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Abstract

Differential Algebraic Equation arise a variety of application. There for their
analysis and numerical treatment plays an important role. We give examples of
DAEs are considered showing their importance for practical problem and known
index concept. In the context of the tractability index existence and uniqueness of
solution for low index linear DAEs. The main tool is a procedure to doucaple the
DAE into it’s dynamical and algebraic part and use result to study numerical

method when applied to linear DAEs.

We present two cases application of series method to find some solution of
DAEs system by processing of the series solutions with Laplace-Pade (LP). Finally
found analytical solution of (PDAES) in two system index-1 and index-3 by
(LPPSM).
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Chapter 1
Introduction to Differential Algebraic Equations

We consider implicit differential equations
flx'(®),x(@),t) =0 (*)
On an interval 7 c R. If %is nonsingular, then it is possible to formally

solve (*) for x'in order to obtain an ordinary differential equation. However, if

a—;,is singular, this is no longer possible and the solution xhas to satisfy certain

B)
. . . of - .
algebraic constraints. Thus equations (*) where a—j:,ls singular are referred to as

differential-algebraic equationsor DAEs.

These notes aim at giving an introduction to differential-algebraic
equations and are based on four lectures given by the author during his stay at
the University of
Auckland in 2003.

We deal with examples of DAEs. Here problems from different kinds of
applications are considered in order to stress the importance of DAEs when
modeling practical problems.

The each DAE is assigned a number, the index, to measure its complexity
concerning both theoretical and numerical treatment. Several index notions are
introduced, each of them stressing different aspects of the DAE considered.
Special emphasis is given to the tractability index for linear DAEs.

The definition of the tractability index in the second section gives rise to
a detailed analysis concerning existence and uniqueness of solutions. The main
tool is a procedure to decouple the DAE into it’s dynamical and algebraic part.
In section three this analysis is carried out for linear DAEs with low index as it
was established by Mérz.

The results obtained, especially the decoupling procedure, are used in the
fourth section to study the behavior of numerical methods when applied to
linear DAEs.

1.1 Examples of differential-algebraic equations.

Modeling with differential-algebraic equations plays a vital role, among
others, for constrained mechanical systems, electrical circuits and chemical
reaction kinetics. We will give examples of how DAEs are obtained in these
fields.

We will point out important characteristics of differential-algebraic
equations that distinguish them from ordinary differential equations.



More information about differential-algebraic equations can be found.
1.1.1 Constrained Mechanical Systems:

h

Figure 1.1: The mathematical pendulum

Consider the mathematical pendulum in figure 1.1. Let mbe the pendulum’s
mass which is attached to a rod of length [. In order to describe the pendulum in
Cartesian coordinates we write down the potential energy

U(x,y) = mgh = mgl —mgy (1.1)
Where (x(t),y(t)) is the position of the moving mass at time t. The earth’s
acceleration of gravity is given by g, the pendulum’s height is h. If we denote
derivatives of x and yby x and y respectively, the kinetic energy is given by

1

T(x,y) = Em(a’cz + y2). (1.2)
The term %2 + y?2 describes the pendulum’s velocity. The constraint is found to
be

0=g(xy) =x*+y*— 1% (1.3)
(1.1)-(1.3) are used to form the Lagrange function

L(g,q) =T, y) —U(x,y) — Ag(x,y).

Here qgdenotes the vector g = (x,y,4). Note that A, serves as a Lagrange
multiplier. The equations of motion are now given by Euler’s equations

d /0L oL
E<a—qk> —a—qk = 0, k = 1,2,3.
We arrive at the system
mix + 2Ax =0,
my —mg + 21y = 0,
9g(x,y) = 0. (1.4)

By introducing additional variables u = x and v = y we see that (1.4) is indeed
of the form (*).



When solving (1.3) as an initial value problem, we observe that each
initial value
x(ty), v(ty) = (x9,¥o) has to satisfy the constraint (1.3) (consistent
initialization).
No initial condition can be posed for A, as Ais determined implicitly by (1.4).

Of course the pendulum can be modeled by the second order ordinary
differential equation

Q= —%simp
When the angle ¢@is used as the dependent variable. However for practical
problems a formulation in terms of a system of ordinary differential equations is
often not that obvious, if not impossible.
1.1.2 Electrical circuits:
Modern simulation of electrical networks is based on modeling

techniques that allow an automatic generation of the model equations. One of
the techniques most widely used is the modified nodal analysis (MNA).

Example (1.1.1):

G
@ -
V C

Figure 1.2: A simple circuit
To see how the modified nodal analysis works, consider the simple circuit in
figure 1.2 .1t consists of a voltage sourcev, = v(t), a resistor with conductance
Gand a capacitor with capacitanceC > 0. The layout of the circuit can be

described by
-1 1 0
Ay = ( 0 -1 1 >
1 0 -1

where the columns of A,correspond to the voltage, resistive and capacitive
branches respectively. The rows represent the network’s nodes, so that —1 and
1 indicate the nodes that are connected by each branch under consideration.
Thus A assigns a polarity to each branch.

By construction the rows of A,are linearly dependent. However, after deleting
one row the remaining rows describe a set of linearly independent equations; the

€ €




node corresponding to the deleted row will be denoted as the ground node. The
matrix
-1 1 0
4= ( 0 -1 1)
Is called the incidence matrix. It is now possible to formulate basic physical
laws in terms of the incidence matrix A. Denote with iand vthe vector of branch
currents and voltage drops respectively and introduce the vector e of node
potentials.
For each node the node potential is it’s voltage with respect to the ground node.
e Kirchhoff’s Current Law (KCL):
For each node the sum of all currents is zero} = A; = 0.
e Kirchhoff’s Voltage Law (KVL):
For each loop the sum of all voltages is zero.} = v = ATe

For the circuit in figure 1.2 KCL and KVL read

—iy+i;=0; —ig+ic= 0 (1.5.a)
and

vy = —eq, Vg = €1 — €y, Ve =6y (1.5.b)
respectively. If we assume ideal linear devices the equations modelling the
resistor
and the capacitor are

. . dv,

ic = Gug, ic=C pr (1.5.¢0)
Finally we have

vy = v(t) (1.5.d)
For the independent source which is thought of as the input signal driving the

system.

The system (1.5) is called the sparse tableau. The equations of the modified
nodal analysis are obtained from the sparse tableau by expressing voltages in
terms of node potential via (1.5.b) and currents, where possible, by device
equations (1.5.c):

—iy+G(e; —e;) =0
de,
—G(e;—e))+C——=0

dt
—81 =7

0 e, ' G -G -1\ /& 0
=3 (c) (0 1 0) <92> + (—G G 0 ><62> = (o) (1.5)
0 Ly -1 0 0/ \iy v

The MNA equations reveal typical properties of DAEs:



(i) Only certain parts of x = (ey, e,, i) Tneed to be differentiable. It is sufficient
if e, and i, are continuous.
(i) Any initial condition x(t,) = x, needs to be consistent, i.e. there is a
solution
passing through x,. Here this means that we can pose an initial condition for
e,ori,only.
For (1.6) it is sufficient to solve the ordinary differential equation
e,(t) = —C71G(v(t) + e, (D).

e, (t)can be thought of as the output signal. The remaining components of the
solution are uniquely determined as

e1(t) = —v(t),iy(t) = G(e1(t) + e2(1)).
Another important feature that distinguishes DAEs from ordinary differential
equations is that the solution process often involves differentiation rather than
integration.
This is illustrated in the next example.
Example (1.1.2):
If we replace the independent voltage in figure 1.2 source by a current source
i; = i(t) and the capacitor by an inductor with inductance L, we arrive at the
circuit in figure 1.3. The sparse tableau now reads

_il + iG = 0, _iG + iL = O, (16 a)
VUV = —é4q, vG =€ — €y, UV, = €y, (16 b)
ic=G e 1.6
ic = Gyg, v, = TR (1.6.¢)
i, = i(t). (1.6.d)
e ,\/\/\l e,
G
I L

Figure 1.3: Another simple circuit
Thus the modified nodal analysis leads to
G(ey —ey) = i(t)
_G(el - 62) + iL - 0

LE_eZ =0 (17)

The solution is given by



i, = i(t),

di,  di(t)
-1 -L_1
¢2 dt dt '’
di(t
e, = e, + GLi(t) = L% + 6D,

under the assumption that the current i(t) is differentiable. Notice that all
component values are fixed. To solve for e, we need to differentiate the current
.

1.1.3 A transistor amplifier:

We will now present a more substantial example adapted . Consider the
transistor amplifier circuit in figure 1.4.

The circuit consists of eight nodes, U,(t) = 0.1 sin(2007t) is an arbitrary 100
Hz input signal and eg, the node potential of the 8th node, is the amplified
output. The circuit contains two transistors. We model the behavior of these
semiconductor devices by voltage controlled current sources

Igate =(1- a)g(egate - esource)»

lrain = ag(egate — Esource);

Isource = g(egate - esource)
with a constant « = 0.99, gis the nonlinear function

v
g:R—>Rv—gw)=p <exp (U—)> f =107 U = 0.026.
F

Figure 1.4: Circuit diagram for the transistor amplifier
It is also possible to use PDE models (partial differential equations) to model
semiconductor devices. This approach leads to abstract differential-algebraic
systems.
The modified nodal analysis can now be carried out as in the previous
examples.
Consider for instance the second node. KCL implies that



0 = _icl - iRl - iRl - igate,z
= _C1Vél — Vg, G — 6,6, — (1-a)g(e; —e3)
=—C; — (e, — 1) —e;Gy — (e, = Up)Gy + (@ — 1) g (e, — e3)
=C; —(e; — ) — e;(Gy + G) + Uy Gy + (@ — 1) g(e; — e3)
U, = 6is the working voltage of the circuit and the remaining constant
parameters

of the model are chosen to be
1
Go=1073,G, = 5 1073,k =1,...,9, C, =107%k=1,..,5.

A similar derivation for the other nodes leads to the quasi-linear system

A(Dx(t)) = b(x(t)) (1.8)

with
Cy 0 0 0 0
—C; 0 0 0 0 \
o -¢, O 0 0
0 0 —-C; O 0
0 0 0 —C, 0
\ 0 0 0 0 Cs)
0 0 0 0 —Cs
-1 1. 0 0 0 0O 0 O
O 01 0 O 0 00O
D=0 00 -1 1 0 0 O
0 0 O 0 0 1 0 O
0 0 O O 00 -1 1

—U,G,y + e,G,
(_UbGz +e,(Gy + G2) — (a—1)g(e; — 93)\
—g(e; — e3) + e3G;
—UpGy + e4Gy + ag(e; — e3)
—UpGe + e5(Gs + Gg) — (@ — 1)g(es — e6)
—g(es — eg) + €6y
K —UpGg + e,Gg + ag(es — ) /
eglo
A numerical solution of (1.8) can be calculated using Dassl or Radaub.
A mathematically more general version of (1.9) is
A(x(8), ) (D(O)x(8)) = b(x(t), ) (1.9)
with a solution dependent matrix A. We identified x;with the node potential e;.
Let us assume that N,(t) = kerA(x(t),t)D(t) does not dependent on x. We
will follow and investigate (10) in more detail. With

b(x) =




fQ,x, ) = A (), )y — b(x(0), t),
(1.9) can be written as

f ((D@x(®),x(6),t) = 0. (1.10)
Denote B(y,x,t) = f,.(y,x,t) and let Q(t) be a continuous projector function
onto N,(t). Calculate
G (v, x,t) = A(x, t)D(t) + B(y, x, )Q(¢).
For the transistor amplifier (1.10) in figure 1.4 this matrix is always
nonsingular. We want to use this matrix in conjunction with the Implicit
Function Theorem to derive an ordinary differential equation that determines
the dynamical flow of (1.9). Let D(t)~be defined by
DD™D =D, DD~ =1,
D™DD™ =D, D™D =P :=1Ig—Q.
I, denotes the identity in R¥and D (t)~is a generalized reflexive inverse of D(t).
For more information on generalized matrix inverses.
For a solution x of (1.10) define
u(t) =D®)x(t),w(t) =D@®)"u'(t) + Q(t)x(t).
Observe that A(Dx)" = ADwand x = Px+ Qx =D " Dx+ Qx =D u+ Qw.
Thus it holds that
(1.10) & ADw + b(x,t) & F(w,u,t) := f(Dw,D"u+ Qw,t) = 0.
Note that
u' = R'u+ Dw,
since Dw = DD~ u + DQx = (Ru)’ = u’ — R'u. The mapping Fcan be studied
without requiring x to be a solution. Let (y,, xo, to) € R>*8*1 such that
f Yo, %0, to) = 0.
Forwy, = D(ty) " yo + Q(tg)xo, ug = D(ty)x, it follows that
o F(wy,ug, to) = f(Yo, %o, tp) =0,
o E,(wo,ug to) = Gy (Yo, X0, to)
is nonsingular.
Due to the Implicit Function Theorem there isa ¢ > 0 and a smooth mapping
w : By(ug, tp) X J - R™

satisfying

w(Ug, ty) = wy, Flw(u,t),u,t) =0 V(u,t) € B,(u, to).
We use wto define

x(t) = D) u(t) + Q(t)w(u(t), t),t € 7.

whereuis the solution of the ordinary differential equation

u=(t) =R'(H)u(t) + D(t)w(u(t),t),u(ty) = D(ty)xy-(1.11)



x is indeed a solution of (1.9), since

f ((D(t)x(t))’,x(t), t) =f(',D"u+ Quw(u,t),t) = F(w,u,t) =0.
This example shows that there is a formulation of the problem in terms of an
ordinary differential equation (1.11) as was the case for the mathematical
pendulum in the first example. However, (1.11) is available only theoretically as
it was obtained using the Implicit Function Theorem. Thus we have to deal
directly with the DAE formulation (1.9) when solving the problem.
Nevertheless, (1.11) will play a vital part in analyzing (10) and in analyzing
numerical methods applied to (1.9).

