1 + Cg)(1 + |x|) , so that
|Vg(x —0y)| < Co(1+ |x|V™1) by (C3), uniformly in 0 < 8 < 1. Thus, when |y| <
68(1 + le) 5
we have, by (A9),
g(x) — g(x —y) < Co(1 + |x|" Dyl
Hence, by (83) and (CI), we obtain
y

oy — > inf —Cy(1 y-1 hW (=
Vg —gCo = . inf =G0+ DLyl + (7))

[~e1 + 1Pyl + |
? hy — 1

> . inf
yER+hef|y|SC8(1+|x|)

> j _ V-1
> inf [ Co1+ Il Dyl +

yeR™?

1|

= —Cyoh(1+ |x|V_1)%-
The last equality 1s a direct computation. Therefore, we conclude that
O g(x) — g(x) = —=Cy1h(1 + |x|V) .
The proof is complete.
Lemma (6.2.20)[203]: Assume (C1) ~ (C4) . Then, we find constants Cy, h, > 0 such that
forall h € (0, h,) and x € R},

0¥ g - g G
| h = T e

Proof. First, forany a, f > 0 and > 1, then
la'~* =g < (a—D]a—Bl(a™ + 7). (85)
Indeed, if for instance 8 > a > 0, then for some 6 € (a, f) we have
al™ —ple=(@a-1DP-a)f*<(a—1)(L—a)a
By inequality (85) and Lemma (6.2.19), we have

w 1-a 1-a w
9297 < (a1 I I o g y-a 1 gy
< K (1+ |xM[0 g()™ + g(x)™]
forall h € (0,hy) and x € RY,,..
On the other hand, by (C4) and Lemma (6.2.19), we have for all h € (0, h;) and x € R%,,
0y g(x) = g(x) — Ci(1 + |x|") = (€ — Gh)(Ix|” + 1)
Choose a small constant h; so that

S C_Clh3

N O

and let h, min {h,, h3}. Then, for all
C
0¥ g(x) =5 (1xl” +1)

whence, again using (C4),
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0 g — (g(0)
h

| | < G(1+ [x[")e

for all h € (0, h;) and x € R%, .
We can now state and prove the main result.

Theorem (6.2.21)[203]: In the above notation, assume that the couple (g, W) is in F{. Then

d @ . w*v
o [ [ ok @y eptuas =~ [ gmeax+@-n [ 70
h JR"™

dZ.

Proof. One can write the h-derivative as follows:

%(j:o jRn_lo,‘{V ()Y %(u, x)dudx — fRn

1 (0]
=_ <] j g1 ® (u, x)dudx — j gl ? (u, x)dudx)
h\Jp Jgn-1 RT

+= (fhoo Jgn-s 0 (@', x)dudx — [* [0, 977 (w, x)dudx) .
First

1 «© 1 h
- <] j g1~ * (u, x)dudx — j gl % (u, x)dudx) = — —j f g% (u, x)dudx,
h\Jp Jgn-1 R™ hly Jgn-1

which goes to — [o,; ' (0,x)dx = — [, . g' 7% when h goes to 0. Secondly,
+

gl e (u, x)dudx>

1 (e 0] (0]
— (j j 0/ (g)1™%(u, x)dudx — f g% (u, x)dudx)
h h JRn-1 n JRn-1

=j IOKV(g)l'“(u,X)—gl'“(u,x)ll
RY

A uspdudx. (86)

By Lemma (6.2.17) the function in the right-hand side of (All) converges pointwisely to
W*(Vg)g=® as h = 0. Moreover, since y(a — 1) > n, by Lemma (6.2.20) it is bounded
uniformly in h by an integrable function. Hence, by the Lebesgue-dominated convergence
Theorem the left-hand side of (All) converges (when h — 0) to

(a=1D | W (Vg)g™.
RY
The proof is complete.
We only give the result and conditions for the R" case.

Welet g, W : R" - (0,+0) suchthatgisCtand [ g™ =[ W™ =1

Definition (6.2.22)[203]. Let n: R® = (0,4) and W : R™ — (0,40c0) . We say that the
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couple (g, W) belongs to F™ with a = n(a > 1 if n = 1) if the following four conditions
are satisfied for some y:

(Cl)y > max {ﬁ, 1.

(C2) There exists a constant A > 0 such that W (x) = A|x|" for all x € R™.

(C3) There exists a constant B > 0 such that [V g(x)| < B(|x|*~! + 1) for all x € R™. (C4)
There exists a constant C such that C(|x|¥ + 1) < g(x) for all x € R™.

Theorem (6.2.23)[203]. Assume that the couple (g, W) is in F¢. Then, the derivative at
h = 0 of the map

(0,+0) 3 h > f o ()1

is equal to
w*Vg)
-0 =2%

Section (6.3): Convex Cones and Convex Domains
The classical Sobolev inequality states that, for any function f sufficiently smooth
and decaying fast enough at infinity, defined on the Euclidean space R™ with n = 2 (for
instance, f € C.°(R™)), and for any p € [1,n),
pn

1l ey < NS o, P =

Furthermore, equality is reached in inequality (87) if f can be written
p—n
P

(88)

£G) = (1 + [lx]P/®D)

up to a translation, a rescaling, and multiplication by a constant, where ||. || is the Euclidean
norm. This was proved by Talenti [178] and Aubin [170] independently for p = 2. The
Sobolev inequality can be seen as a corollary of a more general inequality, the Gagliardo-
Nirenberg inequality, which states that

IfllLagmy < CNVFN e ey F 11 Ry, (88)
forany p € [1,n), q,r € [1,+], 6 € [0,1] such that

1 1 o
S e
q p n

whence the case 8 = 1 is exactly the Sobolev inequality. This family of inequalities has
been notably investigated by del Pino and Dolbeault [8], who, studying the 1-parameter sub-
family given by p = 2 and r = q/2 + 1, have not only found an explicit sharp constant, but
also proved that there is equality if, and only if, f has the form

2
f(x) =1+ ||x||*)2z-a
up to, once again, a translation, a rescaling, and multiplication by a constant.
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As Bobkov and Ledoux [114] showed, these sharp inequalities can be reached within the
framework of the Brunn-Minkovski theory [177]. With this approach, the sharp inequality
follows in the more general case where the Euclidean norm is replaced by a generic norm
on R", which is a result already proved by Cordero-Erausquin, Nazaret, and Villani using
optimal transport [173]. This makes sense, since the Brunn-Minkovski inequality directly
implies the isoperimetric inequality, which is famously equivalent to the sharp Sobolev
inequality with p = 1 (for a nice overview on this subject, see Osserman’s article on the
isoperimetric inequality [87]).

The key tool Bobkov and Ledoux use is an extended Borell-Brascamp-Lieb inequality, a
quick proof of which using optimal transport is given by Bolley, Cordero-Erausquin, Fujita,
Gentil and Guillin [81]. Let us state the Brunn-Minkoski inequality: for any compact
nonempty subsets A and B in R™, and any t € [0,1]

|tA + (1 — ©)B|Y™ = t|A|Y™ + (1 — ©)|B|Y™,
where |. | denotes the Lebesgue measure on R™. This is to say that the volume, to the power
1/n, is concave with respect to the Minkowski sum, defined by A+ B = {a + b, (a,b) €
A X B}. The classical Borell-Brascamp-Lieb inequality [4], [5], just like the isoperimetric
inequality, follows from the Brunn-Minkowski inequality. It is, in some sense, its functional
counterpart: let t € [0,1] and u, v, w: R™ — (0; +0] such that for all x, y € R",

W((1 —t)x + ty) < ((1 - t)(u(x))_l/n + t(v(y))_l/")_n

jwz min <fu,fv>.
Playing with the exponents and normalizing this inequality gives the following

reformulation of the Borell-Brascamp-Lieb inequality: let, W, and H : R™ — (0, 4+o0], and
t € [0,1],suchthat [ g™ = [ W™ = 1 and

then

Ve, y ERLH((1—tx+ty) < (1 —t)g(x) + tW(y)
then
fH_” > 1. (89)

Applying this inequality to the greatest function H meeting these criteria allows us to prove
that

JW* Vg) g™t =0, (90)

where W™ is the Legendre transform of W. This inequality, turns out to be equivalent to the
Borell-Brascamp-Lieb inequality we use here. This might look like it is to be expected,
because of the semigroup structure that underlies the theorem, but is actually a little bit
surprising, because said semigroup is not quite linear.

Inequality (90) can, in turn, be used to prove sharp Sobolev-type inequalities, but in the
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end proves to be limited as it does not allow to reach the full range of Gagliardo-Nirenberg
inequalities showcased by del Pino and Dolbeault [174]. Thus, a better inequality to work
with is the following extension of the Borell-Brascamp-Lieb inequality, which was proved
by Bolley et al. [81].

Theorem (6.3.1)[218]: Let n = 2, and t € [0,1]. Let , W, and H : R™ - (0, +] be

measurable functions such that [ g™ = [ W™ = 1 and

Vx,y € R",H((l —t)x + ty) <A-t)glx)+tW(y) (91)
then
le‘" > (1-— t)ng_" + thl‘".

With this theorem, we are able to prove sharp trace-Sobolev inequalities on convex
domains. We prove sharp trace Sobolev in some convex domains, and sharp trace Gagliardo-
Nirenberg inequalities in convex cones. In what follows, [|.|| is a norm on R™, and ||. ||, is

the dual norm, defined by [|x||, = supjyj=1X - y. In L7 norms of vector functions, the dual

norm ||. ||, will be used. Let ¢@: R® ! - R be a convex function such that ¢(0) = 0. We
consider functions defined on ¢’s epigraph, that is 2 = {(xy,x;) E R" 1 X R, x, >
¢(x,)}. We say that 2 is a convex cone whenever ¢ is positive homogeneous of degree 1:
forall t > 0 and x; € R" 1, ¢(tx;) = tp(x;) .

Theorem (6.3.2))[218]: Leta=n>p > 1,and 2 = {(x1,x;) €E R" I X R, x, = ¢(x;)}

be a convex cone. There exists a positive constant Dy, ,, ,(12) such that for any non-negative

function f € C°(N2) ,

1/q
( fR n_lfq (X,¢(x))dx) < Do a DNVF 5o 1 f 1 Zacay» (92)

where
a—p a—1

4 =D

0 = :
pla—nm—1)+n a—p

_a-p
Furthermore, when f(x) = ||(x1, x, + D)|| P2, then (92) is an equality.

