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Abstract

In this work we studied Lie groups and Lie algebras. We considered several
examples of Lie groups and their associated Lie algebras. We treated the
representation theory of Lie groups and used this theory in the problem of
classification of some Lie algebras such as semi —simple and solvable Lie
algebras. Other Lie algebras have also been characterized; we also applied Lie
algebras to problems in physics
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Introduction

The problem before us has origin in the theory of finite continuous groups of
transformations. The usual method of classification depends on the existence
or non-existence of invariant subgroups of different types so that we know
(thanks to the work of killing, Cartan and Weyl) all about simple and semi
simple groups on the one hand and integrable or solvable groups on the other.
If the group does not belong to either of these classes we know very little
about the different types except in the case of groups of comparatively small
order. In this research we propose to give an outline of a method of
classification which does not depend so much on the order of the group as it
does on its genus. Unfortunately the method does not apply or only partially
applied in good many cases however it may be possible to further refine it so
as to exclude at least some of the exceptional cases. Another remark the first
part of what follows applied to finite linear algebras in general and we have
already applied it some simple cases of linear associative algebras Lie groups
and their Lie algebras are essential tools in the study of several mathematical

fields. These include partial differential equations.

Homogenous spaces, symmetric spaces and differential geometry in general
we first give a brief introduction to differentiable manifolds and then define
Lie groups that allow us to study Lie algebra. A Lie group is a space endowed

with two structures
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Chapter One
Lie Groups

1.1. Definition

A Lie group G is a differential manifold such that the composition of elements
of G As group and the inverse operation are differential this means that: For
any gin G g~ is differentiable operation. For g; and g, in G the
composition g,0g, is differentiable operation.

1.2. Examples of Lie Groups

The basic example of Lie group is of course the general linear group GL,,(R)
of invertible n X n real matrices, this is an open subset of the vector space of
all n X n matrices, and gets its manifold structure accordingly (so that the
entries of the matrix are coordinates on GL,,R) . That the multiplication map
GL,R X GL,R — GL,R is differentiable is clear, that the inverse

map GL,R — GL,R is follows from Crammers’ formula for the inverse.
Occasionally GL,,R will come to us as the group of automorphism of an n-
dimensional real vector space, when we want to think of GL,R in this way (e.
g without choosing a basis for V and there by identifying G with the group of
matrices).

We will write it as GL(V) or Aut (V). Representation of a Lie group, of
course, is amorphism from G to GL(V)

1.3. Lie Groups, Subgroups, and Coset
1.3.1. Definition

A Lie group is a set G with two structures: G is a group and G is a (smooth,
real) manifold. These structures agree in the following sense: multiplication
and inversion are smooth maps.

A morphism of Lie groups is a smooth map which also preserves the group
operation:

flgh) = flf (M), f(1) =1



In a similar way, one defines complex Lie groups. However, unless specified
otherwise, ‘Lie group’ means a real group.

1.3.2 .Remark
The word smooth in the definition above can be understood in different ways:

C1,C* Analytic it turns out that all of them are equivalent: every C° Lie
group has a unique analytic structure. This a highly non-trivial result and we
are not going to prove it

1.3.3. Example
The following are examples of Lie groups

(1) R™, with the group operation given by addition

2 R XR,,X

38) S'={z€eC:|z| =1}x

4 GL(n,R)C R, Many of the groups we will consider will be
subgroups of GL(n,R) or GL(n, C)

(5) SUQR)={A€GL(2,C)|AA" =1,detA = 1}. Indeed, one can easily
see that

SU2) = {(_“ﬁ_ g):a,ﬁ €C a2 +|B% = 1}

Writinga = x; + ix,8 = x3 + ix,x; € R we see that SU(2) is
diffeomorphismto §3 = {x?, + ---+ x2,} c R*

(6) Infact, all usual groups of linear algebra, such as
GL(n,R),SL(n,R),0(n,R),U(n),S0(n,R),SU(n),Sp(2n, R) are Lie
groups. This will be proved later

Note that the definition of a Lie group does not require that G be connected.
Thus, any finite group is a 0-dimensional Lie group. Since the theory of finite
groups is complicated enough, it makes sense to separate the finite (or, more
generally, discrete) part. It can be done as follows



1.3.4. Theorem

Let Gbe a Lie group. Denote by G °the connected component of unity. Then
G s a normal subgroup of G and is a Lie group it self the quotient group
G\G" is discrete.
Proof
We need to show that G°is closed under the operations of multiplication and
inversion since the image of a connected topological space under a
Continuous map is connected the inversion map i must take G° to one
component of G, that which containsi(1) = 1, namely G°. In a similar way
one shows that G° is closed under multiplication.
To check that this is a normal subgroup, we must show thatif g € G and h €
G°, thenghg~! € G°. Conjugation by g is continuous and thus will take G° to
some connected component of G, since it fixes 1, this component is G°
The fact that the quotient is discrete is obvious
This theorem mostly reduces the study of arbitrary Lie groups to study of
finite groups and connected Lie groups. In fact, one can go further and reduce
the study of connected Lie groups to connected simply —connected Lie groups
1.3.5. Theorem
If G is a connected Lie group then its universal cover G has a canonical
Structure of a Lie group such that the covering map P: G — G is a morphism
of Lie groups, and ker p = 1, (G) as a group. Moreover, in this case kerp is a
discrete central subgroup in G
Proof
The proof follows from the following general result of topology: if M, N are
connected manifolds (or, more generally, nice enough topological spaces),
then any continuous map f: M — N can be lifted to a mapf: ¥ — N.
Moreover, if we choose m € M,n € N such that f(m) = n and choose lifting
i € M, 7 € N such that p(/i) = m, p(fl) = n, then there is a unique lifting
f of fsuchthat f(#) = #i
Now Let us choose some element 1 € G such that p(1) = 1 € G.Then, by
The above theorem, there is a unique map i: G — G which lifts the inversion
map i: G - G and satisfiesi(1) = 1. In a similar way one constructs the
multiplication mapG x G - G.



1.3.6. Definition

A Lie subgroup H of a Lie group G is a subgroup which is also a sub manifold
1.3.7. Remark

In this definition, the word sub manifold should be understood as imbedded
sub manifold. In particular, this means that H is locally closed but not
necessarily closed, as we will show below, it will automatically be closed.
1.3.8. Theorem

(1) Any Lie subgroup is closed in G

(2) Any closed subgroup of a Lie group is a Lie subgroup

Proof

The proof of the first part is given in definition 1.1. The second part is much
harder and will not be proved here. The proof uses the technique of Lie
algebras and can be found

1.3.9. Corollary

(1) If G is a connected Lie group and U is a neighborhood of 1, then U
generatesG.

(2) Let f: G; = G, be morphism of Lie groups with G, connected and

f.: T,G; = T, G, is surjective. Then f is surjective

Proof

(1) Let H be the subgroup generated byU. Then H is open inG: for any
element h € H, the set h. U is a neighborhood of h in G. since it is an open
subset of a manifold, it is a sub manifold, so H is a Lie subgroup. Therefore,
by theorem 1.1.8 it is closed , and is nonempty, so H = G

(2)  Given the assumption, the inverse function theorem says that f is
surjective onto some neighborhoodU of 1 € G,.Since an image of group
morphism is a subgroup, and U generates G,, f is surjective.

As in the theory of discrete groups, given a subgroup H c G, we can define
the notion of cosets and define the coset space G / H as the set of equivalence
classes. The following theorem shows that the coset space is actually a
manifold.

(1) Let G be a Lie group of dimension n and H c G a Lie subgroup of
dimension k. then the coset space G / H has a natural structure of a manifold
of dimension n — k such that the canonical map p: G — G / H is a fiber



bundle, with fiber diffeomorphism toH. The tangent space at 1 = p(1) is
given byT;(G/H) = T,G / T, H.

(2) If H is a normal Lie subgroup then G /H has a canonical structure of a Lie
group

Proof

Denote by p: G —» G / H the canonical map. Let g € G and g = p(g) €
G/H.Then the set g. H is a sub manifold in Gas it is an image of H under
diffeomorphismx — gx. Choose a sub manifold M c G such that g €
M and M is transversal to the manifold gH,i.e.T,G = T,(gH))®T;M

(This implies that dimM = dimG — dimH). Let U € M be a sufficiently
small neighborhood of g inM. Then the set UH = {uh/u € U, h € H}is open
in G(which easily follows from inverse function theorem applied to the
mapU x H — G).Consider U = p(U); since p~1(U) = UH is open, U is an
open neighborhood of g in GH and the map U — U is homeomorphism. This
gives a local chart for G / H and at the same time shows that G - G / H isa
fiber bundle with fiber H. we leave it to the reader to show that transition
functions between such charts are smooth and that the smooth structure does
not depend on the choice of g, M.

This argument also shows that the kernel of the projection p,: T,G — T5(G /
H) is equal toT,; (gH). In particular, for g = 1 this gives an isomorphism

1.3.10. Corollary

(1) If His connected, then the set of connected components 1, (G) =

(G /H). In particular, if H,G / H are connected, then so is G

(2) If G, H are connected, then there is an exact sequence of groups
m,(G/H) - m;(H) - 1,(G) » 1y (G/H) - {1}



This corollary follows from more general long exact sequence of homotopy
groups associated with any fiber bundle. We will later use it to compute
fundamental groups of classical groups such as GL(n).

Finally, there is an analog of the standard homomorphism theorem for Lie
groups

1.3.11. Theorem

Let f: G, = G, be a morphism of Lie groups. Then H = kerf is normal Lie
subgroup in G, and f gives rise to an injective morphisméG, / H — G, which
Is an immersion of manifolds. If Imf is closed, then it is a Lie subgroup
InG,and fgives an isomorphism of Lie groupsG, / H =~ Imf. The proof of
this theorem will be given later (see Corollary 3.27)

Corollary 3.27
Let f: G; = G, be amorphism of Lie groups, and

f.: g1 = g, the corresponding morphism of Lie algebras Then kerf is a Lie
subgroup with Lie algebra ker f,, and the map G, /kerf — G, is immersion if
and only if f is closed, then we have an isomorphism

f =G, /kerf

Proof .Consider the action of G, on G, given by p(g).h = f(g)h,g €
Gy, h € G,. Then the stabilizer of 1 € G, is exactly kerf , so by the previous
theorem, it is a Lie group with Lie algebra kerf,

Note that it shows in particular that an image of f is a subgroup in G,which is
an immersed sub manifold, however, it may not be a Lie subgroup as the
example below shows. Such more general kinds of subgroups are called
immersed subgroups

1.3.12. Example

LetG, = R,G = T? = R? / Z?. Define the map f: G, - G, by f(t) =
(t mod Z, at mod Z ), where a is some fixed irrational number. Then it is



well-known that the image of this map is everywhere dense in T2 (it is
sometimes called irrational winding on the torus).

1.4. Action of Lie Groups on Manifolds and Representations

The primary reason why Lie groups are so frequently used is that they usually
appear as groups of symmetry of various geometric objects. We will show
several examples.

1.4.1. Definition

An action of a Lie group G and a manifold M is an assignmentto each g € G
a diffeomorphism p(g) € Dif fM such that p(1) = id, p(gh) = p(g)p(h)
and such thatthe map G X M - M: (g, m) — p(g).m Is a smooth map

1.4.2. Example

(1) The groupGL(n,R) (and thus, any it’s Lie subgroup) acts on R"
(2) The group O(n, R) acts on the sphereS™ 1 c R™. The group U(n) acts
on the sphereS?"~1 c C™.
Closely related with the notion of group acting on a manifold is the notion of
representation
1.4.3. Definition
A representation of a Lie group G is a vector space IV together with group
morphism p: G - End(V).If V is finite-dimensional, we also require that the
map G XV —= V:(g,v) = p(g).v be asmooth map, so that p is a morphism
of Lie groups.
Morphism between two representations IV, W is a linear map
f:V = W Which commutes with the action of?

G:fpv(g) = pw(g)f.
In other words, we assign to every g € G a linear map
p(g):V = Vsothat p(g)p(h) = p(gh) We will frequently use the shorter
notation g.m, g. v instead of p(g).m in the cases when there is no ambiguity
about the representation being used
1.4.4. Remark
Note that we frequently consider representation on a complex vector space V
even for a real Lie groupG.



Any action of the groupG on manifold M gives rise to several representations
of G on various vector spaces associated withM:
(1) Representation of G on the (infinite-dimensional) space of function
C* (M) defined by
(p(@f)(m) = f(g~'.m)

(note that we need g~ 'rather than g to satisfy p(g)p(h) = p(gh))

(2) Representation of G on the (infinite-dimensional) space of vector fields
Vect(M) defined by
(p(9)-v)(m) = g.(v(g~".m)).

In a similar way, we define the action of G on the spaces of differential forms
and other types of tensor fields on M
(3) Assume that m € M is a stationary point: g.m = m for anyg € G.
Then we have a canonical action of G on the tangent space T,, M given
byp(g) = g.:T,yM — T,,M, and similarly for the spacesT*,,M, A¥T*,,M.

1.5. Orbits and Homogeneous Spaces

Let G act on a manifoldM. Then for every point m € M we define its orbit
byO,, = G, ={g.-m \ g € G}.

1.5.1. Lemma

Let M be a manifold with an action ofG. Choose a point m € M and LetH =
stabs(m) = {g € G\ g.m = m}. Then H is a Lie subgroup in , and

g — g.m s an injective immersion G/H — M whose image coincides with
the orbit 0,y,.

Proof

The fact that the orbit is in bijection with G /H is obvious. For the proof of the
fact that H is a closed subgroup, we could just refer to theorem 1.8. However,
this would not help proving that G /Stab(m) — M is an immersion both of
these statements are easiest proved using the technique of Lie algebras.



1.5.2. Corollary

The orbit0,,, is an immersed sub manifold in M with tangent spaceT,,,0,,, =
T,G/T;H. If O,, is closed, then g — g.m is a diffeomorphism G /Stab(m) —
Om

An important special case is when the action of G is transitive, i.e. when there
is only one orbit.

1.5.3. Definition

A G-homogeneous space is a manifold with a transitive action of G As an
immediate corollary of corollary 1.3.2, we see that each homogeneous space
is diffeomorphism to a coset spaceG/H. Combining it with theorem 1.10 we
get the following results

1.5.4. Corollary

Let M be a G-homogeneous space and choosem € M. Then the map G —
M: g — gm s afiber bundle over M with fiberH = Stab;m.

