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Abstract

The effective and computing matrix geometric means satisfying
the Ando-Li- Mathias properties are studied. The geometric means of
structured matrices and for Toeplitz and Toeplitz -block-block-Toeplitz
matrices are also studied. We show the regular operator mappings,
monotone and multiplicative geometric means for a class of Toeplitz
matrices and the Kihler mean of block — Toeplitz matrices with
Toeplitz structured blocks. We explain and develop Beurling-Malliavin
theory and geometric significance for Toeplitz Kernels with multipliers
between model spaces and improved Toeplitz order. We determine the
spectral gaps for sets, measures, two weight inequality for Hilbert
transform, higher order multi-dimensional extensions of Cesaro
theorem, and law- of large numbers for weighted inductive means in a
Hadamard space. The Toeplitz lemma in geodesic metric space,
convergence in probability, mean convergence, complete convergence
with moment and convergence of inductive means are investigated and

obtained.
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Introduction

We propose a new matrix geometric mean" satisfying the ten properties
given by Ando, Li and Mathias. This mean is the limit of a sequence which
converges superlinearly with convergence of order 3 whereas the mean
introduced by Ando, Li and Mathias is the limit of a sequence having order of
convergence 1. A new definition is introduced for the matrix geometric mean of
a set of k positive definite n X n matrices together with an iterative method for
its computation. The iterative method is locally convergent with cubic
convergence and requires 0(n3k?) arithmetic operations per step whereas the
methods based on the symmetrization technique of Ando, Li and Mathias have
complexity 0(n3k!2%). The geometric mean of positive definite matrices is
usually identified with the Karcher mean, which possesses all properties —
generalized from the scalar case— a geometric mean is expected to satisfy.
Unfortunately, the Karcher mean is typically not structure preserving, and
destroys, e.g., Toeplitz and band structures, which emerge in many applications.
The Kaircher mean is not always recommended for modeling averages of
structured matrices.

We consider the family of Toeplitz operators T 5, acting in the Hardy

space H? in the upper halfplane; J and S are given meromorphic inner functions,
and a is a real parameter. If X is a closed subset of the real line, denote by Gy the
supremum of the size of the gap in the Fourier spectrum, taken over all non-trivial
finite complex measures supported on X. Let ¢ and w be locally finite positive
Borel measures on R which do not share a common point mass. Assume that the
pair of weights satisfy a Poisson A, condition, and satisfy the testing conditions
below, for the Hilbert transform H, fl H(o1,)%?dw < o(I), fl Hw1;)?do <

w(l), with constants independent of the choice of interval I. Then H(o -
) maps L? (o) to L?>(w), verifying a conjecture of Nazarov—Treil-Volberg.

Three examples are provided which demonstrate that “convergence in
probability” versions of the Toeplitz lemma, the Cesaro mean convergence
theorem, and the Kronecker lemma can fail. We introduce the notion of regular
operator mappings of several variables generalising the notion of spectral
function. This setting is convenient for studying maps more general than what
can be obtained from the functional calculus, and it allows for Jensen type
inequalities and multivariate non-commutative perspectives. As a main
application of the theory we consider geometric means of k operator variables
extending the geometric mean of k commuting operators and the geometric mean
of two arbitrary positive definite matrices. We study the Toeplitz lemma, the
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Cesaro mean convergence theorem and the Kronecker lemma. We study
“complete convergence” versions of the Toeplitz lemma, the Cesaro mean
convergence theorem and the Kronecker lemma. Two counterexamples show that
they can fail in general and some sufficient conditions for ‘“‘complete
convergence” version of the Cesaro mean convergence theorem are given.

We introduce using Laurent operators and Fourier coefficients of their
symbol functions, a geometric mean for a large class of n X n positive semi-
definite Toeplitz matrices which satisfies the monotonicity property. When one
computes an average of positive definite (PD) matrices, the preservation of
additional matrix structure is desirable for interpretations in applications. An
interesting and widely present structure is that of PD Toeplitz matrices, which we
endow with a geometry originating in signal processing theory. As an averaging
operation, we consider the barycenter, or minimizer of the sum of squared
intrinsic distances. The resulting barycenter, the Kahler mean, is discussed along
with its origin. Using the symbol functions and their associated Fourier series, we
introduce a new definition of geometric mean for all positive semi-definite
Toeplitz matrices and positive semi-definite block-Toeplitz matrices with
Toeplitz structured blocks (TBBT).

Let L? be the Lebesgue space of square-integrable functions on the unit
circle. We show that the injectivity problem for Toeplitz operators is linked to the
existence of geodesics in the Grassmann manifold of L? . A new approach to
problems of the Uncertainty Principle in Harmonic Analysis, based on the use of
Toeplitz operators, has brought progress to some of the classical problems in the
area. We develop and systematize the function theoretic component of the
Toeplitz approach by introducing a partial order on the set of inner functions
induced by the action of Toeplitz operators.

The Cesaro theorem is extended to the cases: higher order Ces aro mean
for sequence (discrete case); and higher order, multi-dimensional and continuous
Ces aro mean for functions. We first study the law of large numbers for weighted
inductive means of independent identically distributed random variables taking
values in a Hadamard space. We study the Toeplitz lemma for inductive means
in a geodesic metric space and by using the Toeplitz lemma, we prove the Cesaro
theorem for inductive means.

Vi
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Chapter 1
An Effective Matrix Geometric Mean

We make the new mean very easily computable. We provide a geometric
interpretation and a generalization which includes as special cases the mean and the Ando-
Li-Mathias mean. We show that the new mean is obtained from the properties of the centroid
of a triangle rephrased in terms of geodesics in a suitable Riemannian geometry on the set
of positive definite matrices. It satisfies most part of the 10 properties stated by Ando, Li
and Mathias; a counterexample shows that monotonicity is not fulfilled. We show a new
definition of a geometric mean for structured matrices, its properties are outlined, algorithms
for its computation, and numerical experiments are provided. In the Toeplitz case an existing
mean based on the Kdhler metric is analyzed for comparison.

Section (1.1): Geometric Mean Satisfying the Ando-Li—Mathias Properties
It is natural to generalize the geometric mean of two positive real numbers a#b: =

Vab to real symmetric positive definite n x n matrices as
1 1o 1 1 % 1
A#B:= A(A"1B)z = A2 (A 2BA 2) Az, (1)
Several, e.g. [4], [5], [10], and [3] are devoted to studying the geometry of the cone of
positive definite matrices P" endowed with the Riemannian metric defined by
ds = |A~Y2dAA~Y?|,

where || B ||= /Zi,j |bi,j|2 denotes the Frobenius norm. The distance induced by this metric

is ) )
d(A,B) = Hlog (A‘EBA‘E)H. 2)

It turns out that on this manifold the geodesic joining X and Y has the equation

y(t) = )(1/2()(-1/21/)(-1/2)t)(1/2 = X(X~Y)t = X#.Y,t € [0,1],
and thus A#B is the midpoint of the geodesic joining A and B. An analysis of numerical
methods for computing the geometric mean of two matrices is carried out in [8].
It is less clear how to define the geometric mean of more than two matrices. In [2], Ando,
Li and Mathias list ten properties that a "good™ matrix geometric mean should satisfy, and
they show that several natural approaches based on a generalization of formulas working
for the scalar case, or for the case of two matrices, do not work well. They propose a new
definition for the mean of k matrices satisfying all the requested properties. We refer to this
mean as to the Ando-Li-Mathias mean, or the ALM-mean, for short.
The ALM-mean is the limit of a recursive iteration process where at each step of the iteration
k geometric means of k — 1 matrices must be computed. One of the main drawbacks of this
iteration is its linear convergence. In fact, the large number of iterations needed to
approximate each geometric mean at all the recursive steps makes it quite expensive to
actually compute the ALM-mean with this algorithm. No other algorithms endowed with a
higher efficiency are known.

A class of geometric means satisfying the Ando, Li, Mathias requirements has been
introduced in [9]. These means are defined in terms of the solution of certain matrix
equations. This approach provides interesting theoretical properties concerning the means
but no effective tools for their computation.



We propose a new matrix geometric mean satisfying the ten properties of Ando, Li
and Mathias. Similar to the ALM-mean, our mean is defined as the limit of an iteration
process with the relevant difference that convergence is superlinear with order of
convergence at least three. This property makes it much less expensive to compute this
geometric mean since the number of iterations required to reach a high accuracy is dropped
down to just a few.

The iteration on which our mean is based has a simple geometrical interpretation. In
the case k = 3, given the positive definite matrices A, A,, A;, we generate three matrix
sequences 4™, AT™, AT starting from A = A;,i = 1,2,3. At the step m + 1, the matrix
A&m“) Is chosen along the geodesic which connects Agm) with the midpoint of the geodesic

connecting AY™ to A7™ at distance 2/3 from A™. The matrices AS™*" and A{™*Y are
similarly defined. In the case of Euclidean geometry, just one step of the iteration provides

the value of the limit, i.e., the centroid of the triangle with vertices AT™, A7™, A7, In fact,
the medians in a triangle intersect each other at 2 /3 of their length. In the different geometry
of the cone of positive definite matrices, the geodesics which play the role of the medians
might not even intersect each other.

In the case of k matrices 4,, A, ..., Aj, the matrix Agm”) Is chosen along the geodesic
which connects Agm) with the geometric mean of the remaining matrices, at distance k/(k +
1) from Agm). In the customary geometry, this point is the common intersection point of all
the "medians” of the k-dimensional simplex formed by all the matrices Agm),i =1,..,k

[00]

We prove that the sequences (Agm)) ,i=1,..,k, converge to a common limit A with
m=1 _

order of convergence at least 3. The limit A is our definition of the geometric mean of

A, ., Ag.

It is interesting to point out that our mean and the ALM-mean of k matrices can be
viewed as two specific instances of a class of more general means depending on k — 1
parameters s; € [0,1],i = 1, ..., k — 1. All the means of this class satisfy the requirements
of Ando, Li and Mathias; moreover, the ALM-mean is obtained with s = (1,1, ...,1,1/2),
for s = (s;), while our mean is obtained with s = ((k — 1)/k, (k — 2)/(k — 1), ...,1/2).
The new mean is the only one in this class for which the matrix sequences generated at each
recursive step converge superlinearly.

We present the ten Ando-Li-Mathias properties and briefly describe the ALM-mean;
then, we propose our new definition of a matrix geometric mean and prove some of its
properties by also giving a geometrical interpretation; we provide a generalization which
includes the ALM-mean and our mean as two special cases. We present some numerical
experiments of explicit computations involving this means concerning some problems from
physics. It turns out that, in the case of six matrices, the increased speed reached by our
approach with respect to the ALM-mean is by a factor greater than 200. We also
experimentally demonstrate that the ALM-mean is different, even though very close, from
our mean. Finally, for k = 3 we provide a pictorial description of the parametric family of
geometric means.

We use the positive semidefinite ordering defined by A > B if A — B is positive
semidefinite. We denote by A* the conjugate transpose of A.



Ando, Li and Mathias [2] proposed the following list of properties that a "good"
geometric mean G () of three matrices should satisfy.
P1: Consistency with scalars. If 4, B, C commute, then (4, B, C) = (ABC)Y/3.
P2: Joint homogeneity. G (a4, BB,yC) = (afy)*3G(4, B, ).
P3: Permutation invariance. For any permutation (A4,B,C) of A,B,C it follows that
G(A,B,C)=G(n(A,B,()).
P4: Monotonicity. IfA>A",B > B',C = C',then G(4,B,C) = G(A',B’,C").
P5: Continuity from above. If A,,B,, C, are monotonically decreasing sequences
converging to 4, B, C, respectively, then G (4,,, B,,, C,,) converges to G(A4, B, C).
P6: Congruence invariance. For any nonsingular, G(S*AS,S*BS,S*CS) = S*G(A, B, C)S.
P7: Joint concavity. If = 14; + (1 —1)A,,B =AB; + (1 = A)B,,C = AC; + (1 — 1),
then G(A,B,C) = AG(A4,B1,C;) + (1 — A1) G(A,, By, Cy).
P8: Self-duality. G(4,B,C) ' =G4 L, B L, Cc™Y).
P9: Determinant identity. det G(4, B, C) = (det Adet Bdet C)/3.
P10: Arithmetic-geometric-harmonic mean inequality:

A+B+C A1+ B4 C‘1>_1

3

It is proved in [2] that P5 and P10 are consequences of the others. All these properties can
be easily generalized to the mean of any number of matrices. We will call a geometric mean
of three or more matrices any map G (-) satisfying P1-P10 or their analogues for a number
k > 3 of entries.

We denote by G,(4,B) the usual geometric mean A#B and, given the k-tuple
(A4, ..., Ay), we define

Zi(Ag, 0, Ay) = (A1, o A, A, -0 AR, =1, 00k,
that is, the k-tuple where the i-th term has been dropped out.

In [2], Ando, Li and Mathias note that the previously proposed definitions of means
of more than two matrices do not satisfy all the properties P1-P10, and they propose a new
definition that fulfills all of them. Their mean is defined inductively on the number of
arguments k.

Given A4, ..., A, positive definite, and given the definition of a geometric mean G,_,(-) of

k — 1 matrices, they setAgo) =A4;,i=1,..,k, and define forr > 0
AT = G, (zi (Agﬂ, ...,A,([))) i=1,..k 3)
For k = 3, the iteration reads

> G(4,B,C) z(

GZ(B(T),C(T))

A(T+1)
pr+1)| = GZ(A(r)' C(r)) _
Ccr+1) G, (A(r)’ B(r))
Ando, Li and Mathias show that the k sequences (A§">) converge to the same matrix 4,
r=1

and finally they define G, (44, ..., A;) = A. In the following, we shall denote by G(-) the
Ando-Li-Mathias mean, dropping the subscript k when not essential.
An additional property of the Ando-Li-Mathias mean which will turn out to be important in
the convergence proof is the following. Recall that p(X) denotes the spectral radius of X,
and let
R(A,B):=max (p(A7'B),p(B™14)).
3



This function is a multiplicative metric; that is, we have R(A4, B) = 1 with equality iff A =
B, and
R(A4,C) < R(4,B)R(B, ().
The additional property is
P11: For each k > 2, and for each pair of sequences (44, ..., Ay), (By, ..., By), We require

that
/k

1
k
R(G(4y, -, 40,6 By, -, B) < | | | RCALBD
i=1

Definition (1.1.1)[1]: We are going to define for each k > 2 a new mean G, () of k matrices
satisfying P1 — P11. Let G,(A4, B) = A#B, and suppose that the mean has already been

defined for up to k — 1 matrices. Let us denote, for short, Tim = Gr_q (ZL- (/Tgr), ...,/Tg)))

and define Ag”l) fori=1,..,kas

A§r+1): _ G_k (/T(T), Ti(T)’ Ti(r)' - Ti(r))’ (4_)

i

k—1 times
with /Tgo) = A; for all i. Notice that apparently this requires the mean G, (-) to already be
defined; in fact, in the special case in which k — 1 of the k arguments are coincident, the
properties P1 and P6 alone allow one to determine the common value of any geometric
mean:
GX,Y,Y,...Y) =XY2G(I, X~ V2yx~1/2, .. x"1/2yx-1/2)x1/2
k-1

= XV2(XV2yx~1/2) kX2 = X Y.
k
Thus we can use this simpler expression directly in (4) and set
AT = Agﬂ#%n(”. (5)

We prove that the k sequences (/Tgr)) converge to a common limit A with order
r=1

of convergence at least three, and this will enable us to define G, (44, ..., Ax): = A. In the
following, we will drop the index k from G (-).

In [4], an interesting geometrical interpretation of the Ando-Li-Mathias mean is
proposed for k = 3. We propose an interpretation of the new mean G(+) in the same spirit.
For k = 3, the iteration defining G (-) reads

A, (BM#CM)
A(r+1) 3
B+ | = B(T)#Z(A(T)#E(T)) _
cr+1 CO it (AN #BM)
3

We can interpret this iteration as a geometrical construction in the following way. To find

e.g. AT+D the algorithm is:

(i) Draw the geodesic joining B and €, and take its midpoint M@,

(i) Draw the geodesic joining A7 and M, and take the point lying at 2/3 of its length:

this is AT+,

If we execute the same algorithm on the Euclidean plane, replacing the word "geodesic”

with "straight line segment”, it turns out that A®, B and €™ coincide in the centroid of
4



the triangle with vertices A, B, C. Thus, unlike the Euclidean counterpart of the Ando-Li-
Mathias mean, this process converges in one step on the plane. When A, B and C are very
close to each other, we can approximate (in some intuitive sense) the geometry on the
Riemannian manifold P™ with the geometry on the Euclidean plane: since this construction
to find the centroid of a plane triangle converges faster than the Ando-Li-Mathias one, we
can expect that also the convergence speed of the resulting algorithm is faster. This is indeed
what will result after a more accurate convergence analysis.

In order to prove that the iteration (5) is convergent (and thus that G(-) is well
defined), we adapt a part of the proof of Theorem (1.1.3) of [2] (namely, Argument 1).
Theorem (1.1.2)[1]: Let A4, ..., A, be positive definite.

(i) All the sequences (A?”) converge for r — oo to a common limit 4.
r=1

(ii) The function G, (44, ..., A;,) satisfies P1-P11.

Proof. We work by induction on k. For k = 2, our mean coincides with the ALMmean, so
all the required work has been done in [2]. Let us now suppose that the thesis holds for all
k' <k — 1. We have

k
) 1, 1C -
AT < (AP + (k- DT") < 7 E A7,
i=1

where the first inequality follows from P10 for the ALM-mean G, (-) (remember that in the
special case in which k — 1 of the arguments coincide, G,(-) = G,(*)), and the second

follows from P10 for G,,_, (). Thus,
k k

k
2 AT < Z A < Z A;. (6)
i=1

i=1 i=1
o)

Therefore, the sequence (/Tgr), ...,/T(kr)) Is bounded, and there must be a converging
r=1

subsequence, say, converging to (4, ..., 4;).

Moreover, for each p,q € {1, ..., k} we have
k-1

(r+1) o(r+1) ) ()\Y* ) )\ k.
R(AT™, A7) <R (AD,A7) " R(T, 1)
e
k
7@ 7O (o (70 FOVET) T p (a0 70\
<R(AD, A7) <R(Aq AD) ) =R(AD,AD) ",
where the first inequality follows from P11 in the special case, and the second follows from

P11 in the inductive hypothesis. Passing to the limit of the converging subsequence, one can

verify that

- _ _ \2/k
R(Ap, Aq) < R(Ap, Ag)™",

from which we get R(4,, 4,) < 1, thatis, 4, = A, because of the properties of R; i.e., the
limit of the subsequence is in the form (4, 4, ..., A). Suppose there is another subsequence
converging to (B, B, ..., B); then, by (6), we have both kA < kB and kB < kA, thatis, A =
B. Therefore, the sequence has only one limit point; thus it is convergent. This proves the
first point of the theorem.



We now turn to show that P11 holds for our mean G, (-). Consider the k-tuples A, ..., A

and By, ..., By, and let Bi(r) be defined as /TET) but starting the iteration from the k-tuple (B;)
instead of (A4;). We have for each i,

R (A§r+1), gi(r+1))

k-1
<r(A7,57)" R (é (2 (A0, .. 47)), ¢ (2 (8, ...,é,ﬁ”))) '

<R (/Tgr)' gi(r))l/k 1—[ R (A]gr)’gj(r))kq

JE!

_ ﬁ R(A7,57)""

This yields
k k

(r+1) z(r+1 i 5
[]n(ares) < ] n(ara),
i=1 i=1
chaining together these inequalities for successive values of r and passing to the limit, we
get

k
k
R(G(Ay, .., Ar), G(By, .., By)) < 1_[ R(A;,B)),
i=1

which is P11.

The other properties P1-P4 and P6-P9 (remember that P5 and P10 are consequences of these)
are not difficult to prove. All the proofs are quite similar, and can be established by
induction, using also the fact that since they hold for the ALM-mean, they can be applied to
the mean G (-) appearing in (5) (since we just proved that all possible geometric means take
the same value if applied with k — 1 equal arguments). We provide only the proof for three
of these properties.

P1: We need to prove that if the A; commute, then G (44, ..., 4,) = (A, -+ A;,)Y/*. Using the

1

inductive hypothesis, we have Ti(l) = ]'[j#/T’l.‘Tl. Using the fact that P1 holds for the ALM-
mean, we have

k-1
1\ k k
i (T a) =TT
] l
j#i =1
as needed. So, from the second iteration on, we have A\ = A = ... = A7 = [k, 47/%.

P4: Let T, and A" be defined as T, and AT but starting from 4} < 4;.
Using monotonicity in the inductive case and in the ALM-mean, we have for each s < 1

and for each i,
Ti(r+1) < Til(r+1)

and thus
A§r+1) < /T;(H-l).

6



Passing to the limit for r — oo, we obtain P4.
P7: Suppose A; = A4} + (1 — DAY, and let T/ (resp. Ti"(r)) and A, (resp. A7 ) be
defined as 7, and A" but starting from A} (resp. A!' ). Suppose that for some r we have
A7 = 24T + (1= 0)A® for all i. Then by joint concavity and monotonicity in the
inductive case we have

i =6 (2 (A0, 4D))

>G (Zi ()L/I’l(r) +(1- A)Arlr(r)’ ...,/VT;C(T) +(1- A)A;{'(r)))

> 1/ + (1 - )1'®,
and by joint concavity and monotonicity of the Ando-Li-Mathias mean we have
T k-1
ATD = f0g ™
k
> (M0 + (1= DA s (a1,7 + (1 = DT
&

> A4 4 (1 - DAY,
Passing to the limit for r — oo, we obtain P7.

We will use the big-O notation in the norm sense; that is, we will write X =Y +
0(&") to denote that there are universal positive constants &, < 1 and 8 such that for each
0<e<eg, it follows that || X — Y II< 8", The usual arithmetic rules involving this
notation hold. These constants may depend on k, but not on the specific choice of the
matrices involved in the formulas.

Theorem (1.1.3)[1]: Let0 < ¢ < 1, M and /TEO) = A;,i =1,..., k, be positive definite n x
n matrices, and E;: = M~1A; — I. Suppose that ||E;|| < € for all i = 1, ..., k. Then, for the
matrices /Tl(l) defined in (5) the following hold.

C1: We have
M71AY — 1 =T, + 0(e?), (7)
where
1 k
EZ 42 2 (B~ )"
j=1 i,j=1

C2: There are positive constants 8,0 and ¢ < 1 (all of which may depend on k) such that
forall € < ¢,
|M71AD — ]| < 0e3

for a suitable matrix M, satisfying [|[M~1M; — I|| < oe.
C3: The iteration (5) converges at least cubically.
C4: We have

M G(Aq, ..., Ax) — 1 = 0(e?). (8)
Proof. Let us first find a local expansion of a generic point on the geodesic #,B : let M~14 =
I+F and M™'B =1+ F, with |[F; || < §,IIF,Il < 6,0 < & < 1. Then we have



M Y(A#,B) = MYAMAB) =+ F)(U+F)™'U + FZ))t
= U+FR)((I-F+F2+0(6%)U + Fz))t

= (+F)(I+F,—F—FE+F2+06%) (9
= (I+F)(I+t(F,—F, — F,F, + F?)

oD g, py s 0(53>)

2
t(t—1)
2
where we have made use of the matrix series expansion (I + X)! =1+ tX + t(tz—_l)X2 +
0(X3). Now, we prove the theorem by induction on k in the following way. Let Ci, denote

the assertion Ci of the theorem (for i = 1, ...,4) for a given value of k. We show that
(i) C1, holds;
(ii) C1, = C2y;
(iii) C2, = C3y, C4y;
(iv) C4, = Cl;,4.
It is clear that these claims imply that the results C1 — C4 hold for all k > 2 by induction;
we will now turn to prove them one by one.
(i) This is simply equation (9) for t = %
(ii) It is obvious that T, = 0(¢); thus, choosing M;: = M(I + T;) one has
AV =M1+ T +0(®) = My(I+ (I +T)0(e2) = My (I + 0(£3)).(10)
Using explicit constants in the big-O estimates, we get
[M1A®D — 1| < 663, IM~'M; — I]| < o¢
for suitable constants 6 and o.
(iii) Suppose ¢ is small enough to have 83 < e. We shall apply C2 with initial matrices
A with &; = 6 in lieu of & and M, in lieu of M, getting
M54 — 1| < 0e3, IMT*M, — 1| < 0.
Repeating again for all the steps of our iterative process, we get for all s = 1,2, ...,
IMs1AS — 1| < 63, = &, IM; Mgy — Il < 0gg (1)
Wlth £S+1: == 983 and MO: == M.
We introduce the notation
d(X,V):=IX"Y —I|
for any two n X n symmetric positive definite matrices X and Y. It will be useful to notice
that | X =Y IS X I IX'Y — Il <l X Il d(X,Y) and
diX,2) =l XYY-DYZ-D+Xx1Y-1I
<dX,Y)d(Y,Z)+d(X,Y) +d(Y,Z).
With this notation, we can restate (11) as
d (M, AD) < &, d(M,, Ms,.,) < 0.
We will now prove by induction that, for € smaller than a fixed constant, it follows that

1
d(M, M,,,) < (2 - F) ot.. (13)

+

= I + (1 - t)Fl + tFZ + (FZ - Fl)z + 0(53);

(12)

Firstof all, forall t > 1,
8



3t—1 5t
Es+¢ =0 2 €7,

3t—1

which, for € smaller than min(1/8,67%), implies = g ? <el< 2;2.

Now, using (12), and supposing additionally that ¢ < o~ ", we have
d(MSJMS+t+1) < d(MSfMS+t)d(Ms+t' Ms+t+1)
4_d(A4SJA4S+t)'+ d(ﬂ4s+tlﬂ4s+t+1)

< (2 — %) o0& + Oo&q (aesH + gzﬂ)
S
< (2 — %) o0& + 08 (2 5:1:)
1 1 1
< (2 —;) 0& + 08— St = (2 — 2t+1) &
Thus, we have for each t,

IM; — M| <IM || [M™IM, = I <20 I M |l &
which implies [|[M;|| < 2 || M | for all t. By a similar argument,
IMsie = Msll < IMslld (Mg, Ms) < 20 1| M || &s. (14)
Due to the bounds already imposed on &, the sequence &, tends monotonically to zero with
a cubic convergence rate; thus (M,) is a Cauchy sequence and therefore converges. In the
following, let M* be its limit. The convergence rate is cubic, since passing to the limit (14)
we get

IM™ — Mgl <20 I M || &.
Now, using the other relation in (11), we get

|49 = M| < AP — M|+ 1 — mgl
<20 MId(My,A>)+ 201 M Il &

<@2oc+2)IMI e

that is, /Tgs) converges with cubic convergence rate to M*. Thus C3 is proved. By (12), (13),
and (11), we have

d(My,AP) < d(My, M) (M, AD) + d(My, M) + d (M, AP
< 20,6 + 208 + & < (40 + 1)g; = 0(&3),

which is C4.
(iv) Using C4 , and (9) with F; = E,1, F, = M71G(A, ..., Ay) = T + 0(&2),6 = 2ke,
we have

1 4(1) k
M Ak+1 == M Ak+1# k G(Al, . ,Ak)
(15)

=] +— 1 Epiq +—o0 k Ty
- k+1 1T k41

k
2(k+1)2< 1 kz )+0(‘€3)'

1 Py — (k= 1)Qy
Tk =E5k+ 2k2 )

Observe that




where S, = Y21 E;, Qu = Y41 EX P = XF jo1,i2, EiEj. Since S7 = P + Qi and Syyq =
Sk + Ek+1' Qk+1 == Qk + E]§+1,Pk+1 == Pk + Ek+1Sk + SkEk+1! from (15) one flndS that
1 k 1

-1 7(1) —

M 1Ak+1 =1 + k + 1Sk+1 - Z(k + 1)2 Qk+1 + Z(k + 1)2 Pk+1 + 0(83)
=14 Tyyq +0(£3).

Since the expression we found is symmetric with respect to the E;, it follows that /T]@ has

the same expansion for any j.
Observe that Theorems (1.1.2) and (1.1.3) imply that the iteration (5) is globally convergent
with order of convergence at least 3.

In the case where the matrices 4;,i = 1, ..., A,, commute with each other, the iteration

5) converges in just one step, i.e., AD = A for any i. In the noncommutative general case,
g J p i y g

one has det (/Tgs)) = det(A) for any i and for any s > 1; i.e., the determinant converges in

one single step to the determinant of the matrix mean.
Our mean is different from the ALM-mean, as we will show with some numerical
experiments. We prove that our mean and the ALM-mean belong to a general class of matrix
geometric means, which depends on a set of k — 1 parameters.
We introduce a new class of matrix means depending on a set of parameters
S1, .-, Sk—1 and show that the ALM-mean and our mean are two specific instances of this
class.
We describe this generalization in the case of k = 3 matrices A, B,C. Thecase k > 3
is outlined. Here, the distance between two matrices is defined in (2).
For k = 3, the algorithm presented replaces the triple 4, B, C with A’, B’,C" where A’ is
chosen in the geodesic connecting A with the midpoint of the geodesic connecting B and C,
at distance 2/3 from A, and a similar choice is made for B" and C'. In our generalization we
use two parameters s,t € [0,1]. We consider the point P, = B# ;C in the geodesic
connecting B to C at distance t from B. Then we consider the geodesic connecting A to P;
and define A’ to be the matrix on this geodesic at a distance s from A. That is, we set A’ =
A# ((B# ,0).
We do a similar step with B and C. This transformation is recursively repeated so that the
matrix sequences A™, B(, €™ are generated by means of
ATHD = A (BO#, M)
Br+D = pWg (¢W#,AM), r=01,.., (16)
c(r+1) =C(r)#S(A(r)#tB(r)),
starting with A©® = 4,B(® =B, ¢c©® =,
By following the same arguments, it can be shown that the three sequences have a
common limit G5, forany s,t € [0,1],s # 0, (s, t) # (1,0), (1,1).
Moreover, for s = 1,t = 1/2 one obtains the ALM-mean, i.e., G = G, 1, while for s =

’2

2/3,t = 1/2 the limit coincides with our mean, i.e., G = Ggé. Moreover, it is possible to
3

prove that for any s,t € [0,1],s # 0, (s,t) # (1,0), (1,1) the limit satisfies the conditions
P1-P11 so that it can be considered a good geometric mean.

Concerning the convergence speed of the sequence generated by (16) we may perform a
more accurate analysis. Assume that A = M(I + E;),B = M(I + E,), C = M yields

10



st(t—1) 12 +s(s— 1)
— 5 Hy T

A’ = M (I + (1 - S)El + S(]. - t)EZ + StEB + (Hl + tH2)2>,

stt—1) , s(s—1) 5
B, =M I+(1_S)E2+S(1_t)E3+StE1 +TH3 +T(H2+tH3) )

st(t—1 s(s—1
(T)le +¥(H3 +tH1)2>,

where = denotes equality up to 0 (e3) terms, with H; = E; — E,,H, = E, — E3,H; = E3 —
E;.Hence we have A’ = M(I + E{),B' = M(I + E}),C' = M(I + E3), with

C, = M<I+ (1 _S)E3 +S(1_t)E1 +StE2 +

' 2 — 2
B Bl st -1 |2| (s -1y [Uh T tH2)
EZ = C(S, t) Ez + T H3 + T (HZ - tH3) ’
E} E; H? (Hz — tH,)?

where
1-=s) s(A-t) stl
C(s,t) = stl A-s) s(-1t)]|.
s(1—-1t)I stl (1-1s)I

Observe that the block circulant matrix C(s, t) has eigenvalues 1, = 1,1, = (1 — %s) +

i?s(Zt — 1),and A; = 4,, with multiplicity n, where i? = —1. Moreover, the pair (s, t) =
(2/3,1/2) is the only one which yields 4, = 1; = 0. In fact (2/3,1/2) is the only pair
which provides superlinear convergence. For the ALMmean, where t = 1/2 and s = 1, it
follows that |A,| = |A3] = 1/2, which is the rate of convergence of the ALM iteration [2].
In the case of k > 3 matrices, given the (k — 1)-tuple (s4, S5, ..., Sx—1) We may recursively
define G s, , (44, ..., Ay) as the common limit of the sequences generated by

(r+1) _ () ™ a0
AT = qOy G (zi (40, .., a7 ))l =1,..,k

Observe that with (sy, ..., sx-1) = (1,1, ...,1,1/2) one obtains the ALM-mean, while with
(51 rSg—1) = (k=D /k,(k—2)/(k—1),..,1/2) one obtains the new mean
introduced.
We have implemented the two iterations converging to the ALM-mean and to the newly
defined geometric mean in Matlab, and we have run some numerical experiments on a quad-
Xeon 2.8Ghz computer. To compute matrix square roots we used Matlab's built-in sqrtm
function, while for p-th roots with p > 2 we used the rootm function in Nicholas Higham's
Matrix Computation Toolbox [7]. To counter the loss of symmetry due to the accumulation
of computational errors, we chose to discard the imaginary part of the computed roots.
The experiments have been performed on the same data set as [10]. It consists of five sets,
each composed of four to six 6 X 6 positive definite matrices, corresponding to physical
data from elasticity experiments conducted by Hearmon [6]. The matrices are composed of
smaller diagonal blocks of sizes 1 X 1 up to 4 X 4, depending on the symmetries of the
involved materials. Two to three significant digits are reported for each experiment.
We have computed both the ALM-mean and the newly defined mean of these sets; as a
stopping criterion for each computed mean, we chose

(r+1) )
4; — 4

max <g,
l
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where | X|: = max; |Xij|, with e = 1071%. The CPU times, in seconds, are reported in Table
1. For four matrices, the speed gain is a factor of 20, and it increases even more for more
than four matrices.

We then focused on Hearmon's second data set (ammonium dihydrogen phosphate),
composed of four matrices. In Table 2, we reported the number of outer (k = 4) iterations
needed and the average number of iterations needed to reach convergence in the inner (k =
3) iterations (remember that the computation of a mean of four matrices requires the
computation of three means of three matrices at each of its steps). Moreover, we measured
the number of square and p-th roots needed by the two algorithms, since they are the most
expensive operation in the algorithm. From the results, it is evident that the speed gain in
the new

TapLe 1. CPU times in seconds for the Hearmon elasticity data

Data set {mimber of matrices) ALM-mean New mean
NaClO= (5) 23000 1.30

Ammaoninm dihydrogen phosphate (4) 9.9 (.39

Potassium dihyvdrogen phosphate (4) 9.7 (.38
Cmartz (G) G0 A0.00
Rochelle salt (1) 1.0 0.53

TABLE 2. Number of inner and outer iterations needed, and onm-
ber of matrix roots needed

ALM-mean MNew mean
Uter iterations 3 3
rl

Avg. inner iterations 1583
Matrix square roots |egrtm) 52
AMatrix p-th roots (rootm) 0 Rd

mean is due not only to the reduction of the number of outer iterations, but also of the number
of inner iterations needed to get convergence at each step of the inner mean calculations.
When the number of involved matrices becomes larger, these increased speeds add up at
each level.
Hearmon's elasticity data are not suitable for measuring the accuracy of the algorithm, since
the results to be obtained are not known. To measure the accuracy of the computed results,
we computed instead |G (A4%,1,1,1) — A|, which should yield zero in exact arithmetic (due
to P1), and its analogue with the new mean. We chose A to be the first matrix in Hearmon's
second data set. Moreover, in order to obtain results closer to machine precision, in this
experiment we changed the stopping criterion by choosing = 10713 :
Operation Result

|G(A*1,1,1) —A| 3.6E—13

|G(A%,1,1,1) —A|] 1.8E—14
The results are well within the errors permitted by the stopping criterion, and they show that
both algorithms can reach a satisfying precision.
The following examples provide an experimental proof that our mean is different from the
ALM-mean.
Consider the following matrices:

_[a b _[a —b 1 o
A_[b a]'B_[_b a]'C_[o c]'
Observe that the triple (4, B, C) is transformed into (B, 4, C) under the map X — S~1XS,

for S = diag(1,—1). In this way, any matrix mean G (4, B, C) satisfying condition P3 is

12



such that G = S™1GS; that is, the off-diagonal entries of G are zero, whence G must be

diagonal. Witha = 2,b = 1, c = 24, for the ALM-mean G and our mean G one finds that

= [1.487443626 _ [1.485347837
0

G = res318l" 457861
0 4.033766318/" _ 4.0394578611
where we reported the first 10 digits. Observe that the determinant of both the matrices is 6

, that is, the geometric mean of det 4, det B, det C; moreover, p(G) < p(G).
For the matrices

2 -1 0 2 1 0
A=|-1 3 =2|,B=]|1 3 2],
0 -2 2 0o 2 2
1 0 1 1 0 -1
c=(0 10 0|, D=0 10 O ]
1 0 50 -1 0 50
one has
B 1.3481 0 —0.3016 1.3472 0 —0.3106
G = 0 3.8452 0 ],G = [ 0 3.8796 0 ]
—0.3016 0 6.1068 —0.3106 0 6.0611

Their eigenvalues are (6.1258,3.8452,1.3290), and (6.0815,3.8796,1.3268),
respectively. Observe that, unlike in the previous example, it follows that p(G) > p(G).
In order to illustrate the properties of the set
{Gse: (s,8) € (0,1] x (0,1)},
where Gy, is the mean of three matrices defined, we considered the intervals
[1/15,1],[1/15,14/15] and discretized them into two sets §,7 of 15 equidistant points
{1/15=5,<s, < <5, =1}L,{1/15=¢; <t, < - <ty =14/15}, respectively.
For each pair (s;t;) €S xT,i,j = 1,..,15, we computed G, and the orthogonal
projection (x(i, ),y (i, j), z(i,j)) of the matrix Gs,t; — Gz21, 0vera three-dimensional fixed
3’2
randomly generated subspace. The set
V ={(x@0, ¥y, z(0)) €R%ij=1,..,15}
has been plotted with the Matlab command mesh (x,y,z) which connects each point with
coordinates (x(i,j),y(i,j),z(i,j)) to its four neighbors with coordinates (x(i + &,j +
V), y(i+48,j+vy)z(i+48,j+y)) ford,y € {1,—-1}.
Figure 1 displays the set V from six different points of view, where the matrices 4, B and C
of size 3 have been randomly generated. The set appears to be a flat surface with part of the
edge tightly folded on itself. The geometric mean Gz1 corresponds to the point with

32
coordinates (0,0,0), which is denoted by a small circle and seems to be located in the central
part of the figure. These properties, reported for only one triple (4, B, C), are maintained
with very light differences in all the plots that we have performed.
The software concerning our experiments can be delivered upon request.
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Fircure 1. Plot of the set V. The amall circle corresponds to Oagq 302

Section (1.2): Computing Matrix Geometric Means
In certain physical applications one has to represent through a single average matrix
G the results of several experiments made up by a set of many positive definite n X n

matrices A4, A,, ..., Ai. The arithmetic mean 12{-‘:1Ai Is not well-suited to represent the
k

needed quantity since for physical reasons one of the required properties is that the average
of AT%, ..., Ax' as well, must coincide with G~ (see [17], [10] ). Among the classical means

of positive real numbers a,, ..., ay, this property is satisfied by the geometric mean g =
X 1/k
(Hi:1ai) :
There is large agreement on what is the right definition of the geometric mean G =
A#B of two positive definite matrices A and B, namely G: = A(A~*B)/? (see [3] for a
concise treatment of the topic), where given a square matrix M having no nonpositive real
eigenvalues, M/2 denotes the unique solution of the equation X? = M whose eigenvalues
lie in the right half plane. That definition was given in the seventies by Pusz and
Woronowicz [19], but there are many other equivalent characterizations, the most notable
of which has been provided recently in [15], [17] and is related to the Riemannian geometry
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obtained endowing the set IP,, of positive definite matrices of size n with the scalar product
g(M,N) = tr(A"IMA~1N) in the tangent space T, P, at A.

The link to the geometric mean is through geodesics, in fact it can be proved that there exists
a unique geodesic joining two positive definite matrices A and B whose parameterization is
A#,B: = AY2(A712BAY2) AV, t € [0,1],

and A#B = A#,,B is its midpoint.

We will use the symbols log(4), exp(A), At: = exp(tlog(A)) to denote the usual
functions of a square matrix. If A is diagonalizable, namely if there exists an invertible
matrix M and a diagonal matrix D = diag(44, ..., 4,,) such that A = MDM™1, then f(4): =
Mf(D)M™*, where f(D): = diag(f (4,), ..., f (1,)). The above definition of A/2 coincides
with this one (see [14]).

We briefly recall some properties of the matrix exponential and logarithm which will be
useful in the following, the proofs can be found in [14].
Theorem (1.2.1)[11]: The following properties hold:
(1) log(al) =log(a)I for any positive constant «, in particular log I = 0;
(i1) if M and N commute and have real positive eigenvalues then log(MN) = log(M) +
log(N);
(iii) for any invertible matrix M, f(MAM~1) = Mf(A)M~1, in particular exp(MAM 1)
Mexp(A)M~1 and log(MAM~1) = Mlog(A)M™1;
(iv) det(exp(A4 + B)) = det(exp(A))det(exp(B));
(v) exp(—X) = exp(X)~".
In the setting of matrix functions, it is often easy to prove general results in an elegant way.
For example the following result holds.
Theorem (1.2.2)[11]: Let A and B be positive definite matrices and let f be a function
defined on the eigenvalues of A™'B, then Af (A™*B) = AY?f(A~Y/?BA~1/2)A"/?
Proof. First, observe that the matrix A~1B is diagonalizable. From the above definition of
matrix function it follows that for any diagonalizable matrix A one has f(N"1AN) =
N~1f(A)N, thus
Af(A—lB) — Af(A—l/ZA—l/ZBA—l/ZAl/Z) — Al/zf(A_l/zBA_l/z)Al/z.
Theorem (1.2.2) explains why A#, ,B = A(A"*B)*/2.

The generalization of the definition of geometric mean to more than two positive
definite matrices seems to be considerably more difficult.

Ando, Li and Mathias [2] proposed a list of ten properties (the ALM properties) that a "good"
geometric mean G (-) of k matrices should satisfy. Here, for simplicity we report this list in
the case k = 3 where we write A > B if A — B is positive definiteand A > Bif A—B is
positive semi-definite.

P1 Consistency with scalars. If A, B, C commute then G(4, B, C) = (ABC)'/3.

P2 Joint homogeneity. G (a4, 8B, yC) = (afy)Y3G(4A, B, C), for a, B,y > 0.

P3 Permutation invariance. For any permutation m(A,B,C) of A,B,C, it holds that
G(A,B,C) =G(n(A,B,(C)).

P4 Monotonicity. IfA > A',B > B',C > C',then G(A,B,C) > G(A',B’,C").

P5 Continuity from above. If 4,,, B,,, C,, are monotonic decreasing sequences converging to
A, B, C, respectively, then G (4,,, B, C,,) converges to G (4, B, C).

P6 Congruence invariance. For any nonsingular S, it holds that S*G(4,B,C)S =
G(S*AS,S*BS,S5*CS).
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P7 Joint concavity. If A =14, + (1 = 1)A,,B =AB; + (1 = A)B,,C = AC; + (1 — 1)y,
then G(4,B,C) > AG(A,,B1,C;) + (1 —A)G(A,, By, C,) for0 < A < 1.
P8 Self-duality. G(4,B,C)"* =G4~ Y, B, Cc™1).
P9 Determinant identity. det G (4, B, C) = (det Adet Bdet C)/3.
P10 Arithmetic-geometric-harmonic mean inequality.
A+B+C AL+ B4\
It has been proved in [2] that P5 and P10 are consequences of the others. Notice that all
these properties can be easily generalized to the mean of any number of matrices.
For k = 2 this list uniquely defines G = A#B = A(A~'B)'/2. In the case k > 2 there are
infinitely many means satisfying the ALM properties.
In [2] Ando, Li and Mathias propose a numerical scheme for computing a mean of k
matrices which satisfies the ALM properties. For k = 3 they show that the sequences
AW+ — pWgecO)
BUHD = cOI#AM v =0,1,..., (17)
cv+l) — gV xpW)
obtained with A® = 4,B® = B, ¢©® = ¢, converge to a common limit G satisfying the
ALM properties. For a set 4,, ..., A; of k > 3 matrices these sequences can be defined as

AL = Gy (A, AD AL A, 1= 1,0k, (18)

-1 7i+1 e
where G,_, denotes the mean of k — 1 matrices recursively defined by means of the same
relations. Indeed, also these sequences converge to a common limit which satisfies the ALM
properties. See this limit as the ALM mean. It is proved that convergence is linear with
convergence factor 1/2. It is easy to find out that the computational cost of this scheme for
general k is O(n3k![]i~;p;) where n is the matrix size and p; is the number of iterations
needed in the computation of the means of i matrices.

A substantial improvement has been achieved in [1] relying on these observations: in the
sequences (17) converging to the ALM mean, A®*D js the midpoint of the geodesics
joining the matrix B™ with €™; in the Euclidean geometry the limit of this sequence is the
centroid of the triangle ABC; the centroid is also located in the median which connects A
with the midpoint of the edge BC at distance 2/3 from A, that is A#; 5 (B#l/ZC); the three
medians have the centroid as common point. Due to the negative curvature of P,, the three
points A#2(B#,,,C), B#2/3(C#,,,A), C#; 5 trices

3

Therefore the iteration is given by

A0+ — A(V)#2/3(B(V)#C(V))

BWD = BMi, o (CW#AM), v=10,1, ...

cv+1) — C(V)#2/3(A(V)#B(V))
It is proved that the three matrix sequences have a common limit, different from the ALM
mean, which satisfies the ALM properties, and the convergence is cubic. See this mean as
the BMP mean. The same iteration can be generalized to the case of k > 3 matrices.
The computational cost is the same as the ALM scheme, however, the number p; of

iterations is reduced by relying on a numerical scheme having cubic convergence so the
acceleration in certain applications is dramatic. Unfortunately, the growth of the
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computational cost with k is still exponential; therefore, for moderate values of k also this
iteration is infeasible.

The idea of [2], [1] can be generalized by considering new means obtained by assembling
existing ones through a recursive procedure. Unfortunately, it has been proved that no such
definition could produce a mean whose computational cost is polynomial with respect to k
[18]. We follow a different direction.

By relying on the geometric interpretation given in terms of geodesics in the
Riemannian geometry on the variety IP,,, we introduce a new iteration for computing a
geometric mean of k matrices with the following features: unlike the known methods, the
computation of the mean of k matrices does not require computing the mean of k — 1
matrices and no recursive process is needed; the convergence speed of the new iteration is
cubic; its computational cost is polynomial, namely 0(n3k?p,,), where p,, is the number of
iterations needed by the method (typically just a few); for k = 2 the limit is A#B, so the
proposed mean generalizes the geometric mean of two matrices; the limit of k sequences
satisfies the ALM properties P1-P3, P6, P8 and P9; we provide a counterexample where P4
Is not satisfied. The counterexample requires that the matrices be very far from each other;
counterexamples where the matrices A4;,i = 1, ..., k are in a relatively small neighborhood
of their mean are not known. We refer to this new mean as the Cheap Mean.

The idea on which this iteration is based relies once again on the geometric interpretation of
the centroid G of a triangle ABC. In the Euclidean geometry the centroid G satisfies the
equations

1
G=A4+3(B-H+(C-A)+A-1)

that is, it lies in the geodesic passing through A and tangent in A to the arithmetic mean of
the tangent vectors in A of the three geodesics connecting A with B, C and A, respectively.
Obviously, the third vector is zero. Similar expressions are obtained starting from B and C,
respectively.

In the Riemannian manifold P,, this procedure gives three different points A’, B’ and C', and
can be viewed as a step of an iterative procedure converging to a possible mean. Observe
that the mean of the tangent vectors is done in the tangent space at a point which is
Euclidean, where it is natural to choose the arithmetic mean.

This procedure can be easily generalizedto k > 3. Given 4,4, ..., A, itis enough to consider,
for each i, the geodesic starting at A; and whose tangent vector is the arithmetic mean of the
k tangent vectors at A; to the geodesic joining A; with A; (where if i = j the vector is 0 ).

Then A; will be the point of that geodesic for t = 1.
Since the tangent vector at A to the geodesic joining A and B is the symmetric matrix
Alog(A~1B), one obtains the following iteration

k
1 -1
v+1) _ (V) ) ) -
AT = a0 exp o z log ((Ai” ) a® ) i=1,..k (19)
j=1,j#i
with AEO) = A;,i =1, ..., k. Observe that, by Theorem (1.2.2),(19) can be equivalently
rewritten as
k 1
2

A?“):(Ag”)%exp % Z 1og((A§”))_%A]@ (Al@)_%> (A2). 20y

Jj=1,j#i
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This equation shows that the sequences {Ag")} are formed by symmetric positive definite
v

matrices.

For k = 2 the first step of the iteration yields A{" = Aexp G (log(A‘lB))> = A#B and

similarly 31(1) = A#B. Thus, in the case of two matrices the iteration yields the geometric
mean since the first step.

We prove that if the sequences {Al@} converge to the same limit for i = 1, ..., k, then the
v

convergence is cubic. Moreover we give conditions under which convergence occurs. Even
though the local convergence condition may appear rather restrictive, from the many
numerical experiments that we have performed we never encountered failure of
convergence.

We have implemented the computation of the Cheap Mean in the Matrix Mean Toolbox,
available for Matlab and Octave [13], and performed some numerical tests.

In particular, we have compared the Cheap mean with the "least square geometric mean"
[5], also called "Riemannian geometric mean" [17], or Karcher mean [16], that is, the unique

positive definite solution of the matrix equation
k

Z X124-1x1/2 = g, 21)

i=1

It is known that this mean satisfies all the ALM properties of a geometric mean except
perhaps the monotonicity property, for which no counterexample is known so far. By means
of numerical experiments we show that the Cheap mean is much faster to compute than the
Karcher mean (if for the latter, the algorithms of [16], [17] or a gradient algorithm applied
to (21) are used). In fact, in all the experiments performed so far, iteration (19) converges to
the Cheap mean in at most 5 iterations with a relative error of the order of 1071°
independently of the condition number, whereas for the Karcher mean, the iterations of [16],
[17] do not converge in certain cases and in the other cases require a larger computational
cost. The gradient methods require always a larger computational cost.

We wish to point out that the iteration of [16] is given by
k

1 _
X0+ = x) exp (Ez log ((X(V)) 1141')), Xo =4, (22)

i=1

which is very similar to our iteration (19). In fact, each step of (19) can be viewed as k first
steps of iteration (22) with A; = A?’),i =1,..,kand X, = Agv). In [16] the convergence
of (22) has been proved in the special orthogonal group provided that the matrices A; are
sufficiently close to each other. The numerical tests show that iteration (22) does not
converge if the matrices A; are positive definite and not close each other and that when
convergence occurs it is linear.

Another comparison that we have performed concerns the definition of geometric mean by

k
1
G = exp (Ez logAi>.

i=1
This mean, referred to as ExpLog mean, is studied in [2], and can be computed with a cost
of 0(n3k) ops. However, its properties are poorer than the properties of the Cheap mean.
First, the ExpLog mean of two matrices is different from A#B. Second, it is not congruence
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invariant as shown in the numerical experiments. Third, the ExpLog mean looses the
monotonicity property in a very large part of cases. In fact, from a wide numerical
experimentation it turns out that even though the matrices A; are tightly close to each other
and have a moderate condition number, this mean fails to be monotone. Whereas, the Cheap
mean fails to be monotone only when the matrices are severely ill conditioned and they are
not tightly close to each other. Finally, for modeling reasons, any practical definitions of
geometric mean should lie in a small neighborhood; from numerical experiments it turns out
that the ALM, BMP, and Cheap means form a very tight cluster while the ExpLog mean lies
very far from this cluster.

We prove the local cubic convergence of iteration (20), we prove most of the ALM
properties for the Cheap mean and provide a counterexample for the monotonicity. We
discuss the results of the numerical experiments.

We consider a single step of iteration (20) and for notational simplicity we write

1 1< L1\ 1
Ay = AZexp| - ) log (Al. ZA]-AL.2> A2, (23)
j=1
Observe that the condition i # j is not needed in (23) since the term obtained for i = is
zero.
We introduce the following notation

ATPAATTE =T+ AT (A - AT =14 X

i,j
X, = A_l/ZE”A] V2B =A -4

so that equation (23) can be rewritten as

1
A = AZex 2 log( + X; ;) A2 (24)
We recall that if p(X) < 1 then
1 1 1
logd+X)=X—=X?+=-X>—-- =X —=X?
2 3 2
1 1 1 (25)
exp(W)=I+W+§W2+3'W3 iI+W+§W2

where = denotes equality up to terms of the third order in X or in W,
Here we assume that the matrices are close enough to each other, we assume that

|47 2B A7 P < e< 1, ij = 1,0,k

for € > 0 small enough, where |I-|| denotes the spectral norm.
Since ||X; ;|| < 1, applying (25) with X = X; ; in (24) yields

1
1. a1/2 2| 41/2
A]-—A [1+Z +2Z]]A ,

1 1,
4= zZl (%= 3%%)
1=

1 1
Al = A +k2 E;j;— 2kz EjATYE; +2k22 E, ;ATE, ;.
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Writing down the same equation for A; and subtracting the two expressions yields the
equation which relates Ej, ; = A, — A;t0 E; ;

k
!/ . 1 1 2
Epj = Enj+ Ez (Ein — Eij) — ﬂz (EinAn‘Eipn — EijA7 Ei )
i=1

2k2 Z (ErhAh S,h Er]A] 1E ])

r,s=1

Now, since Ey ; + v (Eip — i,j)zAh Aj +- Z _1(A4; — A) = 0, one has

! . 1 -
Epj = —ﬁZ (EunAx*Eip — B 47 Ery)
(26)
+52 z (ErnAp"Esp — Er jATEs ;).

r,s=1
This implies that there exists a constant ¢, depending only on the matrices A, ..., A; such

that max; ;[|E; ;|| < omax;;||E;;|*, so that if the sequence {E,(lv])} converges to zero the
v

convergence is at least quadratic.
We can prove more by observing that

kz E wAE = z A AGTA; — 2M + Ay,

i=1

oz Z EinApEjp = MAR™M — 2M + Ay,
i,j=1
where we set M = %Zi-‘:lAi. Replacing the latter equations in (26) one obtains

k
1 1
Ej; = —§<M(A,‘11 — A7 )M — Ez Ai(ARt - Aj‘l)Ai)
i=1

SinceM = %Zé‘:lAi, formally the latter expression is a quadratic formin 4,4, ..., A;, namely,

E;l'j N Z nT’SAr(AEI N A]'_l)AS' 2k2 (kI —eeT) = (nrs)

r,s=1
where e = (1, ...,1)7, that is, the matrix associated with this quadratic form is

Qnj = 2k2 (kI —ee™) @ (A* — A7),

where @ denotes the Kronecker product.
Now, the matrix kI — ee” can be rewritten as

kI —ee” = kUT'UT, T =UTU (27)
where U € R**®~D, Ue; = ¢; — e(;_1ymoar, fori = 1,...,k —1,and T = UTU is the (n —
1) X (n — 1) symmetric tridiagonal matrix having diagonal entries equal to 2 and super-
diagonal entries equal to —1. In fact, the two matrices in the left-hand and in the right-hand
side of (27) have the vector e in their kernels and thus coincide in the linear space orthogonal
to e spanned by the columns of U. Therefore
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L URNT*® (4" -4 |UT @11

Onj = 7%

so that we may write
Ay
Epnj =1[41 = AlQnj|:

Ay
1 E1,2
—[E, Ek_l,k]<2kT ® (A7 *En; ]1)>

Ek—l,k
k-1 k-1

ZkZ 2 Vr.s rr+1Ah1Eh1A] 1Ess+1:

r=1 s=

with T~* = (y,.5). Denoting y = y(k) = ZkZT'SVr'S one has
"Eh,j” S ”Eh.j"y(k)m;iX”Er,r+1”2"Af_11ii ) "A]_l"
Therefore,
—_1n2
maX”E V(k)maX"Eu" m]aX”Aj I (28)

We synthesize the above dlscussmn in the followmg result, where we give also a condition

such that iteration (19) converges.

Theorem (1.2.3)[11]: If the sequences Agv) generated by (19) have a common limit G, then
3

there exists a constant y such that |47 — AY*V|| <y |47 — AP, for any i,j =

1,..,k, ie. convergence has order at least 3. If max;||A; || - max;; | 4; — 4; < ¢ for

,j=1,..,k, where 0 <& < 1/3 then max; ”(A(V)) Il - max; ; AL@ _ A]Q’) < ¢ for

ull <

i,j =1,..,k, for any v, moreover max;;[|A" - Q’)” < (2e/(1 —¢€))Y, and the

sequences AE ) converge to the same limit G.
Proof. The first part of the theorem follows from (28). Concerning the second part, denote
= max; ;[|4; — 4], 6" = max;;||A; — A}, f = max; |47, f' =  max;[l4;]"|l,  and
observe that [|A; 1(A — A;)|l < 6f. Let us prove that if §f < & with & sufficiently small,
then also 6'f’ < e so that ||4;~* (4] — A;})|| < & as well. From (26) one finds that

5 < 262mlax||Al H = 26%f. (29)
Now we provide an upper bound to ' by proving that

f'< m (30)
We rely on the following inequalities which derive directly from the definition of the matrix
functions exp and log by taking the norms of both sides of (25):

Il exp(X) I< exp(ll X II)

31
Il log(I + X) I —log(1—-11 X 1), if I X II< 1. (3D
We note
1% 1%
I4;7 < Jexp | =7 > log(4rta)) | 47t < flexp | = > log(4714) H f.(32)
j=1 j=1
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By using (31) one finds that
k

1
exp| —— log(A;4;) " <exp<
. I

k

1
Ez log(A;4;)

j=1

k
2, log(ara)]

]:

I =1

| =

=

k
1
= exp Ez llog(7 + A7'E; )|
j=1

Now, since [|4;'E; ;|| < 6f < & < 1 we may apply (31) and get
k

|| & | 1
llexp % log(A7'4)) ii <exp|—7 ) log(1— 47" E;;ll)
=1 j=1

~1/k

k
[ [ a-na
j=1

<(1-60)7"
which in the view of (32) yields (30). Now we are ready to prove that if the condition §f <
¢ is satisfied then §' f" < € as well. Combining (29) and (30) yields

§'f' < (c?f)2 ~of
Clearly, if e < 1/3 then §'f’ < € and from (29) one deduces that
2

An inductive process completes the convergence proof.

Proving global convergence is still an open problem. From the many numerical experiments
that we have performed we have always observed convergence. It is interesting to point out
that if the matrices A; pairwise commute then convergence occurs in just one step for any
k-tuple of positive definite matrices 4,4, ..., Ay.

A large number of the ALM properties are satisfied by the Cheap mean. We give a
formal proof for the properties P1, P2,P3,P6,P8, and P9, while for P4 we provide a
counterexample which shows that monotonicity is not fulfilled by our mean. The proof of
validity of P5, P7 and P10 is usually performed relying on P4. We have no counterexample
for P5, P7 and P10.

We provide the proofs in the case k = 3. The generalization to any k is
straightforward. We show that starting with A, = A, B, = B and C, = C, properties P1, P2,
P6, P8 and P9, are held by A, itself (and B, and C, ). This fact can be used in an induction
argument, proving that the same properties hold for A, By and Cy, for each k > 0 and thus
for the limit.

P1 Consistency with scalars. If A, B, C commute, then
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A, = Aexp <% (log(A™'B) + log(A‘lC))> = Aexp (% (log(A™*BA™1C))

= A(A™?BC)Y3 = (ABC)'/3,
where we have used Property 2 of Theorem (1.2.1). The same holds for B, and C;.
P2 Joint homogeneity. If A = a4, B = B and C = yC, with a, 8,y > 0, then

“ 1
A, = adexp §<log (A‘IB g) + log (A‘ng))

1
= adexp §<log(A‘1B) + log(A~1C) + log (%I))

1/3
= adexp <§ (log(A™'B) + log(A‘lC))> exp log ((i—];) > = (afy)/34,,

where we have used Properties 1 and 2 of Theorem (1.2.1). The same holds for B; and C;.
P3 Permutation invariance. It follows immediately from the definition.
P4 Monotonicity. This property is not satisfied in general as it is shown by the following

numerical counterexample.
e 0 0 1 0 0
0 1 0/,C=|[0 ¢ O

Let
0 0 1 0 0 1 3
For € =0.0001 and 0 < h < 3 it holds that A(h) > A and the matrix G(4,B,C) —

G(A,B,C) has a negative eigenvalue. For instance, for h =1 the eigenvalues are
—2.4131e — 3,2.2853e — 2,1.0826e — 1.

" N 2
P6 Congruence invariance. Observe that starting from A = S*AS,B = S*BS, C = S*CS one
has

A=1 B = A=A+ heeT.

. . 1 o A
A, = Aexp <§ (log(A‘lB) + log(A-lC)))
1
= S*ASexp (§ (log(S7*A™1S~*S*BS) + log(S™1A~'S™*S*BS))

1
= S*ASS~ 1 exp (5 (log(A~1B) + 1og(A-1C))> S =S*A,S,

where Property 3 of Theorem (1.2.1) has been used. The same holds for B, and C;.
P8 Self duality. Observe that

1
A7l =exp <—§ (log(A™'B) + log(A‘lC))>A‘1

= exp(log(B~14)Y/3 + log(C1A4)/3)A™?

= A exp(log(AB~1)/3 + log(AC™1)1/3) = 4,
where 4; is obtained from A = A=, B = B~ and ¢ = ¢!, thus the self-duality holds for
A;. The same holds for B; and C;.

P9 Determinant identity. The identity follows from det(e“*8) = det(e“e?), in fact for 4, B
and C
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detA; = detAdet (exp(log(A‘lB)1/3)) det (exp(log(A‘1C)1/3))

= det Adet(A*B)'/3det(A71C)/3 = (det Adet Bdet C)'/3,

where Property 4 of Theorem (1.2.1) has been used. The same holds for det B, and det C;.
Observe that in the counterexample concerning monotonicity the matrices A, B and C are
quite far from each other and do not satisfy the convergence conditions of Theorem (1.2.3).
We do not have any counterexample to the monotonicity where the matrices A; satisfy the
convergence conditions of Theorem (1.2.3), and we believe that monotonicity is satisfied
"locally", i.e., if the set of matrices 4;,i = 1, ..., k lie in a neighborhood of their mean.
Observe, moreover, that A, verifies properties P1, P2, P6, P8 and P9, thus, it can be viewed
as a rough mean.

We have implemented the computation of the Cheap mean together with other
algorithms for matrix means in the Matrix Means Toolbox [13] available for Matlab and
Octave. Here we report part of the many numerical experiments that we have performed.
In the first set of tests we compare the execution times of computing the Cheap mean and
the mean of [1], in the following BMP mean, which among the ALM means is the fastest
available.

The test matrices are generated randomly with different values of their condition numbers
according to the following Matlab commands:

n =10; W =rand(n) —rand(n); X = W' * W;X = X —eye(n) *xm (eig(X))

X = X/norm(X); X = X + eye(n)/(cnd — 1); X = X/norm(X);
so that the parameter cnd coincides with the condition number of X.
For various values of the condition number cnd, for n = 4 and k = 3:10, in Table 4 we
report the CPU time required to compute the Cheap mean and the BMP mean together with
the Euclidean distance of the two means. A "*" denotes a CPU time larger than 10* seconds.
The number of iterations required to compute the Cheap mean as well as the number of outer
iterations in the recursive process to compute the BMP mean has been between 4 and 5.
The exponential growth with k of the complexity of the BMP mean is evident, while the
polynomial complexity of the Cheap mean makes the computation possible even for much
larger values of k. It is interesting to observe that the Cheap mean and the BMP mean are
not so far from each other.
The second bunch of tests compares the Cheap mean with the mean

k
1
G = exp Ez log(4;)
i=1

which, for simplicity we call ExpLog mean, in order to find out the cases where the
monotonicity property is not satisfied. To this end, we consider a 3 x 3 diagonal matrix A,
with diagonal entries 1, 8, 62, for 0 < § < 1 so that ||4,|| = 1 and its condition
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cnd= 1.e2 cnd= 1.ed cnd= 1.e8

k| Cheap BMP  Dist. Cheap BMP  Dist. | Cheap BMP  Dist.
31 1.e-2 1.8-2 5.e-3 | 1.a-2 l.e-2 3.e-2 | l.e-2 1l.e-2 3.8-2
4| 2.e=-2 2.e-1 6G.e-3 | 2.a-2 2.e=1 2.e-2 | 2.e-2 2.e-2 5.a-2
g 2.e-2 1.0 T.e=3 | 3.a=2 2.el 4.e=2 | 3.e-1 2.e0 5.a=2
G| 3.e=2 1l.e+l B.e-2 | 4.e-2 3.e+l 2.e-2 |4.e-2 3J.e+l ©5.e-2
T|3.e-2 2.e+2 8.e-3 | 5.e-3 4.e+2 2.8-2 |5.e-2 d4.e+2 1.e-2
Bl d.e-2 2.e+3 1l.e-2 | B6.e-2 LH.e+3 2.e-2 | T.e-2 bL.e+d 3.e-2
9| 4.e-2 = 7T.a-2 * 7T.e=2 ¥

10 | 5.e=2 * 9.e-2 * l1.e-1 *

Table (1)[]:

CPU times in seconds, rounded to one digit, required to compute the BMP mean G, and the
Cheap mean G,, together with the distances ||G; — G,||,. A “ * ” denotes a CPU time larger
than 10* seconds.

£ le-& le-H le-24 1le-3 le-2 le-1 1 1lel

cnd=1led 0 [l i ] ] o34 Gd

cnd=1ef 0 0 i T 28 24 5 TH

cnd=1ald 0 L 21 45 16 20 71 TT

cnd=1ell 0 a6 41 24 i} 2297 &2

cnd=1ell 30 i 14 5 3 an &5 by
Table (2)[]:

Percentage of cases where the ExpLog mean of A,, A,, A5 fails to be monotone where A,
and A5 are chosen in a neighborhood of Al of radius " and Al has condition number cnd
number is 1/82, and define A, = A, + €U, A3 = A; + €U,, where U;,U, are positive
definite random matrices with norm 1, generated as follows:

W =rand(3) —rand(3); W =W * W’; U = W/norm(W);
In this way the matrices A,, A; stay in the sphere of center A, and radius €. We have
generated 100 random values and computed the number of cases where the matrix
G(A; +0.01xA,,A4, A3) — G(A4,A,,A3) is not positive definite. Tables (2) and (3)
report these values according to the conditioning of A, and to the radius of the neighborhood
of A,. Itis evident that the ExpLog mean fails to be monotone even for moderate values of
the condition number and for relatively small neighborhoods of A,, whereas the Cheap mean
seems to be more robust.
It is not difficult to construct numerical examples showing that the ExpLog mean is not

congruence invariant, for instance if A = [Z LSL] and S = [(1) g]

S*exp(%(log(A)+log(I)))S =[§ g,

1 \ \ 3.0 5.4
exp <§ (log(S™AS) + log(s 5))) ~ [54 el

The last bunch of tests, taken from [12], reports the number of iterations needed and the
Cheap mean.
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3 le-6 le-5 le-4 le-3 1le-2 le-l 1 1lel
cnd=1led 1l 1l ] ] ] 1l 1 ]
cnd=1ab 1l 1l ] ] ] 1l 1 ]
cnd=1ed L { ] ] ] 4 33 23
cnd=1al10 1l 1l ] ] ] 4 33 23
cnd=1all 1l 1l ] 1 1 15 70 67
TABLE 4.3
Percentage of cases where the Cheap mean of Ay, Az, Ay fails to be monoione where Az and

Ay are chosen in o neighborhood of A of radius = and Ay has condition number cnd

cond=1.a2 cond=1.ed

E\Xg | I AM  Cheap | I AM  Cheap
3 74 26 17 114 B9 a1
66 21 17 82 59 37
b 65 19 16 8T 58 35
(i 62 20 16 81 5d 31
7 61 21 15 83 63 29
& 61 20 15 93 30 29
Y 58 1% 14 89 50 29
10 56 1% 14 94 ar 28

TABLE 4.4
Number of ilerations needed to approzimafe the Karcher mean up o the error 1.e-11 by means
of the iteration (4.1) (a), starting with the idendify matriz, the arithmetic mean

for approximating the Karcher mean relying on the iteration

Xye1=9X,), v=01,..,

k
gX) =X —9X*/? Z log(X/2A7 X /%) X2,
i=1

starting with X, equal to the identity matrix, the arithmetic mean and the Cheap mean. Here
we have choosen the value of 9 which minimizes the number of iterations. It is interesting
to point out that the number of iterations required is much larger than the number of
iterations needed to approximate the Cheap mean which in all the treated cases is less than
or equal to 5. Moreover, choosing as starting approximation the Cheap mean yields a faster
convergence.
We conclude with an example showing the mutual distance of most of the means of interest.
We consider the following matrices

3 2 2 1 1 0

A_[z 3]'B_[1 2]'6_[0 2]' (34)
and we compute the ALM, BMP, Cheap, ExpLog and the Karcher means of them.
Moreover, we compute the arithmetic-harmonic-geometric (AHG) mean, that is the
geometric mean of the arithmetic mean and the harmonic mean. The latter does not satisfy
most of the ALM properties, but it is easy to compute. In Figure 4 we have plotted the
corresponding points in the three dimensional space of 2 x 2 symmetric matrices. One can
observe that the ALM, BMP, Cheap and Karcher means are very

(33)
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21404 2174

E
2.14044 2164 +
2.1404+ C
+ 215
21404
2144
214034 A, ’ AB
21403 2134 CG
21403, 8, 2123
0813 G 0.84 i
x 1.7606 D .77

0.813 1,7605 R 1,765
g 17605 2 1,76

1.7605
1.7605 175
0.8129 17605 08 1745

FiG. 4.1. Localization of the ALM (A), BMP (B), Cheap (C), Arithmetic-Harmonic-Geometric
(D), ExpLog (E) and Karcher (G) mean for A, B and C as in (4.2)

near to each other, while ExpLog and AHG means are relatively far from the others. This is
a typical situation that makes the Cheap mean preferable with respect to the ExpLog and
AHG means.

We have introduced a new definition of geometric mean which, unlike the ALM
means, can be computed with low computational effort even for a large number of input
matrices (Cheap mean). We have proved its local convergence and that it fulfills most of the
ALM properties.

A proof of global convergence of the iteration for the Cheap Mean is missing;
concerning the lack of monotonicity, it would be interesting to find out under which
conditions on the matrices A; the Cheap mean keeps monotonicity. For instance, it seems
reasonable that if the matrices A; are close enough to each other then monotonicity should
be satisfied.

Section (1.3): Geometric Means of Structured Matrices

We generalize the concept of the geometric mean to positive definite (positive for
short) matrices and, on the other hand, the need to average quantities expressed by positive
matrices in certain applications have led to the definition and the study of the Karcher mean
[3], [3], [17].

We consider the set of positive Hermitian n X n matrices, denoted by #,, as a
manifold [21], in particular, there is a diffeomorphism from P, to R™. In each pointof A €
P, one can define the tangent space T,%,, which can be identified with the space of
Hermitian matrices. The Karcher mean can now be defined in terms of a Riemannian
geometry defined on %, and induced by the inner product

ga(X,Y):=tr(A"'XA7'Y), X,Y € T, P, (35)
on the tangent space T, ®,. This inner product g, makes %, a complete Riemannian manifold
with non-positive curvature and yields the following distance between two matrices A, B €

P, :
1

5(A,B) = (Z log? Ak> , (36)
k=1
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where A,, ..., 4, are the eigenvalues of A~1B, which are positive numbers (for all the proofs
see [3]). The Karcher mean of a set of m positive matrices, A4, ..., A,, € P,, is defined as
the unique positive minimizer G(A,, ..., A,,) of the function

m

f(X; A, . Ap):= z §%(X, 4;). (37)
j=1
Since this mean minimizes the sum of squared intrinsic distances to each of the matrices A;
it is a barycenter of these matrices with respect to the aforementioned metric.
An important feature of the Karcher mean is that it possesses all the properties desired by a
geometric mean, like the ten Ando-Li-Mathias (ALM) axioms [2]. For this reason, it is a
viable tool in applications requiring some of these properties [24], [10]. A geometric mean
should for instance be: permutation invariant, monotone, joint concave, and should satisfy
the arithmetic-geometric-harmonic inequality (see [2] for the precise statements of the
properties). In particular, one of the most characteristic properties of a geometric mean is its
Invariance under inversion:
G(ATL, .. A D) =G4y, ..., AL (38)

Prior to having the proofs of all the properties of the Karcher mean, some of which are very
elusive [41], other definitions of a matrix geometric mean had been proposed [2], [1], [11],
[43], even if nowadays there is large agreement in considering the Karcher mean as the
"right™ matrix geometric mean.

In certain applications, however, besides the positive definiteness, the data matrices
have some further structure in the sense that they belong to some special subset §, say a
linear space. For instance, in the design and analysis of certain radar systems, the matrices
to be averaged are correlation matrices, which are positive Toeplitz matrices [40]. In these
cases, one would like the geometric mean to belong to the same class § as the data.
Unfortunately, the Karcher mean does not preserve many structures, in particular the
Karcher mean of Toeplitz and/or band matrices is typically not of Toeplitz and/or band form
anymore, as illustrated by the following simple example.
Example (1.3.1)[20]: Let S be the set of tridiagonal Toeplitz matrices and choose A, A, €
S where A; =1, and A, = tridiag(1,2,1) is the matrix with 2 's on the main, and 1 's
appearing on sub- and superdiagonals. We have A;A4, = A,A;, thus the Karcher mean

equals (4,4,)?. For n = 3 we get
/2+\/§+2 \/i\/Z—\/i \/2+\/§—2

(A1A2)1/z=§ V2(2-v2  [2+VZ V2 22 [B39)
_/2+\/§—2 \/i\/Z—\/i \/2+\/§+2_

which is neither tridiagonal nor Toeplitz.

We introduce the concept of a structured geometric mean of positive matrices in such
a way that if 4,,...,A,, € § their mean also belongs to §. Given a subset § of , and
matrices 4, ..., 4,, € §, we say that G € § is a structured geometric mean with respect to §
of 44, ..., 4, if the function f(X; A4, ..., A,,) of (37) takes its minimum value over S at G.
The set of all structured geometric means of 44, ..., A,, with respect to § is denoted by G5 =

Gs(Ay, o, Ar).
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We show that if S is closed (and nonempty) then G is nonempty and the matrices G € G
satisfy most of the ALM axioms in a suitably adjusted form. For instance, the invariance
under inversion property (38) turns into

Gs(Ay, ., Ap) = Gs-1(ATY, ..., A7,
where for a set U € P, we denote U™! = {X~1: X € U}. That is, the inverse of any
structured geometric mean of the matrices A4, ..., 4,, € § with respect to S coincides with
a structured mean of the inverses A7, ..., A, with respect to the set $~1 where these
inverses reside.
We show that, in many interesting cases, structured geometric means can be characterized
in terms of the positive solutions of a suitable vector equation and provide algorithms for
their computation.
In the Toeplitz case we also consider a different approach, where the mean is defined as a
barycenter for a suitable metric on the manifold [23]. We analyze this barycenter and its
properties in detail, obtaining an explicit expression in the real case and a quick algorithm
in the complex case.

The cost function (37) is examined with special focus on the existence of the
minimizer over a closed set. The structured matrix mean itself is the subject of study, where
the theoretical properties it should satisfy are examined. We propose two algorithms for
computing a structured mean G in a linear space together with their convergence analysis.
For one algorithm, it is shown that the convergence speed is independent of the condition

number of the mean and is faster when the condition numbers of the matrices 47 /*GA; */*
are smaller, for i =1, ...,n. Because of its nature and its convergence properties, this
algorithm can be viewed as the natural extension to the structured case of the Richardson-
like algorithm introduced and analyzed in [26] for the computation of the Karcher mean of
unstructured matrices. For Toeplitz matrices, a different structured matrix mean [23] as a
barycenter is considered, and an algorithm for computing it is developed. We show
numerical experiments related to accuracy and speed for computing the structured matrix
mean.

Given a matrix A, we define a(A) the spectrum of A, that is, the set of all the eigenvalues
of 4, and p(A) = maxjes(4)|4| the spectral radius of A. Moreover we denote by Il A llp: =

1/2
(trace(4*A))"* = (zi,j|a”|2) the Euclidean (Frobenius) norm of 4, and || A [l,=

p(A*A)/? is the spectral norm. By A* we denote the transposed conjugate of A. Recall that
for a positive matrix A there exists a unique positive solution to the equation X2 = A. This
solution, denoted by A'/?, is called the square root of A[3]. Given a matrix A € C™*™", we
use the vec-operator to build vec(4) € ", a long vector obtained by stacking the columns
of A. We will use the Kronecker product @ such that A ® B is the block matrix whose (i, j)
th block is defined as a;;B. The vec operator and the Kronecker product interplay in the
following way [34]
vec(ABC) = (CT @ A) vec(B). (40)

Finally, we recall a natural partial order in 2, that will be used in the following: let A and B
be positive, we write A > B if the matrix A — B is semidefinite positive.

The existence of a structured geometric mean and its relation to the classical Karcher
mean is studied. First some necessities are repeated.
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The Riemannian geometry on %, given by the inner product (35) turns out to be
complete and a parametrization of the geodesic joining two positive matrices A and B is
known to be [3]

A#.B = Al/Z(A‘l/ZBA‘l/Z)tAl/Z =A(A™'B),, t€[0,1], (41
where the midpoint A#, ,,B coincides with the geometric mean of the two matrices [35],
[15].

Given a set of matrices A, ..., A,, € P,, the function f(X) = f(X;A4,,...,4,,) in
(37) is strictly geodesically convex, which means that for any two different matrices X, Y €
P,, we have

fX#Y) <A -OfX)+tf(Y), 0<t <. (42)
This property follows from [3], where it is stated that for m = 1 the function f(X) is strictly
geodesically convex. The case m > 1 follows by summing up the m inequalities obtained
by applying (42) to the functions f(X) = f(X; 4;), fori = 1, ..., m, respectively.
Geodesical convexity is a key ingredient for the proof of the existence of a unique minimizer
of f over P, given in [3]. A different proof is obtained using the fact that ,, with the inner
product (35), forms a Cartan-Hadamard manifold [29], [15], [42], which is a Riemannian
manifold, complete, simply connected and with non-positive sectional curvature
everywhere. On such a Cartan-Hadamard manifold the Karcher mean (the so-called center-
of-mass) exists and is unique [17], [38], [39].
The notion of geodesical convexity in P, is different from the customary convexity in the
Euclidean space where one requires that

FlA-0X+tY) <A —-0)fX) +tf(Y), t € [01].

In fact, the function £ is not convex in the traditional sense as the following example shows.
Example (1.3.2)[20]: Consider the set made of the unique matrix A = 1, and x,y € R} =
P;. We have f(x) = §%(x,A) = log?(x) which is not convex. On the other hand the
function log?(x) is strictly geodesically convex and this can be shown by an elementary
argument: in fact, it is continuous and

1
5%(/xy, 1) =log?(\/xy) = 7 (log? x + log? y + 2log xlog y)
1o 2 2 1 2
= E(log x +log®y) — Z(logx —logy)

1 1
< E(logzx + log?y) = 5(52(x, 1) + 6%(y,1)).

Iterative selection of midpoints, by using midpoints and a continuity argument completes
the proof.

Since f is strictly geodesically convex, it can be proved that it has a unique minimizer over
any closed, geodesically convex subset § of %,,, where we say that a subset § € P, is
geodesically convex if for any X,Y € S, the entire geodesic X#,Y,t € [0,1] belongs to S.
Indeed, if X; and X, were two different matrices in § where f takes its minimum, then from
(42) itwould follow that f (X, #.X,) < f(X;) = f(X,) forany 0 < t < 1 which contradicts
the assumption.

For a generic closed subset U of P,, which is not necessarily geodesically convex,
we can prove the existence of a minimum point by using the fact that f(X) is continuous.
In order to prove this, we first give a couple of preliminary results.

Lemma (1.3.3)[20]: Let 4,X,Y € P, besuchthatY = A=Y/2XA~1/2 Then for any operator
norm,
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2 2
Y =0 X 0/1AY215 1y == X/ IlA=2)
Proof. The condition Y = A=1/2XA~1/2 can be rewritten as X = A/2Y A1/, Taking norms

yields || X lI< ||A1/2||2 I Y Il from which the first inequality follows. The second inequality
holds similarly starting from Y =1 = AY/2x~141/2,
Lemma (1.3.4)[20]: For the function §2(X, A) we have
5%2(X,A) > log?s
where s = max{p(A~1/2XA7Y/?), p(AY/2X~1AY?)}.
Proof. This follows from the equation

52(X, A) = 2 log? 1,(AY/2X A~ 1/?)

l

and the fact that all terms are positive, implying that ¥°;log? A;(A~'/2XA~/2) is greater
than any single term in the summation, in particular those given by the extreme eigenvalues
of A™Y2XA~Y2, that is, the spectral radius p(A7Y/2XA"Y/2) and its inverse
p(Al/ZX_lAl/Z).
Theorem (1.3.5)[20]: Let U < P, be a closed subset. Then for any 4,,...,4,, € P, the
function f(X) = f(X; A4, ..., A,;,) has a minimum in U,
Proof. If U is bounded, then it is compact and the continuous function f(X) has a minimum
In it, so we may assume that U is unbounded. Let t > 0 and A; = {X EPy: X I,
t, ||X‘1||2 < t}, such that A; is closed and bounded. We claim that there exists a sufficiently
large value t such that outside the set U N A; the function f(X) takes values larger than
Yy = infyey f(X). In this way, the set where we minimize the function can be restricted to
U N A, which is compact and hence f(X) takes its minimum over it. For simplicity, we
prove the existence of t for m = 1. The case m > 1 can be obtained by using the same
arguments.
Combining Lemma (1.3.3) with [I-lI=]I-ll,, Lemma (1.3.4), and using the properties of the
spectral norm, we find that there exist positive constants a and £ (depending on A ) such
that

§%(X,A) > max {log?(a Il X II;),1log?(BIXl,)} (43)
for any X € P,. Choosing t sufficiently large in such a way that log?(at),log?(Bt) > v, it
follows from (43) that §%(X,4) >y for any X having I X lIl,> ¢t or [ X~*|, > t. This
completes the proof of the existence of a minimum of f(X, A). Considering the summation
in (37) this generalizes to an arbitrary f(X).
In general, uniqueness of the point where f(X) takes its minimum cannot be guaranteed.
For instance, if both A and A~ belong to U while I = A#l/zA‘1 does not, then the function
fi(X):=6%(X,A) + 6%(X,A™1) reaches its minimum at a point G # I € U. Clearly,
f1(G™) = f1(6) and if G~ # G belongs to U, then we have at the following.

Example (1.3.6)[20]: Consider the 2 x 2 matrices A =1 and B = [g a‘ll], where a > 1

Define the segment U = {G(t) = A + t(B — A),t € [0,1]}, which is closed and convex, but
not geodesically convex. The function f(t) = §2(G(t),A) + 62(G(t), B) takes the form
f(@) =log?((1—t)/a+1t)+log?(a(1 —t)+t) +log?((1—t)+t/a)+ log?((1—
t) + at) and is symmetric with respect to t = 1/2. For a = 200 the function has the graph
shown in Figure 1 with a local maximum at ¢t = 1/2 and two global minima close to the
edges of the segment.
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FIGURE 1. Graph of f(t) = 8%(G(t). A) + 6*%(G(t), B) for G(t) =
A+HB— A) with A =T and B = diag(200, 1/200).

We discuss the relation between the structured and generic geometric mean, together
with the adaptation of the generic properties to the structured setting. We will discuss just
the real case, the set P, stands for the manifold of real positive definite matrices whose
tangent space is the set of real and symmetric matrices.