The fact that there exists a function for which the equality is reached means that the constant
Dy o (£2) may be computed explicitly. Choosing a = n, Theorem (6.3.2) immediately

yields the sharp trace Sobolev inequality as a corollary:
Corollary (6.3.3))[218]: Letn >p > 1,and 2 = {(x1,x;) E R X R, x, = ¢(x;)} bea

convex cone. There exists a positive constant Dy, ,(2) = Dy, , ,(2) such that for any non-

negative function f € C.°(12) ,
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b1
n-1 p(n—
( _— fpn—p (X, ¢(X))dx> < Dn,p(ﬂ)”Vf”me)’ (93)

_n-p
Furthermore, when f(x) = ||(x1, x5 + 1)|| P2, then (93) is an equality.
The case 2 = R% has already been studied by Nazaret [10].
If we only assume {2 to be convex, we prove, under some growth criteria on (2, the following
sharp weighted trace Sobolev inequality:
Theorem (6.3.4)[218]: Letn >p > 1, and 2 = {(x1,x,) E R*" 1 X R, x, = ¢(x;)} be a

convex set. There exists a positive constant D,’l,p (2) such that for any nonnegative function

fecr),
n-1
p=L , » \* P
1f nep (xp ¢(x1))P(x1)dx1 < Dn,p('Q) <J | Vf”*) (94)
RM- 0
_n-p
where (x1) =1+ ¢p(xq1) — xq - Vop(xy) . Furthermore, when f(x) = ||(xq, x5, + 1)|| P12,
then (94) is an equality.
Once again, Dy, ,(£2) can be computed explicitly. This inequality may be surprising, since

the weight P can (and usually is, whenever (2 is not a cone) negative outside a compact
neighbourhood of 0, but it is still sharp. For instance, with the set defined by ¢(x) = [|x||?,
the weight becomes P(x) = 1 — ||x||?, which happens to be negative outside the unit ball.

One may define 902, c 32 such that 902, = {(xy, ¢(x1)), P(x,) > 0}. In that case,

inequality (94) restricted to functions f € CZ°(U df2,) becomes a regular weighted
inequality, with a positive weight. We first study the infimal convolution, which is the key
tool in the proof of Theorems (6.3.2) and (6.3.4). Once some crucial properties are
established, we prove the Claim (6.3.19)ed equivalence between the classical Borell-
Brascamp-Lieb inequality (89) and its differentiated formulation (90), within some
limitations. we move on to prove the main Theorems (6.3.2) and (6.3.4), starting from an
improved version of the Borell-Brascamp-Lieb inequality. The technical details, which will
be glided, can be found in the comprehensive
Let t € [0,1) . To use Theorem (6.3.1), instead of considering any H such that

v,y E R, H((1—tx+ty) < (1 —t)g(x) + tW(y),

we may well choose the greatest such function. That is,
H(z) = inf {(1-t)g(x) + W)}
(1-i)x+ty=2zxy eR"
or, writing h = t/(1 —t),
H(z2)
1—t

inf {g (% o hy) + hW(y)}.
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This formula, being explicit, allows for some properties to be brought to light. It motivates
the definition, and the study, of the so-called infimal convolution:
Definition (6.3.5)[218]: Let, g: R" - R U {+0}. Their infimal convolute fOg: R* - R U
{+0} is defined by
(fg)(x) = inf{f(y) + g(2),y + z = x} = inf{f(y) + g(x — y)}.

The infimal convolution of f with g is said to be exact at x if the infimum is achieved, and
exact if it is exact everywhere.

With this definition, and whenever h = t/(1 — t) > 0, the greatest function H in Theorem
(6.3.1) is given by

H(z) = 1 - t)inf {g (= —y) + W (y/h)} = (1 — )(gohw (/) (z/(1 - 1))
we thus define

Qr' (9) = gohW (./h) = x = inf{g(x — y) + hW (y/h)}.
Using QY in Theorem (6.3.1), inequality (91) becomes

| e @z [gmenfwer (95)

but there exists a slightly more general version of this inequality, namely Theorem (6.3.16).
To begin with, let us first showcase some properties of the infimal convolution. Here to build
some intuition about infimal convolution, before proving specific results useful for the study
of QY.

Definition (6.3.6)[218]: With any function f: R" - R U {400}, we associate its

- essential domain (usually shortened to domain), dom f = {x € R", f(x) < +o0};

- epigraph, epi f = {(x,@) E R" X R, f(x) < a};

- strict epigraph, episf = {(x,a) € R" X R, f(x) < a}.

Furthermore, the function f is said to be proper if it is not equal to the constant +oo.

With these definitions, we highlight in the next proposition the link between infimal
convolution of functions and Minkowski sum of sets, classically defined for two sets A, B
byA+ B ={a+b,(a,b) € AXB}.

Proposition (6.3.7)[218]: Let, g: R™ - R U {+0}. Then

-dom fOg = dom f + dom g;

repi;fOg = episf + episg;

- epi fOg D epi f + epi g, and equality holds if, and only if, the infimal convolution is
exact at each x € dom fOg.

Proof of this proposition and more in-depth details on infimal convolutions can be found in
Thomas Stromberg’s thesis [13]. The more delicate question of regularity of the infimal
convolution is only addressed in the particular study of Q) (g) . That is because there is
not one natural set of assumptions ensuring regularity, so it really depends on the goal,
which, here, is that Q}¥ (g) should be smooth enough to prove Sobolev inequalities. We only
prove the following lemma in the most general case, since it is very useful.

Lemma (6.3.8)[218]: Let f, g: R™ - R U {400} be lower semicontinuous functions. If f is
nonnegative and g is coercive, that is,
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lim g(x) = 4o,

llx]|—=+00

then fOg is exact.

Proof. Fix x € R™. Consider ) : R" - RU {+o},y = f(x —y) + g(y) and assume that
there exists y, such that Y (y,) < 400:1 is lower semicontinuous, and greater than g, thus
tends to +oo as ||y|| goes to +oo. As such, {y € R™", Y (y) < Y (y,)} is closed and bounded,

thus compact. Now, let (y,,) € {¢p < Y(y,)} be a minimizing sequence, lirIl Y (y,) =
n-+oo

infy,cgn{1(y)}. By compactness, we can assume that the sequence (y,,) converges towards

z € R™, and by lower semicontinuity, —co < (z) < lirP Y (yn) = inf,egn{yp(y)}, thus
n—+oo

the infimum is finite and is actually a minimum. If such a y, does not exist, then fog(x) =
+00, and the infimum is also reached.

We begin here the specific study of Q}'(g) = gaohW (./h) . The study of the
regularity of Q)Y (g) with respect to h > 0 is crucial, because we would like to differentiate
inequality (95) with respect to h. Let us first state some classical results about the Legendre
transform. The proofs can be found in Evans’ book, [9], and Brézis’ book, [6].

Definition (6.3.9)[218]: The Legendre transform of W is defined by

W*») = sup{x-y—W(x)}€eR

By definition, W™ is a lower semicontinuous convex function, but it is not always proper.
For W* to be well behaved, we have to assume a little bit more about W. In fact, it is enough
to assume W to be lower semicontinuous: indeed, if W:R"™ - R U {40} is a lower
semicontinuous proper convex function, then W™ is also a lower semicontinuous proper
convex function, and (W*)* = W. The infimal convolution is not only closely related to
Minkovski sums, but also to Legendre transforms, as the next lemma shows.

Lemma (6.3.10)[218]: Let g, W:R™ — (—00,+] be two measurable functions. If g is
nonnegative and almost everywhere differentiable on its domain dom g = (), (with

nonempty interior), and W grows superlinearly,
W)

)

1
[x|—>+00 |x|

then for almost every x € 03, h = QY (g)(x) is differentiable at h = 0, and
0 *
2 s Q¥ () = ~W* (Vg ()

where W™ is the Legendre transform of W.
Proof. Let 2; = dom W, and fix x € 0§ such that the differential of g at x exists. Let y €
0. For h > 0 sufficiently small, x — hy € £,, and we get, by definition of Q; (g) ,
Qr (@) —g() _glx—hy) —g(x)
< +
h h
Taking the superior limit when h — 0 yields

wW(y).
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i sup Qn (g)(afcl) —g(x) < Vg() y+ W),

This being true for any y € (2;, we may take the infimum to find that

Conversely, fix e € £2,, and hy > 0 such that B(x, hy||e]|) €. For h € (0, hy) , define
Qe ={y € 2, (W (y) < g(x — he) + hW (e)};
note that e € 2., We Claim (6.3.19) that lim supy,.,, {Rllyll,y € 2y} = 0.Indeed, ify €

2 p, then

hilyll

i |) <glx—he)+hW(e) < _sw_ g(z) +hoW(e).

|y ,eBGoRollel

Now, when h goes to 0, either lim sup ||y|| < +oo, or lim sup ||y|| = +o0; in both cases,

since lim W)
ly|=+oc0 IVl

QY (g)(x) < g(x — he) + hW (e) , hence Q)Y (g)(x) = infyeq, ,{- - -} Thus,

= +o0, the Claim (6.3.19) is proved. Notice now that for all h € (0, hy),

w _ — hv) —
Qn (g)(afcl) g(x)=yeiB£k {g(x 3;1) gx) +W(y)}

= yégg{ Vg(x) -y +y-e(hy) + W(y)}

where €,,(z) = 0 when ||z|| = 0. Let 1 = 1 > 0; the Claim (6.3.19) proves that there exists

h, € (0, hy) such that for all 0 < h < hy,, Vy € 0, 4, ||ex(hy)|| < n. Thus,

w —
Qn (g)(;cl) g(x) > yeigik{_vg(x) y—=nllyll + W(y)}

=, b
y€B(O,R)

> inf {-Vg(x)-y+W()}—Rp
VEQu k

> -W*(Vg(x)) — R,
where R was chosen such that ||y|| = R => W (y) = (||[Vg()|| + DIyl + W(e) —Vg(x) -
e. Finally, taking the inferior limit of this inequality, and noticing that the result stays true
for any 0 < < 1, we may conclude (since R is independent from 7)) that

QR (@) (x)— 9 _
Ll_l’)r(l) - —w (Vg(x))
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This differentiation result is enough to prove the main theorems contained but we can go
a little bit further with more assumptions on g and W. Assuming W to be convex bestows
upon Q,‘{V a semigroup structure:
Lemma (6.3.11)[218]: Assume that g: R™ — [0, +o0] is lower semicontinuous, and that W

is a lower semicontinuous proper convex function such that lim W (x) = +oo. Then, for all

x ER"and 0 < s < h,
Qr' ()0 = min {g(x —hy) + AW ()}

= Qrs(Q¥ (9)) () .
Proof. Exactness was already proved in Lemma (6.3.8). Notice that

QY (Q¥ () (x) = infinf {g(x = (h =)y = 52) + (h=IW () + sW (2)}

< inf {gGc—hy) + AW ()} = Qr (9)(x) .

Conversely, let y € R™, and choose z € R" such that

Q' (@) (x — (¢ —5)y) = glx —s2) + sW(2).
Then, by convexity,

W()(x) < glx — (t —5)y — sz) + tW (t_TSy +§)

<glx—(t—-s)y—sz)+({t—s)W(y) +sW(z)
=t -9WQ) + Q¥ (@ —(t—5s)y).

Taking the infimum over y € R™ proves that Q' (9)(x) < Q/.+(Q¥ (g))(x) , and thus

there is equality.