1.5.5. Example

(1) Consider the action of SO(n, R) on the sphereS™~1 c R™. Then it is a
homogeneous space, so we have a fiber bundle
SO0(n—1,R) » SO(n,R) » s"1
(2)  Consider the action of SU(n) on the sphereS?*~1 c C*. Theniitisa
homogeneous space, so we have a fiber bundle
SU(n—1) » SU(n) » s#*1
In fact, action of G can be used to define smooth structure on a set. Indeed, if
M is a set (no smooth structure yet) with a transitive action of a Lie groupG,
then M is in bijection withG /H,H = Stab.;(m) and thus, by theorem 1.10. M
has a canonical structure of a manifold of dimension equal to dimG — dimH
1.5.6. Example
Define a flag in R™ to be a sequence of subspaces
{0}cV,cV,c--cV, =R" ,dimV; =i
Let B, (R) be the set of all flags inR™. It turns out that B,,(R) has a canonical
structure of a smooth manifold which is called the flag manifold (or

9



sometimes flag variety). The easiest way to define it is to note that we have an
obvious action of the groupGL(n, R) on B, (R). This action is transitive:
By a change of basis, any flag can be identified with the standard flag
Vst = ({0} ce; c (e,e;) €+ C (ey,...,8y-1) € RM)
Where (eq, ..., e;) stands for the subspace spanned by ey, ...,e; Thus B, (R)

GL(n,]R)’ WhereB(n, R) = StabVst is the
B(n,R)

group of all invertible upper-triangular matrices. Therefore, B,, is a manifold
. n(n+1) _ n(n-1)

2
Finally, we should say a few words about taking the quotient by the action of

a group. In many cases when we have an action of a group G on a manifold M
one would like to consider the quotient space, i.e. the set of all G-orbits. This
set is commonly denoted by M/G .It has a canonical quotient topology.
However, this space can be very singular, even if G is a Lie group, for
example, it can be non-Hausdroff. For example, if G = GL(n, C) acting on the
set of all n X n matrices by conjugation, then the set of orbits described by
Jordan canonical form however, it is well-known that by a small perturbation,
any matrix can be made diagonalizable. Thus, if X,Y are matrices with the
same eigenvalues but different Jordan form, then any neighborhood of the
orbit of X contains points from orbit of Y

There are several ways of dealing with this problem. One of them is to impose
additional requirements on the action, for example assuming that the action is
proper. In this case it can be shown thatM /G is indeed a Hausdroff topological
space, and under some additional conditions, it is actually a manifold.

1.6. Left, Right, and Adjoin Action

Important examples of group action are the following actions of G on itself:
Left action: L,:G — G is defined by L,(h) = gh

Right action: R;: G — G is defined by R;(h) = hg™*

Adjoin action:Ad,: G — G is defined by Ad,(h) = ghg™

One easily sees that left and right actions are transitive; in fact, each of them
is simply transitive.

It is also easy to see that the left and right actions commute and thatAd, =
Ly4Ry.

can be identified with the coset

of dimension equal to n?

10



As mentioned above, each of these actions also defines the action of G on the
spaces of functions, vector fields, forms, etc. onG. For simplicity, for a
tangent vectorv € T,,,G, we with frequently write just gv € T,,,,G instead of
technically more accurate but cumbersome notation(Lg),v. Similarly, we will
write vg for(R;-1).v.

Since the ad joint action preserves the identity elementl € G, it also defines
an action of G on the (finite-dimensional) spaceT;G. Slightly abusing the
notation, we will denote this action also by

Ady: TG - T,G .

1.6.1. Definition

A vector field v € Vect(G) is left-invariant if g.v = v for everyg € G, and
right-invariant if v. g = v for everyg € G.A vector field is called bi-invariant
if it is both left and right-invariant.

In a similar way one defines left, right, and bi-invariant differential forms and
other tensors.

1.6.2. Theorem

The map v — v(1) (where 1 is the identity element of the group) defines an
isomorphism of the vector space of left-invariant vector fields on G with the
vector spaceT; G, and similarly for right-invariant vector spaces.

Proof

It suffices to prove that every x € T;G can be uniquely extended to a left-
invariant vector field onG. Let us define the extension byv(g) = gx € T,G.

Then one easily sees that so defined vector field is left-invariant, andv(1) =
x. This proves existence of extension, uniqueness is obvious.
Describing bi-invariant vector fields on G is more complicated: any x € T, G
can be uniquely extended to a left-invariant vector field and to a right-
invariant vector field, but these extensions may differ
1.6.3. Theorem
The map v +— v(1) defines an isomorphism of the vector space of bi-
invariant vector fields on G with the vector space of invariants of adjoint
action:

(T,6)4%¢ = {x € T,G \ Adg(x) = x for all g € G}
The proof of this result is left to the reader. Note also that a similar result
holds for other types of tensor fields: convector fields, differential forms, etc.

11



1.7. Classical groups
In this section, we discuss the so-called classical groups, or various subgroups
of the general linear group which are frequently used in linear algebra.
Traditionally, the name “classical group” is applied to the following groups:
- GL(n, K) (Here and below, K is eitherR, which gives a real Lie group,
orC, which gives a complex Lie group)
- SL(n, K)
- 0(n, K)
- S0(n, K) and more general groups SO(p, q; R)
- U(n)
- SU(n)
- Sp(2n, K) = {4: K*" - K?" || w(4x,Ay) = w(x,y)}. Here w(x,y) is
the skew-symmetric bilinear form }i“; x;Viyn — YiXizn (Which, up to a
change of basis, is the unique non-degenerate skew-symmetric bilinear form
on K?"* ). Equivalently, one can write w(x,y) = (Jx,y),where (,) is the
standard symmetric bilinear form on K" and

0 -1,
-~ =, o)
1.7.1. Remark
There is some ambiguity with the notation for symplectic
group: the group we denoted Sp(2n,K) . would be written
asSp(n,K). Also, it should be noted that there is a closely
related compact group of quaternionic unitary transformations
This  group, which is usually denoted simplySp(n), is a
“compact form” of the group Sp(2n,C) in the sense we will
describe
To avoid confusion, we have not included this group in the list
of classical groups.
We have already shown that GL(n) and SU(2) are Lie groups.
we will show that each of these groups is a Lie group and will
find their dimensions.
Straightforward approach, based on implicit function theorem,
is hopeless: for example, SO(n,K) is defined by mn?equations
ink"*, and Finding the rank of this system is not an easy task.

12



We could just refer to the theorem about closed subgroups;
this would prove that each of them is a Lie group, but would
give us no other information-not even the dimension ofG.
Thus, we will need another approach

Our approach is based on the use of exponential map. Recall
that for matrices, the exponential map is defined by

exp() = )
0

It is well-known that this power series converges and defines
an analytic mapgl(n,K) - gl(n,K), where gl(n) is the set of
all nxn matrices. In a similar way, we define the logarithmic
map by

oo( 1)k+1 k

log(1+x) = P

So defined log is an analytic map defined in a neighborhood of1 € gl(n, K).
The following theorem summarizes properties of exponential and logarithmic
maps. Most of the properties are the same as for numbers; however, there are
also some differences due to the fact that multiplication of matrices is not
commutative. All of the statements of this theorem apply equally well in real
and complex cases

1.7.2. Theorem

2. log(exp(x)) = x; exp(log(X)) = X Whenever they are defined.

3. exp(x) =1+ x + --- This means exp(0) = 1 and d exp(0) = id.

4.  Ifxy = yxthenexp(x +y) = exp(x) exp(y).IfXY =

YX thenlog(XY) = log(X) + log(Y) In some neighborhood of the identity.
In particular, for any x € gl(n, K),exp(x)exp(—x) =1,s0 expx €
GL(n, K).

5. For fixed x € gl(n,K), consider the mapK — GL(n, K):t — exp(tx).
then exp((t + s)x) = exp(tx)exp(sx) . In other words, this map is a
morphism of Lie groups.
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6. The exponential map agrees with change of basis and transposition
exp(AxA~1) = Aexp(x)A~1, exp(x?) (exp(x))*

Full proof of this theorem will not be given here; instead, we just give a
sketch. First two statements are just equalities of formal power series in one
variable; thus, it suffices to check that they hold forx € R. similarly, the third
one is an identity of formal power series in two commuting variables, so it
again follows from well-known equality forx, y € R. The fourth follows from
the third, and the fifth follows from (AxA™1)" = Ax™A~! and (49" = (4")!
Note that group morphism R — G is frequently called one-parameter
subgroups inG. This is not a quite accurate name, as the image may not be a
Lie subgroup

However, the name is so widely used that it is too late to change it. Thus, we
can reformulate part (4) of the theorem by saying that exp (tx) is one-
parameter subgroup inGL(n, K).

How does it help us to study various matrix groups? The key idea is that the
logarithmic map identifies some neighborhood of the identity in GL(n, K)
with some neighborhood of 0 in a vector space. It turns out that it also does
the same for all of the classical groups

1.7.3. Theorem

For each classical groupG < GL(n, K), there exists a vector space g C

gl(n, K) such that for some neighborhood U of1 inGL(n, K) and some
neighborhood u of 0 in gl(n, K) the following maps are mutually inverse

log exp

WUnG)—(wung)— (UNG)
Before proving this theorem, note that it immediately implies the following
important corollary.
1.7.4. Corollary
Each classical group is a Lie group, with tangent space at
identity T; G = g and dimG = dimg
Let us prove this corollary first because it is very easy. Indeed,
Theorem1.5.3 shows that near 1,Gis identified with an open
set in a wvector space. So it is immediate that near 1,G is
smooth. If g € Gtheng.U IS a neighborhood of
ginGL(n, K),and(g.U) NG = g.(UNG) is a neighborhood
of ginG; thus, G is smooth nearg.
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For the second part, consider the differential of the
exponential mapexp,:Tpg —» T;G. Since g is a vector space,
Tog =g, and since exp(x)=1+4+x+--, the derivative is the
identity; thus, Tog = g = T, G

Proof of theorem 1.7.3

The proof is case by case; it cannot be any other way, as
“classical groups” are defined by a list rather than by some
general definition

GL(n, K): Immediate  from  theorem 1.5.2 in this case,
g = gln,K) IS the space of all
matrices.SL(n, K): SupposeX € SL(n, K) Is close enough to
identity  thenX =exp(x) for somex € gl(n,IK) The condition
that X eSL(n,K) is equivalent to detX =1,ordetexp(x) =
1. But it is well-known that detexp(x)zexp(tr(x)) (which
IS easy to see by finding a basis in which x is upper-
triangular), so exp(x) € SL(n,K) if and only if tr(x)=0.
Thus, in this case the statement also holds, with g =
{x € gl(n,K) || trx = 0}.

0(n,K),SO(n,K): The group 0, is defined byXXt=1. Then
X, Xt commute. Writing X =exp(x), Xt = exp(x?) (since
exponential map a grees with transposition), we see that x,xt

also commute, and thus exp(x) € 0(n) implies
exp(x) exp(xt) = exp(x + xt) =1, o) x+xt =
0; conversely,ifx + xt = 0, thenx, x* commute, SO we can

reverse the argument to getexp(x) € O(n,K). Thus, in this
case the theorem also holds, with g={xllx+x*=0} the
space of skew-symmetric matrix

What about SO (n,K) In this case, we should add to the
condition XXt=1 (which givesx + xt = 0) also the
conditiondetX = 1, which gives tr(x) =0. However, this last
condition is  unnecessary, becausex + xt =0 Implies that all
diagonal entries of x are zero.

So both O (n,K) and SO (n,KK) correspond to the same space
of matricesg = {x l x +x* =0}. This might seem confusing
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until  one realizes that SO(n,IK) is exactly the connected
component of identity in O(n,K); thus, neighborhood of 1 in
O(n, K) coincides with the neighborhood of 1in SO(n, K).

U(n),SU(n):  Similar  argument shows that expx e U(n) <
x+x*=0 (wherex* = x~%) and expx €ESU(n) © x +x* =
0,tr(x) = 0.Note that in this case, x+x* does not imply that
x has zeroes on the diagonal: it only implies that the diagonal
entries are purely imaginary. Thus, trx =0 does not follow
automatically fromx+x* =0, so in this case the tangent
spaces for U(n), SU(n) Are different.

SP(2n,K): Similar argument shows that exp(x) €
SP(n,K) © x+JxtJ71 =0; thus, in this case the theorem
also holds.

The wvector space g=T,G is called the Lie algebra of the
corresponding group G (this will be justified later, when we
actually define an algebra operation on it). Traditionally the
Lie algebra is denoted by lower case gothic letters: for
example, the Lie algebra of group SU(n) is denoted by su(n).

The following table summarizes results of the theorem 1.

In addition, it also contains information about topological
structure of classical Lie groups. Proofs of them can be found
In exercises

G |GL(n,§SL(n, RO SO U((n| SU(n)| SP
n,R) | (n,R) (2n,R)
g |lgln,R trx | x x+xt|x X X
=0 | +xt |= +x* | +x* |+ xt"
= =0 |=0,tn=
=0
dimd n? n? |nmn—1nn—-1 n? | n? n(2n
-1 2 2 -1 | +1)
(G z, | {1} | 1z {1 | {1} | {1} | {1}
(G| z,(n | z,(n | z,(n | z,(n | = {1} Z
>3) | =23)| =23) | =23)
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For complex classical groups, the Lie algebra and dimension
are given by the same formula as for real groups. However,
the topology of complex Lie groups is different and is given in
the table below.

G GL(n,c) SL(n,c) | O(n,c) SO(n, ©)

1o (G) {1} {1} ) {1}

1 (G) Z {1} Zy Zy
Note that some of the classical groups are not simply-
connected. As was shown in theorem 1.1.5, in case the
universal cover has a canonical structure of Lie group. Of
special importance is the universal cover of SO(n,R) which is
called the spin group and is denoted Spin(n);  since

m,(SO(n, R))= z,, this is a twofold cover
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Chapter Two

Lie Algebras

2.1. Definition
A Lie algebra g is a vector space over a field F on which a product[, ], called
the bracket, is defined with the properties
(i) X, Y e gimply [X,Y] € g
(i) [X,aY + BZ] = a[X,Y] + B[X,Z]
Fora,f € Fand X,Y ,Z ,€ g
(i) [X,Y] = —[V,X]
(v) [X,[Y.,Z]] + [V,[Z,X]] + [Z,[X,Y]] = O
Properties (iii) and (iv) are known as skew —symmetry and the Jacobi identity,
respectively .A Lie algebra is equivalently defined as the tangent space at the
identify of a Lie group, which is much easier to visualize than.
2.1.2. Definition

The Lie bracket may be defined in various ways; as long as it fulfills the
conditions of definition (2.1).A linear Lie algebra has matrix elements, where

the Lie bracket is defined as the commulator.

[X,Y] = XY - YX. Linear Lie algebras are frequently used in quantum
mechanics. Another common example of Lie algebra is the vector space R®
with the Lie bracket defined as the cross product
[X,Y] = X xY

The basis of a Lie algebra from the infinitesimal generators of its associated
Lie group, which are extremely useful in physical applications of finding
differential symmetries. Let's go ahead and find the infinitesimal generators of
a Lie group, we begin by finding the tangent vectors at any element in the Lie

group.
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For the Lie group action
(x,y) — (x,y) The tangent vector to (x,¥y) is (¢ (x,y),t(x,y)) where
) =@y , G =17
The tangent vector at a point (x, y)
(09, t(x,¥)) = (2—:;.;—5 =0)
So, if we Taylor expand, our Lie group action becomes, to first order in €
x=x + @pe(x,y) + 0 (%)
7=y + te(xy) + 0(?)

