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Abstract

We study the sections , eestimates for the affine , dual affine quermassintegrals, slicing inequalities
for measures and estimates for measures of lower dimensional sections of convex bodies in addition
the boundary regularity of maps with convex potentials . The centroid bodies, logarithmic Laplace
transform, monotonicity properties of optimal transportation ,rigidity , stability of caffarellis log-
concave perturbation theorem and related inequalities examined and characterized . The behavior of
the extensions of the Brunn-Minkowski and Prbkopa-Leindler theorems, including inequalities for
log concave functions, and application to the diffusion equation are obtained . We give the relations
form Brunn Minkowski to brascamp and to sharp and logarithmic sobolev inequalities. We conclude
the study by the stability ,Gaussian and logarithmic Brunn—Minkowski type inequalities.
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Introduction

The generalized Busemann-Petty problem asks: If the volume of i-dimensional central
section of a centrally symmetric convex body in R™ is smaller than that of another such body,
Is the volume of the body also smaller? It is proved that the answer is negative if 2 < i <
n. The case of a 2-dimensional section remains open. The proof uses techniques in
functional analysis and Radon transforms on Grassmannians. We provide estimates for
suitable normalizations of the affine and dual affine quermassintegrals of a convex body K
in R™.

We extend the Prtkopa-Leindler theorem to other types of convex combinations of two
positive functions and we strengthen the PrCkopa-Leindler and Brunn-Minkowski theorems
by introducing the notion of essential addition. Our proof of the Prekopa-Leindler theorem
is simpler than the original one. We show C1," regularity to the boundary under the
assumptions that both Q;, Q, be convex.

We develop several applications of the Brunn{Minkowski inequality in the Prekopa
Leindler form. We show that an argument of B. Maurey may be adapted to deduce from the
Prekopa Leindler theorem the Brascamp Lieb inequality for strictly convex potentials.

We unify and slightly improve several bounds on the isotropic constant of high-
dimensional convex bodies in particular, a linear dependence on the body’s y, constant is
obtained. We present an alternative approach to some results of Koldobsky on measures of
sections of symmetric convex bodies, which allows us to extend them to the not necessarily
symmetric setting.

Optimal transportation between densities f (X), g(Y) can be interpreted as a
joint probability distribution with marginally f (X), and g(Y). We prove monotonicity and
concavity properties of optimal transportation (Y (X)) under suitable assumptions on fand g.
We establish some rigidity and stability results for Caffarelli’ s log-concave perturbation
theorem.

A detailed investigation is undertaken into Brunn-Minkowski-type inequalities for Gauss
measure. A Gaussian dual Brunn-Minkowski inequality, the first of its type, is proved,
together with precise equality conditions, and is shown to be the best possible from several
points of view. A new Gaussian Brunn-Minkowski inequality is proposed and proved to be
true in some significant special cases. For origin-symmetric convex bodies (i.e., the unit balls
of finite dimensional Banach spaces) it is conjectured that there exist a family of inequalities
each of which is stronger than the classical Brunn-Minkowski inequality and a family of
inequalities each of which is stronger than the classical Minkowski mixed-volume
inequality.
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Chapter 1
Convex Bodies

We require the notion of an i-intersection body which generalizes the notion of an
intersection body. Inequalities among the volumes of projection bodies, polar projection
bodies and their central sections are proved. They are related to the maximal slice problem.
We show a convex a more general study of normalized p-means of projection and section
functions of K.

Section (1.1): Sections of Convex Bodies

The starting point is an integral formula of Furstenberg and Tzkoni [5] about the volume of
k-dimensional of ellipsoids: for every ellipsoid € in R™ and every 1 < k < n one has
Jg € NFIMdvnc(F) = cal€l¥, (1)

where v, ;. is the Haar measure on the Grassmannian G, , and ¢, is a constant depending

. n k k n .
only on n and k; more precisely, ¢, ; = F(E + 1) /T (E + 1) . It was proved by Miles
[16] that this formula can be obtained in a simpler way as a consequence of classical formulas
of Blaschke and Petkantschin.

Later, analogous quantities were considered by Lutwak and Grinberg in the setting of convex
bodies. Lutwak introduced in [11] — for every convex body K inR® andevery1 <k <n —
n

1 - the quantities
w?’l —
P (K) = —<f |Pr (K| "dvn,k(F)> (2)
wk Gn,k

where Pr(K) is the orthogonal projection onto F and w, is the volume of the Euclidean unit
ball in R¥. For k =0 and k = n one sets ®,(K) = |K|and ®,,(K) = w, respectively.
Grinberg [8] proved that these quantities are invariant under volume preserving affine
transformations; this justifies the terminology “affine quermassintegrals” for @, _,(K).
From the definition of ®,,_, (K) it is clear that

By () < 22 [ 1RO (F) = Wi (K) ©
G

k nk
where W, _.(K) =V (K, [k]B%,[n—k]) are the Quermassintegrals of K. Lutwak
conjectured in [12] that the affine quermassintegrals satisfy the inequalities

1

Wl @7 < wid;(K)"! 4)
forall 0 < i <j < n. For example, Lutwak asks if
Do (K) 2 K|/ (5)

with equality if and only if K is an ellipsoid; note that the weaker inequality W,,_; (K) =
w,(l"'k)/"|1(|k/" holds true by the isoperimetric inequality. Most of these questions remain
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open (see [6, Chapter 9]); two cases of (5) follow from classical results: when k =n —1
this inequality is the Petty projection inequality and when k = 1 and K is symmetric then
(5) is the Blaschke-Santal o inequality.

Lutwak proposed in [13] to study the dual affine quermassintegrals ®,,_, (K). For every

convex body K in R™ and every 1 < k <n — 1 one defines
1

i) = 22(f KN Fdv, (P (6)

Fork = 0 and k = n one sets ®,(K) = |K| and &,,(K) = w,, respectively. Grinberg proved
in [8] that these quantities are also invariant under volume preserving linear transformations,
and he established the inequality

By (K) < {7 K |/ 7)
forall 1 < k <n — 1, with equality if and only if K is a centered ellipsoid. The case k =
n — 1 of this inequality is the Busemann intersection inequality (while the case k =1
becomes an identity for symmetric convex bodies).
Being affinely invariant, affine and dual affine quermassintegrals appear to be useful in
asymptotic convex geometry. So, one of the purposes is to give upper and lower bounds for
®,_(K) and @,_,(K) in the remaining cases. We introduce a different notation and
normalization which is better adapted to our needs. The question we study is equivalent to
e.g. [6, Problem 9.7].
Definition (1.1.1)[1]: (normalized affine quermassintegrals). For every convex body K in
R™and every 1 < k < n — 1 we define

P (K) = ([, 1P (O dvy i (F)) (8)

We also set @p,1(K) = |K |/™. Lutwak’s conjectures about affine quermassintegrals can
now be restated as follows:
(i) For every (symmetric) convex body K of volume 1 in R andevery 1 <k < n—1,

P (K) = Py (D), 9)
where D,, is the Euclidean ball of volume 1.
(if) For every convex body K of volume 1 in R andevery1 <k <n—1,

@ (K) < Pp(Sn) (10)

where S,, is the regular Simplex of volume 1.
In view of these conjectures, in the asymptotic setting it is reasonable to ask if the following
holds true: There exist absolute constants c,, c, > 0 such that for every convex body K of

volumelin R®"andevery1 <k <n -1,
cl,/n/k < (p[k](K) < CZ\/% (11)

For k = 1 the Blaschke-Santal o inequality shows that (9) holds true. Proving (10) for k =
1 corresponds to Malher’s conjecture. Clearly, (11) for k = 1 follows from the Blaschke-
Santal o and the reverse Santal”o inequality of Bourgain-Milman [3].

Note that for k = n — 1 we have
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_ (_IB¥I \n@-D
P11 () = () (12)

where (K) is the polar projection body of K. Then, Holder’s inequality and the isoperimetric
inequality show that (9) holds true. The same is true for (10): this follows from Zhang’s
inequality; see [30].

Definition (1.1.2)[1]: (normalized dual affine quermassintegrals). For every convex body K
in R™ and every 1 < k < n — 1 we define

1

g (K) = (J, 1K 0 FH vy () (13)
Grinberg’s theorem about dual affine quermassintegrals states that if K has volume 1 then
D (K) < (D) < ¢y, (14)

where c,, > 0 is an absolute constant. As we will see, if the hyperplane conjecture has an
affirmative answer then

P (K) = ¢ (15)
for every centered convex body of volume 1, where c; > 0 is an absolute constant.
In view of the above, here one asks if the following holds true: There exist absolute constants
c1, ¢; > 0 such that for every centered convex body K of volume 1 in R® andevery 1 < k <
n — 1,

1 < CD[k](K) < (16)

Our estimates on the normalized affine and dual affine quermassintegrals are summarized in
the following:
Theorem (1.1.3)[1]:. Let K be a convex body of volume 1 in R™. Then, forevery 1 < k <
n—1,

D (K) < 61\/% logn (17)
and, if K is also centered,
®pq(K) = LC—K (18)
where Ly is the isotropic constant of K. In particular, assuming the hyperplane conjecture
we have that ®p,;(K) = 1 forall 1 < k < n — 1. We also have the bounds

en

Pp(K) < c3 (%)3/2 log (?) (19)
and
(20)

which are sharp when k is proportional to n.

For the proofs of these estimates, we attempt a more general study of normalized p-means
of projection functions of K, which we introduce forevery 1 <k <n —1andeveryp # 0
by setting

Wit (K): = (1, 1PrCKIPdvg 1 (F)). (21)
3



and

1
Wi (K):= (F, 1K 0 FHPdv,, (F)7 (22)
respectively. The k-th normalized affine and dual affine quermassintegrals of K correspond
to the cases p = —n and p = n respectively:
Py (K) = Wige,—n) (K) and @y (K) = Wi ) (K). (23)
We list several properties of the p-means and prove some related inequalities.
We work in R™, which is equipped with a Euclidean structure (-,-). We denote by ||- ||, the
corresponding Euclidean norm, and write B} for the Euclidean unit ball, and S™~* for the
unit sphere. Volume is denoted by | - |. We write w,for the volume of B} and o for the
rotationally invariant probability measure on ™. The Grassmann manifold G, of k-
dimensional subspaces of R™ is equipped with the Haar probability measure v,, ;. We also
write A for the homothetic image of volume 1 of a compact set A € R™ of positive volume,

1

i.e. A: = |A| nA. If A and B are compact sets in R™, then the covering number N (4, B) of A
by B is the smallest number of translates of B whose union covers A.
The letters ¢, ¢’, ¢4, ¢, etc. denote absolute positive constants which may change from line to
line. Whenever we write a =~ b, we mean that there exist absolute constants c,, c, > 0 such
that c;a < b < c,a.
A star-shaped body C with respect to the origin is a compact set that satisfies tC < C for all
t € [0,1]. We denote by ||- || .the gauge function of C:

l|x||c = inf{fA > 0: x € AC} (24)
A convex body in R™ is a compact convex subset C of R™ with non-empty interior. We say
that C is symmetric if x € C implies that —x € C. We say that C is centered if it has centre
of mass at the origin: fC<x, 0)dx = 0 for every 8 € S™ 1. The support function h.: R - R
of C is defined by h.(x) = max{(x,y):y € C}. The radius of C is the quantity R(C) =
max{||x||,: x € C} and, if the origin is an interior point of C, the polar body C° of C is

C°:={yeR™ (x,y) <1 forall x € C}. (25)
Let K be a centered convex body of volume 1 in R™. Then, the Blaschke—Santal o inequality
and the Bourgain—Milman inequality imply that
1

|K°fr =~ (26)

Let K be a centered convex body in R™. Forevery F € G, x,1 < k < n— 1, we have that

P=(K") = (K nF)’, and hence,

K 0 F[V*| PRk K = 2 27)
The Rogers-Shephard inequality [26] states that
1/k
1< |PKIVEIK PR < () <2, (28)

See [28], [21] and [25] for basic facts from the Brunn-Minkowski theory and the asymptotic
theory of finite dimensional normed spaces.
Let K be a centered convex body of volume 1 in R™. Forevery g >1and 8 € S" 1 we

define
4



Ry ©): = ([ I(x, 0)]9dx) " (29).

We define the L -centroid body Z,(K) of K to be the centrally symmetric convex set with
support function th (K). Ly—centroid bodies were introduced in [14]. Here we follow the
normalization (and notation) that appeared in [23].
It is easy to check that Z, (K) € Z,(K) € Z,(K) € Z,,(K) forevery1 < p < q < oo, where
Zw(K) = conv{K,—K}. Note that if T € SL(n) then Z,(T(K)) = T(Z,(K)). Moreover, as
a consequence of the Brunn—Minkowski inequality (see [23]), one can check that

Z,(K) € cgzp (K) (30)
forall 1 < p < g, where ¢ > 1 is an absolute constant, and

Z,(K) 2 cK

for all ¢ = n, where ¢ > 0 is an absolute constant.

A centered convex body K of volume 1 in R™ is called isotropic if Z,(K) is a multiple of B}
. Then, we define the isotropic constant of K by

G
LK"( B ) '

It is known that Ly = Lgr = ¢ > 0 for every convex body K in R™. Bourgain proved in [2]
that L, < c Vnlogn and, a few years ago, Klartag [9] obtained the estimate Ly < c Vn
(see also [10]). The hyperplane conjecture asks if Ly < C, where C > 0 is an absolute
constant. See [19], [7] and [23] for additional information on isotropic convex bodies.

Let K be a centered convex body of volume 1 in R™. For every star shaped body C in R"
and any —n < p < oo,p # 0, we set

I,(K, ) = ([, lIxlPdx)"".
If C = B we simply write L,(K) instead of I,(K, B3).
We first consider the question whether there exist absolute constants ¢;, c, > 0 such that for
every convex body K of volume 1Lin R®*andevery1 <k <n —1,

C1\/n_/k < Pp(K) < CZ\/n_/k'

We can prove that the right-hand side inequality holds true up to a log n term.
Theorem (1.1.4)[1]:Let K be a centered convex body of volume 1 in R™. Then, for every
1<k<n-1,

D (K) < cyyn/k log n.
we introduce a normalized version of the quermassintegrals of a convex body.
Let K be a convex body in R™. For every 1 <k <n—1 we define the normalized k-
quermassintegral of K by

1/k
Wi (K): = (J |PF(K)|dvn,k(F)> :
Gn,k
We also set Wy, (K) = |K|*/™ and We)(K) = 1. Note that



Wiy () = | [hie(®) + hi(=6)] do(0) = 2w().

Sn—l
From the definition and Kubota’s formula (see [28]) it is clear that, forevery 1 < k <n—1
one has

1/k
Wi () = (22 V (K, [k]; BY, [n = kD)
Applying the Aleksandrov-Fenchel inequality (see [28, Chapter 6]) one can check the
following:
(i) If K and L are convex bodies in R", then, forall 1 < k < n,
Wik (K + L) = Wy (K) + Wy (L).
(i) Forall 0 < k; < k, < k3 <n,

n n (k2—kq1)k3
W g1 (K)W [k1(BF) > (W[kz](K)W[kl](Bz ))kZ(k3_k1)

Wik J(EOW i1 (B — \ Wik, (K)Wk,1(BY)
(i) Forall 1 < k; <k, <n,

Wi () Wiy (K)
Wk,1(B3) ~ Wy (B3
Since @y (K) is affine invariant we may assume that K is centered. It is well-known that
Pisier’s inequality (See [25, Chapter 2]) on the norm of the Rademacher projection implies
that there exists T € SL(n) such that
Wi (T(K)) = 2w(T(K)) < cVn log n.
More precisely, follows from Pisier’s inequality in the case where K is symmetric. However,
it is not difficult to extend the inequality to the non necessarily symmetric case (see e.g. [22,
Lemmag3]). Then, using the affine invariance of ®,; and the fact that @ (K) < Wy, (K),
we write
P (K) = @p(T(K)) < Wy (T(K)).
; k 1 .
Since Wy (B3) = w;/ = it follows from that

Wig (T(K) < 9085 Wiay (T(K)) < ey/n/k log m.
This completes the proof.
Next, we introduce the p-mean projection function Wy, ,,;(K) and the p-mean width w,, (K)
of a convex body K and prove a weak lower bound in the direction of the left hand side
inequality.
p-mean projection function. Let K be a convex body in R™. Forevery 1 <k <n-—1and
for every p # 0 we define the p-mean projection function Wy, ., (K) by

1

kp
W[k,p](K)::<fG IPF(K)Iden,k(F)> :

We also set Wp,1(K) := |K |1/™. Observe that the k-th normalized affine quermassintegral
of K corresponds to the case p = —n:




D1 (K) := Wiy g (K.
It is clear that Wy, (K) is an increasing function of p, Wi ,,1(1K) = AW, ,)(K) for every
A > 0and Wis,1(K) < Wi (L) whenever K < L. Moreover, forevery 1 <k <m <n-—
1 and every p # 0, one has
1

kp kp
W[k,p](K): = ( 6. Vl/[kp] (PE(K))dvn,m(E)>

In particular,

1

Wie-mi(K): = ([, @ (Pe(K))dvgm(E)) ™™
mean width. The p-mean width of K is defined for every p # 0 by

1/p
wp(K) = < hﬁ(&)da(@)) .

It is clear that w, (K) is an increasing function of p, w, (1K) = Aw,,(K) for every 4 > 0 and
wy, (K) < wy (L) whenever K < L. Note that, if K° is the polar body of K, then

1

Sn—l

a0 = ()

Also, forevery 1 <k <n-—1,

wy () = ( |
G
and, in particular,

. . ~1/k
w_e(K) = 0/ (f, | 1(PeCK)) dvn i (B))
Using the above we are able to prove that, in the symmetric case, Wy, _q,(K) > cy/n/k as
far as g < n/k; recall that @1 (K) = Wy _p (K).
Let K be a symmetric convex body of volume 1in R™ Then, forevery1 <k <n-—1,
W[k,—n/k] (K) > Cw/n/k.

Proof. Using Holder’s inequality, the Blaschke-Santal o and the reverse Santal o inequality,
for every p = 1 we can write

1/p
wy (Pg(K))dvy i (E ))

nk

1 1

kp Pr(K))°|P k
< | |PF<K)|-Pdvn,k<F)> g < | %dvn,km) "
Gn,k Gn,k wk
Vi ! ,, 5
Ao

1

< cvk ( f dap(e) dvnk(F)>kp
SF

Gnk



1

1 kp
= C\/E <Ln_1 hllzp(e) d0(9)>
= cVkw =, (K).

We set p: = n/k = 1. Then, we get

w_n(K) 1 a)rll/n

Wik,—n/k)(K) = e S R n/k.
This completes the proof.

Note. What we have actually shown in the proof of Theorem (4.1.2) is that
1

1 P kp k(K
W[k,_p](mwi(ja (fs %dme)) dvn,k(F)> > (o)

foralll1<k<n-1landp > 1.
Next, we consider the dual affine quermassintegrals. We first provide a lower bound which
Is sharp up to the isotropic constant of the body.
Theorem (1.1.5)[1]:Let K be a centered convex body of volume 1 in R®and let 1 < k <
n — 1. Then,

By (K) = —.
Proof. By the linear invariance of &5[k] (K), we may assume that K is in the isotropic position.
Let F be a k-dimensional subspace of R™. We denote by E the orthogonal subspace of F and
for every ¢ € F \ {0} we define E*(¢) = {x € span{E, ¢}: (x,¢) = 0}. K. Ball (see [2]
and [19]) proved that, for every g = 0, the function

+L
b gl ‘I“( [ <x,¢>qu>
KNE*(¢)

is the gauge function of a convex body B, (K, F) on F. We will make use of the fact that, if
K is isotropic then
(K.F)

|K N FL|V/k ~ LBk+1—_
LK

See [19] and [23] for a proof. Therefore,

_1
q+1

1

D kn
Py (K)Lg = (fG L§2+1(K,F)dvn,k (F )) :

nk
Recall that the isotropic constant is uniformly bounded from below: we know that

Lg,, (k) = ¢, Where ¢ > 0 is an absolute constant. It follows that

1
kn
Py (K)Lg = <f LIEZ.,_l(K,F)dvn,k(F)) = C,
Gn,k

and the result follows. Note. shows that if the hyperplane conjecture is correct then (if we
also take into account Grinberg’s theorem), for every centered convex body K of volume 1
in R™ and forevery1 <k <n—1,

c1 < P (K) < ¢



where c;,c, > 0 are absolute constants. This would answer completely the asymptotic
version of our original problems about the dual affine quermassintegrals.
The proof of Theorem (1.1.4) has some interesting consequences:
Corollary (1.1.6)[1]:. Let K be an isotropic convex body in R™. Forevery 1 <k <n-—1
we have

Un{F € Gny: Lp,, kr) = cLp} < e,
where ¢ > 0 is an absolute constant.
Proof. From Grinberg’s theorem — we know that 55[k] (K) < 65[k] (D) < ¢y, Wwhere c; >0
Is an absolute constant. From (4.5) we get

1

kn
<J L]g,:_,_l(K,F)dvn,k(F)) < ¢3lg,
Gn,k

and the result follows from Markov’s inequality.

We complement with a second lower bound for 5[k] (K), which is sharp when k is
proportional to n.

Theorem (1.1.7)[1]:Let K be a centered convex body of volume 1 in R™. Forevery 1 < k <
n — 1 we have that

) >
Puat) 2 T fogeno

For the proof of this bound, we introduce the p-mean function W[k,p] (K) of a convex body
K.

Let K be a convex body in R™. Forevery 1 < k <n — 1 and for every p # 0 we define the
p-mean Wy 1 (K) by

Cc

1
Wi (60 = (f, 1K 0 FHPdvy 1 (F) ).
The normalized dual k-quermassintegral of K is Wy (K): = W, 11(K). Observe that the k-
th normalized dual affine quermassintegral of K corresponds to the case p = n:
By (K) = Wipemy (K )
Holder’s inequality implies that, for a fixed value of k, Wy ,(K) is an increasing function
of p.
The next Proposition shows that the normalized dual quermassintegrals W[k] (K) are strongly
related to the quantities I, (K).

Proposition (1.1.8)[1]:. Let K be a convex body of volume L in R*andlet1 <k <n —1.
Then,

(n—K)wn—k

~ 1/k
Wi (RO () = ( )" = Wy (D)1 (Dw).

_ _ 1/k
Note. It is easy to check that ((n:)ﬂ) ~ \/n.

Wn

Proof. We integrate in polar coordinates:

nwy



[ () = T do ()

AT
| 4600 dvn i (F)
= (l) o(X (%
n—kwn_iJg,, . SF||9|KnF ek
nw
- —f IK 0 Fldvn oy (F)
n—kw,_xJg ’

nn-k
nwy,

= — KnFt|d F).
s mend RLGLR I

The definition of W[k] (K) completes the proof.
Proposition (1.1.9)[1]:. Let K be a centered convex body of volume 1 in R™. Then, for every
1<s<m<n-—1,
Wis)(K) < Wig(Dy)

and

W[m](K) > W[m] (Dn)

I/“l;'[s](kv) o I7[7[5](1%1).
Proof. It is known (see [24]) that for any g = p = —n we have

I,(K) = 1,,(Dy)

and
Iq(K) > Iq(Dn) .
I,(K) = Ip(Dpn)
Note. It is easy to check that
Wik1(Dn) = Wik p1(Dn) = Ppi(Dn) = 1.
Holder’s inequality and imply that
c\/_

P (K) = Wi (K) = "

Now, we use the fact (see Theorem 5.2 and Lemma 5.6 in [4]) that there exists T € SL(n)
such that

I (T(K)) < cvnyn/ky/log en/k.

By the affine invariance of 5[k] (K) we have

Py (K) = B (T(K)) = ,_ICC(T%
and this completes the proof.
we prove some inequalities involving the p-means of projection functions of a convex body.
In particular, we obtain duality relations between @, ,;(K) and CT)[n/z] (K"). These will
allow us to obtain a second upper bound for ®,;(K) which is sharp when k is proportional
to n.
One source of such inequalities is the following “L,—version of the Rogers- Shephard
inequality” which was proved in [24].
Lemma (1.1.10)[1]:. Let K be a centered convex body of volume 1 in R™. Then, for every
1<k<n-—1andevery F € G, we have that
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c1 < |K 0 FHY¥Pe(Zi (K)VE < ¢y,
where ¢4, ¢, > 0 are universal constants.
A direct application of Lemma (1.1.10) leads to the following:
Proposition (1.1.11)[1]:. Let K be a centered convex body of volume 1 in R™. For every
1<k <n-1andp # 0 we have that

(i)c < W[k,p] (KOWik,—p1(Zk(K)) < ¢,

(ii) 3 < Ppy (K) Py (Z (K)) <

(iii) cs < éE[k](K)qb[k](K) < cen/k,

where ¢; > 0,i = 1,..., 6 are absolute constants.
Proof. From the definitions we readily see that

W) (K) = (J;, JK 0 F1Pdvp i (F)

/(kp)
=/, |Pp<zk<K))|-pdvn,k<F))1 '

= Wiie—p) (Zi(K)).
This proves (i). Then, (ii) corresponds to the special case p = n. Since K < % Z.(K), (iii)
follows.
A second source of inequalities is the Blaschke-Santalo and the reverse Santalo inequality.
Since (K N F4)° = Pp.(K®),foreveryl1 <k <n—1andF € G, ,we have
c"wi_ < |Ppr(K)| K N FH < wf_y.

Wikp1 (K) = < f
G
<olls ([
G

2k
- wn—k <f
G

)1/(kp)

Therefore,

1/(kp)
|[K N Fllpdvn'k(F)>

nk

1/(kp)
|Ppi(K )l_pdvn,k(F)>

nk

1/(kp)
|Pr (K )l_pdvn,n—k(F)>

nn—-k
_2/k —(n k)/k
= W, k [n—k,p] (K)

Working in the same way we check that

7Y —(m=k)/k ;0 - 2/k
Wity (KOWiegy 74 (K" = el kg2

We summarize in the following Proposition.
Proposition (1.1.12)[1]:. Let K be a centered convex body of volume 1 in R™. For every

1<k<n-—1andp # 0we have:
2 k k)/k ° 2/k
(|) C(n k)/k / < W[kp](K)W (n )/ (K ) < wn/—k'
o 1
(if) If n is even, then W[n/sz] (K)W[n/sz] (K) = ~

(iiii) If n is even, then @y, /5y (K)Ppy/2y (K7 = 1.

11



Taking into account Proposition (1.1.12)(iii) we have the following:
Let K be a centered convex body of volume 1 in R™. Then,
n/Z](K) - n/2](K ) and @ n/Z](K) - n/Z](Ko)-
We can get more precise information if we use the M-ellipsoid of K. Let K be a convex body
of volume 1 in R™. Milman (see [17], [18] and also [20] for the not necessarily symmetric
case) proved that there exists an ellipsoid € with |E] = 1, such that
log N(K,E) < vn,
where v > 0 is an absolute constant. In other words, for any centered convex body K of
volume 1 in R™ there exists T € SL(n) such that
N(T(K),D,) < e
Theorem (1.1.13)[1]:. Let n be even and let K be a centered convex body of volume 1 in
R™. Then,
€1 < Ppy21(K) < ¢y,
where ¢, ¢, > 0 are absolute constants.
Proof. We will use the following inequality of Rogers and Shephard [27]. If K is a centered
convex body of volume 1 in R™ then
|K — K| < 4™
We choose T € SL(n) so that
N(T(K — K),D,)) < e"™
Then, forany F € G, n,
’2

|Pe(T(K = K))| < N(T(K — K)),Dyp)|Pp (Dp)| < e™c™
Moreover, using (5) we have that
Pr (Z%(T(K))) < |Pe (conv(T (), ~T(K)) )| < |Pe (T (K = K)))]

< 4"|Pp(T(K = K))|.
Combining the above with (5.10) and (5.1) we have that

A
©o N3
© N3

L ‘% _..2
TN = 5 G = emer ~

So, we have shown that forany F € G n,

2
n

IT(K)NF| = c?.
This implies that

[n](K) = [n](T(K)) > mln |T(K) N F|n > Cy.

This shows the left hand side inequality in (7). The rlght hand side inequality follows.
Corollary (1.1.14)[1]:Let K be a centered convex body of volume 1 in R™. Then,

P2y (K) = Ppja)(K°) = iy (K) = Ppyyy (K°) = 1.
Note. In view of Corollary (1.1.6), if n is even and k = n/2, becomes a formula:

12



Corollary (1.1.15)[1]:Let K be an isotropic convex body in R™. Then,

2/n
2/2
G >+1

nn/2 2

In particular, there exists F € Gy, ,, /, such that
LK < CLBE_H(K'F) .
2

we can now give a second upper bound for @, (K), which sharpens the estimate in
Theorem (1.1.16)[1]:. Let K be a convex body of volume 1 in R*andlet1 <k <n — 1.

Then,
P (K) < c(n/k)*?/log en/k.
Proof. We may assume that K is also centered. we have that
P (KB (K) cn/k
P (K) = B ) < )

Then, we use the lower bound for @, (K).
Section (1.2): Estimates for the Affine and Dual Affine Quermassintegrals

For KJ' be the class of origin-symmetric convex bodies in the Euclidean space R™. Denote

by vol; (+) the i-dimensional Lebesgue measure. We will discuss the following generalized

Busemann-Petty problem and its variations:

(GBP).IfK,L € K}' and for every i-dimensional subspace H

UOli(K N H) < vOli (L N H),

does it follow that

vol,(K) < vol,(L)?
When i =n — 1 this problem was posed by Busemann and Petty [36] in 1956. The
Busemann-Petty problem has received considerable attention (see, M. Berger [33], V. L.
Klee [34], and [35] [37] [39]). Many contributed to the solution of this problem (see [40]).
For the history of Busemann-Petty problem, see [41] [42]. It is now known that the
Busemann-Petty problem has a negative answer for n > 4 (see [43]), and has a positive
answer for n = 3 (see [44]).
As observed by K. Ball, one can construct counterexamples to the generalized Busemann-
Petty problem by using the techniques in [45] and letting K = the unit cube, L = a ball of
appropriate radius, when n is sufficiently large and i > n/2. What are the dimensions of and
ambient spaces so that the generalized Busemann-Petty problem has a positive answer? One
of the objectives is to prove that the generalized Busemann-Petty problem has a negative
answer for 2 < i < n. Therefore, only the 2-dimensional case might have a positive answer.
This remains open in R*(n > 3).
The notion body, introduced by Lutwak [46], plays an important role in the solution of the
Busemann-Petty problem. An origin-symmetric convex body K is called an intersection
body if the inverse spherical Radon transform of the radial function of K is a nonnegative
measure. Based on the work of Lutwak [47], it was shown in [48] that the existence of origin-
symmetric convex non-intersection bodies is equivalent to a negative answer to the
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Busemann-Petty problem. Then the negative answer to the Busemann-Petty problem in
R™(n = 4) comes from the fact that every polytope in R™(n = 4) is not an intersection body
([49] [50]); the positive answer to the problem in R3 comes from the fact that every origin-
symmetric convex body in R3 is an intersection body ([32]). The methods employed in [33]
and [34] depend on the bijectivity of the spherical Radon transform in the space of C; even
functions on the sphere S™1. For the generalized Busemann-Petty problem GBP, though
the volume of central of convex bodies can be expressed as a Radon transform from the
sphere S™1 to the Grassmannian Gr(n, i), we cannot expect any surjectivity of the Radon
transform except the hyperplane case. One of the reasons is that the rank of the Grassmannian
Gr(n,i) is different from that of the sphere S™~! except i = 1,n — 1. Consequently, the
arguments in [36] and [37] cannot be generalized directly. Moreover, to deal with the
generalized Busemann-Petty problem, one needs to extend the notion of intersection body.
We deal with problem GBP by a different approach from the point of view of functional
analysis. This approach shows that the answer to problem GBP is equivalent to asking the
positivity of inverse Radon transforms on Grassmannians. It enables one to relate problem
GBP to certain new classes of centered bodies. They are extensions of the class of
intersection bodies. A body is called centered if it is star-shaped and symmetric with respect
to the origin. Let SZ be the class of centered bodies with continuous radial functions. Then
K2 is a subclass of SZ' . For each 2 < i <n — 1, we introduce a class of centered bodies
I € SZ by using Radon transforms on Grassmannians. In the hyperplane case, I;;_, is
exactly the class of intersection bodies. We show that problem GBP has a positive answer if
K € I}* , and that problem GBP is equivalent to whether there is the inclusion K}' < I}* . we
prove that there is no polytope in [* for 3 <i < n — 1. This yields a negative answer to
problem GBP for 3 <i <n—1. The case of 2-dimensional remains open for n > 3. It
might have a positive answer which would depend on a better understanding about the
geometry of Grassmannians. Note that the convexity is a 2-dimensional notion.
M. Meyer [32] showed that if K is the cross-polytope (octahedron) then the Busemann-Petty
problem has a positive answer. He asked whether this could be generalized to polar
projection bodies (see [32] p. 423). Analytically, polar projection bodies are finite
dimensional sections of the unit ball of the Banach space L. we give a strong negative
answer to this question by proving the following theorem:
For 3 < i < n — 1 there exist polar projection bodies K and L in R*(n > 4) so that

vol;(K N H) <wvol; (LNH), forall H € Gr(n, i),
but

vol,(K) > vol,(L).

Projection bodies and their polars arise in a number of disciplines, including functional
analysis, crystallography, stereology, geometric tomography, and stochastic and convex
geometry (see [35]). We will consider their central and establish inequalities related to them

The following variation of the Busemann-Petty problem is considered to be one of the main
problems in the local theory of Banach spaces (see [34]). For K,L € K}', if for every
hyperplane H through the origin
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vol,_1(KNH) <wvol, {(LNH),
does there exist a numerical constant ¢ (not depending on the dimension n) so that
vol,(K) < cvol,(L)?
The result above shows that ¢ > 1 for the class of polar projection bodies. We will show that
c < 2in this case. See [35] for related results. The above question has many equivalent
formulations (see [36]). One of them is the maximal slice problem: Does there exist a

numerical constant c¢; so that
n—1

vol,(K) n < ¢ HEGrrr%;ala(l_l) vol,,_1 (K N H)?

See [38] for a detailed discussion. When K is restricted to the class of projection bodies or
to the class of polar projection bodies, the question has a positive answer (see Ball [40],
Milman and Pajor [39], and Lindenstrauss and Milman [36]).
The proof involves finite dimensional Banach space theory. We give a geometric proof and
give a specific value for the constant so that the results are useful in lower dimensional
spaces. It will be shown that one can choose ¢; < 1 for any polar projection body K. Similar
results are proved for projection bodies.
Let C.(S™ 1) be the space of continuous even functions on the unit sphere S™~. Denote by
Gr(n,i) the Grassmann manifold of i-dimensional subspaces in R", and denote by
C(Gr(n,i)) the space of continuous functions on Gr(n,i). The Radon transform, for 2 <
i<n-—1,

R;: C,(S™ 1) - C(Gr(n, 1))
is defined by

1
(R;f )(H) = Euesnﬂan(u) du, H € Gr(n,i),f € C,(S™™1),

wherex; and du are the volume and the surface area element of the i-dimensional unit ball,
respectively.
Let py be the radial function of a centered body K € S given by

px(u) = max{A = 0: Au € K}, u€eSst i
The Radon transform R; is closely connected with the central of centered bodies by the
following formula

(Ripk)(H) = —vol;(K N H), H € Gr(n,i) (31)
The dual transform R? of R; is given by
RE: C(Gr(n, 1)) —» C,(S™)
(Rig)(W) = yeneermpgd(HIAH,  u € S™, g € C(Gr(n, ).

We have the following duality (see [40], p. 144, p. 161)

(Rif,9) =(f,Rig), fec.(s™), gec(ernd)  (32)
where ( ,) is the usual inner product of functions on homogeneous spaces.
Let X = R;(C.(S™ 1)), the range of R;. Then X is a subspace of C(Gr(n, i)).
For a positive linear functional u on X, we can define the dual transform Rfu as an even
positive measure on S™~1 by
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(REw f) = (wRif), [ EC(S™Y),
where (, )denotes the pairing of a linear functional and an element of the vector space X.
Let M*(X) be the set of positive linear functionals on X. We consider the convex cone
N; = {Rfu:p € M*(X)}
In M(S™ 1), the space of signed measures on S™~1. This convex cone N; is closed under the
weak* topology of M(S™1). Indeed, for a net o,, » 0,0,, € N;,0d € M(S™1), and f €
C,(S™ 1), there exists u,, € M*(X) so that a,,, = R: piyp,.
We have
(0,f) = lim(oy, f) = Um(R{ly, f) = lim{piy, Rif).
This shows that there exists u € M*(X) so that

(#1R1f> = llm(.um'le)
(0,f) = (Riw f),
that is,o € N;.

Lemma (1.2.1)[32]: Let p € M(S™ V). If p & N;, then there exists g € C(S™ 1) so that
(p,g)>0, (0,9) <0  forallo €N,.
Proof. Since M(S™ 1) is a locally convex Hausdorff space under the weak* topology and
N; is a closed convex cone, we can apply the separation theorem.
If p & N;, there exist g € C(S™1), a constant ¢ and € > 0 so that
(p,g)=c+e>c—¢ =(a,9), for all o € N;.
Since 0 € N;, we have c — e = 0 and {(p, g) > 0. Since N; is a cone, we have (g, g) < 0 for
all ¢ € N;. Otherwise, there is o, so that (;,g) > 0. Forr > 0, rg; € N; and
(T(Tl,g) = T'(O'l,g) >Cc—¢€
for r large. This is impossible.
Lemma (1.2.2)[32]:. Let p € M(S™1). If p & N;, then there exists g € C*(S™1) so that
(p,g)>0, Rig < 0.
Proof. By Lemma (1.2.1), there exists g € C(S™™1) so that
(p,g) >0, (0,9) <0 forallo €N;.
Choose a sequence g,, € C*(S™ 1) such that g,, < gand g,, = g uniformly. Then
(0, gm) > 0 when m is large. Since N; ¢ M*(S™"™1), for o € N;, we have
(0,gm) < (0,9) < 0.

Therefore, for ¢ = Rfu, u € M*(X),

0=(0,gm) = <Rit.u' Im) = (b Rigm)-
This implies that R; g,, < 0. Then g,,, — € satisfies the requirement for small € > 0.
If the Radon-Nikodym derivative of the measurep with respect to the Lebesgue measure on
S$™1 is an even continuous function and p & N;, then the function g in Lemma (1.2.2) can
be chosen in C°(S™1). Furthermore, if p is invariant under a subgroup of SO(n), then g
can be chosen as invariant under the same subgroup.
We are ready to introduce certain new classes of centered bodies. Let A¢n-1 be the Lebesgue
measure on S™ 1. As usual, one can view a continuous function p on S™*~1 as a measure by
identifying p with pAg¢n-1 . Define

Hence,
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'={KeSkpttenN}) 2<i<n-1,

where the continuous function p%~* is viewed as a measure on S™1. Then I* € ST and I,
Is exactly the class of intersection bodies. These classes of centered bodies are crucial for
the generalized Busemann-Petty problem. They are generalizations of the class of
intersection bodies. It can be shown that the class of centered bodies I* is affine invariant
and contains all the intersection bodies, i.e.,

m,cr, 2<is<n-1.
Elements in I]* are called i-intersection bodies.
Lemma (1.2.3)[32]:. Let K € SZ. Then K € [}* if and only if

Rig<0= (pg ", g)<0
forany g € C(S™ D).
Proof. If K € I"*, then there exists u € M*(X) so that p2~* = Rfu. We have
(U, R;g) < 0 whenever R;g < 0.

By (1.2 g), the necessity is clear. The sufficiency follows from Lemma (1.2.1).

The above lemma is an analytic characterization of the classes of centered bodies I1*,i =
2,...,n— 1. We give a geometric characterization by using dual mixed volumes. For K, L €
S and r € R, the rth dual mixed volume of K and L, V.(K, L), is defined as

- 1
(K L) =~ esn1pR T (WP (Welu (33)
By the Holder inequality, there are inequalities
V.(K,L)" < vol,,(K)" " vol,(L)'r > 0 (34)
V.(K,L)" = vol,,(K)" " vol,(L)"r <0 (35)
with equality in each of the inequalities if and only if K and L are dilations of each other.
Dual mixed volumes were introduced by Lutwak [33] ,[35]. Inequalities (34) and (35) are
from [36], [34].
Lemma (1.2.4)[32]:. If K € I}, then
vol;(M N H) <vol;(LNH), for all H € Gr(n,i) = V;(K,M) <
Vi(K,L) (36)
for all M,L € ST . Conversely, let L € K be a fixed body with C? boundary and positive
curvature. If the implication (36) holds for all M € K2', then K € I}".
Proof. Assume K € IT* . Then there exists u € M*(X) such that p2~% = Rfu.
From (32), it follows that
By (32), this can be written as
(P " pm) < Pk~ PL)-
In view of (33), the last inequality is the right-hand side of the implication (36). Conversely,
forany g € C°(S™ 1) satisfying R;g < 0, define a centered convex body L, by
pL. = PLteg
for £ > 0 sufficiently small. Since L has C? boundary and positive curvature, this is possible.
Let M = L,. Then the left-hand side of the implication (36) is equivalent to R;g < 0. The
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right-hand side of (36) becomes (p2 %, g) < 0. From Lemma (1.2.3), this shows that K €
I
Theorem (1.2.5)[32]:. If K € I}*, then
vol; (KN H) <vol;(LNH),forallH € Gr(n,i) = vol,(K) <wvol,(L)
forall L € S}
Proof. Let M = K. From the necessity part of Lemma (1.2.4) and inequality (34), we obtain
n—i l
vol,(K) < V;(K,L) < vol,,(K)n vol,(L)n.
This gives the required inequality.
The case of i = n — 1 was proved by Lutwak [36].
Theorem (1.2.6)[32]:. Let K € K have C? boundary and positive curvature. If K ¢ IT*,
then there exists L. € K' so that
vol;(LNH) <vol; (KNH),forall HE Gr(n,i),
but
vol, (L) > vol,,(K).

Proof. We can apply either Lemma (1.2.2) or Lemma (1.2.4). By Lemma (1.2.2), there is
g € C (S" 1) sothat

(pr™'9)> 0, Rig <O. (37)
Define K, € K;' by

Pk, = Pk + €9 (38)
for e > 0 sufficiently small. Substituting (38) into (37) and using (31) and (33), we have
vol,(K,) > vol, (K),
vol;(K. N H) <vol;(KNH),forall H € Gr(n,i).
The case of i = n — 1 in Theorem (1.2.6) was proved in [33], [34] ,[35]. It was first proved
in [36] without the requirement of convexity. From Theorems (1.2.5) and (1.2.6), we obtain
the following
Theorem (1.2.7)[32]:. In a given dimension, the problem GBP has a positive answer if and
only if K} < I}
The following lemma is elementary. Its proof is similar to that of Lemma 2.1 in [36].
Lemma (1.2.8)[32]:. Let K € S be a centered body of revolution about the x,,-axis. If ¢is
the angle between H € Gr(n, i) and the x,,-axis, then the volume K N H has the expression
2(i— Dr;_g 7 i cos? ? b d
icosp ¢ P 1= cos2¢ sy dy.

Let u€S*Lu=u(u,y) = (u;sinyp,cosyP),u; ES"2,0<y <m. For any f€
C(S™1), define

vol;(KNH) =

f@) = m_—%sn-zf(u(ul,zp))dul. uesn-1

The function f is obtained by averaging f over subspheres parallel to the equator of ™1, It
can be viewed as a function on S™~1. In fact, we have

f) = gesomnf(@)da,  ues™?,
where da is the normalized Haar measure on SO(n — 1).
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Lemma (1.2.9)[32]:. If K € I[* ,then

290 1-
9 cos2¢
U

T
g D)™ (P)sin™ " dip < 0
forall g € C*([0,> ). The converse is true if K € S7' is a centered body of revolution about

the x,,-axis.
Proof. If K € Il* , by Lemma (1.2.3) we have

Rig<0=(p}'g)<0 (40)
forany g € C°(S™1). If g is SO(n — 1) invariant, this gives the implication (39) by using
(31) and Lemma (1.2.8). Conversely, assume K is a convex body of revolution about the x,,-
axis. Then pgis SO(n — 1) invariant. The K € I}* if there is the implication (40) for every
g which is SO(n — 1) invariant. Since (39) is equivalent to (40) in this case, we conclude
the proof.
The above lemma is an analytic characterization of I;* . We do not know if the converse in
the lemma is true without the assumption of revolution. However, when i = n — 1, the
converse is true for any centered bodies (see [33]). In this case, Lemma (1.2.9) provides a
characterization for the positivity of the inverse spherical Radon transform.
We use some techniques used in [33] to prove that there are no polytopes in I*,3 < i <n —
1.
Lemma (1.2.10)[32]:. If K € S} is a polytope and k > 0, then there is « € SO(n) so that
plx () sin*y is strictly decreasing on [1;,~] for some 0 < 1, < ~.
Proof. Let K € SZ be a polytope. We can rotate K to a general position aK for some a €
S0 (n) such that no (n — 2)-face of aK is in the subspace

Hy = {(xq, ... ,x,) € R": x,, = 0};
and no (n — 1)-face of aK is parallel to the x,,-axis. For simplicity, assume that K is already
in such a position.
Let p,, be the plane spanned by the x,-axis and u; € S"7? c H;. Then dK Np,, is a
centered polygon, denoted by C(u,). The intersection C(u,) N H; has two points, p;, p,,
which are possibly vertices of C(u;). The point p; is a vertex of the polygon C(u,) only if
p; lies on the intersection of two (n — 1)-faces of K, i.e., on an (n — 2)-face of K. But if no
(n — 2)-face of K is contained in Hy, then the intersection of H; with an (n — 2)-face of K
Is at most of dimension n — 3. Thus, the set
w = {u; € S"1: C(uy) N H, are vertices of C(u,)}
has measure zero in S™~1. We consider those H; intersecting only with two parallel sides of
C(u,). Denote by [, the pair of parallel sides. Let u€S" hLu=u(u,yp )=
(uysiny ,cosy ),uy € S™2%,0 <y < m. Let px(w) = p(¥,uy), and
let 6 be the angle between [, and x,, = 0, and 2b be the length of
Knp, n{x € R": x,, = 0}.

5'2 i-3

Zsiny dp <0, 0

IA
IA
NI

¢ (39)
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Then for i near to g
bsin® bsin6

p(p,uy) = s 1 )’ p(Y,—uy) = s —0)’
Since no (n — 1)-face of K is parallel to the x,,-axis, we conclude that [,, is not parallel to
the x,,-axis. Hence, we have 0 < 6 < %
Let

f@) = [~ cos( + )] + [cos (Y — )] *sin*y.
By an elementary computation, we have

F(53)=0  F'G)=2kc+1)(sin0) ¥ cos?0 > 0.

From the following identity,

Pk (Y )sinky = ! n—2b® sin*0f (Y)du

K_ 2(n— D, L

It is easy to see that pk (i ) sin*y is strictly decreasing on [l/)l,g] forsome 0 < ¢, < % :
The following lemma was proved in [33].
Lemma (1.2.11)[32]:. Suppose that g(t) is continuous on [a, b], g, (t, x) > 0 is continuous
and increasing for t € [a, x), and g, (t,x) > 0 is continuous and decreasing for t € [a, x).
For x € [a, b], let

L(x) = 29D gr(t,x)dt (k= 1,2),
I(x) = gg(Ddt.

Lx)=0=I(x)=20=I,(x)=0.
Theorem (1.2.12)[32]:. There are no polytopes in I}*,2 <i < n.

Proof. Let K € SZ be a polytope in general position as in Lemma (1.2.10). We want to show
that there exists g(y) on [0, g] sothatfor3<i<n-1

Then

%(w)l_iff%%m¢d¢<o 0<¢<E (41)
o9 cos?¢ 7 ST
but

2g(W)pR " W)sin™ 2 dip > 0 (42)

Then by Lemma (1.2.9), K ¢ [*for3 <i<n-—1.
From Lemma (1.2.10), pR~'(y)sin™ “pis strictly decreasing on [1/)1,3]. It is quite

straightforward to show that there exists g € C* (][O0, g]) so that

2g@sinpdp <0, 0<P <> (43)
and (42) holds. In fact, a function g satisfying the following conditions does the job,
=0, 05y <Yy,
g@) >0, Y1 <Y <y
<0, Yy<P< g
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A

2g(y) sin'2y dyp = 0.
Hence, it suffices to show that (43) implies (40).
Lett = cosy ,x = cos¢, then (40) and (43) become

2 i-3
and |
xg(p(®)A—t2)zdt <0,  (44)
respectively. Since the function |
3—i ﬂ?

(1-t)7 1-—

Is decreasing with respect to t fori > 3,0 < t < x < 1, the inequality (44) implies (43) by

Lemma (1.2.11), that is, (43) implies (41).

From Theorem (1.2.7) and Theorem (1.2.12), we have the following:

Theorem (1.2.13)[32]:. The generalized Busemann-Petty problem has a negative answer for

2<i<n.

The case of 2-dimensional remains open for n > 3. In R3 , the answer is positive (see [34]).

Proposition (1.2.14)[32]:. If K is a centered convex body of revolution in R™, then K €

13}, I}, and hence the generalized Busemann-Petty problem has a positive answer for i = 2,3.

Proof. Without loss of generality, assume that the axis of revolution is the x,,-axis. Let
t=cospp, x=cosp,  gi(t) = pg (WD) sin™ P(2).

Then (40) becomes

59 g.(t,x)dt <0 = 5g()g,(t)dt <0 (45)

where
, i3
2
-5
9:(t,%) = T35 0=2t<x<1.

Since g, (t) is decreasing and g,(t,x) is increasing with respect to t for i = 2,3, the
implication (36) holds by Lemma (1.2.11). Thus, K € I}, I by Lemma (1.2.9).

In the cases of R® and R*, Proposition (1.2.14) was proved in [33] ,[34]. We remark that the
class I7* (i > 3) does not contain all the centered convex bodies of revolution. In fact, it does
not contain any cylinder. This was shown in [35], [36] when 3 < i =n — 1. The general
case 3 < i <n—1can be proved similarly.

If K is a cross-polytope (octahedron), Meyer [37] showed that the Busemann-Petty problem
has a positive answer. He also asked if it is true for any polar projection bodies. We give a
negative answer to Meyer’s question. It will be seen that the counterexample is even very
close to the cross-polytope.

For f € C(S™ 1), the cosine transform Cf of f is defined by
1
CHW =5 gl v)lf@)dv, uesm™.
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The cosine transform is a bijection of C° (5™ 1) to itself. Denote by hy the support function
of a convex body K. Recall that K is a projection body (centered zonoid) if and only if there
is a (positive) measure u on S™~1 so that

1
hy(u) = 7 sn-1l(w v)ldu(v), ueSsS"™

Denote by K* the polar of K. We need the following lemma which was proved in [38] by
using convolutions on SO (n).
Lemma (1.2.15)[32]:. Let Z be a projection body in R™. Then there exist C* projection
bodies of positive curvature, Z,,,m = 1,2, ..., s0 that Z,, = Z uniformly and the inverse
cosine transforms C‘lhzm >0m=1,2,..
Theorem (1.2.16)[32]:. Let 3 < i < n — 1. There exist polar projection bodies K and L in
R™(n = 4) so that
vol;(KNH)< vol;(LNH),H € Gr(n,i),
but
vol,(K) > vol,(L).

Proof. Let Z be a zonotope, e.g., the unit cube. Then the polar Z* is the cross-polytope. Since
every polytope in R*(n > 4)isnotin[',3 <i <n—1,Z"isnotin[*. By Lemma (1.2.15),
there are polar projection bodies Z;, — Z* uniformly. In view of the openness of the
complement of I]* with respect to the Hausdorff metric, Z, is notin I;* when m is sufficiently
large. Therefore, there exists a C* projection body Z of positive curvature such that Z* is
not in I* and the inverse cosine transform C~*h; > 0.
Let L = Z*. Since L is not in I7*, by Lemma (1.2.2) there exists g € C°(S™ 1) so that

(pr%9)>0, Rig<O. (46)
Consider the deformation of L, L., defined by

- g
leszl—gim, e>0  (47)

L
Since Z has positive curvature and C~1p;t > 0, L, is a polar projection body

when ¢ is small. From (48) we have

~(pf.—pl) > g (48)
uniformly as € — 0.
On the other hand, from (46) we deduce that there exists § > 0 so that
(1791 >0,  Rig1 <0 (49)
whenever |g; — g| < . Therefore, (43) and (44) give that
pr pL,—pPL>0, Ri(p, —pp) <0
when ¢ is small. By applying (31), (33) and (34), we obtain
vol,(L,) > vol, (L),
vol;(L, N H) < vol;(L N H), H € Gr(n,i).
We have seen that the Busemann-Petty problem has a negative answer in the class of polar
projection bodies in R™(n > 3). Concerning the shadows of convex bodies, Petty [35]
constructed the following example: there exist a double cone K and a ball L in R3 so that
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vol,(K|ut) <wvoly(Llut), u€S?

but

vols;(K) > vols(L),
where K|u' is the projection of K onto the space ut orthogonal to w.
Double cones and balls are polar projection bodies. One can use an argument similar to the
proof of Theorem (1.2.16) to show that there are polar projection bodies K and L so that

vol,_(K|ut) <wvol,,_;(L|ut), uest

but

vol,(K) > vol, (L).
It is natural to ask how far the volumes go when we compare or shadows of polar projection
bodies. The following is a quantitative answer.
Theorem (1.2.17)[32]:. If K is a polar projection body and L € K}!, then

vol,_; (K nut) <wvol,_;(LNnub),u €S = vol,(K) < 2wvol,(L),

3
ol,_(K|lut) = vol,,_;(Llut),u € S* 1 = vol,(K) > Zvoln(L).

The case of projection is an easy consequence of Ball’s results on the volume ratio. We need
several lemmas to treat the case of intersection. The first lemma is from [36]. Let B(:,-) be
the beta function.
Lemma (1.2.18)[32]:. If K € K thenforp > 1,u € ™1,
voln(K ) 1 1 vol,(K)
< ,X)Pdx P < )
ool (K nub) = vol,(K) cllwx)lPdx v < & T D

p+1
where ¢, ——(p+ 1) 7,c, =—n r B(p + 1, n)P
As noted above a polar prOJectlon body is the unit ball of a finite dimensional subspace of
L*. For generality, we consider finite dimensional subspaces of L?.
Lemma (1.2.19)[32]:. If M is the unit ball of an n-dimensional subspace of LP,p > 1, then
xexlwx)Pdx _ V_p(K,M)
< .
uESn_1 xELl(u1x>|pdx - V_p(L,M) (50)
Proof. Since M is the unit ball of an n-dimensional subspace of L?, there exists a nonnegative
measure u on S™1 so that the radial function p,, is given by
P (W) = gns|(u, V)P dp(v).
Integrating |(v, x)|P over K and L by polar coordinates and using (33), we have

I7—p(Kr M) _ ues™” 1PK p(u)pMp(u)du
Vp(LM)  yegnmapy P (Wpy, (W)du
_ uesn? xeKl(u ) |Pdxdu(v)

- uesn-1 xeLKu' x> |pdxd:u(v)
xEK|<u; x)lpdx

> :
ues™1 o |(u, x)|Pdx

Lemma (1.2.20)[32]:. If M is the unit ball of an n-dimensional subspace of LP containing
K € K}, then
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1 n-1
vol,_1(L Nut) vol,(M) nwvol,(L) ™

uesnt vol,_{(KNnut) ™ ‘3 vol,(K) wvol,(K)
1

where c; = ((p + DnP*1B(p + 1,n))».
Proof. From Lemmas (1.2.18) and (1.2.19), we have

1 1
voly s (LNUY) _ euoly (M) Tol, Ky Kl XX
min < in
uesn1vol, (K Nnut) =~ c;vol,(K) uesnt 1 1
Vol (L) L/ 0P dxP
p+1 1

_ G vol, (L) » V., (K,M)?

T ol (K) T, (LM)
p+1 1

< ¢, vol,(L) » vol, (K) P
~ ¢ vol,(K)

n+p _b
vol,,(L) n vol,(M) n
1 n-1
_vol,(M)n vol, (L) n
= 2 Yol (K) vol,(K)
Let us turn to the proof of Theorem (1.2.17). From p = 1 and K = M in Lemma (1.2.20),
we obtain

2n %
vol,_y(K nut) <wvol,_;(L Nub),u €St = vol,(K) < ] vol,, (L)
= vol,(K) < 2vol,(L).
For the case of projection, Ball [33] showed the following fact:
vol,_;(K|ut) = vol,_; (Llut),ue s 1=
1

vol,, (E)n-1

vol, (K)
where E is the ellipsoid of maximal volume contained in K. Ball also showed the volume
ratio inequality (see [34], Theorem (1.2.6))

vol, (E) nlk,

vol,(K) — 2nnn/2’

vol,(K) =

vol, (L),

It is an exercise to check that
1 1
nlk, n-1 w3z 3

2nnn/2 > 2e -k
Theorem (1.2.21)[32]:. If K is a polar projection body in R™, then there exists a constant
¢ < 0.92 so that

n-1
vol,(K)™» <c¢ max vol,_;(Knut).
uesn-1

Proof. From Lemma (1.2.18), we have
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vol, (K) <
4vol,,_, (K nut) =~ vol,(K)
By Lemma (1.1.19), for the unit ball B we have
xlwx) dx < V;_(B,K)™" pl{u, x)| dx

_n+l

— T ¥n n voln(K)nSn 1[{u, v)| dv

«l(u, x)| dx, u e sni,

min
ues™1vol, (K)

It follows that
71_—1 4' Kn—]_
vol,(K) n < p-

max vol,_,(K Nnut).
n+l  con-1 n 1( )

Kn

It can be shown tha ﬁii Is decreasing, for example, by using an argument similar to that in

n
KTL

2 1
3 st

[36]. It is known that ¢ = K—?’ = g ® = 0.827 ... is the best constant for all convex bodies in

R™ (see [37], Theorem 9.4.11). Hence, the case of n = 4 gives that ¢ < 0.92.

The above theorem was proved by Ball [38] with a bigger constant. He used the

complementary Blaschke-Santal o inequality of Bourgain and Milman [39] and the local

theory of Banach spaces. The main interest is that ¢ < 1. This implies that

. <ji<n—
vol,(K) < Hergraéi) vol,(KNH),2<i<n-1,

for polar projection bodies. One suspects that the last inequality is true for all centered
convex bodies.

We consider of projection bodies (centered zonoids). Let K be a convex body, and let E be
the ellipsoid of minimal volume containing K. The following lemma is a variation of a result
of Ball [33].

Lemma (1.2.22)[32]:. If K is a projection body, then the outer volume ratio of K satisfies
the inequality

1 1
vol,(E)n < V!
voly,(K) ~— 2

(51)
with equality if K is a cube.

Proof. Since the volume ratio is affine invariant, it suffices to consider convex bodies K
defined by

hg(u) = jo cj|(uj,u)|, u,u; € sn-1 (52)
j:niLCju]'® u]' = In, Cj > 0,
where u; ® u; is the rank-1 orthogonal projection onto the span of u; and I, is the identity
operator on R™ (see, for example, [34]). The last equality implies that

C

j=1 6 = M j= CJ|<“J'“>| L.
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By the Holder inequality, we obtain

1
1 2 2 1
hg(w) < nz ;T cj|(uj,u)| ‘= na. (53)
By a result of Ball [35], the volume of the projection body Z with support function
hy(u) = ;27 ¢l u)|
1
Is at least 2", that is, vol,,(K) = 2™. From (45), K is contained in a ball of radius nz, and
hence vol,,(E) < nzk,. Inequality (46) follows.
Theorem (1.2.23)[32]:. If K is a projection body, then
vol,_; (K nut) <wvol,_;(LNnub),u €S = vol,(K) < 2.07 vol,, (L),
forall L € K} .
Proof. Let I be an intersection body containing K. The Radon inverse R;},p; is a positive
measure on S™~1, denoted by u. By the self-adjointness of R,,_; and formula (31), we have
vol,,_;(K nu?t) - gn-1v0l,_1 (K N ut)dp(u)
uest 1 poly 1 (L OUL) = gnav0ln_1(L N ub)du(u)
_ (Rn_1pg LRZLp) ok pr)

C(Rp—ip LRGN0 (0P pp)
vol,(K)
- n-—-1 1°

vol,(L) n vol,(I)n
Therefore, we obtain

vol,_;(K nut) <wvol,_;(L nut), uestl=
1
vol,(I)n-1
K) < L
vol,(K) < ol (K) vol, (L),

which holds for all K, L € K}'. In particular, If K is a projection body, then Lemma (1.2.22)

shows that I can be chosen so that
n

1 1n-1
vol, () n-1 - Vnkl!
vol,(K) -2

1

e 2
< 7 < 2.07.

From the above proof, we have seen that if a class of convex bodies has uniformly bounded
outer volume ratio then the maximal slice problem has a positive answer in that class. This
was clear in [33]. More generally, in view of Lemma (1.2.20), this is still true if the minimal
ellipsoid is replaced by a minimal unit ball of subspaces of LP,1 < p < 1000. However, p
cannot be arbitrarily large.
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Chapter 2
Extensions of the Brunn-Minkowski and Boundary Regularity

We sharpen the inequality that the marginal of a log concave function is log concave, and
we show various moment inequalities for such functions. Finally, we use these results to
derive inequalities for the fundamental solution of the diffusion equation with a convex
potential.

Section (2.1): Prekopa- -Leindler Theorems Including Inequalities for Log Concave
Functions with Application to the Diffusion Equation

We give various extensions of the Brunn-Minkowski and PrCkopa-Leindler theorems. The
Brunn-Minkowski theorem for the convex additionD = 24 + (1 — A)B =

{x eER*x=Ay+ (1 — AN)z,y € A, Z € B)}of two nonempty, measurable sets
A,BCR"reads[1,2]

1 1
(D) V™ = Ay, (A + (1 = Dy (B, (1)
where p,, means Lebesgue measure in R™. The requirement that A and B are nonempty is
crucial.
The Prekopa -Leindler theorem [65 ] reads
IRI, = IFIEIglE, (2)

where
% — poA PR
RGN f.9) =sw [ (-2) 9 (7=5) 3

and f, g are nonnegative, measurable functions on R™. If f and g are the characteristic
functions of A and B, respectively, R is the characteristic function of D. Thus, Eq. (2)
states that u,,(14) => 1ifu,(A) = u,(B) = 1.By the scaling propertyu,, (14) =
it (A) .

Thus Eq. (2) implies Eq. ( 1). In that sense, the Prekopa -Leindler theorem can be viewed
as an extension of the Brunn-Minkowski theorem.
These theorems are extended here in the following ways. The sup in Eq. (3) is replaced by
ess sup:

oA 1-1

Rx If.9) = sea®’ () 9 () (4)
The Prekopa -Leindler theorem strengthened in this way is contained in Theorems (2.1.2)
and (2.1.3).
Our new version really is stronger than the old; generally, ||k||; < ||R]||;and there are
functions f and g such that h differs greatly from R. It is a fact, however, established that
f and g can always be replaced by functions f* and g* which differ only by null functions
from f and g such that

h(x|f,g) = h(xIf*,g") = R(xIf".97).

Thus, once one knows how to construct f* and g*, the strengthened Prekopa -Leindler
theorem follows from the known one.
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However, we prefer to work with the essential supremum h, because (1) h( x ) is
unaltered if null functions are added to f and g, and (2) h(x) is lower semicontinuous for
any measurable f and g.

The supremum Rhas neither property.

By taking characteristic functions for f and g, a stronger form of the Brunn-
Minkowski theorem results; as above, it can be derived from the known theorem. The
proof given here of the PrCkopa-Leindler theorem is based on the Brunn-Minkowski
theorem; it is simpler than the original proof by Prekopa and Leindler.

The idea of our proof is already contained in [66]. Another (rather involved) proof of the
strengthened Prékopa -Leindler theorem is given [67].
Other types of convex combinations, h, , of two functions, f and g are defined for a €
[—o0, 0]; see Eqgs. (5) — (7).
The convex combination in Eq. (4) is the case a = 0. theorems of the PrCkopa-Leindler
type are given for general a (Theorems (2.1.1)-(2.1.3)). A Brunn-Minkowski-like version
of these theorems is contained in Corollary (2.1.4). For the case @ = 0 and with sup
instead of ess sup, it was first given by Prekopa [68]A much simpler proof for that case
was found by Rinott [68]; his proof is completely different. Rinott also found the case a =
—1/nin Corollary (2.1.4). Moreover, he found a converse of
Corollary (2.1.4), saying that Eq. (18) f or all A, B implies the existence of a log concave
density function. we consider log concave functions. A corollary of the
Prekopa -Leindler theorem is that [ F (x, y) dy is log concave in x if F(x,y) is log
concave in (x, y). This result is sharpened in Theorem (2.1.7). In Theorem (2.1.6) a
Sobolev-type inequality for log concave measures is given. Some theorems on log concave
functions have counterparts for log convex functions (Theorems (2.1.9), (2.1.10), and
(2.1.14)). However, these counterparts are comparatively trivial; they essentially follow
from the usual convexity arguments (Holder’s inequality). We stress that the log concave
theorems and other Brunn-Minkowski and Prékopa -Leindler-like theorems do not follow
trivially from Holder’s inequality. we give inequalities for the moments of a Gaussian
distribution, compared with the moments of the same distribution perturbed by a log
concave (or log convex) function (Theorem (2.1.10)). We give an application to the
diffusion equation in R™ with convex potential. More applications (the Ising model, the
one dimensional Coulomb plasma) are given in [66].
Given nonnegative measurable functions f(x), g(x) on R™, we shall introduce various
convex combinations of them, parametrized by the real number & € [—oo, 00]. With 0 <
A < 1, we define
1
a a E
e If,9) = Se I () @ -9 () - ©
The symbol @differs from the ordinary addition + in that for
f=0 or g=0, Af*®( - 1)g9y"* =0 (6)
Otherwise, @and + are the same: For f > 0and g > 0,
afee@a - 1 gave
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1
Af*+ (1 — A)g%}a, if —oo< a< 0,0 < a < oo;
= min(f,g), if a=—oo; (7)
= max(f, g), if a = oo
= fig*H, if = oo,
Note, that & and + are completely identical for a < 0; however, fora > 0 E, (6) makes
them essentially different. Note further that
he (x) <h, X)if a< B.
We shall often write h,, (f,g) h, (x) or h, if the dependence of
h, (x |f,g)on X, fand g, or both is obvious. The dependence on h is not displayed, A
being held fixed.
As a particular case, take for f and g characteristic functions of measurable sets A,B C
R™ f = x,4,9 = Xg.Thenby Eqs.(6),(7),
Af°® (1 — ) g}¥*=0 or 0O,
independent of LY. Hence, there is a set C such that
ha(x 4,x ) = X, Vg
We shall use the notation
C = ess{lA + (1 — 1)B}.
To stress the difference with the ordinary Brunn-Minkowski addition we give appropriate
definitions:
M+ A-2D)B={xeR(x—-—AA) N1 —-2A)B * ¢}
essfAAd+ (1- DB ={xeR" , [(x—24)n(1—2A)B|> 0}. (8)
The ordinary addition results, if ess sup in Eq. (5) is replaced by sup, The ordinary and the
essential additions may differ considerably, as can be seen by taking for A a single point.
However, there always 58 /22/4 — 4 exist sets A* and B* which differ from 4 and B by
null sets and such that
A" + B* = ess(A* + B*) = ess(A + B) 9)

Equation (9) and the Brunn-Minkowski theorem, Eq. (1), immediately imply the
strengthened Brunn- Minkowski theorem

1 1
un (O 2 A (A + (1 = Dy (B)7, (10)
If u,(4) > 0,u,,(B) > 0.
We show how Eq. (10) extends to inequalities for ||k, ||, in terms of ||f|[; and ||g]|; .
The following theorem is basic.
Theorem (2.1.1)[63]: Let f, g be nonnegative, measurable functions on R and define h_,,
asin Eqs. (5) — (7):

h—oo(x) _ ;sEsRsup min {f (915 :i{)'g (1 z A)}
Let ||fllo = llgllcc = m. Then

lh_oll = AllfIls + (1 = Dllgll; -
Proof: Forz > 0, define the sets

A(z) = {x ER|f(x) > z},
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B(z) ={x€R|g(x) >z},
D(z) ={x € R |h_,(x) > 3},
Then
D(z) =ess{AA(z) + (1 —A1)B(z) },

by the definitions of h-, and of the essential addition.
If z>m,u,(A(z)) > 0and u,,(A(z)) > 0.Thus,by Eq. (10)

un(A(z)) > 2, (A(®) + (1 -2) ,,(B(@).
Note, further, that , (D(2)) = ,,(A(z)) = ,,(B(x)) = 0 forx = m,and that

Iflls = J, u,(A@)dx, etc.
This gives the desired result.
Theorem (2.1.1) immediately leads to
Theorem (2.1.2) [63]: Let f, g be nonnegative measurable functions on R and define h,, as

in Egs. (5)-(7). Let 1) ||f1lL > O, llgll; > 0. Then, for a = —1,

elly = {2715 + = Dlglf} (11)

with 8 = a/(1 + ). In particular,
IRolly = IIFIIEIIg N~ (12)
Proof: It is sufficient to consider bounded functions f and g, since any f, g can be
approximated from below in L! by bounded functions. Now define
FOx)=f)/fll; G(x)=g@x)/llglle -
Let us first consider the case &« # 0. Then
a X—y * _ a y * 1/a
ha(xlf, 9) ess supllf ISF (—=) @1~ Dllglls6 (=) 3
= [Alf IS (1- Mllglig1/e

-y _ y l/a
+es§EsRup{9F( i ) b1 H)G( ) }
with the obvious meaning of 8,0 < 6 < 1. Thus

ha(x1f, ) Z[AFIIE + (1 = DNGNE]Y hoeo (x|F, G),
and by Theorem 1

Iglls 2AIFIE + (1 = DllglE]Ye [ L+ =8| (13)

Now Eqg. (11) for—1 < a < 0o0r 0 < a < o follows by Hélder’s inequality.
Fora = 0,

ho(f,9) = IfIGNgNIE*ho(F, G) = (If 1&g 115 hew (F, G).
Then Theorem (2.1.1) gives

ol = IIF1IZ gl A5 + (1 = )12 (14).

and Eq. (12) follows by the arithmetic-geometric mean inequality.
Theorem (2.1.3) [63]: Let f, g be nonnegative measurable functions on R™ and define h,
as in Egs. (5)-(7). Let ||fIl; = O,llglly > 0. Thenfora = —-1/n,

e lly ZLANFIT + (1 = Dlgli3” (15),
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withy = a/(1 + na). In particular,

Iholly = NI NIT gl
Proof: Write R" 3 x = (y,z), withy y € R,z € R"~1, Define

F(z) = [dyf(y,2); G(2) = [dyg(y,2). (16)
Since

he(y,zIf, 9) —esssupesssup{ﬂf( —v’z;w) 69(1—/1)g( — 1W/1) Y/

weRrn-1 VER

it follows from Theorem (2.1.2) that

Jdy ha(y,2lf, g) = hs(zIF, G), (17)
with § = a/(a + 1). Note, that we used that

de ess ,, sup = ess,, sup f dy.