We want to investigate if some kind of regularity is preserved under the operation of
infimal convolution. The answer is yes, under certain specific conditions. We will also
provide an example showcasing regularity loss, emphasizing the delicate nature of this
question. Work on this subject already exists, notably in Evans’ book [175], where there is
a global Lipschitz assumption, or in Villani’s book [179], where functions are bounded.
However, such assumptions are at odds with the goals we aim for here, as ultimately, we
want g~% to be integrable for some exponant a > 0.

We study the case where g and W are finite everywhere.
Lemma (6.3.12)[218]: Let g, W : R™ = R. If g is nonnegative, locally Lipschitz continuous,
and W is convex and coercive, then (h,x) » Q' (g) is locally Lipschitz continuous.
Proof. In order to prove the full local Lipschitz continuity, we must first localize the arginf
of the infimal convolution. Fix p >0, n >0, and let x, x' € B(0,p) and 0 < h <.
Consider the set

Qen:={y €eR", g(x —y) + (W (y/h) < g(x) + AW (0)}.
We Claim (6.3.19) that, by positivity of g, and convexity of W, the set is bounded. Indeed,
since W is convex and coercive, there exists R > 0 and m > 0 such that
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Iyl > R = W(y) = m|lyl|.
If y €y, then either |ly|| <hR <R, or ||y||>hR and then g(x)+ hW(0) =
hW (y/h) = m||y||. Invoking continuity of g, we may prove the Claim (6.3.19), and

conclude that there exists R, ,, independent from x and h, such that 2, , € B(0,R,,) .

P

We prove the local Lipschitz continuity with respect to x. The functions g and W are
assumed continuous, and so the infimal convolution is exact, and there exists y € R™ such

that Q7 (g)(x) = g(x —y) + AW (y/h) . Necessarily, [|[y|| < R, ., so
Qr (@) — QY (@) () = inf{g(x’ —y") + AW (' /h)} — g(x — y) — hW (y/h)
sg=y)—glx—y)
= (LipB(O,p+Rp'n)g) llx = X7,
where Lipsf: = sup,zxeallf(x) — f(x)]/]|x — x'||}. By symmetry, we conclude that

1QF (9)(x") = @ (@) ()| < (Lipp(o pir,,)9) IIx = Xl

hence the local Lipschitz continuity with respect to x.
Now,

V(@) —gx) = inf {gx—y)—gx)+hrW(y/h)}

y€B(0,Rp )

> _inf {=(Libg(oper,9) IVl + W (/D)

yEB(O'Rp,Tl)

=h , (FAlizll + W(2))

inf
z€B(O,Rpn/h

>—h sup {A)z|| —W(z)}
te(B(0,1)

> —h sup W*(t),
where A = Lip B(0,p+Rpn) 9" Conversely, by definition,
Qr' (@) (x) — g(x) < W (0) ,
and thus |Q}V (g)(x) — g(x)| < Ch, where C = max {W(O), suptEB(Olﬂ)W*(t)}. Note that
C is finite because W™ is, by definition, convex and finite on R"™, thus continuous. Finally,

using the semigroup property Q1 s(g) = Q1Y (Q¥ (g)) and the fact that the Lipschitz

constant with respect to x is uniformly bounded by Lip B(0,0+R ) for 0 < h <17, we may

conclude for the full local Lipschitz continuity.

The above lemma is a slight generalization of the following proposition:
Proposition (6.3.13)[218]: Let f, g : R™ = R be lower semicontinuous functions. If f is
nonnegative, locally Lipschitz continuous, and g is coercive, then fOg is locally Lipschitz
continuous. Here, we do not need any convexity assumption, which was only used to prove
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Lipschitz continuity with respect to the (n + 1)th variable, h. Also, note here that it is
important for f and g to be finite everywhere, which will not. In order for fOg to be locally
Lipschitz continuous, further assumptions are needed on f and g, in particular on their
domain. For example, if dom f = {x,}, then fOg = f(x,) + g(. —xy) , so it already seems
necessary that both f and g be at least locally Lipschitz continuous. However, this is not
sufficient. Consider for example the following functions f and g, defined on R? by

1 ifx; € [0,1],x; = 0,
[y x) = {1 —x ifx =0,x €[01]
+o00 otherwise,
And
(0 ifx; € [0,1],x, =0,
9(xy,x3) = {+oo otherwise,
then

1 ifx; € (0,1],x, € [0,1],
1—-x, ifx;= x, €[0,1]
0 ifxy= x, €[12]
+00 otherwise
1s not a continuous function. This example can easily be adapted to obtain a discontinuous
infimal convolution for smooth functions f and g. We conjecture that if the domain is
assumed convex, and if both functions are Lipschitz continuous, and their domain is of non-
empty interior, then their infimal convolution is Lipschitz continuous.

Lemma (6.3.12), together with Lemma (6.3.10) and Rademacher’s theorem, prove the
following proposition:
Proposition (6.3.14))[218]: Let g, W:R"™ - R. If g is nonnegative, locally Lipschitz
continuous, and W is convex and grows superlinearly,

W(x)

(fog)(xy, xz) =

)

i
xl=+o0 x|
then, for almost every h = 0 and x € R",

Z QY (@) = -w* (VQl g())

We prove an interesting equivalence between the classical Borell-BrascampLieb inequality
and its differentiated expression, as announced in the introduction. It is also a good
presentation of what is to come.
Proposition (6.3.15)[218]: Let g, W : R™ = R. If g is nonnegative, locally Lipschitz
continuous, and W is convex and grows superlinearly,

W(x)

)

i
[x|—>+00 |x|
and are such that [ g7" = [ W™ =1, and if (g, W) is admissible in the sense of
Definition (6.3.21), then the following statements are equivalent:

a. The Borell-Brascamp-Lieb inequality holds: for every t € [0,1] and H: R™ — R such
that
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Vx,y € ]R“,H((l —t)x + ty) <A-t)gkx)+tW(y),

fH_"Zl.

f w*(Vg)

gn+1

there holds

b. The following inequality stands:

= 0.

Proof. By definition of the infimal convolution Q;' (g) , it is actually sufficient to only
consider the function H = (1 — £)Q/ (g)(. /(1 —t)) , where h = t/(1 — t) , in statement
a. In fact, this leads to the statement a

[er@m=1

which we prove is equivalent to b. Let us consider the function ¢: h — [ Q) (g)™™, which

1s continuous and almost everywhere differentiable in light of Lemma (6.3.12) and Theorem
(6.3.22). Its derivative is given by

w*(v

The implication a’. = b. follows from the fact that ¢(0) = 1, and @(h) = 1 for h = 0.
Then, necessarily, ¢'(0) = 0. Conversely, assume that b. holds. Then, whenever h > 0 is

such that @(h) = [ Q)Y (g)™" = 1, statement b. applied to the function § = Q}’ (g) and

the corresponding function ¢ implies that ¢'(0) = ¢@'(h) = 0 thanks to the semigroup
property proved in Lemma (6.3.11). This, together with the fact that ¢ (0) = 1, proves that
@ stays above 1, which is exactly statement a. Once again, we insist on the fact that the
semigroup Q,'{V 1s not linear, and not Markov, which means, in particular, that there is no
mass conservation. As such, this result stands as a bit unusual among similar results. Bolley
et al. [3], the dynamical formulation of Borell-Brascamp-Lieb inequality.

Theorem (6.3.16)[218]: Let a > 1 and n € N* such that a = n, and g, W : R"* - (0, +0]

be measurable functions such that [ g=% = [ W~* = 1. Then, for any h > 0,

g+ hj wi=e,  (96)

Rn

a+wer | o = |

RN R™
where
Q' (9)(x) = inf{g(x — hy) + "W ()} € (0, +oo].
Furthermore, when g is equal to W and is convex, there is equality.
To see that there is equality whenever g = W is convex, fix x € R". For any y € R", since
X

1 h
Tl Gl )l twrnd
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W(x—hy)+ h
1+h 1+h

(1+h)< 17

W(y)) > (1 +hW (L) .

Conversely, Q)7 (g)(x) is achieved at = x/(1 + h) . In particular, for all x € R™, h > 0,
o WG = A+ hw (=),

and equality in (96) is a straightforward computation. In [81], Bolley, Cordero-Erausquin,
Fujita, Gentil, and Guillin use Theorem (6.3.16) to prove optimal Sobolev and Gagliardo-
Nirenberg-Sobolev type inequalities in the half-space R} = R"*"1 x R, . We want to extend
these results to more general domains 2 in R™, where n = 2. Let us assume that (2 is the
epigraph of a continuous function ¢: R®! - R such that ¢(0) = 0. In other words,
2 ={(x1,x2) ER" X R, x, = p(x1)}.
Lete = (0,1) € R* ! x R, and for h = 0, define
02, =0+ {he}={(x;,x) ER"I X R, x, > ¢(x;) + h}.
Leta = n, and consider g: 2 = (0,4+o) and W : 2, — (0, 4+0) , two measurable functions

such that [, g=¢ = | o, W™ = 1. After extending these functions by +co outside of their

respective domain, inequality (97) yields

A+ [ Q ()t > j ge+n | wie (97)

By, o) 24

where
By = dom (01 (9)).
When g(x) = W(x + e) and W is convex, then
x+e
¥ ()00 = (1+ W (1)
and equality is reached in the inequality above. To get a sense of what is to follow, notice
that there is equality in inequality (97) when h = 0. Now, when 2 = R?, the interesting fact

that 2, = B, allows us, under certain admissibility criteria for W and g, to compute the
derivative of inequality (97) with respect to h, at h = 0. By doing so, the term

faRﬁ QY (g)t~ = faRﬁ g1~ % appears in the left hand side, thus leading to trace inequalities.

Before going any further, let us investigate under which condition the two sets (2, and By,
coincide. We have the following lemma:
Lemma (6.3.17)[218]: There exists hy > 0 such that for all h € (0, hy), B, = 2y, if, and
only if, () is a convex cone. In that case, By, and (2}, coincide for all h = Q.
Proof. First, note that Q)Y (g)(x) < +oo if, and only if, there exists y € {2, such that x —
hy € (2. By definition of (2, this is equivalent to
Y2 Z o) +1
x; — hy, 2 ¢(x; — hy,)
& (Ay; e RV Is.tx, = ¢p(xy — hyy) + ho(y,) + h)) .
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If x € 2y, then choosing y; = 0 proves that x € By, so 2, € B,.If h > 0, 2, = By, if, and
only if, for all x;, y, € R*"1,

X1~ N ¢ (x1) — (1)
(722 20800
Indeed, if 2;, D By, then, for any x;, y; € R"* 1,

X3:=¢(xy —hy,) + h¢p(y1) + h = dp(xy) + h
and thus, replacing y; by (x; —y;)/h, we get the stated inequality. The reciprocal is
immediate. Now, let z € R"71, |z| = 1. Inequality (98), for y; = 0, becomes

b(2) 2 7 $(h2)

(98)

for any h smaller than hy. Let @ = lim sup,,_,o ¢ (hz)/h. Using inequality (98) once again,

we get, for any s > 0,

B(s2) = — p(sh2),

for any sufficiently small A > 0. Taking the inferior limit when h — 0 proves that for any
s=0

P(sz) = sa. (99)
The set {s = 0,¢(sz) = sa} is non-empty because it contains 0, and it is closed by
continuity. Let s = 0 be such that ¢(sz) = sa. Then, invoking inequality (98), and then
inequality (99), we get

(1+ h)sz—sz
o (5

gb((l + h)sz) — ¢p(sz)
h

>=¢(sz) = sa >

B gb((l + h)sz) —sa
B h
1+ h)sa—sa

=
h
so there is actually equality, and ¢((1 + h)sz) = (1 + h)sa for any sufficiently small h >

s

0. This shows that the connected component of {s = 0, ¢p(sz) = sa} containing 0 is open
in R, . Since it is also closed, it is the half real line R, . Thus, ¢ is linear over half-lines with
initial point 0. Inequality (98) then becomes

¢(x1 —y1) = () — d (1)
for any x4, y; € R* 1. Let t € [0,1]; replacing x; by (1 — t)x; + ty; and y; by ty;, and
using linearity, the inequality becomes exactly the convexity inequality, that is

¢((1 —t)x; + ty1) <(A-0)¢p(x) +tdp(yy) .