The properties shown imply that a structured geometric mean with respect to ‘U, as

defined always exists for any closed subset U of 2,. In particular, this holds in the cases
where U = § n P, for any linear space S of matrices § and also for U~1: = §~1 n P, where
S71={4"1:4 € §,detA # 0}. This captures a wide class of interesting structures
emerging in applications, e.g., Toeplitz and band matrices, as well as their inverses. For
simplicity we will restrict our analysis in the remainder to the real case.
More general structures are given in terms of a parametrization o(t): V - R™", with ¢ a
differentiable function defined in the open subset V of R4, which we will call the parameter
space. The set 7 = o(IR?) is the structure determined by o. If ¢ is linear and V = R, then
T is alinear space. Examples of sets T of interest which generally do not form a linear space
are the set of matrices with a given displacement rank [25], the set of semiseparable [47],
and quasiseparable matrices [17]. For an n X n symmetric Toeplitz matrix, a possible
parametrization is given by

to t; .. thq
tl . ) :

o) =o(lto trostaaD = | T 0 (44)
thq . &t

For a band matrix, one can, e.g., just store the nonzero-elements in a long vector and map
them onto their exact locations. In the following, given a closed set 7" we let U = T N P,.
In Example (1.3.6) we illustrated that the minimum of the cost function restricted to a closed
subset U < P, is not necessarily unique. For this reason, we consider the structured
geometric mean Gy = Gy (A4, ..., A,,) of A4, ..., A,,, € U as the set of matrices in U where
the function f(X) attains its minimum. Formally speaking, for A, ..., 4,, € U, let g € R4
be such that G = a(g) € Gy (44, ..., A,), then

f(0(9); Ar, ) Am) = minf(0(6); Ar, o, A).
Since U € B, the minimum over P, is less than or equal to the minimum over U. In general
it will often happen that G # G (44, ..., A,,,) like in (39).
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Some desired properties for a matrix geometric mean were stated by Ando, Li and
Mathias in [2], of which the most noticeable are enlisted here.
Consistency with scalars: If A4, ..., 4,, commute, then
G(Aq, ...,Ap) = (A1 - A,)Y™.
Permutation invariance: For any permutation « of {1, ..., k},
G(Ay, o, Am) = G(An(ry, s Aramy)-
Joint homogeneity:
G(a Ay, apA,, ..., apAy) = (ag - an)Y™G(A4, ..., Ay).
Monotonicity: If A; > A;, fori =1, ..., k, then
G(Ay, ..., Ap) > G(AL, ..., Ap).
Invariance under congruence: For any nonsingular M,
G(M*AM, ..., M*A,,M) = M*G(A;, ..., Ap) M.
Invariance under inversion:
G(Ay4, ..., A,) " = G(ATY, .., AoD).
Arithmetic-geometric-harmonic mean inequality:

1
E(Al + -+ A4,) >G4, ..., A,) >mA + -+ AHTL

Yet another property naturally desired of a geometric mean, but not required in the list of
Ando, Li and Mathias, is the repetition invariance, that is, for any set of positive matrices
Ay, ..., Ay € Py,
G(Ay, s A Ay s A) = G(Aq, ., A). (45)
Now, we consider the properties of the structured geometric mean. Some properties such as
the permutation invariance trivially hold, others should be restated. In fact, in the generic
case the structures we consider are neither invariant under inversion nor under congruence.
That is because if A € U then it is not necessarily true that A= € U or M*AM € U.
We start with the invariance under inversion as this is one of the most characteristic
properties of the geometric mean. To this end we consider the set 771 = {T™1:T €
T,detT # 0} parametrized with the function o_, (t): = o(t) 1. Clearly, the intersection U
of T with P, yields always invertible matrices, sothat 7~ n P, = U1,
According to our definition, the structured geometric mean of 471, ..., A;1 € U™t is given
by the set Gy-1(AT?, ..., AyL). Forany G € Gy-1, we have G = ¢(§)~? such that
fe(@H AT ., A = minf(a ()5 ALY .o, A
Since §(4,B) = §(A71,B71), one gets f(X; Ay, ..., A,) = fF(X7L AT, L, AL so that
f(O'(g);Al, JAm) = grel]lig%f(o-(t);Ali 'Am)

and thus G~ € Gy(44, ...,A,,). Since G was chosen arbitrarily, and since U can be
interchanged with U™, we have the analogue of the invariance under inversion for the
structured geometric mean:

Gyu(Ay, o, Ap) ™t = Gy (AT, . AGD). (46)
In a similar manner we can restate the invariance under congruence in a structured style by
defining, for any nonsingular M, the set U,,: = M*UM = {M*TM : T € U}. The invariance
under congruence is then understood as

GUy (M*ALM, ..., M*A,,M) = M*Gy (A, ..., Ap) M.
Joint homogeneity, in order to be defined, requires that the set T satisfies the following
property:
AET =>aAeET

33



for any scalar « > 0. This property clearly holds if T is a linear space or the set formed by
the inverses of the nonsingular matrices of a linear space. For these sets, the joint
homogeneity holds.
Repetition invariance holds true as well by (37), since
f(X;Aq, ., A, Aq, o A) = 2f (X5 Aq, o A,

so the minimizers (over a subset) of the functions f(X;A,,..,An Ay, ...,4,,) and
f(X;A,4, ..., A,,) are the same.
Regarding the remaining properties, we observe that the consistency with scalars is violated,
as Example (1.3.1) shows. Weaker consistency properties hold, such as idempotency,
namely Gy (4,4, ..., A) = A for each structure U and 4 € U.
Moreover, if the set U is closed and geodesically convex then

Gy (A, .., Ap) = G(A4, ..., A),
so the geometric and structured geometric mean coincide. An interesting case of a
geodesically convex set is given by U = T n P, when T is an algebra, i.e., a linear space
closed under multiplication and inversion.
Finally, the properties related to the ordering of positive matrices such as monotonicity are
not true as shown by the following numerical example.
Example (1.3.7)[20]: We consider the four Toeplitz matrices

1 1/2 1/2 3/4 1/2 0 1 0 1
T,=|1/2 1 1/2],T2=T1,T3= 1/2 3/4 1/2,5=[o 1 0|,
1/2 1/2 1 0 1/2 3/4 1 0 1

and, using the algorithms presented, we compute a structured geometric mean G, of the three
matrices T;, T, and T5 + €S for various € > 0. The norm of G, — G, becomes small as ¢
tends to 0 and we observe that G, — G, is not positive (semi)definite, while T; + &S > Ts;.
This gives numerical evidence of the lack of monotonicity of a structured geometric mean.
On the other hand, computing the arithmetic mean A of T;, T, and T3, one observes also that
the expected inequality A > G, does not hold in this case.

We start from the Karcher mean, which is obtained as the unique solution in #, of the
matrix equation

z log(XA71) = 0. (47)

Equation (47) is obtained using the fact that f is differentiable and has a minimum at the
Karcher mean. Thus the Karcher mean satisfies the condition Vfy = 0, where Vfy =
2X71y™ log(XA; ') denotes the (Euclidean) gradient of f with respect to X (see [37],
[17]). In the general case, the restriction of f to a structure given by o(t) is investigated.
For any minimum g (with corresponding (g) ) not located at the boundary of the parameter
space, the gradient V(f o g), of the function with respect to t must be zero, so we are
interested in the solutions of the vector equation V(f e a), = 0.

From the chain rule of derivation, one obtains that

B df (a(t)) day;(t) B
V(e o) = Z ox,;  dt, =0

i,j
J s=1,...q

which leads to the vector equation
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z e, 2 o s—1,.q, (48)
where I'(X): = %fo.
In the case where T is a linear space, the function o (t) is linear and can be written in matrix
form as

vec(o(t)) = Ut,U € R4,
so that equation (48) turns into

UTvec(T'(a(t))) =0, I'(X) = X~ Z log(XA7Y). (49)

If o(t) is chosen to be orthogonal, i.e. such that UTU = I, then UT coincides with the Moore-
Penrose inverse of U.

When T denotes the set of symmetric Toeplitz matrices, the parametrization (44) leads to a
matrix U having orthogonal columns. In fact one has UTU = D = diag(n,2(n — 1),2(n —
2), ...,2). In particular, for n = 3 one has

1 0 0 01 0 0 0 1
Uf=l0 1 0 1 0 1 0 1 0].
0 01 00 01 0O
For 7" being the set of symmetric tridiagonal matrices the parametrization
[ &1 lh4a 1

tn+1 tZ tn+2
o(t) = : :

bon—2 tho1  ton-a

th 1 tn -
also leads to a matrix U having orthogonal columns. Moreover, UTU = diag(l,,, 21,,_,). For
n = 3, e.g., one has

10 00 00 0 O0O
00001 0 O0O0O0
Urf=fo o0 0 0 0 0 0 0 1].
0101 00O0UO0TO
000001010

We will give two algorithms for computing structured geometric means when they
are characterized in terms of the solutions g of a vector equation, as, for instance, in the
linear case.

We first provide a general definition of a class of algorithms based on preconditioned
functional iteration, then we specialize to two algorithms given by two different
preconditioners.

The first, provided is derived by relying on the projection of the gradient with respect to the
Euclidean scalar product. The second, presented, is obtained through projection with respect
to the Riemannian metric of 2, decribed.

We assume that A4, ...,A,, € U, where U =T NP, and T is a linear space with a
parametrization o (t) such that vec (a(t)) = Ut,and D = UTU.

The structured geometric mean G is the set of minimizers of the function
f(X; A4, ..., A,,) over U. These minimizers must be sought among the stationary points of
the function f, that is, among the solutions to the vector equation (49).
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Therefore, a way to design algorithms for computing structured means G is to apply
numerical techniques to solve the vector equation (49). We consider a preconditioned
Richardson-like iteration constructed in the spirit of [37]. Let V(X) be a nonsingular and
sufficiently differentiable matrix function and define

@(t) =t —0S(t), S(t) =V (a(t)) ' U vec(T(a(t))),

t,.1 = @(,), v=01,.., (50)
where 6 is a parameter introduced to enhance convergence, V(o (t)) is a preconditioner and
t, IS a given vector such that o (t,) is positive. Observe that the fixed points of ¢(t) are the
solutions of the vector equation (49) and if convergent, the sequence t, converges to a
solution of the vector equation (49).

Given a matrix function f(X), where X = (xl-,j) and f(X) are n X n matrices, we denote by
J£(G) the n® x n* Jacobian matrix of vec (f(X)) with respect to the variable vec (X)
computed at X = G, similarly we denote J;.,(t;) the n? x g Jacobian of the composed

function vec (f(a(t))) with respect to the variables (tl, ...,tq) at t = t;. In this notation,
the function in the subscript as well as the variable between parentheses specify if the
derivatives are taken w.r.t. the matrix variable X or the vector variable t.
Observe that if V(o (t)) is chosen as the Jacobian of UTvec(I'(o(t))), then (50) coincides
with Newton's iteration.
If t; is asolution of (49) and if t,, is sufficiently near to t,, then

tyer = te = Jp(ta)(ty — te) + O(llt, — tgll*),
so that in order to study the local convergence of this sequence it is sufficient to estimate
the spectral radius p or any induced norm of J,(¢;) and determine 6 in such a way that

p (](p(tc)) < 1. Notice that the Jacobian of ¢(t) at t = t; is given by I — 6K where K =

Js(ts) isthe Jacobian of S(t) att = t;. Therefore, if we can find a preconditioner VV(t) such
that K has real positive eigenvalues with minimum and maximum eigenvalues k,;, and
Kmax respectively, then the choice 6 = 2/(kpin + Kmax) iNSuUres local convergence and
provides the minimum spectral radius of ], (t;) given by
Kmax — Kmin U= 1

p (](p(tG)) - Kimax + Kemin - 1 +1 < 1: U= Kmax/Kmin-
Moreover, any values K, < Kmax SUCh that i, < Kmin < Kmax < Kmax Can be used
instead Of Ky, and k., to determine a value 8 = 2/(Kpin + Kimay) Which insures
convergence. Also notice that the closer u is to 1 the faster is the convergence of the
iteration.
We perform a spectral analysis of K and to find an upper bound to the ratio y = Kax/Kmin:
assuming that all the eigenvalues of K are real positive. From the composition rule of
derivatives one finds that

K =V(a(te)) UTI-(G)U + Ty (oteay (0D UTvee (F(a(tG)))
and since UTvec (F(a(tG))) = 0, it follows that

K =V(a(ts)) UTJH(G)U. (51)
To evaluate J(G), we recall that T(X) = ¥, X tlog(XA; '), so that it is sufficient to
determine the formal expression of J,,(G) for (G, A) = G~'log(GA™") for a generic A and
then to write Jr(G) = X121 /6.4y (G)- In order to evaluate J,;, (G), we rely on the definition

of Fréchet derivative of a matrix function f(X) at X in the direction E
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fX+tE) = fCO _ d

DfylE] = lim ” atzof(X+tE)-

In fact, the n® x n? Jacobian matrix J(X) of the vector function vec of o vec ~! at vec(X)
is related to the Fréchet derivative by the equation

vec(Dfy[E]) = J(X) vec(E). (52)
We recall also the following properties of the Frechet derivative [14] where f, g are given
matrix functionsand (X) = X1

D(fg)x|E] = Dfx[E]g(X) + f(X)Dgx|[E], product rule,
D(f o g)x[E]1 = Dfyx [DgX[E]], chain rule, (53)
Doy|E]l=—-X"1EX1, inversion.
For the derivative of the exponential function we have (see [14])
Jexp(M) = (U QexpV)BYT QI -1 QY), f(2) = (e — 1)/z
Therefore, since Jjoq(X) = Jexp(Y) ™! for Y = log X, we find that
JiogX) = y(log(XN) @I =1 Q@1ogX)I Q@ X™1), v(2) = z/(e” — 1).(54)
We provide an explicit expression of the Fréchet derivative of the function ¥ (X, A) =
X 'og(XA™") and of the Jacobian Jy,x 4)(X).
Lemma (1.3.8)[20]: Let y(X) = X tlog(XA™1). Assume that A, X are positive. For the
matrix J, (X) such that vec(Dyx[E]) = J, (X)vec(E) we have
JpX) = —X"og(XA™) @ X'+ (AT QX Ny(W)(I ® AX™),
W=1log(XA™ ) ®I—1Rlog(XA™1),
with y(2) = z/(e? — 1).
Proof. Since h(X): = log(XA™1) is the composition of f(X) = log(X) and (X) = XA™1,
we get by (53)

Dhy[E] = Dlogy,-1[EA71].
As (X) is the product of f(X) = X! and h(X), (53) gives us
DYy [E] = =X *EX 'log(XA™1) + X 'Dhy[E].
Combining the latter two equations yields
DYy[E] = =X *EX 'log(XA™1) + X 'Dlog, ,-1[EA™"].
By using (52) and (40) we find that the matrix J,,(X) representing Dy is given by
Jp(X) = =(X " logXA™)T @ X7 + (I @ X )10s(XA™ (AT ® D).
Replacing (54) in the equation above and using the fact that A = AT, X = X7 yields
JpX) =-log(A' X)X QX!
+I @ X Dy(log(A™ X)) @ I — 1 Qlog(XA™))(A™' ® AX™1).
Using the fact that Wlog(V)W ™1 = log(WVW 1), the first term can be written as
—X Nog(XA 1) ® X~ 1. The sécond term can bee writtén 45 /@ X (A1 ® 1)
y(logXA™) ® 1 -1 ®log(XA™))(I ® AX~1), which completes the proof.
Recall that T(X) = Y7, ¢¥(X,4;) and G131, log(GA;*) = 0, for G = o(ts). Then by
Lemma (1.3.8), we obtain the following formula for the Jacobian Jr(a(t)):

Ji(@) =A@ GHHU®G™, H =) H,
H; = (47" @ Dy (log(GATH @ 1 — 1 ® log(G/;i_l)) I ® A).
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Moreover, by using the properties of the Kronecker product and the fact that log(GA™1) =
AY2log(AY/2GA™Y/2)A71/%, we can write

H; = (Al-_l/z 0% Al?/z)y(logMi RQI-IQ lOgMi)(Ai_l/Z ® Al;/z),

M; = A7V2GATH,
From this expression it turns out that H; is positive, and from (51) we find that J(t;) is the
product of the matrices V(a(t(;))_1 and the positive matrix UT(I @ G )Y, H;(I ®
G~HU.
Thus we may conclude with the following
Theorem (1.3.9)[20]: The Jacobian K of the function S(t) in (51) at o(t;) = G is given
by

K=V Q® G HHI® G HU,
m

H= Z Hy, Hy = (472 @ A Jy(logM; @ I - 1 @ log M) (A7 /* ® 41%),
i=1

M; = A;V2GATY?,
y(2) = z/(e” = 1).
Moreover, the eigenvalues of K are the solutions of the equation
det(kV —UTU QG HHUI Q® G HU) = 0.

The simplest choice for the preconditioner V(t) in (50) is V(t) = UTU = D. This
corresponds to projecting the gradient of the function f(X, A, .., Ap) on the set ‘U according
to the Euclidean scalar product. The problem det(kI — K) = 0 turns into the generalized g-
dimensional symmetric eigenvalue problem

det(UT(kl — (1 @ GTHHI Q G~H))U) = 0.
This problem is the projection on the space spanned by the columns of U of the problem
det(vi— (I ® G"Y)H(I ® G~1)) = 0, which has real positive solutions.
Now we recall the following result, valid for general positive matrices A, B, which relates
the generalized eigenvalues of the pair (4,B) to the ones of the projected pair
(UTAU,UTBU).
Lemma (1.3.10)[20]: Let A, B be positive n X n matrices and U an n X m matrix. Then the
generalized eigenvalues of the pair (UT AU, UT BU), which solve the equation det(UT (4 —
kB)U) = 0, are real positive and lie in between the maximum and minimum eigenvalues 1
of the pair (4, B), which satisfy det(4 — AB) = 0. Moreover, the extreme eigenvalues
Amin» Amax OF the pair (4, B) are bounded by the inequality amin/Bmax < Amin < Amax <
Amax/ Bmin» Where @min, @max> Bmin» Bmax are the minimum and maximum eigenvalues of
the matrices A and B, respectively.
Proof. The condition det(AB — A) = 0 is equivalent to det(Al — B~1/24AB~1/2) =0,
which has real positive solutions since B~1/24B~1/2 is positive. The remaining part of the
lemma follows from the fact that maximum and minimum eigenvalues of the larger and
smaller problems coincide with maximum and minimum value of the Rayleigh quotient
xTAx/xTBx for x € R", and for x € span(U), respectively.
A first consequence of the above lemma is that the extreme eigenvalues ki, and k.5 Of
K are in between the maximum and the minimum eigenvalue of the m2-dimensional
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symmetric matrix Y = (I @ G"HH( ® G™1), so that the ratio u between the maximum
and minimum eigenvalue of K is less than or equal to the condition number u(Y) of the
symmetric matrix Y. Moreover since Y = ', ¥; with

v _( ~1/2 ®A‘1/2)(1®M Dy(logM; ® I — 1 @ log M)(I @ M )47

®Ai_1/2)
one finds that kpi,: = Afr?m < Kmin aNd Koyt = Afr?ax > Kpax, Where A&)m nd
Afn)ax are the minimum and the maximum eigenvalues of Y- Moreover, from Lemma (1.3.10)

. 2 .
and from the expression above for Y; it follows that Amm > yrgn)n/ (ar(r‘l)ax) A<

yrggx (a(l) ) where a®) o) are the minimum and the maximum eigenvalues of 4;,

min mm' max
respectively, while me and y\), are the minimum and maximum eigenvalues of
I QM Dy(logM; ®I —1 & logM,;)(I ® M), respectively. maximum eigenvalues of
I Q@M Dy(logM; ®I —1 & logM,;)(I & M), respectively. From the properties of the
matrix function y(-) and from the properties of the Kronecker product one finds that the
eigenvalues of the latter matrix can be epr|C|tIy given in terms of the eigenvalues v(‘) of

a)
the matrix M;. ( (i))
VS

> (log tﬁ?) / (tﬁlg . 1) where t{') = (1)

Since the function (logt)/(t — 1) is monotonically decreasing, its minimum and maximum
are

nr(r?m = (logu®)/(r® = 1),

Nex = log(1/u®)/(1/u® — 1) = p®(logu®)/(u® - 1),
for u® = u(M,) the spectral condition number of M;. Additionally, taking the factor

(v®)™* into consideration gives
M) @ (,®
Yo >0 (i)

@) @ (.0 )2 NHORNS
Yook <M (V) T <u®@ (v2,)

@ and v represent respectively the minimum and maximimum eigenvalue of

where v, O

M;.
Therefore, we may conclude that the eigenvalues of K are bounded by K in:=

m @) /(v(i) () )2 and Rpay: = X115 (V(Q a )2'

i= 1nm1n max max i= 177max min “min

Observe that this bound gets worse when either some matrix is ill-conditioned or if some

matrix A7 /?G A "/? is ill-conditioned. The latter case cannot occur if the matrices 4; do not
differ much from G. The dependence of this bound on the conditioning of A; makes this
algorithm very inefficient as long as some A4; is ill-conditioned. This drawback is overcome,
where we design a more effective preconditioner.

The Karcher mean for positive matrices inherits a beautiful interpretation in terms of
differential geometry. It can be considered as the center of mass for a well chosen inner
product on the manifold of positive matrices. We consider two approaches inspired by this
idea. For more information see [36], and [28], [33], [44]-[46].
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When considering a manifold optimization approach, the intersection U of a linear space T
with the manifold of positive matrices 2, can be viewed as a Riemannian submanifold of
P, itself, which in turn is called the enveloping space. This entails that the inner product
from this enveloping space is induced on the submanifold. An immediate consequence is
that the gradient of the cost function for the submanifold is given by the orthogonal
projection (with respect to the inner product) of the gradient for the enveloping space.
Similar to the space of symmetric matrices, being the tangent space to the manifold of
positive matrices, the intersection V of the linear space 7 with the space of symmetric
matrices is the tangent space to U.
First consider the manifold of positive matrices endowed with the Euclidean inner product
gx (A, B) = tr(AB), with A and B symmetric, and X a positive matrix. Note that even though
this inner product gy is independent of X, the subscript notation is kept for consistency. In
this case, the orthogonal projection of a symmetric matrix A onto J° gives a matrix T, with
vec(T) = UUTU)"1UT vec(4),

or vec(T) = Ut, with

t=WUTU)TUT vec(4). (55)
The expression for the gradient of the Karcher cost function, corresponding to the Euclidean
inner product, is known for the manifold of positive matrices and is given by

m
grad, f(X; Ay, ..., Ap) = 2X‘1Z log(XA7 ). (56)
i=1

The gradient naturally defines the direction of steepest ascent. The gradient lies in the
tangent space, and to build an algorithm from this, a practical way is to follow the gradient
and then go back to the manifold through a suitable function, called retraction. The precise
definition of a retraction, together with general theoretical assumptions it should satisfy, can
be found in [21]. Figure 2(a) graphically illustrates the concept of a retraction, where a
vector &y in the tangent space Ty P, of the positive matrices is retracted to a point Ry (&)
residing on the manifold P,. On a manifold, the classical steepest descent algorithm is
graphically

{A) Retraction. (B) Steepest Descent.

FIGURE 2. Graphical representation of a retraction and steepest

descent flow.
depicted in Figure 2(b). The thin red lines depict the contour lines, the blue arrows the
gradients, and the green curves the retractions to the manifold.
Observe that for £, immersed in the set of symmetric matrices, the tangent space at a point
is the whole set of symmetric matrices. So one can consider the basic retraction Ry (A) =
X + A for a sufficiently small symmetric matrix A.
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Entering now the gradient (56) in projection (55) and applying a gradient descent method
with the basic retraction Ry (A) = X + A, we arrive exactly at the Richardson-like algorithm
for finding the fixed points of function (50).

However, since the function f to be minimized is defined through the distance (36), it is
more natural to consider the manifold of positive matrices endowed with the inner product
gx(4,B) = tr(AX~1BX~1), with 4, B and X as before. In this case, the gradient for the
enveloping space is known to be

m
grad, f(X; Ay, ..., A,) = zxz log(471X).
i=1

Note the difference with (56).
The orthogonal projection T onto the intersection V (of T and the space of symmetric
matrices) of this gradient, with respect to the Riemannian scalar product, can be found as
the solution of the equations

grad, f(X) =T+ S,

gx(S,K) =tr(SX KX 1) =0, foreveryK € V.
Writing again vec(T) = Ut, we find in parameter space

t=UTX TR X HUY)WTX QX Y vec(grad,, f(X)). (57)

The factor UT (X~ @ X~ 1)U is recurring and is abbreviated as Dy, where the subscript
points to the intrinsic variable X. Observe that this Riemannian orthogonal projection can
be seen as a Euclidean oblique projection where the two bases of the subspace are the
columns of U and (X~ @ X 1)U, respectively.
Using this expression, it is possible to define another gradient descent method where we are
now searching the fixed points of the function

pt)=t— 19D;(1t)UT(J(t)‘1 & a(t) 1) vec (a(t) z log (Al-_la(t))) .(58)
i=1

Relying on (40) to incorporate the Kronecker product into the vectorization, we find that
(7' ® o~ Yvec (aZﬁllog(Ai_lJ)) = vec(X™, log(A;'a)a~1). Applying a property of
the matrix logarithm we may rewrite the latter expression as vec (a‘lzﬁllog(aAi‘l)).
This way, equation (58) takes the form of (50) with

V=UT(G1T® G HU.
To analyze the convergence of (50) with the choice V = UT(G™! ® G~1)U, we have to

analyze the eigenvalues of the Jacobian K = J¢(t;) of S(t) in (50) where the equation
det(kl — K) = 0 takes the form of the following generalized eigenvalue problem

det(UT(k(G*'QGH - QG HHI® G 1))U) = 0.(59)
Since the two matrices in equation (59) are positive, in view of Lemma (1.3.10), the
solutions of this generalized eigenvalue problem are real positive and are located in between
the maximum and the minimum solution of the larger problem

det(A(G TR G H-UIRGCHHIRG™)) =0,

which in turn can be rewritten as a standard eigenvalue problem
det (A1 - (62 ® GY2)(I ® G™HH(I @ 6™1)(62 ® 6'/?)) = 0.
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Since H = Y i%, H;, and the matrices H; are real symmetric, the eigenvalues of this problem
are located in between the sum of the minimum and the sum of the maximum eigenvalues
of each subproblem

1 1 1 1
det (AI - (Gf ® G§> (I QG HH(® G ((;7 ® G§)> — 0, (60)
that is det(A(G™* ® G) — H;) = 0, or equivalently det(Al — (G @ DH;(I ® G™1)) = 0.
The matrix in the latter expression is similar to (Al._l/2 ® Ai_l/z)(G ® DH,(I ®

G‘l)(Al?/2 ® Al?/z), which, using the expression of H; provided in Theorem (1.3.9), can be

written as
(M; @ Dy(logM; @ I — 1 ® logM)(I ® M; ). _
This way, the eigenvalues of (60) can be explicitly given in terms of the eigenvalues Vr(l) of
i incide wi (@) (@) () @ _ v
the matrix M;. In fact, they coincide with the ¢, (log trs) / (trs — 1) where t, s = .
: : : s

Since the function t(logt)/(t — 1) is monotone, for the minimum and maximum solution
to (60) we have

N = (1/u®)log(1/u®)/(1/u® — 1) = (logu®) /(u® - 1),

Noax = 1O (logu®) /(® - 1),
respectively, for u® = u(M;) the spectral condition number of M;. Therefore, we may

conclude that the eigenvalues of K are in between z;?;mfgn and Z{Zln%x. This way, we
find for the optimal value of 8 and for the optimal spectral radius the estimates
2
0 = . )
M(l) +1 .
ﬁl M(l) —7 logﬂ(l)
_ 7, logu®
S p®+1

It is interesting to point out that in this case the convergence speed is related neither to the
condition number of the geometric mean G nor to those of the matrices A; but is related only

to the relative distances of G from each A; measured by the quantities u® = u(M;), M; =

A7Y?GATY?. The closer they are to 1 the faster is the convergence. Therefore, if the
matrices to average are not to far from each other, so that the quantities (M;) are close to
1, then the optimal value of 8 is close to 1/m and a very fast convergence is expected. This
analysis is confirmed by the numerical experiments.

From the computational point of view, at each step of the iteration (50) one has to
compute UTvec(I'(a(t))) and then to solve a linear system with the matrix V (o(t)). The
former computation, based on (49), requires 0(mn?) arithmetic operations (ops), while the
cost of the latter depends on the structure of V(a(t)).

We examine the case where U is the class of symmetric Toeplitz matrices and where
o(t) associates t with the Toeplitz matrix having as first column t. We describe a way to
make the algorithm.

Indeed, for the iteration analyzed, V is the diagonal matrix with diagonal entries (n, 2n —
2, ...,2) and the cost of solving a system with matrix V amounts to n divisions.
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The iteration examined has a higher convergence speed but at each step an n X n system
with V =UT(X ' ® X~1)U must be solved, where X is a symmetric positive definite
Toeplitz matrix.

We split the computation in two steps. In the first, the n? entries of VV are computed, in the
second step a standard O(n3) ops linear system solver is used. Concerning the first step we
discuss two approaches.

In both approaches the inverse of the Toeplitz matrix X needs to be computed, which can be
done efficiently using the Gohberg Semencul formula [25]. Here, vectors v,, v,, v3, v, are
determined such that X! = L(v,)L(v,)T — L(v3)L(v,)T, where L(v) is the lower
triangular Toeplitz matrix whose first column is v. From these, the n? entries of X~ can be
found. The overall cost is O(n?) ops.

(1) As a first attempt, the entries of ¥V are computed in a straightforward manner using the
entries of X1 :

[ Yii  2V1i2 2V1,n]
V= 2)’:1,2 2)’:2,2 2)/:2,11 ’
2Vl,n 2V2,n Zyn,n

where
n Tl—j+1

Y1, =z z XXkt -1,
i=1 k=1

n—j+1 n—-p+1

Yip = Z z ((X_l)i,k(X_l)i+j—1,k+p—1 + (X_l)i,k+p—1(X_l)i+j—1,k)-
i=1 k=1
The cost of this approach in terms of arithmetic operations is of the order 0(n*).
(2) In the second approach, we show that the cost of this computation can be kept at the
level of 0 (n3logn) ops by combining the Gohberg Semencul formula and the the FFT. For
a given i, the product vector w; = (X~ ® X 1)Ue;, where e; is the i th vector of the
canonical basis, is such that w; = vec(X 1E;X 1), with E; being the symmetric Toeplitz
matrix whose first column is e;. Therefore, compute first the columns of E;X~1 by
performing 0 (n?) additions, and then multiply X~ by these columns, stacking the results
to obtain w;. This computation is performed in 0(n%logn) operations for each i by using
the Goghberg Semencul formula, since the multiplication of a lower triangular Toeplitz
matrix and a vector can be performed in O(nlogn) operations by means of the FFT [25].
Therefore the overall computation of this stage for i = 1, ...,n is 0(n3logn) ops. Finally,
compute for any i the vector U w; for the cost of 0(n?) additions.
The performance of these methods will be compared.

The Karcher mean of positive definite matrices has the specific interpretation of being
the barycenter of the given matrices for the natural metric (36) on this manifold. Hence there
are in a certain sense two possible generalizations. On the one hand, try to generalize the
geometric mean concept, or, on the other hand, try to generalize the barycenter concept.
Previously we focused on an extension of the geometric mean. Hereafter we focus on the
positive definite Toeplitz matrix manifold itself, denoted by 7;,, and consider a barycenter
in this case. This mean cannot be called a geometric mean in the sense of satisfying all
required properties, but through its intuitive definition, many desirable properties could
arise.
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The concept of a barycenter is not restricted to the specific metric used to define the Karcher
mean. For example, when the set 7;, is endowed with the classical Euclidean inner product,
the resulting barycenter is nothing else than the arithmetic mean. Using a probabilty
argument, in [22], [23] a metric on 7, is introduced, called the K&hler metric. This metric
results in a complete, simply connected manifold with non-positive sectional curvature
everywhere, or a Cartan-Hadamard manifold. Thus, by [17], [38], existence and uniqueness
are guaranteed for the barycenter with respect to this metric.

We will recall some known facts about the Kahler metric, and then we will give an explicit
formula for the barycenter in the real case and a numerical procedure to compute the
barycenter in the complex case.

To construct the Ké&hler metric, a Toeplitz matrix is first transformed to an n-tuple
(Po, fy, - > Hp—q) IN R% x D™ with R the set of strictly positive real numbers and ID the
set of complex numbers of modulus less than one. This transformation, denoted as {(T) =

|Pr, bz, ...,yT,n_l]T, is performed as follows:
j det(S])
det(R,)
with t, the main diagonal element of T, R; the principal submatrix of size j of T (the upper
left j X j submatrix) and S; obtained by shifting R; down one row, or equivalently, by

removing the first row and last column of R;,; (the inverse transformation can be found in

[48]). In what follows, we use this one-to-one relation between the Toeplitz matrices and
the corresponding n-tuple, and when clear by the context, we will neglect the distinction
and identify one with the other.

For X and Y being the transformations of two positive Toeplitz matrices X =

[Px, MX,l' ,ﬂX'n_l]T and Y == [Py, ‘Lly'l, ,‘Lly'n_l]T, the metl’iC |S gIVG‘n by

Pr =to, pur,; = (=1)

1/2
n-1
. 2
diX,Y) =|no(Py, P)* + Z (n_J)T(.UX,j'MY,j) ,
j=1
Py Hy,j — Hx,j
o(Py,Py) = |log(—]|, t(ux uy ;) = atanh | |——||,
Px — Hx,jHy,j
where atanh(z) = %log (g)

The barycenter of the positive Toeplitz matrices T;, for i = 1, ..., m, with respect to the

Kahler metric will be denoted by B(Ty, ..., Tyn) = [P, Up 1, ) ,uB,n_l]T. It is obtained in this
transformed space by minimizing the function

FO0 =) @)

over R% x D™ 1, Notice that the problem of minimizing f(X) can be decoupled into the
problems of minimizing ¢, (x) = X7, o(x, PTL.)2 over R%, and the n — 1 scalar functions
m

on(z) = Z T(Z;.UTL-,]')Z, j=1,..,n—-1

i=1
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over D. The minimum of ¢, (x) is easily obtained as Pz = (Pr, - PTm)l/m by solving the
equation Vgo(x) = 0. The minimum of ¢;(z) is nothing else than the barycenter of
Ut j» - B, j With respect to the customary Poincaré metric on the unit disk and is the point

where the gradient
Vo;(z) = 2(|z|* — 1)2 51gn(cl])atanh(|cu|) Cij = ,equals zero. (61)
Tl!]

In the real case we are able to find an explicit expression for this barycenter as well,
since sign(c)atanh(|c|) = atanh(c) and after some manipulations we get

Uy j = C((C(ﬂm) C('uTm]))l/m)

whereC(z) =(1-2)/(1 + z) is the Cayley transform.

In the complex case we were not able to find such an explicit formula but a quick numerical
method can be devised using a gradient descent algorithm. We recall that the tangent space
to the Poincaré disk can be identified with the complex plane and thus for a sufficiently
small tangent vector v € C, one can consider the retraction R, (v) = z + v, which captures
the fact that the manifold is an open subset of the complex plane. The resulting algorithm to
find the barycenter of u, ..., u,, € C is given by the iteration

n

.uTl ]

: Hi — Zg
Zpyr = Zi F v, v = (1 - |Zk|2)z sign(c;x Jatanh(|c;x|), cix = ﬁ (62)
i=1 !
for a suitable initial value z, and a sufficiently small steplength ¢, .
Another possibility is to consider the retraction
R.(%) z+e%+(z—e®)es 0 2|v|
V) = - - ,0=argv, s = ——,
z 1+ ze® + (1 — ze®)e—s 5 1—|z|?

which corresponds to moving along the geodesics of the Poincaré disk. The corresponding
gradient descent method is
Zrs1 = Ry (Gevi),
with the same vy, as (62).
Regarding the properties of this barycenter, it is easily seen that it is permutation
invariant, repetition invariant and idempotent (this holds for any barycenter). Moreover, for

any a > 0, the transformed values of aT are [OfPT,#T,p uT,m]T and from the explicit

expression of Py in the real case we get that B(aTy, aTy, ..., aT,,) = a*/™B(Ty, ..., T,,), that
is, homogeneity holds.
Unfortunately, this new barycenter does not possess other properties as shown by the
following example.
Example (1.3.11)[20]: From the explicit expression for the mean in the real case we get a
simple formula for the Kéhler barycenter of two 2 x 2 matrices
X1 N X2 Y2
= [)’1 x1]' T2 = [3’2 xz]'
namely
a—b>b

1 —
B(Tlr TZ) =\ X1X2 a—>b atb , with {a ) \/(xl i yl)(xz i y2) .
1 b= \/(x1 —y1) (X2 —¥2)

: _latb
Now consider the following matrices
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2 4 - 2 -
n=lf on=l4 S = 5]
with T; > T;. By symbolic computatlon one gets that
) = [ V2 V2(/5- 3)] b,y = % 9
V2(V5 - 3) 2v/2 0 2
in fact one eigenvalue of B(T,, T;) — B(Ty, T;) is A = V10 — 2 — V2 < 0. Thus, we have
proved that the K&hler barycenter is not monotonic. Moreover,

_[V3 o0 ]

1/2 —

B(r,T) = ()2 = V0 O

and hence the Kahler barycenter does not coincide with the Karcher mean for circulant
matrices. In particular, it is not a structured geometric mean as defined.

Observe that in the previous example B(Ty, T,) surprisingly coincides with the arithmetic
mean of T, and T,. It is not difficult to construct examples where it is not true that
B(T,,T,) < (T, + T,)/2 as it should be for a geometric mean.

The different algorithms proposed and will be compared w.r.t. speed and accuracy.
The numerical experiments are confined to Toeplitz matrices, because of applicational
interest in computing their structured matrix mean [40]. These matrices are constructed
randomly, but with chosen condition number, using the technique described in [10].
Performance, accuracy and computational distance are subjects of the forthcoming
investigations. For clarity we remind that the Richardson-iteration corresponds to a
projection technique on a manifold, with the classical Euclidean inner product. For all
algorithms, the stopping criteria is based on checking the relative size of the gradient and on
comparing two consecutive iteration points.

In spite of the lack of the proof of uniqueness for structured geometric mean in the Toeplitz
case, for any fixed set of data matrices used in our experiments, any initial value and any
algorithm yielded always the same structured geometric mean. This suggests the conjecture
that in the Toeplitz case there is a unique structured geometric mean.

We have also compared the structured geometric mean obtained by our algorithms with the
Kahler metric mean, getting in most experiments a relative difference of the order 1071,
which indicates that these two means are relatively far from each other.

The performance of the projection methods explained can be compared by looking at
both the number of iterations the methods require and the total amount of computational
time they need.

In Figure 3(a), the evolution of the gradient over the iterations is displayed for both
techniques (and hence also the number of iterations). Using the projection method
introduced gives a faster decrease of the gradient and results in fewer iteration steps. The
number of iterations remains almost constant for this method as the size of the matrices
increases. For the projection technigue on the other hand, this number starts to increase when
the matrix size grows.

However, comparing expression (55) and (57), it can be seen that the second one is
computationally more expensive and hence the advantage of requiring fewer iterations could
be nullified. Therefore, Figure 3(b) displays the total computational time of both methods
for varying sizes of the matrices. The two methods based maintain an advantage despite
their larger computational cost per iteration. Note that for the largest matrix size the
computational time of the Euclidean based method appears less than one of the other
methods. However, this is caused by the increasing number of iterations required by this
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Euclidean method. Consequently, the maximum number of iterations is reached before
convergence and the algorithms is terminated prematurely. Concerning the operation count,
the advantage of the method based on FFT starts to appear when the matrices become
sufficiently large. Accuracy. In order to analyze the accuracy of the projection methods, we
implement a high precision version of the first algorithm using the vpa functionality of
MATLAB. The relative distance, based on the intrinsic distance (36), between this high
precision computation and the result of the actual algorithms is shown in Figure 4 . For small
condition numbers, the accuracy of all methods is similar in average, but as the condition of
the matrices becomes worse, the accuracy of the projection method based on Euclidean
geometry deteriorates much faster than that of the method based on the Riemannian
geometry. This first method even fails to converge when the condition number of the
matrices becomes significantly large. The accuracy of the two approaches is similar and
deteriorates steadily as the condition numbers of the matrices increase.

The Karcher mean for positive definite matrices to structured positive definite
matrices was proposed. Besides a theoretical investigation and adaptation of the desired

properties of such a mean, algorithms were proposed. In the design of the algorithms, two
trajectories were put forward, one
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Ficure 3. Comparison of the projection methods for Toeplitz ma-
trices. In the legends, Enclidean indicates the method of Section
4.2, Riemannian indicates the first approach described in Section
4.4, and Riem-FFT the second.
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4.2, Riemannian indicates the first approach described in Section
4.4, and Riem-FFT the second.
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relying mostly on linear algebra, and one based on differential geometry. A convergence
analysis has been performed showing the superiority of the algorithm based on differential
geometry. Numerical experiments compared the accuracy and speed of the various
techniques and confirmed the theoretical analysis.

In the case of Toeplitz matrices, we have considered also the K&hler metric mean [23],
whose properties have been investigated, providing an explicit expression in the real case
and a quick algorithm in the complex case. For Toeplitz matrices, both the new structured
geometric mean and the K&hler metric mean have not completely satisfying properties. In
fact they are neither monotone, nor do they satisfy the arithmetic-geometric inequality. We
wonder if it is possible to provide a definition of geometric mean for Toep to the ordering
of positive matrices.
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Chapter 2
Toeplitz Kernels and Spectral Gaps and Two Weight Inequality

We show that where the argument of the meromorphic inner function has a power
law type behavior on the real line, we compute the critical value (J,S) = inf {a:

ker T;5, # 0} . The formula for c(J, ) generalizes the Beurling-Malliavin theorem on the

radius of completeness for a system of exponentials. We attempt to find the supermom of
the size of the gap in the Fourier spectrum in terms of metric properties of X. We show here
two components, a ‘global to local’ reduction, carried out, and an analysis of the ‘local’
problem, carried out.

Section (2.1): Beurling-Malliavin Theory
For A c C denote
gA = {eiax:}l € A}
By definition, the radius of completeness for the family £, is the number
R(A) =s {a: &, is complete in L?(—a, a)}.
(A family is complete if finite linear combinations of its elements are dense in the
corresponding space.) In [50]-[51], Beurling and Malliavin established a formula for R(A)
in terms a certain density of A at infinity.
If A c R, then the effective (or Beurling-Malliavin) density D . (A) is the supremum of the

set of numbers a > 0 such that there is a collection of disjoint intervals {l]-} satisfying the
following two conditions:

|lj|2 .
E =00, d;: = dlst(O,l-),
- 1+ dj2 J J

and
vj, #(An ) = all|-
Beurling-Malliavin's "Second Theorem™ (BM2 for short) states that if A € R, then
R(A) = mDege(A).
This formula extends to the general case A c C as follows. If A satisfies the Blaschke
condition

® ) I3 <o,

AEA
then
R(A) = D 4 (AY),
where
AN ={1:2€ANRL=0}, 2= [RA1]T
otherwise

A ¢ (B) > R(A) = .
The Beurling-Malliavin Theorem (2.1.2)rowned a long search for a solution of the
completeness problem, see [78],[70],[81],[69]. See [80] for historical information; let us
only mention that one of the earliest results of the theory was the estimate
R(A) < nD(A), (A c R), (D)
where D (A) is the usual upper density of A at infinity.
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The Beurling-Malliavin theory also comprises their "First Theorem” (BM1), a result of
considerable independent interest and (so far) a necessary step in the proof of BM2. A
detailed exposition of BM theory (including clarification and further improvements of the
argument) is presented in [66],[67],[58], see also [63],[55]. New applications and new
approaches to various parts of the theory have been suggested; see [52], [59], [73] for some
recent developments; also see [64] for a modern overview of the completeness problem for
exponential systems.

We generalize BM theory to many other families of special functions. We state our
results in the language of Toeplitz kernels referring to [72] for a detailed explanation of how
results of this type are related to the completeness problem for families of solutions of
general Sturm-Liouville problems.

The completeness radius problem can be restated in terms of Toeplitz operators as
follows. Recall that the Toeplitz operator T, with a symbol U € L™ (R) is the map

Ty:H? - H?, F » P, (UF),
where P, is the orthogonal projection in L?(R) onto the Hardy space H? = H?(C,) in the
upper halfplane C, = {3sz > 0}. By duality and the definition of the classical Fourier
transform,

F(O) - f(2) = j et f (D),

the exponential family &€, is complete in L?2(—a, a) if and only if there is a non-trivial
function F in the Paley-Wiener space
PW, ={f:f € *(—a,a)}
such that F =0 on A. According to Paley-Wiener's theorem, the Fourier transform
isometrically identifies L2(0, o) with H2(C,.), and therefore
PWa — e—iaZ[HZ e eZaizHZ].
The subspace H? @ e?*#H? is the so called model space of the inner function e2%, More
generally, one defines model spaces
Ko = H?> © OH?
for arbitrary inner functions ©. The elements of Kg are analytic functions in C, but if ® has
a meromorphic extention to the whole complex plane, (we call such © 's meromorphic inner
functions), then the elements of K are defined as functions in C. The completeness problem
for exponentials is exactly the problem of describing the sets of uniqueness for the model
space of e2%Z,
Suppose now that A is a subset of C,satisfying the Blaschke condition, and let B, be the
corresponding Blaschke product. A simple argument shows that A is a set of unigueness for
K if and only if the Toeplitz operator with the symbol U = B,0 has a trivial kernel. In
particular, we obtain the formula
R(A) = inf {a: ker TBAe—zaiz * 0}
There is a similar statement in the general case A c C, see [72]. For example, if A c R, then
R(A) = inf {a: ker T -zaiz # 0},
where J, denotes some/any meromorphic inner function J such that A is precisely the level
set {J = 1}.
We should mention that the idea of the Toeplitz operator approach in the study of
exponential systems was introduced in the series of [79], [75], [61]. This approach has been
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particularly successful for the interpolation and sampling theory in Paley-Wiener spaces,
see [71], [77], [82].
We will use the following notation for kernels of Toeplitz operators (or Toeplitz kernels in
H?):
N[U] = ker Ty,.
(For example, N[O] = Kg if © is an inner function.) We will also consider Toeplitz kernels
in the Smirnov-Nevanlinna class Nt = N+ (C,),
N*[U] ={F e N* nLl,.(R):UF e N*},
and in the Hardy spaces HP? = HP(C,),
NP[U] =N*[U]nLP(R), (0 < p < o).
See [65],[56], [76] for general references concerning the Hardy-Nevanlinna theory.
A natural way to generalize the completeness radius problem (and the BM2 theorem)
Is to ask about the exact value of the infimum
inf {a: kerT;ga # O} (2)
for arbitrary meromorphic inner functions J and S. We will give an answer in the case where
the argument of S has a power law type behavior,
(arg$)'(x) = |x|*, x = *oo,
with k¥ > 0. (We call the case k > 0 super-exponential to underline the relation to the
classical case S(x) = e'**. We will comment on the sub-exponential case k < 0.)

As explained in [72], the computation of the “radius™ (2) has some immediate consequences
for the theory of Sturm-Liouville (SL) operators. The case of SL operators with eigenvalues
A, =nY

belongs to the theory with parameter

2
k=——12>0.
V

If x > 0, the SL operators are singular in contrast to the BM case S(x) = e@*, which applies
to regular operators. In addition to the completeness problem for systems of solutions of SL
equations, cf [60], the generalized BM theory applies to certain problems of spectral theory
as well as the theory of (Weyl-Titchmarsh) Fourier transforms associated with SL operators
and the corresponding (de Branges) spaces of entire functions.

To state our results, we need to introduce the notion of BM intervals. Let y be a continuous
function R — R such that y(+o0) = too. i.e.

lim y(x) = +oo, ligrn y(x) = —oo.
xX—+o0o

X—>—00
The family BM (y) is defined as the collection of the components of the open set
{x:y(x) # max y}.
[2,4 )
For an interval | € BM (y), we denote its length by |I| or simply by [, and we denote the
distance to the origin by d = d(1).
If k > 0, then we say that y is (k)-almost decreasing if

y(Foo) = +oo, z d* 212 < oo, (3)
LEBM ()
where the sum is taken over intervals satisfying d(l) > 1.
The standard terminology in the classical ¥ = 0 case is the following: the family BM (y) is
short if y is almost decreasing; otherwise we say that BM (y) is long.
Corollary (2.1.1)[49]: Let U = e% and S = e'? be such that
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Y'(x) =2 =x[%, o' (x) = [x|", (x = o),
and let ¢ = c(U, S; k). Then for all p < 1/3 we have
NP[US%] =0 (a < c), NP[US?*] = 0 (a > ).
Indeed, if a < c then y, .. Is not almost decreasing for some € > 0, and we have
NP[US%] c NT[US%*€S€] =0
by Theorem (2.1.22), which can be applied because y,(x) = —|x|* for all a's. Similarly, if
a > c, then y,_. is almost decreasing for some € > 0, and we have
NP[US%] = NP[US% €S€] = 0.
In the special case where U is an inner function, we can extend the statement of he corollary
to all values of p, in particular p = 2.
It is easy to see that the statement of Theorem (2.1.22) (and Theorem (2.1.23)) can
not be extended to the case k < 0. For example, the functions
o(x) = 2sign(x)|x["/*, y(x) = 2(1 + V2)1g_(x)|x|"/*
satisfy the conditions (35) with k = —3/4, and of course y(+) # —oo.For U = e% and
S = e we have
N®[US] # 0,
because
US = f/f, f(z) = exp{—(1 + )z'/*} € H*(C,).
(Also note that the sum Yd*~212 in (3) is always finite if k < 0.)
The Beurling-Malliavin theory extends to the sub-exponential case in a different fashion.
For k € (—1,0] we consider the weighted (non-linear) Smirnov-Nevanlinna classes
1
NK+ = {F € N+10g|F| € Ll (R,W)},
and define the corresponding Toeplitz kernels as follows:
NF[U] = N*[U] n N}, NP[U] = NP[U] n V.
Theorem (2.1.2)[49]: Let k € (—1,0], and let U = e® and S = e‘° be smooth unimodular
functions such that
y'(x) 2 —|x[*, 0'(x) = [x|* (x = o).
(i) If the family BM (y) is long, then N,f[US€] = 0 forall e > 0.
(ii) If the family BM (y) is short, then NP [US€] = 0 forall e > 0 and all p < %

One can also state a theorem similar to Theorem (2.1.23). Applications of these results to
Volterra operators, see [57], and higher order differential operators will be discussed.

The main tool in the proof of the theorems stated above is the one-dimensional Hilbert
transform. Let IT denote the Poisson measure on R,

dIl(t) = 1T
If h € L}; = L*(R, D) is a real-valued function, and if S4 denotes its Schwarz integral,

1 1 t
Sh(z) = EfR [t 1T tz] h(t)dt, (z € C,), (4)
then A, the Hilbert transform of h, is defined a.e. on R as the angular limit of J[Sh].

Alternatively, h can be defined as a singular integral

fi(x) = = Vp f [ + 2] h(t)dt, (x € R).
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(As a general rule we identify Nevanlinna class functions in the halfplane C,with their
angular boundary values on R; e.g. we may write Sh = h + ih.)
The relevance of the Hilbert transform in the theory of Toeplitz kernels can be explained by
the following simple observation, see [72].
Suppose y: R — R is a smooth function. Then N*[e%] = 0 if and only if

y=—a+h (5)
for some smooth increasing function @ and some h € L:-. There is a similar criterion for
Toeplitz kernels in Hardy spaces: Np[e”’] # 0 if and only if y admits a representation (5)
with a being the argument of some inner function and with h € L} such that e™* € LP/2(R).
We recall some properties of the Hilbert transform. We denote by Lg‘w) the usual weak L!-
space with respect to the Poisson measure. Kolmogorov's theorem states that

ke 12
I1 )
0(1,0)

where L stands for the "little 0" subspace of Lg’“’)

, 1.e.
. 1
|| > 4} = o(3), 4 - e )
For bounded functions we have the following (Smirnov-Kolmogorov) estimate :
T —
Thile<> = el € L.

Together with the criterion (5), this implies

T _2
17 o< = N7 [bPeW] £0, 7)
where b is the Blaschke factor
i—2z
b(z)—i+Z,ZEC+. (8)

We prove Theorems (2.1.22) and (2.1.23). We closely follow all the steps in our
presentation of the classical Beurling-Malliavin theory in [72], combining them with certain
estimates of the Hilbert transform. To make the proof selfcontained, in several places we
had to repeat the argument outlined in [72]. To avoid further repetitions we decided to omit
the proof of Theorem (2.1.2) because the reasoning in the sub-exponential case is quite
similar. The proof of Theorems (2.1.22) and (2.1.23) is organized as follows.

(i) Upper density estimate: y(+o) # Foo implies N*[US€] = 0. This statement is
analogous to the estimate (i).
(ii) Effective density estimate: Y d* 212 = oo implies N*[US€] = 0. Together with (i) this
generalizes the estimate R(A) < D (A) in BM2.
(iii) Little multiplier theorem: if y is almost decreasing, then N*[US€] = 0.
(iv) BM multiplier theorem: if the weighted Dirichlet norm of logW is finite, then W
belongs to some Hardy space up to a factor from N *[S€].
(v) A version of BM1: the logarithm of any outer function in N *-kernel has a finite weighted
Dirichlet norm. This is used to show that non-triviality of N*-kernels implies non-triviality
of NP-kernels for symbols involving inner functions.
(vi) LP-multipliers: approximation by inner functions and multiplying the elements of N?-
kernels down to H*.
We discuss various consequences of the weighted one-sided Lipschitz condition

h'(x) S |x]€, x = oo,

for smooth real-valued functions h € L},. (Here and elsewhere 2’ means (h)’.)
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Lemma (2.1.3)[49]: If k > 0 and h € L}, then
h'(x) S x* = h(x) = o(x**1) as x - +oo.
Proof: By Kolmogorov's theorem, we have
he st 9
If x, » 1and h(x,) = cx¥*1 for some ¢ > 0, then for all x such that 1 « x < x, we have

X
h(x) = h(x,) — aj thdt > cxktl — q(xkt1l — x¥+1),
X

and it follows that

h(x) = x> x,
for all x in some interval (x,,, x,) of length =< x,. Since I1(x,,, x,) = 1/x,, this contradicts
(9), see (6).
If A(x,) < —cx** for some ¢ > 0, then by a similar argument we have

h(x) S —xK1 < x,
for all x in some interval (x,, x,.) of length = x,, which again contradicts (9).
We will also need the following version of this lemma.
Lemma (2.1.4)[49]: Leth € LY,k > 0,and a € R. If

R'(x) + ax ‘h(x) < x*, x> 1, (10)
then
h(x) = o(x**1) and A'(x) < x* + o(x*) as x = +oo.

Proof: Suppose we have A(x,) > cx*** for some x, > 1. Let x; be the smallest positive
number such that A(x;) = cx***, so we have 1 < x; < x, and h < cx*** on (0, x,).
Together with (10), this implies

- xktl X,
W) s=—— xe (7,9(1).
Arguing as in the previous proof, we see that i = x*** > x, on some interval of length =
x1, Which contradicts the weak L!-estimate (6). The argument in the case a(x,) < —cx*+?
Is similar.
Lemma (2.1.5)[49]: If k € [—1,0) and h € L1(|x|~27%), then
h'(x) S x* = hA(x) = o(x**1), x > +oo.
Proof: If k € (—1,0), then the weight |x| =27 satisfies the Muckenhoupt (4,) condition at
infinity, and therefore we have
h € L'(|x|727%) = h € LOO=) (x| 7275),
see [62]. (One can also give an elementary proof for this particular weight.) We then argue
as in the proof of Lemma (2.1.3). For example, if x, > 1 and A(x,) = cx**1, then h =
x¥*1 on some interval [x,,, x,] of length = x,. The weighted length of this interval is =<
x;17% which contradicts the weak L!-estimate.
If x = —1, then we consider the function
h,(x) = xh(x) € L}.

Since h; (x) = xh(x), we have
R, (x) = h(x) + xh'(x) < x " hy(x) + 0(1), x > +oo.
By Lemma (2.1.4), we get h; (x) = o(x) and therefore A(x) = o(1).
Lemma (2.1.6)[49]: Let f € L}, 0 & supp f, and let
0<a<p,or0<fB<ac<?.
Denote
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g(x) = |x|7“f (x).

fre)<(1+o)|xf =g (x) < (1+0)|xIF% (11)

Then

and

x ') < (A +o()x]F = x715' (%) < (1 +o(1)|x|P~*1.(12)
Proof: We will prove (11) for x — 4+oco. The proof of the other cases is similar. Since the
statement is trivial for « = 0, we will assume a > 0.
It is clear that we can modify f on any finite interval, so we will assume that f(x) = xV
near the origin for some N > 1. If we specify £(0) = 0, then

|x|7¢f (x) € L. (13)
Indeed, by Lemma (2.1.3) we have f = 0(|x|"), and therefore
x| 41 f1 = | I F 1N @M s | f )N € Ly
by Kolmogorov's estimate (6).
Consider the analytic function
u(z) +ii(z):= z7%(f +if)(2), z € C*,
where z~% denotes the branch positive on R, . Note that
u(x) = g(x), 4(x) = |x|"*f(x) for x €R,,

and

u(x) = |x|"*[f (x)cos ar + f(x)sinanr] for x € R_.
By (13), so if we define

g—u€lL, g—u=0 on R,,
so if we define
6(x) = g(x) — [x[7*f(x),

then § = g — u on R, and we have the following representation for the derivative:
_ 0 t) + ¢, f(t) dt
5@ =Gg=we = | SO+ L ).

(t—x)?% |t|*
By the dominated convergence theorem
6'(x) =0(1), x > +oo,

in particular
§'(x) = o(xF~%) if B = a.

In the case 0 < B < a < 2, we consider the integrals involving f and f separately.
We have

j'l fOI dt j_x 1 |f@®lde 1 (e 1f(®)ldt

P e g e 1 O | R L EE S AV 2 1

1 (|f®ldt 1 (~1f@®)]|dt
o[ s
Since f = 0, by Lemma (2.1.3) we have
f(&) = o(It]"*F),

and since

-1 |t|1+ﬁ—a -x 1 -1
j dt < j |t|f~*1dt + —j |t|* A~ dt = xB~«,
—00 (t - x)Z —00 x2 —-X

—X

we have
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f‘l FOL de _ ooy

w (T —x)%|t]|*
It follows that in all cases we have
§'(x) = o(xF~%), x > +oo,

and therefore
G ) =x"4f"(x) —ax * 1 (x) + 6" (x) < xF~% + o(xF~9).

We will also need a converse of (11). We state it only for the range of parameters that
will be used later.
Lemma (2.1.7)[49]: Letw € L%, 0 ¢ suppw, and

0<a<p, orl1<a<min (2,6+1).
Denote
h(x) = |x|"*w(x).
Then
R'(x) < (1+0)|x|F~* = w'(x) < (1+0(1))|x].
Proof: (a) The case f = a. Let n be an even integer such that
a;:=n—a € [0,2).
Define
gx):=x""w(x) = |x|"*h(x).
Sincea; < 2and By:= L —a = 0, we can apply Lemma (2.1.6) to f = h and g and obtain
the estimate
§'(x) < |x|Br=% oo = |x|B 4o
Since w(x) = x"g(x), we have
W (x) = nx"1G(x) + x"§' (x) < nx *w(x) + |x|® + -,
and by Lemma (2.1.4) ,
w'(x) < (14 o(1))|x|P.

(b) The case a € [1,2] and f —a € [—1,0]. Note that this implies g = 0. Define the
functions

gx) = x"tw(x), f(x) = xh(x),

gx) = lx|"f(x), &y =2 —a €[0,1].

SO

Let us show that
x < |x|frt+ -, Bi=B—a+ 1. (14)

1 1 1 1 —
helL (|x|2_a> clL (|x|2+")' K:=p—a,
by Lemma (2.1.5) we have

Since

h(x) = o(|x|**1),

and since f(x) = xh(x), we obtain (14):

x (%) = ' (x) + x  h(x) < |x|* + o(Jx|).
We can now apply Lemma (2.1.6) with parameters a; and B;. (Note that f € L} and the
parameters are admissible.) By (12) we get the estimate

x 1§ (x) < |x|fr=a=1 o = |x|B2 4 .

and from w(x) = xg(x) we derive

w'(x) = g(x) +xd' (x) < x7w(x) + |x|F + .
Applying Lemma (2.1.4) we conclude the proof.
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We prove the first part of Theorem (2.1.22), which gives a sufficient condition for the
triviality of a Toeplitz kernel. Let us fix ¥ = 0 and consider two unimodular functions U =
e and S = e'’ on R satisfying

y'(x) = —|x|*, o' (x) = [x]*, (x > o). (15)

Proposition (2.1.8)[49]: If N*[US€] # 0 for some € > 0, then y(F) = too.
Proof: If NT[US€] # 0, then by the basic criterion (5) we have

y+eoc+a=h a =0, hel}.
Therefore,

h'(x) 2 y'(x) 2 —|x[",
and A(x) = o(|x|**1) by Lemma (2.1.3). It follows that
14S) ~ y(x) + a(x) = —e@ + o(]x|*) < —|x]|,
X X X X

which implies y(+00) = +co.

Let ¢ > 0 be a fixed constant. For an interval [ ¢ R we denote by [" and [" the
intervals of length c|l| adjacent to [ from the left and from the right respectively, and we
define

Arly] = infy - supy.
Lemma (2.1.9)[49]: Let € > 0 and suppose

Y =10, Y dHW = (16)
LEBM (y)
Then there is a constant ¢ > 0 and there is a collection of disjoint intervals {[,,} in [1, +0)

or in (—oo, —1] such that
2 d<212 = o0, 101, < d,, mult{5l,} < oo, 17)
and
A7 [arg(US®)] = cdgl,. (18)
Here 51 is the notation for the interval of length 5|I| concentric with [, and mult {-} is the
multiplicity of the covering.

Proof: Suppose the sum (16) over BM intervals in R, is infinite. If there are infinitely many
BM intervals | = (@,, b,) in R satisfying 10|l| > d, then we set

10
ln = (an; bn): Ap: = Ebn;

otherwise we simply enumerate BM intervals such that 10|l| < d. In any case, we get a
collection of intervals [,, = (a,, b,,) satisfying the first two conditions in (17) and also the
inequality

y(by) = y(an).
By (15), the latter implies that the intervals also satisfy (18) for some ¢ > 0. Finally, we

take a subfamily {l,,, } such that {51, } is a subcover of U5L, of finite multiplicity and
observe that we still have the divergence of the series Y;d"~%1?. Indeed, if Ul; < 51, then

di=d Y =P

> A s R

J
The following proposition completes the proof of the first part of Theorem (2.1.22).
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Proposition (2.1.10)[49]: Suppose y'(x) = —|x|* and suppose there is a collection {I} of
disjoint intervals in [1, +00) such that

Vi, Aj[y] = cld¥,
and

Z 4212 = 0, 101 < d, mult {51} < oo,

then N*[e?] = 0.
Proof. The statement corresponds to the so-called Beurling's lemma in the classical BM
theory. There are several versions of the proof of Beurling's lemma, e.g. Koosis [66] applies
the Beurling-Tsuji estimate of harmonic measure, Nazarov [74] uses the Bellman function,
and Kargaev's proof [68] is based on PDE techniques. We suggest yet another approach.
According to the criterion (5), we have to exclude the possibility
y+a=h at, hell.

Denote by h; the restriction of h to the interval 51. We say that [ is of type | if

d“7?12 < Clihll g, (19)
where C is a sufficiently large constant; otherwise we call [ an interval of type Il. Clearly,

we have
z d;c—le < o0,

lel
and to get a contradiction we need to show

Z 4522 < oo (20)
lell
Consider the 2D Hilbert transform
H(z) = h=(t)dt (z€C)
o IR{(t_Z)Z’ ? e

where h~ = max{0, —h}.
Lemma (2.1.11)[49]: If [ is of type 1l then
|[H(z)| =d*, VzeQp={x+iy:x €l l<y<?2l}
We prove this lemma, and we now explain how the lemma implies (20). Denote

¢=Z del-1,.

lell

We have
_ *Y(t)dt 8 (*dA (4
Z 422 le -~ =§J1 FJA P(D)d. 1)
lell 2
Forevery A > 1 let
H.(2) = fCA h=(t)dt
A _ca (t— z)¥

where C > 0 isa large constant, and let Il (A) denote the set of all intervals [ € Il intersecting
(A/2,A).If L € 1I(A) and z € @y, then

|H(2) - Hy(2)] < j

lt|>cA |t — z|?

)

h=(t)dt _ J h=(t)dt .
ti>ca 1+ 12
so by the lemma we have
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|HA| = AK on U Ql'
leII(A)
Applying the weak- L! estimate for the 2D Hilbert transform, see [53], we get

cA
12 < Area(|Hy| > A%) S A"‘f h~(t)dt,
LETI(A) —CA

and therefore

A CA
P(H)dt < AF z s | r(de
Af2 1ETI(4) —cA

Combining this with (21), we conclude
CA

K22< _A - < -
> a2 f | r@arsinig,

_ leTl —ca
which proves (20)

Proof. Since a in the representation i = y + a is increasing, we have

A;[h] = 1d~. (22)
On the other hand, for intervals of type Il we have
Aj[hy] « 1dx. (23)

Indeed, if A;[R;] = 1d¥, then |k;| = Ld* oneither I or I"". Applying the weak type inequality
with A = 1d*, we get

d~21 s Tf|hy| > A} s A7 Ml
which contradicts the definition of type II.
Denote f = f; = 1g\s; - h, S0 h = h; + f;. From (22)-(23) we conclude that there are points
a € l"and b € " such that

fb) - f@) = 5 1d". 24)
Represent f = f+ — f~with f* = max{f, 0}, and note that the functions f,:= (f*)? are
decreasing on [a, b] :
. 1 fE(®)dt
f’(x)=——f <0, (x € 5.
* T JRy\(50) (t—x)?
From (24) it then follows that
f-(a) = f-(b) % ld¥,
so there is a point x* € (a, b) such that
f-(®dt C ) = f(a)-f (®)
(t X, )? b—a
Observe that if z € Ql andt € R\ 5/, then

R [(t —12)2] = (t —1x*)2'

and we have
| f(t)dt - f~®dt f(t)dt - gt
(t —2z)2| — t—22" ) (t—x)2"
It follows that
fl (t)dt h; (t)dt ¥




because
2

— il < d*

|J“ hl(t)dt

provided that the constant C in (19) IS Iarge enough.

We prove the following statement. Let x > 0 and suppose that U = e, S = '@
satisfy conditions (35) of Theorem (2.1.22).
Proposition (2.1.12)[49]: If y is almost (k) decreasing, then N*[US€] # 0 for all e > 0.
Proof: By assumption we have

d*2]? < oo, (25)

LEBM ()
Recall that the BM intervals of y are the components of the open set {y* # y}, where
y*(x) = maxy|[x, +o0). Denote

f=v-v
so f = 0 outside the union of BM intervals, and f'(x) < |x|* on BM intervals. By (25) we
have | < d, and therefore

0<fsld® on |, (26)
Together with (25) this implies

f € L%
The estimate (26) also shows that we can assume [ > d™* for all BM intervals; otherwise
we can eliminate short intervals by adding a bounded function to y (this will not affect the
N *-kernel). In particular, we will assume that BM intervals don't cluster to a finite point.
The non-triviality of N*[US€] is a consequence of the following statement which will be
verified.
Lemma (2.1.13)[49]: For any € > 0, there is a function $ such that
f+BeLl B'(x) <e|x|* for x| » 1.
Indeed, if for instance o' (x) = |x|* near +oo, then we can write
y—eo=—(f+p)+(B—eo)+V".

The first term in the RHS is in L}, and the last two terms are decreasing near infinities, so
we can apply the basic criterion (5).
Proof. We will construct disjoint intervals [, such that they cover all BM intervals and
satisfy the following two conditions:

Z A5 22 < oo, 27)
n

and
f(x) = €n|x|*T;, ™ 4.
L, 1+x2
where T, is the "tent" function of the interval [,,,
T,,(x) = dist(x, R\ L,).
Let us show that the existence of such intervals [,, implies the statement of the lemma.
Define

vn 3¢, € [0,€], 0, (28)

BGO) == ) &l Tu),
and '

9O = ()= ) enlxlFTu(x)
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Clearly, we have

B @] s elx]s,
and all we need is to check g € Li;.
Let us show that g belongs to the real Hardy space HE(R). We can represent g as follows:

gzgn 21 ZAATU

In = 9" 1l ) H(ln)"gn"
The functions 4,, = A;,1g,, are "atoms":

1
f AydIl = )L_J gdll =0 by (28),

nJi,

where

and
_ lgnll_, 1
An ()

lAnll,

Since
lgnll,, S dyly,
(use l,, < d,, and (26) for the BM intervals covered by [,, ), we have

l
2 A, sz T dfl, <o by (27).
n

It follows that Y'1,,4,, € H{(R), see [54].

Let us assume that all BM intervals [ lie in [1, +0). In the general case we will need
to apply the procedure described below to BM intervals in (—oo,—1] and in [1,40)
separately.
We construct our intervals 14, [,, ... by induction. The left endpoint a, of [; will be the left
endpoint of the leftmost BM interval. Suppose the left endpoint a, of [, has been
constructed so that a,, is also the left endpoint of some BM interval | = (a(l),b(l)), Le.a, =

agy. Consider the function

b
PO = [ [ = elal Tmldn

where T, p)(-) = dist(:, {ay, b}) is the tent function. We define b,,, the right endpoint of
L,,, as the nearest point in the complement of BM intervals at which F is non-positive,
b, = min {b = bawy: f(b) =0,F(b) < 0}.

Since f € LY, we have F(+o00) = —oo and so b, < oo. Finally, we define a,, as the
leftmost endpoint of BM intervals not covered by [; U --- U [,,. (Recall that we assumed that
there are no finite cluster points.)

It is clear from the construction that the intervals [,, cover all BM intervals. We also get (28)
by defining €,, from the equation

bn
f [f o EnlxlkT(an;bn)]dH = 0’
an

clearly we have 0 < €, < €. In remains to verify (27). We have three types of intervals [,, :
(@) F(b,) < 0 but there isa BM interval [ c [,, such that |I| = |,],

(b) F(b,) = 0,

(c) other intervals.
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Property (27) is obvious for the collection of intervals of type (a): we have | < d (except
for finitely many 1’ s) and therefore d = d,, and d* 212 = d¥~2|2,
To prove (27) for the collection of intervals of type (b), we note that €,, — € if [,, € (b), and

since
K

O A
X b)) X = b) = —-Qa)-,
. (a,b) x2 = p2 . (a,b) h2

we have

dnly bn 1
(d, + 1,)? = Z f x| T(an'bn)dn = Ef fdll < oo,
@ ~ " () ~an Uw) ln

Since d,, — oo, it follows that there are only finitely many intervals [,, € (b) satisfying d,, <
L,,, so the last estimate implies
Z A< 212 < oo,

(b)
The argument for intervals of type (c) is the same if we can show that if [,, € (¢), thene,, >
€/2,1.e.

bn €
j £ - 5 X T by | AT1 > 0. (29)
an

Since [,, is not of type (b), we have F(b,,) < 0 and by construction, b,, is the right endpoint
of some BM interval [ = (c, b,,). Note that |l| «< |L,,| because [,, is not of type (a). Since
f > 0onl, wehave

bn € c
j (f - ExKT(an:bn)) dll > j (f - EXKT(an’C))dH +
an an

c € bn
+ [Ej XKT(an’C)dH - EJ XKT(an‘bn)dH] .
an

an
The first term in the RHS is equal to F(c) and therefore positive by construction. Since
|l| < |l,,|, the second term in the RHS is also positive, and we get (29)
Let S be a unimodular function and let 0 < p < oo. If w € L}; is a real function, then

we write

w € M, (S)
if the outer function

W = ew+i\7v
satisfies the following condition:

Ve >0, 3G € N*[S€], WG € HP.

In other words, w € M, (S) if the corresponding outer function belongs to H? up to an
arbitrarily small (compared to S) factor.
We can restate this property in terms of Toeplitz kernels.
Lemma (2.1.14)[49]: w € M, (S) iff

Ve > 0, NP |S€ * 0.

m I

Proof: = Let G € N*[S€] be such that F: = GW € HP. Then

F € NP |S¢€

N
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and the Toeplitz kernel is non-trivial. Indeed,
_w _ _ _
SEWF = (S€G)W eN~NLP = HP,

< If F is in the Toeplitz kernel, i.e. F € H? and FS€W /W € HP, then we define G =
F/W € N'*. Since

56 =52 p~en-

) wow
we have G € N*[S€] and WG € HP.
Corollary (2.1.15)[49]: Suppose (argS)’ = |x|*. If a real function w, € L}; satisfies the
following condition:

Ve >0, 3w € LY, w = wy, W' > —e|x|* + o(|x]%),
then wy € M, (S) forall p < 1.
Proof: Without loss of generality, (argS)’ = 2|x|* for |x| > 1. We have

W
—arg [SZEWO] =2(eargS+w) +2(Wy —w):=a+ g,
0
where

a' = e|x|*, (|x] > 1),
and
geELL, g<o.
For sufficiently large N, the function a + arg b", where b is the Blaschke factor (8), is
monotone increasing on R, and therefore there is an inner function @, not a finite Blaschke
product, such that
a+arghN =arg®+ 6, || 6 o< .
Clearly, N®[e~9] = 0, i.e.

W
N® e pNpS2e 2| + 0.
sy

0

By (7), we also have
NP[e~¥bN] = 0,
provided that p < 1 and N is sufficiently large, and of course
N®[b?Nd] # 0.
It follows that

W,
NP |§2e 2
[ Wo
The main result is the following version of the Beurling-Malliavin multiplier theorem.
Theorem (2.1.16)[49]: Suppose (argS)’ = |x|*, and let w, € L} be areal function. Then

|x|_2¥wo(x) € D(R,®) = wy € Mp(S), (Vp < 1).
Here the notation f € D(RR, ) means that there is a neighborhood of infinity where f
coincides with some function from the Dirichlet space D(R). Recall that the Hilbert space
D(R) consists of functions h € L}; such that the harmonic extension u = u(z) of h to C, has
a finite gradient norm,

* 0.

IR IG=1u llt= f |Vu|?dA < oo,
Cs
(is the area measure). If h € D(R) is a smooth function, then we also have
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e f R dax.
R

We use some ideas from the proof of Theorem 64 in [55].
Proof. It is clear that we can assume that the function w, + iw, is analytic and has a zero

of sufficiently large multiplicity at the origin; in particular
2+K

ho(x):= |x|” 2 wy(x) € D(R).
Let us fix € > 0. According to the last corollary we need to construct w such that
(i) w € L},
(i) w = wy,
(i) w' > —e|x|* + o(]x|").
We define

w(x) = x| 2 h(x),

where h is a solution of the following extremal problem:
2+K

m {I(h):h = hy}, I(h): =Il h I3+ ej x| Z |h(x)|dII(x).

The existence of a solution follows from the usual argument: the set
A ={h:ll hllp< I(hy), h = hy ae. } € D(R)
Is bounded, closed, and convex in D(R), therefore it is weakly compact. Let I, denote the
minimum of I(h) over A. Then there is a sequence of functions h,, € A such that I(h,) —
I, and h,, weakly converge to some function g € A. It is then routine to see that
Iy < I(g) <liminf I(h,) = I,,
so g is a solution of the extremal problem.

By construction, w satisfies (i) and (ii). To prove (iii) we first note that
K—2

h'(x) = —e|x| Z . (30)

Indeed, by the extremality of h we have
2+kK

. x|z
Il ¢ II%+2] ¢h’+ej (lh+ ¢| — |h|)(x)|1_||_x2dx=I(h+¢)—1(h) >0
for all smooth test functions ¢ = ¢(x) = 0. (The integral | ¢h’ has to be interpreted in the
sense of the theory of distributions.) Since
() _ [h(x) + oGl — [h(x)]
x% 1+ x? ’

we conclude

~ -2
I ¢ 15+ 2.[ P (x) [h’(x) + e|x|KT] dx >0
Replacing ¢ (x) with ¢ (x) and letting 6 — 0, we get

- K—2
j $(x) [h’(x) + e|x|T] dx >0
for all ¢ = 0, which proves (30)
To derive (iii) from (30) we apply Lemma (2.1.7) with

=1+, = =21
a= Z,ﬂ—K,ﬁ a—z .

The parameters a and § are admissible because fork > 2wehavea < f,and if 0 < k < 2
thenl<a<2anda <[+ 1.
Proposition (2.1.17)[49]: If w € L}, w > 0, and W' < |x|¥, then
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2+kK
|x] 2 w(x) € D(R, o).
Proof: We will assume that the function w, + iw, is analytic and has a zero of sufficiently

2+kK

large multiplicity at the origin. Let u = u(z) be the harmonic extention of |x| 2z w(x) to
the upper half plane C,, and let v = ii. We need to show that the gradient norm of u + iv
in C.is finite,

|l u+ iv 3= lim udv < oo,

=% Jap(r)
where D (r) is the semidisc {|z| < r} n C,.
We first prove that the integrals over dD(r) N R are uniformly bounded from above.
Applying Lemma (2.1.6) with (admissible) parameters
K K

a=1+§,B=K,ﬁ—a=§—1

to the functions f = w and g = u, we see that
K—2
v'(x)S|x| 2, x€eER

Since u > 0 we have

r Took=2 24K
f udv = j v'u S j x| 2 |x| 2 wx)dx Sl w lig< oo.
dD(r)nR -r -r

To finish the proof of the proposition it remains to show that the integrals
VA

1 .
] udv =rI'(r), I(r):= —J u?(re®)ds,
aD(r\R 2Jg

don't tend to 400 as r — oo. In fact, it is enough to show
I(r) +» oo,
because if r1'(r) = +oo, then I'(r) = 1/r for all » > 1, and we have I(r) — oo,
Since k = 0, we can apply the following lemma.
Lemma (2.1.18)[49]: If u € L*(1 + |x|™1), then I(r) +» oo.
Proof: We will prove an equivalent statement for functions in the unit disc D. Let f = u +
i1t be an analytic function in D such that

u()
1-I¢]

€ L'(oD).

Define

L _1+Z D
(z)—l_zu(z),ze ,

and denote by h*({), { € aD, the angular maximal function. By Hardy-Littlewood maximal
theorem,

h*elLl (D). (3D

wea

Let us show thatas € — 0,
1
zf f(2)Pldz| » o0, C:= (|1 —z| = €} N D,
Ce
We have
1 2 2 * 2 *7r\12
[ = [ e st P e P,
Ce C

[

where ¢ € dD, |1 — {| = €. The RHS can not tend to infinity because otherwise for all small
€, we would have
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1
() +h () > -
on an interval of length e, which would contradict (31).
Proposition (2.1.19)[49]: Suppose (argS)’ = |x|* and let ® be a meromorphic inner
function satisfying |0'| < |x|*. Then
W e N*[0] = log|W| € M,(S), (vp < 1).
Proof: We have WO = H for some H € '+, Define
W, = WH + 0,
and let W be the outer part of W;. From the identity
02w, = OWOH + 6 = AW + 6 = W,
we deduce
W, | = WWO+0|=1+|W|?=>1,
and
|Wle| = 1' |W| = |Wle|r (argwle), S |x|K
By Proposition (2.1.17) and the multiplier theorem, we have log|W;| € M,(S) and
therefore
log |W| € M, (S).
Corollary (2.1.20)[49]: Let S and O be as above. Then for any meromorphic inner function
Jand any p < 1, we have
N*[0]] # 0 = Ve, NP[S€Q]] # 0.
Proof: Take an outer function W € N*[®/]. Then W € N*[0], and by the last proposition,
3G € N*[S€]. WG € HP.
It then follows that
WG € N*[S€OJ] n HP = NP[S€0]].

We finish the proof of Theorems (2.1.22) and (2.1.23).

It is well known that given any two intertwining discrete sets A = {a,,} and B = {b,;}
of real numbers, ...a,, < b, < a,41 ..., there exists a meromorphic inner function © such
that

{0=1}=4, {6 =-1} =B. (32)
Indeed, the sequences A, B determine the set
E={30>0}nR=U/(a,,b,),

and we can define © in C,by the (Krein's shift) formula

1. 0+1 _ 1

Elog®_1—5u+w,u.—15—z,CEIR, (33)
where Su is the Schwarz integral (4), so R[Su] is the Poisson extension of u to the halfplane.
(Note that u is the boundary function of the expression in the LHS of (33), provided that ®
is an inner function with level sets A and B, and in fact Krein's shift formula parametrizes
all such inner functions.)
An immediate consequence of this construction is the following statement:
for any increasing, continuous function o: R — R, there exists a meromorphic inner function
0 = e'9 such that

160 —0 llo< .
We will need the following version of this statement.
Lemma (2.1.21)[49]: If o’ (x) = |x|*, then there is a meromorphic inner function © = e*?
such that
0 —o € L*(R), 8'(x) = |x]|*.
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Proof: We can assume that o is strictly increasing on R. Define the intertwining sequences
A = {a,} and B = {b,} by the equations

o(a,) = 2nn, b, =
so we have

a, = (signn)|n|i+x,
and
6p:=b, —a, =|a,|™ .
Let © be an inner function satisfying (32),
I 6 —o0 lln<2m,
and let u,,u_; be the corresponding (Aleksandrov-Clark's) measures defined by the

Herglotz representation

1+e_ . 1-0
1-0 °MT O 19

The measures u, u_, have the following form:

H1 = z “naani H-1 = Z .8n6bn

for some positive numbers a,, B,. (It is easy to see that uy,{oo} = 0 though we don't
actually need this fact.) We claim that

=Su_, + const.

_ _ @y = 8y, B = O (34)
The estimate 68’ (x) = |x|* easily follows from (34). Since
10" = |1 —0%[|(Suy)'|, 10'] = |1+ %[|(Su_1)'l,

0'(x) = min {Z (JC—OC#'E (}C;B#}, (x € R).

It follows that if x € (a,,, a;,+1), then by (34)
dt
0'(x XJ =61 = |a,|* = |x|*.
( ) |t_x|25m (x _ t)z m m | |

we have

Proof of (34). We will explain the estimate for a,, 's; the proof for £,, 's is similar. According
to (33), we have

1-06 ¢ oku

150 const e™",
whereu = 1; — 1/2,

E= ] @obo,

k=—o0
and Ku is the improper integral
u(t)dt
Ku(z) = j — (z € C,).

By construction,
a, = const Res, e*"

bn — —
gn(z) = exp {fb u(t)dt} — \/(bn Z)(bn—1 Z)’

t—z a, —Z

Denote

n—-1

and
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u(t)dt
A, = exp f — )
R\(bp—1.bn) ¢~ Gn

Ku _ —
Res, e"" = A, Resq gn, |Resan gn| =4

It remains to show that 4,, = e®®. This can be done as follows.
For j > n we have

_[aj+1 u(t)dt b; — ay L Gjy1 —Qp
a

So

=lo
t—a, gaj—an b; — ay

J oj
=log(1+ —log| 1+
a — ay bj — ay

ol )
a4 —an bj—ay (a; - an) (a; an)

where we used the relation log(1 + x) = X + 0(x?) for 0 < x < 1. Since
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Zﬁ ~2

J
2
K. —
j=n+1 j=n+1 a; (af an)
J"" dt 2an *
K(f — 2 J
an+6n t (t an) anp+dn 2an

1 (® dt ® dt
S 2 T 2+K
nJan+6y (t —an) an b

a
1.l _oa
T aks,  altr (1),
we get
Cu(t)dt
f (t) — o(D)
bnt—an

A similar estimate holds for the integral over (—oo, b,,_), and we have 4,, = e,
Theorem (2.1.22)[49]: Let k > 0, and let U = e and S = e'° be smooth unimodular
functions on R such that

y'(x) = —|x|*, o' (x) Z |x|, (x > ). (35)
(i) If y is not (k)-almost decreasing, then N*[US€] = 0 for all ¢ > 0.
(ii) If y is (xc)-almost decreasing, then NP[US€] = 0 forall e > 0 and all p < %
Here and throughout the notation f(x) = g(x) means that f(x) = cg(x) for some ¢ > 0
and all x such that |x| > 1.
Given two unimodular functions U and S as in Theorem (2.1.22), we can consider the family
of symbols

USe = eWa, y, =y — ao, (a € R).

If a; > a and if y, is decreasing near oo, then y,, is also decreasing. It is not difficult to see
that the same is true for almost decreasing functions, so we can define the transition
parameter

c=c(U,S;k) =inf {a: Yq 18 (1)-almost descreasing} € (—o0, +o00].
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Proof. The first part of the theorem was established. The second part states that if y is almost
decreasing and € > 0, then
NP[US?¢] # 0, (p < 1/3). (36)
By Lemma (2.1.21) there exists an inner function © satisfying
(arg®)" = |x|*.
We will assume that U?0 has an increasing argument (otherwise we can replace ® with @™
for a large integer n). We will also assume that S® has an increasing, unbounded argument
(otherwise we replace S with a large power). By Proposition (2.1.12) we have
Nt[Ue€0] # 0. (37)
Since the argument of UG 7€ is increasing, there is an inner function J such that
Uel=¢=XJ, |largX llo < m.
From (37) we have N*[J®] # 0, and so by Corollary (2.1.20)
NP[JOS€] = 0, (p < 1). (38)
Note that
US?€ = (UB¢0S¢)(0°S¢) = X(JOS¢)(0°S€)
. Since the argument of S€@¢ is increasing and unbounded, we can find an infi
Blaschke product ¥ such that
¢S =YW, llargY llo, <.
Thus the symbol US?¢ has the following representation:
US2¢ = (JOSE)(XYW), |l argXY ll, < 2m,
and by (7) we have
NP[XYW] # 0, (p < 1/2). (39)
Combining (38) and (39), we get (36) by Holder's inequality.
Theorem (2.1.23)[49]: Let J be a meromorphic inner function, and suppose that a
unimodular function S satisfies
(arg$)'(x) = |x], x — oco.
Denote ¢ = ¢(J, S; k). Then for all p < oo we have
NP[J§%] =0 (a < ¢), NP[JS%] # 0 (a > ¢).
Proof. Recall that / is a meromorphic inner function, S = e' with ¢’ (x) = |x|*, and c =
c(/,S; k). Applying Theorem (2.1.22) (or rather its corollary) to U = J we conclude that if
a < c then N*[JS%] = 0 and therefore NP[JS%] = 0 for all p > 0. On the other hand, if
a > c, then NP[JS%] = 0 for some p > 0, and in fact the kernel is infinite dimensional, as
we just mentioned. The following proposition completes the proof.
A unimodular function S is called tempered if an, S'(x) = 0(|x|™) as x — oo.
Proposition (2.1.24)[49]: If S is a tempered unimodular function, then for any meromorphic
inner function J/ and any p > 0,
dim N?[JS] = 0 = dimN®[JS] = oo.
Proof: First of all we observe that the statement is true if S is a tempered inner function,
S = 0. By Carleson's type embedding theorem [83], all elements in N?[J@] have at most
polynomial growth at infinity, see details in [72]. Since the kernel is infinite dimensional, it
contains functions with many zeros in C,. Dividing such functions by appropriate
polynomials we obtain functions in N °[]0].
Let now S be an arbitrary tempered unimodular function. By Lemma (2.1.21) we can find a
tempered inner function © and a bounded real-valued function y such that
S=0X X =e?X,
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By the previous observation, we have

dim N®[JO] = oo, (40)
and it remains to show that

In, N*[Xb™] # 0, (41)
(b is the Blaschke factor (8)). Indeed, combining (40) and (41) we conclude that the kernel

N*[JSb™] = N*[J6Xb™]

Is infinite dimensional, which allows us to get rid of b™.
To prove (41), consider the outer function

H=eX % g0 X =—

T | =

We will have
(z+ )™"H(z) € N®[Xb"], (n » 1)
if we can show that h: = |H| = e* has at most polynomial growth at infinity. Without loss

of generality, we can assume that the L*-norm of y is so small that h € L%. We have
1

M@—hm)SfIwhjfhWWSWW@(1+ﬁﬁ<fIXFY- (42)
0 0 0

Since [y’ (t)] < |t|™ by construction, for each x > 0 we can represent y as the sum of two
smooth functions,
X=X + X2
such that
lxill2 < Ix|" llx2ll,0 =<1, x2 = 0 on (—2x, 2x).
(For example, take y; = ¢y, where ¢ is a smooth "bump" function such that ¢ is equal to
1on (—2x,2x)and0on R\ (—3x, 3x).) Then we have
”)Zi”ﬁ S |x|n, |)Zé| <1 on (le);

and so (42) shows that h has at most polynomial growth.
Section (2.2): Sets and Measures

For u be a non-zero finite complex measure on the real line. By f we denote its
Fourier transform

M@=femGUOmM)

Various properties of the Fourier transform of a measure have been studied by harmonic
analysts for more than a century. One of the reasons for such a prolonged interest is the
natural physical sense of the quantity ji(t). In quantum mechanics, if u is a spectral measure
of a Hamiltonian then |(t)|? represents the so-called survival probability of the particle,
I.e. the probability to find the particle in its initial state at the moment t. The problems
considered belong to the area of the Uncertainty Principle in Harmonic Analysis, whose
name itself suggests relations and similarities with physics.