It will be shown how (1.11) can be obtained explicitly for linear DAEs. devoted
to showing that there are numerical methods that, when applied directly to (1.9),
behave as if they were integrating (1.11), given that (1.11) satisfies some
additional properties. In this case results concerning convergence and order of
numerical methods can be transferred directly from ODE theory to DAEs.
1.1.4 The Akzo Nobel Problem:

The last example originates from the Akzo Nobel Central Research in
Arnhem, the
Netherlands, and is again taken. It describes a chemical process in which two
species, FLB and ZLU, are mixed while carbon dioxide is continuously added.
The resulting species of importance is ZLA. The reaction equations are given.

1 k
2 FLB + - CO, S FLBT + H,0
ky/K
ZLA + FLBK 2 FLBT + ZHU

k
FLB + 2ZHU + CO, > LB + nitrate

1 k
FLB.ZHU + 5 CO, S ZLA + H,0

ZLB + ZHU 2 FLB.ZHU
The last equation describes an equilibrium where the constant
[FLB.ZHU]
S [FLB]-[ZHU]
plays a role in parameter estimation. Square brackets denote concentrations.
The chemical process is appropriately described by the reaction velocities

1
r = ky - [FLB]*-[CO,],
r, =k, - [FLBT]-[ZHU],

k
-[FLB] - [ZLA],

2
Ee



1, = ks - [FLB] - [ZHU]?,

1
r5 =k, - [FLB.ZHU]? - [CO,]z,
The inflow of carbon dioxide per volume unit is denoted by F;,,and satisfies

F, = klA- (p(COZ) _ [coz]>.

klAis the mass transfer coefficient, Hthe Henry constant and p(CO0,) is the
partial carbon dioxide pressure. It is assumed that p(CO,) is independent of
[CO,]. The various constants are given by

k, =18.7, k, =042, K,=115.83,

k, = 0.58, K =344, p(CO,) = 0.9,

ks = 0.09, klA = 3.3, H = 737.

If we identify the concentrations
[FLB],[CO,],[FLBT],[ZHU], [ZLA), [FLB.ZHU]

with x4, ..., x, respectively, we obtain the differential-algebraic equation

=211+ 1, —13 —T.
100 0 0 0 R \
0 1.0 0 0 0 —oh oot
0O 01 0 0 O x’(t)= =1+ 13 (1.12)
0O 0 01 0 O -1, + 12 — 21,
\0 00010 LA
0000 0O \ s /
Ksx1x4 — x¢

This DAE can be analyzed in a similar way as the previous example. The matrix

100 0 0 0
01 0 0 0 042x5/x,
00 1

G, =AD +BQ = 00‘1)8 0
\0 00 0 1 0.84x6\/x_2/
0 00 00 1

is always nonsingular. Here, A = D = diag(1,1,1,1,1,0) was chosen.
1.2 Index Concepts for DAEs.

We saw that DAEs differ in many ways from ordinary differential
equations. For instance the circuit in figure 1.3 lead to a DAE where a
differentiation process is involved when is solving the equations. This
differentiation needs to be carried out numerically, which is an unstable
operation. Thus there are some problems to be expected when solving these
systems. We try to measure the difficulties arising in the theoretical and
numerical treatment of a given DAE.

10



1.2.1 The Kronecker Index:
Let’s take linear differential-algebraic equations with constant
coefficients as a starting point. These equations are given as
Ex'(t) + Fx(t) = q(t), ted (1.13)
with E, F € L(R™). Even for (2.1) existence and uniqueness of solutions is not
apriori clear.
Example (1.2.1): For the DAE

1 0\, 0 1
(0 O)x (t)+(0 O)x(t) =0
a solution x = (2) is given byx, (t) = g(t) and x,(t) = — fttog(s) ds, where

thefunction g € € (9, R) can be chosen arbitrarily.

In order to exclude examples like (1.13) we consider the matrix pencil ,AE + F.
The pair (E, F) is said to form a regular matrix pencil, if there is a A , such that
det(AE + F) # 0.

A simultaneous transformation of Eand Finto Kronecker normal form makes a
solution of (1.13) possible.

Theorem (1.2.2): (Kronecker) Let (E,F) form a regular matrix pencil. Then
there exist nonsingular matrices U and V such that

UEV=((I) 1(\),) UFV=(8 (I’);

where N = diag(Ny, ..., Ni)is a block-diagonal matrix of Jordan-blocks N; to
the eigenvalue 0.

Notice that due to the special structure of Nthere is u € N such that N#~1 =
Obut N* = 0. u is known as N’s index of nilpotency. It does not depend on the
special choice of Uand.

We solve (1.13) by introducing the transformation

=y (). (9) - va

Thus (1.13) is equivalent to
UEV(V™1x(t)) + UFVV~1x(t) = Uq(t)

I 0\ (u@®)) , (C 0/[u(t a(t
< (0 N) (UES) + (0 I) (178) - (bgti)' (1.14)
The first equation is an ordinary differential equation
u'(t) + Cu(t) = a(t)
for the ucomponent. The second equation reads

11



v(t) = b(t) — Nv'(t) = b(t) — N(b'(t) — Nv" (1))
u—1

= b(t) = Nb'(t) + N2v" () = - = Z(—N)ib(i)(t) (1.15)
i=0

determining the vcomponent completely by repeated differentiation of the right
hand side b. Since numerical differentiation is an unstable process, the index uis
a measure of numerical difficulty when solving (1.13).

Definition (1.2.3): Let (E,F) form a regular matrix pencil. The (Kronecker)
index of (14) is 0 if E is nonsingular and u, i.e. N’s index of nilpotency,
otherwise.

1.2.2 The differentiation index:

How can Definition (1.2.3) be generalized to the case of time dependent
coefficients or even to nonlinear DAES? If we consider (1.15) again, it turns out
that

u—1

V()= ) (~N)bED),
i=0

meaning that exactly udifferentiations transform (1.14) into a system of explicit
ordinary differential equations. This idea was generalized by Gear, Petzold. The
following definition.
Definition (1.2.4): The nonlinear DAE
fl'(t),x(t),t)=0 (1.16)

Has (differentiation) index p if p is the minimal number of differentiations

, fx' (@), x(0), t) df(x'(¢), x(t), t)

fE&'(),x(t),t) = 0, = =0,.., g

such that the equations (1.16) allow to extract an explicit ordinary differential
system x'(t) = @(x(t), t) using only algebraic manipulations.
We now want to look at four examples to get a feeling of how to calculate the
differentiation index.
Example (1.2.5): For linear DAEs with constant coefficients forming a regular
matrix pencil we have differentiation index uif and only if the Kronecker index

=0(1.17)

IS u.
Example (1.2.6): Consider the system
x'=f(x,y) (1.18.a)
0=g(y). (1.18.b)
The second equation yields
dg(x,y) , :
0= = 9., ¥)x" + g, (x, y)y".

dt

12



If g,(x,y) is nonsingular in a neighbourhood of the solution, (1.18) is
transformed to
x'=f(x,y) (1.18.a")
y' ==gy(xt, ) gx(x, y)x" = =gy (x, y) g (6, ¥)f (x,y) (1.18.0)
and the differentiation index is u = 1.
The DAE (1.5) modeling the circuit in figure 1.2 is of the form (1.18) with

G _ o
x=ey=(7). fy) = Z(er—e) and g(x,y) = (G(elel fi)v lv)

Note that g, (x,y) = (Cl; _01) is nonsingular so that (1.5) is an index 1

equation.
Example (1.2.7): The system
x'=f(x,y) (1.19.a)
0=g(x) (1.19.b)
can be studied in a similar way. (1.19.b) gives
g_de® _ _ ,
=~ = g ()x' = g:(Df (0,y) = h(x,y). (119.5)

Comparing with example (1.2.6) we know that (1.19.a), (1.19.b’) is an index 1
system if hy(x; y) remains nonsingular in a neighborhood of the solution. If
this condition holds, (1.19) is of index 2, as two differentiations produce

x'=f(x,y) (1.19.a)
y, = —hy(x,y)_lhx(x,y)f(x,y)

= - (gx(x)fy(x: y))_l (gxx(x)(f(x’y)'f(x’ y))

+ g (DN f (7). (1.19.5")
(1.19.b”) defines the “hidden constraint” of the index 2 equation (1.19).
The DAE (1.7) modeling the circuit in figure 1.3 can be written as

i = %ez = f (i, e,) (1.20.a)
0=1i,—1i; =g(i). (1.20.b)
The remaining variable e, is determined by e; = e, + G71i;, where i,is the
input current. (1.20) is of the form (1.18) with x =i,and y = e,. hy(x,y) =
xfy =1- % Is nonsingular and the index is 2.
Example (1.2.8): Finally take a look at the system

x'=f(x,y) (1.21.a)
y' =gy, 2) (1.21.b)
0 = h(x). (1.21.¢)
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Differentiation of (1.2.4c) yields

P o hGOx’ = hx(Of (ry) = A ) (121.€)

0=
dt

and

p_ (XY _ o fey) ) _
v =(}) = (g(x’y,z)) — f(x,9)(1.21.) and (1.21.b) (1.21.3)

0=h(x,y)=gx) (1.2.4¢) (1.21.Db)
is of the form (1.19) with x = (;) and y = z. Define

h(x,9) = g.(x)f (x,1)
and compare with (1.19.b’) to find that (1.21) is of the index 2 if

B,Co) = gy () = (Rufy) ()
= (hae(F) + hafehy (£ + 1) () = Befy 0

remains nonsingular. This shows that (1.20) is an index 3 system if the matrix
hy(x)f,(x,y)g.(x,y,z)is invertible in a neighbourhood of the solution
(x,y,2).
Hidden constraints are given by (1.20.¢”) but also by

b(x,9) = g (X)f(x,9) = hy (f, ) + Ao fif + hxfyg =0,
which is condition (1.19.b”) in terms of the index 2 system (1.21).
Consider again the mathematical pendulum from section 1.1 in the formulation

x, =u= fl(x'yru'v)

y, =V = fz(x,y,U,U)
2
u' = —Elx =g,(x,y,u,v,1)

2
v =+4g —Ely = g,(x,y,u,v, 1)
0=x%+y%—1%=h(xy). (1.22)
For [ > 0 the value h(x,y)f(u,v)g, = —%(x2 + y?) is always nonsingular so

that (1.12) is an index 3 problem.
1.3 The Tractability Index.

In definition (1.2.4) the function fis assumed to be smooth enough to
calculate the derivatives (1.18). In applications this smoothness is often not
given. For instance in circuit simulation input signals are continuous but often
not differentiable.