Note further, that Theorem (2.1.2) does not apply, if x and w are such that F((z —
w)/A) = 0or G(x/(1 — A)) = 0.However, Eq. (17) is
saved by the @ sign in the definition of h; [cf. Eq. (16)].
If we assume Theorem (2.1.3) to be true for n — 1, we have that
lns . &, = (AIFIL + @ -l
withy = B/[1 + (n — DB] = a/(1 + na). With Egs. (16),( 17) and Fubini’s
theorem, this leads to Eq. (15). Thus Theorem (2.1.3) is proved by induction.
As an introduction to two corollaries of Theorem (2.1.3), let us define
the classes of functions K, (R™). K, (R™) consists of the nonnegative, measurable
functions F on R™ such that forall A € (0,1)
F = hy(F,F) a.e.
In more pedestrian terms, this means that F has the following convexity properties (apart
from null functions).
a = —oo: Fisunimodal, i.e., the sets {z |F(x) > z] are convex.
—o0 < a < 0:F%is convex.
= 0: Fis logarithmically concave, i.e.,
Fldx + (1 — D) y) = F)F(y)2
0 < a < oo: F%isconcave on aconvex set, and F(x) = 0 outside this set.
a = oo : F(x) = const.on aconvex set,and F(x) = 0 outside this set.
Note, that K, < Kz if a > B. This follows from Jensen’s inequality.
Corollary (2.1.4) [63]: Let A, B be measurable sets in R™ of positive measure, and let
C = ess(AA+ (1 — 1)B}.
—1/n, and let

up (4) = f F(x)dx.

A

Let F € K,(R"),a >

Then, withy = a/(1 + na),

ur(C) = {2, (A" +(1 — Dur(B)Y}
In. particular, if F is log concave,

1/)/
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pr(C) = pp(A) pp (B2, (18)

Proof: Letf = F,,andg = F,,.Then h,(f,g) < xcho(F,F) =
xcF.Apply Theorem (2.1.3) to complete the proof
() LetF(x) = 1 € K,.Theny = 1/n and we recover the Brunn-Minkowski theorem,
Eq. (10).
(ii) Let G(x) = exp(—x?) € K,.Theninany R"
e (€) = pug (A ug (B2,
(ili) Let L(x) = (1 + x*)™" € K_;, . Then

1(C) = {4, D+ - DB, inR,
u(€) = min{p, (A), uy(B)}, in R2.
Corollary (2.1.5) [63]: Let F(x,y) € K, (R™™),x € R™,y € R™ Let

G(x) = j F(x,y)dy.
R?’L
ThenG € K,(R™),y = a/(1 + na). In particular, if F is log concawe, so is G.

Proof: Since F(x,y) > 0onaconvex setin R™*"™ G(x) > 0onaconvex setin
R™.Now fix points x, x; in this set, and define f (y) = F(x1,v),9(y) = F(x,,¥). Then
F(e, + (1 = D x0,y) = ho(y If, 9)-

apply Theorem (2.1.3) to h, (v |f, 9)-

We prove a Sobolev-type inequality (Theorem (2.1.6)) for log concave measures (i.e.,
measures given by a log concave density function). We shall write F(x) =
exp[—f(x)],x € R™ F(x) islog concave iff f(x) is convex. If f(x) is twice
continuously differentiable, this means that the second derivatives matrix, f,, , IS
nonnegative.

It is often convenient to write R"**™ 3 x = (y,z),y € R™,z€ R"

The matrix f,., is then partitioned in an obvious way as

_(fy bz
fxx—<fzy fzz>' (19)

G(y) = exp[—g(y) = [, F(y,2) dz. (20)
Then G (y) is log concave by Corollary (2.1.5). A sharper form of this result will be given
in Theorem (2.1.7).
With F as a density function, define
(4) = f A()F(x)dx/| F(x)dx,
R™ R™

varA = (|4 — (4)[?),

We shall often encounter

var (A, B) = ((A— (A)(B — (B))). (21)
Ifx = (y,x),y € R™,z € R", we write
.00 = | AG.AF@.Ddz/ | Fo.2dz,
Rn RTL
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By = [ BO)G(Y) dy/ [ GY)dy, (22)
so that (4A) = ((4)z), . In analogy with Eq. (21), vary, , covy,, , cov,, and cov,, are
defined.

Theorem (2.1.6) [63]: Let F(x) = exp[—f(x)],x € R™, letfbe twice continuously
dajfferentiable and let f be strictly convex. Let f have a minimum, so that F decreases
exponentially in all directions; then

J F(x)dx < oo.
R™

Leth € C1(R™),and letvar h < oo. Then
var h < ((hy, (fx) " ha)), (23)
where the inner product is with respect to C", and h, denotes the gradient of h.
It is convenient to postpone the proof of Theorem (2.1.6) a moment.
We prefer to give an immediate corollary first.
Theorem (2.1.7) [63]: Let F(x) = F(y,x) = exp[—f (v,2)],y € R™,
z € R™, satisfy the assumptions of Theorem (2.1.6). Moreover, let the Integrals

[ fry®)Fdz, [ (9, £,) Fz, (24)

converge uniformly in y in a neighborhood of a given point y, € R™, for all vectors
¢ € R™.Then, with the notation of Egs. (19, 20, 22), g(y) is twice continuously
differentiable near y, , and

9yy = <fyy - fyz(fzz)_lfzy>z (25)
as a matrix inequality.
Proof: We denote differentiation in a direction t at y,by a subscript t. Then Eq. (25) is
equivalent to saying that for all directions t

get = fee — fez(fz) " fat)

By differentiating g(y) = log [ F(y, z) dz, one gets

9ee = fee)z — vary fi (26).
The differentiation can be done under the integral sign by the uniform convergence of the
integrals (24), which also ensures the continuity of g;;.
The result (25) follows by applying Theorem (2.1.6) with h(z) = f;(v,, 2).

Q.E.D.

Remark(2.1.8) [63]: Even though F is assumed to be a log concave function, decreasing
exponentially in all directions, the convergence of the integrals (24) does not follow
automatically. For example, define the convex function ¢ (x),x € R, by ¢(0) = ¢'(0) =
0, and

(]5"()6) = Znio ana(x - Tl), a, >0,a, =a_,.

J ¢"(x) exp[—¢(x)]dx = 2 X721 an exp[— ZiZi(n — K)ay],
which can be made divergent by an appropriate recursive definition of a,, . If we take

f.z2)=y*+¢(y+2), yz€R,
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the integrals (24) obviously diverge for all y.
The function ¢ can be approximated by a €2 function without changing the conclusion.
We can obviously restrict h to be real valued. Let us first give the proof for R. If f(x) has
its unique minimum at x = a, write

h(x) —h(a) = f'(x) k(x).
Then k(x) is continuously differentiable, except possibly at x = a. However, if we set
k(a) = h'(a)/f"(a), k is continuous at x = a.
Now

j(h')Z/f"F dx = f[(k'f')Z/f" + 2kk'f' + k2f"| F dx
= f[(k'f')z/f" + (kf)?]F dx + [k*f'F1%e + [K*f'F1T

> J[h(x) — h(a)]?F(x)dx.

Equation (23) follows by noting that
varh < ([h — h(a)]?).
Now assume that Theorem (2.1.6) has been proved for x € R™ 1. Hence we also have
Theorem (2.1.7) for z € R™1 at our disposition. Write R 3 x = (y,z),y € R,z € R" 1,
Then
var h = (var h),, + var (h), ,
z y

with the notation of Egs. (21, 22).

Let us first restrict ourselves to functions h with compact support.

This has the advantage that F can be modified outside the support of k in such a way, that
it satisfies all the assumptions of Theorem (2.1.7) for all y. Then G(y) = [ F(y,z) dz
satisfies the assumptions of Theorem (2.1.6), so that

var (h), < <<(§) <h>z) /9"y

Now all differentiations can be carried out under the integral signs, since h has compact
support and F has been appropriately modified. Thus we find (cf. Eq. (26))
varh <(B),,
[(y)z=cov (hfy) I

B =var h+ (27)
zZ

(fyy)z—var fy
Applying Theorem (2.1.6) for z € R™1, with fixed y € R, we have
var H < (Hz; fzlez>Z'
Since this is true for
H = Ah + uf,,
with arbitrary A and u, we get
h, — hz» zzl z %
H < {(hy i b)), + 2= L) . 2y
(fyy - (fyz» fzz fzy))z
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Since f is convex, the denominator above is positive and we can use Schwarz’s inequality
to obtain

(hy = (g, 5 )2
< ((hy ;7 h, z 2,
<A faha) + = "ip ™)

= ((hy, fx;clhx))z (28)
Eq. (23) follows by combining Egs. (27) and (28).
Now only the restriction that h has compact support remains to be removed. As an
intermediate step, let us show that for all h and F satisfying the assumptions of Theorem
(2.1.6)

var h < (h,, fx;clhx>S' (29)
s

where the averages are taken over a ball with radius S centered at the origin, instead of
over all R™.

Modify h outside the ball smoothly to a function k with compact support, and let
fME@) = f(x), if xl<S;
f™M@) = FEON(x| = 8% if x| = S.

By our results until now, we have that

~1
vary R < ((kx;( x(;)ICV)) Rx))Nr

with averages with respect to the weight exp[—f ™) (x)]. Equation (29) is proved by taking
the limit N — oo and using the monotone convergence theorem.
Now let S — oo in Eq. (29). Then varsh + var h, and

j (hy ) filh)F dx
S

increases (it may actually increase to ). This concludes the proof.
Let M;; = cov(x;,x;). Then we have the matrix inequality
M < ((fx)™h), (30)
as can be seen by taking h(x) = (¢, x) forany ¢ € R™ in Theorem (2.1.6).
As a curiosity, compare (30) with the one dimensional inequality
var x = {f")71, (31)
which holds for general weights F. The proof is
(1) [cov(x, f)]? < varf varx = (f")var x,
with Schwarz’s inequality and two integrations by parts.
(i) . For the Gaussian weight F(x) = exp[—(x, Ax)],

var h < ((h,, 2A)"*h,)). (32)
In particular, if F(x) = exp[—(x,x)/2],
var h < (|h,|?) (33).

(iii) . If F(x) = exp[—(x,Ax)],M = (24)71, and thus the inequality in (30) holds as an
equality.
(iv). The analog in the setting of Theorem (2.1.7) concerns the Gaussian
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. - . (A B
with a real, positive matrix (B* C).Then
[ ®(x,y)dy = const.exp[—(x, D,)], (35)
with
D = B — BC™'B*. (36)

Thus for Gaussians the equality sign in Eq. (25) holds,
Theorem (2.1.9) [63]: With the notation of Egs. (34 — 36), let G(x) be defined by

| @@y Py dy = 660 expl-x0)

Then, if F(x,y) is log concave, G (x) is log concave; if F(x,y) is log convex, G(x) is log
CONvVex.
Proof: Write
®(x,y) = exp[~(x,D,) = (¥, Cyr)],
y' =y+C1B*x.
Then
G(x) = [exp[-(y,CV]F(x,y — CT'B*x)dy. (37)

If F(x,y) is log concave, the integrand in Eq. (37) is log concave.

Then G (x) is log concave by Corollary (2.1.5). If F(x, y) is log convex, the integrand is
log convex in x for all fixed y. Then G (x) is log convex by Holder’s inequality.

Note, that the log concave part of Theorem (2.1.9) also follows from

Theorem (2.1.7).

Theorem (2.1.10) [63]: Let F(x) be a nonnegative function on R™, and let A be

a real, positive defnite, n X n matrix. Assume exp[—(x, Ax)] F(x) € L! and define

(R)r = fR(x) exp[—(x, Ax)] F(x) dx/j exp[—(x, Ax)] F(x) dx .
If F(x) = 1wewrite ();. Let¢ € R",a € R.Then
(1(p,x) = (¢, X))V < {I(d, x)|*)1,

when F is log concave and @ > 1;
(1(p,x) — al“}e < (I(¢,x)|*)1, ifa >0,
(1(¢,x) — al®)r = (I(¢, x))1, if —1<a>0,
when F is log convex.
Proof: By a linear transformation such that (¢, x) — x; and by
Theorem (2.1.9) it suffices to prove Theorem (2.1.10) for the one-dimensional case. This
wll be done in Lemmas (2.1.11) and (2.1.12).
Lemma (2.1.11) [63]: Let F(x) be a log convex function on R, and let the averages (*)
and (-), be computed with the weights exp( —x?) F(x) and exp(—x?), respectively. Let
a € R.Then
(|lx = a|®)g = (|x]|%)4, ifa > o; (38)
(Ix = al®)e < (Ix]%), if —1<a<o. (39)
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Proof: Note that
(Ix — al*)r = {x[%)¢ = (|Ix|*)y,

G(x) = F(x + a) exp(—2ax),
Hx) = G(x) + G(—x).
Since F is log convex, G and H are log convex; moreover, H is even.
Thus, for @ > 0, it has to be shown that
(x*H(x)) = (x%) (H(x)), (40)
with the averages computed over x > 0 with the weight exp(—x?2). But this is equivalent
to the inequality

Iy Jy dxdy exp(=x? = y)[H@) — HOI(x* — y*) 2 0, (41)
which is obvious, since H(x) and x¢ are increasing functions for
x > 0.
If -1 < a < 0,x%isdecreasing for x > 0, and hence
(x*H(x)) < (x%) (H(x)).

where

This proves Eq. (39).
Lemma (2.1.12) [63]: Let F(x) be a log concave function on R. Then, with the notation of
Lemma (2.1.11),

(lx = x)p|*)r < (1x][), ifa=1 (42).
(Ix = el e = (Ix1%)6,
G(x) = F(x + (x)r) exp(=2x(x)p).

Then G (x) is log concave, and (x); = 0. By approximation, it is sufficient to assume G €
C!. Hence

Proof: Write

with

[dx exp(—x?)G'(x) = 2 [dxxexp(——x?)G(x) = 0. (43)

Moreover, there must exist a number K such that G (x) is increasing for x < K;
decreasing for x > K.By Eq. (43) K must be finite and we can assume that K > 0, say.
Then G’(x) = 0forx < 0,and
Eq. (43) implies that
fooo dx exp(—x?) G'(x) < 0. (44)

It has to be shown that

(x*[G(x) + G(=x)]) = (x*NG(x) + G(=x)), (45)
where the averages are with respect to exp(—x2),x > 0.
We assumed, that G’(x) = 0 for x < 0, and thus (cf. Egs. (40, 41)]

(x*G(=x)) £ (x*NG(=x)).

We wish to show the same inequality for the G (x) part in Eq. (45), which is equivalent to

7 dx [ dy exp(—x% = y)[6(x) — G(N](x* — y%) < 0. (46)
If we write
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X

6() — GOy) = f 6'(2) dz,

Eq. (46) becomes g
J,” dz b(2)exp(—z%)G'(2) < 0, (47)
Y(@) = exp(z?) [ dx [] dy exp(—x = yH(*— y9).  (48)

If we manage to show that y(z)is an increasing function for z > 0,
Eq. (47) follows from Eq. (44) and the fact that G’(x) = 0 for

0 <x <K; G(x) < 0forx > K,and Lemma (2.1.12) is proved.
After some manipulation, we find that

V(2 = foodx exp(—x?)(x% — z%)

+ z exp(z?) j dxf dy exp(—x? — y»)[(a — 1) x¥ 2 + y%x~2].
0

Thus, ifa > 1,¢'(z) > 0.
Theorem (2.1.13) [63]: Under the assumptions of Theorem (2.1.10), let M be the
covariance matrix
M;; = (xixj>F - (xi)F<xj)F-
Then
M<{(2A+ f,) YV < QAL if F = exp(—f) is log concave;
M = (24)71, (49) if F is log convex.

Proof: Setting @ = 2 in Theorem (2.1.10) leadsto M < (24)7?
resp. M > (2A)~L.The stronger inequality (49) is obtained from
Theorem (2.1.6) by taking h(x) = (¢, x) and replacing the weight F(x) y
exp[—(x, Ax)] F (x). Q.E.D.
Consider the diffusion equation in R™
oY /ot = —H (50)

(Hyw)(x) = — (4y)(x) + V(x) p(x), (51)
defined on an open, connected region A C R™, with zero boundary conditions. The potential
V' (x) is assumed to be convex; in particular, ¥V (x) may be oo outside a convex set D.
Further we assume the region A to be such that

with the Hamiltonian

J, exp[=tV(x)]dx < oo, vt > 0. (52)

(This means that A is bounded in the directions, for which V (x) does not go to oo as |x| =
©.)
The fundamental solution G4(x, y; t) of Eq. (50) is defined by
((0/0t) — Hyx)Ga(x,y;8) =0, x,y€AND,t >0;
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Ga(x,y;t) = 6(x — ), X,y € AN D;
Ga(x,y;t) =0, x € (AN D);
Gu(x,y;t) =0, x¢AnDory ¢ AnD.
We could, of course, replace A by A n D without changing G, , but
the point is that in Theorem (2.1.15) we want to vary A while keeping D fixed.
Using the Trotter product formula, we can write
2mt\ 2
Gy(x,y; t) = lim (—) f dxy f dxp—1
A A

Moo M

x T, fi exp [= 5 (xi = %j-1)" =5 VL, (53)
where x, = x, x)y = V.
Define the partition function by

Zy(t) = Trexp(—tHy) = [, G4(x,x; t)dx. (54)
Then Eq. (52) guarantees, that Z,(t) < ooforallt > 0, so that

HA has a pure point spectrum. In fact, Holder’s inequality applied to Egs. (53, 54) gives
that

Zy(t) < jCO(x,x; t) exp[—tV (x)] dx

A

= (2,t)" /2 j exp[—tV (x)] dx,
A
where G° is the fundamental solution of Eq. (50) with V(x) = 0. Moreover the ground

state is nondegenerate and the corresponding
eigenfunction is nonnegative [69].

Theorem (2.1.14) [63]: Let A = R™, and let the potential be of the form
V(x) = wx* + W), w >0, (55)
with a convex function W(x). Then the ground state wave function v, (x) is of the form

Po (%) = exp (—Jwx?) P(x),
where ¢ (x) is log concave.
Proof: Let G, (x,y; t) be the fundamental solution of Eq. (50) for V(x) = 1w?x?. Then

the fundamental solution for the potential
(55) is of the form

G(x,y; t) = Gy(x,y; t) H(x, y; t),
where H(x,y; t) is log concave in (x, y) for all t. This follows directly from Theorem
(2.1.9) applied to Eqg. (53).
If € is the ground state energy,

o ()Po(y) = lim G (x, y; t) exp(et)
Since the pointwise limit of log concave functions is log concave, the theorem follows.
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Theorem (2.1.15) [63]: Let A and B be open, connected regions, let C =14 + (1 —
A)B, and let VV(x) be convex. Then
Z.(t) = Z,(D*Z5 ()4 (56)
€c < Aeg + (1 — Aeg, (57)
where €, (€5, €¢) iS the ground State energy of Hy, (Hg , Hc).
Proof: Equations (53, 54) together give an expression for the partition function. We note,
that we can apply Corollary (2.1.4) to the sets AM, BM, and CM. This proves Eq. (56).
Further
€4 = — 1,11—>n£) t™1 log Z, (1),
which gives Eq. (57). Q.E.D.
Theorem (2.1.16) [63]: For measurable sets A and B € R™, dejne the essential sum C =
ess{A + B}asinEq. (8). Then C is open, and
Un (O™ 2 (DY + pn (BY/M. (58)
Theorem (2.1.17) [63]: For nonnegative, measurable functions f(x) and g(x) on R™,
dejke
Ho(x |f.9) = essyegn sup{f(x — y)* @ g(y)*}/* (59)
cf. Egs. (5-7). Then H,(x) IS ower semicontinuous in x for all «,
All the above facts are based on the following observation: For an arbitrary measurable set
A C R™,define
A" = (x € R"u,[AnV(ex)]/W,(e) »1 forel 0}, (60)
where V(c, x) is the open ball of radius e centered at x, and W}, (¢) is its volume. Then A*
Is measurable and u,,(A*44) = 0, where 4 means symmetric difference [65, Theorem
2.9.111]. Hence
ess(A + B) = ess(A* + B"), (61)
and it is sufficient to prove the theorem when A and B are replaced by A*and B*.
Letx € A" + B*, i.e,thereisapointy € A*n (x — B*). Notice, that A™ = A*; thus
for somee > 0,

un[A NV (e, )] 2 2 Wa(e);

tnlx =B N V(e,y)] = 2 Wy (e).
Hence, u,[A* N (v, B*)] > 0 for all v in some neighborhood
V (8, x), which implies that A* + B* is open, and that

A"+ B* = ess(A* + B"). (62)

Equation (58) now follows from Egs. (61, 62) and the Brunn-
Minkowski theorem, Eq. (1).
For a nonnegative, measurable function f, let

Ar = {(x,2) € R™10 < z < f(x)}. (63)
Define A¢ = as in (60). If (x,x) € Af =, (x,t) € Ag+forallt,0 < t < z. Thus it makes
sense to define

fr(x) = sup{z |(x,y) €A +}. (64)
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The supremum over the empty set is taken to be zero. Given f*, define A¢- according to
definition (63). Clearly Ag, A~ and f™ are all measurable. By (63) and (64), Ar+ D A+
Since

Ap\Ap- € G = {(x,f"(x)) |x €RT},
and since p,,11(G) = 0, it follows that y1,,1 (A7 ¥\As+) = 0.
/' D = tn+1(A,) Therefore

[[5 17 = fldx = s (424

As a consequence of (65),
Ha(f; g) = Ha(f*'g*)- (66)

Now consider the function
Ho(x|f.9) = Sepn{f(x — y)* ®g(»)* 3/ (67)

Note that generally K, (x) = K, (x). Let
D(z) ={x e R"K,(x|f",g") >z} z=0 (68).
Choose z = 0, x € D(z). By definitions (67) and (68), there is y € R™, and numbers
b,c > 0 such that
z < (b%, c%)Ve,
ffx=y)>b,g"(y) >c.
B=(x —y,b)EA,., y=(yc) € A,..

Then for all § > 0 there exist balls V (¢, ) and V (¢, y)in R™*1 such that, in the notation
of (60),

In other words

Hn+1 (A7 NV (€, B)) 2 (1 = 6)Wpq(€),
Hn+1(Ag NV(€,7)) 2 (1 = 5)Wpq(6),
If & is small enough, it follows that the sets
{ve V(iex — yIf'(v) > b},
{we Viey)lg w) > cj},

have measure at least equal to%Wn(e). This implies (1) that H,(x |[f*,g*) > z, so that in

fact

Ho(f",9") = Ka(f*, 97, (69)
and (2) that D(z) contains a neighborhood of x, such that D(z) is open. Hence K,(f*, g")
is lower semicontinuous. By Egs. (66,69), so is H,(f, g).
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Section (2.2): Maps with Convex Potentials

To recapitulate the existence theory of [74] given Q, Q, bounded domains, with|0Q;| =
0, and non-negative functions f, g defined in Q, (resp. ,) and bounded away from zero
and infinity, with fo f = fo, g one may construct convex potentials i, such that
Vi: Q; = Q, and Ve: Q, — Q, (in an a.e. sense) and satisfying

g (V) detD; jp = f(x)
k

A similar equation holds for ¢ since in fact ¢ and ¢ are constructed among those pairs of
continuous simultaneously by minimizing

YEOLOOX + j p(Ng(V)dY
Q, Q

2
among those pairs of continuous functions i, ¢ such that

PEX) + () = (X,Y)
Forany X € Q,,andY € Q,. (This approach, slightly different than Brenier's ,was proposed
by Varadhan.)
It is easy to see that iy, ¢ can be taken Lipschitz and bounded (up to a normalization
constant), since given the pair ¥, ¢ one may substitute y by

P (X) = sup(X,Y) —p(Y).

YEQ,
If we note that for a Lipschitz convex function points of Lebesgue differentiability for Vi
must actually be points of continuity (see [74]), one can see that ¥, ¢ are unique, inverse to
each other, and satisfy the weak equation.
Without entering into the details of the proof, the weak equation is obtained as the Euler
equation by making a variation ¢, = ¢ + en and
@:(X) =inf(X,Y) — @.(¥)

1

lim = [ (X) = P X)]f (X)dX
at the differentiability points of Vi (X)) .
That V¢ is the inverse of Vi has to be given careful interpretation at this point.
By the minimization property, given X, in Q, , there exists a Y, in @, such that
PY(Xo) +o(Yp) =(Xo,Y0).
By symmetry Y, is the slope of a supporting plane to ¥ at X, and vice versa.
Uniqueness is seen by noting that if 1, ¢ and, @ are minimizing pairs, so does any
convex combination.
Hence, if X, is a point of joint differentiability for ¥ and , then Vap and
V 1 must be the same.

in the integral sense

n(¥)g(Y)dy = fn NV £ (X)X

2
for any continuous 7.

And computing
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(If not

@+ P)Xo) +5 (@ + PV > (X, 1)
forany Y in Q,.)

The regularity results of [74] are as follows: If Q, is convex, ¥ can be extended to a global
(R™)viscosity solution of Cixq, = det D;ji = C,xq,. Further, ¥ is strictly convex on ;.

This puts us under the framework of the local regularity theory developed in [75] and hence
it follows that p is locally €.

From the discussion above, now V¢ is continuous in the image of Q,by Vi and

Vo(Vy) =1d

as continuous functions. If further f and g are C* functions, ¥ is locally a C*“classical
solution.

Let us point out that the problem being compact on Q;, f,g , the estimates remain
uniform on those parameters as long as they remain in a closed family.
If now we assume both ©4, Q, to be convex, both ¥ and ¢, are locally C* for some a >
0, and Vi, Ve, are Holder continuous inverses of each other.

If further £, g are Holder continuous, , ¢ are locally €% and hence Vi, V¢, become
Holder differentiable maps.
We now pass to study the boundary regularity of ¢, .

The main theorem is the following.
Theorem(2.2.1)[73]: If both Q; are convex and f, g bounded away from zero and infinity,
then ¢, P are C1* up todQ; for some a > 0s. Both a and ||Y|| c1«, ||@]| -1« depend only
on the maximum and minimum diameter of €; ,and the bounds on f, g.
The proof of the theorem is based on an iteration of a strict convexity property of functions
1y that satisfy an equation of the form

detD;;yp = du
on suitable points for du.
We start by constructing adequate of such a .
Let v define a global convex graph (y: R™ + (R)).
Assume that:
(@) ¥ is finite in a neighborhood of zero,
(b) ¥ is non-negative and Y (0) = 0.
Then, the set of slopes of all supporting planes, § = {Y: (Y,X) + A, isasupporting plane
to Y} is convex, and it has nonempty interior if and only if graph ¥ contains no lines.
Consider now, for any ¥ in S,
Sy = {X:@X) S(X,Y) + 1}.

Then, we prove
Lemma (2.2.2) [73]: If S has nonempty interior, there exists a Y in S° such that
the center of mass of )}, is zero.

We call such a Xy the centered at zero. If we replace (X ,Y)+ 1 by (X,Y) + ¢, we call
it the entered at zero.
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In order to do that we start with a lemma of independent interest, a simple variant of some
theorems of Fritz John.
Lemma(2.2.3) [73]: Let Q be a bounded convex set in R™ with the origin for center of mass.
Let E be the symmetric ellipsoid of minimum volume containing Q. Then, there exists a 4,
depending only on dimension, such that AE is contained in .
Proof: By a linear transformation, we may assume that E is the unit ball. Then, if e, is the
closest point to the origin, we must show that o = A(n).
We first point out that Q is contained between two hyperplanes —co = (X ,e; ) = 0.
Indeed, the inequality on the right is just the definition of o.
IfS S ={Y:(Y,e;)=0}NnQ
and X satisfies

(X,e) <0

the cone generated by X and S is contained in Q “to the left” of S (i.e., for
(Y,e;) < 0)and contains Q to the right of S.

If (X,e;) = —mu, this allows us to estimate the e, component of the center of mass as

|S| t+u"1
C(el)_lﬂlj [

a negative quantity for o /u small.
Hence, we must have u = Co andifo << 1 since

Qc B, Nn{X:|(X e =Co}
we may cover by an ellipsoid E with

|E'| < |B;]

contradicting the definition of B4 .Let us now go back to the proof of Lemma (2.2.2).
Forany Y in S° the Y, isbounded, since Yy c {X: (Y ,X) + 1= L}
for any supporting plane L, and such a family of L’s contains as slopes a neighborhood of Y

Hence, the functions “center of mass” ¢ (Y ) = ¢(}y ) and momentum
m(Y) = c(Y)|Xy |arewelldefined forY € S°. Assume first that S is bounded, i.e.,
Y is globally Lipschitz.
We shall prove that ¢( Y ) is locally Lipschitz in S°, goes to infinity when y goes to 45, and
has a local “transversality” property that forces, for m the momentum of ),
msinlm( V)| =
Note first that when Y, converges to Y€ a5, the 3., and its center of mass cannot remain
bounded.
If not )}y would be bounded, yywould be transversal to Ly = (X,Y)+ 1onad}, ,and
hence Y would be interior to S.
But, then if c(Y;,,) remains bounded, from Lemma (2.2.3) we would have a sequence of
ellipsoids E, (c(Y,)) centered on c(Y,) with maximum diameter going to infinity and
contained in Xy .

It follows that graph i contains a line, a contradiction. Hence
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lim |c(Y)]| =+
Y—)BSl ( )l

And
Jimlm I = +e

since [¥y | > %|Bp|,for B, asmall ball satisfying ¢ |5, < 1.

The second observation is that, arguing as above, if Y remains in a compact subset of S°
both c¢(Y ) and diam (3}, ) remain uniformly bounded.
In particular, ¥y and Ly, = (X ,Y) + 1, remain uniformly transversal along
0y (ie., (@ —Ly)(x) = Cdist(X,)y ) with € independent of Y. It follows
that if Y;, Y, , are both in such a compact subset, the Hausdorf distance

(2, 2.)
d (ZY ,ZY2> < ClY, -,

le(Y) —c(K)| = C|Y; - Yy
Im(Y;) —m(Y,)| = C Y, —Y,l.
The third and final observation is that, always for Y in a compact subset of S°,
(m(Y + €e) — m(Y),e) = Ke.
Indeed, if we look at both half spaces H* = {(X,e) > O}and H™ =
{(X,e)< 0},

Satisfies

and

Yyiee NHT DXy NH
And vice versa
Xy N H Zy,.. NH
There fore
(m(Y + €e),e) = (m(X),e).
To see that there is effectively a gain of order €, we recall first that v is Lipschitz (with norm
A) and hence if X € I, n +H*,then X + %(X,e)e € Ty ree

for u small enough (ify(X) = (X,Y )+ 1
" (X+%(X,e)e) < (X,Y)
+e(X,e)= Ly,

and hence, since for bounded Y , Xy contains a fixed neighborhood of zero, say Bp,
(2:Y+e.€\zY)n{(Xre>g ﬁ/z }
has measure of order € (p,A) €.
With these three remarks, it now follows (always for ¥ Lipschitz) that
min|m(Y)|? =0.
- - YESO - - - -
Indeed, if not, let Y, be the point where such a minimum is attained.
Lete = m(Y) /|m(Y)| and compute
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Im(Y —eg)|?= (m (Y —eg),e)*> + (m (Y — eg, T)?,

for some unit vector 7, with (t,e) = 0.

Adding and subtracting m( Y ) to each term we get

Im(Y) — ee|? = (Im(Y)| — C1€)* + C1e* < Im(Y)?
for £ small.
This completes the proof of the lemma for ¥ Lipschitz.
For a general graph 1, as in the hypothesis of the lemma, consider the increasing family of
Lipschitz functions
Yy =sup Ly

with Ly a supporting plane for ¥ with Y = VL satisfying |Y| = M. For M
large enough Sy, N M has nonempty interior and hence we may find a centered
Ly, of Py .

We show that for M going to infinity:

(@) |Y | remains bounded. Indeed ¥ was finite (and hence ¥ < 1/2) in a neighborhood
B, of zero. Recall from Lemma (2.2.3) that Zy,, is equivalent to a centered ellipsoid. Hence,

since forany &, (=Yy —€) / (|Yu| %) ¢ Xy, (because
Py = 0), we get that A(Yy + &) /| Yy|? € Zy,, either for Alarge (A > 1 /2 as in

Lemma (2.2.3)). That is

Y AY
Yur (As) Z (P S0 + 12 A+ 1,

a contradiction if |Yy| > A/ p.

(b) The minimum and maximum diameters of Xy, (understood as those of the equivalent
ellipsoid) are bounded away from zero (since ¥ is close to zero near zero) and infinity (if
not graph ¥ would contain a line).

(c) For an appropriate subsequence Xy, converges in Hausdorff metric t Xy of 3 with
c(Y) =0.

Indeed, choose Xy converging to , and Xy, converging to X in Hausdorf
metric. Since y,, is increasing,
y (W) c lim Xy, (Py) c 2.
On the other hand, since |Y), |a nd diam Xy, remain bounded, ¥, remain uniformly
bounded in Zy,, and uniformly transversal, that is

(WPu(X) — [(X,Yy ) +1]) = —Cd(X,0%y,,).
(Note that g,, — 1 is an upper barrier for

Yu— X, Yy)+1],
with g,, the function, homogeneous of degree one, satisfying

gu(0) =0

And
gM|a£yM =1.)
Hence, if X € (£)°, we have for M large that
d(X,0%y,) > 6
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and hence
YX) = limyy (X)) = X,Y)+ 1 - C§.

Hence X c =, ().
The proof of the lemma is now complete.
The following lemma can be found in [75].
Lemma (2.2.4) [73]:  Let u be a convex solution of
det D” u = d[l
in the convex domain Q in the Alexandrov sense with B; € Q B, and u = 0 on 9. Assume
that forsome 1 < 1
n1 Q) = 6u(Q).
ThenforC; = C;(60,1,K)
C,linfu| = u(Q) = C,|infu] .

Further, for some A, with 4 < A’ < 1 and

Ci == Ci(ﬂ,l’, Q,K)
Bclli(ﬂ)l/n c Vu(/l'Q) - BCz#(Q)l/n'
Proof: From the classic Alexandrov estimate

lu()|* = Cvol(Vu(Q)) - d (X,00Q)
Cu(Q)d(X,00).
On the other hand, forany A < A’ <1
Vulig < CQ)| 5§

That is

Vu(AQ) < Be,1)|infyqul
and hence

u(AQ) £ ¢, )| ntx",
In our case, since we are assuming

u(Q) = u(1Q),

the first set of inequalities is proven.
To complete the second set of inequalities, we note that, from the Alexandrov estimate
above, for A’ close enough to one.

aral =5 ra
And therefore any linear function L with slope s(L) smaller than C inf u is a supporting
plane for u in A’Q..

The proof of the lemma is now complete.

We are now ready to prove strict convexity of ¥ up to dQ. This is due to the fact that
du = det D;;y satisfies the hypothesis of the previous lemma for any centered at a point
of Q0 .We may as well consider such a class of measure u, thatis Let ' = I'(8, A) be the class
of non-negative measures u with convex support Q(u), such that for any convex set S with
center of mass 0 in Q(u), satisfies u(AS) = 6u(S).

Then we may prove the following lemma.

| infu <1| infu
2
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Lemma (2.2.5) [73]: Let u be a solution in S of
detDij u = d[l
with winT.
Assume that S is centered (ie., C(S) = 0),that B, € S © By, andthat X € Q(u) n%S.

Extend u to €S as + oo, and normalize u so that u(S) = 1. Then there is
ad < 1 so that the § —centered of u at X (i.e.,
(6 = {X:(X — X,Y)+8>u(X)—u(X)},that has X as center of mass) is strictly
contained in A’S (for some ‘(4,0 < 1).

Further, if X € 92’ n Q, then (Vu(X) —Vu(X),X — X) >, > 0.
Proof: From Lemma (2.2.4),u and Vu are bounded in AS, and such exists. Assume that
there is a sequence of fucntions u, for which X( 1/k) always reaches dA'S. Then, taking
limits in the subsequence of solutions u, the centers X, and the corresponding linear
functions (X, Y} )that define the, we find that the convex contact set D (we take from now on
X, = lim X,, as center of coordinates)

D = {X:u(X)— ulXo) = (X,Y0)}

has the following properties:
(@) There is a segment, [—aX;, X; ]in D with X; € dAS and a~1 (since the ellipsoids X are
centered and they all touch dA'S. Therefore
(b) Iminp u| 2 (1 + t)|u(0)| since |u(0)| ~ 1 and, X; being in dA’S,
lu(X)| = % |u(0)|(for this, A" must be close to one).

(c) If & = lim O, (the support of ) then the extremal points of D in

SO are contained in (the convex set) Q.

Indeed (see, for instance, [76]), given the convex contact set K = {u = L} of any convex

function u with a supporting plane L, and X an extremal point

of , one may find { Y: u(Y) < L} of diameter as small as one wishes containing X.
Therefore the approximating functions u; have nontrivial of small diameter as close as

we want to X and hence X € Q.

It follows from (a), (b), and (c) that both X, and the set D = {X € D/u(X) = r;leig u(Y)}

are in {1, X, by hypothesis, and D because the extremal points of D are extremal points of D,
obviously in S,. Hence its convex envelope is also in Q. Let now X, be the closest point in
D to the origin, X; = uX, with u < 1 to be chosen and X the & of u at X; (i.e., X; the center
of mass of Z), and u(X;) — L = —e¢ for L the linear function defining X.

We first point out that for u close to one and ¢ close to zero, £ must be strictly contained
in S. This is because, once more X being centered at X, it is equivalent to a centered ellipsoid
(Lemma (2.2.3)) and therefore if it has a segment joining X, with 8S; (note that d(D, 3S,) is
strictly positive from Lemma (2.2.4)), it has a segment in the opposite direction.

Taking limits u going to 1 and € going to zero, we find that the graph of u has a nontrivial
segment through X,, along which w is linear and nonconstant, a contradiction to the
definition of D.
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Now fix u close to one. Then (&) contains a segment [aX,, £X,] through
X, = uX, and since u is linear between 0 and X,, we must have a < 0 org > 1. If uis
close enough to one, § < 1 will contradict the fact that X is centered since the segment
[0, X;]is much larger than [X;, X,] .Thus, § > 1 and we must have }gl_r)% B = 1inorder not

to contradict the definition of D. This makes @ > 0 since X is centered at X;.
At this point we fix ¢, so that £ is very close to one, in order to make
g —1
B—w
very small. We point out that, if L defines Z
(L - U)Xy < (L —u)(X,),since L — wuisalinear functionin [0, X,], positive at X,,
and zero at aX, (recall that « > 0).
Let us now normalize u to the situation of Lemma (2.2.4), that is, by an affine transformation
we transform Z into ¥, X; into X; = 0, and X, into X; with
B; € ¥* c By.
Since ratios along a ray are preserved by linear transformations and BX, € dX* we get that
X5 is as close as we want to dX* (recall that (8 — 1)/(B — u) was as small as we wished
and hence

|BXo—Xol _ B-1

Bx5-x;| — B-u
is small). Then u — L gets renormalized to a function u*and we would complete the proof
of the lemma if we could say that
u'(0) = (L —u)(Xy)~infu",and
u (X3) = (L — U)(X,)~ infu*d(X;,0%"),
but this follows from the fact that «.* is on £* the uniform limit of u;, (the renormalization of
L — u,)and 0 = X; being in Q" (the renormalization of Q).
(Notice that the elements u of I'(4, 8) are invariant under affine transformations.
This proves (i).) The second assertion follows similar lines (we again find a segment in Q
where u is linear).
It is now easy to prove Theorem (2.2.1).
Let i be a global solution of det D; jip = du —, with
pinTand 0 in Qu. Let =, be the e* centered at zero (k an integer).
The size of X, (i.e., maximum and minimum diameters) is, by compactness,
controlled by the maximum and minimum diameters of ();. By iteration of

(i)  inthe previous lemma we have that
T, C AT,
and from part (ii) (and Lemma (2.2.4)), it follows that if X, € X, \ Zx41 N Q,
IVip(Xo) — Vip(0)] = ClXo|™

for some M.
This implies the Holder continuity of V. The proof of the theorem is thus complete.
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Chapter 3
From Brunn Minkowski to Brascamp Lieb

We deduce similarly the logarithmic Sobolev inequality for uniformly convex potentials for
which we deal more generally with arbitrary norms and obtain some new results.
Applications to transportation cost and to concentration on uniformly convex bodies
complete the exposition. We present a simple direct proof of the classical Sobolev inequality
in R™ with best constant from the geometric Brunn—Minkowski—Lusternik inequality.

Section (3.1): Logarithmic Sobolev Inequalities
After the first complete proof of the classical isoperimetric inequality was found, Minkowski
proved the following inequality:

V((A=DK+AD)Y" > (1 - DVE)Y™ + AV (L)V™, (1)
Here K and L are convex bodies (compact convex sets with nonempty interiors) in R, 0 <
A < 1,V denotes volume, and + denotes vector or Minkowski sum. The inequality (1) had
been proved for n = 3 earlier by Brunn, and now it is known as the Brunn-Minkowski
inequality. It is a sharp inequality, equality holding if and only if K and L are homothetic.
The Brunn-Minkowski inequality was inspired by issues around the isoperimetric problem,
and was for a long time considered to belong to geometry, where its significance is widely
recognized. It implies, but is much stronger than, the intuitively clear fact that the function
that gives the volumes of parallel hyperplane of a convex body is unimodal. It can be proved
on asingle, yet it quickly yields the classical isoperimetric inequality (21) for convex bodies
and other important classes of sets. The fundamental geometric content of the Brunn-
Minkowski inequality makes it a cornerstone of the Brunn-Minkowski theory, a beautiful
and powerful apparatus for conquering all sorts of problems involving metric quantities such
as volume, surface area, and mean width.
By the mid-twentieth century, however, when Lusternik, Hadwiger and Ohmann, and
Henstock and Macbeath had established a satisfactory generalization of (1) and its equality
conditions to Lebesgue measurable sets, the inequality had begun its move into the realm of
analysis. The last twenty years have seen the Brunn Minkowski inequality consolidate its
role as an analytical tool, and a compelling picture (see Figure 1) has emerged of its relations
to other analytical inequalities. In an integral version of the Brunn-Minkowski inequality
often called the Prekopa -Leindler inequality (12), a reverse form of Holder 's inequality, the
geometry seems to have evaporated. Largely through the efforts of Brascamp and Lieb, this
can be viewed as a special case of a sharp reverse form (32) of Young's inequality for
convolution norms. A remarkable sharp inequality (36) proved by Barthe, closely related to
(32), takes us up to the present time. The modern viewpoint entails an interaction between
analysis and convex geometry so potent that whole conferences and books are devoted to
“analytical convex geometry" or “convex geometric analysis." The main development of this
includes historical remarks and several detailed proofs that amplify the previous paragraph
and show that even the latest developments are accessible to graduate students. Several
applications are also discussed at some length. Extensions of the Prekopa-Leindler
inequality can be used to obtain concavity properties of probability measures generated by
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densities of well-known distributions. Such results are related to Anderson's theorem on
multivariate unimodality, an application of the Brunn-Minkowski inequality that in turn is
useful in statistics. The entropy power inequality (48) of information theory has a form
similar to that of the Brunn-Minkowski inequality. To some extent this is explained by Lieb's
proof that the entropy power inequality is a special case of a sharp form of Young's inequality
(31). This is given in detail along with some brief comments on the role of Fisher information
and applications to physics. We come full circle with consequences of the later inequalities
in convex geometry. Ball started these rolling with his elegant application of the Brascamp-
Lieb inequality (35) to the volume of central of the cube and to a reverse isoperimetric
inequality (45).

The whole story extends far beyond Figure 1 and the previous paragraph. The final is a
survey of the many other extensions, analogues, variants, and applications of the Brunn-
Minkowski inequality. Essentially the strongest inequality for compact convex sets in the
direction of the Brunn-Minkowski inequality is the Aleksandrov-Fenchel inequality (51).
Here there is a remarkable link with algebraic geometry: Khovanskii and Teissier
independently discovered that the Aleksandrov-Fenchel inequality can be deduced from the
Hodge index theorem. Analogues and variants of the Brunn-Minkowski inequality include
Borell's inequality (57) for capacity, employed in the recent solution of the Minkowski
problem for capacity; Milman's reverse Brunn-Minkowski inequality (64), which features
prominently in the local theory of Banach spaces; a discrete Brunn-Minkowski inequality
(65) due to Gronchi, closely related to a rich area of discrete mathematics, combinatorics,
and graph theory concerning discrete isoperimetric inequalities; and inequalities (67), (68)
originating in Busemann's theorem, motivated by his theory of area in Finsler spaces and
used in Minkowski geometry and geometric tomography. Around the corner from the Brunn-
Minkowski inequality lies a slew of related affine isoperimetric inequalities, such as the Petty
projection inequality (62) and Zhang's affine Sobolev inequality (63), much more powerful
than the isoperimetric inequality and the classical Sobolev inequality (24), respectively.
There are versions of the Brunn-Minkowski inequality in the sphere, hyperbolic space,
Minkowski spacetime, and Gauss space, and there is a Riemannian version of the Prekopa -
Leindler inequality, obtained very recently by Cordero-Erausquin, McCann, and
Schmuckensch 1Aager. Finally, pointers are given to other applications of the Brunn-
Minkowski inequality. Worthy of special mention here is the derivation of logarithmic
Sobolev inequalities from the Prekopa-Leindler inequality by Bobkov and Ledoux, and work
of Brascamp and Lieb, Borell, McCann, and others on diffusion equations. Measure-
preserving convex gradients and transportation of mass, utlilized by McCann in applications
to shapes of crystals and interacting gases, were also employed by Barthe in the proof of his
inequality.

In a sea of mathematics, the Brunn-Minkowski inequality appears like an octopus, tentacles
reaching far and wide, its shape and color changing as it roams from one area to the next. It
is quite clear that research opportunities abound. For example, what is the relationship
between the Aleksandrov-Fenchel inequality and Barthe's inequality? Do even stronger
inequalities await discovery in the region above Figure 1? Are there any hidden links
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between the various inequalities in? Perhaps, as more connections and relations are
discovered, an underlying comprehensive theory will surface, one in which the classical
Brunn-Minkowski theory represents just one particularly attractive piece of coral in a whole
reef. Within geometry, the work of Lutwak and others in developing the dual Brunn-
Minkowski and LP-Brunn-Minkowski theories strongly suggests that this might well be the
case.
We show the following easy result (for definitions and notation).
Theorem (3.1.1)[78]: (Brunn-Minkowski inequality in R.) Let0 <A< landletX andY
be nonempty bounded measurable sets in R such that (1 — 1)X + AY is also measurable.
Then

V(1 =DX + A7) = (1 — DV(X) + AV, (Y). (2)
Proof: Suppose that X and Y are compact sets. It is straightforward to prove that X + Y is
also compact. Since the measures do not change, we can translate X and Y so thatX nY =
{fo}, X c{x:x <0} andY c{x:x <0} Then+Y D> XUY, so

VX +Y)>2V(XuY)=V.(X)+ V. (V).

If we replace X by (1 —A)X and Y by AY , we obtain (2) for compact X and Y. The general
case follows easily by approximation from within by compact sets.
Simple though it is, Theorem (3.1.1) already raises two important matters.
Firstly, observe that it was enough to prove the theorem when the factors (1 — A) and A are
omitted. This is due to the positive homogeneity (of degree 1) of Lebesgue measure in R:
Vi(rX) = rV(X) for r = 0. In fact, this property allows these factors to be replaced by
arbitrary nonnegative real numbers. For reasons that will become clear, it will be convenient
for most to incorporate the factors (1 — 1) and A.
Secondly, the set (1 —A)X + AY may not be measurable, even when X and Y are
measurable. We discuss this point in more detail.
The assumption in Theorem (3.1.1) and its n-dimensional forms, Theorem (3.1.4) and
Corollary (3.1.6) below, that the sets are bounded is easily removed and is retained simply
for convenience.
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Aleksandrov-Fenchel (517 Barthe (36) Brascamp-Lieb {35)

Reverse Young (32) Young (31) II"ul
I|II IIIII':
IIII IIII'
IIIII IIIIII'
¥ 1
Prékopa-Lemdler (12) Entropy power (48) Halder (11}

.’
General Brunn-Minkowsk (14)

Minkowski’s first for comvex bodies (20) | * Brunn-Minkowski for comex bodies (1)

Brunn-Minkewsk: for C! domains

¥

Lsopermetnic for convex bodies (21)

!

Isoperimetric for ©! domains

Sobolev for C! functions (24) [*

Figure 1[78]: Relations between inequalities.
We denote the origin, unit sphere, and closed unit ball in n-dimensional Euclidean space R"
by 0,5™"1, and B, respectively. The Euclidean scalar product of x and y will be written x -
y, and ||x|| denotes the Euclidean norm of x. If u € S™71, then ut is the hyperplane
containing o and orthogonal to wu.
Lebesgue k-dimensional measure V, in R" k =1,..,n, can be identified with k-
dimensional Hausdorff measure in R™. Then spherical Lebesgue measure in S™1 can be
identified with V,,_, in S* 1. dx will denote integration with respect to V,, for the appropriate
k and integration over S™~1 with respect to V,,_; will be denoted by du.
The term “measurable" applied to a set in R™ will mean V},-measurable unless stated
otherwise. If X is a compact set in R™ with nonempty interior, we often write V(X) = V,,(X)
for its volume. We shall do this in particular when X is a convex body, a compact convex
set with nonempty interior. We also write x,, = V (B). In geometry, it is customary to use
the term volume, more generally, to mean the k-dimensional Lebesgue measure of a k-
dimensional compact body X (equal to the closure of its relative interior), i.e. to write
V(X) =V, (X) in this case.
Let X and Y be sets in R™. We define their vector or Minkowski sum by
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X+Y={x+y:xeX,yeYl
Ifr e, let
rX ={rx:x € X}.
If r > 0, then rX is the dilatation of X with factor r, and if r < 0, it is the reflection of this
dilatation in the origin. If 0 < A < 1, the set (1 — A)X + AY is called a convex combination
of XandY.
Minkowski's definition of the surface area S(M) of a suitable set M in R™ is

S(M) = lim Vn(M+£B)—Vn(M). 3)

-0+ €
we will use this definition when M is a convex body or a compact domain with piecewise

C?! boundary.
A function f on R™ is concave on a convex set C if

fFA=Dx+2ay)= A -Df )+ (),
forall x,y € Cand 0 < A < 1, and a function f is convex if —f is concave. A nonnegative
function £ is log concave if log f is concave. Since the latter condition is equivalent to

(L= Dx+2y) = FO D™

the arithmetic-geometric mean inequality implies that each concave function is log concave.
If f is a nonnegative measurable function on R™ and t > 0, the level set L(f,t) is defined

by

L(f,t) = {x: f(x) = t}. (4)
By Fubini's theorem,
f(x) 00 00
fRnf(X) dx = fRn fo 1dt dx = fo fL(f,t) ldx dt = fo V(L(f,©)dt.  (5)
If E is a set, 1; denotes the characteristic function of E. The formula
fG) = [ 1yp (o)t (6)
follows easily from f(x) = fof(x) dt. In [79, Theorem 1.13], equation (6) is called the layer
cake representation of f.
Theorem (3.1.2) [78]: (Prekopa -Leindler inequality inR.) Let 0 < A < 1 and let f, g, and
h be nonnegative integrable functions on R satisfying
h((1=Dx+2y) = fO g, (7)
forall x,y € R. Then
2

th(x) dx > <.[]R]‘(x)dx>1_/1 <JRg(x)dx> :

Two proofs of this fundamental result will be presented after a comment about the strange-
looking assumption (7) that ensures h is not too small. Fix a z € R and choose 0 <1< 1
and any x,y € Rsuchthatz = (1 — A)x + Ay. Then the value of h at z must be at least the
weighted geometric mean (it is the geometric mean if A = 1/2) of the values of f at x and
g at y. Note also that the logarithm of (7) yields the equivalent condition

logh (1 —Dx+Ay) = (1 —Dlog f(x) + Alog g(¥).
If f = g = h, we would have
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log f ((1 —AMx + Ay) > (1 —-MDlog f(x)+ Alog f(y),
which just says that f is log concave. Of course, the previous theorem does not say anything
when f =g = h.
First proof: We can assume without loss of generality that f and g are bounded with

SUpxerf(¥) = supyerg(x) = 1.
Ift >0,f(x) >t and g(y) = t, then by (7), h (1 — )x + Ay) = t. With the notation
(4) for level sets,
L(h,t) > (1 —A)L(f,t) + AL(g,t),
for 0 < t < 1. The sets on the right-hand side are nonempty, so by (5), the Brunn Minkowski
inequality (2) in R, and the arithmetic-geometric mean inequality, we obtain

1
J h(x)dx > J Vi(L(h,t)) dt
1]R{ 0
zj Vi((1 = DL(f,t) + AL(g,t)) dt
0
> (1 - )L)f Vi (L(f, t))dt+/1f Vi(L(g,t)) dt
= (1—A)jf(x) dx +AJg(x) dx

> <JRf(x) 0lx>1 N <JRg(x) dx)l.

Second proof. We can assume without loss of generality that
jf(x)dx=F>0and fg(x)dx=G>0_
R R

Define u, v: [0,1] — R such that u(t) and v(t) are the smallest numbers satisfying

[V dx =<7 g(ndx =t. ®8)
Then u and v may be discontinuous, but they are strictly increasing functions and so are
differentiable almost everywhere. Let
w(t) = (1 — Du(t) + Av(t).

Take the derivative of (8) with respect to t to obtain

fu®uw'®) _ gw®)v'@) _ "

F G '

Using this and the arithmetic-geometric mean inequality, we obtain (when f (u(t)) # 0 and
gu(t)) #0)

W (E) = (1 — Du'(E) + ()
> u'(t)TM(0)

F 1-2 G A
- (f (u(t») <g(v(t))> |
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1
f h(x)dx = f h (w(O))W'(t) dt
R 0

-2 1
2 fu(®)™* g(v(®)* (f(uF(t)))l 5 (f(t))) dt = F1=16%,

There are two basic ingredients in the second proof of Theorem (3.1.2): the introduction in
(8) of the volume parameter t, and use of the arithmetic-geometric mean inequality in
estimating w'(¢t).

The same ingredients appear in the first proof, though the parametrization is somewhat
disguised in the use of the level sets.

Theorem (3.1.3) [78]: (Prekopa -Leindler inequality in R™.) Let0 < A < 1andlet f, g, and
h be nonnegative integrable functions on R" satisfying

h((1=Dx+y) = fF) g4, 9)

forall x,y € R™ Then
2

1-21
h(x) dx = ( f(x)dx) <J g(x)dx) :

]RTL ]Rn ]Rn
Proof: The proof is by induction on n. It is true for n = 1, by Theorem (3.1.2). Suppose that

it is true for all natural numbers less than n.
For each s € R, define a nonnegative function h,on R*"* by h (z) = h(z,s) for z € R* 1,

and define f; and g, analogously. Let x,y € R" 1, leta,b € R, and let c = (1 — A)a + Ab.
Then

h, (1= Dx + Ay) = h((1 = Dx + Ly, (1 — Da + Ab)
=h((1 =D (x,a) +A(y,b))
f(x,a)**g(y, b)*

= fa () g, ™.
By the inductive hypothesis,

1-1 2
j h.(x)dx = ( fa(x)dx> (j gp(x) dx> :
RN-1 RN-1 RNn-1

H(c) = j h.(x)dx,F(a) =
Rn—l
Then

Let
fa(x)dx,and G(b) =f gp(x)dx.

R7-1 Rn-1

H(c) =H ((1—=Ma+ ib) = F(a)**G(b)*
So, by Fubini's theorem and Theorem (3.1.2),

fRnh(x)dx = fR fRn-lhc(z) dz dc
= jH(c) dc
R

> (j F(a) da>H O G(b) db)l
R R
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1-21 A
= < f(x) dx) < g(x) dx) )

Suppose that f; € LPi(R™),p; = 1,i = 1, ..., m are nonnegative functions, where
b —=1. (10)
] o P1 Pm
Holder's inequality in R™ states that

S T £ () dx < TR M fillp, = mYi =TI ([ fiGOPEdx)P. (11)
Let0 <A< 1.1fm=21/p, =1—-21/p, = L, andwelet f = f/*and g = £/, we get
o FE2g (00 dx < (fo fOdX) ™ (o 9(0)dx)",

The Pre@a—Leindler inequality in R™ can be written in the form
Jon sup{f () 1g (M (1 = Dx + Ay = z}dz 2

1-1 2
(Jgn f@)dx)" " (Jgn 9 (x)dx) (12),

because we can use the supremum for h in (9). A straightforward generalization is
Jan sup{TTEy fi(): B0 2 = 2} dz 2 TTE, I illy, (13)

where p; = 1 for each i and (10) holds. So we see that the Prekopa -Leindler inequality is a
reverse form of Holder's inequality and that some condition such as (7) is therefore necessary
for it to hold.
Notice that the upper Lebesgue integral is used on the left in (12) and (13). This is because
the integrands there are generally not measurable. We shall return to this point the Brunn-
Minkowski inequality is derived from the Prekopa-Leindler inequality.
A different and self-contained short proof can be found.
Theorem (3.1.4) [78]: (General Brunn-Minkowski inequality in R™, first form.) Let 0 <
A< 1and let X and Y be bounded measurable sets in R™ such that (1 — 1)X + AY is also
measurable. Then

V(A =DX + A7) = X)™,(A (14)
Theorem (3.1.5) [78]: The Prekopa -Leindler inequality in R™ implies the general Brunn-
Minkowski inequality in R™.
Proof: Leth = 1;3_pyx+ay, f = 1x,and g = 1y . If x,y € R™, then f(x)*"*g(y)* > 0 (and
in fact equals 1) if and only if x € X and y € Y . The latter implies (1 — A)x + Ay € (1 —
A)X + AY , which is true if and only if h((1 — A)x + Ay) = 1. Therefore (9) holds. We
conclude by Theorem (3.1.3) that

Vn((1 — DX+ AY) = 1g-ax+ar(x)dx

1-2 2
> (f 15 (%) dx) (J 1y(x) dx) = V,(X) 1, (M
R" R"
Corollary (3.1.6) [78]: (General Brunn-Minkowski inequality in R"™, standard form.) Let

0<A<1landlet X and Y be nonempty bounded measurable sets in R™ such that (1 —
A)X + AY is also measurable. Then
V, (1 = DX +AY)V/" > (1 = DV, (X)/™ 4+ AV, (V)™ (15)
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Proof: Let
Va(Y)M"

G AGRE
and let X’ = V,(X)""/"Xand Y’ =V, (Y)"Y/*Y . Then

Gx)vn
V(XY™ + V (V)1
and V(X" = V,,(Y") = 1, by the positive homogeneity (of degree n) of Lebesgue measure
in R™ (V,(rA) = r™V,(A) forr = 0). Therefore (14), applied to X,Y’, and A’, yields

(@ -DX' +2Y) = 1.

!

1-1 =

But

V(@ -DX +2Y) = Vn< A+ Y > hX+Y)

V@OV + (DY) (COY + V,(V)Y/mn
This gives
V(X + V)Y = 00" + V,(V)M™,
To obtain (15), just replace X and Y by (1 — A)X and AY, respectively.
Remark (3.1.7) [78]: Using the homogeneity of volume, it follows that for all s,t > 0,
V,(sX +tY )V > sy, (X)V™ + tV, (V)™ (16)
Note the advantages of the first form (14) of the general Brunn-Minkowski inequality. One
need not assume that X and Y are nonempty, and the inequality is independent of the
dimension n. The two forms are equivalent, however; to get from the standard to the first
form, just use Jensen's inequality for means (see (28) below with p = 0 and g = 1/n).
For detailed remarks and references concerning the early history of the Brunn-Minkowski
inequality for convex bodies, see [80, p. 314]. Briefly, the inequality for convex bodies in
R™ was discovered by Brunn around 1887. Minkowski pointed out an error in the proof,
which Brunn corrected, and found a different proof himself. Both Brunn and Minkowski
showed that equality holds if and only if K and L are homothetic (i.e., K and L are equal up
to translation and dilatation). The proof presented in [80, Section 6.1], due to Kneser and
Suss in 1932, is very similar to the proof we gave above of the Prekopa -Leindler inequality,
restricted to characteristic functions of convex bodies; note that the case n = 1 is trivial, and
the equality condition vacuous, in this case. This is perhaps the simplest approach for the
equality conditions for convex bodies.
Another quite different proof, due to Blaschke in 1917, is worth mentioning. This uses
Steiner symmetrization. Let K be a convex body in R™ and let u € S*~1. The Steiner
symmetral S, K of K in the direction u is the convex body obtained from K by sliding each
of its chords parallel to u so that they are bisected by the hyperplane ut, and taking the union
of the resulting chords. Then V(S,K) = V(K) by Cavalieri's principle, and it is not hard to
show that if K and L are convex bodies in R™, then
S,(K+L)>S,K+S,L. (17)
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One can also prove that there is a sequence of directions wu,, € S™ 1 such that if K is any
convex body and K, = S, Kp,_1,then K;;, - rx B as m — oo, where ry is the constant such
that V(K) = V(r¢B). Repeated application of (17) now gives

VK +L)Y™ >V(1,B +r,B)Y™ = (g + 1))V(B)Y™

= V(B + V(@ BV = V)Y + V(IL)V™,

See [81, Chapter 5, Section 5] or [150, pp. 310{314].
The general Brunn-Minkowski inequality and its equality conditions were first proved by
Lusternik [82]. The equality conditions he gave were corrected by Henstock and Macbeath
[79], who basically used the method in the second proof of Theorem (3.1.2) to derive the
inequality. Another method, found by Hadwiger and Ohmann [79], is so beautiful that we
cannot resist reproducing it in full (see also [95, Section 8], [93, Section 6.6], [58, Theorem
3.2.41], or [96, Section 6.5]).
The idea is to prove the result first for boxes, rectangular parallelepipeds whose sides are
parallel to the coordinate hyperplanes. If X and Y are boxes with sides of length x; and y;,
respectively, in the ith coordlnate dlrectlons then

V(X) = nxl,V(Y) = Hyl,and Vi X+Y)= H(xl +y;).

i=1
Now
n

n
( X; )1/"+< Vi )”nslz: X; +1 Vi _q
X +yi X +Y; nizlxi‘H’i nizlxi-l_yi

by the arithmetic-geometric mean inequality. This gives the Brunn-Minkowski inequality
for boxes. One then uses a trick sometimes called a Hadwiger-Ohmann cut to obtain the
inequality for finite unions X and Y of boxes, as follows. By translating X, if necessary, we
can assume that a coordinate hyperplane, {x,, = 0} say, separates two boxes in X. Let X (or
X_) denote the union of the boxes formed by intersecting the boxes in X with {x,, = 0}
(or {x,, < 0}, respectively). Now translate Y so that

V(X:) _ V()

v v (18)
whereY, and Y_are defined analogously to X, and X_. Note that X, +Y,+C
{x, =0}, X_+Y_ c{x, <0}, and that the numbers of boxes in X, UY, and X_ U Y_ are
both smaller than the number of boxes in X U Y . By induction on the latter number and
(18), we have

VIX+Y) VX, +Y,) +V(X_+Y)
> (VDY + V)Y + (vxO)Yr + v ()"
- V(X,) (1 + V(Y)l/n>n + VX (1 + V(Y_)l/n>n
+ V(X)l/n - V(x)l/n

V(Y)l/n n_ 1/n 1/n\"
+W> = (VOYr +v()Y/n).