The Uncertainty Principle in Harmonic Analysis, as formulated in [58], says that a measure
(function, distribution) and its Fourier transform cannot be simultaneously small. This broad
statement gives rise to a multitude of exciting mathematical problems, each corresponding
to a particular sense of "smallness."

One of such problems is the well-known Gap Problem. Here the smallness of u and i is
understood in the sense of porosity of their supports. The statement that one hopes to obtain
Is that if the support of i has a large gap then the support of u cannot be too "rare." As usual,
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the ultimate challenge is to obtain quantative estimates relating the two supports, something
that we will attempt to do.
Beurling's Gap Theorem says that if the sequence of gaps in the support of u is long, in the
sense given by (50), then the support of £ cannot have any gaps, unless u is trivial, see [87].
The proof used some of the methods of an earlier gap theorem by Levinson [70]. In [55] de
Branges proved that existence of a measure with a given spectral gap is equivalent to
existence of a certain entire function of exponential type. We discuss a version of this result.
For further results and for gap problem see [87], [86], [66], [70].
We find an "if and only if" condition for a closed set X on the real line to support a non-
trivial complex measure with a given size of the spectral gap. We introduce a new metric
characteristic of a closed set, Cy, for the definition. The main result is Theorem (2.2.9) that
says that the supremum of the lengths of the spectral gaps, taken over all non-trivial
measures supported on X, is equal to 2mCy.
The definition of Cy contains two conditions that, for the purposes, we call the density
condition and the energy condition. As discussed, the density condition is similar to some
of the definitions of densities used in this area. The physical flavor of the energy condition
seems to suggest new connections for the gap problem that are yet to be fully understood.
The gap problem can be equivalently reformulated as follows. Let u be a finite
complex measure on R. Find the supremum, over all non-trivial f € L1(Ju|), of the size of
the spectral gap of the measure fu. If one replaces L' with L? in this statement, one obtains
(via simple duality) another famous problem, the problem of Wiener and Kolmogorov on
completness of families of exponentials in L?(u), see [94] or [90]. In [94] the problem is
formulated in the language of Krein strings. Since for finite measures L? c L, our result
gives an upper estimate for the Wiener-Kolmogorov problem. The L*-version was
considered by Koosis, see [66].
Via duality the gap problem admits a reformulation in terms of Bernstein's weighted
approximation. From that point of view, 2 Cy is the minimal size of the interval such that
continuous functions on X admit weighted approximation by trigonometric polynomials
with frequencies from that interval. The "approximative" relatives of the gap problem and
connections with other classical areas, such as stationary Gaussian processes, are discussed
in [91], [93], [66], [95].
Our methods are based on the approach developed by N. Makarov [72] and [49]. We utilize
close connections between most problems from this area of harmonic analysis and the
problem of injectivity of Toeplitz operators. In the case of the gap problem, this connection
Is expressed by Theorem (2.2.6) below. The Toeplitz approach for similar problems was
first suggested by Nikolski in [75], see also [98]. Our main proof utilizes several important
ideas of the Beurling-Malliavin theory [50], [51], [49], including its famous multiplier
theorem.
One of the advantages of the Toeplitz approach is that it reveals hidden connections between
various problems of analysis and mathematical physics, see [72]. The relations between the
gap problem and the Beurling-Malliavin theory on completeness of exponentials in L? on
an interval have been known to experts, at a rather intuitive level, for several decades. Now
we can see this connection formulated in precise mathematical terms. Namely, the Beurling-
Malliavin problem is equivalent to the problem of triviality of the kernel of a Toeplitz
operator with the symbol

¢ = exp(—iax) 0,
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for a suitable meromorphic inner function 8, whereas the gap problem is equivalent to the
triviality of the kernel of the Toeplitz operator with the symbol
¢ = exp(iax)0,
see [72].
We organized as follows:

(1) We discuss an alternative formulation of the gap problem and show that the maximal
size of the gap for a fixed measure taken over all possible densities is a property of
the support of the measure.

(i) We look at the gap problem from the point of view of Bernstein's weighted
approximation of continuous functions by trigonometric polynomials.

(ili) We restate the gap problem in terms of kernels of Toeplitz operators and introduce
the approach that will be used in the main proof.

(iv) We contain the main definition and its discussion. For a closed real set X we define a
metric characteristic Cy that determines the maximal size of the gap over all non-zero
complex measures supported on X.

(v) We contain the main result and its proof.

(vi) We prove several technical lemmas and corollaries used.

(vii) We can be viewed as an appendix. It contains a Toeplitz version of the statement and
proof of theorem 66 from [55].

Let M be a set of all finite Borel complex measures on the real line. If X is a closed subset
of the real line denote
Gy = sup{a | 3u € M,u % 0,supp u < X, such that i = 0 on [0, a]}. (43)
Now let u € M. Denote
G, =S5 {a | 3f € L'(Ju|) such that fu = 0 on [0, a]}. (44)
Proposition (2.2.1)[84]:
Gy = Gsuppp- (45)

Proof. Obviously, Goypp = Gy TO prove the opposite inequality, notice that by Lemma

(2.2.20) there exists a finite discrete measure

V= z “n6xni {xn} c suppy,
such that £ has a gap of the size greater than Gouppu — € Around each x,, choose a small
neighborhood V,, = (a,, b,,) so that for any sequence of points

Y = {Yn}: Yn €Wy
there exists a non-trivial measure ny = 38,6, such that 7 has a gap of the size greater than
Goppy — € The existence of such a collection of neighborhoods follows from the results of
[86] (for some sequences), from [88] as well as from Theorem (2.2.9) below.

Now one can choose a family of finite measures n,, T € [0,1] with the following properties:

e foreach T,
Ne = z .31‘563/,’1

such that y;f € V,, and 1j; has a gap of the size greater than G
e the measure

suppn — € Centered at 0 ;

1
Yy = f N.dT
0
Is non-trivial and absolutely continuous with respect to u.
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It remains to notice that then y has a gap of the size greater than Gopp 1 — €

Definition (2.2.2)[84]: Let X < R be a closed set. A weight is any lower semicontinuous
function W: R — [1, o) that tends to co as x — too. For any given weight W we define
Co (W, X) to be the space of all continuous functions on X satisfying
@ _,
X€EX,x—>+0 W(x) B
(If X is bounded from below or from above, the corresponding limit is dropped from the
definition. In particular, for bounded X, C, (W, X) is just C(X).)
We define the norm in C, (W, X) as

L= 1w,
As usual, we say that a system of functions is complete in a space if finite linear
combinations of functions from that system are dense in the space.
If a > 0 we denote by &, the set of complex exponentials with frequencies between 0 and
a.

E, ={exp(idt) | A € [0,a] }.
Definition (2.2.3)[84]: If X c R s a closed set, define the approximative capacity of X, Ay,
as
Ay = inf{a | €, is complete in C, (W, X) for any weight W}
or oo if the set is empty.
The same quantity can be defined in a different way. Denote by C,(X) the space of all
continuous functions on X tending to O at infinity, with the usual supnorm. If one now wants
to discuss approximation by trigonometric polynomials in C,(X), he encounters a small
problem: exponential functions are no longer inside the space. The solution is to consider
"linear combinations™ of exponentials, e.g. the Payley-Wiener space
PW, ={f | f € 1*([0,a]},
and define
Ay = inf{a | PW, is dense in Cy(X)}
or oo if the set is empty.
It is not difficult to show that the above definitions of Ay are equivalent.
The following statement is a product of the standard duality argument.
Proposition (2.2.4)[84]:
Ay = Gy.

Together with Theorem (2.2.9), this statement gives a formula for Ay.

By H? we denote the Hardy space in the upper half-plane C,. We say that an inner
function 6(z) in C,is meromorphic if it allows a meromorphic extension to the whole
complex plane. The meromorphic extension to the lower half-plane C_ is given by

0(z) =

0*(z)
Each inner function 6(z) determines a model subspace
Ky = H> © OH?

of the Hardy space H?(C,). These subspaces play an important role in complex and
harmonic analysis, as well as in operator theory, see [98].
Each inner function 6(z) determines a positive harmonic function

1+6(2)

1-6(2)
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and, by the Herglotz representation, a positive measure o such that
gt 0 1+6(2) J ydo(t)
1-60(z) (x —t)? + y?’
for some p > 0. The number p can be viewed as a point mass at infinity. The measure o is
singular, supported on the set where non-tangential limits of 8 are equal to 1 and satisfies
j do(t) < 47
0,
) 1+t (47)
The measure ¢ + pd.,, on R is called the Clark measure for 8(z). (Following standard
notations, we will often denote the Clark measure defined in (46) by o;.)
Conversely, for every positive singular measure o satisfying (47) and a number p > 0, there
exists an inner function 6(z) determined by the formula (46).
Every function f € K4 can be represented by the formula
_p T 1—9(2)f f(@)
f(2) = 51 6(2)) j FO1—6())dt + - — do(t). (48)

If the Clark measure does not have a point mass at infinity, the formula is simplified to

1
f(2) = 5= - 0@)Kfo

where K f o stands for the Cauchy integral

Kfo(z) =J z{CE—t)Zda(t).

This gives an isometry of L?(o) onto K. In the case of meromorphic 8(z), every function
f € Ky also has a meromorphic extension in C, and it is given by the formula (48). The
corresponding Clark measure is discrete with atoms at the points of {8 = 1} given by

2
") = gy

For more details on Clark measures We may consult [100].
Each meromorphic inner function 6(z) can be written as 6(t) = e!*® on R, where ¢(t) is
a real analytic and strictly increasing function. The function ¢(t) = arg(t) is the
continuous argument of 8(z).
Recall that the Toeplitz operator T;; with a symbol U € L* (R) is the map

Ty:H? - H?, F » P, (UF),
where P, is the orthogonal projection in L?(R) onto the Hardy space H? = H?(C,).
We will use the following notation for kernels of Toeplitz operators (or Toeplitz kernels in
H?):

z=x+1y, (46)

N[U] = kerTy.

For example, N[0] = K, if 8 is an inner function. Along with H2-kernels, one may consider
Toeplitz kernels NP[U] in other Hardy classes HP, the kernel N¥*[U] in the "weak" space
HY* = HP N L1*,0 < p < 1, or the kernel in the Smirnov class N*(C.):

N*U ={f eN* n L} (R):0f € N*}.
For more on such kernels see [72], [49].
For any inner function @ in the upper half-plane we denote by specg the set {§ = 1}, the set
of points on the line where the non-tangential limit of 8 is equal to 1, plus the infinite point
if the corresponding Clark measure has a point mass at infinity, i.e. if p in (46) is positive.
If specg < R like in the next definition, then p in (46) is 0. Throughout, S stands for the
exponential inner function S(z) = exp(iz).
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Definition (2.2.5)[84]: If X c R is a closed set, denote
Ty = sup{a | N[8S%] # 0 for some meromorphic inner 8, specy, < X}.

The following theorem shows the connection between the gap problem and the problem of
triviality of Toeplitz kernels. This connection will be used throughout.
Theorem (2.2.6)[84]:

Ty = Gy.
We call a sequence of real points discrete if it has no finite accumulation points. Note that
specy is discrete if and only if 8 is meromorphic.
Proof. Let Ty = d. Then for any € > 0 there exists a discrete sequence A c X such that the
kernel N[8S%] is non-trivial for some/any meromorphic inner 8, spec y = Aanda =d — ¢
(if the kernel is non-trivial for some 8; with a = d — ¢/2 then it is non-trivial for any
6, specg, = specg,, With a = d — €, see [72] ). Let f € N[#S?]. Then h = S%f € K, and
by the Clark formula

1
h = 2—7_”(1 - 9)Kh0'1,

where o is the Clark measure corresponding to 8. Notice that the function 1 — 6 decays at
most as y 1 along the positive y-axis. Hence the Cauchy integral Kho, decays as exp(—ay)
as y — oo. Hence the measure v = ho; satisfies supp v = supp o; = specy C X.

The function 6 can be chosen so that o; is finite: one can start by choosing any finite positive
o, supported by A and then simply take 6 corresponding to that measure. Then v is finite as
well. 1t remains to observe that v has a spectral gap of the size at least d — € and Gy > d
(see, for instance, Lemma (2.2.19)).

In the opposite direction, if G = d then, by Lemma (2.2.15), for any € > 0 there exists a
finite measure v with a spectral gap at least d — & concentrated on a discrete subset of X.
Let 6 be the inner function corresponding to |v|. Then the function h = (1 — 8)Kv belongs
to K, and can be represented as h = S*~¢f for some f € H2. Hence f € N[S% €] and
Ty = d.

Let A = {14, ..., 4,,} be a finite set of points on R. Consider the quantity

E)= ) loglhe—Al. (49)
A A EA
According to the 2-dimensional Coulomb's law, E(A) is the energy of a system of "flat"
electrons placed at the points of A. The 2D Coulomb-gas formalism corresponds to the
planar potential theory with logarithmic potential and assumes the potential energy at
infinity to be equal to —oo, see for instance [89], [97], [101].
Physically, the 2D Coulomb's law can be derived from the standard 3D law via a method of
"reduction.” According to this method, one replaces each electron in the plane with a
uniformly charged string orthogonal to the plane. After that one applies the 3D law and a
renormalization procedure.
Let/ c Rbeaninterval A=INZ={n+1,..,n+ k}. Then
E(A) = k2log|I| + 0(|I]%)
as follows from Stirling's formula. Here |1| stands for the length of I and the notation O (|1|?)
corresponds to the direction |I| = oo (see [92]).
We call a sequence of disjoint intervals {I,,} on the real line long (in the sense of
Beurling and Malliavin) if
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| |?
= O
1 + dist2(0,1,)
n

(50)

If the sum is finite we call {I,,} short.
Let

w<a,<a1<aq=0<ay<a, <--
be a two-sided sequence of real points. We say that the intervals I,, = (a,, a,+1] form a
short partition of R if |I,,| » o asn — oo and the sequence {I,,} is short.
Let A = {1,,} be a sequence of real points. We write C, = a if there exists a short partition
{I,} such that

A, = all,| for all n (density condition) (51)
and
Z [AZ log|l,,| — E,]/(1 + dist?(0,1,,)) < o (energy condition)  (52)
n
where
A, =#(AN1L) and E, = E(AN ) = z log|2, — A,l.
A, A EL A+ A

If X is a closed subset of R we put
Cy = sup{a | there exits a sequence A c X such that C, = a} (53)
Example (2.2.7)[84]: As discussed above, if the points of the sequence are spread uniformly
over the interval then E,, = Zzi,zjeznlogm — 4;| is roughly (up to 0(|I,,|*) which is small
for short sequences of I,, ) equal to A3log|l,| as follows from Stirling's formula. This
happens for instance when the sequence A is separated, i.e. satisfies |A,, = 1,,1| > 8 >0
for all n. Thus for separated sequences A the energy condition disappears and
Gy = d;(A)
where d;,i = 1,2,3,4 is any of the equivalent densities defined in the previous remark. This
is one of the results of [96].
Example (2.2.8)[84]: Let A be a real sequence such that the density condition (51) holds for
some a > 0 and some partition {I,,} that satisfies a stronger shortness condition:
|I,|*log| L, |
i 1+ dist?(0, )
Then we will automatically have that
Aloglly| = Xa,aer, 1084|124 — 4]
Zn: 1 + dist2(0, 1,,)
Hence condition (52) will be significantly simplified and one will only need to check that

< 00

log_l/li - A]| < o
1+ A2
A AJENA#A J
to conclude that C, > a.
Theorem (2.2.9)[84]:
GX ES 27TCX

If £ is a function on R and I c R we denote by f|, the function that is equal to f on I and
toOon R\ .
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In our estimates we write a(n) < b(n) if a(n) < Cb(n) for some positive constant C, not
depending on n, and large enough |n|. Similarly, we write a(n) = b(n) if ca(n) < b(n) <
Ca(n) for some C > ¢ > 0. Some formulas will have other parameters in place of n or no
parameters at all.

By Il we denote the Poisson measure dx/(1 + x2) on the real line. In particular, Llfr’I =
LP(R,dx/(1 + x?)).

We will denote by D(R) the standard Dirichlet space on R (in C..). Recall that the Hilbert
space D(R) consists of functions h € Li; such that the harmonic extension u = u(z) of h to
C, has a finite gradient norm,

2 def )
I hlp=lullg = |Vu|“dA < oo,
Cs
where dA is the area measure. If h € D(R) is a smooth function, then we also have

Il h113= j hh'dx,
R

where i denotes a harmonic conjugate function.
Proof: I) First suppose that Cy > i We will show that Gy > 1.

Choose € > 0. If Cy > % there exists a sequence A = {1,,} € X,C, > % Let

_ Iy = (an» Apt1)
be the corresponding short monotone partition, see remark 4 . WLOG

1 1
— L <#ANI,) < —|I 1
— Il <#ANL) < || +

(otherwise just delete some of the points from A). We will assume that |I,| >> 1/ >> 1
for all n.

By Lemma (2.2.10) and Corollary (2.2.14) we can assume that the lengths of the intervals
(A, A,,4+1) are bounded from above. It will be convenient for us to assume that the endpoints
of I, belong to A, i.e. that I, = (A, A, | for some A, , 4, . € A. We will also include
the endpoints of the intervals into the energy condition by defining E,, as

Eo= ) loglh—Al (54)
Ay S 1S Akep 41, A %A
and assuming that (52) is satisfied with these E,,. Such an assumption can be made because
if the sum in (52) becomes infinite with E,, defined by (54) one can, for instance, delete the
first point, A, 44, from A on all I, for large n. After the addition of A, and deletion of
Ap,.+1 inthe sum defining E,,, each term in (52) will become smaller and the sum will remain
finite. At the same time, since
[In| = #{A N1} - oo,

the subsequence will still have more than |I,,| points on each I,, and will satisfy the density
condition.
We show that G, = 1 by producing a measure on A with spectral gap of the size arbitrarily
close to 1. Due to connections discussed, existence of such a measure will follow from non-
triviality of a certain Toeplitz kernel.
Since the lengths of (4,,1,,1) are bounded from above, we can apply Lemma (2.2.17).
Denote by 6 the corresponding meromorphic inner function with specg = A.
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Let u = arg(6S) = arg @ — x. First, we choose a larger partition J,, = (b,,, b,,+,) and a
small"correction” function v so that u — v becomes an atom on each J,, :
Claim 1. There exists a subsequence {b,,} of the sequence {a, } and smooth functions v,, v,
such that:

1 |vjl<e/2andu—v; =0atall a,;

2 J, = (b, b,,1) is ashort monotone partition;

3 |ryl<e/2andu—-—v=u—- (v, +v,) =0atall b,;

4 f]n(u — v)dx = 0 for all n;

5 @i—¥ € L.
Proof of claim. First, choose a smooth function v, satisfying 1 . Such a function exists
because

&
12mA,, —|L,|| < 21 << §|1n|-
Notice that because the sequence I, is short and

&
w-v)'>-1-7
1 implies

u—v, €L} (55)
Choose by = a, = 0. Choose b; = a,, > b, to be the smallest element of {a, } satisfying

anl c 2
jb (u —vy)dx <§(an1 —bo) :

0
Notice that because of (55) such an a,, will always exist. After that proceed choosing

b,, bs, ... in the following way: If b; is chosen, choose b;,q = a,, , to be the smallest
element of {a,} satisfying a, . > b;,

niyq
j (u —vy)dx
b

i

&
< ) (ani+1 - bi)z (56)

and

ani+1 - bi = bi - bi—l'
Choose by, k < 0 in the same way.
We claim that the resulting sequence J,, = (by_, by) forms a short monotone partition.
Let k be positive. By our construction, I, is the last (rightmost) among the intervals I,
contained in J,. Notice that because of monotonicity I, is the largest interval among the
intervals I,, contained in /. We will show that for each k

10
el < (|| + 1) ] (57)
where [.] stands for the entire part of a real number.
This can be proved by induction. The basic step: By our construction b; = a,,, and

an1—1 & 2
J (u - Ul)dx 2 g (an1_1 - bo) .
b

0

Since (u—vy)'>—-1—¢ and u—v; =0 at all ay|u—v| <1 +e)|l,_4| on
(bo, an,—1)- Hence

(1 + €)|In1_1|(an1_1 - bo) 2

&
2 §(an1_1 - bo)z

anq -1
f (u —vy)dx

by
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and
1+¢
(@n,-1=bo) < 8——In, |-
It follows that
» 10
Vsl = (@ny-1 = bo) + |, | < 97 Iy | + [l -a| < — |Iny-1|(58)

(if £ is small enough). For the inductional step, assume that (57) holds for k =1 — 1. For
Ji = (b1, by), by = a,, there are two possibilities:

An -1 & 2
J (u —vdx| = ) (anl—l - bl—l)
b

-1

or
Ap-1 — b1 < b1 — b3

In the first case we prove (58) in the same way as in the basic step. In the second case we
notice that by monotonicity of I,, the number of intervals I,, inside (bl_l, anl—1) Is at most
(@n,—1 — bi—1)/|In,_,| which is strictly less than |J,_|/|I,,_,| < [10/€] + 1. Hence the
number of intervals in (bl_l, anl—1) Is at most [10/¢]. Therefore the number of intervals in
Ji = (by—1, by) isat most [10/¢] + 1. Now, since I, is the largest interval in J; we again get
(57), which implies shortness of J,,. The monotonicity follows from our construction.

Now define the function v, on each J, in the following way. First consider the tent function
T}, defined on R as

&
Ty (x) = 7 distCe, R\ Ji).
Notice that because of (56), for each k there exists a constant Cy, |C;| < 1 such that

j [(u —vy) — C,Tyldx = 0.
]

k
Now define v, as a smoothed-out sum Y.C, T, that satisfies |v;| < &/2 and still has the

properties that v, (b,) = 0 and
| 1w=v)-v1ax =0
J

k
for each k. Finally, let v = v; + v,. The last condition of the claim will be satisfied because

the restrictions (u — v)|,, form a collection of atoms with a finite sum of LY--norms:

i |?
=)yl =

1 + dist?(0, /)
(for more on atomic decompositions see [54]).
The function v from the last claim is a smooth function satisfying |v’| < e. Therefore it can
be represented as v = v, — v_where v are smooth growing functions, 0 < v} < . Hence
one can choose two meromorphic inner functions I,. satisfying
{argly = kn} = {argv; = kmn}

and

1| se
(the existence of such I follows, for instance, from Lemma (2.2.17) or from the lemma in
section 6.1 of [49] ).
Note that then, automatically, |arg(/,I_) —v| < 2m. The harmonic conjugate of
arg(0SI,1_)still belongs to L};-.
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WLOGarg(8SI,1_) = 0 at 0.

Claim 2. The function arg (8(x)SI,(x)I_(x))/x belongs to the Dirichlet class D(R).
Proof of claim. We will actually prove that w/x,w = argf — x — v € D instead (again,
WLOG w(0) = 0 with large multiplicity). The difference between —v and arg(I,I_)is a
bounded function with bounded derivative that obviously belongs to D.

Let g(z) be the harmonic extension of w/x to the upper half plane. We need to show that
the gradient norm of g + ig in C..is finite, i.e. that

| g +ig = hm qdg < oo,
aD(r)
where D(r) is the semidisc {|z| < r} N C,.
We first prove that the integrals over dD(r) N R are uniformly bounded from above, i.e.
that

f qdg < oo.
R
W,

First, notice that the harmonic conjugate of 2 is 2 and (K) = = — = where — is a bounded
. . . X X X X X X
function since w’ is bounded and has a zero at zero. Hence

[t e
Rq q= RWWXZ

and we can estimate the last integral instead.
If I is an interval then 21 denotes the interval with the same center as I satisfying |21| =

[vol-3 3 [ wn

Put w, = w|; . Then
To estimate the last integral, first let us conS|der the case when the intervals J,, and J, are
far from each other:

max (|/ul, /i) < dist(y, Jio)-

j w'Ww dx<f w2
Kz S T2 (1 ) 22 S
In In dist?(J, x) x
Ui |®

1 + dist?(J,, 0) Jjn dist?(Ji, x)
Here we used the property that each wy, is an atom supported on J, whose L'-norm is <
IJ,.1? and employed the standard estimates from the theory of atomic decompositions, see
[54]. In the last inequality we used the property

W' ()ldx < |Jnl. (60)
Jn
Now let us consider the "mid-range"” case when

min ([Jp|, [Ji|) < dist(y, Ji) <max (|, kD-
Assume that 0 < k < n. Then by monotonicity |/,| < |/,|. In this case

In this case

(59)
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j W X X - i I? f W [kl
J kx2 1 + dist?(J, 0) dlst2 (]k,x)
Jie|? |- Jkl j i1/
1+ diStz(]k, 0) diStz(]k,]n) 1 + dis tz(]k, 0)
Finally, the last case is

(61)

dist(Jn, Ji) <min (|Jnl, kD)

Again we assume thatn, k > 0. Then by monotonicity eithern = kor|n — k| = 1,1.e.
the intervals are either the same or adjacent. The estimates in this case are more complicated
and will be done differently. First, integrating by parts we get

dx

oo ][50
[ [ f]

n k
Next we would like to conclude that, for k < n,

dx
—f W’U log|t—x|w’(t)dt]—zs
X
In Jk

—-

dx
log|t — x| w (t)dt]

1 1 I} l; dxd 2 62
1+ dist2(J,,, 0) ﬂnxjk R

and work with the latter integral instead of the former. Since dist(0,/,,) < |x]| for x € |J,,|,
this estimate would be obvious if the function under the integral were negative. In our case,
however, it will require some work.
To prove the last relation denote
={w' >0}, J, ={w' <0}

Since —f]klog |t — x|w’ (t)dt = W, (x) and wy, is an atom,

, 1§
f]k log |t — x|w'(t)dt , S T dist2(,, 0)

In
Since {J,,} is a short sequence, |/,,| < dist(J,,, 0) for large enough n. For the rest of the proof
we will assume that this holds for all n # 0, —1. Since w' is bounded from below and
dist?(J,,, 0) < x? < 2dist?(J,, 0)

on J,,
dx
—f w' U log|t—x|w’(t)dt]—zs
- X
In Tk

i |?
- ' log|t — "(t)dt :
= U]k oglt = x|wi(t) ]1 T dist?(J,,0) T 1+ dist?(J,, 0)
To deal with the integral over J;'notice, that w, is "almost™ positive on J,,, i.e.
—f log |t —x|w'(t)dt = —|],]
J

k

(63)

for any x € J,,. Indeed

—j log|t — x| w'(t)dt =J
J

k Tk

log_|t — x| w'(t)dt — f log, |t — x| w'(t)dt,
Jk
where
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log_ |t — x|(arg 8)' (t)dt — f log_ |t — x|(x + v)' (t)dt =
Jk

j log_ |t — x|w'(t)dt = f
Jk Jk
(argd)' (t)dt — | (1 + &)dt = —¢|Ji| + const.
Jk Tk
Here we used the property that f]k (arg8)'(t)dt = |Ji| + const. Also

— | log, |t —x|w'(t)dt
Jk
= | log,|t—x|(x+v) (t)dt— | log, |t —x]|(argB)’(t)dt.
Jk Jk
Recall that J,, = (by, bx4+1] and x € J,,,n = k. If n > k, sing Lemma (2.2.18) part 6 we

obtain
— | log, |t —x|w'(t)dt

Jk
> (log, by —x|—=C) | (1+v)dx—log,|b,—x|| (argf)'dx
Tk Tk
= —|Jil,
which establishes (64). For n = k the same relation can be obtained using Lemma (2.2.18)

part5.
To finish the proof of (62) notice that

Al
)

) dx
log |t — x|w'(t)dt Pl

n k

loglt—x|w'<t)dt]§+f]_ W’ H]
j]+ w'(x) m —j]

jm_ w'(x) m —j]
1,

Regarding the last three integrals, if one replaces d—f with
X

, dx
log |t — x|w'(t)dt i

k k

] dx
log |t — x|w'(t)dt ,O)— +

k

] dx
log |t — x|w'(t)dt 'O>x_ +

k

, dx
log |t — x|w'(t)dt Pl

Tasegg M the first integral, it

will get = than before because the function under the integral is positive and x% = 1 +
dist?(J,,, 0). Under the same operation, the second integral will decrease at most by

el [ W15 % Tl

In X 1 + dist?(J,,, 0)

because of (64). Finally, the last integral is estimated in (63). Since dist(0, /) = dist(0, J,,)
and |J| < |J.|, this finishes (62).
To estimate the integral in the right-hand side of (62), denote p = argf —x —v;, = w +
v, Where the functions v,, v, are from claim 1. Also denote p,, = p|, and vy = v,|; . The
key properties of v, that we will use are that arg 8 — x — v; = 0 at the endpoints of all
I,, v, = 0 at the endpoints of J,, and that |v;|, |v;| < €. Then
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— ff log |t — x|w'(x)w'(t)dxdt = — ff log |t — x|p'(x)p' (t)dxdt —
InXJk

In*xJk

+ (Ppvy + U3p' + U3v3)dx.

Notice that "
| Buvsax| < el < e 0 palloTal = linl?
because |p,,| < |/l AT\LIso,
| wonax| =1<pt ol = || Bavidr| s Ul
Similarly to the firstrintegral, "
J v dx S £2)],)%
Hence "
—H log|t — x| w'(x)w'(t)dxdt
JnXJk
-- jj] togle = x|/ (P (Oaxdt + O 1), (65)
nxJk

For the last integral we have
— ﬂ log|t — x| p'(x)p'(t)dxdt
InXJk

= — z Z ﬂ log|t — x| p"(x)p’ (t)dxdLt. (66)
Iicyy iy ~ 1%l
To estimate

_jfw' log |t — x|p"(x)p'(¢) =

jf log_ |t — x[p (X)p' () — jj log. |t — x[p' ()P’ (£)(67)
1;x1; I;

lXIj
we consider 3 cases. First, to estimate the integral in the case when i = j, notice that, since
1 + vy is bounded,

j log_ |x —t|(1 4+ vi(x))dx < const
Ij
forany t € I;. Once again, the positive functions arg’ 6 and v; + 1 satisfy

j arg’' 0 = J (vi+1)=2mA,+0() =|;|+0(1). (68)

l l

Hence

83



ﬂ, . log_ |t —x|p"(x)p' () =

ﬂ log_ |t — x|(arg8)'(x)(argh)’ (t)—2]f log_ |t —x|(1 + vi(x))(arg8)'(t) +
1;xI;

1jx1;

ﬂ log_ |t — x|(1 + vy (x))(1 + vi(t)) = ﬂ log_ |t — x|(arg 8)' (x)(arg 8)' (t) + O(|
1jxI; Ijx1j

For the last integral we have

ﬂ log_ |t — x|(arg8)'(x)(arg 6)'(¢) =
Ijxlj

Mt1 Am+r
f L (arg6)’ (¥) (arg )’ (¢).

ﬂlﬂl+1C11 Am /1m+1CI]
Using the properties that

As+1
j argf’' = 2m
As

and

arg' < [min (|ls_q|, 5], 11541 D172 on (A, 511,
for all s, we can apply Lemma (2.2.18) , parts 1-3. Assuming that A4; < 4,,, we conclude that

M+1 fAm+
j j log_ |t — x|(arg8)'(x)(arg)'(t) <

log—(/lm - Al+1) if Am > Ap4q

max (log_ (A1 — A)),log_ (4 — A1), 108 (A1 — Aiyp)) + 1 if Ay = Ay44

max (108—(/11—1 — A, log_(A; — Ay41),log_(A144 — /11+2)) +1 ifd, =4,
which implies

ﬂ log_ |t — x|p' (x)p'(t)dxdt <
IjXIj

log_| A — 4,1 + |Ij]. (69)
AanAk:AlSAkTH.lzlkiAl
To estimate the integral of log.,, first notice that by Lemma (2.2.18) , part 5, and (68),
j log, |x — t|(1 + vi(x))dx = |[|log, |L;| + O(|1])
Ij
forany t € I;.
Together with part 4 of Lemma (2.2.18) and (68) we get:
|| togsie=xipw@ = || og. It - xlarg’ oyarg 6 -
I ><I

I;XIj

2 fijXI] log, |t — x|(vi(x) + 1)arg’ 6(¢t) + ff log, |t —x|(vi(x) + D(wi(t) +1) =

IjXIj
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/‘Ll+1 lm+1 2
z f j log, |t — x|arg’ 8(x)arg’ O(t) — |Ij| log|1j| +
ll,lmEIj M Am
42 z log, |4 — A, | — |Ij|210g|1j| +0 (|Ij|2) (70)
ﬂ.l,lmclj
Next, let us consider the case when i # j and the intervals I;, I; are not adjacent. This

estimate is similar to (61), but we will do it using a different technique. Assume for instance
that j > i + 1. For log_, recalling that |I;.| > 1 for all k, we get

— ﬂ log_ |t — x|p’ (x)p'(t)dxdt = 0. (71)
IixIj
For log_, we have

Ai+1 (Aj+1
[ togete—wpor@==[ [ log. It xlp' v’ ) =
IixIj a; aj
Ai+1 [Aj+1
—j j log, |t —x|(argf —x —vy)'(x)(argf — x — v,)'(t) <
a; aj

<log|ai+1 —t| | arg’' 8(x)dx —logla; —t| | (v + 1)(x)dx> arg’ (t)dt +

)i I; I;

<10g|ai —t| | arg’' 8(x)dx —logla;., —t| | (v + 1)(x)dx> (vi + D(tHdt <

-/;
I; I

|
2|5 11 (72)
Here we used the properties that dist(1;, ;) = |I;| by monotonicity and (68).
In the case when I; and I; are adjacent, i.e. j = i + 1, the estimate can be done differently.
Note that p,, = py |, is a compactly supported function with bounded derivative (the bound

depends on n). Therefore it belongs to the Dirichlet space D. The estimates (69) and (70)
yield

J

1
"pnllgz) S H |In|2 108|1n| - En + |In|2-

Hence
fj log |t — x[p' (P’ () =< purPiss >0< [Pl + |[pisall? S
IiXIiyq
1 2 1 2
(52 Val10glel = Er) + (5= Meva P10Blc ] = Eeva ) +
|1;1% + |1i+_1|2 _ (73)
Now we can return to eStlmatlng
,. dx
f w Wkﬁ

in the case when |k — n| < 1. Using the estimates (62), (65) and (66) we obtain
o odx _Zlic]k lec]n fflixlj log |t — x|p' (x)p' (t)dxdt + O(|],]?)
f]n VWi T 1+ dist2(0,/,) '
The estimates (69)-(73) yield
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— z Z ﬂ log |t — x|p'(xX)p' (t)dxdt <

IiCTn 1Ty ~ 1
1 2 2
2 (m“ﬂ log|l;| — E; + |I;] )‘l' z IL1|5| <
1ic]kVn Ii1iCn
1
> (o 110l = Be) + Ual? + Ui
Iic]kVUn
All'in all, in the case [n — k| < 1, we have
, . dx -
. W Wy x2 ~
: > (gl 0glLl = E) + Ual? + 2| . (6210
1+ dist?(0,/,) | 4m? ARG

IiC]JkVUJn

Combining the estimates (69),(70),(71),(72),(73) with (66),(65) and (62) we get

k n

Z 3 -

n |[kmax (|JgllJnlsdistUgJn))

_I_
n k:min (|| [JnDsdist(Jg,Jn)<max (|Jgl|Jnl)
z Ik :dist(J g, Jp)<min (|Jgl.[/nD
I+ 11+111.
For the first sum, by (59), we get
3
I SZ Z 1+d!£§|2(/ O)J dist? U0 | =
k nn>k,dist(Jg, Jn) >kl " I k’ (75)
Gl 1 il

1+mu%hﬂﬂhy_k 1 + dist2(J,, 0)
For the second sum, by (61),

Il < il lJnl

_ 1+ dist?(J,,, 0)|
n  |k:k#ndist(Jg,Jn)<max (|Jkl,|JnD
Recall that by our assumption |/,,| < dist(J,, 0) for all n # 0, —1. We can also assume that
|J_1] = |Jol|- Then in each term in the last sum k and n have the same sign. Let us estimate
the part of the sum with non-negative k, n.
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il 3
1+ dist2(J,,0)|

n>0 k#n,dist(Ji,Jn)<max(|Ji|,|Jnl)

Uk”]n |]n|2
2 z Z 1+ dist?(J,,,0)| — 42 1 + dist?(J,, 0)

n=0 |k=0:k<ndist(Jg,Jn)<|Jnl
The negative terms can be estimated similarly to conclude that
2
Ul _
1 + dist?(J,,, 0)

II <

Finally, for the third sum by (74),

sy Z | O (G lhogld B + Ul + P

n k:lk—n|=1 IiCJkUJn

2 _ 2 0
Z 1+d1st2(0 ]n)lz a2 il ol )+ Unl®] <

Because A satlsfles the energy condition on I,,. Altogether these estimates give us
dx
J ww' — < 00,
R x
The integrals over the circular part of D (r) can be estimated like in [49]. We need to show
that the integrals

1 (" .
[ ada=rro 109=5] a(re®)as,
aD(r)\R 2 ),

do not tend to 400 as r — oo. In fact, it is enough to show
I[(r) » oo,
because if rI'(r) = +oo, then I'(r) = 1/r for all » > 1, and we have I(r) — oo.
As we will see shortly, I(r) + oo forany q € L'(1 + |x|™1). It will be more convenient for
us to prove an equivalent statement in the unit disk ID.
Let g + ig be an analytic function in D such that

q({) 1
1= |q] € L' (0D).

Define

1+z
h(z) = :(q(z) + ié(z)), z €D,
and denote by K™ ({), ¢ € D, the angular maximal function. Then 3h € L} (0D) and by the
Hardy-Littlewood maximal theorem,
hM e LV (oD). (76)
Let us show that as € — 0,

lg + iG|?|dz| = o, C.:={|]1 —z| = €} N D.

-
€ Jc,

We have
h|? s [eh™(D]* + [ehM (D2,

q+i(7|ZSeJ

Ce
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where { € 0D, |1 — {| = €. The right-hand side cannot tend to infinity because otherwise,
for all small €, we would have

RMEQ) + (D) > -

on an interval of length e, which would contradict (76).
Let

¢ = arg(6SI1,.1.)/2.
Recall that ¢ € LY. By the last claim ¢/x belongs to the Dirichlet class. Hence, by the
Beurling-Malliavin multiplier theorem, see for instance [49], there exists a smooth function
m on R satisfying

m' < em €LY and m > max (0,—¢).
In other words, if ® and M are outer functions,
® = exp(ip — ), M = exp(im — 1),
then ®M is bounded in C,..
Since m’ < g, ex — m is an increasing function. There exists a meromorphic inner function
J such that
{] = +1} = {2(ex — m) = kmn}.
Denote
d, = 2(ex —m) and d, = arg].
Then the difference
d=2(ex—m)—arg/ =d, —d,
satisfies |d| < .
Put
2ex — ar

I(x) = Tg].
Notice that [ € L}, because 21 = d + 2m where d is bounded and 1 € LY.
Consider an outer function ¥ = exp(il — [). Then

Sy = Jg
or equivalently
S¥Jp =y

on R. Thus ¥ € N*[S?¢]].
Moreover, the ratio W/M is equal to exp (i% —%). Since |d| < m, W/M belongs to any

L7, p < 1. Our next goal is to construct another "small" outer multiplier function k so that
kW/M € L5..
Consider the step function
N
_ .a S P I P
where [-] again denotes the entire part of a real number. Then

21
|d - Ofl < ? (77)
Since d, = d, = mn at the points {c,} = {J = 1}, the function a only takes values

k%, k = —4,-3,...,4. Therefore a can be represented as

a{@ ﬂn—i ﬁn),
" 88
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where (3,, are elementary step functions, each taking only two values, 0 and 1 , and making
at most one positive and one negative jump on each interval [c,,c,+1]. FOr each n =
1,2, ...,8 one can choose an inner function Q,, so that
1- Qn
1+0Q,

= const e™Pn,

Notice that then

_ n 1+0Q, 1-0n
—ina + = (A I
exp(—ima + ma) = cons \/ =17 lln=s 170, 0.

Because of (77) we have

ﬁ (1+Qn>1i[ (- owe/m|s | 1+Q”ﬁ /M
n=1 n=>5

d
= const exp |z — =| € Lg(R)
and since the function M® is bounded, _

]_[(1+Qn)1_[<1—on)w r<1+Qn)1_[(1 Q) M € Ly (B),

Now notlce that smce N*[S?%¢]] # 0, the set {c,} = {] +1} has BeurlingMalliavin
density at most 2¢, see section 7 or [72]. By our construction the BeurlingMalliavin density
of each of the sets {Q,, = +1} is the same as that of {c,,}, i.e. at most 2. Hence the kernel
N*[S17¢]],, @,] contains a non-zero function t, see section 7 or [72].

Similarly, since the Beurling-Malliavin density of {I, = 1} is less than &, the kernel
N*[S¢1, ]is infinite-dimensional. Hence it contains a non-trivial function n with at least one
zero a in C,.. Then the function k = n/(z — a) also belongs to N °[S¢1, Jand satisfies |x| <
(1+[xPD~tonR.

Therefore

4 8
05172087 (1+0Q,) (1-0Q,)¥® =

4 8
(S¢1,K) (5176 1_[ (1+0Q,) 1_[ (1- Qn)r> (S%¢W)(0S I, @) € H2.
=5

Hence the space Ky contains the function

f=st 20%]_[ (1+ Qn)l_[ (1- Q.

Now we could simply refer to Theorem (2.2.6) to conclude this part of the proof.
By the Clark representation formula

f=Q0+06)Kfo
where o; is the Clark measure corresponding to 6 concentrated on {6 = 1} = 1. Since 1 +
6 is bounded in the upper half-plane and f decreases faster than exp[—(1 — 21¢)y] along
the positive y-axis, so does Kfu. Hence fu is the measure concentrated on A with the
spectral gap at least (1 — 21¢).
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IT) Now suppose that Gx > 1 but Cyx < i
By Corollary (2.2.21) there exists a discrete increasing sequence A = {1,},,cz € X and a
measure v, supp v = A such that v has a spectral gap of the size 1 and Kv does not have any
zeros in C.
Similarly to the previous part, we assume that sup,, (4,, — 1,,_;) < oo. The general case is
discussed at the end of the proof. If sup,,(1,, — 4,,_1) < oo, we can apply Lemma (2.2.17)
and consider the inner function 8 corresponding to A. A function f € N[¢] is called purely
outer if f is outer in the upper half-plane and ¢pf = g is outer in the lower half plane. Since
Kv is divisible by S, the function

f=S"1(1-6)KveK,”
is a purely outer element of N>*[#S]. Note that f = exp(i¢p — ¢) in C,, where 2¢ =
argf — x.
Denote by I, the middle one-third of the interval (4,,,4,,,1). Our plan is to calculate the
integral

L dx
¢'d— (78)
ur, x
in two different ways and arrive at a contradiction by obtaining two different answers.
First let us choose a short monotone partition {I,,} of R such that A satisfies the density
condition (51) with a = % on that partition:
Put a, = 0. Choose a, >a, to be the smallest point such that # An (aya,] =
%(a1 — a,). Note that such a point always exists because A supports a measure with a
spectral gap greater than 1: otherwise we would be able to choose a long sequence of
intervals satisfying (86) in Lemma (2.2.11) with a = i and arrive at a contradiction. After
a;,i = 1is chosen, choose a;,; > a; as the smallest point such that
#AN (a;,ai41] = %(aHl —a;) and (a;4; — ;) = (a; — a;_1).

Choose a;,i < 0 in a similar way. Put I, = (a,,, a,,+1]. Again by Lemma (2.2.11), {I,,} has
to be short.
In what follows we will assume, WLOG, that % |L,| = #A N I,,.

Note that since Cy < 1, the sum in the energy condition (52) has to be infinite. At the same
time, a part of that sum has to be finite:

Claim 3.

z lOg—(ln+1 - An)

< oo,

Proof of claim. Suppose that the sum is infinite. Put u = |v| and let ® be the inner function
corresponding to u. Let = arg®d — x.
Define the intervals /,, and the function v like in part 1) of the proof, with @ replacing 6. Put
w=9—v=argd—x—v. Letagainw, = |, ,w, =w —w,. Then w € Ly because
w,, are atoms with summable L};-norms.
Like in part I) we can use "atomic" estimates to show that if dist(Jy, J,,) > max(|/i|, |/n])
and x € J,, then

90



il?

Wi ()] = TS
By monotonicity and shortness of J,, we conclude that
z |Wy (4] - |Wy (45 - 1 Jiel?
2z 1+ dist2(0,/,) ~ 1 +dist?(0,],,) J; dist?(x, Jy)

Ai€n Ai€Jn

Hence, similarly to (75),

Wi (1)1
z

n | kdist(Jg,Jp)>max (|Jill/nD) |Ai€n

Z 2 Z |Wk/1(;i)| -

n | k:k<ndist(Jg,Jp)>max (|Jkl,|/nl) |Ai€n

Ak

1
1 + dist2(0,/,) j]n dist?(x, /i) e

n k:k<n,dist(Jg,Jp)>max (|Jrl|Jn])
In other words, on each J,,

) L -k:diSt(.].k']n).>maX (UkLUnD
where g, is a positive function satisfying

gl(ln)
14+ 12

n

< 00

Also forany x € J,

d
Wi (x) = J n _tx wi (t) = —f] log |t — x|w'(t)dt.

k

If kK < nthen
—j log |t — x|w'(t)dt =
]

k

—j log, |t — x|(arg ®)'(t)dt + j log, |t —x|(1 +v")(t)dt — const = —|Ji|.(79)
Jk Jk
Here we applied Lemma (2.2.18) , part 6 , to the second integral in the second line and used

the estimate
—j log, |t — x|(arg ®)'(t)dt = —log(x — b) | (argP)’,
J

k Jk
where b is the left endpoint of J, for the first integral.

Thus for x € |,
Wi (x) 2 g2 (%),

k:k#n,dist(Jx,Jn)<max (|Jkl,|Jnl)

|92(A)]
< 0o
1+ 12

where again

n
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Also, for x € |,
—f log, |x — tlw'(t)dt =

n

—j log, |x — tlarg’ ®(t)dt + f log, |x —t|(1 —v')(t)dt — const = —|J,|. (80)

n n

Here we again used the property that f]narg’ b = f]n (v'—1) =1/, +0(1) and applied

Lemma (2.2.18), part 5, to the second integral in the second line.
Hence for any x € R

w(x) = f log_ |x — t|w'(t)dt + g(x)
for some function g satisfying

|lg(A)] <o
1423

n
Therefore,
An+1

> P log_|A, — x|w'dx .
Z AZ = const +z 1 +A% =

n
ln
_log_|4, — x|(arg ®)"dx log_|A, — A1
const + z 1+ 2 = const + Z 1+ 2 .
n
Letf =(1+ CD)Kv. Then £ is an outer function in C, that belongs to H? and satisfies

f= exp(z%—%).

Since [F(1,)] = [v{A,DI/u({1,.}) = 1, we have that log|f (1,)| = 2i(4,,) = 0 for all n.
Recall that w(1,,)) = ¥(1,) + 9#(1,,) = v(A ). Itis left to show that

Recall that v € LY, 7 = w — ) = w —log|f|/2 € L} and v’ is bounded on R. Therefore
the harmonic extension of v into C, has a bounded x-derivative in C... Hence #,, is bounded
in C,as well.

On each interval J,, choose A, so that v(/lkn) = max;,e;, V(4;). If the last sum is positive
infinite then so is

>l ok,)
"1 + dist2(0,/,)
n
Because of the boundedness of ©,,, #(x,, + il/nl) = ¥(4, ) — Cl/,| and therefore

i
A P, + 1nl) _

1+ dist2(0,J,)

n
Denote by (%)M the maximal non-tangential function of ¥ in C... The last equation implies
that (7)™ ¢ L1;. But that contradicts the property that both ¥ and v belong to L};.
Now notice that if x € T;, then

£l =10 - oKVl 2|

1
——dv(®)] < 611V Il 1Ay = Anl . (BD)
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Hence

~dx 1
j ¢’¢—sz _2_[ arg’ 0log,|f|dx + const <
ur oy An r

n

1
z Ejr arg’ 0dxlog_|An41 — | + const S (82)
n

It follows that

j ’(]de+f ,Ndx<
v'op— V' — < oo,
2 2
ul, x ur, x

Indeed, arguing like at the end of the proof of the last claim, from the property that (7)™ €
L, we deduce that

Sg]plﬁ(x)l
XE€J/n
1 + dist?(0, ]n)
n
Therefore
sup |5(x)| Su]plﬁ(x)l
e R e = 1l
’[Urkn]n ? TN Pl T dise? 0,J) Sl T dist? (0,],)

and summing over all n we get

,_dx

vV— <

ul'y x

The second integral on the right-hand side of (83) is finite because v’ is bounded and ¢ =
log |f| is in LY. The last integral is finite because v’ is bounded and # = ¢ — w € LL,.
Denote

Ly =Vdist(y,p)<max Gbliah Jio Gn = W1, and q *,=w — gy,

. dx
f ww— ZU an—+J w' G —|-
UTNJ, Ul'rnjn X

The first integral can be, once again, estimated like in (59), i.e. using the property that each
w; is an atom, and the sum of such integrals shown to be finite. For the second integral,
applying similar arguments that were used in the first part to prove (62) we obtain

Then

1
T T4 dist(0n 0) Jor,ay, ) L

Furthermore, because of (79),
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_ jurkn]n w' (%) [ z f log |x — tjw'(t)dt|dx >

J1cLln Ju
- ww dx= " llnl
Ul'knJn

Ji€Lln
Let us remark right away that

Z 1+ dis:Z(/n, O)JZ Ul”]"lz

ICLy

Ul”]nl < Unl
1+ dist2(J,,0) = Zu T+ dist2(p,0) =
kn,dist(Jp,Jn)<max (Jil,|Jnl) " n "
To continue the estimates let us split the last integral:

Lol

j (arg8)'(x) U log |x — t|(v'(t) + 1)(t)dt] dx
Ul'kN/n

n

f log |x — t|w'(t)dt
In

log |x — th’(t)dt] dx =

—j (arg8)'(x) U log|x — t|(arg 9)'(t)(t)dt] dx
ul'rnjy n

_j W' (x)+1) U log |x — t|(v'(t) + 1)dt_ dx
Ul'kNJn -

n

‘|‘j (w'(x)+1) j log |x — t|(arg 9)’(t)(t)dt- dx =
TN . |

_ I+ +1+1V.
To estimate 111 and IV denote by C the constant satisfying

j W' () + Ddx = ClJ,].
Ul'gNJn

Notice that because 1 —2e < v’ +1 <1+ 2¢ and f]nv’ +1= f]n(arge)' = |J,,], for
any y € Jn,
J log |y — t|(v'(¢) + Ddt = |Jp|log|]| + O] D) (85)

n

and
1 = —j W' () + 1) U loglx — t| (v’ (£) + 1)dt| dx
Ul'pNJyn n

= _Cljnlz 10g|]n| + O(Unlz)
To estimate IV observe that for any ¢ € J,, if dist(¢, (A, A41)) = 1 then

(W' (x) + Dlog, |x — t|dx =
Tk
Ak+1

A
(' (x) + 1)dx ==~
L ) Ters = n

log, |x — t|dx

— (Ag+1 — Ax)log 3
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(recall that I, is the middle one-third of (14, A+1) ). Consider a positive step function a(x)
defined on each (A4, A41) @S

ka (v'(x) + )dx
Ak+1"ﬂk .
Then |a — 1| < € on J,,. Hence one can apply Lemma (2.2.18) part 5 to conclude that, for
any t € J,,

J (w'(x) + Dlog, |x — t|dx =
Ul'gnJn

j a(x)log, |x — t|dx — const |J,| = (J a(x))logl]nl — const |],]

n n

Cl]nl 10g|]n| - const Unl .
Therefore

dx =

1V = f W +1) U log |x — t|(arg8)'(t)(t)dt
Ul'kNJn n

< (arg 8),> (Cljnllogljnl - CODStl]nD = Cl]nlzlogljnl - COHStl]nlz.
In

Combining the estimates we get
I+ 1v = —|],|%
To estimate I1 notice that

Ajt1
Il =— z j (arg 0) (x)dx 2 j log |x — t|(arg 6)' (t)dL.
I'kCn Tk AjAjr1€ln Aj
If t € (4, 441) and x € T}, then
log|4; — Agea| ifj < k
log |x — t| = {log|Ax — Aj41] ifj > k.
log|4j+1 — 4| ifj =k
Putay = [}, (arg6)’. Then

I = - z ap z 2nlog|Ak—Aj| + A,

I'rcjn ﬂ.jE]n,jik
where the constants A,, satisfy
|4n]

< 00
1 + dist?(0,/,,)
n
Using (85), | can be rewritten as

I = Z frk (arg6)'(x) [f]n log |x —t|(v'(t) + D (t)dt|dx =

CkCJn

Z 24% |]n|log|]n|+Bn

CxCin
where again
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Bal .
1 + dist2(0,/,,)
n
By the left-hand side of the inequality in part 2) of Lemma (2.2.17),

ap =f (argh) >c >0
Ik

for all k. Therefore, since there are % |J,,| intervals T, in J,,,

1+1=( > ay |Unlloglnl -

CkCJn

Z ay z 2nlog|/1k—/1j|+An+B =

T'rcin /1j€]n,j-'#k

1
——Unllogl,] - z 2mlog| A, — 4| + Ay + By
Aj,Ak€Jn
Now, going back to (84), we obtain

L. dx
WWw,— =<
Ul'kNJn X

n

+ const.

1
= Jn|logl)n] — 22, AK€ log|Ak — 4| — lJul? + Ap + By
Z 1 + dist?(J,,, 0)

n
It remains to notice that the sum on right-hand side is positive infinite because otherwise A
would satisfy the energy condition (52) and Cyx would be at least 1 . This contradicts (83).
It remains to discuss the case when sup,, (4,, — 4,,_;) = oo. If A is such a sequence, choose
a large constant C and consider the set of all gaps R, of A of the size larger than :

Ry = (Ankrlnk+1)rlnk+1 - Ank > C.

After that one can add a separated set of points in every R, and consider a slightly larger
sequence A’ = {1;,} o A that satisfies sup,, (4, — 1;,_;) < C and

inf A=A _)=>C/2.
" %l_rlleA,\A( n—An-1) =C/

Since C, < 1, for large enough C the sequence A" will still satisfy Cr < 1.
The inner function 8 should then be chosen for the sequence A’ instead of A. Consider the
outer function

h=(1-8)KveK,”.
Then h is divisible by S and has zerosat Y = A’ \ A. Since Y is a separated sequence, there
exists an inner function I, spec; = Y such that (arg )’ is bounded, see for instance Lemma

(2.2.10)6 in [55]. If C is large enough, |(argl)’| << &. The function
Ih

- - - - - - g B 1 - I
Is divisible by S and satisfies
Gg =0 = Gh—
I=v 117" T
on R. Therefore g € K. At the same time, g no longer has zeros on R. Denote f = g/IS.
Then f € N*[6S] is an outer function whose argument on R is equal to (argf — x —
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argl)/2. Now we can apply claim 1 to u = arg8 — x — arg| to obtain functions v = v, +
v, satisfying the properties 1-5.
If one denotes by T}, the middle one-third of (4, 4;,41), then similarly to (81),
ISTHE)R)| = |1 = 0CNKV)| < 6 v Il A4 — Anl ™
The argument of the function h/S is arg 8 — x. Note that claim 3 still holds with A" in place
of A, because Y is separated. Hence (82) still holds for ¢ = arg 8 — x. After that, using the
property that |(argl)’| << &, one can "absorb™ arg into v; and replace v, withy = v; +
arg I. The rest of the estimates of the integral in (78) can be done in the same way as before,
with v =y + v, in place of v = v; + v,.
If A is a real sequence we define its Beurling-Malliavin density as
dgy (A) = sup {d | 3 long {I,,} such that #A N I,, > dIInIVn}
If A is discrete and as oo otherwise.
An equivalent definition is given in [72]:
dgu(A) = sup {a:N[S?™*6] = 0},
where 6(z) denotes some/any meromorphic inner function with specy = A.
Note that the Beurling-Malliavin multiplier theorem implies that N[S?7%8] in the above
definition can be replaced with any N?[$?™%8],0 < p < oo, the kernel in the Hardy space
HP, or with N*[S?7%0], the kernel in the Smirnov class.
Lemma (2.2.10)[84]: Let X c R be a closed set and let A be a discrete sequence. Then
Gqu < GX + 27TdBM(A).
Proof. Let dgy(A) =d;,Gx =d, and Gyyp = d3. Let € > 0 be a small number. By
Theorem (2.2.6), N[8S%~¢] # 0 for some meromorphic inner 8,specy, € X UA. Let f €
N[6S5%~¢]. Let I be an inner function such that spec ; = A.
By the above definition of the Beurling-Malliavin density, there exists a function g €
N®[S2™d1*€]], Then the function h = (1 — I)g belongs to N°[$?741*¢] and is equal to O
on A. The function fh belongs to N[fS%~27412¢] and is zero on A (obviously, we assume
that d; — 2md, — 2& > 0). Finally, the function [ = S%:~27d1=2¢ £ helongs to N[0] = K,
and is still zero on A. By the Clark representation

1
l=—1(1-0)KI
Zm'( )Klo

where ¢ is the Clark measure for 6, supp o = specg € AU X. Since [ is divisible by
§ds—2md1=2¢ jn C,and (1 — @) is an outer function in C,, Klo is divisible by §%s—27d1~2¢
in C,.. Equivalently, the measure lo has a spectral gap of the size d; — 2md, — 2¢. Since [
Is zero on A, the measure lo is supported on X. Hence
Gy = d; —2ndy — 2& = Gyyp — 2mdgy (A) — 2¢.

The following statement can be viewed as a version of the first Beurling-Malliavin theorem,
see [72], [49].
Lemma (2.2.11)[84]: Let A be a real sequence. Suppose that there exists a long sequence of
intervals I,, such that

#(ANI,) < all,| (86)
for all n, for some a > 0. Then G, < 2na.
Proof. Suppose that G, =2ma+ 3¢ for some &>0. Then by Theorem
(2.2.6), N[8S?™a+2¢] = (O for some inner function 8, specy < A. But (86) implies that the
argument of the symbol increases greatly on I,,, which leads to a contradiction. More
precisely, denote

y = arg(0S?7%+2¢) = (2ma + 2¢)x — argf.
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For each I, = (a,, a,+] denote
6, = infy — supy,
In 1

n

where
, el " el
L, = (an: an + 6(7‘[611:- 8)) and I = (an+1 - 6(7'[an|- 8):an+1 '
Then (86) implies that §,, > § |1,|. Hence by a theorem in [72], N[0S %*2¢] has to be trivial.

Lemma (2.2.12)[84]: Let I = [a, b] be aninterval on Rand let A = {44, ..., Ay}, a < 4; <
.. < Ay < b be a set of points on I. Let C > 1 be a constant and suppose that for some
subinterval ] = [c,d] c I,

|/l

#HAN] < —-—-1.
/ C

Then one can spread the points of A on J without a large decrease in the energy E(A). More
precisely, if
[= {yl, "'JVN}' a< Y1 < < YN < b
Is another set of points on I with the properties that
(i) Y& = A for all k such that A, ¢ J and
(i)|yi —v;| = Cforall vy, v; € Ly 2 v;
then

log C
ET) = E) _TUW'

where E is defined by (49)
Proof. Notice that %, , ;108 |y — ¥;| = 0 and that

log |y — v;| = log, |4 — 4;| —log, C
forall k, ;.
Corollary (2.2.13)[84]: Let A be a sequence of real points that satisfies the density (51) and
energy (52) conditions for some partition I,, and d > 0. Let C > 1. Let J; be a sequence of
disjoint intervals such that for every k, J;,, < I,, for some n and
#ANJ, < % —1

for all k. Let I" be a sequence of points obtained from A by spreading the points on each
interval J, like in the last lemma. Then T satisfies the density and energy conditions with
the same partition I,, and d.
Corollary (2.2.14)[84]: Let A = {A,,} be a monotone sequence of real points such that C, >
d > 0. Then for any € > 0 there exists a monotone sequence I' = {y,, } such that

() Cr = d,

(i)dgy('\ A) < € and

(iii) supp (Yn+1 = ¥u) < 0.
Proof. Choose € > 0 so that 1/C << d and 1/C << . Let [A,,, A,,+1] be a sequence of
all "gaps" of A satisfying A, 1 — 4,, > C.
Since C, = d, there exists a partition I,, such that A satisfies (51) and (52) for I,, and d. One
can choose a sequence of disjoint intervals J,, such that for every k, J,, < I, for some n,

U [ Ang1] U Ji and L < #nn g, <21 forall k
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(the choice of J,, can be made by a version of the "shading" algorithm, see for instance [66]),
volume 2, pp 507 — 508. Let I" be a sequence of points obtained from A by spreading the
points on each interval J, like in Lemma (2.2.12) . Then (i) is satisfied by the previous
corollary and the supremum in (iii) is at most 2C. Since the distances between the points of
['onu J, are at least C,

dgy(T\A) <C'<e
Lemma (2.2.15)[84]: Let A be a sequence of real points and let {,,} be a short partition such
that A satisfies

all,| < #AN I,

for all n with some a > 0 and the energy condition (52) on {I,,}. Then for any short partition
{J..}, there exists a subsequence I' c A that satisfies

#(A\T) N Jp, = o(lJn])
as n — too, and the energy condition (52) on {J,,}.
Proof. To simplify the estimates we will assume that the endpoints of I, belong to A, i.e.
that I,, = (Akn,/lknﬂ] for each n, and that the energy condition (52) is satisfied on I, with
E,, defined by (54), see the explanation there.
(To include the endpoints in E,, one may need to compensate by deleting a point on each I,,,
as explained in the beginning of the proof of Theorem (2.2.9). This is where one may need
to pass from A to a subsequence T'. Since |I,| = oo, T will satisfy #(A\T) n J,, = o(|J,.D.)
We will also assume that #A N I, = |I,,| for all n. In this case one can choose I' = A.
Fix n and suppose that the intervals I, ..., I; . cover J,.. To estimate the energy expression
for J,, let us first consider the case when and U!*Y I; = J,. Denote by u a piecewise linear
continuous function on R that is zero outside of /,, and grows linearly by 1 between A,, and
An4+q foreach A, 4,,.,1 € J,,. Denote

p(x) = {u(x) Xt Akl on Jn = (/lkl'/lkl+N+1]
0 on R\ J, '
Then p(A, ) = 0 forall I <n <1+ N + 1. Denote by p,, the restriction p,,|, .

On each (4;, 4;,,) the function u’ satisfies the same estimates as |8'| from the statement of
Lemma (2.2.17) , parts 2 and 3 . Therefore for the function p one can apply the same
argument as in the first part of the proof of Theorem (2.2.9), where p was defined as arg
6 — x — v, (we will simply assume that v, = 0).

First, one can show that

— Jf log |t — x|p'()p' (x)dtdx =
InXIn

UnlPloglal = D" > logla; = A + const %
lleli,ljSlkHN_'_l liiﬂj
To estimate the last integral rewrite it as

—ﬂ]nxjn log |t — x|p'(t)p’ (x)dtdx = Z z —ffw]_ log [t — x|p'(H)p’ (x)dtdx.

Iicjn 1jCin

For the last integral, when i = j by (69) and (70) we have
—jf log |t — x|p'(H)p' (x)dtdx < |I;|*log|l;| — E; + const |I;]?.
IiXI;
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If I; does not intersect 21; we can apply (71) and (72) (where we used that dist(1;, I ) = |I;|)
to obtain

— U log. |t —x|p'(t)p' (x)dtdx < |Ii||Ij|.
IixIj

For the case when I; intersects 21; but not contained in 21;, or when I; is adjacent to [;, (note
that there are at most four of such I; for each I; ) we can estimate the integral like in (73) to
conclude that

- ﬂ log, |t — x|p' (t)p' (x)dtdx <
I;¥1;

(111oglL;| — E) + (|1 log|h| - E;) + 1112 + ||
Finally, in the case when I; c 2I;,j > i + 1, notice that for any x € [; and any s, t € [;, t >
s,logy |s — t| <log, |x — t|. Hence (we assume that dist(x, ;) = |I;4+,| > 1 to skip the
estimates of log_)

Ak Ak,
— ﬂ log, |s —t|p' (t)p'(s)dtds = —2] " j log, |s —t|p’' (t)p'(s)dtds =
IjXI]
Mejp (ki kj+1 Mejiq
ZJ f log, |s — t|dtds — ZJ J log, |s — t|u'(t)u'(s)dtds =
Akj S Akj S

2 <|1,.|210g|1j| — | j log, |x — t|u’(t)dt> + const ||,
I.
Also forany x € [; :
] log, |x — t|dt — j log, |x — tlu'(H)dt = —|L].

Ij I
Therefore

B ﬂ log, |t — x|p’(t)p' (x)dtdx <
I;ixIj

Ip’ ()| (j log, |x — t|dt — j log, |x — t|u'(t)dt + const |Ij|> dx <
I

Ij I

2ol -
1

log, |x — t|u’(t)dt> + const |L;]|1;] <

J

I
_Hﬂ log.. |s — t|p' (O)p' (s)dtds + const |I;||1j] =
J17 X
11|
|I | ||p]|| + const |; ||I | S
11|
; l|(|1| log|lj| — E;) + I1;1]1;].
]

Combining the estimates and using the shortness of {/,, }, we obtain that A satisfies the energy
condition on {J,,}.
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In the case when the intervals I, ..., I, y cover J,, but ut*V I; # Jy,ie.when I, I,y Ny #

@ but at least one of I}, I;,  is not a subset of J,,, denote I} = [, N J,, and I}, = 4 n N Jp.
Notice that by remark 3 and the fact that log|I;’| < log|[;],
|17 121oglI; | — E; < |L]2logll;| — E..
Similarly,
w2 loglln | — Efvn < Hipn|?logllion| — Epypn.
Now we can use the previous case with I}/, I, in place of I}, I; , y.
Corollary (2.2.16)[84]: Let A be a sequence of real points and let {I,,} be a short partition
such that A satisfies the density condition (51) with some a > 0 and the energy condition
(52). Then for any € > 0 there exists a subsequence I' © A and a short monotone partition
J, such that I satisfies (51), with d — € in place of d, and (52) on /,,.
Proof. One can choose a short monotone partition {J,,} satisfying
(@a—alxl =#AN0],
for all n. Such a partition can be constructed in the same way as in the second part of the
proof of Theorem (2.2.9) , see the second paragraph before claim 3 . Then I" can be found
by Lemma (2.2.15).
Lemma (2.2.17)[84]: Let A = {a,,},c7 be a real sequence satisfying
Ap < A1, nyg — A < € < 0

and a,, » to as n - +oo. Denote I,, = (a,, a,+1). Then there exists an inner function
satisfying

(i) specy = A,

(ii)|L,|7* < 10'| S |L,I7? on the middle one-third of ,,, for all n;

(iii) |0'] < [min(|L,—1], |I,], [I,+11)]~* on the rest of I,,, for all n.
Proof. Define a second sequence B as the sequence of midpoints of complimentary intervals
ofAinR:b, = (a, + ans1)/2.
Define the inner function 6 to satisfy

1-6

— Ku
170 const e*", (87)
whereu = 15 — 1/2,
E= ] @obo,
k=—o0
and Ku is the improper integral
u(t)dt
Ku(z) = f — (z € C,).

The integral converges since u is a convergent sum of atoms uli, 4 3.

(Formulas similar to (87) are often used in perturbation theory. In those settings, u is the
Krein-Lifshits shift function and 8 is the characteristic function of the perturbed operator,
see for instance [99], [102])

Let u,, u_, be the Clark measures for 8 defined by the Herglotz representation

1+9_1f[ 1 t ]dt N+ .
1—9_7TiRt—Z 1+ t2 Ha(8) + const,
1—9_

1 1 t
—_— — du_,(t t.
1+46 ni_[R[t—z 1+t2] Hoa(8) + cons
The measures u,, u_; have the following form:
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U1 = z a’n5an; H-1 = Z ﬁnabn

for some positive numbers a,, B,,. (It is easy to see that u,,{o0} = 0 although we don't
actually need this fact.)
Put 6,, = a,,41 — a,,. We claim that
82 < By S b, (88)
Assuming that this estimate holds, we could finish as follows. Since
6] = |1 =012 1(Su)'l, 18] = |1+ 017 [(Su_1)'l,

|60'(x)| = min {z e _a?;n)z,z e _'Brl;n)z}' (x € R).

Now if x belongs to the middle one-third of one of the intervals (a,,, a,,+1), then |8’ (x)]
can be estimated as

! = —an = z —an - p-1
0N =), G = ), Gy =
and the estimate follows from (88). On the rest of the interval |8'(x)| can be estimated by
» (X_B—b”)z which together with the right half of (88) gives the desired estimate.

It remains to prove (88). As follows from (87),

we have

Bn = const Res, e X
Denote
- { j“ u(t)dt} V(ay —2)(ans1 — 2)
gn(2) = exp{— = )
" o, t—7Z b, —z
and
u(t)dt
An = exp {—j ( )b },
R\(an,an+1) t=Dbn
SO
1
Res, e ¥ = A, Res; gn, |Resp gn| ==6n.

2
To prove the right half of (88) notice that 4,, < 1. Indeed, to the right from a,,.,, on each

(a;, aj11 ) the function w is positive on the half of the interval that is closer to b,, and negative
on the half that is further from it. Thus

_j u(t)dt “0
(

) ) an+1z°°) t - bn
Similarly
u(t)dt
f (t) <0
o
To prove the left half of (88) one needs to show that §,, < A,,. Notice that, since §,, < C,

u(t)dt
- z > const > —oo,

. yt—Dby,
dist(bn,(aj,aj+1))21 (@).aj+1)

As for the remaining part,

u(t)dt 1+C dx
- z J > —f — =logd, + const.
( bn ) X

t —
i . 2
0<dist(bn,(aj,aj+1))51 4 a]+1) n/
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Lemma (2.2.18)[84]: Let a, < a, and b; < b, be points on the real line. Let @ and g be
nonnegative functions on the intervals (a,, a,) and (b4, b,) correspondingly satisfying

a, b,
j a=| B=1a<A and B <B
a, by
where 4,B > 1. Then
() log_(az — ay) < [ 2] *log_(x - y)a(m)a(y)dxdy <log_+ + 1.
(i)If a, < b, then

a, rby
log_(b, — a) < j f log_(x — y) a(x)B()dxdy < log_ (b, — a).
a,; “bg
(i)  Ifa, = b, then

a, bz 1 1
j f log_(x —y)a(x)f(y)dxdy <m (log_—,log_ —) + 1.
a, Ib, A B

(iv) If a, < b, then

a, rby
log(by —ay) < f f log(x — y)a(x)B(y)dxdy < log.(b; — a;).
a; “bq
(VIfA/2 < a(x) < Aon (a4, a,) then forany y € (aq,a,)

a;
log,la, —a;| —C < j log,(x —y)a(x)dx <log,|la, —a;| + C
a;

for some absolute constant C.
(vi) IfA/2 < a(x) < Aon (ay,a,) then forany y > a,

dp
log,ly — ay] - € < f log.. (x — y)a(x)dx < log,|y — ai]
ap

for some absolute constant C.

We discuss a Toeplitz version of theorem 66 from [55].
We say that a finite measure x on R annihilates K, if [ fdu = 0 for a dense set of f € K,.
Note that the integral always exists for a dense set of functions since, for instance, the disk
algebra is dense in every Kj.
We say that the Cauchy integral Ku is divisible by an inner function 8 if Ku/6 = Knin C \
R for some finite complex measure n on R.
Lemma (2.2.19)[84]: [85] Let u be a finite complex measure on R and let 8 be an inner
function in C. Then the following statements are equivalent:
(i) u annihilates Kp;
(if) The Cauchy integral of the conjugate measure ji, K, is divisible by 6.
Proof. (i) = (ii). We will assume that the reproducing kernels of K, belong to the dense set
annihilated by u (otherwise one needs to use a standard limiting procedure). If A € C,.then

1-6(1)0(2) _ _
0=——=_—"——du(2 = 0(DKOL() - Ki(2)
which implies the statement.
(it) = (i). Let J be the inner function whose Clark measure is |u|. Then the function f =
(1 —))K belongs to K; and is divisible by 6. Let f = 6g. We will assume that 6(i) = 0.
The general case can be treated similarly.
Let
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Z—1
0 =0" ,
Z+1
If I is an inner divisor of 6* then Ig/(z + i) also belongs to K; and is summable on the real

line. Recall that the integral over R of a function from H(C,)is 0 . At the same time, by
the Clark representation, for each function h from K,

Jh(x)dx=J h(x)d|u|(x).
R

Hence

(Ig)(x) (Ig)( ) dlulCo) = J I(x)B(x)f(x) dluo)| = or
x+1i x+1i X —
Since functions m are complete In Ky, we obtain the statement.

Like in de Branges' proof of theorem 66 , we will use the Krein-Milman theorem on the
existence of extreme points in a convex set to obtain the following lemma:

Lemma (2.2.20)[84]: Let @ be an inner function in C,.. Let u be a finite complex measure
whose Cauchy integral Ku is divisible by 6 (or, equivalently, i annihilates Ky ). Then there
exists a finite complex measure v such that

(i) supp v C supp y;

(i)Kv is divisible by 8 ( v annihilates Ky );

(iii) K\nu has no zeros outside of supp v, except the zeros of 6 in C;;

(iv) If 8 is a meromorphic inner function then v is concentrated on a discrete set.
Proof. First, let us symmetrize p. Since together with any f € Ky, 6f € Ky, the measure 8,
just like f, annihilates K, and K6 is divisible by 8. Consider n = u + 8. WLOG || n [I<
1.

Denote X = supp u. Let A2 be the set of all finite complex measures ¢ such that || o [I<
1, supp o c Z, the Cauchy integral of o is divisible by 6 and

07 = o. (89)
Since n € AY, this set is not empty. It is also convex. By the Krein-Milman theorem it
contains a non-zero extremal point v. We claim that this is the desired measure.
First, let us show that the set of real L™ (|v|)-functions h such that Khv is divisible by 8 is
one-dimensional, and therefore h = ¢ € R. (This is equivalent to the statement that the
closure of K, in L*(|v|) has deficiency 1, i.e. the space of its annihilators is one dimensional)
Let there be a bounded real h such that Khv is divisible by 8. WLOG h > 0, since one can
add constants, and || hv [I= 1. Choose 0 < a@ < 1 so that |ah| < 1. Consider probability
measures v; = hv and v, = (1 — @)~ (v — v;). Then both of them belong to A% and v =
av, + (1 — a)v, which contradicts the extremality of v.
Now let us show that v is a singular measure. Let g be a continuous compactly supported
real function such that [ gdv = 0. By the previous part, there exists a sequence f, €
Ko, [ = g in L1(|v]) (otherwise the defect is larger than 1). Since v annihilates K, and
(fn(2) = frw))/(z —w) € K, for every fixedw € C \ R,

0= | mO =) 15(2) = Kfyow) - fuw)KTw)

and therefore
Kf,v

" Kv'
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Taking the limit,
. Kgv
f = lim fn = ﬁ
Since all of f,, have pseudocontinuations, one can show that the limit function f must have
one as well. Since the numerator is analytic outside the compact support of h, the measure
in the denominator must be singular (Cauchy integrals of nonsingular measures have jumps
at the real line on the support of the a.c. part).
Moreover, f must be analytically continuable through the real line outside of clos spec g,
like all of £,,. In particular, if 8 is meromorphic, the zero set of f has to be discrete. Since v
Is singular, Kv tends to oo at v-a.e. point and f = 0 at v-a.e. point outside of the support of
g. Choosing two different g with disjoint supports we prove that if 8 is meromorphic, then
v is concentrated on a discrete set.
We show that Kv does not have any zeros in C \ supp v other than the zeros of 6. Let J be
the inner function corresponding to |v|(|v| is the Clark measure for J). Denote G = (1 —
J)Kv € K;. Since Kv is divisible by 8 and K|v| is outer, G is divisible by 6. Let us first show
that G /6 does not have an inner component in the upper half-plane. Suppose that G = 6UH
for some inner U. Then (1 + U)*H also belongs to K;. Denote
Yy =0(1+ U)*H|v|.

Then y = hv for a bounded non-constant function h = (1 + U)?/U. The Cauchy integral
of y is divisible by 8 because (1 —J)Ky = 6(1 + U)?H. We obtain a contradiction with
the property that the space of annihilators is one dimensional.

Thus G/6 € K; is outer in C,,.. By (89),

GOlv|=0v="v
and the Clark representation formula implies
J6 = (A =DKv =Q1-))KGO|v| =G/8,

so the pseudocontinuation of G does not have zeros in C_.
If G has a zero at x = a € R outside of spec; then

€K,
X —aQa
and the measure

v=——_
leads to a similar contradiction with the property that the space of annihilators is one-
dimensional, since (x — a)~?! is bounded on the support of v. Since
G=(1-)KveEK,

Kv does not have any extra zeros.

Recall that a function f € N[¢] is called purely outer if f is outer in the upper half-
plane and ¢pf = g is outer in the lower half plane.
Corollary (2.2.21)[84]: Let 1, 8 be inner functions in C,. Suppose that the kernel N[I8] is
non-trivial.
Then there exists an inner function J in C,such that spec; c spec; and the kernel N[]6]
contains a purely outer function f that does not have any zeros on R \ spec,. If g; is the
Clark measure of ] then f is also non-zero g, -a.e. on spec;. If 6 is a meromorphic function,

then J can be chosen as a meromorphic function.
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Section (2.3): The Hilbert Transform: A Real Variable Characterization
Define a truncated Hilbert transform of a locally bounded signed measure v by

Heav(: = | it

e<ly-x|<§ ¥ — X
Given weights (i.e. locally bounded positive Borel measures) o and w on the real line R, we
consider the following two weight norm inequality for the Hilbert transform,

SUPo<ecs fR H,5(fo)|* dw < N2 fR If2do, f € 12(a), (90)

where V' is the best constant in the inequality, uniform over all truncations of the Hilbert
transform kernel. Below, we will write the inequality above as I H(fo) ll,zqy< N |l
f llL2(w), that is the uniformity over the truncation parameters is suppressed.

The primary question is to find a real variable characterization of this inequality, and the

theorem below is an answer to the beautiful conjecture of Nazarov-Treil-Volberg, see [130].
Set
1]

P(o, D:= jR [2 + dist(x, 1)2
which is approximately the Poisson extension of o to the upper half plane, evaluated at
(x4, [I]), where y; is the center of I.

Theorem (2.3.1)[103]: Let o and w be locally finite positive Borel measures on the real
line R with no common point masses. Then, the two weight inequality (90) holds if and only
If these three conditions hold uniformly over all intervals I,

P(o, DP(w,]) < A,, (91)

f H(1,0)[? dw < T2a (D), j H(1,w)[? do < T2w().  (92)
I 1

, 0 <e <.

o(dx),

There holds

1

Nx~A2+J=H, (93)
where A, and J are the best constants in the inequalities above.
It is well known [130] that the A, condition is necessary for the norm inequality, and the
inequalities (92) are obviously necessary, thus the content of the Theorem is the sufficiency
of the A, and testing inequalities. We will carry out a 'global to local’ reduction in the proof
of sufficiency, with the analysis of the 'local' problem being carried out in part Il of this
series [108].

The Nazarov-Treil-Volberg conjecture has only been verified before under additional

hypotheses on the pair of weights, hypotheses which are not necessary for the two weight
inequality. The so-called pivotal condition of [130] is not necessary, as was proved in [111].
The pivotal condition is still an interesting condition: It is all that is needed to characterize
the boundedness of the Hilbert transform, together with the maximal function in both
directions. But, the boundedness of this triple of operators is decoupled in the two weight
setting [125].
Our argument has these attributes. Certain degeneracies of the pair of weights must be
addressed, the contribution of the innovative 2004 of Nazarov-Treil-Volberg [119], also see
[130], which was further sharpened with the property of energy in [111], a crucial property
of the Hilbert transform. This theme is further developed herein, with notion of functional
energy.
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The proof should proceed through the analysis of the bilinear form (H(cf), gw), as one
expects certain paraproducts to appear. Still, the paraproducts have no canonical form,
suggesting that the proof be highly non-linear in f and g. The non-linear point of view was
initiated in [112]. A particular feature of our arguments is a repeated appeal to certain
quasiorthogonality arguments, providing (many) simplifications over prior arguments. For
instance, we never find ourselves constructing auxiliary measures, and verifying that they
are Carleson, a frequent step in many related arguments.

One can phrase a two weight inequality question for any operator T, a question that became
apparent with the foundational of Muckenhoupt [113] on A, weights for the maximal
function. Indeed, the case of Hardy's inequality was quickly resolved by Muckenhoupt
[114]. The maximal function was resolved by one of us [127], as well as the fractional
integrals, and, essential, Poisson integrals [128]. The latter established a result which closely
paralleled the contemporaneous T'1 theorem of David and Journé [104]. This connection,
fundamental in nature, was not fully appreciated until the innovative work of Nazarov-Treil-
Volberg [116], [117], [118] in developing a non-homogeneous theory of singular integrals.
The two weight problem for dyadic singular integrals was only resolved recently [120].
Partial information about the two weight problem for singular integrals [123] was basic to
the resolution of the A, conjecture [106], and several related results [107], [109], [123],
[124]. The result is the first real variable characterization of a two weight inequality for a
continuous singular integral.

Interest in the two weight problem for the Hilbert transform arises from its natural
occurrence in questions related to operator theory [122], [126], spectral theory [122], and
model spaces [100], and analytic function spaces [71]. In operator theory Sarason posed the
conjecture (See [105].) that the Hilbert transform would be bounded if the pair of weights
satisfied the (full) Poisson A, condition. This was disproved by Nazarov [115]. Advances
on these questions have been linked to finer understanding of the two weight question, see
for instance [121], [122], which build upon Nazarov's counterexample.

We have stated the main theorem with ‘hard' cut-offs in the truncation of the Hilbert
transform. There are many possible variants in the choice of truncation, moreover the proof
of sufficiency requires a different choice of truncation.

Consider a truncation given by

Hap(of)(x):= j f)Kep(y —x)a(dy)
where K, z(y) is chosen to minimize the technicalities associated with off-diagonal

considerations. Specifically, set K, ;3 (0) = 0, and otherwise K (y) is odd and for y > 0

[y 2
—-=+—- 0<y<a,
a’  a y<a
- <y<p
—_ a < y < ,
Ka,ﬁ ()’)1 = 4 y
24 + 2 B<y<2B
— — — y ,
B? B
. 0 20 < y.
This is a C! function on (0,28), and is Lipschitz, convex and monotone on (0, ).
We now argue that we can use these truncations in the proof of the sufficiency bound of our

main theorem.
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Proposition (2.3.2)[103]: If the pair of weights o, w satisfy the A, bound (91), then, one
has the uniform norm estimate with the ‘hard' truncations (90) if and only if one has uniform
norm estimate for the 'smooth' truncations,

sup [|Aes@Hl <N IF lly.
o<a<pf

Indeed, |Hyg(of) — Hop(of)| S Ax(olf]) + Ag(alf), where these last two operators
are 'single-scale’ averages, namely

Ae(0d)(0) = @ f (o (dy).