We want to study the tractability index introduced by Griepentrog, M™arz . In
fact we consider the generalization of the tractability index proposed by M arz .
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The idea is to replace the smoothness requirements for the coefficients by the
requirement on certain subspaces to be smooth, to define the tractability index
we introduce linear DAEs with properly stated leading terms. A second matrix
D(t) is used when formulating the DAE as

A®)(D(®)x()) + B(t)x(t) = q(b). (1.23)
In contrast to the standard formulation
E(®)x(t) + F(t)x(t) = q(t) (1.24)

the leading term in (1.13) precisely figures out which derivatives are actually
involved.
The formulation (1.23) was first used to study linear DAEs and their adjoint
equations. For (1.24) the adjoin equation
(E'y) —F'y=p
iIs of a different type. For the more general formulation (1.23) the adjoint
equation fits nicely into this general form:
D*(A"y) — B*y =p.
We consider linear DAEs (1.13) with matrix coefficients
A€ C(3,L(RYR™), DeC(3,LR™R"Y)), BeC(ILER™).
Neither Anor Dneeds to be a projector function. Note that A(t) and D(t) are
rectangular matrices in general. However, Aand Dare assumed to be well
matched in the following sense.
Definition (1.3.1): The leading term of (24) is properly stated if
kerA(t)®imD(t) = R",t €,
and there is a continuously differentiable projector function R €
C*(3, L(R™))with
imR(t) = imD(t), kerR(t) = kerA(t)t € .
By definition A(t) and D(t) have a common constant rank if the leading term is
properly stated .
Definition (1.3.2): A function x: 7 — R™ is said to be a solution of (1.23) if
x € CA(I,R™) = {x € C(9,R™)|D, € C1(7,R™)}
Satisfies (1.23) point wise.
Let us point out that a solution xis a continuous function, but the part D, : 3 —
R"is differentiable.
We now define a sequence of matrix functions and possibly time-varying
subspaces.
All relations are meant point wise for t € 3. Let G, = AD, B, = Bandfori = 0

15



N; = ker G; \
S; = {z € R™|B;z € imG;} = {z € R™|Bz € imG,}
Q; = Q7,imQ; = N;, P, =1-Q;
Giv1 = G; + BiQ;, > (1.25)
Biy1 = BiP; — G411 D™ Ci 1 DPy ... Py,

Ciyqy = DPy ...P; 1D~ J

Here, D™ : 3 — (R", R™)denotes the reflexive generalized inverse of D such
that

DD™D =D,D"DD~ =D~,DD~ =R,D™D =P, (1.26)
Note that D~is uniquely determined by (1.16) and depends only on the choice of
Qo-
We now define a sequence of matrix functions and possibly time-varying
subspaces All relations are meant point wise for t € 7. Let G, = AD; B, =
Band fori >0

N; = ker G; )
Si = {Z (S ]leBl'Z € lm Gl} = {Z € leBZ € lm Gl}
Q;=Qf,imG;,=N;,p; =1-0Q; > (1.27)

Giy1 = G + B;Q;
Bit1 = Bip; — G14:D”Gi 1 Dpg ... p;
Gi+i = Dpg .. Dip1 D™ J
Here, D™:7 — L(R", R™)denotes the reflexive generalized inverse of Dsuch
that

DD™D = D; D"DD~™ = D7; DD~ = R; D™D = P,. (1.28)

Note that D~is uniquely determined by (1.26) and depends only on the choice of
Q, contains more details about generalized matrix inverses.
Definition (1.3.3): The DAE (1.23) with properly stated leading term is said to
be a regular DAE with tractability index u on the interval 7 if there is a
sequence (1.25) such that

e G;has constant rank r; on J,

e Q;€C(3,L(R™)),Dpg...p;D™ € C1(3,L(R™)),i = 0

e Qi+1Q;=0,j=0,..,i=0

e 0<rp<-<rn_;<mand n,=m
(1.23) is said to be a regular DAE if it is regular with some index p.
This index criterion does not depend on the special choice of the projector
functions Q;[28]. As proposed in [24] the sequence (1.25) can be calculated
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automatically. Thus the index can be calculated without the use of derivative
arrays [27].
Example (1.3.4): Consider the DAE

t AONNIEENCAGNE
(1) <(_1 2 (xz(t))> +( ) <x2(t)) =0
taken from [25]. With kerA(t) = {0},imD(t) = R the leading term is properly
stated. Calculate

Go(t) = A(t)D(t) = (:i ttz)andNo(t) = {Z € R?|3a € R,z = a(i)}

to find that N,(t) < kerB(t). Independently of the choice of Q,in (26) we
have
Gi(t) = Go(t) + B(H)Q(t) = Go(t):

Similarly it follows thatG;(t) = G,(t) for every i > 0. Note that for every
Y € C(J; R) asolution is given by x(t) = y(t) (D Solutions are therefore not
uniquely determined. This is the case in spite of the fact that for every t the local
matrix pencil AAD + (B + AD™) of the reformulated DAE.

Similarly it follows that G;(t) = G,(t)for every i > 0. Note that for every y €
C(7;R) a solution is given by x(t) = y(t)(1%)Solutions are therefore not
uniquely determined. This is the casein spite of the fact that for every t the local
matrix  pencil AAD + (B + AD")of the reformulated DAE 0 =

AOD DX () +(B() + A(DD' (£)x(t) = (:i ttz) x'(t) + x(t) is

regular.

Is indeed a generalization of the Kronecker index, i.e. in the case of constant
coefficients, the Kronecker index and the tractability index for regular DAEs
coincide. To show this, define the subspaces

Sgr = {Z € RMEEMEY N = ker E
for given matrices E, F € L(R™). Obviously for fixed t € 7 we have N;(t) =
Ng, ) and 5;(t) = Sg, ), In sequence (1.25).
Lemma (1.3.5): For matrices E,F € L(R™) the following statements are
equivalent:

1. Ng N Sgp = {0}

2. For every projector Qgonto Ng the matrix E + F Qg is nonsingular

3. Ng®Sgr = R™

4. (E,F)form aregular matrix pencil with Kronecker index 1.
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Proof.

(1.=2.) (E + FQg)z = 0implies Qgzz € Sgr.Since Qgz € Ng. too, we have
Qsz €ENgNSgr={0} and Qrz=0.Thus 0 = Ez + FQp; = Ezand z €
Ng =im Qg .

Therefore z = Qgz =0 (2.2 3.)Ggr = E + FQgis nonsingular. Show that
Q. = QzGZAF is the projector onto N along Sgr.

(3.= 4.)There is exactly one projector Q,onto along Sgz. Since 3.= 1.=
2.we find Q, = Q.GgAFwith Gz = E + FQ,. Let p, =1— Q,.Show that
AE + Fis nonsingular for 1 & spec(p.GzAF)so that (E; F) form a regular
matrix pencil. We are nonsingular matrices U, V € GLg(m)such that

VEU=(1N)=F?, VFU=(Cl)=F

It follows that Ng =kerE = U INg and Szz ={z € R®|Fz € imE} =
U~1Srso that

Ng N Sgr = U~ (Ng N Sgr) = {0} (1.27)
On the other hand

z
Ng = {( 1) € RM|z;, = 0,2z, € kerN}and

Z3

Z1 Cz, .= A )
SEF={( )E]Rm|( )ElmE}={( )ER“‘|ZZElmN}
Z3 Z3 Z3

meaning that imN N kerN = {0} andN = 0. Thus the Kronecker index is 1.
(4.= 1.)Kronecker index 1 gives N = 0and Szz = {0}, Ng N Sz = {0}.
Use (1.27)to see (Ng N Sgr) = U(Ng N Sgr) = {0}

As in the previous section we now want to calculate the index of the

DAEs modeling the electrical circuits in figure 1.2 and 1.3.
0 0 O

Example (1.3.6): For (1.6) we calculate G, = (0 C 0) and N, = R x {0} x
0 0 O

oo

1 0 0 G 0 -1
R .Choose Q, = (O 0 0)'[0 find that G; = (—G c O ) IS nonsingular.
0 0 1 -1 0 O
0 enN\) /G -G O\/e\ /it
(0) 0 0 1) <32> +<—G G 0) (92) ( 0 ) (1.28)
L i -1 -1 0/\i
0 0 O

For the circuit in figure 1.2 we therefore have index 1.
0
1 0 O
leadingto G, = (0 0 0) N, = Rx {0} x R. With Q, = (0 1 0)
0 0 O

Example (1.3.7): Equation (1.8) can be written as
0 0 L
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G 0O O

It turns out that G, = (—G G 0>is singular and N; = {z € R3|3a €
0 -1 L

R,Zl =Zy; = alL yZ3z = a}.

0 0 L
Q.= (0 0 L) IS a projector onto N; satisfying Q,Q, = OFinally G, =
0 0 1

G -G 0

(—G G 1>is nonsingular. Thus the index is 2. Note that the terms
0 -1 L

G;,,dissappear in (1.25) as Q, does not depend on t.

Nevertheless, in general the derivatives of G/, appearing in the definition of

B;,1 in sequence (1.25) are necessary in order to determine the index correctly.

We will illustrate this in the next example which can be found in [25] as well.

Example (1.3.8): The DAE

X3 =qq —x1 = f(x1) (1.29.a)
x5 =q,— (1 —mx, —nt(qy —x1) =g(xy,x, ,x3) (1.29.h)
0 =q3 —ntx, — x5 = h(xy,x, ,x3) (1.29.c)

Is easily checked to have (differentiation) index 3 as repeated differentiation of
(1.29.c) yields
0=q3—q,+x,
0=q3 —q2+tq1—x;
X1 =q3 —q; +q1
The index does not depend on the value of n We now write (1.18) as

1 0 0 1 0 x1\ | 1 0 0\ /X1 d1
(r]t 1) (o . 1) (x2> + (0 1+ 0) (X2> = (qz> (1.29)
0 0 X3 0 nt 1/\X3 g3
with a properly stated leading term and calculate the sequence (1.29)
0 1 0 1 0 0 1 1 0
Gy = (0 nt 1) ,Q0 = (0 0 O) ,G1 = (0 nt 1> , 01
0 0 O 0 0 O 0O 0 O

0 -1 0
_ (0 1 0)
0 nt O

19



1 1 o0 0 -t 1
G1=<0 nt+1 1>,Q2=<0 nt -1 )
0 0 0 0 ntint+1) nt+1
1 1 0
G; = (O nt+1 1)
0 nt 1
Since detG; = 1, (1.18) is a regular DAE with index 3 independently of n
However, if we dropped the terms G,;,in (1.25) and defined G;,; = G; + B;Q;,
B;+1 = B;P;with G, = AD and B = Bwe would obtain
1 1 0 0 nt 1
G, = (0 nt+1+n 1>,Q2 = (0 —nt -1 )
0 0 0 0 (Mt+1+mnt nt+1+n
1 1 0
G; = (0 nt+1+n 1)
0 n*t 1
det G = 1 +m shows that G5 is singular for n = —1. Thus the use of the
simpler version of B;would lead to an index criterion not recognizing the index
properly.
The previous example gives rise to investigating the relationship between G;and
G;further. Due to G;P; = G;the matrix G;,,may be written as
Giyr = (Gi + Bi_1Pi_1Q)U — P.D™C{DPy ... P;_1 Qp).
For low indices we thus find G, =Gy G, =G,, G, =G, (I — P;D~C;DP,Q,)
with the nonsingular factor I — P,D~C; DP,Q,The matrices G, and G, have
therefore common rank and we had to choose an index 3 to show the necessity
of the second term in the definition of B;,,;. We don’t have to restrict ourselves
to linear DAEs (1.23). Nonlinear DAEs
A(x(t),)(d(x,,t),t) + b(x(t),t) =0 (1.30)
can also be considered. For (31) the index is defined in such a way that all
linearization along solutions have the same index u in the sense of definition
(1.3.5).
1.3.1 Some technical details:
In order to define the sequence (1.25) we introduced the generalized reflexive
inverse D~of D. Here we want to provide a short summary of the properties of
generalized matrix inverses [41]. For a rectangular matrix M € L(R™,R")a
matrix M € L(R™, R™)is called a generalized inverse of Mif MMM = MIf the
condition MMM = M holds as well, then M is called a reflexive generalized

inverse of M. Observe that for any reflexive generalized inverse M of M the
matrices
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(MM = MEMI = MF(FiM)® = M M = FIM
are projectors. Reflexive generalized inverses are not uniquely determined.
Uniqueness is obtained if we require MM and MMto be special projectors. We
could, for instance, require them to be ortho-projectors
(MH)" = MR(FIM )" = [IM
In this case Mis called the Moore-Penrose inverse of M, often denoted by M™* In
the case of DAEs with properly stated leading terms we appropriated the
projectors  Py(t) € L(R™)and R(t) € L(R™to determine D7 (t) €
L(R™ R™)uniquely. D~(t)is the reflexive generalized inverse of D(t) defined
by
DD™D = DDDD~ =D~ ,DD"=RDD=P, (1.31)
If there was another generalized inverse D ~satisfying (2.21), then
D-=DDD~=D"R D DD =P,DD” = D"DD™ =D~

In definition 2.11 the condition

Qi+1Q;=0 j=0,..0, i =0 (1.32)
is required. We will show briefly that the projectors Q;in sequence (1.15) can
always be chosen to satisfy (1.31). If for a given DAE (1.23) there was an index
i.such that N; ., N N; # {0} then (1.23) would not be a regular DAE as all
G;jwould be singular. Thus N, N N; # {0}is a necessary condition for a regular
DAE and the projector Q, onto N; can be chosen such that N, c ker Q.
For an index i = 1let the projectors Q;forj = 1,... isatisfy Q;Q, =0 k =
0,..j— LThen N;; NN; ={0}implies N;;; NN; = {0} for j =
1, ... iand Q;,; can be chosen such that Ny@N;®...®N; c ker Q; ;.
1.3.2 Other index concepts:
As seen in the previous sections a DAE can be assigned an index in several
ways. In the case of linear equations with constant coefficients all index notions
coincide with the Kronecker index. Apart from that, each index definition
stresses different aspects of the DAE under consideration. While the
differentiation index aims at finding possible reformulations in terms of
ordinary differential equations, the tractability index is used to study DAEs
without the use of derivative arrays. There are several other index concepts
available. Here we want to introduce some of them briefly.
1.3.3 The Perturbation Index:
The perturbation index was introduced for nonlinear DAESs

fx'@®,x@®) =0 (1.33)
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(1.32) has perturbation index palong a solution x on 7 = [0, T]if uis the
smallest integer such that, for all functions xhaving a defect
fE'@®),2@) =8

there exists on J an estimate

12(@) — x|

< ¢ (15 - 2@l + 2 ¢% I8

dog DE 8@

Whenever the expression on the right-hand side is sufficiently small. Here C
denotes a constant which depends only on fand the length of 7.