And our infinitesimal generators X is
X =¢@(x,y)dx + t(x,y)dy .For this to make more sense, let’s do a simple
example inspired
2.1.3. Theorem
For every Lie algebra (V, [, ]) there exists a Lie group G with g isomorphic to
subalgebra of g(n, R) for some n
Combining this proposition (1.4.2) (b) we get
2.1.4. Example

Let V be a Fs-vector space let g*(v) be the vector space of linear maps— V
define [-, -] on g*(v) by

[x,y] = xoy-yox

Where o is composition of maps? This Lie algebra is known as general linear
algebra sometime it is convenient to fix a basis and work with matrices rather
than linear maps — if we do this we get
2.1.5. Example

Let g1 (f) be the vector space of all n x n matrices with entries in f-define
n

the Lie bracket by
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[X,Y] = XY —YX
Where XY is the product of the matrices xandy. As a vector space gin(f)

have as basis the matrix units e;;for 1 <i,j < n when calculating with this
basis the formula [e;;, ex;] = Jjxey - 8iex; is often useful

2.2. Some Motivation for Lie Algebras

Lie algebras were discovered by sophism Lie (1842 - 1899) while he was
attempting to classify certain smooth sub group of general linear groups. The
groups he considered are now called Lie groups. He found that by taking the
tangent space at identity element of such a group one obtained Lie algebra.
Question about the group could be reduced to questions about the Lie algebra
in which form they usually proved more tractable.

2.2.1. Example

Let

sLy(R) = {(4 Z) = ad - bc = 1}

We give a 2 X 2matrixX, ask whenis1 + €X € SL,
If we neglect terms in € we get the statement 1 + €X € SL, (R) «
t r x = o;this define the Lie algebra SL,(R) .

We refer to this kind of argument as an argument by naive calculus
The main disadvantage of the naive approach is that it doesn’t explain how the
Lie bracket on SI,(R) comes from the group multiplication in SL,(R) .
For a short explanation of this accessible to those who know a small amount
about tangent spaces to manifolds.
2.2.2. Example
Let GL,(n,R) be the group of invertible n X n matrices with entries in R.
Let S be an element of GL,,(R) and let

Gs(R) = {X €GL,(R):XtSX =S}
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WhereX?t is the transpose of the matrixx. ThenG¢(R) is a group .The
associated Lie algebra is

g'.(R) = {X €g" (R):X'S + SX =0}
2.2.3. Example

Certain subspace ofgln(f) turn out to be Lie algebra in their own right
(i) LetSL, (R) be the vector subspace of gln(f) consisting of all matrices

with trace 0. This is known as the special linear algebra.
(i) Let b, (f) be a vector subspace of gln(f) consisting of all upper
triangular matrices.
(i) Let h,(f) be the vector subspace of b, (f) consisting oa all strictly
upper triangular matrices.
2.2.4. Definition

The center of a Lie algebra L is Z(L) = {X€L:[X,Y] = 0, for all
YeL}if [X,Y] = 0wesaythat X and Y commute so the centre consists of
those elements which commute with every elementof L ,so L = Z (L) ifand
only if L is abelian .
2.2.5. Definition

An ideal is particular sub algebra of L . But sub algebra need not be an ideal
for instance if M = b, (C) and L = g*,(c) then M is a sub algebra of L but not
an ideal. Whenever one has a collection of objects (here Lie algebras) one
should expect to define maps between them the interesting maps are those that

are structure preserving.
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2.2.6. Definition

Let L and M be algebras. A linear map ¢:L — Mis a Lie algebra
homomorphism if ¢([x,y] =[@(x),e(y)] for all x,y € L objective Lie
algebra homomorphism is an isomorphism
2.3. Some low-Dimensional Lie Algebras

To get a little more practice at working with Lie algebras we attempt to
classify Lie algebras of small dimension. Any 1 dimensional Lie algebra is
abelian, so up to isomorphism, there is just one 1- dimensional Lie algebra
over any given field.
2.3.1. Theorem

If L is a 2 dimensional non- abelian Lie algebra than L has a basis X,Y
such that [X,Y] = X thus up to isomorphism there are exactly two
2- dimensional Lie algebras over any given field.
2.3.2. Theorem

Suppose that L is a 3- dimensional Lie algebra such that L' is 1-
dimensional and L! is not contained in Z(L). Then L has a basis,x, y, z such
that z is centre and [x,y] = x
2.3.3. Lemma

Suppose that L is a3- dimensional Lie algebra such that L' is 2-
dimensional. Then L! is algebra If X € L\ L' then ad acts on L' as an
invertible linear transformation.
2.4. The Lie Algebra of Vector Fields on Manifold
2.4.1. Definition

A vector space L over R is a (real) Lie algebra if in addition to its vector

space structure it possesses a product thatisamap L X L = L
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Taking the pair (x,y) to the element [x,y] of L, which has the following
properties:
(i) It is bilinear over
[ai1x1,y + azx2,¥] = ai[x1,¥] + ax[x2,y]
[x,a1y1 + azy2] = aq[x,y1] + az[x,y,]
(if) It is skew commutative [x,y] = —[y, x]
(iii) It satisfies the Jacobi identity
[x, [y, z]] + [y, [z.x]] + [z, [x,y]] = O

2.4.2. Example

A vector space V° of dimension 3 over R with the usual vector product of
vector calculus is Lie algebra.
2.4.3. Example

Let M,,(R) denote the algebra of n x n matrices over Rwith X ,Y € X(M),
in general the operator f — x,(YF) defined on C*(p) — Fbeing a C*®
function on a neighborhood of P does not define C*, vector field however
,0ddly enough XY — YX dose define a vector field Z € X(M) according to
the prescription .

Zof = (XY =YX)pf = X,(Y[) - Yp(Xf)

For if F,g € C*(p) then Xf and Yf are C*on a neighborhood of P and
this prescription determines a linear map of C*(p) — R.
Therefore if the Leibniz rule holds for Z,an element of T,,(M) at each € M
. Consider F,g € C*(p) then f ,g € C*(U) , for some open set U
containing P using the nation (xf), for x, the value of xf at P we have

relations .
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XY —=YX), (fg) = X, Yfg) — Y, (Xf9)

= X,(Yfg+gYf) — Y,(Xfg + gXf)

= (X, f)(Y9)p + f®)X, (Y9) + (Xpg(Yf)p + g@) X, (YS)

- (%) X9y — fFOY(Xg — (Y9)X)p — 9(0) B X[)
So that

Zy(fg) = XY =YX),(fg) = f(@FYX -YX)pg + glp) (XY —YX),f
= f)Zpg + 90)Zpf
Finally if F is C® on any open set CM then so is (XY —YX)f and there
fore Z is a C* vector field on M as claimed.
We may define the product on M using this fact namely define the
product of X and Y by
[X,Y] = XY -YX
2.4.4. Theorem
M with the product [X, Y] is Lie algebra
Proof
If o, B € Rand Xy, X,,Y are C*vector fields then it is straight to verify that
[aX: + B X, Y]f = a[X,Y]f + B[X:, Y]f.
Thus [X, Y] is linear in first variable since the skew commutatively [X, Y]
= -[Y, X] is immediate from the definition we see that linearity in the first
variable implies linearity in the second there for [X, Y] is bilinear and
skew commutative .
There remains the Jacobi identity which follows immediately if we
evaluate
(X, [V, Z]] + [Y,[Z,X]] +[Z,[X,Y]]
Applied to a C*- function F - using the definition, we obtain
[X,[Y,Z]]F = X([Y,Z])F -[Y,Z](XF)
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= X(Y(ZF))- X(Z(YF)) -Y(Z(XF))
Permuting cyclically and adding establishes the identity. now we discuss
the Lie algebra analytically and geometrically we have two Lie algebra
associated with the tangent space at the identity T,G G with the bracket
induce by ad and the left invariant vector fields L(G) with the Lie bracket.
in this illustration we will demonstrate that they are isomorphic as vector
spaces.
Defineamap V:T,G — X(G) by
Ve(g) = TeLy(§), forallé € T, Gandg € G.
Because tangent maps are linear, so is V. for all ¢ € T,G and g,h €
G we have
(TaLg) (Ve(h)) = (TnLg) (TeLyn($ ) =
Te (Lg 0 Ln)(®) = T, Lgn(®) = Ve(gh) = (Vso Ly )(R)
Therefore Vgis left invariant so V really is a map
T, G — L(G) itisinverse (immediately) give by the map
LG)T, - G, X—- X(e) €T, G
Now we discuss T_(e ) G = L(G) as Lie algebras.
To show that T, G and L(G) , are isomorphic as Lie algebras as well
vector field , we must show that n the map
V=T, G - L(G)
Vaap, = Ve, W ]
Definead; = Ly:LgM - T;M ,forall n €T, G
Since the Lie bracket of vector fields can be described easily in terms of

flows it might be help full to know what the flows of these vector fields
look like.
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2.4.5. Lemma
Let§ € T, G, and V¢ € G.Then the flows of V¢ through g is the curve
L:R - G Givenby C(t) = Lgo exp (t)
Ext (t)
Proof
Note that C(0) = Ljo exp(o) = Ly(e) = g.
Let t€ R then

(0) ‘ ’ (s +1)
c(o) = = c(S
ds s=t dss=0

d
L,o0exp((s+t)é) =
dy oo 0 0P H DD =57

Ly (exp(tS)) exp(s§) =

Ly 0 exp((t+5s)¢)

L, 0 exp(sé)
dS s=0

dS s=0 =

Ly exp(t) (exp(s))

ds s=0
= (TeLgexpeerye) = Ve(g — exp(t$))) = Ve(c(?))
2.4.6. Theorem
Let nt€ T, Gthen Vyqeyn = [Ve, ]
Proof
Recall that the flow of Vzat time t €R is the map G — G given by Reyp(se)
. Let g € G, and then using the definition of 1, Ad, and the linearity of

tangent maps O we calculate

Ve V(@) = 77— (Rexpe))(9)

d —
=— T Rexp(tE) 0 VergR 1exp(tE) 9)

dst=0

d
= T Rexp(tE) o Veta(gexp(_té))

dst=0
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d
= T Rexp(tE) OTLg exp(—t&) M)

dst=o

d
= T (Rexp(tE)OLQexp(tE))

ds t=0
d
= (TL,) o Ad(expté)n

= (TLg)[&, 1] = Vigm(9)
2.5. The Lie Algebra of Matrix Groups

Let us consider (n , k) , as a coordinates we choose the centries of the

matrices so that matrix g is parameterize by g = gj- :
In particular the identity is e = 6} then the left translation as multiplication
acts is

Lyg =hg = hkg]
It is differential is

. dthg)t . .
(L)Y, = gg?)J:hkalj

The left t invariant vector fields can be obtained from the tangent vector at the

identity denoted such a vector by
— 1 a
V - I/jl a_glig:e
The field X, corresponding toVis given by acting on V with differential
Xpn=dlpv = (dln)]kvl ahl = hkf] - = (hv )l ahl

The component of X at the point is just V interpret end, as a matrix product
.This give us a very important formula for the Lie bracket.
Let x,, and x,, be two vector fields obtained from tangent vectors V and was

above. The Lie bracket is new vector field which at point h is given by
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_ k
[X, X, In= ((Xv\h);-aihli (Xw\m) — AR 5 (XD 5z =

0
h[v, w] o
2.5.1. Remark

In the last line above the square brackets indicate is not the Lie bracket of
vector fields , but the matrix commentator , (it means that we can identify the
Lie algebra of GL(n, c) with the components Vi]- of tangent vector and use the
usual matrix commentator as the product which is huge simplification).

2.6. The Free Lie Algebra

In A, let be two — sided ideal generated by all elements of the form a,a € A,
and(ab)c+(bc)a,a,b,ce A, wesetL, =A,\ |andcall L, the free Lie
algebra on X any map from X to a Lie algebra L extends to a unique algebra
homomorphism from L, to L .

We claim that the ideal | defining L, is graded .This means that if

A=)’ a,is decomposition of an element of | into it is homogenous component,
then each of the a,, also belongto I. To prove this, let JCI denote the set of all
A=)’ a,, with the property that all the homogenous component a,, belong to I,
clearly J is a two sided ideal we must show that JCI . For this it is enough to

prove the corresponding fact for the generating elements clearly if

A =Zap b = qu ,c=Zcr
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Then (ab)c + (bc)a + (ca)b =

Z ((apbg)cr + (bgcr)a, + (cray)by)

p(@)r
Butalso if X = )} x,, then

x% = zxrzl + z(xmxn + X, % )

= XX + XpXm = (Xpxn)? — x2,—x2 €1
So JCI
The fact | is graded means that L, in her it’s the structure of a graded algebra.
In the following we will discuss the free associative algebra ASS (X) let V, be
the vector space of all finite formal linear combinations of elements of X
define

ASS(x) = T(W)
The tensor algebra of V,..Any map of x into an associative algebra A extends
to a unique linear map from V,to A and hence to a unique algebra
homomorphism from Ass, to A so Ass, is the free associative algebra on x
We have the map x —» L, ande:L, = U(L,) and hence their composition
maps X —Ass,thus give rise to a lie algebra homomorphism

L, — Ass,

Which determines an associative algebra homomorphism?
¢:U(L,) — Ass,
Both composition ¢oy andiypog are the identity on X and hence , by
uniqueness , the identity everywhere .we obtain the important result that
U(L,) and Ass, are canonically isomorphism
U (L,) = Ass,
Now the Poincare — Birkhoff- Witt theorem guarantees that the map

& L, — u(L,) is injective ,s0 under the above isomorphism the map
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L, = Ass,in injective on the other hand by construction the map
X = V. Induces a subjective Lie sub algebra homomorphism from L, into
the Lie sub algebra of Ass, generated byX.
So we see that the under the isomorphism
L, < U (L,) is mapped isomorphism ally on to the Lie sub algebra of Ass,
generated by, X Now the map
L, = Ass, , Ass, - x
Extends to a unique algebra homomorphism
A: Ass, — Ass,,X— ASs,
Under the identification this is none other than the map
A:U(L,) = U(Ly) X U(L,) And hence we conclude that L, is the set of
primitive elements of

9]

. d
h,‘{djlvlk— = (hv){‘ﬁ
J

dh;
Ass,

Ass,

L,={we T o)

=wQIlI+IQw}

Under the identification let us know discuss the algebra proof of CBH and
explicit formulas we recall our constructs above x denotes a set L,the free Lie
algebra on x and Ass, the free associative algebra on x so that Ass, may be
identified with the universal enveloping algebra of L, since Ass, may be
identified

With non-commutative polynomials indexed by x we may consider is
completion £, the algebra of formal power series indexed by x — since the free
Lie algebra L is graded we may also consider it is completion which we shall
denoted by L, finally let m denote the ideal in f, generated byx. The maps

Extm - 1+m
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Are well defining by their formal power series and mutual inverse

Are well defining by their formal power series and mutual inverse

(There is no convergence issue since every things is within the real m of
formal power series)

Furthermore expo is abjection of the set of aem satisfying

Aa=0 @ 1+1Q atothesetofall B €1+ msatisfying

AB: PP

Now we will discuss abstract version of CBH and it is algebraic proof in
particular, since the set { B € 1 + M\ AL =B ® P } forms a group we
conclude that for any A, B € L, there exists ac € L,such that

Expc = (exp A) (exp B)

This is abstract version of the Campbell — Baker — Hausdroff formula — ponds
basically on two algebra facts that the universal enveloping algebra of the Lie
algebra is the free associative algebra, and that the set of primitive elements in
the universal enveloping algebra is precisely the original Lie algebra.