= V(X) (1

59



Now that the inequality is established for finite unions of boxes, the proof is completed by
using them to approximate bounded measurable sets. A careful examination of this proof
allows one to conclude that if V,(X)V;,(Y) > 0, equality holds only when

Va((conv X)\X) =V, ((conv Y )\Y) = 0,
where convX denotes the convex hull of X. Putting the equality conditions above together,
we see that if 1,(X)V,,(Y) > 0, equality holds in the general Brunn-Minkowski inequality if
and only if X and Y are homothetic convex bodies from which sets of measure zero have
been removed. See [37, Section 8] and [150, Section 6.5] for more details and further
comments about the case when X or Y has measure zero.
Since Holder's inequality (11) in its discrete form implies the arithmetic geometric mean
inequality, there is a sense in which Holder's inequality implies the Brunn-Minkowski
inequality.
by

nVy(K,L) = lim M (19)
-0+

Note that if L = B, then S(K) = nV; (K, B); itis this relationship that will quickly lead us to
the isoperimetric inequality and its equality condition. An even shorter path (see [80,
Theorem B.2.1]) yields the inequality but without the equality condition.
The quantity V; (K, L) is a special mixed volume, and its existence requires just a little of the
theory of mixed volumes to establish; see [80, Section 6.4]. In fact, Minkowski showed that
if K, ..., K,,, are compact convex sets in R", and ty, ..., t,, = 0, the volume V(Q:{t;K;:i =
1,..,m}) is a polynomial of degree n in the variables t,,...,t,. The coefficient
V(Kj,, ..., K;, ) of t; = t; in this polynomial is called a mixed volume. Then V;(K,L) =
V(K,n — 1, L), where the notation means that K appears (n — 1) times and L appears once.
See [81, Appendix A] for a gentle introduction to mixed volumes.
Theorem (3.1.8) [78]: (Minkowski's first inequality for convex bodies in R™.) Let K and L
be convex bodies in R™. Then
n-—1
Vi(K,L) = V(K)( n )V(L)l/”, (20)
with equality if and only if K and L are homothetic.
Minkowski's first inequality plays a role in the solution of Shephard's problem: If the
projection of a centrally symmetric (i.e., —K is a translate of K) convex body onto any given
hyperplane is always smaller in volume than that of another such body, is its volume also
smaller? The answer is no in general in three or more dimensions; see [87, Chapter 4] and
[99, p. 255].
Theorem (3.1.9) [78]: The Brunn-Minkowski inequality for convex bodies in R™ (and its
equality condition) implies Minkowski's first inequality for convex bodies in R™ (and its
equality condition).
Proof: Substituting € = t/(1 — t) in (19) and using the homogeneity of volume, we obtain
. V(K+¢l)—-V(K)
nVi(K,L) = lim

8—>0+ &

60



_ V(A-tK+¢tL)— (1 — "V (K)
= lmt_)0+ t(l — t)‘n—l
V(A-OK+tL)-V(K) | (1-(1-)")V(K)
” + limy o, "
V(A -tK+tL)—V(K)

= lim;_o,

= limy_,o, + nV(K).

t
Using this new expression for V,(K,L) (see [107, p. 7]) and letting f(t) =
V((1—t)K + tL)/™, for 0 < t < 1, we see that
. VK, L) =V(K)
f (O) - V(K)(n_l)/n
Therefore (20) is equivalent to f'(0) = f(1) — £(0). Since the Brunn-Minkowski
inequality says that f is concave, Minkowski's first inequality follows.
Suppose that equality holds in (20). Then f'(0) = f(1) — £(0). Since f is concave, we have
f(@©) = £(0)
= f(1) = £(0)

t
for 0 <t <1, and this is just equality in the Brunn-Minkowski inequality. The equality

condition for (20) follows immediately.
The following corollary is obtained by taking L = B in Theorem (3.1.8).
Corollary (3.1.10) [78]: (Isoperimetric inequality for convex bodies in R™.) Let K be a
convex body in R™. Then
VN s 1/ (n—1)

(@) =G&) 21
with equality if and only if K is a ball.
It can be shown (see [85]) that if M is a compact domain in R™ with piecewise C* boundary
and L is a convex body in R", the quantity V; (M, L) defined by (19) with K replaced by M
exists.
From the Brunn-Minkowski inequality for compact domains in R™ with piecewise C?!
boundary and the above argument, one obtains Minkowski's first inequality when the convex
body K is replaced by such adomain. Taking L = B, thisimmediately gives the isoperimetric
inequality for compact domains in R™ with piecewise C boundary.
Essentially the most general class of sets for which the isoperimetric inequality in R™ is
known to hold comprises the sets of finite perimeter; see, for example, the book of Evans
and Gariepy [87, p. 190], where the rather technical setting, sometimes called the BV theory,
Is expounded. It is still possible to base the proof on the Brunn-Minkowski

Vi(M, L) = %faM hy (uy)dx, (22)
where h; is the support function of L and u,, is the outer unit normal vector to oM at x. (If
we replace h;, by an arbitrary function f on S™ 1, then up to a constant, this integral

represents the surface energy of a crystal with shape M, where f is the surface tensionWhen
M = K is a sufficiently smooth convex body, (22) can be written

Vi(K,L) = = [ h ) fie W), (23)
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where fi is the reciprocal of the Gauss curvature of K at the point on dK where the outer
unit normal is u; for general convex bodies, fx (u)du must be replaced by dS(K, ), where
S(K,) is the surface area measure of K. Minkowski's existence theorem gives necessary and
sufficient conditions for a measure u in S™~* to be the surface area measure of some convex
body. Now (20) and (23) imply that if S(K,) = wu, then K minimizes the functional

L— h,(w)dp

Sn—l
under the condition that V(L) = 1, and this fact motivates the proof of Minkowski's
existence theorem. See [96, Section 7.1], where pointers can also be found to the vast
literature surrounding the so-called Minkowski problem, which deals with existence,
uniqueness, regularity, and stability of a closed convex hypersurface whose Gauss curvature
Is prescribed as a function of its outer normals.
Theorem (3.1.11) [78]: (Sobolev inequality.) Let f be a C* function on R™ with compact
support. Then

Sl VF lldx = 1™ | f 1/ n-1. (24)
The previous inequality is only one of a family, all called Sobolev inequalities. See [91,
Chapter 8], where it is pointed out that such inequalities bound averages of gradients from
below by weighted averages of the function, and can thus be considered as uncertainty
principles.
Theorem (3.1.12) [78]: The Sobolev inequality is equivalent to the isoperimetric inequality
for compact domains with C! boundaries.
Proof: Suppose that the isoperimetric inequality holds, and let f be a C* function on R™ with
compact support. The coarea formula (a sort of curvilinear Fubini theorem; see [85, p. 112])
implies that

1VFGolldx = j Voot (F1(2D) dt
Rn

R

- [ sean.o)a,
0
where L(|f],t) is a level set of |f], as in (4). Applying the the isoperimetric inequality for
compact domains with C! boundaries to these level sets, we obtain

7 (o)lldx > k™ j V(LA 0) "

R 0
On the other hand, by (6) and Minkowski's inequality for integrals (see [77, (6.13.9), p.
148]), we have

(n-1)/n . n/(n—-1) (n-1)/n
< |f(x)|n/(n—1)dx> = (f <f 1L(|f|,t) (x)dt) dx)
R™ R™ \/0

(n-1)/n

< j (J 1L(|f|,t)(x)"/("_1)dx> dt
0 R™

=V(L(f1, )" D/ dt.
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Therefore (24) is true.

Suppose that (24) holds, let M be a compact domain in R™ with ¢! boundary oM, and let
€>0.Definef,(x) =1ifxeM,f,(x)=0ifx&M+eB,and f,(x) =1—d(x,M)/cif
x € (M + eB)\M, where d(x, M) is the distance from x to M. Since f, can be approximated
by C* functions on R™ with compact support, we can assume that (24) holds for f,. Note that
fe > 1y as € » 0. Also, [|[V(x)||=1/cif x € (M + eB)\M and is zero otherwise.
Therefore, by (3),

V(M + eB) — V(M)

SM) = lims—>0+ = lima—>0+|lvfs(x)”dx

&

e-04

(n-1)/n
= nk/" ( j 1M(x)dx>
R?’L

= ni /™ y(M)-D/n,
which is just a reorganization of the isoperimetric inequality (21) .
As for the isoperimetric inequality, there is a more general version of the Sobolev inequality
in the BV theory. This is called the Gagliardo-Nirenberg-Sobolev inequality and it is
equivalent to the isoperimetric inequality for sets of finite perimeter; see [87, pp. 138 and
192].
If X and Y are Borel sets, then (1 — A)X + AY , being a continuous image of their product,
Is analytic and hence measurable. (Erdos and Stone [89] proved that this set need not itself
be Borel.) However, an old example of Sierpinski [96] shows that the set (1 —A)X + AY
may not be measurable when X and Y are measurable.
There are a couple of ways around the measurability problem. One can simply replace the
measure on the left of the Brunn-Minkowski inequality by inner Lebesgue measure V., the
supremum of the measures of compact subsets, thus:
Vi (1= DX + 2V)Y™ = (1 = DV, (XY™ + AV, ()™,
A better solution is to obtain a slightly improved version of the Prekopa -Leindler inequality,
and then deduce a corresponding improved Brunn-Minkowski inequality, as follows.
Recall that the essential supremum of a measurable function f on R"™ is defined by
ess sup,ernf (x) = inf{t: f(x) < t for almost all x € R"}.
Brascamp and Lieb [95] proved the following result. (According to Uhrin [146], the idea of
using the essential supremum in connection with our topic occurred independently to S.
Dancs.)
Theorem (3.1.13) [78]: (Prekopa-Leindler inequality in R"™, essential form.) Let0 < 1< 1
and let f, g € L'(R™) be nonnegative. Let

o\1-1 1
s(x) = ess sup, f (%) g G) : (25)
Then s is measurable and

(n-1)/n
> lim nK,ll/n< |f£(x)|”/(”‘1)dx>
Rn

Islly = IFIE*lglld.
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Proof: First note that s is measurable. Indeed,
x — Y12 2
s(x) = supgep jRnf (1 - ;]) g (%) ¢()dy,
where D is a countable dense subset of the unit ball of L*(R™). Therefore s is the supremum
of a countable family of measurable functions.
With the measurability of s in hand, the proof follows that of the usual Prekopa -Leindler
inequality presented.
The essential form of the Prekopa -Leindler inequality in R™ implies the usual form,
Theorem (3.1.3).
To see this, replace x by z and y by Ay’ in (25) and then let x = (z — 1y") /(1 — 1) to obtain
z—y"\"~
s(z) = ess Supy'f< 1 _3{ ) g’

= esssup{f(x)**g(»* z = (1 — Dx + y}.
Now if h is any integrable function satisfying
h((1—=Dx +2y) = fF) g,
we must have h = s almost everywhere. It follows from Theorem (3.1.13) that
IRlly = sl = IF1IT~*llglld.
The corresponding improvement of the Brunn-Minkowski inequality requires one new
concept. Note that the usual Minkowski sum of X and Y can be written
X+Y={zXnz-Y)}+0.
Adjust this by defining the essential sum of X and Y by
X+.Y={zV,(Xn(z-Y))>0}

While
Ixyy (2) = supyern1x(x) 1y (z — %),

it is easy to see that

1y + .Y (2) = ess sup,epnly(x)1y(z — x). (26)
Theorem (3.1.14) [78]: (General Brunn-Minkowski inequality in R™, essential form.) Let
0 <A< 1andletX and Y be nonempty bounded measurable sets in R™. Then

V(1= DX + AV = (1 = DV, (XY™ + AV, ()™, (27)
Proof: In Theorem (3.1.13), let f = 1(;_)x and g = 1,y . Then, by (26),

1(1—/1)X+e/1Y(Z) = ess supxeRnl(l_,l)X(x) Liy(z —x)

= eSS SUPern 1y (1 i /'1) 1y (Z ; x)

= ess supyegnly (%) 1y (%) = s(z).

The inequality
V(1= DX + .47 ) 2 0O R,
and hence (27), now follow exactly.
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A direct proof of the previous theorem is given in [95, Appendix]. Here is a sketch. One first
shows that X + .Y is measurable (indeed, open). This is proved using the set A* of density
points of a measurable set A4, that is,

V,(AN B(x,¢)) 1}
Va(B(x, €)) '
where B(x, €) is a ball with center at x and radius €. Then V,(AAA*) = 0, where A denotes
symmetric difference, and this implies that
X+, Y =X"+,7"
Now it can be shown that X* + Y™ is open and
X+ Y =X"+Y"
The Brunn-Minkowski inequality (15) in R™ then implies (27).
If £ is a nonnegative integrable function defined on a measurable subset A of R", and u is
defined by

A* = {x € R™: lim,_,,

uX) = flodx,
ANX
for all measurable subsets X of R™, we say that u is generated by f and A.

The Prekopa-Leindler inequality implies that if f is log concave and C is an open convex
subset of its support, then the measure u generated by f and C is also log concave. Indeed,
iIf0 <A< 1, XandY are measurable sets, and z = (1 — A)x + Ay, then the log concavity
of f implies

f(Z)lcn((1—/1)X+,1y) (z) = (f(x)1cnx(x))1_/1(f(Y)1cn¥()’))l,
so we can apply Theorem (3.1.3) to obtain
u((1—=ADX+ 1Y) = J f(z)dz
cn((1-D)X+AY)
= | F@lenuonxan @ dz
2

1-1
= < f(x)lcm((x)dx> < f(x)lcny(x)dx>
R™ R™

1-2 A
cnx cny

= u(X) " *uM*.
This observation has been generalized considerably, as follows. If 0 <A< 1 and p # 0,
we define
M,(a,b,2) = (1 — A)aP + AbP)1/P

ifab # 0and M,(a,b, 1) = 0 if ab = 0; we also define

My(a, b, 1) = a*~*b?,
M_,(a,b,A) = min{a, b}, and M, (a, b, ) = max{a, b}. These quantities and their natural
generalizations for more than two numbers are called pth means. The classic text of Hardy,
Littlewood, and Polya [97] is still the best general reference. (Note, however, the different
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convention here when p > 0 and ab = 0.) Jensen's inequality for means (see [97, Section
2.9]) implies that if —oo < p < q < oo, then
My,(a,b,A) < M,(a, b, 1), (28)

with equality if and only if a = b or ab = 0.
A nonnegative function f on R" is called p-concave on a convex set C if

(A= Dx + y) = Mp(f(x), f(), ),
forall x,y € C and 0 < A1 < 1. Analogously, we say that a finite (nonnegative) measure u
defined on (Lebesgue) measurable subsets of R™ is p-concave if

(A =DX + 1Y) = My (uX), u(¥), 1),
for all measurablesets X andY inR"and 0 < 1 < 1,
Thus 1-concave is just concave in the usual sense and 0-concave is log concave. The term
quasiconcave is sometimes used for —oo-concave. Also, if p > 0 (or p < 0), then f is p-
concave if and only if f? is concave (or convex, respectively). It follows from Jensen's
inequality (28) that a p-concave function or measure is g-concave for all g < p.
Probability density functions of some important probability distributions are p-concave for
some p. Consider, for example, the multivariate normal distribution on R™ with mean m €
R™ and n X n positive definite symmetric covariance matrix A. This has probability density

F(x) = cexp (— S 'AZ_l(x_m)),

where ¢ = (2m)™™?(detA)~'/2. Since A is positive definite, the function (x —m) -
A~1(x —m) is convex and so f is log concave. The probability density functions of the
Wishart, multivariate 8, and Dirichlet distributions are also log concave; see [82]. The
argument above then shows that the corresponding probability measures are log concave.
Prekopa [183] explains how a problem from stochastic programming motivates this result.
However, Borell [88] noted that the density functions of the multivariate Pareto (the Cauchy
distribution is a special case), t, and F distributions are not log concave, but are p-concave
for some p < 0. To obtain similar concavity conditions for the corresponding probability
measures, a technical lemma is required.

Lemma (3.1.15) [78]: Let 0 < A < 1 and let a, b, ¢, and d be nonnegative real numbers. If
p +q = 0, then

M,(a,b,A))M,(c,d, 1) = M,(ac, bd, 1),

where s = pq/(p + q) if p and g are not both zero,and s = 0if p = q = 0.

Proof: A general form of Holder's inequality (see [97, p. 24]) states that when 0 < 1 < 1,
p1, 02,7 > 0with1/p; + 1/p, = 1,and a, b, ¢, and d are nonnegative real numbers, then

M,(ac,bd, 1) < My, (a, b, A)M,p,(c,d, 1),

and that the inequality reverses when r < 0. Suppose thatp + g > 0. If p, g > 0, we can let
r=s, p; =p/s, and p, = q/s, and the desired inequality follows immediately. If p < 0,
then g > 0 and we let r = p,p; = s/p, and p, = —q/p; then replace a, b, c, and d, by
ac,bd,1/c, and 1/d, respectively. The remaining cases follow by continuity.
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The following theorem generalizes the Prekopa-Leindler inequality in R™, which is just the
case p = 0. The number p/(np + 1) is interpreted in the obvious way; it is equal to
—cowhenp = —1/nandto 1/nwhenp = oo,
Theorem (3.1.16) [78]: (Borell-Brascamp-Lieb inequality.) Let 0 <1< 1, let —1/n <
p < oo, and let f, g, and h be nonnegative integrable functions on R™ satisfying

h((1 = Dx + Ay) =2 My (f (x), ), ),
for all x,y € R™. Then

h(x)dx = My, /tnp+1) (f f(x)dx, g(x)dx,l).
R™ R™ R™

Proof: This is very similar to the proof of the Prekopa-Leindler inequality. To deal with the
case n = 1, follow the second proof of Theorem (3.1.2), defining F, G, u, v, and w as in that
theorem.

Then, by Lemma (3.1.15) with g = 1,

1

f h(x)dx > f h(w ()W (t) dt
R

0

> fol M, (f(u(®)), g(v(t)), )My <f(uF(t)) ,g(vit)),/1> dt

Mp/(p+1) (F, G, A)dt = Mp/(p+1) (F, G, A)
The general case follows as in Theorem (3.1.3) by induction on n.
Theorem (3.1.16) was proved (in slightly modified form) for p > 0 by Henstock and In
calling Theorem (3.1.16) the Borell-Brascamp-Lieb inequality we are following the authors
of [92] (who also generalize it to a Riemannian manifold setting; see Section 19.13) and
placing the emphasis on the negative values of p. In fact, the proof of [92, Corollary 1.1]
shows that the strongest inequality in this family is that for = —1/n ; that is, Theorem
(3.1.16) for p = —1/n implies
Theorem (3.1.16) for all p > —1/n. This follows from a suitable rescaling of the functions
f,g, and h, Lemma (3.1.15) with g =—-p/(np+ 1), and the observation that
M,(a,b,2)™' = M_,(1/a,1/b, 2).
The approach of Brascamp and Lieb [95], incidentally, was to observe that Theorem (3.1.16)
also holds for n = 1 and p = —oo (the argument is contained in the first proof of Theorem
(3.1.2)), and then to derive Theorem (3.1.16) forn = 1 and p = —1 from this and Lemma
(3.1.15).
Corollary (3.1.17) [78]: Let —1/n <p < 1 and let f be an integrable function that is p-
concave on an open convex set C in R™ contained in its support. Then the measure generated
by f and C is p/(np + 1)-concave.
Proof: This follows from Theorem (3.1.16) in exactly the same way as the special case p =
0 follows from the Prekopa-Leindler inequality (see the beginning of this section).
The Brunn-Minkowski inequality says that Lebesgue measure in R™ is 1/n-concave, and
Theorem (3.1.16) supplies plenty of measures that are p-concave for —1/n <p < co.
Borell [88] (see also [79, Theorem 3.17]) proves a sort of converse to Corollary (3.1.17):
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Given —oo < p < 1/n and a p-concave measure u with n-dimensional support S, there is a
p/(1 —np)-concave function on S that generates u. Borell also observed that when p >
1/n, no nontrivial p-concave measures exist in R™, and that any 1/n-concave measure is a
multiple of Lebesgue measure; see [89, Theorem 3.14]. Dancs and Uhrin [944, Theorem 3.4]
find a generalization of Theorem (3.1.16) in which Lebesgue measure is replaced by a g-
concave measure for some —oo < g < 1/n.
It is convenient to mention here a sharpening of the Brunn-Minkowski theorem proved by
Bonnesen in 1929 (see [94] and [84, p. 314]). If X is a bounded measurable set in R™, the
inner function my of X is defined by
my(u) = SupteRVn—1(X N (ut + tu)),

for u € ™1, (In 1926, Bonnesen asked if this function determines a convex body in
R™ n = 3, up to translation and re°ection in the origin, a question that remains unanswered,;
see [97, Problem 8.10].) Bonnesen proved that if 0 < A < 1 and u € S™1, then
L((A=-DX+AY) =M (my(w), my(w), )| (1—=2) (%) +2 (1) (29)

" - R T my () " my(w) )
Lemma (3.1.15) withp = 1/(n — 1) and g = 1 shows that this is indeed stronger than (15).
As Dancs and Uhrin [94, Theorem 3.2] show, an integral version of (29), in a general form
similar to
Theorem (3.1.16), can be constructed from the ideas already presented here.
At present the most general results in this direction are contained in the papers of Uhrin; see
[196], [97]. In particular, Uhrin states in [87, p. 306] that all previous results of this type are
contained in [97, (3.42)]. The latter inequality has as an ingredient a “curvilinear Minkowski
addition,” and its proof reintroduces geometrical methods.
The convolution of measurable functions f and g on R" is

frxgl)=1| f(x—y)g(y)dy.
RTL

The next two theorems, on concavity of products of functions, are useful in obtaining a result
on the concavity of convolutions.
Theorem(3.1.18) [78]: Letp; + p, =0, and let p = pyp,/(p; + p2) if p; and p, are not
both zero,andp = 0 if p; = p, = 0. Fori = 1,2, let f; be a p;-concave function on a convex
set C; in R™. Then the function f(x,y) = f;(x)f,(y) is p-concave on C; X C,.
Proof: Supposethat0 < A < 1,andletx; € C; andy; € C, fori = 0,1. By Lemma (3.1.15),
(A =D (xo,¥0) + A(x1,¥1)) = fr (1 = Dxo + Ax1) /(1 = Dy + A1)
= M,, (f1(x0), f1(x1), 4 )Mpz (f200), f2(71), 1)
= Mp(f1(xo)f2 o), f1(x) (1), A)
= Mp(f(XOJ yo);f(xp yl)')')
Theorem (3.1.19) [78]: Let p = —1/n and let f be an integrable p-concave function on an
open convex set C in R™*™, For each x in the projection C|R™ of C onto R™, let C(x) =
{y € R":(x,y) € C}. Then
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Fx)=1 f(xy)dy
C(x)

Isp/(np + 1)-concave on C|R™.
Proof: Fori = 0,1, letx; € C|R™and let g;(y) = f(x;,y) fory € C(x;). Suppose that 0 <
A<1landthatx = (1 —A)x, + Axy,andlet g(y) = f(x,y) fory € C(x). The p-concavity
of f implies that

g9((1 = Dyo + y1) = Myp(go (Vo) 91(v1), 1)
whenever y; € C(x;),i = 0,1. Also,

C(x) D (1—=21)C(xy) + AC(xq).

Then Theorem(3.1.16) yields

j gy)dy = Mp/(np+1><f go(y)dy.j gl(y)dy,/1>.
C(x) C(x()) C(xl)

This shows that F is p/(np + 1)-concave on C|R™.

If we apply the previous theorem withn = 1 and f = 1, when C is the interior of a convex
body K in R™*1 and letp — oo, we see that the function giving volumes of parallel
hyperplane of K is 1/n-concave. This statement is equivalent to the Brunn-Minkowski
inequality for convex bodies.

Theorem (3.1.20) [78]: Let p; + p, = 0, and let p = pyp,/(p1 + p,) if p, and p, are not
both zero, and p = 0 if p; = p, = 0. Suppose furtherthatp = —1/n. Fori = 1,2, let f; be
an integrable p;-concave function on an open convex set C; in R™. Then f; * f, isp/(np +
1)-concave on C; + C,.

Proof: By Theorem (3.1.18), the function f; (x — y)f,(y) is p-concave for (x — y,y) € C; X
C, ¢ R?", that is, for x € C; + C,. The result follows from Theorem (3.1.19).

For extensions to measures and some examples that limit the possibility of weakening the
conditions on p;,p,, and p in Theorem (3.1.20), see [99, Section 3.3], whose general
approach we have followed in. Theorem (3.1.19) can be found in [98] and [95]. The early
history of

Theorem (3.1.20) (when p = 0, this says that the convolution of two log concave functions
is also log concave) is discussed by Das Gupta [47, p. 313].

12. The covariogram

Theorem (3.1.21) [78]: Let K and L be convex bodies in R™. Then the function

9@ =V(EnL+0)""

for x € R™, is concave on its support.
Proof: Forx,y € R*and 0 < A < 1, we have
KN(L+A-Dx+A)=Kn(A—-DL+x)+AL+y))
SA-DEKNL+x)+AEKNL+y)):
Using the Brunn-Minkowski inequality (15), we obtain
Ik (A =Dx+ ) =2V((A-DKNL+x)+EnL+y))HY"
> -DVENL+x)DY"+AVE N (L +y)"
=1 =Dgx(x) + gk (¥),
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as required.
As a corollary, we conclude that the covariogram g of a convex body K in R™, defined for
x € R™ by

gx(@) =V(Kn (K +x)),
Is 1/n-concave (and hence log concave) on its support, which, it is easy to check, is the
difference body DK = K + (—K) of K. Obviously gk is unchanged when K is translated or
replaced by its reflection —K in the origin. Note that

g (x) =j. Lgn+x (YY) dy
RTI.

- f 1 ) 1ax (N dy
Rn

=11y —x)dy = 1_g = 14(x),

The name “covariogram” stems from the theory of random sets, where the covariance is
defined for x € R™ as the probability that both o and x lie in the random set. The
covariogram is also useful in mathematical morphology. See [95, Chapter 9]) and [90,
Section 6.2]. In 1986, G. Matheron (see [92]) asked if the covariogram determines convex
bodies, up to translation and reflection in the origin. Remarkably, this question is open even
for n = 2! Nagel [91] proved that the answer is affirmative when K and L are convex
polygons in the plane. Bianchi [93] has shown that the answer is affirmative for much larger
class of planar convex bodies. He has also found pairs of convex polyhedra that represent
counterexamples in R*, but these are still reflections of each other in a plane. See also [96,
Section 6], and the references given in connection with chord-power integrals in [99, p. 267].
Anderson [102] used the Brunn-Minkowski theorem in his work on multivariate
unimodality. He began with the following simple observation. If f is a (i) symmetric
(f(x) = f(—x)) and (ii) unimodal (f(cx) = f(x)for0 < ¢ < 1) function on R, and I is
an interval centered at the origin, then

f(x)dx

I+y
is maximized when y = 0. In probability language, if a random variable X has probability
density f and Y is an independent random variable, then
Prob {X € I} = Prob{X +Y € I}.
To see this, recall that if g is the probability density of , then f * g is the probability density
of X +Y ; see [82, Section 11.5]. So, by Fubini's theorem,

Prob{X+Y €l} = f fRf(z —v)g(y)dy dz
= fR f fz - y)g(y)dz dy

~ [ | regoaxay
RYI-y
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< | | regoydxay

= jf(x)dx = Prob {X € I}.
I

Anderson generalized this, as follows. If f is a nonnegative function on R", call f unimodal
If the level sets L(f,t) (see (24)) are convex for each t = 0. Note that every quasiconcave
function and hence all p-concave functions are unimodal.

Theorem (3.1.22) [78] : (Anderson's theorem.) Let K be an origin-symmetric (i.e., K =
—K) convex body in R™ and let f be a nonnegative, symmetric, and unimodal function
integrable on R™. Then

ff(x+cy)dx2jf(x+y)dx,
K K

for0<c<1landyeR"
Proof: Suppose initially that f(x) = 1,(x), where L is an origin-symmetric convex body in
R™ Then f(x +y) =1,(x+y) =1,_,(x) and

J £t = | 11, (dx = V(K0 (L =3)) = g (3) = 91,0
Theorem (3.1.21) implies that gy ; is log concave. Let A = (1 — ¢)/2. Since
Ik,(cy) = gk, (1 — 21)y)
=gk (1 =Dy + A(=y))
= gK,L()’)1_/191(,L(_)’)/1
= gkt gk N = gk (),

the theorem follows. In the general case, L(f, t) is an origin-symmetric convex body, so by
(6), Fubini's theorem, and the special case just proved,

jf(x +cy)dx = J J 1oro(x + cy)dt dx
K - K 7o
= j J Ioro(x+cy) dx dt
o _Jk
> J j 1o +y)dx dt
o Jk

= ij(x + y)dx.

Anderson's theorem says that the integral of a symmetric unimodal function f over an n-
dimensional centrally symmetric convex body K does not decrease when K is translated
towards the origin. Since the graph of f forms a hill whose peak is over the origin, this is
intuitively clear.
However, it is no longer obvious, as it was in the 1-dimensional case! There may be points
x € K at which the value of f is larger than it is at the corresponding translate of x.
As above, we can conclude from Anderson's theorem that if a random variable X has
probability density f on R™ and Y is an independent random variable, then
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Prob {X € K} = Prob{X +Y € K},
where K is any origin-symmetric convex body in R™. We noted above that density functions
of some well-known probability distributions are p-concave for some p, and hence unimodal.
If they are also symmetric, Anderson's theorem applies.
Suppose K is a convex body in R™,y € R",p = —1/n, and f is an integrable p-concave
function on R™. Corollary (3.1.17) implies that the measure u generated by f and R" is
p/(np + 1)-concave on R". Let

h(y)=ulK —-y) = f(x)dx = ff(x + y)dx.
K-y K
Since

K-—(A-Dyo—2y; = A -DK —yp) + A(K —y,),

h((1 = Dyo +Ay1) = u(K = (1 = Dyo — Ay1)
= pu((A = D)(K —yo) + A(K — y1))
= My tmp+1) (WK — o), u(K —¥1),2)

= Mp/(np+1) (h(¥o), h(y1), ).
Therefore h is p/(np + 1)-concave on R™ and hence unimodal. In particular, h(cy) is
unimodal in ¢ for a fixed y. This shows that Corollary (3.1.17) and Anderson's theorem are
related. Anderson's theorem replaces the restriction p > —1/n with a much weaker
condition, but requires in exchange the symmetry of f and K.
Anderson's theorem has many applications in probability and statistics, where, for example,
it can be applied to show that certain statistical tests are unbiased. See [102], [106], [99], and
[100].
We saw in the previous how the Brunn-Minkowski inequality and convolutions come
together naturally. The next theorem provides two convolution inequalities with sharp
constants, the first proved independently by Beckner [101] and Brascamp and Lieb [104],
and the second by Brascamp and Lieb [104]. We shall soon see that the second inequality
actually implies the Brunn-Minkowski inequality.
Theorem (3.1.23) [78]: Let 0 < p, g, r satisfy

we have

Sto=1+, (30)
and let f € LP(R™) and g € L7(R™) be nonnegative. Then
(Young'sinequality)  |If = gll- < C"lIfll,llgllg, forp,q.r =1, (31)

and
(Reverse Young inequality) IIf * gll, = C™lIfll,llgll, forpgr<1.  (32)
Here C = C,C,/C,, where

|S|1/S

for1/s + 1/s’ = 1 (that is, s and s’ are Holder conjugates).
The inequality (31), when expanded, reads as follows:
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1/r

r 1/p 1/q
(f ( f(x—y)g(y)dy> dx) sc"( f(x)pdx> (j g(x)qu> .
R" R" R" R"

Inequalities (31) and (32) together show that equality holds in both when p = q = r = 1.
In fact, since C, > 1asp —» 1, whenp = g = r = 1 we have C = 1, and substituting u =
x —y,v = y in the left-hand side of (31), we obtain
f fwg(w) dvdu < f(x)dxf g(x)dx.
R" JRN? R R

But equality holds here and therefore also in (31), and similarly in (32).

Theorem (3.1.24) [78]: The limiting case r — 0 of the reverse Young inequality is the
essential form of the Prekopa-Leindler inequality in R™ (Theorem (3.1.13)).

Proof: Let f,,, and g,, be sequences of bounded measurable functions with compact support
converging in L*(R™) to f and g, respectively, as m — oo and satisfying f,,, < fand g,,, <
g. Let

_on1-2 2
sm(x) = ess supy fon (32) g (3) (34)
Let s(x) be defined by replacing f,, by f and g,, by g in (34). As in the proof of Theorem
(3.1.13). s and each s,,, is measurable. Also, ||s]|; = |Isy,ll1, SO if

Ismlly = il gl

Islly = NF 1T *llglls-
Therefore it suffices to prove the theorem when f and g are bounded measurable functions

with compact support.
Assuming this, note that s(x) = lim,;,,0 Sy, (x), Where

— 1-A)m m 1/(m-1)
S (x) = URnf(ﬁlc _;z)< 2 g(%)l dy> .

(If we replaced the exponent, 1/(m — 1) by 1/m, this would follow from the fact that the
mth mean tends to the supremum as m — oo; compare [97, p. 143]. But this replacement is
irrelevant in the limit.) Note also that ||s,,, |1 = lim,, ||S;, |1 (We can interchange the limit
and integral because the S,,,’s are uniformly bounded and have supports lying in some
common compact set).

Applying the reverse Young inequality to S,,, withm > max{(1 — )", 171} ,p = 1/((1 —
A)m),q=1= ((Am),andr = 1/(m — 1), we obtain

1S,ully = j S (X)dx
Rn

. _ 1/(m-1)
f f (315 ~ ;/)(1 Am g (%)Am dy> "

_ (1-Am) Ama 1/(m—1)
o) (Lo6)" o))
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for each m we have




= CMOD (1 = DPIf Il ™D @ar| gl ) A/
Therefore
. — . — n —
lIslly = limneollSmlly = (1 = )22 limy o, CY D) N F 1T g1
It remains only to check that
lim ¢VMm-D = (1 - 2)~-D34,

m-—oo

The inequalities presented approach the most general known in the direction of Young's
inequality and its reverse form, and represent a research frontier that can be expected to move
before too long.

Each m X n matrix A defines a linear transformation from R™ to R™, and this linear map
can also be denoted by A. The Euclidean adjoint A* of A is then an n X m matrix or linear
transformation from R™ to R" satisfying Ax -y = x - A*y for each y € R™ and x € R™".
Theorem (3.1.25) [78]: Let ¢; >0 and n; € N,i =1,...,m,with };c;n; =n.Let f; €
L*(R™) be nonnegative and let B;: R®™ - R™ be a linear surjection, i = 1, ...,m. Then
(Brascamp-Lieb inequality)

Jon T fi(Bix)i dxx < D™Y2 TR ([, fi(0)dx) (35)
and
(Barthe's inequality)

Jn sup{Ilis fi(z) i x = ¥ ¢;B{ 7, z; € R™}dx =

Ci
D2 T, (fom, fi(x)dx) (36)
where
. det(z‘,{ﬁ CiBi*AiBi) . . . .. .
D= Lnf{ H%’il(tietAi)ci : A; is a positive definite n; X n; matrlx} (37)

For comments on equality conditions and ideas of proof, including a proof of an important
special case of (36),.

We can begin to understand (35) by taking n; = n, B; = I,,, the identity map on R",
replacing f; by fil/ci, and letting ¢; = 1/p;,i = 1,...,m. Then };1/p;, =1 and the log
concavity of the determinant of a positive definite matrix (see, for example, [80, p. 63])

yields D = 1. Therefore
m m
[ TTreoax <] Just,.
R G=1 i=1
Holder's inequality in R™,

Next, take m =2,n, =n, =n,By =B, =1,,¢, =1— 4, and ¢, = 4 in (36). Again we
have D =1, so

| sup{f) G x = (1= Dy + 2, )dx
Rn

1-1 A
= ( fl(x)dx> ( fz(X)dx> ,
Rn Rn

the Prekopa -Leindler inequality (12) in R™.
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Theorem (3.1.26) [78]: (Young's inequality in R™, second form.) Let 0 < p, g, r satisfy
1 1

1
—+—+-—=2,
p q T
and let f € LP(R™), g € L1(R™), and h € L"(R™) be nonnegative. Then
Jgn Jgn f GG (x = MR Ay dx < CMlIf I, llglliglIally, (38)

where C = C,C,C, is defined using (33).
Theorem (3.1.27) [78]: The second form of Young's inequality in R™ is equivalent to the
first (31).
Proof: Let p, q,r = 1 satisfy (30). By Holder's inequality (11),
If gl . N
f S”p{nfnpngnq S ELIIRD, g € LR )} -
C (JaF xR dx i i .
- S”p{ Mgl € F g €LIIRD R ELTER )}
= sup {fRn Jon f (X = Mg h(x)dx dy
If Ul llgllg IRl
_ sup {fRn Jgn £ () g (x — )R (x)dy dx
If I llgllzlIAllF

where the last equality is obtained by replacing f, g, h,p,q, and ', by g,h, f,q,7, and p,
respectively, so that

. f € LP(R"), g € LY(R™),h € LT'(R")}

:f € LP(R"), g € LI(R™),h € LT_(IR{”)}

1 1 1

—+-—+-—=2.

p .q .r - - - - - -
Theorem (3.1.28) [78]: The Brascamp-Lieb inequality (35) implies Young's inequality in
R™,
Proof: In (35), let m = 3,n; = n, = n; = n, and let B;: R*™ - R",i = 1,2,3 be the linear
maps taking (zy,...,2Zy,) 10 (24, .., 21), (Z1 — Zpgts e Zn — Z2), ANA  (Zpyq, o) Z2n),
respectively; then replace f; by fil/ci,i =1,2,3andletc; =1/p,c, =1/q,and c3 = 1/r.
In this case D = C~2, where C is as in Theorem (3.1.23); see [34, Theorem 5]. This gives

f [ fa(x =) dy dx < Clifillplif2llq11 £l
R" JR?

which is (38).

As a side remark, we note that there is a version of Young's inequality in its second form
(38), called the weak Young inequality, which only requires that g € L, (R™), the weak L4
space. See [91, Section 4.3] for details. This allows one to conclude in particular that under
the (slightly weakened) hypotheses of Theorem (3.1.26), with g = n/4,

Jan San F@Nx = yI7*R (N Ay dx < k(n, L p)IIfILNAl- (39)

This was proved in Lieb [89] with a sharp constant k(n, 4, p). The classical form without the
sharp constant is called the Hardy-L.ittlewood-Sobolev inequality. The case A = n — 2 is of
particular interest in potential theory, as is explained in [91, Chapter 9].
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As Ball [103] remarks, some geometry comes back into view if we replace f(x) in Young's
inequality (38) by f(—x):

S Jon £ (=20 g (21 — x2)h(x2)dx, dxy < Cliflpllgllglinll,.  (40)
Define ¢: R? - R3 by ¢(x1,x,) = z = (24, 25, 23), Where z; = —x;,2z, = x; — X, and
Z3 = X5.
Then ¢(R?) = S, where S is the plane {(z;, 25, 23): z; + z, + z3 = 0} through the origin.
Letf=g=h=1_,4and C, = [-1,1]°. By (40),

V,(CoNS) = Llco(z) dz

- L £ (2)9(2)h(z5)dz

= J() " f(=x1)g(x1 — x2)h(x3)dx, dxy,
where J(¢) is the Jacobian of ¢. So Young's inequality might be used to provide upper
bounds for volumes of central of cubes. In fact, Ball [109] used the following special case
of the Brascamp-Lieb inequality to do just this.
Suppose that ¢; > 0 and ©;S™1,i = 1, ..., m satisfy

m

X = Z ¢ (x - upu;,

i=1
for all x € R™. This says that the u;'s are acting like an orthonormal basis for R™. The
condition is often written
ieg CiU Q@ u = I, (41)
where u @ u denotes the rank one orthogonal projection onto the span of u, the map that
sends x to (x - u)u. Taking traces in (41), we see that
=1 Ci = M. (42)
Theorem (3.1.29) [78]: Letc; > 0andu; € S™1,i =1, ...,m be such that (41) and hence
(42) holds.
If f; € L*(R) is nonnegative, i = 1, ...,m, then
(Geometric Brascamp-Lieb inequality)
. ci
Jn T2 1 fi G - ) dxe < TIE2 (i fi () dx) (43)
and
(Geometric Barthe inequality)
fRn sup{I12, fi(z):x = Y ciziu;, z; € R}dx = ]_[?il(fRfi(x)dx)cl. (44)
Proof: Let n; =1 and for x € R", let Bjx =x-u;,i = 1,..,m. Then B;z; = z;u; €
R™ for z; € R. The inequalities (35) and (36) become (43) and (44), respectively, because
the hypotheses of the theorem and (37) imply that D = 1 (see [107, Proposition 9] for the
details).
Note that the geometric Barthe inequality (44) still implies the Prekopa-Leindler inequality
in R, with the geometric consequences explained above.
Ball [109] used (43) to obtain the best-possible upper bound
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n-k

Vi(ConS) < (V2)
for of the cube C, = [—1,1]™ by k-dimensional subspaces S,1 < k < n—1, when 2k > n.
(For smaller values of k, the best-possible bound is not known except for some special cases;
see [109].) He also showed that (43) provides best-possible upper bounds for the volume
ratio vr(K) of a convex body K in R", defined by

p V(K) 1/n

o ( )-(V(E)) ,
where E is the ellipsoid of maximal volume contained in K. The ellipsoid E is called the
John ellipsoid of K. The following theorem is a refinement of Ball [102] of a theorem proved
by Fritz John.
Theorem (3.1.30) [78]: The John ellipsoid of a convex body K in R™ is B ifand only if B c
K and thereisanm > n,c; > 0and u; € S*! NndK,i = 1,...,m such that (41) holds and
Zi ciu; = 0.
Ball's argument is as follows. Let K be a convex body in R™. Since vr(K) is affine invariant,
we may assume that the John ellipsoid of K is B. If we can show that V(K) < 2", then
vr(K) < vr(C,), where C, = [—1,1]". Let ¢; and u; be as in John's theorem, and note that
the points u; are contact points, points where the boundaries of K and B meet. If K is origin-
symmetric and wu; is a contact point, then so is —u;; therefore K < L, where

L={xeR%|x-y|<1i=1,..,m}

is the closed slab bounded by the hyperplanes {x: x - u; = +1}. Also, if f; = 1;_4 q;, then

1,00 = | [ fie-upe.
By (43) and (42), =

V(K) < V(L) = fwn £l w) dx
i=1

m Ci m
< ﬂ(fﬁ-(x)dx) - HZCi _on,

i=1 R i=1
This argument shows that vr(K) is maximal for centrally symmetric K when K is a
parallelotope.
One consequence of this estimate is the following result of Ball [101] (Behrend [102] proved
the result for n = 2).
Theorem (3.1.31) [78]: (Reverse isoperimetric inequality for centrally symmetric convex
bodies in R™.) Let K be a centrally symmetric convex body in R™ and let C, = [—1,1]™.
There is an affine
transformation ¢ such that

(o) s ()™ =
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Proof: Choose ¢ so that the John ellipsoid of ¢K is B. The above argument shows that
V(¢pK) < 2™. Since B c ¢K, we have, by (3),
V(pK + eB) — V(K
IO = lim, o, LPK B = V@)

V(oK + eqbK) V(¢$K)

< lims_)o

_ (1 + )"t
= V(¢K) lim,_,, B —

= nV(¢K) = nV(pK) D/ (pK)V/™ < 2nV (pK) D/,
This is equivalent to (45).
One cannot expect a reverse isoperimetric inequality without use of an affine trans-
formation, since we can find convex bodies of any prescribed volume that are very flat and
so have large surface area.
In [101], Ball used the same methods to show that for arbitrary convex bodies, the volume
ratio is maximal for simplices, and to obtain a corresponding reverse isoperimetric
inequality. The fact that the volume ratio is only maximal for parallelotopes (in the centrally
symmetric case) or simplices was shown by Barthe [107] as a corollary of his study of the
equality conditions in the Brascamp-Lieb inequality.
For other results of this type that employ Theorem (3.1.29), see [100], [106], and [103].
Barthe [107] states a multidimensional generalization of Theorem (3.1.29), also derived
from Theorem (3.1.25), that leads to a multidimensional Brunn-Minkowski-type theorem.
The classical Young inequality is

Wf =gl <lfli,lglly, — forp,qr=1,

that is, (31) with the better constant C™ there replaced by 1, under the same assumptions.
This can be proved ina few lines using Holder's inequality (11); see [91, p. 99]. It was proved
by W.H. Young in 1912-13 (see [107, Sections 8.3 and 8.4]), and is related to the classical
Hausdorff-Young inequality: If 1 < p < 2 and f € LP(R"), then

I£1], < IFlL,, (46)
where f denotes the Fourier transform

f() = [ou f(n)e*™ dy
of f, and p and p’ are Holder conjugates. This was proved by Hausdorff and Young for
Fourier series, and extended to integrals by Titchmarsh in 1924. Beckner [21], improving
earlier partial results of Babenko, showed that when 1 < p < 2,

71, < crifly, (47)
where C, is given by (33). (Lieb [90] proved that equality holds only for Gaussians.) This
improvement on (46) is related to Young's inequality (31); in fact, the classical Young
inequality was motivated by (46). To see the connection, suppose that (47) holds, n = 1, and
1<p,q,r < 2. If p,q,r satisfy (30), then their Holder conjugates satisfy 1/p" + 1/q' =
1/r'. Using this and Holder's inequality (11), we obtain
If * gll, < ¢, ||£3ll..
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< ¢ |71 gl

< C(Golifllp)(Cqllgllg) = Clif I, llgllg:
A similarly easy argument (see [92, pp.169-70]) shows that Young's inequality (31) yields
(46) when p' is an even integer.
Young's inequality in the sharp form (31) was proved independently by Beckner [92] and
Bras-camp and Lieb [104]. The reverse Young inequality without the sharp constant (that is,
with C replaced by 1) is due to Leindler [87]; the sharp version was obtained by Brascamp
and Lieb [94]. The latter also found the connection to the Prekopa-Leindler inequality,
Theorem (3.1.24), and established the following equality conditions: Whenn = 1 andp, q #
1, equality holds in (31) or (32) if and only if f and g are Gaussians:
f(x) = aeWP|&=@7% g(x) = pe~cla’|x=F7,

for some a, b,c,a, 8 witha,b = 0and c > 0.
The simplest known proof of Young's inequality and its reverse form, with the above equality
conditions, was found by Barthe [98].
The Brascamp-Lieb inequality in the general form (35), with equality conditions, was proved
by Lieb [90]. The special case n; = 1 and B;x = x - v;, where x € R" and v; € R",i =
1, ..., m is the main result of Brascamp and Lieb [94].
Let A be an n x n positive definite symmetric matrix, and let

Ga(x) = exp(—Ax - x),
for x € R™. The function G, is called a centered Gaussian. Lieb [90] proved that the
supremum of the left-hand side of (35) for functions f; of norm one is the same as the
supremum of the left-hand side of (35) for centered Gaussians of norm one; in other words,
the constant D can be computed using centered Gaussians.
There is also a version of (35) in which a fixed centered Gaussian appears in the integral on
the left-hand side and the constant is again determined by taking the functions f; to be
Gaussians; see [94, Theorem 6], where an application to statistical mechanics is given, and
[90, Theorem 6.2].
Barthe [97] proved (36), giving at the same time a simpler approach to (35) and its equality
conditions.
The fact that the constant D in the geometric Brascamp-Lieb inequality (43) becomes 1 was
observed by Ball [99]. Inequality (44) was first proved by Barthe [94]. As in the general
case, equality holds in (43) and (44) for centered Gaussians.
The main idea behind Barthe's approach is the use of a familiar construction from measure
theory. Let u be a finite Borel measure in R™ and T: R™ — R" a Borel-measurable map
defined u-almost everywhere. For Borel sets M in R™, let

v(M) = (T)(M) = u(T~(M)).

The Borel measure v = Tu is sometimes called the push-forward of ¢ by T, and T is said to
push forward or transport the measure p to v. Suppose for simplicity that 4 and v are
absolutely continuous with respect to Lebesgue measure, so that

u(M) =ff(x)dxand v(M) =fg(x) dx
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for Borel sets M in R™, and T is a differentiable bijection. Then

f) = g(Tx))J(T)(x),
where J(T) is the Jacobian of T, and we can talk of T transporting f to g. If u and v are
measures on R, absolutely continuous with respect to Lebesgue measure and with u(R) =
v(R), then we can always find a T that transports u to v, by defining T (t) to be the smallest
number such that

t T(t)
f f(x)dx = j g(x)dx.
Moreover, if f and g are COIT[iﬂL_JOUS and positiv_e, then T is strictly increasing and C?, and
fG) = g(TC))T' (o).
In fact, the same parametrization was used in proving the Prekopa-Leindler inequality in R.
To see this, replace the functions f and g in the second proof of Theorem (3.1.2) with g,
and g, respectively. If f; = Fi1;94),1 = 1,2, then
1 Ti®

t
I gi(x) dx = f 1poy(0)dx = ¢,
i /-0 —o0

so the functions u and v in the second proof of Theorem (3.1.2) are just T; and T,
respectively. In other words, u and v transport a suitable multiple of the characteristic
function of the unit interval to g, and g, respectively.

Barthe saw that this is all that is needed to prove (35) and (36) simultaneously in the special
casen; = land B;x = x-v;, wherex € R"andv; € R"*,i =1, ..., m. To see this, let ¢; >
0 satisfy ¥; ¢; = n and let f; and g; be nonnegative functions in L*(R) with

jfl-(x) dx = F; and fgi(x) dx = G;,
R R

fori =1, ..., m. Standard approximation arguments show that there is no loss of generality
in assuming f; and g; are positive and continuous. Define strictly increasing maps T; as
above, so that

1 ot 1 (Tt
L fitodx = 2 [107 gi(x) dx

and hence
(x
fl}g ) = g(Ti(x))TO0i (x)Gi;
i
fori =1,..,m. Forx € R" let
m
V(ix) = z c;T;i(x - v)v;,
i=1

so that

m
AV (x) = Z & T! (- 1) (0, @) (dx).
i=1
Finally, note that if B;x = x - v; for x € R, then B; = xv;, S0 B/ Bx = v;Qv;(x), and the
constant D in (37) becomes
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In the following, we can assume that D ;t 0 Using the expression for D with a; =
T/(x-v;),i =1,..,mto provide a lower bound for the Jacobian of the injective map , we
obtain

D(l—[ (%) )fRnl_[fl(x v)Cidx = DJRn l_l(gl(T (- v))T! (x - 1)< dx
fRn 1_[ gi(Ti(x - vi))" det (Z ;T (x- Vi)(”z@%‘)) dx

< f Sup 9 (gl-(zl-)cl V= Z ciziv;, z; € R)edV
R" P § -
l

i=1

T m
= j supi| [(9i(z) : x = z Ciziv;, z; € R)pdx
RTL 4 4 -
=1 L

To see how centered Gaussians play a role in the equality conditions, note that if f;(x) =
exp(—a;x?), then since Y;¢; = n,

[[(Lrss) <[ J(=aef

m Ci
—ci/2 —x2
=—[ai i/ <jexdx>
mJl=1 R
r (n)ci/z ( T[n )1/2
=1 X i=1%

while

=.[ e‘(zg1ciai(xvi)vi)'x dx
Rn

o 1/2
- (det(Zﬁl Ciaivi®vi)> '

(The last equality follows from
n .1/2

[reeeen()
R detd)

where A is a positive definite symmetric n X n matrix.)
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To summarize, we have shown that in the special case under consideration, the left-hand side
of (36) is greater than or equal to the left-hand side of (35), and that equality holds in (35)
for centered Gaussians. This is already enough to prove (36). One more computation is
needed to prove (35), but we shall omit it, since it needs some (quite basic) tools of geometry,
see [104].

If one wants to apply the same sort of argument in the general situation of Theorem (3.1.25),
one needs an answer to the following question: If u and v are measures on R", absolutely
continuous with respect to Lebesgue measure and with u(R") = v(R™), can we finda T
with some suitable monotonicity property that transports ¢ to v? It turns out that an ideal
answer has recently been found, called the Brenier map: Providing u vanishes on Borel sets
of R™ with Hausdorff dimension n — 1, there is a convex map ¥ : R® — R such that if T =
Vi, then T transports u to v. See [107]. It is appropriate to highlight the contribution of
McCann, whose 1994 PhD thesis [113] shows the relevance of measure-preserving convex
gradients to geometric inequalities and helped attract the attention of the convex geometry
community to Brenier's result. In [113] and [114], the Brenier map is exploited as a
localization technique to derive new global convexity inequalities which imply the Brunn-
Minkowski and Prekopa -Leindler inequalities as special cases.

Barthe [115, Section 2.4] also discovered a generalization of Young's inequality in R™ that
contains the geometric Brascamp-Lieb and geometric Barthe inequalities as limiting cases.

Suppose that X is a discrete random variable taking possible values xg, ..., x,, with
probabilities p, ..., p,,, respectively, where );; p; = 1. Shannon [136] introduced a measure
of the average uncertainty removed by revealing the value of X. This quantity,

m
Hp (1) oo Pm) = — z p; log p;,

i=1
is called the entropy of X. It can also be regarded as a measure of the missing information;
indeed, the function H,,, is concave and achieves its maximum when p; = - = p,, = 1/m,

that is, when all outcomes are equally likely. The words “uncertainty” and “information”
already suggest a connection with physics, and a derivation of the function H,,, from a few
natural assumptions can be found in textbooks on statistical mechanics; see, for example,
[106, Chapter 3].

If X is a random vector in R™ with probability density f, the entropy h,(X) of X is defined
analogously:

h(X) = hy(f) = — jRnf(x) log f (x) dx.

The notation we use is convenient when h,(X) is regarded as a limit as p — 1 of the pth
Renyi entropy h, (X) of X, defined for p > 1 by
p

o (X) = by () = 7= Log Il

The entropy of X may not be well defined. However, if f € L*(R"™) n LP(R™) for some p >
1, then hy (X) = hy(f) is well defined, though its value may be +oo.
The entropy power N(X) of X is
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1 2
N(X) = S exp (Ehl(x))

Theorem (3.1.32) [78]: (Entropy power inequality.) Let X and Y be independent random

vectors in R™ with probability densities in LP (R™) for some p > 1. Then
NX+Y)=>NX)+N(Y). (48)

The entropy power inequality was proved by Shannon [136, Theorem 15 and Appendix 6]

and applied by him to obtain a lower bound [136, Theorem 18] for the capacity of a

channel.

Lemma (3.1.33) [78]: Let f and g be nonnegative functions in L°(R™) for some s > 1, such

that

f)dx =] glx)dx =1.
Thenfor0 <1< 1, . :
hy (f * 9) = (1 = Dhy(f) = Ahy(9) = =2 ((1 = Dlog(1 — ) + Aloga).  (49)

Proof: Forr > 1, let

r r

p=p()= (1-2)+2r and q = q(r) = A+(1-Dr (50)
Thenp,q =1,
1 1 1
—+-—=1+-
p q r

and p(1) =q(1) =1. If r <sis close to 1, then p,q <s, and since f,g € L'(R™) n
L*(R™), we have f € LP(R™) and g € L7(R™). Let

If * gll- n
FO =T gn, 6 = ¢
where C is as Theorem (3.1.23). By Young's inequality (31), f * g € L*(R™) n L" (R™) and
F(r) < G(r) for r close to 1. As we noted after Theorem (3.1.23), the equation F(1) =
G (1+) holds. Therefore
F(r)—F(1) - Gr)—Gc(1+)
r—1 = r—1 ’
for r close to 1, which implies that F'(1+) < G'(1+). We can assume that h,(f * g) <
1and therefore that h;(f) <o and h;(g) <1. Now if ¢ € L"(R"),||¢ll; =1, and
hi(¢) < oo, then

d 1, d .y
a9l =2l oo | 0o dx
1
=l | ()" log P(x)dx
R

= | ¢M)log p(x)dx = —h,(¢)
Rn

as r — 1. Using this and (50), we see that
F'(1+) =—-h(f xg) + (1 — Dh(f) + 2 (9).
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A calculation, helped by the fact that p’ = r'/(1 — A) and q¢' = r' /A, where p’, q', v’ denote
as usual the Holder conjugates of p, g, r, respectively, shows that

G'(14) = g((1 — Dlog(1— ) + AlogA).

Finally, (49) follows from the inequality F'(1+) < G'(1+).
Corollary (3.1.34) [78]: Young's inequality (31) implies the entropy power inequality (48).
Proof. In (49), put
N(Y)
T NX)+ N’
Simplification of the resulting inequality leads directly to (48).
Presumably Lieb, via his [104] and [88], first saw the connection between the entropy power
inequality (48) and the Brunn-Minkowski inequality (15), the former being a limiting case
of Young's inequality (31) as r — 1 and the latter a limiting case of the reverse Young
inequality (32) as r — 0. Later, Costa and Cover [103] specifically drew attention to the
analogy between the two inequalities, apparently unaware of the work of Brascamp and Lieb.
Dembo, Cover, and Thomas [108] explore further connections with other inequalities. These
include some involving Fisher information and various uncertainty inequalities.
Fisher information was employed by Stam [108] in his proof of (48). Named after the
statistician R. A. Fisher, Fisher information is claimed in [104] by Frieden to be at the heart
of a unifying principle for all of physics! If X is a random variable with probability density
f on R, the Fisher information 1(X) of X is
f'(x)?

10 =10 = - [ FG00g () dx = [ 225

assuming these integrals exist. The multivariable form of I is a matrix, the natural extension
of this definition. The quantity I is another measure of the “sharpness” of f or the missing
information in X; see [64, Section 1.3] for a comparison of I and h,. Stam
Theorem (3.1.35) [78]: (Aleksandrov-Fenchel inequality.) Let K;, ..., K, be compact
convex setsin R*and let 1 < i < n. Then

V(K1 Kp s K)' 2 T2y V(K G K 0 Kn) (51)
See [107, p. 143] and [114, (6.8.7)]. The quantities V(Ky,K,,..,K,) and
V(K;,i; Kiy1, ..., Ky) (Where the notation means that K; appears i times) are mixed volumes,
like the quantity V; (K, L) we met. In fact, if we put i = nin (51) and then let K; = L and
K, = - = K, = K, we retrieve Minkowski's first inequality (20) for compact convex sets.
Therefore the Aleksandrov-Fenchel inequality implies the Brunn-Minkowski inequality for
compact convex sets. In fact, there is a more general version of the latter that is equivalent
to (51):
Theorem (3.1.36) [78]: (Generalized Brunn-Minkowski inequality for compact convex
sets.) Let K, ..., K;, be compact convex setsin R*andlet1 <i<n.For0 <A <1, let

. 1/i
) =V((1 = DKy + AKy, i Kipg, o Ky)
Then f is a concave function on [0,1].

Using the above observations, this can be translated into
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V(P, P, Ps,...,B)* =V(P,P,Ps,...,BO)V(P,, P, ,Ps, ..., B).

The case i = 2 of (19.1) (and hence, by induction, (19.1) itself) can be shown to follow by
approximation by polytopes with rational coordinates. See [85, Section 27] for many more
details and also [82] and [123] for more recent advances in this direction.
Alesker, Dar, and Milman [91] are able to use the Brenier map (see the end of Section 17)
to prove some of the inequalities that follow from the Aleksandrov-Fenchel inequality, but
the method does not seem to yield a new proof of (51) itself.
In contrast to the Brunn-Minkowski inequality, the Aleksandrov-Fenchel inequality and
some of its weaker forms, and indeed mixed volumes themselves, have only partially
R™ closed under Minkowski addition and dilatation is called Minkowski concave if

(L =DX+AY )= (1 —-DpX) + 1p(Y), (52)
for 0 < A1 <1 and sets X,Y in the class. For example, the Brunn-Minkowski inequality

implies that an/" Is Minkowski concave on the class of convex bodies. When Hadwiger
published his extraordinary book [79] in 1957, many other Minkowski-concave functions
had already been found, and several more have been discovered since. We shall present some
of these; all the functions have the required degree of positive homogeneity to allow the
coefficients (1 — A) and , to be deleted in (52). Other examples can be found in [79, Section
6.4] and in Lutwak's [96] and [102].
Knothe [83] gave a proof of the Brunn-Minkowski inequality for convex bodies, sketched
in [104, pp. 312-314], and the following generalization. For each convex body K in R", let
F(K,x), x € K, be a nonnegative real-valued function continuous in K and x. Suppose also
that for some m > 0,
FAK +a,Ax +a) = A"F(K, x)

forall 2 > 0 and a € R™, and that

log F((1 = DK + AL, (1 — Dx + Ay) = (1 — Dlog F(K,x) + Alog F(L,y)
whenever x € K,y € L,and 0 < A < 1. For each convex body K in R", define

G(K) = JF(K,x)dx.
K
Then

G(K + L)l/(n+m) > G(K)l/(n+m) 4+ G(L)l/(n+m)' (53)

for all convex bodies K and L in R™ and 0 < A < 1. This is a consequence of the Prekopa-
Leindler inequality. Indeed, taking f = F((1 —A)K + AL,"),g = F(K,), and h = F(L,"),
Theorem (3.1.3) implies that G is log concave. The method can then be used to derive the
1/(n + m)-concavity (53) of G from its log concavity. The Brunn-Minkowski inequality for
convex bodies is obtained by taking F(K,x) = 1 for x € K. Dinghas [80] found further
results of this type.

Let 0 < i < n. The mixed volume V(K,n — i, B, i) is denoted by W;(K), and called the ith
quermassintegral of a compact convex set K in R™. Then W,(K) = V,,(K). It can be shown
(see [134, (5.3.27), p. 295]) that if K isa convex bodyand 1 <i < n — 1, then

Kn

W, (K) = = V(K|S)dS, (54)

Kn—i >G(n,n—1i)
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where dS denotes integration with respect to the usual rotation-invariant probability measure
on the Grassmannian G(n,n —1i) of (n —i)-dimensional subspaces of R™. Thus the
guermassintegrals are averages of volumes of projections on subspaces.
Letting K;,; = - = K, = B in Theorem (3.1.36) yields:
Theorem (3.1.37) [78]: (Brunn-Minkowski inequality for quermassintegrals.) Let K and L
be convex bodies in R® and let0 <i <n — 1. Then

Wi(K +L)V®D = W)Y + Wy (L)), (55)
with equality for 0 < i <n — 1ifand only if K and L are homothetic.
See [104, (6.8.10), p. 385]. The special case i = 0 is the usual Brunn-Minkowski inequality
for convex bodies. The quermassintegral W, (K) equals the surface area S(K), up to a
constant, so the case i = 1 of (55) is a Brunn-Minkowski-type inequality for surface area.
When i =n —1, (55) becomes an identity. The equality conditions for 0 <i<n-—1
follow from those known for the corresponding special case of Theorem (3.1.36).
Let K be a convex body in R™, define Wy (K) = V(K) and for 1 < i <n — 1, define

” -1/n
W,(K) = —n (j V(KlS)‘"dS) ,
G(n,n—i)

n—i
the ith harmonic quermassintegral of K. Similarly, define ®y(K) = V(K)andfor1 <i <
n — 1, define

" -1/n
d,(K) = — <f vV (K|S)™ dS) )
G(n,n-1i)

n—i
the ith affine quermassintegral of K. Note the similarity to (54); the ordinary mean has been
replaced by the —1- and —n-means, respectively. As its name suggests, ®;(K) is invariant
under volume-preserving affine transformations. Hadwiger [79, p. 268] proved the following
inequality.
Theorem (3.1.38) [78]: (Hadwiger's inequality for harmonic quermassintegrals.) If K and L
are convex bodies in R and 0 < i <n — 1, then
Wi(K + L)Y =0 > W, (k)Y @=D 4 W, (L)Y @D,
Lutwak [97] showed that the same inequality holds for affine quermassintegrals.
Theorem (3.1.39) [78]: (Lutwak's inequality for affine quermassintegrals.) If K and L are
convex bodiesin R*and 0 <i <n —1, then
®;(K + L)Y @D > @, (K)Y/®=D 4 ¢, (L)@, (56)
Let K be a convex body in R™,n > 3. The capacity Cap(K) of K is defined by

Cap(K) = inf{ IVFII?dx : f € CO(R™), f = 1K};
Rn

where CZ°(R™) denotes the infinitely differentiable functions on R™ with compact support.
Here we are following Evans and Gariepy [57, p. 147], where Cap(K) = Cap,_,(K) in
their notation.

Several definitions are possible; see [79] and [111, pp. 110-116]. The notion of capacity has
its roots in electrostatics and is fundamental in potential theory. Note that capacity is an outer
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measure but is not a Borel measure, though it enjoys some convenient properties listed in
[97, p. 151].
Borell [99] proved the following theorem.
Theorem (3.1.40) [78]: (Borell's inequality for capacity.) If K and L are convex bodies in
R™ n = 3, then
Cap(K + L)Y > Cap(K)V/ ™2 4 Cap(L)/ "2, (57)
Caffarelli, Jerison, and Lieb [39] showed that equality holds if and only if K and L are
homothetic. Jerison [79] employed the inequality and its equality conditions in solving the
corresponding Minkowski problem.
If K and L are convex bodies in R™, then there is a convex body K + L such that
S(K+L,)=SK,)+ S(L,),
where S(K,+) denotes the surface area measure of K. This is a consequence of Minkowski's
existence theorem; see [97, Theorem A.3.2] or [104, Section 7.1]. The operation + is called
Blaschke addition.
Theorem (3.1.41) [78]: (Kneser-Suss inequality.) If K and L are convex bodies in R", then
V(K + L)®=D/n > y(g)-D/n 4 y(L)r-D/n, (58)
with equality if and only if K and L are homothetic.
See [104, Theorem 7.1.3] for a proof.
Using Blaschke addition, a convex body called a mixed body can be defined from (n — 1)
other convex bodies in R™. Lutwak [98, Theorem 4.2] exploits this idea, due to Blaschke
and Firey, to produce another strengthening of the Brunn-Minkowski inequality for convex
bodies.
For convex bodies K and L in R™, Minkowski addition can be defined by
hyyp(w) = hg(u) + hy(w),
foru € S™1, where hy denotes the support function of K. If p > 1 and K and L contain the
origin in their interiors, a convex body K + ,L can be defined by
hi + WP = he@P + h, (WP,
for u € S™1. The operation +, is called p-Minkowski addition. Firey [60] proved the
following inequality. (Both the definition of p-Minkowski addition and the case i = 0 of
Firey's inequality are extended to nonconvex sets by Lutwak, Yang, and Zhang [105].)
Theorem (3.1.42) [78]: (Firey's inequality.) If K and L are convex bodies in R™ containing
the origin in their interiors, 0 <i <n—1and p < 1, then
Wi(K+pL)p/(n_i) > W,(K)P/=0 4 W, (L)P/ (=D, (59)
with equality when p > 1 if and only if K and L are equivalent by dilatation.
The Brunn-Minkowski inequality for quermassintegrals (55) is the case p = 1. Note that
translation invariance is lost for p > 1.
Firey's ideas were transformed into a remarkable extension of the Brunn-Minkowski theory
by Lutwak [101], [104], who also calls it the Brunn-Minkowski-Firey theory. Lutwak found
the appropriate p-analog S,,(K,),p = 1, of the surface area measure of a convex body K in
R™ containing the origin in its interior. In [101], Lutwak generalized Firey's inequality (59).
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He also generalized Minkowski's existence theorem, deduced the existence of a convex body
K +,, L for which
Sp(K +,L,) = S,(K,) +S,(L,)
(when K and L are origin-symmetric convex bodies), and proved the following result.
Theorem (3.1.43) [78]: (Lutwak's p-surface area measure inequality.) If K and L are origin-
symmetric convex bodies in R and n # p > 1, then
V(K _]_p L)(n—p)/n > V(K)(n—p)/n + V(L)(H—P)/n’
with equality when p > 1 if and only if K and L are equivalent by dilatation.
Note that the Kneser-Suss inequality (58) corresponds to p = 1.
Lutwak, Yang, and Zhang [107] study the LP version of the Minkowski problem . A version
corresponding to p = 0 is treated by Stancu [109].
Let y be a random set in R™, that is, a Borel measurable map from a probability space Q to
the space of nonempty compact sets in R™ with the Hausdorff metric. A random vector
X:Q — R" is called a selection of y if Prob (X € y) = 1. If C is a nonempty compact set
in R™, let ||C|| = max{]||x]||: x € C}. Then the expectation Ey of X is defined by
Exy ={EX : X is a selection of y and E||X|| < oo}.
It turns out that if E||x|| < oo, then Ey is a nonempty compact set.
Theorem (3.1.44) [78]: (Vitale's random Brunn-Minkowski inequality.) Let y be a random
set in R™ with E||x|| < oo. Then
Vi (EX)V™ 2 EV, ()™, (60)
See [108] (and [109] for a stronger version). By taking y to be a random set that realizes
values (nonempty compact sets) K and L with probabilities (1 — 1) and A, respectively, we
see that Theorem (3.1.44) generalizes the Brunn-Minkowski inequality for compact sets.
A version of (60) for intrinsic volumes (weighted quermassintegrals) of random convex
bodies, and applications to stationary random hyperplane processes, are given by Mecke and
Schwella [107].
Earlier integral forms of the Brunn-Minkowski inequality, using a Riemann approach to pass
from a Minkowski sum to a “Minkowski integral,” were formulated by A. Dinghas;
V(K + L)Y" > m/m + (w)m. 61)

m
He shows that (61) implies the Brunn-Minkowski inequality for convex bodies and proves

that it holds in some special cases.

A wide variety of fascinating inequalities lie (for the present) one step removed from the
Brunn-Minkowski inequality. The survey [114] of Osserman indicates connections between
the isoperimetric inequality and inequalities of Bonnesen, Poincare, and Wirtinger, and since
then many other inequalities have been found that lie in a complicated web around the
Brunn-Minkowski inequality.