1.3.4 The geometric index:
Consider the autonomous DAE
flx,x)=0 (1.34)
and assume that M, = f~1(0)s a smooth submanifold of R™ x R"Then the
DAE (1.23) can be written as
(x,x) € M,
Each solution has to satisfy x € W, = n(M,)where m: R™ X R™ - R™
Is the canonical projection onto the second component. If W, is a submanifold
of R™ then (x’, x) belongs to the tangent bundle TW,of W,. In other words
(x,x) € M; = My nTW,
M,is called the first reduction of M,. lterate this process to obtain sequence
Mgy, My, M,, ...of manifolds where M, ,is the first reduction of M;and
(x,x) € ﬂ M;
i20

The geometric index is defined as the smallest integer usuch that M, = M, ;.
1.3.5 The Strangeness Index:
This index notion is a generalization of the Kronecker index to DAEs

E(®)x'(t) + F(t)x(t) = q(t), t €J cR, (1.35)
with time-dependent coefficients. The matrices Uand V in theorem 2.2 now
depend on t, i.e. (1.32) is transformed to

UEVy + (UFV —UEV)y =U, © Ey'+Fy =4

The pairs of matrix functions (E,F) and (E,F) are said to be globally
equivalent. The pairs of matrix functions (E,F) and (E,F) are said to be
globally equivalent. For fixed t € 7 define matrices T(t), T(t), Z(t) and V (t)
such that the column vectors of T(t),T(t), Z(t) and V (t) span the
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subspaces kerE(t),imE T, kerE Tand im(Z(t)TN(t)T(t))*respectively. Use
these matrices to define
r(t) = rankE(t); d(t) = r(t); s(t);
a(t) = rank(Z(OTN@T®)) u(t) = m— r) — a(t) — s(b),
s(t) = rank (V(OTZ(6) N(OT(®))
We assume that the functions r,sand a are constant on J. Then (E,F) is
globally equivalent to the pair
/0 0 0 o\ /0 Fi 0Fy, Fls\
0 I 0[O0 0 O0F,, Fyx
|{o o 010 0 Ibo o ||=ELF)
\0 0 0 \Is 0 00 O
0O 0 00 O/\0O O 00O 0
The proof can be found in [21]. The value s is called the strangeness of the pair
(E,F). Denote (E,F) by (E, Fy) and s, = s. Similarly we define the
strangeness s; of the pair (E;, F,). If we repeat the procedure described above,
we arrive at a sequence of globally equivalent pairs (E;, F;). i = 0, each having

strangeness s;. The strangeness index or s-index is then defined by
u =minf{i = 0,1,2,...js; = 0}.

OO O
SO O O
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Chapter 2
Solvability of Linear DAE with Properly Stated Leading Term

We consider linear differential-algebraic equations
A)DOx@®)  + BOx(@) = q), te]T ()
with properly stated leading terms A, B and D are continuous matrix functions
with
D(t) € L(R™ R™) A(t) € L(R",R™)
B(t) € L(R™, R™)q(t) € LR™
A function x: 7 — R™is said to be a solution of (**) if s

X € cll)(:z, R™) = {x € C(J, R™)|D, € C1(J, R™)}

satisfies (**) point wise.

As in the previous section we define for t € 7 pointwise G, = AD,B, = Band
fori >0

N; = ker G; )

S; ={z € R™|B;, €imG;} = {z € R™|B, € im G;}

Qi = Qf,imG; = N,p; =1 - Q;
Giy1 = Gy + BiQ;
Biy1 = Bip; — G14;D”G{1Dpg .. p;
Gy4+; = Dpo . Di+1 D™ /

D~is again the reflexive generalized inverse of D.
For completeness we repeat the definition of index ufrom the previous section

Definition (2.1): The DAE (**) with properly stated leading term is said to be a
regular DAE with tractability index p on the interval 7 if there is a sequence
(***) such that
e (; has constant rank r; on J,
e Q,€C(3,L(R™),Dpy..p;D~ € C1(9,L(R™)),i =0
e 0i+1Q0;=0,j=0,..,i=0
e 0<1ry<- <14 <mand n, =m (**) is said to be a regular DAE if
it is regular with some index .
2.1 Decoupling of Linear Lndex-1 DAEs
Let (**) be a regular index 1 DAE with properly stated leading term. Due
to definition (2.1) the Matrix G, is nonsingular.
Lemma (2.1.1): The matrices of sequence (***) satisfy
(@Py=D"D=P,D-=D",DPy,=D ,DP,D~ =DD~ =R
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(0)RD = DD™D = D,

(c)A = AR = ADD",

(d)Qo = C1'BQg

(e)P, = C{1AD

(f) Pyx = Pyy © DPyx = DP,y &f)Dx = Dy

Proof.
(a) and (b) are just the properties of the generalized reflexive inverse D~.
Remember that R € 61(7, L([Rn))is the smooth projector function realizing the
decomposition kerA(t) @ imD(t) = R™provided by the properly stated
leading term. kerA = kerR implies (). G;Q, = ADQ, + BQ3 = BQ, proves
(d). Similarly G,P, = ADP, + BQ,P, = ADshows (e). For (f) we only have to
show " <", IfDPyz =0 then P,z € kerD = kerAD = ker P, and thus
Pyz = 0.
kerD = kerAD Holds due to the properly stated leading term.
Let’s assume that X is a solution of the DAE (1). Scaling with G yields
A(Dx)' + Bx = q © G{*A(Dx)' + G{'Bx + G{1q. (2.1)
Note that
. Gl‘lA(Dx)’le‘lAR(Dx)’ = G;1 DD‘A(Dx)’:POD‘(Dx)’
e Gi'Bx = G{'BPyx = Gy 'BQox ;G \BPox + Qox
Thus multiplication of (3) by P, and Q, from the left shows that
A(Dx)' + Bx = q © G{*A(Dx)' + G{'Bx + G{1q
o {POD‘(Dx)’ + PyG{1BPyx = POGl_lq}
QoG1 'BPox + Qox = QoG1'q

& (DPyD~(Dx)' 4+ DPyGy*BPyx = DP,G'q
f (x){ QoG BPyx + Qux = Q,G1q }
& (R(Dx)' + DG{'BPyx = DGi g
(a){ QoG 'BPyx + Qox = QoG lq }
& ((Dx)' — R'Dx + DG;*BPyx = DGy q
(b){ QoG BPyx + Qux = QyGilq }

=3 { (Dx)' = R'(Dx) — DG{*BD~(Dx) + DG{'q }
(@ Qux =— QuGy* BD~(Dx)BPyx +QyG1'q
Every solution x can therefore be written as
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x= Pyx+ Qux =D "(Dx)+ Qox =D (Dx)—Qy,G{*BD~(Dx)+Q,Giq
= (I— QoG1' B)D™u+QoG1'q (2.2)
where u = D, is a solution of the ODE
u' =R'u—DG{'BD u+ DGy q (2.3)

Definition (2.1.2): The explicit ordinary differential equation (2.3) is called the
inherent regular ODE of the index-1 equation (**).
Lemma (2.1.3): (i) imD is a (time varying) invariant subspace of (2.3).
(i) (2.3) is independent of the choice of Q,.
Proof.
(i) Because of imD = imR = ker(l — R) multiplication of (5) by I —
Rgives
(I— Ru = (- RRu=-(1-R)'Ru
And v = (I — R)usatisfiesthe ODEv' = (1 —R)'v
If there is t, € Jsuch that u(t,) = R(t,)u(t,) € im(t,) then v(t,) = 0 This
Means v(t) = 0andthus u(t) = R(t)u(t) foreveryt.
(ii) Let Q,be another projector with imQ, = Nyand let P, ,D~be defined
as in (2.16). Then G, = G;(I+ Q,Q,P,) implies C(;'=(+
Q,0,Py)C;*and DC;* = DC; L. Finally note that

Dc“;lBﬁ-(;)Dc“;lBﬁoD— =DC;'BD™ =DC'BO,D
(d)DC;lB D~ —DQ,D~ =DC{'BD".

Theorem (2.1.4): Let (**) be a regular index 1 DAE. For each d 2 imD(t,),
to € J, the initial value problem

A®)D@x(@)) + BOx(t) = qt), D(to)x(ty) = d (2.4)
is uniquely solvable inCll)(j, R™).
Proof.
There is exactly one solution u € Cll) (7, R™)of the inherent ODE
u' =R'u—DC;{*BD™ + DGy q
satisfying the initial condition u(t,) = d. Lemma (2.1.3) shows that u(t) =
R(t)u(t) for every t. Therefore

(I- QoG5 B)D u+Q,Gr'q € €5 (7, R™

Is a solution of (2.4) satisfying Dx = u. The decoupling process shows the
unigueness.

26



Note that the initial condition D(ty)x(t,) = d for d € imD(t,) can be
replaced by D(ty)x(ty) = D(ty)x° ,x° € R™.
2.2 Decoupling of Linear Index-2 DAEs
We now want to repeat the same argument for linear index 2 differential-
algebraic equations. We assume that (**) is an index 2 DAE with properly
stated leading term. Due to definition (2.1) and lemma (2.1.3) we have
N; (t)®S;(t) = R™. We choose Q, to be the canonical projector onto N; along
S;. Lemma (2.1.3) also implies Q; Q, = Q,C;' B, Q, =0 as required in
definition (2.1). For the sequence (***) to make sense we have to assume
DP,D~ € G'(9,L(R™)) Then DQ,D~ = —DP,D~ 4+ DD~ = —DP,D™ + Ris
also smooth. Note that
DQ,D~and DP;D~are projector functions. In addition to (a), (b), (c) and (f)
from lemma (2.1.3) we now have
Lemma (2.2.1):
(9)Q1 = Q:G; "By,
(h)G;*AD = P, P,,
() G3'B = G;'BPyP; + P,D™(DP;D7)'DQ; + Q1 + Qo,
() Q1x + Q1y < DQyx + DQyy,
(k) 202’0 = 0 for every projector function 2 € G1(J,L( R™))
Proof.
(g) follows from lemma (2.1.3), (h) can be proved similar to (e) in lemma (a)
(2.1.3), but (i) is a consequence of B = BP, + BQ, + BP,P; + BP,Q; + BQ,
and G;Qp = BQo, G2Q1 = B1Q1,BPyQy = B1Q1G,P,D™(DP,D7)'DQ;.
To show (j) assume that DQ,z = 0Then Q,z € kerD = ker P, and Q,z =
Q7z = Q;PyQ,z=0Final y, = I —2)2 implies 0= (1-Q)'Q+
I-0Q"=-0'0+10-0)Q".
In order to decouple (**) in the index 2 case we again assume that x is a
solution of the DAE. Since G is nonsingular, we find
A(Dx)' + Bx = q © G;*A(Dx)' + G;'Bx = G, 'q (2.5)
© P,D~(Dx)' + G;*BPyP;x + P,D~(DP,D7)'DQ:x + Q;x + Qox = G5 'q
Using (a), (c¢), (h) and (i). Dueto I = P; + Q; = PyP; + QoP; + Q;.
we can decouple (2.5) by multiplying with PyP; , Q,P; and Q, respectively. (**)
Is therefore equivalent to the system
PyP,D~(Dx)’ + PyP,G;*BPyP,x + PyP,D~(DP;D~)' DQ;x
= P,P,G,q (2.6.a)
QoP,D~(Dx)" 4+ QyP,G;'BP,P; x
+QoPLD™(DP;D7)'DQx + Q1 = QoP1G3'q (2.6.b)
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Q1G5 'BPoPix + Q1x = Q1G5 'q (2.6.0)
With (a) and (f) equation (2.6. a) takes the form
DP,D~(Dx)" + DG;*BPyP;x + DP,D~(DP,D~)'DQ,x = DG, 'q
Use the product rule of differentiation to find
DP,D~(DP,x)' — (DP,D~)' (Dx)
On the other hand
DP,D~(DP,D™)'DQ, = (DP,D7)'DQ,
As (DP,D~)'DP,P;Q, = 0 so that (2.6.a) is equivalent to
(DP,x)' — (DP,D™)'(DP;x) + DP,G;*BD~(DP,x) = DP,G;'q (2.6.a’)
A similar analysis involving (g), (j) and (k) from lemma 3.6 yields
—QoQ:D™(DQ1x)" +Qy QD™ (DQ1 D7) (DP;x)
QoP1G;'BD™(DP;x) + Qox = QoP1G3'q (2.6.b")
DQ;x =DQ,G;q (2.6.c")
Each solution x of (**) can thus be written as
X = Pyx+ Qyx =D Dx+ Qyx =D~ (DP;x + DQyx) + Qox (2.7)
KD™u — QuQ:D~(DQ:D™)'u+ (QoP; + P1Qy)G; g + (DQ,G3  q)’
where
K=1-0Q,P,G;'B
And u = DP; x satisfies the ordinary differential equation
u' — (DP,D™)'u+ DP,G;*BD™u = DP,G;q.
As in the index 1 case this ODE will be referred to as the inherent regular ODE.
Definition (2.2.2): The explicit ordinary differential equation
u' = (DP,D7)'u—DP,G;*BD"u+ DP,G;q (2.8)
is called the inherent regular ODE of the index 2 equation (**).
Lemma (2.2.3):
(i) ImDP1 is a (time varying) invariant subspace of (2.8).
(i) (2.8) is independent of the choice of Q, and thus uniquely determined
by the problem data
Proof.
To prove (i), carry out a similar analysis as in the proof of lemma (2.2.5) but
with R replaced by DP,D~. To see (ii) consider another projector Q, with
im Qo = N, and the relation G; = G,(I + Qy,QuP,). The subspaces N; =
(I +QuQuPy)N; and S; = S,are given in terms of N, = S;s0 that @, =
(I + QoQoPy)Q, is the canonical projector onto Njalong $;. This implies
DP,D~ = DP,D~. Use the representation
Gy'q = (I+QoPyPiPy)Gy g

28



to see that DP,G,'q and DP,G,;'q BD~are independent of the choice of
Qo-As in the previous section we are now able to prove existence and
uniqueness ofsolutions for regular index 2 DAEs with properly stated leading
terms. We makeuse of the function space

C;Qlaz_l(ﬂ, R™) = {z € C(9, R™)|DQ,G;z € C1(J, R")}

Theorem (2.2.84): Let (1) be a regular index 2 DAE with q € C%Qngl(ﬂ, R™).