2.7. Linear Lie Algebra

In algebra a linear Lie algebra is subalgebra of the Lie algebra g'(v)
consisting of endomorphism of a vector space V. in other words a linear Lie
algebra is the image of Lie algebra representation.

Any Lie algebra is a linear Lie algebra in the sense that there is glalways
faithful representation of g (in fact on a finite dimensional vector space by
Ado's theorem if g is itself finite dimensional).

Let V be a finite — dimensional vector space over a field of characteristic zero
and g subalgebra of g'(v) then v is semi- simple as a module over g if and
only if (i) it is a direct sum of the center and a semi-simple ideal and (ii) the

elements of the center are diagonalizable cover some extension field.
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2.8. Representation of Lie Algebra
We will study representation of the simplest possible Lie algebras SL(2, c)
Recall that this Lie algebra has a basis e, f, h with commutation relations
[e,f]=h,[h,e]=2e[h f]=-2f
As we proved easier, this Lie algebra is simple the main idea of the study of
representation of SL (2, ¢) is to start by diagonal zing the operator h.
2.8.1. Definition
Let V be a representation of SL (2, c). A vector V € IV is called vector of
Weight A, A € C if it is an eigenvector for h with eigenvalue

Hv=»Av
We denoted by v[A] ¢ v the subspace of vector of weight A the following
lemma plays a key role in the study of representations of SL (2, c)
2.8.2. Lemma
av[A]cvI[A+2]
fv[Alcv[i-2]
Proof
Let v €V [4]. Then
Hev=[h,e]Jv+ehv=2evtilev=(QA +2)ev
So ev €[A + 2] . The proof for F is similar
2.8.3. Theorem
Every finite — dimensional representation V of SL (2, C) can be written in the
form

V=Q,V[4]

Where V[A] is defined in definition, this decomposition is called weight

decomposition of V.
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Proof

Since every representation of si(2,C) is completely reducible, it suffices to
prove this for irreducible, v, so assume that V is irreducible let

V = Y, v[A] Be the sub space

Spanned by eigen vector of h — by well — known result of linear algebra,
Eigen vector with different eigen value are linearly independent, so
V1=®v[A]by lemma V1 is stable under action of set f and h.Thus V1 is a sub
representation .since we assume that V is irreducible and V1 = 0 (h has at
least one Eigen vector) we see that V! =7V. Our main goal will be
classification of irreducible representation ofSL(2,C) . Let A be a weight of
V(L ,e, V[A] # 0) which is maximal in the following sense Re A > R e Alfor
every weight A1of V such a weight will be called highest weight of (V'")""and
vectors V € V[A]-highest weight vectors it is obvious that every finite —
dimensional representation has at least one — zero highest weight vector.
2.8.4. Lemma

Let A € C define M to be the infinite — dimensional vector space with basis
(VAR VAR

Irreducible representation V,can also be described more explicitly, as
symmetric powers of the usual two- dimensional presentation.

2.9.Lie Algebra of GL (n, R)

Consider the Lie group GL (n, R) we have T;GL(n, R) = M,,(R)the set of all
n X n real matrices for any Te M,,(R) , the Lie bracket is the commeutator
that is [A, B] = AB — BA

To prove this we compute, X, the left invariant vector field associated with
the matrix A € T GL(n ,R) now on M,,(R) , we have global coordinate maps

given by
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Xij(A)=4A;j
(xa(x;))(9)= x4(D(x;50L,) also if h € GL(n , R)
Then (XUOLg)(h) = Xl](gh)

zgikhkj = zgikxkj (h)
X X

the ijth entry of the matrices B(n , R)

Which implies that?
XijoLg zgikaj
k
Now if £ € C(GL(n, R)), X4(Df = <t(l +tA),. t=0
da
Putting these remarks together we see that

Xa(Xi0Ly) = zgikAkj = Zij(g)Akj
X X

We are now in a position to calculate the Lie bracket of the left invariant

vector fields associated with element of M,,(R).

(X0, Xp1(D)ij = [Xa, Xgl(DXi; = XaXp (X)) — XpXa(Xi))

X4 (z By Xik) — Xp (Z Ayj Xik) (z Byj XuBix — Ak xilBik) )

= Z A6yl — Arj6uBy = Z A By — Z By A
kl k k
= (AB — BA);;
So [A, B] = AB-BA
2.10. Definitions
Lie algebra g is a vector space together with a skew-symmetric bilinear map

Ll:gxg—g
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Satisfying the Jacobi identity

We should take a moment out here to make one important point. Why, you
might ask, do we define the bracket operation in terms of the relatively
difficult operations Ad and ad, instead of just defining [X,Y] to be the
commutator X.Y — Y. X is answer is that the composition X.Y of elements of
Lie algebras is not well defined? Specifically , any time we embed a Lie group
G in a general linear group GL(V) , we get a corresponding embedding of its
Lie algebra g in the space End(V) , and can talk about the composition
X.Y € End(V) of elements of g in this context , but it must be borne in mind
that this composition X.Y will depend on the embedding of g , and for that
matter need not even be an element of g .Only the commutator X.Y — Y. X is
always an element of g , independent of the representation.

The terminology sometimes heightens the confusion : for example , when we
speak of embedding a Lie algebra in the algebraEnd (V) of endomorphism of
V', the word algebra may mean two very different things

In general, when we want to refer to the endomorphism of a vector space
V (resp.R™) as a Lie algebra.

2.11. The Exponential Map

The essential ingredient in studying the relationship between a Lie group G
and its Lie algebra g is the exponential map. This may be defined in very
straight forward fashion, using the notion of one —parameter subgroups, which
we study next.

Suppose that X € g is any element, viewed simply as a tangent vector to G at
the identity. For any elementg € G , denoted by m,:G — G the map of
manifolds given by multiplication on the left by g.

Then we can define a vector field v, on all of G simply by setting
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ve(9) = (mg),(X)
This vector field is clearly invariant under left translation (i.e., it is carried
into itself under the diffeomorphismm, fort all g), and it is not hard to see
that this gives an identification of g with the space of the all left invariant
vector fields on G .Under these identification, the bracket operation on the Lie
algebra g corresponds to Lie bracket of vector fields, indeed, this may be
adopted as the definition of the Lie algebra associated to a Lie group.
Given any vector field v on a manifold M and a pointp € M, a basic theorem
form differential equations allows us to integrate the vector field.
This given differentiable map ¢:1 — M, defined on some open interval |
containing 0, with ¢(0) = p,whose tangent vector at any point is the vector
assigned to that point by v i.e., such that
@'(t) = v(p(t))
Forall tin . The map ¢ is uniquely characterized by these properties.
2.12. Examples of Lie Algebras
We start with the Lie algebras associated to each of the groups .each of these
groups is given as a subgroup of GL(V) = GL,R, so their Lie algebras will be
subspaces of
End(V) = gI,R
Consider first the special linear group SL,,R.If {A,} isan arc in SL, R with
Ay =1
And tangent vector
Ay=X att=0,
Then by definition we have for any basis ey, ...., e, of V = R",
Ai(e)) N .. NA(e,) =e  N...Ne,

Taking the derivative and evaluating at t=0 we have by the product rule
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0 =2 (Ac(er) A A A(en)) = \

Ye AN ANX(e)N..Ne, =Trace(X).(e; A ...Ne,,)_t =0

The tangent vectors to SL,(R)are thus all endomorphism of trace O,
comparing dimensions we can see that the Lie algebra sI,,(R) is exactly the
vector space of traceless n X n matrices.

The orthogonal and simplistic cases are somewhat simpler for example, the
orthogonal group O, (R) is defined to be the auto orphismA of an n-
dimensional vector space V preserving a quadratic form ¢ , so that if {A,} is
an arc in0, (R) with A, =1 and A’; = X we have for every pair of vectors
v,welvVv

P4 (), Ac(W)) = (v, w)
Taking derivatives, we see that
P(X (), w) + (v, X(W)) = 0

For all v,w € V, this is exactly the condition that describes the orthogonal Lie
Algebra o0,(R) . In coordinates, if the quadratic forme is given on V =
R™ as

o(v,w) =v-.M.w
For some symmetric n X nmatrixM, then as we have seen the condition on
A € GL,R to be in O,R is that

A M.A=M

Differentiating the condition on a n X n matrix X to be in the Lie algebra
s0,, (R) of the orthogonal group is that

XtM+MX=0

Nilpotent [i.e.,p(X); = 0], whereas under the representation
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pst= (g o)
Not only are the images p(X) neither diagonalizable nor nilpotent, the
diagonalizable and nilpotent parts of p(X) are not even in the image p(g) of
the representation.
If we assume the Lie algebra g is semi-simple, however, the situation is
radically different. Specifically, we have.
2.14. Theorem
(Preservation of Jordan Decomposition)
Let g be a semi simple Lie algebra. For any elementx € g, there exist

X, and X,, € g such that for any representation p: g — g*(V
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Chapter three

Classification of Lie Algebras
There are three important classes of Lie algebras with very different behavior
solvable Lie algebras, semi-simple Lie algebras and nilpotent Lie algebras.
3.1.1. Definition
Lie algebras g is solvable if there exists a sequence of Lie subalgebra.
OcC....CQ,=0:1500=¢
Such that for all 1, g;.4is an ideal in g;and that quotient Lie algebra
Jgi+1\g; Is abelian
The standard examples to keep in mind are the Lie algebras of upper
triangular matrices other examples are we will see include the Heisenberg Lie
algebra and Boral subalgebra.
3.1.2. Definition
Lie algebra g is semi- simple if it contains no non-zero solvable ideals
3.1.3. Example
SL (n), the Lie algebra of trace-matrices, as well as Lie algebras compact
simple Lie group (Su (n) so (n),)
Lie algebra can be decomposed as direct sum:
g =rad(g) x g*
Where rad(g) is a (unique) maximal solvable ideal (the "radical™ of g) and
gl is semi-simple
A more general class are that one of ten wants to consider are Lie algebra

where red (g) is rather trivial just the center ofg.
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3.1.5. Definition
Lie algebra is reductive if red(g) = Z(g) any reductive Lie algebra is a
sum.
g=2(g)x g
Where Z(g)is Abelian sub algebra (the center of g note this is not the same
as Z(g)CU(g) and g* is semi-simple.
3.1.6. Example

Reductive Lie algebras included gln and U(n) the classification of

complex semi-simple Lie algebras g relies upon the existence in this case of a
carton sub algebra h which is a maximal total (commutative with semi-simple
elements) . Subalgebra it is dimension is the rank of the algebra (and the
corresponding Lie group) all possible choices of h are related by conjugation.
Note that this fails over other fields g;.is an ideal in g;and the quotient.

Lie algebra g;,1\g; is abeliane, g, R, the ad joint action of h is used to
decompose g as: g = hgia X gu
When the root space g, is the Eigen space of the h action with eigenvalue ah”
and A is the set of root a.

For any Lie algebra one can define an invariant bilinear form, the killing
form.
3.1.7. Definition

The killing form for Lie algebra g is defined by
{X, Y} =1r (ad(x) ad(y))
Where ad it’s the adjoin representation for a complex simple Lie algebra this
provides a non-degenerate bilinear form. Restricting to the Cartan subalgebra
h this remains non-degenerate so can be used to define an isomorphism h=h"

and thus a non-degenerated bilinear form on h™. This is positive definition of
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non-zero elements of hjy the sub space of real linear combinations of the roots
inA . For each o€ Aone gets a reflection map S, on h” that takes a— -a
presving the killing from this generate a finite group of permutation of the
roots, the Weyl group W (g, h) the set of roots can be decomposed as:

A= A"+ A, such that:

N"= Quers + Joandn™ = Quea— Ja

Are (nilpotent) Lie sub algebras with « € A~ if —a € A™ taking?

b=h @ n*

Gives an important sub algebra of g called a Boral sub algebra (for which n*
is the nil potent radical) b is maximal solvable sub algebra, of g the space of
Boral sub algebras of g can be identified with G\B. the Lie group
corresponding to b. this is a complex projective variety and will play a crucial
role in the study of representation theory of G via geometry its often known as
the "flag variety" since it parameterizes flags on C" in the case .

g =SL (n, c), a generalization is the hot ion of paretic "sub algebra". This
Lie algebra p such that b ¢ p © g with corresponding Lie group p. G\P it’s
also a complex projective variety.

One ends up with the following lists classifies complex simple Lie algebras
(the sub scripts n give the rank)

A.n=12,3... ,SL (n+l, C)
B, n=2,3,4...,50 2n+1, C)
Ch n=234...,SP(2n+1,QC)
P, n=4,5,6...,S0 (2n,C)

G, F4 EgE; Eg corresponding exceptional Lie algebra.

In this research we will continually use. A example and consider its
representations in ideal, so you should become familiar with how things work
in that case.
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We will also cover in some detail later the B and D case, but from the
perspective of the spin representation.

When we discuss the highest weight theory of finite dimensional
representations well review the story of the Weyl group and how it acts on
h'Lie algebra over other fields.

The classification of semi-simple Lie algebras over R is quite a bit more
complicated. For each semi-simple Lie algebrag there wills multiple non-
isomorphic "real form" these are real Lie algebras g, such that:

g = gr®C = gr®igr
3.1.8. Example

Real forms of SL (2, ¢) are SL (2,R) real form of SO (n, c) include Lie
algebras of orthogonal groups for quadratic forms of different signatures SO (
p.,q,R) for ( p+q =n) . It turns out that there will always be one "compact”
real from which corresponding to a compact Lie group. We will always using
this specific real from until later, when we will deal with this just one example
of different real, with a non-compact Lie groups SL (2, R).

It turns out that one can find not just real forms for a complex semi-simple
Lie algebra, but a Z-form, using a basis for Lie algebra due to chivalry, in
which all the defining relation of the Lie algebra is have Z coefficients . The
group of adjoins transformations of the Lie algebra is then an algebraic group
defined over Z. This means that one can use it to define a group over any
commutative ring giving for each complex Lie algebra wide range of different
kinds of groups to study for example g*(2, ¢) the adjoin group of P GL (2, C).
and one can construct and study groups like PG L (2, F,) where Fq is finite
field.
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3.2. The Systemic Classification of Semi-simple Lie Algebras
The simple Lie algebras have been completely classified be Cartan. They
come into four infinite classes and five exceptional Lie algebras the four

infinite classes and five are" classical algebras" associated with classical

groups.
Classical notation Rank Carton’s notation
SU(n+1, C) n>1 A,
SO(2n+1, C) n>1 B
SP(2n, C) n>1 Cn
SO(2n, C) n>1 D

Here Su (n+1, C) denote the complexification of Lie algebra of Su (n+1), i-e,
it consists of complex linear combinations of the traceless hermetical n + 1 x
n + 1matrices. SO (2n, C) and so (2n+1, C) are defined analogously. The Lie
algebra SP (2n) is the complexification of Lie algebra of the Lie group SP
(2n).