Some of these related inequalities are affine inequalities in the sense that they are unchanged
under a volume-preserving linear transformation. The Brunn-Minkowski and Prekopa-
Leindler inequalities are clearly affine inequalities. Young's inequality and its reverse are
affine inequalities, since if ¢ € SL(n), we have

88



o(f * g) = (¢f) * (9pg)and |[of I, = lIfl,.
The Brascamp-Lieb and Barthe inequalities are also affine inequalities.
The sharp Hardy-L.ittlewood-Sobolev inequality (39) is not affine invariant, but it is invariant
under conformal transformations; see [91, Theorem 4.5]. The isoperimetric inequality is also
not an affine inequality (if it were, the equality for balls would imply that equality also held
for ellipsoids), and neither is the Sobolev inequality (24).
There is aremarkable affine inequality that is much stronger than the isoperimetric inequality
for convex bodies. The Petty projection inequality states that

VOV k) < (Z2), (62)

where K is a convex body in R™, and IT * K denotes the polar body of the projection body
T1K of K. (The support function of 1K at u € S™ 1 equals V(K |ut).) Equality holds if and
only if K is an ellipsoid. See [67, Chapter 9] for background information, a proof, several
other related inequalities, and a reverse form due to Zhang. Zhang [102] has also recently
found an astounding affine Sobolev inequality, a common generalization of the Sobolev
inequality (24) and the Petty projection inequality (62): If f € C1(R™) has compact support,
then

yneslDuflld) ™" 2 222 oy, (63)
where D, f is the directional derivative of f in the direction w.
This is only a taste of a banquet of known affine isoperimetric inequalities. Lutwak [103]
wrote an excellent survey. For still more recent progress, can do no better than consult the
work of Lutwak, Yang, and Zhang, for example, [109] and [110].
Let X and Y be measurable sets in R™, and let E be a measurable subset of X x Y . Define
the restricted Minkowski sum of X and Y by

X+gY={&+y:(x,y) €EE}
Theorem (3.1.45) [78]: (Restricted Brunn-Minkowski inequality.) There is a ¢ > 0 such
that if X and Y are nonempty measurable subsets of R, 0 < t < 1,
1/n
< <Vn(X)) < 1 Vu(E)

Vn(Y) ? and W = —C min{t\/ﬁ 1},

then

Vo (X + gV)2/™ =V, (X)2/™ + V, (V)™
Szarek and Voiculescu [112] proved Theorem (3.1.45) in the course of establishing an
analog of the entropy power inequality in VVoiculescu's free probability theory. (Voiculescu
has also found analogs of Fisher information within this noncommutative probability theory
with applications to physics.) Barthe [109] also gives a proof via restricted versions of
Young's inequality and the Prekopa-Leindler inequality.
At first such an inequality seems impossible, since if K and L are convex bodies in R™ of
volume 1, the volume of K + L can be arbitrarily large. As with the reverse isoperimetric
inequality (45), however, linear transformations come to the rescue.
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Theorem (3.1.46) [78]: (Milman's reverse Brunn-Minkowski inequality.) There is a
constant ¢ independent of n such that if K and L are centrally symmetric convex bodies in
R™, there are volume-preserving linear transformations ¢ and i for which
V(pK + pL)Y™ < c(V(pK)Y™ + V(pL)V™). (64)
First proved by V. Milman in 1986, this result is important in the local theory of Banach
spaces. See [92, Section 4.3] and [127, Chapter 7]. The Cauchy-Davenport theorem, proved
by Cauchy in 1813 and rediscovered by Davenport in 1935, states that if p is prime and X
and Y are nonempty finite subsets of Z/pZ, then
| X + Y| = min{p, |X| + |Y]| — 1}.
Here | X| is the cardinality of X. Many generalizations of this result, including Kneser's
extension to Abelian groups, are surveyed in [102]. The lower bound for a vector sum is in
the spirit of the Brunn-Minkowski inequality. We now describe a closer analog.
Let Y be a finite subset of Z™ with |[Y| > n + 1. For x = (xy, ..., x,) € Z", let
n

X1
Wy(X) =|Y|—_n+2xi.

i=2
Define the Y -order on Z™ by setting x <y y if either wy (x) < wy(y) or wy(x) = wy(y)
and for some j we have x; > y; and x; = y; forall i < j. For m € N, let D}y, be the union
of the first m points in Z (the points in Z™ with nonnegative coordinates) in the Y -order.
The set DY is called a Y -initial segment. The points of Dl‘;l are
0<ye <y2e <y <y([Y[-nle <ye <y <yeyp
where ey, ..., e,, is the standard orthonormal basis for R™. Note that the convex hull of Dl’;,I
is a simplex. Roughly speaking, Y -initial segments are as close as possible to being the set
of points in Z that are contained in a dilatate of this simplex.
Theorem (3.1.47) [78]: (Brunn-Minkowski inequality for the integer lattice.) Let X and Y
be finite subsets of Z™ with dim'Y = n. Then
X+ Y| =Dy + DY |- (65)
See [68], and also [26] for a similar result in finite subgrids of Z". That (65) is indeed a
Brunn-Minkowski-type inequality is clear by comparing
V(K+ L) 2V(@gB +1.B),
the consequence of (17) given above. Indeed, (65) is proved by means of a discrete version,
called compression, of an anti-symmetrization process related to Steiner symmetrization.
Let M be a body in R™ containing the origin in its interior and star-shaped with respect to
the origin. The radial function of M is defined by
py (w) = max{c: cu € M},
foru € S™1. Call M a star body if p,, is positive and continuous on ™1,
Let M and N be star bodies in R™, let p # 0, and define a star body M+,N by
Puz,n (WP = pu(W)? + py(WP.
The operation +, is called p-radial addition.

90



Theorem (3.1.48) [78]: (p-dual Brunn-Minkowski inequality.) If M and N are star bodies
in R™, and 0 < p < n, then

V(M¥,N)P/" < V(M)P/™ 4+ V(N)P/™, (66)
The reverse inequality holds when p > n or when p < 0. Equality holds when p # n if and
only if M and N are equivalent by dilatation.
The inequality (66) follows from the polar coordinate formula for volume and Minkowski's
integral inequality (see [97, Section 6.13]). It was found by Firey [99] for convex bodies and
p < —1. The general inequality forms part of Lutwak's highly successful dual Brunn-
Minkowski theory, in which the intersections of star bodies with subspaces replace the
projections of convex bodies onto subspaces in the classical theory; see, for example, [97].
The cases p =1 and p = n — 1 are called the dual Brunn-Minkowski inequality and dual
Kneser-Suss inequality, respectively. A renormalized version of the case p = n + 1 of (66)
was used by Lutwak [100] in his work on centroid bodies (see also [97, Section 9.1]).
There is an inequality equivalent to the dual Brunn-Minkowski inequality called the dual
Minkowski inequality, the analog of Minkowski's first inequality (20); see [97, p. 373]. This
plays a role in the solution of the Busemann-Petty problem (the analog of Shephard's
problem mentioned after Theorem (3.1.8)): If the intersection of an origin-symmetric convex
body with any given hyperplane containing the origin is always smaller in volume than that
of another such body, is its volume also smaller? The answer is no in general in five or more
dimensions, but yes in less than five dimensions.
Lutwak [95] also discovered that integrals over S*~1 of products of radial functions behave
like mixed volumes, and called them dual mixed volumes. He showed that a suitable version
of Holder's inequality in S™ ! then becomes a dual form of the Aleksandrov-Fenchel
inequality (51), in which mixed volumes are replaced by dual mixed volumes (and the
inequality is reversed). Special cases of dual mixed volumes analogous to the
guermassintegrals are called dual quermassintegrals, and it can be shown that an expression
similar to (54) holds for these; instead of averaging volumes of projections, this involves
averaging volumes of intersections with subspaces. Dual affine quermassintegrals can also
be defined (see [97, p. 332]), but apparently an inequality for these corresponding to (56) is
not known.
Let S be an (n — 2)-dimensional subspace of R™, let u € S™* n S+, and let S, denote the
closed (n — 1)-dimensional half-subspace containing u and with S as boundary. Let u, v €
S™1n st and let X and Y be subsets of S, and S, respectively. If 0 < 2 < 1, let u(A) be
the unit vector in the direction (1 — A)u + Av, and let (1 — 1) X+, AY be the set of points in
Su lying on a line segment with one endpoint in X and the other in Y . We call the operation
+, harmonic addition.
Theorem (3.1.48) [78]: (Busemann-Barthel-Franz inequality.) In the notation introduced
above, let X and Y be compact subsets of S,, and S,,, respectively, of positive V,,_, —measure.

If0 < A< 1,then
Vn—1 (A=) X+xAY)

lu(Il

2 M_y (V-1 (X), Vi1 (1), 2). (67)
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Though Theorem (3.1.49) looks strange, it has the following nice geometrical consequence
called Busemann's theorem. If K is a convex body in R™ containing the origin in its interior
and S is an (n — 2)-dimensional subspace, the curve » = r(8) in S+ such that r(8) is the
(n — 1)-dimensional volume of the intersection of K with the half-space Sg forms the
boundary of a convex body in S*. Proved in this form by H. Busemann in 1949 and
motivated by his theory of area in Finsler spaces, it is also important in geometric
tomography (see [97, Theorem 8.1.10]). As stated, Theorem (3.1.49) and precise equality
conditions were proved by W. Barthel and G. Franz in 1961; see [97, Note 8.1] Milman and
Pajor [119, Theorem 3.9] found a proof of Busemann's theorem similar to the second proof
of Theorem (3.1.2) given above. Generalizations along the lines of Theorem (3.1.16) are
possible, such as the following (stated and proved in [105, p. 9]).

Theorem (3.1.50) [78]: Let 0 <A< 1, let p >0, and let f,g, and h be nonnegative

integrable functions on [0, A1) satisfying
a-yP AxP

h(M_p (3, D) = FT A7 g (y)aom e, (68)
for all nonnegative x,y € R. Then

joooh(X)dx >M_, <me(x)dx,jooog(x)dx,l>.

The previous inequality is very closely related to one found earlier by Ball [108]. For other
associated inequalities, see [90, Theorem 4.1] and [118, Lemma 1].
Let X be a measurable subset of R™ and let ry be the radius of a ball of the same volume
as X. If € > 0, the Brunn-Minkowski inequality (16) implies that
VX +£B) = (O™ + eV, (BYV™)" = (VG B)V™ +
eV, (B)Y™)" = V,(rxB + €B). (69)
For any set A, write

A, =A+eB ={x:d(x,A) < &}. (70)
Then we can rewrite (69) as
Va(Xe) 2 V(¢ B)e). (71)

Notice that (71), by virtue of (70), is now free of the addition and involves only a measure
and a metric.

With the appropriate measure and metric replacing V,, and the Euclidean metric, (71) remains
true in the sphere S™~1 and hyperbolic space, equality holding if and only if X is a ball of
radius ry. (Of course, in these spaces, the ball B(x, r) centered at x and with radiusr > 0 is
the set of all points whose distance from x is at most . In S™~1, balls are just spherical caps.)
Though in R™ (71) is only a special case of (16), in S™ 1 and hyperbolic Perhaps more
significant than (71) for recent developments is a surprising result that holds in S™~1,n > 3,
with the chordal metric. It can be shown that if V,,_;(X)/V,,—1(B) = 1/2 and 0 < ¢ < 1,
then

Vn—1(Xe) m\1/2 _m-2)¢
Vn-1(B) 1 (8) € ° o ( 2)
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Results of the form (72) are called approximate isoperimetric inequalities, and can be derived
from the general Brunn-Minkowski inequality in R™, as in [84, Theorem 2]. In particular,
by taking X to be a hemisphere, we see that for large n, almost all the measure is concentrated
near the equator! This result, which again goes back to P. Levy, is proved in
dy,, (x) = (2m) ™/ 2e~1xII*/2 gy,
Indeed, for bounded Lebesgue measurable sets X and Y in R™ for which (1 — )X + AY is
Lebesgue measurable, we have the inequality
Ya((Q = DX +2AY ) = 7, () (N (73)

corresponding to (14). This follows from the Prekopa-Leindler inequality (because the

O (1 (1 = DK + L)) = (1 = DO 1 (K)) + A0 (r(L))  (74)

While (74) is stronger than (73) for convex bodies, it is unknown whether it holds for Borel
sets; see [84] and [86, Problem 1]. An approximate isoperimetric inequality similar to (72)
also holds in Gauss space; Maurey [112] (see also see [113, Theorem 8.1]) found a simple
proof employing the Prekopa-Leindler inequality. As in S™1, there is a concentration of
measure in Gauss space, this time in spherical shells of thickness approximately 1 and radius
approximately v/n. Closelyrelated work on logarithmic Sobolev inequalities is outlined .
Bahn and Ehrlich [115] find an inequality that can be interpreted as a reversed form of the
Brunn-Minkowski inequality in Minkowski spacetime, that is, R™**1 with a scalar product
of index 1.

Cordero-Erausquin [111] utilizes results of R. McCann to prove a version of the Prekopa-
Leindler inequality on the sphere, remarking that a similar version can be obtained for
hyperbolic space. These results are generalized in a remarkable [82] by Cordero-Erausquin,
McCann, and Schmuckenschlager, who establish a beautiful Riemannian version of
Theorem (3.1.16).

A crystal in contact with its melt (or a liquid in contact with its vapor) is modeled by a
bounded Borel subset M of R™ of finite surface area and fixed volume. (We shall ignore
measure-theoretic subtleties in this description.) The surface energy is given by

FM) = | f(uy)dx,
oM

where u, is the outer unit normal to M at x and f is a nonnegative function on §"~1
representing the surface tension, assumed known by experiment or theory. By the Gibbs-
Curie principle, the equilibrium shape of such a crystal minimizes this surface energy among
all sets of the same volume. This shape is called the Wulff shape. For a soapy liquid drop in
air, f is a constant (we are neglecting external potentials such as gravity) and the Wulff shape
is a ball, by the isoperimetric inequality. For crystals, however, f will generally reflect
certain preferred directions. In 1901, Wulff gave a construction of the Wulff shape W':
W =N,een-1{x eER": x- u<f(u}
each set in the intersection is a half-space containing the origin with bounding hyperplane
orthogonal to u and containing the point f(u)u at distance f(u) from the origin. The Brunn-
Minkowski inequality can be used to prove that, up to translation, W is the unique shape
among all with the same volume for which F is minimum; see, for example, [113, Theorem
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1.1]. This was done first by A. Dinghas in 1943 for convex polygons and polyhedra and then
by various people in greater generality. In particular, Busemann [118] solved the problem
when f is continuous, and Fonseca [62] and Fonseca and Muller [113] extend the results to
include sets M of finite perimeter in R™. Good introductions are provided by Taylor [113]
and McCann [115].

In fact, McCann [115] also proves more general results that incorporate a convex external
potential, by a technique developed [114] on interacting gases. A gas of particles in R™ is
modeled by a nonnegative mass density p(x) of total integral 1, that is, a probability density
on R™, or, equivalently, by an absolutely continuous probability measure in R™. To each
state corresponds an energy

G
E(p)=U(p)+%

1
= A d = Vix—y)d d :
| Aeendx 3| [ Ve doe) dooy)

Here U represents the internal energy with A a convex function defied in terms of the
pressure, and G (p)/2 is the potential energy defined by a strictly convex interaction potential
. The problem is that E(p) is not generally convex, making it nontrivial to prove the
uniqueness of an energy minimizer. McCann gets around this by defining for each pair
p, p’ of probability densities on R™ and 0 < t < 1 an interpolant probability density p, such
that

U(pe) < (1 =t)U(p) +tU(p") (75)
(and similarly for G and hence for E). McCann calls (75) the displacement convexity of
U; psisnot (1 —t)p + tp’, but rather is defined in the natural way by means of the Brenier
map that transports p to p' (see the last paragraph). McCann is also able to recover the Brunn-
Minkowski inequality from (75) by taking A(p) = —p™~1/™ and p and p' to be the densities
corresponding to the uniform probability measures on the two sets.
Next we turn to applications to diffusion equations. Let VV be a nonnegative continuous
potential defined on a convex domain € in R™ and consider the diffusion equation

=2 mp - V(Y (x, £) (76)
with zero Dirichlet boundary condition (i.e., i tends to zero as x approaches the boundary
of C for each fixed t). Denote by £ (¢, x, y) the fundamental solution of (76); that is, o (¢t, x) =
f(t,x,y) satisfies (76) and its boundary condition, and
limt—)O.,_f(ti X, y) = 6(X - y)
For example, if V = 0 and C = R", then
f(t,x,y) = (2mt) ™/2e~x-yI/2t,

Brascamp and Lieb [115] proved that if V is convex, then f(t, x,y) is log concave on C?2.
This is an application of the Prekopa-Leindler inequality, via Theorem (3.1.20)with p = 0;
basically, it is shown that f is given as a pointwise limit of convolutions of log concave
functions (Gaussians or exp(—tV (x))). Borell [30] uses a version of Theorem (3.1.16) to
show that the stronger assumption that V is —1/2-concave implies
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that tlog (t"™f(t?,x,y)) is concave on R, x C2. In a further study, Borell [112] generalizes
all of these results (and the Prekopa-Leindler inequality) by considering potentials V (g, x)
that depend also on a parameter o.

Another rich area of applications surrounds the logarithmic Sobolev inequality proved by
Gross [113]:

Enty, () < 1, (), (77)

where f is a suitably smooth nonnegative function on R", y,, is the Gauss measure defined

in the previous,
bty (1) = [ fiog £ an ([ ran)([ toorm).

IVFII?
b= [ .
Rn
Note that Ent, (f) and I, (f) are essentially the negative entropy —h,(f) and Fisher

information, respectively, of f, defined with respect to Gauss measure. McCann's
displacement convexity (75) plays an essential role in very recent work involving several of
the above topics. Otto [120] observed that various diffusion equations can be viewed as
gradient flows in the space of probability measures with the Wasserstein metric (formally,
at least, an infinite-dimensional Riemannian structure). McCann's interpolation using the
Brenier map gives the geodesics in this space, and Otto uses the displacement convexity to
derive rates of convergence to equilibrium. The same ideas are utilized by Otto and Villani
[116], who find a new proof of an inequality of Talagrand for the Wasserstein distance
between two probability measures in an n-dimensional Riemannian manifold, and show that
Talagrand's inequality is very closely related to the logarithmic Sobolev inequality (77). See
also consult Ledoux'’s survey [85].

and

Section (3.2): Sharp Sobolev Inequalities

The classical Sobolev inequality in R™, n > 3, indicates that there is a constant C,, > 0 such
that for all smooth enough (locally Lipschitz) functions f: R™ — R vanishing at infinity,

Ifllqg < GllVF 2 (78)

where éz%—%. Here ||f]|, denotes the usual L7-norm of f with respect to Lebesgue
measure on R", and, forp > 1,

1/p
I7£1, = ( | IVprdx>
Rn
where |Vf| is the Euclidean norm of the gradient Vf of f.

Inequality (78) goes back to Sobolev [131], as a consequence of a Riesz type rearrangement

inequality and the Hardy-Littlewood-Sobolev fractional-integral convolution inequality.

Other approaches, including the elementary Gagliardo—Nirenberg argument [130,135], are

discussed in classical textbooks (cf. e.g. [123] .. .). The best possible constant in the Sobolev
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inequality (78) was established independently by Aubin [124] and Talenti [142] in 1976
using symmetrization methods of isoperimetric flavor, together with the study of the one-
dimensional extremal problem. Rearrangements arguments have been developed extensively
in (cf. [151,129] .. .). The optimal constant C,, is achieved on the extremal functions f(x) =
(o + |x|>)@™/2 x € R", ¢ > 0. Building on early ideas by Rosen [128], Lieb [128]
determined the best constant and the extremal functions in dimension 3. According to [129],
the result seems to have been known before, at least back to the early sixties, in unpublished
notes by Rodemich.
The geometric Brunn—Minkowski inequality, and its isoperimetric consequence, is a well-
known argument to reach Sobolev type inequalities. It states that for every non-empty Borel
measurable bounded sets 4, B in R™,

vol, (A + B)Y™ > vol,,(A)Y™ + vol,,(B)/™ (79)
where vol,,(-) denotes Euclidean volume. The Brunn—Minkowski inequality classically
implies the isoperimetric inequality in R™. Choose namely for B a ball with radius € > 0
and let then € — 0 to get that for any bounded measurable set A4 in R",

vol,_, (04) = nw'™ vol, (A)™~D/n

where vol,,_, (0A) is understood as the outer-Minkowski content of the boundary of A and
wy, 1S the volume of the Euclidean unit ball in R™. Bymeans of the co-area formula [129,133],
the isoperimetric inequality may then be stated equivalently on functions as the L!-Sobolev
inequality

1
Ifllg < —5x VS Il (80)

where $= 1 —%. Changing f = 0 into f" for some suitable r and applying Holder’s

inequality yields the L2- Sobolev inequality (78), however not with its best constant. In the
same way, the argument describes the full scale of Sobolev inequalities

1fllg = C@IVEl (81)

: 1,f: R™ — R smooth and vanishing at infinity. According to Gromov

p n
[34], the L!-case of the Sobolev inequality appears in Brunn’s work from 1887.

We show that the Brunn—Minkowski inequality may actually be used to also reach the
optimal constants in the Sobolev inequalities (78) and (81). This new approach thus
completely bridges the geometric Brunn—Minkowski inequalities and the functional Sobolev
inequalities.

Inequality (79) was first proved by Brunn in 1887 for convex sets in dimension 3, then
extended byMinkowski (cf. [130]). Lusternik [130] generalized the result in 1935 to arbitrary
measurable sets. Lusternik’s proof was further analyzed and extended in the works of
Hadwiger and Ohmann [24] and Henstock and Macbeath [125] in the fifties. Note in
particular that the one-dimensional case is immediate: assume that A and B are non-empty
compact sets in R, and after a suitable shift, that supA = 0 = inf B. Then An B = {0} and
A+B>AUB.

1
1Sp<n,;=
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Starting with the contribution [125], integral inequalities have been developed throughout
the last century in the investigation of the geometric Brunn—Minkowski—Lusternik theorem.
The idea of the following elementary, but fundamental, lemma goes back to Bonnesen’s
proof of the Brunn—Minkowski inequality (cf. [130]) and may be found already by Henstock
and Macbeath [125]. The result appears in this form independently in the works of Dancs
and Uhrin [124] and Das Gupta [125].We enclose a proof for completeness. As a result, the
proof below only relies on the one-dimensional Brunn—Minkowski—Lusternik inequality,
which is the only basic ingredient in the argument. All the further developments and
applications to Sobolev inequalities are consequences of this elementary lemma.
Lemma(3.2.1)[121]: Let 8 € [0, 1] and u, v, w be non-negative measurable functions on R
such that for all x,y € R,

w(Ox + (1 —6)y) = min(u(x), v(y)).
Then, if sup,er u(x) = sup,er v(x) =1,

dexEBJudx+(1—9)jvdx.

Proof: Define, for t > 0,E,(t) = {x € R; u(x) > t} and similarly E,(t),E,, (t). Since
SUPyer U(X) = sup,er v(x) = 1, for 0 < t < 1, both E,,(t) and E,,(t) are non-empty, and
E,(t) D 0E,(t) + (1 —-6)E,(t). By the one-dimensional Brunn—Minkowski—Lusternik
inequality (79), forevery 0 <t < 1,

A(Ew (1)) = 0A(E, (1)) + (1 = 6)A(E, (D))
where A denotes Lebesgue measure on R. Hence,

jwdx Zf A(E,, (t))dt
1 0 1
> HJ AE,(D)dt + (1 — 9)[ AE,(t)dt

=9judx+(1—9)fvdx
which is the conclusion.
As discussed in [124], the preceding lemma may be extended tomore general means by

elementary changes of variables. For a € [—o0, + ], denote by M(ge)(a, b) the a-mean of
the non-negative numbers a, b with weights 8,1 — 6 € [0, 1] defined as
M (a,b) = (6a* + (1 — H)b¥) 1/
(with the convention that M (a, b) = max(a, b) if @ = +o00, M (a, b) = min(a, b) if
a =—ooand MP(a,b) = a®b~? ifa = 0) ifab > 0, and M (a,b) = 0 if ab = 0.
Note the extension of the usual arithmetic-geometric mean inequality as
6 6 6
Mo(cl)(ali b1)M§42)(a2' b,) = Mé )(alaZr b1b,) (82)
if-=2+1 o +a,>0.
a aq as
Corollary (3.2.2) [121]: Let —o < a < 40,0 € [0,1] and u,v,w be non-negative
measurable functions on R such that for all x,y € R,
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w(6x + (1 - 0)y) = Mg (w(x),v(»)).
Then, if a = sup,eg u(x) < 0, b = SUP,er v(x) < oo,

fwdx > M(Q)(a b)M(e) fudx —J vdx
The statement still holds if a or b = 4co with the convention that 0 X co = 0.
Proof: Assume first that —oo < a < 400. For p = Mée)(a, b) > 0, set
ax N
U(x)——u(p ) andV(y)—bv(pa).

Then, if n = 8a%/p%(€ [0,1)]),

w(nx + (1 =n)y) = Mg (a,b) min(U(x), V()
for all x,y € R. Since sup,erU(x) = sup,erV (x) = 1, by the lemma,

fwdx > M(Sf) (a,b) (njde+ 1 - n)Jde)

®) 0 1-6
=M, (a,b) (Ej udx + E— vdx)

by definition of n. The cases @« = —oo and a = +oc0 may be proved by standard limit
considerations. The corollary is thus established.

By the Holder inequality (82), the preceding corollary implies the more classical Préekopa—
Leindler theorem [127,36,37], as well as its generalized form put forward by Borell [128]
and Brascamp and Lieb [129], in which the supremum norms of u and v do not appear.
Namely, under the assumption of Corollary (3.2.2) and provided that —1 < a < +oxo,

1 1
jwdx > M(G)(a b)M(e)( judx Ef vdx)

M(B) j udx, f vdx
where 8 = a/(1 + ).

The preceding generalized Prekopa—Leindler theorem is easily tensorisable in R™ by
induction on the dimension to yield that whenever —%Sa§+oo,06 [0,1] and
u,v,w: R"® - R, are measurable such that

w(0x + (1= 0)y) = M (u(x), v(y))

jwdx > M[ge) (j udx,fvdx)

where 8 = a/(1 + an). Namely, assuming the result in dimension n — 1, for x;,y,,2; =
0x; + (1 — 0)y; € Rfixed,

0
j w(zy, )dt 2 M) onoy ( j u(xy, t)de, J v(yl,t)dt>.
RN—1 RN—1 RN-1

Since a > —% implies that & = /(1 + a(n—1)) > —1, the one-dimensional result
applied t0 [p,,—, u(xy, t)dt, [y v(y1, t)dt, [y w(zy, t)dt yields the conclusion since

a@/(1 +a&) =p. The case @ = 0 corresponds to the Prékopa—Leindler theorem. When
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applied to the characteristic functions u = y,4, v = y0f the bounded non-empty sets 4, B in
R™ with a@ = +0c0, we immediately recover the Brunn—Minkowski—Lusternik inequality
(79).

Most of the proofs of the preceding integral inequalities rely in one way or another on
integral parametrizations. They may be proved either first in dimension one together with
induction on the dimension as above, or by suitable versions of the parametrizations by
multidimensional measure transportation. See [132] for complete accounts on these various
approaches and precise historical developments.

As presented in [124], Corollary (3.2.2) may also be turned in dimension n, as a consequence
of the generalized Prékopa —Leindler theorem. The resulting statement will be the essential
step in the proof of the sharp Sobolev inequalities. In particular, the possibility to use a up

to — ﬁ will turn out to be crucial.
For a non-negative function f: R* - R,andi = 1,...,n, set
Mi(f) = supxer | [ (0)dxy - dXioqdXigq oo Xy
R~
Corollary (3.2.3) [121]: Let —ﬁ <a<+4+x,0€[0,1] and u,v,w be non-negative
measurable functions on R™~ such that for all x,y € R",
w(Ox + (1 — 8)y) = M (u(x),v()).
If, forsomei =1,...,n,m;(u) = m;(v) < oo, then

jwdxz 9}udx+(1—9)Jvdx.

Proof: Apply the generalized Prékopa—Leindler theorem in R®~1 (thus with —ﬁ <a<
+o0) to the functions u(x),v(y),w(z) with x;,y;,z; = 0x; + (1 — 0)y; fixed, and
conclude with the lemma applied to {i(x;) = fRn_lu(x)dx1 ceedx_qdxieq v
dx, ,(y;) and w(z;) being defined similarly.

Under the assumption m;(u) = m,;(v), the conclusion of Corollary (3.2.3) does not depend
on «a and is thus sharpest for a = —ﬁ (the statement for — ﬁ < a < +oo being actually

a consequence of this case). Following the proof of Corollary (3.2.2), the complete form of
Corollary (3.2.3) actually states that (cf. [124]), foreveryi = 1,...,n,

jwdx > Mée)(mi(u),mi(v))Ml(e)< . fudx,m_;(v)jvdx)

m;(u)

withfg =a/(1+ a(n —1)).

Recently, mass transportation arguments have been developed to simultaneously reach the
Brunn—Minkowski—Lusternik inequality and the sharp Sobolev inequalities (cf. [122] [125]
.. .). In particular, Cordero-Erausquin et al. [126] provide a complete treatment of the
classical Sobolev inequalities with their best constants by this tool (see also [132]). Their
approach covers in the same way the family of Gagliardo— Nirenberg inequalities put
forward by Del Pino and Dolbeault [136] in the context of non-linear diffusion equations
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(see also [127]). More precisely, by means of Holder’s inequality, the Sobolev inequality
(78) implies the family of so-called Gagliardo—Nirenberg inequalities [135],
Ifll- < CNVFIZNFIIE (83)

for some constant C > 0 and all smooth enough functions f: R™ — R where r,s > 0 and

%=%+%,Ae [0,1]. The optimal constants are not preserved through Holder’s

inequality. However, it was shown by Del Pino and Dolbeault [126] that optimal constants
and extremal functions may be described for a sub-family of Gagliardo—Nirenberg
inequalities, namely the one for whichr = 2(s — 1) whenr,s > 2 and s = 2(r — 1) when
r,s < 2. The extremal functions turn out to be of the form f(x) = (¢ + |x|?)?/?=") in the
first case, whereas in the second case they are given by f(x) = ([o — |x|?],)Y @™ (being
thus compactly supported). The limiting case r,s — 2 gives rise to the logarithmic Sobolev
inequality (in its Euclidean formulation) with the Gaussian kernels as extremals.

While mass transport arguments may be offered to directly reach the n-dimensional
Prékopa—Leindler theorem (cf. [127] . . .), we do not know if Corollary (3.2.3) admits an n-
dimensional optimal transportation proof.

On the other hand, the Prékopa—Leindler theorem was shown in [127], following the early
ideas by Maurey [131] (cf. [126]), to imply the logarithmic Sobolev inequality for Gaussian
measures [123] which, in its Euclidean version [132], corresponds to the limiting case r, s —
2 in the scale ofGagliardo—Nirenberg inequalities. We demonstrate that the extended
Prékopa—Leindler theorem in the form of Corollary (3.2.3) above may be used to prove in a
simple direct way the classical Sobolev inequality (78) with sharp constant. The argument
only relies on a suitable choice of functions u, v, w. The varying parameter « in Corollary
(3.2.3) allows us to cover in the same way precisely the preceding sub-family of Gagliardo—
Nirenberg inequalities with optimal constants, justifying thus this particular subset of
functional inequalities. As in [133], we may deal as simply with the LP-versions of the
Sobolev and Gagliardo—Nirenberg inequalities (cf. (81)), and even replace the Euclidean
norm on R™ by some arbitrary norm. The extension of the Sobolev inequalities to arbitrary
norms on R™ was known previously [133] by symmetrization methods. With respect to
earlier developments (notably the recent [133], which provides a new and complete
treatment in this respect), the approach presented here does not provide any type of
characterization of extremal functions and their uniqueness, which have to be hinted in the
choice of the functions u, v, w.

The presents an outline of the direct proof of the sharp Sobolev inequality (78) from
Corollary (3.2.3). We then discuss variations on the basic principle which lead to the sharp
Sobolev and Gagliardo—Nirenberg inequalities (81) and (83).

The describes, with standard technical arguments, the rigorous and detailed proof of the
Sobolev inequality.

We follow the strategy put forward in [137] (see also [132]) on the basis of Corollary (3.2.3)
rather than the more classical Prékopa—Leindler theorem. For g: R™ — R and t > 0, recall
the infimum-convolution of g with the quadratic cost defined by

100



0900 = infyenf9O) + b~ P}, xemr
(with Qg = g). It is a standard fact (cf. e.g. [128] . . .) that, for suitable C* functions g,
0:Qegle=0 = —317gl* (849)
Actually, if g is Lipschitz continuous, the family p = p(x,t) = Q;g(x),t > 0,x € R",
represents the solution of the Hamilton—Jacobi initial value problem d,p + % |IVp|?> =0in
R™ x (0,0),p = gon R" x {t = 0}.
For o > 0, set

|x|?
vy(x) = 0o +T,x € R™

Let o > 0 to be determined and let g: R® — R, be smooth and such that m, (g'™) < co.
In order not to obscure the main idea, we refer for a precise description of the class of
functions g that should be considered in order to justify the technical differential arguments
freely used below.

By definition of the infimum-convolution operator, we may apply Corollary (3.2.3) witha =

— ﬁ to the set of (positive) functions
u(x) = g(6x)'™,
1-n
v(y) =v,(VOy)
w(z) =[(1— 0)o+00Q,_¢ g(2)]'™

Note thatm, (u) = 07""m,(g*™") and m; (v) = (¢ ) "™/2m, (vi™™) < o.Choose thus
c=k60>0 such that my;(u)=my(w) where k=k(ng) = m@w™")/
my (g1 7))/,
Sets =1—6 € (0,1). Hence, by Corollary (3.2.3), for every s € (0,1),

j(rcs + Q,9)t Mdx = jgl‘"dx + s k(@M/2 f vi " dx.
Taking the derivative at s = 0 yields, by (84),
1-n)fg™ (K—ilVglz)dxzkz_Tnfvll‘" dx. (85)
Set g = f2/(2=™) gp that

2 1
- 2 q 1-n
(n—Z)ZJWfl deKjf dx+(n — 1)K(n_2)/2jv1 dx
where we recall that g = 2n/(n — 2). In particular,

[1VFI2dx = infisg (n—22)2 (Kffqu +——s [ vll_"dx.> (86)

(n-Dk 2
This infimum is precisely C;?||f || where C, is the optimal constant in the Sobolev

inequality (78). Actually, if (x) =v,(x) =1+ % , the preceding argument develops with
equalities at each step with k = k(n, g) = 1. Moreover, the infimum on the right-hand side
of (86) is attained at kx = 1 if and only if
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ffqu = jv‘"dx __no2 v "dx
1 2n—1) ) 1

which is easily checked by elementary calculus. Thus (86) is an equality in this case and the
conclusion follows.

As emphasized, the same proof, with the varying parameter « in Corollary (3.2.3), yields the
sub-family of Gagliardo—Nirenberg inequalities recently put forward in [136]. Let us briefly
emphasize the modifications in the argument. (It is somewhat surprising that these optimal

Gagliardo—Nirenberg inequalities follow from Corollary (3.2.3) with —ﬁ<as

+oowhich is a consequence of thea = — ﬁ case, whereas they are not direct consequences
of the sharp Sobolev inequality.)
For —ﬁ < a < 0, apply Corollary (3.2.3) to

u(x) = g(6x)"',

v(y) = v,(VO y)l/a

w(z) = [(1 - 60)o +6Q1_¢ g(2)]"*
to get that for all s € (0, 1),

j[KS(l —8)%+ (1 -15)Q,g]Y*dx

> (1—s)t™n j gY/%dx + k¢s(1 — s)bj 1% dx,

Here a > 0,b,c < 0,k > 0 depending on n and a (and g), are such that m; (u) = m;(v)
for some suitable choice of ¢. Taking the derivative at s = 0,

1 1
Efg(l/“)_l (K—g—EIVgIZ)de (n— 1)}91/“dx+;ccj Ya dyx

Set f = g°?, 2p—2:1—1 so that

" 2a zf||7f|2dx—[(n—1)+ ffrdX>——stdx+K vl/adx

where r =2(1—a)/(1+a) and s =2/(1 + a). Note that r,s > 2,r = 2(s — 1). Take
the infimum over k > 0 on the right-hand side, and rewrite then the inequality by
homogeneity to get the Gagliardo—Nirenberg inequality

£l < CIUVEIZIFIE,
1

=== + 22 with optimal constant C.

To reach the sub-family r,s < 2,s = 2(r — 1), work now with 0 < ¢ < 400 and replace

v, by the compactly supported function [o — L]+ |x| < +/20. Actually, only the values

0 < a <1 are concerned in the argument. We do not know what type of functional
information is contained in the interval @ > 1. The case a = 0 leading to the logarithmic
Sobolev inequality has been studied in [127] and follows here as a limiting case.
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We can work more generally with the LP-Sobolev inequalities (81), 1 < p < n, and similarly
with the corresponding sub-family of Gagliardo—Nirenberg inequalities. It is also possible

to equip R™ with an arbitrary norm ||- || instead of the Euclidean one | - |, and to consider
IVFIL = IVF()lIY dx
where [|- ||, is the dual norm to ||- ||. To these tasks, consider as in [124],

Qeg(x) = infyegn {g(y) +tV” (Q)} t>0,x€R?,
where V*(x) = % lx||?” with p* is the Holder conjugate of p, i.e. (1/p) + (1/p*) = 1.
Thenp = p(x,t) = Qg (x) is the solution of the Hamilton—Jacobi equation d;p + V(Vp) =
0 with initial condition g, where V(x) = % |lx||? is the Legendre transform of V* (cf. [18]).

The proof then follows along the same lines as before . The general statement obtained in

this way is the following (cf. [124,125]). For 1 < p < n,% = % -=,s<r<gqlie(0,1],

Ifll- < Cuo, DIVEIS IFIIS
With%= §+1;—A,p(s —D=r(p-Difr,s>p,pr—1)=s(p—1)ifr,s < p,and the

optimal constant C,,(r,p) is achieved on the extremal functions (o + ||x||P)P/®~"), x €
R™ ¢ > 0, in the first case and ([ — ||x]|P"],)®P~D/®-") x € R®, ¢ > 0, in the second
case. The optimal Sobolev inequality (81) corresponds to the limitingcase A - 1,r — q,s —
r.
We collect the technical details necessary to fully justify the proof of the Sobolev inequality
outlined. Although the case p = 2 is a bitmore simple, we can actually easily handle in the
same way the more general case of 1 < p < n and of an arbitrary norm || || on R™. The
arguments are easily modified so to deal similarly with the Gagliardo—Nirenberg inequalities
discussed.

Consider thus on R"™ the Sobolev inequality

Iflly < Ca@ITFIL (87)

in the class of all locally Lipschitz functions f vanishing at infinity, with parameters
p,q satisfying 1 < p < n,é = %— % . The right-hand side in (87) is understood with
respect to the given norm ||- || on R™. More precisely,

IVl = | IV dx
[Rn

where ||- ||, is the dual norm of ||-||. We show that the best constant C,(p) in (87)
corresponds to the family of extremal functions

f(x) = (0 + ||x||p*)(p_n)/p,x e R0 >0,
where p* is the conjugate of p.We may assume that the norm x +— ||x|| is continuously
differentiable in the region x # 0. In this case, ||V]||x]|| ||. = 1 for all x — 0, and all the

extremal functions belong to the class C*(R™).
The associated infimum-convolution operator is constructed for the cost function
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V*(x) = #nxnp*, that is,

Yy
Q:g(x) = infyegng(y) +t V" ( . ) t>0x€eR
The dual (Legendre transform) of V* is V(x) = supyegn [{(x,y) = V*(¥)] = % llx]|? (and

conversely).

See [128] for general facts about infimum-convolution operators and solutions to Hamilton—
Jacobi equations, and only concentrate below on the aspects relevant to the proof of the
Sobolev inequality.

What follows is certainly classical.

Lemma (3.2.4) [121]: If a function g on R™ is bounded from below and is differentiable at
the

point x € R™, then

1
llm [Qeg(x) —g(x)] = —VVg(x)=—EIIVg(X)|If-

Proof: Fix x € ]Rn. By Taylor’s expansion, g(x — h) = g(x) — (Vg(x), h) + |h|e(h) with
e(h) = &,(h) = 0as |h| — 0. Hence, for vectors h, = th with fixed h € R",

1
lim—[g(x = he) —g()] = —(Vg(x), h).
Since we always have Q,t g(x) < glx—hy) +tV(h),

1 1
limsup— [Qeg(x) — g(0)] < lim—[g(x — he) = g()] + V" ()
—(Vg(x) h) + V*(h).
The left-hand side of the preceding does not depend on h. Hence, taking the infimum on the
right-hand side over all h € R", We get

lim sup — [th(x) g < =Vvg(x)).

Now, we need an opposne mequallty for the liminf. Assume without loss of generality
that g = 0. Since Q,g(x) < g(x), itis easy to see that forany t > 0,

Qeg(x) = infry =g tg(x — he) + tV*(h)}.
Hence, recalling Taylor’s expansion,

=[Qeg(®) — 9] = infoy =g {—(Vg (), k) + |h|e(th) + V*()}.  (88)
Note first that the argument in () = &,(+) is small uniformly over all admissible h since,
as is immediate,
sup{t|h|; tV*(h) < g(x)} >0 as t— 0.

Thus removing the condition tV*(h) < g(x) in (88), we get that, givenn > 0, for all t small
enough,

2[Qeg () — g(0] = infu{—(Vg(x),h) — [hIn +V*(W)}.  (89)
Now, to get rid of n on the right-hand side for t approaching zero, note that the infimum in

(89) may be restricted to the ball |h| < r for some large r. Indeed, the left-hand side in (89)
IS non-positive. But if |h| is large enough and 0 < n < 1, the quantity for which we take the
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infimum will be positive for V*(h = C|h| > (Vg(x), h) + |h|n with C taken in advance to
be as large as we want. Finally, restricting the infimum to |h| < r, we get that

T10:9(0) ~ 9] 2 infiner (—{Vg (), 1) + V' (W)}~ =~V (Fg(x)) — 7.
It remains to take the liminf on the left for t — 0, and then to send n to 0. The proof of
Lemma (3.2.4) is complete.
Our next step is to complement the above convergence with a bound on |Q.g(x) —
g(@)|/t interms of ||V g(y)||. with vectors y that are not far from x. So, given a C* function
g on R™, for every point x € R™ and r > 0, define Dg(x,7) = supjx_y|<rlVg(¥)ll.. Note
that Dg(x,r) = [|Vg(x)|l. asr — 0. Assume g = 0 and write once more
o
Qtg(x) = infpegng(x — h) + %' t > 0.
Again, since Q,g(x) < g(x), the infimum may be restricted to the ball (||a]|P" /p*tp*~1) <
g(x). Hence, replacing h with th and applying the Taylor formula in integral form, we get
that with r = (p*g(x))/?", forany t > 0,

1 1 .
m [g(x) — Qrg(x)] < supyn<r {; [9(x) —g(x — th)] = (llkIIP /p )}

< supgny= D9 tllRIDIRI = (IIRIP" /p*)}
< supp{DgCx, MRl = (kP /p*)}
= %Dg(x,r)p : (90)
In applications, we need to work with functions g(x) = 0(|x|?") as |x| = . So, let us
define the class F,-,p* > 1, of all C* functions g on R™ such that

lim su —||7g(x)| < 0
le_)oo p |x|p*—1

If € F,- , then, for some C, |[Vg(x)| < C|x|P"~1 as long as |x| is large enough, and hence

lg(x)|/?" < C'|x| for |x| large. It easily follows that Dg(x, (p*g(x))l/p*) <C'(1+
|x[P"~1) for all x.As a consequence of (90), we may conclude that for any g >0 in
Fp+,p* > 1, there is a constant C > 0 such that

1 *
Supr>0 7 [9(x) = Qg1 < C(1+ [xIP"), x€R™ (91)
We may now start the proof of the Sobolev inequality according to the scheme outlined in
Given a parameter o > 0, define
||

*

vy(x) =0+ , X € R™,

For a positive C* function g on R", and 8 € (0, 1), define the three (positive, continuous)
functions
u(x) = g(6x)'™,
v(y) = v, (67 ),
w(z) =[(1—-0)g + 60,9 g(@2)]'™
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The function w is chosen as the optimal one satisfying
w@x + (1 — O)y)* <0u(x)*+ (1 -0)v(y)”
fora = —ﬁ and all x, y € R™. Assume that

my (g™ = SUPx,eR 19(9‘1'952»' LX) T dxy Ly < 00,
R~
By homogeneity, m;(w) = 8 "m,(g'™™) and m,(v) = 0AN/P c(-N/p i (p1),
Note that m, (vi™™) < oo. Hence, we may choose o such that m, (v) = m, (v), that is,
ma(vi~") p/(n-1)
oc=kKk60,wherexk =x(n,g) = (m) :

By Corollary (3.2.3) (with = ———), we have [ wdx > 6 [ udx + (1 — 6) [ vdx, that s,

f [(1-0)0+60Q,_g g(x)]* ™dx =6 f g(0x)' dx + (1 —0) J va(Ql/p*x)l_ndx.
After a change of variable in the last two integrals, and since o = k 6, we get, setting s =
1-0,

M
(ks + Qsg) dx = [g*™dx+ sk P [viT™dx. (92)
Inequality (92) holds true for all 0 < s < 1, and formally there is equality at s = 0.
The next step is to compare the derivatives of both sides at this point. To do this, assume
g € Fp,» and
g(x) = cl + |lx||” (93)
for some constant ¢ > 0. (Recall that the functions in F - satisfy an opposite bound g(x) <
C(1 + ||1x|I”") which will not be used.) Due to (93), Q.g(x) = ¢'(1 + ||x]|?")
(where ¢’ > 0 is independent of s). In particular, m; (g'™™) < oo, and the first and
second integrals in (92) are finite and uniformly bounded over all s € (0,1). Rewrite (92)
as
x@=/P [yl dy < f%[(rcs + Q,g)t™™ — gl "]dx. (94)
Now we can use a general inequality
lal™ — b1 < (n—1D|a—-b|(@a™+b™),a,b > 0,
to see that, uniformly in s,

1 1 :
<[0es +Qs9)'™ = g < 2(n = 1) (k+ g — Qsg]) (@)™ < €1+ [xIP)
for some constant C’ > 0.0Onthe last step, we used thatQ,g(x) = c(1 + ||x]|P") together with

the bound (91) for functions from the class F,-. Since the function (1 + lxIPH) ™ is

integrable (for p < n), we can apply the Lebesgue dominated convergence theorem in order
to insert the limit lim s — 0 inside the integral in (94), and to thus get together with Lemma

Vg %
K(P—”)/ J 11 dx < (l — n) J g (K — ” ” )d ,

1-n

or equivalently,

106



-fg‘”IIVgllpdx >k [ g"dx +———=p [ vi" dx. (95)
n-Dk P
Now, let us take a non-negative, compactly supported C* function f on R", and for & > 0,
define C?! functions
ge(®) = (f(x) + e@()P/P™™ + (1 + ||x|[P")

where @ (x) = (1 + ||x]|P)®~™/P_Clearly, all g, satisfy (93). The first partial derivatives
of f are continuous and vanishing for large values of |x|. More precisely, g.(x) = c.(1 +
lx|IP") for |x| large enough, so all g, belong to the class Fp+ . Thus, we can apply (95) to
get

= 9V gl dx > K [ g7"dx + ———=5 [vi ™ dx. (96)

p m-1K P
Note that g;" < (f + ep)? and [ p%dx < oo (where we recall that g = pn/(n — p)).
Hence, by the Lebesgue dominated convergence theorem agam [gz"dx is convergent
as & - 0,10 [ f9dx.Byasimilar argument, recalling that ||V ||x|| 7| = p*[Ix|P~%, x € R",

we see that there is a finite limit for the left integral in (96). As a result, we arrive at

)pf”Vf”p dx > Kffqu +va11”dx, (97)
n—1)k
which |mpI|es
s JIVfIIdx = infisone [ fAdx +—= [ v dx. (98)
(n-Dk P

As we will see with the case of equality below, this is precisely the desired Sobolev
inequality (87) with optimal constant. It is now easy to remove the assumption on the
compact support of f and thus to extend (98) to all ¢! and furthermore locally Lipschitz
functions f (= 0) on R™ vanishing at infinity. To conclude the argument, we investigate the
case of equality. To this task, let us return to the beginning of the argument and check the
steps where equality holds true. Take g = v; so that k =x(n,g) =1 and o = 6. In
addition, the right-hand side of (92) automatically turns into (1 + s)vi "dx. By direct
computation,

llx|P°
p*(1+s)P—1’

Qsvi(x) =1+
so the left-hand side of (92) is

1-n

j 1m g Bl
(ks + Qs9) dx—j (1+s)+ (Lt )P 1 dx

1-n

—(1+s )j<1+llyllp> dy

=(1+5s) j vi dy

where we used the change of the variable x = (1 + s)y. Thus, for g = v, there is equality
in (92), and hence in (95) and (97) as well.
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As for (98), first note that, given parameters 4, B > 0, the function Ax + Bk®™/P i > 0,
attains its minimum on the positive half-axisat k = 1 ifand only if A = B(n — p)/p. In the
situation of the particular functions g = v, f9 = g ™ = v; ", we have

1
A =jv1_"dx,B =n_1fv11_“dx.
Hence, the infimum in (97) is attained at « = 1 if and only if

n—p
vi%dx = ——— | vi "dx.
_ o J ! p(n—1)) !
But this equality is easily checked by elementary calculus.
We may thus summarize our conclusions. In the class of all locally Lipschitz functions f on

R™, vanishing at infinity and such that 0 < || f|, < oo, the quantity
IVFll,
Ifllg
1<p< n,é = % — % Is minimized for the functions
fx) = (a + ||x||p*)(p_n)/p,x € R", o > 0.
Here % + % = 1and ||- || is a given norm on R", and

WFI = | IVF)IYdx
Rn
where ||- || is the dual norm to || ||.
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Chapter 4
Centroid Bodies and Slicing Inequalities with Estimates for Measures

We present some new bounds on the volume of L,,-centroid bodies and yet another
equivalent formulation of Bourgain’s hyperplane conjecture. The method is a combination
of the L,,-centroid body technique of Paouris and the logarithmic Laplace transform
technique . We show that if Kis a convex body in R™ with 0 €int(K)and pis a measure on
Rnwith a locally integrable non-negative density g on R™.

Section (4.1): Logarithmic Laplace Transform
We combine two recent techniques in the study of volumes of high dimensional convex
bodies. The first technique is due to Paouris [176], and it relies on properties of the L,-
centroid bodies. The second technique was developed by [174], and it uses the logarithmic
Laplace transform.
Suppose that u is a Borel probability measure on R™ endowed with a Euclidean structure

| = +/{+,-). We say that H IS ay,-measure (a > 0) W|th constant b, if:

(fRnKx 9>|pdu(x))p < bapa(fRnKx )l du(x)) Vp=2,v0 ER". (1)
It is well known that the uniform probability measure u, on any convex body K ¢ R" is a
,-measure with constant C, where C > 0 is a universal constant (this follows from
Berwald’s inequality [173], see also [171]). Here, as usual, a convex body in R™ means a
compact, convex set with a non-empty interior. The isotropic constant L of a convex body
K < R" is the following affine invariant parameter:

1 1
Lg:=Vol,,(K) n(detCov(ug))2n,
where Vol,, denotes the Lebesgue measure and Cov(u,) denotes the covariance matrix of
Ug. The next theorem unifies and slightly improves several known bounds on the isotropic
constant.
Theorem (4.1.1)[168]: Let K < R™ denote a convex body whose barycenter lies at the
origin, and suppose that uy is a y,-measure (1 < a < 2) with constant b, . Then:

Ly < C_|beni-ar2,

where C > 0 is a universal constant.

A central question raised by Bourgain [169] is whether L, < C for some universal constant
C > 0, for any convex body K < R™ (it is well known that L, < ¢ for a universal constant
¢ > 0). This question is usually referred to as the slicing problem or hyperplane conjecture,
see Milman and Pajor [181] for many of its equivalent formulations. Plugging a = 1 in
Theorem (4.1.1), we match the best known bound on the isotropic constant, which is Ly <
Cn'/* for any convex body K < R™ (see Bourgain [178] and Klartag [174]). In the case a =
2, Theorem (4.1.1) yields Lg < Cb,. This slightly improves upon the previously known

bound, which is:
Ly < Cb,4/log b,, (2)

109



due to Dafnis and Paouris [171] in the precise form (2) and to Bourgain [179] (W|th a
different power of the logarithmic factor). Here, as elsewhere, we use the letters ¢, &, C, C, C,
etc. to denote positive universal constants, whose value may not necessarily be the same in
different occurrences.
We proceed by recalling the definition of the L,,-centroid bodies Z,, (1), originally introduced
by Lutwak and Zhang in [179] (under different normalization), which lie at the heart of
Paouris’ remarkable work [176]. Given a Borel probability measure u on R™ and p > 1,
denote:

1

hz,w(0) = < I(x,9>|pdu(x)>p, 6 € R™.
Rn

The function hz, ) iIs a norm on R™, and it is the supporting functional of a convex body
Z, (1) < R™ (see e.g. Schneider [171] for information on supporting functionals). Clearly

Zp(W) € Zg(w) forp < q.

Now suppose that K < R™ is a convex body whose barycenter lies at the origin, and denote
Z,(K) = Z,(ug), where py is as before the uniform probability measure on K. As realized
by Paouris, obtaining volumetric and other information on Z,(K) is very useful for
understanding the volumetric properties of K itself. For instance, note that:

V.Rad.(Z,(K)) = (detCov(ug))zn, (3)
where the volume-radius of a compact set T c R™ is defined as:
1
Vol (T) \*
V.Rad.(T) = <m> )

measuring the radius of the Euclidean baII whose volume equals the volume of T. Here,

B, = {x € R"; |x| < 1}; note that cn 2 < Voln(Bn)n < Cn 2z, as verified by a direct
calculation. Furthermore, it is known (e.g. [178, Lemma 3.6]) that

¢ Zo(K)<S Z,(K) S Zy(K) = conv(K,—K), (4)
where conv(K, —K) denotes the convex hull of K and —K.
A sharp lower bound on the volume of Z,,(K) due to Lutwak, Yang and Zhang [18] states
that ellipsoids minimize V.Rad. (Z,(K))/V.Rad.(K) among all convex bodies K c R",
for all p = 1. An elementary calculation yields:

V.Rad.(Z,(K)) = c \/% V.Rad.(K)for 1 <p <n, (5)

which is the best possible bound (up to the value of the constant ¢ > 0) in terms of Vol,, (K).
However, in view of the slicing problem and (3), one may try to strengthen (5) by replacing
its right-hand side by c\/z_)V.Rad.(Zz(K)). The next two theorems are a step in this
direction.

It was realized by Ball [172] that many questions regarding the volume of convex bodies are
better formulated in the broader class of logarithmically-concave measures. A function
p:R™ — [0, ) is called log-concave if —log p: R™ - R U {oo} is a convex function. A
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probability measure on R™ is log-concave if its density is log-concave. For example, the
uniform probability measure on a convex body and its marginals are all log-concave
measures (see Borell [175] for a characterization).

Theorem (4.1.2) [168]: Let u be a log-concave probability measure on R™ with barycenter
at the origin. Let 1 < a < 2, and assume that u is a 1 ,-measure with constant b,. Then:

V.Rad.(Z,(1)) = c\/pV.Rad. (Z,(w)),
forall 2 < p < Cn%/?/b%. Here ¢, C > 0 denote universal constants.
Theorem (4.1.1) follows immediately from Theorem (4.1.2). Indeed, simply observe that for
p in the specified range:
e < V.Rad. (Zy(K)) _ V.Rad. (conv(K,—K)) _ . Vol, (])V™ c\/ﬁ’
V.Rad.(Z,(K)) V.Rad.(Z,(K) V.Rad.(Z,(K)) Lk
where the last inequality follows from the Rogers—Shephard inequality [180]. This
completes the proof of Theorem (4.1.1), reducing it to that of Theorem (4.1.2). We remark
here that the proof (of both theorems) only requires that the i, condition (1) holds in an
average sense.
Our next theorem contains an additional lower bound on the volume of Z,(u) which
complements that of Theorem (4.1.2) in some sense. A Borel probability measure u on
(R™, | - ]) is called isotropic when its barycenter lies at the origin, and its covariance matrix
equals the identity matrix (i.e. Z, (1) = B,). Any measure with finite second moments and
full-dimensional support may be brought into isotropic “position” by means of an affine
transformation.
Theorem (4.1.3) [168]: Let u be an isotropic log-concave probability measure on R™. Then:

V.Rad.(Z,(1)) = c\/p,

for all p = 2 for which:

diam(Z,(w))/logp < CVn. (6)
Here, diam (T ) = supy yer|x — y| stands for the diameter of T c R™, and ¢,C > 0 are
universal constants.

1

Note that the y,-condition (1) is precisely the requirement that Z,,(u) & byp« Z,(u) forall
p < 2, and so the conclusion of Theorem (4.1.3) agrees with that of Theorem (4.1.2), up to
the logarithmic factor in (6). This discrepancy is explained by the fact that in Theorem
(4.1.2), we actually make full use of the growth of diam(Z,(u)) for all p > 2, whereas in
Theorem (4.1.3) we only assumed this control for the end value of p. We emphasize that this
constitutes a genuine difference in assumptions, and that the logarithmic factor in (6) is not
just a technical artifact of the proof: we show that removing this logarithmic factor is actually
equivalent to Bourgain’s original hyperplane conjecture.

We find condition (6) quite interesting from other respects as well. It is very much related to
Paouris’ parameter q*(u), to be discussed. In fact, we show there that the parameter:

q*(u): = sup{q = 1;diam (Zq(u)) < C#\/ﬁ(detCov(u))%},
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for a small-enough universal constant c* > 0, is essentially equivalent to and has the same
functionality as Paouris’ q*(u) parameter, in addition to being rather convenient to work
with. The lower bounds in Theorem (4.1.2) and Theorem (4.1.3) compare with the matching
upper bounds on V. Rad. (Z,(u)), obtained by Paouris [186, Theorem 6.2], which are valid
forall 2 <p < n:

V.Rad.(Z,(1)) < C\/pV.Rad.(Z,(w)). (7)
This implies that the lower bounds in both theorems above are sharp, up to constants, and so
the only pertinent question is the optimality of the range of p’s for which their conclusion is
valid. In this direction, Paouris obtained a partial converse to (7) in the following range of
p’s:
W(Z,(w) = c¢y/pV.Rad. (Z,(1)), v2<p <q*w. (8)

Here W(K) = fsn_l hx(6)da(6) denotes half the mean width of K,ois the Haar

probability measure on the Euclidean unit sphere S™~1, and hx(0) = sup,cx (x, 0) is the
supporting functional of K. Note that according to the Urysohn inequality, W(K) =
V.Rad.(K) (see e.g. [172]), and so Theorem (4.1.3) should be thought of as a formal
strengthening of (8), if it were not for the logarithmic factor in (6).
We deduce a new formula for V. Rad. (Z, (1)) involving the “tilts” of the measure u from
[174,175], and we relate between the Z,-bodies of the original measure and its tilts. we
deviate from our discussion to review Paouris’ g*-parameter, and compare it with g*; may
be read independently. we use projections and the g*-parameter to relate between the
determinant of the covariance matrix of u and its tilts, and conclude the proofs of Theorems
(4.1.2) (in fact, a more general version) and (4.1.3)., we show that removing the log-factor
from Theorem (4.1.3) is equivalent to the slicing problem.
Given 1 < k < n, the Grassmann manifold of all k-dimensional linear subspaces of R" is
denoted by G,, .. Given E € Gn, k, the orthogonal projection onto E is denoted by Projg,
and given a Borel probability measure 1 on R™, we denote by mg,: = (Projg).(u) the push-
forward of u via Projg. For a convex body K c R™ containing the origin in its interior, its
polar body is denoted by:

K’ '={x e RY (x,y) < 1,Vy € K}.
Finally, we denote by ¥ and Hess the gradient and Hessian, respectively, of a sufficiently
differentiable function.
Throughout, x = y is an abbreviation for cx < y < Cx for universal constants ¢,C > 0.
Similarly, wewrite x < y(x = y) whenx < Cy (x = cy). Additionally, for two convex sets
K,T c R™we write K =~ T when:

cK<CTCC(CK

for universal constants ¢, C > 0.
We first recall the well-known extension of the slicing problem from the class of convex
bodies to the class of all log-concave measures, due to Ball [172]. Given a log-concave
probability measure 1 on R™, define its isotropic constant L, by:
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1 1
L, = llull}_(detCov(u)), 9

where ||u|l,, := supyern p(x) and p is the log-concave density of . It was shown by Ball
[172] that given n > 1:

sup,L, < C supgLy,
where the suprema are taken over all log-concave probability measures u and convex bodies
K in R", respectively (see e.g. [174] for the non-even case). The following theorem slightly
generalizes Theorem (4.1.1):
Theorem (4.1.4) [168]: Let u denote a log-concave probability measure on R™ with
barycenter at the origin. Suppose that u is in addition a y,-measure (1 < a < 2) with

constant b,. Then:
L,<C ’bgfnl‘“/z.

As was the case with Theorem (4.1.1), deducing Theorem (4.1.4) from Theorem (4.1.2) is
equally elementary. We only require the following additional well-known lemma, which will
come in handy in other instances in this work as well. This lemma serves as an extension of
(4) to the class of log-concave measures.
Lemma (4.1.5) [168]: Let u denote a log-concave probability measure on R™ with
barycenter at the origin. Then:

Vn

T
lually

Given Lemma (4.1.5), the reduction of Theorem (4.1.4) to Theorem (4.1.2) is indeed
immediate, since for p < n in the range specified in the latter:

V.Rad (2,) _V.Rad. (2,1)) _ Vn Jn

V.Rad.(Z,(1)) =

C\/ES - 1 1
VeRad (Z200) ™ (gercov)sm It (detcov)m

Proof: Denote by p the log-concave density of u. According to [178, Proposition 3.7]
(compare with [185, Lemma 2.8] and Lemma (4.1.7) below):

Vn

1

_ N p(0)n
However, according to Fradelizi [172]:

e "M <p(0) <M, M:=|ull, = suprerrp(x),
and so the assertion immediately follows.

Now suppose that u is an arbitrary Borel probability measure on R™. Its logarithmic Laplace
transform is defined as:

16 )= log [ ew(ENduc), ¢ ER

Rn

V.Rad.(Z,(1)) =
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The function 4,, is always convex (e.g. by Holder’s inequality), and clearly 4,(0) = 0. If in
addition the barycenter of u lies at the origin, then A, is non-negative (by Jensen’s
inequality). In this case, forany t > 0 and a > 1:
“{A,<at}S {4, St} S {4, <at}, (10)
where we abbreviate {4, <t} = {£ € R"; A,(§) < t}. When p is log-concave, the convex
function A, possesses several additional regularity properties. For instance {4, < oo} is an
open set, and A, is C*-smooth and strictly-convex in this open set (see, e.g., [185, Section
2]).
The following lemma describes a certain equivalence, known to specialists, between the L, -
centroid bodies and the level-sets of the logarithmic Laplace Transform A,,. See Latata and
Wojtaszczyk [186, Section 3] for a proof of a dual version in the symmetric case (i.e., when
u(A) = u(—A) for all Borel subsets A c R™).
Definition(4.1.6) [168]: The A,-body associated to u, for p = 0, is defined as:
Ap(W):= {4, < p}n—{4, < p}.
Lemma (4.1.7): Suppose u is a log-concave probability measure on R™ whose barycenter
lies at the origin. Then for any p > 1:
Ap () = pZy(1)°.
These two equivalent points of view turn out to complement each other well, and play
asynergetic role. Before providing a proof, we illustrate this in the following naive example.
Given a log-concave probability measure u, a well-known consequence of Berwald’s
inequality (see e.g. [171]) is that:
qzp 21 = Z,(W)  Z(W) < CZ, (). (11)
In view of Lemma (4.1.7), note that this is nothing else but a reformulation (up to constants)
of the trivial set of inclusions in (10).
Proof : First, suppose that & € A, (u). Then:
[ exlteldu < [ exp(exduce) + exp(—€Nauto) < 2
R R

Using the inequality (et/p)P < e®, valid for any t = 0, we see that:
1

Pz (§) = ( jRn|<s,x>|pdu<x))p < (2pP)? < 2p.

Since ¢ € A,(u) was arbitrary, this amounts to A,(u) € 2pr(u)°, the first desired
inclusion. For the other inclusion, suppose § € R™ is such that hz ) (§) < p, that is:

1/
(Jgul€ 0)Pdu()) " < p. (12)
Write X for the random vector in R™ that is distributed according to u. Then the function:

o) =PUX, &)= 1), tER,
is log-concave, according to the Prékopa—Leindler inequality (see, e.g., the first pages of
[179]). Furthermore, since the barycenter of u lies at the origin, we have 1/e < ¢(0) <1 —
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1/e by Griinbaum’s inequality (see e.g. [174, Lemma 3.3]). Using Markov’s inequality,
(12) implies that:
¢(3ep) < (3e)7".

1

3eP
) < C exp(—t/(3e)), Vvt = 3ep.

Since ¢ is log-concave, then:

3eP
]p)(<X; E) = t) = go(t) < QO(O) ((p;(g))

An identical bound holds for p({(X, ) < —t), and combining the two, we obtain:
P({X,$) = ¢t) < Cexp(—t/(Be)),  Vt=3ep.

Therefore:
<€, X)) 1 t
IEexp( = = coexp <§> P((X, &) = t)dt
1 3eP t o B
< — exp <—> dt + Cf exp(—t/(6e))dt < exp(Cp).

6e J, 6e 3P
Consequently:

max/ (i§> A (—i€><lo Eex 1, X)] <C

n\ges ) "w\" et ) = OIEEAP| T, =P

for some C > 1, and using (10), this implies:

1 1

mac i (gop€) A (gt) <o o
forany ¢ € R™ with th(u) (&) < p. This s precisely the second desired inclusion pZ, (1) <
C'A,(w), and the assertion follows.
The last topic we would like to review pertains to some properties of level sets of convex
functions and their gradient images. The possibility to use the gradient image of A, as in
[174] is one of the main reasons for additionally employing the logarithmic Laplace
transform, rather than working exclusively with the L,,-centroid bodies.
Lemma (4.1.8) [168]: Let F: R™ — R U {0} be a non-negative convex function, which is
C1-smooth in {F < oo}. Let g, 7 = 0. Then:

1
(z,VF(x))<q+7r forany ze€{F <r},x € E{F < q}.
In other words:

1 o
VF (E{F < q}) c(g+r){F<r}.
Proof: Since F is non-negative and its graph lies above any tangent hyperplane, then:
z z F(2x)+F(z) q+r
(VF(x),§> <F(x)+ (VF(x),E) <F(x+2z/2)< 5 <=
The following lemma was proved in [175, Lemma 2.3] for an even function F.
Lemma (4.1.9) [168]: Let F: R™ — R U {co} be a non-negative convex function, C%-smooth
and strictlyconvex in {F < oo}, with F(0) = 0. Let p > 0, and set:
E,:={F <p}n—{F < p}.
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Assume that;:
1
n

1
Y= —j det HessF(x)dx | > 0.
1
Vol, ( >F

—_

7Fp 2P

Then:

P

N

Proof: Applying Lemma (4.1.8) with g = r = p, and using the change of variables x =
VF(y), we obtain:

. 1 1
Vol,(2p(F,)") = Vol, <|7F (EFP>> = fl ] det HessF(y)dy = Vol, (EFP> pr,
2°p

Equivalently, we obtain:

V.Rad.(F,) <2

llU n
Vol,((E)") = (ﬁ) Vol,(E,).
Note that F, is a centrally-symmetric convex body, i.e., F, = —F,. The Blaschke-Santalo
inequality (see, e.g., [181]) for a centrally-symmetric convex body K asserts that:
V.Rad.(K")V.Rad.(K) < 1.
Combining the last two estimates with K = F,, the result immediately follows.
Let p denote a log-concave probability measure on R™ with density p, and let & € {4, <
oo},
We denote by p; the “tilt” of u by , defined via the following procedure. First, define the
probability density:

1
pe(x):= Z: p(exp({S,x))  forx €RT,

where Z; > 0 is a normalizing factor. Denoting by b; € R™ the barycenter of p,, we set u;
to be the probability measure with density ps(- — b;). Note that u; is a log-concave
probability measure, having the origin as its barycenter. Furthermore, as verified in [175,
Section 2], we have:
b =VAg(§), Cov(ug) = HessA,(§) (13).

The following proposition is one of the main results:

Proposition (4.1.10) [168]: Let u denote a log-concave probability measure on R™ whose
barycenter lies at the origin. Then, forall 1 < p < n:

V.Rad.(Z,(n)) = VP infxelAp(ﬂ)(detCov(,ux))%. (14)

In the proofs of the theorems stated, we will not use the full force of Proposition (4.1.10),
but rather only the lower bound for V. Rad. (Z,, (1)). This lower bound has a short proof, as

will see below. However, the observation that we actually obtain an equivalence seems
interesting, hence we provide the arguments for both directions. Before going into the proof,
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as a testament of its usefulness, we state the following immediate corollary of Proposition
(4.1.10):

Corollary (4.1.11) [168]: Let u be a log-concave probability measure on R™ whose
barycenter lies at the origin. Then:

V.Rad.(Z,(w)) - V.Rad.(Z,(w))

= C
Jp Ja
Remark (4.1.12) [168]: Using g =n above and the fact that V.Rad.(Z,(K)) =
V.Rad. (K) for a convex body K whose barycenter lies at the origin, which follows from (4)
as in the Introduction, we immediately verify that:
Vvi<p<n V.Rad. (zp(K)) > C\/:V Rad.(K).  (15)
This recovers up to a constant the lower bound of Lutwak, Yang and Zhang (5). Moreover,

recalling that V. Rad. (Z,, (1)) = \/ﬁ/llyllio by Lemma (4.1.5) and the definition (9) of L,
the same argument yields the following analog of (15):

i

Vi<p<n, V.Rad. (Z (u)) > c—(detCov(,u))Zn = C#V Rad.(Z,(n)).