For each d € imD(ty)P,(ty)t, € J the initial value problem

A)D@x(@))  + BOx(t) = qt), D(to)Po(te)x(ty) = d (2.9)
is uniquely solvable in C3(J, R™)
Proof.
Solve the inherent regular ODE (2.8) with initial value u(t,) = d Lemma
(2.2.3) yields u(t) € imD(t)P, (t)for every tand

x =KD u—QyQ:D™(DQ;D7)'u+ (QoP; + P1Qp)G5'q
+ Q001D (DQ,G; q)’
Is the desired solution of (2.9).
The initial condition D(ty)P;(ty)x(t,) =dcan be replaced by
D(to)P;(to)x(ty) = D(to)Py(te)x® for x° R™.
Remarks (2.2.5):
We presented examples of nonlinear differential-algebraic equations
f((Dx)",x,t) = 0 where the solution could be expressed as
x(t) = D) u(t) + Q()w(u(t),t), ted
u was the solution of
u'(t) = R'(Ou(t) + Q) w(u(t),t), u(ty) D(to)x, (2.10)
And w was implicitly defined by
F(w,u,t) =F(Dw, D~ u+ Qw,t) =0

The ordinary differential equation (2.10) is thus only available theoretically.
We made use of the sequence (***) established the tractability index in order to
perform a refined analysis of linear DAEs with properly stated leading terms.
We were able to find explicit expressions of (2.10) for these equations with
index 1 and 2. This detailed analysis lead us to results about existence and
uniqueness of solutions for DAEs with low index. We were able to figure out
precisely what initial conditions are to be posed, namely D(t,)P;(ty) =
D(ty)x® and D(ty)P;(ty)x(ty) = D(ty)P;(ty)x° in the index 1 and index 2
case respectively. These initial conditions guarantee that solutions u of the
inherent regular ODE (2.3) and (2.8) lie in the corresponding invariant
subspace. Let us stress that only those solutions of the regular inherent ODE
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that lie in the invariant subspace are relevant for the DAE. Even if this subspace
varies with t we know the dynamical degree of freedom to be rankG, and rank
Gy + rankG; — mfor index 1 and 2 respectively.
The results presented can be generalized for arbitrary index u The inherent
regular ODE for an index u DAE with properly stated leading term.
There it is also proved that the index u is invariant under linear transformations
and refactorizations of the original DAE and the inherent regular ODE remains
unchanged. Finally let us point out that we assumed A, D and Bto be continuous
only. The required smoothness of the coefficients in the standard formulation
Ex"+ Fx = q (2.11)

Was replaced by the requirement on certain subspaces to be spanned by smooth
functions. Namely, the projectors R, DP;D~and DQ, D~are differentiable if DN,
and DS;are spanned by continuously differentiable functions [1]. However, if
the DAE

A(Dx)'+ Bx = q (2.12)
Is given with smooth coefficients and we orient on G!-solutions, then
comparisons with concepts for (2.11) can be made via

ADx"+ (B—AD")x = q
On the other hand, if Ehas constant rank on J and Pz € C1(7,L( R™))is a
projector function on to kerE, we can reformulate (2.11) as
E(Pgx)'+ (F—EPg)x = q

with a properly stated leading term.

2.3 Numerical Methods for Linear DAEs with Properly Stated Leading
Term.

The last part is devoted to studying the application of numerical methods to
linear DAEs of index u = 1 and u = 2. From the previous section we know
that (2.2) and (2.7) are representations of the exact the solution, respectively. In
fact, it turns out that (2.2) is just a special cases of (9). To see this, observe that
for u = 1the matrix G, is nonsingular sotha Q; = 0,P; = Iand G, = G;.We
therefore treat index 1 and index 2 equations simultaneously in this section. We
will show how to apply Runge-Kutta methods to DAES

A®)(D®)x()) + B®)x(t) = q(t) (2.13)
with properly stated leading terms.
When using the s-stage Runge-Kutta method

C\ A A= (a;) EL(R®) c=Ae,B€ RS e=(1,..D)T € R®
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BT
to solve an ordinary differential equation
x'(t) = F(x(t),t) (2.14)

Numerically with step size h, an approximation x;_;to the exact solution
x(t;—1) is used to calculate the approximation x;to x(t;) = x(t;—, + h) via

S
X = X1 + hEBleIL (214‘ a)
i=1

Where X]. is defined by

And t; =t,_, + c;h are intermediate time steps. The internal stages X; are
given by

S
X =x_1+ hz a;;X); (2.14.¢)
j=1
Observe that (2.14.a) and (2.14.c) depend on the method and only (2.14.b)
depends on the equation (2.13). If the ODE (2.13) is replaced by the DAE

fE'(®),x(©)t) =0
we also replace (2.14.b) by

F(Xp Xy, t))i =1,.. s (2.14.b")
in the Runge-Kutta scheme.
The matrix % is singular. Therefore some components of the increments X;;

need to be calculated from (2.14.c) as seen in the following trivial example.
Example (2.3.1): If f(x',x,t) = x — q(t),then x(t) = q(t). The numerical
method (2.14.3), (2.14.b), (2.14.c) now reads

S S
X = X1+ hZﬁin'i q(ty) = Xy = x4+ hz a;;X;
i=1 =

This system can be solved if and only if A is nonsingular.
We always assume A to be nonsingular. This leads to an expression of Xj; in
terms of X ;.

Lemma (2.3.2): LetA = (oy;) be nonsingular and A~ = (@;) Then
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s S
. ;I .
Xij =X+ hz: aXt = 1,.. s X; = Ez % (X1 = X-1) ¢
j=1 J=1
=1..5s

Xt X Xy
w | = em®x;—g + h(ARQL) | = | & |
XlS Xls XlS

o) -
= — m ) — e, ®x;_

Now consider the linear DAE (2.13) with continuous matrix functions
A(t) € L(R",R™) ,D(t) € L(R™, R")
B(t) € L(R™, R™)
and a properly stated leading term.
When applying the numerical scheme (2.14.2),(2.14.b"),(2.14.c) we don’t want
to lose the additional information provided by the properly stated leading term.
According to lemma (2.3.2) we therefore replace (2.14.c) by

S
! 1 ~ ’
[DX]lj = EZ aij(Dlelj - Dl_lxl_l) (2.14-.C )
j=1
and solve the system

Dll[DX]{] + Blini = {qii ,i =1..s (214b")
For X;;Here we write D;_; = D(t;—,), D; = D(ty) ,A; = D(t;)
and so on. Using this an satz the output value

S 1 S 3
X =x-1 + hz.giﬁz a@;; (X1 — x1-1)
R =

S S
=1 -BT A e)x;4 ZZﬁi ;X

i=1 j=1
Is computed. For Radaull A methods this expression simplifies considerably.
Definition (2.3.3): The s-stage RadaullA method is uniquely determined by
requiring C(s),D(s), ¢, = 1and choosing c;,...,cs_; t0 be the zeros of the
Gauss-Legendre polynomial P;. For the conditions C(s),D(s). The Gauss-
Legendre polynomialP,. is orthogonal to every polynomial of degree less than
s. Radaull A methods are A- and L-stable and have order p = 2s — 1. The last
row of A coincides with g7,
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Lemma (2.3.4): For the s-stage RadaullA method 1 — fTA71e = 0 holds and
the outputvalue computed by (2.14.a), (2.14.b”"), (2.14.c), (2.14.c’) is given by
the last stage X;;.

Proof.

1 - BTAte=1-2,(4)Ate=1 — (0,...,0,1)e = 0 and

S S Xll
X = (1 — ﬁTA—le)xl_l + ZZﬁl &UXU = ((O, ,0,1) ® Im) ( ) = XlS'

i=1j=1 ls

To summarize these results we present the following algorithm for solving the
DAE (2.13) using RadaullA methods.

Algorithm (2.3.5): Given an approximation x;_, to the exact solution x(t;_;)
and astepsizeh, solve

Ay[DX]y + ByXu =qu, i=1,...,s (2.14.0")
for X;; where [DX];; is given by
S
! 1 —
[DXTy; = Ez aij(Dlelj - Dz—1x1_1)- (2.14.¢)
j=1

Return the output value x; = X;; as an approximation to x(t;) = x(t;_; + h).
The exact solution x of (2.13) satisfies

x(t) € My(t) = {z € R™|B(t)z — q(t) € im(A()D(¢))} v ¢.
Since X;; € M,(t;) forevery i and cs = 1 we have

x; = Xis € My (tys) = Mo (t;)
for every Radaull A method.

2.3.1 Decoupling of the Discretized Equation.
Algorithm (2.3.5) replaces the DAE

A(Dx)' + Bx =q (2.15)
by the discretized problem

Ali[DX]Ei +Blini = 4 [ = 1,...,5. (216)
The analytic solution x of index 1 and index 2 equations (2.13) can be
represented as
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x =KD u—QyQ:D~(DQ;D7)'u+ (QoPy + PyQ1)G5'q
+ QoQ:D~(DQ,G3q)’ (2.17)

where K =1 — Q,P,G,;*Band the component u = DP,;x satisfies the
inherent regular ordinary differential equation

u' — (DP,D™)'u+ DP,G;* BD —u = DP,G;* q. (2.18)
If we applied the Runge-Kutta method directly to the inherent regular ODE, due
to lemma (2.3.1) we would obtain

S
1 _ Y _ B
= & (Uyy = w_1) = (DPD)uUy + (DP,GT*BD Uy
j=1

= (DP,G )y (2.19)

fori=1,...,s. Our aim is to show that the Runge-Kutta method, when applied
to (2.13), behaves as if it was integrating the inherent regular ODE (2.18).
Doing so (2.18) is found to be equivalent to the system

(DP,D7);[DX]}; + (QoP1G; "BPoPy)yi Xy + (DPD™) ;D Q11X \
= (DP,G3'q)y; I

—(QoQ1D7)y[DX]}; + (QoP1G5 " BP — 0 Py) Xy + (QoP1D™1);(DP D™ 1)} Dy: Q11X } (2.19)
+Qou X1 = (Q — 0 PGy q)li |

D;iQ1:Xy; = (DQ1G3 ' q)y; )

for i =1,...,s. The decoupled system (2.19) immediately implies the

convergence of Radaull A methods applied to (2.13) on compact intervals I if
the stepsize htends to zero.

Theorem (2.3.6): Let (2.13) be an index p equation, p € {1,2}. Let the
subspaces D(:)S;(-) and D(-)N;(-) be constant. Then the difference between
the exact solution and the solution obtained by using a RadaullA method can be
written as

x(ty) —x; = KDy (u(ty) —uyp) + (QleD_)l{(DQlaz_ch);

k
1
B EZ @5; ((DQ165 @)y — (DQ1G5 @)1 }
j=0

Here u, is exactly the RadaullA approximation to the solution u(t;) of the
inherent regular ODE(21).
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Note that % oo @s; (DQ1G3q); — (DQ:1G31q);-1) is exactly the Runge-
Kutta approximation to (DQ, Gz‘lq);j. The proof of theorem (2.3. 6) will use the
following lemma.

Lemma (2.3.7): DP,D~and DQ,D~ are projector functions satisfying
(i) DS; = imDP; = imDP,D~,DN; = imDQ, = imDQ,D".

If the subspaces DS, and DN,; are constant, so that there are constant
projectorsV,W onto DS; and DN, respectively, then the following relations
hold:
(inDP,D~V =V,DP,D"W = 0,DQ,D"WW,DQ,D~V =0,
(iii)(DP,D7)'V = 0,(DP,D™)'W = 0,(DQ,D~)'W = 0,(DQ,D7)'V = 0.
Proof.

DP,;D~and DQ, D~ are projector functions.