The reciprocal is trivial. It is also clear that in this case, B;, = 2, for any h = 0.

This lemma will be used to prove the trace Sobolev and the trace Gagliardo Nirenberg-
Sobolev inequalities in convex cones. We can go a bit further, and impose only ¢ to be
convex.
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Lemma (6.3.18)[218]: If ¢ is convex, then

By, ={(x1,x2) € R", x, >h+(1+h)¢(1+h)}

Proof. One may notice that setting w(x) = 0 if x € 2 and +oo if x € €, and W(x) =
w(x — e) , then w is convex, thus

B, = dom( ,‘f’(w)) dom (x - (1+ )W (x+e)) ,

and

W<x+e><+ (:)x+e E_Q
m —
1+h 1+n °©

@x2>h+(1+h)qb(

TR
We assume that (2 is a convex cone. In that case, invoking Lemma (6.3.17), inequality (96)
becomes

1+ h)*™ | QY (g)t 2= jgl‘a +h| Wi, (100)
Qp X0 021

for any h > 0, and there is equality when h = 0. Taking the derivative of this inequality
with respect to h, under the admissibility conditions for g and W exposed in full details, and
evaluating at h = 0, we prove that

(a—n)Lgl_a+(a—1)L

w*(Vg)

— j 917 (xy, P (1) )dxy = J wt-e, (102)
Rn-1 0

1

There, we used Lemma (6.3.10), and the fact that
1 _ . Q ( )1 a_ ,1- 1 . .
+(Jo, O @ = [,9'7) = fﬂh =t ([, 0 = [, 977)

w 1-a _ ,1- h+¢(x1)
— Qh (g) - g = <.[ 1.[ 1—a (xl,xz)dxzdx1>
R

2p P(x1)

h-0(1-a) P Ln_lgl‘a (1, (1) )dxy,

0

see Theorem (6.3.22). Let p € (1,n) , and q its conjugate exponent, 1/p +1/q = 1.
Applying inequality (102) to the function W defined by W (x) = C||x||1/q, where C > 0 is

such that [ W~ = 1, which happens to be admissible for this choice of g, in the sense of

Definition (6.3.21) We find
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a—1 [ ||Vg|? .
(a—n) j gre+ct? J | ga” - j g (x1'¢(x1))dx1 > wie
0 P Jo 9 Rn-1

24

for any admissible g, where [|x]||. = supy=1% - ¥ is the dual norm of x. Next, we extend

the above inequality to all functions g such that f = g®@=®/P € ¢*(Q) . This can be done
by approximation by admissible functions, Rewriting the quantities in terms of f =

g~@P)/P yields

f”% (x, ¢ (x))dx

Rn-1

a—-1 P a-1
<o () [y - | wie v @-m [ 17
p \a—=p/ Jg 04 0

We may then remove the normalization to find that inequality (102) becomes

j fra p(x ¢ (x))dx

< C1- p“‘ 1 ( j [ an") ( Wl—“>ﬁp%
2

ta-m [ P (103)
n

_ pa \ @
_Uﬂfa—p)

Now, define u = ZT_; andv =u' = a—:i, sothatu,v>1and 1/u+ 1/v = 1. By Young’s

a [ ivsieees - ( . Wl-a)ﬁ”fi—:rl)

A p—1 -1
= By (g j \PrIB e ) (104)

—-Pp
<D ( fﬂ || wnf)

where

<

inequality, we find

where
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AY 1
(Bv)u-1y’

A= cl—P“le(a’%p)p B=f, Wi @and D =

In order to find a more compact inequality, we consider, for 1 > 0, f; : » f(4x) . By
linearity of ¢, applying (104) to f; leads to

a-1 _pPTloA 1 Y a—-n( pal
ST (mem)ar < Gy N ) + =] 1
optimizing this inequality with respect to A > 0 finally yields inequality (92) of Theorem
(6.3.2). It remains to show that inequality (92) is optimal. The function for which equality
is reached does not have compact support, but this technicality does not bear much
relevance. To prove optimality, note that there is equality in (102) when g(x) = W(x + e),

_a-p
which implies equality in (103) when f(x) = ||x + e|| ?-*. If Young’s inequality (104) is
an equality, then the optimization with respect to parameter A necessarily preserves the
a—p

equality. Thus, it is enough to show that for f(x) = ||x + e|| -1, there is equality in (104).

This is the case if, and only if,
A r-1
5 ) 17AIE = (8

Iy = j || x +e]|~¢
0

v—1

Let us now write, for a > 0

Then,
1
— a p 1/a
— qa —
C—q(]nllx+el| ) _p_llap/(P—l)
hence
_ (a-D)@-DP7! (1-p)/a _ (1-a)/a
A= lap/w-1 B = lapsp-1Ipa-1/0-1)>
p-1 v—1
P _ s(a-p)/a
and (ﬁ p) - Iap/(p—l)'

Claim (6.3.19)[218]: For y € R, let § : R™\ {0} =] 0, +o[, x — ||x]|¥. Then, almost
everywhere, § is differentiable, and [|[V5(X)||? = |y|||x||Y !
Using this, we conclude that there is indeed equality in (104), since then

a—p\P
J1er1 = (5=8) bavri-or

Proof. Consider ¢: x » ||x|| and Y : p » pY. @ is convex, hence almost everywhere

differentiable by Rademacher’s theorem, and Y smooth on | 0, 4+oo[, hence the Claim

(6.3.19) regularity of § = 1 o ¢. For almost every , V6(x) = yVe(x)||x|| 1, so
I7SCON. = [y IlIxI" Ve GOl

If x # 0 is a point of differentiability of ¢, and t > 0, then
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_ llxe A+ e/l = 1l -——

t - 0Vep(x) -
t || I
so |[Ve(x)]||. = 1. Conversely, if ||v|| = 1, then
rote o o i O
¢ —>0+ t t—>0

so [|[Veo(x)]||l. = 1 and the Claim (6.3.19) is proved.
We assume that {2 is the epigraph of a convex function ¢, with ¢p(0) = 0. Then, according
to Lemma (6.3.18), for h = 0,
X1
1+ h)}

B;, = dom (Q,‘f’(g)) = {(xl,xz) ER Y x,>h+(1+ h)qb(

Inequality (96) becomes

(1+h)*™ | QY (gt = fgl_a + hj wi-e, (105)
0

Bp 0 1

and there still is equality for all A > 0 whenever g(x) = W (x + e) and is convex. However,
it is slightly trickier to compute the derivative at h = 0, since B, # (25, and their symmetric
difference depends heavily on ¢. Effectively, a third term appears when trying to

differentiate [ B, Q1 ()t

1 w 1-a __ i—a
E<Bhoh oy~ [ o)

QY (Pt —g' 1f i 1f W1
= — g "t Qn (9%
2p h h 2\02p h Bp\2n

Taking the derivative at h = 0, when possible, yields

(a—n)Lgl‘a+(a—1)L

w*(Vg)

- [ g (e p )P 2 | we, (106)
Rn-1 N

1

where

P(xy) =1+ ¢p(xq) —x1 - Vep(xy)
Using inequality (106) with W = C||.||?/q, and extending it for all f = g~(@~P)/P ¢
C:° () just like we did for convex cones, and finally invoking Young’s inequality, we get
the theorem
Theorem (6.3.20)[218]: Leta>n>p > 1,and 2 = {(x1,x;) E R" I X R, x, = ¢(x;)}

be a convex set. There exists a positive constant Dy, ,, () such that for any positive function

fec,),
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PP (x, ()P () dxy

Rn—l
a—1

< D} pa() ( j || Vfllf>a_p+(a—n) j fPar, (107)

a-p

where P(x;) = 1+ ¢(xy) — x; . Vp(x;) . Furthermore, when f(x) = ||x + e|| »-1, then

(107) is an equality. Applying this theorem for a = n, we find a new version of the trace
Sobolev inequality, Theorem (6.3.4), with Dy, ,(22) = Dy, ,, , () . It is important to note that

in Theorem (6.3.4), as well as in Theorem (6.3.20), the left-hand side can be negative. The
weight P itself generally is negative outside of a compact neighbourhood of the origin, but
the inequality is still optimal. We prove that the results are true for a class of admissible
functions, and we extend these results to the appropriate, more general setting, by
approximation by admissible functions. The difficulty here lies in that g must not be
bounded or even Lipschitz, since g~ has to be integrable. The case of the half-plane has
already been investigated (in [3]), and easily extends to convex cones. Here, we will only
tackle convex sets, which, although more technical, follows the same general idea.
Throughout, ¢ : R 1 — [0, +00) is a convex function such that ¢(0) = 0, g: 2 — (0, +o0)
is assumed to be locally Lipschitz continuous, and W: 2, = (0, +0) is convex. Inequality
(105),

a+me [ Ql (g f

Bp 0

gl—a + h.[ Wl—a'

24

is trivially an equality for h = 0, we thus ask compute its derivative. Let us first give a
nonrigorous proof for clarity. The most difficult part is computing the derivative of

th Q) (g)*™%, so let us start with that. Notice that 2, € B, N 2, thus

1 w 1-a __ i—a
E(thzh (o=~ [ g<)

w 1-a _ 41—a 1 _ 1
e Y I 4O
2n 2\0p Bp\2p
O (D) (iid)
Recalling Lemma (6.3.10), almost everyhere,

@) -gx)
;111_1,% - = -W*(Vg(x)),

thus (i) should converge towards
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W (v
(a—l)f ;ag).
n

Next, (i7) can be rewritten in a way such that the convergence is quite clear:

1 ¢(x1)+h
(i) = f <E,]‘ glt=@ (xl,xz)dx2> dx,h - OJ gl=@ (x1,¢(x1))dx1
Rn—l ¢(x1) Rn—l

as h — 0. Finally, giving (iii) the same treatment,
1 h+d(xq) -
(@) = Jgn-s (E fh+(1+h1)¢(x1/(1+h)) Qr (9! a(xl,xz)dxz) dx

h—>0j

R~

191—a (x4, ¢(x1))(x1 Vp(xy) — ¢(x1))dx1,
since QY (g) = g and

1 X1 _
L1%E<¢(xl> ~(1+h)¢ (m)> =1 7 (e) = p(x)

Summing these results up, we find the Claim (6.3.19) derivative at h = 0. Whenever {2 is a
convex cone, By \ 2, = @, and thus (iii)) = 0. In that case, the argument is much more
succinct, but since it is also a corollary of the more general case, we will not address it. The
conditions for the convergence to play out nicely are summed up in the following definition.
They are mostly growth conditions on g and W, and will come into play later on.
Definition (6.3.21)[218]. The couple of functions (g, W) is said to be admissible if the
following conditions are satisfied for some constant y:

(CO)> max (-%,1) ;

(C1) there exists A; > 0 such that W(x) = A;||x||Y forall x € 0;
(C2) there exists A, > 0 such that W (x) < A,(1 + ||x]||¥) for all x € 024;
(C3) there exists A; > 0 such that g(x) = A5(1 + ||x]||¥) for all x € £2;
(C4) there exists A, > 0 such that ||V g(x)|| < A,(1 + ||x]||¥™1) for all x € Q.
The challenge is to prove that under these conditions, Q)Y (g) converges towards g in a
controlled manner as h = 0. The main result the following:
Theorem (6.3.22)[218]: Assume that the couple (g, W) is admissible, and that there exist
some constants C > 0 and R > 0 such that

VlIx1ll > R, |x1 - V()| < Cll (21, p(xp))- (108)
Then

}jgg%(fB Qr (9)'%(9) —Lgl‘“>

w*(v
= (a - 1)f g(a 9) - gl_a (x1» ¢>(x1))P(x1)dx1, (109)
Q R-1
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where P(x;) = 1+ ¢p(x1) — x1 - V¢p(x1) . In what follows, we will use a good number of
different positive constants, which will all be written C for convenience. They will not
depend on x € R™, or h > 0, but might depend on 4;,i € {1,2,3,4}, y.
Lemma (6.3.23)[218]: If (g, W) is admissible, there exist constants C > 0 and hy > 0, such
that for all 0 < h < hy, and x € (),
Q1 (9)(x) — g()| < Ch(1 + ||x||") .
Proof. First, let x’, x € Q. Then, we may estimate |g(x') — g(x)| using hypothesis (C4):
19
19G) = 9GI = | Nz590e+ 00 —0)ds

1
< ||lx" — x|| J A, (T+|lx+0(x" —x)||¥"1H)do
0

< Clld = xlI (X + [l + flx" — x]|"™). (110)

Now, let0 < h < 1and x € 2. Then, x — he € (2, so
QY (g)(x) — g(x) < g(x — he) + hW (e) — g(x)
< Ch(1+||x||""*+ A1) + hW (e)
< Ch(1+|x|I"™Y).
For the converse inequality, we will of course use hypotheses (C1) and (C3), but we first
have to localize the point where the infimum Q;¥ (g)(x) is reached. Let y € £2; be such that
QY (g9)(x) = g(x — hy) + hW (y) . Then, invoking hypothesis (C1) and inequality (110),
hALlyll" < kW () = Q' (9)(x) — g(x — hy)
= QY (9)(x) —g(x) + g(x) — g(x — hy)
< CR(1+ [|x]"™1) + Chlly[I(1 + [lx[["~* + CRllyIDY™) .
We thus choose h, € (0,1) such that for any h € (0, h,), A; — ChY~1 > h¥~1, Then, for
any h € (0,hy) ,
R Hiyll” < (A — CRY D ]yIl
< CA+lyIDA+Ix”),
which implies that
Ryt < c@+ [Ix]77D),
since ||y||Y~! < max (1,2 %) . Now, using inequality (110) once again,
lg(x — hy) = gC| < ChIIy|I(1 + [|x|["~* + A7 Hly]"™H)
< ChllylI(1 + [lx]"™).

Plugging this in the definition of Q}¥ (g)(x) , we find

(@) —gx) = Jnf {=Chliyll(1 + X"~ + hAIyI73
: _ v
> ylglﬂ{n {...} Ch(1 + ||x]||7) .

To conclude, it is enough to notice that 1 + ||x||Y™1 < 2 + ||x||” since y > 1.
Now that we have this estimation, we may estimate the speed of convergence of
QY (g)*~¢ towards g1~¢.
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Proposition (6.3.24)[218]: If (g, W) is admissible, there exist constants C > 0 and hy > 0,
such that for all 0 < h < hy, and x € 2y,

101 () %(x) — g*~ "Gl _ C
P = TH @D

Proof. First, let, § > 0. Then,

s 1
[ e = 15— = @] < max @, gl - Bl
(24

implying that

lat=¢ = g4 < (a— D]a—Bl(a™ + 7). (111)
Then, according to Lemma (6.3.23), there exists hy, > 0 such that for any h € (0, h,) , and
any x € (2,

w 1—-a _ A1-a w _
10r (9) (J}Cl) g (x)ISCIQh (g)(v;l) g(X)I(Q’VlV(g)_a(ng-a(x))

<cA+ M (QF () @) + g7 (). (112)

Now, hypotheses (C1) and (C3) and a straightforward computation yield

Q' (@) (x) = inf{A3(1 + |lx — hy||") + hA;[I¥|I"}
2 inf {A;(1 + [lIx|| = Allyll|") + hA;|ly|I*}
> C(1+ |[x]]) -
Using (C3) once again, we know that

- —-a
g7 () < (A1 +IxIM)
putting these two inequalities together with inequality (112), we finally obtain
Q1 (9)' (%) — g" ()| cc 1t |1x|["
h - (@A Ix|me
C

< :
1+ [|x|[rta-v)

Proposition (6.3.24), together with Lemma (6.3.10), proves the dominated convergence,
and

wr (Vg)

llm(l) = (a— 1).[

as Claim (6.3.19)ed. The convergence of (ii) 1s stralghtforward, as it 1s a direct implication
of the local Lipschitz continuity of g and hypothesis (C3).

This term is a bit trickier, because comparing Q;¥ (g) to g is not possible on the
entirety of By, g being defined only on (2. For many functions ¢, B, ¢ (2 as is showcased
on figure 1 below. Thus, we prove the following result:
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> L1

Figure 1[218]: Graph of, 2, and By, for ¢(x;) = ||x,||* and h = 0.5
Lemma (6.3.25)[218]: If (g, W) is admissible, there exist constants C > 0 and hy > 0, such
that for atl 0 < h < hy, and (x{,x,) € By \ 2y,

|Q’I;I/(g)(x1’x2) - g(xl; ¢(x1))|

< hC(1+[1(x1, @GN + 21 - Vb (x)]Y) - (113)
The proof follows the same logic as the proof of Lemma (6.3.23).
Proof. Recall that, according to Lemma (6.3.18)
"Qh = { (xlixZ) € Rn! X2 = h+ ¢(x1)} ;Bh

= {(xpxz) ER"x; 2h+ (1 +h)¢ (1):-1h)},

and that
lg(x") —g)| < Cllx" — x||[(L + [|x]|¥ "L+ [|x" — x||¥™1) (23 revisited) for any x’,
x € (.

Fix h € (0,1), x = (x4, x,) € By\2;, and define p(xy, x,) = (x1,¢(x1)) , its projection

onto df2. Letting = (L 1+¢ (£)> , we find that y € £);, and also that x — hy € (2,

1+h’ 1+h

thus, with hypothesis (C2) and inequality (110),

QY (x) — g(p(x)) < g(x — hy) — g(p(x)) + hW (y)

< Cllx—hy —pNA + lpCOII" ™ + llx — hy = pOII"™) + hAz (1 + [ly]I7) -
For brevity, let us write u = [|[p(xX)|| = ||(x1, d(x)||, and v = x; . P (x1) = |x1 - d(xq)].
Now, notice that

X1 xz_h_¢(x1)_¢( X1 ))”

||x—hy—p(x)||=h||(1+h, - —

From the definition of {2;, and Bj,, we find out that
0 < h+ ¢(x;) — x; < d(x) — (1 + h)¢(x1/(1 + h))
- h - h
< X Vd)(xl) =,
since ¢ 1s convex and nonnegative. Thus,
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1+h’""\1+h

< h(lpGIIl + %1 - Vp(x)]) = h(u + v) ,
so, since h < 1,

X1 X1
lx = hy = p(Oll < A ( ¢ ( )) 1+ hlxy - T (x|

1+ [pGOIY ™ + llx = hy = pGOIP* < 1+~ + (A +v))

<CA+ut+vr 1.
Finally,

AL+ Y1) = 4, (1412, 1+ ¢ (Z5) ) s cL+u) .
Putting all these inequalities together, we find
QY (x) —g(p(x)) < hRCu+v)(L +u 1+ v 1) + hC(1 + u¥)

<hC(1+u¥ +vY). (114)
Conversely, let y € 2, be such that Q)Y (g)(x) = g(x — hy) + hWW(y) . As before, we
localize y. Using hypothesis A; and inequalities (110) and (114),

hA |lyllY < hW (y) = QY (9)(x) — g(p(x)) + g(p(x)) — g(x — hy)

<ShC(A+uw +v")+Cllx —hy —p)lIl(1+uw™" + [lx —hy —p()|"™)
<hCA+u +v")+hC(y|l + v)(A +u’ 1+ R I(|y]| + )T
<hCA+u +v")+hC(y|l +v)A+u’" L +h Yyt +vr 1.
Rearranging the terms and dividing by h yields
Allyll” = CR Iy Ayl +v) < CA +ur +v") + C(llyll + v)(A +w ™+ 077
<CA+4+u+v+|yDA+ut+vr 1),
We must now split the reasoning in two cases: either ||y|| < v, in which case the conclusion
follows, or [lyll=v, and then Aq|lyll¥ — CR" 7 yII" Iyl +v) = Allyll” -
2ChY 71 |y||Y. We thus choose 0 < h; < 1 such that for all h € (0,h,), A, —2Ch?"1 >
hY~1. Then, we have, for any h € (0,h,) ,

RY~1 |y |Y _ _
S W < (1wt oY)
1+u+v+||y||

Once again, either ||y|| <1+ u + v, or

2Ryl
1+ut+v+|y

R Iy <

Taking the greatest of the constants in those two cases, we may conclude that

Ryl t<c@+urt+vr 1), (115)
We may now proceed with the converse inequality. Invoking once again inequality (110),
and then inequality (115),

19(x = hy) = g(p())| < RC(IIyIl + V)X +u' ™ + R Hy|P = + v¥ ™)

<hC(ly|| +v)A +u"t+vr 1),
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Finally,

QY (9)(x) — g(p(x)) = glx — hy) — g(p(x)) + AW (y)