1<p<qg<<n=>

This may also be deduced by only employlng the lower-bound in (14)
We now turn to the proof of Proposition (4.1.10), and begin with the lower bound for
V.Rad. (Z,(u)). In fact, we show a formally stronger statement:

Lemma (4.1.13) [168]: Let u denote a log-concave probability measure on R™ whose
barycenter lies at the origin. Then, forall 1 < p < n,

V.Rad.(Z,(1)) = c\/p\/¥,,

where ¢ > 0 Is a universal constant and:

o
v 1 ()
\Voln 7/11,(;1) 27p

Proof: Apply Lemma (4.1.9) with F = A,,. Since det HessA, (x) = detCov(u,) according
to (13), we deduce that:

1
n

detCov(,ux)dx\‘ :

V.Rad. (A,(1)) < 2% (16)
VP
Applying Lemma (4.1.7) in order to pass from A, () to Z,(u), and the Bourgain—Milman
inequality (see, e.g., [179]) for a centrally-symmetric convex set K ¢ R™:
V.Rad.(K")V.Rad.(K) = c,
we deduce from (16) that:
-1

V.Rad.(Z,(w)) = pV.Rad.(4,(1)°) = pV.Rad.(A,(w)) ~ = /p\/P,.

In order to deduce the upper bound of Proposition (4.1.10), and of crucial importance to the

main results, is the following elementary observation:
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Proposition (4.1.14) [168]: Let u denote a log-concave probability measure in R™ with
barycenter at the origin. Then:

1
Vx € EAp(u), Ap () = Ap ().
Indeed, it is clear that the logarithmic Laplace transform should interact nicely with the tilt
operation, and the following identity is verified by a direct calculation:
Ay (2) = A, (z+x) — A, (x) —(z,by), by = VA, (X). (17)
Geometrically, this means that the graph of 4, is obtained from that of A, by subtracting
the tangent plane at x (given by the linear function z — A, (x) + {(z — x, VA4, (x))), and

translating everything by —x (so that x gets mapped to the origin). In particular, we verify
that A, (0) = 0 and that 4, = 0, as required from the logarithmic Laplace transform of a

probability measure with barycenter at the origin.

It remains to manipulate level sets of convex functions, once again. We require the
following:

Lemma (4.1.15) [168]: Let F be as in Lemma (4.1.8), and let y € R™ and D, p > 0. Define
a function G by:

G(z):=F(z +y) = F(y — (2, VF(y)).
Then:
1
yEE{FSDP}, ze{F<pIn—{F<p}= z€2{G<(D+1)p}
Proof: We apply Lemma (4.1.8) with g = DP and r = P. Since —z € {F < p} and y €
%{F < DP}, then by the conclusion of that lemma, (—z, VF(y)) < (D + 1)p. Since F is non-

negative and convex, we deduce that:
D+1 F(z)+FQy) D+1
G(z/2) = F(z/2+y)+——P= 5 +——p<O+p.
(i) If z € A, (u), we apply Lemma (4.1.15) with D = 1and y = x to F = A4,,. By (17), we
deduce that 4, (z/2) = G(z/2) < 2p. Using (10), we conclude that A, _(z/4) <p. The
same argument applies to —z by the symmetry of our assumptions, and so we conclude that

Z € 44, (Uy).
(ii) If z € A, (), we would like to apply Lemma (4.1.15) withy = —xto F = 4,,_, since

tilting u, by —x gives back u. To this end, we must verify that 4, (—2x) < DP for some
D > 0. According to (17):

A, (=2x) = Ay (—x) — A,(x) + 2{x, VA, (x)).
By Lemma (4.1.8), we know that (x, VAu(x)) < 2p, and using that 4, is non-negative,
convex and vanishes at the origin, we obtain:

1
A, (—2x) < EA“(—Zx) + 4p < 4.5p.

We conclude that we may use D = 4.5 above, and so Lemma (4.1.15) finally implies that
A, (z/2) = G(z/2) < 5.5p. As in the first part of the proof, we deduce that u(z/11) < p.
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The same argument applies to —z by the symmetry of our assumptions, and so we conclude
that z € 114, ().

Using Lemma (4.1.7), we equivalently reformulate Proposition (4.1.14) as:

Proposition (4.1.16) [168]: Let u denote a log-concave probability measure in R™ with
barycenter at the origin. Then:

1
Vx € EAp(.u)' Zp(ﬂx) = Zp(.u)-
To complete the proof of Proposition (4.1.10), we state again Paouris’ upper bound (7) on
V.Rad.(Z,(v)):
Theorem (4.1.17) [168]: (Paouris). For any log-concave probability measure v with
barycenter at the origin,and 2 < p < n:

V.Rad.(Z,(v)) < C\/pV.Rad. (Z,(v)).
Proof:The statement is invariant under linear transformations, so we may assume that v is
isotropic. The claim is then the content of [176, Theorem 6.2].
Lemma (4.1.13) implies the lower bound:

1
V.Rad.(Z,(w)) = ¢\/p infxE%Ap (o (detCov(u))zm .
Since (detCov(u,))zr = V.Rad. (Z,(u,)), then applying Theorem (4.1.17), we obtain:

infxE%Ap wV-Rad. (Z,(w)) < Cp infxe%Ap(m(detCov(ux))ﬂ . (18)

But by Proposition (4.1.16), Z,, (i) = Z,(u) for all x € %Ap(u), and hence the left-hand
side in (18) is equivalent to V. Rad. (Z, (1)), completing the proof.
Given a centrally-symmetric convex body K < R", its “(dual) Dvoretzky-dimension” k*(K)
was defined by Milman and Schechtman [173] as the largest positive integer k < n so that:
1
O i {E € G5 W (K)Bj  ProjgK © ZW(K)BE}n —
where g, ,, denotes the Haar probability measure on G,, , and B denotes the Euclidean unit
ball in the subspace E. It was shown in [173], following Milman’s seminal work [174], that:

FOIN wEK) \?
k (K) - n(diam(K)) ) (19)

Define W, (K) = (fsn_1 hx(8)4 do(6))4 , the g-th moment of the supporting functional of
K. According to Litvak, Milman and Schechtman [177]:

& W, (K) < max {W(K), \/g diam(K)} < W, (K).  (20)

The quantity W, (Z,(w)) has a simple equivalent description: a direct calculation as in [174]
confirms that for any Borel probability measure u on R® and g > 1:

(WeZo@) = 25 10, 1o@)i= (uleltduG). @D

Finally, observe that when the barycenter of u is at the origin, then I, (u)? = traceCov(u).
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In [186] (see also [185]), Paouris defines g*(u) as follows:
q*(w): = sup{q € N; k*(Z,(w)) = q}.
It is straightforward to check that all of Paouris’ results involving q*(u) from [178] remain

valid when replacing it with gz(u) when ¢ > 0 is a fixed universal constant, where gy is
defined as follows (see [177]):

qs(W):=sup{q = 1; k* (Zp(u)) < §7%q}.
Although the particular value of ¢ > 0 seems insignificant for the results of [188], the
definition we require is essentially that of g for some small enough universal constant ¢ >
0. Our preference to work with a variant of g/ is motivated by Lemma (4.1.18) below and
the subsequent remarks.
We proceed as follows. Given a log-concave probability measure p on R™,q > 1 and § >
0, consider the following four related properties:

(i) P, (8) is the property that k*(Z, (1)) = 6 2q.
W(Zq(1))

(ii) P{(6) is the property that diam(Z,(p)) < 6%7.

(iii) P,(8) is the property that diam(Z, (1)) < Sn(detCov ().

(iv) Py is the property that W(Z,(w)) = c\/ﬁ(detCov(u))R , for some specific,
appropriately small universal constant ¢ > 0, as in the proof of Lemma (4.1.18) below.
According to (19), we have:
P;(8) = P1(C16) = P1(C;0), (22)
forall § > 0, where C;, C, > 1 are universal constants. The next lemma relates between the
other properties above (compare with [177, Section 2]):
Lemma (4.1.18) [168]: Suppose u is a log-concave probability measure in R™ whose
barycenter lies at the origin. Let g € [1,n] and § € (0, 1]. Then:
(i) If u is isotropic and P; (&) holds, then P,(C56) holds.
(i) (@) If P,(5) holds, then so does Py,.
(if) Suppose & < §, for a certain appropriately small universal constant §, > 0. If P,(9)
holds, then so does Py, .
(iii) If P,(6) and Py, hold, then so does P; (C,6).
Proof:
(i) Clearly P, (8) implies P;(1). Using (21), Paouris’s main result [176, Theorem 8.1] and
the isotropicity of u, we know that:
1

Wy(Zy() = %Iq (W) = %Iz (W) = % (traceCov(p))? = q.

In particular, W(Z, (1)) < W,(Z,(w) < C\/E. Since P; (8) implies P;(C,6), then:

diam(Z,()) < C;6vn W) £V = Cybvm(detCou(u))n,

Ja

and P, (C56) holds true.
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(ii) Since all properties are invariant under scaling, we may assume that detCov(u) = 1.
Using (21) and the arithmetic-geometric mean inequality:

1 1 1
E’z(#)z = EtraceCov(u) > (detCov(u))n,

we see that;

Wa(Zg(1) = co 2 1g(0) = ¢ 2 L,() = €03 (23)
(1) Assuming P;(8), (20) implies that W (Z, (1)) = ¢, W, (Z, (1)), and together with (23),
Py, follows.
(if) Set 8, = cycq, Where ¢, is the constant from (23) and ¢, is the constant from (20). Using
£/23), the property P,(8) with 0 < § < §, implies:

\/—\/gdiam(Zq(u)) < 68,/q < cocr[q < W (Z,(w).
Therefore by (20), W (Z, (1)) = c;W,(Z,(1)) = coc1+/q, and Py, follows.
(iii) This is immediate by plugging the estimates on diam(Z,(u)) and W (Z,(w)) into the
definition of P; (6).
Lemma (4.1.19) [168]: We may choose the numeric constant ¢ > 0 small enough so that:
() qa* (W) <n.

(i) 1 < q < q*(w) implies k*(Z, (1)) = q and W (Z, (1)) = c\/ﬁ(detCov(u))ﬁ :
Proof: Assume first that g*(u) > 1. The second point follows immediately from Lemma
(4.1.18) and (22). The first point follows from (21), since:

1

n - (detCov(u))n < traceCov(u) = L()* < I,(W)? = W (Z,(W)? < diam(Z,(w))*.
It remains to deal with the degenerate case g*(u) = 1. By definition, k*(Z, (1)) = 1, and
e.g. by (19):

Wz @) = ¢ 2EW) S hetcov(uy)m,
N

as required.

Consequently |q*(w)| < q* (1), and all of Paouris’ results for g < q*(w) continue to hold
for g < q*(u). Similarly, by Lemma (4.1.18), if u is isotropic then g} (1) < q*(u) for some
small constant ¢ > 0. To conclude, we reiterate the stability of g* (1) under projections in
the following corollary, which is one of the key ingredients in the proof of Theorem (4.1.3):
Corollary (4.1.20) [168]: Let u denote an isotropic log-concave probability measure in R™,
let 1 <k <nandq = 1. Then for all E € G, with k > (c*)~2diam?(Z, (1)), we have
q*(mg,) = q. In particular k*(ProjzZ,(1)) = q and W (ProjzZ,(1n)) = c\/ﬁ.

Proof: Since mgu remains isotropic, Z,(mgu) = ProjpZ,(u) and diam(ProjgZ,(u)) <
diam(Z,(u)) < c*/k, the assertion follows by definition of ¢* (1) and Lemma (4.1.19).
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1
In view of Proposition (4.1.10), our goal now is to bound from below (detCov(u,))zn for
the tilted measures u, , where x € %Ap(u). Our only available information is provided by

Proposition (4.1.16), stating that Z,, (u,) = Z, (1), where p itself is assumed isotropic.

Suppose v is a log-concave probability measure on R™ whose barycenter lies at the origin.
Recall that its isotropic constant is defined as:

1 1
Ly:= |Ivll7_(detCov(v))zn. (24)
Since the isotropic constant L,, satisfies L, = ¢ > 0 (see e.g. [178]), then according to
Lemma (4.1.5):
1 V.Rad.(Z,(v))

(detCov(v))ﬁ z n

T (25)
vl
Lemma (4.1.21) [168]: Let v denote a log-concave probability measure in R™ with
barycenter at the origin, and let k denote an integer between 1 and n. Then:

36 € S"‘l\/fw(x, 0)2 dv(x) = v%supEEGn,kV.Rad. (ProjgZ;(v)). (26)
Proof: Given E € G, , apply (25) to mzv. We get that

1
(detCov(mgV))zk = V.Rad.(Zi(pv) 27).
vk

Note that (detCov(mEv))'/¥ is the geometric average of the eigenvalues of the symmetric,

positive semi-definite matrix Cov(mgv). Let 8 €S"1NnE be the eigenvector
corresponding to the largest eigenvalue of Cov(mgv). From (27) we thus see that

j L V.Rad.(Z(mgv))
RTL

(x,0)2dv(x) = \/(Cov(mgv)0,0) = (detCov(mgv))2k = N

Noting that Z, (mzv) = ProjgZ,(v), we obtain (26).
The idea now is to compare V.Rad. (ProjgZ, (u,)) with V. Rad. (ProjgZ, (1)). Note that
if Z,(v) = Z,(w), then by (11):
q p
1<qg<p=> CEZq(,u)ch(v)cCan(,u).
Therefore, when Z,,(v) = Z,(u) and k < p,
V.Rad. (ProjpZ,(v)) = c g V.Rad. (ProjzZ, (1)) (28)

forall E € G, . To control V. Rad. (ProjgZ, (1)), we have:
Lemma (4.1.22) [168]: Let u denote a log-concave probability measure in R™ with
barycenter at the origin, and let 1 < k < q*(u). Then:

1
3E € Gy V. Rad. (ProjpZ (1)) = cVk(detCov(u))2n .
Proof: Lemma (4.1.19) asserts that 1<k <q*(u) implies that k*(Z,(n)) = k.
Consequently, there exists at least one (in fact, many) E € G, so that:

1
EW(ZR(M))BE < ProjgZy (1) < 2W (Zy (1)) B,
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and hence V.Rad. (ProjgZ; (1)) = %W(Zk(u)). It remains to appeal to Lemma (4.1.19)

1
again and deduce from 1 < k < gq*(u) that W (Z, (1)) = cVk(detCov(w))z.
We summarize the preceding discussion with the following fundamental:
Proposition (4.1.23) [168]: Let v, u denote two log-concave probability measures in R™*with
barycenters at the origin, and let 1 < p < n. Assume that Z,,(v) =~ Z,(u). Then:

q* (W)
p

1
30 € S*1 \/ (x,0)2dv(x) =>c mln{ }(detCov(y))ﬁ.
RTL
Proof: Combine Lemma (4.1.21), Lemma (4.1.22) and (28) for k = min{p, |¢* (W) |}.
We can now proceed to control the entire detCov(v) by projecting onto the flag of subspaces
spanned by the eigenvectors of Cov(v). To apply Proposition (4.1.23), we require good
control over g* (). One way to obtain such control is to make a definition:
The Hereditary-g* constant of a log-concave probability measure p on R, denoted g} (),
Is defined as:
#
L q" (mgu)
afi(W:= ninfeinfyeg,,—
Remark (4.1.24) [168]: It is useful to note the following alternative formula for g}; (1), valid
only for an isotropic, log-concave probability measure 1 on R™. Recalling the definitions of
q*(v), A, (q) = diam(Zq(v)), and using supE € Gy diam(ProjgZ,(u)) =
diam(Z,(u)), we obtain:
) 2 (c*Vk) ) q
q =nin <<LGln <p< _—, 29
q]-](.u) fl_k_n k fl_q_q#(u) diam(Zq(u))z ( )
where we use (11) and the definition of ¢*(v) to justify the last equivalence.
Proposition (4.1.25) [168]: Let v, u denote two log-concave probability measures in R™
with barycenters at the origin, and assume that y is isotropic. Let 1 < p < Aq} (u) with A >
1, and assume that Z,,(v) = Z,(u). Then:

(aletCov(v))Zi

where ¢ > 0 denotes a universal constant.

Proof: Let 0 < A; < A, <---< 4, denote the eigenvalues of Cov(v), and let Ej, € G,
denote the subspace spanned by the eigenvectors corresponding to A,,...,4; . Since
Projg, Z,(v) = Projg, Z, (1), Proposition (4.1.23) applied to 7z, v and mrg, p implies that:

#
VA = cmm( (nEkﬂ)> = cmin(l,qH—(”)E) 255.
p p n An
Taking geometric average over the A, ’s, the assertion immediately follows.
Remark (4.1.26) [168]: It is clear from the proof that we may actually replace in the
definition of g (u) the infimum over k with a geometric-average over the terms. We denote

this variant by g%, (u), and as in Remark (4.1.24), obtain the following expression for it
when w is in addition isotropic:

:blﬁ
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1 (c*VE) = 1

AL (c"™VEk)\n _ n

ng(M) = n( k=1 “T) = (H}::l Aul(c#ﬁ)) . (30)
Another way to obtain some (partial) control over g* (mzu) is to invoke Corollary (4.1.20):
Proposition (4.1.27) [168]: Let v, u denote two log-concave probability measures in R™
with barycenters at the origin, and assume that u is isotropic. Let 1 <p <nand 4 > 1.
Assume that Z,,(v) = Z,(u) and that:

diam(Z,(u))/log(p) < Avn. (31)
Then:

(detCov(v))% > exp(—CA?).
Proof: We employ the same notation as in the previous proof. Setting:
ko = [(c®)7% diam?Z,(w)|,
Corollary (4.1.20) states that q#(nEkou) > p. Consequently, applying Proposition (4.1.23)
to mg, v and gy e WE obtain that A, =c >0, and hence the largest n —k, + 1

eigenvalues of Cov(v) are bounded below by the same ¢ > 0. To bound the contribution of
the other eigenvalues, we use (11) to obtain the following trivial bound (which may be
improved, but ultimately only results in better numeric constants):

1

(detCov(nEkov))m = V.Rad. (Zz(nEkov)) = %V. Rad. (Zp(nEkov))

1 1 1
~~V.Rad. (Zy (g ) = ~V.Rad. (Z2 (75, u)) ==
Using our estimates separately on Ej and E,ﬁo, we obtain:

ko

1 1\n
(detCov(v))2n = (detCov(nEkov)) detCov(ﬂEI%Ov) >c (E) :
Our assumption (31) precisely ensures that k, log(p) < C - A%n, and the assertion follows.

Theorem (4.1.3) now follows immediately from Proposition ((4.1.27), combined with
Propositions (4.1.10) and (4.1.16). Similarly, Proposition (4.1.25) and Remark (4.1.26),
combined with Propositions (4.1.10) and (4.1.16), yield:

Theorem (4.1.28) [168]: Let u denote an isotropic log-concave probability measure in R™.
Then:

V.Rad.(Z,(w) = c/p, V2 <p < Cqfi(w.
Moreover, the same bound remains valid for 2 < p < Cql, ().
Now if u is a log-concave isotropic measure on R™ which is in addition a y,-measure with
constant b, (for a € [1, 2]), by definition:

1

diam(Zp(u)) < 2b,pa.
It therefore follows immediately from (29) that:
c

an (W) = b—an“/z,

a

and thus Theorem (4.1.2) follows from Theorem (4.1.28).
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Lastly, it may be worthwhile to record the following generalization of Theorems (4.1.1) and
(4.1.4), which follows immediately , from Theorem (4.1.28) and (30):
Theorem (4.1.29) [168]: Let u denote a log-concave probability measure in R™ with

barycenter at the origin. Then:
1

n k 2n

k=1 "H
Observe that in this formulation, we only require an on-average control over the growth of

A, (p) = diam(Z,(u)), as opposed to all previously mentioned bounds on L,,.
Denote:

Ly:= supgcrnly, (32)
where the supremum runs over all convex bodies K < R". Recall that K is called isotropic
if 1, the uniform measure on K, is isotropic. Recall also that Z,,(K) = Z,(ug). In this, we
observe that removing the logarithmic factor in Theorem (4.1.3) is in fact equivalent to
Bourgain’s hyperplane conjecture.
Theorem (4.1.30) [168]: The following statements are equivalent:
(i) There exists A > 0 so that L,, < A forany n > 1.
(if) There exists B > 0 so that for any n > 1 and an isotropic convex body K c R", we
have:

V.Rad. (Z,(K)) 22, v1 < p < T4, (33)
The proof is based on the following construction from Bourgain, Klartag and Milman [170].
Given m = 1, let K, denote an isotropic convex body with Ly = cL.,. Choosing ¢ > 0
appropriately, it is well-known (see, e.g., the last remark in [173]) that we may assume that
K,, is centrally-symmetric and satisfies K,,, € vVmB,,,. We also set D,,: = Vm + 2B,,,, and
note that D,,, is isotropic. Given 1/n < A < 1, consider the Cartesian product:
TA = K[/’lnj X D[(l—ﬂ)n] c R™.

Clearly, T, is a centrally-symmetric isotropic convex body, and since L, = 1, it follows
that:

n

~ n . 7A
Ly, =L = L. (34)

Lemma (4.1.31) [168]: For any pair of centrally-symmetric convex bodies K; ¢ R™, K, C
R™ and p > 1, we have:

1
E(Zp(Kl) X Z,(K3)) € Z,(Ky X Ky) € Z,(Ky) X Z,(Ky).
Proof: Denote E;: = R™ X {0} and E,: = {0} X R"2. By definition, Z,(K; X K;) N E; =
Z,(Ky) x{0}and Z,(K; X K;) nE, = {0} X Z,(K;). By the symmetries of K, K, and the
convexity of Z,,(K; X K3), it follows that:
Z,(Ky X Ky) € Z,(Ky) X Z,,(K).
On the other hand, an elementary argument ensures that:
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1
Z,(Ky X K, 2 conv (Zp(Kl) x {03, {0} x Z, (KZ)) 2 = (Zp(K) X Z,(Ky)):
Corollary(4.1.32) [168]: Forany 1/n < A < 1/2:
diamZ,,(T;) < CVan.
Proof: By Lemma (4.1.31) we see that:
diam(Z,ln(T,l)) < diam(Z,m(KMnJ)) + diamZ,-m(D[(l_A)n]).
Observe that diam(Zy, (Kjn))) < diam(K,)) < 20v/An. As for the other summand, a
straightforward computation reveals that when 1/n < 1 < 1/2:
Zoan(Dic-nyn1) = VAVIBj(1-aymy.
The assertion now follows.
Recall that for any isotropic convex body K c R™:
a"(K) = ¢" ()= sup{q = 1; diam (2,(K)) < ¢*Vnf,  (35)
where c# > 0 is an appropriate universal constant.
Corollary (4.1.33) [168]: Forany n > 1, there exists a centrally-symmetric isotropic convex
body K c R", such that:
(@) g*(K) = cn; and
(b) logLg = c logL,,
where ¢ > 0 is a universal constant.
Proof: Take A,: = min{(c*/C)?,1/2}, where C is the constant from Corollary (4.1.32).
Then K = T, satisfies the first assertion in view of the choice of 1,, and by (34):

2 2
Li = L3 . B Ly,
where the inequality L, = L, for any 0 <c <A <1 follows from the techniques in

[170,Section 3]. Since Ly = ¢ > 0, the second assertion follows.

1
If L,, < A, then Vol,,(K)~ = 1/A for any isotropic convex body K < R™. Consequently, by
the Lutwak—Yang—Zhang lower-bound (5), we even have:

C
V.Rad.(Z,(K)) = Z\/E, Vi<p<n

For the other direction, apply our assumption (33) to the isotropic convex body K < R™ from
Corollary (4.1.33), and obtain:

g < V.Rad. (Zp(K)) <V.Rad.(K) = \L/—ﬁ vl <p < q*(K)/B.
K
Corollary (4.1.33) then implies that:

3
L, < (Lgp)¢ <|CBz < C,B‘,

n
q*(K)
as required.

Section (4.2): Slicing Inequalities for Measures of Convex Bodies
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The slicing problem [204,205,201,232], a major open problem in convex geometry, asks
whether there exists an absolute constant Cso that for any origin-symmetric convex body
Kin R™of volume 1 there is a hyperplane of Kwhose (n — 1)-dimensional volume is greater
than 1/C. In other words, does there exist a constant Cso that for any n € N and any origin-
symmetric convex body Kin R"
n-—1
|K|™ <C max |[Kné&L, (36)
gesn-1
where &+ is the central hyperplane in R™ perpendicular to &, and |K| stands for volume of
proper dimension? The best current result € < 0(n'/*) is due to Klartag [213], who
removed the logarithmic term from an earlier estimate of Bourgain [206]. see [208]for the
history and partial results.
For certain classes of bodies the question has been answered in affirmative. These classes
include unconditional convex bodies (as initially observed by Bour-gain; see also
[232,212,203,208]), unit balls of subspaces of L,[209], intersection bodies
[209,Theorem9.4.11], zonoids, duals of bodies with bounded volume ratio [232], the
Schatten classes [226], k-intersection bodies [223,220].
Iterating (36) one gets the lower dimensional slicing problem asking whether the inequality
n—-k
|K|» < C* max |KnH| (37)
HEGTp—k
holds with an absolute constant C where 1 < k < n — 1 and Gr,_Is the Grassmanian of
(n — k)-dimensional subspaces of R™.
We prove (37) in the case where k > 4,,,0 < A < 1, with the constant C = C (A1) dependent
only on A. Moreover, we prove this result in a more general setting of arbitrary measures in
place of volume. We consider the following generalization of the slicing problem.
Problem (4.2.1)[200]: Does there exist an absolute constant C so that for every n € N, every
integer 1 < k < n, every origin-symmetric convex body L in R", and every measure y with
non-negative even continuous density f in R™,

k
u(l) < C* max up(LnH)|L|~. (38)
HEGTp—k

Here u(B) = [, ffor every compact set Bin R", and u(B N H) = [, . f is the result of

integration of the restriction of f to H with respect to Lebesgue measure in H.
In many cases we will write (38) in an equivalent form

k
k_1 Py
ul) < C%— cni chl;gﬁku(LﬂH)lLl , (39)

n-k
where ¢, = |BZ| = /|B3¥|, and BY} is the unit Euclidean ball in R™. Note that c,; €
(e7%/2,1) (see for example [221, Lemma 2.1]), and
k

1< <enk<ek,
n—k

so these constants can be incorporated in the constant C.
It appears that some results on the original slicing problem can be extended to the case of

arbitrary measures. The first result of this kind was established in [217], namely, when L is
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an intersection body and k = 1, inequality (39)holds with the best possible constant C = 1.
This result was later proved for arbitrary k in [222]. For arbitrary origin-symmetric convex
bodies, inequality (39) was proved with C =+/n in [218]and [219], for k = 1 and for
arbitrary k, respectively. When L is the unit ball of a subspace of L,,p = 2, the constant C

11

can be improved to nz »; see [220]. In [220], (38) was also proved for the unit balls of
normed spaces that embed in L,,—o <p < 2 with C depending only on p. In the case
where k = 1 and the measure u is log-concave, (38)holds for any origin-symmetric convex
body with C < 0(n'/%), as shown in [225]using the estimate of Klartag [213]mentioned
above and the technique of Ball [201]relating log-concave measures to convex bodies.

We prove inequality (38)for unconditional convex bodies and duals of bodies with finite
volume ratio, with an absolute constant C. We also prove that for every 1 € (0,1) there
exists a constant C = C(A) so that inequality (38)holds for every n € N, arbitrary origin-
symmetric convex body L, every measure u with continuous density and every codimension
k satisfying An < k < n.

we show that the properties of the minimal measures may be different from the case of
volume. We prove that for every n > 5 there exist a symmetric convex body L in R"and a
measure yu with continuous density so that

(L) < " .. min (LNEYY LM
Au' 1 Tl,l EESn‘l I"l .
Note that in the case of volume

n—1
| 1K 0 §t1do) < cualkl T
sn-

where ¢ is the normalized uniform measure on the sphere; see [228].

The approach to suggested is based on the concept of an inter-section body. We reduce the
problem to computing the outer volume ratio distance from an origin-symmetric convex
body to the class of generalized intersection bodies.

We need several definitions and facts. A closed bounded set Kin R™ is called a star body if
every straight line passing through the origin crosses the boundary of Kat exactly two points
different from the origin, the origin is an interior point of K, and the Minkowski functional
of K defined by

n

|x||x = min{a =0 : x € aK}
Is a continuous function on R™.
The radial function of a star body K is defined by
pic() = lIxll5, x € R, x # 0.
If x € S™1 then py (x) is the radius of Kin the direction of x.
We use the polar formula for volume of a star body

1 -
K| =~ Jn-alIOllk"db. (40)

The class of intersection bodies was introduced by Lutwak [229]. Let K,L be origin-
symmetric star bodies in R™. We say that Kis the intersection body of Lif the radius of Kin
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every direction is equal to the (n — 1)-dimensional volumeof Lby the central hyperplane
orthogonal to this direction, i.e. for every & € S*1,

px(§) = li€llx* = IL ﬂlfll
— 0 -n+1 doe = Rl -n+1 )
. L el ——RIMIE™ (@)
where R: C(S™1) - C€(S™ 1)is the spherical Radon transform
RE®) = | fdx,  vfecs™™,
S’n—lnfl

All bodies K that appear as intersection bodies of different star bodies form the class of
intersection bodies of star bodies. A more general class of intersection bodiesis defined as
follows. If u is a finite Borel measure on ™1, then the spherical Radon transform Ru of u
is defined as a functional on € (S™ 1)acting by

(Ru f) = (wRf) = j RF()du(x),  Vf € C(S™).

S"‘l

A star body Kin R"is called an intersection body if ||-||x* = Ru for some measure u, as
functionals on C(S™ 1), i.e.

j ||x||;<1f(x>dx=j RF()du(x),  Vf € C(S™).
Sn—l Sn—l

Intersection bodies played a crucial role in the solution of the Busemann—Petty problem and
its generalizations; see [216, Chapter 5].

A generalization of the concept of an intersection body was introduced by Zhang [234]in
connection with the lower dimensional Busemann—Petty problem. For 1 < k < n — 1, the
(n — k)-dimensional spherical Radon transform R,,_;: C(S™ 1) — C(Gr,_;) is a linear
operator defined by

Rakg(D = | gGodx,  VH € Gy
S"1nH
for every function g € C(S™™1).

We say that an origin symmetric star body Kin R"is a generalized k-intersection body, and
write K € BP}}, if there exists a finite Borel non-negative measure u on Gr,,_,So that for
every g € C(S™ 1)

Jonallxllg® fFGOdx = [, Rn_xg(H)du(x) (H). (41)
When k = 1 we get the class of intersection bodies. It was proved by Grinberg and Zhang
[210, Lemma 6.1]that every intersection body in R™is a generalized k-intersection body for
every k < n. More generally, as proved later by E. Milman [231], if m dividesk, then every
generalized m-intersection body is a generalized k-intersection body. Note that in
[234,210]generalized k-intersection bodies are called “k-intersection bodies”.
We need a stability result for generalized k-intersection bodies proved in [219,
Theorem1](see also [217,222]for similar results). Here we present a slightly simpler version.
Theorem (4.2.2) [200]: Suppose that 1 < k <n — 1, Kis a generalized k-intersection body
in R™, f is an even continuous non-negative function on K, and € > 0. If
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f<e,VH €Gryy,
KNH
then

n
fo < ﬁ Cnk |K|k/n8-
Recall that ¢, . € (e7¥/2,1).
Proof: Writing integrals in spherical coordinates we get

fo _ LH ( Lneuz}lrn_l £(r0) dr) a6,

l611x"
j f= (j. rk=1£(19) dr) do
KnH sn—1ng \Jo

-l
= Ry_g ( f kTl (r ) d?‘) (H),
0

so the condition of the theorem can be written as

s
R,_x (j rRkLE(r °)dr> (H) <c¢, VH € Gry_y.
0

Integrate both sides with respect to the measure u on Gr,_,that corresponds to Kas a
generalized k-intersection body by (41). We get

61"
j 161" (f rk-lf(ro) d?‘) df < eu(Gry_).
sn-1 0

Estimate the integral in the left-hand side from below using f > 0:

ok
| ||9||,;1<j r“-k-1f<r9)dr)d9
sn-1 0
l611%"
=j (j r*1f(r0) dr |do
sn-1 0

l611x"
+f (f (I61lzF — r®)rm=k=1£(rg) dr> de
sn=1\Jo
> [ ( fonen,;l n-1 f(rg)dr) o = [ f.

Now we estimate u(Gr,_,)from above. We use 1 = R,_,1(H)/|S™" *!|for every H €
G1,_, definition (41), Holder’s inequality and the fact that n|BY} = |S™71|:

Ry 1(H)du(H)

Grn—k

and

p(Gry_g) = (S

1
— n—-1 -n
- |Sn_k_1| |S | Sn—lllellK de
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k

1 Lk _ n
< e 170 ([ lolina
|S | Sn—l
1

n-k n
|Sn—1|—n nk/anlk/n —
n —_—

= |Sn—k—1|
Combining the estimates,
n
fo = n—k Cn,lelk/nS-
For a convex body L in R™ and 1 < k < n, denote by
|K| 1/Tl n
o.v.r.(L,BP}) = inf (ILI) : Lc K,K € BP}]
the outer volume ratio distance from a body L to the class BP;;.
Corollary (4.2.3) [200]: Let L be an origin-symmetric star body in R™. Then for any measure
u with even continuous density on Lwe have

u(L) < (o.v.r.(L, BP,?)) kC”k max u(L n H)|L|*™.

Proof: Let C > o.v.r.(L,BPg), then there exists a body K in BP;}such that L c K and
|K|Y/™ < C|L|M™,
Let g be the density of the measure y, and define a function fon Kby f = gxL, where yLis
the indicator function of L. Clearly, f = Oeverywhere on K. Put

o= | o= e | o= me uenm,
and apply Theorem(4.2.1) to f, K, (fis not continuous, but we can do an easy approxi-
mation). We have

mm—jg—jf< G KT max p(Ln H)
Tn-k
n
SCkn = Cne | L)/ maxk,u(Ln H).

The result follows by sending C to 0. v.r. (L, BP}}).

Lete;, 1 < i < n, be the standard basis of R". A star body Kin R"is called unconditional if
for every choice of real numbers xl and §; = +1, 1 <i < nwe have

z5xel inel-

i=1
Theorem (4.2.4) [200]: For every n €N, every 1 < k < n, every unconditional convex

body L in R™ and every measure u with even continuous non-negative density on L
k_n k/n
ull) <e® —cpp Hgggzt_ku(L N H) [LI*™, (42)

Proof: By a result of Lozanovskii [207](see the proof in [233, Corollary 3.4]), there exists a
linear operator T: R™ — R™ so that
T(BY) c L c nT(BY),

K.
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where Bf* and BZ are the unit balls of the spaces ¢ and £%, respectively. Let K = nT (B7").
By [214, Theorem 3] and the fact that a linear transformation of an intersection body is an
intersection body (see [229] or [214, Theorem 1]), the body K is an intersection body in R™.
By a result of Grinberg and Zhang [210, Lemma 6.1], K is a generalized k-intersection body
forevery1 <k <n.
Since |B| = 2™/n! (see for example [216, Lemma 2.19]), we have |K|/" < 2e| detT|/™.
On the other hand, |T(BZ)| = 2"| detT|, and T(BZ) < L, so |K|Y™ < e |L|*/™. Therefore,
o.v.r(L, BP}) < e. Now (42)follows from Corollary(4.2.3).
The volume ratio of a convex body K in R" is defined by
1/n
v.r.(K) = infg {(%) / :EcK,E - ellipsoid}.
The following argument is standard and first appeared in [207] and [232]. Let K and E~ be
polar bodies of K and E, respectively. If E is an ellipsoid, then
|E|IE°| = |BF|2.
By the reverse Santalo inequality of Bourgain and Milman [207], there exists an absolute
constant ¢ > 0 such that

(KK D™ ==
Combining these and using the asymptotics of B} we get that there exists an absolute

constant C such that
( r ) <|K|>k/n
5 <C|— .
K| |E|

Theorem (4.2.5) [200]: There exists an absolute constant C such that for every n € N, every
1 < k < n, every origin-symmetric convex body L in R™ and every measure u with even
continuous non-negative density on L

o n

u(L) < (Cv.rL)" 7 Cnk ymax u(L 0 H) LI/,
Proof: If E is an ellipsoid, E c L’, then the ellipsoid E° contains L. Also every ellipsoid is
an intersection body as a linear image of the Euclidean ball, so it is also a generalized k-
intersection body for every k. By the argument before the statement of the theorem,
0.v.7(L,BBF) < Cv.r.(L).

The result follows from Corollary(4.2.3).
The outer volume ratio distance from a general convex body to the class of generalized k-
intersection bodies was estimated in [224].
Proposition (4.2.6) [200]: (See [224, Theorem 1.1].)Let L be an origin-symmetric convex
body in R™,and let 1 <k <n—1. Then

n eny )2
o.v.r.(L,BP}) < C, = log (?) )

where C, is an absolute constant.
Theorem (4.2.7) [200]: (See [233, p. 120].)For every a € (0, 2) and every origin-symmetric
convex body K in R™, there exists a linear image Kaof Ksuch that
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max{N (Ka, tB}), N (B}, tKa)} < exp (o),

for every t > 1, where c is an absolute constant.

Theorem(4.2.7) implies a generalization of V. Milman’s reverse Brunn—Minkowski
inequality; one can find this in [233]as a combination of several results. We present a proof
for the sake of completeness.

Corollary (4.2.8) [200]: Let « € [1,2), let K be an origin-symmetric convex body in R",
and let Ka be the position of K established in Theorem(4.2.7). Then for every t > 1,

|K, + tB}/™ < 2e€ t|Ka|1/”$ exp(
where c is the same absolute constant as in Theorem(4.2.7).

Proof: We first use the part of Theorem (4.2.7) estimating N (B}, tK,).Putt = (2 — a)~ %/«
in Theorem(4.2.7). Then

t“(zc—a)) ’

|BZIM™ < tIKG "™ (N(BE, tKa )™

e
< 2= @)V el Ko V" < S |Kal ™
Now for every t > 1we use the estimate for N(K,, tB7) from Theorem(4.2.7). We have
|[Kq+tBRY/™ € |Kq +tB}V/T

2t|Kg |V T 2—a 2t|BRY/M
< —— (N(K, + tB3, 2tB3)*/™
<% (N(K,, tBI) Y/ < = ( : )
_2—a( (Ka, tB2)) =2_q P t*2—a) /)
In the proof of Theorem 1.1in [204, p. 2705], we have a = 2 — zo;eﬁ andt*(2 —a) = % SO

k

t ~ f%log(%). Then Corollary(4.2.8)implies

n en 3/2

K. + tB2 |/ < Cl\/%(log(Y)) |Ka|1/n'
where ¢’ is an absolute constant. Using this estimate in place of Corollary 3.2 in
[224,p.2705], we get Proposition(4.2.6).
Proposition(4.2.6) in conjunction with Corollary(4.2.3)implies the following slicing
inequality.
Theorem(4.2.9) [200]: There exists an absolute constant C, such that for every n € N, every
1 < k < n, every origin-symmetric convex body Lin R™ and every measure u with even
continuous non-negative density on L

3/2\ K
k|2 e L 1/n
k(L) < ¢} (\ﬁ (109 () ) LGy max u(LOH) L[V

Corollary (4.2.10) [200]: If the codimension k satisfies An < k < n, for some 1 € (0,1),
then for every origin-symmetric convex body L in R™ !and every measure u with
continuous non-negative density in R,
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(1—1logh)3 n
<Ck 1/n
u(L) < Cg J 7 T Cnk Hgggf_ku(L NH)|L|

where C,is an absolute constant.

We consider Schwartz distributions, i.e. continuous functionals on the space S(R") of
rapidly decreasing infinitely differentiable functions on R™. The Fourier transform of a
distribution f is defined by (£, ¢) = (f, @) for every test function ¢ € S(R™). For any even
distribution f, we have (f)* = (2m)"f.

Throughout the bodies Kand L are origin-symmetric. If Kis a convex body and 0 < p < n,
then ||| is a locally integrable function on R™ and represents a distribution acting by
integration. Suppose that Kis infinitely smooth, i.e. |||l € C*(S™ 1) is an infinitely
differentiable function on the sphere. Then by [216,Lemma3.16], the Fourier transform of
||-1I;” is an extension of some func-tion g € C*(S™ 1) to a homogeneous function of degree

—n + p on R™ When we write (||-[I,”) (§), we mean g(§),¢ € S™ 1.
For f € C*(S™ 1) and 0 < p < n, we denote by

(f - r7P)(x) = f(x/|x2)|x];”
the extension of f to a homogeneous function of degree -p on R". Again by
[216,Lemma3.16], there exists g € C*°(S™ 1) such that

(f-r7P)" = g1,

If K, L are infinitely smooth convex bodies, the following spherical version of Parseval’s
formula was proved in [218](see also [216, Lemma 3.22]): for any p € (—n, 0)

Jons (I 1P) O 1.7 (8) = @)™ JencallxlGP Nl Pdx. (43)

It was proved in [214, Theorem 1]that an origin-symmetric convex body Kin R™ is an
intersection body if and only if the function ||-||x represents a positive definite distribution.
If Kis infinitely smooth, this means that the function ( ||-||z*)” is non-negative on the sphere.
We also need a result from [215](see also [216, Theorem 3.8]) expressing volume of central
hyperplane in terms of the Fourier transform. For any origin-symmetric star body Kin R™,
the distribution (|| -[|g"**)" is a continuous function on the sphere extended to a
homogeneous function of degree —1on the whole of R", and for every é € ™1,

1 -
K &4 = —— (™ (44)
In particular, if K = BY and | - |,is the Euclidean norm, then for every ¢ € §™1
(2" D¢ = n(n = 1)IB3 7. (45)

Lemma (4.2.11) [200]: Let Kbe an origin-symmetric infinitely smooth convex body in R".
Then
(2m)"
L=y A dé < K 1/n.
J. @t = s el
Proof: By (45), Parseval’s formula, Holder’s inequality, polar formula for volume (40)and

|S™"1| = n|BY|, we get
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f (- IR AE)de
Sn—l

1 —1\A . |—n+1yA
T Sn_l(”'”K) (&) (- 12"

@m" -
= e o 611 de

n(n—1)|BY}~

1
n -1 n

< (Zf))l g 17 ( | el & de>

mwn — 2 STl—l
n _ n
— (ZT[) |Sn—1|nTln1/n|K|1/n — ( ) 1|K|1/n.
n(n—1)|By t(n—1) “n,

The following theorem provides examples where the minimal measure behaves in a different
way from the case of volume. Note that every non-intersection body can be approximated in
the radial metric by infinitely smooth non-intersection bodies with strictly positive curvature;
see [216, Lemma 4.10]. Different examples of convex bodies that are not intersection bodies
(in dimensions five and higher, as in dimensions up to four such examples do not exist) can
be found in [216, Chapter 4]. In particular, the unit balls of the spaces £%},q > 2,n > 5 are
not intersection bodies.
Theorem (4.2.12) [200]: Suppose that L is an infinitely smooth origin-symmetric convex
body in R™ with strictly positive curvature that is not an intersection body. Then for small
enough & > 0 there exists an origin-symmetric convex body K in R™, K c L, such that
KN &L < |LnéL| —¢ vée St
but

n-1 n—-1

|K|'n > |L['n —cppqe.
Note that ¢, ; € (%, 1).

Proof: Since L is infinitely smooth, the Fourier transform of ||-||;tis a continuous function
on the sphere S™~1. Also, L is not an intersection body, so (]|-]|;1)”* < 0 onanopenset c
S™1 Let ¢ € C*(S™ 1) be an even non-negative, not identically zero, infinitely smooth
function on S™~1 with support in 2 U —2. Extend ¢ to an even homogeneous of degree
—1function ¢ -r~1 on R™\{0}. The Fourier transform of this function in the sense of
distributions is ¥ - r~*1 where 1 is an infinitely smooth function on the sphere.

Let £ be a number such that |[BX~1|]|8]|;"*! > & > 0 forevery 8 € S™*~1. Define a star body
Kby

161"+t = 61" — sv(6) - B 1| ve € S™Y, (46)

where § > 0 is small enough so that for every 6

i —n+1 _ __ ¢ €
5y@)] < min{llol;™ - i )

The latter condition implies that K < L. Since L has strictly positive curvature, by an
argument from [216, p. 96], we can make &, § smaller (if necessary) to ensure that the body
Kis convex.
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Now we extend the functions in (46) from the sphere to R™\{0} as homogeneous functions
of degree —m + 1 and apply the Fourier transform. We get that for every & € S™~1

4 = A8 = @m)"6h(E) — n(n — De. (47)
Here, we used (45) to compute the last term. By (47), (44) and the fact that the function ¢ is
non-negative,
Knét=ILn &t - 6p(§) — e<|LNéH —e (48)
Multiplying both sides of (47)by (|| ||L1) (&), integrating over S™1 and using Parseval’s
formula on the sphere, we get

Qo) f 1ol ol ae
sn-

(Zn)

= (2m)"n|L| — (2m)"6 @) (IFILH"(0)do

Sn—l

—n(n— e [ (T 6)db .
Since ¢ is a non-negative function supported in 2, where (||-||z1)* is negative, the latter
equality implies

@mynlL] - n(n — e f (HIEHA(8)do

Sn—l
< 2nn j N8l el ae
’ n-1 1
n n
S(Zn)”O IIHIIZ"d8> (j ”9”an9>
sn—-1 sn-1
1 n—1

= (2m)"n|L|n|K| "
Combining the latter inequality with the estimate of Lemma(4.2.11), we get the result.
Corollary (4.2.13) [200]: Suppose that Lis an infinitely smooth origin-symmetric convex
body in R™ with strictly positive curvature that is not an intersection body. Then there exists
an even continuous function g = 0 on L so that

9 <—=cnall]" A, J o g (49)

Proof: By Theorem6there exist € > 0 and an origin-symmetric convex body K < L such
that
— ; 1] _ 1
e= min (LN g —Kng,
but

n-1 n-1

LI n = |K| n < cpa&.
Note that the expression for ¢ follows from (48)and the fact that the function ¢ is non-
negative and equal to zero outside of 1.
Combining these and applying the Mean Value Theorem to the function t — t”T_l

n—1 n—1

Cn1 é;lgginl}l(lLﬂfll —Kn&t) > LI — K|
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n-—1
— |LI7/" (LI~ IK D).

The latter shows that g, = x,\k, the indicator function of the set L \K, satisfies (49). By
simple approximation one can get (49)with a continuous function g.

>

Section (4.3): Lower Dimensional Sections of Convex Bodies
We discuss lower dimensional versions of the slicing problem and of the Busemann—Petty
problem, both in the classical setting and in the generalized setting of arbitrary measures in
place of volume, which was put forward by Koldobsky for the slicing problem and by
Zvavitch for the Busemann—Petty problem. We introduce an alternative approach which is
based on the generalized Blaschke—Petkantschin formula and on asymptotic estimates for
the dual affine quermassintegrals.

The classical slicing problem asks if there exists an absolute constant C; > 0 such that
for every n > 1 and every convex body K in R™ with center of mass at the origin (we call
these convex bodies centered) one has

n-1
K| n <C; erer}g%>_41|1( no | (50)

It is well-known that this problem is equivalent to the question if there exists an absolute
constant C, > Osuch that

L, .= max{Ly: K is isotropic in R"} < C, (51)

for all n > 1(see for background information on isotropic convex bodies and log-concave
probability measures). Bourgain proved in [242] that L,, < cV/nlogn, and Klartag [241]

improved this bound to L,, < cV/n. A second proof of Klartag’s bound appears in [242]. From
the equivalence of the two questions it follows that

n-1
1 4 1
K| n <Ly ereréz;\l>_<1|K nol| < CZ\/ner&%§1|K noi| (52)

for every centered convex body K in R™.

The natural generalization, the lower dimensional slicing problem, is the following
question: Let 1 <k <n — 1 and let a,,, be the smallest positive constant & > 0 with the
following property: For every centered convex body K in R™ one has

n—k
|IK|™n <af max |[KNF] (53)

FEGnn-k

Is it true that there exists an absolute constant C; > 0 such that a,, ,, < C; forall n and k?

From (52) we have a, < cL, for an absolute constant ¢ > 0. We also restrict the

question to the class of symmetric convex bodies and denote the corresponding constant by

(s)
Ay i
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The problem can be posed for a general measure in place of volume. Let g be a locally
integrable non-negative function on R™. For every Borel subset B € R™ we define

u(B) = j 9(0dx, (54)

Where, if B € F for some subspace F € G,5, 1 <s <n — 1, integration is understood
with respect to the s-dimensional Lebesgue measure on F. Then, forany 1 < k <n — 1one
may define a,, , (1)as the smallest constant & > 0 with the following property: For every
centered convex body K in R™ one has

u(K) < ak pJnax u(K N F) |K|n (55)

nnk

Koldobsky proved in [245] that if K is a symmetric convex body in R™ and if g is even
and continuous on K then

u(K) =Yna

)IKI“ (56)

Where, more generally, v, = |B§|%/|B§‘k| <1 forall 1 <k<n —1. In other
words, for the symmetric (both with respect to 4 and K) analogue afﬁ of a, 1 one has

sup a ) (1) < Csvn (57)
U

In[236], Koldobsky obtained estimates for the lower dimensional: if K is a sym-metric
convex body in R™ and if g is even and continuous on K then

W) <y (V) max u(K 0 F)IKIn (58)

nnk

forevery 1 <k <n — 1. In other words, for the symmetric analogue oc,(f_,)( of a,, ,one has

sup ap) (1) < Cyn (59)
u
We provide a different proof of this fact; our method allows us to drop the symmetry and
continuity assumptions.
Theorem (4.3.1)[235]: Let K be a convex body in R™ with0 € int(K). Let g be a
bounded non-negative measurable function on R™ and let u be the measure on R™ with
density g. Foreveryl <k <n —1,

u(K) < (csVn— ) omax u(KnF). K[ (60)

nnk
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Where ¢5 > 0 is an absolute constant. In particular,a,, , () < csvn — k In fact, the proof
of Theorem(4.3.1) leads to the stronger estimate

w0 < (eVm=R) [ n 0 Fydv @ | K o)

Gn,n—k
The classical Busemann—Petty problem is the following question. Let

K and D be two origin-symmetric convex bodies in R™ such that
K not|<|Dnol|™™ (62)
for all 8 € S™ 1. Does it follow that|K| < |D|? The answer is affirmative if n < 4 and
negative if n =5, see Koldobsky’s monograph[243]). The isomorphic version of the
Busemann—Petty problem asks if there exists an absolute constant C, > 0 such that
whenever K and D satisfy (62) we have|K| < C,|D|. This question is equivalent to the
slicing problem and to the isotropic constant conjecture (asking if {L,}is a bounded
sequence). It is known that if K and D are two centered convex bodies in R™ such that (62)
holds true for all & € S™1, then
n—1 n—1
|KI'n < cLn|D[ 7 (63)
Where cg > 0 is an absolute constant.
The natural generalization, the lower dimensional Busemann—Petty problem, is the
following question: Let1 < k <n — 1and let 3, , be the smallest constant § > 0 with the
following property: For every pair of centered convex bodies K and D in R™ that satisfy
IKNF|<|DNF] (64)
forall F € Gy, ;,—k, One has
n—k n—k
|K|™n™ < g*|D|n~ (65)
Is it true that there exists an absolute constant Cs > 0 such that £, < ¢ forall n and k?
From (63) we have B, 1 < cgL,, < c;Vn for some absolute constant ¢, > 0. We also
consider the same question for the class of symmetric convex bodies and we denote the

corresponding constant by ﬁ,(lsl)( :

As in the case of the slicing problem, the same question can be posed for a general
measure in place of volume. Forany 1 < k < n — 1and any measure  on R™ with a locally
integrable non-negative density gone may define g, , (1)as the smallest constant § > 0 with
the following property: For every pair of centered convex bodies K and D in R™ that satisfy
u(KNF) <u(DNnF)foreveryF € G, ,—x, One has

u(K) < (B)u(D) (66)
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Similarly, one may define the “symmetric” constant ,8725,3 (u) Koldobsky and Zvavitch

[241] proved that ﬁ,(fi < +/n for every measure u with an even continuous non-negative
density. In fact, the study of these questions in the setting of general measures was initiated
by Zvavitch in [240], where he proved that the classical Busemann—Petty problem for
general measures has an affirmative answer if n < 4 and a negative one if n > 5. We study
the lower dimensional question and provide a general estimate in the case where u has an

even log-concave density.

Theorem (4.3.2)[235]: Let u be a measure on R™ with an even log-concave density g
and let1 <k <n — 1. Let K be a symmetric convex body in R™ and let D be a compact
subset of R™ such that

u(KNF)<uDNF) (67)

forall F € Gy, ,,—x. Then,

u(K) < (cgKLy_i)*u(D) (68)

Where cg > 0 is an absolute constant.

Comparing Theorem (4.3.2) with the estimate ,B,(f_)l(y) < +/n of Koldobsky and
Zvavitch, note that the estimate in [241] is true for an arbitrary measure y, i.e. the log-
concavity of u is not required; on the other hand, Theorem (4.3.2) is valid for any
codimension k < n and the convexity of the second body D is not required.

We prove Theorem(4.3.1)and Theorem (4.3.2). The main tools are the gen-eralized
Blaschke—Petkantschin formula and the Busemann—Straus—Grinberg inequality for the dual
affine quermassintegrals of a convex body. For the proof of Theorem(4.3.2) we also use a
functional version of the latter inequality, recently obtained by Dann , Paouris and < In we
collect some facts for the case of volume; we obtain the following bounds for the constants
An.k and ﬁn,k-

Theorem (4.3.3)[235]: Forevery 1 < k <n — 1we have

an,k < IBn,k (69)

Moreover,

ﬁn,k < C_an (70)

Where c; > 0 is an absolute constant. Finally, for codimensions k which are proportional
to n we have the stronger bound

Bux < Ty/n/k (log(en/k))/2 (71)

where ¢, > 0 is an absolute constant
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Most of the estimates in Theorem(4.3.3) are probably known to specialists; we just point
out alternative ways to justify them. In particular, Koldobsky has proved in [218] that

— 3
BE) < Gay/n/k (log(en/k)) > (72)
forall1 <k <n — 1, wherec, > 0isan absolute constant; this is the symmetric analogue

of (71).

We close this article with a general stability estimate in the spirit of Koldobsky’s stability
theorem (see Theorem(4.3.17)).

Theorem (4.3.4)[235]: Let1 <k <n — 1and let K beacompactsetin R".If gisa
locally integrable non-negative function on R™ such that

n

f j g)dx | dvy,_x (F) < e&" (73)

Gnn-r \KNF

for some € > 0, then
k k
jg(x)dx < (COVn — k) |K|ne (74)
k

Where ¢, > 0 is an absolute constant.

We work in R™, which is equipped with a Euclidean structure(.,.).We denote the
corresponding Euclidean norm by|| .||, ,and write By for the Euclidean unit ball, and $™~1
for the unit sphere. Volume is denoted invariant probability measure onS™~1. We also denote
the Haar measure onO(n) by v. The Grassmann manifold G,, ;of k-dimensional subspaces
of R™ is equipped with the Haar probability measurev,, . Let k < n and F € G,, ;. We will
denote the orthogonal projection from R™ onto F by Pr. We also define B = B} N F
andS; = S*1nF.

The lettersc,¢,c,,c,etc. denote absolute positive constants whose value may change from
line to line. Whenever we write a =~ b, we mean that there exist absolute constants c,, c, >
Osuch that c;a < b < c,a. Also if K, L € R™ we will write K = L if there exist absolute
constants ¢;,c, > Osuchthat ;K € L < ¢,K.

A convex body inR™ is a compact convex subset K of R™ with nonempty interior. We say
that K is symmetric if K = —K. We say that K is centered if the center of mass of K is at the

origin, i.e. [ (x,8)dx = 0 forevery § € S™*.

The volume radius of K is the quantity vard(K) = (|K|/|B%|)*/™. Integration in polar
coordinates shows that if the origin is an interior point of K then the volume radius of K can
be expressed as
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wrad() = | [ 1011"do(6) (75)

sn—1

where||8||x = min{t > 0: 0 € tK}. The radial function of K is defined bypK(0) =
max{t >0:t0 € K},0 € S" L. The support function of K is defined by hg(y):=
max{(x,y) : x € K} and the mean width of K is the average

w(K) = j hy (8)da(6)/™ (76)

Sn—l

of hy on S™ 1. The radius R(K)of K is the smallest R > 0 such that K € RB. For notational
convenience we write K for the homothetic image of volume 1of a convex bodyK < R™, i.e.
K:=|K|~Y"K.

The polar body K°of a convex body K in R™ with 0 € int(K) is defined by

K°={yeR™(x,y) <1 forall x € K} (77) The
Blaschke—Santalé inequality states that if K is centered then|K||K°| < |B}|?, with equality
if and only if K is an ellipsoid. The reverse Santalé inequality of Bourgain andV. Milman
states that there exists an absolute constant ¢ > 0 such that, conversely,

(KIIK°)Y™ = ¢/n (78)

whenever 0 € int(K). A convex body K in R"is called isotropic if it has volume 1, it is
centered, and if its inertia matrix is a multiple of the identity matrix: there exists a constant
Lg > 0sucht

J(x, 0)2dx = L% (79)
K

for every 6 in the Euclidean unit sphere S™~1. For every centered convex body K in R™ there
exists an invertible linear transformation T € GL(n) such that T(K) is isotropic. This
isotropic image of K is uniquely determined up to orthogonal transformations.

For basic facts from the Brunn—Minkowski theory and the asymptotic theory of convex
bodies see [247] and [241].

We denote by p,, the class of all Borel probability measures on R™which are absolutely
continuous with respect to the Lebesgue measure. The density of u €Pnis denoted by fu.
We say that p €P™ is centered and we write bar(p) =0if, for all 0€S™1,
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[ 01due = [ . 0pu0ddx = 0 (80)

A measure p on R™ is called log-concave if u(A14 + (1 — A)B) = u(A)*u(B)*=* for any
compact subsets A and B of R" and any A € (0, 1). A functionf: R™ — [0, o) is called log-
concave if its support {f > 0} is a convex set and the restriction oflog f to it is concave. It
is known that if a probability measure u is log-concave and u(H) < 1 for every hyperplane
H,then u € p, and its density f, is log-concave. Note that if K is a convex body in R™ then
the Brunn—Minkowski inequality implies that the indicator function 1, of K is the density
of a log-concave measure.

If 1 is a log-concave measure onR™ with density f,,, we define the isotropic constant of u by

L, = SuPrer fu () [det Cov(y)]7 (81)
Jon fu () dx

WhereCov(u)) is the covariance matrix of u with entries

COV(#)U _ fRn xixjfu(x)dx _ fRn xlfu(x)dx fRn xjfu(x)dx (82)

Jn fu () dx Jan fu () fgn fu () dlx

We say that a log-concave probability measure p onR™ is isotropic if bar(u) = 0 and
Cov(w)is the identity matrix and we write LL, for the class of isotropic log-concave
probability measures on R™ Note that a centered convex body K of volume 1 in R™ is
isotropic, i.e.it satisfies (79), if and only if the log-concave probability measure uy with

n
density x — LKlK/LK (x)is isotropic. We shall use the fact that for every log-concave
measure u on R™ one has
L, <KL, (83)

Where k >0 is an absolute constant (a proof can be found in
[243, Proposition 2.5.12]).

Let u €p,. Forevery 1 <k <n —1 and every E € G, , the marginal of u with
respect to E is the probability measure mr; (u) with density

Feso () = j £ dy (84)

x+E+L
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Itis easily checked that if u is centered, isotropic or log-concave, then (i) is also centered,
Isotropic or log-concave, respectively.

If 1 is a measure onR™ which is absolutely continuous with respect to the Lebesgue measure,
and if £, is the density of x and f,(0) > 0, then for every p > 0 we define

(0]

0
ko) = Ky (f) = {x [t =2 )} (85)
0
1 [¢e) 1/p
PKy((x) = fu(o)bf pr?=1f,(rx)dx (86)

for x # 0. The bodies K, (1) were introduced byK. Ball who showed that if 4 is log-concave
then, for everyp > 0, K(u)p is a convex body.

For more information on isotropic convex bodies and log-concave measures see [243].
Our approach is based on the following generalized Blaschke—Petkantschin formula (see
[248, Chapter 7.2]and [249, Lemma 5.1] for the particular case that we need):

Lemma (4.3.5) [235]: Let 1 <s <n — 1. There exists a constant p(n,s) > 0 such that,
for every non-negative bounded Borel

j J(xl,...,xs)dx1 e d X (87)

R™ R™

=p(n,s) j j j f(xq, ..., x:)|Conv(0, xq, ..., x) |5
Gns F F
dx; ...dxsdv, ;(F)
The exact value of the constant p(n, s) is
s (nw,,) ...((n—s Hw, _
S5y = ) (€ IWn_s+1) (68)
Swy) ... Swy)wy

We will use some basic facts about Sylvester-type functionals. Let D be a convex body

in R™. For every p > 0 we consider the normalized p-th moment of the expected volume

of the random simplex conv(0, x4, ... x5), the convex hull of the origin and m points fromD,
defined by

1/p

1

S,(D) = D[P j j |Conv(0, x4, ..., x5)[Pdxq ...dx,, (89)
D D

Also, for any Borel probability measure v on R,,, we define
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1/p

S,(v) = J J |Conv(0, x4, ..., x)|Pd(xy) ...d(x,,) (90)
R™ RM
Note that S, (v) is invariant under invertible linear transformations: S, (D) = S,(T(D))
for everyT € GL(n). The next fact is well-known and goes back to Blaschke (see e.g. [243,
Proposition3.5.5]).
Lemma(4.3.6)[235]: Let v be a centered Borel probability measure on R™. Then,
m!S2(D) = det(Cov(v)) (91)

In particular, if D is centered then
2m

S2(D) = ﬁ (92)

Holder’s inequality shows that the function p +— S, (D) is increasing on (0, c0).We will
need the next reverse Holder inequality.
Lemma (4.3.7)[235]: There exists an absolute constant § > 0 such that, for every log-
concave probability measure v on R™ and every p > 1.

Sp(v) < 6p™S1(v) (93)
In particular, for every convex body D in R™ and everyp > 1,
Sp(D) < 6p™S1(D) (94)

Proof: We use the fact that there exists an absolute constant § > 0 with the following
property: if v € p,, is a log-concave probability measure then, for any seminorm u : R™ —
Randanyg >p =1,

l/q 1/p

)
[ eorave | < [e@iranco (95)
R™ R™
This is a consequence of Borel’slemma (see e.g. [243, Theorem 2.4.6]). Next, recall that

1
|Conv(0, xy, ..., Xp)| = — |det(xq, .., Xm)] (96)

The function u;: R™ — R defined by x; — |det(xy, .., x,,)| for fixed x; in R™, j # i, is a
seminorm, as is the function v;: R™ — R defined by

X; j j |det(xq,.., x)|dx;1q ...dx,, (97)
Rm  Rm
for fixed x;(1 <j <1i)in R™. By consecutive applications of Fubini’s theorem and of (95)
we obtain(93).

The next lemma gives upper bounds for the constants p(n,n —k) and y,, =
n-k

|BZ| ™ /|BZ|; both constants appear frequently.
Lemma(4.3.8)[235]: Forevery 1 <k <n — 1we have
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1
e 2 <yp <1 and [y kp(nn — k)-8 ~vn — k (98)
Proof: Recall that
n-k
Yok = @," /wn—k (99)
Using the log-convexity of the Gamma function one can check thate %/2 < Ynr < L.
Aproof appears in [249, LemmaZ2.1].
In order to give an upper bound for p(n,n — k) we start from the fact that w,

nz/T G + 1) and use Stirling’s approximation. Recall that

k. (nwy) .. ((k + Dwpsq)

P(n,n—k) = ((n—k)) (1= Dory) - 2wpon (100)
n T[S/Z
s=k+1 S
oo r(z+1)
=((m-0)"(}) —
TG
ey K=o [T "F(2+1)
= — k)!
((Tl ) ) (k) ?=k+1 F(% + 1)
Where we have used the identity
1 n
—~ s—— s——(n(n+1) k(k+1)—(n— k)(n—k+1))
= Ek(n — k) (101)

Using the estimate
S

S S
S\2 S 2 2 1
(Ze) \/2ﬂSSF(2+1) ( ) V2r 665<(2e) 2mses  (102)
We get
S S
(n k) n-k qm\1/2TTk_. sZ "=k 52
Poun— 1) < ((n—101) Cmey T () DIl (103)
k " o
s=1
Let
o =1.22.3% ...m™m (104)
It is known that
m?2 m, 1 —-m?
tm~Am 2 "2 12¢ 4 (105)
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asm — oo, where A > 0 is an absolute constant (the Glaisher—Kinkelin constant, see e.g.
[248]). Note that

n n—k ( K _k
-n w;ll—k r (7 T 1) n . n (T[Tl)
Vak ==t < (n ~ k) - (106)
n [‘( 5 _|_1) (n(n—k))2
n—k n (n+1)2(n—k)
<ee6 (n — k)
Using the fact that n? = k? + (n — k)? + 2k(n — k) we get
1 k+1 n—k+1 n+1
"1 k) (tk n- k)Zk(n k) <C_1(k>4(n—k) (n—k) ak ( n )W
ynk tn - \/ﬁ n n n—=k
c. /k 4(k+1k) n n-k+1
1 n- 4k
=—= 107
- ﬁ(n) (n — k) (107)
_k+1 n—k 2k+1
< C_1(k>4(n—k) ( n )W( n )T
“Vn\n n—=k n—=k
¢ VYn g
Vi vn—k n—-k
Since
_1
(n k) n k 1/2 k(n—k)
[((n K))" (2ne) (E) <c(n—k)  (108)
We see that

1
[y,j}(‘p(n, n-— k)]k(n"‘) <cz;Vn—k (109)
For everyl <k <n —1, where ¢, > 0is an absolute constant. The reverse inequality
can be obtained from similar computations, but we will not need it in the sequel.

Remark(4.3.9)[235]: An alternative way to give an upper bound for p(n,n — k) is to
start by rewriting in the form

K ["* = p(n,n — k) f K 0 FMS(K 0 F)]*dvy e (F)  (110)
Gn,n—k

In particular, setting K = B} we see that if k > 2 then
W™k = p(n,n — k)w?_ [SBF ]
>p(n,n— k)a);‘_k[SZBQ‘k]k
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= p(n,n - k)w;ll—k (

o k(n—k)
>p(n,n—k)w,_, (m)

Where c; > 0 is an absolute constant, which implies that
k(n—k)

p(n,n —k) <y (coVn —k) (111)
Wherec, = c*. For the case k = 1 we can use the fact that S;(K N F) > 6~ @ DS, (K n
F)for everyF € G, ,—4, and then continue as above. The final estimate is exactly the same
as in Lemma(4.3.8):

1
[y,j”,‘fp(n,n — k)]k("—") <coVn—k, (112)
and this is what we use. However, the proof of Lemma(4.3.8) shows that this estimate is
tight for all n and k; one cannot expect something better.
For the proof of Theorem(4.3.2) we will additionally use the next theorem of D an n,
Paouris and Pivovarov from [247].
Theorem(4.3.10)[235]: (Dann—Paouris—Pivovarov). Let u be a bounded integrable non-

negative function on R™ withu; > 0. Forevery1l <k <n — 1 we have
n

j u(x)dx | dvy,—r(F) (113)

1
lul £

n—-k

< Vnr fu(x)dx

Rn

Gn,n—k

The proof of this fact combines Blaschke—Petkantschin formulas with rearrangement
inequalities, and develops ideas that started in[245].