The same lemmas imply (i), so that DP,D~V = Vand DQ.D~W = Whold as
well. These relations together with (i) show (ii). Finally use (ii) to prove (iii) by
noting that Vand Ware constant projectors and therefore do not depend on t.
Proof of theorem (2.3. 6): The proof will be divided into four parts. We
analyze (DP;D7);[DX];and (QoQ,D7);[DX];;, so that we can find a
representation of the numerical solution in part 2. This representation will
depend on U;; = DisP; ;sX;s. We show that u; = Ujsis exactly the RadaullA
solution of the inherent regular ODE. Analyze (DP;D7);[DX];;and
(QoQ: D7)y [DX]y; write Uy, = Dy Py i Xy;anduyy = Dy Py 12_1. Then

N

! 1 — —
(DPyD7)y[DX]j; =+ (DPD7)y ) &y (DyyXyy = Dy

j=1
S

1 _
= E(DplD_)li z @;j (Uyj + DyjQyuiXyj — ui—q — (DQyx);1-1).

j=1
Use lemma (2.3.7) to see that

(DP1D_)li(Ulj - ul—l) = (DplD_)liV(Ulj - ul—l) = V(Ulj - ul—l)
= Uy —w—q
and
(DP,D7);i(Dy;Q1 X1 — (DQ1x)1—1) = (DP,D7)yW(Dy;Qy X1, — (DQyx);-1) = 0.
We arrive at
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S

/ 1 —
(DP,D7)y;[Dx]y; = Ez Qij (Ulj —Uq).

j=1

Similarly, Lemma (2.3.7) implies

S
’ 1 —
(DP,D7);[Dx]y; = EZ @i (DyjQ1uX;j — (DQ1x)1—1) -
=1

Because of
(QoQ@:1D7 )y = (Qo(Q1PyQ1)D ™)y = ((Q -0 Q1D_)(DQ1D_))”;

it follows that

N

! 1 —
(Qo@:D)ulDXTy =3 (@0@iD )y ) &y (Dy@uiXyy — (DQu)i1).

j=1
The discretized system (2.19) now reads

S
1 L ., )
Ez Q;j (Ulj —w_1) + (DP,G;*BD™) Uy + (DP,D7)};D;iQq Xy = (DP,G3 Yy
=1

J
s

1
(@D ) @y (Dy QX — (DQu)1) + (QoPr 63 BD )il

J=1

+(QoP1D7)i(DPD7) Dy Q11X + Qoui = (QoP1G3'q) Dy Q1 1 Xy = (DQ1G51q) )

but due to Lemma (2.3.7) this reduces to

S

1

EZ a;j (Uzj —w_y) + (DP,G;*BD™) Uy = (DP,G3 1Y)y
j=1

J
s

1
—E(Q0Q1D_)ziz @;j (DyjQ1uX1; — (DQ1x),_1) + (QoP,G3*BD™) Uy,

j=1

+Qo.ui X = (QoP,G5q)y; J

The numerical solution can thus be written as

xX; = Xis = PoisXis + Qo1sXis = Dz_s(DlsPLstzs + DlsQl,lles) + Q0,15 X35
= (I = (QoP1G3'B)sD; Ujs + (PyQ1 + QoP1)1 (G5 q),

36



S

1
+72(Q00:D7): ) & (D067 Dy~ (DG )is). (220)

J=1

The stage approximations U; satisfy the recursion

S
1
= & (Ui = w-) + (DPLGE BD )l = (DPG )y (2.21)
j=1

Again, Lemma (2.3.7) implies

(DPD7);;Uy = (DPD7);VU; =0
in (2.19). This shows that (2.21) and (2.19) coincide. Therefore, and due to ¢, =
1,
u; = Uis exactly the Runge-Kutta solution of the inherent regular ODE (2.20).
Use Lemma (2.3.7)

(DQD7)u(ty) = (DQD™)Vu(ty) = 0.
Now the assertion follows by comparing (2.18) and (2.20).

Theorem 4.6 is the central tool in analyzing the behaviour of Radaull A methods
when applied to DAEs (2.13). In the case of index u = 1 theorem (2.3.6) shows
that discretization and the decoupling procedure commute.

Corollary (2.3. 8): Let the DAE (2.13) be of index 1. Assume that imD(t) is
constant. Then we have for any Radaull A method

x(t) —x; = K;Dy (u(t) —w,),K =1— QoG 'B.
Proof.
If the index is 1, we have Q, =0and P, =1. Thus N; ={0}and

S, = R™. Since imD(t) is constant, the subspaces DS; and DN, are constant as
well. We can therefore apply theorem (2.3.6).

Due to corollary (2.3.8) the following diagram commutes for index 1 equations
with constant im D.

A(Dz) + Bz =q RadaulIA AiDX]; + BiXii = qui
(4.1) discretization (4.4)
1decoupling decouplingl

z =KD u+QoGilq RadaullA @ = KiDj w + QuGy'a
u' + DGT'BD~u = DGy'q | “discretization | £ 3°X_, &j(Uij—w—1)+ DGy BiD; wy= DGy,
1 1 9 iscretization h 2uj=0 %ij\Ulj =1 Gy B w (ST}
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If the index is 2, we cannot expect the corresponding diagram to commute.
However, the term

S
1
=) &y (DQ1G5 9y — (DQ:G;*9)i-a = [DQ1G5ally
j=1

appearing in theorem (2.3.6) is exactly the RadaullA approximation to
(DQ,G;1q);(lemma (2.3.7)) so that

x(t) —x; = KDy (u(t;) —w) + QoQu Dy {(DQ1Gz'q); — [DQ:1G5  qly}-
We have the following statement:

When applying a RadaullA method to problems of index p € {1,2}with
constant
subspaces DS; and DN, then discretization and decoupling commute.

num. method
_— DAE discretized
l decoupling l decoupling

inherent ODE | — > | inherent ODE discretized
+ constraints | MUmM- method | 4 oonraings (discretized)

Definition (2.3.9): The DAE (2.13) of index p € {1,2} is said to be numerically
qualified, if

e u=1and imD is constant,
*u=2and DS, DN, are constant.

The commutativity of discretization and the decoupling process is the desired
property for DAEs since it guarantees a good behavior of the numerical method.
Even though the numerical method is applied to the DAE directly, it behaves as
if it was integrating the regular inherent ODE (2.18). In this case results
concerning convergence on compact intervals | hold automatically. The
RadaullA method applied to a numerically qualified DAEs is convergent with
the same order as for ODEs.
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Chapter 3
Solutions for Differential-Algebraic Equations

Solving differential equations is an important issue in sciences because
many physical phenomena are modeled using such equations. Modern methods
likehomotopy perturbation method (HPM), homotopy analysis method (HAM),
variation iteration method (VIM), among others, are powerful tools to
approximate nonlinear dynamic problems. Nevertheless, series method is a well
known classic procedure from literature that can be applied successfully to solve
differential equations. This method establishes that the solution of a differential
equation can be expressed as a power series of the independent variable.
Therefore, in this work, we apply series method to solve two differential-
algebraic equations. Additionally, we present the use of Laplace-Pade(LP)
resumptions method as an useful strategy to obtain exact solutions or
approximations  possessing a large domain  of  convergence.
We introduce the basic concept of the series method. The concept about
Laplace-Padere summation method is explained. The solution of two
differential algebraic equations is presented. Numerical simulations and a
discussion about the results are provided.

3.1 Basic Concept of Series Method.

It can be considered that a nonlinear differential equation can be expressed as
Aw)—f(@) =0 teqQ (3.1)
having as boundary condition

B (124 = teTl (3.2)
(W2)=0 e -

Where A is a general operator, f(t)is a known analytic function, B is a

boundary operator, and T'is the boundary of domain (.

The series method establishes that the solution of a differential equation can be
written as

(e0)

u = Z u; tt, (3.3)

i=0
Where uy, u4, ... are unknowns to be determined by series method. The basic
process of series method can be described as:

39



(1) Equation (3.3) is substituted into (3.1), then we regroup equation in terms of
t-powers.

(2) We equate each coefficient of the resulting polynomial to zero.
(3) The boundary conditions of (3.1) are substituted into (3.3) to generate an
equation for each boundary condition.

(4) Aforementioned steps generate a nonlinear algebraic equation system
(NAES) in terms of the unknowns of (3.3).

(5) Finally, we solve the NAEs to obtain u,, u4, ..., coefficients.
3.2 Laplace-Pade Resummation Method.

Several approximate methods provide power series solutions (polynomial).
Nevertheless, sometimes, this type of solutions lacks of large domains of
convergence. Therefore, Laplace-Pade resummation method is used in literature
to enlarge the domain of convergence of solutions or inclusive to find exact
solutions.

The Laplace-Pade method can be explained as follows:

(1) First, Laplace transformation is applied to power series (3.3).
(2) Next, s is substituted by 1/t in the resulting equation.

(3) After that, we convert the transformed series into a meromorphic function
by forming its Pade approximant of order [N/M].N and M are arbitrarily
chosen, but they should be of smaller value than the order of the power series.
In this step, the Pade approximant extends the domain of the truncated
seriessolution to obtain better accuracy and convergence.

(4) Then t is substituted by 1/s.

(5) Finally, by using the inverse Laplace s transformation, we obtain the exact
or approximate solution.

This process is known as Laplace-Pade series method (LPSM).
3.3 Case Studies.

We will solve two DAE problems in order to depict the LPSM method.
3.3.1. Hessenberg Index-3 DAE.

Consider the following DAE

X1+ x; —txs +x, =0,
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Xy — X, +x, —t%x3 +tx, =0,
x5 — t3x; + t%x, —x3 =0,
tx; — Xy +tx3 — x4 =0,
x1(0) = x3(0) =1,
x2(0) = x,(0) = 0, (3.4)
where prime denotes derivative with respect to t.

We suppose that solution for (3.1) has the following fourth order expression

4

Xy (t) = Z 10 = ) xyt

= i=0
4

x,(t) = 2 Xgit!

M*

x3(t ES

Substituting (3.2) into (3.1), rearranging and equating terms having the same t-
powers,we obtain

x11 + X4_0 + x10 + (x41 + x11 + 2x12 - x30)t + e = 0
x21 + X20 - x10 + (x40 + 2x22 + x21 - xll)t + = 0
X31 - x30 + (_x31 + 2x32)t + .= 0

—X20 — X40 + (X109 — X41 — X21 + X30)t + - = 0. (3.5)
Next, equating the coefficients of (3.3) to zero, we obtain the following system
of algebraic equations

tO: X11 + X490 + X109 = 0,

tl:x41 + X11 + 2x12 - X30 = O,

t3: ... (3.6)
t0:x21 + x20 - xlo == 0,

tl: X40 + 2x22 + Xo1 — X11 = O,

t3: ... (3.7)
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0. —
t .X31 _X30 —_ 0,

tl: —X31 + ZX32 == O,

t3: ... (3.8)
tO: —X20 — X0 = 0,

1. —
t .x10 _X41 _le +X30 —_— 0,

t4: —X94 + X33 + x13 — Xyq4 — 0 (39)

Now, in order to consider the initial condition of (3.3), we substitute them into
(3.4) to obtain

x10 == 1, xZO == 0

X309 =1 X40 = 0 (3.10)
It is important to notice that, from (3.2)-(3.3), we use only the powers t‘(i =
0,1,2,3),because the rest of the information needed is taken from (3.7). From
(3.1), we can observe that there is not an explicit equation for variable x,.
Therefore, from (3.9), we use coefficients of powers t!(i = 1,2,3,4) to collect
enough information to compensate the presence of x, in those equations.
Furthermore, order zero term of (3.7) possesses redundant information that can
be ignored. Hence, for (3.8), we can use powers t'(i = 1,2,3,4). Then, solving
the NAEs composed by (3.3), (3.4), (3.5),(3.6), and (3.7) results the following
approximate solution

1 1

1
x(t)=1 —t+§t2 —€t3 +ﬁt4,

1 1
t)=t—t>+-t3——t*
x, () > 3

1 2 1 3 1 4
X3(t)=1+t+§t +gt +ﬁt,

1 1
x,(t) =t+t%+ Et3 + gt4 (3.11)

Then, Laplace transformation is applied to (3.7) and then % Is written in place of

S.
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Afterwards, Pade approximant of order [2/2] is applied and % IS written in place

of t for each variable. Finally, by using the inverse Laplace s transformation, we
obtain the exact solution for (3.1)

x1(t) = exp(—t),
x,(t) = texp(—t),
x3(t) = exp(t),
x,(t) = texp(t). (3.12)
3.3.2. Index-Three Nonlinear Differential-Algebraic Equation System
Consider the following nonlinear DAE
V1 = 2Y1Y27123,
Vi = —V1Y273,
21 = Y2 + z12)0,
zy = =1 Y5Z5uU,
yy: =1
y1(0) =y,(0) =1,
z,(0) = z,(0) = 1,
u(0) = 1. (3.13)
where prime denotes derivative with respect to t.

We suppose that solution for (3.12) has the following fourth order expression

4 4
yi(t) = z y1ith o (t) = Z Yait',

(i=0) (i=0)
4 4
z(t) = z zy;t", z,(t) = zzziti:
i=0 i=0
4
u(t) = Z wtl, (3.14)
i=0
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Substituting (3.13) into (3.14), rearranging and equating terms having the same
powers, we obtain

Y11 — 2Y10Y20Z10220
+ (—2Y10¥20211Z20 *+ 2Y12 — 2Y10Y21Z10%20 — 2Y11Y20Z10%10
— 2Y10Y20%10%21)t + -+ = 0.