(x—-3a,x+3a)
But, the (simple) A, bound is all that is needed to provide a uniform bound on the operators
A, (o¢). So the proposition follows.
We use the truncations Ha,ﬁ, and we suppress the tilde in the notation. The particular choice
of truncation is motivated by this off-diagonal estimate on the kernels.
Proposition (2.3.3)[103]: Suppose that 2|x — x| < |x — y|, then
x'—x
Kap(r =x) =Rap(y =) = Coxy 55 =2y

1
where C,,7, =12a <[x—y| < Eﬁ' (94)
and is otherwise positive and never more than 4.
Proof. The assumptions imply that y — x" and y — x have the same sign. Assume, without
loss of generality that 0 <y —x'<y—x. If 2a<|x —y| < %ﬂ, it follows that a <
|x" — y| < B, and so by the definition
1 1 x'—x
y—x'" y-x (-xF—-x)
And, in the general case, there holds |%Kaﬁ (t)| < 4t~2, so that

Kep(y =x) = Koply—x) =

0 < Ko p(y —x') — K p( )<fy_x—4dt PR
< —x') = —Xx) < = :
“r “# o =00 -2

A collection of intervals G is a grid if for all G,G’ € G, we have GN G’ € {®, G, G'}.
By a dyadic grid we mean a grid D of intervals of R such that for each interval I € D, the
subcollection {I' € D: |I'| = |I|} partitions R, aside from endpoints of the intervals. In
addition, the left and right halves of I, denoted by I, are also in D.
For I € D, the left and right halves I.are referred to as the children of /. We denote by mp1
the unique interval in D having | as a child, and we refer to 41 as the D-parent of 1.
We will work with subsets F ¢ D. We say that | has F-parent -l = F if F € F is the
minimal element of F that contains I.

Let o be a weight on R, one that does not assign positive mass to any endpoint of a
dyadic grid D. If 1 € D is such that ¢ assigns non-zero weight to both children of I, the
associated Haar function is

. o(I_)a(1;) B I_ I,
h: = / a(D ( a(I_)+J(I+)>'

In this definition, we are identifying an interval with its indicator function, and we will do
so throughout the remainder. This is an L?(o)-normalized function, and has o-integral zero.
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For any dyadic interval I, it holds that {o (Iy)~*/21,} U {h{:1 € D, c I,} is an orthogonal
basis for L2(I,, o).
We will use the notations £ (I) = (f, h?),, as well as

Uf ={f, h{)oh{ = LES f + _ES f — IESf.
The second equality is the familiar martingale difference equality, and so we will refer to
ATf as a martingale difference. It implies the familiar telescoping identity Ejf=
Yi:1, JOESL.
For any function the Haar support of f is the collection {I € D: f(I) # 0}.

With a choice of dyadic grid D understood, we say that J € D is (¢, r)-good if and
only if for all intervals I € D with |I| = 2"~1|J], the distance from J to the boundary of
either child of I is at least |J|€|I|* €.

For f € L?(0) we set Pgoc-)odf =Y,Y 10 AJf. The projection P;(jodg is defined

(er)—good
similarly. To make the two reductions below, one must make a random selection of grids,
as is detailed in [111], [130]. The use of random dyadic grids has been a basic tool since the
foundational work of [116], [117], [118]. Important elements of the suppressed construction
of random grids are that
(i) It suffices to consider a single dyadic grid D.

(if) For any fixed 0 < € < % we can choose integer r sufficiently large so that it suffices to
consider f suchthat f = P2  f,and likewise for g € L?(w). Namely, it suffices to estimate
£g00

the constant below, for arbitrary dyadic grid D,

[(Hof, 8w | < N yooq I flls11 g I,
where it is required that f = Pg‘god € L?(o)and g = Pg“(jod € L*(w).
That the functions are good is, at some moments, an essential property.
A reduction, using randomized dyadic grids, allows one the extraordinarily useful reduction
in the next Lemma. This is a well-known reduction, due to Nazarov-Treil-Volberg,
explained in full detail in the current setting, in [119]. Below, H isasin (93), the normalized
sum of the A, and testing constants.
Lemma (2.3.4)[103]: For all sufficiently small €, and sufficiently large r, this holds.
Suppose that for any dyadic grid D, such that no endpoint of an interval I € D is a point
mass for o or w, 1 there holds

(HoPo tR ) | S0 E . (95)

Then, the same inequality holds without the projections P’ ., and P” ..
good, good

Inequality (95) should be understood as an inequality, uniform over the class of smooth
truncations of the Hilbert transform. But, we can suppress this in the notation without
causing confusion. The bilinear form only needs to be controlled for (e, r)-good functions
f and g, goodness being defined with respect to a fixed dyadic grid. Suppressing the
notation, we write 'good' for ' (¢,7)-good," and it is always assumed that the dyadic grid D
Is fixed, and only good intervals are in the Haar support of f and g, though is also suppressed
in the notation.

We reduce the analysis of the bilinear form in (95) to the local estimate, (96). It is
sufficient to assume that f and g are supported on an interval 1°; by trivial use of the interval
testing condition, we can further assume that f and g are of integral zero in their respective
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spaces. Thus, f is in the linear span of (good) Haar functions h¢ for I c I°, and similarly
for g, and

Hoigw= Y (HA764 g)
1,]:1,Jc1°
The argument is independent of the choice of truncation that implicitly appears in the inner
product above.
The double sum is broken into different summands. Many of the resulting cases are
elementary, and we summarize these estimates as follows. Define the bilinear form

B (fLg)= ) > EGATS - (H,l00g),
LIcI® J:jel;
where here and throughout, /] € I means J < I and 27|J| < |I|. In addition, the argument of
the Hilbert transform, I, is the child of I that contains ], so that A7 f is constant on I;. Define

B below (£, g) in the dual fashion.
Lemma (2.3.5)[103]: There holds, with the notation of (93),

[(Hof g, — B2 (£,8) — B (£, )| <2 I Ellol g -

This is a common reduction in a proof of a TI theorem, and in the current context, it only
requires goodness of intervals and the A, condition. For a proof, one can consult [119],
[130]. The Lemma is specifically phrased and proved in this way in [112].
These definitions are needed to phrase the global to local reduction. The following definition
depends upon the essential energy inequality (106).
Definition (2.3.6)[103]: Given any interval F,, define F
subintervals F € F,, such that

P(cF,, F)?E(w, F)2w( F) > 10C,H?0(F),
where E(w, F) is defined in (105), and C, is the constant in Proposition (2.3.13). There
holds (U {F : F € F(Fy)}) < 1—100(F0).
Definition (2.3.7)[103]: Let I, be an interval, and let S be a collection of disjoint intervals
contained in I,. A function f € L4(1,, o) is said to be uniform (w.r.t. ) if these conditions
are met:
(i) Each energy stopping interval F € F eneray (1,) is contained in some S € S.
(if) The function f is constant on each interval S € S.
(iii) For any interval I c I, which is not contained inany S € S, E7 |f] < 1.
We will say that g is weakly adapted to a function f uniform w.r.t. S, if ] € S for some
interval S € S implies that (g, h}”)W = 0. We will also say that g is weakly adapted to S.

The constant £ is defined as the best constant in the local estimate:

B (,9)| < £{o 0+ £ 1o} 1 g, (96)

where f,g are of mean zero on their respective spaces, supported on an interval I,.
Moreover, f is uniform and g is weakly adapted to f. The inequality above is homogeneous
in g, but not £, since the term o (1,)*/? is motivated by the bounded averages property of f.

A reduction of this type is a familiar aspect of many proofs of a T1 theorem, proved
by exploiting standard off-diagonal estimates for Calderon-Zygmund kernels, but in the
current setting, it is a much deeper fact, a consequence of the functional energy inequality.
We make the following construction for an f € L?(1°, ¢), of a-integral zero. Add I° to F,

w

(F,) to be the maximal

energy
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and set a; (1°): = E{y|f|. Inthe inductive stage, if F € F is minimal, add to F those maximal
descendants F’ of F such that F' € F (F) or E/|f] = 10a¢(F). Then define

energy
(P {af(m Eg/|f] < 2a(F)
FA E%|f| otherwise
If there are no such intervals F’, the construction stops. We refer to F and af(-) as

CalderénZygmund stopping data for f, following the terminology of [112]. Their key
properties are collected here.

Lemma (2.3.8)[103]: For F and ay(-) as defined above, there holds

(i) I, is the maximal element of F.

(ii) Forall 1 € D,1 c 1°, we have EJ|f] < 10a¢(m£]).

(iii) a¢ is monotonic: If F,F' € F and F c F' then a¢(F) = a¢(F').

(iv) The collection F is o-Carleson in that

z o(F) < 26(S), S € D. 97)
FEF:FcS
(v) We have the inequality
Z ar(F) - F|| <Ifl,. (98)
FEF .

Proof. The first three properties are immediate from the construction. The fourth, the o-
Carleson property is seen this way. It suffices to check the property for S € F. Now, the F-
children can be in F (5), which satisfy

energy

1
! < _
o(F") < 100‘(5).
F' EF energg )

Otherwise, note that by choice of a,(-), we have ES |f| < 2a,(S). These intervals F', satisfy
Ef |f| = 10a¢(S) = 5ES|f|. These intervals satisfy the display above with 1—10 replaced by §
Hence, (97) holds.

For the final property, let G c F be the subset at which the stopping values change: If F €
F — G, and G is the G-parent of F, then a¢(F) = a¢(G). Set

CDG: = z F.
FeF:mF=G
Define G,: = {®; = 2}, for k = 0,1, .... The o-Carleson property implies integrability of

all orders in o-measure of ®. Using the third moment, we have o (G,) < 273%a(G). Then,
estimate
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2

T

Y a®-F| =) a@o

FeF o Geg

g

Z (k + 1)+1—1z af(G)2k1Gki

GEG

%2 (k + 1)2 ”Z :(G)2 1Gk(x)|

llGeg

< kz:(; (k + 1) z :(G)?2% g (Gy)

GEG

S ) @ (@?a(G) sl MfIESI /1
GEG
Note that we have used Cauchy-Schwarz in k at the step marked by an *. In the step marked
with =x, for each point x, the non-zero summands are a (super)-geometric sequence of
scalars, so the square can be moved inside the sum. Finally, we use the estimate on the o-
measure of G, and compare to the maximal function Mf to complete the estimate.
We will use the notation

IA

pef:= Z ACF,F € F.
I€ED:tpI=F
and similarly for Qf, but rather than use ], in the definition, we use 77+, defined to be the
minimal F € F with | € F. Without this alternate definition, some delicate case analysis
would be forced upon us. The inequality (98) allows us to estimate

z {as(F)a(F)2+IPZAI_YIQ¥ g,

N[~

SIEllgI g llw-(99)

[Z {(®)2o(F) + IZAZ} x D Q¥ gl

FeEF FEF
We will refer to this as the quasi-orthogonality argument, and we remark that it only requires

orthogonality of the projections QF g. It is very useful.
Lemma (2.3.9)[103]: There holds

B (f,9) = By ™ (£, )| S H I £ gl g I,
where B;bove (f,9):= z B¥v (PZf, Q¥ 9).

FEF
Proof. We apply functional energy. Observe that f = Yz P f, and

Z Ay g = z F &
J:Jel, FEF
From the definition of Ba%°¥¢ (£, g), we can assume that g equals the sum above. Therefore,

Bbove (£, g) = z z B®ve (P2, f,Q¥ g).

F'eF FeF
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In the sum above, we can also add the restriction that F' nF + @, for otherwise
Baove (pZ £,0¥ g) = 0. For a pair of intervals | € I;, note that this implies that | € mI,
that is mx] < mx1. Therefore, we can add the restriction F c F'. The case of F' = F is the

definition of B2"™* (f, g), so that it suffices to estimate

Bove (P2 £,QF g). (100)
F,F eF
F'2F
Observe that the functions gr: = Qf g are F adapted in the sense of Definition (2.3.15), and
by construction F satisfies the Carleson measure condition (97). We take these steps to apply
functional energy inequality. The argument of the Hilbert transform is Ig, the child of | that
contains F. Write I = F + (Ir — F), and use linearity of H;. Note that by the standard
martingale difference identity and the construction of stopping data,

z ESASF| < ap(F), F € F.

I:IzF
Hence, invoking interval testing,

> > BT (HoF.geh

FeF L:IRF

< 2 a¢(F)|(H,F, g

FeF

SHY al®o(F)l g,

FeF

Quasi-orthogonality bounds this last expression.
For the second expression, when the argument of the Hilbert transform is Iz — F, first note
that

Z EZ A7 (Ip — F)| < &: = z a(F) -F', FEF.

L:I=F F'eF

Therefore, by the definition of F-adapted, the monotonicity property (104) applies, and
yields

X
D ELATf(HoUr = F)gh| s > P@o))(7m)ds) FEF.
[:IZF JEJ*(F) w

Here, J*( F) are the maximal good intervals | € F, and gg: = Yjey(m)er|80)I - h}”, so that
every term has a positive inner product with x. The sum over F € F of this last expression
is controlled by functional energy, and the property that || @ I|,<Il f 1. This completes the
bound for (100).

Theorem (2.3.10)[103]: [Global to Local Reduction] There holds

B (f, )| S (3 + LY £ ol g -
The same inequality holds for the dual form B2°Y (f, g).

Proof. By Lemma (239), it remains to control B 3°°(f,g). Keeping the
quasiorthogonality argument in mind, we see that appropriate control on the individual
summands is enough to control it. For each F € F, let Si be the F-children of F. Observe
that the function
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(Cag(F)) PO f (101)
is uniform on F w.r.t. S, for appropriate absolute constant C. Moreover, the function Q7 g
does not have any interval J in its Haar support strongly contained in an interval S € Sg.
That is, it is weakly adapted to the function in (101). Therefore, by assumption,

B (PZF, Q¥ 9)| < L{ar (F)a(F)Y2 + IPZFII JIQ¥ g1l
The sum over F € F of the right hand side is bounded by the quasi-orthogonality argument
of (99).

Our Theorem is particular to the Hilbert transform, and so depends upon special
properties of it. They largely extend from the fact that the derivative of —1/y is positive.
The following Monotonicity Property for the Hilbert transform was observed in [112], and
Is basic to the analysis of the functional energy inequality.

Lemma (2.3.11)[103]: Let I and J be two intervals which share an endpoint a, at which
neither o nor w have a point mass. Then,

1
Sup0<a<ﬁ |<Ha,BJI:]>W| = cﬂév O-(I)W( D (102)
Proof. If |I| = |]J|, this inequality is the weak boundedness principle of [111]. So, let us
assume that 10|I| < [J|. Then, it remains to bound

N I DI\ nl
|<H“'ﬁal’(]\101)>w| < Z a( )W(]ﬂ(rfllil-F )I'\ nl))

n=11

< |I|(1/)2 P(w, DY2w(NY2 5 A% JoMw(]).

This depends upon obvious kernel bounds, and an application of Cauchy-Schwarz to derive
the Poisson term above.

Lemma (2.3.12)[103]: (Monotonicity Property). Let K 2 | be two intervals, and assume
that o does not have point masses at the end point of 1. Then, for any function g € L2(1, w),
with w-integral zero, and § > 2| K|,

P(o-(K—10),D <|le g> S liminfyo (He g (a(K— D), g)w. (103)

Here, g = ¥;18(J")Ihy" is a Haar multiplier applied to g. If ] is a good interval, ] € I, then,
for function g € L?( J,w), with w-integral zero, and signed measures v and u supported on
K — I, with |v| < g, it holds that

swocacy |(Hepv.g),| S PG D(rg) - (0w

Proof. By linearity, it suffices to prove (103) in the case of g = h)". The pomt Is to separate
the supports of the functions involved. Since | does not have a point mass at the end point
of I, we have a(AI \ 1) | 0 as A | 1. It follows that we can fix a A > 1 sufficiently small so
that P(c(K—1),I) = P(a(K — AI),I), and one more condition that we will come back to.

Then, for0 < a < %(/1 — 1)|I], we estimate as below, where x; is the center of I,

(Hap =007}, = | | (Kap(y =30 = Kap@ —x)lhi GOWC d)o(dy)
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X] hW d d
fK mfl (y—X)(y— ) Gow( dxjo(dy)

> P(a(K—1D), 1)< . hW>W.

We have subtracted the term, since hy” has integral zero, then applied (94) with C, , sy =1
as follows from our choices of a and 8. Then, note that (x — x;)hY = 0, so that we can pull
out the Poisson term. The last line follows by our selection of A sufficiently close to 1. Then,
the last condition needed, is to select A sufficiently close to one that, in view of (102),

sup |(Ha, g I\ D, 1Y) | s Ay%/o@IND < cP(a(K —1),1) < I_IIXI hW> .
a,ﬁ w
In the last line, ¢ > 0 is an absolute constant. This completes the proof of (103).
Turn to (104). The estimate (94) applies.

I (Ha,ﬁv,g)w I = fK_I j; {Kap(y —x) —Kop(y — x])}h}"’(x)w(dx)v(dy)‘

_ j j Coxoy (x—x) hY (0w (dx)v(dy)
K—1 Y] ] (y—x)(y—x])

But recall that 0 < C,,, , < 4, and equals one for a sufficiently small. Moreover, y — x

and y — x; have the same sign, and (x — x])h}”(x) > 0. So an upper bound is obtained by
passing from v to u.

ol [ | e
~P(u.l)<”| >

The concept of energy is fundamental to the subject For intervall define
(x — x’)2
E(w, [)2: = EV@O gY@ z < hW> 105
(D% 7w e, (09

Now, consider the energy constant, the smallest constant, the smallest constant € such that
this condition holds, as presented or in its dual formulation. For all dyadic intervals I, all
partitions P of I, into dyadic intervals, it holds that

z P(aly, D2E(w, D2w(I) < £20(1,). (106)

IeP

This was shown in [111]

Proposition (2.3.13)[103]: For a finite constant C,, €2 < Co{c/l

We will always estimate £ by #. The proof is recalled here.

Proof. It suffices to consider the case of finite partitions P of I. We first prove a version of
the energy inequality with 'holes' in the argument of the Poisson. It follows from (103) that
we can fix 0 < a < [ such that

P(o(lo = D, D2Ew, D?w(D) S [Hap (0o = DIl 2,0 1 € -
Then, using linearity and interval testing, we have

1/2 +:r} = Co 2.
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2 2
Z ”Ha,ﬂ(o- ) IO)”LZ(I,o—) = ”Ha,B(U ’ IO)”LZ(I,O') S }[20-(10);

Iep

and Z IHep(o DI, = 7 Z o(1) S H20(1y).

IeP IeP
Then, by the 4, bound, we have P(o - I,1)?E(w,)*w(I) < o(I), which we can sum over
the partition. This completes the proof.
One should keep in mind that the concept of energy is related to the tails of the Hilbert
transform. The energy inequality, and its multi-scale extension to the functional energy
inequality, show that the control of the tails is very subtle in this problem.
We also need the following elementary Poisson estimate from [130]; used occasionally in
this argument, it is crucial to the proof of Lemma (2.3.5).
Lemma (2.3.14)[103]: Suppose that ] € I c I, and that J is good. Then

JI2¢71P(c(Iy — D), ]) < 11267 P(a (I, — D, ). (107)
Proof. We have dist(J,1, — I) = [J|¢|1|*"¢, so that for any x € I, — I, we have
e

~

(1| + dist(x, 1))*

I o
o—1 (/] + dist(x, ]))?

(U] + dist(x, ]))?

Integrating this last expression, it follows that

JREP(o - (o — D)) = Jj2e! j
1

1
< |712€
=1 f W1+ distGe Ny
And this proves the inequality.

We state an important multi-scale extension of the energy inequality (106).
Definition (2.3.15)[103]: Let F be a collection of dyadic intervals. A collection of (good)
functions {gr}rer in L?(w) is said to be F-adapted if for all F € F, the Haar support of the
function g is contained in {J: 7] = F}.

Definition (2.3.16)[103]: Let F be the smallest constant in the inequality below, or its dual
form. The inequality holds for all non-negative h € L?(o), all a-Carleson collections F, and

all F-adapted collections {gr}per :
1/2
X . 2 /
<—* » 9] > <Flhlg E lgell, | -
| J*] w

> > Pta])
FeF

FEF J*€J*( F)
Here J* (F) consists of the maximal good intervals /| € F. Note that the estimate is universal
in h and F, separately.
This constant was identified in [112], and is herein shown to be necessary from the A, and
interval testing inequalities. Recall the definition of # in (93).
Theorem (2.3.17)[103]: Assume that F satisfies (97), then, F < H.
The first step in the proof is the domination of the constant F by the best constant in a certain
two weight inequality for the Poisson operator, with the weights being determined by w and
o in a particular way. This is the decisive step, since there is a two weight inequality for the
Poisson operator proved by It reduces the full norm inequality to simpler testing conditions,
which are in turn controlled by the A, and Hilbert transform testing conditions.

Consider the weight
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2
“ S 11)-
w

X
w=2, 2. |y
FeF JeJ*(F)
Here, Pe/j:= Y. 1c; Ttp] = F]‘ﬁ’. We can replace x by x — ¢ for any choice of ¢ we wish;
the projection is unchanged. And 6, denotes a Dirac unit mass at a point g in the upper half
plane R2. We prove the two-weight inequality for the Poisson integral:
|| [P)(hO') ||L2(Ri’#)s H || h ”0';

for all nonnegative h. Above, IP(-) denotes the Poisson extension operator to the upper half-
plane, so that in particular

2w X |
| P(ho) 122 gz = z z PCho) Co 1) [Ré |
FEF JeJ*(F) w
where x; is the center of the interval /. The proof of Theorem (2.3.17) follows by duality.
Phrasing things in this way brings a significant advantage: The characterization of the
twoweight inequality for the Poisson operator, [128], reduces the full norm inequality above
to these testing inequalities. For any dyadic interval I € D

f P(o - D% du(x, t) S H?a(l), (108)
R

J P*(tiu)?o(dx) S A, J t2du(x,t), (109)
R i
where I = I x [0, |I|] is the box over I in the upper half-plane, and P* is the dual Poisson

operator

. t?
P (tlu) = fl P ylz,u(dy, dt).

One should keep in mind that the intervals | are restricted to be in our fixed dyadic grid, a
reduction allowed as the integrations on the left in (108) and (109) are done over the entire
space, either R2 or R. (Goodness of the intervals | above is not needed.) This reduction is
critical to the analysis below.

We concerned with a part of inequality (108): Restrict the integral on the left to the
set [ ¢ R3.

JAP(O' -D2du(x,t) S H?o(l).

I
Since (x;,1J]) € [ ifand only if J < I, we have

P | , Zd , = P | , 2
[Pe-D@orao =3 > PEDlx0)

FEF JeJ*( F):Jcl
x || x—El'x
il <))
T, =4 [ 1
Let F, be the maximal F € F which are strictly contained in I, and let J* be those dyadic J

such that (x], |]|) is in the support of u, but has no parent in F,. These intervals are
necessarily disjoint. Observe that by (110) and the energy inequality,

> PR (1) (. D) ST € J*P(o - EDEw, DPw(]) S HZo(F). (111)
Jeg*
We claim that

F
T

For each J,
2

dw(x) = 2E(w, )2w(]) < 2w(]). (110)
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Z f P(a(1\ F))(x )2 du(x t) < Ha(D). (112)
F

FEF,
This is sufficient, since

j P(o - D(x,t)? du(x,t) < LHS(111) + LHS(112) + Z J P(o - F)(x,t)? du(x,t)
I FEF,

< H20(1) + + z f P(o - F)(x, )% du(x, b).
FEF,
The individual terms in the last sum are set up for a recursive application of this inequality.
Due to the Carleson condition (97), this recursion will finish the proof.
It remains to prove (112), which is another instance of the energy inequality. For an interval
Fy € Fy, and F € F strictly contained in Fy, each interval J € J*(F) is contained in some
Jo € J*(Fp). Then, the intervals F € F are not good, but J and J, are good, hence

/] || X ||
P(a( \ F))(x, U ulx, J]) = pw
(@D U uo 1) = ] o s ot
- 12

|| ————| Il
- 2 FJ
| /I\F, |]|2+|x—x]| ] W

< f /ol : i
1\Fy [Jol? + |x — xjol " 7 Vol
This follows from goodness: For x € I \ F,
2 2 2 —
JI1? + |x —x]| > |x —x]| > |x —x]0| > |Jo|€|Fol1€.
But then, we can add the projections P;’;, due to orthogonality, and use (110) again to see
that

P(a(1\ Fo)) (x5, 1D (x5, 1))

FEF  JeJ*(F)
FcFo J<Jo
2 * i
< [P(a-l)(xlo,”o') Z Z HPFWIH |
FEF  JeJ*( F) ow
FcFo J<Jo

< P(o - D (x5, 1 Tol) EW, 10)2w(Jo).
The sum over F, € Fy, and J, € J*(F,) is controlled by the energy inequality. This
completes the proof of (112).
Now we turn to proving the following estimate for the global part of the first testing
condition (108):

f P(o-1)? du s Ayo(D).
R% -1

Decompose the integral on the left into four terms: With F; the unique F € F with J €
J*(F), and using (110),
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fRz_i Po-D?du= > POy N) [Py

Ji(xp.).1)ERE -1

Yo Y > Y RE D ) W)

J:In31 =@ J:Je31-1 J:nl =0 J:J=1
JI=I1] I1>[1]

=A+B+C+D.
Decompose term A accordmg to the length of J and its distance from I, to obtain:

4 Zz]f Z (dst(jlll)za(l)) wi)

=0 k= Jc3k+1y_3kp

o i 2o (Dw(3*+] - 31)

2-
|3k11%

a(D)

U
M8

o

k

S
=

8l
81

22n

k+1 k+1
372k {0(3 |;)k‘/;/|(23 I)} a(l) S A,o(]).

Decompose term B accordlng to the length of J and then use the Poisson inequality (107),
available to use because of goodness of intervals J. We then obtain

M

?T
}_\

B SZ ). e AR

1112
n=0 J:JC3I-I
[J1=2="|

oc(3NHw(3I)
n(2—4e) _ """/ <
Z 2- S0 S Ao (l).
Forterm C,forn = 1,2,. set J,, to be those good dyadic intervals J with [J| > [I|,J N1 =
@, and

(n— DI < dist(,]) < nlJ|.
These intervals have bounded overlaps. Indeed, suppose that J; & --- & J,. are all members
for J,. Then, by goodness,

dist(J,,1) =dist(J,,1) = (n—1)2"|J;| + dist(J;,9J,-1

> {(n—1)2" + 279} .
which is a contradiction to membership in J,,. Restricting the sum to intervals in J,,, there
holds

z P(o-D(x, 1)w(]) S a(D)? %
IEJH ]EJI'I
- a(1)? w(]) - |1
1] & n*| J|2
_o a(D) ()
S— T Pw,D) S A, —".

And this is summable inn € N.
In the last term D, all the intervals J contain I. Note that
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Z P(o-D(x, 1) w(]) S a(l)? Z w(])
J:]21

& 1J1°
o) w1
sa(D)-
T £ 1P
S o(D) '@P(W, D < A,o(D).

|1
We are considering (109). Note that there is a power of t on both sides, and that the
expressions on the two sides of this inequality are

| euaxdn =" 3" leal
4 FEF JEJ (F)
jcI

2
IRl

IP’*(tT,u) (x) = z >
= 17 12 + |x - X]|

jci
We are to dominate ||IP* (tipn) IIi by the first expression above. The squared norm will be the
sum over integers s of T, below, in which the relative lengths of J and J’ are fixed by s.
Suppressing the requirement that /, /' < I,

2 w12
T Z ||PF“jx||W ||PF,J,x||W ;
P = . -
S > 5
FEF JeJ*(F) F'eF J'eg*(F) | ”2 + |x - X}l BHEE: |x — x]r|
I|=2=51|
2
<M ) ) e
FEF J€J*(F)
= 1 w(J") - |]'|?
where Mg = SUpperSUp ey (r) - ;— :
F'eF J'eg*(F) /] +|x—x]| |] | +|X—X]r|

1'|=27s1)1
The estimate (110) has been used in the definition of M. We claim the term Mg is at most a
constant times 4,273, and it is here that the full Poisson A, condition is used.
Fix J, and let n € N be the integer chosen so that (n — 1)|J| < dist(J,J") < n|J|. Estimate
the integral in the definition of My by

w(J") J'l? V'l

f * dO- S clq,zz_zs.
LT 2+ =5 2+ |x— x|
This estimate is adequate for n = 0,1,2. Then estimate the sum over /' as follows.
2728 5 278,

F'eF 1'eq*(F')|i'|=275] ]|
(n-1)[J|=dist(],)")=n]]|
because the relative lengths of J and J are fixed, and each /' is in at most one J*(F).

For the case of n > 3, restrict /' to be to the right of J, and let t, = 222 so that

|%) = tal, |x; — ta| = n|J|. First, estimate the integral in the definition of M on the interval
[£5, ).
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w() (2 ' I

: A
’ 2 2 ~ g2 2
T e g =+ - n
Then estimate the sum over ]’ as follows.
2—2 S 2—S
< —
nZ = n2
F'eF J'ege(F )| =275
(n-1)|J|=dist(])")=n]J|
This is clearly summable in n > 4.
Now, estimate on the integral on the interval (—oo,t,),
w(") [ . ]
! 2 2
VT oo 12 4 = |7 112 4+ [ = )
e WUD [ o e
- 2 2
U oo 12+ e = x| 712 + | = xp
w(/’)
S 2723 ——=P(o,)).
| A
Drop the term with the geometric decay in s, and sum over n and J' to see that
N w(J")

n=4 F'eF J'eg¢(F )| |=275]]

(n-1)J|=dis(1.)")=nl]|
Here, we have appealed to the full Poisson A, condition. This completes the control of the
dual Poisson testing condition.
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Chapter 3
Toeplitz Lemma and Regular Operator Mappings

We show that the mean convergence versions of the Toeplitz lemma, Cesaro mean
convergence theorem, and the Kronecker lemma are presented and a general mean
convergence theorem for a normed sum of independent random variables is established.
Some additional problems are posed. We propose different types of updating conditions that
seems natural in many applications and prove that each of these conditions, together with a
few other natural axioms, uniquely defines the geometric mean for any number of operator
variables. The means defined in this way are given by explicit formulas and are
computationally tractable. We introduce two classes of complete moment convergence,
which are stronger versions of mean convergence and consider the Toeplitz lemma, the
Cesaro mean convergence theorem, and the Kronecker lemma under these two classes of
complete moment convergence.

Section (3.1): Convergence in Probability and Mean Convergence

The Toeplitz lemma is a result in mathematical analysis which is a useful tool for
proving a wide variety of probability limit theorems. It is stated as follows and its proof may
be found in [138].

Theorem (3.1.1)[131]: (Toeplitz Lemma). Let {a, s, 1 < k < k,,n = 1} be a double array

of real numbers such that lim,,_,.,a,; = 0 for all k > 1 and suanIZ';’;llankl < oo, Let
{x,,n = 1} be a sequence of real numbers.

(i) If lim,,_, o, x,, = 0, then limnﬁwzlézlankxk = 0.
(ii) 1 lim,,_, oo x,, = x finite and limy,_, oo XA, e = 1, then limy, o, Y™ dpedye = .

The Toeplitz lemma contains, as corollaries, the following well-known and important
results.

Corollary (3.1.2)[131]: (Cesarro Mean Convergence Theorem). Let {x,,n > 1} be a
sequence of real numbers and let ik, = Yp_;x,/n,n = 1. If lim,_,x, = x finite, then
lim,,_ X, = x.

Corollary (3.1.3)[131]: (Kronecker Lemma). Let {x,,,n = 1} and {b,,, n = 1} be sequences
of real numbers with 0 < b,, T oo. If the series Y}, xi /by, converges, then lim,,_, o Y. ji=1 Xk /
b,, = 0.

The proof of the Cesaro mean convergence theorem follows immediately from the Toeplitz
lemma (ii) by takingk, =n,n>1anda,,, =n"L,1<k<nn=>1.

See [138] for a proof of the Kronecker lemma, which also follows from the Toeplitz
lemma (ii).

It is clear that the Toeplitz lemma and its corollaries are are valid when the numerical
sequence {x,,n = 1} and real number x are replaced, respectively, by a sequence of random
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variables {X,,n > 1} and random variable X provided the convergence statements
involving the random variables are couched in terms of almost sure (a.s.) convergence.

It is natural to inquire as to whether or not the Toeplitz lemma and its corollaries hold when
the mode of convergence is changed from a.s. convergence to convergence in probability or
to mean convergence of some order. We demonstrate by three examples that both corollaries
of the Toeplitz lemma fail when a.s convergence is replaced by convergence in probability,
and that a variety of possible limiting behaviors can prevail. We present several "mean
convergence™ versions of the Toeplitz lemma, Cesaro mean convergence theorem, and the
Kronecker lemma. A general mean convergence theorem for a normed sum of independent
random variables is established .

Dugué [136] investigated the "convergence in probability”" problem for the sequence
of Cesaro means {X,, = Y%_, X, n = 1} where {X,,,n > 1} is a sequence of independent

. e P 1. P
random variables and proved that if X,, — ¢ for some constant c, then ;mmlsksnXk -0

P . .
and %maxlskSnXk — 0. Then, for a sequence of independent random variables {X,,,n > 1}
where X,, has distribution function

E,(x) = (1 — )I(O,oo)(x),x ERn=>1,

X+n

P P _ P .
Dugué showed X,, — O,%maxlsksnXk — 0, and, consequently, X,, = 0. However, for his
example, Dugué did not actually characterize the weak limiting behavior of X,, We present

. . ) P _ P
sequences of independent random variables {X,,,n = 1} wherein X,, - 0 and X,, - 0 and
we characterize the weak limiting behavior of X,,.

. P
We present three counterexamples. In the first example, X, — 0 yet the
corresponding sequence of Cesaro means X,, has a nondegenerate limiting distribution. The
following two lemmas are used in the verification of Example (3.1.6).

Lemma (3.1.4)[131]: For x > —1,—— < log(1 + x) < x.

Proof. This is well known; see [133].
Lemma (3.1.5)[131]: Forall t € R,

. |ekt/n _ 1|
lim max —— = 0. (D)
n-oolsksn
Proof.Fort > 0and 2 <m <n,
|ekt/n _ 1|
0 < max
1<ksn k
|ekt/n _ 1| |ekt/n _ 1|
< max ——— 4+ max —mm8
1gksm—1 k m<k<n k

m-oo

<eMm-Dtm _ 1 4ot /m "5 et im "7 0

123



A similar argument works for t < 0 with the right-hand side of the last inequality replaced
by 1 — e(™=Dt/" 4 ,m=1 and so (1) holds for all t € R.

Example (3.1.6)[131]: Let {X,,, n = 1} be a sequence of independent random variables with
PX,=0)=1—-n"1and P(X, =n) =n"1,n>1. Itis clear that X, £ 0. set X, =
Yr=1Xi/n,n = 1.For k > 1, the moment generating function of X, is

kt

ka(t):1+ k ,tER
and so the cumulant generating function of X,, is
n kt
en —1
zcn(t)=210g 1+ ,tERNn>1.
k=1

Lett € Randn > 1. By Lemma (3.1.4),

n

X
k=1 k=1 0

tk
n—1 n—>oo Letx _ 1

dx,

where we have used the fact that the upper bound for k,,(t) is a Riemann sum. Hence,

1 etx -1
limsupk, (t) < j dx.
o X

(2)
n—-oo
Again lett € Rand fix 0 < € < 1. For all large n,
i n tk/n 11
oS =Dk kfn_n_ 1 15 e™m-1
Kn = kt/n _ = kt/n— 1 Z ’
k=11+(e 1)/k ~ 1 .€ 4 1+E?’lk=1 k/n
where + is taken to be + when t > 0 and — when t < 0. Thus,
1 (let*-1
>
11m 1nfrcn(t) ZT¥e j . dx,
and since 0 < € < 1 is arbitrary, we have
1 etx -1
lim infx,, (t) Zf dx. (3)
n—-oo

0
Combining (2) and (3) gives

1ptx _

1
lim x,,(t) = j dx,t € R.
n—oo

0
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Thus the sequence of moment generating functions {m)zn('),n > 1} corresponding to
{X,,n > 1} satisfies

1 etx -1
lim mg (t) = lim efn(® = exp (f ), t € R.
n—-oo n—-oo 0 X

Then by the continuity theorem for moment generating functions [135], the function

1etx_1
m(t)=exp<f dx),te]R
0 X

is the moment generating function of a random variable and the sequence of Cesarro means
Xy has a limiting distribution with moment generating function m(-). It is clear that the
limiting distribution of X,, is nondegenerate.

P
In the next example, X,, —» 0 yet the corresponding sequence of Cesarro means X,
approaches oo in probability.
Example (3.1.7)[131]: Leta« > 1 and let {X,,,n = 1} be a sequence of independent random

: : : P
variableswith P(X,, = 0) =1 —n"tand P(X,, = n?) =n~1,n > 1.Itisclearthat X,, - 0.
Set X, = Y%_, X, /n,n = 1. Let M > 1 be arbitrary. Let k,, be the smallest integer greater
than or equal to (Mn)'/#,n > 1. Then, for all large n,

n

P(X,, = M) :P< XzMn)ZP [X, = k%]
kzzl k U k

k=K,
n n

k-1

=1-P ﬂ (X, # k] =1—1_[T
k=ky, k=k,

k,—1 Mnl/“ —00
. O LR i

_ P . . .
Thus, X,, = oo since M > 1 is arbitrary.

The next example demonstrates that a convergence in probability version of the
Kronecker lemma also fails; we note, however, that for the Kronecker lemma to fail we must
have dependence among the X, since otherwise convergence in probability of >7_, X /by
to a random variable implies convergence a.s. (see, e.g., [134]), in which case the
traditional Kronecker lemma yields Y3, X /b, = 0 a.s. and hence in probability.

Example (3.1.8)[131]: Let {Y,,,n = 1} be a sequence of independent random variables with
P(Y, =0)=1-——and P(Y, = 16"1) = ——,n > 1. For n > 1 define X,,,_; = ¥,
and X,,, = —2Y,,. Then

X2n—1 X2n
22n-1 + 22n =0,n=1
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andsoforn > 1
- X X
k n .
Z F= Z—nl(’l’lls Odd)
k=1
) .o P P
Then, since it is clear that X,, — 0, we have that >'}!_, % — 0 as well.

P .
To show that ¥7_, X; /2™ < 0, we show that the convergence fails along a subsequence,
namely, that

X, P
Zk=1 7k ). (4)

24n
Note that for all odd positive integers k,
X + Xw1 = X — 22X, = =Xy,
and consequently forall n > 1,

2n n
Yo Xk = k=1 Xok—1
22n - 22n

Thus, (4) will hold if we can show that

2n
Yy Xog—1 P
F— H

= 0. (5)

To this end,

|Zi7:l1 XZk—ll
P55

( 2n

ZP([_TJ [X2k—1¢0]>=1— ﬁ P(Xzk-1 = 0)

k=n+1 k=n+1

111 (-3)21-(-3)

k=n+1
>1—e V4>,

> 1) > P Xopq = 16">

n

proving (5).

We present "mean convergence" versions of the Toeplitz lemma (Theorem (3.1.9)),
the Cesaro mean convergence theorem (Corollary (3.1.10)), and the Kronecker lemma
(Theorems (3.1.11) and (3.1.13)). In Theorems (3.1.9)—(3.1.13) and Corollary (3.1.10), no
independence conditions are imposed on the random variables {X,,,n = 1}.
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Forp = 1, the space £,, of the absolute pth power integrable random variables is a Banach
space with norm || X II,= (E|X|P)VP, X € L,. Now the proof of the Toeplitz lemma in

[138] carries over to a Banach space setting, We, thus, immediately obtain the following
"mean convergence" version of the Toeplitz lemma.

Theorem (3.1.9)[131]: Let {a,, 1 < k < k,,,n = 1} be a double array of real numbers
such that lim,,_,, a,, = 0 for all Kk > 1 and Supn21zz’;1 |ap| < oo. Let {X,,n>1}bea
sequence of £,,, random variables for some p > 1.

) Lp K Lp
(l) If Xn — 0, then Zkilanka — 0.

Ly
(i) If there exists a random variable X such that X,, — X and limn_,oozﬁ’;lank =1, then
Ly
X — X.
Lettingk, =n,n=>1anda,, =n"1,1 <k < k,,n = 1inTheorem (3.1.9) (ii) yields the
following "mean convergence" version of the Cesaro mean convergence theorem.

Corollary (3.1.10)[131]: Let {X,,,n = 1} be a sequence of £,, random variables where p >
L

_ . . 14
1 and let X,, = Y1 Xix/n,n = 1. If there exists a random variable X such that X,, — X,
L

— p
then X,, — X.

By employing the Banach space version of the traditional Kronecker lemma (see, e.g.,
[141]), the following "mean convergence" version of the Kronecker lemma is immediate.

Theorem (3.1.11)[131]: Let {X,,,n = 1} be a sequence of £, random variables for some

p = 1and let {b,,n = 1} be a sequence of real numbers with 0 < b,, T oo. If there exists a
random variable S such that
n

(6)

@|><

then

n_ X L
Sk=1 Tk 7)
by

Remark (3.1.12)[131]: For a sequence of independent mean 0 random variables
{X,,n =1} and a sequence of real numbers {b,,,n = 1} with 0 < b,, T oo, a sufficient
condition for the existence of a random variable S satisfying (6) with p € [1,2] is that

= EIX,|P
Z ';}' <. 8)
bn

n=1
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This follows readily from [132] and the Cauchy convergence criterion (see, e.g., [134]).
However, for p > 2, a necessary and sufficient condition for the existence of a random
variable S satisfying (6) is that

Z E|X |P EXZ

n=1

This follows readily from [140] and the Cauchy convergence criterion.

It is easy to construct an example showing that when p € [1,2), the condition (8) is not
necessary for the existence of a random variable S satisfying (6); that is, (6) can hold when
(8) fails.

We now establish a version of Theorem (3.1.11) for a sequence of nonnegative random
variables {X,,n = 1}. In view of Theorem (3.1.11), Theorem (3.1.13) is of interest only
when 0 <p < 1.

Theorem (3.1.13)[131]: Let {X,,,n > 1} be a sequence of nonnegative L,, random variables
for some 0 < p < oo and let {b,,,n = 1} be a sequence with 0 < b,, T co. If there exists a
random variable S such that (6) holds, then (7) holds as well.

Proof. The £, convergence in (6) implies convergence in probability which, in turn, implies
a.s. convergence since Y., X /by is nondecreasing. Then by the traditional Kronecker

lemma, }2_1 Xx /b, — 0 a.s. On the other hand, £,, convergence of Y, e |mpI|es that

the sequence {|Xr-1Xk/bx|P,n = 1} is uniformly integrable by the mean convergence
criterion (see, e. g.,[134]). By nonnegativity,

n
o< Tk X _ N X
bn k=1 bk
and so the sequence {|X.7-1 Xk /b, |7, n = 1} is uniformly integrable as well. Combining this

with ¥7_, Xi. /b, — 0 a.s. and employing the mean convergence criterion gives (7).

We close by establishing in Theorem (3.1.17) a general mean convergence theorem
for a normed sum of independent random variables. Its proof uses three results which will
now be stated.

The following result is the famous de La Vallée Poussin criterion for uniform integrability;
a proof of it may be found in [139].

Proposition (3.1.14)[131]: A sequence of random variables {U,,,n = 1} is uniformly
integrable if and only if there exists a nondecreasing convex function G defined on [0, o)
with

G(0) =0, lim @ = o0, and supE(G(lU I)) < o, (9)

u-co U nz1
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The next result is a so-called "contraction principle" and is due to [137].

Proposition (3.1.15)[131]: Let ¢ be a nonnegative nondecreasing convex function defined
on[0,00),letn > 1, let{4,,...,4,} € R,and letY;, ..., Y;, be independent symmetric random

variables. Then
n
( > v
k:

The next result is referred to as a "symmetrization moment inequality" and its proof may be
found in [138].

n

>

k=1

1<k<n

Yk> <E| o[ max |A;]

Proposition (3.1.16)[131]: Let U* be a symmetrized version of a random variable U and let
m be any median of U. Then for all p > 0,

E|U —m|P < 2E|U*|P.

Theorem (3.1.17)[131]: Let {X,,,n = 1} be a sequence of independent L,, random variables

forsome p > 1 and let {b,,n = 1} and {B,,, n = 1} be sequences of real numbers with 0 <
B,, T oo. Suppose that the sequence

{|Zﬁ:1 % g N> 1} is uniformly integrable. (10)
k
(i) If b,, = 0(B,,) and
ZZ=1 Xy P
B—n - 0, (11)
then
X, Y
k 1 k
B, (12)

1 n = 0(B,) and m,, = o(B,,) where m,, 1S any median o —1Xp,n =1, then
(i) If b (B,) and (B,) wh ' dian of ¥, h

n
k=1 Xk "
—————————————— _)

o (13)

Proof. Let {X;,n > 1} be an independent copy of {X,,, n = 1} and consider the sequence of
symmetrized random variables {X;, = X,, — X;,n = 1}. Now (10) holds with X, replaced
by X,k = 1 and since

n

> s

k=1

n p
s
= bk

k=1

the sequence
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14
{|2’,}:1 ﬂ ,n = 1} is uniformly integrable. (14)

k
By (14) and Proposition (3.1.14), there exists a nondecreasing convex function G defined
on [0, oo) satisfying (9) with U, = |X%_, X;/bk|P,n = 1. Set b}, = max;<p<p |bl,n = 1.
Now the function ¢(u) = G(uP),u = 0 is a nonnegative nondecreasing convex function
and so by Proposition (3.1.15)

p
= supk <p<

n
*
£ by, n=1

supE| G

nz1

< supk
nz1

(
= ("’(
(

= supk

nz1

recalling (9). Then since G(0) = 0 and lim,,_, % = oo, again by applying Proposition

(3.1.14) with the same function G we get that the sequence

{

We first prove part (7). It follows from b,, = 0(B,,) and B,, T o that b;, = 0(B,,) and so by
(15) the sequence

n 1D
Yk=1Xk

n

,n = 1} is uniformly integrable. (15)

o1 X - _
{|B—| ,n = 1} is uniformly integrable. (16)

Now (11) also holds with X, replaced by X, k = 1 and so

1 Xz r X n_i Xp P
k=1 Tk _ &k=1 Tk _4k=1 Tk P o (17)
B, B, B,
Then by (16), (17), and the mean convergence criterion,
n_Xp Ly
k=1 “k
k5 18
B, (18)

Let m,, be any median of Y, X), n = 1. It follows from (11) that

m, = o(B,). (19)
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Then, by Proposition (3.1.16), (18), and (19),

E o1 X" < op-1 E|Yk=1 X —myl? N |m,, |P
By, B} BY
2E|1X7_1 Xq|P p
< op-1 |Zk_; k| n |m7;|
B, B,
-0

proving (12) thereby completing the proof of part (7).

Next, we prove part (ii). It follows from b, = o(B,) and B, T oo that b;, = o(B,).
Then,

n_ X*p b*p n_ X*p
k=1 “k n k=1 “k

El——| = =0(1)0(1) =o0(1
| = (Do) = o(D)

recalling (15). Since m,, = o(B,,) by hypothesis, the conclusion (13) follows by the same
argument used to complete the proof of part (7).

Section (3.2): Multivariate Geometric Means

The geometric mean of two positive definite operators was introduced by Pusz and
Woronowicz [19], and their definition was soon put into the context of the axiomatic
approach to operator means developed by Kubo and Ando [149]. Subsequently a number
of authors [148], [2], [17], [5], [151], [150] have suggested several ways of defining means
of operators for several variables as extensions of the geometric mean of two operators.

There is no satisfactory definition of a geometric mean of several operator variables
that is both computationally tractable and satisfies a number of natural conditions put
forward by Ando, Li, and Mathias [2]. We put the emphasis on methods to extend a
geometric mean of k variables to a mean of k + 1 variables, and in the process we challenge
one of the requirements to a geometric mean put forward by Ando, Li, and Mathias.
The symmetry condition of a geometric mean is mathematically very appealing, but the
condition makes no sense in a number of applications. If for example positive definite
matrices A,, A,, ..., A, correspond to measurements made at times t; < t, < --- < t;, then
there is no way of permuting the matrices since time only goes forward. It makes more sense
to impose an updating condition

k
Gk+1(A1, ...,Ak, 1) - Gk(Ali""Ak)m (20)
when moving from a mean G, of k variables to a mean G,,, of k + 1 variables. The
condition corresponds to taking the geometric mean of k copies of G, (44, ..., A;) and one
copy of the unit matrix. A variant condition would be to impose the equality

k/(k k/(k
Grrr(Ay, s A1) = Gy (AY/EHD, L, /0D 21)

when updating from k to k + 1 variables. It is an easy exercise to realise that if we set
G, (A) = A, then either of the conditions (20) or (21) together with homogeneity uniquely
defines the geometric mean of kK commuting operators.
We furthermore prove that by setting G, (4) = A and by demanding homogeneity and
a few more natural conditions, then either of the updating conditions (20) or (21) leads to
unique but different solutions to the problem of defining a geometric mean of k operators.
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The means defined in this way are given by explicit formulas, and they are computationally
tractable. They are given by explicit formulas, and they are computationally tractable. They
means discussed in [2] with the notable exception of symmetry. If one emphasises either of
the updating conditions (20) or (21) we are thus forced to abandon symmetry.

Efficient averaging techniques of positive definite matrices are important in many practical
applications; for example in radar imaging, medical imaging, and the analysis of financial
data.

Let B(H) denote the set of bounded linear operators on a Hilbert space 7. A function
F:D — B(H) defined in a convex domain D of self-adjoint operators in B(H) is called a
spectral function, if it can be written on the form F(x) = f(x) for some function f defined
in a real interval I, where f(x) is obtained by applying the functional calculus.

The definition contains some hidden assumptions. The domain D should be invariant under
unitary transformations and
F(u'xu) =u'F(x)ux €D (22)

for every unitary transformation u on . Furthermore, to pairs of mutually orthogonal
projections p and g acting on H, the element pxp + gxq should be in D and the equality

F(pxp + qxq) = pF(pxp)p + qF (qxq)q (23)
should hold for any x € B(H) such that pxp and gxq are in D. An operator function is a
spectral function if and only if (22) and (23) are satisfied, cf. [143], [147].

The notion of spectral function is not immediately extendable to functions of several
variables. However, we may consider the two properties of spectral functions noticed by C.
Davis as a kind of regularity conditions, and they are readily extendable to functions of more
than one variable.

The notion of a regular map of two operator variables were studied by Effros and
[144], cf. also [146].
Definition (3.2.1)[142]: Let F: D — B(H) be a mapping of k variables defined in a convex
domain D € B(H) X --- X B(H). We say that F is regular if
(i) The domain D is invariant under unitary transformations of H and

F(u'xyu, ..., u"xpu) = u F(xq, ..., x3)u
for every x = (x4, ..., x;,) € D and every unitary u on .
(if) Let p and g be mutually orthogonal projections acting on H and take arbitrary k-tuples
(x4, .., xx) and (y4, ..., yi) of operators in B(H) such that the compressed tuples

(px1p, ..., pxxp) and (gy19, .., qYVxq)
are in the domain D. Then the k-tuple of diagonal block matrices

(px1p + qy1q, .., DXkP + QY q)
is also in the domain D and
F(px,p + qy1q, ..., DXkP + qYrq)

_ = pF(px1p, ..., pxk0)P + qF (q¥19; ..., a4V q)q- o
By choosing g as the zero projection in the second condition in the above definition we
obtain
F(pxyp, ..., pxp) = pF (px1p, ..., PXD)D,
which shows that F for any orthogonal projection p on ' may be considered as a regular
operator mapping
F:D, - B(pH),
where the compressed domain
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k
D, = {(xl, 1) € @D B@I) 1 Gy @ 0(1 = p), ... 3 © 0(1 —p)) € D

With this interpretation we may unambiguously calculate block matrices by the formula

F ((361 )?1)' o (98( 3?1)) B (F(XD(.)“’xk) F(Yp(-)--:Yk))

which is well-known from mappings generated by the functional calculus.
We consider throughout the domain
D¥ ={(Ay, ...,Ax) | A4, ..., A, = 0}
of k-tuples of positive semi-definite operators acting on an infinite dimensional Hilbert
space H. It is convenient to consider an infinite dimensional Hilbert space since in this case
H is isomorphic to H @ H which allows us to use block matrix techniques without
Imposing dimension conditions.
Theorem (3.2.2)[142]: Consider a convex regular mapping
F:D¥ - B(H),,
of D¥ into self-adjoint operators acting on 7.
(i) Let C be a contraction on H. If F(0, ...,0) < 0 then the inequality
F(C*AC,...,C"A,C) < C'F(Ay, ..., A)C
holds for k-tuples (44, ..., A;) in D*.
(if) Let X and Y be operators acting on H with X*X + Y*Y = 1. Then the inequality
F(X*A; X+ Y'B,Y,..,X*A X +Y*B,Y)

< X*F(A4, ..., Ax)X + Y*F(By,...,B,)Y
holds for k-tuples (44, ..., A;) and (B, ..., B;,) in D¥.
Proof. By setting T = (1 —C*C)Y? and S = (1 —CC*)Y/? we obtain that the block

matrices
_(C S _(C =S
U= (T —C*) and VV = (—T —C*)
are unitary operators on H @ H. Furthermore,

EU*(A 0)U+1V*(A O)V:(C*Ac 0)

2 0 0 2 0 0 0 SAS
for any operator A € B(H). By using that F is a convex regular map we obtain
(F(C*AlC, e, C*A;C) 0 )
0 F(SA;S,...,SA;S)

_F<(C*A16 o> (C*AkC 0 ))
0 SAS)’\ 0 SAS
1
2

=F<%U*(’%1 8)U+%V*(%1 8)1/,..., U*(’%" 8)U
3 (5 DY)

IA

Lo Yo 9o)
rzr (e (4 v (B Sv)
oA (G I G ) R (G R G
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1 (F(Ay, ., Ay) 0  (F(Aq, ..., A}) 0
=3V ( 0 F(o, 0))UJr v ( 0 F(O,...,O))V
1 . (F(A A) 0 F(44, .., 4;) 0
_U 1y =oes k U V* 1r =eey k V
=2 ( 0 o) t3 ( 0 0)
(c F(Al,.. ,A)C 0 )
SF(Ay, ..., A)S)

where we used convexity in the first inequality, and in the second inequality used
F(O0,...,0) < 0. The first statement now follows.
In order to prove (ii) we define the map

G(Aq,...,Ax) = F(44, ..., 4,) — F(0,...,0) (4, ..., A,) € DX,
Unitary invariance of F implies that F (O, ...,0) is a multiple of the unit operator and thus
commutes with all projections. Therefore G is regular and convex with G (0, ...,0) = 0. We
then define block matrices

(X 0 _(Am O _
C—(Y 0) andZm—(O Bm),m—l,...,k

and notice that
€ ZmC = (

form =1, ..., k. Finally we use (i) to obtain

(G(X*AlX +Y*B,Y, .., X*A, X +Y*B,Y) 0)

0 0

3 (G(X*AlX +Y*B,Y, .., X*A, X + Y*B,Y) 0 )

B 0 G(0,...,0)

=G(C"Z,C,...,C"Z;,C)

X*AnX + Y*B,,Y 0)
0 0

G(Ay, ., A}) 0 )c
0 G(By, ..., By)
_ (X*G(Al, v A)X +Y*G(By, ..., B)Y 0)
0 0

< C*G(Zy, ., 2,)C = c*(

from which we deduce that
F(X*A.X +Y*B,Y, .., X" A, X +Y*B,Y)
= G(X*A, X +Y*B,Y, .., X*AxX + Y*B,Y) + F(0, ...,0)
<X*G(A4, ..., Al)X +Y*G(By, ..., B,)Y + F(0, ...,0)
= X*F(44, .., A)X + Y*F(By, ..., By)Y
— X*F(0,...,0)X — Y*F(0,...,0)Y + F(0, ...,0).

Since as above F(0, ...,0) = c¢ - 1 for some real constant ¢ we obtain
—X*F(0,...,00X — Y*F(0,...,0)Y + F(0, ...,0)
=—cX'X+YY)+c-1=0,

and the statement of the theorem follows.

We shall for k = 1,2, ... consider the convex domain

DY ={(44, ..., Ax) | A4, ..., Ay > 0}

of positive definite and invertible operators acting on the Hilbert space H.

Proposition (3.2.3)[142]: Let F be a regular map of D¥ into self-adjoint operators acting

on H. We assume that

(i) F is convex

(i) F(tA, ..., tA,) = tF(4,, ...,A) t > 0, (A4, ..., A},) € DE.

Then
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F(C*A,C,...,C*A,C) = C*F(Ay, ..., Ax)C
for any invertible operator € on H and (44, ..., 4;) € DX,
Proof. Assume first that C is an invertible contraction on . Jensen's subhomogeneous
inequality is only available for regular mappings defined in D*.
To £ > 0 we therefore consider the mapping F,: D¥ — B(H) by setting
F.(Ay,..,A) =F(e+ A4, ..,e + A,) = F(, ..., €).
By unitary invariance of F we realise that F (g, ..., €) is a multiple of the unity. Therefore,
E, is regular and convex with F, (0, ...,0) = 0.
We may thus use Jensen's sub-homogeneous inequality for regular mappings and obtain
F.(C*A,C, ...,C*AxC) < C*F.(A4, ..., A)C,
where we now restrict (44, ..., 4;) to the domain D and rearrange the inequality to
F(e+C"A.C,...,e+ C"A,C)
<CF(A+¢, ..,4, +e)C+F(s .. ) —CF(s,...,€)C.
Since F is positively homogeneous the term F(e, ..., ) = ¢F (1, ...,1) is vanishing for € —
0 and we obtain
F(C*A4C,..,C*AiC) < C*F(A4, ..., Ax)C (24)
for invertible C. Again using homogeneousness we obtain inequality (24) also for arbitrary
invertible C. Then by repeated application of (24) we obtain
F(4,..,A;,) <C*'F(C*A,C,...,C*A,C)CTL < F(Ay, ..., Ay)
and the statement follows.
Definition (3.2.4)[142]: Let F: D¥ — B(H) be a regular mapping. The perspective map P
is the mapping defined in the domain D¥*1 by setting
Pp(Ay, ..., Ay, B) = BV2F(B~Y24,BY2, .. ,B~Y24,B~1/2)B1/?
for positive invertible operators A4, ..., A, and B acting on .
Itis a small exercise to prove that the perspective P is a regular mapping which is positively
homogeneous in the sense that
Pr(tAq, ..., tAy, tB) = tPr (A4, ..., A, B)

for arbitrary (44, ..., A, B) € D¥*! and real numbers t > 0. The following theorem
generalises a result of Effros [145] for functions of one variable.
Theorem (3.2.5)[142]: The perspective Pr of a convex regular map F: D) — B(H) is
CONvVex.
Proof. Consider tuples (4, ..., Ay;+1) and (By, ..., Bxy1) in DE*1 and take A € [0,1]. We
define the operators

C =AMy + (A = D)Byyq

X =2A0%c?

Yy =@Q-)Y2BAc?
and calculate that

X*X+Y'Y =CY204,,,C Y2+ C7Y2(1 = DB CV2 =1

and
« 2—1/2 -1/2 xp—1/2 -1/2
XA A A EX + Y B PBB Y
o 1/2 ,-1/2 -1/2 1/2 -
—C 1/2/11/214](_'_1Ak+1 A A /'11/2Ak+1C 1/2
+CTV2( = )V2B B BB (L= DB CT

=CY2QQA; + (1 —N)B)C™Y/?
fori =1, ..., k. We thus obtain
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PF(AA]_ + (1 - /1)B1, ...,/1Ak+1 + (1 - A)Bk+1)
= CY2F(C™Y2(QA, + (1 — A)BC™Y2, .,
C™ Y2 (A4, + (1 = )B)C~Y/2) /2

« 2—1/2 -1/2 xp—1/2 -1/2
= CV2F(X A AL AL X + Y B BB

« 2—1/2 -1/2 +p—1/2 -1/2
KA AN VBB O

* -1/2 -1/2 -1/2 -1/2
< V2 (X F(AG P A ALY o AR A2 )X

* -1/2 -1/2 -1/2 -1/2
+ Y (B BB o B BiBis 1 )Y ) €2

_ q41/2 -1/2 -1/2 -1/2 -1/2\ ,1/2
- ’1Ak+1F(Ak+1 A Ay o Aiy Akl )Ak+1

1/2 -1/2 -1/2 -1/2 -1/2\ p1/2
+(1 _A)Bk+1F(Bk+1 BBy i1 s By BrByiy )Bk+1

= APp(4y, ) A1) + (1 = D Pp(By, .., Bis1),
where we used Jensen's inequality for regular mappings.
Proposition (3.2.6)[142]: Let F: Dk*1 — B(#) be a convex and positively homogeneous
regular mapping. Then F is the perspective of its restriction G to D¥ given by
G(Ay, ..., Ax) = F(44, ..., 43, 1)
for positive invertible operators 44, ..., A;, acting on H.
Proof. Since F is a convex and positively homogeneous regular mapping we may apply

Proposition (3.2.3). Then by setting C = A, /% we obtain

-1/2 -1/2
APF(AL, v A Ae )AL,

_ -1/2 -1/2 -1/2 -1/2
- F(Ak+1 AlAk+1 ’ ""Ak+1 AkAk+1 ’ 1)'
By rearranging this equation we obtain
-1/2\ ,1/2

F(Ay oy A Arer) = AL G(A AL o A A,

which is the statement to be proved.
The result in the above proposition may be reformulated in the following way: The
perspective P, of a convex regular mapping G: DX — B(7) is the unique extension of G to
a positively homogeneous convex regular mapping F: Dk*1 - B(H).

We construct a sequence of multivariate geometric means G4, G, ... by the following
general procedure.
(i) We begin by setting G, (A) = A for each positive definite invertible operator A.
(ii) To each geometric mean G, of k variables we associate an auxiliary mapping F;: D¥ —
B(#H) such that
(@) F;, is aregular map,
(b) F, is concave,
(©) Fi(ty, ..., ty) = (tq - t)®+D for positive numbers t;, ..., t;.
(iii) We define the geometric mean G,.,:DX*! - B(H) of k + 1 variables as the
perspective

Gr+1(A1, o) Agyr) = PFk(Ap s Apt1)

of the auxiliary map F;.
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Geometric means defined by this very general procedure are concave and positively
homogeneous regular mappings by Theorem (3.2.5) and the preceding remarks. They also
satisfy

1
Gr(Ag, ooy Ag) = (Ag - AR (25)
for commuting operators. Indeed, since Gy, is the perspective of Fj,_; and this map satisfies
(c) in condition (ii), we obtain G (ty, ..., t;) = (t; -- t;,)*/* for positive numbers. Equality
(25) then follows since Gy, is regular. The geometric mean of two variables

G, (A1, 4) = 4y (412 4,45 2)1/2,4;/ 2 (26)
coincides with the geometric mean of two variables A;#A, introduced by Pusz and
Woronowicz. This is so since G, is the perspective of F; and F;(A) = AY2. The last
statement is obtained since F; is a regular mapping and satisfies F; (t) = t/? for positive
numbers by (¢) in condition (ii).

There are many ways to associate the auxiliary map Fj, in the above procedure, so we should
not in general expect much similarity between the geometric means for different number of
variables.

We define the auxiliary mapping F,: D¥ — B(H) by setting

Fo(Ay, ..., Ar) = G (Aq, ..., A )R/ G+ D)
fork =1,2, ...

Theorem (3.2.7)[142]: The means G, constructed then have the following properties:
(i) G: D¥ - B(H),is a regular map for each k = 1,2, ...

(i) Gi(tAy, .., tA,) = tG (44, ..., 4,) for t>0,(44,..,4;) €EDY¥ and k=1.2,..
(iii) G,: D¥ - B(H) is concave for each k = 1,2, ...

(iV) Gy1 (A4, o, Ar, 1) = G(Ay, ..., A EF D for (44, ..., Ax) €EDEand k = 1,2, ....
Any sequence of mappings G, beginning with G;(A) = A and satisfying the above
conditions coincide with the means G, for k = 1,2, ....

Proof. Each map G, is for k = 2,3, ... the perspective of a regular map and this implies (i)
and (ii). The assertion of concavity for G, is immediate. Suppose now G, is concave for
some k. Since the map t — tP is both operator monotone and operator concave for 0 < p <
1, we realise that the auxiliary mapping

Fo(Aq, o, A) = G(Ay, ..., A/ HD)

IS concave, and since Gy, is the perspective of Fj, we then obtain by Theorem (3.2.5) that
also G, is concave. Since the first map G, is concave we have thus proved by induction
that G, is concave for all k = 1,2 .... The last property (iv) follows since G, is the
perspective of G,/ V.

Let finally G, be a sequence of mappings satisfying (i) to (iv). Since each G, is concave
and homogeneous it follows by Proposition (3.2.6) that G,., is the perspective of its
restriction Gy, (4, ..., Ay, 1). Because of (iv) we then realise that G, , is the perspective
of the map

Fo (A, .., A) = Gr(Ay, ..., A )k HD
constructed from G,,. The G, mappings are thus constructed by the same algorithm as the
mappings G,, for every k > 2, and since G, = G, they must all coincide.

In addition to the properties listed in the above theorem the means G, enjoy a number of
other properties that we list below.
Theorem (3.2.8)[142]: The means G, constructed have the following additional properties:
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(i) The means Gy, are increasing in each variable for k = 1,2 ....
(if) The means G, are congruence invariant. For any invertible operator C on H the identity
Gy (C*A,C, ...,C*AxC) = C*G(Ay, ..., Ax)C
holds for (44, ...,A;) € D¥ and k = 1,2, ...
(iii) The means G, are jointly homogeneous in the sense that
G (t1Aq, .., teAy) = (ty - )V Gy (4y, ..., Ay)

for scalars ty, ..., t;, > 0, operators (A4, ...,A;) € D¥and k = 1,2, ...
(iv) The means G, are self-dual in the sense that

Gr(ATYL, . ALY = Ge(Ay, ..., A )7

for (Aq, ...,A;) ED¥and k = 1,2, ...
(v) When restricted to positive definite matrices the determinant identity

1

det Gy (44, ..., Ay) = (det A, -+~ det Ak
holds for k = 1,2 ....
Proof. The first property follows by the following standard argument for positive concave
mappings. Consider positive definite invertible operators A,, < B,, form =1, ..., k. By
first assuming that the difference B,,, — A,,, is invertible we may take A € (0,1) and write

ABp =AM, +(1-)C,m=1,..,k,
where C,,, = (1 — 2)~Y(B,, — A,,) is positive definite and invertible. By using concavity
we then obtain

Gy(ABq, ..., ABy) = AG(A4, ..., Ax) + (1 — )G (Cq, ..., Ci)
> AG(Ay, ..., Ay).
Letting A — 1 we obtain G, (By, ..., Bx) = Gy (4,4, ..., Aj) by continuity. In the general case
we choose 0 < u < 1 such that
YA, < Ap <B,m=1,..,k

and obtain G, (uA4, ..., uAx) < Gy (B4, ...,Bx). By letting u—1 we then obtain
Gr(A4,...,A;) < Gy (By, ..., By) which shows (7).
Since G, is concave and homogeneous we obtain (ii) from Proposition (3.2.3).
Property (iii) isimmediate for k = 1 and k = 2. Suppose the property is verified for k, then

Gra1(G14y, o) teAi trey1Ak41)

1/2 - -1/2 -1/2 - -1/2 -1/2 1/2
= tk+1Ak/+1Fk(t1tk+11Ak+/1 AAGE s et A AA L) )Ak/-l-l
k/(k+1)
1/2 1 4-1/2 -1/2 1 4-1/2 ~1/2 1/2
= tk+1Akile(t1tki1Ak+/1 AAG s s et A AAL ) Al

By using the induction assumption we obtain

Grar (81 AL o) e Ap trep1 Ara)
_1 17k a/k\R/GHD)
= tk+1(tki1t1/ "'tk/ ) Grey1(Ay, o, Ay Apr1)
_ = (t1 titir )V VG (Ag, oo, Ay Agsr)
which shows (iii).
Property (iv) is immediate for k = 1 and k = 2. Suppose the property is verified for k, then
Grsr (AT, ., AR, Aily)

_ 4-1/2 1/2 ,-1 41/2 1/2 ,—1,1/2 )\ 4—1/2
- Ak+1 Fy (Ak+1A1 1Ak+1' ""Ak+1Ak Ak+1)Ak+1

k/(k+1) _
) A 1/2

_.-1/2 1/2 ,_1 41/2 1/2 -1 41/2
= A G (AT A L A A A e,

k+1 k+1 k+1’ k+1 k+1
By using the induction assumption we obtain
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Gk+1(AI1; ey AE1' AE}-I)

k+1 k+1 " k+1 k+1

~k/(k+1) 4
) A

_-1/2 ~1/2 -1/2 -1/2 ~1/2
= A PG (A ML AL AA

k+1 T k+1 k+1

= Gk+1(A1J "'JAklAk+1)_1
which shows (iv).
Notice that since det A = exp(Trlog A) for positive definite A, we have det AP = (det A)?
for all real exponents p. Property (v) is easy to calculate for k = 1 and k = 2. Suppose the
property is verified for k. Since as above

Gk+1(A1l R Ak! Ak+1)

k/(k+1)
_a1/2 -1/2 -1/2 -1/2 -1/2 1/2
- Ak+1Gk(Ak+1 Ayt o Ay Ardiy ) At

k/(k+1) -1
a2)

1/2 -1/2 -1/2 -1/2 -1/2
_ (A,(/H(;k(,4k+/1 AAL AR ALY

we obtain
det Gy s (Ay, ) Ap Ares)
= det A, (det Ayl det A, ---det Ayl det A,)Y/ K+
= (detA, ---det Ay - det Ay, )1 /k*1

which shows (v).

Theorem (3.2.9)[142]: The geometric means G, are for k = 1,2, ... bounded between the
symmetric harmonic and arithmetic means. That is,

A+ +A4
< Gu(Ay, o A) < = s

k

ATt + -+ A
for arbitrary (A4, ...,4,) €EDFand k = 1,2, ....
Proof. The upper bound holds with equality for k = 1. Suppose that we have verified the
inequality for k. Since by classical analysis

k
k/(k+1
XK/ >s1+k—+1(X—1)

for positive definite X, we obtain

k
Fo(A, ..., Ax) = G(Aq, ..., A )/ HD < 1 + k—_l_l(Gk(Al, A — 1)

k <A1+---+Ak 1)_A1+---+Ak+1

<1+
_ k+1 k k+1
By taking perspectives we now obtain

Gk+1(A1, ...,Ak, B) = ?Fk(Al, ...,Ak, B)
— Bl/sz(B_l/ZAlB_l/Z, ...,B_l/zAkB_l/Z)Bl/Z

-1/2 -1/2 -1/2 -1/2
<B1/zB 124,B~Y2 + ...+ B71/24,BY/ +1Bl/2 _ A+ A+ B
_ - k+1 k+1
which proves the upper bound by induction. We next use the upper bound to obtain

AT+ -+ AT

Gr(A7Y, .., AR < k

By inversion we then obtain

< Gp(ATY, o AD) ™ = Gr(Ay, ., Ay,
AI1++A;1 k( 1 k ) k( 1 k)
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where we in the last equation used self-duality of the geometric mean, cf. property (iv) in
Theorem (3.2.8).
The means studied are known in the literature as the inductive means of Sagae and Tanabe
[152]. By considering the power mean
A#,B = BY2(A-1/2BA~1/2)'B1/2 0 < t < 1
they established the recursive relation by setting
Gra1(Ay, s A1) = Gr(Ay, oo, A #i (e 1) A1

We established the harmonic-geometric-arithmetic mean inequality of Theorem (3.2.9).
It is possible to prove the crucial concavity property (iii) in Theorem (3.2.7) by induction.
It can be done without the general theory of perspectives of regular operator mappings, and
it only requires the properties of an operator mean of two variables as studied by Kubo and
Ando [149]. However, this is a special situation that only applies to the inductive means.

The inductive geometric means are uniquely specified within the general framework
discussed by choosing the updating condition (20), cf. property (iv) in Theorem (3.2.7). We
may instead construct geometric means satisfying updating condition (21) by choosing the
auxiliary map

Fie(Ay, oo, A) = G (AEHD, L, 410D

for k = 1,2 ... It is a small exercise to realise that these means satisfy all of the properties
listed in Theorem (3.2.7), Theorem (3.2.8), and Theorem (3.2.9) with the only exception that
condition (iv) in Theorem (3.2.7) is replaced by updating condition (21). Concavity of
these means cannot be reduced to concavity of operator means of two variables but relies
on the general theory of regular operator mappings and Theorem (3.2.5).

The Karcher mean A, (44, ..., Ay) of k positive definite invertible operator variables

is defined as the unique positive definite solution to the equation
k

1 1
> log(x24,:x2) =, 27)
i=1
and it enjoys all of the attractive properties of an operator mean listed by Ando, Li, and
Mathias, cf.[150]. The defining equation (27) immediately implies that the Karcher mean
Ay:D¥ - B(H) is a regular operator mapping, and it may therefore be understood within
the general framework discussed by choosing the auxiliary map
Fo(Aq, o, Ay) = A1 (Aq, o, A, D).
The problem, however, is that we do not have any explicit expression of Fj, in terms of A,.
Section (3.3): Complete Convergence and Complete Moment Convergence
The Toeplitz lemma and its two corollaries (the Cesaro mean convergence theorem
and the Kronecker lemma) are useful tools in the study of probability limit theorems. We
spell out them in the following and their proofs may be found in [138].
Theorem (3.3.1)[153]: (Toeplitz lemma) Let {a,;, 1 < k < k,,n = 1} be a double array

of real numbers such that for any k > 1,lim,,_,, a,;, = 0 and supn21§j’,§’;1 |a,| < oo. Let
{x,,n = 1} ba a sequence of real numbers.

(i) If lim,,_, o x, = 0, then limn_,oozl,i’;lankxk = 0.
(ii) If lim,_,,,x, = x € Rand limn_,oto;lank = 1, then limn_,ooZZ’;lankxk = X.
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Corollary (3.3.2)[153]: (Cesaro mean convergence theorem) Let {x,,,n = 1} be a sequence
of real numbers and let x,, = Y-, xx/n,n = 1. If lim,_,,x, = x € R, then lim,,_,, X,, =
X.
Corollary (3.3.3)[153]: (Kronecker lemma) Let {x,,,n = 1} and {b,,,n = 1} be sequences
of real numbers such that 0 < b, T oo. If the series Y _,x,/b, converges, then
limn—mo iZ};L:lxk = 0.

By the definition of almost sure (a.s.) convergence, we know that the Toeplitz lemma and
its two corollaries (the Cesaro mean convergence theorem and the Kronecker lemma) still
hold when the numerical sequence {x,,, n = 1} and real number x are replaced by a sequence
of random variable {X,,, n = 1} and a random variable X, respectively, and the limit is taken
to be a.s. convergence.

Recently, [131] showed among other things that "convergence in probability" versions of
the Toeplitz lemma, the Cesaro mean convergence theorem and the Kronecker lemma can
fail, and their "mean convergence" versions are true.

We will give two examples to show that they can fail in general. Then we give some
sufficient conditions for the Cesaro mean convergence theorem under complete
convergence.

For {X, X,,,n = 1} be a sequence of random variables on some probability space (Q, F, P).
Ifve > 0,

z P{|X,, — X| = €} < o,
n=1

then {X,,,n = 1} is said to converge completely to X (write X,, — X, or X,, = X c.c. for
short).

This concept was introduced by [168]. Let {X, X,,, n = 1} be a sequence of independent and
indentically distributed (i.i.d.) random variables and set S,, = Y-, Xy, n = 1.

[168] proved that if E[X] = 0 and E[X?] < o, then S,,/n =5 0. The converse was proved
by [160], [161]. The Hsu-Robbins-Erdds theorem was generalized in various ways, see,
[154], [165], [166], [172], [171], [181], [180], [167], and [158].

In view of the relations between convergence in probability and complete
convergence, we introduce two classes of complete moment convergences, which are
stronger versions of mean convergence. Let p > 0.

—LPp
Definition (3.3.4)[153]: {X,,,n = 1} is said to s - LP converge to X (denote X, g X for
short), if

> ElX, = XPP] < oo,
n=1

s*—LP

Definition (3.3.5)[153]: {X,,,n = 1} is said to s* — LP converge to X (denote X,, — X
for short), if

DXy =X, <o,

n

where [IX, — XI, = (E[|X, — XI? )1/p,

oo
1
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—1LP *_LP
Remark (3.3.6)[153]: (i) Obviously, if X, g X or X, g X for some p > 0, then
X — X1, = 0.

—LP .C.
(if) By Markov's inequality, we know that if X, 3 X for some p > 0, then X,, 5 X and

thus X, X by the Borel-Cantelli lemma.
s*—LP

*_Lp —LP —LP
(i) Ifp>1and X, "= X,thenX, — X;if0<p<landX, — X, thenX, — X.
[159] first investigated the complete moment convergence, and obtained the following
result. Let {X, X,,, n = 1} be a sequence of i.i.d. random variables with E[X] = 0. Let 1 <
p<2andy =p. If E[|X]Y + |X]log(1 + |X])] < oo, then

2,1 1
z n? = PE [(lSnl — snP)

nz1

+

< oo forall e > 0, (28)

where x* = max{0, x}.

Chow's result has been generalized in various directions. [182], [183], [155], [164], [179],
[185], and [177] studied complete moment convergence for sums of Banach space valued
random elements.

[174], [157], [170], and [187] considered complete moment convergence for moving
average processes. [169],[173], [176], [185], [162], [188],and [156] studied precise
asymptotics for complete moment convergence. [184], [175],and [163] considered
complete moment convergence for negatively associated random variables. Qiu and Chen
[177] studied complete moment convergence for i.i.d. random variables, and extended two
results in [167] to complete moment convergence.

Example (3.3.7)[153]: Let {X,,n > 1} be a sequence of random variables with
sup;s1 E[|X;|]] < C for some positive constant C. Then for any a > 1, we have

Sn s—L!
e 0. In fact,
ZE[ on ]<z L zn:E[|X|]<CE L
- - , - 00,
n?(lnn)*(| — n?(lnn)* e n(lnn)«
n=1 n=1 k=1 n=1

Example (3.3.8)[153]: Let {X,,,n = 1} be a sequence of pairwise uncorrelated random
variables with sup;s, Var(X;) < C for some positive constant C, where Var(X;) stands for
the variance of X;.

Sn—E[Sn] s*—L?
———————— _)
) 0. In fact,

Sp — E[S] N 1 12
n3/2(Inn)* o Z n3/2(Inn)* (Var(Sn))
n=

- z Wlnn)a kZl Var(X,)

n=1

S
<+ — :
B CZ n(lnn)« <
n=

We consider "s — LP convergence " versions and " s* — LP convergence " versions
of the Toeplitz lemma, the Cesaro mean convergence theorem and the Kronecker lemma.
Four counterexamples will be given to show that they can fail in general. Some sufficient
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conditions for the Cesaro mean convergence theorem under these two complete moment
convergences will be presented.

We will construct two counterexamples to show that "complete convergence "
versions of the Toeplitz lemma, the Cesarro mean convergence theorem and the Kronecker
lemma can fail in general.

The next example shows that complete convergence version of the Cesaro mean
convergence theorem fails.
Example (3.3.9)[153]: Suppose that {X,n=1}is a sequence of independent random

variables such that P(X =n) = P(X =0)=1-=.For any g€ > 0, we have

Zpux —O|>e)—2 P(X, =n) = Z—<oo

i.e.X, = 0c.c. LetXn = ;Zklek,n > 1. Inthe followmg,we will show that X,, » 0 c.c.

Letn = 2k, k > 2 and define k sets A, ---, A;, as follows:
Ay = {Xp = 2k},
A; ={Xy =0,Xp1 =2k —1},

A =X =0, Xpy2 =0,Xpy =k + 1}
Then we have U¥_, 4; {Xn 1} and thus

(X > ) ZP(A)

k
=(2%)2+<1 (2i)2>(2k—1)2+ +1—[( (k+])2)(k+11)2

|- 2 =
j=2 i=k+1
k
1
Denote I, = D (1 — T +j)2) . Then
_ k+1)(2k-1)2k(2k—2)  (k+4)(k +2) (k + 3)(k + 1)
k= (2k)2 k—1)2  (k+3)? (k + 2)?
_ @kt DG+
RECE

Thus there exists a large number K such that for any k > K, we have [, > % So, for any
n = 2k > 2K, we have

2k 2k
P(X 1)>1 z 1.1 t _1
n=2) =k 2= 2 (2k)?2 ~ 8k’

i=k+1 i=k+1

It follows that
—_ — = 00
(”_2>_ 8k
n=1 k=K



Hence X,, » 0 c.c.
Example (3.3.10)[153]: Let {Y,,,n = 1} be a sequence of independent random variables

such that P(Y, =16"1) = P(Y, =0)=1—— Denote Xy = Yy, Xpp =

2
—2Y,,n = 1. Then for any n > 1, we have
X2n—1 XZn
San1 + San = 0. (29)

By the above definitions, for any € > 0, we have

zP(lX —0|>£)<ZZ—<00

and thus X,, - 0 c.c. By (29), we know that Zk=1 ? = Z—ZI(n is odd ). Hence Y7 _, % -
Oc.c.

In the following, we will show that ZinZﬁlek — 0 c.c. It's enough to show one of its
subsequence

n
1
ﬁz X, » 0c.c. (30)
k=1

For any odd integer k,
Xk +Xk+1 == Xk - ZXk == _Xk'

Thus, foranyn > 1,
2n

1
ZZnZ - ZZnZ Xok-1-

k=
And so (30) can be expressed to be

1 2n
WZ Xpi_q + 0 coc. 31)
k=1

Fork=n+1,---,2n, we have

1
P(Xp—1 = 16871 = P(Y,, = 16F71) =

Py = 0) = P = 0) = 1~ . (32)

Define n sets A,, --+, A,, as follows:
= {XZ(Zn)—l = 162n_1};
A, = {XZ(Zn)—l = 0'X2(2n—1)—1 = 16(2n_1)_1}»

Ap = {XZ(Zn)—l =0, Xotm42)-1 = 0, X2m41)-1 = 16n}-
Then Uy, 4, C {|i o Xok—1— 0| > 1}, and thus

16"
1 2n n
P{l_mz XZk—l_O 21}22 P(Ak)
k=1 k=1

“ ez’ (1 B (zil)Z) (2ni Dzt (1 " -ij)z) ) +1 12

Jj=2

S
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n 2n
=[] (1- 1 )y 1 (33)
- N\ 2 2°
j=2 (nﬁ+]) k=n+1 k

By (33) and following the deduction in Example (3.3.9), we can obtain that

00 1 2n
zP{WZXZk_l_O 21}200)
n=1 k=1

i.e.(31) holds.
Proposition (3.3.11)[153]: Let {X;, X,,---} be pairwise uncorrelated random variables
satisfying

(0]

z Var(X,) <o, 34

na

n=1
where a > 0, then for any € > 0,

5" e

n=1
If {X,X,,-}is asequence of independent random variables satisfying (34), then for any

>0,

Sﬁ'_'E(Sn)

" = e} < oo. (35)

0

Z n'=p { max |5, — E(S0)] = ne} < oo. (36)

1<ksn

n=1
Proof. For any € > 0, by Chebyshev's inequality and (34), we get

:E: nl-ap Sn“ETﬁh) > ¢ S;:E: n1—a\h”(5n)
n (ne)?
n=1 n=1
0o n
1 1
= E—ZZ = z Var(X,)
n=1 k=1
1
= g—zz Var(X;) z T
k=1 n=k
M~ Var(X,)
= 8_2 ka, ) (37)
k=1

where M is a positive constant. Hence (35) holds. By Kolmogorov's inequality and the
deduction of (37), we get (36).
Corollary (3.3.12)[153]: Let {X;,X,,:--} be pairwise uncorrelated random variables

satisfying Y2, Y ¥n) — o5 and E(X,,) = 0. Then %” > 0c.c.

Proof. In this case, E(z”)=z"‘1:(x")—>0. Then the result follows from

Proposition (3.3.11).

We will construct four counterexamples to show that s — L' convergence versions
and s* — L? convergence versions of the Toeplitz lemma, the Cesaro mean convergence
theorem and the Kronecker lemma can fail in general.

The next example shows that s- L convergence versions of the Cesaro mean convergence
theorem and the Toeplitz lemma fail.
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Example (3.3.13)[153]: Let {X,,,n = 1} be a sequence of random variables such that
P(X, =n) = =, P(X, = 0) = 1 —— Then we have E[|X,|] = — and thus

ZEle Z—<oo

sL1

i.e.X, — 0.
Let X, =~ 37, X;,n = 1. Then

E[IX,] = E ET1Xl] = Ly 1
k n k2
k=1
1
there exists a large N such thatvn > N, Y} -, 7=

EElxl zn 12° 7

and so it doesn't hold that Xn = 0.
The next example shows that s — L! convergence version of the Kronecker lemma fails. The
basic idea comes from Linero and Rosalsky [23].