> —hC(|lyll + V)L +u'~" + v + kA, |yl
= hinf {=C(llyll + V) +u""" +v"™1) + A, ||y}
> —hC(1 +u?rt +py- /-1
and we may conclude. We may now prove Theorem (6.3.22): using the same notations as
in the proof above, that is u = [|[p(x)]|| = ||(x1, (x|, and v = x; - p(x1) = |x1 - P(x1)],
hypothesis (C2) immediately yields, for all h > 0 and all x € By \{2;,

g_a(P(x)) < a+une

Furthermore, inequality (113) and hypothesis (C2) yield
QY (g)(x) = —hCA+u +v")+C(1 +uY)
for all x € B,\f2,, and 0 < h < h;. Now, assumption (108) reads: for all x; € R"! such
that ||x,|| > R,
v < Cu.
Since both u and v are bounded functions of x on the set {(xq,x,) € By\2y, l|x11] < R},
there exists h, > 0 such that, for all 0 < h < h,,
c>0 whenever ||x;|| < R
' (@) 2 {C(l + u¥) whenever ”xi” > R
Thus, forall 0 < h < h, and all x € By, \ {2,

W \—a ¢
Qr (9) (%) < e
Finally, invoking inequality (111) together with assumption (108) yields, forany 0 < h <
h, and x = (x1,x,) € B\,

QY (9)(x) — g% (p(x))| < 1QF (9)(x) — g(p(x))]
h = h

(e (@) + g79(p(x)))

<CA+ur+v")

1
CTru@or
Note that u > ||x,]|, and we chose a such that (a — 1)y > n, hence q(a— 1)y —q >
q(n — 1), thus the dominated convergence theorem applies, and we may conclude that

h+(x1)

(1+ur)e

1 1
lim —Q/V (g)t™* = lim 1 <E_[
R~

h=0 Jp.\0p h h-0 h+(1+h)p(x,/(1+h))

gi_a (xp ql)(xl))de) dx,

= (x1 Vep(xy) — ¢(x1)) gl_a(xp ¢(x1))dx1;

Rn-1
this last equality also being a dominated convergence result, using the hypotheses on g.
We just proved that whenever (g, W) is admissible, with [ ,9° 4= 1} o, w-e=1,
and ¢ satisfies the asymptotic growth condition (108), then
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(a—n)jg1a+(a—1)jw(vg)

—f 917 (31, (1) )P (xy)dxy Zf wi-a, (116)
Rn-1 0

1

Let g > 1. We want to use this inequality with W (x) = C||x||?/q, where C > 0 is such that

1) 0, W~ = 1. The goal being to prove Sobolev-type inequalities, we may consider only the

real q such that their conjugate exponent p = q/(q — 1) , which will appear in W*, is
strictly less than n. Thus, we assume that ¢ > n/(n — 1) , and conditions (CO), (C1) and
(C2) are automatically satisfied with y = q.

We now compute W *:

W*(y) =sup {x-y—Cllx||/q} < sup {x-y—Clixll?/q}  (117)

XEQ,

=sup sup {x-y—Cllx||?/q}

R=0 |[|x||=R
= iug {Rllyll. — CR/q}
= C?||y|I¥ /p.

It is important to note that (117) becomes an equality for y = Vg(z) whenever g(. ) = W (.
+e) , since in that case,

W*(Vg(2)) = sup {x-Vg(z) —W(x)} = sup {(x +e) - Vg(2) — g(x)}

X€QNq X€QN

=e-Vg(2)+g'(Vg(2)

and the supremum is indeed reached inside the right set. Optimality is not lost, and inequality
(116) then becomes

(a—n) fngl—a 4+ clr (a ; 1)12 ||Zga||p B Ln_lgl_a (xl,qb(xl))P(xl)dxl > L wi-e (118)

1

The next step is to lift the restrictions on the function g, extending the results to more
general functions. Our tool here will be approximation by admissible functions. Let f €

CZ(2) be a nonnegative function such that [ i ap/(@a=P) = 1. Let us fix some y >
max {1,a/(n — 1)} and consider, for € > 0,

fe(x) = (ellx + el 7@ PP + C.f),
where C; is such that f a/(@P) — 1 whenever ¢ is small enough for Cg; to exist. It is not

difficult to see that the corresponding functions g = gp/ (p-a) satisty conditions (C3) and
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(C4), and that | 0 9e @ = 1. Furthermore, C, increases strictly as € decreases towards 0, and
an argument of continuity shows that lirr(; C. = 1, meaning that, pointwise, lirr(} ge =
&> RN

f®-9/P =. g Finally, the dominated convergence theorem, applied to géj_a =

fg(a_l)p/ (a=p), proves that inequality (118) is indeed valid for g. Rewriting it with f yields

@=n [ /o oo (2 () [

a-1
- fpﬁ (x1» ¢(x1))P(x1)dx1
Rn—l

> wie, (119)
24
Finally, we may lift the growth condition on ¢(21) and prove Theorem (6.3.4) in its full
generality. Let ¢ be a convex function with ¢(0) = 0, and let £2 be its epigraph. The
subdifferential of ¢ at point x € R™"! is the convex set
0p(x) ={v e R*" |vx' e R L, ¢p(x) —p(x") = v - (x —x")}.
Whenever ¢ is differentiable, the subdifferential coincides with the gradient. Next, given
x € R" 1 and € d¢(x) , we consider the tangent half-space
Hep ={(y1,y2) ER" I X Ry, —p(x) = v- (y; — %)}
For R > 0, define
Nr = Nxepo,r) Hyyp-
veEIP(x)
g 1s the epigraph of a convex function ¢ that coincides with the function ¢ on the ball

B(0,R) € R™ !, and its gradient is uniformly bounded by sup,ep(o,z)|Ve(x)| < +0, so

that it verifies the condition (108). Now, fix a function € CZ°(f2) . The support of f is inside
a ball of radius R, so for any R = R, we may apply inequality (119) to the function f:

a-n [ P a [ vrr = [ 72 drre))PeCen)dxs
.QR a-— p .QR Rn_l a-— p
~1 a-1
= (a—n) jﬂfp Z — + Ap L“ VF|IP — Rn_lfpa—p (31, (1) )P (xy)dx; = LMW,%‘“.

where Py, {2 1, and Wy are the usual definition of P, {2, and W respectively, with function

. . 1-p a—1 D p .
¢ instead of ¢. The constants are given by Ap = Cp > (—) and C > 0 is such that

267



Wy =1,i.e.
f_Q R

R1

Cp = q° f | x99 dx.
0

R,1
It is now easy to verify that Rl_i)rpoo Cr = q% f-Ql | x||~9%dx = C; Ag, and fﬂl,R Wga™% also

converge towards the right constants, so that equation (119) is still valid for the function ¢,
without any growth condition. Optimality remains to be shown. Let f be the optimal
function (which does not have compact support) given in Theorem (6.3.20). First, note that

R i W WL LT

and also that for all R, f is an optimal function for inequality (119) on domain 2. Then, by
approximation by smooth functions with compact support, inequality (119) is true for f, so

that, writing A = Rlim Apg, and putting these facts together,
—+00

PZT_l B a—1 B 1a
P (e, )PCc)dxs < =) [ o a [ NP = | w

Rn-1 Qg

a—1
= lim [ (@a—n) [ ffeP+A4 | (|VAIP-| Wi

R—+o00
0 OR 0):31

lim <j f ap p (x1; ¢R(x1))PR(x1)dx1>

R—+o00
We can decompose that last integral as a sum of the two following integrals

a—1
fP a—p (xlr ¢R(x1))dx1

Rn-1
-1
Rn_lfp Z = (X1: dr (x1))(x1 Vpr(xy) — Pg (xl))dxl_

By monotone convergence, the first term converges to the integral of the pointwise limit of
its integrand. Furthermore, by convexity, forall x; € R 1, x; - Vpr(x;) — Pp(x;) = 0, s0
Fatou’s lemma applied to the second term yields

R—>+o00

lim < prT_Il) (xlrd)R(xl))PR(xl)dxl) J f a-p p (x1»¢(x1))P(x1)dx1;
Rn-1

which finishes to prove equality in the previous inequalities, whence optimality.

Corollary (6.3.26)[222]; Let f;, g;:R'™€ - RU {+} be lower semicontinuous
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functions. If f; is nonnegative and g; is coercive, that is,

lim  g;(x) = +oo,

l|x]|—=+00

then fj0g; is exact.

Proof. Fix x € R'"2¢. Consider 1: R'2?¢ > RU {4}, y & f;(x —y) + g;(y) and
assume that there exists y, such that ¥ (y,) < +o00:1 is lower semicontinuous, and greater
than g, thus tends to +oo as ||y|| goes to +oo. As such, {y € R'™*2€,y(y) < ()} is
closed and bounded, thus compact. Now, let (y;4..) € { <Y (y,)} be a minimizing

sequence, 1+2hm+ Y (V142¢) = infcri+2¢{tp(y)}. By compactness, we can assume that the
E—>>T00

]R1+26

sequence (y;40¢) converges towards z € , and by lower semicontinuity, —co <

Y(z) < 1+2lierll+Oo Y (V142¢) = infepi+2¢{th(y)}, thus the infimum is finite and is actually a

minimum. If such a y, does not exist, then fjOg;(x) =+, and the infimum is also

reached.

Corollary (6.3.27)[222]; Let g;, W: R1*2€ — (—00,+00] be two measurable functions. If

gj is nonnegative and almost everywhere differentiable on its domain dom g; = (0, (with

nonempty interior), and W grows superlinearly,
W)

)

m
[x|—>+00 |x|

then for almost every x € 09, h = QY (g j)(x) is differentiable at h = 0, and

d
%|h=0Qi]iV(gj)(x) =-W (ng(x)),
where W™ is the Legendre transform of W.

Proof. Let 2, = dom W, and fix x € (2§ such that the differential of g; at x exists. Let y €

0. For h > 0 sufficiently small, x — hy € £2,, and we get, by definition of Q}” ( g j) )

n(9,)) —g;(x) _g;(x—hy) — g;(x)
h = h *
Taking the superior limit when h — 0 yields

b Qn (gj)();l) —9;(x) <-Vgj(x)-y+W().

This being true for any y € ();, we may take the infimum to find that
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w . —_ .
l}llr_r)l sup Qh (g])(g;l) 9j (x) < -w* (ng(x)).