Vo1 + 3’103’202220 + ()’10)’212220 + 2y,2 + 2Y10Y202202Z21 + 3’113’202220)t +--=0.

Z11 — UpY10Y20 — UpZ10Z20
+ (—UoY10Y21 — U1Z10Z20 — UoY11Y20 — U0Z10Z21 — UoZ11Z20
— U1Y10Y20 T 2Z12)t + - = 0.

Y10Y50Z50Uo + Z2q
+ (2252 + 2Y10¥50Z20Z21 %0 + Y11¥30Z50U0 T Y10Y30Z30th
+ 2)’10)’20)’212220110)15 +--=0.

1+ y10¥30 + (111Y2062 + 2Y10Y20Y21)t + - = 0. (3.15)

Next, equating the coefficients of (3.15) to zero, we obtain the following system
of nonlinear algebraic equations

t%: y11 — 2Y10Y202Z10Z20 = 0,
t' + 2y10Y20211220 + 2V12 — 2Y10Y21210220 — 2Y11Y20Z10Z20

—2Y10Y20%10%21 = 0,

£3: . (3.16)
t0:3’21 + )’103’202220 =0,
th: y10Y21250 + 2Y22 + 2Y10Y20220221 + Y11Y20Z50 = O,

t3: ... (3.17)
t%: 211 — UpY10Y20 — UoZ10Z20 = O,

1. _ _ _ _ _ _
71 —UpY10Y21 — U1Z10Z20 — UoY11Y20 — U0Z10Z21 — U0Z11Z20 — U1Y10Y20
+ 2Z12 = O,

t4: .. (3.18)
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0. 2 .2 _
t”: V10Y20Z50Uo T 221 = 0,

t': 22, + 2Y10Y30Z20Z21U0 T+ Y11Y50250U0 + Y10V50250U1
+ 2Y10Y20Y21Z30t%0 = 0.

£ (3.19)
t% =1+ y10¥5 =0,
t*:¥11¥30 + 2Y10Y20Y21 = 0,
t?:2Y10Y20Y22 + Y10¥31 + 2Y11Y20Y21 + Y12V30 = 0,

t3:y11¥31 + 2Y11Y20Y22  2Y10Y20Y23 + 2Y10Y21Y22  2Y12Y20Y21 + Y13V30
=0,

t* y14y5 + 2Y11Y20y,, + 2V13YV20V21 + Y12V51 + 2Y12Y20Y22 + 2Y10Y21Y23
+ Y10V52 + 2Y10Y20V24 + 21121V 22
— 0. (3.20)

Now, in order to consider the initial condition of (3.11), we substitute them into
(3.12) to obtain

Yio =1, Y20 =1,
ZlO = 1, ZZO == 1,
uy =1 (3.21)

It is important to notice that, from (3.14) and (3.15), we use only the powers
t'(i = 0,1,2,3), because the rest of the information needed is taken from (3.21).

From (3.12), we can observe that there is not an explicit equation for
variable u. Instead, uis implicitly included in equations for z;and z;. Therefore,
from (3.16) and (3.17), we use coefficients of powers t!(i = 1,2,3,4) to collect
enough information to compensate the presence of u in those equations.
Furthermore, powers t*(i = 0,1,2,)of (3.20) possesses redundant information
that can be ignored. Hence, for (3.20), we can use only powers t3and t*. Then,
solving the NAEs composed by (3.16), (3.17), (3.18), (3.19), (3.20), and (3.21)
results the following approximate solution

4 2
y (t) =1+ 2t + 2t2 +§t3 +§t4,
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1 1 1
y,(t) =1—t+-t? ——t3+ —t%

2 6 24

4 101
_ 2 43 4
z(t) =142t + 2t 3t +—174t,

1, 1., 59,
Zz(t)=1—t+5t —gt +@t'
25

u(t)=1+t+1tz—it3——t4 (3.22)
2 174 58 '

Then, Laplace transformation is applied to (3.22) and then 1/tis written in place
of s. Afterwards, Pade approximant of order [2/2] is applied and 1/s is written
in placeof t for each variable. Finally, by using the inverse Laplace s
transformation, we obtain the  exact  solution for (3.3)

y1(t) = exp(2t)
y2(t) = exp(-t)
z,(t) = exp(2t)
z,(t) = exp(—t)
u(t) = exp(t) (3.23)
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Chapter 4

Analytical Solutions for Systems of Partial Differential-Algebraic
Equations

As widely known, the importance of research on partial differential-
algebraic equations (PDAES) is that many phenomena, practical or theoretical,
can be easily modeled by such equations. Those kinds of equations arise in
fields like: nanoelectronics, electrical networks and mechanical systems, among
others.

In recent years, PDAEs have received much attention, nevertheless the
theory in this field is still young. For linear PDAESs the convergence of Runge-
Kutta method is investigated. The numerical solution of linear PDAESs with
constant coefficients and the study.

Linear and nonlinear PDAEs are characterized by means of indices which
play an important role in the treatment of these equations. The differentiation
index is defined as the minimum number of times that all or part of the PDAE
must be differentiated with respect to time, in order to obtain the time derivative
of the solution, as a continuous function of the solution and its space
derivatives.

Higher-index PDAEs (differentiation index greater than one) are known
to be difficult to treat even numerically.

Often such problems are first transformed to index-one systems before
applying numerical integration methods.

This procedure called index-reduction, can be very expensive and may
change the properties of the solution. Since applications problems in science
and engineering often lead to higher-index PDAES, new techniques are required
to solve these problems efficiently. Modern methods like homotopy
perturbation method (HPM), homotopy analysis method (HAM), variational
iteration method (VIM), generalized homotopy method, among others, are
powerful tools to approximate nonlinear and linear problems. The HPM has
been successfully applied to solve various kinds of nonlinear problems in
science and engineering, including Volterra’s integro-differential equation,
nonlinear differential equations, nonlinear oscillators, partial differential
equations (PDEs), bifurcation of nonlinear problems (He 2005b) and boundary-
value problems. Recently, the modifications of the HPM have been used to
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solve. The power series method (PSM) is a well-known classic straightforward
procedure from literature that can be applied successfully to solve differential
equations of different kind: linear ordinary differential equations (ODES),
nonlinear ODEs, among others. This method establishes that the solution of a
differential equation can be expressed as a power series of the independent
variable. In this paper we present the application of a hybrid technique
combining PSM, Laplace Transform (LT) and Padé Approximant (PA) to find
analytical solutions for PDAEs.

4.1 Basic Concept of Power Series Method.

It can be considered that a nonlinear differential equation
can be expressed as

Alw)—f ()0, t €Q, (4.1)
having as boundary condition

ou

B (u,—) =0, €T, (4.2)
an

where Ais a general differential operator, f (t)is a known analytic function, Bis

a boundary operator, and is the boundary of domain .

PSM establishes that the solution of a differential equation can be written
as

u(t) = z w7 (4.3)
n=0

Where u, u4, . ..are unknowns to be determined by series method.
The basic process of series method can be described as:

1. Equation (4.3) is substituted into (4.1), then we regroup the equation in terms
of powers of t.

2. We equate each coefficient of the resulting polynomial to zero.
3. The boundary conditions of (4.1) are substituted into (4.3) to generate an
algebraic equation for each boundary condition.

4. Aforementioned steps generate an algebraic linear system for the unknowns
of (4.3).

5. Finally, we solve the algebraic linear system to obtain the coefficients
Ug, U, - -
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4.1.1 Padé Approximant.

Given an analytical function u(t) with Maclaurin’s expansion

(0]

u(t) = Z ut", 0<t<T. (4.4)

n=0
The Pade approximant to u(t)of order [L, M] which we denote by [L/M],,(t)is
defined by

po + pit + ...+ p tt
[L/M}u () = 1+ qut+...+qutM’
where we considered g, = 1, and the numerator and denominator have no
common factors.
The numerator and the denominator in (4.5) are constructed so that u(t)and
[L/M],(t)and their derivatives agree at t=0 up to L+ M. That is
u(®) — [L/M], () = O M) (4.6)

From (4.6), we have

(4.5)

M L
U(t) ) Gut™ = ) pat™ = (M), (4.7)
n=0 n=0
From (4.7), we get the following algebraic linear systems
Upqr + -+ U_pmi1gy = UL+t
u:*L+1q1 Tt UMz T TULe2 (4.8)

PrL = Uy +Up_qq, T+ Upq,

and
Po = Up
=u tu
EP1 1 0d1 (4.9)
PrL=Up +uUp_qq, T+ Upq,
From (4.6), we calculate first all the coefficients g,,,1 <n < M. Then, we
determine the coefficients p,,, 0 < n < Lfrom (4.7).

Note that for a fixed value of L + M + 1, the error (4.8) is smallest when
the numerator and denominator of (4.5) have the same degree or when the
numerator has degree one higher than the denominator.
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4.2 Laplace-Padéresummation Method.
Several approximate methods provide power series solutions (polynomial).

Nevertheless, sometimes, this type of solutions lacks of large domains of
convergence. Therefore, Laplace-Padé resummation method is used in literature
to enlarge the domain of convergence of solutions or inclusive to find exact
solutions.

The Laplace-Padé method can be explained as follows:

1. First, Laplace transformation is applied to power series (4.5).
2. Next, s is substituted by 1/t in the resulting equation.

3. After that, we convert the transformed series into a meromorphic function by
forming its Padéapproximant of order [ﬁ] L and Mare arbitrarily chosen, but

they should be of smaller value than the order of the power series. In this step,
the Padeapproximant extends the domain of the truncated series solution to
obtain better accuracy and convergence.

4. Then, tis substituted by %

5. Finally, by using the inverse Laplace s transformation, we obtain the exact or
approximate solution.

4.3 Application of PSM to solve PDAE systems.

Since many application problems in science and engineering are often modelled
by semi-explicit PDAEs, we consider therefore the following class of PDAEs

Uy = O(U, Uy, Uy ) (4.10)
0 =vu u,,u,),(tx)€(0,T)X(ab), (4.11)
where u,,: [0,T] X [a,b] = R™, k=1,2and b > a.

System (4.10)-(4.11) is subject to the initial condition

u(0,x) =g(x),a<x <bh, (4.12)
and some suitable boundary conditions

B(u(t, a),u(t,b),u,(t, a),ux(t,b)) =0, 0<Zt<T, (4.13)
where g(x)is a given function.

We assume that the solution to initial boundary value problem (4.10)-(4.13)
exists, is unique and sufficiently smooth.
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To simplify the exposition of the PSM, we integrate first equation (4.10)
with respect to t and use the initial condition (4.12) to obtain

u (6, x) — g (x) — J ¢ (u, Uy, Uy, ) dt = 0. (4.14)
0

It is important to note that the time integration of equation (4.10) is not relevant
to the solution procedure presented here, so one can apply the PSM directly to
(4.10).

In view of PSM, we assume the solution components u, (t,x) ,k = 1,2 to have
the form

i (t, %) = apo(x) + a1 (Ot + ag ,(X)t* + ..., (4.15)
where ap,(x), k=1,2,n=0,1,2,..are unknown functions to be
determined later on by the PSM. Then substitute (4.15) into system (4.11)-
(4.14) and equate
the coefficients of powers of tin the resulting polynomial equations to zero to
get an algebraic linear system for these coefficients. Finally, we use equation
(4.15) to obtain the exact solution components u,, k = 1,2 as series.
The solutions series obtained from PSM may have limited regions of
convergence, even if we take a large number of terms. Therefore, we apply the
Laplace-Padéresummation method to PSM truncated series to enlarge the
convergence region as depicted in the next section.

4.3.1 Test Problems:

We will demonstrate the effectiveness and accuracy of the LPPSM
presented in the previous section through two PDAE systems of index-one and
index-three.

4.3.2 Nonlinear Index-One System:
Consider the following nonlinear index-one PDAE which arises as a similarity
reduction of Navier-Stokes equations (Budd et al. 1994)

1
Ui = Uy — Uplly, + UZ — Zf u? dx, (4.16)
0

0 = 1y —uy, (4.17)
where0 <x < landt > 0.