Example (3.3.14)[153]: Let {Yn,n > 1} be a sequence of independent random variables
1

1 2

Since ;-4 ==

| e

. Hence
1

\V]

such that P(Yn =n) = W’P(Y = 0) =1 —W,C( > (0. Denote Xopo1 =
(2n—-1)Y,, X,,, = —2nY,,n =
1. Then for any n > 1, we have
X2n—1 XZTl
= 0. 38
2n—1 * 2n (38)

By (38), we know that Y}, % = );—”I(n isodd). If n = 2k — 1, then we have

E[|Xn/n|] = E[[Y,|] = (n )T+

which implies that

> o[22 -2 awi
—_— — _— [0'e)
k k(Ink)1+e ’
n=1 k=1 13(=1 L
k S—L
L.e Z;Cl=1 k -
It
In the following, we will show that lZﬁzlxk 50, It's enough to show one of its
n
subsequence
2n 1
1 s—L
%; X, » 0. (39)
For any integer k, we have X,;_; + X, = =Y. Thus (39) can be expressed to be
! zn: v, ’S o 40
—_— = .
—) Y (40)
k=1

By the Fubini theorem, we have
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o n oo n o n
|3 YNGR W
2n k B 2n el 2n k(Ink)1+e
n=1 k=1 n=1 k=1 n=1 k=1
1
- Z k(nI)™e £y 2n ®
k=1 “k

Hence (40) holds.

The next example shows that s* — L? convergence versions of the Cesaro mean convergence
theorem and the Toeplitz lemma fail.

Example (3.3.15)[153]: Let {X,,,n = 1} be a sequence of random variables such that
P(X, =vn) = %,P(Xn = 0) = 1 — - Then we have E[|X,|?] = — and thus

1 o

Let X, = %Zﬁlek,n > 1. Then

n
_ 1
EIG P =—( ) ElXPl+2 ) E[xx)
k=1 1<i<j<n
n
1
Zﬁz EIXl"] 2 k*
k=1

Denote ¢ = Z,‘f 1 % Then c is a positive constant and there exists a large N such that Vn >
N,Yr-q k4 > Itfollows that

Zuxnz_ % IZ

n=N
Hence it doesn't hold that X, —>L 0.
Following Examples (3.3.14) and (3.3.15), we construct the following example, which

shows that s* — L? convergence version of the Kronecker lemma fails.
Example (3.3.16)[153]: Let {Y,,,n = 1} be a sequence of independent random variables

such that P(Y, =+vn) = %,P(Yn =0)=1- % Denote X;,_1 = 2n— )Yy, Xz, =
—2nY,,n = 1. Then for any n > 1, we have

XZn—l XZTL

. ZnX— 1 + 2n

By (41), we know that Y% _, 7" =ZI(nisodd). If n = 2k — 1, then we have

= 0. (41)

1Xn/nll, = IYell, =

n
z_k
k
k=

k?
Hence

(0]

z 1Y, — <o,
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)(kS—L2
leZklk — 0.

*_LZ
In the following, we will show that %z’,;lxk + 0. It's enough to show one of its

subsequence

1 s*—12
For any integer k, we have X, _; + X, = =Y. Thus (42) can be expressed to be
1 - s*—12

Denote ¢ = Z,‘f 1 14 Then 0 < ¢ < oo, and there exists N such that for any n > N, we have
1

Zklkd_ . Hence we have
- - 1/2
ER o 1
— Y, =Z— ZEY 2 z ElY.Y:
D a2 ¥ 2 vz ), Bl
n=1 k=1 2 n=1 1<i<jsn
oo n 1/2 oo n
=y A (Sea) =Y A5 A)
- 2n k k4
n=1 k=1 n=1 k=1
o) n 1/2
1 1
> - -
_Z 2n Zk‘*
n=N k=1
1 [c
> — ==
ZZn 2
n=N

Hence (43) holds.

By Example (3.3.13), we know that, if Y-, E[|X,|P] < oo, then we don't have
Y1 E[1S,/n|P] < oo necessarily. In general, we have the following result.
Proposition (3.3.17)[153]: Suppose that 1 < p < oo and Y;_; E[|X,|P] < oo, then Ve > 0,
we have

C 1
z WEHSn/nW] < o0

Proof. By the conveX|ty of the functlon f (x) = |x|?’ we have

Z Gy ElISu/n] < Z D (z l 'X"'p>

OO

(Z E |Xk|p>z W<oo

Proposition (3.3.18)[153]: Let {X;,X,,:--} be pairwise uncorrelated random variables
satisfying Y.,-, Var(X,,) < oo, then forany 1 < q < 2, we have

iE[Sn—E(Sn)q]@O’

n
n=1
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. . Sn—E(S
in particular, "T(")

Proof. By the assumptions, we have

i [S —E(Sn) ] 2 Sn E(sn)ii ) i (iisn E(Sn)ii >
n=1 _ q/2 _ : %
= z % z Var(X;) < Z n_lq(z Var(Xi)> < oo,

i=1 =

—-0c.c.

By Example (3.3.15), we know that, if $:5°_ X, |, < oo, then we don't have Y7 'i“%"ﬂ <
p

oo necessarily. In general, we have the following two propositions.

Proposition (3.3.19)[153]: Suppose that 1 < p < o and 2;’1°:1||anlp < oo, then Ve > 0,

we have

o 1
z W”Sﬂ/n”p < oo, (44)
n=1

Proof. By Minkowski's inequality and the definition of the norm |I-1l,,, we have that

IS, /7l < %(z IIXk||p>.

k=1
Then we can prove (44) by following the proof of Proposition (3.3.17).

Proposition (3.3.20)[153]: Supposethat1 < p < coand Y., ||Xn||p < oo, thenforany 1 <
q < p, we have

NgE

E[ISn/n|?] < oo

S
I

in particular, S,,/n - 0 c.c.
Proof. By the fact that I-Il,<Il-Il,,, Minkowski's inequality and the assumption, we have

(0]

Z E[|S,,/n|?] = Z (llSn/nIIq)q < z ("Sn/n”p)q

n=1 n=1

3 Fer XD\
- n

[00]

n
0 q
1
< Z ||Xk||p) z <o
k=1

n=1

Proposition (3.3.21)[153]: Suppose that Y1 | X, Il . < 0. Then
(i) for any € > 0, we have

-1
z W”Sn/n"Oo < 005 (45)
n=1

(i) for any 1 < g < oo, we have
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D EllSa/nl7] <

n=1
in particular, S,,/n - 0 c.c.
Proof. (i) By the definition of the norm ||-|l,, we have that

n
1
1S2/nll < E(Z ||Xk||oo>.
k=1

Then we can prove (45) by following the proof of Proposition (3.3.17).
(ii) It's a direct consequence of Proposition (3.3.20) by noting that for any 1 < p < o and

any random variable X, | X l,<Ill X ll.
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Chapter 4
Monotone Geometric Mean and Kahler Means

We show that the cost of our approach in term of arithmetic operations for m matrices
is of the order 0(mn?). This definition preserves the structure, is simple to calculate,
preserves monotonicity and satisfies some other Ando-Li—Mathias properties. A
generalization of the mean towards PD (Toeplitz-block) block-Toeplitz matrices is
discussed. For PD Toeplitz-block block-Toeplitz matrices, we derive the generalized
barycenter, or generalized Kahler mean, and a greedy approximation. This approximation
Is shown to be close to the generalized mean with a significantly lower computational cost.
The proposed definition preserves the structure of the matrices and satisfies some important
Ando- Li—Mathias properties, such as monotonicity and continuity. Also, it has low cost
and is simple to calculate.

Section (4.1): A Class of Toeplitz Matrices

The notion of geometric mean for positive definite matrices naturally appears in
several areas, for instance in radar detection [40], [48], image processing [195] and
elasticity tensor analysis [10].A definition of geometric mean of three or more positive
definite matrices has been defined by M. Moakher [17] and R. Bhatia, /. Holbrook [3], [5].
This is usually identified with Karcher mean. T. Ando, C.Li and R. Mathias in [2] have
introduced a definition of geometric mean and have shown some of its properties, called the
Ando-Li-Mathias (ALM) axioms. These properties should be required for any reasonable
notion of geometric mean of the matrices. There is a rich of the geometric means of matrices
and methods for computing them, see [190], [191], [36] and the references in [191], [36].
But there are also many unsolved problems in this field yet. The Karcher mean does not
preserve structures, for example the Karcher mean of two Toeplitz matrices is not
necessarily a Toeplitz matrix. D. A. Bini et al. in [191] have introduced a definition of
geometric mean for structured matrices. This definition satisfies many of the
ALM properties except monotonicity. Moreover, this method can not guarantee uniqueness
of the structured geometric mean.

We consider only the Toeplitz matrices. A Toeplitz matrix is a matrix in which entries
along their diagonals are constant. These matrices have many applications in a wide variety
of problems in engineering. For positive definite Toeplitz matrices, there is the interesting
notion of mean based on K&hler metric [22], [23] which is not a geometric mean, but satisfies
some desirable properties such as permutation invariance and repetition invariance. This
mean, called K&hler metric mean, does not coincide with Karcher mean but with this manner
the mean of two positive definite Toeplitz matrices will be a Toeplitz matrix again.
Unfortunately, the Kahler metric mean is not monotonic.

We introduce a new definition of geometric mean for a class of Toeplitz matrices.
This approach is an operator theoretical approach as follows. For every n X n Toeplitz
matrix

Ao a, - Ap—1]|
a_, a, a
A == : E )
a;
_a_n+1 e a_l ao i
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we consider the function a: T — C,where T = {t € C: |t| = 1} isthe unitcircle in the plane
by definition a(t) = Xt . a,tk for all t € T. Now, let M(a) € L(L*(T)) be the
multiplication operator associated to the function a, i.e.,M(a)f = af forall f € L*(T).

In fact M (a) is a Laurent operator with the so-called 'symbol’ function a, see [194]
and (1) below. We denote the cone of all positive semi-definite n X n Toeplitz matrices
with non-negative symbols by 7.t*, see (4) and the Lemma (4.1.6). We introduce a new
definition of geometric mean on ZT;*which satisfies among other properties, the
monotonicity property in the ordering induced by the cone T7,°*, see (5) and
Theorem (4.1.8). Comparing to the other approaches, our proposed definition admits some
Important advantages: low cost in terms of arithmetic operations, simple calculations,
structure preserving and monotonicity. Moreover, we do not use the non-singularity of
matrices, e. g., the zero matrix belongs to 7;;F *.

We state some basic definitions and theorems and then we define the geometric mean
for Laurent operators. We introduce the main idea and explain some properties. We show
numerical experiments and some comparisons between our proposed geometric mean, the
structured geometric mean [191] and the K&hler metric mean [191], [22], [23].

The Laurent operators form a commutative *-algebra of bounded operators act on a
Hilbert space as follows. First, We to recall some standard notions and notations. Let T =
{eie | 6 € IR} be the unit circle in the complex number plane. For each complex-valued
Lebesgue measurable map f:T—->C and each 1<p<+oo, let | fI,=

(515 "|f(e®)["d6)? and Il £ o= inf{M > 0]|f () I< M for a.e.0 € R}.

As usual, the spaces LP:= LP(T) = {f Ill f l,< +oo} with norm [|-|l,, are Banach
spaces for all 1 < p < +oo. Since T has finite Lebesgue measure we have L" c L° when

1 < s <r < +oo.Inthe case p = 2, L? equipped whit the inner product
21

1 o —————
.9 =5 | F(e)gleds
T Jo
for f, g € L? is a Hilbert space.
Given f € L', we define its Fourier coefficients {f,} by f, = %foznf(ew)e‘ineda

for all n € Z. Notice that f € L? if and only if ¥,z | f,,|? < . If we define the functions y,,
by x,,(t) =t" forn € Z and t € T, then {x,,},ez is an orthogonal basis for L?, see [192].
For each a € L* and each 1 < p < +oo the operator M(a): LP — LP defined by f +— af,
is bounded and Il M(a) li;ry=Il a ll, where L(LP) is the Banach algebra of all bounded
operators on LP. The operator M (a) is called the multiplication operator on L? generated by
the function a € L™ and a is called the symbol function of M (a).

From the definitions, it is obvious that (M(a)xj,)(k) = ay_; is the (k—j)—th
Fourier coefficients of a, see [192]. The following proposition shows that the converse is
also true.

Proposition (4.1.1)[189]: ([192]) Let A € L(LP)(1 < p < o) and suppose there is a
sequence {a, }nez of complex numbers such that (Ax;, xx) = ax—;. Thenthereisan a € L*®
such that A = M(a) and {a,,} is the Fourier coefficient sequence of a.
Moreover,

I M(a) llzry=Il a llco.
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The proof of the following lemma is straightforward. The definition of Laurent operators
are introduced in this lemma.

Lemma (4.1.2)[189]: The multiplication operator M:L* — L(L?) is a linear positive
isometry from L* to M ={M(a) | a € L} the space of Laurent operators then the
following properties hold:

1) M(ab) = M(a)M(b) for all a,b € L, hence the space of Laurent operators M is a
commutative algebra.

Ny M(a) = M(a)* forall a € L™.

1ii) The operator M(a) is a positive semi-definite operator if and only if a € L* and a >
Oa.e.

iv) The operator M(a) is invertible in £L(L?) if and only if a € L* and a is away from zero,
i.e.,|a| > € a.e.forsome e > 0.

V) M(|a]) = |[M(a)| forall a € L™.

vi) M('Va) = y/M(a) whenm € Nya € L anda > 0 a.e.

If we express the multiplication operator M (a) generated by a € L™ via Fourier coefficients,
we have the following infinite dimensional matrix representation

a, a_4

a a a_ a_ a_
M(a) — 1 0 . 1 . 2 3

a, a Qa; a_;

We denote the class of all posi:[i§/e semi-definite multipl'icatior'l opefators by M*,i.e.,
M*={M(a)la€L”anda=0ae.}.
The following definition naturally motivated by Lemma (4.1.2).

Definition (4.1.3)[189]: Let n € N and M(a,),M(a,), -+, M(a,) € M *.The geometric
mean of these operators defined by

1
G(M(@), -, M(a,)):= M <<a1 - ay) g)

We will show that this definition satisfies many of the Ando-Li-Mathias (ALM) axioms in
[2] for operators in M *. In the following properties, we assume that all operators are in
M *and all scalars are non-negative reals.

mIfa, =a, == a, =:a then by definition

G(M(ay), -, M(ay)) = M(a).
m Joint homogeneity. Since multiplication operators are linear, we have

G(alM(a1); Tty anM(an)) = G(M(alal)» Yy M(anan))
1 1
=M ((al wan(ag - ay,) ;)
1

P 1
= (e, - an>%((al - ay) ;)

1
= (al an) E G(M(al)r "ty M(an))-
m Permutation invariance. For any permutation « of {1,2, ..., n}, obviously we have
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G(M(ay), -, M(an)) = G (M(are)) > M(an(ny) ).
m Monotonicity. Since the operator M is positive, see Lemma (4.1.2) (iii), if M(a]-) >
M(a;) forj =1,--,n then
G(M(ay), -+, M(ay) = G(M(ay), -, M(ap)).
m Continuity from above. If the sequences {M(a)} _ converge to the operators M(a;)

for each k = 1,---,m, respectively, i.e., |M(a; ) — M(ai)ll,,2y = 0 asn — +oo, then

HG (M(al,n): Y M(am,n)) - G(M(al): Y M(am))HL(LZ) -0,
asn — +oo,
m Joint concavity. Again by linearity of multiplication operators, for each 0 < 1 < 1 we
have
G (AM(ay) + (1= DM (by), AM(az) + (1 = DM (by), -, AM (ay) + (1 — )M (by,))
> 2G(M(ay),+, M(ay)) + (1 = DG(M(by), -, M(by)).
m Self-duality. By Lemma (4.1.2)(i) and (iv), for invertible operators, we have

_ 1\t
G(M(a,),, M(ay)) 1 =M<(a1...an);>

1
- e

o | | = G(M(ay) ™+, M(a)™).
m The arithmetic-geometric-harmonic mean inequality. Forn > 1 and a4, -, a,, = 0, we
have

1 oa ++ta
(ay @) < ==

So by Definition (4.1.3) and linearity of multiplication operators, we have

C(M(ap), - M(a)) < M(ay) + -+ M(an)
n

Combine this by self-duality property and the fact that for each two positive invertible
operators T, S we have T < Sif and only if ™1 < T~1, we will have

M(a) ™t + -+ M(a,) ™\ M(ay) + -+ M(ay,)
< " - = G(M(al)r"';M(an)) = - =,
where a4, :-+, a,, are assumed to be away from zero.
We introduce a concept of geometric mean for a cone of positive semi-definite
Toeplitz matrices. Let

Qo a1 = Qp-1
a; Ao :
A= ) ,
dn—l e ao

be a Hermitian Toeplitz matrix with complex entries. The symbol of A is a function a € L™
defined by
n-1
a(e®) =aq + Z (are™® + a,e~*9), (6 € R). (1)
k=1
In fact, by letting a_: = a, for k = 1,2,---,n — 1, and a;, = 0 for |k| = n we can write
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+ oo

a®) = ) aw(®, e,

k=—o0
where {x; }rez by definition y, (t) = t%, (t € T), is the standard basis of L2. Moreover the

function a is the symbol of the following Toeplitz operator [192], [194],
aO al az cee
a_, a, aq

T, =
4= a_,

Even if the Toeplitz matrix A is positivé semi-definite the associated Toeplitz operator T,
3 2

i X
2 3lsa2 2

may not be (positive) semi-definite operator. For example the matrix A = [

positive definite Toeplitz matrix but its associated Toeplitz operator
3 2 0 0 O

3 2 0 O
2

Ta = 3 2 0

2
0

is not a positive semi-definite operator, to see this let &£ = Y&, (—1)*a* 1y, forany a €

(5, 1), then we have
4
+00 +00
(Ta6,6) = 32 a?? — 42 a?t
k=1 k=1

3—4a
=12 <0.

In fact, the symbol function of this matrix 4 is a(e'®) = 3 + 4cos 8, (6 € R), which is not
a positive function. In order to use the theory of positive semi-definite Laurent operators to
define the geometric mean which satisfies the monotonicity property, we consider only those
positive semi-definite Toeplitz matrices whose symbols are non-negative functions.

We are going to specify a class of positive semi-definite Toeplitz matrices with nonnegative
symbols. For each n € N, let V, be the n-dimensional vector subspace of L? generated by
the set {xo, X1, ***» Xn—1}- The inclusion map 1,: V,, = L? and the orthogonal projection map
m,: L* >V, are well-defined linear operators that ||u, |l = |7, | = 1 (see [193], Theorem
2.7), note that 1, is a closed subspace of the Hilbert space L?. Now for each a € L* the
associated multiplication operator M (a): L* — L? is a Laurent operator, so one can define
the linear transformation ir,, e M(a) o t,: V,, = V;,. The matrix representation of ,, c M(a) o
L,, in the ordered basis {xq, X1, ", Xn-1} IS denoted by T, (a). By a simple calculation, we
have

Qo a = 4p-
a_, Qg :
T,(a) = .
w(@) N
A-n+1 A1 Qo
where
1 (%" . :
a, =< a, xy >= 7 a(elg)e“kedé?, (k € Z),
0

are the Fourier coefficients of a.
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Lemma (4.1.4)[189]: If a € L”,a = 0 a.e. and n € N then the matrix T,,(a) is a positive
semi-definite n X n Toeplitz matrix but the converse is not true.
Proof. Using the notation y,(t) = t* where k € Zand t = ! € T,0 € R, we can write

f=) fitkev,
kZO A

and
+00
a= z a,tk € L (2)
- - k=—00
as two polynomials on variable t € T where f, 's and a;, 's are complex numbers. Now, we
have
k
=y, Z frawes |
k=—o0

and

o M(a) o tn(f) = mn(af)

n-—1 n-—1
S5 e e

Recall that t=t"1 when t€T, so f Zm Omt‘m. Notice that if p(t) =

Fo saxth, (t € T), and p € L then
1 21

— i6 _
o), p(el )d@ a

= the constant term of p.
Therefore

1 2T ] -
Two M@)o 1(f),f > =5 j 1(af)(e®)f ()b

= the constant term of 1, (af)f 3)

n-1 n-1

= z z fkfjak—j-
k=0 j=0

FOF = FOF© = Z fkf,-tf-k,

In the other hand

using (2), we have

1 (%" . .
oy a(e19)|f(e‘9)|2d0 = the constant term of a|f|?
0

-1 n—-1

= ff}ak —j»

0 0

S

X
I

—.
I

which equals (3), so
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1 (™ 2
<1, o M(a) o u(f), f >= %fo a(e®)|f(e®)|"a0 =0

whenever a > 0 a. e. Hence, we just prove that the linear transformation m,, o M(a) o «(f)
and its matrix, T, (a), are positive semi-definite.

The converse does not valid, e. g., the Toeplitz matrix A = B g] which is mentioned

before, is positive definite and A = T,,(a) where a(e'?) = 3 + 4cos 6, but a £ 0. Now, we
introduce the following sets
T,, = The set of all n x n Toeplitz matrices,

Tt ={A €T, | Ais positive semi-definite }, (4)
T+t = {A € T, | the symbol of A is a non-negative function }.
Notice that by the Lemma (4.1.4), we have 7,,"* & T, .
Now, we summarize the above discussion in the following corollary (cf. Theorem 9.3 in
[194]).
Corollary (4.1.5)[189]: For any natural number n € N, the map T,,: L* — T7,, is a surjective
linear operator and

Tt ={Ty(a) la€L®a=0ae.}.

The following lemma shows that there are many matrices in 7,7+,
Lemma (4.1.6)[189]: Letn € N,a, € Rand a4, ', a,,—, € C be such that

n-—1
ay > Zz |ak|,
k=0

then
Qo a1 - Ap-
a a
A= €T,
dn—l ao
Proof. We have A = T,,(a), where
n-1
a(e®) =a, + z (are™® + a,e~'*%), 9 € R.
k=1

So we have to prove thata = 0, a. e. b_y the Corollary (4.1.5). But we have

n—1
a(e®®) =ag+2 z Re(a,e'*?)
&
> qy — 2 Z |a,.e™9|
k=1

n-—1
=a0—zz la,| = 0,
. k=1
by our assumption.
The converse of the Lemma (4.1.6) is not valid. For example, let

19 6 9
A=16 19 6
9 6 19
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then A is a positive definite Toeplitz matrix with symbol a(e®®) = 19 + 12cos(8) +
18cos(260) = 0, but 19 # 2(6+79).
Notice that the set 7;;F "is a cone of positive semi-definite Toeplitz matrices, i.e.,A+ B €
Tt*when A, B € 7,;"*and aA € 7,;*when A € 7,;"*, « > 0. Hence, the cone 7, *naturally
induces an order, we denote it by <, as follows: for any A4, B € T,,"*we define

A<BS B-A€eT; . (5)
Note that since 7,;"* < T,;¥, A < B implies A < B. But the converse is not true, e. g., let A =
[(1) (1)] and B = [‘2L ﬂ,thenA,B € THbutB — A = [2 g] € TH\ T ie., A < Bbut
A < B. Now we can introduce the main definition.
Definition (4.1.7)[189]: Given m,n > 1 and A, A,,--,A,, € Tt and let a,,---,a,, € L®

be their symbols, respectively. The geometric mean of 4,, -+, A, is defined by the Toeplitz
matrix

1

6(Ay,, Aw) = Ty (g = @)
In the following theorem we collect some properties which are satisfied by this definition.
Theorem (4.1.8)[189]: Let m > 1,4, -, A, B1, - B, € T,;7 and a4, -+, a,, € R*.The
following properties hold:
)IfA, =A, = =A,, =:Athen G(44, -, A,,) = A.
ii) Joint homogeneity. G (@141, -+, @mAm) = (@1 @) — G (Ay, -+, Ap).
1ii) Permutation invariance. For any permutation rr of {1, ---, m} we have

G(Ay, -+, Am) = G(Anry, » An(my)-
iv) Monotonicity. G(A44, -, A,,) < G(Ay + By, -+, A, + B,y).
v) Continuity. If {Ak,1}k>1, ---,{A,m}k>1 are monotonic decreasing sequences in ordering
(5), converging to Ay,--, A, respectively then the sequence {G(Ay1, ---,Ak,m)}k>1
converges to G(Ay, -+, Ap).
vi) Joint concavity. Foreach 0 < 1 < 1

G (A, +(1—-1)By,,AA,, + (1 —A)B,,)

vii) Arithmetic-geometric inequality. G(44, -+, A,,) < W.
Proof. Properties (i) and (iii) trivially hold. We state proof of the others.
i) This follows from the Definition (4.1.7) and linearity of T,, Corollary (4.1.5).
iv) Letaq,--,a,, and by, ---, b, be the symbols of A4, -, 4,, and By, -+, B,,,, respectively.

By assumption a,, -*-, @, by, ***, b, = 0, since
1

EX 1
((al + bl) (am + bm))m - (al am)m =0,
by the Corollary (4.1.5) and (5) the conclusion follows.
v) We have
Ak,l = Tn(ak,l)' 'Ak,m = Tn(ak,m)'
and
A = Tn(al); e Ap = Tn(am)-

Since, all norms in finite dimensional vector spaces are equivalent, for 0 < i < m, Ay; —
Ajask » oo,i.e., Ay — Ai||F — 0 as k - o, where ||. | denotes the Frobenius norm. In

the other hand |[a; ; — ai||2 = [[Ag; — Ai||F, 0<i<m,and
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1 1
(ak’l...ak’m)m_(al...am)ﬁ -0 as k—)OO
2

Again, by Il a ll,= T, (a)ll,, for each a € L*, we have
"G(Ak,lJ "'JAk,m) - G(All""Am)”F — 0ask — oo.
Vl) S'nce Ak = Tn(ak),Bk = Tn(bk) fOI’ 0 < k < m, and

((Qay + (1 = Dby - (Aam + (1 — A)bm))%

1
< A(al am)m + (1 - A)(bl bm)m:
by concavity property of geometric mean of non-negative reals, the statement is deduced
from linearity and positiveness of the operator T,,, see Corollary (4.1.5).
vii) Because of

1 a;+-an

a+ >+ a _S—’
(1 m)m m

and A, = T,,(a;), 0 < k < m, the conclusion follows.
As we mentioned before, some Ando-Li-Mathias axioms are not satisfied yet. Now, we
illustrate this by the following counterexamples. Let

21 12 -1
A_[l 2]'3_[—1 2]' (6)
m Consistency with scalars. We have AB = BA and
1
pz=[3 0]
0 V3
but
4
p- 0
G(A,B) = 4l
0 —
4 -1 " 3 1
m Congruence invariance. Let S =2[6_1 1 4 ] and C =4[51) 3]7we have
SAS=[1 26],5 CS=[_7 !
and
1 ormer . [33.0912 —2.1114
i G(S7AS,57CS) = —2.1114 33.09127F
ut

23134 -—-1.1941

. I3
STGA, 05 = [—1.1941 323134/

m Self-duality. We have

T
_1_ |4
G(A,B)™1= o
- 4
but
4
= O
G(A™L,B™H) =T 4|
0 —_
L 3w
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1
m Determinant identity. det(G(4, B)) = = but (det A - det B)z = 3.
m The geometric-harmonic mean inequality.

. 4 3 0
A 1+ BT\ T 2
G(A’BF(T) =, 4l
2
-1 -1 -1
which is not positive semi-definite, i.e., (A b ) < G(A, B).

Now, we want to glance at the comparison between our definition of the geometric
mean and two other well-known concepts of geometric means: the Karcher mean and the
Kahler metric mean. First let us to recall their definitions briefly. For a set of m positive
definite n X n matrices A4, ---, A,,,, the Karcher mean is defined as the minimizer

arg n mln z 5%2(A5, X)

(see [36],p.8 ), where S% represents the set of symmetric positive definite matrices and
8(A,B) = [llog(A~*2BA~"/?)|| with |I. I the Frobenius norm is the intrinsic distance on
the manifold S%. The definition of the K&hler metric mean for Toeplitz matrices is somewhat

more complicated. Let A4, -+, A4,, be a set of m positive definite n x n Toeplitz matrices.
Their K&hler mean is defined as minimizer

arg m1n z d?(Ag, X)

where X varies on the manifold of all the posmve definite n X n Toeplitz matrices. This
manifold is a Cartan-Hadamard manifold with intrinsic metric d, see e.g., [191].
Example (4.1.9)[189]: Consider the following matrices of Example 5.1 in [191],

2 1 4 -1 2 -1

A:[1 2]'B= [—1 4] and ¢ = [—1 2 ]

As mentioned in [191], we have A < B but B(4,C) % B(B, C) where B stands for the
Ké&hler barycenter mean. Also it has been shown that the Kéhler barycenter mean B(4,C) =
s

[(2) ] does not coincide with the Karcher mean (AC)z

Now, applying our definition on the matrices A, B and C we have

4
Z 00
|z [ 2725 —1.1314
G(A,C) = . i'G(B'C)‘ 11314 2.725

T
Since the eigenvalues of the matrix G(B,C) — G(A4,C) are 2.580 and 0.317, so
G(A C) <G(B,0),
therefore, our definition is monotone in this example. Moreover in this method G(4, C) #
(AC)% thus our approach does not coincide with the Karcher mean and the Kahler

barycenter mean.
There are many well-known methods to compute these integrals like that trapezoidal
rule, Simpson's rule, etc. We will use Simpson's rule for numerical integration.
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Fig. 1. Comparison of the different methods.

For illustrative purposes only, we construct randomly three matrices 3 X 3 belong to
T3 *such that |ag| > 2(Jay| + |ayl). Fig. 1(a) shows these matrices and their means with
our method, structured geometric mean (SGM), and the K&hler metric mean (KMM) ina 3D
diagram, note that each 3 x 3 Toeplitz matrix characterized by its first row, so corresponds
to a point of R3. As we see, our proposed geometric mean is close other ones. For our method
the number of operations equals 0(kmn?) where n is the size of the matrices, m is the
number of matrices and k is the number of subdivision of the interval [0,27] in order to use
Simpson's rule for numerical integration, . The cost of structured geometric mean in the case
of Toeplitz matrices with approach 4.4(1) in [191] is equal to O (pn* + pmn3), where m,n
are same as before and p is the number of iterations of this algorithm. The Kahler metric
mean in the case real Toeplitz matrices as described in the Section 5 of [191], requires
O0(mn*) arithmetic operations where m, n are same as before, again. In order to compare
the cost of different methods we letn = 30, m = 3t0 10, for SGM p = 1 and for our method
k = 32. The results are given in Fig. 1(b). As this figure shows our purposed method has
less cost than others. Unfortunately in the generic case there is no reference solution. In
order to compare our method to the SGM and the KMM methods, for each g =

5,10,15,20,25,30 we construct randomly q triples (4,,B4,C;), "+, (Aq,Bq, Cq) of 10 X 10
Toeplitz matrices

ao a’l ) a9
a, Qo :
a9 ) aO

such that |a,y| > 22?=1 |a, |, assuring to belong to 7;5*. Then we compute the average value
of these geometric means, i. e. $Z?=1 G(Aj, B;, Cj) by our method, the SGM method and the
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KMM method and denote them by G, Ggzp and Ggpp respectively. Finally, we show the
relative distances |Gsgpy — Gll /Il G I and IGgyy — Gl /Il G 1l by using the Frobenius

norm in Fig.1(c). As one can see, the results of these three approaches are not far from
each other, nevertheless our method is closer to SGM method.

We have introduced a new definition of geometric mean for the set of all positive
semidefinite Toeplitz matrices with nonnegative symbol functions. This definition satisfies
in some ALM axioms. It preserves monotonicity and structure of Toeplitz matrices.

Moreover, computing this mean is simple and requires only O(mn?) arithmetic operations
(for m matrices of size n ). Finally, we compared our approach with the structured geometric
mean for Toeplitz matrices [191] and the K&hler metric mean [23], [191] in term of number
of arithmetic operations and the relative distances. It is still unclear whether our approach
can handle the set of all positive semi-definite Toeplitz matrices such that it preserves
monotonicity and the structure of Toeplitz matrices as well. Another interesting question is
to characterize the set of n X n positive semi-definite Toeplitz matrices with non-negative
symbol 7,;**. This can be a topic for future investigation.

Section (4.2): Block-Toeplitz Matrices with Toeplitz Structured Blocks

In radar theory and other signal processing applications [197], [200], [201], [202],
[240], autocorrelation matrices are very popular for representing windows of discrete or
continuous signals.

For a signal x(k), the element at position (t;, t,) in such an autocorrelation matrix is
obtained from an averaging operation E[x(k + t)x(k + t;)*] = E[x(k + t)x(k)*], with
t =t, —t, referred to as the lag. Note that E[x(k — t)x(k)*] = E[x(k)x(k + t)*] =
(E[x(k + t)x(k)*])*. Theoretically, this averaging operation is taken over the entire signal,
resulting in an infinite sum (for a discrete signal) or integral (for a continuous signal). In
practice, the sum/integral is taken over the finite window of interest, where as many entries
in the sum/integral as possible are taken considering the lag and size of the window.

For a finite window (or a stationary signal in general), the resulting autocorrelation
matrix will be a positive definite (PD) Toeplitz matrix [234]. A popular detection technique
in radar theory consists in comparing a certain window in a signal with an average of the
signal in the neighboring windows. Translated to the autocorrelation matrices, this means
that a PD Toeplitz matrix is compared with an average of its neighboring PD Toeplitz
matrices.

One approach to the averaging of PD Toeplitz matrices was proposed by Bini et al.[20],
and is referred to as the structured geometric mean. The mean emphasizes the natural
geometry of PD matrices in a restricted search for the center of mass or barycenter w.r.t.
this natural geometry. An alternative could be to focus on the natural geometry of the
Toeplitz matrices. But, as a vector space, the set of Toeplitz matrices is naturally endowed
with Euclidean geometry, having the arithmetic mean as its corresponding barycenter.

On the other hand, from the applications mentioned above, a transformation of the
autocorrelation matrices and a geodesic distance measure based on information geometry
theory can be found [202], [203]. This distance measure is derived from a natural geometry
in the transformed space and the corresponding averaging operation shows appealing results
in applications. We analyze the associated barycenter and discuss how it is derived from the
signal processing application.

When the basic signal x(k) is replaced with a multichannel signal X(k), the
corresponding autocorrelation matrix can be constructed as a block matrix. Specifically, we
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obtain a PD block-Toeplitz (BT) matrix, which is a PD block matrix with identical blocks
along the block diagonals. In some applications, the blocks themselves will also have the
Toeplitz structure, resulting in autocorrelation matrices which are PD Toeplitz-block
BT (TBBT). We derive first order optimization techniques for the computation of these
generalized K&hler means and analyze their properties.

We organized in the following way. The transformation of PD Toeplitz matrices and its
underlying interpretation are discussed. Afterwards, the natural geometry of the resulting
transformed space is presented, and the corresponding barycenter is referred to as the Kahler
mean. Two possible generalizations for the transformation of PD Toeplitz matrices towards
PD BT matrices are investigated. Moreover, we also discuss two different distance measures
for the second generalized transformation. The generalized Kahler means for PD BT
matrices and PDTBBT matrices are presented, respectively. Finally, we compare the
resulting algorithms in numerical experiments.

The set of PD matrices, denoted by 7, is defined as the set
P, ={A € CV™" | xHAx > 0,Vx € C"/{0}}.

This characterization of PD matrices is equivalent to the condition that A is Hermitian and
has positive eigenvalues [3], and is also denoted as A > 0. P, is naturally endowed with the
following distance measure and inner product,

1 1
d(A,B) = iilog (A‘EBA‘E)H , 7
F
(E,F), = trace(A"1EA™IF), (8)
where A,B € P,,E,F € H,, the set of n X n Hermitian matrices, and |-l denotes the
Frobenius norm.

The vector space of Toeplitz matrices consists of all matrices having identical elements
along the diagonals,

o ty TR A
t_ t Wt

g—‘;’l = 51 _.(.) . ns 2 | t_n+1' ---'tn—l € C;. (9)
tnyr Copgz o to

The intersection of this set of Toeplitz matrices with the Hermitian matrices H,, is given by
the elements in (9) forwhicht_; = t/,i = 0, ...,n — 1. The set of PD Toeplitz matrices will
be denoted as 7;;: = T, N P,.

We denote by B,, i the vector space of BT matrices, where the indices n and N indicate that
the matrices consist of n by n blocks and each block isan N x N matrix. As for the Toeplitz
matrices, the set containing all PD elements in B,, y will be denoted by B! . The subspace
of B, y Where the matrix blocks themselves are also Toeplitz matrices is the vector space of
TBBT matrices, which we denote by 7;, i. The intersection with the manifold of PD matrices
is denoted by 7;'y.

Several instances of (un)structured matrices can be combined in a least squares approach,
and the result is, in general, referred to as the barycenter. For a number of elements 4, ..., A,
in a set S with given distance measure d, the barycenter is defined as the minimizer of the
sum of squared distances to these given elements:

k
1
Bs(A4, ..., A,) = arg minyes Ez di(X,A). (10)
i=1
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This concept is known to be a natural method for combining elements, e. g., the barycenter
corresponding to the classical Euclidean geometry is the arithmetic mean.
Furthermore, by considering the set P, of PD matrices with its natural distance measure (7),
this barycenter is identical to the Karcher mean, the main instance of the geometric mean of
PD matrices [3], [20], [26], [216], [36], [37], [225], [227], [46]. The structured geometric
mean, proposed by Bini et al.[20], is obtained by minimizing the cost function of the
Karcher mean, where the search space is restricted to the PD matrices of a specified matrix
structure.
Another averaging operation, known as the median barycenter or median for short, is
defined as the minimizer of the sum of the distances to the given elements (instead of the
squared distances). While this median is more robust to outliers, we will focus on
barycenters because they behave more smoothly and are better at combining the inherent
information of all given elements. In matrix information geometry, the median approach has
been applied to PD Toeplitz matrices [197], [198] and PD BT matrices [202].
The computation of these barycenters is often performed using Riemannian optimization, a
generalized version of optimization which takes the geometry of the search space into
account [21]. When the search space is lacking a differentiable structure and associated
geometry, other approaches can be used, such as random and deterministic walks in the
general setting of Hadamard spaces [207], [225], [231].
Throughout, expressions will be presented containing a multitude of variables. We aim to
clearly indicate the difference between main and auxiliary variables by using the following
notation. We denote a function f, defined as f(X) = g(A4, B, C), with auxiliary variables
A= g,(X),B = g,(X),and C = g3(X), as

fX) =g(4B,0),

A= g,(X),
B = g,(X),
C = g3;(X),

indicating that f is the main variable of interest.

In what follows, the matrix I,, will represent the n X n identity matrix, and J,, the so-called
counteridentity, the n x n matrix with ones on the antidiagonal and zeros everywhere else.
For both matrices, the index might be omitted if the size is clear from the context. The
transpose of a matrix A will be denoted by AT, its conjugate transpose by Af, and its
elementwise conjugate by A*. Finally, we write A to represent the form JA*J. Note that this
operation corresponds to taking the conjugate transpose of A and reflecting the result over
the antidiagonal.

The set of Toeplitz matrices 7;, is a linear space of matrices and is therefore
traditionally associated with Euclidean] geometry. However, we are interested in the
intersection of 7;, with the set of positive matrices ,,. Applying the geometry of the latter
to the intersected set results in the structured geometric mean which has been discussed by
Bini et al.[20]. Here, we will discuss a different geometry on 7;;F, along with its underlying
interpretation and its properties.

The interpretation of the K&hler mean heavily depends on the linear autoregressive
model from signal processing theory:

n

x() + ) ae(k = ) = wik),
j=1
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where x is the signal of interest and w represents its prediction error. Our interest now goes
to the so-called prediction coefficients af, and the intermediate factors that arise in their
computation.

By applying autocorrelation to the stationary signal x(k), its autocorrelation coefficients r;,
defined as E[x(k + t)x(k)*], can be obtained for different lags t. If this autocorrelation is
performed on the above autoregressive model, the following system is found:

R,a, = -1,
a, =][adl,..,a%]", (11)
A [

where R, is the PD Toeplitz matrix of size n with elements [R];; = [R]}; = 1i—j,1,] =
0,+1, ..., £(n — 1). Note that the prediction error w(k) is assumed to be uncorrelated to the
signal x(k). A recursive method known as the Levinson algorithm [222], [238] can be used
to find the solution to system (11) by solving the system for n = 1, and sequentially
obtaining the prediction coefficients a,, for increasing n. The Levinson recurrence relation
for the prediction coefficients is given by

41
i, =aj= -
0
0-1 £-1
L o + 221 Te-j4;
¢ T =1 . 1%’
To + 2j=1 1% ' (12)
¢ _ _
[ a1 ] ai~t af_}*
a =| g: |= |+ a 5 ,
¢ [Qp—1| 1 ¢ =1
latl Lo 1

with £ = 2,...,n. It can be shown that the factors a’ all lie within the complex unit

disk D, |af| <1LVve=1,..,n.
Our main interest in the above is the one-to-one relation between the PD Toeplitz matrix R,,
and the scalars (r,, ai, ..., a~1). Note that indices of the prediction coefficients only reach
n — 1, since the computation of a}* requires the autocorrelation coefficient r;,,, which is only
given as an element of the right-hand side of (11), but not of R,,.
The transformation of the matrix R,, is the following:

+ ++ n-1

n Po; U1, "'uun—l);
where we use the notation p,: = 1y, u,: = ab, and R**represents the set of strictly positive
numbers. This transformation creates a one-to-one mapping between the PD Toeplitz
matrices and the parameter space R** x D™"1. Note that increasing the size of R, by 1
(increasing n by 1) only requires the computation of 1 additional parameter w,,: = al*, while
all other parameters remain fixed. This corresponds to the recursive construction of the
Levinson algorithm.
We note that other parametrizations of the matrices are possible [199], [209]. However,
these algorithms have mostly been designed for more robust estimation of the correlation
coefficients r, = E[x(k + t)x(k)*] from a finite number of measurements. Since our goal
is the averaging of the correlation matrices, we assume that the estimation of the correlation
coefficients has been performed prior to the application of the mean.
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Moreover, changing the parametrization will not affect the following theory, since the same
parameter space R** x D™ is obtained for the different algorithms.

In order to define the K&hler metric, the set of PD Toeplitz matrices is considered to
be a Kahler manifold [22],[23],[205]. Such a manifold is associated with the concept of a
Kéhler potential, of which the Hessian form defines the inner product, and hence the
geometry, imposed on the manifold. In the field of signal processing (and specifically in the
context of Koszul information geometry [205]), the Kahler potential is chosen to be the
process entropy ®(R,,) [203], [205], defined as follows:

®(R,) = log(detR;;!) — log(me), (14)

where mr and e are the well-known mathematical constants. Applying some decomposition
rules on the determinant of R,, and by recognizing the components of the transformation
(13) of R,,, the process entropy ®(R,,) can be rewritten as a function of the parameter space
R++ X ]Dn_l .

n-—1

D(Ry) = —nlog(po) = ) (n—€)log(1 — |l*) — log(re),

where R,, is identified with its transformation (p, iy, ..., ,—1)- This decomposition of the
determinant of R,, is discussed.

The Kahler metric can now be obtained by determining the Hessian of the Kahler
potential where complex differentiation should be used for the components u, € D. If we
denote €™ = [py, Uy, ..., tn—1]7, then

0% d

H —_—

ij =
The desired metric can be found as
ds? =dE™"H d§<n>

2
B dpo dpg z (n— |dpel (15)
(1 = luel?)*
By examining this differential metric, a natural geometry and distance measure can be found
for (each of the components of) the parameter space R** x D™, The geometry on R**is
that of the positive numbers, which is given by the scalar analog of (7) and (8) (up to a
scaling with factor v/n and n, respectively). For the complex unit disk D, the hyperbolic
metric of the Poincaré disk can be recognized (up to a scaling of a factor (n — £)/4). We
summarize as follows:
ef

Va,b € R**",Ve,f ER: (e, f)y =n—,

b
d]R‘H (a, b) = \/ﬁ |10ga| ;

n—+4 & +¢e”
Vu,v €D, Ve, ¢ € C (g¢), = £ e (16)

2 (1—|ul»)?*’
U=V
vn—{¢ 1-l_ll—pn/*
dp(p,v) = — —log v
1_1—;11/*
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where £ is chosen corresponding to the coordinate (u,, £ = 1, ...,n — 1, from (13)) to which
it relates.
Combined, we define the Kahler distance d+between two PD Toeplitz matrices T; and T,

as
d%; (T, T;) = d72~n+ ((po,p H1,1, ---;.Un—1,1)' (pO,Znul,Z' '.Un—1,2))

1 , /1 n Hea — He2
n —
= nlog? <@> + z log?

1- .uf,luf)’z
Poi) 4 4 \1 _ /

He1 — Hep

1—ppaki,
By entering this distance measure into definition (10), the K&hler mean is obtained as the
barycenter By+. Endowing the manifold 7;fwith the Kahler metric (15) results in a

complete, simply connected manifold with nonpositive sectional curvature everywhere, or
a Cartan-Hadamard manifold. Hence, existence and uniqueness are guaranteed for the
barycenter with respect to this metric [30], [38].

Regarding the properties of the barycenter By+, it can easily be seen that it is
permutation invariant, repetition invariant, and idempotent (these hold for any barycenter).
Moreover, if we denote the transformation (13) of amatrix T; € T;7by (poi, ta.ir - ln-1.),

then, for any a; > 0, the transformation of «;T; is (a;po i, ft14) > Un—1,:)- HeNce, from the

. an

explicit expression of the first coordinate p,p = (Po,1"'Po,k)1/ “ of the barycenter
Br+(Ty, -, Ty), we get

B+ (a1 Ty, @3 Ty, ooy i Ty) = (1 -+ @) ¥ By (T, ..., T,
that is, joint homogeneity holds.
Properties related to the partial ordering of PD matrices do not hold in general, e.g.,
monotonicity: suppose T, T, T, € T*with T; = T;, then, in general, By+(Ty,T,) 2
BT-,{" (Tll TZ)
When experimenting with the Kahler mean, results have shown that its averaging properties
cooperate very well with the application from which it was derived [197], [23], [202], [240].
This makes sense since at every step of the derivation, the most natural geometries and
concepts, related to this particular model, were chosen from information theory.
Furthermore, the mean also has a computational advantage through its separation of
optimization. The separate coordinates of the matrices can be grouped and averaged
independently:

T = (|poas |[Hras| oo | Hn-11]|)

T = (| pos | s, | -5 | -1k )
i J, }

T +« ( po, p1, oov pm-1r )

This results in two main advantages. First, each coordinate group can be averaged in parallel
since they have no influence on any of the other coordinate groups, and second, the means
we end up computing contain elements of much smaller sizes than the original data (from
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matrices of size n to scalars), and additional computational time is saved. The computation
itself is discussed by Bini et al.[20].

Our real interest goes out to the linear autoregressive model for multichannel signals
[226], given by

X(k) + 2 AMX (k= ) = W(k),

with X and W vectors of signals and the factors A;' square matrices. Taking the normal
equations of the multichannel model, the so-called Yule Walker equations are obtained:

Anﬁn =-U,
A, =1[A}, ... A,
U, =I[Ry..,R,]
Ry Ry - Ry, (18)
B, =R R v Ruaf
Ri_i R, - Ry

where R,, € B; yis a PD BT matrix of n by n blocks. The size of the blocks (N) is equal to
the length of the multichannel signal vectors X and W.

Some interesting cases of the multichannel model (such as a two dimensional signal, when
interpreted as a multichannel signal) result in a matrix R,, which is not only PD BT, but also
has the Toeplitz structure in the individual blocks [221], [222], [233].

Hence it will become a PD TBBT matrix. In practice, these Toeplitz blocks will often be
Hermitian themselves, R, = RY,# =0, ...,n — 1, but we will develop our theory for the
more general case in which only the entire matrix R,, is Hermitian. The results remain valid
in the more specified setting.

The transformation. With R,, now defined as a PD TBBT matrix, we would like to
generalize the transformation (13) to 7;,y. Similarly to the link between the recursion (12)
and the transformation (13), this generalization is obtained using a recursive computation
of the prediction matrices in 4,,. This recursive computation goes as follows [222], [226],
[237], [239]:

A% = _R1R51' (19)
A = —A,P;, (20)
Ap=Rp+YZ1AT'R,_, -
Pp_1 =Ry + Z ]A€ I*JR Ry + Zf;%Af_le: -
Ay =[A,_1,0] + 45 [Ag_}, AT (22)
with £ = 2, ..., n. Similarly to the prediction coefficients a} from before, the factors A% will
be the matrices of interest for the generalized transformation. To properly define this
transformation, the set in which these matrices lie is investigated.
First of all, note that if all blocks in R,, (18) are assumed to be Toeplitz matrices, we have
R, =R},¢£=0,..,n—1,and even stronger, R, = R,, since this block is also a PD matrix
and hence Hermitian.

Next, we mention the following formula, based on the notion of the Schur complement, for
the inversion of block matrices,
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a, —a,U,R;?
—R;WUHa, R;'+R;UMa,U,R;Y
with a, = (R, — U{,R{TlU;’)_l. Note that a, is a principal submatrix of the PD matrix R,
and is therefore also PD.
Now, the auxiliary matrix P, in the recursive computatlon (2 1) can be written as

P, =Ry + A, U =Ry — U,R;*Uf = a;

hence P,( and P,) is also a PD matrix. Using the recursion expression (22), an updating
rule can be found for P, (and consequently for a; 1),

P, = Poy — AP B, = (1— ALAL) Py, (23)

R,f =

where P, = R,,.
Finally, we show that the matrices A% belong to the set
Dy ={Tec"N |1 -TIT > 0}.
Note that for N =1, this set reduces exactly to the complex unit disk D =
{y € Clyy = yy* < 1}. To prove that all matrix factors A belong to Dy, we start from the
positive definiteness of P, :
Pp=Ppy — AP iR, > 0,
congruence T _T
—  I—P,20P; AP, % >0,
similarity [ -
— 1= AP LAY =1—ASAL > 0.
The resulting transformation will be a mapping between the PD BT (not TBBT) matrices
and the new parameter space, and it is defined as

Bfy — PyxDy
R, v (Py,Ty, .., Thsy),
where the notation Py: = Ry, I,: = A% is used, and N denotes the size of the matrix blocks.
We do not restrict the transformation to elements in 7,y since the inverse transformation of
a random point (Py, Ty, ...,T,_1) € Py x DR~! does not necessarily have the Toeplitz
structure in the individual blocks.
The metric. To define the generalized metric, the Kahler potential is examined as in the
scalar case. Note the following possible factorization of the determinant of R, [229]:
det(ﬁn) = det(ﬁn_l)det(RO - Un_lﬁr_lll UYI;I_l)
= det(R,_,)det(a;},
25
= det(R,_)det(l — AnZ1A77T) .. det(I—AlAl)det(RO) (25)

= det(I — AnZ14771) .. det(] —Atan)" " det(Ry)",
where the recursive updating rule (23) for a;* (and P, ) is used. The resulting factorization
of the Kahler potential (14) becomes (in parameter space Py X Dr 1)
n-1
®(R,) = —nlog(detPy) — Z (n — £)log(det(I — T,I})) — log(me),
£=1
where R,, is identified with (Py, Ty, ..., T,,_;) under transformation (24).
As before, we use complex differentiation to determine the Hessian of the Kahler
potential and obtain the generalized metric

(24)

169



ds? = ntrace(P;! dPyP; ! dP,)

n-—1

4 z (n — #) trace((I — T,f) "1 dI,(I — [T,)~dTy).
=1

From the metric it can be seen that the desired geometry on Py is (up to a scalar v/n and n,
respectively) given by (7) and (8). Unfortunately, the set D, with the geometry described
in the above metric does not correspond to any known manifold, nor does a natural distance
measure present itself intuitively. However, the set D, does bear a close resemblance to the
set
SDy ={Q e CV*N |1 -0 > 0},

which is (almost) the Siegel disk [228] and which has been well studied along with the
Siegel upper half-plane. We discuss the slight adaptation to the transformation in order to
obtain elements in the parameter space Py x SDR~* and we will also elude on the geometry
of the Siegel.

We present a different generalized transformation, where the set Dy, in transformation
(24) is replaced by the Siegel disk SDy. Next, we show the relation between both sets and
discuss how the new transformation is also a natural extension of the scalar Kéhler metric.
Finally, the geometry of the Siegel disk will be discussed.
The transformation. A different approach to the transformation of a PD (TB)BT matrix can
be derived from a link with Verblunsky coefficients [235], [236] as follows.
In the previous setting of Toeplitz matrices, a one-to-one correspondence exists between
a PD Toeplitz matrix and a probability measure on the complex unit circle, where the
elements in the Toeplitz matrix are found as the moments (or Fourier coefficients) of the
corresponding probability measure [208], [212], [214], [220], [224]. The concept of
orthogonality for polynomials on the unit circle is linked to the specified probability
measure, and thus indirectly to the specific Toeplitz matrix. Finally, the computation of an
orthonormal basis of polynomials on the unit circle can be performed using the Szegdé's
recursion [232], in which the Verblunsky coefficients arise. It turns out that these
coefficients are equal to the prediction coefficients a’(12) used in transformation (13)
[204].
By generalizing the scalar probability measure on the complex unit circle to a nonnegative
matrix measure, the collection of its moments into a matrix becomes a PD BT matrix [212],
[213], [215]. On the other hand, constructing orthogonal matrix polynomials on the unit
circle w.r. t. the matrix measure results in a generalization of the Szegd recursion, with
corresponding generalized Verblunsky coefficients [210], [215], [230].
We use the proposed generalization of the Verblunsky coefficients [215] to define a new
transformation of a PD BT matrix as follows:

Bfy = Py xSDE,
Ry (Po,Q, e, pis),

where P, is still equal to R, but now
1 1

Qp:=L,2 (R — Mf—~1)K{;_21; (27)
Ly_y =Ry — [R1; ---'R€—1]R{7—11 [R1' sy R€—1]H;
~_ H
Kooy = Ro— [RY, ..., RUIR;L[RE,, .., RH]",
~_ H
Moy = [Ry, o, Rea )R [RE,, ..., RY]
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for £ =1,...,n— 1. Comparing this transformation to the previous one, the following
relations can be found for the auxiliary matrices P, and A,(21): Ky_y = Pp_1,Lyp_1 = Pp_1,
and R, — M,_; = A,. Hence we can also write the new transformation as

1/2 1/2
Qp=P,_"AP, ",
which demonstrates the close relation between both transformations. The absence of the
minus sign is not a problem as will become clear from the geometry of the Siegel disk (28).
As for the transformation (13) of Toeplitz matrices, adaptations of (26) have also been
suggested [222], [223]. However, these adaptations are again designed for more robust
estimation of the correlation blocks R; in (18) from a finite number of measurements. We
assume that this estimation has been performed prior to the application of the averaging
operation. Moreover, as before, the different transformations result in the same parameter
space Py X SDRL. Hence we will not discuss these adapted transformations any further.
It still remains to show that the coordinate matrices (2, actually are elements of the Siegel
disk. In fact, this was proven for the transformation of a general PD BT matrix by Dette and
Wagener [215] and Fritzsche and Kirstein [218]. We will discuss this for the transformation
of elements in the set of PD TBBT matrices 7,,"y. Our interest goes specifically to PD TBBT
matrices, but we will briefly revisit the PD BT matrices.
Suppose we have R, € T}, then by exploiting the Toeplitz structure of the blocks and R, =
R,, we can show that
Ay =R,— M,
*p—1" H*
= R{’ — Jn[R1, ooy Ro—q] R£—11 [Rg—p oy R{{] In
* D — H*

= RY' = Ju[Ry, o, Re-al"Jun RS un [RELy, - RET] Iy

= R{’ [R£ sURLEY R?]RE—11 [Ry, ..., Rp—q]"

= A
after which we can again start from the positive definiteness of P,,

Py=Pi1— APNA >0,

COMNGgruence

I1-P, UQAprIAHEme:>U.

7_ PlﬁAJ’”ﬂ( “U2AHp 1”):j_nm5>0,

which proves Q, € $Dy,.
The metric. We want to define the generalized metric by starting from the K&hler potential,
where we continue from (25) using the following,

det (I — AJAY) = det(l — AP B.P;Y)
= det(I — A, P;5AHP;L)
= det (1 — P _/°A,P74 0 P)
= det(I — Q,0f).
The expression for the Kahler potential and resulting generalized metric [202] are
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n-1

®(R,) = —nlog(detP,) — z (n — ) log(det(I — Q,Q5)) — log(we),
=1
ds? = mntrace (Py;* dPyP;t dP,) (28)
n-1

+ Z (n— ) trace (1 - Q,04) ™" da,(1 - 0fa,) ™" daf).
=1

The geometry on Py remains the same as for the first transformation. For the Siegel disk
S§Dy, the natural geometry can be derived from the geometry of the Siegel upper half-plane
described by Siegel himself [228], using the link

Q= (B-i)B+iD™,

B=i(l+0)({I -,
where B is an element of the Siegel upper half-plane (3m(B) > 0). We should note that
this link and the Siegel disk itself are classically only defined for symmetric matrices (in
order for the positive definiteness of Im(B) to make sense). However, removing the
symmetry restriction only disrupts the link and the definition of the Siegel upper half-plane,
while the Siegel disk and its geometry remain well-defined.
The resulting (scaled) geometry on $Dj, and a reminder of the (scaled) geometry on Py are

VA,B € Py,VE,F € Hy:
(E,F), = ntrace(A"1EAF), (29)
dp,(A,B) = +nlllog(A™/2BAT?)]| ;

VQ, W € SDy, Vv, w € CV*N:

(v,w)q = trace((I — QO vl — QFQ)TwH)
n —
+ trace((I — Q") 1w — QHQ)~1vH),
1
n—+~ [ 1+C2
= trace | log = | | (30)
I—-C2

dsp, (Q¥) = [C= W -Q)U Q") ' - - a9,

where £ is chosen corresponding to the coordinate matrix (Q,, ¢ = 1...,n— 1, from (26))
to which it relates. Note that both inner products and distance measures reduce to the scalar
expressions when N = 1. We also point out that the distance measure dsp,, on the Siegel
disk can be written using a Frobenius norm. This is accomplished by performing the
similarity transformation (I —QQ")=2¢(I — QQ")Y/2, which results in a Hermitian
matrix (as shown below in (33)) and does not change the distance measure since only the
eigenvalues of C matter.

The Kahler distance dzr between two PD(TB)BT matrices T; and T,, with transformations
(Po1, Q1) s Qn11) @nd (Py2, Q5 -, Quy 2), is defined as
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d3r(ToT2) = d3r ((Pos Qa1 Q1) (Pozs Qs o, Qi) )

1
n-—1 =
—-1/2 —-1/2 2 n— ’g I + CZ

= n Hlog(PO’l/ P0,2P0,1/ )HF + z 2 trace | log? {i ,(31)
=1 I-C;

[C{’ = (Qez — Q1) (I - 0F10Q,2) 1(95,2 — Q) (I = Q.107;) g
Using the definition of a barycenter (10), the generalized Kahler mean can now be found as
Bgr-

The distance measure discussed was proposed by Siegel as a possible natural
generalization to scalar distance measure on the Poincaré disk. Other generalizations have
also been investigated, and among these, the one we will refer to as the Kobayashi distance
measure dg has some interesting properties.

For Q, ¥ € SDy, it is defined as [203], [206], [217]

1
dg(Q,W¥) = Elog(

1+ ||¢Q(W)||2>
1—lga(Pl,)’

[cpﬂ(tp) = (1 — QM) (¥ — Q) — QFW)-1(I — QHQ)z, (32)

which, up to scaling, reduces exactly to the scalar distance measure on the Poincaré disk.
The 2-norm |I-]|, in this expression represents the spectral norm of a matrix, given by its
largest singular value.
Unfortunately, the Kobayashi distance measure is not naturally associated with the metric
on the Siegel disk with which we are working. We show this by examining the differential
metric at the zero matrix. By entering Q = 0 in (28), our differential metric on the Siegel
disk becomes ds? = trace(dQdQ¥) =]l dQ |I%. The differential metric corresponding to the
Kobayashi distance measure at the zero matrix is given by ds? =|| dQ II3 [217], which is
clearly not the same.
However, the main advantage of this distance measure lies in the transformation ¢ (32),
which acts as an automorphism on the Siegel disk. The distance between two matrices and
between their transformations under ¢, remains the same, for both the Siegel distance dsp,,
and the Kobayashi distance dj, and this can be exploited in the computations. During each
step of the optimization process, the current iteration point is translated to the origin (the
zero matrix) while the original matrices of the mean are translated accordingly. Working at
the origin will simplify the computation of optimization constructions such as the gradient,
retractions, etc. In the information geometry, the idea of translation to the origin on the
Poincaré and Siegel disk for barycenter computation was introduced by Barbaresco [203].
We note already that this translation to the origin is no longer practical once we enforce the
Toeplitz structure on the individual blocks R,,¢ =0,...,n—1,i.e.,, when we go from
PD BT matrices to PD TBBT matrices. As will be fully explained, once an iteration step w
at the translated origin is computed, the actual iteration point 0, (with respect to the original
matrices) should be updated to ¢(_g,)(w). Imposing the Toeplitz structure on the blocks R,
now results in a very involved condition for the step w. The process of exploiting the
translation itself is further explained .

The presence of the underlying Toeplitz structure in the blocks greatly influences the
computation of the generalized Kahler mean. Therefore, we first discuss the situation in
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which the structure is not required, the necessary changes and resulting implications of
Imposing the Toeplitz condition are presented.

In the general case of PD BT matrices, all advantages of the scalar version are still valid.
The optimization of the coordinate matrices under transformation (26) can be performed
separately, resulting in n parallel optimization processes involving N x N matrices (instead
of a single process involving nN X nN matrices).

The optimization in the first coordinate matrix results in the Karcher mean

By, (Pos, - Poy) Of the involved PD matrices, as defined.

For the other coordinates (Q,; € SDy), the optimization at each level of #(= 1, ...,n — 1)

can be formulated in the same way, hence we omit the depen- dence on ¢ in the definition

of the barycenter

1 2
1+C2

k
1

Bspy (g, -+, Q) = arg | m1 Ez

i=1

1
1_?

1 1
C=1—(I— 0021 —xQH) 7 (1 — XxXx1)(U — QX" "1(1 — 0,01)2|, (33)

where the cost function has been rescaled and C; is written in the Hermitian form which was
mentioned. The cost function in this optimization problem will be denoted as stDN (X).

A first order optimization algorithm requires us to determine the (Riemannian) gradient of
the cost function, defined for §Dy, as

Df, (Oleoy] = (grad fy, (0, %) (34)

X
with the inner product (30). Note that differentiating the cost function at some point requires

the differentiation of the matrix inverse and matrix square root. Using the notation g(X) =
X~ and h(X) = X'/, these are given by
Dg(X)[w] =-X"'wX"!, inversion [211],

1 1
Dh(X)[w]X2 + X2Dh(X)[w], square root,
where the latter is obtained by applying the product rule to the definition X'/2X1/?2 = X and
can be recognized (and solved) as a continuous Lyapunov equation (CLE).
After some calculations, the emerging gradient is
k

grad fpo, (X) = —XXH)Z V(X — @)U —x")~HU - x"X),  (35)

i=1

_ 1 1
Vi = (1 — X" (1 — 02z, (1 - 0,02 (1 - xa) ™,

1
( 1 I+C? \‘
Z; =8| ¢, - C) Hog )

)

where C; is defined as in (33) and 8(4, Q) stands for the solution X of the CLE AX + XAH =
Q. Note that the second argument in the Lyapunov operator £ is a Hermitian matrix, hence
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the CLE is well-defined. This gradient can be used to design a basic steepest descent or
conjugate gradient method in order to obtain the barycenter.

Translation to the origin. Using the translation ¢(32), computations can be greatly
simplified. Suppose the initial guess for the barycenter Bsyp, is given by a matrix X,. The
translation ¢y, maps the matrix X, exactly onto the origin (the zero matrix) 0 € Dy and
by applying the same transformation to the original matrices €;, the distances dsp, (X0, Q;)

and dsp,, (O, bx, (Ql-)) remain exactly the same for all i. Hence the value of the barycenter
cost function meN does not change under this translation. The gradient of the (translated)
cost function can now be computed at the origin and used in a basic descent method to obtain
a new iteration point, denoted by ¥;. We can translate this new point again to the origin
using the next translation ¢y . However, in order to keep track of the barycenter
approximations with respect to the original matrices, we need to keep in mind that ¥; is an
improvement over the origin for the translated matrices ¢x (€;). The new barycenter
approximation with respect to the original matrices is hence given by X; = ¢_y (¥;) (note

that px = ¢_x, ).

The resulting procedure is summarized in Algorithm 1. Note that ng“)

can also be

computed as bw,,, (QED) [203]. However, in both this formula and the one mentioned in

the algorithm, a translation needs to be performed, but by always restarting from the original
matrices, the updating formula mentioned in the algorithm is less sensitive to the
accumulation of roundoff errors.

Algorithm 1 Procedure for translating to the origin

Let €2,...,9; be k matrices in SDy, Xy € SDy an initial guess
e for j=0,1,...
— Compute the translated matrices:

@, 0) = (6x, (), b, ());

— Compute the gradient of the translated cost function at the origin (4.4):

grad fe, (0:Q,.... ),

and perform a basic descent step to obtain W;;
— Obtain the next iteration point by returning to the original matrices:

Xjp1 = d-x,;(Vj11);

e end for
Return: Bsp, (4,...,0)

Finally, we present the simplified form of the gradient at the origin,

k
grad f;, (03 0y, ., ) = —Z V., (36)

i=1

1
I+ (Q,0f)2

1
Vv, = 2| (20 )% log =
I - (Q:0f)2
where V; is now obtained directly as the solution of a CLE.

As mentioned, in some applications the Toeplitz structure is not only present in the
block structure, but also in the individual blocks themselves. To investigate the implications
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of this restriction, we have another look at the transformation (26) of the matrices, with the
n — 1 coordinate matrices in the Siegel disk given by (27).
At first sight, imposing the Toeplitz structure requires the matrix R, in each (, to be
Toeplitz. However, the matrices L,_,, K,_,, and M,_, depend on the matrices Ry, ..., Ry_4,
which should also be Toeplitz matrices now. All these Toeplitz restrictions are translated in
an involved way to the search space in which each Q, is located. By taking the involved
connections into account, we will derive the general K&hler mean for PD TBBT matrices.
Afterwards, we present an approximation to this general Kéhler mean which again allows
us to perform the optimization of the coordinate matrices separately, but now sequentially
in the given order of the variables as in transformation (26) (Py = Q; = - = Q,_1).
Instead of translating the Toeplitz restriction towards involved conditions on the
coordinate matrices (Py, 4, ..., 2,_1), We consider the barycenter cost function f3_.., based
on the total Kahler distance function dzr(31), as a function of the blocks Ry, ..., R,,_; of the
matrix R,,. Doing so will result in a more involved gradient, but it allows us to enforce the
Toeplitz structure directly onto its components.
The complexity of this differentiation "throughout™ the coordinate matrices is caused by the
dependence on the original blocks. While the first coordinate matrix P, only depends on R,
each coordinate matrix Q, depends on the blocks R,,...,R, for £=1,..,n—1, or,
reversely, R, will influence all coordinate matrices, and foreach £ = 1, ...,n — 1, block R,
IS present in coordinate matrices Q,, ..., Q,_;.
The gradient. As shown in (34), the gradient of the cost function depends on its derivative
and the inner product on the search space. Because of the intricate connections between the
variables, the gradient is now defined on the product space of the blocks as follows:

Dfggr  ((Ros oy Rue1))[(Eo, @1, oor) Wp—1)]
= (grad fBBT((RO, ...,Rn_l)) , (Ey, W1, -, wn_1)>

(RoysRp—1)
= <grad fBBT((RO, - Rn—1))0 , EO>P (37)
- [ .1 0 11 1
+ z L,% gradfp,.((Ro, ..., Ru-1)) K2 L2 weK, %)
£=1 Q,

where (Py, Q4, ..., Q,,_1) is the image of R,, under transformation (26) with L,_, and K,_,
the matrices formed during the transformation. The inner products (.,.)p, and (.,.)q, are
given by (29) and (30), respectively, and the (¢ + 1)th component of the gradient is

represented by grad £, ((Ro, .., Rn_1)) - The left and right multiplication by L;/* and

K ;_11/ % in the last inner products is a consequence of the relation between the tangent space
at R, versus the tangent space at (,.

To demonstrate the complexity of the relations, we present the gradient below. The point at
which the gradient is computed is denoted by R,, with blocks (R,,...,R,_;) and
transformation (P, Q4, ..., Q,,_1), wWhile the PD TBBT matrices of which the barycenter is

computed will be denoted by R,; with blocks (Ro,i, ---:Rn—l,i) and transformation
(PoiQp gy, Qugi) i =1, k.

In the expressions, the matrices Af‘1(19) — (22), associated with the creation of A, and
P,_, (and therefore L,_,, K,_,, and M,_, ) in the transformation of R,,, are used to increase
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readability and computational efficiency. The first component of the gradient becomes the
following:
gradfﬁ_gr( (RU- ey Rn—l} )()
k

n—1
n—#{
=R (P log (PoPy ) + ) —5- G;_-_i) Py,
=1

i=1

g1y

Gm=4ﬁﬁng+z“(—ﬂ“”myﬁ»-flthl

L=
2

—1H -+ — ;1 (1) -1
+—ﬂj L,* lIr: }if 1 +.d : h; ﬁlfl L,- dj ).

Di; =2 L?—l'ﬂff{’iﬂ.ﬁ_:‘]’[’;—% +L,. T11#{3) ﬂﬂ)
9 G H L L
DE —g(KE oty K, %+ ﬁ#_rll,é_t_qunf)__
D = (1 - 9f.0) 7 (@) - 9l Ve,
Vi = (I —Qp:Q0)1(1 - Q;,,-Qg)%zf_iu _ ”mﬂﬂ)*(f Q0
p
Zii= XL (F% (I —Cyi) log (—:—HC{")),
I-c7,
'C-'f.i - I - ((I - Qfgni“;)%(j — Qfﬂj_?_}—]_ I _ QpQI‘T)
sl ).

(38)
where Dﬁ,i, D{{fi, and Z, ; are obtained by solving a CLE. The other components of the gradient
are,forq = 1,...,n— 1, given by

gradeBT ( (R[]' s Rn—l) )

H H -
_L;lf Q,0; Zlql = QQ)A?

g—1
. k n—1 \ .
+L§ L (I=0 Lz Z qu;ﬁ qu L(I-fo) K2,
=1 £ +]_
[ #(c F— -
I,_{,.f‘;r_] — —DE. 1; 1 AF T Dfa

H __
+ AfZ] Lﬁlif‘i] ﬁ{ T 4L "’E“] K ?1§ !

£—1 r1”L£1 =1 K i1
+Z”+1( AT DL At A D;11J

T A VO oV U VS o AT ) P 1)..

(39)
where D, Df;, and V{,fil) are the same as for the first component.
What we have done so far is to compute the gradient of fz_. as a function of the matrix
blocks (R, ..., R,,_;) instead of the coordinate matrices (Py, Q4, ..., Q,,_1). Finally, we can
impose the Toeplitz structure on the blocks.
Projection onto the Toeplitz structure. According to manifold optimization theory,
computing the gradient of a cost function on some submanifold is equivalent to computing
the gradient in the embedding manifold and applying the orthogonal projection onto the
submanifold [21]. In our case, the embedding manifold is the set (CY*¥)% containing all
tuples (Ry, ..., R,—1) which represent the blocks of an element in B;! y.The submanifold is
given by the set (7)%* which contains all tuples (R,, ..., R,,—;) holding the blocks of an
element in 7'y
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Above, we have computed the gradient of the cost function fz_ . for the embedding manifold
(CN>*NY™ since no additional structure was imposed on the blocks.
Hence, we need an orthogonal projection of this gradient at any point (R, ..., R,,—1) €
(TE c (CVNE from Tg,, g, (CV*M)R onto Tig,  r._,y(Tx)%. This projection should
be orthogonal with respect to the inner product (37) and, for
(Eg, @1, vy Wp_1) € T(r,,..r,_»(CVM)E,

IS given by

Eo & vec ' (Uy(Uff(Pa ' T ® Py Uy) ™ Uf vec(Py "EoPy ™)), (40)

w, - vec ! (UT (U{! (SfT % S}) UT)_1 UH vec(Sfw,SE ), (41)

1 1

1 4 -1

Sy =L, (1-9,0f) L2,
1 1

S =K, 2 (1 - 9/q,) 1Ke—21 _

for £ =1,...,n—1, where (Py,Q4,...,Q,_,) is the transformation (26) of R,, the BT
matrix containing blocks (R, ..., R,—;), with associated matrices L,_, and K,_;. The vec
operator is the columnwise vectorization of a matrix, and the matrices Uy and U are
parametrization matrices for Hermitian Toeplitz and general Toeplitz matrices, respectively.
Hence, e. g., we write vec (T;) = Uyxt, with t; € R?N~1 the parametrization of T; € Ty N
Hy, and vec(T,) = Urt, with t, € C*N~1 or t, € R*N~2 a parametrization of T, € Tj.
Note that when the projection is combined with the gradient above, some cancellations occur
within the vec operator of the projection. This is a consequence of the consistent use of the
inner product (37) for both the Riemannian gradient and the orthogonal projection.

It is obvious that even a basic construction such as the gradient is expensive for the
generalized Kahler mean with Toeplitz structure imposed on the blocks. Here we discuss an
approximation to this mean which is obtained as an attempt to regain the separated
optimization of the coordinate matrices.

Remember that the coordinate matrix P, only depends on the block R,, coordinate matrix
Q; depends on the blocks R, and R,, etc. The main idea of our approximation is to perform
the optimization of the barycenter cost function fz_. in a greedy manner.

We start by minimizing the part of the cost function which only depends directly on P,,
while imposing the Toeplitz structure on R,. This results in the computation of the structured
geometric mean of the given coordinate matrices (Po,l, ...,Po,k) as described by Bini et al.
[20].

When this optimization process is completed, we assume R, (and P,) to be fixed.
Next, we continue with the optimization of Q, = Lgl/z (R, — MO)KO_”Z, with the Toeplitz
structure imposed on R;. Note that since R, is assumed to be fixed, L, K,, and M, are fixed
as well, making the relation between Q, and R; straightforward.

When the optimization process on R, is finished, assume both R, and R; to be fixed and
continue this method sequentially.

The optimization at the level of Q,,¢ = 1,...,n — 1, is performed using a combination of
constructions which have already been derived. We remember the barycenter cost function
fBSDN with associated gradient (35). Because of the Toeplitz restriction and the assumption

that all previously optimized coordinate matrices are fixed, the tangent space at (2, is given
by

178



1 1
TQ{,(L;ff (T — Mp_ K, 2) o {L 2. TK, % | T€ TN}.
We are now working directly on the level of €, instead of R,, hence the projection of the
gradient onto this tangent space slightly differs from the one presented in (41) as follows:

-1 1 1
wy > vec™! <UT (v (sK" @ k) Ur) Ul vec (S}Lf,_lngf_le ))

where Ur, SK, and S} are the same as in (41).
This greedy K&hler mean is only an approximation to the generalized Kéahler mean since by
assuming the previous blocks to be fixed, the search space during the optimization of the
current block is more restricted than in the general case. The approximation does allow us
to partially return to the situation of separated optimization, since the optimization is
performed separately on the blocks, even though they have to be computed sequentially.
When we consider the properties of the generalized Kahler mean, an intuitive
approach is to start from the properties of the Kéhler mean for Toeplitz matrices .
The generalized Kahler mean of PD BT matrices and both the global and greedy version of
the Kéhler mean of PD TBBT matrices will be permutation invariant, repetition invariant,
and idempotent, since all of them are defined as barycenters.
As for the property of joint homogeneity, we start by discussing the change of
transformation (26) when a PD (TB)BT matrix R,, is replaced with aR,, for any real a >
0. We denote the transformation of R,, by (P,, Q4, ..., Q,,_1) with corresponding prediction
matrices Aj-' and auxiliary matrices P,_, and A,, and that of aR,, by (Pg, Q1,Q;,_1) P,_, and
Al
First, the change of the prediction matrices AY and auxiliary matrices P,_, and A, ¢ =
1,..,n—1,j =1,..., 4, can be found using induction. Considering (19)(22), it is clear to
see that AY' = AL, P} = aP,, and A} = aA,. Now assuming 4,_, = A,_,, we find P;_, =
aP,_,, A, = al,, and A5 = A%. As a consequence of A, , = A, ,, we find P,_, =
aP,_q, A, = ag(22),A, = A,, which closes the induction.

By writing the coordinate matrices Q0 in the form P{,'__ll/ZAQ,P{,'__ll/Z, we now find that Q;, =
Qp,¢€=1,..,n—1. Summarized, the transformation of aR, is given by
(aPy,Qq, ..., Q2,_1), Which is consistent with the Ké&hler transformation of PD Toeplitz
matrices. Note that transformation (24) behaves in the same way for positive scaling.
Now, as for joint homogeneity, suppose we have PD (TB)BT matrices T;,i = 1, ..., k, with
a corresponding transformation (Po,i, Q14 ...,Qn_l,i), and k positive scalars «;. The
generalized Kahler mean for PD BT matrices is computed separately on the coordinate
matrices. Combining this with the joint homogeneity of the geometric mean of PD matrices
(specifically, the Karcher mean) [2], [36] is sufficient to prove the property in this case.
The global version of the Kahler mean for PD TBBT matrices can be seen to satisfy the
property by studying the gradient of the cost function. If this gradient becomes the zero
matrix for some matrix R,, with given matrices T;, i = 1, ..., k, it can be checked matrices
a;T;,i=1,..,k.

Moreover, the greedy approximation also satisfies the property, which can be seen as
follows. We will denote the transformation of the greedy Ké&hler mean of the unscaled
Ty o, Te by (Py,Q4q,...,Q,_1). The greedy Kiahler mean of the scaled matrices
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a Ty, ..., a, T, now starts by averaging the first coordinate matrices, resulting in
Byt (a1Po, s Po1) = (g - ) /*Py because of the joint homogeneity of the
structured geometric mean for linear structures [20]. As mentioned before, the search space
for the coordinates of this greedy mean is dependent on the ones that have already been
computed. Hence, for the next coefficients (91,1,...,91,,() we still minimize the cost
function fBSDN (X 501, e, Q1,k)- However, the search space has changed from

Py P Y2 0 SDy to (ay -+ ) YRR VAT BT 0 SDy,

from which it can be seen that the resulting coordinate matrix £, remains the same as in the
unscaled setting (since a scaling of vector space 7y does not change the space). The other
coordinate matrices Q,, ¢ = 2, ...,n — 1, similarly do not change.
Finally, the greedy Kahler mean of the scaled matrices is obtained with coordinate matrices
((ety - i )¥Py, Qy, ..., Qp_1), which corresponds to the correct matrix for joint
homogeneity to hold.
As for the Kahler mean of PD Toeplitz matrices, it is not difficult to find examples which
contradict the property of monotonicity. In fact, any counterexample found for the Ké&hler
mean of PD Toeplitz matrices can again be used to contradict the property, since this mean
arises as a special example of the generalized Kahler mean for blocks of size 1.

We will analyze the various algorithms that were discussed for the generalized Kéhler
mean.
First of all, we will have a closer look at the Siegel disk and compare the barycenters that
arise when using the Siegel distance measure dsp,, and the Kobayashi distance measure dy.
Afterwards, a comparison of the global and greedy version of the generalized Kahler mean
for PD TBBT matrices is presented, where we also combine the methods by using the greedy
version as an initial guess for the global mean algorithm.

We have endowed the Siegel disk $Dy with the Siegel distance measure dsp, and

with the Kobayashi distance measure dg. Since each distance measure

—s— Kobayashi . . —+— Greedy /"
o || —*— Siegel o 10r +— Global (R) [~
7 107§ : | 1 = i Global (G) 1
@ - _—11 @ —x
= I P ] H 102 .
= 10! E 4 : & "/ -__-____________. E
3 I B 1 3 .._
| 101 |
6 3 10 20 10
Size of the matrices Number of blocks (1)

(a) Required time for the computation (b) Required time for the greedy and

of the Kobayashi and Siegel barycenters global versions of the generalized Kihler

By and Bgp,, of 50 matrices of varying mean for 20 PD TBBT matrices as the

sizes. number of blocks varies (n by n blocks).
The global algorithm is initiated by a
random matrix (R) or the greedy ap-
proximation (). For initialization with
the greedy mean, the combined compu-
tational time of the greedy and global
mean is shown.

Fic. 1. Computational time of the barycenters and approrimations.

can be used to define a barycenter (BSDN and By, respectively) on the Siegel disk, we
compare the computational time and results of both.
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When we investigate the distance between the barycenters, a relative distance of the order
0(1071) can be found consistently for varying matrix sizes. Note that the diameter of the
Siegel disk becomes infinite for both distance measures.
As for computational time, we display some results of both barycenters for varying sizes of
matrices in Figure 1 (a). The Siegel barycenter Bsyp, requires less computational time, and
this required time also increases more slowly as the matrices grow.
Perhaps even more interesting is the fact that when we further increase the size of the
matrices, the steepest descent method to compute the Kobayashi barycenter starts exhibiting
convergence problems and a lack of a unigue minimizer. These problems can be ascribed to
the presence of the spectral norm in the Kobayashi distance measure. This norm is given by
the largest singular value of a matrix, and its derivative is only well-defined when this largest
value is strictly greater than the other singular values [219]. During the computation of the
barycenter By, it is possible that a matrix with two or more almost equal largest singular
values is entered into this derivative, causing convergence problems. Furthermore, the
derivative of the spectral norm can only contribute a rank one matrix to the gradient of the
barycenter cost function for each given matrix in the barycenter. Consequently, this will
start causing problems when the number of matrices in the barycenter becomes too small
compared to the size of the matrices.

We have suggested a steepest descent algorithm for the generalized Kahler mean of
PD TBBT matrices, followed by a greedy approximation. Here we analyze how close this
approximation is to the actual mean and we investigate the computational advantage of the
approximation.
First of all, in terms of computational time the greedy version has a clear advantage over the
global mean, as illustrated in Figure 1( b). This was expected, since the gradient for the
greedy optimization problem can be found in the gradient of

TABLE 1
Some averaged comparative values concerning the global and greedy version of the generalized
Kdahler mean of 20 PD TBBT matrices. The global algorithm is initiated by a random matriz (R),
one of the original matrices in the mean (O), or the greedy approrimation (G).

Number of blocks n
(n by n blocks) 10 20 50
Iterations for global (R) 24 24 23
Iterations for global (O) 25 23 23
Tterations for global (G) 13 12 13
Relative distance
greedy versus global 2.28e-04 | 1.36e-04 | 8.24e-05
Size global gradient
at greedy 2.34 2.44 3.14

the global optimization problem (38) — (39) by setting the factors G,; (for the first

component) and W{,fiq) (for the other components) to zero.

In fact, while the basic operations for the terms in the individual blocks of the gradient
depend on the size of the matrices (N), the number of terms in each block in the global
gradient is dependent on the block size (n) of the matrix. For the gradient in the greedy
algorithm, changing the block size of the matrices from n to n + 1 corresponds to computing
one additional block in the gradient, independent of all previous blocks. On the other hand,
the gradient in the global algorithm will gain an additional term in each of the previous
blocks of the gradient. Hence, the greedy algorithm is linearly dependent on the number of
blocks n in the matrices, while for the global algorithm this dependence is quadratic.
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Moreover, in Table 1, the (averaged) relative distance between the global version of the
generalized K&hler mean and its greedy approximation is shown for a number of block sizes.
The observed relative proximity between both versions and the computational advantage of
the greedy algorithm suggests that it could work well as an approximation. In fact, many
applications require only a limited amount of significant digits, in which case the greedy
approximation can replace the actual mean.
The greedy approximation as initial guess for the global algorithm. Next, for those
applications where the global version of the generalized Kahler mean is required, we analyze
the influence of the initial guess on the algorithm. Specifically, the appropriateness of the
greedy version as an initial guess is investigated.
In Figure 1( b), the computational time of the global version of the mean is displayed when
we use a random initial guess and the greedy mean. As can be seen, using the greedy
approximation results in a faster algorithm. Note that the time to compute the greedy mean
was included in these results. Table 1 also displays the advantage of the greedy initial guess,
as the required number iterations of the global algorithm are reduced by half. Hence, we can
conclude that the greedy approximation works well as an initializer to the global algorithm.
We have focused on a geometry for PD Toeplitz matrices and a generalization thereof
towards PD (TB)BT matrices.
In the case of Toeplitz matrices, the Kéhler mean and its properties have been investigated.
While this mean did not satisfy many properties relating to the ordering of matrices, such as
monotonicity, it does cooperate well with the application from which it was derived [197],
[23], [202], [240].
Afterwards, two possible generalizations of the Kahler transformation towards PD (TB)BT
matrices were presented, of which the second was discussed in further detail.
Two possible geometries on the Siegel disk were investigated, where one corresponded
naturally with the manifold and the other was based on a useful automorphism of the set.
For TBBT matrices, a global mean and a greedy approximation were derived, which were
compared in numerical experiments. The greedy version of the generalized mean was a close
approximation to the global mean, with a significantly lower computational cost. The greedy
approximation was also shown to work well as an initializer for the global optimization
algorithm, effectively reducing the number of iterations by half.
Section (4.3): Toeplitz and Toeplitz-Block Block-Toeplitz Matrices
The notion of geometric mean of scalars has been extended to positive definite matrices by

1
many [2], [5], [6], [1], [36], [17]. Since the straightforward generalization (4, ... A, )= does
not satisfy many desired properties, even it is not invariant under permutation, new
definitions of geometric mean for matrices have been  developed,
e.g.ALM,NBMP,CHEAP, and Karcher mean, see [2], [3], [5], [6],[1], [17]. Because of the
widespread applications of geometric mean in the many areas such as radar detection [40],
[48], image processing [195], elasticity tensor analysis [10] and medical imaging [243],
many researchers involved in this field. Ando, Li,and Mathias [2], have suggested ten
important properties, so-called ALM properties, that any geometric mean should satisfy
them. But most of the definitions in the literature, do not satisfy all of the ALM properties,
especially, they do not preserve the monotonicity. By the monotonicity property, we mean
that G(A4,,B;) < G(A,, B,) whenever A; < A, and B; < B, where A,,A4,,B; and B, are
positive definite matrices and the operator G stands for a given definition of ‘geometric
mean'.
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Among the existing definitions, the Karcher mean satisfies all of the ALM properties but

does not preserve the structure of the matrices, see [191]. In many applications, such as

designing of some radar systems, the used matrices are Toeplitz matrices [23]. A Toeplitz

matrix is a matrix in which entries along their diagonals are constant, i.e.,

[ ap a; - Apn-1]
a_, a; a

aq

_a_n+1 a_1 ao i
We are interested in finding a definition of a geometric mean of Toeplitz matrices that itself

Is Toeplitz too. Furthermore, it should satisfy some ALM properties, especially the
monotonicity property. Using a Riemannian structure on the manifold of all positive
Hermitian n X n matrices, D. A. Bini et al.[191] have introduced a (not necessarily unique)
structured geometric mean which preserves the structure of Toeplitz matrices and satisfies
a few ALM properties but fails to satisfy some other, especially the monotonicity property.
Also, the Kahler metric mean [22],[23] preserves the structure of Toeplitz matrices but does
not satisfy the monotonicity property either. Moreover, the computations are somewhat
complicated and costly.
[189], introduced a geometric mean for positive semi-definite Toeplitz matrices with non-
negative symbols which preserves the Toeplitz structure and many ALM properties,
especially monotonicity in the sense of the order (46). Recall that every Toeplitz matrix has
a unique symbol function, see [194].