Finally, we use the Busemann-Straus—Grinberg inequality for the dual affine quer-
massintegrals (introduced by Lutwak, see [243] and [244]) of a convex body K in R™ We

use the normalization of [246]: we assume that the volume of K is equal to 1and we set
1
2n

By (K) = f IK 0 FI"dvy s (F) (114)

Gn,n—k
Forevery1l < k <n — 1.0One can extend the definition to bounded Borel subsets of R™.
The following inequality was proved by Busemann and Straus[244], and independently by
Grinberg [240].
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Theorem(4.3.11)[235]: (Busemann-Straus, Grinberg). Let K be a compact set of volume
linR™. Foranyl <k <n —1andT € SL(n) we have
B (K) = By (T(K)) (115)
Moreover,
Py (K) < Dpg(B2) (116)
Where BY} is the Euclidean ball of volume1.
We can use Theorem(4.3.11) for compact sets; this can be seen by inspection of
Grinberg’s argument (for this more general form see also [249, Section 7]). Direct

computation and Lemma(4.3.8) show that
1

B = (k)" = ok < 117
Kk (B2) = k) Yk SVe (117)
k

The Busemann-Straus—Grinberg inequality has been also used by Paouris and Valet-tas in
[246] where it is proved that if u is an isotropic log-concave probability measure on R™ then,

forevery 1 < k <+/mandany ¢ > 0 one has that, for all k-dimensional subspaces F in an
e-net of the Grassmannian G, ,

C
Lur(r <+ (118)
We prove Theorem(4.3.1) and Theorem(4.3.2).
Let u be a Borel measure with a bounded non-negative density g onR™. We consider a
convex body K in R™with 0 €int(K), and fix 1 <k<n —1. Applying

Lemma(4.3.5)withs = n — kfor the function f(xy,..., x,_r) = [17F g(x) 1K (x;) we get

u(K)”"‘=ﬁ [ g@dx= [ o [ £ rni)dr . diny
2

=1k R™

—pn=0) [ [ [ 9. gt

Gnnk KNF KNF
X |conv(0, xq, ..., Xp_i )% dxy .. dxp_ 1 dVy i (F)
S;lK’r]kadX& "Jixn_kdlaLn_k(Fj

—p(n=k) [ 1K FIFRE 0 P dp i (F)
Gnn—k
n—k
n
<pn—i) | w0 FY vy o (F)

Gmn—k
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k
n

X J |K n Flndvn,n—k(F)

Gnn—k

_ 1
In order to estimate the last integral, note that if K = |K| =K then

| 1K O PP Py = K [ KPP (P (119)

Gnn—k Gnn-k

< |k f |B;™ 0 FI"dvy i (F)

Gmn—k
— T:}cllKln—k
By Theorem(4.3.11) and (117). Taking into account Lemma(4.3.8) we see that
-k
e
k(n—-k)
R < (cpVn =) | k0 v, )
Gnn—k
k(n-k)
K| = (120)

This proves (61) and the result follows.

We pass to the proof of Theorem(4.3.2). Let u be a measure on R™ with a bounded density
g.Forany 1 <k <n — 1 and any convex body K in R™ we would like to give upper and
lower bounds for p(K) in terms of the measuresu(K N F), F € Gy, ,—x. Alower bound can
be given without any further assumption on g. At this point we use Theorem(4.3.10).

Proposition (4.3.12)[235]: Let g be a bounded non-negative measurable function on R™
and let u be the measure on R™ with density g. For every compact

set D in R™ we have

f u(D O FY'dvn i (F) < yi2 gk u(D)™ (121)

Gnn—k

Proof: We apply Theorem(4.3.10) to the functionu = g - 1D. We simply observe that
lulfllo = gD N fllw < llglle for allF € G, . Also,

f u(x)dx = u(D N F) and f u(x)dx = u(D) (122)

F R™
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Then, the proposition follows from (113).
We can give an upper bound if we assume that g is an even log-concave function and K
IS a symmetric convex body.
Proposition (4.3.13)[235]: Let u be a measure on R™ with an even log-concave density
g. For every symmetric convex body K in R*andany 1 < k <n — 1we have
(kSkL,,_,)k@k 1

k

#(K)n_k < p(n,n - k) k
[(n— k)2 lglle

| k0 v ) (123)

Gn,n—k
Where k > 0 is the absolute constant in (83) and § > 0 is the absolute constant in
Lemma (4.3.7).
Proof: We start by writing

R = ﬁ | gt

i=1 g

=p(n,n—k) j j flconv(O,xl,...,xn_k)lk

Gnn-k KNF  KNF
n—k

X ng(xi)dxl e Xy e (F)

i=1

= p(nn— k) j w(K 0 FY R[S, (UK 0 F)]Edvy i (F),

Gn,n—k
Where uK N F is the even log-concave probability measure with densitygK N F: =

womd” 1K N F. From Lemma(4.3.7) and Lemma(4.3.6) we have
[Si(uK 0 F)]* < (8IS, (uK 1 F)]* = (8K
det(Cov(uK N F))
< =5 (124)
Now, since g is even and log-concave we have
9@ gl
lgK N Flle, = KnE) sk n ) (125)
Therefore, (81) implies that
UKNF 2 n—-k
= < - -
det(Cov(uK N F)) 9K N FIE = u(K NF) TalE (126)

Where k > 0 is the absolute constant in (83). It follows that
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(k8K Lp_ )0 u(K n F)k

[(n - K)1]2 Illeo
Combining Proposition(4.3.12) and Proposition(4.3.13) we see that
B (kSkL,,_, )K=k 1
u()"™* < p(n,n — k) ————, (128)

[(n—K)!]2 lgll&
k(n—k)
j u(K N F)*dvy, ,—(F) < p(n,n— k) (teSkLni) _ 1 i
[(n— k)']z lglle

(kSKL,,_ )0 1

[(n— k)!]g lgll&

Vrllgl&uD)** < (cgkeln_ ) " u(D)"*
For some absolute constant cg > 0, where in the last step we have used the estimate
k(n-k)

p(n,n —k) < yl(coVn —k) (129)
From Lemma (4.3.8) This completes the proof.
We collect some estimates for the volume version of the slicing problem and of the
Busemann—Petty problem. The first observation is that any upper bound for g™ ,kimplies an
upper bound for the lower dimensional slicing problem.
Proposition(4.3.14)[235]: There exists an absolute constant ¢ > 0 such that

nk = ﬁn,k (130)

Foralln >2and1 <k<n —1.
Proof: Consider a centered convex body K inR™, fix 1 <k <n —1 and choose r >
0 such that

Gn,n—k

R G EF R

Gn,n—k

— n—k
Fe%lff_le NF| = wy_gT (131)

If we set B(r) = rBj thenwe have |[K N F| < |B(r) n F| forallF € G, ,,_, therefore

n—k k n-k kK
KI'n™ < (Boge) [BOI ™ = (Bag) @, "7 (132)
It follows that
n—k K
KT < Vg (Bog)”  max K NF| (133)

Sincey, i < 1 we get the result .
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Next, we give two upper bounds for g, , these are essentially contained in the works of
Dafnis and Paouris [245] and[246].

Proposition(4.3.15)[235]: Let K be a convex body and D be a compact set in R™ that
satisfy

IKNF|<|DNF]| (134)
Forall F € G, ,— . Then,
n-k n-k
IK[™n™ < |eyLy|*ID[ (135)
Where ¢; > 0 is an absolute constant. In particular,
Bni = cVn, (136)

Where ¢ > 0 is an absolute constant.
Proof: Recall that A = |A|~'/™A. Using (134) and the definition ofi)[k] (A)we write

K[ B ()] ™ = j IK 0 F["dvy e (F) (137)

Gmn—k

< [ 100 vy (F)
Gmn—k
~ = kn
= D" *[Byy(D)] " < e |D|"*
By the affine invariance of “® [y (4), if K is an isotropic image of K we have

Dpyq(K) = Ppg(K) (138)
Now, we use some standard facts from the theory of isotropic convex bodies (see [243,
Chapter5]). Forevery 1 <k <n —1andF € G, ,_y., the body K1 (71 (uz)) satisfies

(E n F)1/k > ¢, Lm(ZFl(ﬂTc)) ’
k

(139)

Where ¢; > 0 is an absolute constant. It follows that
1/
kn

&D[k](K)Lk > j (Cle(ﬂFl(Mk)))kn Avy n—i (F) (140)

Gmn—k
Since L (mp1 () = c, for every F € G,,,_,Where ¢, > 0 is an absolute constant,

\Neget
1/kn

| [ (i) drns® | 2 (140

Gnﬂ—k
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Where c; = c;c, Combining the above we obtain (135). The second claim of the propo-
sition follows from Klartag’s general upper bound for L,. The next proposition provides a
better bound in the case where the codimension k is “large”.

Proposition (4.3.16)[235]: Let K be a convex body and D be a compact set in R™ that
satisfy

IKNF|<|DNF| (142)
Forall F € G,, ,_then,
n-k 3\f n-k
K7 < (azw/n/k (log(en/k))z) D[ 7 (143)
Where ¢, > 0 is an absolute constant. In particular,
3
Bri < Coy/n/k (log(en/k))? (144)
Proof: We may assume that the volume of K is equal to 1. We consider the quantities
1
3
Mg @) = | [ 1K 0 Fldv(p) (145)
Gn,n—k
And
1
&
L) = [ llllz¥ax (146)
k

Integration in polar coordinates shows that
(Tl - k)wn—k

1/k
W[k] (K)I—R(K) = < ) = W[k] (EQ)I—R(EQ) (147)

nwy,

(n—k)wn—x 1/k . .
And that(T) ~ +/n. It was proved in [245] that there exists T € SL(n)such
that the bodyK, = T (K)satisfies
3
I_i(K;) < ciVny/n/k (log(en/k))z (148)
By the affine invariance of &)[k] (K)and by Holder’s inequality we have
~ ~ ~ Cc
B () = Bpg (1) = Wiy () = 2~
C3
> : (149)
Vvn/k (log(en/k))2

On the other hand, in the proof of Proposition(4.3.15) we checked that if K and Dsatisfy
(142) then

- _ nk
K" *[$ g (B)]" < ez | DI (150)
Inserting the lower bound of (149) into (150) we conclude the proof.
Theorem(4.3.3) clearly summarizes the results.
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Theorem(4.3.17)[235]: (Koldobsky). Let 1 <k <n — 1 and let K be a generalized
k-intersection body in R™ . If f is an even continuous non-negative function on K such that

j flx)dx < e (151)

KNnF
For some ¢ > 0 and forall F € G, ,,_, then

n k
_ |K|n (152)

| reodx <y

K
The next theorem is a byproduct of our methods and provides a general stability estimate
in the spirit of Theorem(4.3.17).
Theorem (4.3.18) [235]: Let 1 <k <n — 1 and let K be a compact setin R". If g isa

locally integrable non-negative function on R™ such that
n

[ | [ 9war) avnsn <& (153)

Gnn-k \KNF
For some ¢ > 0 and for allF € G, ,,_, then

n

j g(x)dx < (coVn — k)leI% £ (154)

K
Note. Our assumption (153)is weaker than the assumption (151)in Theorem (4.3.17).
Proof: Applying Lemma(4.3.5) with s = n -k for the function

[ i Xng) = ?=_1kg(xi)1k(xi) we get

n—k
[ 1] s@ode <pun-i | 1warr (155)

=1k Gn,n—k

X j Jg(xi) e 9 )dxy o dxy_, dVy i (F)

KNnF KNF

n—k
<pn-i) [ KarF| [g@dr] v i)
Grn—k KNF
From Holder’s inequality it follows that
- k
j g(x)dx <pnn-—k) J |K N F|*"dvy, i (F) (156)
K Gnn-k
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n

([ | [ 9dr) dvnitr)

Gnn-k \KNF
k
n
<pin =R | [ 1K 0 FIdv i F)
Gnn—k
(n k)
< Ynrp(n,n — k)e"¥|K|
k(n—k) (n k)
< (coVn—k) e K|K|
Using the assumption (153) and the bound
| 1K 0 Py P < vkl (157)
Gn,n—k
As well as Lemma(4.3.8) . This shows that
k(n—k)
jg(xl)dx < (COVn— ) "
f g(x)dx 1_[ (158)
K k(n—k)

8n_k|K| T
And the result follows.
Recall that the class Bpy of generalized k-intersection bodies in R™, introduced by Zhang
In[249], is the closure in the radial metric of radial k-sums of finite collections of origin
symmetric ellipsoids. If we define

1/n
ovr(K, Bpy}) = 1nf{<:K|> K< D,D e Bp,’j} , (159)
Then Theorem (4.3.17) directly implies the estimate
n
H(K) < ovr(K, BpR)* ——Yn max (K N F)IK|n (160)
nn k

For any measure u with an even contlnuous density . Using (154) and bounds for the
quantities
sup ovr(K, Bpy), (161)

Kecy,
Koldobsky (in some cases with Zvavitch) has obtained sharper estimates on the lower

dimensional slicing problem for various classes C ,,0f symmetric convex bodies inR™:
()If kK = A, for some A € (0.1) then one has (55) for all symmetric convex bodies K and
all even measures u, with a constant a depending only on A (see [247]; this result employs
an estimate of Koldobsky, Paouris and Zymonopoulou for over(K, Bpn,k)from [242]).
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(if) If K is an intersection body then one has (55) for all even measures p, with an absolute
constante; this was proved by Koldobsky in [244] fork = 1, and by Koldobsky and Ma in
[240]for all k.

(iii) If K is the unit ball of an n-dimensional subspace of L,,p > 2 then one has (55) for

1 1
all even measures 1, with a constant a< cn? » (See [246]).

(iv) If K is the unit ball of an n-dimensional normed space that embeds in L,,p € (—n, 2]
then one has (55) for all even measures u, with a constant depending only on p(see [247]).
(V)If K has bounded outer volume ratio then one has (55) for all even measures u, with an
absolute constant a (see [247]). It would be interesting to see if our method can be used for
the study of special classes of convex bodies.

Our proof of Theorem(4.3.2) makes essential use of the log-concavity of the measureu. It

was mentioned that Koldobsky and Zvavitch [241] have obtained the bound S 55)1 (u) <+Vn
for every measure u with an even continuous non-negative density. It would be interesting
to see if our method can provide this estimate, and possibly be extended to higher
codimensions k, for more general classes of measures. It would be also interesting to see if
the symmetry assumptions on both K and u are necessary.

Corollary (4.3.19) [388]:Let K be a convex body in R™ with 0 € int(K). Let g be a
bounded non-negative measurable function on R™ and let u be the measure on R™ with
density g. Forevery 0 < ¢ < oo,

1 1+¢
U(K) < (65\/48 + 1) e pnax u(K N F).|K|3+e
3+¢&.2

Where c5 > 0 is an absolute constant. In particular,as . 1+:(1) < csvV4e + 1 In fact, the
proof of leads to the stronger estimate

1
1+&

W) < (V@ F 1) " (f, B N F)*edvy,ep(P)) IK e
The classical Busemann—Petty problem is the following question. Let

K and D be two origin-symmetric convex bodies in R™ such that

K n6L| < |DnoL|™*

for all 8 € S?*¢. Does it follow that|K| < |D|? The answer is affirmative if £ > 0 and
negative if € > 0, see Koldobsky’s monograph[238]). The isomorphic version of the
Busemann—Petty problem asks if there exists an absolute constant C, > 0 such that
whenever K and D satisfy we have|K| < C,|D|. This question is equivalent to the slicing
problem and to the isotropic constant conjecture (asking if {L, . }is a bounded sequence). It
is known that if K and D are two centered convex bodies in R™ such that(66) holds true for

all 8 € S2*¢ then
4e+1 4e+1

|K[3+e < ceL3ye|D|3+e
Where ¢, > 0 is an absolute constant.
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The natural generalization, and the lower dimensional Busemann—Petty problem, is the

following question: For 0 < & < o let f3,.14. be the smallest constant £ > 0 with the

following property: For every pair of centered convex bodies K and D in R"™ that satisfy
IKNF|<|DnNF]|

forall F € Gs,,, 0ne has

K57 < gr+|p|5+e
Is it true that there exists an absolute constant Cs5 > 0 such that f3,. 4. < cs forall 3 + ¢
and 1 + &7
From (68) we have 5,1 < cgL3ye < c;V/3 + & for some absolute constant ¢, > 0. We

also consider the same question for the class of symmetric convex bodies and we denote the
corresponding constant by

(1+¢)
3+¢&,K

As in the case of the slicing problem, the same question can be posed for a general
measure in place of volume. For any 0 < e < oo and any measure u on R™ with a locally
integrable non-negative density g one may define f3.. ;..(u)as the smallest constant § >
0 with the following property: For every pair of centered convex bodies K and D in R" that
satisfy u(K N F) < u(D n F) for everyF € Gz, ,, one has

u(K) < (B)euD)
(1+¢)

Similarly, one may define the “symmetric” constant S5, . 7, . (1) Koldobsky and Zvavitch

[239] proved that 33(1281) < V3 + ¢ for every measure u with an even continuous non-

negative density. In fact, the study of these questions in the setting of general measures was
initiated by Zvavitch in [240], where he proved that the classical Busemann—Petty problem
for general measures has an affirmative answer if € > 0 and a negative one if ¢ > 0. We
study the lower dimensional question and provide a general estimate in the case where u has
an even log-concave density (see [241]).

Corollary (4.3.20) [388]:Let u be a measure on R™ with an even log-concave density g and
let 10 < & < 0. Let K be a symmetric convex body in R™ and let D be a compact subset of
R™ such that

u(KNF)<u(DNF)
forall F € G34,. Then,

u(K) < (cgKLy)"**u(D)
Where cg > 0 is an absolute constant.
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Comparing with the estimate ,82(1:8) (u) <3+ ¢ of Koldobsky and Zvavitch, note that
the estimate in [241] is true for an arbitrary measure y, i.e. the log-concavity of u is not
required; on the other hand, is valid for any codimension & > 0 and the convexity of the
second body D is not required.

We prove. Our main tools are the generalized Blaschke—Petkantschin formula and the
Busemann—Straus—Grinberg inequality for the dual affine quermassintegrals of a convex
body. For the proof of Theorem(4.3.1) we also use a functional version of the latter
inequality, recently obtained by Dann , Paouris . We collect some facts for the case of
volume; we obtain the following bounds for the constants as ¢ 1+ and fs4¢ 146 (Se€ [341]).
Corollary (4.3.21) [388]:. For every 0 < & < oo we have

A3te14e = B3+s,1+£
Moreover,
ﬁ3+e,1+£ S C_1L3+£

Where c¢; > 0 is an absolute constant. Finally, for codimensions 1 + & which are
proportional to 3 4+ ¢ we have the stronger bound

Barerse < G/ B+ 8) /(1 + &) (log(e 3 + £)/(1 + £))) /-

where ¢, > 0 is an absolute constant

The estimates are probably known; we just point out alternative ways to justify them. In
particular, Koldobsky has proved in [228] that

(49 < G3+e/1+e(ogle3+¢)/(1+¢))2

for all 0 < & < oo, where ¢, > 0 is an absolute constant; this is the symmetric analogue
We finish with a general stability estimate in the spirit of Koldobsky’s stability theorem. (see
[241]).

Corollary (4.3.22) [388]:Let 0 < ¢ < oo and let K be acompact setin R™. If g isa locally
integrable non-negative function on R™ such that

3+e&

f f g(x)dx AVssey (F) < €3+

Gz+e3 \KNF

for some € > 0, then

1+€
jg(x)dx < (cov4£ + 1)1+€|K|ms

K
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Where ¢, > 0 is an absolute constant.

Corollary (4.3.23) [388]:There exists an absolute constant § > 0 such that, for every log-
concave probability measure v on R™ and every p > 1.
Sy,(v) < 6p™S;(v)
In particular, for every convex body D in R™ and everyp > 1,
S,(D) < 6p™S;(D)
Proof. We use the fact that there exists an absolute constant § > 0 with the following

property:
if v € p,,, Is a log-concave probability measure then, for any seminorm u : R™ — R and
anyqg >p =1,

1/q 1/p

[ uiraveo s%" [ e aneo

This is a consequence of Borel’slemma (see e.g. [243, Theorem 2.4.6]). Next, recall that

1
|C0nV(0, X1y vees xm)l = % |det(x1, ey xm)l

The function u;: R™ — R defined by x; — [det(xy,..,x,)]| for fixed x; in R™, j # i, is
a seminorm, as is the function v;: R™ — R defined by

X; j jldet(xl,..,xm)ldxiﬂ e dXpy,
) ) Rm Rm
for fixed x;(1 <j <i) in R™. By consecutive applications of Fubini’s theorem and ,we
obtain

The next lemma gives upper bounds for the constants p(3 + ¢,2) and ys34e14e =

2
|B% |3+ /|B3*¢|; both constants appear frequently in the next sections (see [241]).
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Chapter 5
Monotonicity Properties with Rigidity and Stability

As an application we obtain the Fortuin, Kasteleyn, Ginibre correlation inequalities as well
as some generalizations of the Brascamp—Lieb momentum inequalities. We show that if a
1-log-concave measure has almost the same Poincar”e constant as the Gaussian measure,
then it almost splits off a Gaussian factor.

Section (5.1): Optimal Transportation and the FKG and Related Inequalities
We give some background on optimal transportation and the FKG inequalities. We are
given two probability densities f(X),g(Y),and we want to transport the(variable X
with)density f onto the(variable Y with)density g in a way that minimizes transportation
costs, say for simplicity, C(Y — X). Let us first say what we mean by transporting f to g.
A smooth map Y (X) transports f to g if

g(Y(X))det DyY = f(X).
That is, a small differential of volume
g(¥)dy

f(X)dx

Is pulled back to

by the map Y (X).

A weak formulation is the following:

Definition (5.1.1)[266]: A (weak) transport is a measurable map Y (X), such that for any
Co function h(Y) the following (“‘change of variable”) formula is valid:

jhwmamW=jhwuwﬂxmx

Now, given the cost function C(X), we define
The (weak) transportation Y (X) is optimal if it minimizes

Kﬂ=JCWMD—XVMMx

among all weak transportation.

Existence and regularity of such an optimal transportation has been studied in detail.

(See [267] and [268].) We will discuss (and use) the particular case where
CX-Y)=3X-Y%

The correlation inequalities holds true for more general cost functions, still convex and
with the appropriate symmetries, but the proofs are technically involved and we will
present it elsewhere.

The second derivative estimates for the Monge-Ampere like equations corresponding to
non-quadratic cost functions, is a completely open matter. In the quadratic case, there is a
rather complete existence and regularity theory ([268]). We will be interested in the

following results.
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Theorem (5.1.2) [266]: Let Q4, Q, be two open domains in R", f(X), g(Y) two strictly
positive bounded, measurable functions in Q;, with
Jo, fX)dX = [ g(¥)aY =1.
Then,
(iy There exists a unique optimal transportation map Y (X).
iy ~ The optimal transportation Y(X) (and its inverse X(Y)) are obtained from the
following minimization process:b;) Among all pairs of continuous functions ¢ (X), Y (Y)
satisfying the constraint

p(X) + YY) = (X, Y)
minimize
1) = [ etrmax+ [ wngmar,
Q4 Q,
(b,) @ and vy are unique and convex and Y (X) is defined as the (possibly multiple
valued) map Y € Y(X) if
pX) + YY) = (¥, X).
Theorem (5.1.3) [266]: Hypothesis as before, assume further that Q4, Q,are convex.
Then
HIf0 <A< f,g <A themapY(X)anditsinverse X(Y) are single valued, of class C%*in Q;
for some a.
(ii) If £, g are Holder continuous, with exponent g for some £ then Y (X),X(Y) are of
class CVB.
@ii)  In both cases, (a) and b)), there exists a pair of convex potentials ¢ (X),y(Y) such
that
Y(X) = Vo(X),X(Y) =Vp(Y).
(v) ¢ satisfies the Monge—Ampére equation
f(X)

detD*e(X) = ST otx)

in case a) in the Alexandrov weak sense, in case b) in the classical sense.

(Note that ¢ € C%B.) By approximation, we will develop all our discussion for f, g of
class C%, so we will always talk of “classical” solutions.

From the variational construction of Y, we also have a stability theorem.

Theorem (5.1.4) [266]: Let f;, g; be uniformly bounded, measurable and supported in a
bounded domain Bg. Assume thatf; — finlL',g; = ginL'. Theng; = ¢, ; = ¢
uniformly in Bg. In particular if ¢;,; are uniformly C*“, then V¢;, Vi; also converge
uniformly to Ve, V.

We complete the discussion with the following interpretation (see [270]).

If we think of f(X), g(Y) as probability densities, we may think of the map Y (X) as a
joint probability distribution: vy (X, Y)inQ; X £,, sitting on the graph X, Y (X) with the
property that the marginals p, (X), u,(Y) of v, are exactly f(X)dx and g(Y)dy. In fact v,
has the following minimizing property:
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Among all probability measures v(X,Y) with marginals f(X)dX and g(Y)dY, Y (X)
minimizes
E(w) = le —Y|?dv(X,Y).

We are interested in a theorem of Holley [269] from which the inequalities follow.
Holley’s Theorem establishes a monotonicity condition for probability measures p,, u,
defined on a finite lattice, A .

We discuss briefly his two main theorems. We consider a finite lattice A(that wewill
think of as embedded in the set P of vertices of the unit cube of R for some N (i.e., the set
ofall N —tuples, X = (xq,...,xy) With x; = 0 or 1. On A, we have two non-vanishing
probability measures p; (X), u, (X) with the “monotonicity property”:

Given X,Y in A,

X VDX AY) =2 pp(X)u(Y).
(As usual v denotes taking max in each entry, A min.) Then
Theorem (5.1.5) [266]: ([270]). There exists a joint measure
v(X,Y)
with marginals p, (X), p,(Y) such that
v(X,Y) # 0 => X < V.

As a corollary, he obtains

Corollary (5.1.6) [266]: If h is an increasing function of X, then

j (X diy (X) < j R(X)dip (X)
A

(that is w, is “concentrated more to the right” than \,).

We study the relation between optimal transportation and the FKG inequalities, in
particular to show:

() In the continuous case, the optimal transportation from the unit cube of R™into itself
(i, = f(X),u, = g(Y)) has the proper monotonicity properties (Y(X) = X) of
Holley’s joint probability density provided that f, g do).

(i) If we “spread” the measures p; from the vertices of the unit cube to half cubes, the densities
f,g so obtained satisfy these properties, recuperating from this approach Holley’s
theorem, for the lattice formed by all vertices of the cube.

@ii)  For a general sublattice, one can extend the “spread” measure to all of the half cubes
recuperating in full the theorem of Holley.

(v)  In fact the discrete optimal transportation satisfies Y (X) > X.

The proof is based on the fact that first derivatives of solutions of the Monge—Ampére

equation satisfy an equation themselves. But it is also known that second derivatives are

subsolutions of an elliptic equation.

we explore what the implications of that fact are in terms of correlation inequalities.

We want to stress that in the continuous case the optimal transport map Y (X) interpreted
as a joint probability measure
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v(X,Y) = 5X,Y(X) X, VfX)dXx = 6X,Y(X)(X' Y)g(¥)day

is not just a joint distribution but a “change of variables”, i.e., a one to one map that carries
one density to the other, and it is further the gradient of a convex potential, giving the map
(or the measure v(X,Y)) a lot of stability.
We start this with a reflection property of optimal transportation maps. Given X € R"we
denote by X its reflection with respect to x,,i.e., if X = (xq,%,,...,%,) then X =
(—=x1, X, .0, Xp).
Lemma (5.1.7) [266]: Assume that
() Qy, Q, are symmetric with respect tox,i.e.X € Q; & X € Q;,
(ii) f, g are also symmetric, i.e.,

f&X) = fX), gX) = gX).
Then the optimal transportation is also symmetric, i.e.,
OeX) = o(X), ) = p),
iy YX)=YX).
Proof: By Brenier [270] ¢,y are the unique minimizing pair of

[ oaorax + [wormar

under the constraint
(X)) +¢(Y) =2 (X,Y).

By uniqueness, then,

() = o(X), YO = p¥)
since @(X) ,3(Y) are a competing pair with the same energy.
Corollary (5.1.8) [266]: Under the hypothesis and with the notation of the lemma, if Y* is
the optimal transportation from Qf to QF thenY* = Yo+, where Y is again ¢(X), (Y)
restricted to X, Y in (R™)* = {X : x; > 0} must be the minimizing pair.

We apply the previous lemma and corollary to densities f(X) and g(Y) in the unit cube
of R™.Let f, g be densities in the unit cube of R™*,Q; ={X:0 < x; < 1}andY be the
optimal transportation.

LetuswriteY = X + V and respectively

P(X) = JIX| + u(X)
(thatis V' = Vu). Then
Theorem (5.1.9) [266]: If we extend f, g to f*, g* on a larger cube Q by even reflections,
then u(X) also extends periodically to u*, to the same cube Q* by even reflection and Y (X)
to the optimal transportation map

Y* = X +Vu(X)
from Q* to Q™.
Corollary (5.1.10) [266]: If f, g are strictly positive and C“ in the unit cube Q, , then Y (X)
maps each face of the cube to itself and both Y (X), X(Y) have a C1* extension across 9Q.
Proof: It follows from the interior regularity theory (the above theorem) since each face of
Q becomes interior after a reflection.
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We start with a heuristic discussion. Recall that the Holley condition on p,, p; was that
(A V B)lu(A A B) = pa(Dpua(B).
Logarithmically

logu, (4 v B) —logp,(4) =logy, (B) — logu, (A A B).
Let us now think on smooth densities f(X), g(Y) on the unit cube, and assume we are

trying to prove, by a continuity argument that Y (X) is monotone, thatis Y(X) = X. So

we are looking at a continuous family of densities f*, g¢ for which Y (X) > X and we find

a first time toand a point X,, for which Y(X,) * X,, that is some coordinate, say

y1(Xo) = x1(Xp)- That means that y; (X) — x;(X) has a local minimum, zero, at X,,.
But it is well known that y; = D, ¢, satisfies an elliptic equation, obtained by

differentiating the equation for ¢.From

logdet D*¢ = logf(X) — logg(Ve)

M;;Dij(D1¢) = (logf(X))1 — (logg(Ve))iDi1¢.
. Since ¢; — x; has a minimum, zero, at X,
Dy = 61,

we get

and we get at X, Y (X,),
M;;Dijly1 — x1] = (logf)1(X) — (logg).(Y).

Since M;; is a strictly positive matrix for ¢ strictly convex and y; — x; has a minimum, the
left-hand side must be non-negative.

If we impose the right-hand to be non-positive we have a contradiction. About the

right-hand side, we know that Y > X and that

(Y—-X,e;)=0,
so the natural hypothesis we want to impose on f, g is that
IfY > Xand (Y — X,e;) = 0, then
Di(logg)(Y) = D;(logf)(X).

Note. If we thinkof A = Yand B = X + te; we can argue that heuristically B v A =
Y +te;andB A A = X, S0
logg(Y + te;) — logg(Y)=logf(X + te;) — logf(X)
becomes Holley’s condition. We will show in fact later how to associate to a discrete
“Holley” pair a continuous one satisfying our hypothesis.

But first we prove the main comparison theorem.
Theorem (5.1.11) [266]: Let f, g be C1%, strictly positive probability densities in the unit
cube Q of R™. Assume that given any X,Y,e;with X < Y,and(X —Y,e;) =0 (i.e.,y; —

(Dj logf)(X) = (D;logg)(Y),
and let Y (X) be the optimal transportation map. Then for any X in Q,
Y(X) = X.
Proof: As we pointed out before, we know that the potentials ¢ (X), ¥ (Y) are of class C*¢
across 0Q; and the C*optimal transportations Y (X), X (Y)) map each face of the cube into
itself in a C1* fashion.
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In particular, classical regularity theory for fully non linear equations applies to ¢ in the
interior of the cube. More precisely, ¢ satisfies
fX)

9(Vo)
(see [271]) and f, g being C1“ (this is not kept by reflection along the faces), we have that:

@ isof class C3>*( Q).
We now study directional derivatives along the boundary of Q;.

Consider D, ¢ outside the faces x; = 0,x; = 1.Then, across the remaining boundary of
Q1,v1(X) = D, satisfies
M;jDij(D1¢) = Dy logf(X) — Dy(logg)Des .
Both M;; and the right-hand side are of class C* (since D, logf is tangential to the face).

Hence y, (X) is of class C#* across that part of the boundary and the equation is satisfied
in the classical sense.
In order to make the f, g relation strict we change g to g, by defining

logg:(Y) = logg + 2 €y; + Ce,
where the constant C, is chosen so that

fgs(Y) =1

det DUQD =

Then from the condition
Djlogf(X) < D;logg(Y)
fory; — x; = 0,wenow have for0 < y < &(¢) small enough:
Djlogf(X) < Djlogge(Y) — 6

if |y;, — x;,| < y forsome j,andy; —x; > —y forthe remaining j.

We now look at the continuous family of densities f;, g; defined by

logfy = tlogf + C(t),
logg: = tlogg.+ D(2),
where C(t), D(t) are chosen to keep[ f; = [ g, = 1and we show
Lemma (5.1.12) [266]: For any 0 < t < 1 the corresponding (continuous in t) family of
optimal transports Y, (X), satisfies
yt>xt - Ly
J ] 2
Proof: Fort = 0,Y(X) is the identity map, and thus the inequality is satisfied for t small.
As usual, suppose there exists a first value t, > 0, for which the inequality is not satisfied.
Thus, there exists X,and aj (say j = 1) such that
Y1 (Xo) = x1(Xo) = 3¥

and stilly, (X ) = x; (X) — ;y everywhere else.

We first note that x; (X,) # 0,1 because, if not

y1(Xo) = x1(Xp).
But everywhere else we have
0 < M;;D;jy:(Xo)
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(since y; — x;has a minimum at X,)and
D; logf(Xo) < Dylogg(Y(Xo)) — t6
(since |y, —x4| = y/2and y; = x; — y/2 for the remaining j).

This isa contradiction that completes the proof of the lemma and the theorem.
Corollary (5.1.13) [266]: Let 0 < 1 < f,g < A be measurable. Suppose that logf, logg
satisfies the hypothesis of the theorem in the sense of distributions. Then, the theorem still
holds, i.e.,

Y(X) = X.
Proof: Mollify logf,logg to logf., logg. with a standard (radially symmetric,
nonnegative, compactly supported) mollifier ¢..Then the hypothesis of Theorem (5.1.11)
Is satisfied as long as X, Y stay at distance e from 9 Q.

Take as center of coordinates the center of the cube:X = (3,3, +-,3) and make a 2&-
dilation. The new f;, g, satisfy the hypothesis of Theorem (5.1.11) when restricted to the
unit cube. Thus Theorem (5.1.2) holds for them. By passing to the limit on the maps, the
theorem holds for f, g.

Given a vertex X € P, we will denote by Qx the subcube of Q;, of side 1/2 that has X as a
vertex
Qx ={Z:1Z — X[p= = 1/2}.
We prove the following theorem.
Theorem (5.1.14) [266]: Let f, g be step functions

= Mg,

g = z U2 (X)XQX-

X€eP
Assume that given vertices X,Y, X +¢e;,Y +e;withY = Xand(Y,e;) = (X,e;) = O we

have

log u,(Y +¢) — log u,(Y) = log iy (X + ¢;) — log py (X).
ThenY(X) = X.
Proof: As a distribution D; logf (resp. D; logg) is the jump function

logu;(X + &) — logu (X)
supported on the face of Qy laying in the plane x; = 1/2.
Corollary (5.1.15) [266]: Let Z,, Z, € P. Define
V(Z1,23) = m(Z1)/1012l1{X € Qz /Y (X) € Qz,} |
= U2(Z2)/1Q12Il{Y € Qz,/X(Y) € Qz} |

Then
a) v is a probability measure with marginals p,(Z,), u,(Z,),
bv(Z,Z,) #0=>27Z, = Z;.
Given a lattice A c P, and two measures u,, U, satisfying the Holley condition we want to
extend p, 1, to small perturbationsuy, u5 in all of P keeping the inequalities.
Usually, p4, u, are extended by zero. We state the following presentation of A.
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Lemma (5.1.16) [266]: There is a partition of

RN = R Q@ R¥2 ®---&Q Rk¢
and a family of elements wij(l <j <{?,1<i<k;)such that any non zero element X € A
is the max of w/ |

and

with the coordinatesv{ = 0V s > j. (More precisely w} = e}, w? = e? + v, with
v € R*,w? = e? + vwithv € R¥1**2 and so on.

Proof: The decomposition is by first choosing the minimal elements e, e5, ..., e, and
contracting the ones in them to only one position. Next we choose minimal elements
among those not in R*+ and so on.
We now extend the lattice and the measure. Let A be the following extension of A:
A= AUAy,wherew € Ay © max(w,e;) €A
(that is, we add to all those elements with a 1 as first coordinates, those with a zero).
Givenw in A define
wh=wV e,
w~ = wt — e, (i.e.,, w with a zero in the position e;).
Define
u(w) ifweal
won={ b3 | .
u (w)/M otherwise (M large)
Theorem (5.1.17) [266]: A is a lattice and p, u; still satisfy
log (1 V v3) = log p3(vz) = log pi(v1) — log pi(vy A v,).
Proof: Elements in A are w*and w™ of elements in A(w* is always in A since e; € A).
Then
v, AV, = Wi AW
for w € A.
If one of the signsisa —,
vy Av, = (W A wy)™.
If not
vy Avy, = wy A wy.
Also
vV, = wiVw.
If one of the signs is a + (since w™ € A),
vy Vv, = wy V wy.
If not
vy Vu, = (wg V wy)™.
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About the measuresuj, u5,, let us verify the proper inequalities. For that purpose we
choose M > p;(X) for any X. There are several cases to consider
a) wy, w, € A, thenw; Aw,, w; Vw, €Aand everything is as before.
(b) w; € A,w, & A(thus w, = w,).
b)) Ifw; = wy, we have that w; Aw, € Aand w; V w, & A and the factor logM
cancels in p; the expression.
by) fw, = wi, w; Vw, € A. IF w; Aw, € Athe eXtra factor log M in
the u; expression controls everything else (we choose logM>> sup |log u;|.If wy A
wy € A pi(wy Awy) = py (W Awy )/Mand u*(w,) = p(wy )/M,
thus each term has an extra logM factor that cancels.
0 W, € A,w; & A.
c) If w, = wy, thenw; Vv w, € AIFw; Aw, € A. the extra term —logM in the p,
expression controls everything. If w; Aw, & A. then
Hi(wy Awyp) = p(wi Awy)/M,
i (wy) = p(wi )/ M,
and we have logM cancellation.
Co) Ifw, = w,, thenw; Aw, € A.IFw; Vw, € A, and we have
(Wi Awz) = up(wi Vw,)/M,
ui(wy) * = py (Wi )/ M,
and there is a logM factor cancellation.,
d Ifw; & A,w, & Athenw; Vw, & A. IFw; Aw, & A,, the factors
logM cancel.
If not, the extra factor logM in theu; expression controls everything else.
The proof of the theorem is complete.
Theorem (5.1.18) [266]: We are givenA c Pand u4, i, . As before, let f,g be the step
functions

f= m Wi,

WiEA

g = Z M2 (Wi))(le.-
WiEA
Then, the optimal transportation map Y (X) is monotone.
Proof: If we start with M = M, and we repeat the extension process (M; > My, M, >

M, and so on) we exhaust P. Note that once we have extended through ef, .. .,e,“{l, the
elements e?, ..., e,%z belong now to the lattice and are minimal, so we can keep extending.

As M, goes to infinity the measuresy; converge tou;.

We complete this work by showing that, actually, the discrete optimal transportation
map is monotone. In this case the map is in general multi-valued. That is the mass p, (w)
may have to be spread through several points v. Still, for all those v’s, v(w) = w.
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Theorem (5.1.19) [266]: Let A be a sublattice of P, the set of vertices of the unit cube on
R™,and let u,, u, be positive measures in satisfying the usual monotonicity condition. Let
v(X,Y) be the (discrete) optimal transportation. Thenv(X,Y) # 0 = Y > X.

Proof: From the previous theorem we may assume that p; is defined and positive in all of
P. We will approximate it by bounded densities f, g that satisfy the hypothesis of Theorem
(5.1.11). We define them as follows.

Let 1 be the vector 1 = (1,1,...,1). Inthe stripS§, = {ew < X < w + el},let N(X, w) be
the number of coordinates, j, for which w; — x; > & and we define there, for § < ¢,
f&X) = m(w)s".

Note thatSy,cover Q, disjointly (given X we determine w by those coordinates x; > ¢).
Same definition for g.
Of course, we have to multiply as usual by a normalization constant to make
[ f =/ g =1, but this does not affect the logarithmic inequality. Also if § goes to

zero much faster than &, (say like £2V) f and g converge to p, and p,, since most of the
mass concentrates in the cube Q. (w) = {|x; — w;| < &€}

About D; logf, D; logg, they are jump functions concentrated on the planes x; = ¢ or
1 — &0 we have to check that the jump inequalities are satisfied. We also may disregard
plane intersections since they will not affect D; f in the distributional sense.

So we check that
a) For X < Yand x; = y; = € we have Jump(logg) = Jump(logf). Indeed when x;, y;

go through ¢ we change from evaluating the measures at w,, (resp. w,) to w; + e;,w,

+ ¢;, and both N(X), N(Y) increase by one, so the jump relation holds (they are the lattice

relations plus a factor logd.
b) When x;,y; go through (1 —¢),w; and w, remain unchanged and N(X),N(Y) both

decrease by one.
Also here the jJump relation holds (both jumps are just logé).

This completes the proof.
we explore what the implications are of the fact that second derivatives of solutions to
Monge—Ampére equations are subsolutions of an elliptic equation.
First an heuristic discussion: Let us take a second pure derivative of the equation

logdet D;jop = logf(x) — logg(Ve).

We get

M;jDij@aa + MijkeDija®Dijpp = Dag logf — (1099)ij9ia®ja — (1099) ipqu:
From the concavity of log det the second term on the left is negative. If ¢, reaches at X,
the maximum value among all pure second derivatives, then the right-hand side must be
negative. Let us look at the explicit case in which up to a constant, f = e *@and g =
e~ (@QM*F) where Q is a nonnegative quadratic polynomial, a;;x;x; ( for instance ,near
neighborhood or other “Dirichlet Integral ”like interactions in field theory).

We may assume that ¢ = e;. Then, we must compute

D11 (=QX) + Q(Vep) + F(Vp),
we have
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D11 (—Q)(X) = —ayq,
D1,Q(Vp) = ;@191 t+ Aij®i119;-
But since ¢4 (X,) is the maximum among all pure second derivatives, ¢,,; = 0 forall i,
and @;; = 0fori # 1.S0 D;;Q(Vo(Xy)) = ay,(@11)?% Finally, if F is convex
D11 F(Vo) = Fijou@jr + Fipia
IS non-negative.

Therefore D;;(R.H.S.) = a;1((¢11)? — 1). We get a contradiction if ¢,; > 1. That
IS

Theorem (5.1.20) [266]: Let, up to a multiplicative constant,

fX) = e @™,
g(¥) = e~ (@N+F{)
with F convex. Then the potential ¢ of the optimal transportation satisfies
0 < g < 1.
In particular
Y = X + Vu(X),
where
u=¢— X
Is concave and
1 < Uy <0
(independently of dimension).
Proof: To make the previous theorem valid we have to take care of what happens when X
goes to infinity.

Again by approximation we may assume that the convex function F(X) is + oo outside
the ball By (that is g is supported in the ball of radius R, and smooth bounded away from
zero and infinity inside it.

We will replace the second derivative by an incremental quotient, and show that it still
satisfies a maximum principle and goes to zero at infinity. Let

Bp)(X) = ¢(X + he) + (X — he) — 2p(X).

We fix h, and study what happens if §¢ = §¢,, attains a local maximum at X,, for all
possible e. From the concavity of log det, we still have that, for the linearization
coefficients M;;, of log det at X,

M6 (Xo) < 8(logf —logg) = 8(—=Q(X)) + Q(Ve) + F(Ve).
From the fact that §¢,, realizes a maximum among X and e, we obtain
a) Voo =Ve(Xy+hey) + Vo(X, —he;) —2Vp(X,) =0
and
b) forany t L ey,
D6 =1 - (Vo(Xy + hey) —Vo(Xy — he;) = 0.
Therefore
Vo(X + he;) =Vo(X) + Aeg
and ¢ = 24 (A positive). Then, from the convexity of F,
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SF(Vep(X,y)) = 0.
If we write Q(X) as a bilinear form Q(X) = B(X,X),
6Q(Ve) = B(Vo(Xo) + ey, Vo(Xp) + Aeq)
+B(Vo(Xo) — ey, Vo(Xo) — Aey)
— 2B(Vo(X), V(X))
= A%B(ey, e;).
Similarly §Q(X) = h?B(ey, e;) so We get: If 5¢ has an interior maximum at X,, then it
must hold:
Vo(Xo £ he;) =Vo(Xo) = Ae
with A < h.
But, since ¢ is convex
@ (Xo + he;) — (X)) < (Vo(Xy * he;) —Vo(X,) £ he;) = Ah < h?..
Thus,
Sp < 2h?
the desired inequality.
To complete the proof of the theorem it would be enough to show that §¢ goes to zero
(for fixed &) when X goes to infinity. We show that:

Lemma (5.1.21) [266]: As X goes to infinity Y converges uniformly to R Ii_l

Proof: Let X, = Ae, for A large and Yj its image. Let v be a unit vector with
angle (v,e;) < %— E.
From the monotonicity of the map, any point on By of the form
Y=Y, + tv
must come from a vector
X =X, + sy,
with (u, v) = 0.
In particular, we must have
angle(p,e;) < (m — ¢).
In other words if in Y space we consider the cone,
[={Y'" = X, + tv,witht > 0,angle(v,e;) =~ —¢,
its intersection with B must be covered by the image of the (concave) cone

T ={X' = X, + su,withs > 0and angle(p,e;) < m — &}.

But T has very small f measure

Wr (T) < ()~ (D, el > A2
since the ball of radius €2 is not contained in T.
On the other hand, g is strictly positive in By , SO
ug(T' NBg) ~|I'N Bg| < pp ().
This forces the exponential convergence of Y to Re;,.
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This completes the proof of the lemma and the theorem, since the uniform convergence

of Ve to %makes d¢ go to zero (for any fixed, positive h).

We state three corollaries of this last inequality. The first two are a generalization of the
classic Brascamp—Lieb moment inequality and the third an eigenvalue inequality.
Corollary (5.1.22) [266]: Let f(X) = e 2™, g(H) = e~ [CM+FI] with Q quadratic
and F convex, and let T be a convex function of one variable (|x;|%in [B — L]). Then

Eq(T(y1 — Eg(y1)) = Ef (T(x1)).
Proof: It follows from [B — L] that it is enough to prove it in the one dimensional case (see
Theorem 5.1 of [B — L]). We can also assume by a translation that E;(y,) = 0.

By the change of variable formula that means

[ yreax=o
Also

B(TOw) = [ ToaGaf
But y(x) = x + u(x), wherey = ¢'(x), ¢ convex and u = ' (x),y concave. Thus y
Is increasing, and u is decreasing and changes sign, since
ju(x)f(x)dx =jy(x)f(x)dx = 0.

Say u(x,) = 0. Then, we write

f M) () < j TGO + T (y()) (v — DIf ).

Since T is convex,

< E(r() + j [F'(y()) — I ()] — 0 f ().

But at x,, = I'"(y(x,)) =T"(x,) and y(x,) = x,, and further I''is increasing, while y —
x = u is decreasing, thus the last integrand is negative, and this completes the proof.
If we want to repeat the argument above for functions I" that depend on more than one
variable, and we want to prove that

E,(T(Y — E;(Y)) < Er (I'(X)),
we may as before assume that E;(Y) = 0.
That means, withY = X + U,that U(X,) = 0 for some X, (i.e., the concave function —y
has a maximum). The same computation then gives us

Eg(T(V)) < E;(T(X) + J(VF(Y) = V(I X)) (Vi (Y) f (X)dx,

whereyand I' — (VI'(X,), X — X,,) are both convex with a minimum at X, so there is some
hope that the integrand be negative.

For instance, if we are looking at statistics of k —variables we have the following
corollary.
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Corollary (5.1.23) [266]: Assume that Q(X), F(X) in the definition of f(X), g(Y) are
symmetric with respect to (x4,...,x;) and that I'(x,, ..., x;) is convex and symmetric.
Then

E,(T'(Y)) = Ef (I'(X)).
Proof: As before we may assume the problem is k —dimensional ([275], Theorem 4.3).
Since Q and F are symmetric, the potentials ¢ (X), ¥ (X) are symmetric. Therefore
Vo,Vi,VI' = 0 for X = 0 and further,
sign @;(X) = signy;(X) =signT;(X) =sign x; = sign y;.
From the computation above it suffices to show that for all Y,

VI -Vy > 0.

That follows since I; - y; = 0 for all i.

A final consequence of the estimate ¢,, < 1 for log concave perturbations of the
Gaussian is that any Raleigh-like quotient (log Sobolev inequality, isoperimetric
inequality, Poincaré inequality) that involves a quotient between first derivatives and the
function themselves is smaller for the perturbation than for the Gaussian.

For instance, let F(t), G(t), H(t), K(t) be non-negative, non-decreasing functions of t €
[0, ), then we have the
Corollary (5.1.24) [266]: Let f, g be densities as inTheorem (5.1.20) (i.e., a Gaussian and
its log concave perturbation) then consider the “Raleigh” quotient

F(f G(IVuDf(X)dX)
H(K(uDf(X)dX)"

Then i, = A¢.
Proof: If we apply the change of variable formula to any function u(Y"), we get

j K(u(¥)Dg(V)dy = f K (u()Df (X)dX,

while Vyu(Y (X)) = Dx(Y)Vyu(X). But DyY is a symmetric matrix with all eigenvalues
less than one, so |Vyu(Y (X))| < |Dyu(Y)| which proves the corollary.

Section (5.2): Caffarelli Log-Concave Perturbation Theorem

Let y,, denote the centered Gaussian measure in R”, i.e., v, = (21) ™/ 2e~1¥1*/2gx and
let 1 be a probability measure on R™. By a classical theorem of Brenier [280], there exists a
convex function ¢ : R"™ — RsuchthatT =V, : R" — R™ transports y,, onto y, i.e.,

T, v, = W, or equivalently
JhoTd, = [ hdp forall continuousand bounded functions h € C,(R™).
In the sequel we will refer to T as the Brenier map from y,, to p.

In [284,285] Caffarelli proved that if u is “more log-concave” than y,,, then T is 1-
Lipschitz, that is, all the eigenvalues of D2¢ are bounded from above by 1. Here is the
exact statement:
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Theorem (5.2.1)[279]: (Caffarelli). Let y,, be the Gaussian measure in R™, and let p =
e~ dx be a probability measure satisfying D?V > Id,,. Consider the Brenier map T =
V,, from y,to p. Then T is 1-Lipschitz. Equivalently, 0 < D?@(x) < Id, fora.e.x.

This theorem allows one to show that optimal constants in several functional inequalities
are extremized by the Gaussian measure. More precisely, let F, G, H, L, ] be continuous
functions on R and assume that F, G, H, ] are nonnegative, and that H and J are increasing.
Forf € R, let

. Dd .
Ay, £):= 1nf{% :u € Lip(R™), [ L(w) dp = f} (1).

Then
Ay t) <= 2. (2)
Indeed, given a function u admissible in the variational formulation for u, wesetv:= uo
T and note that, since Ty y,, = |,
[Kwdy,=[K@ue T)dy,=[Kw)du for K=¢G,L.
In particular, this implies that v is admissible in the variational formulation for y,,. Also,
thanks to Caffarelli’s Theorem,
|Vv| < |Vu|e T |VT| < |Vu|eo T,
therefore
H([JAVvDd y) < H(JJ(Vv]) e Tdy,) = H([J(Vv]dw) .
Thanks to these formulas, (2) follows easily.
Note that the classical Poincar’e and Log-Sobolev inequalities fall in the above general
framework. For instance, choosing H(t) = F(t) = L(t) = t,£ = 0,and J(t) =
F(t) = |t|Pwithp = 1, we deduce that
14 14
inf{% :u € Lip(R™), fudp = 0} > inf{ffll‘Z‘llp—j;z1 :u € Lip(R™), fudy, =
0} 3).
Two questions that naturally arise from the above considerations are:
- Rigidity: What can be said about p when A(w, ) = A(y,,4) ?
- Stability: What can be said about p when A(, ) = A( vy, £)?
Looking at the above proof, these two questions can usually be reduced to the study of the
corresponding ones concerning the optimal map T in Theorem (5.2.1) (here |A| denotes the
operator norm of a matrix A):
- Rigidity: What can be said about p when |VT (x)| = 1 fora.e. x?
- Stability: What can be said about u when |VT (x)| = 1 (in suitable sense)?
Our first main result states that if [VT (x)| = 1 for a.e. x then p “splits off” a Gaussian
factor. More precisely, it splits off as many Gaussian factors as the number of eigenvalues
of VT = D?¢ that are equal to 1. In the following statement and in the sequel, given p €
R¥ we denote by Ypxthe Gaussian measure in R¥ with barycenter p, that is, Ypk =

(2m) */2emx=PI*/2 gy
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Theorem (5.2.2) [279]: (Rigidity). Let y,, be the Gaussian measure in R™, and let p =
eV dx be a probability measure with D2V > Id,,. Consider the Breniermap T = V¢
from y,,to u, and let

0 < 4 (D*p(x)) << 1,(D*p(x)) < 1
be the eigenvalues of the matrix D2 (x). If A,,_;+1(D?@(x)) = 1fora.e.xthenp =
Vou @ e W& dx', where W : R*™* — Rsatisfies D2W > Id,,_y.
Our second main result is a quantitative version of the above theorem. Before stating it let
us recall that, given two probability measures p,v € P(R"), the 1-Wasserstein distance
between them is defined as

Wi(w,v):=inf{f |x — y|da(x,y): o0 € P(R"® x R")such that (pry) 0 =
(% (prz)#a = V} ,

where pr; (resp. pry,) is the projection of R™ x R™ onto the first (resp. second) factor. Our
stability result is formulated in terms of the W, —distance between probability measures as
this distance naturally comes out from our strategy of proof. Our result could also be
proved with other notions of distances meterizing the weak topology (for instance, any
Wasserstein distance W},), as well as stronger notion of distances (such as the total
variation), but we shall not investigate this here.
Theorem (5.2.3) [279]: (Stability). Let y,, be the Gaussian measure in R®and let p =
e~V dx be a probability measure with D2V > Id,,. Consider the Breniermap T = V¢
from y,to u, and let

0 < L,(D2p(x) << 1,(D%p(x)) < 1
be the eigenvalues of D¢ (x). Let ¢ € (0,1) and assume that

1— ¢ < [Aygs1(D20(0))d yp(x) < 1 (4).

Then there exists a probability measure v =y, ® e WO dy' withW : R*% -
R satisfying D2W > Id,,_,, such that

1
Wi(wv) = Tog el /" (5).

In the above statement, we are employing the following notation:

X IYE- ifX< C(n,a)Y*forall
Analogously, a<p.

Xz YB- ifC(n,a)X = Y%forall

a < p.

Remark (5.2.4) [279]: We do not expect the stability estimate in the previous theorem to
be sharp. In particular, in dimension 1 an elementary argument (but completely specific to
the one dimensional case) gives a linear control in €. Indeed, assuming (up to translating p)
that

[xdp =0 (6),
set P (x) := x%2/2 — @(x).Then, since y” = (x — T)' > 0, our assumption can be
rewritten as
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[1G =yl =yran, < e
Also, since Tyy; = q, (6) yields
JT)dy, = 0= [xdy;.
Hence, by the L' —Poincar’e inequality for the Gaussian measure we obtain
Wi(wy1) < f|x — yldor(x,y) =f|x — T(x)ldy, < Cfl(x — T)'|dy; < C¢,
where o := (Id X T) Y.

As explained above, Theorems (5.2.2) and (5.2.3) can be applied to study the structure of
1-log-concave measures (i.e., measures of the form e~V dx with D2V > Id,,) that almost
achieve equality in (2). To simplify the presentation and emphasize the main ideas, we
limit ourselves to a particular instance of (1), namely the optimal constant in the
L? —Poincar’e inequality for p:

2
Ay = inf{f}i’:zldiu :u € Lip(R™), fudp = 0}.
It is well-known that A, = 1 and that {u;(x) = x;};1<;<n are the corresponding
minimizers. In particular it follows by (3) that, for every 1-log-concave measure y,
[u?dp < [|Vu|*duforallu € Lip(R™) with [udp = 0(7).
As a consequence of Theorems (5.2.2) and (5.2.3) we have:
Theorem (5.2.5) [279]: Let u = e Vdx be a probability measure with D?V > Id,,, and
assume there exist k functions {u;};<;<x € WY?(R", ),k < n, such that
fu;du=0, [u? du=1, Vujdp = 0Vi # j,

and
fquilzdu <1+c¢

for some ¢ > 0. Then there exists a probability measure v =y, & e W& dx', with
W : R"* - Rsatisfying D*W > Id,,_y, such that
1
Wilhv) =
In particular, if there exist n orthogonal functions {u;}, <;<, that attain the equality in (7)
thenp = ypp.

We conclude recalling that the rigidity version of the above theorem (i.e., the case ¢ =
0) has already been proved by Cheng and Zho in [286, Theorem 2] with completely
different techniques.

To prove Theorem (5.2.2), we first recall the following classical estimate due to
Alexandrov (see for instance [288, Theorem 2.2.4 and Example 2.1.2(1)] for a proof):
Lemma (5.2.6) [279]: Let Q be an open bounded convex set, and let u : O — R be ac'?!
convex function such that u = 0 on 9{). Then there exists a dimensional constant C,, > 0
such that

lu@)|* < C, diam(Q)n™" dist(x,0Q) [, detD*uvx €.
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Set ¥ (x) := |x|?/2 — @(x) and note that, as a consequence of Theorem (5.2.1),  :

R" — R isa CY'convex function with 0 < D%y < Id. Also, our assumption implies
that

L(D*P(x)) == A4(D*P(x)) = 0 fora.e. x € R? (8).

We are going to show that 1 depends only on n — k variables. As we shall show later, this
will immediately imply the desired conclusion. In order to prove the above claim, we note
it is enough to prove it for = 1, since then one can argue recursively on R® 1and so on.

Note that (8) implies that

detD?y = 0 (9).
Up to translate p we can subtract a linear function to i and assume without loss of
generality that Y (x) = y(0) = 0.

Consider the convex set 2 := {ip = 0}. We claim that X~ contains a line. Indeed, if not,
this set would contain an exposed point x. Up to a rotation, we can assume that x = ae,
witha > 0. Also, since X is an exposed point,

Jc{x; < aland X n{x; = a} = {x}.
Hence, by convexity of X, the set X' n {x; = —1} is compact.
Consider the affine function
£y (x) := n(x, + 1),n > 0small,
and define 2, := {yp < ¢, }. Note that,asn — 0, the sets X, converge in the Hausdorff
distance to the compact set ' N {x; = —1}. In particular, this implies that X, is bounded
for n sufficiently small.

We now apply Lemma (5.2.6) to the convex function i — £, inside X, and it follows by

(9) that (note that D?£,, = 0)
Y (x) — £, (0)|" < ¢, diam (Z,))" J;, detD*P EOVX E X,

In particular this implies that 1(0) = ¢, (0) = 1, a contradiction to the fact that 1)(0) =
0.
Hence, we proved that {1 = 0} contains a line, say R,,. Consider now a point x € R™.
Then, by convexity of 1y,
Yx) + Vp(x) - (se; — x) < YP(se;) = 0Vs €ER,
and by letting s — +oo we deduce that 9,y (x) = Vi (x) - e, = 0. Since x was
arbitrary, this means that 9,3 = 0, hence Y(x) = ¥(0,x"),x" € R* 1,
Going back to ¢, this proves that
T(x) = (xp,x" = Vip(x)),
and because u = T#y,, we immediately deduce thatp = y ; @ p, where p, :=
(Idp—q = Vi) #Yn_s.
Finally, to deduce that u;, = e “Wdx'with D2 W > Id,,_,we observe that p; = (') #un
where 7’ : R"
— R™1lis the projection given by 7'(x;, x") := x'. Hence, the result is a consequence of
the fact that
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1-log-concavity is preserved when taking marginals, see [281, Theorem 4.3] or [289,
Theorem 3.8].

we first recall a basic properties of convex sets (see for instance [283, Lemma 2] for a
proof).
Lemma (5.2.7) [279]: Given S an open bounded convex set in R™with barycenter at 0, let
¢ denote an ellipsoid of minimal volume with center 0 and containing S. Then there exists
a dimensional constant k ,, > 0 such that x,,e c S.

We can prove the following simple geometric lemma:
Lemma (5.2.8) [279]: Let k,, be as in Lemma (5.2.7), set ¢, := k, /2, and consider S c
R™ an open convex set with barycenter at 0. Assume that S ¢ Bz and dS N dBg/ # 0.
Then there exists a unit vector v € S$"*~!such that +c,,Rv € S.
Proof: By scaling we can assume that R = 1.
Letv € dS N dB;, and consider the ellipsoid E provided by Lemma (5.2.7). Since v € €
and &£ is symmetric
with respect to the origin, also —v € £ . Hence

+c,v € c,€C Kk,EC S,
as desired.
In order to complete the proof of Theorem (5.2.3) we recall the following geometric result,
see [283, Lemma 1].
Lemma (5.2.9) [279]: Lety : R™ — R U {400} be a nonnegative convex function with
(0) = 0. Assume that v is finite in a neighborhood of 0 and that the graph of ¥ does not
contain lines. Then there exists p € R™such that the open convex set
Si={x:yYx) <p- -x+ 1}

IS nonempty, bounded, and with barycenter at 0.
As in the proof of Theorem (5.2.2) we set := |x|? /2 — ¢. Then, inequality (4) gives

j 2 (D2P)dy < e (10)

Up to subtract a linear function (i.e., substituting p with one of its translation, which does
not affect the conclusion of the theorem) we can assume that ¥ (x) = ¥(0) = 0,
therefore 7y (0) = V¢p(0) = 0.Since (Vo)#y, = pand |l D?¢ ll, < 1, these
conditions imply that

j xldp(x) = j Po)dya ) = j Vo) — Tp(0)|dyn(x) < j xldyn ()

< Cp-

In particular
Wi(wy) < Wi o) + Wi(6o,¥) < Cp.

This proves that (5) holds true with v = ¥, and with a constant C = |loge,|'/* whenever
€ = &y. Hence, when showing the validity of (5), we can safely assume that ¢ <
gy(n) « 1. Furthermore, we can assume that the graph of 1 does not contain lines
(otherwise, by the proof of Theorem (5.2.2), we would deduce that p splits a Gaussian
factor, and we could simply repeat the argument in R*~1),
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Thus we can apply Lemma (5.2.9) to deduce the existence of a slope p € R™such that
Si={x eR*": Yy(x)<p - -x + 1}
Is nonempty, bounded, and with barycenter at 0. Applying Lemma (5.2.6) to the convex
function ¥(x) := Y(x) — p - x — 1inside the set S;, we get (note that D 2y = D %)

1< (;lmi”‘T’)n < C, (diam(S)))" fs det D2y. (11)

Consider now the smallest radius R > 0 such that S; c By (note that R < 400 since S;
is bounded). Since yy = cye — R? /2inBgrand A,(D ,3) < 1foralli =1,...,n, (10)
implies that

fBR detD?)) < CpeR’/?¢,

Hence, using (11), since diam(S;) < 2R we get
1 < C,R"eR*/2 ¢
which yields
R = |logelzt.  (12)

Now, up to a rotation and by Lemma (5.2.8), we can assume that

+c,Re; € S;.
Consider 1 « p « R'Y?to be chosen. Since S; € Bpandy > 0 we getthat [p| < 1/R,
thereforeyp < 2on
S1 € B . Hence

2= Y2 = Yx) + (VY(x),z — x) = (VY(x),z — x)Vz

€ S5;,x € Bp.
Thus, since || < pinBp (by I D%y || L°(R™) < 1and |Vy(0)| = 0), choosing
z = Fc,Re; We get

0l < =2 inside B, (13).
Consider now x ; € [—1,1] (to be fixed later) and define ¥, (x') := y(x ,,x") withx' €

R™"1. Integrating (13) with respect to x, inside B, /2, we get
3

P . .
Y — Y| < CnFlnSlde B, ».
Thus, using the interpolation inequality
IV = Vipi 11w,y < CullVh = Vil s, 5 ID*) = D2yl o2 )

and recalling that I D? I« gny < 1 (hence Il D*3, I 0 gn-1y< 1), we get
R3/2

|Vl/) — Vl/)ll < Cn R1/Z inside Bp/4.
If Kk = 1 we stop here, otherwise we notice that (10) implies that
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[[ane [ deen? e, ¥)dvn ()
R R~

j dyi(e) [ 2(0%9) (en X)) dynr () < &

Rn—l
where we used that*
and that (since 0 < A (D*] {0}><]R§"—1)2
D*Y < Idy) < (D*¥)

drt Dif’xn,b(xl,x') < /11 (Dzlpl {0}an—1).
Hence, by Fubini’s Theorem, there exists x; € [—1,1] such that ¢, (x") =
Y (x;, x") satisfies
Jgn-1det D*Pidyn_s (x) <
Cpé.
This allows us to repeat the argument above in R™® ! with

‘751(95’) = Py (x") —Vx'yP,(0) - x' — P,(0)

! This inequality follows from the general fact that, given A € R™" x n symmetric
matrix and W < R" a k-dimensional vector
space,

|Av.v . |Avw
A, (4 = min < max min—- = A, _ A).
1( |W) vew |v|? vewr cR"™ wr [|v]? n-re+1(A)
wr k—dim

in place of ¥, and up to a rotation we deduce that
3/2

R
||71/J1 — |71/J2| < C, Ri/Z > R inside B,

where Y, (x'") := Y1(x,,x'"), where X, € [—1,1] is arbitrary. By triangle inequality, this
yields

VY +p' — VY,| < C, R inside By, /4,
where p’ = —(0, V,,y(x7, 0)). Note that, since |x1| < 1,7y (0) = 0,and || D?yYlloo <
1, we have |p| < 1.
Iterating this argument k times, we conclude that

_ R3/2 .
VY +p — V| < C, 7 inside B, 4,
Wherep = (p,p’") € R¥ x R** = R"with |p| < C,,

Y (¥) =Y, . T, ¥), ¥ € RMK,
and x, € [—1,1]. Recalling that Vo = x — Vi, we have proved that

T(x) =Vo(x) = (x1 + P Xk +0,SQ) + 0") + Qx),
where Q := —(Vy — V¢, + D) satisfies

1Qllio8,) < Cn and Q)] < G (1 + [x])
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(in the second bound we used that T(0) = V¢ (0) = 0,|p| < C,, and T is 1-Lipschitz).
Hence, if we setv := (S + p")#yn x» We have

Wi (1 v ®v) < [1Qldy, < €, "1+fRn\B lxldy, = Cy ”1+cnp"e—f’ 2,
so, by choosing p := (logR)/?, we get

Wi (¥ ®v) 3 # .
Consider now m, : R* — R™and T,,_, : R® — R"™ ¥ the orthogonal projection onto the
first k and the last n — k coordinates, respectively. Define p, := (m;)u(e Vdx), p, :=
(7T, )#(e~Vdx), and note that these are 1-log-concave measures in R¥ and R**
respectively (see [281, Theorem 4.3] or [289, Theorem 3.8]). In particular p, = e~" with
D*W = Id,,_,. Moreover, since W, decreases under orthogonal projection,
Wi (up, v) = Wi ((h—k) sl (ﬁn—k)#(yp,k®v) <

Wy (1 Vp®V) = —7
thus
W (,u, Yo,k ®ﬂ2) <W (H; Yo,k ®v) + W (#» Yo,k Qv, Yo,k ®M2)

< Wl(‘u, yp,k®v) + Wl(v:,uZ) S Rl/z_

where we used the elementary fact that W, (u, Yp .k @V, yp,k®u2) < W; (v, u,). Recalling
(12), this proves that

Wi (H; Yo, k®#2) —|10g8|1/4 ;

concluding the proof.
As in the proof of Theorem (5.2.3), it is enough to prove the result when ¢ < ¢, K 1.