Conversely, fix e € 2,, and hy > 0 such that B(x, hy||e]|) €. For h € (0, hy) , define
Qe =1{y € 2, AW (Y) < g;(x — he) + AW (e)};

note that e € (), ,. We claim that Aim SUPhL_0 {h||y||,y € Qx'h} = 0. Indeed, if y € 02, p,

then

W(y)
h ——<gi(x—nh hWw < su ; .
”y” ”y” — g] (x e) + (e) _ZEB(x;hOp”e”) g](Z) + hOW(e)

Now, when h goes to 0, either lim sup ||y|| < +o0, or lim sup ||y|| = +o0; in both cases,

. . w
since lim W)
ly|=+0c0 Y]l

Qr (9;)(x) < gj(x — he) + hW(e) , hence Qp (g;)(x) = infyeq, . . . }. Thus,

= +oo, the claim is proved. Notice now that for all h € (0, hy),

oW (9)®) g, _ {gj(x—hy)—gj(x)+w(y)}
h VEQy k h

= inf {-7g;) ¥ +y - e(hy) + W)}

where €,(z) — 0 when ||z|| — 0. Let 1 = n > 0; the claim proves that there exists h, €

(0, ho) such that for all 0 < h < hy, Vy € £, y, ||ex(hy)|| < 7. Thus,

W(aV(x) — a.
h (91)(’}? 9;(x) > yeiggk{—ng(x) -y =iyl + W)}

o AR
y€B(O,R)

> inf {~Vg;(x)-y+W()}—Rn

YEQxk
> -w* (Vg;(x)) - Rn,
where R was chosen such that [|y|| = R= W(y) = (”ng(x)” + 1)yl + W(e) —

Vg;(x) - e. Finally, taking the inferior limit of this inequality, and noticing that the result

stays true for any 0 < 1 < 1, we may conclude (since R is independent from 1) that
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e (9)@)-gi) _ ., ( )
}11_r)r(1) - =-W"(Vg;(x)).

This differentiation result is enough to prove the main theorems contained in section 3,
but we can go a little bit further with more assumptions on g; and W. Assuming W' to be

convex bestows upon Q,'{V a semigroup structure:

Corollary (6.3.28)[222]; Assume that g;: R1*2¢ - [0, +o0] is lower semicontinuous, and

that W is a lower semicontinuous proper convex function such that lim W (x) = +oo. Then,

forall x € R™2€ qnd 0 < s < h,
Qr (9;)(x) = ,min {g;(x — hy) + AW ()}

E]R1+26

= Qs (0¥ (9))) (.

Proof. Exactness was already proved in Lemma (6.3.26). Notice that

Qs (@ (9))) @ = infinf {g;(x = (h =)y = s2) + (A= IW () +sW (2)}

< inf {g;(c— hy) + AW} = 0 (9;) () -
Conversely, let y € R1*2¢_ and choose z € R1*2€ such that

Y(g))x—(t—95)y) =g;(x—sz) +sW(z).

Then, by convexity,
W t—s S
QY (g;)x) < g;(x — (t —s)y —sz) + tW (Ty + EZ)

<gix—(t—s)y—sz)+ @ —s)W() +sW(z)

=t —-IWH) + Q¥ (g;)(x — (t—5)y).

Taking the infimum over y € R**2€ proves that Q¥ (g;)(x) < QI (ng(gj)) (x) , and
thus there is equality.
Corollary (6.3.29)[222]; Let g;, W : R™2€ = R. If g, is nonnegative, locally Lipschitz

continuous, and W is convex and coercive, then (h,x) — ,‘f/(gj) is locally Lipschitz

continuous.

Proof. In order to prove the full local Lipschitz continuity, we must first localize the arginf
of the infimal convolution. Fix p >0, n > 0, and let x, x' € B(0,p) and 0 < h <.
Consider the set
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Qep:={y € R™2%€ g:(x —y) + (W (y/h) < g;(x) + AW (0)}.

We claim that, by positivity of g;, and convexity of W, the set is bounded. Indeed, since W

1s convex and coercive, there exists R > 0 and m > 0 such that
Iyll > R = W(y) =m|ly||.

If y €,y then either |[y|| <hR <nR, or |[y|| > hR and then g;(x)+hW(0) =
hW (y/h) = m||y||. Invoking continuity of g;, we may prove the claim, and conclude that

there exists R, ,, independent from x and h, such that 2, , € B(0,R,,,) -

p.n’

Let us now prove the local Lipschitz continuity with respect to x. The functions g; and W

are assumed continuous, and so the infimal convolution is exact, and there exists y € R1*2€

such that QY (g;)(x) = g;(x — y) + AW (y/h) . Necessarily, ||ly|| < R, ., so

> @ (g)6N - A ()6
J
= inf ) {g;(& =) + kW @'/} = g, =) — AW (/h)
J
< Z 9;(x'=y)—g;(x —y)
J

<" (Ut peny o) I

J

where Lip,fj: = supyerxeallf;(x) — fj(x)|/|lx — x'||}. By symmetry, we conclude that

Z 107 (g,)(x") — QY (9;,)(x)] < Z (LipB(O,p+Rp’n)gj) |l — x|,
j

J

hence the local Lipschitz continuity with respect to x.
Now,

Z @ (9)@ ~gyGN = inf > (g, =)~ g;C) +hW(y/n)

J

> it (Uipgopan,ngs) IV + W (/)

YEB(O,Rp 1+2¢)

J

272



=h inf : {=Az|| + W(2)}=—-h sup {Az|]| -W(2)} = —h sup W*(t),
)

z€B(O,Rp,1+2¢/h te(B(0,4

where A = Lipg (o, 4 Rpm)9j" Conversely, by definition,

QY (g;)(x) — g;(x) < hw(0),

and thus |Q} (g;)(x) — g;(x)| < Ch, where C = max {W(0), sup;eponW*(t)}. Note
that C is finite because W* is, by definition, convex and finite on R1*2€ thus continuous.

Finally, using the semigroup property Qps(g;) = QY ( Y(g 1)) and the fact that the

Lipschitz constant with respect to x is uniformly bounded by Lip B(0.p+Rp) forO<h<n,
we may conclude for the full local Lipschitz continuity.
Corollary (6.3.30)[222]; Let g;, W : R*2¢ 5 R. If g j Is nonnegative, locally Lipschitz
continuous, and W is convex and grows superlinearly,

W)

)

i
[x|—>+00 |x|
and are such that | g;~*29) = [ W~(+29) = 1 and if (g;, W) is admissible in the sense

of Definition (6.3.21), then the following statements are equivalent:
a. The Borell-Brascamp-Lieb inequality holds: for every t € [0,1] and H: R**2¢ - R such
that

Ve, y € R H((1-t)x+ty) < (1 —-t)g;(x) +tW (),
there holds
fH—(1+26) > 1.

b. The following inequality stands:

= 0.

j w*(Vg;)
2+2€

9gj
Proof. By definition of the infimal convolution Q;{"(g j) , 1t 1s actually sufficient to only

consider the function H = (1 — t)Q,'{V(gj)(. /(1 —1t)),where h =t/(1 —t), in statement

a. In fact, this leads to the statement a

JQ%V (gj)—(1+2€) > 1’

which we prove is equivalent to b.
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—(1+2€)
D

Let us consider the function ¢: h » [ Q)Y ( gi , Which is continuous and almost

everywhere differentiable in light of Lemma (6.3.29) and Theorem (6.3.22). Its derivative
is given by
“( g])

p'(h) =01+ Zé)f 2(1+6)

The implication a’. =b. follows from the fact that <p(0) = 1,and @(h) = 1 forh = 0. Then,
necessarily, ¢'(0) = 0.
Conversely, assume that b. holds. Then, whenever h >0 is such that ¢@(h) =

QY (g ~ze 1, statement b. applied to the function g; = Q) (g;) and the
h J ) h \JJ

corresponding function @ implies that @' (0) = ¢’ (h) = 0 thanks to the semigroup property
proved in Lemma (6.3.28). This, together with the fact that ¢(0) = 1, proves that ¢ stays
above 1, which is exactly statement a.

Once again, we insist on the fact that the semigroup Q)V is not linear, and not Markov,
which means, in particular, that there is no mass conservation. As such, this result stands as
a bit unusual among similar results.

Corollary (6.3.31)[222]; There exists hy > 0 such that for all h € (0, hy), By, = 0y, if, and
only if, ) is a convex cone. In that case, By, and 2y, coincide for all h = Q.

Proof. First, note that Q}” (g j)(x) < +oo if, and only if, there exists y € 2, such that x —

hy € (2. By definition of (2, this is equivalent to

v2 2 ¢p(yy) +1
3(y,, € R€ X Rs.t.{
1, 52) x, — hy, = ¢(x; — hyy)

© (Fy, € Rés.t.xy, = Pp(xq — hy,) + hep(y1) + h)) .
If x € 2y, then choosing y; = 0 proves that x € By, so 2, € B,.If h > 0, 2, = By, if, and
only if, for all x4, y; € RE,

& (x1 ;Jﬁ) > d(x1) — ¢(J’1). (120)

h
Indeed, if 2;, © By, then, for any x;, y; € RE,

x3:=¢(xy —hy,) + h¢(y1) + h = p(xy) + h
and thus, replacing y; by (x; —y;)/h, we get the stated inequality. The reciprocal is
immediate. Now, let € R¢, |z| = 1. Inequality (120), for y; = 0, becomes

1
b@) =2 d(h2)
for any h smaller than h,. Let @ = lim sup;,_,o ¢ (hz)/h. Using inequality (120) once again,

we get, for any s > 0,

S
¢(s2) 2 —¢(shz),
for any sufficiently small A > 0. Taking the inferior limit when h — 0 proves that for any
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s=0

$(sz) = sa. (121)
The set {s > 0,¢(sz) = sa} is non-empty because it contains 0, and it is closed by
continuity. Let s = 0 be such that ¢(sz) = sa. Then, invoking inequality (120), and then
inequality (121), we get

(14+ h)sz—sz
o (5

> (1+h)sa—sa:
h
so there is actually equality, and ¢((1 + h)sz) = (1 + h)sa for any sufficiently small h >

> = ¢(sz) =sa = (A + h).;lz) — ¢Gs2) _ ¢((1+ h})lSZ) —sa

sa

0. This shows that the connected component of {s > 0, ¢(sz) = sa} containing 0 is open
in R, . Since it is also closed, it is the half real line R, . Thus, ¢ is linear over half-lines with
initial point 0. Inequality (120) then becomes

¢(x1 —y1) = () — d (1)
forany x,, y; € R€. Lett € [0,1]; replacing x, by (1 — t)x; + ty, and y; by ty;, and using
linearity, the inequality becomes exactly the convexity inequality, that is

¢((1 —t)x; + tY1) <A-0)¢p(x) +tp(yy) .

The reciprocal is trivial. It is also clear that in this case, B;, = 2, for any h = 0.

This lemma will be used to prove the trace Sobolev and the trace Gagliardo-Nirenberg-
Sobolev inequalities in convex cones. We can go a bit further, and impose only ¢ to be
convex.

Corollary (6.3.32)[222]; If ¢ is convex, then

— 1+€ *1
B, —{(xl,xz) € RI*€, x, 2h+(1+h)¢(1+h)}.
Proof. One may notice that setting w(x) = 0 if x € 2 and 400 if x € ¢, and W(x) =
w(x — e) , then w is convex, thus
B, = dom( ,‘{V(w)) = dom (x - (1+ )W (ﬂ» ,

1+h

and

1+h Trn ¢€°

@x22h+(1+h)¢(1):_1h).