Now, let a and b are the symbol functions of Toeplitz matrices A and B respectively.

We say A < B if a < b. This order is slightly more stronger than the usual ordering
on matrices; see (46) and the explanations after it. We using the positive parts of the symbol
functions, we extend the previous results of [189] to all positive semi-definite Toeplitz
matrices, see Definition (4.3.2), Theorem (4.3.3).
The approach is based on the concept of the symbol function and its Fourier expansion.
Moreover, we consider block-Toeplitz matrices with Toeplitz structured blocks, or briefly
TBBT matrices, i.e.,

[ Ay Ay - Ap_q]

A, A, A

. ‘. ' i
Ay
A_pi1 A_; Ay |
where

[ Qo G ajN-1]

aj-1 Qo G

aj'l

[ 4j,—N+1 o Gj—1 Qo |

forallj = 0,41, ..., £(n — 1), which appear in signal processing and some other fields, see
[244], Chapter 8.

Ben Jeuris et al. in [196], have generalized the Kahler metric mean to TBBT
matrices.

183



Their proposed definition is a mean for a specific measure which preserves the structure of
the matrices but fails to satisfy the monotonicity property and its computation is somewhat
complicated. We initiate the two dimensional symbol functions for TBBT matrices and
using two dimensional Fourier series, we introduce a definition of geometric mean for all
positive semi-definite TBBT matrices, Definition (4.3.4). Our proposed definition preserves
the TBBT structure, it satisfies the monotonicity property with respect to the order (46), it
Is very simple to calculate and has a low cost.

The geometric mean of the positive semi-definite Toeplitz matrices and the TBBT
matrices are discussed, respectively.

Let T = {e'® | 6 € R} be the unit circle in the complex plane. Suppose f: T — C be
a Lebesgue measurable function and foreach 1 < p < 4o, let

1

2T %)
I f = (%f |f(ei9)|pde>p
0

I f llo=esss {|f(e®)]10<6<2n}.
As usual, we denote the set of all Lebesgue measurable functions f: T — C with || f II,,<
+0o by LP(T) for 1 < p < +oo. It is known that L?(T) equipped with the norm |I-l,, is a
Banach space, L"(T) c L¥(T) whenever 1 < s < r < +o0, and, the space L?(T) is a Hilbert
space with the following inner product

1 21 o
(.9 = 37| F(e)a@@™do, (f.g € 12(T)).

The Fourier coefficients of any f € L(T) are given by {f,, },,cz Where
1 2T

fo =5 0 f(e9)e 9d0, (n € 7).

Notice that we can identify the interval [0,2rr] and the unit circle T via the so-called
exponential map 8 ~ e, Let a € L°(T) be given, the operator M(a): L>(T) — L?(T)
defined by M(a)f = af for all f € L?(T) is called the multiplication operator on L?(T)
generated by the function a € L*(T), a is called the symbol function of M(a). It is easy to
see that | M(a) ll,p=Il a lle, where

I M(a) llop= sup{ll M(a)f llz| £ € L(T), Il f ll;= 1}
Is the operator norm; for proofs and more details see [192].
The functions y,, defined by y,,(t) = t", (t € T,n € Z) are an orthogonal basis for L?(T),
and (M(a))(j,)(k) = ay_j isthe (k — j) — th Fourier coefficient of a. We can represent the
operator M(a) with an infinite dimensional matrix such that its entries are Fourier
coefficients of a,

and

M(a) =

a; a; a_q

Let V,, be the n-dimensional vector subspace of L.z('ﬂ‘). genérated by the set B =
{X0,***» Xn—1}- The inclusion map t,:V, - L*(T) and the orthogonal projection map

184



1,: L>(T) - V, are well-defined linear operators and we have ||, || = |l |l = 1. Givena €
L (T) and its associated operator M (a), we consider the linear transformation m,, e M(a) o
t,: V,, = V,,. The matrix T,,(a) which represents the operator m,, e M(a) ° ¢, in the ordered
basis B is

Qo a; An—1
a_q ag aq e
T,(a) =] : S (42)
. a,
_a_n+1 a_1 aO i

Recall that a Toeplitz matrix A = [a;;] is a matrix in which the entries along its diagonals
are constant, i.e., a;; = a,q Whenever i — j = p — q. Hence, the matrix T,,(a) isann X n

Toeplitz matrix for each a € L*(T).
On the other hand, let

) a - An—1]
a_, Qa a
A= : :
a;
_ _ LA_n+1 S B I
be a Toeplitz matrix. The symbol of A is a function a € L*(T) defined by
n-—1
a(e®?) = z ae™? (6 € R)
k =n—_n1+1 ( 43)
= Y an®, (tem,
k=—n+1

where {¥i}xez is the standard basis of L2(T), and yx,(t) = t*,(t € T, k € Z); see [192],
[194].

Notice that, by (42), we have that T,,(a) = A for a in (43).

As in [189], we use the following notations

T,, = The set of all n X n Toeplitz matrices,

Tt ={A €T, | Ais positive semi-definite }, (44)
Tt* = {A € T,, | the symbol of A is a non-negative function }.

The relation between these sets is clarified in the following lemma.

Lemma (4.3.1)[241]: ([189] Lemma 3.2) If a € L™(T) and a = 0 a.e. then the matrix
T,,(a) for each n € N, is a positive semi-definite n X n Toeplitz matrix but the converse is
not true.

So, we have 7;;7* < T.;F < T;,. Notice that the symbol function of any A € T;*is real-valued.
In fact, if A = [a;;] € T}, then a;; = @y, a5 = 0,50
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n-1
a(e®) = z a,eiko

k=—n+1

n—-1
=ag+ Z (akeike + a_ke‘ike) (45)
k=1

n-—1
=ag+2 Z Re(aie*®), (8 € R).
k=1

We consider the cone T;;Fof all positive semi-definite n x n Toeplitz matrices. For
this aim, we will use the positive part of the symbol function. Recall that for each real valued
function £, its positive part function is defined by

f* = max{f,0}.
Also, we consider the following order on 7.;*. We say A < B for A, B € 7,;fif and only if
B — A € 7, .Recall the usual ordering between two matrices A and B,i.e.A < B if and
only if B — A € T;*. In the other words, if a and b are symbols of A and B respectively, then
A<B & a<h. (46)
This means that we say B is greater than A, whenever the symbol function of B is greater
than or equal to the symbol function of A. Since 7;;/* < T.F, so A < B implies A < B, but

the converse does not hold [189]. For example, let A = [(1) (1)] and B = [LZL ﬂ,then A BE€

Ttand B — A = B ;] € T \ T,,-*(notice that the symbol function of this matrix is

f(e%) = 3 + 4cos 6 which is not a positive function), so A < B but A < B.

Now we can introduce a definition of a geometric mean on T,tas follows.
Definition (4.3.2)[241]: Given m,n =1 and A,,A,,---,A,, € T,;tand let a,,---,a,, € L®
be their symbols, respectively. Then the geometric mean of A4,,::-, A,, is defined by the

Toeplitz matrix
G(All ;Am) = TTL (m‘ ’ a;- a:;l)

First we calculate the usual geometric mean of the positive parts of the symbol functions of
Ay, -+, Ay then using (42), the geometric mean of these matrices is obtained.

We reduce the geometric mean of the matrices to the geometric mean of (positive part of)
their symbol functions via the Fourier transform. Hence, it does not matter that the matrices
are singular or not. Also, the singularity does not affect the computation costs. As a simple
example, let

1 1 1
A=11 1 1]
1 1 1
and
2 -1 -1
B=|-1 2 —1].
-1 -1 2

Notice that A, B € 73 are singular matrices and their symbol functions are
a(0) =1+ 2cos(8) + 2cos(20)
and
b(6) =2 —2cos(0) —2cos(260) (6 € [0,2m]),
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respectively. Their geometric mean is G(4, B) = Ts(/a(6)*b(6)*).Using Simpson's rule
for numerical integration with k = 32 subdivisions of the interval [0,27], we will have
0.4421 —-0.0988 0.1218
G(A,B) =|-0.0988 0.4421 —0.0988|,

0.1218 —0.0988 0.4421
which is a positive semi-definite Toeplitz matrix.

Theorem (4.3.3)[241]: (Cf.[189] Theorem 3.7) Let m>1,4,,:",A,;,, B1,"* By, €
T.rand ay, -+, a,,, € R*. The following properties hold:
1

i} Joint homogeneity. Glag Ay, - o A ) = (o - - 0 ) MG (A, -+ - L A )

I1) Permutation invariance. For any permutation rr of {1, ---, m} we have
G(Ay, - Ap) = G(An(l): rAn(m))-
iii) Monotonicity. G(A4, -+, A;,) < G(By,*++, B,,) Whenever A; < B;,++, A, < By,.
iv) Continuity. If {A,1}, _,**, {Akm},., are monotonic decreasing sequences in ordering
(46), converging to Ay,---,A,, respectively then the sequence {G(Ak,l,"',,x‘lk,m)}k21

converges to G(Ay, -+, Ap).

Proof. i) This follows from the Definition (4.3.2), the fact that (aa)™ = aa*when a > 0
and a € L*(T) and the linearity of the mapping T,,, see [19] Corollary 3.4.

i) By definition, this is trivial.

ii) Letay, -+, a,, and by, --+, b,,, be the symbols of A,, -+, A4,, and By, -+, B,,,, respectively.
By assumption a; < by, -+, a,, < by, S0 af < bf, -+, a}f, < bt Therefore

1 1
(af - af)m < (b -+ bh) —

by the Definition (4.3.2) and (46) the conclusion follows.
Iv) We have

Ak,l = Tn(ak,l)' »Ak,m = Tn(ak,m)»
and
) o _Al = Tn(al): A = Tn(am)- _ )

Recall that in every finite dimensional vector space, all norms are equivalent, so without
loss of generality, we can only consider || |lz, the Frobenius norm. Therefore, we have
Ay ; _Ai”F — 0 as k - oo for 0 <i <m. On the other hand [la; — al-||2 = [|Ag; —
Aill;,0 <i<m, and since lla*ll, <l all, for all a € L*, the mapping a ~ a'is
continuous on L%, so

1 1
"(a,'("l1 alt,m)% —(af - a;;l)ﬁ” -0 as k - oo,

2

Again, by |l a ll,= 1T (@l for each a € L, we have

"G(Ak,li "'iAk,m) - G(Alr '"'Am)”F — 0 as k — oo.
Here, we introduce the notion of block-Toeplitz matrices with Toeplitz structured blocks
(TBBT), following [196].Fix some n,N € N. Let 7,y be the vector space of all
blockToeplitz matrices of n by n blocks in which each block is an N x N Toeplitz matrix.
Formally, T;, 5 includes all the following matrices
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Ag Ay An_q]
Ay Ay Ay
A=| S (47)
. Al
A_nyq Ay Ay |
where each
Qo a1 aj N-1
aj_1 Qo Qg
. a,
|4 N+1 dj-1 Qo

is an N x N Toeplitz matrix, for all j =0,%1, ..., +(n — 1). We denote by 7;yall the
positive semi-definite matrices in 7, 5. Notice that B. Jeuris and R. Vandebril [196] denote
by T, vall the positive definite matrices in T;, 5. But since our approach makes sense for
semi-definite matrices as well, we consider a slightly more general case.

Along the lines of the procedure that was developed and in [189] for the Toeplitz matrices,
here, we are going to introduce the concept of a symbol function for TBBT matrices. For
A € T;tyusing the notations (47) and (48), let a € L*(T?) by definition be

at,s) = z a4 ()x;(O), (tsET)

ljl<n
where a; € L*(T) is the symbol function associated to A; € 7y for every j=
0,+1,..,£(n— 1), see (43). Thus

at)= ) ) auxa®), s e

IiT<n |k|<N
or
n—1 N+1
a(e?,e?) = z Z aje*®e? (¢,0 € R). (49)

j=—-n+1 k=-N+1
Obviously, this definition is a generalization of (2.2).
On the other hand, let a € L*(T?) c L?(T?) be an arbitrary bounded Lebesgue measurable
function, it is known that (e. g., see [242] )

a(t,s) = ) @y, (s e T)

jkez
Or
a(e?,e'?) = Z aj e ®e?, (¢,0 € R)
jker
where

1 2w
Uk =773 f f a(e'?,e)e~kte-U0d¢pda, (j,k € L)
4me ), "

are the Fourier coefficients of a. Now, one can define T, y(a) € 7,, y as in (47) and (48)
where a; , ‘s are the Fourier coefficients of a. It is easy to check that if a is the symbol
function of a matrix A € T;, y then T, y(a) = A.
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Similar to (45), it is easy to see that the symbol function of a positive semi-definite TBBT
matrix is real-valued. Let A,B € T;yand a,b € L®(T?) be their associated symbol
functions, respectively. We say that A < B if a < b, as in (46). Obviously, this is a partially
order on the set 7;,'.

Now, we can define a geometric mean in 7, ywhich preserves the structure of TBBT
matrices by its definition.

Definition (4.3.4)[241]: Given m,n,N > 1 and Ay, 4,, -+, A,, € T/yand let ay, -+, a,, €
L™ be their symbols, respectively. The geometric mean of A, --+, 4,,, is defined by the TBBT
matrix

Ny
G(Ay, -, Ap) = Tun | (af "'am)a .

One can prove the joint homogeneity, permutation invariance, monotonicity and continuity
properties of this definition of geometric mean on 7,y quite similar to Theorem (4.3.3). In
fact, the same proofs remain valid.

Consider the set of all n x n positive semi-definite Toeplitz matrices 7;,;f. Again,
similar to [189], the number of operations equals 0(kmn?) where n is the size of the
matrices, m is the number of matrices and k is the number of subdivisions of the interval
[0,27] in order to use the Simpson's rule for numerical integration. Recall that the cost of
the structured geometric mean (SGM) in [191] for the Toeplitz matrices is equal to
0(pn* + pmn?3), where m, n are the same as before and p is the number of iterations in the
algorithm. The Ké&hler metric mean in the case real Toeplitz matrices as described in the
Section 5 of [191], requires O(mn*) arithmetic operations where m,n are the same as
before, again. In order to compare the cost of the different methods we let n = 30,m = 3
to 10, for SGM, p = 1 and for our method k = 32. The results are given in Fig. 1(a). Again,
as this figure shows the new purposed method costs considerably less than others.

On the other hand, as mentioned in [36], because of the lack of a reference solution, the
accuracy of this method is harder to verify. Here, we investigate how close our new
geometric mean of five Toeplitz matrices A = {4, ..., As} c T,;* (see Definition (4.3.2)),

how close to the usual geometric mean G, = 3/A; ... As; but notice that G, may not be
Toeplitz.

x10°

—#— KMM —#— distance from KMM
g || —=—SGM 091 —&— distance from SGM
New Method distance from Mew method

08¢

0.7+ /lm,\ e
s H\"\
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~
05F
0.4}
0.3F

021

Mumber of arithmetic operations
Relative distance between the means

1 I & 5pg—§8f—8f—a—4 ok

2 3 4 5 6 7 8 9 0 n 5 10 15 20 25

Number of matrices

(a) Required arithmetic operations (b) Average relative errors

Fig. 1. Comparison of the different methods.
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For this aim, choose a subset A = {A;, ..., As} c T;;frandomly, with unit (= 1) Frobenius
norms, i.e. 441l = -~ = ll4sll, = 1, and let Gy, Gy aNd G, represent the Kahler

metric mean, structured geometric mean and the new geometric mean of A, respectively.
One can consider the following relative errors (with Frobenius norm)

IGkmm — Goll IGsem — Goll |G new
Re A) = —— ,ResGM(A) = ——— yRe ., (A) = ———
o (A) IGoll (4) Gyl ew () Gyl
For k = 3,6,9,12,15,18,21,24, we construct k subsets A,, ..., A; each of which contains
five 5 x 5 positive definite Toeplitz matrices with unit Frobenius norm, randomly. In Fig.

1( b), the average relative errors

k k k

1 1 1

£ Reun(4) 1 Resn(4). 1. v (1)
=1 j=1 J=1

are shown. The result is somewnhat surprising, our proposed geometric mean G, , is even

6,0, = Gol

more close to the usual geometric mean G, = 3/A; ...As than the other two previous
definitions, i.e., Gy and Gy -

Now, consider the set of all the positive semi-definite block-Toeplitz matrices of n by n
blocks in which each block is an N x N Toeplitz matrix, i.e.J,,y. Similar to the Toeplitz
case, it is easy to show that the number of operations equals O (mk?n3N?3) where m is the
number of matrices and k is the number of subdivisions of the interval [0,27] in order to
use Simpson's rule for numerical integration.
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Chapter 5
Geometric Significance and Multipliers

We investigate the connection of restricted Grassmann manifolds associated to p-
Schatten ideals and essentially commuting projections. We examine the multipliers from
one model space to another. We study connections of the new order with some of the
classical problems and known results. We discuss remaining problems and possible
directions for further research.

Section (5.1): Toeplitz Kernels

For LP be the usual Lebesgue spaces of complex-valued functions on the unit circle
T. The Grassmann manifold of L? is the set of all closed subspaces of L?. We study the
relation between geodesics on the Grassmann manifold of L2 and the injectivity problem for
Toeplitz operators.

To explain this relation, let H? be the Hardy space of the unit circle. Recall that the
injectivity problem for Toeplitz operators consists in looking for those symbols ¢ € L™ such
that the Toeplitz operator T, is injective. We relate it to the problem of finding a geodesic

on the Grassmann manifold of L? which joins two subspaces of the form @H? and yH?,
where ¢,y are invertible functions in L. We will prove that such a geodesic exists if and
only if the Toeplitz operator T ,,,-1 and its adjoint both have trivial kernel. Furthermore, we

will see that these statements are also equivalent to the existence of a minimizing geodesic
joining the given subspaces.

The Grassmann manifold of an abstract Hilbert space (i.e. the set consisting of all the closed
subspaces) may be identified with the bounded selfadjoint projections. It is an infinite
dimensional homogeneous space which can be endowed with a Finsler metric by using the
operator norm on each tangent space. Although it is complete with the corresponding
rectifiable distance, there are subspaces in the same connected component that cannot be
joined by a geodesic (see e.g. [246] ). This means that the Hopf-Rinow theorem fails for
this manifold. Much information of its geodesics and their minimizing properties are known.
The first results date back to [266], [258], [269]; both in the more general framework of
selfadjoint projections in C*-algebras. There has been progress about the structure of the
geodesics in several Grassmann manifolds defined by imposing additional conditions on the
subspaces; see [248], [249], [251] for restricted Grassmann manifolds and [250] for the
Lagrangian Grassmann manifold.

Taking the Hilbert space L?. This allows us to study the interplay between geodesics,
functional spaces and operator theory. In contrast to the invertibility problem for Toeplitz
operators, little attention has been paid in the literature to the injectivity problem until recent
years. Except for the works of [257], [267], the problem remained untreated until the recent
works [72], [49], [96] (see also the survey [264]). Apart from being an interesting problem
in operator theory, in these there are relevant applications to harmonic analysis, complex
analysis and mathematical physics.

We give classical results on Hardy spaces, Toeplitz and Hankel operators to make the
article reasonably self-contained. We prove the aforementioned relation between geodesics
of the Grassmann manifold of L? and the injectivity problem. Then, this result is used to
derive an inequality involving the reduced minimum modulus of Toeplitz operators and the
norm of a commutator.
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We deal with the compact restricted Grassmannian (or Sato Grassmanian). This is a
well-known Banach manifold related to KdV equations and loop groups (see [273], [274]).
We need to consider the following two uniform subalgebras of L*, the continuous functions
C and the usual Hardy space H*. We show that a subspace @H? belongs to the compact
restricted Grassmannian if and only if ¢ is an invertible function in the Sarason algebra
H® 4+ C. This is the least nontrivial closed subalgebra lying between H* and L*; it has also
been studied [254], [261], [271]. The existence of geodesics in the restricted Grassmannian
between two subspaces @ H? and YH?, ¢, invertible functions in H® + C, depends only
on the index of these functions. We also examine when a subspace @H? can be written as
@H? = gH?, where g is a continuous unimodular function. These results can be carried out
also in the setting of restricted Grassmannians associated to p-Schatten ideals by using the
notion of Krein algebras defined in [253].

We focus on shift-invariant subspaces of H2. Each shift-invaritant subspace can be
expressed as @H?, where ¢ is an inner function. We prove that the canonical factorization
of ¢ determines the class where the subspace @H? belongs. Based on the results on the
injectivity problem mentioned above, we provide examples showing the existence or non
existence of geodesics between shift-invariant subspaces.

For1 < p < oo, LP = LP(T) denotes the usual Lebesgue spaces of functions defined
on the unit circle T. The Hardy space HP (1 < p < o) is the space of all analytic functions
f onthe disk D = {z € C: |z| < 1} for which

1 2T ' 1/p
I f llye:= < sup — |f(re‘t)|pdt> < oo,

0<r<1 21 0
The space of all bounded analytic functions on D with the norm || f Il = sup,ep|f(2)| IS
the Hardy space H*. Functions in Hardy spaces have non tangencial limits a.e., a fact which
Is used to isometrically identify these spaces with

2m
HP = {f € Lp:j f(e)xn(e®)dt = 0,n < 0}.
0

Here (x;)xez denotes the orthonormal basis of L? given by Xk(eit) = e'*t We shall mostly
use this representation of Hardy spaces as functions defined on T and deal with the values
p = 2,00, In particular, H? is a closed subspace of the Hilbert space L? and H® is a closed
subalgebra of L. For background and notational purposes, our main references are the
books by Douglas, Nikol'skii and Pavlovi¢ [98], [76], [261], [268].

A function f € H? is called inner if |f(e®)| = 1 a.e. on T. A function f € H? is outer if
span{f y,:n = 0} = H?. For each f € H?, f = 0, there exist an inner function f. and an

outer function f_, € H*suchthat f = f. _f. .. Thisiscalled the inner-outer factorization,

and it is unique up to a multiplicative constant.
The inner function can be further factorized. For each a € D \ {0}, a Blaschke factor is
given by
bo(2) = ———
4 la|1—az’
When a = 0, set by(z) = z. A Blaschke product is a function of the form
n

b(z) = 1_[ by,(2), 7 €D,
j=1

z € D.
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where 1 < n < co. In the case where n = oo, the infinite Blaschke product is convergent on
compact subsets of D if the sequence {a;} € D satisfies the Blaschke condition, that is,

¥ (1 —|a;]|) < 0. A finite or infinite Blaschke product is an inner function with zeros

given by {a;}. We remark that the zero set of a holomorphic function in D satisfies the
Blaschke condition.

Let u be a positive finite measure on T. Suppose in addition that u is singular with respect
to the Lebesgue measure, and set

s,(z) = exp( f d,u(l/;)) z € D.

It turns out that s, is an inner function and s,,(z) # 0 on ID. A function of this form is known
as a singular inner function.

The canonical factorization of a function f € HP states that there exists a unique
factorization f = Abs,f ., where 1 € C,|4| = 1, b is a Blaschke product associated with

the zero set of f, s, is a singular inner function and f_, is the outer part of f.

Let C denote the algebra of continuous functions on T. The Sarason algebra is the following
algebraic sum
H*+C={f+g:f€eH”, g€ C}.
It is proved that this is indeed a closed subalgebra of L. The harmonic extension ¢ to D of
a function @ € H* 4+ C is well-defined, and it plays a fundamental role in the
characterization of invertible functions in this algebra. For ¢ e H* + Cand 0 < r < 1, set
o, (e') = ¢(re'). Then ¢ is invertible in H* + C if and only if there exist §, e > 0 such
that [, (e®)| = efor1—6 <r < 1lande’ €T.
This criterion allows to define the index of an invertible function in H* + C. For a non-
vanishing function ¢ € C, let ind(¢) € Z be the index (or winding number) of ¢ around
z = 0, which for differentiable ¢ can be computed as
; ¢ I 21 ® (elt) ltd
ind () = 2’ an p(elt) t
For ¢ isinvertible in H* + C, setind (¢) = lim,_,;-ind (¢,). This index is stable by small
perturbations and it is an homomorphism of the invertible functions in H* + C onto the
group of integers. The key property to prove these facts as well as the criterion for
invertibility is that the harmonic extension is asymptotically multiplicative in H* + C.
The largest C*-algebra of H® + C is the set of quasicontinuous functions
QC=H"+C)N(H® +C)
Every unimodular 8 € QC is invertible in H* + C. In [271] Sarason proved that each
unimodular function 8 € QC of index n € Z can be expressed as 8 = y,,e!®*?) where u, v
are real functions in € and ¥ stands for the harmonic conjugate of v on T.

The space of bounded linear operators on a Hilbert space H to a Hilbert space L is
denoted by B(H, L) or B(H) if H = L. Let H> = y_,H? be the orthogonal complement of
the Hardy space H?, and consider the orthogonal projections P.and P_onto H? and HZ?,
respectively. Three special classes of bounded operators will be used in the sequel. For ¢ €
L*, the multiplication operator M, € B(L*),M,f = ¢f, where f € L?; the Toeplitz
operator T, € B(H?),T,f = P,(¢f), where f € H?; and the Hankel operator H, €
B(H? H2),H,f = P_(¢f), where f € H?,
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Recall that the (unilateral) shift operator is given by M, . It will be useful to state some well-
known results on invariant subspaces of the shift operator.
Theorem (5.1.1)[245]: Suppose that E is a closed subspace of L? and M, E S E.
i) (Wiener) If E is doubly invariant (i.e. M, (E)=E ), then E = yzL* for a unique
measurable subset R € T, where y is the characteristic of R
ii) (Beurling-Helson) If E is singly invariant (i.e. M, (E) # E ), then E = 6H? for a unique
up to aconstant 8 € L* with |6] = 1 a.e.
iii) If 0 = E c H?, then E = H? for some inner function 6.
We will frequently use several properties of Toeplitz operators. Among the basic properties
we recall that || T, || =Il ¢ lle,, Ty = Ty and Ty, = T, Ty, Whenever ip € H*. The following
results will be useful.
Theorem (5.1.2)[245]: (Coburn's lemma) If ¢ € L®, then either ker(T,) = {0} or
ker(T,) = {0}, unless ¢ = 0.
Theorem (5.1.3)[245]: Let ¢ be a function in L. The following hold.
i) T, is invertible if and only if it is Fredholm and has index zero.
i) If g € H* + C, then T,, is Fredholm if and only ¢ is invertible in H* + C. Furthermore,
the Fredholm index of T,, satisfies ind (T,,) = —ind(¢).

Let Gr be the Grassmann manifold of L?, i.e. the set of all closed subspaces of L2. Let
P, denote the orthogonal projection onto a closed subspace W < L2. In particular, we write
P, = P,y2, wWhen ¢ € L and @H? is closed. If we identify each subspace with its
orthogonal projection, then

Gr = {Py,: W is a closed subspace of L?}.
As an application of Theorem (5.1.1), we determine when @H? belongs to Gr.
Lemma (5.1.4)[245]: Let ¢ be a nonzero function in L®. Then @H? is closed in L? if and
only if ¢ is invertible in L™,
Proof. Clearly, if the function ¢ is invertible in L®, then the subspace @H? is closed.
Conversely, suppose that @H? is closed. We proceed by way of contradiction and assume
that the function ¢ is not invertible in L. We need to distinguish two cases.
In the first case, we assume that there is a Borel set S T with positive measure such that
(p(eit) = 0 for all e'* € S. Moreover, we may take S to be a maximal set with this property.
Since @H? is shift invariant, we further need to consider two cases according to whether
@H? is singly or doubly invariant. If @ H? is singly invariant, there is a function 8 € L such
that |@| = 1 and @H? = OH?. Then, there is a function f € H? such that ¢f = 6, which is
a contradiction since @ = 0 in S. If @H? is doubly invariant, then there a Borel set R ¢ T
such that oH? = yrL?. Therefore, ¢f = yr for some function f € H?. Recall that for a
nonzero function in H?, the set {e’* € T: f(e™) = 0} has measure zero ([261]). Using the
maximality of S, we find that the sets S and R must be equal with the possible exception of
points in a set of measure zero. Since ¢ # 0,5 = R has positive measure, and we can pick
a proper subset R; R such that R \ R; has positive measure. Again from the equation
@H? = yrL?, we obtain a nonzero function in f € H? such that ¢ f = yz,. This implies that
f = 0in R\ R, which contradicts the aforementioned property of functions in H2.
In the second case, we suppose that ¢ # 0 a.e.. If the shift invariant subspace @ H? is doubly
invariant, we have again that g H?> = yL? for some Borel set R c T. In particular, this gives
@ = yrg for g € L?, and since ¢ # 0 a.e., it follows that y; = 1.
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Thus, we get @H? = L?, which certainly cannot be possible. Next we assume that the
subspace @H? is single invariant. Then there is function 8 € L* satisfying |0| = 1 a.e. and
@H? = OH?. We may rewrite this as ¢, H? = H?, where ¢, = 6¢. Note that ¢, is not
invertible in L*, and ¢, € H?, which gives ¢, € H*. Using this fact and that ¢, # 0 a.e.,
the Toeplitz operator T,,_ turns out to be injective. Moreover, T, H* = @, H* = H* shows
that T, is invertible, and consequently, ¢, must be invertible in L*[261]. This gives a
contradiction.
Let A be an abstract C*-algebra. Denote by Gr(A) the Grassmann manifold of A, i.e. the
set of all selfadjoint projections in A. In [269], [258], Corach, Porta and Recht decribed the
differential geometry of Gr(A) in terms of projections and symmetries: one passes from
projections to symmetries via the affine map

P < e€p=2P—1.
In [258] a natural reductive structure was introduced in Gr(A). In particular, geodesics were
characterized. In [269] it was proved that these geodesics have minimal length, if one
measures the length of curves by

L(a) = j I a(t) Il dt,
0

where a:[0,1] = Gr(A) is a piecewise C1-curve and ||. || is the norm of A. This means that
the operator norm induces a Finsler metric on Gr(A); however, note that this metric is not
smooth, nor convex. We summarize these facts in the following.

This map induces a linear connection in (A) : if X(t) is a tangent field along a curve
a(t) € Gr(A),
2 =B
de 7 ) )
The geodesics of Gr(A) starting at P with velocity Y have the form §(t) = etYPe™tY,
where Y = [Y, P] is antihermitian and co-diagonal with respect to P.
Let P, Q be two orthogonal projections such that || P — Q |I< 1. Then there exists a unique
operator X € Ay, with || X II< /2, which is co-diagonal with respect to P, such that Q =
eXPe~ The curve

5(t) = eltXpe~itX (D

Is the unique geodesic of Gr(A ) joining P and Q (up to reparametrization). Moreover, this
geodesic has minimal length. The exponent X is an analytic function of P and :

l
X = —Elog(epeQ),

which is an analytic logarithm because |lepeq — 1| = [lep — ol =2 1 P — Q II< 2.
Necessary and sufficient conditions were given for the existence of a geodesic joining two
given orthogonal projections in the Grassmann manifold Gr(H) of a Hilbert space H. This
includes the case in which || P — Q |l= 1. To briefly describe this result, let us recall that
Halmos [263] (see also [259], [260]) proposed to understand the geometric properties of
two orthogonal projections P and Q by considering the decomposition

(Ran(P) nker(Q)) @ (Ran(Q) Nnker(P)) & (Ran(P) n Ran(Q)) & (ker(P)

N ker(Q)) © Ho,

where H, is the orthogonal complement of the first four subspaces. The projections are said
to be in generic position when the first four subspaces are trivial. The first two subspaces
may be interpreted as an obstruction to find a geodesic between P and Q.

195



Theorem (5.1.5)[245]: Let ¢, Y be invertible functions in L. The following are equivalent.
) ker(TW)q) = ker(T(p—w)) = {0}.
i) There is a geodesic in Gr joining P, and Py,.
iii) There is unique geodesic of minimal length in Gr joining P, and P, given by
5(t) = e“"XP(pe‘itX, t € [0,1],
where X = X, is a uniquely determined selfadjoint operator such that || X II< m/2,
e*P,e”™ = P,,, and it is co-diagonal with respect to both P, and P,.
Proof. We can assume without loss of generality that ¢, y are unimodular functions by the

argument before the statement of this theorem. Then, note that the restriction of the
multiplication operator

Ml/Jlker(T@w): ker(Tq_m/J) - (pH*)* N YH?,
is an isomorphism. Similarly, ker(T ;) = @H* n (YH?)*. If the kernels of both T ,; and
Tgy are trivial, then there is a geodesic joining P, and P,. Conversely, if such a geodesic
exists, then oH? N (YH?)* and (pH?)* NnyYH? have the same dimension. By Coburn's
lemma, this dimension must be zero. Thus, we have shown that the first and second item are
equivalent. The equivalence between the second and third item is explained.

We study in more detail the selfadjoint operator X = X, ,, linking the subspaces ¢ H?
and ¥H? in Theorem (5.1.5). To this effect, we recall the following facts concerning
Halmos' model for two orthogonal projections P, and Q, in generic position acting in a
Hilbert space H. Under this assumption, there exists an isometric isomorphism between H
and a product space K X K and a positive operator Z in K with || Z |I< m/2 and ker(Z2) =
{0}. This isomorphism transforms the projections Q, and P, into

o= 8) ma (G )

where C = cos(Z) and S = sin(Z)[263]. The unique selfadjoint operator X linking these
projections is (see [246])
(0 iz
x=(Ciz o)
Note that || X I=Il Z |I.
Let o(A) denote the spectrum of an operator A. Recall the definition of reduced minimum
modulus y(A) of an operator # 0 :
y(4) =inf {IAf I:ll f I=1,f € ker(A)*}
= inf o(|4]) \ {0}.
Proposition (5.1.6)[245]: Let ¢,y be unimodular functions in L such that
ker(T(p,Z,) = ker(Tw,) = {0}.
Then
Z = M(pcos'1(|T(plz,|)M¢
and in particular
Xl = cos™ (v(T,5))
Proof. On the non generic part of P, and Py, the operator X = X, ., is trivial. Thus in order
to compute its norm we restrict to the generic part, and thus they can be described by Halmos'

model,
0 VA
X= (—iZ lo )
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It is elementary that, if Q,, P, denote the reductions of P, P, to the generic parts, then

QoPoQo = (%2 8)

Now

2 _ — i _ T M = 12
C? = PyPyPy = MyP,MpMyP MyM,P, Mg = M, T, 5T Mg = My |T 5| Mp.
Therefore 0 < C = cos(Z) = M,|T ,5|Mp, and thus, Z = M,cos™(|T,5|) M. From this
formula, it follows that

1%l = llcos ™ (|T i )| = cos™ (o),

Ao =1 0(|T<p1/3|) =1 0(|T<p1/_)|) \ {0} = V(Tqm/_));
The second equality can be deduced from the assumption that T,,3 is injective, which
implies that 0 cannot be an isolated point of o(|T,,;|).

Example (5.1.7)[245]: Consider ¢ = y; and the Blaschke factor
a a-—et

TCORINCORT

la| 1 — aet?’

where

for 0 < |a| < 1. Then by direct computation,
QH? N (YHH)' = (pH) nYH? = {0}, (pH*)* N (YH*)* = H2
and
(pH?) NYH? = x1b H? = x1(x1 — a)H>.
Then the generic part H, of @H? and yH? is the two dimensional space H? ©
x1(xs — a)H?. The reduced projections Q, = P<P|H and P, = P¢|H are one dimensional,
0 0

X1 X1—a
Ran(Q,) = Hy N xH? = <1 — (1)(1>, Ran(P,) = Hy N (x; — a)H? = <1 — d)(1>.
According Halmos' formulas,
_(C* 0
QP = (T o)
Denote by f and g the normalizations of —22— and )1(1 da, respectively. As usual, let f; ® £,
- 1 —U1

be the rank one operator defined by f; ® f,(h) =< h, f, > f;. Then, we have another
expression

QPQ=0®NWRANUIRN=I<fg>1*fQFf.

cC 0
(G o)=I<f9>f®F
In this case C = cos(Z) is a positive real number, and thus Z = cos (| < f, g > |). Simple
computations show that | < £, g > | = (1 — |a|?)'/?, which gives
1
Z =cos™! ((1 — |a|2)7) = sin"1(|al).

Then, the part of X,, ., acting on H,, is

Therefore,

0 —isin~(|a|)
X<P¢| = ( -1 )
" 1Hy isin~"(|al) 0
The restriction of X, ,, to Hy is trivial. Thus, X,, ,, has rank two, and
1Xp 1l = sin™*(Jal).
The minimality property of the geodesics in the Grassmann manifold may be used to obtain

operator inequalities.
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Theorem (5.1.8)[245]: Let ¢,y be unimodular functions in L* such that ker(TW—,) =
ker(T@/,) = {0}. Then

IMgP, — P, Mgll = cos™* (V(T@p)),
for every real argument 8 € L™ of the function ¢1.
Proof. Let 6 be a real function in L* such that e?® = @1). Consider the curve
a(t) =M, io PyM ,-ico.
Apparently, a(t) is a smooth curve in Gr with a(0) = P, and a(1) = Mgy P,M,j = Py.
Then a(t) is longer than the (unique) minimal geodesic which joins @ H? and Y H?, whose
length is |[X,, ,»[|. Note that
a(t) = iM, ieMgP, — iPyMgM ,-ito = iM ioM,(MgP, — P Mg)MgM ,-ito.
Thus, we find that || a(t) ll= [|[MgP, — P, Mg]|, and using Proposition (5.1.6), we obtain

1
cos™ 1 (V(anﬁ)) = [[Xpull < L(a) = J | a(t) Il dt = ||MgP, — P, Myl
Corollary (5.1.9)[245]: Let 8 be a real valued c%ntinuous function, then
|MgP, — P,Mg|l = cos™! (]/(Teie)).
Proof. Put ¢ = e and ¥ = 1 in Theorem (5.1.8). Then, note that ¢ is an invertible
continuous function with zero index. Hence the operator T, is Fredholm and has index zero,
which implies that it is invertible.

Let 6;,t € [0,1], be a piecewise differentiable path of real valued functions in C. Then the
curve a(t) = M i, P M -6, is piecewise differentiable. Similarly as above, its velocity is
I () 1= |Mgioc[Mig, PLIM_gioc]| = [|Hp || =i {I6: — fll..: f € H*}.

The last quantity can be regarded as the norm of [ét], the class of 8, in the quotient L* /H®

(which is also the velocity of the curve [6;] in the quotient). Therefore,
L(a) = LL°°/H°°([9t])-
Note that the curve 6, is arbitrary between 6, and 6. In particular, when 6, is a straight
line, we have the following:
Corollary (5.1.10)[245]: Let 6,, 6, be real valued continuous functions, then

180 = B1ll 0 o0 = X pi00 gi0s | = o5 (¥(T y01-00) ).
The space L? has the orthogonal decomposition L? = H? @ H2, which we now use to
give the following definition. The compact restricted Grassmannian Gr . is the manifold

S
of closed linear subspaces W c L? such that
e P |y:W - H? € B(W,H?) is a Fredholm operator, and
e P |y:W - H? e B(W,H?) is a compact operator.
The components of the restricted Grassmannian are parametrized by k € Z, where k is the
index of the operator P, |,,: W —» H? € B(W, H?),

Gr¥ ={W € Gr 1 ind (Puly: W - H?) = k.
In particular, since P, is the identity restricted to H?, H?> = Ran(P,) € Gr°._.

res

Lemma (5.1.11)[245]: Let ¢ be an invertible function in L*. Then the following are
equivalent.

i) QH? € GTyps.

i) ¢ is an invertible function in H* + C.
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iii) pH? = OH? for some 6 € QC,|0] = 1 a.e.

In this case, pH? € Gr’ , where k = —ind(¢) = —ind(6).

Proof. We first prove i) = ii. We claim that the Hankel operator H,: H*> - HZ, H,f =
P_(¢f), is compact if and only if P_ | o H?: 9H? — H_is compact. In fact, note that Hyf =
P_l,u2(@f) = P_|,u2M, f, for all f € H?. Since ¢ is invertible in L, M,: H* — @H? is
an invertible operator. Thus,

-1

Hy = (P-19,2) (M¢|H2)’ Hy (M<p|Hz) = P_lpnz)
which clearly implies our claim.
Suppose that ¢H? € Gr,, . Then, the operator P_|pp2: @H? - H? is compact, so we get
that H,, is compact. Hartman's theorem asserts that a Hankel operator H,, is compact if and
only if ¢ € H® + C (see e.g. [76]). Thus, it follows that ¢ € H® + C. Since pH? € G7;.y,
we also have that P, | ¢ H?: o H?> — H? is a Fredholm operator. Note that Ran(P;. | pH?) =
Ran(T, ) and ker(P, | 9H?) = M ker(T, ), where T, is the Toeplitz operator with symbol
@. Therefore T, is Fredholm, and thus, ¢ is invertible in H* + C.
Now we prove ) = i ). Assume that ¢ is an invertible function in H* + C. Then, we have
that T,, is a Fredholm operator. By the same arguments as in the previous paragraph, we see
that P, |,y2: 9H? — H? is also a Fredholm operator. On the other hand, ¢ € H* + C is
equivalent to H, compact. Hence P_ | 9H?*: 9H? — H_is compact, and consequently,
@H? € Gr .
The implication ) = iii ) is given by Theorem (5.1.1) : if ¢ € H® + C, then @H? is singly
invariant. Therefore exists a (unique up to a multiplicative constant) unimodular function 6
such that pH? = OH?. Now 8 = ¢f for some f € HZ. Since ¢ is invertible in L, then f €
H®. Hence, 8 € H® + C. Further, by the invertibility of ¢, it clearly follows that f is
invertible in L*. Using that g H?> = OH? = ¢fH?, we get fH? = H?, and consequently, f
Is an outer function. Recall that a function in H* is invertible if and only if it is outer and
invertible in L. This gives f~1 € H®. Now 8 = 8~ = ¢~1f~1 € H® + C, which proves
that 6 € QC.
To prove the implication ) = ii ), we observe that every unimodular 8 € QC is invertible in
H® + C. By the equivalence between i ) and ii ), we get pH* = 6H? € Gr,, and hence ¢
is invertible in H* + C.
Suppose that pH? € Grr’;s.. To prove our claim on the index, we have pointed out that
Ran(P,|,y2) = Ran(T,) and ker(P,|,y2) = M,ker(T,), where M, is invertible. It
follows that k = ind(P, | pH?) = ind(T,) = —ind(¢). Moreover, 8 = ¢f, and f is
invertible in H™. Every invertible function in H* has index zero. Hence, ind(¢) = ind(0).

Under the identification of each closed subspace W < L? with the orthogonal projection Py,
the compact restricted Grassmannian is given by

Gr,, ={P € B(L*): P — P,is compact, P = P? = P*}. (2)
Applying the results mentioned for the algebra of compact operators, it follows that the
tangent space (TGr,, )P at some point P € Gr, is given by

S

(TGry ), = {iXP — iPX: X" = X is compact }.
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Then, using the usual operator norm, we have a Finsler metric to measure the length of
curves.
On the other hand, the above presentation of Gr..; by means of operators is related to the
orthogonal projections of the C*-algebra

Bee = {T € B(L»): [T, P, ]is compact }. (3)
Indeed, this algebra consists on operators with compact co-diagonal entries. Denoting by
the projection onto the Calkin algebra, the restricted Grassmannian coincides with the class
of projections P such that

nP)=(F ),

0 0
where this is a matrix decomposition with respect to (P, )and (P_). Metric aspects of the

projections in B, for a general Hilbert space H were studied in [248]. In particular, it was
proved that any pair of projections in the same connected component of G, can be joined
by a geodesic of minimal length. Combining these facts and the characterization in Lemma
(5.1.11), we have the following result.
Theorem (5.1.12)[245]: Let ¢,y be invertible functions in H* 4 C. The following are
equivalent.
1) ind(¢p) = ind(Y).
i) There is a geodesic in Gr, ., joining P, and Py,.
iii) There is unique geodesic of minimal length in Gr ., joining P, and P, given by

8(t) = e P e, t € [0,1],
where X = X,,,, is a uniquely determined compact selfadjoint operator such that || X II<
n/2,e*Pye™™ = Py, and it is co-diagonal with respect to both P, and P,,.
Proof. We first show the equivalence between ) and ii ). Suppose that ind (@) = ind (),
so we have that P, and P, belong to the same connected component of Gr,..s. According to
[248] there is a (minimal) geodesic joining these projections. The converse is obvious by
the characterization of the connected components of Gr, .. in terms of the index of the

functions.

Similarly, to prove the equivalence between (i) and (iii), the only non trivial part is that i)
implies iii). If ind (@) = ind(¥), then ind (¢y~1) = 0, and consequently, as we state in
Theorem (5.1.3),T -1 Is an invertible operator. Following the same argument as in the
proof of Theorem (5.1.5), but now using Lemma (5.1.11), we can assume that ¢,y are
unimodular functions in QC. Therefore, pH* N (YH?)* = ker(T ;) = {0} and YH? N
(pH?)t ~ ker(TM,) = {0}. Under these conditions, there is a unique geodesic of minimal
length joining P, and Py, of the desired form (see [248]).

Now we address the following question: when can we take the quasicontinuous

function 6 in Lemma (5.1.11) to be continuous? Note that this function is unique up to a
multiplicative constant.
The conditions in Lemma (5.1.11) are also equivalent to have pH? = gH?, where g € C is
non-vanishing. Indeed, this is easily seen from [98], which asserts that the invertibility of a
function ¢ in the algebra H* + C is equivalent to the factorization ¢ = fg, where f, f~1 €
H* and g, g~ € C. Inaddition, note that ind (g) = ind(¢). However, the function g is not
necessary unimodular.
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Assuming that the function ¢ is continuous, we establish below a relation between 6 and ¢.
Given a real valued function u € L?,1i is the harmonic conjugate on T. Denote by Lip ¢ the
Banach space of complex-valued functions on T satisfying a Lipschitz condition of order
a(0 < a<1).Wewrite A = H® n C for the disk algebra.
Proposition (5.1.13)[245]: Let ¢ € C be non-vanishing, 8 denote the quasicontinuous
function of Lemma (5.1.11), and set u = —log |¢|, then

g =2 et
ol
In particular, 8 € C, whenever @ € C. In addition, the following assertions hold.

1) If ¢ € Lip® for 0 < a < 1, then 8 € Lip“.
i) If ¢ € A, then 6 € A.
Proof. Recalling that 8H2 = @H?, and by the proof of ii ) = iii ) in Lemma (5.1.11), one
can find an invertible function f in H* such that 8 = f¢. Since f is an outer function, its
harmonic extension admits a representation:

A 1 (Tell 4z "

f(z) = Aexp (Ej(‘) T _Zlog|f(e )|dt>, z €D,
for some A € T; see [98]. We may assume that A = 1. Note that f = exp(a + ib) where

1 2T it ) .
a(z) = EL Re {e b Z}loglf(e‘t)ldt = log|f (2)|,

since the real part of (e’ + z) (e’ — z)_1 is the Poisson kernel. Since |f] = 1/|¢]| on T,
and f € H*, the following radial limit lim,_,,- a(re’) = log|f(e®)| = u(e®) exists a.e.
On the other hand,

eit —z

et —z
Is the harmonic conjugate of a on D (up to a constant). By the Privalov-Plessner theorem

[268], lim,_,- b(re') = ii(e') ae. Since § = ¢f and f = e'e'™ = Wileiﬂ’ we obtain 6 =

21 it
b(z) = %fo Im {e. +Z}log|f(eit)|dt

Y it

o]

1) Now we assume that ¢ € Lip%. Since ¢ is a non-vanishing continuous function, then u =
—log || € Lip*. By Privalov's theorem, i € Lip® for a <1 (see [268]). Clearly,
@, ||t € Lip%, which yields 8 € Lip?.

if) According to [76], the outer part ¢, of ¢ belongs to A. Since 8 = ¢f, it follows that

If 7 = |@,, |- Therefore, ¢, = Af~* for some A € T. Thus, the inner part of ¢ satisfies
0 = g, , and thus we obtain 8 € A.

Example (5.1.14)[245]: In contrast to what happens with functions in Lip® or A, we now
show that the class of absolutely continuous functions is not preserved in the above

proposition. Let
, sin(nt
u(e‘t) = —Z (no)
. nlog(n)
nz
then u € C; moreover u is absolutely continuous on T[276]. Let ¢ = e™*, clearly ¢ € C is
non-vanishing and absolutely continuous on T. Since u(T) c R, we have ¢ > 0 on T,

therefore —log || = u. Let

201



v(eit) _ z cos(nt)’

—~ nlog(n)
and note that )

f(2) =z nloglg(n)zn =iv+u

n=2
Is analytic, therefore v is the harmonic conjugate of u. But v is not continuous on T, not
even bounded since Y .5, — 1(n) = 400, therefore & = e is not continuous on T.

Let K'(H, L) be the space of compact operators between two Hilbert spaces H and L.
Given an operator T € K (H, L), we denote by (s,(T)),s, the sequence of its singular
values. The p-Schatten class (1 < p < o) is defined by

o 1/p
B,(H,L) ={T € KX(H,L):IIT ll,= (Z Sn(T)p> < oo g,
n=1
These are Banach spaces endowed with the norm |[I-|l,,. As usual, when p = oo, we set
By (H,L) = X (H,L). In particular, B, (H, H) = B, (H) is a bilateral ideal of B(H). Using
the orthogonal decomposition L? = H? é HZ, and the p-Schatten class (1 < p < ), one
can introduce the p-restricted Grassmannian Gr..s, as the manifold of closed linear
subspaces W c L? such that
e P |y:W - H? € B(W,H?) is a Fredholm operator, and
e P|y:W — HZ € B,(W,H2).
Its connected components Grr";s,p, k € Z, are also described by the index of the projection
P.lw:W — H?. The case p = 2 was studied in connection with loop groups [270]; it is an
infinite dimensional manifold with remarkable geometric properties [252], [262], [275].
Other values of 1 < p < oo, or more generally restricted Grassmannians associated with
symmetrically-normed ideals, were treated in [251], [256].
We denote by B the Besov space, where 1 < p < coand 0 < a < 1. For the definition of
these spaces, and the following results we refer to Bottcher, Karlovich and Silbermann
[253]. Among various generalizations of the classical Krein algebra, it was introduced the
following algebra defined by means of Hankel operators:
K, = {p € L*:H, € B,(H? H?)},
where 1 < p < oo. It turns out to be a Banach algebra under the norm
Il ¢ IIK;gp,o=II @ |+ ||H(p||p.
In the case p = oo, it simply has the usual operator norm of a compact operator. By
Hartman's theorem, K/c™® = H® + C, and for 1 <p < o, one has K,7° € H® +C.
Given a function ¢ € [®and 1< p < oo, Peller's theorem states that the Hankel operator
H, € B,(H? H?) if and only if P_¢ € B,'? (see [98]).
Then there is an equivalent definition of K;,{)p'o in terms of functions instead of operators.
When 1 < p < oo, it holds
K;{)”" {per=:rpeB/}=1n(H=+B)")
Moreover, when p > 1, a function ¢ is invertible in K, /"
H* + C.

if and only if is invertible in
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Using the above stated results and the same arguments of Lemma (5.1.11), the following
characterization can be obtained.

Corollary (5.1.15)[245]: Let ¢ be an invertible function in L* and 1 < p < 0. The
following assertions are equivalent:

) QH? € Glyesp.

ii) € K17 and g is invertible in H* + C.
iii) pH? = OH? for some 6 € QC N K, F°, 10| = 1 ae.
In this case, pH? € Gr* , where k = —ind(p) = —ind(6).

Corollary (5.1.16)[245]: Let 1 < p < oo, and let ¢,3 be functions in K, which are
invertible in H* + C. The following are equivalent:
i) ind (@) = ind(Y).
if) There is a geodesic in Gr . , joining P, and Py,.
i) There is unique geodesic of minimal length in Gr ¢ . joining P, and Py, given by
5(t) = e“"XP(pe‘itX, t € [0,1],
where X = X,,,, is a uniquely determined selfadjoint operator such that || X lI< /2,
e*P,e”™ = P,,, and it is co-diagonal with respect to both P, and P,.
Moreover, arguing as in the proof of Theorem (5.1.8) we also obtain

Corollary (5.1.17)[245]: Let 1 < p < oo, and let ¢,3 be functions in K, which are
invertible in H + C, such that ind (¢) = ind (). Then if 8 € K,/P** is such that e?® =
Y,
IMgP, — P Mpll,, = 2'/P|lcos™*(|T,, —[)I| | = dist, (P, Py)-
For instance, if ¢ and 1y are C! functions (with equal index) such an argument @ exists,
which is continuous and piecewise smooth.
Proof. Recall from Poposition (5.1.6) that
(0 iz

Xow = (—iZ 0)

and thus (Z = 0)
Z 0

|X<Pﬂ/’| = (0 Z)'

Also Z = M,cos™*(|T,|)Mg. Then

Xl =217 1 Z ll,= 24P |lcos™ (|Ty )|
The orthogonal projections of the C*-algebra B,. defined in (3) may be classified
using their image in the Calkin algebra. In addition to the restricted Grassmannian, we shall
need to consider the essential class E; consisting of all the orthogonal projections which
have the form (in terms of m(P, )and m(P.))

=0 )

where p # 0,1 is a projection in the Calkin algebra. It was shown that the class E; is
connected, and in contrast to the restricted Grassmannian, there are projections which cannot
be joined by a geodesic in [E;.
Let E be a closed subspace of L? such that M,, (E) c E.If 0 # E € H? then E = @H? for
some inner function ¢. We prove below that these subspaces belong to either the restricted
Grassmannian or the essential class E,.
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Theorem (5.1.18)[245]: Let ¢ be an inner function. Then the following assertions hold:

i) @ is a finite Blaschke product if and only if P, € Grr’::s , Where k is the number of zeros of
Q.

i) ¢ is not a finite Blaschke product if and only if P, € E;.

Proof. i) The only inner functions which are invertible in H* + C are the finite Blaschke
products (see e.g. [272]). Therefore, the result follows from Lemma (5.1.11). The index of
a Blaschke factor is equal to its number of zeros, and as we have already showed, it
determines the connected component of G, where F,, lies.

I1) Suppose that ¢ is not a finite Blaschke product. As we remarked in the preceding item,
this means that ¢ is not invertible in H® + C. Therefore, P, & Gr., by Lemma (5.1.11).
On the other hand, by the claim proved in the first paragraph of the same lemma, we know
that P—P<P|¢H2: @H? - H? is compact, since ¢ € H*. Hence a* = P_P(,,|H2 is also compact,

so that P, € B,.. Similarly, we also find that y = P—P<P|Hz Is compact. Now recall that a

X a
P - (a* y),
belongs to G, if and only if a,y are compact operators and x is Fredholm (see [248]).

Applying this to P = P, we obtain that x = P+P<p|H2 is not Fredholm. In order to prove that

P, € E4, itonly remains to verify that x is not compact. To this end, it suffices to show that
dimker(x — 1) = oo. But since ¢ € H*, we have ker(x — 1) = H?> n 9H? = pH?, which
has infinite dimension. The converse is an immediate consequence of Lemma (5.1.11) and
the characterization of invertible inner functions in H* + C.

We shall give examples of shift-invariant subspaces which can or cannot be joined by
a (minimal) geodesic in the Grassmann manifold Gr. The simplest case is a consequence of
the following result proved in [72] for Hardy spaces of the upper half-plane. It is an
elementary but important step to understand Toeplitz kernels. We shall state it for the Hardy
space of the circle.
Lemma (5.1.19)[245]: Let ¢,y be two inner functions. Then ker(Tq)J,) + {0} if and only

if there exist an inner function 8 and an outer function g such that p6g =y gon T.
Example (5.1.20)[245]: Suppose that ¢ divides 1. This means that there is an inner function
@ such that @6 = . Thus, the equation in Lemma (5.1.19) is satisfied with g = 1, and
consequently, ker(T(plz,) # {0}. Hence there is no geodesic in Gr joining @H? and YH?.
Note that ker(T,,,) = {0}. In this case, it is not difficult to construct concrete examples
using the following well-known description of divisors in H*. Suppose that {a;} and {a;}
are the zero sets of ¢ and 1, respectively. If ¢ = Abs, and ¥ = A'b’s,s are the canonical
factorizations, then ¢ divides y if and only if {a;} < {a/} and u < p".

The canonical factorization factorization also turns out to be relevant to give an affirmative
answer to the existence of a geodesic in many concrete cases. Let ¢ be an inner function. A
point on T belongs to the support of ¢ if it is a limit point of zeros of ¢ or if it belongs to
the support of the singular measure associated with the singular factor of ¢. We write
supp(¢) for the support of ¢. Sarason and Lee proved the following [267].

Theorem (5.1.21)[245]: Let ¢,y be inner functions.

i) If supp(¢) # supp(¥), then the spectrum of T, is the closed unit disk.
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i) If there is a point z, € supp(¥) \ supp(¢), then T ,;, — A has dense range for all 4.
From the above result and Theorem (5.1.5) we obtain this example.
Example (5.1.22)[245]: Let ¢,y be inner functions. Suppose that there are two points z,
and z; such that z, € supp(¥) \ supp(¢) and z; € supp(¢) \ supp(yp). Then there is
unique minimal geodesic in Gr joining P, and Py, of the form stated in Theorem (5.1.5).
Now we consider the case of two inner functions with support z = 1. As a direct
consequence of the results on Toeplitz kernels obtained by Makarov, Mitkovski and
Poltoratski [72], [96] (see also the survey [264] ), one can show examples of the two inner
functions of the aforementioned type such that their corresponding subspaces can or cannot
be joined by a geodesic in Gr. These remarkable results were proved for Toeplitz operators
in Hardy spaces of the upper-half plane (and other classes of functions). For this reason, we
shall change to the half-plane; however by the isometry exhibited below all can be translated
to the disk.
A function F holomorphic on the upper half-plane C, = {z: Im z > 0} belongs to the Hardy
space H2 = H?(C,)if
00 1/2
I F llpz:= <§/1igj |F(x + iy)|2dx> < oo,
As in Hardy spaces of the disk, one may consider H2 as a Hilbert subspace of L?(R) since
non tangencial limits exist a.e. No confusion will arise if we also denote by P, the orthogonal
projection of L2(R) onto HZ. The Toeplitz operator with symbol U € L*(R) is defined by
Ty:H? - H?, Ty(F):= P,.(UF).
zZ—1

We write HY® = H* (C,.)for the bounded holomorphic functions on C . Notice that w = —

is a conformal map from C,onto D. Set f(w) = F(z). Then, it follows that F(z) € HY if
and only if f(w) € H®. However, H2 is not obtained from H? by conformal mapping. It

-1/2
can be shown that f(w) € H? if and only if ﬁF(z) € HZ2. Taking boundary values, one

f(x_i),xER.

(x+1i)" \x+i
is an isometry from H? onto HZ. Set y(x) = E and fix 8 € L. Then, Toeplitz operators

in the Hardy spaces of the disk and the upper half-plane are related by

WTQ == TQOYW.
The canonical factorization of functions in H? can be also derived in HZ using the isometry
w.
By an inner function © in C,we mean that ® € H{® and |®| = 1 on R. An inner function
0(z) in C,is a meromorphic inner function if it has a meromorphic extension to C. In this

case, the meromorphic extension to the lower half-plane is given by 0(z) = ﬁ. Each
meromorphic inner function ® admits a canonical factorization ® = B, S, where a > 0 and
A is a discrete set in C,without accumulation points on R such that the following Blaschke

condition holds

sees that
-1/2

W:H? - H?, Wf(x) =

ImA <
— <
1+ |1)?
- - - AEA - -
The function B, is the corresponding Blaschke product in C,, i.e.
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z—A
BA(Z) = 1_[ €)1 =, |E/1| = 1.
jer 274
The other function in the factorization is given by the singular inner function S%(z) = e'%2
Meromorphic inner functions correspond to inner functions in H? such that z = 1 is the only
possible accumulation point of their zeros and also the only possible singular point mass.
Example (5.1.23)[245]: The point spectrum of a meromorphic inner function ® = B,S% is
the set 0(0) = {0 =1} or {6 = 1} U {o}. The point co belongs to the spectrum if
YiealmAd < oo and S¢ = 1 (see [72] for other equivalent conditions). Two meromorphic
inner functions are said to be twins if they have the same point spectrum, possibly including
infinity. The twin inner function theorem asserts that if ©,/ are twins, then ker(Tg;) =

{0}[72]. Thus, there is always a geodesic joining the corresponding subspaces defined by
twin functions.
Example (5.1.24)[245]: Recall that a sequence of real numbers is separated if |1, — 4,,,| =
d > 0 (n # m). A separated sequence (1,,)ez IS a called a Polya sequence if every zero-
type entire function bounded on (4,),ez IS constant (see also [96] for a new
characterization). Among several conditions, it was proved in [96] that (4,,),cz IS a Polya
sequence if and only if there exists a meromorphic inner function ® with {® = 1} = (1,)nez
such that ker(TgS%¢) # {0} for some ¢ > 0. Hence there is no geodesic joining the
corresponding subspaces defined by ® and S2¢.
Section (5.2): Multipliers between Model Spaces

For an inner function 0, let Xg: = H? N (@H?)* denote the model space of the open
unit disk D corresponding to ©. We explore, for a pair of inner functions u and v, the
multipliers

M (u,v):= {¢p € Hol(D): pXK,, € K,,}
between ¥, and X,,.
One motivation for comes from the work of Crofoot [285] who considered a more restricted
version of M (u, v) namely {¢ € Hol(D) : p¥,, = K}, in other words, the multipliers from
¥, onto X, (see also [280]). As it turns out, these onto multipliers are unique up to
multiplicative constants and are outer functions. Another motivation comes from examining
pre-orders on partial isometries [288], [297].
The Crofoot discussion becomes quite different if we relax the (onto) multiplier condition
I, = K, tojust pXK,, < K,,. For one, as we shall see below, these (into but not necessarily
onto) multipliers need not be outer functions. Secondly, unlike the onto multipliers, the into
multipliers need not be unique. In fact, we give an example of when M (u, v) is infinite
dimensional and contains unbounded functions.
After a few initial observations about M (u,v) we will reformulate the description of
M (u, v) in terms of Carleson measures of model spaces and kernels of Toeplitz operators.
Along the way, we will describe M (u, v) when v is an inner multiple of u. We will then
relate M (u, v) to the boundary spectra of u and v along with their sub-level sets.
We also consider multipliers for the model spaces of the upper half plane. In this setting we
discuss a particular entire function introduced by Lyubarskii and Seip which allows us to
deduce the existence of unbounded onto multipliers connecting to a question raised by
Crofoot. As discussed earlier, the onto multipliers are unique (up to multiplicative constants)
and thus the multipliers algebra in this case is one dimensional. In the spirit of the Lyubarskii
and Seip construction above, we produce u and v such that M (u, v) = Cey, yet ¢ is not an
onto multiplier.
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We assume we are familiar with the Hardy space H?[286], [290] and model spaces
K,,[289], [98]. D is the open unit disk, T the unit circle, m normalized Lebesgue measure
on T, and L? the standard Lebesgue space L?: = L?(T, m) with norm || £ || and inner product
(-,/). The bounded analytic functions on D are denoted by H*. Recall that H? is a
reproducing kernel Hilbert space with kernel k,(z) = (1 — 1z)~L.

We begin with some useful observations. First notice that M (u, v) € H2. Indeed, if
P L
1- A1z
denotes the reproducing kernel for &, then ki = 1 — u(0)u € X, is an invertible element
of H®. Thus if ¢ € M (u, v) then pk§ € K, € H? from which the result follows.
Furthermore, when ¢ € M (u, v), the closed graph theorem says that M, f = ¢f is a

bounded operator from X, to K, and standard arguments show that M, k) = @ (A)k;'. Since

unz L= u@I?
Ik 1™ = I
it follows that
leDIPA = [u@)?) s A - |v(D)]?), 1 € D. (4)

Though this inequality will be used later on, it does not prove that ¢ is always bounded. The
following Proposition summarizes some basic facts which follow, or can be gleaned, from
Crofoot's [285].

Proposition (5.2.1)[277]: Let u and v be inner functions.

(i) M (u,u) = C.

(i) If K, = K, then @ is outer.

(iii) C € M (u, v) if and only if u divides v

(iv) Suppose u divides v and u is not a constant multiple of v. Then M (v, u) = {0}.

(v) If ¢ € M (u,v) and F is the outer factor of ¢, then F € M (u, v).

(vi) If a € D and u,: =~ then — K, = K,

The map f = (1 — au)~'f from X, onto X, is a constant multiple of the unitary Crofoot
transform. Using operator theory techniques, Crofoot [285] showed that when the space of
onto multipliers is non-empty, then o(u) = o(v), where

o(u):= {S € T:lim |u(z)| = O}

z—¢&

Is the boundary spectrum of an inner function. The following result is the M (u, v) analogue
of this where our proof uses function theory.
Proposition (5.2.2)[277]: If M (u, v) # {0} then a(u) S a(v).
Proof. Without loss of generality, we can use Proposition (5.2.1) (vi) and assume that
u(0) = 0 (the Crofoot transform preserves the regular points in T). Then 1 € X, and so
pXK, €K, = ¢ € K,.Pick( € T\ a(v) (a regular point for v). Then [289] every
function in %, has an analytic continuation to a two-dimensional open neighborhood () of
{. In particular, ¢ € X,, enjoys this property. For every f € K,,g:= ¢f € K, has an
analytic continuation to  and so f = g/¢ is either analytic on Q or has a pole of order at
least 1 at ¢. But this second case is not possible since f € H? must be square integrable on
T. Hence f extends analytically to Q and thus { € T \ a(w).

We reformulate the description of M (u, v) in terms of kernels of Toeplitz operators
and Carleson measures for model spaces.
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Theorem (5.2.3)[277]: For inner u and v and ¢ € H?, the following are equivalent:
(i) ¢ € M (u,v);
(ii) pS*u € K, and |@|*dm is a Carleson measure for X,,, i.e.,

j FI21012dm <I £ 112, f € K
T

(iii) @ € Ker Ty, and |@|?dm is a Carleson measure for ¥, where Ty, f = P, (ZUuf) is
the standard Toeplitz operator on H?2.
Furthermore, the following are equivalent:
(iv) o € M(u,v) N H®;
(V) pS"u € X, N H*™.
(vi) @ € Ker Ty, N H™.
Proof. Recall that KerT; = X, [289] and that Ty, = T;T, if either fEH® or g€
H>[289]. Also observe that T; = S* and that T _,, )4 is invertible. Using these facts, along
with the identity (on T),

oS*'u = @z(u—u(0)) = pzu(l —u(0)u), (5)
it follows that S*u € X, & ¢ € Ker Ty, This yields (ii) < (iii) and (vi) = (v). The
implication (v) = (vi) needs an additional argument. Indeed, suppose that ¢S*u € ¥, N
H*. Then the above equivalences yield ¢ € Ker T, and we just have to check that ¢ is
bounded. We already know that ¢ € H?. Thus in order to verify ¢ € H*, it suffices to prove
that |t € L* (Smirnov's theorem [286]). By assumption, ¢S*u = g € H* and (5) shows
that @|t € L.
The implications (i) = (ii) and (iv) = (v) are automatic. The implication (v) = (iv)
becomes automatic once we have shown (ii) = (i). So it remains to prove (ii) = (i).
Observe that f € X, if and only if vzf € K, (see [289]). We know that ¢S*u € K,, which
means, via (5) that vug € H?. Since |@|?dm is a Carleson measure for %, (i.e.,
@ € M (XK, H?)) it suffices to show that pg € %, for all g € ¥, N H* (which is dense in
K, ). Indeed,

VZQg = VU - uzZg € H* - H*® € H?,

Corollary (5.2.4)[277]: Ker Ty N H® = M (u,v) N H*® € M (u,v) S Ker Ty,
We will see in Example (5.2.7) below that, in general, M (u, v) € Ker T55,.
Corollary (5.2.5)[277]: Suppose u and v are inner and v = ul. Then the following are
equivalent:
(i) o € M (w,v);
(ii) @ € K,; and |@|*dm is a Carleson measure for %,,.
Furthermore, the following are equivalent:
(ii) o € M (u,v) N H™;
(iVyoeX, NnH™.
If I is a finite Blaschke product then M (u, v) N H* = M (u,v) = K.
Our next result uses analytic continuation and the boundary spectrum to construct a class of
inner functions u and v, with v = ul, such that the Carleson condition on |@|?dm is
automatic as soon as ¢ € K,;.
Theorem (5.2.6)[277]: Let u and v be inner functions with and v = ul for some inner
function 1. Suppose further that o(u) N o(I) = @. Then M (u, v) = K,;. Furthermore, if I
Is not a finite Blaschke product then M (u, v) contains unbounded functions.
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Proof. By Corollary (5.2.5), we just need to check that |¢@|?>dm is a Carleson measure for
K, for every ¢ € K,;. Let VV be a two dimensional neighborhood of (1) that is far from
a(u). By [289] ¢ extends analytically outside V (i.e., D \ V) and thus can be assumed to
be bounded outside V. Similarly, every f € K, extends analytically to VV and can be
assumed to be bounded there. From here it follows that ¢f € H2. By the Closed Graph
Theorem, ¢ € M (X, H?), equivalently, |@|?dm is a Carleson measure for X,,.
For the last part, note that if I is not a finite Blaschke product then %, is infinite dimensional
[289] and thus, via a well-known theorem of Grothendieck [295], contains unbounded
functions.
We now construct an example of when Ker T,; = Ker T,;,, contains functions which do not
define Carleson measures for ¥, and thus M (u,v) & Ker Ts,. Hence the Carleson
condition is important in Theorem (5.2.3).
Example (5.2.7)[277]: Set 1, =1 — 27", n > 1, and note this is the zero sequence of an
interpolating Blaschke product I. With w,, =n~!, notice that },5,wj; < co. By an
interpolation theorem from [98], there isa ¢ € K; € K,; such that
w,, 271/2
o) = A, B~
Now take u(z) = exp((z+ 1)/(z — 1)) and observe that since 4, = 1 on (0,1) we have
u(4,) = 0. If v =ul then ¢ € K, € K,; = Ker Ty,,. However, ¢ & M (u, v) since, if it
were, (4) would imply that
lp() 121 — [u(@)?) s 1 - [v(A)I* s 1.
The above discussion now yields a contradiction. Thus we have M (u, v) & Ker Ty, = K-
We now consider finite dimensional model spaces. For an inner u, the degree of u is
n if u is a finite Blaschke product with n zeros and equal to co otherwise. When u is a finite
Blaschke product with n zeros {44, -+, 1,,}, we have
x'={ Pa) o ep } 6)
u ;'l=1 (1 _ AT]Z) ' n-1(-
where P,,_, are the polynomials of degree at most n — 1.
Theorem (5.2.8)[277]: If u is a finite Blaschke product with zeros {a,, ...,a,,} and v is a
finite Blaschke product with zeros {b,, ..., b,,} where m < n, and the zeros are repeated
according to their multiplicity, then
iz (1—a@2) . }

M(u,v)zM(u,v)nH"":{q(z) ——:q € Pr_m ¢
J=1 (1- b]Z) o
Proof. The 2 containment follows essentially from (6). For the € containment, notice from
Theorem (5.2.3) that ¢ € M (u, v) = ¢ € Ker Ty, Which is equivalent to
p(2) -
?:1 (1 o bJZ)

— 00,

u<pEKerTﬁ=JCZU={ EPn}QH“’.

The result now follows.

Theorem (5.2.9)[277]: If u is a finite Blaschke product and v is any inner function with
infinite degree, then M (u,v) N H* # {0}.

Proof. By [290] there is an a € D (in fact "most” ) such that the Frostman shift v, = —
of v is a Blaschke product of infinite degree. Factor v, = IJ, where I and J are Blaschke
products with the degree of I equal to the degree of u, and use [98] to obtain ¥; € X, .

v—a

209



From Theorem (5.2.8) there is a rational ¢ € H® such that X, < K, < X, . Proposition
(5.2.1)
(vi) now yields (1 — av)pX, € X,

We discuss some results using sub-level sets of inner functions. We start with a
"maximum principle" result of Cohn [284].

Theorem (5.2.10)[277]: Suppose © is inner and f € K¢ is bounded on {|B] < €} for some
€ € (0,1). Then f € H*™.

This result can be used to show that under certain circumstances, all multipliers must be
bounded.

Corollary (5.2.11)[277]: Let u and v be inner. If, for some €,,¢, € (0,1),{|v| < €,} S
{lu| < €,}, then M (u, v) = Ker Ty, N H®.

Proof. Let ¢ € M (u, v). The estimate in (4) says that when 1 € {Jv| < €,} € {Ju| < €}
we have |@(A)|? S (1 —€?)7! and thus ¢ is bounded on {|v| < ¢€,}. Since k¥ =1 —
u(0)u € X, and bounded on I, we see that k¥¢ € X, and bounded on {|v| < €,}. Apply
Theorem (5.2.10) to obtain k§¢@ € H*. Since k§ is invertible in H*, we get ¢ € H”. Now
apply Corollary (5.2.4).

Example (5.2.12)[277]: Let u be any singular inner function and v = u® for some a > 1
(or perhaps u a Blaschke product, or any inner function, and € N ). Notice that u divides v
and so M (u,v) # {0} (Corollary (5.2.5)). Furthermore if €, € (0,1) and z € {|v| < €,}
then |u(z)| < es/®. Setting e, = ;/“ we see that {|v| < €,} € {|u| < €;}. Corollary
(5.2.11) yields ]v[(u v) € H®. Combine this with Corollary (5.2.5) to see that M (u, v) =
jczua—l NnH®.

Carleson measure results of Cohn [282], [283] allow us, in the special case where u
satisfies the connected level set condition (i.e., {|u| < €} is connected for some € > 0), to
replace the condition that |@|?dm is a Carleson measure in Theorem (5.2.3) and Corollary
(5.2.5) with

2
sup(1 = [u(DP) [ =T 0 dm(©) <o

We will now turn to the upper half plane which in certain situations is a more
appropriate setting. If C,denotes the upper-half plane, we set 72 to be the corresponding
Hardy space. There is a natural unitary operator U from H? onto 72 given by

U @): = ———— F(0(@))
f Z.—\/_( +_)fa)z ,

where w(z): = — maps C,onto D and R U {—o0, »} onto T. As with H?, one can define,

for ¥ € L”(R), the Toeplitz operator Ty on 2.
For an inner function U on C,, we define the model space
Ky:=H?2n (UKL
The corresponding reproducing kernel function for ¥y is
I 1-UWWU(z
K (2):= o= Z(—)/'l ( ),/1,Z€(C+.
Note that if w isan inner functionon D and U = u o w, then U is an inner function on C, (and
vice versa). Furthermore, U¥K,, = K.
We need the elementary Blaschke factor on C,with zero at :

b+() Z—1

(z): = :

‘ Z+1
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and

1 1
ki(z) = iz +i

the corresponding kernel at i. Observe that Uf = k; X (f o w), f € H?.
We begin with some elementary but useful facts. The proofs are straightforward.
Lemma (5.2.13)[277]: Lety € L*(T) and ¥ = 1 o w. Then
f €KerTy, & F:=Uf € KerTy.
Lemma (5.2.14)[277]: ¢ € M (u,v) ifandonly if ® = @ o w € M (U, V).
Corollary (5.2.15)[277]: With the notation from above, the following are equivalent for ®
analytic on C,.:
(i) eMmM(U,V);
(ii) ®k; € KerTh;'VU and |®|*dx is a Carleson measure for %.
We now discuss a situation when the Carleson condition becomes more tractable. We begin
with a result from Baranov [279].
Theorem (5.2.16)[277]: Let U be an inner function in C,such that |U'(x)| = 1, x € R. For
a positive Borel measure u on R, the following are equivalent:
(i) u is a Carleson measure for K.
(if) We have M: = sup,ecru([x, x + 1]) < oo.
Theorem (5.2.17)[277]: Let U and V be inner functions with |U'(x)| = 1,x € R.
Then

x+1
MU, V) = {CD € (z+ DKerTyx, ;i M == supj |®(t)|%dt < 00}.
X

x€R
S de(z+i)KerT

Proof. Observe that ®k; € KerT

(5.2.15) and Theorem (5.2.16).
Lemma (5.2.18)[277]: We have

FeKerTyy, ©F € ((z + i) KerTb+VU) N 2.

Proof. The function F belongs to Ker Tyy if and only if there isa i € H? suchthat VUF =
Y. A calculation shows that

V()b ()U)F (ki (x) = (pk)(x), x € R.
Hence Fk; € Ker T, 5, andso F € (z + i)Ker Th, VU

The converse argument is in the same spirit. Indeed, when
Fe(z+)KerT,w,, - H?,

we get FO)WV(x)U(X)) =yP(x)(x —i) =yP(x)(x +1). Since F € H?, and UV is
bounded, we deduce that y(z + i) € 2, and so F € Ker Ty,,.
Corollary (5.2.19)[277]: Let U and V be inner functions with |U'(x)| = 1,x € R. Then
MU, V) NnH? = Ker Tyy.

We notice that an example constructed in [293] answers a question of Crofoot [285].
We will state the result for the model spaces K¢ of the upper-half plane and then use Lemma
(5.2.14).
The construction is based on the relationship between the model subspaces generated by
meromorphic inner functions and the de Branges spaces of entire functions [55].
First we define the Paley-Wiener class

bIVU P and apply Corollary
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PW = {F € Hol(C): € 7—[2}, F*(2):= F(2).

Let E be an entire function which belongs to the Hermite-Biehler class HB, i.e.,

|E(2)| > |E(2)], 3z >0
and E does not have any zeros in CZ(the closed upper half plane). With E € HB, define the
de Branges space

— P
e nz e lnz

F F*
H(E): = {F € Hol(0): 7, — € :}(2}. %)
The norm in H (E) is defined by
||F||
I Fllg=| "E”L '’ , F € H(E).

If E € HB, then ® = E*/E is a meromorphic inner function in C,, meaning that © is an
inner function and that ® has an analytic continuation to an open neighborhood of C:.
Conversely, each meromorphic inner function ® admits a representation ® = E*/E for some

entire function E € HB. One can see from the identity K, = H?2 N UK 2 that when © =
E*/E, the operator F — F/E is unitary from H (E) onto the model space g, that is to say,

1
Ko = zH (E). (8)

When E(z) = e, one can check that £ € HB,® = E*/E satisfies 0(z) = e, and
Ko = e™H (E) = e™PW.,

Theorem (5.2.20)[277]: There are two inner functions B and ® on C,and an unbounded
analytic function ¥ on C_such that YKz = K.

Proof. Fix § € (0 1) and set

E 1 ?
5(Z) = (Z+l)1_[ —ik- 46)( _—k+6_lk_46)
It is shown in [293] that E 5 e HB

H(Es) = PW, (9)
with equivalent norms, and
|Es(x)]| = (1 + |x|)?%dist(x, Ag), x € R, (10)
where
As =Es ({0})
={k—-6—-ik™*:k>1}u{-k+6—-ik™*:k>1}u{-i}.
If we define Is = E5/Es, then I is a meromorphic inner function on C,.
Define Ws(z) = e™Es(2) and use (8) and (9) to obtain
YsK;, = e EsK;, = e™H (Es) = e™PW = K,
where 0(z) = e?™%, Hence W is a multiplier from K5 onto K. We now argue that Wy is
unbounded. Indeed, the zero set As of E5 contains
z=(k—68)—ik™, k > 1.
For each interval (k — 8,k + 1 — §), the zeros z, and z,,, lie just below the respective
endpoints k — § and k + 1 — 6. If x;, is the midpointof (k — 6,k + 1 — &), one can see that

dist(xy, As) > % From (10) we conclude that

|Es ()| = (1 + x)%8dist(xy, Ag) = (1 + x3,)20 = k29
which goes to infinity as k — oo. The fact that W, is unbounded now follows.
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This example can be transferred to the disk via = Isow™ L, v =00 w 1,9 = W50 w1,
and applying Lemma (5.2.14).

Crofoot proved that X, = K, = M (u,v) = Ce. A natural question to ask is
whether or not M (u,v) = Cp = X, = K,,? The answer, in general, is no. Similar to
Theorem (5.2.20), we construct our example in the upper-half plane setting.

Theorem (5.2.21)[277]: There are two inner functions B and © on C_such that M'(B, 0) =
CWY,with¥ £ 0, but YK € K.
Proof. Let O(2) = e?™, so that Kg = e™PW, and let E(z) be the canonical product
associated with the sequence A = {—i + n + sign(n)d},,cz Where we now choose the limit
case in the Ingham-Kadets theorem: § = 1/4. As before, set B = E*/E.
It is known that the family F = {e‘*»*: n € Z} is complete and minimal in L?(—, )[291],
from which it can also be deduced that E is of exponential type m (see some standard
computations in [291] along with a more general result [298] ). This yields the following
two properties: (i) 7 (E) € PW; (ii) Ker Tgg = {0}. To see (i), observe first that on R we
have E(x) = (1 + |x])72% = (1 + |x|)~/?[291] so that when f € # (E) (see (7)), then
f1?
r IE?
implying that f € L2(R). Moreover since E is of exponential type &, if f € H (E), then f
Is also of exponential type . So, by an alternate definition of the Paley-Wiener space, we
conclude that f € PW. Property (ii) follows from the completeness of F which means that
A is a uniqueness sequence for PW. This is equivalent to Ker Tgz = {0}.
We are now in a position to prove our claim. By (i), as in the proof of Theorem (5.2.20),
define W(2) = e™E(z) and use (8) and (9) to obtain WKy = e™EXy = e™H (E) C
e™PW = Kg,andso ¥ € M (B, ©). By Corollary (5.2.15), the dimension of the multiplier
space is bounded by that of Ker T@ By (ii), we have KerTgz = {0}. Now TE@B =

T+Tep, and dim Ker Tpr = 1, so, by injectivity of Tgg, at most one function can be sent
to 0 by T,+g5- S0 the multiplier algebra is at most one dimensional, and, since ¢ already

belongs to this algebra, its dimension is precisely one. Finally it is clear that the weight (1 +
|x|) appearing in the norm of H (E) does not produce an equivalent norm to that in PW

(one could for instance consider the family f,,(z) = %) so that H'(E) & PW.

When M (u, v) # {0} we know from Proposition (5.2.2) that a(u) € a(v). Is it the
case that the boundary behavior in &, is the same as in K, ? To discuss this further, we
need the following result of Ahern and Clark [278]: For an inner function u, every f € X,
has a non-tangential limit at ¢ if and only if

i AT lu(z)|
—z-q 1 —

L am =~ j|f|UfFMdex:w

|z|

The last equivalent condition says that u has a finite angular derivative at ¢ and ¢ is called
an Ahern-Clark point for X,,.

In the upper-half plane case note that oo is an Ahern-Clark point for a model space X
precisely when U o w™! has a finite angular derivative at z = 1 (equivalently U has an
angular derivative at oo ). When U is a Blaschke product with zeros u,, this happens
precisely when
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> Sy <o (11)
n>1
Proposition (5.2.22)[277]: There exists two inner functions U and V in the upper half plane
such that M (U, V) is non trivial, o (U) = a(V) = {0}, and V has an angular derivative at
oo while U does not.