Let {u;}1<;<x D€ as in the statement, and set u; := u; o T,whereT = Vo : R® - R"is
the Brenier map from y,, to i Note that since Tyy,, = W,

fuid]/n = fui o Td]/n = fuidl,l = 0.
Also, since |VT| < 1 and by our assumption on u;,

[ vuldn < [ 17wl o Tdy, = [ 17wfdn
<A+ utdu= 1+ &) [utdy, < (1 + &) [|Vu|*dys,
where the last inequality follows from the Poincar’e inequality for y,, applied to u;. Since

[Vu|?dp < 1 + ¢,
this proves that

0 < [(Vwl?>o T —|Vw|*)dy,, < & [|Vw;]?dp <e(1 +
€) (14)
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Moreover, by Theorem (5.2.1), VT = D?¢ is a symmetric matrix 0 <
VT < Id,, therefore (Id — VT)? < Id — (VT)?. Hence, since Vu; =  Satisfying,
VT -Vu; o T, it follows by (14) that

fqui o T — Vu;|*dy, =f|l7ui o T — Vu;|?dy, =

= [ dn - @)1 T V0o T
< [(d, — (VT)?) [Vu; o T,Vu; o T]dy,
- j(|Vui|2 o T~ |VwlDdy, <26 (15)

where, given a matrix A and a vector v, we have used the notation A[v, v] for Av - v. In
particular, recalling the orthogonality constraint [ Vu;. Vu; dp = 0, we deduce that

S 7w Vu; dy, = 0(Ve) (16).
In addition, if we set
( )_ Vui o T(X)
) = Tl

then, using again that |V'T| < 1,

J1wse P (1 =177 - £l dy < [Tl o - @ = 0T.£1) dr,
< 2¢ - (17)

Now, forj € N, let H; : R — R be the one dimensional Hermite polynomial of degree j:

(-1)/
H@t) =—=
N
see [287, Section 9.2]. It is well known (see for instance [287, Theorem 9.7]) that for ] =
(i, ---,jn) € N™the functions
H;(xq,...,%,) = Hj, (xl)sz. (x3)..... H; (xy)
form a Hilbert basis of L?(R", y,,). Hence, since af = [u; dy, = 0, we can write

d .
t2/2 jo—-t%/2
e e
()

u; = Xyenmo) & Hj.
By elementary computations (see for instance [287, Proposition 9.3]), we get
1= fuiz dyn = Z]eNn\{o}(“]l')z, f(|Vui|2 dyn = Z]eNn\{o}UK“})Z,

where [J| = > _ jm- Hence, combining the above equations with the bound
JUvwl?dy, < (1 + &), 1

€ =2 flvui|2 dyn — fuiz dy, = Z]eNn,|]|22(|]| - 1)(“;’)2 = EZ]EN”,|]|22|]|(“;)2 .
Recalling that the first Hermite polynomials are just linear functions (since H,(t) = t),
using the notation

aj = a]i with] = e; € N"
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we deduce that
w (%) =Y ax + z(x),  withllzll azga,, , = 0().
In particular, if we define the vector
Vii=201a) e] € R",
and we recall that [|Vw;|*dy, = 1 + 0(3) and the almost orthogonality relation (16),
we inferthat |[V;| = 1 + O(e)and |V; - V| = O(~e)foralli =1 €{1,...,k}.
Hence, up to a rotation, we can assume that |V; — e;| = 0(+/e) foralli = 1,...,k,
and (15) yields

[IV(u; o T) —e;l?dy, < Ce (18).
Since0 <1—|VT - f;|> < 1, it follows by (17) and (18) that
JA =T - fil)dy <2 [V e TP+ V(uo T) —el? YA - VT - fi|*)dy, <
Ce (19)
Setw;:=Vu; o Tsothat f; = We note that, since all the eigenvalues of VT = D?¢

are bounded by 1, given § « 1 the following holds: whenever
VT -w; —e;)| < & and VT - f;)|= 1 -6
then |w;| = 1 + 0(6). In particular,
VT - f; —e;| < C6.
Hence, if § < §, where §, is a small geometric constant, this implies that the vectors f; are
a basis of R¥, and

for some dimensional constant C,. Defining ¢(X) := |x|?/2 — @(x), this proves that
{:TEVT ). wi(x) — el + (1 = [VT(x). f; () D]} < 6 € {x: Ap—gs1 (D2 (X)) <
C,6}(20)
forall 0 < § < §,. Hence, by the layer-cake formula, (18), and (19),

8o

An—k+1(D21,[1)dyn = Coj Vn({ﬂn—k+1(02w)>cos}) ds

A k+1(029)<co80) 3

o "
<G [ ({varm.wi(x) — il + (1= 17T fiCoD] > sD ds

0 i=1

< Co Xty J(IVT.w; — el + (1 = [VT.fil))dy, < CVe  (21)
On the other hand, it follows by (20) that
06 A (DY) > Co8) € Ul [{x: 17T G0 wi() — el > S} U
{x; (1= |VT(). f;(x)]) > %}] -
Thus, (18), (19), and Chebyshev’s inequality yield
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Ya{An—k+1(D?P(x) > Cp6p) < Zle Vn ({|VT. w; —e;| > f—z}) +
Lo (1= fil > ) < ¢ @)

Hence, since &, is a small but fixed geometric constant, combining (21) and (22), and
recalling that A,,_, ., (D%y) < 1, we obtain

[ Ancier (D2P)dyn < C e,
This implies that (4) holds with € v/« in place of &, and the result follows by Theorem
(5.2.3).
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Chapter 6
Brunn-Minkowski Inequalities

Throughout the study attention is paid to precise equality conditions and conditions
on the coefficients of dilatation. Interesting links are found to the S-inequality and the (B)
conjecture. An example is given to show that convexity is needed in the (B) conjecture. It
1s shown that these two families of inequalities are “‘equivalent” in that once either of these
inequalities is established, the other must follow as a consequence. All of the conjectured
inequalities are established for plane convex bodies. We establish the stability near a
Euclidean ball of two conjectured inequalities: the dimensional Brunn—Minkowski
inequality for radially symmetric log-concave measures in R™, and of the log-Brunn—
Minkowski inequality.

Section (6.1): Gaussian Brunn-Minkowski Inequalities

This focuses on two fundamental ingredients of mathematics: Gauss measure, the most
important probability measure in R™, and the Brunn-Minkowski inequality, one of the most
powerful inequalities in analysis and geometry.
The Brunn-Minkowski inequality for convex bodies K and L in R™ states that
V(K + L)Y 2 Vi (K)Y™ + V(D)™ (1)

where K + L is the Minkowski or vector sum of K and L, 1, denotes n-dimensional Lebesgue
measure, and equality holds if and only if K is homothetic to L. By the homogeneity of 1/,,
this is equivalent to

V,(sK + tL)Y/™ > sV (K)Y™ + tV,(L)V/™, (2)
where s, t > 0.
It is known that (1) and (2) still hold when the sets concerned are Lebesgue measurable, and
indeed the Brunn-Minkowski inequality reaches far beyond geometry. No less than three
recent surveys cover its extensive generalizations, variations, connections, and applications
in probability and statistics, information theory, Banach space theory, algebraic geometry,
geometric tomography, interacting gases, and crystallography; see [290], [294], and [298].
The Brunn-Minkowski inequality (1) is a cornerstone of the vast Brunn-Minkowski theory,
expounded in [299]. This harbors the tools, such as Minkowksi sum, for metrical problems
on convex bodies and their projections onto subspaces. Around 1975, Lutwak [297]
observed that when the Minkowski sum of two sets is replaced by an operation he called
radial sum, in which only sums of parallel vectors are taken into account, a theory arises that
Is ideal for treating metrical problems about sets star-shaped with respect to the origin, and
their intersections with subspaces. This newer theory, now called the dual Brunn-Minkowski
theory, has attracted much attention and counts among its successes the solution of the 1956
Busemann-Petty problem on volumes of central of o-symmetric convex bodies; see [295].
Corresponding in the dual theory to the Brunn-Minkowski inequality (1) is the dual Brunn-
Minkowski inequality for bounded Borel star sets € and D in R™, which states that

Vo(CF DYV S Vo (O)V™ + V(DYVT, (3)
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where + denotes radial sum, with equality if and only if C is a dilatate of D. See, for example,
[293, (B.30)] and [298, Section 3]. This is equivalent to
V,(sC F tD)V™ < sV, (C)Y™ + tV,(D)V™, (4)

where s, t > 0. The reversal of the inequality sign in the passage from (1) to (3) is a standard,
but not yet fully understood, feature of the duality at play. Here we are interested in
inequalities of the Brunn-Minkowski type for Gauss measure y,, in R™. Despite the fact that
¥, 1S not translation invariant, such inequalities have been found. The most powerful, due to
Ehrhard [391], [392], states that for 0 < t < 1 and closed convex sets K and L in R", we
have

@1 (yn((l — K + tL)) > (1-0)07 (Yo (K)) + 27 (yn(L)), (5)
where @ (x) = y,((—0, x)). By [292, p. 154], equality holds when y,,(K)y,,(L) > 0 if and
onlyif K = R"*, L = R", K = L, or both K and L are half-spaces, one contained in the other.
Since the function @ is (strictly) log concave (i.e., log® is (strictly) concave), Ehrhard’s
inequality and its equality condition imply that for 0 < t < 1 and closed convex sets K and
Lin R",
¥a((Q = DK +tL) 2 1, (K)' "y (L)Y, (6)
with equality when 1y, (K)y,(L) > 0if and only if K = L. Inequality (6), proved
independently by Borell [293], [294] and Brascamp and Lieb [299], is also an easy
consequence of the Prekopa-Leindler inequality and the fact that the density function of y,,
Is log concave, and moreover (6) holds when the sets concerned are Borel sets (see, for
example, [294, p. 378]). On the other hand it was only recently that Borell [296] proved that
(5) also holds for Borel sets. (Note that what Borell in [295] calls the Brunn-Minkowski
inequality for Gauss measure is none of the above inequalities but is rather an isoperimetric
inequality that follows from (5); see [292].)
One of the main results, is the following new inequality for Borel star sets € and D in R™
and s, t > 1:
Vu(sC F tDYY™ < sy, (O™ + ty, (D)™
See Theorem (6.1.2), which also gives precise equality conditions. What is remarkable about
this Gaussian dual Brunn-Minkowski inequality (compare (4)) is not its proof, which does
not require innovative techniques, but that it exists. The discussion after Theorem (6.1.2)
shows that the inequality is the best possible from several points of view. In particular, the
restriction s,t = 1 on the coefficients of dilatation is necessary. This may seem strange at
first, since (4) has no such restriction. However, y,, is not homogeneous, and the restriction
s,t = 1 becomes natural when we see that it also applies to (4) when the exponent 1/n is
replaced by 0 < p < 1/n.
where we examine the role of the coefficients of dilatation in several inequalities, including,
for the first time as far as we know, those for (6).
Also we find that when the exponent 1/n in (4) is replaced by p > 1/n, the appropriate
condition on the coefficients is s + t < 1, which includes the important special case of the
convex combination where s = 1 — t. This raises the question (see Question (6.1.6)) as to
whether there is a Gaussian dual Brunn -Minkowski inequality that holds when s +t < 1.
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Our investigation turns up an interesting connection with the so-called S-inequality of Latala
and Oleszkiewicz [294], but our results suggest that there may be no satisfactory answer to
this question.
In the course of our detailed investigation into Gaussian dual Brunn-Minkowski inequalities,
we were led to the following intriguing question (see Question (6.1.7)): If 0 <t < land K
and L are closed convex sets containing the origin in R", is it true that
Vu((1 = DK + tL)™ = (1 = )y (K™ + ty, (L)Y™?

we note that the restriction on the position of K and L is necessary, but in view of the direct
analogy with (2), it is amazing that the inequality seems to have been overlooked. It does not
follow from Ehrhard’s inequality (5), and if true it would be stronger than (6) when K and L
contain the origin. We provide evidence in its favor by showing that it is true when K and L
are coordinate boxes, when either K or L is a slab, and when K and L are both dilatates of
the same o-symmetric closed convex set. Even the latter special case is not at all easy. We
establish it by means of a fascinating link (see Theorem (6.1.12)) with Banaszczyk’s
conjecture—the (B) conjecture—that y,,(e'K,) is log concave in t when K, is an o-
symmetric convex body, recently proved by Cordero-Erasquin, Fradelizi, and Maurey [290].
It is not known if the symmetry is necessary for the truth of the (B) conjecture, but we give
an example to show that the convexity is necessary. In Theorem (6.1.14) we prove a
Gaussian Prekopa-Leindler inequality that follows from earlier results.
We are very grateful to Franck Barthe for his helpful suggestions and comments, in particular
the contribution given in detail at the end.
As usual, S™1 denotes the unit sphere, B the unit ball, o the origin, and || - || the norm in
Euclidean n-space R™. If x,y € R", then x -y is the inner product of x and y and
[x, y] denotes the line segment with endpoints x and y.
If X is a set, dimX is its dimension, that is, the dimension of its affine hull, and 90X is its
boundary. A set is o-symmetric if it is centrally symmetric, with center at the origin. If r €
R, the set rX = {rx : x € X} is called a dilatate of X. If X and Y are sets in R", then

X+Y={x+y:x€eX,yeY}
is the Minkowski or vector sum of X and Y.
A body is a compact set equal to the closure of its interior.
We write V,, for k-dimensional Lebesgue measure in R™, where k = 1,...,n and where we
identify V, with k-dimensional Hausdorff measure. If K is a k —dimensional body in R",
then we refer to V,, (K) as its volume. Define k,, = V;,(B). The notation dz will always mean
dV, (z) for the appropriate k = 1,...,n.
A set in R™is called a convex body if it is convex and compact with nonempty interior. The
treatise of Schneider [299] is an excellent general reference for convex sets.
A (possibly unbounded) set C is star shaped at the origin if every line through the origin that
meets C does so in a (possibly degenerate) closed line segment, a closed half-infinite ray, or
in the line itself. If C is a set that is star shaped at the origin, its radial function p. is defined,
for all u € S™1 such that the line through the origin parallel to u intersects C, by

pc(w) =sup{fc e R:cu € C}.
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Note that C may not contain the origin and that p. may take negative or infinite values. A
Borel star set is a Borel set that contains the origin and is star shaped at the origin.
By a star body in R™ we mean a body L star shaped at the origin such that p,, restricted to
its support, is continuous. This definition, introduced in [299] (see also [293, Section 0.7]),
allows bodies not containing the origin, unlike previous definitions; in particular, every
convex body is a star body in this sense.
If x,y € R", then the radial sum x + y of x and y is defined to be the usual vector sumx +
y if x and y are contained in a line through o, and o otherwise. If C and D are Borel star sets
in R"and s, t € R, then

sC+tD ={sx+ty:x€C,y € D}

and
Psc¥tp = SPc t tpp- (7)
The standard Gauss measure y,, is defined for measurable subsets E of R™ by
Yn(E) = cpe™XI/2dx, (8)
where dx denotes integration with respect to V;, and
c, = (2m) ™2, (9)
Forn € Nand r € R, define
u(r) = Y (rB). (10)

From (8) it follows by substitution that if E' is a measurable subset of R™, then
Yn(SE)Y™ =5, (E)YMif 0 <s < landy,(sE)Y/™ <s, (E)Y/"if s >1.(11)

Equality holds in each inequality if and only if s = 1 or y,,(E) = 0.

Let

1 e
CD(X) = \/ﬁf—xoo e 2 dt, (12)
and note that @ (x) = y,((—o0, x)).

It will be convenient to define, for a > 0,
1/n

L‘Z
bu(@ = (fy ez dt) (13)
Then if C is a Borel star set in R, n > 2, a change to polar coordinates yields
W
Ya(€) = ¢y fns [T €72 dr du = ¢y [, pu(pc (W) du, (14)

where c, is given by (9), an analog of the familiar polar coordinate expression for the V-
measure of a Borel star set.
If C is a Borel set contained in the ball eB for € > 0, it follows from (8) that

82
cne 2V, (C) < ¥n(€) < ¢,V (O). (15)
Since y,, is not homogeneous, it makes sense to carefully examine the precise conditions on
the coefficients of dilatation in inequalities involving Gauss measure.
In [297] (see also [292]), Borell resolved this issue for Ehrhard’s inequality (5) by showing
that

D (Yn(sK + tL)) = s® (1, (K)) t@ (¥ (L))
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where @ is defined by (12), holds for s, t > 0, even for Borel sets, whens +t > 1 and |s —
t| < 1, and not generally unless these conditions are satisfied. In [298], Borell shows that,
remarkably, the corresponding condition for convex K and L is different; here only s + t >
1 is required.
The corresponding analysis for the weaker inequality (6) does not appear. We claim that the
inequality
Yn(SK + tL) = v, (K) v (L) (16)

holds generally for Borel star sets K and L and s,t = 0 if and only if s + t > 1. To see this,
note first that if s +t < 1 and K = L, (16) implies that

Yn(K) > ¥a((s + OK) =y (K)*,
a contradiction since y,,(K) < 1. Suppose, then, that s + t > 1. Let

f(s,t) = log(yn(sK +tL)) — s log(yn(K)) — t log(yn(L)) .

Clearly y,,(sK + tL) increases with s and t,log(y,(K)) <0, and log(y,(L)) < 0, so
d0f /0s =0 and df /ot = 0. If s,t > 1, this yields f(s,t) = f(0,1) = 0, as required. On
the other hand if t < 1, say, then f(s,t) = f(1 — t,t) = 0 by (6), completing the proof of
the claim.
Note, however, that for convex K and L, (16) holds generally for s,t > 0 ifand only if s =
1 —t. In view of the previous paragraph, we need only consider the case when s +t > 1.
Letn=1,letK=L=[x,x+1],x >0,andlets+t =a > 1.

Then (16) and crude estimates give
a

a 2 1 2
_ s, (ax)“/2 a _ = ,=(x+1)%/2
e > [ax,ax + a]) = x,x+ 1 >( e )
or
@ —azx?2 > 1 p—a(x+1)?/2.
V27 (2m)a/?

Since a? > a, this is clearly false for sufficiently large x.
In view of the connection (15) between Gauss and Lebesgue measure, we revisit the classical
and dual Brunn-Minkowski inequality for exponents p > 0.
To deal with this, first note that if p > 0 and a,b,s,t = 0, the weighted pth means
(saP + tbP)/? increase with p for all a,b > 0 if and only if s + t < 1 and decrease with
p forall a,b >0 if and only if s,t > 1. (The cases s =1—t and s =t = 1 are usually
called the pth mean and pth sum of a and b, respectively.) See [290, (2.10.4) and (2.10.5),
p. 29]. In particular, the inequality
(sa + tb)P = saP + tb? (17)

istrue forall a,b = 0whenp =1,whenp <lands+t<1,andwhenp > 1ands,t >
1, and it is false for all a,b > 0 whenp >1and s+t <1,andwhenp < 1ands,t > 1.
Moreover, it does not generally hold otherwise. To see this, it suffices to check that when
s<1and t>1, (17) is false for p <1 and sufficiently small a and for p > 1 and
sufficiently small b.
The above monotonicity properties of the weighted means and (2) imply that

V,(sK + tL)? = sV, (K)? + tV,(L)? (18)
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holds for s,t > 0 and all convex bodies K and L in R® whenp = 1/n,when 0 <p < 1/n
and s+t <1, and when p > 1/nand s,t > 1. By using the homogeneity of volume and
the remarks above concerning the inequality (17), we see that (18) is otherwise generally
false for K = aB,L = bB and small a,b > 0, and it is always false for K = aB,L =
bB,a,b > 0,whenp >1/nands+t<1,andwhen0 <p < 1/nands,t > 1.
In a similar fashion, it can be seen that
V,(sC + tD)?P < sV, (C)P + tV,(D)P (19)
holds for s,t > 0 and all bounded Borel star sets € and D in R™ whenp = 1/n, whenp >
1/mands+t <1,andwhen 0 <p < 1/nands,t = 1. It is otherwise generally false for
C =aB,D = bB and small a,b = 0, and it is always false for C = aB,D = bB,a,b > 0,
when0 <p<1l/nands+t<1,andwhenp >1/n ands,t > 1.
Lemma (6.1.1)[289]: The function ¢,, defined by (13) is sublinear, i.e.,
$n(a+b) < ¢n(a) + Pn(b),
for a, b = 0, with equality ifand only ifa = 0 or b = 0.
Proof: For fixed b > 0 and all a = 0, define
f(@) = ¢p(a+b) — pn(a) — du(b).
Then £(0) = 0, and it suffices to show that f'(a) < 0 for all a = 0. In view of (13), we
have
nf’(a) = (a+ b)n—le—(a+b)2/2¢n(a + b)l—n _ an—le—a2/2¢n(a)1—n.
Ifn = 1, itis clear fromthisthat f'(a) < 0 for a = 0. Suppose that n = 2. Using (13) again,
we see that f'(a) < 0 is equivalent to

a+b
(a + b)—nen(a+b)2/(2(n—1))j
0

a
e‘tz/zt”‘ldt > a—nenaz/(z(n—n)J e‘tz/zt"_ldt
0

or

1 1

e—(s(a+b))2/zsn—1ds > enaz/(z(n—l))f e—(sa)z/zsn—lds_

en(a+b)2/(2(n—1)) j
0

0

Rearranging, we obtain
1

1
j e(n/(n—1)—52)(a+b)2/25n—1ds > f e(n/(n—l)—sz)az/zsn—ldsl
0 0
The previous inequality holds since s? < 1 < n/(n — 1), and this proves the lemma.

Theorem (6.1.2) [289]: Let C and D be Borel star sets in R™, and let s,t > 1. Then

Yu(sC F tDYM™ < sy, ()™ + ty, (D)™, (20)
Suppose that € and D are properly contained in R™. Equality holds when s =t =1 if and
only if y,,(C) =0,y,(D) =0, or n =1 and both C and D are (possibly degenerate or
infinite) intervals with one endpoint at the origin, each on opposite sides of the origin.
Equality holdswhens >1andt=1(ors=1andt > 1,0ors > 1andt > 1) if and only
if ,,(C) =0 (or if and only if y,,(D) = 0, or if and only if y,(C) =0 and y,(D) = 0,
respectively).
Proof: Suppose first that s = t = 1.
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If n =1and C and D are bounded, then C = [—a4, b;] and D = [—a,, b,] for nonnegative
a, a,, by, and b,, and (20) is equivalent to

$1(as + az) + ¢1(by + by) < (Pp1(ay) + h1(by)) + (P1(az) + ¢1(b2)) .
This follows immediately from Lemma (6.1.1), and its equality condition shows that either
a, = 0 or a, = 0 and either b, = 0 or b, = 0. The same conclusion is reached if C or D is
unbounded. This yields the required equality condition when n = 1.
Suppose that n > 2. By (14), (7), Lemma (6.1.1), and Minkowski’s inequality for integrals,
we have

1/n
Ya(C T D)/ = ( buloc D(u))ﬂdu)

Sn—l

1/n
= (Cn ¢n (pc(w) + pp (W)™ du)
Sn—l

1/n
< (e[ @atoc) + uoptnyan
1/n

1/n
< (cn B ()" du) +(cn o (oo )" du)

= Vn(C)l/n + Vn(D)l/n-

Suppose, in addition to our assumption that s = t = 1, that equality holds in (20). Then for
almost all u € ™1, equality holds in Lemma (6.1.1) when a = p.(u) and b = pp(u), and
hence for almost all u € S™~1 we have either p.(u) = 0 or p,(u) = 0. But equality also
holds in Minkowski’s inequality for integrals, so there is a constant ¢ such that ¢,, (o-(u)) =
c, (pp(w)) for almost all u € S™ 1. It follows that either p-(u) = 0 for almost all u €
S™ 1 or pp(u) = 0 for almost all u € S™1, and therefore either y,,(C) = 0 or y,,(D) = 0.
We have proved (20) and its equality conditions when s = t = 1. Using this and (11), for
general s,t > 1 we obtain

Ya(SC F tDYY™ <y (SO + y,(IDYV™ < sy (O)V™ + tyn (D)7,
as required. The equality conditions for s > 1 or t > 1 follow from those of (11).
Inequality (20) does not hold generally when either s < 1 or t < 1. Indeed, if s < 1, (20) is
false when D = eB and ¢ > 0 is sufficiently small, in view of (11). Inequality (20) is false
for arbitrary Borel sets star shaped at the origin. To see this, let s =t = 1, and for each m €
N, let ¢, ={(r,0) eR":m<r<m+1,0 <6 <n/2}andD,, = —C,,. Then C,, +
D,, = Cy U (—Cy), so y,(C,, + D,,) is positive and independent of m while y,(C,,) =
Y2 (D) = 0asm — oo, Note that C,, and D,, are actually star bodies.
The monotonicity properties of the weighted pth means (sa? + tbP)/? summarized at the
end imply that Theorem (6.1.2) holds for s,t > 1and 0 < p < 1/n.
However, the exponent 1/n in (20) is the best possible; it does not hold when 1/n is replaced
by p > 1/n, as can be seen by taking C = aB and D = bB for sufficiently small positive a
and b, and using (15) and the remarks concerning (19). Similarly, using the remarks
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concerning (18) instead, we see that it is also not true that (20) holds when 1/n is replaced
by p > 1/n and the inequality is reversed.
When C and D are convex bodies containing the origin, we have sC + tD c sC + tD, so in
this case the inequality y,,(sC + tD)Y/™ < sy, (C)Y™ + ty,, (D)™ would be stronger than
(20). However, by (2), its equality condition, and (15), this is false in general when C and D
are sufficiently small nonhomothetic convex bodies containing the origin.
We consider the possibility that

O YaSCFD < 5 O3 (12 (0)) +t O3 (1 (D)) (21)
holds for Borel star sets € and D in R™ and s,t > 1, where ©,, is some standard function
related to Gauss measure. Certainly (21) is not generally true whens =t = 1 and ©,,= ¥,,
the function defined by (10). To see this, let C and D be half-spaces in R™ bounded by a
common hyperplane through the origin, so that C¥D = R™and y,(C) = y,(D) = 1/2.
Then the left-hand side of (21) with s = t = 1 and ©,,= ¥, is infinite, while the right-hand
side is bounded. Of course the same argument shows that (21) is not generally true when
On=W¥; or ©,= ® (defined by (12)).
In view of Theorem (6.1.2) and the dual Brunn-Minkowski inequality in the form (19), it is
natural to ask whether there isa p > 0 such that

Yn(SCFED)P < sy, (C)P + ty,(D)? (22)

holds for s, t = 0,s + t < 1, and Borel star sets C and D in R™. We shall see that the answer
IS negative for s,t > 0, even for o-symmetric balls. To this end, the following lemma will
be useful.
Lemma (6.1.3) [289]: The function

F,(r) = ( fore_gt"_l dt)p (23)

is strictly concave when (i) 0 <p<landr>+vn—1,(i)p=1andr > ./np— 1, and
(i) 0<p<1/nandr > 0.
Proof: Let

t2
L,(r) =e zt" 1dt, (24)
so that F, () = I,,(r)P. A straightforward calculation yields
2

E/'(r) = pln(r)p‘ze_grn‘2 ((p — 1)6_%7’” +L,(r)(n—-1- r2)>. (25)

Note that a trivial estimate gives I,(r) > e‘rz/zr"/n forr > 0,s0ifr = vn — 1, we obtain
E!'(r) = pL,(r)P~2e " /12p2n=2(np — 1 — r2) /n. Fromthiswe see that E/’ () < 0 when, in
addition, p < 1, establishing (i), and (ii) also follows immediately.
In proving (iii) we may suppose that p = 1/n, since pth means increase with p. Substituting
p = 1/n into (25), we see that it suffices to show that

Gy(r) = —(n—1D)e " /2" +nl,(Nn-1-—12) <0
for r > 0. Now G,(0) = 0, and

GL(r) = e /2y _2nrI(r) < 0
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for r > 0. It follows that G,,(r) < 0 for r > 0, as required.
No attempt was made to obtain best possible estimates in cases (i) and (ii) of the previous
lemma, since those found are sufficient for our purposes. Case (iii) of the previous lemma is
equivalent to the concavity of ¢,,(r) for r > 0, and this is also implied by a result of Koenig
and Tomczak-Jaegermann [291, p. 1218].
Corollary (6.1.4) [289]: Let s,t > 0,s +t < 1, and let C and D be o-symmetric balls in
R™. Then

Ya(SCFED)P = sy, (C)P + ty,(D)? (26)
holds for 0 < p < 1/n. Equality holds for s,t > 0 ifand only if C = D.
Proof: Note that when n = 1,y,(rB) = y,([—1,7]) = 2¢,1,(r), where [,(r) is given by
(24). If n = 2, by (14), we have

Yn(rB) = ¢y Gn(M"du = ni, cp Iy (1)

Sn—l
for r > 0. Thus if the function E, (r) given by (23) is concave for 0 < a < r < b, then
V(1 = )CFED)? = (1 — t)yn(C)P + ty(D)P (27)

holds when C =1yB,D =B, and 0 < a <1y, 1, < b. By Lemma (6.1.3)(iii), E,(r) is
actually strictly concave for 0 < p < 1/n, and this yields the corollary together with the
equality condition whens =1 —t.
For general s,t > 0 withs+t <1, leta =s/(1—1t) <1 and note that by (27) and (11),
for0 < p < 1/n, we have
Ya(SCFEDYP = 1, ((1 — )(aC)FtD)? = (1 — )yn(aC)? + ty, (D)P
=(1- t)apnyn(c)p + tyn(D)p
2 (1= t)ay,(C)? + ty(D)P
= syn(C)P + tyn(D)P,
as required. If equality holds, then equality holds in (11), implying that « = 1, and then C =
D from the equality condition for (27).
Corollary (6.1.5) [289]: For givens,t > 0,s +t < 1, and p > 0, inequality (22) is false in
general, even for o-symmetric balls.
Proof. Corollary (6.1.4) and its equality condition yield the result for 0 < p < 1/n.
Suppose that p > 1/n. By Lemma (6.1.3)(i) and (ii) we can choose the radii of o-symmetric
balls € and D in R™ so that with s = 1 — ¢,
Vn(SCFED)P > sy, (C)P + ty,(D)?, (28)
and therefore so that (22) is false. It remains to consider the case when s +t < 1.
Let C = aB and D = aB for a > 0. Then (28) is equivalent to
Yn((s + t)aB)? > (s + )y, (aB)?.
As a — oo, the left-hand side approaches 1, while the right-hand side approaches s + t < 1.
It follows that (28) holds for sufficiently large a.
Note that Corollary (6.1.4) holds even for p < 0, at least when s = 1 — t. This is because
pth means increase with real p; see [290, Section 2.9]. Consequently Corollary (6.1.5) also
holdswhens =1 —tandp < 0.
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Corollary (6.1.4) does not hold in general, even when both C and D are dilatates of a fixed
o-symmetric Borel star set E. To see this, let E; = {(x,y) € R*>: x,y = 0}, E,(a) =
{(r,0) ER*:0<r<amn/2<60<m},andlet E(a) = E; U (—E;) UE,(a) U (—E,(a)).
Letting

1 1

1/2
f(O) =12 (tE@)"" = (5 +5(1- e‘t2“2/2)> = 172,

say, we obtain
2p-t%a?/2
14} t —
7 161(t)3/2
Using the inequalities 1 —x < e ™ < 1 — x + x%/2 for x = 0, we have
—t2q2e-t?a?/2 4 41(t)(1 — t?a?) =4 — 4t%a® — 2et?a%/2 4 242 p-t"a?/2

1
> Z(8 — 8t%a? — 3t*a*).

The latter quantity is positive for 0 < t < 1, and hence f(t) is convex there, whena < a, =

((2vV10 —4)/3)/2 = 0.8802.... 1t follows that if 0 < a, < a; < ay, C = E(a;), and
D = E(a,),then(26)isfalsefor0 <s=1—t <1whenn =2andp = 1/2. By replacing
E, with E] ={(r,0) e R%:0<7r <b,0 <0 <m/2} for sufficiently large b and then
approximating, we can clearly also find sets € and D in R", each dilatates of a fixed o-
symmetric star body, such that (26) isfalsefor0 <s =1—-t < 1whenn=2andp = 1/2.
The results of the previous and the existence of Ehrhard’s inequality (5) raise the following
question.
Question (6.1.6) [289]: Let n € N. Is there a natural nonconstant function @,, such that for
0 <t < 1and Borel star sets € and D in R",

07! (1a (1 = OCFD)) < (1 = 67" (2 (O)) + t6; (v (D))? (29)
For n =1, we can take ©®; = 1 — @, for then, noting that 1 — @(x) = ®(—x), we have
O~ = —@~1 and since the radial sum equals the Minkowski sum when n =1, (29)
becomes Ehrhard’s inequality (5)! However, we cannot take @,, =1 — @ whenn > 2. To
see this, note that this would imply that Ehrhard’s inequality (5) is true when n > 2, K and
L are Borel star sets, and the Minkowski sum is replaced by the radial sum. But this is false.
Indeed, recall that since @ is log concave, this would imply that (6) also holds when n >
2,K and L are Borel star sets, and the Minkowski sum is replaced by the radial sum.
Moreover, from the equality conditions for (5) we can conclude that the radial sum version
of (6) would hold with strict inequality when K and L are dilatates with K # L. By (15), we
would then have

(=t2a2e t"®/2 4+ 41(t)(1 — t?a?)).

Va((1 = OKFtL) > V(K)o (L)
for sufficiently small nonequal dilatates K and L. By a standard argument (see, for example,
[294, p. 362]), this would contradict (4).
Any 0,, for which (29) holds for o-symmetric Borel star sets must be decreasing. To see this,
let C and D be o-symmetric infinite double cones such that C N D = {o}.
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Then (1 —t)C = C,tD = D,and (1 — t)C+tD = C U D. Ify,,(C) = aand y, (D) = b, then
(29) yields
0,1 (a+b) < (1-1)0;1(a) +to; (b).
Ast — 0, we obtain 0,,1(a + b) < 6,;1(a). Therefore 6,/ is decreasing on [0, 1] and
hence ©,, is also decreasing. In particular, we cannot take @,, = @, ¥,, or ¥, (see (10)).
Despite all this, we claim that for all n € N, (29) is true when 0,, = ¥;,C = {o},and D is o-
symmetric and convex. To see this, let 0 < t < 1 and consider an o-symmetric slab (the
closed region between two parallel hyperplanes) P of half-width a, and note that y,,(P) =
v1i([—a,a]) = ¥;(a),or a = ¥;1 (y,(P)). Suppose that P is chosen so that y,(P) =
¥o(D). Then P has half-width %¥71(y,(D)), so ¢tp has half-width
tW; (v, (D)) and y,,(tP) = ¥, (t¥; 1 (y,,(D))). By the so-called S-inequality (see [292]
and [294]), we have
V(D) < v, (tP) = Y1 (t¥1 " (ra(D))),
which is (29) for the special case under consideration.
The previous observation suggests that Question (6.1.6) should be revisited under the
restriction that the sets C and D are o-symmetric closed convex sets. In fact, it turns out that
we still cannot take 0,, = @, ¥, or ¥,, but different arguments are required.
To see that it is still not possible to take @, = @, let C and D be different parallel o-
symmetric slabs. Then (1 —¢)C¥tD = (1 —1t)C +tD, so (29) with 6, =& would
contradict (5) and its equality conditions.
Next, note that if Question (6.1.6) has a positive answer for o-symmetric closed convex sets,
then ©,,1(¥; (x)) must be convex. Indeed, let C and D be parallel o-symmetric slabs of half-
widths x and y, respectively, so that (1 — t)C¥tD is an o-symmetric slab of half-width (1 —
t)x + ty. Then y,(C) = ¥1(x), ¥ (D) = ¥1(¥), and y, (1 — t)CFtD) = ¥, (1 — t)x +
ty), so (29) becomes
O, (P2 (1 - O)x +ty)) < (1 — 0O (P (x)) + t0, (P21 (1),
which holds for all x,y > 0 if and only if 6,;1(¥;(x)) is convex.
Let f(x) = ¥, 1(W,(x)),n = 2. Using (14) and differentiating ¥, (f(x)) = ¥;(x) with
respect to x, we obtain

2
Camicne~ OV T2 (x)m=1 £ (x) = \E“z/ ’

or
o F2(0)-x2)/2

feor=t

f'x) =dy
for some constant d,,. It follows that

. o (F2(¥)-x2)/2 ,
fr(x)=—dy o (f () + (n— 1= f)Df'(x).
As x - 0., we have f(x) - 0and f'(x) — oo. Therefore f"'(x) must be negative for small
X, SO f(x) is not convex. By the previous paragraph, we still cannot take 6, = ¥, forn >
2.
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The previous argument does not eliminate the possibility ©,, = ¥;. To deal with this we first
observe by taking C and D to be o-symmetric balls of radius x and y, respectively, that if
Question (6.1.6) has a positive answer for o-symmetric closed convex sets, then @, 1 (¥,,(x))
must be convex. We shall show that g(x) = ¥;! (¥, (x)) is not convex for n = 2.

To this end, note first that ¥,(x) =1—e ™ /2 Wl(x) =xe * /2, and ¥!(x) =
J2/m e~*/2_ By differentiating ¥, (g(x)) = ¥, (x), we obtain

gl(x) — \/gxe(gz_xz)/Z’

" T 2_y2 /
g'(x) = \Ee(g (1 +x(g'g - ).
So it suffices to study the sign of

and hence

g2—x2

h(x)=1+x(g’g—x)=1+x(\/§xeT—x). (30)
From ¥, (g(x)) = ¥, (x) we also obtain

2 9 2 2
—j et/ 2dt=1—e*/2,
T Jo
A 2 @ 2
\/;e"‘ /2 = J (1/0)te"/2dt
g

which yields

1 _,2 co 1 —
=Ee g/z—fgt—ze 2dt (31)
= Ze=9%/2 _ ie_§ + 3fooie_§dt (32)
g g° g t
<le‘92/2 — % ~9°/2 4 3.[ et /2t
g g g
= _g2/2 l_i i
e (g S+ gs). (33)
From (30) and (33), we have
2
h(x) < giz(gz —x%+ %) (34)
Now (31) gives
\Ee(gZ—xZ)/z < %,
and hence
2
(g - x%) < —In(*5). (35)
Similarly (32) yields
2 2 mg®
(g°—x°)> —In (2(g2_1)2). (36)
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By (34), (35), and (36), we conclude that

hoo) < = —tn(rg?/2) +3 + o tn (=9
g° I g* \2(g*-1?%))

which is negative for sufficiently large x, since g(x) — o as x — oo,
Question (6.1.7) [289]: Let 0 < t < 1 and let K and L be closed convex sets containing the
origin in R™. Is it true that
Vo (1=K +tL)Y™ = (1 = )y, (K)Y™ + ty, (L)/"? (37)
The exponent 1/n is the best possible. Indeed, by the relation (15) and the remarks after (18)
concerning the classical Brunn-Minkowski inequality with exponent p, we see that (37) does
not hold in general when 1/n is replaced by p > 1/n. On the other hand, if (37) is true, then
the remarks about the weighted pth means ensure that (37) remains true when 1 /n is replaced
by0<p<1/n.
A positive answer to Question(6.1.7) would imply that (37) remains true when (1 —t) is
replaced by s > 0, under the condition s +t < 1, as can be verified by the same argument
used at the end of the proof of Corollary (6.1.2).
We gave an example after Corollary (6.1.5) showing that the stronger inequality
Yo (1= OKFLV™ = (1= Oy, (V™ + ty, (L)Y
is false in general for K and L which are both dilatates of the same o-symmetric star body.
It is also false for sufficiently small star bodies K and L containing the origin that are not
dilatates, by (4), its equality condition, and (15).
Some restriction on the position of the sets is necessary. To see this,let 0 <t < 1,K = B,
and L = B + x;e;, where x; > 0 and e; is a unit vector in the direction of the positive first
coordinate axis. Then (1 — t)K + tL = B + tx; e, S0 the left-hand side of (37) approaches
zero as x; — oo, while the right-hand side remains bounded away from zero.
If it is true, (37) would be stronger than (6) for closed convex sets containing the origin, and
it does not follow from Ehrhard’s inequality (5). Indeed, we claim that this is even the case
when K and L are o-symmetric balls. To prove this, for fixed 0 < t < 1 and r, > 0, consider
the function
fr) =21 - 007" (1a(1oB)) + t@™" (Yu(rB))
—((1 = OYB)™ + ty, (rBYY™).
If ry is chosen so that y,, (1,B) = 1/2, then ®~1(y,(r,B)) = 0 and we have f(r) < 0 if and
only if
DD (1 (rB))) < ((1 = )27V + ty, (rBYY™)"
Or
n
t07! (1u(rB)) < 271 (1 = 27" + by, (rBYY/™)
Now as r — 0, the left-hand side of the previous inequality approaches —oo, while the
right-hand approaches @~1((1 — t)"/2). Therefore f(r) < 0 for sufficiently small » > 0,
proving the claim.
Corollary (6.1.4) shows that the answer to Question (6.1.4) is positive if K and L are o-

symmetric balls, since in this case the radial sum and Minkowski sum coincide.
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Theorem (6.1.8) [289]: Question (6.1.7) has a positive answer whenn = 1.
Proof: Let0 <t < 1andlet K = [—a, b] and L = [—c, d] for nonnegative reals a, b, c, and
d. Note that since n = 1, radial and Minkowski addition coincide. Then, by the first
statement of Corollary (6.1.4) withn = 1, we have

v (A =K +tL) =y, (1 —t)[~a,b] + t[—c,d])

=71([-(1 = t)a — tc,0]) +y1([0,(1 — t)b + td])

1
=57 (1 = Dl-aa] + t[-c.c])
1
+571 (0 = O[=b,b] + t[~d,d])
1
=5 ((1 - n(-aa) + tri((=ccD)

1
+5((1 = Oyi([=b, b + ty1([~d, dD)

=1 -0y1([—a,0]) + tyy ([—¢, 0]
+(1 = t)y1([0,b]) + ty, ([0,d])
= (1 - yi([—a b]D) + ty.([—c, d])
= (1=8)y1(K) + ty1 (L),
as required. The argument still applies if one or both of K and L is an infinite interval.
The following theorem generalizes the previous result. A different generalization is given in
Theorem (6.1.15).

Theorem (6.1.9) [289]: Question (6.1.7) has a positive answer when K and L are coordinate
boxes containing the origin in R™.

Proof: Let0 <t < 1,and let K =[], [; and L = []i-,J; for closed (possibly unbounded)
intervals I; and J; in R containing the origin, 1 < i <n.Then

(1— K +tL = 1_[((1 — O+ t]).

An inequality of Minkowski (see [290, (2. 13 8) p. 35]) states that for nonnegative reals x;
and y;, 1 <i <n,

(T O + Y V™ = (ITiq ™™ + ([T y) V™ (38)
Using the fact that Gauss measure is a product measure, Theorem (6.1.8), and (38), we obtain
1/n

yMO—OK+dP”=(FLMO—Oh+mO

n 1/n
2<rkﬂ—0h@%Hh%D>

n 1/n n 1/n
> (1_[((1 — t)yl(Ii))> + (H(m%)))

= (1 = Oy ()™ + tyn (L)Y
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Corollary (6.1.10) [289]: Question (6.1.7) has a positive answer when one set is a slab
containing the origin in R™.
Proof: Without loss of generality, let L = [—a,b] x R®1,a,b > 0, be a slab, and let K =
[—c,d] X R*"1,¢c,d > 0, be a parallel slab such that the hyperplanes x; = —cand x; =
d support K. Then K c Ksand (1 —t)K + tL = (1 — t)Ks + tL. Therefore, by Theorem
(6.1.9),
Ya((1 = OK + tL)Y" = y, (1 = )Ks + tL)"

> (1= )K" + tyn (D)™

> (1= Oy (K)Y™ + ty, (Y™
Our next result is related to the so-called (B) conjecture proposed by W. Banaszczyk, which
asks whether the function y,,(e‘K) is log concave in t when K is an o-symmetric closed
convex set in R™. This was proved by Cordero-Erasquin, Fradelizi, and Maurey [290]. The
following lemma merely rephrases the log concavity and is essentially part of the proof in
[290] (see inequality (4) in that paper).
Lemma (6.1.11) [289]: Let K be a closed convex set in R™ such that y,,(K) > 0. Then
Yo (etK) is log concave in t if and only if

_ilxl2 il 2 il
fK”x”4-e Ix1</2 g5 B fK”xllze Ix12/2 g B fK”xHZe I%114/2 g
Yn(K) Yn(K) Yn(K)

Theorem (6.1.12) [289]: Let K, be a closed convex set containing the origin in R™ such that
¥n(Ky) > 0, and suppose that y,,(e‘K,) is log concave in t. Then Question (6.1.7) has a
positive answer when K and L are both dilatates of K.

Proof: Let K, satisfy the hypotheses of the theorem and define

F(&) = ey /™ ya(tKo) V™.

< 0. (39)

Form=0,1,2,... let

Iym(£) = MWfﬂW“M=f“Wf|MW€M”m=rWWmmu
Ko tK,
where L = tK,. Then

1/n
f(t)=< j e-llxllz/de> = tlg o ()™
tKo

Note that

I, (t) = —tlg, m42(1). (40)
To prove the theorem, it suffices to show that f(t) is concave for 0 < t < 1. By direct
calculation, using (40), we find

Iy o ()Y Ix, 2 (t
fi@e)=—"—— El) (n —t? e ’08>
and "
Wren tIKO,o(t)l/n o[ Ik (t) I, 2 (1) ? I, 2(t)
fro= n? (t (n Iy,0(t) —-1) (IKO,O(t)> ) oo I,0 (t)>
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RO IL,2(1)>2_ o 2 (D)
-~ n%t? nIL,o(l) I (1) nIL,o(l)

= Lo (o, o+ (2 (1, (1) = i (1)) (41)

n2t? I1,0(1)?

—(n—1)<

where

RRON <1L,2<1>>2 2 (D)

e (M) The@)
Now

I2(1) = fllxllze‘”"”z/zdx
L

pr(uw)
= —f f e~ /2pn+ 1 g dqu
sn-1Jg

prL(w)
= —p,(W)e PLW*/2qy 4 n J e /21y dy
sn=1Jp
1.2
<N fone fopL(u) e zr" ldrdu = nl; o (1). (42)
By (41) and (42), it suffices to show that J, < 0. But this is precisely (39) with K replaced
by L = tK,. Our assumption that g(t) = log y, (e‘K,) concave in t implies that for any s >
0,g(t + logs) = log y,, (et (sK,)) is concave, so (39) also holds when K is replaced by any
dilatate of K. This completes the proof.
As was mentioned above, the (B) conjecture was proved by Cordero-Erasquin, Fradelizi,
and Maurey [290]. The same authors state that they do not know if the o-symmetry is needed,
and they show that in some cases it is not. Specifically, they define G (K) to be the group of
isometries ¢ of R™ such that ¢ K = K, and they define
Fix(K)={x e R": ¢px = x for all p € G(K)}.
Then, in [290, Section 3], it is proved that y,,(eK) is log concave in t when Fix(K) = {o};
for example, when K is a regular simplex with centroid at the origin.
Corollary (6.1.13) [289]: Question (6.1.7) has a positive answer when K and L are both
dilatates of the same o-symmetric closed convex set, or more generally, of the same closed
convex set K, with Fix(K,) = {o}.
We remark that calculations very similar to those in the example given just before Question
(6.1.6) show that the function y,,(e*K) is not log concave in general when K is an o-
symmetric star body. Indeed, let E; = {(x,y) € R? : x,y = 0}, E;(a) = {(,0) € R%: 0 <
r<amn/2<0<m}andE(a) =E, U(—E;)VUE,(a)VU (Ey(a)). Define

1 1 2t 42
f(t) =log (yz(etE(a))) = log (E +§(1 —e ¢ ¢ /2)> = logl(t),
say. Then

eZtaZe—eZtaz/Z

1 _p2t 42
[0 =~z (2 -e¥a 7 wh),
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Using the inequality e™ <1 — x + x%/2 for x = e**a?/2 = 0, we have
2 —e2tg? — g=e¥a?/2 > % (8 — 4e?tq? — e*ta?).
The latter quantity is positive for 0 < t < 1, and hence f(t) is convex there, when
a<a,=(2V3—-2)"2e"1 =0.4451....
If we replace E; with E{ = {(r,0) e R>: 0 <r < b,0 < 6 < m/2} for sufficiently large b
and approximate, we can find an o-symmetric star body E such that y,(e‘E) is not log
concave.

For some time we considered the possibility that if 0 < t < 1 and K and L are o-symmetric
closed convex sets in R™, then

P, (yn((l — K + tL)) > (1- )% (1K) + % (@), (43)
where ¥, is defined by (10), with equality if and only if K and L are o-symmetric balls. The
motivation was the fact that for arbitrary convex sets K and L, (43) implies (37). Indeed,
using (43) and the fact that by the first statement of Corollary (6.1.4) the function ¥, (r)*/™
Is concave for r > 0, we obtain
_ 1/n _ -1 -1 1/n
V(L= DK +tL) " 2 Yo (1 = O (1 (K)) + t¥; (1 (1))
> (1= O (G EON Y™ + tP (P (V"
= (1= O (K™ + ty, (DY,
which is (37).
However, inequality (43) is false in general for arbitrary o-symmetric convex sets. We are
grateful to Franck Barthe for the following proof of this fact. (A similar argument is used by
Latala [292, p. 816].)
Let K and L be o-symmetric convex sets in R, let0 < t < 1,and let h > 0.
In (43), replace K by (1 —t)71K and let L = (h/t)B. Then, on letting t — 0, we obtain
from (43) the inequality
Y1 (yo(K + hB)) = ¥ (yn(K)) + h. (44)

Choose r > 0 so that y,,(rB) = y,(K). Then (44) yields

V(K + hB) = ¥, (P (a (rB)) + h) = ¥, (r + h) = v, (rB + hB).
Therefore

yn(K + hB) - Vn(K) > Vn(TB + hB) - ]/n(T'B)
= um .
h—0, h h—0, h

However, by [295, Lemma 3], the previous inequality is false when n = 2, K = {(x,y) €
R? : y € [—a, a]} is aslab, and a > 0 is sufficiently large.
Indeed, it can be seen by direct calculation that (43) is false when K = {(x,y) E R* : y €
[-1/(1—-1),1/(1 — )]}, L = (1/t)B,and 0 < t < 0.04. It is interesting to note that by
Corollary (6.1.10), sets of this form cannot supply a negative answer to Question (6.1.7).
If £ is a nonnegative measurable function on R™ and s = 0, the superlevel set L(f,s) is
defined by

L(f,s) ={x:f(x) = s}.
Note that
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2 @
cn | F)e X772 dy = C"J j e~ Ixl°/2qs dx
R™ R Jo

=c, fooo fL(f’S) e IX1*/2gqx ds = fooo Yn(L(f,5)) ds. (45)
The standard Prekopa-Leindler inequality (see, for example, [294, Theorem 7.1]) holds when
Lebesgue measure is replaced by any log concave measure, in particular,
by y,,. Theorem (6.1.8) yields the following stronger inequality when n = 1, for a restricted
class of functions.
Theorem (6.1.14) [289]: Let 0 <t < 1and let f,g, and h be nonnegative integrable
functions on R such that superlevel sets of f and g are either empty or intervals containing
the origin. If

h((1-x+ty) 2 (A -t)f(x) +tg(y),

for all x,y € R, then

jh(x)e_"xllz/zdx =(1- t)jf(x)e‘”x”z/zdx + tfg(x)e"'x”z/zdx.
R R R

Proof. If s > 0, f(x) = s,and g(y) = s, then h((1 — t)x + ty) = s. Therefore,

L(h,s) 2 (1 —=¢t)L(f,s) + tL(g,s).
Then, by (45), the fact that L(f,s) and L(g,s) are intervals containing the origin, and
Theorem (6.1.8), we obtain

il _ 1"
th(x)e IXI°/2 g x = . jo v1(L(h,s)) ds

1 (00
>~ [ 1= 0L ) + g, 5)) ds
170

[ole] t (o'e]
> j ML) ds + j Y1 (L(g,5)) ds

C1

=(1-10) ij(x)e—"x”Z/de + tg(x)e 1xI*/2 gx.

We do not know whether the assumption on the superlevel sets of f and g is necessary. It
could be removed if Theorem (6.1.8) holds when K and L are arbitrary Borel sets containing
the origin. We have the following generalization of Theorem (6.1.8), inspired by work of
Latala [293].
Theorem (6.1.15) [289]: Question (6.1.7) has a positive answer whenn = 1, K is an interval
containing the origin, and L is any Borel set containing the origin.
Proof: Let K = [a,b] and L = Ui-_,,[x;, v;], where
Xom SY-m < Xom-1 S Yom-1 < < Xp = Yn
0 € [a,b],and o € [xy,y,]- Then
n
(1=K +tL = U (1= t)a + tx;, (1 — )b + t,].
l=—m
We claim that we may assume that the intervals in this union are disjoint. Otherwise, for
some —m < i < n,since x; < x;,4 and y; < y;.4, we have
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D+[(1—ta+tx,(1=)b+ty;]n[(1—t)a+tx;y1, (1 —t)b + ty; 4]
=[1-8a+tx;, (1 —t)b+ ty;r1] = A —)[a, b] + t[x;, Yis1]-
Let

n

V= | mendvbeyial
k=—m,k+i,i+1
Then (1 -t)K +tL =1 —-t)K +tL" and y,(L") = y,(L), the set L' consists of fewer
intervals than L, and o € L'. So we may replace L by L'. We can repeat the argument, if
necessary, until all the intervals in the union are disjoint.
Since o € [a, b], we have
n

U (1= t)a + tx;, (1 — )b + ty;]

i=—m
n

S [(1 = £)a + tx, (1 — )b + tyo] U U [tx,, tyi].
i=—m,i#0
Now we can use Theorem (6.1.8) and (11) to obtain

y1(1—=t)K+tL) =2y, ([(1 —t)a+txy, (1 —t)b+ tyy| U U [tx;, tyi]>

i=—m,i#0

= (- Da+ e (1-0b+yD+ Y vty

i=—m,i#0

n
> (1= 00 + (D +t ) nlE
i=—m,i#0
= (1= y1(K) + tys(L).
Therefore the result holds when L is a finite union of intervals, and the theorem is then proved
by a standard approximation argument.
The previous result allows the assumptions in Theorem (6.1.14) to be weakened.

Corollary (6.1.16) [388]: The function ¢,, defined by (13) is sublinear, i.e.,
$n (20 + €) < ¢, (a) + Ppla+6),
for e > 0, with equality ifand only if a = 0 or € = a.
Proof. For fixed e > 0 and all a > 0, define
f(a) = ¢p(2a+€) — ¢py(a) — Pn(a +e).
Then f(0) = 0, and it suffices to show that f'(a) < 0 for all a = 0. In view of (13), we
have
nf’(a) = (2a+ E)n—le—(a+a+6)2/2¢n(2a + E)l—n _ an—le—az/z(pn(a)l—n.
Ifn = 1, itisclear from this that f'(a) < 0 for a = 0. Suppose that n > 2. Using (13) again,
we see that f'(a) < 0 is equivalent to
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2a+e
(2a + e)‘"e“(2a+€)2/(2(n—1)) j e—(1+e)2/2(1 +€)"de

0
a

> a—nenaz/(z(n—l))J e—(1+6)2/2(1+6)n—1d6
0

or
1

en(2a+e)2/(2(n—1))f e—((1+26)(2a+6))2/2(1 +2€)n_1d6

0
1

> enaz/(z(n—l))f e—((1+26)a)2/2(1 +26)n_1d6.
0

Rearranging, we obtain
1

1
j e(n/(n—1)—(1+26)2)(2a+e)2/2 (1+ ZE)n_ldG > f e(n/(n—l)—(1+26)2)a2/2(1 + 26)n_1d6.
0 0
The previous inequality holds since (1 + 2¢)? < 1 < n/(n — 1), and this proves the lemma.

Corollary (6.1.17) [388]: C™ and D™ be Borel star sets in R™, and let € > 0. Then

V(1 +26)C™ F 1+ €)D™) ™ < (14 26)y(C™ V™ + (1 + )y, (D™,
Suppose that €™ and D™ are properly contained in R™. Equality holds when e = 1 if and
only if y,(C™) = 0,y,,(D™) = 0, or n = 1 and both C™ and D™ are (possibly degenerate
or infinite) intervals with one endpoint at the origin, each on opposite sides of the origin.
Equality holds whene > 0ande =1(ore =1ande > 0,0re > 1and € > 1) if and only
if y,(C™) =0 (orif and only if y,,(D™) = 0, or if and only if y,,(C™) = 0 and y,,(D™) =
0, respectively).

Proof. Suppose first that e = 1.

If n=1and C™ and D™ are bounded, then C™ =[—a;,(a+€);] and D™ =

[—a,, (a + €),] for nonnegative a,, a,, (a + €),, and (a + €),, and (20) is equivalent to
¢1(ay + az) + ¢1(b1 + by) < (¢1(ar) + ¢1(b1)) + (P1(az) + P1(b2))

This follows immediately from Lemma 4.1, and its equality condition shows that either a, =

0 or a, = 0 and either (a + €) = 0 or (a + €), = 0. The same conclusion is reached if C™

or D™ is unbounded. This yields the required equality condition when n = 1.

Suppose that n > 2. By (14), (7), , and Minkowski’s inequality for integrals, we have

1/n
Vn(cm + Dm)l/n = <Cn ‘.bn(PCm + Dm(um))ndum>

Sn—l

1/n
= (Cn 5n—1¢n (pem(Um) + ppm (Um))™ dum)

1/n
< (cn fs  @nlpenCun)) + ¢n<po<um)))ndum)
1/n

1/n
= (Cn Sn_1¢n (pCm(um))n dum) + <Cn Sn_1¢n (po(um))n dum)
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= Y (C™Y™ + y(D™)Y™

Suppose, in addition to our assumption that e > 0, that equality holds in (20). Then for
almost all u,, € S™*~1, equality holds when a = pm(u,,) and a + € = ppm(u,,), and hence
for almost all u,,, € S™* we have either p.m(u,,) = 0 or ppm(u,,) = 0. But equality also
holds in Minkowski’s inequality for integrals, so there is a constant ¢ such that
On(pcm(Uy)) = cpp(ppm(uy,)) for almost all wu, € S*1 It follows that
either pcm(u,,) = 0 for almost all u,,, € S™ 1 or ppm(u,,) = 0 for almost all u,, € "1,
and therefore either y,,(C™) = 0 or y,,(D™) = 0.
We have proved (20) and its equality conditions when € > 0. Using this and (11), for general
€ = 0 we obtain

Ya(A+26)C™ F 1+ )D™) " <y, (1 +26)c™) " + y,((1 + €)D™)

< (1+26)p(C™Y™ + (1 + )y, (D™,
as required. The equality conditions for e > 0 follow from those of (11).
Inequality (20) does not hold generally when either € > 0. Indeed, if € < 1, (20) is false
when D™ = eB and ¢ > 0 is sufficiently small, in view of (11). Inequality (20) is false for
arbitrary Borel sets star shaped at the origin. To see this, let € > 0, and for each m € N, let
CHh={r0HeR*":m<r<m+1,0 <0 <n/2}and D]} = —CJ}. Then C;} + D]} =
Ct U (=CiM), so y,(CR+ DY) is positive and independent of m while y,(CH) =
v.(D') = 0asm — oo. Note that C;J} and D]} are actually star bodies.
The monotonicity properties of the weighted (1 + €)th means ((1+ 2e)a*c + (1 +
€)(a + €)'+€)1/1*+€ summarized at the end of Section 2 imply that Theorem 4.2 holds for
e=>0and1+4+¢€<1/n.
However, the exponent 1/n in (20) is the best possible; it does not hold when 1/n is replaced
by € > 0, as can be seen by taking C™ = aB and D™ = (a + €)B for sufficiently small
positive a and a + €, and using (15) and the remarks concerning (19). Similarly, using the
remarks concerning (18) instead, we see that it is also not true that (20) holds when 1/n is
replaced by € > 0 and the inequality is reversed.
When C™ and D™ are convex bodies containing the origin, we have (1 + 2¢)C™ +
(1+e)D™c (14 2e)C™+ (14 €)D™,so in this case the inequality y,,((1 + 2e)C™ +
(14 e)D™Y™ < (1 + 26)y,(C™Y™ + (1 + €)y,(D™)Y™ would be stronger than (20).
However, by (2), its equality condition, and (15), this is false in general when C™ and D™
are sufficiently small nonhomothetic convex bodies containing the origin.
As a final remark, we consider the possibility that
On ¥a(1+26)C™+(1+€)D™ < (1+26) On' (1 (C™) + (1 +

1/n

€) On' (ra(D™))

holds for sequences of Borel star sets C'™ and D™ in R™ and € > 0, where ©,, is some
standard function related to Gauss measure. Certainly (21) is not generally true when € > 0
and ©,,= ¥,, the function defined by (10). To see this, let C'™ and D™ be half-spaces in R™
bounded by a common hyperplane through the origin, so that C™*+D™ = R" and y,,(C™) =
Yn(D™) = 1/2. Then the left-hand side of (21) with e > 0 and ©,= ¥, is infinite, while
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the right-hand side is bounded. Of course the same argument shows that (21) is not generally
true when ©,,= ¥, or ©,= @ (defined by (12)).

In view and the dual Brunn-Minkowski inequality in the form (19), it is natural to ask
whether there is a € > 0 such that

Yu((1+26)C™F(1 +)D™) " < (1 + 26)y,(C™M€ + (1 + €)y, (D™) 1+
holds for e > 0, e < 1, and sequences of Borel star sets C™ and D™ in R™. We shall see that
the answer is negative for e > 0, even for o-symmetric balls. To this end, the following will
be useful(see[325]).
Corollary (6.1.18) [388]: The function

- 1+e
E,(r) = (J e~ (1+9°/2(1 4 g)n~1 d6>
0

is strictly concave when (i) 0 <e < landr =vVn—1,(ii)e = 0andr > /n(1+¢€) — 1,
and (i) 14+ e <1/nandr > 0.
Proof. Let

I,(r) = e~ (+%/2(1 4 &)n~1 g,
so that E,(r) = L,(r)1~¢. A straightforward calculation yields
E'(r) = pIn(r)‘E‘le‘rz/Zr”‘z((e)e‘rz/zr" +L,(Nnh-1- rz)).
Note that a trivial estimate gives I,(r) > e‘rz/zr”/n forr > 0,s0ifr = vn — 1, we obtain

r2

E/'(r) =pL,(r)¢ e 2r"2(n(1 — €) — 1 — r?)/n. From this we see that E,'(r) < 0
when, in addition, € < 0, establishing (i), and (ii) also follows immediately.
In proving (iii) we may suppose that 1 — e = 1/n, since (1 + &)th means increase with 1 —
€. Substituting 1 — € = 1/n into (25), we see that it suffices to show that

G,(r) = —(n—D)e "2 4l (Nn—-1-1r2)<0
for r > 0. Now G,(0) = 0, and

GL(r) = e /2 _2nr[(r) < 0

for r > 0. It follows that G, () < 0 for r > 0, as required.
No attempt was made to obtain best possible estimates in cases (i) and (ii) of the previous
lemma(6.1.3), since those found are sufficient for our purposes. Case (iii) of the previous
lemma (6.1.3)is equivalent to the concavity of ¢,,(r) for r > 0, and this is also implied by a
result of Koenig and Tomczak-Jaegermann [326, p. 1218].
Corollary (6.1.19) [388]: Lete = 0,e < 1, and let C™ and D™ be o-symmetric balls in R™.
Then

Yu((1+26)C™FA+€)D™) ™ = (1 + 26)y, (C™1€ + (1 + )y, (D™) 1€
holds for 1 — € < 1/n. Equality holds for e > 0 if and only if C™ = D™.
Proof. Note that when n = 1,y,(rB) = y;([—7,7]) = 2¢,1,(r), where I,,(r) is given by
(24). If n = 2, by (14), we have

Yn(rB) = ¢y Gn (M) dUy, = nkpcply (1)

Sn—l
for r > 0. Thus if the function F,, () given by (23) is concave for 0 < a < r < a + €, then
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Y (—€CTF(1 + €)D™)' 7€ = =€y, (C™) 7€ + (1 + €)Y (D™ ¢
holds when C™ =1r,B,D™ =nB, and 0 < a <71y, 1; <a+e€. By Lemma (6.1.3)(iii),
E, (r) is actually strictly concave for 1 — € < 1/n, and this yields the corollary together with
the equality condition when € > 0.
For general e > O withe <1, leta =
1/n, we have
Ya((1 + 26)C™F(1 + E)Dm)l_e =¥, (—e(@C™F(1 + €)D™m)1-¢
= —€Yp(@C™)' € + (1 + )y, (D™)' ¢
> —ea™y,(C™)' ¢ + (1 + e)yn(D™)' ¢
> —€ay,(C™'¢ + (1 + e)y,(D™'¢
= (1+26)y,(C™ + (1 + )y, (D™,
as required. If equality holds, then equality holds in (11), implying that « = 1, and then
C™ = D™ from the equality condition for (27).
Corollary (6.1.20) [388]: For given € > 0,e < 1, and € = 0, inequality (22) is false in
general, even for o-symmetric balls.
Proof. and its equality condition yield the result for 1 — e < 1/n.
Suppose that 1 — € > 1/n. By Lemma 5.1(i) and (ii) we can choose the radii of o-symmetric
balls C"™ and D™ in R™ so that withs =1 — ¢,

V(1 +26)C™FA +)D™)' ™ > (14 26)y,(C™1¢ + (1 + )y, (D™,
and therefore so that (22) is false. It remains to consider the case when € < 1.
Let C"™ = aB and D™ = aB for a > 0. Then (28) is equivalent to

Yn((2 +3€)aB)™¢ > (2 + 3€)y,(aB)'-.

As a — oo, the left-hand side approaches 1, while the right-hand side approaches € < 1. It
follows that holds for sufficiently large a.
Note that holds even for € < 0, at least when € > 0. This is because (1 + €)th means
increase with real 1 — €; see [320, Section 2.9]. Consequently Corollary (6.1.13) also holds
whene >0 ande < 0.

1*2¢ < 1 and note that by (27) and (11), for 1 — e <

—€ -

Section (6.2): Log-Brunn-Minkowski Inequality

The fundamental Brunn-Minkowski inequality states that for convex bodies K, L in
Euclidean nspace, R™, the volume of the bodies and of their Minkowski sum K + L =
{x +y:x € Kand y € L}, are related by

1

1 1
V(IK+ L)n 2V(K)n+V(L)n,
with equality if and only if K and L are homothetic. As the first milestone of the Brunn-
Minkowski theory, the Brunn-Minkowski inequality is a far-reaching generalization of the
isoperimetric inequality. The Brunn-Minkowski inequality exposes the crucial log-
concavity property of the volume functional because the Brunn-Minkowski inequality has
an equivalent formulation as: for all real A € [0, 1],
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V((1 = DK + L) = V(K)* V(L)% (46)
and for 1 € (0, 1), there is equality if and only if K and L are translates. A big part of the
classical Brunn-Minkowski theory is concerned with establishing generalizations and
analogues of the Brunn-Minkowski inequality for other geometric invariants. The excellent
survey article of Gardner [326] gives a comprehensive account of various aspects and
consequences of the Brunn- Minkowski inequality.
If hy and h; are the support functions (see (60) for the definition) of K and L, the
Minkowski combination (1 — A)K + AL is given by an intersection of half-spaces,

(1-DK+ AL = ﬂ {xeR"x -u<(1-Nhg()+ ih ()},
uesn-1
where x - u denotes the standard inner product of x and u in R™. Assume that K and L are
convex bodies that contain the origin in their interiors, then the geometric Minkowski
combination, (1 — A) - K+,4 - L, is defined by
(1-A1) -K+,1-L= ﬂuesn—1{x ER™ x-u < he(u)*+ hL(u)’l}. (47)
The arithmetic-geometric-mean inequality shows that for convex bodies K, L and A €
[0, 1],
(1—2) K+, A-L € (1—2A)K + AL. (48)
What makes the geometric Minkowski combinations difficult to work with is that while the
convex body (1 — A)K + AL has (1 — A)hg + Ah;, as its support function, the convex body
(1—=2)- K+, A- L is the Wulff shape of the function hy *h}.
The authors conjecture that for origin-symmetric bodies (i.e., unit balls of finite
dimensional Banach spaces), there is a stronger inequality than the Brunn-Minkowski
inequality (46), the log-Brunn-Minkowski inequality:
Problem (6.2.1)[321]: Show that if K and L are origin-symmetric convex bodies in R",
then for all A € [0, 1],
V(A=A -K+,2-L) = V(K™ V(LA (49)
That the log-Brunn-Minkowski inequality (49) is stronger than its classical counterpart
(46) can be seen from the arithmetic-geometric mean inequality (48). Simple examples
(e.g. an origincentered cube and one of its translates) shows that (49) cannot hold for all
convex bodies.
As is well known, the classical Brunn-Minkowski inequality (46) has as a consequence an
inequality of fundamental importance: the Minkowski mixed-volume inequality. One of
the aims is to show that the log-Brunn-Minkowski inequality (49) also has an important
consequence, the log-Minkowski inequality:
Problem (6.2.2) [321]: Show that if K and L are origin-symmetric convex bodies in R",

then

hy o oo 1, V(L)
Jon-a logidVK > S log 5. (50)

Here V is the cone-volume probability measure of K (see definitions (64), (65), (67)).