They are also five exceptional Lie algebra denote G,,F,,EqE7,E8 which
have dimension 14, 52, 78, 133, and 248 respectively.

The rank of the algebra is the dimension of maximal commuting sub
algebra.
3.3. Carton Subalgebra
3.3.1. Definition

Let L be a complex semi-simple Lie algebra and H a complex subspace such

that:
(i) If hy,h, € Hthen[h,,h,] =0
(i) Forall V € Lif[v,h] = 0 forall h € H,thenV € H.
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(iii) For all h € H, theopreatorad(h)isdiagonalizable.
The condition (i) and (ii) imply that it is maximal commuting subalgebra of
L. its straight forward to construct sub algebra satisfying (i) and (ii), by
induction, but its non-trivial to satisfy (iii). It can be shown (but not here) that
iIf L is a complex semi-simple Lie algebra then L has a Cart an subalgebra.
Cart an sub algebra are not unique, it can be shown that if H,; and H, are two
Cartan subalgebra of matrix subalgebra L(G) then there exists some g €
G such that H; = g,Hg,™! . Hence the dimension of all Carton sub
algebras in equal, the dimension of Cart an sub algebra it’s called the rank r
of L. the diagonalizability in condition (iii) together with (i) is sufficient to
simultaneously diagonalzed.
3.3.2. Definition

Suppose that L is a complexities semi-simple Lie algebra of rank n, and H
as Carton sub algebra let {h,,...,h,} be a basis for H. then as the ad (h;) can be

simultaneously diagonal zed it follows that L can be decomposed as:

L =H®ZL5

Where the @ # 0. Are vectors in R" with Ly ={V € L:[h;,V] = a;V}. The
vectors @ # 0. Are called roots and L, # 0. Is called root space. At thought is

not a root we will set L,= H for convenience.

3.3.3. Lemma

() Lo, Lp, ifa + B # 0.

(i) The restriction of killing form K to H is non-degenerate.

(iii) Supposea , B, are roots. If a + 3, is not root then:

[Lg Lgl CLgyp if at+f isnotroot then [L, , Lg] = 0.
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(iv) If a is a root then SO is, -a.
Proof:

(1) SupposeX, € L, and Xﬁ € LE

a; + Bi) K (Xg, Xp) = K (h; , Xg) +K (Xg , [hi, Xp])(

But k ([h;, ;] ,X£)+k(Xg, [h;,Xg]) =0 by associatively of k. Hence
(a; + Bi) k(Xg,XE) =0soifa+ B # 0then

KXy, Xp) =0

For all X, € L, and Xp € Lg

(i1) Suppose that K restricted to H is degenerate then there exists some V € H
such that k (V,L)=0 for all h € H. And if  is a root then by reasoning used in
(i) it follows that K (V, X, )= 0, for all

Xq € Lg - s0 it follows that K(V, L) =0, for all L € L, contradiction with the

fact that K is non-degenerated on L. so K restricted to H is non-generate.

Hence the equation a; = K (h;, u,) be solved for uniqueu,.

(iii) Suppose thatX, € L, and XE € Lﬁthen from the Jacobi identity
i [Xa X = [ X |+ Xg + [ X5, i X1 =
;| X Xg | + B: [ Xer Xg | = (ai + ) [ X Xg
Hence if a + Bis a root then this implies that [X,, Xg] € Lyip
If how ever a + ﬁ is not a root then one must have [X,, XE] =0
4\ suppose -a is not a root .supposeX, € L,. Then if B is any root a + B#0
then by (1) if XE € LE then K (Xg, XE) =0
Similarly also by reasoning in (i) K (X4,h) =0 for allh € H. Thus then implies
thath =0,50L,=0a contradiction.
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3.3.4. Corollary
If « isarootthen [Lq, L] € H

Proof:

From the reasoning used to prove (iii) in the above lemma if
Xq € Lg And X_g € L_g,then |hy, [Xg, X_g]| = 0
Which implies [X,, X_q] € H.
3.3.5. Lemma
Ifa is the root then there exists a unique Y, € H such that

a; =K(h;,Y,)

Proof:

As the restriction of K to H is non-degenerate, the equation a; = K (h;, Yy )
can be solved uniquely for ¥, € H.
Note thatas « # 0,Y, # 0.

3.3.6. Corollary
Suppose that ¢ isaroot .if X € L, Y € L_, then [X, Y]=

K(X, Y)Y,.
Proof:
From the above if follows that [X, Y]eH. If h=u‘h; € H then
K([X,Y],h) = K(X[Y, h])
K(X,u'a;Y) = u'a;K(X,Y) = K(Y,, h)K(X,Y)
Hence K([X,Y] — K(X,Y)Y,, h) =0, forallh € H. But K restricted to H is

non-degenerate, so [X, Y] = K(X, Y)Y, as required.
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3.3.7. Lemma

Suppose that « is a root. There exits some X, € L, and X_, € L_, such that
Yy, = [Xo X_g|andK = (Y, Y_,) # 0.

Proof:

Pick some

X_q € L_qwithX_, # 0 supposethatK = (X__a, Xg) = 0. For all

Xq € Ly Then Ly L Lg for all roots g andL_, L H. Hence L_, L L. But K¢
is non-degenerate on L so this implies L_, = 0, a contradiction. So there
must exists some X, € Lywithk(X_4 X,) # 0 by reasoning we can
k(Xg Xy) = 1.

Then by the corollary above one finds Y, = [X,, X_,] next suppose that B
is a root. Consider W = ®j¢,Lg1q- By (iii) of lemma it follows that W is an
invariant sup space of ad X,, and W is also an invariant sub space of ad Y,
then:

T (adYy) = Ty (ad[Xg, X_g]) = Ty |adXy, adX_g | = 0
Where here the trace T,.,, denotes the trace restricted to the sub space W. As
Y, € HsetY, = Y h;.
Then note that:
Trw(adYy) = ®c,Ya(B; + ja;) dim Lgsja
we therefore obtain the equality:
Vi dimw + YX, Z jdimLg,;q =0
Note that:
K (Yg' Yﬂ) =K (YQ[XQ’ X—_a])
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=K[YQ’ Xg] Xog = K(Ygi’ “i’XgX—_a)
= YeiK (X, X_a)
=Yy
Hence YiBidimW + K (Y, Y_o) X jdimLg,jq =0, ifK(Yy Yq) =
0 thenY,p; = 0, for all roots B
this implies that [Y,, Xg] = 0, forallL, € Lg. hence [Y,,L] =0, forallL €
L. It follows that ad Y, = 0s0K(Y, L) = T,(adY,adL) = 0 forallL € L

where the trace is how taken over L. As K is non-degenerate this implies that

Y. = 0, a contradiction. Hence k(y,,y,) # 0.

3.3.8. Proposition

Suppose a, B are roots, consider the vectors f_ + na_ for n € Zthis sequence

consist of string of roots for p <n < q for some p\q € Z withp <o <q.

2k
Moreover 2x&8Ya) _
k(yayp)

Proof:
Consider the spaceV = Qpe,Lgine Where the sum is taken over those n.

such that § + nais a root then V is an invariant under the adjoin action of the

su(2) generators hg, J+,
As each Lg,n, is one dimensional it follows that the representation is
irreducible the elements of V consist of elements of the form:
(adJ)™/gand (ad]_,)™* formy, m, € N
Hence there exists integers p, q with p <o < q such that 8 + na is aroot if

and any if p <n< q. Note that if x € Lg. o then

[P, x]

- k(YaYa) [ya; x]
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(y ) [h;, x]

_ 1 N (Mt kYaya))x
ke Vo) (') B+ nat)x = kVar Vo)

But the largest and smallest of the possible Eigen values is £r where 2r € N,

k()’a Ya)

[—e
k(yg, Ya) _ k(Vg, Ya)x __
k(Var Vo) k(Yo Vo)

And hence % = (p + q) as required
YaYB)

3.4. Nilpotent Lie Algebra
3.4.1. Definition
Lie algebra g is said to be nilpotent if it admits filtration.
g=ay>a,D-->2a,=0 (3-4-1)
By ideals such that:
[g.9]lcajy; for0<i<r-1
Such that filtration is called a nilpotent series the condition (3-4-1) to be a
nilpotent series is that a;\a;.,be in the center of g\a;,, for0 <i <r — 1.
Thus nilpotent Lie algebras by successive central extensions
0 — a;\a; — g\a, = g\a; — 0
0 — ax\az — g\az; — g\a, — 0
In other words the nilpotent Lie algebras from the smallest class containing
the commutative Lie algebras and closed under contrail extension. The lower

central series of g is:
g> gl 5 eee D gl+1
withg* =[g,91,9* = 19,91, -,

l+1

=[g.9] .
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3.4.2. Proposition
A Lie algebra g is nilpotent if and only if it is lower central series terminates
with zero.
Proof:
If the lower central series
Terminates with zero, then it is a nilpotent series conversely, if
g D a; Da, DD a, =0 is nilpotent series, then a > g! because g\a, is
commutative a, 2 [g,a;] 2 [g,9'] = g* and so on, until we arrive at
0 =a, D g"LetV be avector space of dimensionandlet f =V =V, >V, ©
DV, =0dimV =n—1, be a maximal flag in let n(f) be the Lie sub
algebra of glvconsisting the element x such that x(V;) c V;,, for all i the
lower central series of n(f) has:

n(f) ={xe g, xw)cv 147}

For J = 1,...,n. in particular n(f) is nilpotent for example:

0 = = 0 0 =«
B e
0O 0 O 0 0 O

Is nilpotent series for ns.

An extension of nilpotent algebra is solvable but necessary nilpotent. For
example ns is nilpotent and b;\n5is commutative, butb5 is not nilpotent when
n = 3.

3.4.3. Proposition

(i) Sub algebras and quotient algebras of nilpotent Lie algebras are
nilpotent.

(i) A Lie algebra g is nilpotent if g\a is nilpotent for some ideal a
contained in Z(g).

(i) A nonzero nilpotent Lie algebra has non zero center.
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Proof:
(i) The intersection of nilpotent series for g with a Lie algebra h is nilpotent
series with h, and the image of a nilpotent series for g in a quotient algebra
ggis a nilpotent series forg.
(i1) For any ideal a c Z(g) the inverse image of a nilpotent for g\a becomes a
nilpotent series for g when extended by 0.
(iii) If g is nilpotent then the last nonzero term a, in, a nilpotent series for g is
contained in Z (g).
3.4.4. Proposition

Let h be a proper Lie algebra of a nilpotent Lie algebra g then h #
hy (h)
Proof:

We use induction on the dimension ofg. Because g is nilpotent and non-
zero it is center Z (g) is non-zero. if (z(g) ¢ h,thenny,(H) # h Because Z
(g) normalizes h. if Z(g) < h, then we can apply induction to the Lie sub
algebra h\Z (g) of g\Z (g s).

3.5. Solvable Lie Algebra
3.5.1. Definition

A Lie algebra g is said to be solvable if it admits a filtration by ideal
such that [a;,a;] = aj4q for 0 <i<r—1. such a filtration is called a
solvable series the condition (3.1) to be a solvable series is that the quotient
a;\a;,; commutative for 0 < i < r — 1. thus the solvable Lie algebras are
exactly those that can be obtained from commutative Lie algebras by
successive extensions.

0-a\a; » g\a; = g\a; =~ 0

0 - ax\az » g\az = g\a, - 0
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In other words the solvable Lie algebras from the smallest class containing
the commutative Lie algebras and closed under extensions the classic ideal
[9,g] is called the derived algebra of and is denoted D, clearly D, is
contained in every ideal a such that g\g is commutative, and so g\D, is the
largest commutative quotient of g. write D? for the second derived , algebra
D(D,),D3 for the third derived algebra D(D?2), and so on these are classific
and the derived series of g is the sequence.

g3 D, Dg2 -

We sometimes write g* for D, and g™ for D}*
3.5.2. Proposition

Lie algebra gis solvable if and only if its derived series terminates with zero.
Proof:

If the derived series terminates with zero then it is a solvable series
conversely if g 3a; 3 a, 3--a, =0 is a solvable series then a; 3 g!
because g\a, is commutative. a, 3 a® 2 g", Becausea,\a, is commutative
and so on until 0 = a,, = g™,

Let v be a vector space of dimension and let:

F: V=V,aV,3--3aV,=0,dmV,=n-1

Be a maximal flag in. Let b (F) be the Lie sub algebra of g consisting of the
elements x such that x(v;) < v, for all i. then
D (b (F)) =n (F) and so b (F) is solvable for example:

N S 0 =* =x
ST e
0 0 = 0 0 O
In nilpotent series for bs.
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3.5.3. Proposition

Let k! be a field containing k. a Lie algebra g over k is a solvable if and only
if gk! = k x,, g is solvable.