System (4.16)-(4.17) is subject to the following initial condition
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u,(0,x) = cosmx, 0<x<1, (4.18)
and boundary conditions

U, (t,0) = u, (t,1) = u,(t,0) =u,(t,1) =0,t = 0. (4.19)
The exact solution of problem (4.16)-(4.19) is

u; (¢, x) = e ™t cosx

u,(t,x) = (1/n)e‘”2tsinnx, 0<x<1t=0. (4.20)
Since one time differentiation of equation (4.17) determines u,,in terms of uand
its space derivatives, then PDAE (4.16)-(4.17) is index-one. Note that no initial
condition is prescribed for the variable u, as this is determined by the PDAE.
In order to simplify the exposition of the PSM presented in section “Application
of PSM to solve PDAE systems” to solve (4.16)-(4.17), we first integrate
equation (4.16) with respect to tand use the initial condition (4.20) to get

t 1
u, (t,x) — cosmx — j <u1xx — UplUy, +UZ — 2.[ u%dx) dt =0 (4.21)
0

0
In view of the PSM, we assume the solution components u,, k = 1,2 to have
the form

U (t, %) = apo(x) + ap 1 (Ot + ag ,(X)t2+ ..., (4.22)
where a,(x), k=12, n=0,1,2,..are unknown functions to be

determined later on by the PSM. Then, we substitute (4.21) into equations
(4.16) and (4.22) to get

(00]

t [0 0]
Z a1, (x)t" — cosmx — j z ay, (x)t"dt
n=0 0 h=o
[0 0]

+ ft (Z azjn(x)t”> (i a{,n(x)t”> dt
0

n=0 n
2

_ Lt (Z al,n(x)tn>2 dt + jot fol <Z 061,n(x)t”> dxdt

0. (4.23)
i (@) — a1 (@) " = 0, (4.24)

n=0

where denotes the ordinary derivative with respect to x.
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Equating the coefficients of powers of t to zero in (4.24) then solving the
resulting equation for a,,(x) and using the boundary conditions (4.19), we

have
X

Ay (x) = J a1, (x)dx,n=0,1,2,... (4.25)
0

Now equation (1.21) can be written as a series

oo n-1
(01000) = cosmx) + ) (a0 = (/M1 0 = (/1) D Fion () |7
n=1 k=0

=0, (4.26)
where

Bien(0) = @ (O n1 () = Ty g () j a1 (X)dx
0

1
-2 [ a1
0

Equating all coefficients of powers of tto zero in (4.26), yields a; o(x) =
cos rxand the recursive formula for

n-1
n () = (1/Maf 1 () + (/1) ) Bin (0,0 = 1,2,3,...(427)
k=0

From recursion (4.27), we get a;,(x) =—-m?cosmxand a,(x) =
(m/4) cosmx.

From equation (4.25), we get a, o(x) = (1/n) sinnx, a, ; (x) = —m sinmxand
a,,(x) = (m3/2) sinmx. Using (68) and the coefficients recently obtained, we
have

u, (t,x) = (1 -t + % (—nztz)z) COSTIX, (4.28)
and
1
w,(t,x) = (1 —mlt+ - (—n2t2)2> (1/m) sinmx. (4.29)

Similarly, the coefficients a, ,(x)and a,,(x)for n > 3can be found from
(4.25) and (4.25) respectively.

The solutions series obtained from the PSM may have limited regions of
convergence, even if we take a large number of terms. Accuracy can be
increased by applying the Laplace-Padé post-treatment. First, we apply t-
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Laplace transform to (4.28) and (4.29). Then, we substitute s by 1/tand apply t-
Padé approximant to the transformed series.

Finally, we substitute t by 1/s and apply the inverse Laplace s-transform
to the resulting expressions to get the approximate or exact solutions.
Applying Laplace transforms to u, (t, x)and u, (t, x)yields

1 n? nt
Llu,(t,x)] = <§ 5z + s_3> COSTTX , (4.30)
and
1 n? nt _
Llu,(t,x)] = (— -+ —3> (1/m) sinmx (4.31)
s s? s
For the sake of simplicity let s = % then
Lu(t,x)] = (t —m?t? + n*t3) cosmx , (4.32)
and
Lluy(t,x)] = (t — m%t? + n*t3)(1 /) sinx. (4.33)

All of the [L/M]t-Padé approximants of (4.32) and (4.33) with L > 1 and M >
land L + M < 3yield

[L/M],, (t,x) = <1 +t7r2t> COS TTX, (4.34)
and
[L/ M (6,2) = (15 (1/m) sin . (4.35)

Now since t = %s, we obtain [L/M],,. and [L/M],,in terms of s as follows

[L/M],, (t,x) = (m* + s)~* cos mx, (4.36)
[L/M],,(t,x) = (n* + s)"*(1/m) sinmx. (4.37)
Finally, applying the inverse LT to the Pade approximants (4.36) and (4.37), we

obtain the approximate solution which is in this case the exact solution (4.21) in
closed form.

4.3.3 Linear Index-Three System:

Consider the following index-three PDAE system

Uqpr = Uqyy T+ Uz SINTIX, (4.38)
Uyt = Upyy + Uz COSTTX, (4.39)
0 = u, sinmx + u, cosmx - e¢, (4.40)

where0 <x < landt > 0.
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System (4.37)-(4.38) is subject to the following initial conditions

u,(0,x) = sinmx uy,(0,x) = —sinmx, (4.41)
u,(0,x) = cosmx u,;(0,x) = —cosmx0<x <1, (4.42)
and the boundary conditions

u,(t,0) =u,(t,1) =0,
U, (t,0) = —u,(t, 1) = e tt=>0. (4.43)
The exact solution of problem (4.37)-(4.38) is
u(t,x) = e tsinmx u,(t,x) = e tcosmx,

us(t,x) = (1+n?)e™t, 0<x<1,t>0. (4.44)
Since three time differentiations of equation (3.17) determine u3t in terms of the
solution u and its space derivatives, then PDAE (4.39)-(4.37) is index-three.
Therefore, this PDAE is difficult to solve numerically. Moreover no initial
condition is prescribed for the variable u3 as this is determined by the PDAE.
In order to simplify the exposition of the LPPSM presented in section
“Application of PSM to solve PDAE systems” to solve (4.39)-(4.40), we first
integrate equations (4.39) and (4.40) twice with respect to t and use the initial
conditions (4.40)-(4.41) to get

t ot
uy(t,x) —sinmx + tsinmx — f f Uixx + Uz sinmx dtdt = 0, (4.45)
0 7o

t ot
u,(t,x) — cosmx + t cos mx — j f Uyyy + Uz cOsSTTX dtdt = 0, (4.46)
o Jo

In view of the PSM, we assume the solution components u, (t,x), k = 1,2,3 to
have the form

ur(t,x) = ago(x) + a1 (Ot + g, Ot*+ ..., (4.47)
where  ay,(x),k=1,2,3; n=0,1,2,..are  unknown functions to be
determined later on by the PSM.

Substituting (93) into equations (4.39), (45) and (4.47) we get the system

z a1, (x)t" —sinmx + tsinmx — j J z ay,(x) thdtdt
n 0 -0 7=o

=0

t ot
— sin nxf f Z asz, (x)t"dtdt =0, (4.48)
0 Jo

(n=0)
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(00 oo

t pt
z Ay n(x) t" — cosmx + t cosmx — f J Z ay, (x)t"dtdt
0o Jo

n=0 (n=0)
t bt
— cos nxj f z asz, (x)ttdtdt = 0, (4.49)
and
(ayn(x) sinmx + ag,(x) cosmx) t" —e~t =0, (4.50)

(n=0)
where denotes the ordinary derivative with respect to x.

System (4.46)-(4.48) can be rewritten as series

(ay0(x) —sinmx) + (ag,(x) + sinmx)t

(00]

C{ﬂn—z (x) + a3,n—2(x) sin1x n—
-, ( (n—Dn ) oo

n=2

(az,o (x) — cos nx) + (az,l(x) + cos nx)t

= (al (%) + @ap(X) cOSTIX
_z 2n 2(x) 3n 2(x) t" =0 (451)
(n—1)n
n=2
N | (-n
z a1, (x) sinmx + a, ,(x) cos mx — n' t" =0,
n=0 '

Equating the coefficient of powers of t to zero in (4.46) then solving the
resulting system we find the coefficients ay, ,,(x), fork = 1,2,3 andn = 0,1,2,...
a10(x) = sinmx, a1 (x) = —sinmx,
aty0(x) = cosmx,a,,(x) = —cosmx,
and the nonsingular algebraic linear system for the unknown functions

Ay, Ay pand as

a3,n—2(x) sin x _ ail,n—z(x) /
(n—1)n (n—1)n

d1n (x) =

a2 (X) COSTIX _ aff_5(x)
(n—1)n (n—1)n

ayn(x) = (4.52)
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n

a1, (x) sinmx + a, ,(x) cosmx — forn = 2,3, ...

Solving system (4.6) exactly, we obtain the recursions

(-n" &, (x) cosmx
sintx + ,
(n—1)n

S cosTx + 671(;)6)_53::3{, (4.53)

a1n (x) =

Uon (x) =

—1)"
a3 p—2(X) = (7(1—)

2! a1 pn—p(x) sinmx — ay,_,(x) cosmx,

where 6,,(x) = aj’,_,(x) cosmx — ay,_,(x) sinmx.

Forn = 2,3, 4, we have §,,(x) = 0 and hence

a,(x) = Esin X, 0 5(x) = 5 ¢0S X, az0(x) =1+ w?,
ay3(x) = —gsin X, 0y 3(X) = —gcos x,az,(x) = (—1+7m?%),
and
a1 4(x) = ﬁsmﬂx , 0 4(x) = 5z COSTX, a3, ,(x) = —(1 + m?).

Using (4.46) and the coefficients recently obtained, we get

1 1 1
uy (t,x) = (1 —t+=t?—=t3+ —t4) sintx,  (4.54)

27 7310 T4
(t )—(1 t+1t2 1t3+1t4) (4.55)
u,(t,x) = 5 T qth)cosmx, :
and
1
uy(t, %) = (1 4+ 72) (1 —t+ Etz) | (4.56)

Similarly, the coefficients a4 ,, (x), @, ,(x)and a3, _,(x)for n = 5 can be found
from (4.53). The solutions series obtained from the PSM may have limited
regions of convergence, even if we take a large number of terms.
Therefore, we apply the t-Padé approximation technique to these series to
increase the convergence region. First t-Laplace transform is applied to (4.54),
(4.55) and (4.56).

Then, s is substituted by 1/tand the t-Padé approximant is applied to the
transformed series. Finally, tis substituted by 1/sand the inverse Laplace s-
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transform is applied to the resulting expressions to get the approximate or exact
solutions.

Applying Laplace transforms to u, (t, x), u, (t, x)and u;(t, x) yields

1 mn? n*\
Lu(t,x)] = (E ) + s_3> sinmx, (4.57)
1 n? nt
Llu,(t,x)] = (E %z + s_3> COS TTX, (4.58)
and
B (1 m* mt
Lluz(t,x)] = (1 +1w%) <§ s + S—3> (4.59)
For the sake of simplicity let s = 1/t, then
Lluy(t,x)] = (t — m?t? + n*t3) sinmx, (4.60)
Lluy(t,x)] = (t — m?t? + n*t3) cosx, (4.61)
and
Llus(t,x)] = (1 + 7)) (t — w2t? + n*t3). (4.62)

All of the [L/M]t-Padé approximants of (4.60), (4.61) and (4.62) with L > 1
andM > l1landL + M < 3yield

[L/M],, (t,x) = (1 _tl_ t) sinmx, (4.63)
[L/M],,(t,x) = (1 _t|_ t) COS TTX, (4.64)
and
t
[L/M],,(t,x) = (1 +712) (1—+t) (4.65)

Now since t = 1/s, we obtain [L/M],, , [L/M],,and [L/M],, in terms of s as
follows

[L/M],, (t,x) = (m* + s)"*sinmx, (4.66)
[L/M],,(t,x) = (m* + s)~* cosmx, (4.67)

and
[L/M]y,(t,2) = (1 +72) (2 +5)L. (4.68)

Finally, applying the inverse Laplace transform to the Padé approximants
(4.66), (4.67) and (4.68), we obtain the approximate solution which is in this
case the exact solution (4.32) in closed form.
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Discussion.

We presented the power series method (PSM) as a useful analytical tool to
solve partial differential algebraic equations (PDAEs). Two PDAE problems of
index-one and index-three were solved by this method leading to the some
solutions. The method has successfully handled the index-three PDAE without
the need for a preprocessing step of index-reduction. For each of the two
problems solved here, the PSM transformed the PDAE into an easily solvable
linear algebraic system for the coefficient functions of the power series solution.
To improve the PSM solution, a Laplace-Padé (LP) post-treatments applied to
the PSM’s truncated series leading to the some solution. Additionally, the
solution procedure does not involve unnecessary computation like that related to
noise terms. This greatly reduces the volume of computation and improves the
efficiency of the method. It should be noticed that the high complexity of these
problems was effectively handled by LPPSM method due to the malleability of
PSM and resummation capability of Laplace-Padé. What is more, there is not
any standard analytical or numerical methods to solve higher-index PDAEs,
converting the LPPSM method into an attractive tool to solve such problems.
On one hand, semi-analytic methods like HPM, HAM, VIM among others,
require an initial approximation for the sought solutions and the computation of
one or several adjustment parameters. If the initial approximation is properly
chosen the results can be highly accurate, nonetheless, no general methods are
available to choose such initial approximation. This issue motivates the use of
adjustment parameters obtained by minimizing the least-squares error with
respect to the numerical solution. On the other hand, PSM or LPPSM methods
do not require any trial equation as requisite for the starting the method. What is
more, PSM obtains its coefficients using an easy computable straightforward
procedure that can be implemented into programs like Maple or Mathematica.
Finally, if the solution of the PDAE is not expressible in terms of known
functions then the LP post treatement will provide a larger domain of
convergence.
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