X +e xX+e
(15) <

Corollary (6.3.33)[222]; If ( gj» W) is admissible, there exist constants C > 0 and hy > 0,

such that for all 0 < h < hy, and x € (2,
107 (9;)(x) — g;()| < CR(L + [1x]") .
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Proof. First, let x’, x € 2. Then, we may estimate |g;(x") — g;(x)| using hypothesis (C4):
1 9]
D 1) =g @< [ D ll5z0;(x + 06 = x)iide
™ 0 .
j j

1
< ||lx" — x|| J A, (T+|lx+0(x" —x)||¥"1Hdo
0

< Cllx = x I+ lx]P =1 + lx" — x| . (122)
Now, let 0 < h < 1and x € 2. Then, x — he € (2, so

Q' (9;)() — g;(x) < gj(x — he) + hW (e) — g;(x)

< Ch(1+||x||""*+ hY"1) + hW (e)
< Ch(1+||x|I"™Y).
For the converse inequality, we will of course use hypotheses (C1) and (C3), but we first

have to localize the point where the infimum QKV ( g j)(x) is reached. Let y € 2; be such

that Q7 (g;)(x) = g;(x — hy) + AW (y) . Then, invoking hypothesis (C1) and inequality
(122),

hALllyIl” < AW (y) = Qi (g;) () — g;(x — hy)

= QY (g;,)(x) —g;(x) + gj(x) — g;(x — hy)

< Ch(1 + ||x]["™1) + Chlly[I(1 + [lx[["~* + (RllyIDY™) .
We thus choose h, € (0,1) such that for any h € (0, h,), A; — ChRY~1 > h¥~ 1, Then, for
any h € (0,hy) ,
R Hiyll” < (A — CRY DIyl
<CA+yIDA+ ",
which implies that
Ryl < e+ [Ix)"™D),

Y
since ||y||Y~! < max (1,2 %) . Now, using inequality (122) once again,

19;(x — hy) — g;()| < Chlly|(L+ [lx[I"=" + Yl [P~
< ChllylI(1 + lx|["=1).
Plugging this in the definition of Q) (g;)(x) , we find
Qn (9;)®) — g;(x) 2 yienﬂf {=ChllylI(X + [lx]"=") + hA; Iy |1}
1
> inf, (.} = —Ch(L+ ).
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To conclude, it is enough to notice that 1 + ||x||Y~ < 2 + ||x||¥ since y > 1.
Now that we have this estimation, we may estimate the speed of convergence of

Q,'{V(gj)_ge towards g; >¢

Corollary (6.3.34)[222]; If ( 9j» W) is admissible, there exist constants C > 0 and hy > 0,

such that for all 0 < h < hy, and x € 2y,

Z 10 ()" () — g; P@l_ ¢
h =TT xpee

Proof. First, let, § > 0. Then,
B

j t (1+36) dt
a

implying that

< max (0(‘(1+36),,8‘(1+36))|a _ ,Blr

|_ (B3¢ — q3¢)

|a,—36 _ ,8_36| < (36)|C¥ _ Bl(a—(1+36) + IB—(1+3€)) _ (123)

Then, according to Corollary (6.3.33), there exists hy > 0 such that for any h € (0, hy) ,
and any x € (2,

Z 10 (9,) " () — g7 ()]
h
j

W . [— .
< Cz |Qn (91)(9;) gJ(X)|< %V(gj)—(1+3e)(x)+gj—(1+3e)(x))

—(1+3¢€)

<ca+im ). (e (e) P +g 0w e
J

Now, hypotheses (C1) and (C3) and a straightforward computation yield

Q' (g)(x) Z infy € Q; {A5(1 + |lx — hy||") + hA4 Iy}
= inf {A;(1 + |[Ix|| = RllyllI") + hA;|ly|]*}
> C(1+ |[x]|) -
Using (C3) once again, we know that

97090 < (A + 11xIM)”

putting these two inequalities together with inequality (124), we finally obtain

(1+36)

z 10 (9;) " (0) — g7 () B e L
h (L + XT3
< C
"L ) CO
Corollary (6.3.34), together with Corollary (6.3.27), proves the dominated convergence,
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and

llm(l) = (3€)f Z W Sfij )

as claimed. The convergence of (i) is stralghtforward, as it is a direct implication of the

local Lipschitz continuity of g; and hypothesis (C3).

Corollary (6.3.35)[222]; If ( gdj W) is admissible, there exist constants C > 0 and hy > 0,
such that for at 0 < h < hq, and (x1,x,) € By \ 2y,

|QKV(gj)(x1,x2) - gj(x1,¢(x1))| < hC(l + ||(x1'¢(x1))||y + [x; - |7¢(x1)|y) . (125)

The proof follows the same logic as the proof of Corollary (6.3.33).
Proof. Recall that, according to Corollary (6.3.32)
"Qh = { (xlixZ) € Rn! X2 = h+ ¢(x1)} ;Bh

= {(xpxz) ER"x; 2h+ (1 +h)¢ (1):-1h)},

and that
19;(x") — g; )| < Clle’ = x||(X+ [lx||"" + [Ix" —x|["™") (23 revisited)
for any x', x € Q.

Fix h € (0,1), x = (x4,x,) € B /2, and define p(xy, x,) = (x1,¢(x1)) , its projection

1+h’ 1+h

thus, with hypothesis (C2) and inequality (122),
n () = gi(p() < g;(x — hy) — g;(p(x)) + AW (¥)

< Cllx —hy = p)IIA + [[pCOI" ™ + [lx — hy —p(|I"™)
+hA, (1 +|Iy|I") .
For brevity, let us write u = [|[p(xX)|| = ||(x1, d(x)||, and v = x; . P (x1) = |x1 - d(xq)].
Now, notice that

_h_ 1 1
I = hy = pGOIl = h (1 e h)) I

From the definition of {2;, and Bj,, we find out that
< h+ ¢(x;) — x; < d(x) — (1 + h)¢(x1/(1 + h))
- h - h
< X Vd)(xl) =,
since ¢ 1s convex and nonnegative. Thus,

onto (2. Letting y = (L 1+¢ (L» , we find that y € (2,, and also that x — hy € 2,
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Ilx = hy = p@)Il < hl (1 (2 h)) I+ hlxy - 7 Cxo))

< h(llp)|[ + |x1 - Vo (x)) = h(u +v),
so, since h < 1,

1+ lpCOI 1 + flx — hy = p)IP L < 14w~ + (h(u +v))"

<CA+ut+vr 1.
Finally,

AA+IYIM =4 (1+ 1251+ ¢ (Z5) 7)) < +ur).
Putting all these inequalities together, we ﬁnd
QY (x) —g;(p(x)) < hCu+v)(L +u"t +v¥™1) + hC(1 + u¥)
<hCA+u¥+vY). (126)
Conversely, let y € 2; be such that Q) (g;)(x) = g;(x — hy) + RW(y) . As before, we

localize y. Using hypothesis A; and inequalities (122) and (126),

hA |lyllY < kW (y) = Q1 (g,)(x) — g;(p(x)) + g;(p(x)) — g;(x — hy)

<ShC(A+uw +v")+Cllx —hy —p)lIl(1+uw™" + [lx —hy —p()|"™)
<hCA+u +v")+hC(y|l + v)A + w1+ R I(|y]| + )T
<hCA+u +v")+hC(y|| +v)A + w1 +h Yy 1 +vr 1.

Rearranging the terms and dividing by h yields

Allyll” = CR Iyl Ayl +v) < CA +ur +v") + C(llyll + v)(A +uw ™+ 077

<CA+4+u+v+|yDA+ut+vr 1),

We must now split the reasoning in two cases: either ||y|| < v, in which case the conclusion
follows, or [lyll=v, and then Aq|lyll¥ — CR" 7 yII" Iyl +v) = Allyll” -
2ChY 71 |y||Y. We thus choose 0 < h; < 1 such that for all h € (0,h,), A, —2Ch?"1 >
hY~1. Then, we have, for any h € (0, h,) ,

hY 1|y |Y
1+u+v+||y|| —

<CA+ut+vr 1),
Once again, either ||y|| <1+ u + v, or

2RIyl

R -Ly|Irt <
gl T+utv+ |y

Taking the greatest of the constants in those two cases, we may conclude that

R Yyllrt<c@+urt+vr 1), (127)
We may now proceed with the converse inequality. Invoking once again inequality (122),
and then inequality (127),

19 = 1) = g (PGO)] < RCCIy Il + ) (1 + w2 + RYHly|r = + w7 1)
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<hC(ly|| +v)A +ut+vr 1),
Finally,

Qr (9;)) — g;(p(x)) = g;(x — hy) — g;(p(x)) + (W (y)
> —hC(lyll + )1 +u' "t + 971 + hay Iy |l
2 hinf {(=C(llyll + V)1 +u™" +v"™%) + A, |ly|I"}
> —hC(1+u¥=t + vy~ Hr/&-1
and we may conclude.
We may now prove Theorem (6.3.22): using the same notations as in the proof above, that

is u=|lpCll = l(xr, pCx)Il, and v = x5 - $(x1) = [x1 - ¢(x1)|, hypothesis (C2)
immediately yields, for all h > 0 and all x € By \{2y,

—(143¢)
gj (p(x)) = (1 + ur)i+3e
Furthermore, inequality (125) and hypothesis (C2) yield

QY (g;)(x) = —hC(1 +u¥ +v¥) + C(1 +uY)

for all x € B,\f2), and 0 < h < h;. Now, assumption (21) reads: for all x; € R?€ such that
Xl > R,
v < Cu.
Since both u and v are bounded functions of x on the set {(xq,x,) € By\2y, l|x11] < R},
there exists h, > 0 such that, for all 0 < h < h,,
C>0 whenever ||x;|| <R
Q*I:V(gj)(x) = {C(l + u¥) whenever ”xi” >R
Thus, forall 0 < h < h, and all x € By, \ {2,

—(143¢) C
Q%V(gj) (x) < (1 + uy)i+3e

Finally, invoking inequality (123) together with assumption (21) yields, for any 0 < h <
h, and x = (x4, x;) € Bp\{2p,

3 0¥ (9,) " () = g7 (p())]
h

J

W, —q.
3 Cz [t (91)(x)h g](p(x))|( g (gj)_(me)(x)+g}(1+36)(p(x)))
J

<CA+u +v)

1
Note that u = ||x4||, and we chose 1+ 3€ such that (3e€)y > 1+ 2¢, hence
(14+e)Be)y —(1+¢€) > 2e(1 + €), thus the dominated convergence theorem applies,
and we may conclude that

(1 4 uy)1+3e€

<C
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1 ~3€
h—0 By\2h h h ( J)
1 h+¢(xq1) .
= lim (—J Z g} (1+3€) (x1,¢(x1))dx2> dox,
h=0 Jgze h+(1+h) ¢ (x1/(1+h))
_ -3¢
= fz z (x1 Vp(xy) _¢(x1)) 9j (x1,¢(x1))dx1,
R €

this last equality also being a dominated convergence result, using the hypotheses on g;.
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