Proof:

h ht
k k'

under extension of the base field derived series of g maps to that of g1

Obviously, for any sub algebras h and h' of g [k h']x = [ ] and so

Note we say that an ideal is solvable if it is solvable as Lie algebra.
3.5.4. Proposition
(i) Sub algebras and quotient algebra of solvable Lie algebra are solvable.
(i) A Lie algebra git's solvable if it contains an ideal n such that both n and
g\n are solvable.
(iii) Letn be anideal in Lie algebrag, and let h be sub algebra ing. if n and h
is solvable then n + h is solvable.
Proof:
(1)  The intersection of solvable series for g with Lie sub algebra is a
solvable series for h and the image of a solvable series for g in quotient
algebra gis solvable series forg.
(i) Because g\n is solvable g™ c n for some m. now g(™*™ c n™ which
is zero of some n.
(iii)  This follows from (ii) because h + n\n = h\h N n which is solvable by
().
3.5.5. Corollary

Every Lie algebra contains a largest solvable ideal.
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Proof:
Let n be a maximal solvable ideal. If h is also a solvable ideal then h + n is
solvable by (iii) and so equals, therefore h = n the radial r = r(g) of G is the
largest solved ideals in. The radical of g is classific ideal.
3.5.6. Lemma

For any n X n matrices A = (a;;) and where

TT‘(A) = Za”bu =TT‘(AB)

]

Hence Tr,(xoy) = Tr,(yox) for any endomorphism X, y of a vector space v,
and so

Tr,([x,y]oz) = Tr(xoyoz) — Tr(yoxoz) = Tr(xoyoz) — Tr(xozoy)

= Tr(x0)[y, z]

3.5.7. Theorem

Let g be sub algebra of g, where V is a finite-dimensional vector space a
field k of characteristic zero then g is solved if Tn,(xoy) =0 for all
X,y over g

We first observe that if k* is a field containing k , then the theorem is true
for g c glif and only if it is true for g, c gi (because g is solvable if and
only if g,is solvable from proposition).
Therefore we may assume that the field k is finitely generated over 0, hence
embeddable in c and then that k=c
We shall show that the condition implies that each x € [g, g] define nilpotent
endomorphism of V the Engle is theorem will show that [g, g] is nilpotent in
particular solvable and it follows that g is solvable because

g(n) — (Dg)(n—l)
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Let x € [g, g], and choose a basis of V for which the matrix of x is diagonal
say dig(a, ..., a,), and the matrix of x,, is strictly upper triangular . we have to
show that x =0 and for this it suffices to show that

a,a; +--+aya, =0
Where a is the complex conjugate of a .Note that Tr,(x~,0x) = a;a, + - +
a,a,
Because x has matrix diag (@, ... ... ... ,a,). By assumption x is a sum of
commentator [y ,z] and so it suffices to show that
Tr,(x;0[y,z]) = 0,all x,y,z € g Form the trivial identity (3.2) we see that it
suffices to show that
Tr,([xs,yloz) =0,all Y,Z € g

This will follow from the hypothesis once we have shown that [x,y] € g
According to
X = C1X + i x% + v +cx”  forsomec; € g
And so [x,,y]Cg Because [x, y]Cg
3.5.8. Corollary

Let V be a finite-dimensional vector space over a field of characteristic zero
and let g be sub algebra of glv if g is solvable then Tr,(xoy) = 0 for all
,Y €1g,9] . Conversely if Tr,(xoy) =0, for allx,y € [g,g]then g is
solvable
If g is solvable then Trn,(xoy) =0,forx€ gandy€ [g,g] For the
converse note that the condition implies that [g, g] is solvable by .But this
implies that gis solvable, because

g(n) — (Dg)(n—l)
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3.6. Semi -simple Lie Algebras
As is clear from the above many of the spaces of the representation theory of
finite groups that were essential to our approach are no longer valid in the
context of general Lie algebras and Lie groups. Most obvious of these is
complete reducibility which we have seen fails for Lie groups, another is the
vector space be non-diagonalizable, the action of some element of Lie algebra
may be diagonalizable under one representation and not under another.
That is the bad news .The good news is that if we just restrict ourselves to
semi —simple Lie algebras, everything is once more as well behaved as
possible. For one thing we have complete reducibility again:
3.6.1. Theorem
(Complete Reducibility) Let V be a representation of the semi-simple Lie
algebra g and W < V a subspace invariant under the action of g .
Then there exists a subspacelW’ c V' complementary to W and invariant
underg. The proof of this basic result will be deferred to Appendix C. The
other question the diagonalizability of elements a Lie algebra under a
representation ,requires a little more discussion. Recall first the statement of
Jordan decomposition: any endomorphism X of a complex vector space V can
be uniquely written in the form

X=X+X,
Where X, is diagonalizable x, is nilpotent, and the two commute.
Moreover,X; and X, may be expressed as polynomials in X
Now suppose that g is an arbitrary Lie algebra, X € g any element, and
p: g — gl,C any representation. We have seen that the image p(X) behaves

with respect to the Jordan decomposition. The answer is that in general,
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absolutely nothing need be true. For example, just taking g = C , we see that
under the representation

p1:t = (0)
Every element is diagonalizable i.e.,p(X), = p(X), under the representation

p2it — (8 8)

Every element is p(X), = p(X;) and p(X),, = p(X,,)

In other words ,if we think of p as injective and g accordingly as a Lie sub
algebra of gI(V), the diagonalizable and nilpotent parts of any element X of
g are again in g and are independent of the particular representation p. The
proofs we will give of the last two theorems both involve introducing objects
that are not essential for the rest of this reference and we therefore relegate
them to Appendix C. It is worth remarking however that another approach
was used classically by Hermann Weyl, this is the famous unitary t that not
only can the action of elements of Lie group or algebra on a vector trick,

which we will describe briefly
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Chapter Four

Symmetries and Lie Algebras
4.1. Introduction
In order to understand symmetries of differential equations, it is help full to
consider symmetries of simpler objects roughly speaking, symmetry of a
geometrical — object is a transformation whose action leaves the object
apparently unchanged. For instance, consider the result of rotating an
equilateral triangle antic lock wise about its centre. After rotation of 27t/3, the
triangle looks the same as it did before the rotation, so this transformation is
symmetry rotation of 4 = /3 and 2r are also symmetries of the equilateral
triangle. In fact, rotating by 2m is equivalent to doing nothing, because each
points its mapped to itself. The transformation mapping each point to itself is
asymmetry of any geometrical object it is called the trivial symmetry.
On the other hand, consider a circle; any rotation by angle & may be
represented in Cartesian coordinates as the mapping
fe(x,y) (x cos & — ysing, xsing + ycosE)
In this case &is continuous parameter, similar the set of reflection of circle can
be represented by the mapping.
Ey: (x,y) = (=x, )
Followed by arotation f: there fore in the case of circle we are examining
asymmetric group which is not discrete, these kinds of symmetries are known
as Lie symmetries, and they form a Lie group Which will be explored in the
next section symmetries are commonly used to classify geometrical objects.
There are certain constraints of on symmtries of geometrical objects. Each,
symmetry has aunique inverse, which is itself is symmetry. The combined

action of the symmetry and its inverse up on the objects leaves of coordinates
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q(t) and q (t) are soluation of the same set of equations. This explains the
view of symmetry transformation as mapping between different soluations of
the equation of motion motivates an alternative view of symmetry
transformation, btween different time evolutions of the system, describe in the
some coordinate frame. This is called an active transformation. It is
transformation  between defferent physical stations, rather than
atransformation between two different descriptions of the same situation.
4.2. Importance of Symmetries
Symmetries are for many reasons a highly important subject to study in
physics. Symmetries of the fundamental laws of nature tells as something
basic about the nature that in many cases can be viewed as even more basic
than the laws themselves. A well —known example is the space time
symmetries of the special theory of relativity. The Lorentz transformation
were first detected as symmetries of Max wells equations, but Einstein
realized that they are more fundamental than being symmetries of equation.
After him the relativistic symmetries space-time have been the guiding
principles for formulation of all fundamental laws of nature.
In the similar may, when extending the laws of the nature in to new realms, in
particular in elementary particle physics, the study of observes symmetries
have often been used as a tool in the construction of new theoretical models.
When systems become complex and detailed description becomes difficult,
the symmetries may still shine through the complexities as a simplifying
principle. In the study of the condensed matter physics the identification of
important symmetries is often used as a guiding principle to obtain a correct
description of the observed phenomena.

In the present case where we focus on the description of mechanical systems

we have notice the possible use of symmetries as generates new solution s
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from old solutions of the equations of the motion. There is another important
effect of symmetries that we will focus on, the connection between
symmetries and constant of motion. Loosely speaking, to any (continuous)
symmetry there is associated a conserved quantity. The study of constants of
the motion is important for the following reasons. These constants may tell us
something important about time evolution of the system even if we are not
able to solve the full problem given by equations of motion. The presence of
constants of motion may simplify the problems since they effectively reduce
the number of variables of the system.
In symmetry, at ran for motion is symmetry if it satisfies the following:
1. The transformation preserves the structure.
2. The transformation is a diffeomorphism
3. The transformation maps are object to itself
4.3. Local One Parameter Point Transformations
To begin local one —parameter point transformation, we consider the
following equation
X=0G(x,¢) (4-1)
Be a family of one —parameter € €R invertible transformation, of points
x = (x1,...,x™) € R" Into pointx = (x7%,...,x™™) € R"

These are known as one- parameter transformations, and subject to the

conditions.

X|g=o = x Thisis G(x, €)|g=o = x (4-2)
Equation (4-1) using Taylor expansion in the some , neighborhoode = 0, we
get

%= 5+ & (§1em0) + L (55 emo ) + 0(E) @3
Putting
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oG
£() = 5 leso (4.4)

2

Reduces the expansion to

X =x+&E(x) + 0(e?) (4.5)
The expression
X =x+&(x) (4.6)

Is called a local one —parameter point transformation and the component of
€& (x) are the infinitesimals (4.1).

4.4. Local One Parameter Point Transformation Groups

The set G of transformation

_ aG e? (9%G .
x&‘i =x++ 81_ (g |£i:O) + ?(E |£i=0) + e, L= 17213 (4'7)
l l

Becomes a group only when truncated at 0 (&?)

4.4.1. The Group Generator

The local one — parameter point transformation in equation (4.6) we can
rewritten in the form

Xx=x+¢&(x).V,

Sox =1+ ¢&(x).V,),an operator (4.8)

G =¢&(x).V (4.9)
These implies that

x=(14e(x))x (4.10)

An operator (4.9) has the expanded form

N
9
G = Z K- (4.11)
K=1
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4.4.2. Prolongation Formulas
The prolongation is happens when the function F(x,y) dose not only depend
on point xalone, but also on the derivatives. When this case is happened then

we have use the prolonged form of operation G.

When
N =2 with x* = x and x? = y reduces (4.11)
To
6 = £00y) = +n(xy)— (4.12)
0x ady

In the deterring the prolongations, it is convenient to use the operator of total

differentiation

D_a+,a+,,a+ 4.13
" Ox yay yay' (4.13)
Ly ey
Where y=—.y =3

The derivative of the transformation point is

S
y = Since

X =x + &andy + &n (4.14)
Then
—, dy+en
= 4.1
dx + ed¢& (4.15)
So that

We can introduce the operator D:

= _ ¥ +eD(m)
From the (4.16) implies that
Y=y +eD@m—yD() (4.17)
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Or Y=y +¢&& (4.18)
With
§'=Dm—-yD(E)
It expands into
6' =My + (ny - S;x)y' - ylz‘fy (4.19)
The first prolongation of Gis

d 6
"=4(x, y) Tt y)—+€ (4.20)
For the second prolongation, we have

.y +e(@@)
 1+eD(&)

With {2 = D({) — y"D(&)this expands into
(2 = Mxx + (any - fxx)y' +(77yy - foy)y’z - y’gfyy + (le - ng -

3,y (422)
The second prolongation of G is

~y" + & (4.21)

) ) )
G2l = €(xy)—+n(xy)—+5 +52y (4.23)

Most applications movie up to second order, derivatives for this reasonable
we pause here third order.
4.5. Generate Point Symmetries
4.5.1. One Dependent and Two Independent Variables
Considering the Equation:

Up = Uyy (4.24)
In order to generating point symmetries for equation (4.24) we first consider a
change of variables from ¢, x and u to t*, x* and u*involving an infinitesimal
parametere. A Taylors expansionin e = 0 is

t=t+ eT(t,x,u)
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X =x+eé(t,x,u),

a=u+e&{(txu) (4.25)
Differentiating (4.25) with respect to ¢
ot
& le=0 = T(t,x,u),

ax
om0 = £t x0)

ou
3¢ le=0 = C(tx,u) (4.26)
The tangent vector field (4.26) is associated with an operator
d d d
G=Ta+€a+5£ (4.27)

This operator is called a symmetries generator this leads to the invariance

condition

G 2l = [F(t' X, Uy Uy, Uy, Ugts uxx)] | [F(t,x,up, Uy, Ut Ut Uyx)=0] (4’- 28)
Where

G %! is the second prolongation of G. It is obtained from:

GIZI_G+('1+('1+(21+(2i++(’ L (4.29)
= t aut x aux tt autt tx autx XX auxx .

Where
. adg  of oT &
(t—aﬁ‘uE‘F F—E]ut—aux
. g of & oT
fx—a+“a+[”‘a]“x‘a“t
, _0%g O°F [ OF 0°F 02¢& +[F 0T |08
See = otz Y o¢2 ot oz | T e ™ ot | et ot tx
5 _62g+ 62F+ 5 OF 0%¢ 0°T +[F , 0T , 0T
XX 9x2 ”axz dx 0x?2 Ux d0x2 te 0x toex— ax”“‘
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And

, _ 99 0 [0F 00T [ 0F 0%
o = Frax T %tax T2 9% " deax| ™ TP 3t T Gox|™
aT 625 o9&
- Y at tt - Euxx

4.5.2. One Dependent and Three Independent Variables
In order to generate point symmetries for equation

Up = Uyy + Uy, , We first consider change of variables from ¢, x, yand u to
t*,x*,y* and u* involve an infinitesimal parameter ¢.use Taylor's series in &
near ¢ = 0 yields.

t=t+eT(t,x,y,u),

Xx=x+¢€&(t,x,y,u),

y=y+ep(txyu),
a=u+e&{(t,x,yu) (4.30)
ot
$|£=0
0x
3¢ le=

dy
% |8=0 = QD(t, XY, U),

=T(t,x,y,u),

0= f(t,x,y,u),

ou
E|S=O = ((t,x,y,u) (431)

The tangent vector field (4.31) is associated with an operator:

=12 el 100y
- 0x fax "’ay Ju

Called asymmetry generator this in turn leads to the invariant condition

(4.32)

2] —
Gl = [F(t' X, Ug, Uy, Ugy, Uge, uyy)] | [F(t,x,ut,ux,uty,utt,uyy):O]

=0 (4.33)
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Where G ?lis the second prolongation of G. it is obtained from the formulas:

. dg  of oT 9 1)
ft-a+”a+[f"§]”t‘a”x‘”ya
, _0g of ¢ aoT 010
fx—a”a+[F a]“x AT
dg of do do aT
I — =2 _ F—_ —_— — -
v =3 +”ay+[ ay] y Tt T Mgy
2_62g+ 62F+ ZaF 92F 02¢& 02¢ +[F 2aT]
tt = 52 T UGz ot otz|™“t T aer ™ T gz ot | e
¢ dp
029  0°F oOF 928 9% 92T 0
2 — — J — e F—Z—]
o= gty e T 145y T oM ot Y T 9a2 ”t+[ ax)
dp aT
—Zauxy—Zautx
d%g 0%F

2 _
(ix =

ax ocox|™ T 73t T atax|® T W gtax

N L[ _oF JOF _ 9% 920
otox | L otox t x

[ZF ) aT 6T] [af ¢ [2 dop Jdo
ot oxl "™ ot oxl " T |%ar T ax ]
, _0%  OF [ OF 0% 92§ 92T
Sty = 300y Yoty T |23y " atay | T aray ™ T oy M
dp g 9 08 oT T
2= -, -2 = 2F — 20— —
[ FTEY keZ i Pri ay] Uy + [ ot oyl
9%g  92°F [ OF d%*p] 9%  9°T
2 —_ < - - __ — —
(yy - dy?2 tu dy?2 + [2 dy ayz_ Uy dy?2 Uy dy? Ut
9o o0& T
+ [F - 2@] Uy, — 2 [@] Uy + [ZF - 2@] u,e  (4.34)
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4.5.3. One Dependent and N Independent Variables
The local one — parameter point transformation
x = x;(x,u,8) = x; + €€(x,u) + 0(e?),
u=u;(x,u,&) =u; +en(x,u) + 0(?),i=1,...,n (4.35)

Acting on (x, u) space has generator

0 0
X =& u) i + n(x,u) M (4.36)

The Kth extended infinitesimals are given by
E(x,u),n(x, u),n® (x u,ou, ...,n(x,u, ou, ..., au)) (4.37)