Proof. Let
Z
El(Z) = 1_[ (1 + on; ) EZ(Z) = 1_[ (1 —m)
n=1 n=1

Standard estimates from canonical products yield

Ei(2) z+ 2™

= , |z] € [2™ — 2m72,2m 4 2m 1,
E,(2) z—2m+ Z‘Zmi| Izl €1 * |

Observe that this fraction is largest when z is close to 2™ where it behaves like 23™. Setting

- i\ 3 -
E,:= (z + é) E,, we get that E; /E, is bounded on C,. and for any F € H (E;) we have
F_F E

E2 E1 E,
Thus F € H(E,). Hence E; /E, is a multiplier from 3¢, to %, for the inner functions U =
E;/E; and V = E;/E,. The assertions about the Ahern-Clark properties follow from (11).
If u is inner, we can associate [286] a unique positive finite measure a,, on T, called
the Clark measure, via the identity
1-u@®> [ 1-|z|?
1-u@P Sy lz—¢&P
Note that o,, L m and that u(0) = 0 ifand only if o, is a probability measure. This process
can be reversed [281], [100].
We now exploit these measures to obtain additional information about multipliers. Using
straightforward arguments from the theory of reproducing kernel Hilbert spaces, one obtains
the following.
Lemma (5.2.23)[277]: Let u, v be two inner functions and ¢ € H%. Then ¢ € M (u, v) if
and only if there exists a bounded linear operator L,: ¥, — X, satisfying L, (ky) =
p(DkE, 1 ED.
Here is the rephrasing of the lemma above in terms of Clark measures.
Theorem (5.2.24)[277]: Let u, v be two inner functions and a,,, o,, be their associated Clark
measures. For ¢ € H?, the following are equivalent:

do, (¢), z € D. (12)

() ¢ € M (u,v);
(i) there exists a bounded linear operator £,,: L* (a,,) — L?(o,,) satisfying
8,0k = 90D %kl, ren. (13)

Proof. Assume that ¢ € M (u,v). By Lemma (5. 2 23), the (bounded) operator L,: ¥, —
¥, satisfies Lk} = (D)k}, A € D. Define 8,: =V, 'L, V;: L*(0,) - L*(0,), where the
Clark operator V,: L% (a,,) — X, is defined by V, k; = (1 — u(1)) " *k¥, 1 € D. A result of
Poltoratski [294] says that every f € K, has radial limits o,-almost everywhere and

V7 1(f) = f on the carrier of g,,. The identity in (13) now follows.
It is easy to see that the above argument can be reversed.
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Corollary (5.2.25)[277]: Let u,v be inner with associated Clark measures o, and o,
satisfying o, < ag,. If ¢ =(1-v)/(1—-u) and h =do,/dao,, the following are
equivalent: (i) ¢ € M (u, v); (ii) h € L*(a,,).

Proof. (ii) = (i) : Using Theorem (5.2.24),¢p € M (u,v) if and only if there exists a
bounded linear operator £,,: L?(0,,) — L? (Gu) such that

ﬁ(ka)—QD() () =k LED.

(/1)

For every f € L2(a,), we have

jT £ (©)2doy (&) = jT F©PRE)do,@) <l A oyl f gy

Hence if we define £, (f) = f for f € L*(q,), then &, is bounded from L?(a,,) into L (a,,),
which proves (1 —v)/(1 —u) € M (u, v).

(i) = (ii) : Again using Theorem (5.2.24), the map £, (k,) = k, extends linearly to a
bounded operator from L?(g,) into L?(o,,). In particular, for any f in the linear span of
{k,: 1 € D}, we have

f \f12hda, = j If12doy, < j \f2da,.
T T T

Since the linear span of {k;: 2 € D} is dense in L?(0;,) (use o, L m along with [290]), we
geth € L*(a,,).

It was shown in [296] that if 0, < o, and h: = do,, /do,, then h € L?(g,) if and only
if (1-v)/(1—u) € H?
Example (5.2.26)[277]: If v(z) = exp((z+ 1)/(z— 1)), one can show [289] that the
Clark measure o, is discrete and given by

2win — 1 2
% = Z nlz In = 5 T EnE g 1
n=—oo

Now pick ¢y, satisfying 0 < ¢;, < Mc,, for some M > 1 and define u' = },5,¢,6, . See
[289]. In other words, we have du’ = hda,,, where 0 < h < M. Then there is a unique inner
function u such that its associated Clark measure is precisely u’. Corollary (5.2.25) says that
(1-v)/(1 —u) € M(u,v). This construction can be done more generally starting from
any finite measure ., ¢, 6, on T and its associated inner function v. See also [288].
Section (5.3): Toeplitz Order

Toeplitz operator T, with symbol U € L®(R) on the Hardy space H? in the upper
half-plane C.is defined as

Tyf = P, Uf,

where P, denotes the orthogonal projection from L?(R ) onto H? (For further discussion).
This standard definition can be extended to larger function spaces and more general symbols
to accommodate various applications of Toeplitz-type operators in Complex and Harmonic
analysis. A recently developed approach based on the use of Toeplitz operators brought new
progress to the area of Uncertainty Principle in Harmonic Analysis (UP), see [72], [49],
[311]. This note is devoted to further development of the Toeplitz approach.
One of the cases of the Toeplitz operator which appears most often in applications is the
operator with the symbol U = IJ where I and J are inner functions. Recall that a bounded
analytic function in the upper half-plane is called inner if its boundary values are unimodular
almost everywhere with respect to Lebesgue measure on the boundary.
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Inner functions constitute arguably the most important collection of functions in the standard
one-dimensional complex function theory. Starting with the seminal result by Beurling,
which says that all closed invariant subspaces of the shift operator Sf: f = zf in the Hardy
space H? in the unit disk have the form 8H? where 8 is inner, these functions became a
focal point of research for complex analysts. Beurling's result implies that the invariant
subspaces for the operator adjoint to S, the backward shift operator S*f: f — (f — f(0))/z,
have the form K, = (6H?)* = H? © 0H?. This property of the spaces K, put them into the
foundation of the famous Nagy-Foias functional model theory which says that any
completely non-unitary contractive operator T in a Hilbert space H, satisfying ||(T*)"x|| —
0 for all x € H, is unitarily equivalent to a compression of multiplication by z on one of
such Ky spaces for a properly chosen inner function 6 (in general, such spaces are vector-
valued, see [98]).
These fundamental results demonstrated the importance of inner functions and related
spaces in function theoretic problems stemming from functional analysis. Such problems
became the main stream of complex function theory in the last several decades of the 20 th
century. At present, inner functions are firmly established as a key ingredient of complex
analysis and appear in most of its applications, including Harmonic Analysis, Control
Theory, Spectral Theory of differential operators, Signal Processing and Mathematical
Physics. Via the same connections, Toeplitz operators of the type T;; where I and J are inner
functions, appear in many of such applications.
Problems on injectivity and invertibility of Toeplitz operators with symbols I] have been
known to play crucial role in the study of Riesz bases, frames and completeness in various
function spaces, see for instance [61], [72]. As was mentioned before, recently such
operators have become a central object in the Toeplitz approach to UP [72], [49], [311]. Via
the Toeplitz approach, these and similar operators apply to many fields of analysis including
questions in Fourier analysis and spectral problems for differential operators, see for
instance [72], [311], [306], [307].
Intuitively, the property that the Toeplitz operator T7; has a non-trivial kernel means that I
IS, in some sense, larger than J. Similarly, invertibility of such an operator indicates that /
and J are 'equivalent' or have roughly the same 'size'. However, as we will discuss, neither
of these properties can yield a formal definition of order or equivalence, since they lack
axiomatic properties of transitivity and reflexivity correspondingly.
We attempt to fix this problem and 'lift' these intuitive notions to the level of formal order
and equivalence. Via the Toeplitz approach the new order encompasses a variety of
problems and applications mentioned above. It reveals relations between problems of
Complex and Harmonic analysis and helps to systematize some of the well-known questions
from the area of UP and its applications. We present the basic definitions and properties of
Toeplitz order, outline its connections with known problems, and to suggest further
directions for research.

We will mostly concern ourselves with inner functions in the upper halfplane C,.
Such functions can be represented as a product

I =By,

where B, is the Blaschke product corresponding to the sequence A = {1,,} c C, of zeros of
I'and j, is a singular inner function corresponding to a positive singular measure u on R =

R U {oo}. The measure can be represented as u = v + cd,, wWhere v is Poisson-finite on R,
I.e.,
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dv(x)
_f 1+ x2 < %,

and ¢ = 0 is the mass at infinity. The singular function j, is defined as
] — e—Su — e—$v+icz
u )

where Su is the Schwarz integral of u :

sut) = — [ [ -] .

yial C1+41¢2
The Blaschke Product B, for A = {4,,} is defined as
=
AT - Ay
where c,, are unimodular constants chosen so that c,, :i"

> 0. If A is an infinite sequence

n

then the necessary and sufficient condition for the normal convergence of the partial
products of B, is that A satisfies the Blaschke condition
RV
——— < 0,
1+ (2,2
We will use the notation S%(z) = e'** for the complex exponential function, which is the
singular inner function corresponding to the pointmass a > 0 at infinity. Using our notations
§% = ]a&oo-
Similar statements and formulas are true for the case of the unit disk, see for instance [56],
[65].
A special role in our notes will be played by meromorphic inner functions (MIF) which are
inner functions in the upper half-plane that can be extended meromorphically to the whole
plane. The above formulas imply that an inner function is a MIF if and only if its Blaschke
factor corresponds to a discrete sequence A c C (a sequence without finite accumulation
points) and the measure in the singular factor is a point mass at infinity, i.e. J, = §% = elaz
for some non-negative a.
For each inner function 8(z) one may consider a model subspace
Ky = H> © OH?
of the Hardy space H? = H?(C,).Here ' © ' stands for the orthogonal difference, i.e., Ky is
the orthogonal complement of the space 0H? = {6f | f € H?} in H?. As was mentioned in
these subspaces play an important role in complex and harmonic analysis, as well as in
operator theory, see [98].
Each inner function 6(z) defines a positive harmonic function

1+6(2)
1-6(2)
and, by the Herglotz representation, a positive measure o such that
1+6(2) 1 ydo(t) _
1_—9(Z)=py+;J (x_t)2+y2,Z=x+ly. (14—)

for some p = 0. The number p can be viewed as a point mass at infinity. The measure o is
a singular Poisson-finite measure, supported on the set where non-tangential limits of 6 are
equal to 1. The measure o + pS, on R = R U {oo} is called the Clark measure for 6(z).
We will sometimes denote the Clark measure defined in (14) by o;. If « € C, |a| = 1, then
g, 1S the measure defined by (14) with 8 replaced by a6. In some settings it is convenient
to call the measure o_, the 'Clark dual' of the measure o;.
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Conversely, for every positive Poisson-finite singular measure o and a number p > 0, there
exists an inner function 8(z) satisfying (14).
Every function f € Ky has non-tangential boundary values o;-a.e. and can be recovered
from these values via the formula
1-6(z) J f(@©)
2mi t—

f@) = =00 | FO( - 0@)de + ~do(£)(15)

see [309]. If the Clark measure does not have a point mass at infinity, the formula is
simplified to

f@ = (1-6@@)Kfo (16)

where K f o stands for the Cauchy integral
Kfo(z) = Lf @ do(t). (17)
2ni) t—z

This gives an isometry of L?(o) onto K. The Clark measure g, has a point mass at infinity
if and only if 1 — 6(t) € L?(R).

Similar formulas can be written for any o, corresponding to 6. For any «, |a| = 1 and any
f € Ky, f has non-tangential boundary values o,-a.e. on R. Those boundary values can be
used in (15) or (16) to recover f.

In the case of meromorphic 8(z)(MIF), every function f € K, also has a meromorphic
extension in C, and it is given by the formula (15).

Each meromorphic inner function 8(z) can be written as 8(t) = e!*® on R, where ¢(t) is
a real analytic and strictly increasing function. The function ¢ (t) = arg 6(t) is a continuous
branch of the argument of 6(2).

For any inner function @ in the upper half-plane we define its spectrum spec 4 as the closure
of the set {8 = 1}, the set of points on the line where the non-tangential limit of 8 is equal
to 1, plus the infinite point if the corresponding Clark measure has a point mass at infinity,
I.e. if p in (14) is positive. If specy € R, thenpin (14)is 0.

Recall that a sequence of real points is discrete if it has no finite accumulation points. Note
that specy is discrete if and only if 8 is meromorphic. The corresponding Clark measure is
discrete with masses at the points of the set {6 = 1} given by

2
oD = e

plus possibly a point mass at infinity (related similarly to the derivative at infinity).
If A < R(R) is a given discrete sequence, one can easily construct a meromorphic inner
function 6 satisfying {6 = 1} = A by considering a positive Poisson-finite measure
concentrated on A and then choosing 6 to satisfy (14). One can prescribe the derivatives of
6 at A with a proper choice of pointmasses.
The same construction shows that an arbitrary continuous growing function y on R can be
approximated, up to a bounded function, by the argument of a meromorphic inner function.
If A ={y = 2nn} then 6, constructed as above with {8 = 1} = A, satisfies |y —argf| <
2m on R. Furthermore, if I' = {y = (2n + 1)m} one can easily construct 8 so that {6 = 1} =
A and {6 = —1} =T and achieve an even better approximation |y — arg 8| < m.
For more information and further references on Clark measures see [85],[302] or [100].

Recall that the Toeplitz operator T;; with a symbol U € L* (R) is the map

T,:H? - H?, F » P_(UF),
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where P, is the Riesz projection, i.e. the orthogonal projection from L?(R) onto the Hardy
space H2. Passing from a function in H? to its non-tangential boundary values on R, H? can
be identified with a closed subspace of L?(R) formed by functions f € L?(R) whose Fourier
transform £ is supported on [0, o), which makes the Riesz projection correctly defined.
We will use the following notation for kernels of Toeplitz operators (or Toeplitz kernels) in
H? :
N[U] = ker Ty.
An important observation is that N[8] = K, if 6 is an inner function. Along with H?-
kernels, one may consider Toeplitz kernels NP[U] in other Hardy classes H?, the kernel
NL*°[U] in the 'weak' space H¥* = HP n L}*,0 < p < 1, or the kernel in the Smirnov
class N *(C,), defined as
N*[U] ={f e N* N L} (R):Uf € N}
for V" *and similarly for other spaces.
If 6 is a meromorphic inner function, K§ = N*[8] can also be considered. For more on
such kernels see [311].
Recall that an entire function F(z) is said to be of exponential type at most a > 0 if
|F(z)| = 0(e%?!)
as z — oo. The infimum of such a is the exponential type of F. We denote by II the Poisson
measure on R, dI1(x) = dx/(1 + x?).
A classical theorem of Krein gives a connection between the Smirnov class & *(C,) and
the Cartwright class C, consisting of all entire functions F (z) of exponential type < a which
satisfy
log|F(t)| € L.
An entire function F(z) belongs to the Cartwright class C, if and only if
F(2) N F*(2)
Sz € N7 (C,),and =10
where F#(z) = F(2).
Recall that a Paley-Wiener space PW, is defined as a space of entire functions of exponential
type at most a which belong to L?(R). Equivalently, PW, = C, n L?(R). As an immediate
consequence one obtains a connection between the Hardy space H?(C,) and the Paley-
Wiener space PW,. Namely, an entire function F(z) belongs to the PaleyWiener class PW,
if and only if

€ N+(C+)r

F(2) 5 F#(2)
e R0
The definition of the de Branges spaces of entire functions may be viewed as a
generalization of the last definition of the Paley-Wiener spaces with S™%(z) replaced by a
more general entire function. Consider an entire function E (z) satisfying the inequality
|E(2)| > |E(2)], z € C,.
Such functions are usually called de Branges functions. The de Branges space B(E)
associated with E(z) is defined to be the space of entire functions F(z) satisfying
F(2) 5 F*(2)
E(2) € H(CL), E(z)
It is a Hilbert space equipped with the norm || F llg=Il F/E ll;2(gy- If E(2) is of exponential
type then all the functions in the de Branges space B(E) are of exponential type not greater

€ H?(C,).

€ H?(C,).
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then the type of E(z) (see, for example, the last part in the proof of Lemma (5.3.16).5 in
[91]). A de Branges space is called short (or regular) if together with every function F(z) it
contains (F(z) — F(a))/(z — a) for any a € C.

One of the most important features of de Branges spaces is that they admit a second,
axiomatic, definition. Let H be a Hilbert space of entire functions that satisfies the following
axioms:

e (AD)IfFeH,F(A) =0,then ——€H with the same norm;

e (A2) Forany A & R, point evaluation at A is a bounded linear functional on H;
e (A3) If F € H then F* € H with the same norm.
Then H = B(E) for a suitable de Branges function E. In [55].
Usually, for a given Hilbert space of entire functions it is not difficult to check the above
axioms and conclude that the space is a de Branges space (if the axioms do hold). It is
however a challenging problem in many situations to find a generating function E. This
problem can be viewed as a deep and abstract generalization of the inverse spectral problem
for second order differential operators.
Every de Branges space B(E) is a reproducing kernel Hilbert space, i.e., for each point 1 €
C there exists a function k, € B(E) such that
F(1) =<F,k; >
for any F € B(E). The reproducing kernel k; is given by the formula
E(2)E()) — E*(2)E(4)
ki(z) = —= :
an(/l — z)
It is not difficult to show that for any de Branges function E sequences of reproducing
kernels {k;},ea, Where Ac R,A ={E*/E = a} for some constant a,|a| =1, form
orthogonal bases of B(E). Moreover, these are the only orthogonal bases of reproducing
kernels.
De Branges spaces possess the so called nesting property, which makes Krein-de Branges
theory especially suitable to study spectral problems for differential operators. It says that
for any two de Branges spaces B(E;) and B(E,) isometrically embedded into a third de
Branges space, either B(E;) < B(E,) or B(E,) c B(E;). It follows that any space B(E)
admits a unique chain of subspaces B(E;),0 <t < 1 monotone by inclusion with E, =
const and E; = E (in the case of so-called jump intervals the parameter t may not take all
values from 0 to 1). Moreover, for any positive Poisson-finite measure 4 on R there is a
unique regular chain of de Branges spaces isometrically embedded into L? (u).
Every de Branges function E (z) gives rise to a MIF
0(z) = 0g(2) = E*(2)/E(2)

and a model space Kj that this inner function generates. There exists a well known isometric
isomorphism between B(E) and Ky given by F — F /E. Conversely, for every MIF @ there
exists a de Branges function E such that & = 6. Such a function E is unique up to a
multiplication by a real entire function without zeros in C \ R (an entire function is called
real if it is real on R ). We call a de Branges function E an Hermite-Biehler (HB) function
if it has no zeros on the real line. For a given MIF 8 one can always choose the corresponding
de Branges function E to be an HB function.

As was mentioned above, if 8 is a MIF then all Clark measures o, of 8 are discrete
and their point masses can be computed by o, (1) = 2r/|8'(A)| for A € {6 = a}. We will
call the measures |E|%0,, Where g, is a Clark measure for 8(z) = E*(z)/E(z), spectral
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measures of the corresponding de Branges space. It is well known (and follows from a
similar property for Clark measures) that for any spectral measure v of a de Branges space
B(E) the natural embedding gives an isometric isomorphism between B(E) and L?(v). This
iIsomorphism generalizes the Parseval theorem.

On the real line each inner 8(z) coming from a de Branges function can be written as

0(t) = e'®,t € R, where ¢(t) is real analytic strictly increasing function, a continuous
branch of the argument of 6(z) on R. The phase function of the corresponding de Branges
space is defined by Y (t) = ¢(t)/2 and is equal to —arg E.
If E is an HB function we will denote by 6 the corresponding MIF 8, = E*/E. If uis a
positive singular Poisson-finite measure on R we denote by 6, the inner function with the
Clark measure equal to u. Even though for a MIF 6 the function E such that 8 = 6 is not
unique, we will use the notation E, for one of such functions. The reader may think of a
function with lowest order and type among all such HB functions E.

We use Toeplitz operators to define partial order and equivalence on the set of inner
functions in the upper half-plane. Our definitions can be naturally extended to broader
classes of functions and measures, however we choose to concentrate on the inner case.
Moreover, in most applications discussed in the rest, the inner functions are meromorphic
(MIFs).

We begin with the following definition. Recall that N[U] denotes the H? —kernel of the
Toeplitz operator with symbol U.
Definition (5.3.1)[299]: If 8 is an inner function we define its (Toeplitz) dominance set
D(O) as

D(0) = {Iinner | N[OI] = 0}.
Every collection of sets admits natural partial ordering by inclusion. In our case, we consider
dominance sets D () as subsets of the set of all inner functions in the upper half-plane and
the partial order c on this collection. This partial order induces a preorder on the set of all
inner functions in C,. Proceeding in a standard way, we can modify this preorder into a
partial order by introducing equivalence classes of inner functions. The details of this
definition are as follows.
Definition (5.3.2)[299]: We will say that two inner functions I and ] are Toeplitz equivalent,

writing / X J,ifD(I) = D(J). This equivalence relation divides the set of all inner functions
in C, into equivalence classes. We call this relation Toeplitz equivalence (TE).

Further, we introduce a partial order on these equivalence classes defining it as follows.
Definition (5.3.3)[299]: We write I < J (meaning that the equivalence class of I is 'less or
equal’ than the equivalence class of J) if D(I) < D(J). We call this partial order on the set
of inner functions in C . Toeplitz order (TO).

The following simple examples illustrate our definitions.

Example (5.3.4)[299]: Let B, and B, be Blaschke products of degree n and k

T
correspondingly. Then B, L B, iffn =k and B,, < By, iff n < k.

T
If J,, and J,, are two singular functions, J, < J, if v — u is a non-negative measure. However,
there exist u and v such that 4 L v but J, < J,, as follows from an example given in [300].

It is a good exercise on Toeplitz kernels to establish the statements of the above example.
As was explained, Clark theory provides a natural one-to-one correspondence

between inner functions in C,and positive singular Poisson-finite measures on R. Via this
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correspondence one may introduce Toeplitz equivalence and order on the set of all such
measures. l.e., for any two positive singular Poisson-finite measures u and v,u ~ v if

I, L I, and u é vifl, ; I,. Similarly, Toeplitz order on inner functions induces an order
on Hermite-Biehler functions, de Branges spaces, canonical systems, model spaces, model
contractions, etc.

In the same way one can order the set of all unimodular functions on the real line. If U =
e'? is a unimodular function on R (and ¢ is a measurable real function) then one can defined
its dominance set D(U) as the set of inner functions & such that N[U8] is non-trivial. After
that, once again using the ordering of dominance sets by inclusion, one can introduce
equivalence classes on the set of unimodular functions and partial order on those classes. In
a slightly different way, one may view the ordering described above as an ordering of
equivalence classes of real measurable functions ¢ on R defined as ¢ < ¥ if e'® < e,
Analogously, TO can be moved from the upper half-plane to the unit disk or even more
general domains. Without any changes in the above definitions, TO can be extended to
bounded analytic functions in Cor even unbounded functions if one is willing to deal with
unbounded Toeplitz operators.

Using quadratic forms one can consider Toeplitz operators with distributional symbols. If
m is a distribution on R then D(m) can be defined as the set of inner functions such that
Ty, exists and has a non-trivial kernel. After finding a way to overcome obvious technical
difficulties in this definition, one can proceed with an extension of TO to this class. In
particular, one obtains a different way to extend TO to the set of measures and it may be
interesting to study relations with the extension outlined above.

Perhaps the simplest way to order inner functions is by division, i.e., to say that I < J if I
divides J (if J/I is an inner function). The main flaw of the order by division is that most
pairs of inner functions remain incomparable. It is easy to see that TO is an extension of the
order by division since I < J whenever I divides J. While for two functions to be comparable
in the order by division the zero set of one has to be a subset of the zero set of the other, in
TO one zero set only needs to be 'near’ the other.

Another way to define an order on inner functions is to say that I > J if N°[I]J] # 0 or if
N*[I]] # 0 (the kernel in the Smirnov class V'*). These orders are different from ours. The
N *-order is related to (and used implicitly in) the Beurling-Malliavin theory. This order is
meaningful, but less relevant to problems discussed in these notes. As follows from Lemma
(5.3.13), TO is a proper extension of the H*-version of the above order.

While all versions of Toeplitz order mentioned seem to be interesting, we will concentrate
on the inner version of TO in C,as defined.

We study the dominance set D(8), the key element of Toeplitz order. We will identify
two important subsets of D(80), the sets of base and total elements, and discuss their relations
with adjacent questions.

Let 1,] be two MIFs and let us denote by ¢ = ¢(1,]) the difference of arguments

%(argl — arg /). Recall that the argument of a MIF on the real line can be chosen as a real
analytic function and therefore the Iast~expression makes sense. If ¢(I,]) is Poisson-
summable therj its harmonic conjugate ¢ exists and we will denote by h(I,]) the outer
function exp(¢ — i¢). Note that then h(1,]) = 1/h(J,I). Clearly, a sufficient condition for
s J is that ¢ has a bounded harmonic conjugate, i.e.,

O0<c<h<(C<o
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on R for some constants ¢ and C. Indeed, in that case f € N[IL] iff hf € N[JL], which
implies that D(I) = D(J). However, this condition is not necessary.

Example (5.3.5)[299]: Let I = B,, where A,, = 2""(1 + i),n € N. Notice that then |I'| =
O(1/x) on R as x — oo. Let us construct J in the following way. For a rare subsequence
n, = 2%,k € N, pull the zeros closer to the real line, i.e., define

11—[ S 2 2"’<+Lck) z— A,
B “ nk Z_(an_ick) ’

where c;, > 0 are positive constants tendlng to zero and d,, are convergence constants. Then
¢ = ¢(J, 1) satisfies 0 < ¢ < exp(¢) on R, because

~ 1- Z//lnk
exp(¢) = 1_[ W12 /(2m — icy)
with proper convergence constants q,. One can show that if ¢, tend to zero slow enough
(say, ¢, = 1/k ) we also have
exp(¢) € L2(R, [I'|dx) \ L*(R).
If f € N[IL] for some MIF L then hf € N[JL] because f belongs to K, and hence is bounded
on R by C|I’|*/2. Conversely, if f € N[JL] then f/h € N[IL] because 1/h is bounded.

Therefore I fT~] even though ¢ is unbounded.
We say that an inner function I € D(0) is a base element if it does not divide any
other element of D(#). In other words, base elements are the maximal elements of D(6)
with respect to the order by division. We will denote by D (6) the set of all base elements
of D(6).
We denote by b, the Blaschke factor with zeroat a € C, :
az—a
" az—-a
If 6(a) = 0 for some a € C,then 8, = 6/b, is a base element of D(8). More generally,
one can show that if 8(c) = a for some c € C,, then b,(6)/b. is a base element, where b,
Is the Mdbius transform of the unit disk with zero at a,
Z—a
be = 1—az
A general description of the set D (8) in terms of 8 is an important but difficult problem.
It generalizes the problem of describing complete and minimal sequences of reproducing
kernels in model and de Branges spaces.
Let I and J be two inner functions. We say that f € N[I]] is purely outer if f is outer and
If=g
where g is outer. Note that then automatically f = g.
We call an element I of D(8) total, if N[81] contains a purely outer function. We chose this
name for such elements because, in a sense, each total element represents a total inner
component of one of the functions from N[8] = K. Indeed, if If € N[8] for some inner I
and outer f, then

aif = Jf

] oljf = f
and therefore N[61]] contains a purely outer function and IJ is a total element of D(6).
Moreover, every total element can be obtained this way, i.e., it is a total inner component of

for some inner J. Then
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a function from N[6], combining inner components in both half-planes. We denote by
D+ (0) the subset of all total elements of D(6).
One can show that together with each function I the set D, (0) it contains every J such that
1/] is a finite Blaschke product. It follows that D (6) contains the set of all inner divisors I
of 6 such that /1 is a finite Blaschke product. Finite products can be replaced is this
statement with all Blaschke products whose arguments y satisfy 1 /2 € log|H?|. Here we
denote by log|H?| the set of functions
{fIf =In|g |, g € H*(C,)}
In other words, log|H?| consists of real functions f such that f € L; and exp(f,) € L?,
where f, = max(f,0).
Proposition (5.3.6)[299]: Every element of D(6) is a factor of a total element.
To prove the last statement just notice that if 81Jf = Lf for some inner J, L and outer f €
H?, then JLI is the desired total element.
In regard to relations between our new sets we have
Proposition (5.3.7)[299]: For every inner 6
Dg(60) € D+ (6) < D(6H).

The sets D and Dy are equal iff 8 is a Blaschke factor (in which case they are also equal to
D(0) and consist of constants).
Proof. If I is a base element then the relation 81f = Jf implies that f is outer and J is
constant: otherwise I = JI € D(8), which contradicts that I is a base element. Hence, f €
N[61] is purely outer and I is also a total element. The second statement follows from the
fact D, contains base elements divided by any finite Blaschke sub-products. Notice that Dy
cannot consist of singular functions only.
Since together with every element D(8) contains all of its inner divisors, Proposition (5.3.6)
implies that D(0) is determined by the set of its total elements. The inverse statement
follows from Theorem (5.3.22):
Corollary (5.3.8)[299]: If I ~ J then D(I) = Dy(J).
To deduce the above corollary note that total elements of D are the total inner components
of the de Branges space. The spaces B(E;) and B(E]) must coincide as sets by Theorem
(5.3.22).

It is not difficult to describe elements of D4 (6) in terms of arguments. Let us start
with D, (0) in the case when 6 is a MIF. In this case all functions from D (8) are MIFs and
their arguments are real-analytic functions on R (defined uniquely up to 2zn ). Recall the

notation ¢(1,]) = %(argl —arg)).
Proposition (5.3.9)[299]:
I €D (0) © (6,1 € log|H?|.
As to D(6), recall that it consists of all divisors of functions from D (8).

Corollary (5.3.10)[299]: | belongs to D(8) iff ¢(6,1) = h + %a where h € log|H?| and
Is an argument of an inner function.
To establish the above statement, simply notice that ¢ — ia for some argument of a MIF «

is the argument of a purely outer element of N[0I].
With some additional effort one can find analogs of statements for general (non-MIF) inner
functions.
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A well known theorem by L. de Branges, Theorem (5.3.28)6 from [55], page 271, is
an important result in the area of UP. One can find a discussion of this result and its
applications in [312].

More general versions of this theorem from [84], [310] played important roles in the study
of the Gap and Type problems, see also [311]. Here we present the statement from [84] in
the settings of TO.

Theorem (5.3.11)[299]: Let I, 8 be inner functions in C,, 8 € D(I).

Then there exists an inner function J in C,such that spec; c spec; and 8 € Dr(J).

The function J can be chosen so that the purely outer f € N[J8] is also zero-free on R. If 6
Is @ meromorphic function, then J can be chosen as a meromorphic function.

If I is a MIF, then f in the statement is analytic through R and the term 'zero-free' can be
understood in the usual sense. In the general case, a function f € H? has a zero at x € R if
f/(z—x) € H?, and a zero-free function has no such points.

Let us finish with the following problem. Given a collection of inner functions, we will call
the minimal D(8) containing these functions the Toeplitz hull (TH) of our collection. It
seems to be an interesting question to find TH for a given collection. In view of our
discussion, versions of this problem are equivalent to finding the minimal de Branges space
or model space for a given collection of zero sets, etc.

As was mentioned before, another natural way to introduce a partial order on the set
of inner functions is by division. We say that an inner function I divides another inner
function J if J/I is an inner function. The relation 'divides' satisfies the axioms of a partial
order. Toeplitz order introduced above is an extension of the order by division, i.e. if I

T
divides J then I < J.
TO is a proper extension because one can easily construct a pair of inner functions I and J

T
such that I < J but J does not divide 1. Indeed, choose any pair such that J divides I and J
has at least one zero. Then that zero has also to be a zero of I. Take that zero of I and move
it by a finite distance in C,.It is not difficult to show (an exercise on Toeplitz kernels) that

then we still have 1 éj, although J no longer divides I.

Intuitively, when N[IJ] # 0 for two inner functions I and J it means that I is 'larger’
than J. This relation between I and ] starts to resemble a strict order even more after one
recalls that by a lemma of Coburn N[IJ] and N[JI] cannot be non-trivial simultaneously.
Formally, however, this relation does not constitute an order due to the lack of transitivity:
N[I]] = N[JL] = 0 does not imply N[IL] = 0.

Accordingly, the relation I = J, which can be defined to mean that N[/J] = 0 and
N[JI] = 0, fails to produce a formal equivalence. An interesting geometric connection for
this relation is observed in [245]. It is shown that for two inner functions I = J holds if and
only if the subspaces IH? and JH?, viewed as points in the Grassmanian manifold of all
closed subspaces of L?, are connected by a geodesic. Lack of transitivity for this relation can
be illustrated by the following example.

Example (5.3.12)[299]: Let us construct three MIFs I, ] and L such that I = J and ] =< L but
I * L, where the relation ' =< " is defined as above.
Let C > 0 be a large number and let I be a Blaschke product with zeros at n + iC, n € Z.

Let J be the Blaschke product with zeros at n + iC forn < 0 and at (n + %) + iC forn = 0.
Finally, let L be the Blaschke product with zeros atn 4+ iC,n € Z,n # 0.
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Then Y =2¢(,I) =arg/ —argl tends to 0 as x —» —oo. For large positive x,
|1/)(x) +§| < &, where ¢ = ¢(C) is a small number, ¢(C) - 0 as C — co. From basic

properties of Toeplitz kernels, since
limsupy(x) — hm 1nf1,l)(x) < 1 and

X—>—00

limsup — Y(x) — 11m 1nf —Y(x) <m,

X—>—00

both N[I[J]=0and N[JI] =0, i.e., I =]. Slmllarly, Y = argl —arg) tends to 0 as x —
—oo and |tp(x) + §| < & near oo, which implies J = L.
It is left to notice that N[/L] = [Eci] where b;; =

kernel contains an H2-function —C Hence I %= L.

To study the relations between TO and triviality of kernels further let us formulate the
following statement, showing in particular that TO is an extension of the order mentioned.
Lemma (5.3.13)[299]: Let I; and I, be non-constant inner functions such that N°[I;1,] #
0.Thenl; > I,.

Proof. If 8 € D(1,) then for f € N[I,0] and g € N®[I,1,] we have

Logf = (iL,g)(1,0f) € H?.

_zHy - is the Blaschke factor, and the

Therefore 8 € D(1,).

Following [72], we will call two MIFs I and ] twins if spec; = spec;. This relation
naturally appears in applications to spectral problems involving isospectral differential
operators.

Clearly, twin relation is an equivalence relation on the set of all MIFs, which is different

from the Toeplitz equivalence. It is obvious that I ~T«] does not imply that I is a twin of J.
The opposite implication fails in general as well. However, we do have the following
statement. We use the notation f = g for two functions f and g if c|f| < |g| < C|f| for
some positive constants ¢ and C and all values of the argument.

Lemma (5.3.14)[299]: Let I and J be two MIF twins with the common spectrum ¢ c R.
Then I fIv] iffI" =] onog.

Proof. Let u = @60 + a8, and v = B, 6o, + 2B, 6y, be the Clark measures of I and
J respectively.

Suppose first that I’ = J' on a. Then by the formula for pointmasses of Clark measures
given, a,, * B,,. WLOG, we can assume that there exists f € K;(f € L?>(u)) such that fu #
hv forany h € L?(v). Let 8 € D(I) be the total inner component of f € K,. We can assume
that it is the inner component of f in C,.. Since f = (1 — I)Kfu, 6 is the inner factor of the

Cauchy integral Kfu. If I I] then 6 € D(J) and there exists g € K; such that Kgv is
divisible by 6 in C,.Moreover, by Corollary (5.3.8) , g can be chosen so that 8 is its total
inner component. Then Kgv/Kfu is an entire function of exponential type zero without
zeros. Hence it is a constant, which implies fu = const - gv and we have a contradiction.

It is left to notice that if I’ =< J' then L?(u) = L?(v), which implies D(I) = D(J) and I ~ ]

Another important relation between inner functions, which resembles equivalence,
comes from invertibility of the Toeplitz operator with the symbol IJ. Due to the work of
Hruschev, Nikolski, and Pavlov [61], this condition became one of the main tools in the
study of basis properties for systems of reproducing kernels, including the classical problem
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on exponential bases as a particular case. Up to some technical details, a system of
reproducing kernels {k,},e4 forms a Riesz basis in a model space K; if and only if Trg, is
invertible.
Intuitively, the condition that T7; is invertible also tells us that the functions I and J are
similar. This relation is reflexive as Ty, is invertible iff T, is. Our next goal is to show that
Toeplitz equivalence is not the same as the invertibility of Tr,. As a matter of fact, unlike
Toeplitz equivalence, invertibility is not a formal equivalence since, once again, it lacks
transitivity.
Example (5.3.15)[299]: Similar to Example (5.3.12), construct I;,1,,1I; so that the
difference of arguments

argl,,; —argl,,n =12,
is smooth and close to 7r/3 at co and to —n/3 at —co. Then Ty ;. ,n = 1,2, is invertible but
Ty, 1, is not, as follows from a theorem by Devinatz and Widom. Thus invertibility does not

induce an equivalence relation.

While we do not see a reasonable 'if and only if' condition which describes TE in
terms of the arguments or other requisites of inner functions, here we give some simple 'one-
sided’ conditions for two MIFs to be equivalent. Recall that for two inner functions I and J

we denote by ¢ = ¢(1,]) the function ¢ = %(argl —arg)). If I ~ ] then ¢ is Poisson
summable and h = h(1,]) stands for the outer function h = e®=1 |h| = exp §.

As was mentioned before, if ¢ (1,]) is bounded, i.e., |h(I,])| is bounded and separated from
zeroon R, then I L J. This condition is not necessary as was shown in Example (5.3.5).
Lemma (5.3.16)[299]: Let | and J be two MIFs, I Z]. Then

I/’ .
exp2¢p =1

on R.
Proof. By Theorem (5.3.24) multiplication by h = h(J, I is a bounded operator K; — K;.
Hence,

|h(O)kL()| = |< kL hk] > | < kLI
< CI @1 (lkgl,, =

i, <

'\ '\

= CII' IV ()% < €l ()] (I]’I) = Clky ()] <|],|> :
for all x € R, which implies one of the two estimates. Applying similar argument to the
operator K; — K; we obtain the other.
Further metric properties of h give the following conditions.
Theorem (5.3.17)[299]: Let I,] be MIFs, ¢ = ¢(1,]).
If the functions [/'|Y2exp(—¢) and |I'|2exp(¢) belong to L3(R) then I ~.
If 1~ J then ¢ — log(1 + |x|) € log|H?|.
Proof. By Theorem (5.3.24),1 1] iff multiplication by h(l,]) is a bounded invertible
operator from K; to K;. Note that since every f € K satisfies |f| <Il f ll, [I'|*/? the
conditions in the statement imply that hf € H? and therefore hf € K;. Similarly, for every
fEK;, f/hEK,.
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Note that two singular MIFs cannot be equivalent unless they are constant multiples of each

other. Hence, if I Z«] then one of them, say I, has a zero. If I(a) = 0 then I /b, is a base
element of D (1), and therefore a base element of D(J). By Proposition (5.3.7), it is a total
element of D(J) and by Proposition (5.3.9), ¢(J,1/b,) € log|H?|. It is left to notice that
¢U,1/bg) ~ d(1,]) —log(1 + |x|) as x — Foo

of each other?

The condition of comparability for the derivatives of the inner functions appearing is
worth exploring a bit further. Such conditions appear in applications. Inner functions
corresponding to Schrédinger equations with regular potentials, as well as to other similar
classes of canonical systems, will satisfy this condition. Completeness problems for various
families of special functions also lead to MIFs with comparable derivatives, see [72]. Let us
provide the following description of Toeplitz equivalence pertaining to this case.

Lemma (5.3.18)[299]: Consider two MIFs | and J such that I' =< J" on R. Then [ Z«] iff
o)) = % (argl — arg])) has a bounded harmonic conjugate.

Proof. If ¢ is bounded then I ~T«]. Assume now that 13] but ¢ is unbounded. This
contradicts Lemma (5.3.16).

In terms of the model space Ky, the set of dominance D () has a natural meaning. It
Is the set of all inner components of functions from Kj.
In case of MIFs, Ky is directly related to the de Branges space B(E) via the isometric
isomorphism EKy = B(E). Hence, D(0) is also the set of all inner components of functions
f/E,f € B(E), in the upper half-plane.
The set D, (6) can be similarly identified with the subset of all total inner components of
functions from Ky or B(E) as was discussed.
If 6 isa MIF and I € Dg(0) then I = B,S* for some Blaschke sequence A, 4,, — oo and
a = 0. In the case of pure Blaschke product, a = 0, the sequence A satisfies A = {f = 0}
(with multiplicities) for some function from Ky (or B(E)). Inthe case a > 0, for any Mdbius
transform b,, of the unit disk, b,,(S%)B, is a Blaschke product from Dz (6). Hence, AU
{szn + iC},SRC > 0, is again equal to {f = 0} for some f € Ky4(B(E)).
We will return to the discussion of zero sets.
Sets of inner components of functions from Ky have been studied by other authors, see for
instance [303], [300]. As follows from our discussion above, I € D(8) iff ' I lurks within
Ky, using the terminology of [300]. In [277] the authors study the set of multipliers M (1,])
between model spaces K; and Kj, i.e., the set of all H*-functions ¢ such that ¢K; c K;. In

T
relation to TO, M (1,]) # {0} implies I < J. The reader may find additional properties of
D(6).
Lemma (5.3.19)[299]: Let 6 be a MIF, f € Ky, f (iy) # o(y~3/?) asy — oo. Then the total
inner component of £ is a base element of D(0).
Proof. Suppose that the total inner component I of f is not a base element. Then there exists
inner J and outer g such that I properly divides J and /g € Ky. Let h be an outer component

of f. Then the argument of the outer function g/h is —iarg(]/l), I.e., it is a continuous

decreasing function on R which decreases by at least =. By Claim 1 below and the
asymptotics of f this implies that g(iy) # o(y~%/2?) as y - co. This contradicts g € H?.
The following can be easily established.
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Claim 1. Let h be an outer function in C,whose argument y on R satisfies
lim infy(x) — lim supy (x) > .
X—>—00

X— 00

Then

y = 0(h(iy)) asy — .
Our next statement combined with Lemma (5.3.19) shows that functions whose total inner
components are base elements of D(8) are dense in Kj.
Proposition (5.3.20)[299]: For every inner 6, the space Ky contains a dense subset of
functions f satisfying

1
If (@)l vy Y

Proof. Let C(z) be the Cayley transform from the unit disc to the upper half-plane. Then
®(z) = 6(C(2)) is an inner function in the unit disc. Recall that K, is obtained from Kg
via the map f(z) » (C~t(w) — 1)f(C~1(w)). Now the statement is equivalent to the
statement that functions with finite non-zero limits lim,_,;_ f (r) are dense in K.

Let @, be a sequence of divisors of ® such that ®,, - & point-wise in D and each ®,, can
be analytically continued through 1 . Then U Kgy_ is dense in Kq. But in each Kg  all
functions can be continued through 1 and a dense subset have non-zero values there.

Let E be a de Branges function and let 6 = 85 be a corresponding MIF. If F € B(E)
then F = I, fE in C,, where I, is inner and f € H? is outer. Similarly, in C_,F = L, fE*.
An important property of B(E) is that the inner components can be moved from one half-
plane to the other, i.e., if I31, = I, then the function G defined as I5fE in C,and as I, I, fE*
in C_also belongs to B(E). Similarly one can move inner factors from C_to C,..

The set of all inner functions I, (I,) appearing this way for a fixed B(E) is exactly the
dominance set D(6).

If F is an entire function defined as above in C., we will call the inner function I, I, the total
inner component of F. If I is a total inner component for a function from a de Branges space
then the argument of fE on R is determined by the argument of I up to mn. The argument
of MIF I is a real-analytic function on R, while the argument of fE is piece-wise real
analytic, making a jump of —m at each real zero of fE. All in all we have

1
arg fE = Earg[(modn) (18)

Note that total inner components of functions from B(E) are exactly the elements of
Dr(6g).

Denote by D7 (68) the set of exact total elements, the total elements corresponding to
functions from B(E) which have no zeros on the real line. If f € B(E) is such a function
and I € Dz is its inner component in C_then the last equation holds exactly, i.e., arg fE =

%argl on R for a proper choice of arguments on both sides.

Let I and J be two MIFs such that N[I]] # 0. Notice that
#

Nf =l f=g
“EE Y
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which shows that an H2-function f belongs to N[I]] iff ?f can be continued to the lower
J

#
half-plane as an entire function (the formula for the continuation is %g). Consider the space
]

of entire functions B = ?N[I_]] equipped with the norm
]

IFE/E|l =N f Ny
By verifying the axioms one can conclude that B = B(E) is a de Branges space for some
HB function E. We will denote this HB function by E ;.
To summarize, to each pair of MIFs 1,] such that N[IJ] # 0 there corresponds an HB
function E; ;. Our construction implies the following important property:

Proposition (5.3.21)[299]: The set ]D(QEU) Is the set of all functions from D(I) divisible

by J
While model spaces K, are equal as sets if and only if the corresponding inner

functions are equal up to a constant multiple, de Branges spaces B(E) and B(E) can be
equal as sets for two different functions E and E.

Equality of two de Branges spaces as sets of functions, with (possibly) different norms, is
an important aspect of spectral theory for differential equations. The so-called
GelfandLevitan theory which treats spectral problems for regular Schrédinger equations and
Dirac systems utilizes the fact that the corresponding de Branges spaces are equal to Paley-
Wiener spaces as sets. This property becomes the key ingredient of the theory allowing one
to use the structure of Paley-Wiener spaces to study relations between the potential of the
differential operator and the Fourier transform of its spectral measure.

An extension of Gelfand-Levitan techniques to more general classes of Krein's canonical
systems, see for instance [307], requires further understanding of properties of HB functions
E and E which produce equal, as sets, spaces B(E) and B(E). Such questions are also
equivalent to problems on sampling measures.

Although total description of such pairs of HB functions presents an important open
problem, intuitively such functions must be similar to each other, which raises a natural
guestion on the correspondence of this relation and Toeplitz equivalence for the MIFs 6 and
6. Our next theorem connects this problem to TO.

We will use the notation B(E) = B(E) for the two de Branges spaces equal as sets. Note
that if B(E) = B(E) then norms in the spaces are automatically equivalent.

Theorem (5.3.22)[299]: Let E and E be HB functions such that E/E € N (C,).Then 6 ~ 6
for the corresponding MIFs iff B(E) = B(E).

Conversely, if 0 L 6 for two MIFs @ and 8 then the corresponding HB functions can be
chosen to satisfy E/E € N (C,)and B(E) = B(E).

Proof. Suppose first that B(E) = B(E). Since D(8) and D(6) are the sets of inner
components of F/E for the elements F of the corresponding space in €, D(8) = D(H) and
9L4.

Conversely, let D(8) = D(0). Then the subsets of base elements, Dy, coincide as well. If
I € Dg(0) = Dy(H) then I is a total inner component for some F € B(E) and for some G €
B(E). Note that then F/G is a zero-free entire function. Indeed, since the total zero
components of F and G coincide, F/G may only have zeros on the real line. Then F has

zeros on the real line, say at a € R. But then (z — i) % Is an element of B(E) with total
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inner component b;I which contradicts the property that I is a base element. Hence F/G is
zero-free. It must be outer in both half-planes because otherwise I is not a base element in
one of the D sets. Hence, F /G = const. We obtain that the sets of functions in B(E) and
B(F) whose total inner components are base elements coincide.

Let now F € B(E) \ B(F). By Proposition (5.3.20) , there exists H € B(E) such that
(H/E)(iy) # o(y™3/?) asy —» oo. By Lemma (5.3.19), the total inner component of H is a
base element and therefore H € B(E) by the argument above.

Notice that (F/E)(iy) = o(y~3/?), because otherwise its total inner component would have

been a base element which would imply F € B(E). Hence, (F + H)/E # o(y~3/2), which
implies that F + H has a base total inner component and therefore belongs to both de
Branges spaces. Since H also belongs to both spaces, so does F and we arrive at a
contradiction.
In the process of the last proof we have established the following useful property.
Proposition (5.3.23)[299]: If the total inner component | of a function F from B(E) is a
base element of D(68;) then F has no real zeros. Equivalently, Dgz(8) c D7 (8) for any
MIF®6.

We formulate our result for general inner functions. In order to do that we will need
to extend the notations ¢(1,]) and h(/,]) introduced from the case of MIFs to the general
case.

To make sense of the definition ¢(1,]) = % (argl — arg])) in the general case we understand
argI(J) as a measurable function on R such that I/e®@8! is positive a.e. on R. It is not

difficult to show that if I ~ ] then their arguments can be chosen in such a way that ¢ exists

and h(I,]) = e®~ is an outer function. In what follows we will assume that ¢ and h
correspond to the arguments of I and J chosen in such a way.

Theorem (5.3.24)[299]: I ~T«] iff multiplication by h(I,]) is a bounded and invertible
operator K; — K;.

For general I and J this means that if / L J then their arguments can be chosen so that the
outer function h(I,]) exists and multiplication by h(l,]) is a bounded and invertible

operator K; — K;. Conversely, if the arguments can be chosen in such way, then I L ]

Proof. Suppose first that I and J are MIFs. Then h = E;/E; and the equivalence of | I]
and B(E;) = B(E,) gives the statement.

In the general case, if multiplication by h(1,]) is a bounded and invertible operator K; — K;
then the sets of all inner components of functions from K; and K; coincide because h is

outer. Hence D(I) = D(J) and I fTv]. In the opposite direction, if I I] one can reduce the
proof to the case of MIFs via a limiting argument.

We call a sequence A c C a zero set of a de Branges space B(E) iff there exists f €
B(E), f # 0, such that f = 0 on A (with multiplicities). We call A an exact zero set if there
exists f € B(E) such that {f = 0} = A (with multiplicities). A maximal zero set is a
sequence A of points such that there exists a non-zero function from the space vanishing on
A, but there is no such function for any set properly containing A.

A maximal zero set is exact but not vice versa. Blaschke products corresponding to maximal
zero sets are base elements from D(6) and those corresponding to exact zero sets are total
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elements, see Lemma (5.3.25) below. Maximal zero sets are also related to complete and
minimal sequences.
We say that A is a complete and minimal sequence for B(E) iff the system of reproducing
kernels {k;} e is complete and minimal (i.e., any proper subsequence is incomplete) in
B(E). Note that a sequence is complete and minimal iff the same sequence minus any one
of its points is a maximal zero set.
For sequences A € C,similar definitions can be given for the model spaces Kp.
We will now establish relations between zero sets and the subsets of the dominance set.
Recall that, as was defined, the spectrum spec; of a MIF [ is the sequence of points from R
where the function isequal to 1. If A c C \ R is a sequence of complex points we denote by
B, the Blaschke product with zeros at the points of A in C,and at the points conjugate to the
points of A in C_, assuming the Blaschke condition holds.
Lemma (5.3.25)[299]: Let E be an HB function, 8§ = 6;. Let Ac C\Rand I' c R be
sequences of points.
(i) AUT is azero set of B(E) iff there exists an inner I such that spec ; =T'and B,I €
D(6);
(i)A U T is an exact zero set of B(E) iff there exists an inner I such that spec; = I" and
Byl € D5(0);
(iii) A U T isamaximal zero set of B(E) iff there exists an inner I such that spec; =
I'and Bl € Dg(6).
Proof. (i) Suppose that F =0 on AUT for some F € B(E). Then there exists a finite
positive measure u concentrated on T',

MZZ an6yn’

such that a,, > 0 are small enough to satisfy (F/E)Ku € H*. Then for I = I, (the inner

function whose Clark measure is u) we have (F/(E(1—1))€ H> and = F/(1—-1) €
B(E). For the function G /E € K, we have

7 G _-F 1 _ T
Oep=Orpr =17

a.e. on R for some h € H2, h = 6:F/G. Here we use the fact that F/E € Ko, and the
observation that I(1—1)/(1—1) >0 ae. on R. Since F vanishes on A, the inner
component of G /E is divisible by B,. According to the last equation, the inner component
of 8G /E is divisible by I. Hence the total inner component of G /E is divisible by B,I.
Conversely, let Byl € D(6) for some inner I such that spec; = T'. Then B(E’) contains a
function equal to B,IfE in C,, where f is outer from H?. Then B (E) also contains a function
equal to B, fE in C,. Subtracting we obtain a function in B(E) equal to BA(1 — I)fE in C,,
which vanishes on A U T.

(if) and (iii) can be proved similarly.

Theorem (5.3.26)[299]: Every element of D(8) is a divisor of a base element.

Before we prove the last statement let us note that each de Branges space possesses a large
collection of maximal zero sets (complete and minimal sequences, minus one point). For
instance, if one takes an orthogonal basis of reproducing kernels described and deletes one
point from the corresponding sequence, the remaining sequence is a maximal zero set. By
‘perturbing’ this real sequence one can obtain a maximal zero set in C,..Note that maximal
zero sets A in C,, as any zero sets of a de Branges space B(E) in C,, satisfy the Blaschke
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condition. The corresponding Blaschke products B, are exactly the base elements of D(6y)
which have no singular divisor.
Proof. First let us assume that 6 isa MIF and let ] € D(0). Let A c C, be a maximal zero
set of B(Eg ;). Then JB, is a base element of D(6). Indeed, if b,/B, € D(#) for some
Blaschke factor b,, a € C,then by Proposition (5.3.21) , AU {a} is a zero set of B(E, ),
which contradicts maximality of A. Hence J divides a base element of D(1).
Finally, in the case of non-MIF 8, notice that 6 is a normal limit of MIFs and apply a limiting
argument.
Considering the case when J is a Blaschke product in the statement of Theorem (5.3.26) and
using Lemma (5.3.25), we obtain the following result by Yu. Belov. In fact, our last proof
Is a variation of the proof in [301].
Corollary (5.3.27)[299]: (][301]). Any incomplete sequence of reproducing kernels in a de
Branges space is contained in a complete and minimal sequence of reproducing kernels.
(Note that any incomplete sequence of reproducing kernels is automatically minimal, which
is used implicitly in the above statement.)
Denote by Z(B(E)) the collection of all zero sets for the space B(E) and let Z, stand for
the exact zero sets. Then Theorem (5.3.26) becomes the following statement.
Theorem (5.3.28)[299]: The collection of zero sets Z(B(E)) determines the space B(E)
uniquely within the regularity class of E, i.e., if Z(B(E)) =2 (B(E)) and E/E €
N(C)then B(E) = B(E).
Proof. The collection of sets A \ R, A € Z(B(E)) determines the set of Blaschke products
from D(6),6 = 6. For the non-Blaschke elements we have the simple observation that
whenever BS® € D(8), the Blaschke product Bb,,, (5%) belongs to D(6) as well for all w €
D, which implies that the sets A\ R,A € Z,(B(E)) determine D(6) uniquely. It follows
that Z,(B(E)) determines D(8) and the statement follows from Theorem (5.3.26).
Note that since Z(B(E)) determines B(E), it also determines Z,(B(E)). Conversely, since
zero sets are subsets of exact zero sets, Z,(B(E)) determines Z(B(E)). Even easier one can
establish the same connection between Z and Z,,,, the collection of maximal zero sets, as
each maximal zero set is a maximal element of Z with respect to inclusion. Hence either of
the sets Z, or Z,, can be substituted into the last statement instead of Z. However, the
statement with Z(B(F)) is the strongest of the three.

The last statement raises a natural question: if TE is equivalent to equality of the

T
corresponding de Branges spaces, are the relations < and >T> equivalent to inclusions of
the spaces? If the answer were positive we would obtain an equivalent definition of TO.
The relation does hold in one direction:

. T .
Proposition (5.3.29)[299]: If B(E) c B(E) then 6 < 6.
The statement follows from the fact that the corresponding dominance set consists of all
inner components of F/E,F € B(E)(F/E,F € B(E)) inC,.
However, as shown by the example below, the opposite direction fails.
Example (5.3.30)[299]: Consider a sequence A,, = (2|"|signn + %) T + &n)i, n € Z, Where

g, 4 0, and the corresponding Blaschke product B,. Denote I = B,S (where, once again,
S(z) = e**) and consider the corresponding Cartwright HB function E;.
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Let s(z) = sinz/z be the sinc function. Then, if &, decays to 0 fast enough, s/E; & L?.
Hence s € B(E;) and B(Es) & B(E,) because s € B(Es) = PW,. At the same time, since
T

Sisadivisorof I,S < I.

Recall that for a partial order a chain is a subset where every pair of elements is

comparable. On the other hand, every de Branges space, or every Poisson finite measure on
the real line, gives rise to a chain of de Branges spaces of entire functions. Although the
term 'chain’ is given different meanings in these two situations, we note the following simple
connections between de Branges chains and chains in Toeplitz order.
It follows from Proposition (5.3.29) that de Branges chains produce chains in Toeplitz order:
if {B(E})} isade Branges chain then &, is a chainin TO. Clearly, such chains do not present
all possible chains in TO since, for instance, not all such chains consist of MIFs. Even if we
restrict our attention to all TO chains in the subset of MIFs, de Branges chains do not
produce all such chains as follows from Example (5.3.30). Finding a way to determine if a
chain in TO is a de Branges chain seems like another interesting problem.

We look at connections of Toeplitz order with some of the classical problems of
Harmonic Analysis. We provide only a brief overview of such connections without going
into deeper technical details.

We start with two completeness problems for families of complex exponentials, the
Beurling-Malliavin (BM) problem and its extensions studied in [58], [72], [49], and the
Type problem recently considered in [310]. We then discuss sampling problems in Paley-
Wiener and de Branges spaces with some remarks on the two-weight Hilbert problem, see
[77] and [119], [305], [103]
Let A = {1,,} be a sequence of distinct points in the complex plane and let
EA — {ei)lnx}

be a sequence of complex exponential functions on R with frequencies from A.
For any complex sequence A its radius of completeness is defined as

R(A) = sup {a | E, is complete in L?(0, a)}.
The famous BM problem which was solved in [50], [51], asks to find a formula for R(A)
for an arbitrary A c C.
It is well-known in the theory of completeness that the general problem can be easily
reduced to the case of real sequences A. If A is a general complex sequence then E, is
complete in L%([0, a]) if and only if E 5+ is complete in the same space, where A’ is the real

sequence defined as A;, = 1/5}2)1i (WLOG A has no purely imaginary points), see for

instance [66]. Also, as will be explained below, one can always assume that A is a discrete
sequence, i.e. has no finite accumulation points.
A system of complex exponentials E, is incomplete in L2([0, a]) if and only if there exists
a non-zero f € L?([0,a]) such that f L e“* for all A,, € A. Taking the Fourier transform
of f we arrive at the equivalent reformulation that E, is incomplete in L?([0,2a)]) if and
only if A is a zero for PW,.
One immediate consequence of this connection is that if A has a finite accumulation point
then R(A) = oo. Also since any zero set A ¢ C,of a PW-space must satisfy the Blaschke
condition, R(A) = oo for any non-Blaschke A c C,.

To give the formula for R(A) we will need the following definitions.
If {L,,} is a sequence of disjoint intervals on R, we call it short if
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|, |?
< 00
1 + dist2(0, 1,,)

and long otherwise.
If A is a sequence of real points define its exterior BM density (effective BM density) as
D*(A) = sup {d | 3 long {I,} such that #(A N I,,) > d|I,,|},Vn}
For a complex sequence define D*(A): = D*(A").
Theorem (5.3.31)[299]: (Beurling and Malliavin, around 1961, [50], [51]). Let A be a
discrete sequence. Then
R(A) = D*(A).
In regard to Toeplitz order, BM theorem is equivalent to the following statements.
Recall that any MIF I has the form I = B,S® where B is a Blaschke product and S¢ = e4*
Is the exponential function. Put r(I) = D*(A) + a.
The most direct equivalent of Theorem (5.3.31) is in terms of the dominance set.
Theorem (5.3.32)[299]: I € D(S?) if r < b and I & D(S?) if r > b.
The statement can be equivalently reformulated in terms of TO.
Theorem (5.3.33)[299]: For any MIF I,

T

I<SP=>r()<bh
and

r() <b=1<TsP,
Note that equivalence of the last two statement no longer holds if S is replaced with a general
inner function. Finding a broader set of functions for which the equivalence does hold is an
open problem.
Proof. The general case can be trivially reduced to the case I = B,. Suppose first that r =
D*(A) > b. Let a € A be a zero of I. Then D*(A\ {a}) > b and I/b, & D(S?) by BM

theorem (Theorem (5.3.32)). Since I /b, € D(I), the relation I ; S? does not hold.

To establish the second statement, suppose thatr = D*(A) < b. If ] € D(I) then there exists
f € N[I]], f £ 0. Also, since D*(A) < b, by Theorem (5.3.32) there exists g € N[S?I],g £
0. Note that Ig € S®/2PW,,,, which implies g € H®. Then

$"Jgf = S1g)TIf) € A7,

T
which means that J € D(5?). Hence D(I) € D(S?) and I < S?.
As we can see, the Beurling-Malliavin formula gives a metric condition for the relation of
TO in the very specific case when one of the functions to be compared is the exponential
function. Similar descriptions for more general classes of inner functions, especially those
appearing in applications to completeness problems and spectral analysis remain mostly
open. Below we present one of such extensions found in [49].

Reformulations of the BM theorem given present a clear direction for generalizations
of the BM theory. While a statement analogous to with a general inner function in place of
S% may be out of reach at the moment, one can attempt to replace the exponential function
with an inner function from a larger class. To determine the right classes of inner functions
to study in these settings one may look at a variety of applications of the Toeplitz Approach
in Harmonic analysis and Spectral Theory.

One of such extensions was recently studied in [72], [49]. As was shown in [72] the class of
MIFs with polynomially growing arguments appears naturally in a number of applications
including completeness problems for Airy and Bessel functions, spectral problems for
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regular Schrodinger operators and Dirac systems, etc. An analog of Theorem (5.3.32)
proved in [49] can be applied to some of such problems. Here we present an equivalent
reformulation similar to Theorem (5.3.33).
Let y: R — R be a continuous function such that y(+o) = o, i.e.,
Jim y(x) = +oo, lim y(x) = —oo.
Define y* to be the smallest non-increasing majorant of :
Y (x) = max )y(t)-

E[x, 400
The family of intervals BM(y) = {I,,} is defined as the collection of the connected
components of the open set

{xeRIy() #y (0}

Let x = 0 be a constant. We say that y is k-almost decreasing if

(dist(I,,0) + 1)*2|L,,|? < oo. (19)

I,€EBM(y)
As before, an argument of a MIF I on R is a real analytic function i such that I = e®?.
Theorem (5.3.34)[299]: Let U be a MIF with |U’| = x*,k > 0,y = argU on R. Let J be
another MIF, o = argJ on R. Then
) If o — (1 — ¢)y is k-almost decreasing, then ] € D(U);
I) If ¢ — (1 + &)y is not k-almost decreasing, then /] & D(U).
Let us point out that even finding an analog for the above statement for k¥ < 0 presents an
open problem. Such MIFs appear in some of the applications mentioned in [49].
Let us reformulate the last theorem using the relations of TO.

Theorem (5.3.35)[299]: In the conditions of Theorem (5.3.34),
1) If o — (1 — €)y is k-almost decreasing, then J T TU:;

1) IfJ é U then o — (1 + €)y is k-almost decreasing.
Proof. Once again, The general case can be reduced to the case = B, : otherwise replace
the singular factor of J with its Frostman transform b, (5%).
D Ifo — (1 — &)y is k-almost decreasing, then by Theorem (5.3.34) there exists a non-trivial
function f € N[UJB], where B is any finite Blaschke product. Denote the zeros of B by
a,, ... a,. Note that then

f

h = € N[UJ].
(z—ay)(z—ay)..(z—ay,) v/l
If n = n(x) is large enough, h is bounded because |f| < C|U’|/2. Suppose now that I €
D()), i.e., there exists non-trivial g € N[JI]. Then

Ulhg = (UJh)(J1g) € H?,

T
which implies that I € D(U). Hence D(J) c D(U) and ] < U.
I) If o —(1+¢&)y is not k-almost decreasing then ¢* — (1 4+ &)y is not k-almost
decreasing where ¢* = argJ/b, for some zero a of J. By Theorem (5.3.34) it means that

J/b, & D(U), while J /b, € D(J). Hence the relation J ; U does not hold.

Like the Beurling-Malliavin problem, the Type problem concerns completeness of
complex exponentials in L2-spaces. This time one considers L?(u) for a general finite
positive measure u on R and studies completeness of families of exponential functions with
frequencies from a fixed interval. We define the type of u as

7, = inf {a|e" s € [—a,a], are complete in L? (u)}.
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The problem is to find 7}, in terms of u. This problem was considered by N. Wiener (in an
equivalent form, [313]) A. Kolmogorov and M. Krein, see [304], [94] or [311]. Using the
Toeplitz approach, a formula for 7;, was recently found in [310], see also [311]. The idea of
the Toeplitz approach to the Type problem can be expressed in terms of Toeplitz order in
the following form. Recall that for a positive singular Poisson-finite measure u we denote
by 6, the inner function with Clark measure u. The general case of the Type problem can
be easily reduced to the singular case.
Theorem (5.3.36)[299]: Let u be a positive singular Poisson-finite measure. Then
T, =sup {alS*e€D(6,)}
We say that an inner function 6 divides a Cauchy integral Ku for some finite complex
measure u if Ku/6 € HP for some p > 0. Note that then Ku/6 = Kv where v is another
finite complex measure, v = 8u[309].
Proof. Recall that according to the Clark formula every function from Ky, 6 = 6, can be
represented in the form f = (1 — 8)Kfu. Since 1 — 8 is an outer function in C,
s {alS*e€D(6,)} =sup {alS*divides f € Ky} =
=sup {a | S®divides Kfu, f € L*(1)}.
By a theorem of Aleksandrov [85] S¢ divides K fu iff f L e't, s € [—a, a]. Such an f exists
iff the family of exponentials e, s € [—a, a] is incomplete in L?(u).
Utilizing the Beurling-Malliavin multiplier theorem one can deduce the following statement.
Theorem (5.3.37)[299]: Let u be a positive singular Poisson-finite measure. Then

T
7, = sup {a | S“<9H}.

Let u,v be two positive Poisson-finite measures such that the Hilbert (Cauchy)
transform is bounded from L?(u) to L?(v). Initially one can understand this property in the
sense that for a dense family of functions f € L?(u) the Cauchy integral K fu in the upper
half-plane has non-tangential boundary values f*(x) at v-a.e. point x and the norm estimate
||f*||L2(V) <ClIf 2 () holds for all £ from that family with a uniform C. It follows from

a theorem by Aleksandrov [85] that then f* actually exists v-a.e. for all f € L?(v) (and the
same norm estimate holds). The general two-weight Hilbert problem asks to describe pairs
of measures with this property.

Extensive studies of the 'Tauberian' version of the two-weight Hilbert problem were started
in [119] and recently completed in [305], [103]. These important results produced a real
analytic description of pairs u and v. We connect this problem with TO.

Once again, if u is a positive singular Poisson-finite measure on R we denote by 6, the
corresponding inner function, i.e., the function whose Clark measure is u. By a theorem
from [309], every function f from the model space Ko, has non-tangential boundary values

a.e. with respect to u. The operator of embedding Ko, = L?(w) is a unitary operator. As was

mentioned before, this statement generalizes the Parseval theorem from K and the counting
measure of Z, which is the Clark measure for S, to an arbitrary model space and the
corresponding Clark measure. The function f € K, can be recovered from its boundary
values in L2 (w) via the formula f = (1 — 0)Kfp.

Some of these connections have already been used in our discussion of TO. To summarize
these relations let us recall that the dominance set of 6 = 6, is the set of all inner divisors

of functions from K,. As was discussed,
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D(6,) = {I | I'is an inner divisor of Kfu, f € L*(w)}.
Let us now return to a pair of Poisson-finite measures u and v such that the Cauchy
transform is bounded from L2 (u) to L?(v). In view of the above, this is equivalent to saying
that Ko, Is embedded (via passing from a function to its non-tangential boundary values)

into L?(n),n = |Ku|?v (or |1 — 9”|_2v ). Note that under the condition of boundedness of
the Cauchy transform, the integral Ku, or equivalently the inner function 6,, have non-
tangential boundary values v-a.e. and the above definition of n makes sense.

In the case when the measures u and v are discrete the condition of boundedness of the
Cauchy transform can be reformulated in terms of de Branges spaces. Recall that we denote
by E, an Hermite-Biehler function such that E,Kq, = B(E,). The boundedness of the

Cauchy transform is equivalent to the boundedness of the natural embedding of B(E“) into

I2(y),y = |E,K,|*v. Note that if E, = A, + iB, is the standard representation of E,(A,, B,
are real entire functions, 24, = E, + E¥,2iB, = E, — E}) then |E,K,| = (A% + B2)/
Byl
We say that a positive measure v on R is sampling for a Banach space H of analytic
functions in C,if the non-tangential limits f*(x) exist v-a.e. for a dense family of f € H
and
Il f "HZ "f*iiLz(v)-

An important case of the two-weight Hilbert problem is when

Il f ”Lz(ll):” Kf,u ”Lz(v)'
In view of our discussion above, this is equivalent to the property that n = |Ku|?v is a
sampling measure for Ke,. The general property, when the Cauchy transform is only norm-

bounded from above, can be reduced to the sampling case by adding the Clark measure u_,
to n. Namely, if u = o, is the Clark measure for 6, let us denote by u_, = o_, the Clark
dual measure. The Cauchy transform is bounded from L?(u) to L?(v) ifft=n+ pu_, isa
sampling measure for Ky.
Reformulating Clark theory for MIFs in terms the corresponding de Branges spaces, we may
notice that for any Poisson-finite positive discrete measure u on R there exists a unique
regular de Branges space B(E) such that B(E) = L?(u) and supp u = {E = E}. We will
denote the corresponding HB function by E# and the MIF(E#)* /E* by I#. The measure u
is called a de Branges measure for B(E*). Note the following clear connection with the
Clark measure o for I* :

u=a/|E*?.
Other Clark measures o, @ € T produce other de Branges measures to form the family of
de Branges measures for the given space.
As we saw above, the two-weight Hilbert problem is directly related to the problem of
description of sampling measures for model spaces K. If 6 is a MIF and v is a discrete
Poisson-finite measure on R then v is sampling for Ky if and only if v/|Eg| is sampling for
B(E,), where E, is any HB function such that (Eg)*/Eg = 8. Thus, in the case of discrete
measures, the two-weight problem connects to the description of sampling measures for de
Branges spaces.
For the last problem we have the following reformulation in terms of TO. Any measure
satisfying
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I f lgeey=Il f 2

Is called a spectral measure for B(E). Any de Branges space B(E) possesses an infinite
family of spectral measures with the de Branges measure defined above being one of them.
The spectral measures for a given de Branges space are de Branges measures for the space,
de Branges measures for larger de Branges spaces in the chain which contains the given
space, and limits of such measures along the chain. The set of spectral measures of a given
de Branges space is quite well understood in Krein-de Branges theory. Those measures are
spectral measures for the corresponding Krein canonical systems of differential equations,
see [55], [91], [308].
The following statement follows from Theorem (5.3.22).
Theorem (5.3.38)[299]: Let u,v be two positive discrete Poisson-finite measures on
R.TFAE

(i) The Hilbert (Cauchy) transform is bounded from L?(u) to L?(v).

(i) The measure n = (v + ;1_1)/|EM|2 Is a spectral measure for some B(F) such that
O ~ 6.
Note that the condition 85 < 6, means that the inner factors of functions from B(F) in C, are

the same as inner factors of Cauchy integrals Kfu, f € L? ().
In [77] a theorem by de Branges from [55] was applied to describe sampling sequences for
the Paley-Wiener space. Recall that the Paley-Wiener space is a de Branges space with E =
S~1. Using the same ideas we can formulate the following statement in terms of TO.
Theorem (5.3.39)[299]: v is a sampling measure for B(E) iff
F + F*¢
Pv = ERF T

for some HB function F such that 6, ~ 6 and some ¢ € H®, || ¢ II< 1.
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Chapter 6
Cesaro Theorem and Hadamard Space with Convergence of Inductive Means

We study the Ces aro theorem for the case of positive-order. We give a sharp
asymptotic estimate for the limit of (non-weighed) inductive means for the p-Schatten class.
We study * an asymptotic property for the Hansen’s inductive geometric mean and as an
application of the Toeplitz lemma, we show a convergence of the Hansen’s inductive mean.
Section (6.1): Higher Order Multi-Dimensional Extensions

It is known that the Lévy Laplacian [331] is an infinite dimensional Laplacian that
can be defined as a Cesaro mean of order 1 of the second derivatives along the elements of
an orthonormal basis of a Hilbert space. Motivated by [316] this construction was
generalized in [322] to higher order extension of Cesaro means, leading to the notion of
exotic Laplacian. The solution of the heat equation for the hierarchy of exotic Laplacians
was first obtained in [317].

In [318] it was proved that all exotic Laplacians can be realized in appropriate

completions of subspaces of the Hida distribution space, thus showing that this space plays
a fundamental role not only for the Lévy Laplacian, but for the whole exotic hierarchy.
Finally, in [319] the Markov process generated by the exotic Laplacian of order 2a was
identified to the Brownian motion associated of the a-th distribution derivative of the
standard white noise, thus providing a natural probabilistic interpretation for the exotic
Laplacians. In fact, after this result, the term exotic seems no longer justified, since these
are natural expressions of a fundamental mathematical object such as the since these are
natural standard white noise.
The above mentioned identifications were made possible, on one side by a generalization to
higher order means, of the known Cesaro's theorems on the arithmetic mean, on the other
side, by the formulation and proof of the inverses of these results. This generalization was
achieved in successive steps in increasing order of generality: the first result, obtained in
[324], concerned sequences (as in the original Cesaro theorem) and means of integer order.
The second result in [324] concerns the converse of the mfirst one: this seems to be a new
type of Cesaro theorems, Both results played a crucial role in the construction, given in
[318] of a similarity relation among exotic Laplacians of order > 1. This was extended in
[319] to sequences and means of arbitrary real order. Finally, sequences are replaced by
arbitrary functions on R¢. Such an extension is required in order to bring white noise theory
nearer to the quantum field theory formalism and constitutes a first non-trivial step in this
direction.

We establish a continuous multidimensional extension of Cesaro theorem for positive
higher order. We prove one of our main result concerning the higher order, multi-
dimensional and continuous extension of Cesaro theorem. We prove a converse version of
the higher order Cesaro theorem studied. We introduce a construction that allows to reduce
all Cesarro type theorems to the corresponding results in the discrete 1-dimensional case for
sequences.

We study positive order Cesaro theorems for functions on multidimensional
Euclidean space.

The Euclidean distance in R? is denoted by dist(-,-) and, for any r > 0,
B(x,7):= {y € R%:dist(x,y) < r}
is the open ball in R4, centered in x € R%, with radius r and B(x, )¢ its complement. We
define the generalized Cesaro means as linear functionals defined on some vector subspaces
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of L}OC (R%), the space of all locally integrable functions on R¢, and we prove some
properties of these means. We start with the Cesaro mean of order 1, correpsonding to the

original version of Cesaro theorem. For a given p € R, the linear functional C, defined by:

1
Dom(C, ): = € Ll (RY): lim —f k)dk exists} 1
(Cy) {g e (R I (565 Sy 9 (1)

1
C,(g):=lim ————— (k)dk y)
D g r—oo |B(0’ r)lp B(O,‘r‘) g ( )

is called the Cesaro mean of order p of g € Dom(C, ). The Cesaro mean of order 1 is simply
called the Cesaro mean.
Remark (6.1.1)[314]: Inthe case d = 1,
B(0,r) = (—r,1),
hence (2) becomes, forp =1

1 T
Cilgi=lim o= [ g(ode ®
-
for g € Dom(C,), which is slightly different from the usual definition of Cesaro mean
1 r
Cilgyi=lim > | g0t )
0

for g € Dom(C;) that only considers the interval (0,7). For the continuous and
multidimensional extensions, the symmetric formulation has some advantages.
Theorem (6.1.2)[314]: Let g € Li,.(R%) be such that the limit

e 4(0) G

% T e e~ € )
exists for some p = 0. Then:
1 C
C = 6

In the sense that the left hand side exists and is equal to the right hand side.

Proof. It is clear that the two limits in (5) are equal in the sense that, one exists if and only
if the other one does and in this case equality holds. Assumption (5) implies that, for any
€ > 0, there exists . € R, such that, if |t| = 7, then

t
C—€e< lfl(Tp)d < C + € orequivalently (C — €)|t|?*? < g(t) < (C + €)|t|*P?
Therefore, for all » > r. we obtain that
(C—¢) j |t|2Pedt
|B(0,7)|*P+1 B(0,r)\B(0,1,)
7|
< g(t)dt
|B(0,7)|?P*1 B(0,7)\B(0,1,)
<(C+e | ePPide (7)
|B(0,7)|?P+1 B(0,7)\B(0,1¢)

Clearly

2pd
S |t s et [ ae= T P
which tends to 0 as r — oo. Put
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|t|?P4dt

Ce(r):= f

© |B(O,M)[?P** Jp (o)

Then from the known formula:
/244

|B(0,7)| = = |B(0,1)|r?
r (g + 1)
2
we obtain that

1

1 1
|B(O, T) |2p+1 -L’(O,r)\B(O,TE)

|B(0,1)|2P+1 r@p+1)d -].B(O,T)\B(O:TE)

1 1 f |t|2pddt ( )

_ —c.(r
B(O,1)[2P+1 7@ 0d | )

~ |B(0,1)|% r@p+1)d

|t|?P4dt = |t|?P4dt

r
J s%1s2Pdds — c (1)
0

which implies that
1 1 1

|B(0,7)|?P+1 -[B(O,r)\B(O,rE) |B(0,1)|?? (2p + 1)
From this it follows that, since lim,_,, c.(r) = 0, by taking limitas r — oo in (7),
1
(C—e) < liminf

< g(t)dt
|B(O,1)|*? 2p+1) = e |B(0,1)|?P*! L(O,r)\B(O,re)
<1 1 J 1 1
< lim sup
rooo [B(O,7)IP* Jp0.m\B0r) |B(0,1)|? (2p + 1)
. . . . 1 .
Since € > 0 is arbitrary and lim,_, Wfs(ome)g(t)dt = 0, it follows that
C
li t)dt =
M8 1B (0, ry[2e L«m IO = oD Zp+ 1)
in the sense that the limit on the left hand side exists and the identity holds. This proves (6).

By taking p = 0 in Theorem (6.1.2), we have the following multi-dimensional continuous
Cesaro theorem.

Theorem (6.1.3)[314]: If g € L} .(R%) is such that the limit

|t|?Pddt = —ce(r)

g®)dt < (C +e)

loc
Itllim =G (8)
exists in C, then
1
Ci(g) = lim ——— g(s)ds =: go 9)

r—+4o00 |B(O, T')l B(0,r)
in the sense that the limit exists and the equality holds.
We study higher order Cesarro theorems for functions on multidimensional Euclidean
space.
Theorem (6.1.4)[314]: If, for some p € R, and some g € L},.(R%), the limit

loc

1
lim ——— gt)dt =C,(9) (10)
r-o |B(0,7)|P B(0,r) P

exists in C, then for any a € R} = R, \ {0}, it holds that

1
lim —f 1t|%g(t)dt =
r>o |B(0,7) [P+ Jp o)

p
|BO,D]*p +a

(@  (AD
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In the sense that the limit exists and the equality holds.
Proof. Let g € Dom(C,) and p € R,. If p > 0, for some R > 0 we consider the function
gt) if[t| =R,
t) =
r(®) { 0 if |t| < R.
If p = 0 we regard g (t) as g(t). Then we can check that g, € L}OC (R, C,(9) = C,(gr)
and

1 1
lim —j |t|*%g(t)dt = lim —f |t|%?gR (t)dt
T—00 |B(0, T')lp+a B(O,T) r—oo |B(OI r)lP‘Hl B(O,T‘) 5
in the sense that, if there exists one side of the equality, then there exists another side.

Therefore we may prove (11) for gz. We also have
1

1
—_ [ yegedt= ——— f gr(D)dt
|B(0,r)|P*a jB(O,r) R |B(0,r)|P+e B(0,r) §

7,
_—— (re? — [t]%N gr (t)dt (12
|B(0,T‘)|p+a B(Olr) | | gR ( )
On the one hand, by using the identity |B(0,7)| = |B(0,1)|r%, we obtain that
1
—r“dj tydt = j t)dt
BOIP Jyon O T B@DPE g, 97O

1 1 f
= t)dt
BODIBO, NP Jye,, 2O
and assumption (11) implies that the limit of the right hand side for r — oo exists and is
equal to

oD P9 -

On the other hand, in the second term of the difference in (12), by using d-dimensional
spherical coordinate representation, we have

T
f (rod — |t]9) gp(t)dt = f (rad — sad)sa-1 ( j Gr (s é)d@“) ds
B(0,r) 0 ©

for some function gy induced by g via d-dimensional spherical coordinate representation,
where © = [0,7]%72 x [0,27]. Then, by using the identity |B(0,7)| = |B(0,1)|r% again,
we obtain that

1

|B(0,r)[P*e
1

r
= ad _ cady.d—-1 ~ A A
_|B(0,1)|v+ar(p+a)dfo (%% = s%)s (j@gR(Sre)d9>dS

= ad fr sd-1 (fr T“d'ldr> (f Gr(s é)dé) ds
|B(0,1)|prar@ra)d ], 0 ©

ad Lo o
_ - A N
~ |B(0,1)|prar®+ayd JO UO S 1(]@ gR(Sﬁ)d@)ds]r“ ldt (14)

which becomes

f (rad — |£]9%) gp (£)dt
B(0,r)
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— ad fr rpd+ad-1 ! f gr(t)dt |dt
1B(0,))[ar®+ad ) 1BO,DIPTP Jy 0 °F

_ ad fr ppd+ad—1 (; IR (t)dt) dt
|B(0,1)|*r®P*®d ] |B(0,D)[? Jp(0,1)

ad r 1
= pd+ad-1 Odt — C d
|B(0,1)|ar(p+a)dj;) T —lB(O, D B0 gr(t) p(gR) T
ad r
pd+ad—-1
* |B(0,1)|ar®+a)d <j0 T dT> Cp(gr) (15)
The second term of (15) is equal to
ad 1 1 a

ay(+a)d rPataic, (gr) = a Cp(gr) (16)
|B(0,1)|%r (» +a)d |IB(O,)|?*p+a

and the first term of (15) is majorized, in modulus, by
ad j Craaor| L
|B(0,1)|er®+aa | |B(0, D)IP Jg(0,1)
Let € > 0 be given. Then since by assumption

gr(O)dt — Cp(gr)|dr(17)

1
lim —j gr(®)dt — C,(gr)| =0
T—00 |B(0,T)|p B(0,7) R pPAIR
there exists t, such that, for any 7 > ¢,
1
_— (Hdt — C,(gr)| < ¢
BO,DIP J50) gr(t) p(9gr

Moreover, since gy is locally integrable, the map

1
TER, — —j (t)dt
* |B(0,7)[P B(0,7) Ir

Is continuous, therefore there exists a constant € > 0 such that for all T < ¢,

1 j
—_— t)dt — C,(gr)
‘lB(O,T)lp B(07) gR( ) p gR
Therefore, by splitting the integral in 7 in (17) into the two pieces, (17) is majorized by

ad te T
<Cf r(Pra)d-1gs 4 SJ T(p+a)d_1d‘[>
0 t

<C

[B(O, )| @¥a)

&

ad 1t Prod 1 (7
< (—) C+e¢ f 7(P+a)d-1gr
|B(0,1)|¢ <(p +a)d\r re+ad |

a ts (p+a)d
= BODEG + a) <(7> “t g)

and so
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1
|B(0,7)[? B(0,7)

a ts (p+a)d
< li (—) c
r1—>r2> |B(0,1)|“(p+a)< r +8>

a

< £
TIBOD +a)
from which, since € > 0 is arbitrary,

ad "
lim j Tpd+ad—1
roe |[B(0,1)|*r@+ad J, |B(0, D)I? Jp(o,r)
Hence by (14), (15), (16) and (18), we have

1
lim —J (@ — [£]%) gp (t)dt =
roe [B(0,7)1P* 509 §

Therefore, by (12) and (13), we have

r
lim ad f T(p+a)d—1
r—00 |B(O,1)|ar(P+a)d 0

gr(t)dt — C,(gr)|dr

gr(®)dt — C,(gg) |dr = 0(18)

a
|B(0,1)|*p +a

Cp(gR)-

1 a
li - ad __ - _
S |B(0,r) [P+ '];3(0,1') [t gr(t)dt FIGENE Cp(gr) IBODp + an(gR)

_ p

which implies (11) as desired.
The following theorem gives the converse of Theorem (6.1.4).