209



Just as the log-Brunn-Minkowski inequality (49) is stronger than its classical counterpart
(46), the log-Minkowski inequality (50) turns out to be stronger than its classical
counterpart.
The classical Minkowski mixed-volume inequality and the classical Brunn-Minkowski
inequality are “equivalent” in that once either of these inequalities has been established,
then the other can be obtained as a simple consequence. One of the aims is to demonstrate
that the log-Brunn-Minkowski inequality (49) and the log-Minkowski inequality (50) are
“equivalent” in that once either of these inequalities has been established, then the other
can be obtained as a simple consequence.
Even in the plane the above problems are non-trivial and unsolved. Establish the plane log-
Brunn-Minkowski inequality along with its equality conditions:
Theorem (6.2.3) [321]: If K and L are origin-symmetric convex bodies in the plane, then
forall 4 € [0,1],

V(A=A -K+,1-L) = VE) V(L) (51)
When 1 € (0, 1), equality in the inequality holds if and only if K and L are dilates or K and
L are parallelograms with parallel sides.
In addition, in the plane, we will establish the log-Minkowski inequality along with its
equality conditions:
Theorem (6.2.4) [321]: If K and L are origin-symmetric convex bodies in the plane, then,

hy o 1, V(L)
Jer logidVK > (52)

-log—,
2 V(K)
with equality if and only if, either K and L are dilates or K and L are parallelograms with
parallel sides.
The above Minkowski combinations and problems are merely two (important) frames of a
long film. In the early 1960’s, Firey (see e.g. Schneider [324, p. 383]) defined for each p >
1, what have become known as Minkowski-Firey L,-combinations (or simply L,,-
combinations) of convex bodies.
If K and L are convex bodies that contain the origin in their interiors and 0 < A < 1 then
the Minkowski-Firey L,-combination, (1 — 1) - K+, A - L, is defined by
(1—-24) K+, 4-L=Nyesn1{x ER":x-u < ((1—Dhe)? +
Ahy (W)P)M/P3. (53)
Firey also established the L,,-Brunn-Minkowski inequality (also known as the Brunn-
Minkowski-Firey inequality): If p > 1, then
% ((1 — ) K+, 1 L) > V(K) MV (L), (54)
with equality for A € (0,1) if and only if K = L. In the mid 1990’s, it was shown in [325,
36], that a study of the volume of Minkowski-Firey L,,-combinations leads to an
embryonic L,-Brunn-Minkowski theory. This theory has expanded rapidly. (See e.g.
[324].)
Note that definition (53) makes sense for all p > 0. The case where p = 0 is the limiting
case given by (47). The crucial difference between the cases where 0 < p < 1 and the

cases where p > 1 is that the function ((1 — A)h} + Ahf)l/p Is the support function of
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(1—2)-K+,A-Lwhenp =1, butitis not whenever 0 <p < 1. When 0 < p < 1, the
convex body (1 — 2) - K+, 2 - L is the Wulff shape of ((1 — 2)hk + Ah)1/P.
Unfortunately, progress in the L,,-Brunn Minkowski theory for p < 1 has been slow. The
present work is a step in that direction.
It is easily seen from definition (53) that for fixed convex bodies K, L and fixed A4 € [0, 1],
the L,-Minkowski-Firey combination (1 — 1) - K+, A - L is increasing with respect to set
inclusion, as p increases; i.e., if 0 < p < q,

1-A)-K+,A2-L€(1-21)-K+,2-L. (55)
From (55) one sees that the classical Brunn-Minkowski inequality (46) (i.e. the case p = 1
of (54)) immediately yields Firey’s L,-Brunn-Minkowski inequality (54) for each p > 1.
The difficult situation arises when p € [0, 1) because now we are seeking inequalities that
are stronger than the classical Brunn-Minkowski inequality.
The L,-Brunn-Minkowski inequality (54) cannot be established for all convex bodies that
contain the origins in their interiors, for any fixed p < 1. Even an origin-centered cube and
one of its translates show that. However, the following problem is of fundamental
importance in the L,-Brunn-Minkowski theory:
Problem (6.2.5) [321]: Suppose 0 < p < 1. Show that if K and L are origin-symmetric
convex bodies in R™, then for all A € [0, 1],

V(=2 K+, 2-L) 2 VIO VLA (56)
From the monotonicity of the L,,-Minkowski combination (55), it is clear that the log-
Brunn-Minkowski inequality implies the L,,-Brunn-Minkowski inequalities for each p > 0.
We note that there are easy examples that show that the L,,-Brunn-Minkowski inequality
(56) fails to hold for any p < 0 — even if attention were restricted to simple origin

symmetric bodies.
We show that the L,,-Brunn-Minkowski inequality (50) can be formulated equivalently as

the L,-Minkowski inequality:
Problem (6.2.6) [321]: Suppose 0 < p < 1. Show that if K and L are origin-symmetric
convex bodies in R™, then

1 1
AT Y V(L) \n
(o () 47)" = (755)" (57)
For each p > 1, the inequalities (56) and (57) are well known to hold for all convex bodies
(that contain the origin in their interior) and are also well known to be equivalent, in that
given one, the other is an easy consequence.
From Jensen’s inequality it can be seen that the L,,-Minkowski inequality (57) for the case
p = 0, the log-Minkowski inequality (50), is the strongest of the L,,-Minkowski
inequalities (57). The L,-Minkowski inequality for the case p = 1, the classical
Minkowski mixed-volume inequality, is weaker than all the cases of (57) where p € (0,1).
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Even in the plane the above problems are non-trivial and unsolved. One of the aims of this
IS to solve the problems in the plane. Solutions in higher dimensions would be highly
desirable.

We will prove the following theorems.

Theorem (6.2.7) [321]: Suppose 0 < p < 1. If K and L are origin-symmetric convex
bodies in the plane, then for all 4 € [0, 1],

% ((1 — 1)K+, L) > V(K (L) (58)
When 1 € (0, 1), equality in the inequality holds if and only if K = L.
Observe that the equality conditions here are different than those of Theorem (6.2.3).

Theorem (6.2.8) [321]: Suppose 0 < p < 1. If K and L are origin-symmetric convex

bodies in the plane, then,
1

1
h\P ;5 \p V(L)\z
(U5 Ge) av)” = ()" (59
with equality if and only if K and L are dilates.
Observe that the equality conditions here are different than those of Theorem (6.2.4).
The approach used to establish the geometric inequalities of these theorems is new.
Good general references for the theory of convex bodies are provided by the books of
Gardner [325], Gruber [327], Schneider [324], and Thompson [328].
The support function hy: R™ — R, of a compact, convex set K ¢ R" is defined, for x €
R™, by
hg(x) =max{x -y :y € K}, (60)
and uniquely determines the convex set. Obviously, for a pair K, L < R"™ of compact,
convex sets, we have
hy < h;,if and only if,K < L. (61)
Note that support functions are positively homogeneous of degree one and subadditive.
A convex body is a compact convex subset of R™ with non-empty interior. A boundary
point x € K of the convex body K is said to have u € S™~1 as one of its outer unit
normals provided x - u = hg(u). A boundary point is said to be singular if it has more than
one unit normal vector. It is well known (see, e.g., [324]) that the set of singular boundary
points of a convex body has (n — 1)-dimensional Hausdorff measure ™! equal to 0.
Let K be a convex body in R and vg: 0K — S™1 the generalized Gauss map. For
arbitrary convex bodies, the generalized Gauss map is properly defined as a map into
subsets of S™ 1,
However, 7™ 1-almost everywhere on 9K it can be defined as a map into S™*. For each
Borel setw < S™~1, the inverse spherical image vi!(w) of w is the set of all boundary
points of K which have an outer unit normal belonging to the set w. Associated with each
convex body K in R™ is a Borel measure S, on S™1 called the Aleksandrov-Fenchel-
Jessen surface area measure of K, defined by
Sk(w) = H" (vg' (0), (62)
for each Borel set w € S™1; i.e., Sy (w) is the (n — 1)-dimensional Hausdorff measure of

the set of all points on dK that have a unit normal that lies in w.
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The set of convex bodies will be viewed as equipped with the Hausdorff metric and thus a
sequence of convex bodies, K;, is said to converge to a body K, i.e.,
llm Ki = K,

i—>oo

provided that their support functions converge in C(S™1), with respect to the max-norm,
le.,
Ik, = hl|, = 0.
We shall make use of the weak continuity of surface area measures; i.e., if K is a convex
body and K; is a sequence of convex bodies then
llm Ki =K = llm SKL' == SKJ (63)

[ B=Yo'e) [—o00

weakly.
Let K be a convex body in R™ that contains the origin in its interior. The cone-volume
measure Vi of K is a Borel measure on the unit sphere S™~* defined for a Borel w € S™1

by

V(@) =~ [ I oL €5} (64)
and thus
dVy = ~hy dSy. (65)
Since,
V(K) == [ cons e @)dSg ), (66)

we can turn the cone-volume measure into a probability measure on the unit sphere by
normalizing it by the volume of the body. The cone-volume probability measure Vy of K
is defined
1
K = vE) K (67)
Suppose K, L are convex bodies in R™ that contain the origin in their interiors. For p # 0,
the L,,-mixed volume V},(K, L) can be defined as
h: \P
V(K L) = [y (i) V. (68)
We need the normalized L,,-mixed volume V, (K, L), which was first defined in [43],
1

1
_ V,(K,L)\P h\NP _\P
VP(K'L)_< V(K) ) _<Ln_1 (E) Vi) -
Letting p — 0 gives

_ h; _
Vo(K,L) =exp<j log—LdVK>,
sn—1 hK

which is the normalized log-mixed volume of K and L. Obviously, from Jensen’s
inequality we know that p +— V},(K, L) is strictly monotone increasing, unless h; /hy is
constant on sup p Sk.

Suppose that the function k. (u) = k(t,u): I x S™ 1 - (0,1) is continuous, where I ¢ R
Is an interval. For fixed t € I, let
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K, = ﬂ {x € R x - u < k(t, u))
uesn-1
be the Wulff shape (or Aleksandrov body) associated with the function k.. We shall make
use of the well-known fact that
hg, < k. and hg =kqa.ew.r.t.Sg, , (69)

for each t € I. If kt happens to be the support function of a convex body then hy, = k,
everywhere.
The following lemma (proved in e.g. [323]) will be needed.
Lemma (6.2.9) [321]: Suppose k(t,u):I x S™ 1 - (0,1) is continuous, where I c R is an
open interval. Suppose also that the convergence in

ok(t,u) . k(t+s,u)—k(t,u)

= lim
ot s-0 S

is uniform on S™ 1. If {K,}.; is the family of Wulff shapes associated with k., then

dV(K;) ok(t,u)
dt Ln_l ot Wk
Suppose K, L are convex bodies in R™. The inradius r (K, L) and outradius R(K, L) of K
with respect to L are defined by

r(K,L) =sup{t >0:x+tL c Kand x € R"},

R(K,L) = inf{t >0:x +tL.K and x € R"}.

If L is the unit ball, then (K, L) and R(K, L) are the radii of maximal inscribable and
minimal circumscribable balls of K, respectively. Obviously from the definition, it follows
that

1

r(K,L) =~ o (70)
If K, L happen to be origin-symmetric convex bodies, then obviously
T hg(u) _ hg(u)
r(K,L) = uélsrrrll_l—hL(u) and R(K, L) max oo o (71D

It will be convenient to always translate K so that for 0 < t < r = r(K, L), the function
k. = hg — th; is strictly positive. Let K; denote the Wulff shape associated with the
function k,; i.e., let K, be the convex body given by
Ki={x€e€R x -u < hg(u)—th,(u)forallu e S"1}. (72)
Note that K, = K, and that obviously
limK, = K, = K.

t—0
From definition (72) and (61) we immediately have
K, = {x € R™:x + tL € K}. (73)

Using (73) we can extend the definition of K, for the case wheret = r = r(K, L):
K, ={x€eR":x+rLCc K}
It is not hard to show (see e.g. the proof of (6.5.11) in [334]) that K,. is a degenerate convex
set (i.e. has empty interior) and that
ltl_r}?} V(K:) =V(K,) = 0. (74)
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From Lemma (6.2.9) and (68), we obtain the well-known factthatfor0 <t <r =
r(K, L),
V(K = —nVy (K, L). (75)
Integrating both sides of (75), and using (74), gives
Lemma (6.2.10) [321]: Suppose K and L are convex bodies, and for 0 <t <r =r(K, L),
the body K; is the Wulff shape associated with the positive function k, = hy — th;. Then,
for0<t<r=r(K,L),
V(K) = V(K,) = n [, V(K L)ds, (76)
where K, = {x e R": x + rL € K}.
we show that for each fixed p = 0 the L,,-Brunn-Minkowski inequality and the L,,-
Minkowski inequality are equivalent in that one is an easy consequence of the other. In
particular, the log-Brunn-Minkowski inequality and the log-Minkowski inequality are
equivalent.
Suppose p > 0. If K and L are convex bodies that contain the origin and s,t = 0 (not both
zero) the L,,-Minkowski combination s - K+, t - L, is defined by
S K+,t-L={x€€R": x-u< (she(w)? + th, WP)Y? for allu € S™ 1}
We see that for a convex body K and real s = 0 the relationship between the L,,-scalar
multiplication, s - K, and Minkowski scalar multiplication sK is given by:
1

s - K = sPK.

Suppose p > 0 is fixed and suppose the following “weak” L,,-BrunnMinkowski inequality
holds for all origin-symmetric convex bodies K and L in R™ such that V(K) =1 = V(L):

% ((1—,1)-K+p/1-E)21, (77)
for all A € (0, 1). We claim that from this it follows that the following seemingly
“stronger”
L,-Brunn-Minkowski inequality holds: If K and L are origin-symmetric convex bodies in
R™, then

V(s- K+, t-Lyn = sV + tV(L)r, (78)

forall s,t = 0. To see this assume that the “weak” L,,-Brunn-Minkowski inequality (77)
holds and that K and L are arbitrary origin- symmetrlc convex bodies. Let K =

V(K) nK andL =V (L)~ nL Then (77) gives

V(A= K+,2-L)21. (79)
14
LetA=—2E" _ Then
V(K)n+V(L)n
_ _ 1
(1-2)-K+,1-L= 7 (K+, L).
(V(K)n + V(L)n)

Therefore, from (79), we get
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V(K+, L)t > V(KR + V(L)R.
If we now replace K by s - K and L by t - L and note that V(s - K)% = sV (K)% , We obtain
the desired “stronger” L,,-Brunn-Minkowski inequality (78).
Lemma (6.2.11) [321]:Suppose p > 0. For origin symmetric convex bodies in R", the L,,-
Brunn-Minkowski inequality (56) and the L,,-Minkowski inequality (57) are equivalent.
Proof: Suppose K and L are fixed origin-symmetric convex bodies in R™. For0 < 1 < 1,

let
Q=0—-A1) -K+,1-L;

1
i.e., Q is the Wulff shape associated with the function g, = ((1 — )hE + ARD)P. It will
be convenient to consider g, as being defined for A in the open interval (—¢,, 1 + €,),
where €, > 0 is chosen so that for A € (—¢,,1 + €,), the function g, is strictly positive.
We first assume that the L,,-Minkowski inequality (57) holds. From (66), the fact that

1
hg, = (1 — DR} + Ah])? a.e. with respect to the surface area measure Sy, , (65) and
(68), and finally the L,,-Minkowski inequality (57), we have

1
V@) =5 hedso,
sn-1
1 .
= L (1= DAY+ AR dSe,
= (1 -D)VQnK)+AV,(Qs, L)

> (1= DV(Q) = V) + AV(Q) = V(L)n. (80)
This gives,

n/p
V(Q,) = <(1 — V() + )LV(L)%) > V()W (L), (81)

which is the L,,-Brunn-Minkowski inequality (56).

Now assume that the L,,-Brunn-Minkowski inequality (56) holds. As was seen at the
beginning, this inequality (in fact a seemingly weaker one) implies the seemingly stronger
L,-Brunn-Minkowski inequality (78). But this inequality tells us that the function

f:[0,1] = (0,00), given by f(1) = V(Q,l)% for 1 € [0, 1], is concave.
The convex body Q, is the Wulff shape of the function q; = ((1 — )RE + AhP)1/P. Now,
the convergence asA — 0 in

Ty =T
is uniform on S™~1. By Lemma (6.2.9), (65) and (68), and (66),
V@]  _ f hy Thy — hy
dAa 120 sn—1 P
Therefore, the concavity of f yields

dS, = 2
“p

V,(K,L) = V(K]
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p—n b b

V(K) » (LK, L) = V(K)) = f'(0) = f(1) = f(0) = V(L)» — V(K)n,
which gives the L,-Minkowski inequality (57).
Lemma (6.2.12) [321]: For origin symmetric convex bodies in R™, the log-Brunn-
Minkowski inequality (49) and the log-Minkowski inequality (50) are equivalent.
Proof: Suppose K and L are fixed origin-symmetric convex bodies in R™. For0 < 1 < 1,
let

Q,=01—-21)-K+,1-L;

i.e., Q; is the Wulff shape associated with the function q; = hx*h}. It will be convenient
to consider q; as being defined for all A in the open interval (—¢,,1 + ¢,), for some
sufficiently small €, > 0 and let Q, be the Wulff shape associated with the function g;.
Observe that since g, and g, are the support functions of convex bodies, Q, = K and Q,
L.
First suppose that we have the log-Minkowski inequality (50) for K and L. Now h,, =

hi *h{ a.e. with respect to S, and thus,

hi*h}
0= h,.lo das
V(0 - WO hy, o .
=(1-21 h l dS,, + 1——— hp,l as
=@ S "9 1y, P0a 4550 Sy "0y, B
V(K) 1 V(L)
>(1- /1)—l Qa)+/1; 09305 (82)

1 V@™V ()2

0
n 9TV
This gives the log-Brunn-Minkowski inequality (49) .
Suppose now that we have the log-Brunn-Minkowski inequality (49) for K and L. The
body Q, is the Wulff shape associated wit the function q; = hk *h{, and the convergence
asA—0in

dr — 9o

hy
— hy log —,

hy
is uniform on S™~1. By Lemma (6.2.9),

av(Qa) h
TA 120 fsn 1 hi log . dSK (83)

But the log-Brunn-Minkowski inequality (49) teIIs us that 4 — logV (Q,) is a concave
function, and thus

o |y 2 V@) = V(@) = log V(L) ~ logV (K). (84)

When (83) and (84) are combined the result is the log-Minkowski inequality (50).

We shall work exclusively in the Euclidean plane. We will make use of the properties of
mixed-volumes of compact convex sets, some of which might possibly be degenerate (i.e.
lower-dimensional).
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Suppose K, L are plane compact convex sets. Of fundamental importance is the fact that for
real s, t > 0, the area, V(sK + tL), of the Minkowski linear combination sK + tL = {sx +
ty : x € K and y € L} is a homogeneous polynomial of degree 2 in s and t:
V(sK + tL) = s?V(K) + 2stV (K, L) + t2V(L). (85)
The coefficient V(K, L), the mixed area of K and L, is uniquely defined by (85) if we
require (as we always will) it to be symmetric in its arguments; i.e.
V(K,L) =V (L K). (86)
From its definition, we see that the mixed area functional V (- ,-) is obviously invariant
under independent translations of its arguments. Obviously, for each K,
V(K,K) = V(K). (87)
The mixed area of K, L is just the mixed volume V; (K, L) in the plane and thus (from (68)
we see) it has the integral representation
V(K L) = % Jo h (W) dSg (W). (88)
If K is degenerate with K = {su: —c < s < c}, where u € S* and ¢ > 0, then Sy is an even
measure concentrated on the two point set {+u*} with total mass 4c.
From (85), or from (88), we see that for plane compact convex K, L, L' and real s,s’ > 0,
V(K,sL+s'L')y=sV(K,L)+s'V(K,L). (89)
But this, together with (86), shows that the mixed area functional V(- ,-) is linear with
respect to Minkowski linear combinations in both arguments.
From (88) we see that for plane compact convex K, L, L', we have
Lcl =VKL <V(K,L,
with equality if and only if h;, = h;, a.e. w.r.t. Sg (90)
The basic inequality, inequality (91), is Blaschke’s extension of the Bonnesen inequality. It
was proved using integral geometric techniques. It has been a valuable tool used to
establish various isoperimetric inequalities, see e.g., [325], [326], Since the equality
conditions of inequality (91) are one of the critical ingredients in the proof of the log-
Brunn-Minkowski inequality, we present a complete proof of inequality (91), with its
equality conditions.
Theorem (6.2.13) [321]: If K, L are plane convex bodies, then for r(K,L) <t < R(K, L),
V(K) — 2tV(K,L) + t*V (L) < 0. (91)
The inequality is strict whenever r(K,L) < t < R(K,L). When t = r(K, L), equality will
occur in (91) if and only if K is the Minkowski sum of a dilation of L and a line segment.
When t = R(K, L), equality will occur in (91) if and only if L is the Minkowski sum of a
dilation of K and a line segment.
Proof: Let r = r(K, L) and suppose t € [0, r]. Recall from (72) that
K, ={x € R™x -u < hg(u)—th,(u) forallu € S* 1},
and that from (73), we have
K, +tL S K. (92)
But (92), together with the monotonicity (90), linearity (89), and symmetry (86) of mixed
volumes, together with (87) gives
V(K,L) =2 V(K +tL, L) = V(K L) + tV(L). (93)
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Now Lemma (6.2.10) and (93) gives,

V(K) = V(K,) =2 f tV(KS,L)ds
0

<2 [[(V(K,L) — sV (L))ds (94)
= 2tV(K,L) — t2V(L).
Thus,
V(K) — 2tV(K,L) + t*V(L) < V(K.). (95)
From (93) and (94) we see that equality holds in (95) if and only if,
V(K,L) =V(K;+sL,L), forallse€]|0,t] (96),

which, from (92) and (90), gives
hg = hg, +sh, a.ew.r.t.S,
forall s € [0, t].
By (74) we know V (K,.) = 0 and thus K. is a line segment, possibly a single point.
Therefore, from (95) we have

V(K) —2rV(K,L) + r?V(L) < 0. (97)
We will now establish the equality conditions in (97). To that end, suppose:
V(K)—2rV(K,L) +r?V(L) = 0. (98)

Then by (96) we have,
V(K,L) =V(K, +7L,L).
But this in (98) gives:
V(K) —2rV(K,+ 7L L) +r2V(L) = 0,
which, using (89), can be rewritten as
V(K) —2rV (K., L) — r?V(L) = 0,
and since V(K,) = 0 can be written, using (89), as
V(K)-V(K,+rL)=0.
Since K,. + rL € K, the equality of their volumes forces us to conclude that in fact K, +
rL = K.
Therefore, K is the Minkowski sum of a dilation of L and the line segment K,. (which may
be a point).
Since 1/R(K, L) = r(L,K) from (71), from inequality (97), and its established equality
conditions, we get
V(L) —2r'V (L,K)+r"?V (K) <0, wherer'=7r(L,K)=1/R(K,L),
with equality if and only if L is the Minkowski sum of a dilation of K and a line segment.
But, using the symmetry of mixd volumes (86), this means that
V(K)—2RV(K,L) + R*V(L) < 0,where R = R(K, L), (99)
with equality if and only if L is the Minkowski sum of a dilation of K and a line segment.
Finally, inequalities (97) and (99) together with the well-known properties of quadratic
functions show that
V(K) — 2tV(K,L) + t?V(L) < 0, whenever r(K,L) < t < R(K, L).
Given a finite Borel measure on the unit sphere, under what necessary and sufficient
conditions is the measure the cone-volume measure of a convex body? This is the unsolved
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log-Minkowski problem. It requires solving a Monge-Ampere equation and is connected
with some important curvature flows (see e.g. [233], [334], [336]). Uniqueness for the log-
Minkowski problem is more difficult than existence. Even in the plane, the uniqueness of
cone volume measure has not been settled. If the cone-volume measure is that of a smooth
origin-symmetric convex body that has positive curvature, uniqueness for plane convex
bodies was established by Gage [334] and in the case of even, discrete, measures in the
plane is treated by Stancu [336].

We shall establish the uniqueness of cone-volume measure for arbitrary symmetric plane
convex bodies. For non-symmetric plane convex bodies the problem remains both open
and important.

The uniqueness of cone-volume measure is related to Firey’s worn stone problem. In
determining the ultimate shape of a worn stone, Firey [331] showed that if the cone-
volume measure of a smooth origin-symmetric convex body in R™ is a constant multiple of
the Lebesgue measure (on S™~1), then the convex body must be a ball. This established
uniqueness for the worn stone problem for the symmetric case. In R3, Andrews [332]
established the uniqueness of solutions to the worn stone problem by showing that a
smooth (not necessarily symmetric) convex body in R® must be a ball if its cone volume
measure is a constant multiple of Lebesgue measure on S2.

The following inequality (100) was established by Gage [14] when the convex bodies are
smooth and of positive curvature. A limit process gives the general case, but the equality
conditions do not follow. As will be seen, the equality conditions are critical for
establishing the uniqueness of cone-volume measures in the plane.

Lemma (6.2.14) [321]: If K, L are origin-symmetric plane convex bodies, then
h2 V(K)
f51h_lzdSK = mfsl hy dSk, (100)
with equality if and only if K and L are dilates, or K and L are parallelograms with parallel
sides.

Proof: Since K and L are origin symmetric, from (71) we have

r(K,L) < ) _ R(K, L)
T h () T Y
for all u € S*. Thus, from Theorem (6.2.13) we get
vao — 2y e 1y 4 <h"(u))2 V(L) <O0.
hy(u) , hy (u) B

Integrating both sides of this, with respect to the measure h; dSk, and using (88) and (66),
gives

0> j (V(K) LA R <hK(u)> V(L)) h, (W) dSy ()
Sl

h,(w) hy (u)
_ hy (u)?
= =2V(K)V(K,L) + V(L) @) dSg(u).

This yields the desired inequality (100).
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Suppose there is equality in (100). Thus,
V(K) — 2By g 1) + (’”‘—(”))2 V(L) =0, for all u € supp Sg.  (101)
hw N hy, (W) ’ K
If K and L are dilates, we’re done. So assume that K and L are not dilates. But K # L
implies that (K, L) < R(K,L). From Theorem (6.2.13), we know that when

hy (w)
r(K,L) < h, () < R(K,L),

it follows that
hy (u) hy (u)

hy(u) hy ()

and thus we conclude that

hg(uw)/h;,(w) € {r(K,L),R(K, L)} forall u € supp Sg (102).
Note that since K is origin symmetric supp Sy is origin symmetric as well. Either there
exists u’ € supp Sy so that hy (uy)/h,(ug) = r(K, L) or hg(uy)/h,(uy) = R(K,L).
Suppose that hg (ug)/h;(ug) = r(K, L). Then from (101) and the equality conditions of
Theorem (6.2.13) we know that K must be a dilation of the Minkowski sum of L and a line
segment. But K and L are not dilaltes, so there exists an x, # 0 so that

hi (W) = |x0 - ul + (K, L)k, (w),

for all unit vectors u.This together with hy (uy)/h;(uy) = r(K, L) shows that x, is
orthogonal to u, and that the only unit vectors at which hy /h;, = r(K, L) are u, and —u,.
But supp Sx must contain at least one unit vector u, € supp Sk other than +u,. From
(102), and the fact that the only unit vectors at which hyx /h; = r(K, L) are u, and —u,, we
conclude hy (uq)/h;(u;) = R(K, L) and by the same argument we conclude that the only
unit vectors at which hy /h; = R(K, L) are u, and —u,. Now (102) allows us to conclude
that

V(K) -2

V(K, L)+ < ) V(L) <0,

supp Sk = {Zuo, tuy}.
This implies that K is a parallelogram. Since K is the Minkowski sum of a dilate of L and a
line segment, L must be a parallelogram with sides parallel to those of K. If we had
assumed that hg (ug)/h;(uy) = R(K, L), rather than r(K, L), the same argument would
lead to the same conclusion.
It is easily seen that the equality holds in (100) if K and L are dilates. A trivial calculation
shows that equality holds in (100) if K and L are parallelograms with parallel sides.
The following theorem was established by Gage [325] when the convex bodies are smooth
and have positive curvature. When the convex bodies are polytopes it is due to Stancu
[326].
Theorem (6.2.15) [321]: If K and L are plane origin-symmetric convex bodies that have
the same conevolume measure, then either K = L or else K and L are parallelograms with
parallel sides.
Proof: Assume that K # L. Since

Ve =V,
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it follows that V' (K) = V(L). Thus, since K # L, the bodies cannot be dilates. Thus
inequality (100) becomes

h h
forzdVie = [ KdVK and [, KdVL > [oapkdv, (103)

with equality, in either mequallty, if and only |f K and L are parallelograms with parallel
sides. Using (103) and the fact that V, = V;, both twice, we get

hy, (w) hi ()
Slh[(( )dVK( )— Sth( )dVK( )

[ @)
- <1 hL(u) dVL(u)

hy(u)
B s1 hy (u)
hy (u)
= o () dVi(u).
Thus, we have equality in both inequalities of (103) and from the equality conditions of
(103) we conclude that K and L are parallelograms with parallel sides.
Lemma (6.2.16) [321]: Suppose K is a plane origin-symmetric convex body, with V(K) =
1, that is not a parallelogram. Suppose also that P, is an unbounded sequence of origin-
symmetric parallelograms all of which have orthogonal diagonals, and such that V' (P,) =
2. Then, the sequence

av(w)

log hp, (u) dVi(u)
Is not bounded from above.
Proof: Let u, ,u, ; be orthogonal unit vectors along the diagonals of P,. Denote the
vertices of Py by *hy uy x, £h, xu, . Without loss of generality, assume that 0 < hy j <
h, k. The condition V(P,) = 2 is equivalent to h, . h, , = 1. The support function of Py is
given by
hp, () = max{hy o [u - uyi| hogu - uggl}, (104)
for u € S1. Since S is compact, the sequences u4, k and u,, k have convergent
subsequences. Again, without loss of generality, we may assume that the sequences u4, k
and u,, k are themselves convergent with
lim u, , = u, and Ilgrglo Uy = Uy,

k— oo

where u, and u, are orthogonal.

It is easy to see that if the cone-volume measure, Vi ({£u,}), of the two-point set {+u,} is
positive, then K contains a parallelogram whose area is 2V, ({£u,}). Since K itself is not a
parallelogram and V(K) = 1, it must be the case that

Vie((Fus)) <. (105)
Foré € (Oé), consider the neighborhood, U, of {+u,}, on S1,
Us={u€St|u-ul|>1-56}
Since Vi (S1) = V(K) = 1, we see that for all or § € (0,%)
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Vi (Us) + Vi (Ug) = 1, (106)
where Uy is the complement of Us.
Since the Ug are decreasing (with respect to set inclusion) in § and have a limit of {+u;},

611)%1 Vk(Us) = Vg ({£u1}).
This together with (105), shows the existence of a §- > 0 such that
1
VK(U6O) < E
But this implies that there is a small €, € (0,%) so that

7o = Vi(Us,) — >+ € < 0. (107)
This together with (106) gives
VeWs) =3—€+7, and  Vi(U§) =5+€ —1. (108)

Since u;;, converge to u;, we have, |u;;, — u;| < 8, whenever k is sufficiently large (for
both k = 1 and k = 2). Then for u € Us,_ and k sufficiently large, we have
|- ug el 2 |u-ug| = |- (Uge — ug)
2 |u-ug| = ug e — uy
>1-46,—6,
2 60,
where the last inequality follows from the fact that §, < % . For all u € S, we know that
1

lu-wy|* + [u-uy|? = 1. Thus, for € Ug , we have [u - u,| > (1 — (1 = §,)?)2 > 26,

which shows that when k is sufficiently large,
lu-uppl = [u-up| —u- (g — uz)l

= u-uy| — |ug e — Uyl
> 26, — 6,
= §,.
From the last paragraph and (104) it follows that when k is sufficiently large,
Sohy i if u€Us,
fipy () 2 {50h2,k if €UE . (109)

By (109) and (106), (108), the fact that 0 < h, , < h, together with (107), and finally the
fact that hy x h, , = 1 together with €, € (Oé ), we see that for sufficiently large k,

f log hp, dVy = j log hp, dVy +f log hp, dVg
Sl

Us, us,
= log 6, + Vg (Us,) log hy i + Vi (Us,) log hy
1 1
= logé, + (E + 7, —€) log hyy + (E — Tyt &) log hy
1
= 10g8, + 26,109 hyj + (5 =€) l0g(hykha ) + To(l0g by — log hyk)
> logé, + 2€, log hy .
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Since Py is not bounded, the sequence h, ; is not bounded from above. Thus, the sequence
f log hp, dVg
51

Is not bounded from above.
Lemma (6.2.17) [321]: If K is a plane origin-symmetric convex body that is not a
parallelogram, then there exists a plane origin-symmetric convex body K, so that V(K,) =
1and

log hy dVi = log hg, dVg
for every plane origin-symmetric convex body Q with V(Q) = 1.
Proof: Obviously, we may assume that V(K) = 1. Consider the minimization problem,

inf | log hgy dVg
s1

where the infimum is taken over all plane origin-symmetric convex bodies Q with V(Q) =
1. Suppose that Q,, is a minimizing sequence; i.e., Qy is a sequence of origin-symmetric
convex bodies with V(Q;) = 1 and such that f51 log hg, dV) tends to the infimum (which
may be —).
We shall show that the sequence Q,, is bounded and the infimum is finite.
By John’s Theorem, there exist ellipses E), centered at the origin so that
E, € Q, C V2E,. (110)
Let uy x, uy k, be the principal directions of Ej, so that
hix < hyy, where hyy =hg (u, k) and hyy = hg, (uy, k).
Let P, be the origin-centered parallelogram that has vertices {£h ju; g, Thy Uz i }.
(Observe that by the Principal Axis Theorem the diagonals of P, are perpendicular.)
Because of E;, < 2Py, it follows from (110) that
P, c Q, C 2P,. (111)
From this and V(Q;) = 1, we see that V(P,) = %.
Assume that Q,, is not bounded. Then Py is not bounded. Applying Lemma (6.2.16) to
V8P, shows that the sequence | c1log hp, AV is not bounded from above. Therefore, from
(111) we see that the sequence fsl log hg, dV, cannot be bounded from above. But this is
impossible because @, was chosen to be a minimizing sequence.
We conclude that Q,, is bounded. By the Blaschke Selection Theorem, Q; has a convergent
subsequence that converges to an origin-symmetric convex body K,, with V(K,) = 1. It
follows that [, log hg, dV is the desired infimum.
We repeat the statement of Theorem (6.2.4):

Theorem (6.2.18) [321]: If K and L are plane origin-symmetric convex bodies, then
f log a7, > L10g L L)
o IR =29k
with equality if and only if either K and L are dilates or when K and L are parallelograms
with parallel sides.
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Proof: Without loss of generality, we can assume that V(K) = V(L) = 1. We shall
establish the theorem by proving

log h; dVy = log hg dVy,
with equality if and only if either K and L are dilates or if they are parallelograms with
parallel sides.
First, assume that K is not a parallelogram. Consider the minimization problem

minj log hodVy,
s1

taken over all plane origin-symmetric convex bodies Q with V(Q) = 1. Let K, denote a
solution, whose existence is guaranteed by Lemma (6.2.17). (Our aim is to prove that K, =
K and thereby demonstrate that K itself can be the only solution to this minimization
problem.)
Suppose f is an arbitrary but fixed even continuous function. For some sufficiently small
8, > 0, consider the deformation of hy_, defined on (—6,,8,) X S1, by

4e(w) = 4(t,u) = h, (we ™.
Let Q; be the Wulff shape associated with g;. Observe that Q; is an origin symmetric
convex body and that since q, is the support function of the convex body K,, we have
Qo = Ko.
Since K, is an assumed solution of the minimization problem, the function defined on

(_60' 60) by
1
t — V(Q;) 2exp {f log thdVK},
S1

attains a minimal value at t = 0. Since h,, < g, this function is dominated by the
differentiable function defined on (-6, 6,) by

1
t— V(Q,) Zexp { f log qthK}-
S

But clearly both functions have the same value at 0 and thus the latter function attains a
local minimum at 0. Thus, differentiating the latter function at t = 0, by using Lemma

(6.2.9), and recalling that V(Q,) = V(K,) = 1, shows that
1
=5 | e @f @ dsi, 00 + [ @ v =0,
Sl Sl

Thus, since f was an arbitrary even function, we conclude that
J @) dVig, (W) = f (w) dVi (W)
S
for every even continuous f, and therefore,
VK - VKO.
By Theorem (6.2.15), and the assumption that K is not a parallelogram, we conclude that

KO == K
Thus, for each L such that V(L) = 1,

1
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log h; dVy = | log hg dVi,
Sl Sl

with equality if and only if K = L. This is the desired result when K is not a parallelogram.
If K is a parallelogram the proof is trivial, but for the sake of completeness we shall
include it.
Assume that K is the parallelogram whose support function, for u € S?, is given by

hg(u) = ai|vy - ul + az|vy - ul,
where v, v, € ST and a;,a, > 0. Then suppSy = {+vi ,+vy }, while Vo ({+v;i}) =
2a,a,|v; - va|,and |vy - vy | = |v, - vi|. Itis easily seen that V(K) = 4a,a,|v; - vy| =
1, and that

exp [;1log hy AV = R (v)hy (v3). (112)
Recall that V(L) = 1. The parallelogram circumscribed about L with sides parallel to those
of K has volume
4h, (v, (V)| - v3|TL = 16aya,h, (vi)hy (v3),
and thus, 16a,a,h; (vi)h,(vy) = V(L) = 1, or equivalently

h,(vi)h,(vy) =

16a,a,’
with equality if and only if L itself is a parallelogram with sides parallel to those of K.
Thus, by (112), the functional f51 log h;dVy attains its minimal value if and only if

hy (v, (v4) = T

I.e., if and only if L is a parallelogram with sides parallel to those of K.

Lemma (6.2.12) shows that the log-Minkowski inequality of Theorem (6.2.18) yields the
log-Brunn-Minkowski inequality (51) of Theorem (6.2.3). To obtain the equality
conditions of the log-Brunn-Minkowski inequality (51), we need to analyze the equality
conditions of the inequality (82) in the proof of Lemma (6.2.12). The equality conditions
for the log-Minkowski inequality of

Theorem (6.2.18) show that equality in inequality (82) would imply that either K, L and Q;
are dilates or that K, L and Q, are parallelograms with parallel sides. This establishes the
equality conditions of Theorem (6.2.3).

Jensen’s inequality (along with its equality conditions), shows that the L,-Minkowski
inequality, for p > 0, of Theorem (6.2.8) follows from the L,-Minkowski inequality of
Theorem (6.2.18).

Lemma (6.2.11) shows that the L,,-Minkowski inequality of Theorem (6.2.8) yields the L,,-
Brunn-Minkowski inequality of Theorem (6.2.7).

To obtain the equality conditions of the L,,-Brunn-Minkowski inequality (58) of Theorem
(6.2.7) we need to analyze the equality conditions of inequalities (80) and (81) of Lemma
(6.2.11) which were used to derive the L,-Brunn-Minkowski inequality of Theorem (6.2.7)
from the L,,-Minkowski inequality of Theorem (6.2.8).
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From the equality conditions of Theorem (6.2.8), we know that equality in inequality (80)
implies that K and L are dilates. But inequality (81) is a direct consequence of the
concavity of the log function and this concavity is strict. Hence, equality in inequality (81)
implies that V(K) = V(L).

Thus we conclude that equality in the L,-Brunn-Minkowski inequality (58) of Theorem
(6.2.7) implies that K = L.

Section (6.3): Stability of Brunn—Minkowski Type Inequalities
The classical Brunn—Minkowski inequality states that for A € [0,1] and for Borel
measurable sets A and B in R™, such that (1 — A)A + AB is measurable as well,

1 1 1
|AZA+ (1 —A)B|n = A|A|n+ (1 — 1)|B|~. (113)

Here | - | denotes the Lebesgue measure, the addition between sets is the standard vector
addition, and multiplication of sets by non-negative reals is the usual dilation.
This inequality has found many important applications in Geometry and Analysis (see
e. g.Gardner [372]for an exhaustive survey on this subject). For example, the classical
isoperimetric inequality can be deduced in a few lines from (113). Also, Maurey
[373]deduced from this inequality the Poincaré inequality for the Gaussian measure and
Gaussian concentration properties. Based on Maurey’s results, Bobkov and Ledoux proved
that the Brunn—Minkowski inequality implies Brascamp—Lieb and log-Sobolev inequalities
[372]; they also deduced sharp Sobolev and Gagliardo—Nirenberg inequalities [373]. A
different argument was developed by [374]to deduce Poincaré type inequalities on the
boundary of convex bodies from the Brunn—Minkowski inequality.
Recall that a convex body is a convex compact set with non-empty interior. The family of
convex bodies of R™will be denoted by K™. For the theory of convex bodies see Ball [371],
Bonnesen, Fenchel [374], Koldobsky [374], Milman and Schechtman [379], Schneider [375]
and others. A measure y on R™ is called log-concave if for any pair of sets A and B and for
any scalar 1 € [0,1],

YA+ (1= )B) = y(A)y(B)r™ (114)
Borell showed [375] that a measure is log-concave if it has a density (with respect to the
Lebesgue measure) which is log-concave (see also Prékopa [376], Leindler [377]). In
particular, the Lebesgue measure on R" is log-concave:

1A+ (1 — A)B| = |A|}B|* (115)
Inequality (113)implies (115)by the arithmetic—geometric mean inequality. Conversely, a
simple argument based on the homogeneity of Lebesgue measure shows that (115) implies
(113) (see [372]). In general, a property analogous to (113) may not hold for log-concave
measures which are not homogeneous. The transposition of (113) to a measure y,

1 1 1
YAA+ (1 —-A)B)n =2 Ay(A)n+ (1 — A)y(B)», VA € [0,1], (116)
as A and B vary in some class of sets, will be called. If y is the Gaussian measure, A =
{p},p € R", and B is measurable set with positive measure, then the set A + B is the translate
of B by p. Hence, letting |p| — oo, and keeping B fixed, (116) fails. Moreover, Nayar and
Tkocz [380] constructed an example in which (116) fails for the Gaussian measure while
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both A and B contain the origin. Gardner and Zvavitch [373] proved that, for the Gaussian
measure, (116) holds if the sets A and Bare convex symmetric dilates of each other. They
also proposed a conjecture for the Gaussian measure, that we state it in a more general form.
Conjecture (6.3.1)[362]: (Gardner, Zvavitch — generalized). Let n > 2. Let y be a log-
concave symmetric measure (i.e. y(A) = y(—A)for every measurable set A) on R". Let
Kand L be symmetric convex bodies in R™. Then

1 1 1
YAK+ (1 =)L) = Ay(K)n+ (1 = D)y(L)n (117).
Next, we pass to describe the log-Brunn—Minkowski inequality. For a scalar A4 € [0, 1] and
for convex bodies Kand L containing the origin in their interior, with support functions hy
and h,, respectively (for the definition), define their geometric average as follows:
KA = {x € R" : (x,u) < hE(Whi™* (W)Vu € S*1}, (118)
where (-,-) is the standard scalar product in R™. This set is again a convex body, whose
support function is, in general, smaller than the geometric mean of the support functions of
K and L. The following is widely known as log-Brunn—Minkowski conjecture (see [6]).
Conjecture (6.3.2) [362]: (Boroczky, Lutwak, Yang, Zhang). Let n = 2 be an integer. Let
K and L be symmetric convex bodies in R™. Then
|[KAL2| = |K|M LA (119)
Important applications and motivations for Conjecture(6.3.2)can be found in [378].
It is not difficult to see that the condition of symmetry is necessary , Béroczky, Lutwak,
Yang and Zhang showed that this conjecture holds for n = 2. Saroglou [373] and Cordero,
Fradelizi, Maurey [371]proved that (119) is true when the sets Kand L are unconditional (i.e.
they are symmetric with respect to every coordinate hyperplane). Rotem [372]showed that
log-Brunn—Minkowski conjecture holds for complex convex bodies. Saroglou showed
[374]that the validity of Conjecture(6.3.2)would imply the same statement for every log-
concave symmetric measure y on R™: for every symmetric K,L € K™ and for every 1 €
[0,1],
y(KAL4) = y (K y (L) (120)
Note that the straightforward inclusion
KM cAK+ (1 - )L
tells us that (120)is stronger than (114), for every measure.
In [376] Nayar and Zvavitch showed that (120) implies (117) for every ray-decreasing
measure y on R"™and for every pair of convex sets K and L. Therefore,
Conjecture(6.3.1)holds on the plane and for unconditional sets.
The main results are the two theorems below.
Theorem (6.3.3) [362]: (The dimensional Brunn—Minkowski inequality near a ball). Let y
be a rotation invariant log-concave measure on R™. Let R € (0, o). Lety € C%(S™1). Then
there exists a sufficiently small a > 0 such that for every €,, €, € (0,a) and for every 1 €
[0, 1], one has

YK, + (1= DK = Ay (K + (1 — Dy (Ko,
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where K; is the convex set with the support function h; = R + €,y and K, is the convex set
with the support function h, = R + €,.
Theorem (6.3.4) [362]: (The log-Brunn—Minkowski inequality near a ball). Let y be a
rotation invariant log-concave measure on R™. Let R € (0, ). Let ¢ € C2(S™ 1) be even
and strictly positive. Then there exists a sufficiently small a > 0 such that for every €;, €, €
(0,a) and for every A € [0, 1], one has

y(K{K3 ™) 2 v (KD Yy (KR)'
where K, is the convex set with the support function h; = Rp®t and K, is the convex set
with the support function h, = Rp*z.
Theorem(6.3.4) can be used to obtain a local unigqueness result for log-Minkowski problem
(see Boroczky, Lutwak, Yang, Zhang [367]), and the corresponding investigation shall be
carried out in a separate manuscript.
We work in the n-dimensional Euclidean space R™ with norm | - | and scalar product (:,).
We set B}: = {x € R™: |x| < 1}and $S" !:= {x € R™: |x| = 1}, to denote the unit ball and
the unit sphere, respectively. We shall denote the Lebesgue measure (the volume) in R™ by
| - 1.
We say that a set A c R™ is symmetric if for every x € Aone has —x € A. All measures
under consideration will be tacitly assumed to be Radon measures, and all sets will be
assumed to be measurable. A measure y on R"is called symmetric if for every set S c
R™, y(S) = y(=S). If the measure has a density then it is symmetric whenever the density
Is an even function.
A measure y on R" is said to be rotation invariant if for every set A ¢ R", and for every
rotation T,y (A) = y(TA). If a rotation invariant measure y has a density F, we may write
F in the form:

F(x) = f(xD),
for a suitable f:[0,0) = [0, ).
For K € K™, the support function of K, hy: S*1 — R, is defined as

hi (u) = supyex(x, u).
By the geometric viewpoint, hy(u) represents the (signed) distance from the origin of the
supporting hyperplane to Kwith outer unit normal u. We shall use the notation Hg (x) for
the 1-homogenous extension of hy, that is,
X

|x|hg <|X|) if x #0,
0 if x = 0.
The function Hy is convex in R", for every K € K™. Vice versa, for every continuous 1-
homogeneous convex function Hon R™, there exists a unique convex body Ksuch that H =
Hy.
Note that K € K ™contains the origin (resp., in its interior) if and only if hy = 0(resp. hx >
0) on $™1. For convex bodies K and L, and for a, f = 0, we have:

hak+pL(W) = ahg() + Bhy(w). (120)

Hy(x) =
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We say that a convex body K is C#* if 0K is of class C? and the Gauss curvature is strictly
positive at every x € dK. In particular, if K is C%*then it admits outer unit normal vy (x) at
every boundary point x. Recall that the Gauss map v: 9K — S™lis the map assigning the
unit normal to each point of JK.

C?%* convex bodies can be characterized through their support function. We recall that an
orthonormal frame on the sphere is a map which associates a collection of n — 1orthonormal
vectors to every point of S"~1. Let ¢ € C?(S™"). We denote by y;(u) and v;;(w),i,j €
{1,...,n — 1}, the first and second covariant derivatives of 1 at u € $*1, with respect to a
fixed local orthonormal frame on an open subset of $*~1. We define the matrix

..... ij=1,.n-1’ (122)

where the §;;’s are the usual Kronecker symbols. On an occasion, instead of Q(y; u) we
write Q (v). Note that Q (1; u) is symmetric by standard properties of covariant derivatives.
The meaning of this matrix becomes particularly important when 1 is the support function
of a convex body K. In this case we shall call it curvature matrixof K. The proof of the
following proposition can be deduced from Schneider [375, Section 2.5].
Proposition (6.3.5) [362]: Let K € K™ and let h be its support function. Then Kis of class
Cc%* ifand only if h € C2(S™ 1) and
Q(h;u) >0 VuesSt1,

In view of the previous results it is convenient to introduce the following set of functions

C*r(S"H ={hec?S"NH):Qh;u) >0vVuesS1}.
Hence €2 (S™ 1)is the set of support functions of convex bodies of class C%*.
Remark (6.3.6) [362]: Lety € C*(S™1). The notation V,,, stands for the spherical gradient
of Y, i.e. the vector (14, ...,¥,,_1), Where y;are the covariant derivatives of i with respect
to the i-th element of a fixed orthonormal system on S$™~1. Let @ be the 1-homogeneous
extension of ¥ to R™. Then we have

VO W) = $2@) + |Voy )| (123)
foreveryu € S* 1,
We denote the family of centrally symmetric convex bodies by KJ'. The notation
cZ* (S"Hwill stand for the set of support functions of centrally symmetric C%* convex
bodies, i.e. functions from C%*(S$™~1) which are additionally even.
Let h be the support function of a C%* convex body K, and let ¢ € C%*(S™1); then, by
Proposition(6.3.5),

hg:=h+ sy € C*T(S"1) (124)

if s is sufficiently small, say |s| < a for some appropriate a > 0. Hence for every s in this
range there exists a unique C%* convex body K, with the support function k. For an interval
1, we define the one-parameter family of convex bodies:

K(h,,I) :={K; : hy, = h+sy,s €},
Lemma (6.3.7) [362]: Assume that y is a symmetric log-concave measure with continuously
differentiable density. Conjecture(6.3.1)holds for y if and only if for every one-parameter
family K(h,y, ), with even h and v,
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Ly E ) lsmo - ¥ < (| ) (125),

n 5=0

In particular, if (125) holds for K;in a fixed family K (h,y, I), then Conjecture(6.3.1)holds
for all sets K in that family.
Proof: Assume first that y satisfies (117)on the system K(h,v,I). Then the equality hy =
h + sy, s €1, and the linearity of support function with respect to Minkowski addition,
imply that for every s,t € I and for every A € [0, 1]

Kis+a-nt = AKs + (1 = DK,
By (117),

1 1 1 1
¥ Kas+a-pe)n = ¥ (AKs + (1 = DK)n 2 Ay (Ks)n + (1 = Dy (Ko)n,
1
which means that the function y (K;)=is concave on I. Inequality (125) follows.
1
Conversely, suppose that for every system K (h,,I) the function y(K)» has non-positive

1
second derivative at 0, i.e. (125) holds. We observe that this implies concavity of y (K;)» on
the entire interval . Indeed, given s0in the interior of I, consider A = h + sy, and define
a new system K(h,1,]), where J is a new interval such that A + s = h + (s + so)y €

1
C?%*forevery s € J. Then the second derivative of y (K;)» at s = s, is negative, as it is equal

1 1

to the second derivative of y(K)» at s = 0. On the other hand, the concavity y (K)= on the
family K (h,, 1) is equivalent to the validity of (117)on this family.
A similar approach can be used for the log-Brunn—Minkowski inequality. In order to do this
we introduce a corresponding type of one-parameter families of convex bodies. In this case,
additive perturbations are replaced by multiplicative perturbations.
Leth € C2*(S" ) and ¢ € C2(S™ 1), with @ > 00on S"1. Then there exists a > 0 such
that

hs = he® € C>*(S"1) Vs € [—a,al.
In particular, by Proposition(6.3.5), for every s € [—a, a]there exists a C**convex body
Qs whose support function is h.
We introduce the corresponding 1-dimensional systems.

Q(hoI):= Qs € K":hQS = h<ps,S €I}

Lemma (6.3.8) [362]: Let y be a symmetric log-concave measure with continuously
differentiable density. Assume that Conjecture(6.3.2) holds for a measure y, i.e. (120)is valid
for every pair of symmetric convex sets Kand L and for every A € [0, 1]. Then for every one-
parameter family Q; € Q(h, ¢, ), with h and ¢ even,

L logy@)| <o (126)
s=0

The converse is true locally: if (126) holds for all Qin a fixed family Q(h, ¢, 1), then
Conjecture(6.3.2) holds for all sets Qs in Q(h, ¢, [0, €])for a small enough interval [0, €] c
I.
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Proof: Let h € C%*(S™ 1) and ¢ € C%(S™ 1) be strictly positive even functions on $*71;
there exists a > 0 such that hg: = h,s is the support function of a convex body Q,forall s €
[—a, a]. Note that for s, t € [—a, a] we get

Ms+-ae = hEni4,
and thus

Qas+a-1r = Q4QF™.
If the Conjecture(6.3.2)is true, then

¥(Qas+a-nr) = ¥(QQE ) =y (@) (@)™,

which means that y(Qy) is log-concave in [—a, a].
The following Lemma is the key step in proving Theorem(6.3.3). To prove it, we express a
measure of a convex set in terms of its support function and run a long and technical
computation, involving integration by parts; the complete proof is outlined.
Lemma (6.3.9) [362]: Let R > 0. Let y be a rotation invariant measure with density f(|x|),

and let A = fol t""1f(Rt)dt. In the case hy = R, (125)is equivalent to the validity of the
following inequality for every ¥ € C%(S™1):
ARf'(R)

Af(R)
|§n_1| ((n - 1) fgn—l lpzdu - fSTL—l |VO'l/) |2du) + |Sn—1| fSn—l lpzdu S
— 2
"= f(R)? (|sn1—1| Jynes o) (127)
By Lemma(6.3.7), to prove the Theorem, it suffices to show the validity of (127). Let us
denote the quadratic operators appearing in the left-hand side and in the right-hand side of

the inequality (127) by B, (y) and B, (1), correspondingly. That is,
ARf'(R)

Bi(¥) = E (0 = 1) [y 2du = [y 1Votp [Pdu) + 550 [ p2du,
and

n-1__ (1 :
B = " 1R (g [ )

The next step is to decompose ¥ as the sum of a constant function and a function which is
orthogonal to constant functions. Let us write

Y =19+,
where
l/)O = @ fgn—l l/Jdu and fgn—l lpldu = 0.
Note that
Y?do = Yado + Yido.
Sn—l Sn—l §n—1
Therefore,
31(1/1) = B1(l/)o) + 31(1/11)'
as well as

B,(¥) = B, (Yo) + By (Y1).
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Since y is radially symmetric, one has f' < 0. Moreover, by the standard Poincaré inequality
on the unit sphere,
(Tl - 1) fgn—1 ¢2du - fgn—1|Va¢|2du <0, (128)
for every 1 such that
Jn-1du = 0. (129)
Thus
Bi(¥1) <0 = B, (¥1).

To prove (127) it remains to show that

By ($0) < By (¥o). (130)
This condition is equivalent to
Y(Ar, By + (1 = )ryBy)n = Ay (r B3)n + (1 = Dy (B, (131)

for some r;,, € [R, R + €]. As was shown in [366] (see also [377]), this statement follows
from log-Brunn—Minkowski conjecture in the case of log-concave spherically invariant
measures and when Kand L are Euclidean balls. The latter is indeed true: it follows from the
results of [371] and [363].

As before, we start with a Lemma, which shall be rigorously proved.

Lemma (6.3.10) [362]: Let R > 0. Let y be arotation invariant measure with density f(]|x|),

and let A = fol t""1f(Rt)dt. In the case hy = R, (126)is equivalent to the following
inequality:
Alnf(R) + Rf' (i Jgna W2du — Af (R) i

|sm—1
1

2
f@®)? (s Jgna o) (132)
for every even y € C2(S?).
We follow the argument of the previous and split the proof into two cases.
Case 1.Consider an even i € C%(S™ 1) such that [ = 0. Here we use some basic facts
from the theory of spherical harmonics, which can be found, for instance in [375, Appendix],
where will find hints to the corresponding literature. We denote by A,the spherical Laplace
operator (or Laplace—Beltrami operator), on $*~1. The first eigenvalue of 4, is 0, and the
corresponding eigenspace if formed by constant functions. Hence the zero-mean condition
on v implies that v is orthogonal to such eigenspace. The second eigenvalue of 4, isn — 1,
and the corresponding eigenspace is formed by the restrictions of linear functions of R"to
$"~1. As each of them is odd and i is even, i is orthogonal to this eigenspace as well.

Finally, the third eigenvalue is 2n. Then the inequality (132) amounts to
1 1

|V |2du <

2 f(R) 2
g Jom VP S R e Ty Pdu (133)
Hence
1 1 1
T fSn_llpzdu < = |V | du. (134)
Since f is decreasing, we have f'(R) < 0, and hence
RS 1, 1 (135)

nf(R)+Rfr(R) — n~ 2n’
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The inequalities (134)and (135)imply (133).

Case 2.Let Y be a constant function. The inequality (132) holds for constant functions
because, once again, the log-Brunn—Minkowski inequality holds in the case of spherically
invariant measures and Euclidean balls.

To summarize, we established (132) separately for constant functions and centered
functions. A polarization argument analogous to the one presented in the proof of The-
orem(6.3.3)finishes the proof.

A formula expressing a measure of a convex set in terms of its support function

Let y be a probability measure on R"™; we assume that y has a density F with respect to the
Lebesgue measure, and that F is sufficiently regular (e. g.continuous).

Lemma (6.3.11) [362]: Let K be a C**convex body; let hand H be the support function of
K and its homogenous extension, respectively. Assume that the origin is in the interior of K.
Then

Y(K) = [qus h(y)detQ(h; y) [ t"1F (tVH())dtdy.  (136)
The cofactor matrix and related notions
Let M = (m;;) be an N X N symmetric matrix, N € N. We define C[M], the cofactor matrix
of M, as follows

= (c;; [M]). n M1 = ddet T N

Cl} ij=1,., Werecl][ ]_amij( )l,] = 1,..., V.

C[M]isan N X N symmetric matrix. Using the homogeneity of the determinant we get
bj=1Cij [M]my; = N det(M). (137)

We shall also consider the second derivatives of the determinant of a matrix with respect to
its entries:

y d0%det y
Cl] kl[ ] aml]amkl ( )
By homogeneity we have that, for every i,j = 1,...,N
Y1 Cijpr [MImy = (N — 1)Cij [M]. (138)

Let h € C>*(S™ 1), and assume additionally that h € C3(S™1). Consider the cofactor
matrix y — C[Q(h; y)]. This is a matrix of functions on $"~1. The lemma of Cheng and
Yau asserts that each column of this matrix is divergence-free.

Lemma (6.3.12) [362]: (Cheng-Yau). Let h € CZ*(S* 1) n C3(S™1). Then, for every
index j € {1,...,n — 1} and for everyy e s" 1,

Z(q, [QChs )i =0,

where the sub-script idenotes the derivative with respect to the i-th element of an
orthonormal frame on $™~1,
We shall often write C(h), cij(h) and c¢;j(h) in place of C[Q(Rh)], c;;j[@(h)] and

cij i [@(h)] respectively.
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As a corollary of the previous result we have the following integration by parts formula. If
heC> (S Hnc3S™Handy, p € C?2(S™ 1), then

Jon-1 i (W Wij + ¥ 8;)dy = [gur ¥ ci;(B) (@ + 98;)dy. (139)
The Lemma of Cheng and Yau admits the following extension (see by the first-named
author, Hug and Saorin-Gomez [370]).
Lemma (6.3. 13) [362]: Let y € C32(S™ 1) and h € C?>*(S™ 1) nC3(S™ ). Then, for
every k € {1,...,n — 1} and for every y € §*71

Z“U alQChs Iy + P8, =

Correspondlngly we have for every h € C2H(S"H nC3(S" 1), ¢, ¢, 0 € C2(S™ 1) and
je{l,...,n —1}

§n—1¢ Cijrr (M (Pij + 96i;) (P + POr)dy

= Jon1 Cijra(R) (@i + 96i) () + Yo dy. (140)
As usual, y is a radially symmetric log-concave measure on R™, with density F with respect
to Lebesgue measure; in particular, we write Fin the form:
F(x) = f(lxD.
We will assume that f is smooth, more precisely f € C2([0,)). Letus fix h € C#*(S"*™1)
and let K be a convex body with support function h. Let ¢ € C2(S™1) and consider the
one-parameter system of convex bodies K(h,,[—a, a]) for a suitably small a > 0. In
particular for every s € [—a, a] there exists a convex body K; such that hx_ = hg. Hence we
may consider the function
g:l—aal >R, g(s) = y(Ky).
The aim of this subsection is to derive formulas for the first and second derivative of g(s)
at s = 0. We start from the expression:

1
9(8) = fgn-s hs(w) det(Q(hs;w)) [y t* ' f(tyh2(w) + |Vshs(w)[D)dtdu,

where we used Lemma(6.3.11), the rotation invariance of y, and Remark(6.3.6). To simplify
notations we set

=Q(hs; w),  Q=Qo Ds=I[RZ(W) + |V;h;w)|*]*/?, D = Dy;
As = [FeLf(eD)de, A= Ao Bg = [l t"f'(¢eDy)dt, B = By;
C; = [, t™1f"(¢Dg)dt ,C = Cp.

Then
96 = [ pdet@)) Asdu + | hocis(hi) by + w8 Asd
sn- sn-
+ fins hs det(Qs)Bs ”S¢+<ng5"7‘“’”du. (141)

Passing to the second derivative (for s = 0) we get
Sn_l
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W+ (Gh Y
D u

h + (W h, 7,

+ jgn_lAhcif’kl(h)(wij + ¥6;;) W + Ybi)du
i + (Vyh, V,1p) ]
D du

+2 j ¥ det(Q)B
Sn—l

+ fS n_lhdet(Q)C[

2
+ jg n_lhdet(Q)B [D(hz + |V, p)%) — I + W;)h’ a2l ]%du. (142)

We now focus on the fourth summand of the last expression. Applying formulas (140)and
(138)we get

Jsn-r Ahcij (W) Wy + P8ij) Wiy + PSi)du
= Jon-1 Weij () @i + ¥6;;) ((AR) g + AhSy)du
= Jon-1 WCijra (M) Wi + ¥6;;) (A(hyy + hdyy) + 2Axhy + hA)du

= fSn-lAlpCij,kl(h)(wij + ¢6ij)(hkl + hakl)du

+ Yeijra(W) @i+ ¥é;;)(2Ah + hAy)du

gn-1

= (M= 2) [gu-r Ay (W) (Wi + P8;j)du
+ Yeij (M) @y + o) (2Axh, + hAy)du

gn—-1

Hence
144 —h o-h’ g
9"(0) =1 [iums ey (R) (i + Y6y ) Adu + 2 [,  det(Q)B E2Tel) gy

i + (V,h, 7,

+ Yeij ()W + ¥6;)(2Ah; + hAy)du

§n—1
2
+ j h det(Q)C ht/}+(l7;h,\701p)] du
§n—1

h VoV ) %] 1
+ fur h det(QB [D(? + 7,p|?) — Tl

D D2
Let h = R, R > 0. This choice considerably simplifies the situation as:

Q=Rl,_; V,=R;, D=R; c¢;(h)=R"16;

A= jot”‘lf(Rt)dt, B =J0 t"f'(Rt)dt, C =JO t" 1" (Rt)dt.

Here I,,_; denotes the (n — 1) X (n — 1) identity matrix. In particular A does not depend on
the point u on $"~1, so that

du. (143)
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Ai = A” =0 OTLSn_l.
Hence g(0) = |S" 1|R™4, and
g'(0) =R" 14 Ydu + R"‘lAJ (4s¢ + (n— Dy)du + R™B Ydu

gn-1 gn-1 gn-1
= R" " '(nA + RB) [, Ydu. (144)
Here we used the fact that, by the divergence theorem on $™1,

f A du = 0.
§n—1

As for the second derivative, we haveg
g"(0) =nR"2A [, Y (4,9 + (n — Dp)du + 2R"'B [, P*du
+2R"B [ W( Ao + (n— DY))du+ R™C [, pPdu

+ R j V|2 du.

Sn—l
By the divergence theorem,
fSn—l YA, pdu = — fSn—l |Valp|2du ’
and thus
g"(0) = R"?(4,(n — 1) + 2nRB + R*C) [, Y?du — R**(nA +
RB) [u Vol du. (145)
Integrating by parts in t, we get
f(R) =nA+RB,
and
f'(R)=(+1)B+RC.
Thus we obtain

9'(0) = R"™£(R) [, P, (146)
and
g'(© = R"Hn- DR +RFM] | Wi du=—R"2fR) | I%ylPdu
= R 2F(R) ((n = 1) s W2ddu — [, |V 2du) +
R"™f'(R) fgur 2. (147)

This concludes the proof of Lemma(6.3.9).

Proof of the Lemma(6.3.10)

Firstly, we state the following.

Lemma (6.3.14) [362]: Let n > 2. Let y be a measure on R™. Fix h € C**(S" 1),¢p €
C2(S™ 1), > 0and set Y = hloge. Let K(h,y,I), with I = [—a,a] and a > 0, be the
corresponding one-parameter family. Consider the function f(s) = y(Ks). Introduce the
additional notation for the operator F(h,y): = f'(0). Set

dF h,h+sw1/)
Ah = £ Y)

(148)

s=0
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Consider the one-parameter family Q(h, ¢, [—a, a]), i.e. the collection of sets with support
functions hy = h?®,s € [—a,a]. Let g(s) = y(Qs). Then
*g9(0) = f(0);
*g'(0) = f'(0);
*9"(0) = f"(0) + A(h, ¥).
The proof of the Lemma immediately follows from the fact that
hos = h+ shlog ¢ + o(s), ass — 0,
with the selection ¥ = hlogp. When h = R > 0, the additional term introduced in
Lemma(6.3.14)can be written as follows:

A(h,¥) = f(R) Pidu.

gn-1

That, together with Lemma(6.3.9), implies Lemma(6.3.10).

Finally, we note that Lemma(6.3.14)implies the following result.

Theorem (6.3.15) [362]: (Infinitesimal form of Log-Brunn—Minkowski conjecture). Let
n =2 be an integer. If Conjecture(6.3.2)is true, then for every h € Ce“(S"‘l),lp €
C2(S™ 1), even and strictly positive,

r(Q~1 _ —\2 _
fo 2 OR g (o 2dT) < [ 20 WV, P, (149)

Here h is the support function of K, Q(h) Is the curvature matrix of K and
_ 1
dv, = m—h,{(u) detQ(hg(w))du
Is the normalized cone measure of the convex body K.
A corresponding infinitesimal Brunn—Minkowski inequality for Lebesgue measure was
obtained by [379]and reads as:

-1cp _ —\2
fgn—l lpZ wdvh - (Tl - 1) (fgn—l%dvh) <

Jgnos = (Q LAYV, V)T, (150)
Note that by the Cauchy—Schwarz inequality,

[ Eana(] tan)
gn—-1 §n1

Hence, (149) is indeed a strengthening of (150).

In particular, letting ¢ = 1we arrive to the following corollary of Theorem(6.3.15).
Corollary (6.3.16) [362]: (A strengthening of Minkowski’s second inequality. ). Let K be a
convex symmetric set in the plane, or a convex unconditional set in R™. Then,

_1r 2
V(K) (Va2 (K) + [y 5y 40 < Vot (K2 (151)
where V,,_; are the intrinsic volumes of K, vk (y)stands for the unit normal at y € dKand

do(y) is the surface area measure on 9K .
Minkowski’s second inequality, which states that for every convex set K < R™ one has

Vo (K)Vaoa () < T 2V, (K,
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Is deduced from (151)by using the Cauchy—Schwarz inequality. For a more general version
of this inequality see, for example, Schneider [375, Chapter 4] .
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