And the corresponding Kth extended generator is

x) =y, — 0 { + et gF 1
laxl L oui L oui

=1,...n (4.38)
4.5.4. Dependent and N Independent Variables
We consider the case of n independent variables x = (x?,...,x™) and m

dependent variables u(x) = (ul(x),...,u™(x)) with partial derivatives

denoted by
ul = %% The notation
Oxi
0Pu = 0lu = uf (x), .., ul (@) ... u*(x) ... u(x)

Denotes the set of all first order partial derivatives

Oy = {uf plu=1 = i1 i = 1.1}
b
d u(x) |

ax;___axw u=1

=l ..l,=1..n

Denotes the set all partial derivatives of order P point transformations of the

form

x = fxuw),



a=g(x,u) (4.39)
Acting on the n+m  dimensional space (x,y) has as its p‘*extended
transformation
(®F = filxuw),
(W* = gh(x,u),
(ui_”) = hf‘(x, u, ou),

(uidip) = i, (o u, 0u, ... 0P) (4.40)
With i = iy, o, iyt = 1, 0,m = 5

The trans for med components of the first order derivatives are determined by

(@] A Dy g*
(ﬁ)g hl; D,g*
S I R Y
(a1 Lhh] LDy 9"
Where A~1 is the inverse of the matrix
Dft .. D,f™
A= : :
D,f' .. D,f"
In term of the total derivatives operator
0 0 0
D; = — +u!' — + u; +ei=1,..,n

Coxt T our T T gyl
l
The transformed components of the higher —order derivatives are determined

by
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. U - u .
(u)l ip1l hi,...ipl hl Ip1l
u u
(u)l ip2 hi,...ipz hl ip2
= ’ = A_l
=\ MU u M
_(u)i,...ipn_ _hi,...ipn_ D hl Ipnd

The situation where the point transformation (4.39) is a one —parameter group
of transformation give by
xt = filx,u,e) = x' + eff(x,u) + 0(e?),i =1, ...,n
ut = gh(x,u, &) = ut + ent(x,u) + 0(e?),u =
1,..,m (4.41)

Will have the corresponding generator given by
X =& (x u)£+ H(x u)i (4.42)
BRI TR 7 |

4.6. Lie Group of the Heat Equation
In this section we consider the symmetry analysis and Lie symmetries of one
—dimensional and two dimensional heat equation, also we find the invariant
solutions of certain symmetry generator of heat equations
4.6.1.0ne-Dimensional Heat Equation
Consider the heat equation given by

Uy — U =0 (4.43)
Let x and t two independent variables, and u a dependent variable The total
derivatives are given by

9] 9] 9] 9]

D, = 6x+ux6 +uxxa +uxta + -
Ut

9 L 2y
ot " “tou T Moy,

The infinitesimal generator is given by

D, =
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0 0 0
X = T(t,x,u)5+f(t,x,u)a+n(t,x,u)£ (4.44)

The second prolongation of X is define by

o G G G G
X _x+€xa_+€ta_t+6xxa +{xta (4'-4'5)

The coefficients {1, ¢t, (2., (%, (A are define by
= Dy () = we Dy (§) = ue D (T) = gut frut + ur (F = &) — Ty
§¢ = D) — uxD(§) — ueDe(T) = ge+ fru + ue(F — Tp) — uygy
G = Dx(G2) = U Dyt (§) — ue Dy (T)
= GooxTU frx T Ux(2F = $ox) — Ue Ty + Uy (F — 283)
— 22Uy Ty
(it = De(83) — Uk De () — e Do (T)
= Gxet fret + Ux(2F; — $xe) — U (B — Tip) — §plUx
+ (f = $x = Tuex — Truy
§f = De(8d) — uyeDe(§) — uet Dy (T)
= Jeet feew + ue(§ee) — U (2F; — Tpe) — 2upe e + upe (f — 2T7)

4.6.2. Symmetries of One Dimensional Heat Equation

The deterring equation is obtained from invariance condition

, 0
{xx auxt

G G o . 0
(T(t,x, W)= £(6 2 0) (62 0) -+ Ch
X

1 J 1 d |
+ (x auXt Ttt (ut - utt) ut=utt=0)

Where

((t:'l - qtzt) |ut=utt=0 - (446)
After substituting ¢}, (2, and u, = u,, in equation  (4.46)

70



We get It + Ftu(F - Tt) - uxft - [gxx + qux + ux(ZFx - Scxx) - uthx +
u;(F —2¢&,) — 2u,, T;] =0 — (4.47)

Separate coefficients in (4.47) having the following monomials

C=0t—Gxx =0 (4.48)
U=f—f,=0 (4.49)
U =Ty =Ty =28, =0 (4.50)
Uy =& —Spex — 2 =0 (4.51)
Uy =T, =0 (4.52)
Integrating equation (4.53) with respect to x we get
T = a(t) (4.53)
Substituting T in to (4.50) and integrating with respect to x we obtain
& = %attx + b(t) (4.54)

Differentiating (4.54) with respect to t we get

& = %attx + b (4.55)
Substituting &, in (4.51) and integrating with respect to x yields
1 1
F = §attx2 — Ebtx + c(x) (4.56)
Substituting f in (4.49) we obtain
1 1 1
—gamx — Ebttx +c + Zatt =0 (4.57)
Splitting equation (4.57) with respect to the power x we get
X =au: =0
X' =by;=0

And integrating three equation with respect to respectively yields
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A
a(t) = Etz + Ayt + Aq
b(t) = At + Ag

1
c(t) = _ZAlt + Aq

The infinitesimals
T =0y t2 42 o, ¢+
& =0, tx?+2 0, x +¢, t +0c
1 1
4.6.3. Symmetries

The equation
T 0 + 0 +(fu+yg) 0
gt T et Ut 9y

The corresponding symmetries are given by

0
Xl:%

0
XZ:&

0 0
X3=xa+2ta

0 , 0 1,1
X, xta+t 6__(Zx +§u)u

d 1 0
Xs ta—zxta

0
Xe =Uu—
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(4.63)

(4.64)
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(4.68)
(4.69)

(4.70)



d

4.6.4. Invariant Solutions

Useful tools of the symmetries groups that conserve the set of all solutions in
the differential equations admitting these groups .That is the symmetries
transformation simply permute those integrals curves among themselves. Such
integral curves are termed invariant solutions.

4.7. Theorem

A function F(x , y) is called an invariant of the group G if and only if solving

the following first — order linear differential equations.

oF oF
XF =f(X,Y)a+77(x.)’)@ (4.72)
Ju Ju
X(t,x,u) Ix + T(t,x,u) s =n(t,x,u) (4.73)

Is the general partial differential equation of invariant surface, with the
following characteristic equation?
dx dt du

x(t,x,u) - T(t,x,u) - n(t, x, u) (4.74)
For the symmetry equation (sg) characteristic equation is
xdx du
— + —= (4.75)
Integrating (4.68) we obtain
u= ,B(t)e_Tth (4.76)
Differentiating (4.76) with respect to t and twice with respect to x respectively
we obtain
—x? _x2 X2
u; = F'(t)e s + L(t)est 1 (4.77)
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x? -2 1 -2
uxx=m€ 4t ﬁ(t)—zte‘“ﬁ(t) (4-78)

Substituting u; and u,., in (4.43) yields

1
ﬂ’(t)+§ﬂ(t) =0 (4.79)
Hence the solution is
k-
u = 1:176 4t (4 80)

Finding the invariant solution the symmetries equation (s,) is used since it

contains (x, t, u) then the invariance condition becomes

1 1
xtu, + t2u, = (sz + §t> u (4.81)
The corresponding characteristic equation are given by

dx dt du
xt  t2 (lxz + lt)u
4 2

By separation of variables and integration the solution of the characteristic

(4.82)

equation yields two invariant of

x 2x
X4,{ = - and v = |tesxu

Then the solution of the invariant surface equation (4.81) is given by the

invariant form

1 2«
u=o¢xt) = ﬁeﬂ $(0) (4.83)
Finding the solution:
x%u
e = e T
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7t ()(E) e

. X\ U XN\ XU x? 1
w=8() () -0 )G+ (7 51) (4.85)
Substituting u, and u,, in (4.83) we obtain
¢ (7) =0 (4.86)
t/ t2 '
Hence ¢ =0
Solving the differential equation obtain
1 —x?
U= —|[C, + Cyle s 4.87
ﬁ[ 1+ Gl (4.87)

4.8. Two Dimensional Heat Equations
Consider two dimensional head equation

Up — U — Uy =0 (4.88)
The dependent variable is u and independent variable aret, xand vy .

The infinitesimal generator is given by

0 0 0
X = T(t,x,y,u)a+S(t,x,y,u)a+<ps(t,x,y,u)@

0
+ {(t,x,y,u) Em (4.89)

The second prolongation of X is

el?l =x +( ¢} 0 + {3 0 + {3 0 +(1L+(zi+5zi
“ou,  Fou, Mou,  You,  CFouy Y ouy

6 6 0
With invariance condition

X1 (g + ey + uyy) |, =0 (4.90)

—uxx—uyy):o
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That yields

(1:1 - ffx - Z)%yl(ut—uxx_uyy)zo =0 (491

Where ¢}, (%, and {7, are substituting in (4.91)
dg of oT ¢ do
Ct——+ua+[ ETs Uy — aux—uyﬁ
0 0 d oT 0
€%=—g+ —f+[f——€]ux— :

ot ot o
ag 6<p ¢ aT
1 - - N
Y=ot [f ] Uy Tt T ey, T ey,

92 92 OF 9°T GE 92
220, f+[2 § §

aT
a2 a2 ot _aez|Y T g T T [t_za] Yt
3 g
- Zautx - Zauyt

, 9% N 9% f N 92T L[ ,9F 92¢ 920
Six = 3iax T “atax T ot atax|™ ot otox|™* " orox
[2 2c’)T 6T] [af ¢ [c’)(p E)(p
A ranr v Ll e L ot oxl™
, 9% N 9% f | [20F 92¢ 92¢ 92T
Stv =300y T “atay T |3y “atay| T atay T oy
0 ago 08 0¢ oT T
—[2 + yy [2 at+a—]uxy+ 2f—ZE—@]uyt
E)Zg 2f JOF 0% 92¢ 92¢
(yy ay ay ayz o7 Ux — ayz U

¢ oT
+ [t - 25] Uyy — 2 [ay uxy] [ZF ay] Uy (4.92)
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4.9. Determining Equation of Two Dimensional Heat Equation

Considering equation

¢ =0 =05y =0 (4.93)
Implies that
ag g_l_ aT]ut_af ” —u 6(,0
at ot ot Y at
d%g f oF 0° f azgo 0%T
= o2 TUxe [ ax  oxz|"r T axz ™y T ezt
_ 2 2
+ _f— 2%]11” — Zauxy — Zg—Tutx + gy‘z +ugy];
2, 2 2
+ 22—5—27(/2) uy—g—}jux—g—;ut-k[F g(ﬂuw
[GE] Uyy + -2f 2 — ot Uyt (4.94)
i dy
Compare coefficient of constant and u yields
C =gt = 9xx — Gyy
=0 (4.95)
U=f; = fox = fyy =0 (4.96)
Ut =Ty = Ty = Tyy =0 (4.97)
Uy =8 —Sxx —&yy =0 (4.98)
Uy = Pt — Pxx — Pyy =0 (4.99)
=& — @, =0 (4.100)
Uyy = Px =y =0 (4.101)
Uy =Ty =0 (4.102)
u,; =T, =0 (4.103)

Integrating (4.102) and (4.103) with respect to x and y respectively getting
T = (t) (4.104)
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Substituting T in (4.97) and integrate with respect to y we obtain

1
p=5%y+ b(t, x) (4.105)

Differentiating G twice with respect to x and y
Orx = brx (¢, x)¢yy =0 (4.106)

Differentiating ¢ with respect to y we get

1
Pr =75 %y + b (t,x) =0 (4.107)

Differentiating ¢s with respect to y and substituting in (4.100) and integrate

with respect to x obtain
1
&= 5 o« x +c(t,y) (4.108)
Differentiating & with respect to t and twice with respectively we obtain the
following equations

1
$ = > < X + ¢ (t,y) (4.109)

$xx = 0,8, =)y (t,y) (4.110)
Differentiating (4.110) with respect to x and y respectively we obtain the

following equations

Prx =0 byx,$yy =0 =10cyy (4.111)
Integrating (4.111) with respect to x and y respectively we obtained
b=Ax+A, (4.112)
¢ = Ay + A, (4.113)

Substituting &; , $xx , €y, I (4.98) and @, @y, @y, N (4.99) and integrating

with respect to x and y respectively we obtains
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f

1 5 1 5 1 1
="gXu X" Tg%xuy —Ect(t,y)x _Ebt(t»Y)Y+d(trx)
+e(t,y) (4.114)

Differentiating  f with respect to t and twice with respect to x and y

respectively we obtain

1 ) 1 5 1 1
fe = ) Kepe X° — 8 Xeee Y© — Ectt(t; y)x — Ebtt(t' x)y +d(t,x)
+ e.(t,y) (4.115)
1 1
fax = 2 et oy (8, %), fyy = g Qe + ¢y (L) (4.116)

Substituting f; , i 1N (4.96) yields

1 1

1 1
~3 ey X2 — 8 Cpp Y2 — Ectt(t;Y)x — Ebtt(t:x)y +d.(t,x) + e.(t,y)

+ % K= Cyy (6, ¥) — dyx (£, x) = 0 (4.117)

Splitting (4.117) we obtains minimal equations

‘e (£) =0 (4.118)
‘d (X)) =0 (4.119)
eyy(t,y) =0 (4.120)
:d(t,x) =0 (4.121)
e (t,y) =0 (4.122)
Integrating (4.121) , (4.122) and (4.120)

a(t) = %Ast2 + Agt + A, (4.123)
d(x,t) = Agx + Ao (4.124)
e(x,t) = A0y + A1, (4.125)

The infinitesimals:
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T = Bit? + 2B,t + B
§ = Pitx + 2B,x + By + Bs
@ = Pty + 2B,y + Bax + Bs

1
f= _Z,B1(x2 +y%) + Bx + Bgy + Bg

Symmetries:
d
x1=ta
0
x2=a
0
x3=@
d
x4=u%
X5
9]
=xua
0
x6—yu£
d 0
x7—ya+x@
0 0
Xg 2t%+xa—+y@
, 0 0 Jd 1 . 0
Xg =t a+txa+ty@—z(x +y )ua
0

xoo=g£
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(4.127)
(4.128)

(4.129)

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)



4.10. Invariant Solution

For x; = % , the characteristic condition is giving by

X3l = 3y (4.140)
The characteristic equation is
dy_ dx _du_dt
1 0 0 0
This implies that dy = 0, thus the invariant solution u = @(t) or = @(t) , we
substitute this in the original equation u, = u,, + u,,, to get @'(t) = 0 thus
o(t) =k
Similarly for u = @(x) we have u,, = @ (t) = 0 which implies @(x) =

c1x + c,x then the invariant solution because

u
=X+ (4.142)
For x, = aa_x
Similarly we obtain the invariant solution
u=Ay+A4, (4.143)
For
X7

d d
=y 5t %5, (4.144)
The invariant condition is

ol oT

x71 = Y3 + x@ (4.144)
The characteristic equation is given by
de_dy _du_dt (4.145)

y X 0 0
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Then ¢ = y? — x?