Theorem (6.1.5)[314]: If, for some p € R%, some a € R, and some f € L}OC (R%), the limit
1
C : = lim —j t)dt 19
P+a(f) r—>00 |B(0, r)|p+a B0 f( ) ( )

exists in Cand | - |7 f(-) € Li,.(R%), then it holds that
1 p+a
lim—j t|7%f (t)dt = ——|B(0,1)]|%C 20
S BT Dy, 17O == IBODICraa()  (20)
in the sense that the limit exists and the equality holds.
Proof. The proof is similar to the one Let p € R},a € R,and f € L}OC (R%) be such that
(19) holds. Then we have
1

1
— t|=f(t)dt = —r‘adj t)dt
|B(0, ,r)lp B(O’r) | | f( ) |B(O’ T)lp B(O’r) f( )

1
|B(0,7)[P
On the one hand, with the same notations-

f (r=% — |t|7* D) f(t)dt(21)
B(0,r)
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1
|B(0,7)[P

1 ' -a -a -1 Fl(e ONAD
:_|B(0,1)|Prpdf0 (r-ad — gmad)gd <L f(s,@)d@)ds

ad "o (7 —adet A Al A
=|B(O,1)|prpdjo s (j; r-ad dT)(Lf(S,H)dQ)ds

ad “rt A Al A —ad—
- IB(0,1)|prpdf0 Uo d 1<fe f(s'e)w)dslt s @

f N ER T

_ad|BOD* T - 1
= JO pd-1 (lB(O—, S JB(O'T) f(t)dt> dt
_ad|BODI* (T .- 1
— —d JO pd-1 <|B—(O,T)Ip+“ JB(O'T) f(®)dt — Cp+a(f)> dt
LSOO [ ) -
Therefore, by (21), (22) and (23) the following identity holds:
|B(0—7’)|”JB(0 ) L1744 (©)dt = ki (r) + ko (1) + k3 (1),
1
kl(T') = m?"_ad L(O’T) f(t)dt, (24)
d|B(O,D)|*( ("
ko) = DL ([ ) Gt 25)
0

_adlBOLI® (T ., 1
ks (r) = —— L Lpd (W fB - F(®)dt — Cpra(f) |dT (26)

Then by (24) and the assumption we obtain that

1
i = aij —— = 0'1 aC
T!l_}l’l;) kl (T) |B(O'1)| T!l_}l’l;) |B(O, T) |p+a JB(O,r) f(t)dt |B( )l p+a(f)

and from (25), we have

dlB(O,D|*/ (T
() = 220! < J rpd-ldr> Crralf) = 1BODICora(f)

Also, by the same arguments used for the proof of (18), we prove that lim;_,., k3(t) = 0.
Therefore, from the above arguments it follows that

lim ;j lt|” % f()dt = lim (ki (1) + ko (1) + k3 (7))
B(0,r) r—oo

- |B(0,7)[P

= |B(0,D[*Cpsa(f) +%IB(0.1)|“Cp+a(f)

p+a
= TlB(O'T)lan-i-a(f)

which is the desired result.
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By reducing from continuous to discrete case, we show how, from the previous
theorems, one can obtain the corresponding statements for sequences.
Sequences of complex numbers, i.e. elements of C*, are identified with functions in L} (R)
which are constant in the intervals [k, k + 1)(k € Z). We define the embedding c: C* 3
acg €L (R)by
a, neNte[nn+1),
Ca(t): = { 0, t<1.

The action of the functionals Cp on C* is defined by

M:

Co(@i= 276y = i,
k=1
n

~ 1 .
Dom(Cp): = {a eC 111_{210 = a(k) exists in C}
k=1

Then clearly for any p > 0,
a € Dom(C,) < ¢, € Dom(C,)
Let Q be the locally integrable function on R defined by
QY=+ It|*
0, t<1
where [|t|] is the largest integer smaller than |t|. For our convenience, we understand that
©-0=0.
Lemma (6.1.6)[314]: Let a € Dom(C,). Then for any 8 € R, it holds that
NN
lim — (—) —1|c (O)dt = 0
roo 1P | ||
Proof. Let 8 € R be given. Then we obtain that

1 r k+1
e ), [(%) ]a@dt‘l:%r (f [ -1]‘“)
apy (7 [7] g
o 22 [ (1) ] at

Then we can easily see that the second term of the right hand side of (27) is zero and the
first term of the right hand side of (27) coincides with the following:

. 1 N k+1 k B
S I

k=1

1

(27)

Therefore, we have

N
|t| 1
Lim r_pj [ Cq(t)dt = Alzllﬂloﬁ ax by, (28)
k=1
Then the Abel identity implies that
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N
1 1 1
W 2, b =,t1£‘som<z )bw‘mmz (bkﬂ"’k)(Z “r)
r<k

k=1 k<N ksN-1
=—Jim = > (s — bR (kpz ar>
ksN-1 r<k

On the other hand, by direct computation we can prove that lim_,., k(byx+; — b)) = 0. Let
{d, }.r-1 be a sequence given by

1
dp = —n(bpyq — by) (Tl_pz ar)r neN

rsn

Then we have lim,,_,,d,, = OC‘p(a) = 0, i.e., for any € > 0 there exists a number N, such
that |d,| < eifn > NO Using this sequence (28) is represented as follows:
N

ItI o1
‘r—»oo rpf [ |t| 1 Ca(t)dt —1\1,1_1;1;10 Wz akbk

k=1
1 1
=—lim = > G~ bR | 5 ) @
k<N-1 r<k
= S p-1
1\lll—r>r010N 2 e
. k<N-1
Therefore we obtaln that
|t| 1 -
i [0 o] < g s Y st
k<N-1
= lim — Z kP di] + lim — Z kP dy] < Jim z kP1|d, | < Ce

with a constant C mdependent onN. Smce € |s arbitrary, this gives the proof of the assertion.
Lemma (6.1.7)[314]: Let a € Dom(C,). Then for any 8 € R, Q¥¢c, € Dom(C,) and
C,(QFcy) = Cpcy) = 27PCy(a).
Proof. For given 8 € R, by applying Lemma (6.1.6), we obtain that
1

B 1N
G(Q%ea) = lmpGs )|PJB(Or)<|t|> Ca(B)dt

_ 1 1\
rll_)Ig m B0 [(W) - 1] Ca(t)dt + Cp (Ca)

= Cp(ca)
which gives the proof.
Denote g the identity function on R, q(t) = t forany t € R.

Lemma (6.1.8)[314]: Let a € Dom(C,) and B € R. Then |q|#Q# ¢, € Dom(C,) and
Cp(1q1PQFc,) = 277G, (qfa)
where q, is the discretization of the multiplication operator g, i.e., (qga) (n) = nfa, for
a € C™.
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Proof. We obtain that
Cp(|q|ﬁQﬁca) = hm

j 141(DPQ(OP ca(t)dt

1
o (21)P
_ 1 [[¢]]
= lim (2r)pf It |B( It] ) ca(t)dt
= lim

1 n
n-w (2n )pf [ltl]ﬁca(t)dt

=27Plim —z kBa,
n—>oon

=27PC, (qga)
which implies the proof.
By Lemma (6.1.7), the continuous higher order Cesaro theorem reduces the higher order
Cesaro theorem for sequences. Then the following theorems follow from Theorems (6.1.4)
and (6.1.5).
Theorem (6.1.9)[314]: ([324], [319]) Let the sequence a = (a,)n=; € €™ be such that, for
some p > 0 the limit

N
o1
Alll_l;r(}o Wz a, =. Cp(a)
n=1
exists. Then for each « € R, one has
N
lim ag, =——
WS, e £, T O = g (@)

in the sense that the limit on the left hand side exists and the equality holds.
Theorem (6.1.10)[314]: ([324],[319]) Letp > 0,a = 0 and let a = (a,,) =1 be a sequence
in C* such that the limit

N
1
1\1,1_{130 Npta z an =:Cpia(a)
n=1
exists. Then
C(
1\1,1_{130 N_z p+a(a)-
Corollary (6.1.11)[350]: (See [314]) Let gme LIOC(IR{d) be such that the limit
m m
lim © = lim g—(t) =C (29)
|| >0 (1+ |t|2)(1+6)d |t]>00 |t|2(+e)d m
m m
exists for some € = —1. Then:
m m 1 Cm
C3i2e(9™) = (30)

|B(0,1)]2(+€) (3 + 2¢)

In the sense that the left hand side exists and is equal to the right hand side.
Proof. It is clear that the two limits in (29) are equal in the sense that, one exists if and only
if the other one does and in this case equality holds. Assumption (29) implies that, for any
e > 0, there exists 1 + € € R such that, if [t| = 1 + €, then
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Cp—€=<

'gm(t) ; 2(1+e)d m
ItIZ(TE)d < C,, + € or equivalently (C,, —€)|t| < g™ (t)
m

< (Cpn+ e)|t|2(1+f)d
Therefore, for all e > 0 we obtain that

1
(C _ 6) J |t|2(1+e)ddt
" |B(0,1 + 2¢)|3*2€ B(0,14+2€)\B(0,1+¢€)
1 j‘ Z
< gm(t)dt
|B(0,1 + 2€)[3*2€ Jp(0 142e0\B(0,1+6) —
1
< (Cp +¢€) f |t|2(1+6)ddt (31)
" |B(0,1 + 2€)[3*2€ Jp(0 14260\B(0,1+¢)
Clearly
1 j |t|2(1+6)ddt < (1 + 6)2(1+6)df dt
|B(0,1 + 2¢)|3+2¢ B(0,1+€) |B(0,1 + 2e)[3+2¢ B(0,1+€)

_ (14?99 B(0,1 + ¢)

|B(0,1 + 2¢)|312€
which tends to 0 as € — oo. Put

ce(1+ 2€):=

1
= 3+26j |t|2(1+6)ddt
|B(0,1 + 2¢)| B(0,1+€)

Then from the known formula:
t4%(1 + 2¢)?

|B(0,1 + 2¢)| = 7 = |B(0,1)|(1 + 2¢)¢
r (7 + 1)
we obtain that
1 j |t|2(1+6)ddt
|B(0,1 + 2¢)|3+2€ B(0,1+2€)\B(0,1+¢€)

1 1

_ |t|2(1+6)ddt
|B(0,1)[3%2€ (1 + 2¢)(B+2e)d -[B(0,1+2€)\B(0,1+€)

1 1
= 2(1+€e)d
" 1B(O,)[3+%€ (1 + 2¢)B3+26)d fB . (4Ot — c (1 + 2¢)
d 1

= |B(0,1)|2(1+6) (1 + 26)(3+26)d
which implies that

1+2¢
f s3-1520+€)dgs — ¢ (1 + 2¢)
0

]
|B(0,1 + 2¢)|3+2€ B(0,1+2€)\B(0,1+¢€)
1

|t|2(1+6)ddt

= — 1+2
BODPO (31 2e 126

From this it follows that, since lim._, ., c.(1 + 2¢) = 0, by taking limit as € — oo in (31),
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1 1

C —
Cn =B DEao G+ 20
1
< liminf J z g™ (t)dt
€—-® |B(0'1 + 26)|3+26 B(0,1+2€)\B(0,1+€) S
1
< lim sup f z gm(t)dt
€—>®© |B(0'1 + 2€)|3+26 B(0,1+2€)\B(0,1+¢€) poy
1 1
< (Cp+e)

|B(0,1)]|2(1+€) (3 + 2¢)
Since € > 0 is arbitrary and lim,_, ., . fB(o,1+e) Ym gM(t)dt = 0, it follows
that

JB(0,1+2¢€)[3%2€

1 C
li Z m(t)dt = =
’ m
in the sense that the limit on the left hand side exists and the identity holds. This proves (30).
By taking € = —1 in Corollary (6.1.11), we have the following multi-dimensional
continuous Cesaro theorem (see [314]).

Corollary (6.1.12)[250]: (See [314]). If, for some 1 + ¢ € R,and some g™ € Li,.(R%),
the limit

1
im [l 2 002 = it 32
€00 |B(0 1 + 2€)|1+6 B(0,1426) g ( ) 1+6(-g ) ( )
exists in C, then forany a € R} = R, \ {0} it holds that

1
lim j 2 It g™ () dt
B TBOAT 201 1100 2

_ 1 1+€ z cm m 13
“BODIE1+eta 1+e(9") (33)

m
in the sense that the limit exists and the equality holds.
Proof. Let g™ € Dom(C{}.) and 1+ € € R,. If e > 0, for some R > 0 we consider the
function

gm@) ifltf =R,
m t —
gr (1) { 0 if¢] < R.
If e = —1 weregard ggp'(t) as g™ (t). Then we can check that gg* € L1 (Rd) Che(g™) =

(Tie(gr) and

1
lim J z e g™ (et
€—> 00 IB(O 1+ 26)|1+6+a B(0,1+2€) m

1
i j > ledgp e
e~ |B(0,1+ 2€)[1+He Jp 1+2€) &~

in the sense that, if there exists one side of the equality, then there exists another side.
Therefore we may prove (33) for gpt. We also have
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1 f Z
|t g (t)dt
|B(0,1 + 2¢)|1teta B(0,1+2¢) )

1
— (1+ 26)“[ z gr(t)dt
|B(0,1 + 2¢)|1teta B(0,1+2€) % :

o [ Y (205 — HgR e (34
B(0,1+2¢€) 4=

" |B(0,1 + 2¢)|1+e+a
On the one hand, by using the identity |B(0,1 + 2¢)| = |B(0,1)|(1 + 2¢)%, we obtain that

1
1+ Ze)adf z gr (t)dt
|B(0,1 + 2¢)|1teta B(0,1+2¢€) &= 5

1 J o Dl
— gr (Dadt
[BO,D**A(1 + 26) O Jp1100) & §

B t)dt
B(0,1)[* [B(O1+26)[**€ Jp51426) & gr ()
and assumption (33) implies that the limit of the right hand side for € —» oo exists and is
equal to
1
- rm m
|B(0,1)|a61+6(gR ) (35)

On the other hand, in the second term of the difference in (34), by using d-dimensional
spherical coordinate representation, we have

| 3 @z - e gr o
B(0,1+2¢)

m 1+2€ R R
— J Z ((1 + 2e)3d — gad)gd-1 <J gm(s, 9)d9> ds
0 — )

for some function gg* induced by gz via d-dimensional spherical coordinate representation,
where © = [0,7]%2 x [0,2r]. Then, by using the identity |B(0,1 + 2¢)| = |B(0,1)|(1 +
2€)% again, we obtain that

1 f Z
(1 +26)% — |t|*DgR(t)dt
[BOT+26)[77% 3 1406 & "

1 1+2€

= 12ad_add_1JAm,édéd
|B(0,1)|1+€+a(1+26)(1+E+a)df0 ; (1 +2¢) s4)s @gR (s,0) ) s

ad 1+2¢€ 1+2¢
B ! ad-1q f 37 (s,6)dé | d
|B(0,1)|1+e+a(1 + 26)(1+e+a)df0 z S <j; T T>< o Ir (s ) ) S

m

ad 1+2€ T
- d—l Jay A A d_l
a IB(0,1)I1+6+“(1+26)(1+6+‘”df0 fo > @Z g,’{‘(s,e)de ds|t*dr (36)
m
which becomes
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ad 1+2€ 1
= (1+e)d+ad-1 medt | d
|B(0,1)[%(1 + 26)(1+6+a)d.f0 Z ‘ |B(0,1)[T+er (e fB(o,r) gr () ) T

1+2€

ad 1
= (1+e)d+ad-1 meVdt | d
|B(0,1)]*(1 + 26)(1+€+“)df0 Z ‘ 1B(0, 7)|1+¢ L(O‘T) gr (1) ) T

ad 14+2€ 1
= a (1+e+a)d_[ z T(1+E)d+ad_1 1+ef ggl(t)dt
|B(0,1)]%(1 + 2¢) o — |B(0, )" Jp(0)

ad 1+2¢
- Cln-ll-e(g;?n)> dr + |B(0,1)|a(1 + 26)(1+e+a)d (_[0 z T(1+E)d+ad_1dr> Cﬁe(ggl) (37)
m

The second term of (37) is equal to
ad

|B(0,1)|2(1 + 2¢)(+€*+a)d (1 + € + a)d
1 a m m
TIBOD[CT +e+ az Cive(9R) (38)

and the first term of (37)mis majorized, in modulus, by

ad 1+2€ 1
1 d-1
FoIFa )y O FE T |y 2 GO
’ 0 ’ B(0,7) &~
dt (39)

(1+26)19ad X" ¢ (g)
m

- Clrtli-e(-g;?n))

Let € > 0 be given. Then since by assumption
1

1B(0, 0)|1*€ jB o z (gF@®)dt — C%(gm))

m

lim =0

T—00

there exists t, such that, for any 7 > t,

o [ (R @de - Cie)
€

|B(0,T)[1*€ B(0,7) &~

Moreover, since gg' is locally integrable, the map

1
TER l—>—j Z (t)dt
T IBO DI Jyom 20 9O

Is continuous, therefore there exists a constant C,,, > 0 such that for all T < t,
1

WJB(O N z (gpr(®)dt — Cl%e(gi))

m

Therefore, by splitting the integral in 7 in (39) into the two pieces, (39) is majorized by

<¢

<Cp,
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ad C e T(1+E+a)d_1d‘[ +¢ ree T(1+€+a)d_1d‘[
|B(0,1)]*(1 + 2e)+erad \ 7™ ], ¢

&

ad 1 t (1+e+a)d
s ) e
|B(0,1)|® ((1+e+a)d 1+ 2e

1 1+2¢
+ € j T(1+E+a)d_1d‘[>
(1 + 26)(1+6+a)d 0

a te (1+e+a)d
< C,, +
IBO,D]%(1 + € + a) <<1+26) m €>

ad 1+2€
lim J T(1+e+a)d—1
e~ |B(0,1)|%(1 + 2¢)(Aterayd |

and so

5 0 2
—_—— (t)dt
|B(0,T)|1+E B(0,7) po (gR

a t (1+e+a)d
dr < lim (( - ) Cm+e>

—_Ccm m
1+6(gR )) €00 |B(0,1)|a(1+e+a) 1+ 2¢

a

<
“BODIEI+e+a)’
from which, since € > 0 is arbitrary,

ad 1+2€ (4o drad—1 1
li +e)d+ad-1| __ — Z ™A dt
enon |B(0,1)|*(1 + 26)(1+e+a)djo t |B(0,7)[1+€ (97 ®

B(o,r) M

— Che(gR) |dr=0 (40)

Hence by (36), (37), (38) and (40), we have

lim 1+ 2€)2 — |t|2D) g™ (t)dt
61—>OO |B((),1 + 2€)|1+6+a JB(O,1+26) s (( ) | | )gR ( )

1 a
_ o
T B0, D[l + €+ az Clte(9R)-

m
Therefore, by (34) and (35), we have

1
i E d
611_)12) |B((),1 + 2€)|1+6+aJ |t|a gﬁn(t)dt

B(0,1+2¢)

1 1 .
- - m my _ N
= IB(O,l)laz Cl+6(gR) |B(0’1)|a 1 + € + az Cl+6(gR)
" m
1 1+e€
= Cm m '
|B(0'1)|a1+6+az 1+e(9r")

m
which implies (33) as desired.
Corollary (6.1.13)[250]: If, for some (1+¢€) € R}, some a € R, and some f™ €
L, . (RY), the limit

1
m my. — Jj E m 41
Cl+e+a(f ) El_fg |B(0,1 + 26)|1+6+a -]1‘5’(0 142€) f (t)dt ( )
! m
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exists in Cand | - [~ f™(-) € L},.(R®), then it holds that
1

lim j Z |79 Fm () dt
€—00 |B(O 1+ 26)|1+E B(0, 1+2€) f ( )

Cl+e+t
= ——— B, 1)|“Z CeraF™) (42)

In the sense that the limit exists and the equallty holds.
Proof. The proof is similar Let (1 +¢€) € R},a € R,and f™ € L}OC (R%) be such that (41)

holds. Then we have
1

t|medf ™ (t)dt
|B(0,1 + 2e)|'*¢ -L(O 14+2¢) &= 2

1 y N
} |B(0,1 + 2¢)|*¢ (1 26y L(o 1+2€) z frHadt
1
~|B(0,1 + 2¢)|1*€ L(O 120 Z (1 +26)7% — [¢|* D) f™(t)dt(43)

On the one hand, with the same notations
1

— |B(O 1+ 26)|1+E '[B(O " )z ((1 + 26)_ad - Itl_ad)fm(t)dt

1 1+2¢

= ((1 + 2¢)” —ad _ ad)sd—l <j f‘m(s, 9)dé> ds
|B(0 1)|1+E(1 + 26)(1+e)dj z .
ad 1+2€ 1+2€
= a-1 —ad-1 A m A A
|B(0,1)|1+6(1+26)(1+e)dj0 S (L T dT) (L; f (s,B)dQ) ds
ad 1+2€ T . X ) A )
_ ) e
B |B(0,1)I1+E(1+Ze)(1+6)df0 fo s j@z fm(s,0)do |ds|t7% 1dr = (44)
m
_ ad|B(0,1)|¢ f1+26 rordt 1 f z N
T (290, f [BO, DI y o £ fm©de |dr

ad|B(0,1)|¢ f1+26 1
= T(1+6)d—1 f z m(t dt — C™ m dt
(1 + 2e)(1+e)d 0 |B(0, 7)|1+eta Blor) & (f ) Trera(f ))

ad|B(0,1)|¢ 1tze _
T (1 + 2¢)a+ed J T ldr z Cliera(f™) (45)

Therefore, by (43), (44) and (45) the foIIowmg identity holds:
1

|t]~e4fm (D)t
|B(0,1 + 2¢)|**¢ L(0,1+26) ;

Where

1 —-a m
(14 26) = e o (14260 dL(O 1+z€)z Fm(t)dt, (46)

ad|B(0,1)|a 142€ ~
k2(1 + 26) = (1 + 26)(1+6)d J T(1+6)d 1dT z Cln-ll-6+a(fm)J (47)
0 m
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_ ad|B(0,1)]° j1+261_(1+e)d—1 1 J z (f™(t)dt
(1+26)(1+e)d 0 |B(O;T)|1+€+a B(0,7) m

ks(1+ 2¢)

— (Tl era(F™) |dt (48)
Then by (46) and the assumption we obtain that
1
: — al;s m
pfali+ze=1BODR |B(0,1+26)|1+6+“JB<01+26>Z fred

= 1BODI" ) CReralf™

and from (47), we have
ad|B(0,1)|“ 1+2€ ~
kz(l + 26) = (1 + 26)(1+e)d j T(1+6)d tdt Z Cin-ll-e+a(fm)
m

= F |B(O, 1)|“z Clrera(F™)

Also, by the same arguments used for the proof of (40), we prove that lim;_, ., k5(t) = 0.
Therefore, from the above arguments it follows that
1

lim | Z el fm(e)de
e- |B(0,1 4 2€)[*€ Jp 01426

= lim (k1(1 + 2¢€) + k2(1 + 2¢€) + k3(1 + 2¢))
= B(0, 1)|a2 Cleraf™) + 7= |BO, 1)|az Cleralf™)

1 +e+a a m
=———|B(0,1+26)| Z Cliera(F™)

which is the desired result.
Corollary (6.1.14)[250]: (See [314]). Let a™ € Dom(é{”}re). Then for any g € R, it holds

that
1+2€
LYy 26)1"'6_[ Z [ k1) 1] cam(t)dt =0

Proof. Let 8 € R be given. Then we obtaln that
1+2€ |t|
l z ~ 1| egm(t)dt

[1+2€]-

e 2, 2 ([ [<—>ﬁ—1] g

1+26 1 + 2
+ lim Z _Afivzg f [1+2€])" —1|dt (49)
€20 (14 2e)t*e [1+2€] t
Then we can easily see that the second term of the right hand side of (49) is zero and the

first term of the right hand side of (49) coincides with the following:
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N k+1 k
m — —_
o NZ D, @he b —fk [(t)

m
Therefore, we have

1 ! | (Ll ' 1 d 1 kg 50
EL%Wf I t—NEEoNHeZ Z e G0
Then the Abel |dent|ty implies that

lim

ksN m
1
—1\1,1_{Tolo NIt z (bk+1_bk)< Z Z aﬁze)
kSN—l 14+2esk m
1+€ 1 m
_z\lzl—rEoNHE z (brs1 — bi)k (k”f z z a1+26>
ksN-1 14+2esk m

On the other hand, by direct computation we can prove that lim,_,., k(bx+; — by) = 0. Let
{d, }o—, be a sequence given by

dp = —n(bpsq — n)( z z a1+26>' €N

1+26<n m
Then we have lim,,_,,,d,, = 0,C{:.(a™) = 0, i.e., for any € > 0 there exists a number N,

such that |d,,| < € if n = N,,. Using this sequence (50) is represented as follows

1+2€
Ly 26)1"'6] Z [ |t| - 1] Cam (D)L = 0, e Z Z
= —1\1[1_{{)10 N1+E Z (D41 — b)k'*e <k1+e z z a1+2€>

ksN-1 1+2esk m

. 1 _
:1\1,1_{1010 N1+6 z k1+e 1dk

k=N-1

Therefore we obtain that

1+2€ |t| 1
— am < i €
L (1+26)1+Ef Z [ It] ] (Odt) = i, yive Z Kol
ksN-1
No-1 N-1 N-1
= lim e > kel Jim e Y k€Nl < Jim e Y kldy ] < ) G
k=0 k—NO k—No m

with a constant C,, independent on N. Since € is arbitrary, this gives the proof of the
assertion.
Corollary (6.1.15)[250]: (See [314]). Let a™ € Dom(Cf%.). Then for any B €
R, Q™8 c m € Dom(C,) and

C1+E(Qm Cam) Clie(cqm) =27 (1+E)C te(a™).
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Proof. For given f € R, by applying Corollary (6.1.14), we obtain that

- _ 1 N
CheQeam) = lm T 2a e f()z (W) Cam(t)dt

1 z: [ItI Z
= li -1 m(t)dt + ch m
T o B0+ 2e)|1+€ B(0,1+2¢) & |t| ]C“ © — thelcan)

= Z Ciie(cqm)

m

which gives the proof.
Denote g the identity functionon R, q(t) =t forany t € R.

Corollary (6.1.16)[250]: (See [314]). Let a™ € Dom(({%.) and B €R. Then
lq|# Q™8 c,m € Dom(C™,) and

clte(1a1P QP egm) = 270+OC, (qfa™)
where q, is the discretization of the multiplication operator g, i.e., (q{fam) (n) = nfam

fora™ € C*.
Proof. We obtain that

1

1+2€
m (1 1BomBe . Bome\B e
(g Qmem) = lim o | (me)z ORI OURIGE

1+2€
= lim f Z t B( ) J(t)dt
E— 0O (2(1 + 26))1+6 (1+2€) | | ( )
— ,8 m
e DI
=2~ (1+¢€) lim

N 00 n1+ez Z kﬂak

=270t %" i ( qff am)
m

which implies the proof.

Section (6.2): Law of Large Numbers for Weighted Inductive Means

The law of large numbers plays an important role in probability theory, which is
concerned with the convergence of (S,, — b,,)/n, where S,, = ¥i-; X;, {X;}i=, is a sequence
of independent real random variables, and {b,} is a sequence of real numbers. If
(S, — b,)/n converges almost surely to zero, then the convergence theorem is called the
strong law of large numbers, and if (S,, — b,,) /n converges in probability to zero, then the
convergence theorem is referred to the weak law of large numbers. The law of large numbers
for real-valued random variables can be extended to a general metric space valued random
variables. We study the law of large numbers for random variables valued in a Hadamard
space. A Hadamard space is a complete metric space of which the metric satisfies the
semiparallelogram law, and it gives geometric structures (like nonpositive curvature). In

258



[231], Sturm proved a law of large numbers for a (non-weighted) inductive mean in
Hadamard spaces. Sturm also defined a expectation (or mean, or barycenter) of random
variables taking values in a Hadamard space as a unique minimizer. However, there is
another way to define expectations of random variables by using the law of large numbers
in a Hadamard space
A weighted sum of a sequence {X;} of real-valued random variables is of the form

n

S, = 2 aiX;, (51)
i=1

where the weighted sequence {a,; | 1 < i < n} is a triangular array. On the other hand, in
a Hadamard space N, we can define a weighted sum with a positive weighted sequence by
a weighted inductive mean. In the case of real-valued random variables with the usual
Euclidean metric, the weighted inductive mean is exactly equal to the weighted sum given
as in (51) (see [41]). The law of large numbers for weighted sums of random variables has
been studied by [336], [337], [339], [340], [242], [243], [244], etc.
We study the law of large numbers for weighted inductive means with a positive weighted
sequence {a,; | 1 < i < n} for Hadamard space valued random variables {X;}, and then we
prove the law of large numbers under certain independence and some conditions for a
weighted sequence. In fact, Lim and Palfia [225] proved that the deterministic weighted
inductive mean on Hadamard spaces converges to the least squares mean.

We recall elementary notions of the probability measure on a Hadamard space and
the variance inequality in a Hadamard space. We prove the law of large numbers for
weighted inductive means of independent identically distributed random variables valued in
a Hadamard space. We prove an asymptotic property for (non-weighed) inductive means in
the p-Schatten class.

We recall basic facts of a Hadamard space (i.e., a complete non-positively curved
metric space) and probability measures on Hadamard spaces. Let (N,d) be a nonempty
complete metric space. If for any x, y € N, there exists a point m € N such that d(x,m) =

d(m,y) = %d(x, y), which is called a midpoint of x and y, then (N, d) is called a geodesic

space. We call (N, d) a Hadamard space if for any x, y € N, there exists a pointm € N such
that

1 1 1

d(z,m)? < Ed(z, x)? + Ed(z, y)? — Zd(x, y)? forany z € N.(52)
Indeed, the point m in (52) is the midpoint of x and y with the property d(x,m) =
d(m,y) = %d(x, y). We note that any Hadamard space becomes a geodesic space. Equation
(52) is called the semiparallelogram law, since if (N, d) is a Hilbert space then (52) becomes
the parallelogram law by replacing the inequality with the equality (see [15]). It is satisfied
by the length metric in any simply connected nonpositively curved Riemannian manifold
[39]. Therefore, the metric inequality (52) in a Hadamard space yields a metric
generalization of non-positive curvature.
For a positive real constant D > 0, a geodesic of speed D in N is a map p: [0,1] = N with
the property that for any t € [0,1], there exists a positive constant « such that

d(p(t),p(ty)) =Dty — t,| forall ¢y, t, € [0,1]witht —a < t;,t, <t +a.

A map p is said to be a geodesic if it is a geodesic of some speed D.
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Proposition (6.2.1)[335]: ([231]). Let (N, d) be a Hadamard space. For x,y € N, there
exists a unique geodesic p: [0,1] = N of speed D = d(x,y) with p(0) = x and p(1) = y.
Furthermore, forany z € N and t € [0,1],
d(z,p(t)) < (1 —-t)d(z,x) +td(z,y) (53)

and

d(z,p(t))? < (1 —t)d(z,x)? + td(z,v)*> — t(1 — t)d(x,v)?. (54)
Throughout, (N,d) and (Q,F,P) denote a Hadamard space and a probability space,
respectively, unless specified otherwise. The phase "almost surely,"” abbreviated a.s., is often
used.
A function X: Q — N is an N-valued random variable (or simply, random variable) if X is a
Borel measurable function. For a Borel subset B of N, the distribution of X is defined by
Py(B):= P(X"1(B)). For 1 < p < oo, let LP(Q, N) be the set of all random variables X
such that

f [d(z, X (w))]PdP(w) = j [d(z,x)]PdPx(x) < oo for some z € N,
Q N
and L™ (Q, N) be the set of all random variables X such that

d(z,X(w)) <R a.s. forsomez € NandR > 0.
Let ¢ be a real-valued function defined on N. If there exists a point x € N such that ¢ (x) =
inf,cy @(2), then x is called a minimizer and denoted by x: = argmin, ¢y @(z). We define
the expectation (or barycenter) of X in L1(Q, N) [231] as follows: for each fixed y € N,
EX:= argminE[d(z,X)? — d(y,X)?] = argminf [d(z,x)? — d(y,x)?]dPy(x).
ZEN ZEN N
For any X € L1(Q, N), we define the variance of X by

V(X): = infE[d(z,X)?].

Remark (6.2.2)[335]: Let X be a Hadamard space N-valued random variable. Then we have
the following properties (see [231]).

(i) For a real-valued random variable X with the Euclidean metric, the expectation is the
same as the usual expectation: EX = E[X] = [ rXAPx ().

(if) The expectation EX is uniquely determined and is independent of y € N.
(iii) If we restrict to X € L2(Q, N), then EX is the unique minimizer of z » d(z, X)?, i.e.,

EX = argminE[d(z, X)?] = argmin] d(z,x)?dPy(x). (55)
ZEN ZEN N
Hence, V(X) = E[d(EX,X)?] < o
The following proposition is the variance inequality in a Hadamard space, which is one of
important properties.
Proposition (6.2.3)[335]: ([231]). For any random variable X in L2(, N) and forall z € N,
El[d(z X)?] = d(z EX)? + E[d(EX, X)?]. (56)
Let {X;} be a sequence of independent identically distributed N-valued random
variables and {a,;} be a positive weighted sequence with ¥*, a,,; = 1 for any n € N. We
define a new weighted sequence {y(n_{,)i}?__f for£=1,..,n— 1 as follows:
Yin-t)i: = n_a+ foralli=1,..,n— 4. (57)
k=1 Ank
We see that
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An(n-+)
Yn-o)(n-) = Sncp for{=1,..,n—1.

=1 Qnk

We also define a sequence {S,,} of randclgm1 variables, which is called the weighted inductive
mean as follows [225]:

S1 =X, and S, =Y, _#, X, (n =2), (58)
where Y; = X; and Yy x: = Yo s ) # Y-y (n-k)Xn-k for k =1,..,n — 2. Here, A#,B
denotes the t-weighted geometric mean which is the point p(t) on the geodesic p: [0,1] —
N connecting p(0) = Aand p(1) = B. For our purpose, we first prove the which is the point
p(t) ont following two lemmas.

Lemma (6.2.4)[335]: Let £ =1, ...,n — 1 and {y(n_g)i}:;—f be the weighted sequence given
in (57). Then the following equality holds:

n n-2 k
2 _ 21 2
Z an = (1- ann)z z [(1_[ (1 - y(n—i)(n—i)) >y(n—(k+1))(n—(k+1))](59)
i=1 k=1 i=1
+(1 = aun)*Yin-1yn-1) + Aan-
Proof. We see that 1 — a,,,, = Y1 a,; and

n—(i+1) . n(ni)
k= n n(n-i .
1-—- Y(n—i)(n—i) = nl—i and Y(n—i)(n—i) = i - (l = 1, e, U — 1) (60)
. k:_l ank . k=1 ank
Then by a direct computation, we obtain
k

2
(1 —an,)? 1_[ (1 - y(n—i)(n—i)) Y(n-(k+1))(n—(k+1))?

=1

n-1 2 B 5 kit 5 ,
= z Ao : <ﬁ) Z:;l( ) Ani an(n—(k+1)) _ az
o ") B au I ay ) \gpoFrDan | e en)
Therefore, we have that

n-—2 k
2
(1 —ap,)? Z [(l_[ (1 - )’(n—i)(n—i)) )y(zn—(k+1))(n—(k+1))

k=1 i=1
n-2 n

+ag, = Z arzl(n—(k+1)) + arzl(n—l) +ag, = z i
k=1 i=1
which completes the proof.
Lemma (6.2.5)[335]: Let X,Y and Z be independent identically distributed random
variables in L?(Q, N). Then forany 0 < 1 < 1, it holds:
E[d(EZ,X#,Y)?] < (1 — M)%E[d(EZ,X)?] + A*E[d(EZ,Y)?].(61)
Proof. Forany 0 < A1 < 1, we have that
E[d(EZ, X#25] < (1 —)E[A(EZ X)?] + AE[d(EZ,Y)?] — (1 — DAE[d(X,Y)?]
< (1 —-A1E[d(EZ,X)?*] + AE[d(EZ,Y)?]
—(1 - DA[E[d(X,EY)?] + E[d(EY, V)?]]
= (1—2A)?E[d(EZ,X)?] + A*E[d(EZ,Y)?],
where the first inequality follows from the inequality (54) and the second inequality follows
from the inequality (61) in Proposition (6.2.3). Therefore, the proof is completed.

261

+ (1 - ann)zy(zn—l)(n—l)




The following theorem is the weak law of large numbers for weighted inductive means in a
Hadamard space.
Theorem (6.2.6)[335]: Let {X;} be a sequence of independent identically distributed
random variables in L*(Q, N) and {a,,;} be a positive weighted sequence with ¥, a,,; = 1.
If {a,;} satisfies the condition

n

lim » a2 =0, (62)
n—oo
i=1
then S,, = EX; in probability, where S,, is the weighted inductive mean given in (58).

Proof. The proof can be obtained by some modification of the proof of Theorem (6.2.20) in
[231], but we give the proof for completeness. For £ = 1,...,n — 1, let {y(n_{,)i}:f be the
weighted sequence given in (57) associated with {a,,;}. By Lemma (6.2.5), we obtain that
E[d(EX;, S2)?] = E |d(EXy, Yuo1#ay, Xn) |

< (1 — ann)®E[d(EXy, Yp_1)?] + any *E[d(EXy, X,)?], (63)

andthatfori =1,..,n—2
E|d(EX,, Yin-p)|
< (1= Yo-ne-) E [A(EXy, Yargian)|

+ y(zn—i)(n—i)E[d(EXL Xn—i)z]- (64)
By the inequalities (63), (64) and Lemma (6.2.4), we have
2

n—

[ 2
E[d(EX;,5)%] < (1 = ay,)? r (1 = Ym-iym-1y) E[d(EXy,Y;)?]
l=;_3
2
+(1 = apy)? —[ (1 = Yn-iyn-1)) V2 E[d(EX;, X5)?]
i=1

2 2
++ (1= an)*(1 = Y-nym-1)) Y-2)(n-2) °E [d(EXpX(n—z)) ]
+(1 - ann)zym—l)(n—l) ZE[d(EXLXn—l)Z] + ann ZE[d(EXLXn)Z]

n-—2 k
2
= {(1 — Gpp)? z [(ﬂ (1 - y(n—i)(n—i)) )y(n—(k+1))(n—(k+1)) 2]
k=1 i=1

+(1 - ann)zy(n—l)(n—l) 2 + ann Z}V(Xl)

- (2 a%l-)voq), (65)

i=1

where the last equality follows from Equation (59) in Lemma (6.2.4). Therefore, by the
equalities (62) and (65) we have that

n

E[d(EX,,S,)?] < (Z a,zu->V(X1) — 0 asn — oo,

i=1
Since the L?-convergence implies the convergence in probability, we are done.
Example (6.2.7)[335]: We now consider an example of a weighted sequence {a,;}
satisfying the condition in Theorem (6.2.6). Let 0 < r < 2 be given and let {b;} be a
sequence of positive real numbers such that Y™ .,b; =n'" and Y",b? =
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o(n?").Putay; = by/n*/" foralli = 1, .., Since ¥, a,; = 1and ¥, b = o(n?"), we

have
2 _ 2
> Z —0

i=1
asn — oo. Such a weighted sequence {a,,;} satlsfles the conditions in Theorem (6.2.6).

Corollary (6.2.8)[335]: Let {X;} be a sequence of independent identically distributed
random variables in LZ(Q, N). If {a,;} is a positive weighted sequence with ¥, a,; =1
such that for1 <r < 2,

max a,; = 0(1/n'/"), (66)

1<isn

then S,, = EX; in probability, where S,, is given as in (58).

Proof. It is easy to see that
n

2
lim ) a?, <C?limn'7=0
n—oo n—-oo
i=1
for some constant C > 0, since 1 < r < 2. The conclusion follows from Theorem (6.2.6).
Remark (6.2.9)[335]: Let {X;} be a sequence of independent identically distributed random
variables in L?(Q,N) and {a,;} be a positive weighted sequence with ¥ ,a,; = 1. By

Lemma (6.2.5) and using the proof in Lemma (6.2.4), we obtain
[d(Yn ] EXl) [d(Yn (l+1)#Y(TL D(n- L)Xn i EXl) ]

(1- Y(n—i)(n—i)) E [d(yn—(i+1)»EX1) ] + Y-ty E[d (Xn_s, EX1)?]
< (1= Ya-ne-9) (1= Ya-@iym-) E |d(Va-gray EX)'|

2 2
+(1 = Y-iyn-i)) Y-+ -+ E [d(Xn—(i+1)rEX1) ]
+Yeaciym—iEld(Xn_i, EX1)?]

IA

n—i—2

2
< (1- )’(n—(i+j))(n—(i+j))) E[d(Yy, EX,)?]

2
+ (1 = Y-+ inm-c+in) Y2z *E[d (X2, EX;)?]
j=0

2 2
+o 4 (1= Yontyn-i) Yea-ii+1ym-isnE [d(Xn—(i+1)’EX1) ]
+Yea-iym-iyE[d(Xni, EX1)?]

ot ankE[d (X, EX1)?]

(Z =1 a'nk)2
where {Y,,_;}*=! is given as in (58). The inequality (67) is useful for the proof of the strong
law of large numbers (see Theorem (6.2.11)).

The following theorem is the strong law of large numbers for weighted inductive means in
a Hadamard space.
To prove the strong law of large numbers, we need the following lemma.

(67)

)
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Lemma (6.2.10)[335]: Under the assumptions of Theorem (6.2.11), for any z € N, there
exists R > Osuchthatforalln e Nandi =1,2,...,n — 1,

n

g d(X,,z
d(S,, 7) < z 4, d(X,2) | <R and d(Y,_; 2) s( kel i (i )> <R, (68)
k=1 k=1 Ank

where S,, and {Y,,_;}7={' are given as in (58).
Proof. By the conveX|ty of the metric d and Equation (60), we obtain

d(Sp,z) = d(Yn—l#anan' Z) < (1 —ap)d(Yn_1,2) + appd(Xy, 2)

< (1 - ann)(l - y(n—l)(n—l))d(Yn—Z'Z) + (1 - ann)y(n—l)(n—l)d(Xn—llz)
+ appd(Xp, 2)

< (1 - ann)

1_[ (1 Ymn-i)(n- L))d(ylrz) +1_[ (1 Ymn-i)(n- L))yZZd(XZIZ)+

+(1 Yn-1)(n—1))Y(n-2)(n— Z)d(Xn 22) + Yn-1)(n-1yd KXn-1,2)]
+annd(Xn:Z)

n

= Z ankd(Xk,Z). (69)
k=1
Since X; € L*(Q,N)(i = 1, ...,n), there exist z € N and R > 0 such that d(X;(w),z) < R

a.s. Then, by the inequalities (69), it holds that d(S,,,z) < R a.s. for all n € N. By similar
arguments, we have the second inequality given as in (68).
Theorem (6.2.11)[335]: Let {X;} be a sequence of independent identically distributed
random variables in L*(Q,N). If {a,;} is a positive weighted sequence satisfying the
following conditions:
(i) There exists a constant C > 1 such that max;<;<,, @, < Cmin; i<, Ay,
(i) Yi—;a, = 1foralln € N,
then
S, — EX, as. asn — oo, (70)
where S,, is given as in (58).
Proof. For the proof, it suffices to show that d(S,,, EX;) — 0 a.s. as n — oo. Note that for
all k,n e N
d(S,, EXy) <d(S,, Yiz) + d(Y,z, EX)).
Now, we assume that k, n are positive integers such that k? < n < (k + 1)2. We first prove
that d(S,,,Y,2) = 0 as. as k — oo. Since X; € L”({, N), there exist z € N and R > 0 such
that d(X;(w),z) < R a.s. By (68) we have thatd (S,,z) < Rand d(Y,,_;,z) < R a.s. for all
n € Nandi =1,..,n — 1. By the convexity of x — d(x, z), we have that
d(Sp, Yn-1) = d(Yn—l#anan' Yn—l)
< (1= an)d(Vpq, Y1) + annd (X, Yoo1) = appnd (X, Y1)

<2a,,R as. (71)
By similar arguments, we also obtain that
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d(Yn—i'Yn—(Hl)) - d( n-— (L+1)#y(n i)(n- l)Xn i Yn (l+1))
< Yn-iyn-0d(Xn—i Ya—(i+1))

< Zy(n—i)(n—i)R a.s. (72)
for i = 1,...,n — 2. By inequalities (71), (72) and the condition (i), we have that for all
k,n € Nwith k? < n < (k + 1)?

d(SnYi2) < 2(Vazsnwz+n + Ya+azez) T Gan)R

Ypok241 MAXay p < (n — k*)C min ay; k+1
< < —
T YK min ay, - (k2 + 1) min ap; T k%41 ’

1<isn

so that d(S,,Y,2) > 0as.ask — oo,
Our second claim is that Y,z — EX; a.s. as k — oo. Indeed, by Chebyshev's inequality and
the condition (|) we have that for any € > 0,

2 P(d(Y,2, EX,) > €) <—z E(d(Y 2, EX})?)

1o ke (mnan)

2 2
k=1 k* (mln a, )
1<isn

V(X1)

2
—ZZ V(Xl) < 00,
k=1

Therefore, by Borel-Cantelli Lemma, we have that Y,2 — EX; a.s. as k — oo, which
completes the proof.

The following examplé gives the strong law of large numbérs for wéighed inductive
meafis of real-valued random variablgs.

Example (6.2.12)[335]: Let (]R+, d) be a complete metric space with the metric given by

d(x,y) = |logx —logy|.
Itis clear that (R, d) is a Hadamard space, where the midpoint of x and y is /xy (see [3]).
If {X;} is a sequence of independent identically distributed and positive real-valued random
variables and if {a,,; } is a positive weighted sequence, then the weighted inductive mean S,
is the same as in (58), and we have that
EX = argminE[d(z, X)?] = eFllogX],

zeR
Therefore, if a positive weighted sequence {a,;} satisfies the conditions (i) and ( ii ) in

Theorem (6.2.11), then we have that S,, = EX; a.s. In particular, if we choose a,; = 1/n
fori =1,...,n, then we obtain that

(XX, - X,)Y™ — EX; as.
On the other hands, if (IR, d) is the Euclidean space with usual metric given by d(x,y) =
|x —y|, (R, d) is a Hadamard space ( see [41], [231]). For a sequence {X;} of real valued
independent identically distributed random variables and for a positive weighted sequence
{a,}, the weighted inductive mean is given by S,, = Yi-; a,,; X; ( see [41]). Therefore, if the
weighted sequence {a,,;} satisfies the conditions (i) and (ii) in Theorem (6.2.11), then we
see that

S, — EX; as. asn — oo,
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where EX = fodPX(x), which gives the strong law of large numbers for weighted sums

of real-valued random variables. In particular, if we choose a,;; = 1/nfori =1, ...,n, then

we have
n

1
52 X; — EX; as. asn — oo,

i=1
The following example is the law of large numbers for weighed inductive means which are
converging to the least squares mean.
Example (6.2.13)[335]: Let {X,} be a sequence of independent identically distributed
random variables having the distribution 1, w;d,, for x;,..,x, € N. If a positive
weighted sequence {a,,;} satisfies the conditions (i) and (if) in Theorem (6.2.11), then we
have

S, — EX; = AMwq, ..., Wy} X, ..., X)) aS. asn — 00, (73)
where S, is the weighted inductive mean given in (58) and A(wy, ..., Wy} X1, ..., X,,) IS the
weighted least squares mean given by

AWy, oy Wy Xq,y ey Xpy) = argmmz w;d(z,x;)2.

ZEN

Indeed, the right hand side of (73) is obtained by taklng PX = Niz1w;8y, in (55), i.e,

EX = argmin] d(z,x)*dPy(x) = argmlnz w;d(z,x,)? = AWy, oo, Wy} X1, on)y Xp)-
N

ZEN ZEN

Let B(H) be the Banach space of all bounded linear operators on a separable Hilbert
space H equipped with the operator norm, B(H),, be the set of all self-adjoint elements in
B(H) and P be the set of all positive invertible elements in B(H)g,. For 1 < p < oo, the p-
Schatten class S, (H) of B(H) is defined by

Sp(H) = {x € B(H) | x is a compact operator, | x [l,< 00}.
The class S,,(H) is a Banach space with respect to the norm
1/p

I x i = z [ | = Trixp) e,

where s;(x) is the sequence of smgular values of x with decreasing order, |x| = (x*x)'/?
and Tr is the usual trace on B(H) (see [241]).
On the p-Schatten class S, (H), we define the norm |I-1I,, , associated with b € P by
Il ally,,= ||b'1/2ab‘1/2||p for a € S, (H).

We denote by S,, , the p-Schatten class S, (H) equipped with the norm |I-ll,, ,, that is, S, , =
(Sy(H), lI-ll,p). For 1 <p < oo, let Ay:={I+a€P |a€S,,} be the positive cone of
the operator algebra that is obtained by adjoining the unit to the ideal of compact p-Schatten
operators. We define the geodesic distance between two points x,y € A,, as follows [338]:
d,(x,y) = inf{L(y) | y is a A, — valued smooth curve on [0,1],¥(0) = x,y(1) = ¥}

= [log(x~2yx=12)|| ,

1 1 .
where L(y) = ly' O, dt = Iy ||y(t)‘1/2y’(t)y(t)‘1/2||pdt. Note that (A, d,, ) is
a complete metric space (see [338]).
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Now, we recall the useful facts of a geodesic and properties of metric d,,.
Theorem (6.2.14)[335]: ([338]). Let x,y € A, and ., (¢): = x/2 (x~/2yx~1/2) x1/2,
Then y,, is a unique short piecewise smooth curve joining x to y in A,. Furthermore, t -
dyy (Ve 3, (), Y, 5, (1)) is @ convex function for any x;, x,, y1, v, € A,.
Note that for any x,y € A,, since y,,, G) Is a mid point of x and y, (Ap, dp) IS a geodesic
space. The following theorem is a weak semiparallelogram law in A,,.
Theorem (6.2.15)[335]: ([338]). Letz € A, for1 < p < 2andy:[0,1] — A, be a geodesic.
Thenfor0 < a,:=p—1 <1, we have
dp(z,y()? < (1 = )d,(2,7(0))? + tdy(2, (1)) — t(1 — )apdy(¥(0),¥(1))%. (74)
In particular, for any x,y € A,, we have

dy (2,75, ()" < (1 = Ddy(z,%)? + td,(2,9)? — t(1 — Dayd, (x,¥)2. (75)
If p = 2, then a, = 1and so the inequality (74) is the semiparallelogram law. Thus, (A;, d;)
Is a Hadamard space. In the remaining, we denote by (Ap, dp) the complete metric space
given in the beginning and leta, = p — 1 with1 <p < 2.
Definition (6.2.16)[335]: ([231]). Let (X,d) be a complete geodesic space. A function

@: X — Risuniformly convex if there exists a strictly increasing function w: R, — R such
that for any geodesic y: [0,1] = X,

0 (y (%)) <2 [0(r©) + p(r)] - o (a(r(©), ¥ (1)),

Proposition (6.2.17)[335]: ([231]). Let (X, d) be a complete geodesic space. If ¢: X - R
Is a uniformly convex and lower semicontinuous function on X, then there exists a unique
minimizer x € X, i.e., a unique point x € X with ¢(x) = inf,cx @(2).
We now consider A,-valued random variables, their distributions, the independence and the
space L1(Q,A,) for 1 <p < and 1 < q < oo, etc., by using arguments .
Theorem (6.2.18)[335]: For a fixed element y € A, and any X € L' (Q, Ap), there exists a
unique element x € A, which minimizes the real-valued function on A, given by z —
Eld,(z,X)? — d, (¥, X)?].
Proof. Let F,(z) = E[d,(z, X)? — d,(y, X)?]. Then

B@)| = [E[(dp(z.X) = dp (v, X)) (dp(z.X) + dp (v, D)) |

< d,(z,y)(E|d,(z,X)| + E[d, (v, X)]),
so that |Fy(z)| < oo, For any two elements zy, z; € A,, let y(t) be a geodesic joining z, and
z,. Then by using the inequality (74) for d,,, we obtain that
E,(y(®) = E[d,(y(t), X)* — dp(y,X)?]

< E[(1 - 6)d, (20, X)? + tdy(21, X)* — t(1 — )a,dy (29, 21)?

— dp(y,X)?]

= (1 - )E[dy(20,X)? — dp (¥, X)?] + tE[d (21, X)? — d,, (v, X)?] — t(1

- t)apdp(ZO,Zl)Z

= (1 - t)Fy(ZO) + tFy(Zl) - t(l - t)apdp(ZOJZl)Zi (76)

which implies that F, is a uniformly convex function, i.e.,
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1 1
F, (y (§)> <> (B + B - 0 (dy(20,2)),
where w(t) = a,t*/4 with t € R,.Moreover, the continuity of z = F,(z) immediately
follows from the inequality
|E,(2) —F,(z)| =|E[dy(z,X)* —d,(y,X)?| — E[d, (2", X)* — d,, (¥, X)?]|
< E[|d,(z,X)? — d,(z', X)?|].
Therefore, E, is uniformly convex and continuous, so that by applying Proposition (6.2.17),

we get the existence and uniqueness of minimizer.
We see that the case p = 2 in Theorem (6.2.18) can be obtained from the results in

[231] since (4,,d,) is a Hadamard space. For X € L*(Q, A,), the minimizer of the function
z €A, — E|d,(2,X)? —d,(»,X)?] €R

is called the expectation of X and denoted by EX. The following theorem gives a variance
inequality in (4,,d,) with 1 <p < 2.
Theorem (6.2.19)[335]: Let 1 < p < 2. Forany X € L'(Q,A,) and z € A, we have

Eld,(z,X)? — d,(EX, X)?]| = a,d,(z, EX)2. (77)
Proof. Given a random variable X € L*(Q,A,) and z € A, put z; = z, and z, = EX. We
denote by y(t) the geodesic joining EX and z in (76). Since EX is the minimizer, we have

0 < Fex(¥(t)) < (1—t)Fex(EX) + tFex(2) — t(1 — t)a,d,(z, EX)?

= tFgx(2) — t(1 — t)apd, (2, EX)?.

Therefore, we obtain
(1 - t)a,d,(z EX)? < Fgx(z) = E[d,(z,X)* — d,,(EX, X)?].

By taking the limit ¢ — 0, we get the inequality (77).
Now, we consider a limiting procedure of random variables taking values in (4,,d,,) for
1 < p < 2. The followings are key lemmas for proving Theorem (6.2.22).

Lemma (6.2.20)[335]: Let 0 <a <1 and C = 0 be given. If {a,} is a nonnegative
sequence satisfying the following recurrence relation

(n—-1)(n—a?) (Tl—(n—l)a)c

a; <C and a, < 3 Ap_q1 + — (n=2),

then we have
- (a+Dn+ (1 —-—a)an?* (a—1D(a+ 1D T(n+1-a?)
" < a(a? + 1)n? + a(a?+ 12 — a?)nn! >

and

] 1—«a

hrrrllﬁsoilpan < T+a2%
Proof. By the induction on n, we can get the proof.
Lemma (6.2.21)[335]: Let 1 < p < 2. If X, Y and Z are independent identically distributed
random variables in L?(€Q, A, ), then we have that forany 0 < 1 < 1,

E[d(EZ, X#,Y)?]
<(1-2D)(1—-2a2)E[d(EZ,X)*] + A(1 — (1 — Va,)E[d(EZ,Y)?].(78)
Proof. Forany 0 < 1 < 1, we have
E[d(EZ, X#,Y)?]
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< (1 - A)E[d(EZ,X)?] + AE[d(EZ,Y)?] — (1 — DAa,E[d(X,Y)?]
< (1 - DE[A(EZ,X)?] + AE[d(EZ,Y)?] - (1 — DAy |a, E[d(X, EY)?] + E[d(EY, Y)?]|
=1 -D(1-2a2)E[A(EZ,X)?]+ A(1 — (1 — Da,)E[d(EZ,Y)?],
where the first inequality follows from the inequality (74) and the second inequality follows
from the inequality (77) in Theorem (6.2.19). This completes the proof.
The following theorem gives an asymptotic upper bound of E[dp(Exl,Zn)Z], where Z,, Is
the (non-weighted) inductive mean.
Theorem (6.2.22)[335]: If {X;} is a sequence of independent identically distributed random
variables in L?(,A,) with 1 < p < 2, then
: 2 l-a
111;1_)5;1pE[dp(EX1'Zn) | < T+ a2
where Z, = Z,_1#1 5 X, forn = 2 and Z; = X;. In particular, if each random variable X;
takes values in L2((, A,), then the weak law of large numbers holds, i.e.,

Z, — EX; in probability. (79)

V(Xy)

Proof. By Lemma (6.2.21), we obtain
E|d,(EX,, Z,)?]
2
= E |dp(EXy, ZyoythynXy)|

—_ — 2 — —
g<(n Dn(? ap))E[dp(EXl,Zn_1)2]+<n (nn 1M’”)V(Xl).

2
Since E[d,,(EXy, Z1)?] = V(X,), by Lemma (6.2.20), we have for n > 3,
Eld,(EX,, Z,)?]
- (ocp + 1)n + (1 — ap)apnz
B ap(oczz, + 1)n2
(ocp — 1)(ap + 1)2F(n +1 - ag)
ap(ocg + 1)F(2 — azz,)nn!
l1—«a

+

o

p
V(X
1+a§ (X1)

asn — oo. Since a, = 1, we see that the weak law of large numbers (79) holds.

Section (6.3): Toeplitz Lemma in Geodesic Metric Space
For {x,} be a sequence of real numbers with lim,,_,, x,, = x. Then the well-known
Toeplitz lemma says that the weighted mean:

n
Swi= ) an (80)
=1

converges to same limit x, where {a,,;} is a weighted sequence of positive real numbers with
lim,_a,; =0 for any fixed i and ¥I*,a,; =1 for any n € N. The Toeplitz lemma,
considered as a generalization of the Cesaro theorem, is a useful tool for the study of
convergence theorems in probability theory and has been applied many convergence results,
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e.g., the law of large numbers and the limits of sequences. [131], proved that the Toeplitz
lemma also holds in the sense of the mean convergence and constructed an example for
which the Toeplitz lemma does not hold in the sense of the convergence in probability. Also,
a complete convergence version of Toeplitz lemma has been studied in [153]. In [314], the
authors studied the higher order, multi-dimensional and continuous version of the Cesaro
theorem which was proposed for the study of continuous analogue of the Levy Laplacian as
an infinite dimensional Laplacian.
In a geodesic metric space, the notion of geodesic allow us to define a weighted
inductive mean with a positive weighted sequence. In the case of real-valued sequence with
the (usual) Euclidean metric, the weighted inductive mean is exactly equal to the weighted
mean (see (80)). Thus it is a very natural and interesting question is whether the Toeplitz
lemma holds for the weighted inductive means in a geodesic metric space.
Another type of weighted inductive means has been introduced by Hansen [142] (also see
[347]) in 2014 and so is called the Hansen's inductive mean. [347], proved the Hansen's
inductive mean is a contractive weighted geometric mean for the trace matric. But, for the
Hansen's inductive mean, it is not known whether it converges or not (see Problem 1 in
[347]), and so it is also one of interesting questions that any convergence of the Hansen's
inductive mean.
We study the Toeplitz lemma for inductive means in a geodesic metric space and by
using the Toeplitz lemma, we prove the Cesaro theorem for inductive means. Also, we study
an asymptotic property for the Hansen's inductive geometric mean and as an application of
the Toeplitz lemma, we prove a convergence of the Hansen's inductive mean.
We recall the basic notions for a p-uniformly convex metric space and we prove the
Toeplitz lemma for weighted inductive means in a p uniformly convex metric space. Also,
we prove the the Cesaro theorem for a non-weighted inductive means. We recall the notion
of random variables in a metric space and then we study some inequalities for weighted
inductive means. Using this inequality we first prove an asymptotic property for the
Hansen's inductive geometric mean of independent identically distributed (i.i.d.) random
variables valued in a Hadamard space. Secondly, by using the Toeplitz lemma, we prove a
convergence of the Hansen's inductive geometric mean of i.i.d. random variables valued in
a Hadamard space. Finally, we consider two interesting examples of metric spaces satisfying
the Toeplitz Lemma for the matrix geometric mean and the geometric mean of positive
operators, respectively.
For (M, d) be a metric space. For any x,y € M, a continuous map y:[0,1] = M is
called a geodesic joining x and y if it satisfies the following properties: for any s,t € [0,1],
d(y(s),y(@®) < Is — tld(y(0),y(1)) and y(0) = x,y(1) = y.
A metric space (M, d) is called a geodesic metric space if for any x,y € M, there exists a
geodesic y: [0,1] = M such that y(0) = x and y(1) = y.
For any fixed 2 < p < oo, let (M, d) be a p-uniformly convex metric space, i.e., M is a
geodesic metric space and for any z € M and any geodesic y:[0,1] - M with y(0) = x,
y(1) = y, there exists a constant 0 < ¢, < 1 such that

d(z,y(t))P < (1 —-t)d(z,x)? + td(z,y)? — cyt(1 —t)d(x, y)P.
For each n € N and each finite sequence w: = {w,;;} of positive real numbers, w is called a
positive weighted sequence if }.i-, w,; = 1. For a given positive weighted sequence w: =
{Wni}’

we define a new positive weighted sequence w,: = {W,;}¢_, for £ =1, ...,n as follows:
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Wn
w —foralll—l A 81
£ Zf ] an ( )
In fact, w,, = w.
For each n € N, positive weighted sequence w = {w,,;} and (finite) sequence x: = {x;}i-,
of elements in (M, d), we define a sequence {S,} of elements in M, which is called the
weighted inductive mean, as follows [225]:
51(1; xl) =X1 and Sn(W; x) = Zn—l#wnnxn (Tl = 2)' (82)
where z; = x; and z,:= z,_1#y,x, for £ =23,---,n— 1. Here x#,y denotes the t-
weighted geometric mean which is the point y (t) on the geodesic y: [0,1] = M with y(0) =
x and y(1) = y. The Hansen's (weighted) inductive (geometric) mean H,, is defined as
follows [347]:
Hi(1;x1) = x4,
H,(w; x) = Hn—l(wn—l; X1 # v X X2 Hw, Xns xn—l#wnnxn)- (83)
Note that S,(x;,x,) = H,(xq,x5), but, in general, S,,(w;x) # H,(w; x) for n > 3 (see
[347]).
Lemma (6.3.1)[345]: Let (M, d) be a p-uniformly convex metric space. Let x: = {x;}}-, be
a sequence of elements in (M, d) and w: = {w,,;} be a positive weighted sequence. Then we
have for any z in M,

d(S,(w;x),z)P < z Wy d(xy, 2)P, (84)

d(H, (W; %), 2)P < 2 W d (o, 2)P. (85)

Proof. Using the convexity of x — d(x,z)? (itis clear by the definition of a p-uniformly
convex metric space) and the mathematical induction, we can prove the desired assertion.
Let (M, d) be a metric space and let
Ap:i={w = (Wp1, Wyp, -+, Wyy) € R™ | wis a positive weighted sequence}
Let G: A, X M™ — M be a contractive mean for the given metric d, i.e,
n

AG(w,x), 6w,y)) < ) wid 1)
i=1
for x ={x;}b,, ¥y ={y:i}i.; € M™ and w:= {w,;} € A,,. Then for any p > 1, since the

function t? (t = 0) is convex, by using the Jensen's mequallty we have that

d(Gw;x),2)P < anidm,z)

Z wy;d(x;, z)P

forany x = {x;}-,,y={y}L, e M",z € M and w: = {w,;} € A, which is compared to
Lemma (6.3.1).

The following theorem is well-known as Toeplitz Lemma for real valued sequences and so
its proof is also well-known.
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Theorem (6.3.2)[345]: Let {x,} be a sequence of real numbers with lim,,_,,, x, = 0. Let
{w,;}(n € N) be a weighted sequence of real numbers with lim,,_,.,w,; = 0 for any fixed
i >1and Y, |wy| < co. Then it holds that

n

lim Wy x; = 0.

e i=1
The following theorem is a geodesic metric space version of Toeplitz Lemma.
Theorem (6.3.3)[345]: (Toeplitz Lemma for inductive means). Let (M, d) be a p-uniformly
convex metric space. Let x: = {x;}]-, be a sequence of elements in (M, d) and w: = {w,,;}
be a positive weighted sequence. Suppose that there exists a element z in M such that x,, —»
z,i.e., lim,_,d(x,,z) = 0and lim,_,,w,; = 0 for any fixed i > 1. Then we have

S,(w;x) » z and H,(w;x) — z, (86)
asn — oo. In particular, if b,: = Y.''a;, a; > 0 with b, - oo asn — oo, then x,, — z implies
that
S,(w;x) » z and H,(w;x) — z,

where w: = {wm- = ﬂ} forneNandi=1,2,:-,n

Proof. By Lemma (6.3.1), We have

d(S,(w,x),z)P < z wy;d(x;,z)P, d(H,(w; x),z)P < z wy;d(x;, z)P.

Therefore, by applying Theorem (6.3.2) to the right- hand S|de |n above mequalltles the
proof is completed. For the second part, by putting w,,; = - 2L with a,>0fori=1,2,-

in (86), the proof is immediate.
If we take w,,; = 1/n forall i = 1, ...,n in the weighted inductive mean (82), then
we obtain thatw,; = 1/¢foralli=1,...,£and ¥ = 1, ...,n — 1. Hence, we have
S1(x) = x4,
Sn(x) = Sn—1#1/nXn, N 2 2,
and
Hy(x) = x4,

1
Hn(x) = Hy_4 (m, xl#l/nxn:xz#l/nxnh' ---'xn—l#l/nxn> , N 22,
which are called a non-weighted inductive mean and a non-weighted Hansen's inductive
mean, respectively.
By using Theorem (6.3.3), we have the following Cesaro theorem for a non-weighted
inductive mean and a non-weighted Hansen's inductive mean, respectively.
Corollary (6.3.4)[345]: (Cesaro Theorem for inductive means). Let x:= {x;};-, be a
sequence of elements in M. Suppose that there exists a element zin M such that x,, = z Then
Sp(x) » zand H,(x) - z, (87)

as n — oo, where S,, is a non-weighted inductive mean and H,, is a non-weighted Hansen's
inductive mean given, respectively.

We always assume that (M, d) is a Hadamard space, i.e., M is a complete geodesic
space satisfying the following property: for any x,y € M, there exists a point m € M such
that

1 1 1
d(z,m)? < Ed(z,x)2 + Ed(z,y)2 — Zd(x,y)2 for any z € M. (88)
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Note that any Hadamard space is a 2-uniformly convex metric space with parameter c,, =
1, and that the metric function x — d(z, x) is convex (indeed, (x,y) = d(x,y) is doubly
convex) (see [231]).

Let (Q,F, P) be a probability space. A function X:Q — M is called an M-valued random
variable (or simply, random variable) if X is a Borel measurable function. For a Borel subset
B of M, we put Py(B): = P(X~1(B)), which is called the distribution (or law) of X. A
sequence {X,} of random variables is said to be independent if for any finite subset I of N,

() x@o =[] r(x@),

i€l i€l
where {B;};¢; is any finite sequence of Borel subsets of M, and is identically distributed if
Py,(B) = Px;(B) for any Borel subset B of M and i,j € N.

For1 < p < oo, let LP(Q, M) be the set of all random variables X such that
| @@ x@)Pdr@) = | [dE0Pdr e <
Q M

for some z € M, and L™ (£, M) be the set of all random variables X such that
d(z,X(w)) <R as.
forsomez € M and R = 0.
For a given real-valued function ¢ on M, if there exists a point x € M such that ¢(x) =

inf,cp d(2), then x is called a minimizer and denoted by x: = argming(z). We now define
ZEM

the expectation (or barycenter) of X in L1(Q, M)[231]: for each fixed y € M,
E[X]: = argminE[d(z, X)? — d(y,X)?*]: = argminj [d(z,x)? — d(y, x)?]dPy(x).

ZEM zeEM M
For a random variable X € L'(Q, M), we define the variance of X by

V(X):= igﬂgE[d(z,X)z].
V4
Remark (6.3.5)[345]: If we restrict to X € L*(Q, M), then E[X] is the unique minimizer of
z - d(z,X)? (see [231]), i.e.,
E[X] = argminE[d(z, X)?] = argminf d(z,x)?dPy(x). (89)
M

ycM ZEM
Hence, V(X) = E[d(E[X],X)?] <
Proposition (6.3.6)[345]: Let X = {X} L, (neN) and Y = {Y;}]=, be two sequences of
random variables valued in (M, d) and w: = {w,,;;} be a positive welghted sequence. Then
we have
(i) Forall z € M,d(z,S,(w;X))? < ¥ w,;d(z, X;)?.
(i) d(H,(w; X), H,(w; Y)) < Y% w,2d(X;, Y)).
(i) d(Hp-1(Wp_1; X1, Xno1), Hi(W; X)) < n: 5 wyd(X;, X,), where Wy,_q:=

{ Wi }n—l
1wzl

(iv) Forn = 2, it hold that for all z € M

d(z, Hy (Wi X))? < z Wind (7, X wmnz Wind (X X)?. (90)

Proof. For the proof of (i) and (ii), we refer to [347]. By using (ii) and the convexity of x —
d(x, z), we have
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d(Hn—lwn—l; Xl» Xn—l): Hn(W; X))
= d(Hn—lwn—l;Xlr"'Xn—l)JHn—l(Wn 1FX1# X ot X 1#w mn n)

n-—1

2 wiid (X, Xithy, Xn) <7 z wyd(X;, X)),
i=1

where for the second inequality, we used (ii) and for the thlrd inequality, we used the
convexity of x » d(x,z). Thus, the proof of (iii) is completed. We use the mathematical
induction to prove (90). Indeed, it is clear for n = 2. Suppose that (90) is hold for n — 1.
Then, by the convexity of x — d(x, z)?, we obtain that

2
d (Z, Hn (W; X))Z =d (Z' Hn—l(wn—l; Xl#Wnan’ T Xn_l#Wnan))

n—1

1 2
< 7 o (Z wid(z, Xi#y Xy) )

i=1

n-—2
Wn(n-1) z : 2
_—(1 o )2 < Wnid(Xi#Wnan'Xn—l#Wnan) )
nn -

=1

1- Wnn Wnn

n-—1

1
E woi{(1 —wy,)d(z, X)? + w,,d (2, X,)? — (1 — wy )W, d(X;, X,)?)
n b

IA

n-1

S 2 Wnn 2 2
= wnid (2, X;)* + 1—w (1 = wyn)d(z, X5)* — Wy, Wi d (X, Xp)
i=1 nn

i=1

n n—
= Z Wnid(ZrXi)z - Wnnz Wnid(Xian)z-
[ i=1

1=1
The proof is completed.
Proposition (6.3.7)[345]: Let X = {X;}/., be a sequence of random variable valued in
(M, d). For all n = 2, it hold that

A5, (W3 X), Hy (W X))? < 2 Wi Wi (X, X;) wnnz Wi d (X X% (91)
i)

Proof. By using (i) and (iv) in the Proposition (6.3.6), we have
n

A(Su Wi X), Ha Wi X)) < z Wy (S, (W; X0, ;) —wnnz Wi (X, X,)?

z Wnan]d(XuX) Wnnz Wnld(Xan)z

li]
where for the first inequality, we use (iv) and for the second mequallty, we use (i). The proof
Is completed.
We recall the strong law of large numbers for weighted inductive means in a Hadamard
space.
Theorem (6.3.8)[345]: ([335]). Let (M,d) be a Hadamard space. Let X = {X;}*; be a
sequence of independent identically distributed random variables in L*(Q, M). If w:=
{w,,; } is a positive weighted sequence satisfying the following condition:
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(C) There exists a constant C >1 such that max;<;<, Wy < Cmin i<, Wy;
then

Sp(w;X) - E[X;] as. (92)
asn — oo, where S,, is given as in (82).
[347], constructed some examples that the Hansen's inductive mean does not converge to
same limit for the inductive mean S,, (see Examples 5.1 and 5.3 in [347]). The following
theorem give an asymptotic property for the Hansen's inductive geometric mean.
Theorem (6.3.9)[345]: Under the same assumption in Theorem (6.3.8), we have for some
R >0,

lim d(E[X,], H,(w; X)) < 2R |2 (1 — Z w§i> (93)
e i=1
asn — oo, where H,, is given as in (83).
Proof. Since {X;} € L*(Q,M), there exists a constant R > 0 such that for all
i,d(z,X;(w)) <R as. for some z € M. Thus by Proposition (6.3.7), we have
d(E[X,] H,(w;X)) < d(E[X1],Sn(W; X)) + d(S,(w; X), H,, (W; X))

< d(E[X,],S.(w; X)) + 2R Z Wy W

i+j

= d(E[X,],S,(w; X)) + 2R (1 - z w,zn>

Therefore, by Theorem (6.3.8), we obtain that

lim d(E[X,], H,(w: X)) < 2R (1 _ 2 le.).
e i=1
The proof is completed.
(see Problem 1 in [347]). The following theorem is a partial answer to the open problem in
[347] (see Problem 1 in [347]). For the proof, we use the Toeplitz lemma (Theorem (6.3.3)).
Theorem (6.3.10)[345]: Under the same assumption in Theorem (6.3.8), we have
H,(w;S;,--+,S,) = E[X{] as. (94)
asn — oo, where S,, is given as in (82) and H,, is given as in (83).
Proof. Since S,,(w; X) - E[X;] a.s.asn — oo, by Theorem (6.3.3), the proof is completed.
We consider two interesting examples of metric spaces satisfying the geometric
version of the Toeplitz lemma.
Let H: = H,, be the spaces of n x n Hermitian matrices (i.e., A € H if and only if
A" = A) and P: = P, the convex cone of positive definite element in H (i.e., A € P if and
only if (Ax, x) > 0, for all x € R"™, where (-,-) is the usual inner product on R™ ). We now
recall the Riemannian trace metric on IP as following:
§(A,B): = |[log A™2BA™/2|,,
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where || A ll,: = (tr A*A)Y/2. Then it is well-known fact that (I, §) is a complete geodesic
metric space having a unique geodesic A#,B: = A/? (A‘l/ZBA‘l/Z)tAl/Z. Also, for fixed
Z €P,Aw §5(Z,A)? is aconvex function (see [3]). Then we have the following result.
Theorem (6.3.11)[345]: (Toeplitz Lemma for matrix geometric means). Let A: = {4;}1-,
be a sequence of elements in (P,8) and w: = {w,;} be a positive weighted sequence.
Suppose that there exists an element A in IP such that A,, — A4, i.e., lim,_,,6(4,,4) =0
and lim,,_,., w,,; = 0 for any fixed i = 1. Then we have

S,(w;A) » A and H,(w;A4) - A, (95)
as n — oo, where S,, is given as in (82) and H,, is given as in (83). In particular, if b,,: =
Yia;, a; > 0 with b, - o0 asn — oo, then A,, = A implies that

S,(w;A) - A and H,(w;A) - A,

where w: = {wm- = }forn eNandi=12,:,n

aj

bn
Proof. Since (P, §) is a 2 -uniformly convex metric space with parameter cp = 1( see [3]),
the assertions are immediate from Theorem (6.3.3).

Let H be a Hilbert space with inner product (-,-); and P be the set of all positive
invertible elements in B(H), where B(H) is the Banach space of all bounded linear
operators on H equipped with the operator norm. The Thompson metric on 2 is defined by

d(S,T):=m {logM(S\T),logM(T\ S)}, S,T € P,
where M(S\ T) = inf{A | S < AT} (see [349]). It is one of important fact that for fixed U €
P, the map P>3S5S+~-d(U,S) is a convex function for the geodesic S#.,T:=
S1/2(5=1/275-1/2)" §1/2 (see [346], [348], [150]).
Theorem (6.3.12)[345]: (Toeplitz Lemma for positive operators). Let T:= {T;}-, be a
sequence of elements in (P, d) and w: = {w,,;} be a positive weighted sequence. Suppose
that there exists an element T in P such that T, » T, i.e., lim,,.,d(T,, T) =0 and
lim,,_,, wy,; = 0 for any fixed i > 1. Then we have
S,(w;T) > T and H,(w;T) - T, (96)

as n — oo, where S,, is given as in (82) and H,, is given as in (83). In particular, if b,,: =
Yia;, a; > 0 with b, - c0asn — oo, then T, = T implies that

S,(w;T) > T and H,(w;T) - T.
where w: = {wm- = }forn eNandi=1,2,:-,n

ai

bn
Proof. Since the metric function d(U,-) is convex, and using the proof of Theorem (6.3.3),
the proof is straightforward.
Corollary (6.3.13)[350]: Let (M, d) bea (1 + €)-uniformly convex metric space. Let x™: =
{x"}i=, be a sequence of elements in (M,d) and w™: = {w;,;} be a positive weighted
sequence. Then we have for any z™ in M,

n
d(SI(w™; x™), z™)2*e < z z witd (i, z™)?Te, (97)
k=1 m
n
d(H,(w™; x™),z™m)2*¢ < Z Z witd(xt, z™)2 e, (98)
k=1 m

Proof. Using the convexity of x™ ~ d(x™,z™)%*€ (it is clear by the definition of a (2 +
€)-uniformly convex metric space) and the mathematical induction, we can prove the
desired assertion.
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Corollary (6.3.14)[350]: (Toeplitz Lemma for inductive means). Let (M,d) be a p-

uniformly convex metric space. Let x™: = {x"}; be a sequence of elements in (M, d) and
w™: = {w/'} bea posmve weighted sequence Suppose that there exists a element z™ in M
such that x)* - z™, i.e., lim, L, d(x;',z™) = 0 and lim,,_,, w);; = 0 for any fixed i > 1.

Then we have
St(w™; x™) - z™ and H,(w™; x™) - z™, (99)
as n — oo. In particular, if b,: = YI'al*,al™ > 0 with b,, » o as n - oo, then x* - z™
implies that
St(w™, x™) - z™ and H,(w™; x™) - z™,
where w: = {w,’{} = %} forneNandi=1,2,---,n

Proof. By Corollary (6.3.13), we have
d(Sm(W xm) Zm)1+6 < Z Z w) d(x )1+E’ d(Hn(Wm;xm)’Zm)1+e

Z z witd (x]", z™) e,

i=1 m

Therefore, by applying Theorem (6.3.2) to the right-hand side in above inequalities, the
proof is completed. For the second part, by putting w); = i—"with ai*>0fori =12,--,n
in (99), the proof is immediate.

Corollary (6.3.15)[350]: (See [345]). Let X = {X;}i=,(n € N) and Y = {Y;}]=, be two
sequences of random variables valued in (M,d) and w™: = {w } be a positive welghted
sequence. Then we have

(i) Forall z™ € M,d(z™, S;*(w™; X))? < Xiv, wind(2™, X;)?.

(i) d(H,(W™; X), H,(W™ Y)) < Y7y X W amd(X;, V).

(i) d(Hoy (W Xy, Xy, Hy (W X)) < 20 S-S wimd(X,, X,,),  where

1-— Wnn
m n—1
om .= Wimg
n—-1-— m .

1_Wi i=1

(iv) Forn = 2, it hold that for all z™ e M

d(z™, Hy (W™ X)) < Z Z wig d(z™, X% — wznnz > wi A, X,)%. (100)
i=1 m

Proof. For the proof of (|) and (ii), we refer to [347]. By using (ii) and the convexity of
x™ e d(x™,z™), we have
d(Hn—lwgl—l; Xl: Xn—l); Hn(wm; X))

= d(Hyy Wiy X, Xp1), Ho o (wz*_l:xl#w,%xn,-'-xn i Xn)

wiid (X;, Xi#m X, ) < z z witd (X;, X)),

where for the second mequallty, we used (ii) and for the third mequallty, we used the
convexity of x™ - d(x™,z™). Thus, the proof of (iii) is completed. We use the
mathematical induction to prove (100). Indeed, it is clear for n = 2. Suppose that (100) is
hold for n — 1. Then, by the convexity of x™ ~ d(x™, z™)?2, we obtain that
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2
d(Zm, Hn(Wm; X))Z =d (Zm, Hn_l(ﬁ’;n_lixl#w,'{}lxn; "‘an—l#w,T{h n))

n-—1
1 2
T (Z witd(z™, X;#,m X,) )
nn

n(n 1)
- (2 WA (X Xy X—s Hhm X) )

_Z mz W1 — wi)d(z™, X)? + wikd(z™, X,)?

- (1 Wnn)W d(Xan) }

Z z wid(z™ X)2+Z e (L= Wi d(™, X,

i=1
1

n—
=D wE D W X)?
m

i=1

zn:z ™4 (™, X,)? — zw,mz ™4 (X, X2

The proof is completed
Corollary (6.3.16)[350]: (See [21]). Let X = {X;};*; be a sequence of random variable
valued in (M, d). For all n = 2, it hold that

d(S7 (W™ X), Hy(w™; X))?

i z wid(X;, X)) 2 Wnnz wrid(X;, Xp)?. (101)

i#] m

Proof. By using (i) and (iv) in the Corollary (6.3. 15) we have
d(STmw™ X), H,(w™X))? < md(Spw™ X, %) =) wn Y whd(X;, X,)?
Zz )

si > wimwmd(X, X))’ Z wnnz witd (X, X,)2,

i#] m
where for the first inequality, we use (iv) and for the second mequallty, we use (i). The proof
is completed.

Corollary (6.3.17)[350]: Under the same assumption in Theorem (6.3.8), we have for some
€=>0,

lim d(E[X,], H,(Ww™; X)) < 2(1+¢€) |2 (1 - z wﬁZ") (102)
" i=1
asn — oo, where H,, is given as in (83).
Proof. Since {X;} € L*(Q,M), there exists a constant € >0 such that for all
I,d(z™ X;(w)) <1+ €as. forsome z™ € M. Thus by Corollary (6.3.16), we have
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d(E[X;], H,(W™; X)) < d(E[X,],Sy"(W™; X)) + d(S5* (W™; X), Hyym(W™; X))

< d(E[X.],S*(W™; X)) + 2(1 + €) z Z wihwm

i+j] m
= d(E[X,], S™(W™; X)) + 2(1 + e)j 1— w,%{;l)
l
Therefore, by Theorem (6.3.8), we obtain that
lim d(E[X,], H,(w™: X)) < 2(1 + €) (1 z Z w? )
n—-oo
i=1 m

The proof is completed.
Corollary (6.3.18)[350]: Under the same assumption in Theorem (6.3.8), we have
H,(w™; ST, -, S") = E[X;] as. (103)
asn — oo, where SJ* is given as in (82) and H,, is given as in (83).
Proof. Since S;*(w™;X) — E[X;] as. as n — oo, by Corollary (6.3.14), the proof is
completed.
Corollary (6.3.19)[350]: (Toeplitz Lemma for matrix geometric means). Let A: = {4;}}*,
be a sequence of elements in (P,§) and w™: = {w,}} be a positive weighted sequence
Suppose that there exists an element A in P such that A, - A e, lim,,,6(4,,A) =0
and lim,,_,,,w,; = 0 for any fixed i > 1. Then we have
St(w™ A) - A and H,(W™; A) - A, (104)
as n — oo, where SJ* is given as in (82) and H,, is given as in (83). In particular, if b,,: =
ral*, ai* > 0 with b,, » o asn — oo, then 4,, - A implies that
Sit(w™; A) - A and H (w ;A) - A,

Wherewm:z{w}[}— . }forneNandz—lz

Proof. Since (P, §) is a 2 -uniformly convex metric space with parameter cp = 1( see [3]),
the assertions are immediate from Corollary (6.3.14).
Corollary (6.3.20). (See [345]) (Toeplitz Lemma for positive operators). Let T: = {T;}i-,
be a sequence of elements in (P,d) and w™: = {w,}} be a positive weighted sequence
Suppose that there exists an element T in P such thatT,, - T,i.e., lim,_.d(T,, T) = 0 and
lim,,_,,w;; = 0 for any fixed i > 1. Then we have

SPt(w™;T) - T and H,(Ww™;T) - T, (105)
as n — oo, where SJ* is given as in (82) and H,, is given as in (83). In particular, if b,: =

tal*, al* > 0 with b,, > o0 asn — oo, then T,, = T implies that

St(w™,T) - T and H (w ;T) > T.
Wherewm:z{w{[}— . }forneNandz—lz

Proof. Since the metric function d(U,-) is convex, and using the proof of Corollary (6.3.14),
the proof is straightforward.
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List of Symbols

Symbol Page
ALM: Ando — Li — Mathias 1
det: determinant 3
max: maximum 3
diag: diagonal 13
tr: trace 15
: tensor product (Kronecker product) 20
mod: modulo 20
BMP: Beurling — Malliavin problem 24
AHG: Arithmetic-Harmonic-Geometric 26
Vec: vector 29
min: minimum 32
grad: gradient 40
ops: operations 42
inf: infimum 49
ker: kernel 49
eff: effecting 49
dist: distance 49
BM: distance 49
L?: Hilbert space 49
L*: essential Lebesgue space 50
HZ: Hardy space 50
©: Direct divergence 50
®D: Direct sum 50
PW,: Paley - Wiener 50
loc: local 51
Lt Lebesgue space integral on the real line 51
HP: Hardy space 51
LP: Lebesgue space 51
arg: argument 51
SL: Sturm - Liouville 51
H®: essential Hardy space 53
supp: support 54
mult: multiplicity 58
cont: constant 67
Res: Residue 68
dim: dimension 69
spec: spectrum 75
a.s: Almost sure 123
Ly absolute pth power integrable random variables is a Banach 127

space

i.i.d: Independent and identically distributecl 141
Var: Variance 142
Re: Real 157
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SGM: Structured geometric mean 161
KMM: Kahler metric mean 161
PD: Posit hue definite 162
TBBT Toeplitz — block — Block - Toeplitz 163
CLE: Continuous Lyapunov equation 174
ess: essential 184
inn: inner 192
out outer 192
Ind Index 193
Ran: Range 195
Lip: Lipschitz 201
Im: Imaginary 201
Hol: Holmerphic 206
UP; Uncertainty principle 215
MIF; Meromorphic inner functions 217
HB: Hermite — Biehler 220
TE: Toeplitz equivalence 221
To: Toeplitz order 221
Dom: Domain 241
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