The first invariant ; = y? —x? and the second invariant ¥, = @(t) the

invariant this solution is u = @(t) (y? — x?2) substituting this solution in the

original equation obtain
0'(t) (y? —x?)=00'() =0,0(0) =c
Thus invariant solution
u=c(y*—x?
_ 20 9 9 L1242
For xg =t e ttxg Tty ; (x° +ySu

The invariant condition is given by

L0 al or 1, ., 0l
Xol =t a+txa+ty@—z(x + y9)u EM
The characteristic equation is giver by equation
dx dy du du

t2  tx dy i(xz +y2)u
From the equation (4.150)

dt dx 4151
—_— — .
t2 tx ( )

Integrating the equation (4.151) leads to % =0,

From the (4.150) we have
dt
t2
du
;@2 +yDu

Integrating (4.153) obtain

x2+y2>

u=F(§)e< at
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(4.147)

(4.148)

(4.149)

(4.150)

(4.152)

(4.153)

(4.154)



Differentiating (4.154) with respect to t and twice with respect to x and y

respectively we obtain

—x24y2 x2+y2 xz + yz
= F e _pX L5 41
U %) e ” e v (4.155)
SRC SPENC STPENCS
Uyy = F t—ze a8 )+ F t_Ze at +F2—te at (4.156)
—x24y2 1 X2 4+y2 )72
uyy =F e( at ) <Z> + Fe( at ) <F> (4157)
Substituting u; , u,, andu,,, in (4.88) yields
F" . +F’2x+F 1+ X + (xzztyz)
t? t? t a2
The second order differential equation (4.158) reduces tos
F'<x+F'B+FA=0 (4.159)
From  characteristic  equation (4.150)
dt d
“_w (4.160)
tx ty
Integrating (4.160) obtain
X
5= ®, (4.161)
From (4.150)
dy du
— =0 (4.162)

+ 7 =
ty Z (XZ + yz)u
Integrating (4.162) obtain

(-2x2Iny+y?)

u=~R()e 8t (4.163)
Differentiating (4.163) with respect to x and twice with respect to x and y

respectively yields
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x_ -(xtiny+y?) (2x%Iny + y?)
8t

8t?
1 -(x%my+y?) 1 -(x?iny+y?) xlny
uxx =R”—2€ 8t —R, —e 8t (_)
y y ty
-(2x%2iny+y?) [n —(2x%iny+y?) len 2
—_ R <e 8t 2—:2] + e 8t 4t2:y )
., x2 —(2x21ny+y2)
uyy =R (Fe * )
2x —(2x?ny+y?) x —(2x%iny+y?) (Xz + yz)
R'|—e 8t +—e 8t .
3 _'yz 2t

—(2x%Iny+y?) xz + 2 -(2x%iny+y?) /1 x2 + 2
+Rle 8t Q +e 8t (—) Q
4ty 4t y?

Substituting u; , u,, and u,,, in (4.88) we obtain

R i_ﬁ _ xlny_Z_x_x(x2 + y?)
yZ y2 tyZ y3 ZtyZ

R 2x%Iny + y? N Iny N xilny (x?+y?) x+y?
8t 4t2  4t? Aty 4ty?

=0 (4.164)
This reduce to

R'"S—R'K—RY =0 (4.165)
From [14] for two — dimensional Lie algebra spanned by x , y has invariant
r= \/m and v =u~* looking for invariant solution in the form
V = ¢(r) when u = ¢(r)e*tsubstituting in (4.88) and multiplying by r the
result equation because

rg" +@' —Krg =0 (4.166)
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Letting K < 0, then setting K = - «? andr’ =« r the equation because
Bessel function n J,(r") of order zero
" + 0 +7r'9=0 (4.167)
Where
@ = J,(r") and the invariant solution is given by
u = Jo(ar)e *t

Also we can obtain the solution of (4.159) and (4.165) similar to (4.167).
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Chapter Five
Applications of Lie Algebra

5.1. Introduction
This chapter introduces basic concepts from representation theory, Lie group,
Lie algebra, and topology and their applications in physics, particularly, in
particle physic. The main focus will be on matrix groups, especially the
special unitary groups and the special orthogonal groups. They play crucial
roles in particle physics in modeling the symmetries of the subatomic particles
of the many physical applications the chapter will introduce two concept
phenomena known
Here, we define basic concept that will be used later on. Note that the scalar
field of the vector space will be the complex number, C, unless mentioned
otherwise.
5.1.1. Definitions
Give a vector space V over field C anormon V is a function
P=V - (R)

With the following properties foralla € Cand all x,y €V

} P(ax) = |a|P(x),

ii. P(x+y)=P(x)+ P@)

iii. Px)=0 »x=0
The particular norm, which we will use in this chapter for a vector x € C"

will be denoted by ||x|| and defined as following:

Whereas the norm of nxn complex matrix, A, will be defined as following:
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“ ||: sup||Ax||
x € cn/(0}]Ix]|

It is not hard to check that these two norms satisfy the three properties
mentioned above.
5.1.2. Definitions
Let V be a vector space will basic {vi}; then the symmetric product
sym?v is defined as
symv=V QV/wiQvj—vj ®vi) With 1<i,j<n the alternating
product, A%V is defined as
A%V = V@V /wiQvjv — vj@ui) With 1 <i,j<n
5.1.3. Definition
A group is a set G together with an operation, ~ G X G — G satisfying four
requirements known as the group axioms:

VYab,eG,a.b €G

VYab,c €G,a.(b.c)=(a.b).c

Je € Gsuchthata.e =e.a=avVa e G

foreacha€ G,3a ' €Gsuchthata.al=atla=e
5.2. Representation theory
Here, we define representation and its associated concepts and state some
examples. Before starting, it could be helpful to first understand why the
concept of representation is important. A representation can be thought of as
an action of group on a vector space. Such actions can arise naturally in
mathematics and physics, and it is important to study and understand them.
For example, consider a differential equation in their —dimensional apace with
rotational symmetry. If the equation has a rotational symmetry, then the

solution space will be invariant under rotations. Thus, the solution space will
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constitute of are presentation of the rotation group so (3). Hence, knowing
what all the representations of so (3) are, it is easy to narrow down what the
solution space of the equation will be. In fact, one of the main applications of
representation is exploiting the system's symmetry. In system with symmetry,
the set of symmetries form a group, and the representation of this symmetry
group allows you to use that symmetry to simplify the given system. We will
see more of these applications, particularly in physics, in the final section.
5.2.1. Definition
A representation of a group G on a vector space V is defined as a
homomorphism @ : G — GL(v). To each g € G, the representation map
assigns a linear map F,:V — V. A though V is actually the representation
space, one may, for short, refer to V as the representation of G.
5.2.2. Definition
A sub representation of a representation V is a vector subspace w of v, which
Is invariant under G. This means Im (w) = w under the action of each g € G.
5.2.3. Definition
A representation V is called irreducible if there is no proper nonzero invariant
subspace w of v. that is has no sub representation, except itself and the trivial
space.

Now that the basic concepts are defined, we can look at some examples of
representation.
5.2.4. Example
(Trivial representation) every element g € G gets mapped to the identify
mapping between the vector space V and itself. Hence, all elements of G act

as the identity on allv € V.
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5.2.5. Example

(Standard Representation) If we let G be S,, , the symmetric group on n
elements, then G is obviously represented by vector space V = C™ with n
basis vector. Now, there is one dimensional sub representation W of V
spanned by sum of the basis vector. The standard representation is n-1
irreducible representation VV/W the equation space.

5.2.6. Example

(Dual Representation) Let @ be a representation of G on V for V, we can
define its dual space IV* =Hom (V, C). We define

@*:G —» GL(V*) by

0*(g) = @' (g~1) For all g € G. @* Is the dual representation . It is easy to
check that this is actually a representation =let g,h € G

And p,, p,, be their associated mapping inGL(V). Then,

P = Pipy-1 = (Ppm1 0 Pg1)" = Plio Py = Po Py
As we wanted
5.2.7. Example
If V, W is representation of G, the direct sum ¥V @ W and the tensor product
V' @ W are also representation, the letter via

gV W) = gv@gw
For a representation V, the nt" tensor power V®" is again a representation of
G by this rule, and exterior powerV™ (v) and symmetric power sy m™(v) are

sub representation of it.
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5.3. Lie Group
Here, we introduce concept of Lie group, which plays crucial role in physics,
particularly in studies of particle physics. We make a slight detour to
introduce an application in physics and the necessary concept in topology.
5.3.1. Definition
A real Lie group is a group that is also a finite-dimensional real smooth
manifold, in which the group operations of multiplication and inversion are
smooth maps smoothness of the group multiplication.

w:G X G - G, ulx,y) =xy
Means that u is a smooth mapping of the product ¢ X G into G.
These two requirement can be combined to the single requirement that the
mapping.

(6, y) > x7ly

Be a smooth mapping of G X G into G.
As defined above Lie group embodies three different forms of mathematic
structure. Firstly, it has the group structure. Secondly, the elements of this
group also form a “topological space“so that is may be described as being a
special case of a “topological group” .finally, the elements also constitute an
“analytic manifold”. Consequently, a Lie group may be defined in several
different (but equivalent) ways, depending on degree of emphasis on its
various a sepects in particular it can be defined as a topological group with
certain analytic properties or, alternatively, as an analytic manifold with
group properties. But, formulating in these ways would require many set of
other definitions (such as manifold, smooth mapping, and etc), which may not
be every important in understanding the applications of lie groups in physic.
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In fact, we are mainly interested in a particular type of Lie group for problems
in physic, the matrix Lie group, for which a straight forward definition can be
give using the general linear group, GL(n, c)

5.3.2. Definition

The general linear group over the real numbers, denoted by GL(n, R) is the
group of all n X n invertible matrices with real number entries.

We can similarly define it over the complex numbers C denoted by GL(n,c) .
5.3.3. Definition

A matrix Lie group is any sub group H of GL(n,c)with the following
properties. If A,, is any sequence of matrices in H and A,, converges to some
matrix A, then eitherA € H, or A is not invertible. A mounts to saying that H
is a closed subset of GL(n, c). Thus one can think matrix Lie group as simply
a closed sub group of GL(n, c).

5.3.4. Definition

Counter examples. An example of a sub group of GL(n, c) in not closed is the
set of all n X n invertible matrices whose entries are real and rational number.
One can easily have a sequence of invertible matrices with rational number
entries converging to an invertible matrix with some irrational number entries.
5.3.5. Example

(The general linear groups, GL(n,c) andGL(n, R)) the general linear groups
are themselves matrix Lie groups. Of course, GL(n, ¢)is a sub group of itself.
Also, if A is a sequence of matrices in GL(n,c) and A converges, to A, then
by definition of (n,c) , either A is in GL(n,c) or A is not invertible.
Moreover, GL(n, R) is a subgroup of GL(n,c) and converges to A, then the
entries of A are, of course, real. Thus, either A is not invertible, or A €
GL(n,c) .
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5.3.6. Example

The special linear groups SL(n,c) and SL(n, R) the special linear groups is
group of n X n invertible matrices having determentl. Since determent is a
continuous function, if a sequence A4,, in SL (n, ¢) converges to A, then A also

has a determinant 1 andA € SL(n, c¢).

5.3.7. Example
The orthogonal and special orthogonal group O(n) and so(n)
A n x n matrix A is orthogonal if the column vectors that makeup A are

orthogonal, that is, if

n
L=iAlj A = 6;

Equivalently, A is orthogonal if it preserves inner product, namely if

(x,y) = (Ax,Ay)
For all x,y € R™. Another equivalent definition is that A is orthogonal if
AtA=1,i.e if A* = A7l Since detA! = detA if A is orthogonal, then
= 41 . Hence, orthogonal matrix must be invertible. Furthermore, if A is an
orthogonal matrix, then

(A™'x, A™ty) = (A(A7'x, A(A™1y)) = (x,y)

Thus, the inverse is also orthogonal. Also, the product of two orthogonal
matrices is orthogonal. Therefore, the set of n X n orthogonal matrices forms
a group, called orthogonal group and it is a subgroup of GL(n, ¢). The limit of
a sequence of orthogonal matrices is orthogonal since the relation A4 =1 is
preserved under limits. Thus O(n) is a matrix Lie group. Similar to SL(n, ¢).
The special orthogonal group, denoted by So(n), is defined as subgroup of
O(n) whose matrices have determinant 1. Again, this is a matrix Lie group.
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5.3.8. Remark

Geometrically speaking, the elements of O (n) are either rotation, or
combinations of rotations and reflections, while the element of So (n) are just
the rotations. Due to this geometric nature, the special orthogonal group
appears frequently in physic problem dealing with rotation symmetry. An
example of this would be a problem dealing with hydrogen atom potentials,
which has a spherical symmetry.

5.3.9. Example

(The unitary and special unitary groups, U (n) and SU(n)) an n X n complex

matrix A is unitary if the column vector of A are orthogonal that is

n —
inAlj Ay = 6jy,
Similar to an orthogonal matrix, a unitary matrix has to nother equivalent
definitions. A matrix A is unitary
I. If it preserves an inner product.
ii. If A*A=1 ie.if A*=A"1(where A* is adjoin of A) since detA* =
det A| detA| = 1 forall
Unitary matrices A. This shows unitary matrices are invertible. The same
argument as for the orthogonal group can used to show that the set of unitary
matrices from a group, called unitary group U(n).
This is clearly a subgroup of GL(n,c) and since limit of unitary matrices is
unitary, U(n) is a matrix Lie group. The special unitary group SU(n). it is
easy to see that this is also a matrix Lie group.
Here, we take a short detour to cover some needed topics in topology to
help understand an application of special unitary group, SU(2) and special

orthogonal group, SO(3) in physics.
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5.3.10. Definition
A covering space of a space X is space X together with a map
P:X — x , satisfying the following condition: there exists an open cover {U}
of X such that, for each x, P~1(U,) is a disjoint union of open sets in X
likewise, covering group can be defined similarly on topological groups, in
particular matrix Lie groups.
5.3.11. Definition
A path in topological space X is a continuous function f from unit interval
I=10,1] to X
f=1-x

A space X is said to be path —connected if a
ny two points on X can be joined by a path. The stronger notion, the simple-
connected space X, is if:

I. X is path-connected

ii. And every path between two points can be continuously transformed,
staying within space, into any other such path while preserving two end
points.
5.3.12. Definition
A covering space is a universal covering space if it is simple-connected. The
name universal cover comes from the property that the universal cover (of the
space X) covers any connected cover (of the space X), i.e. if the mapping
P:x — x Is the universal cover of the space X and the mapping @ = Xin any
cover in the space X where ¥ is connected, then there exists a cover
map y¥: x — X such that® o Y = p.
5.3.13. Proposition
The matrix Lie group SU(2) can be identifiedwith the manifold S3
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Proof:

a M
g Vv
Fora,f, M,V € C.Thisis SU(2) if
UxU =1 AnddetU =1

Consider U = ( ) e SU(2)

Using the inverse matrix formula with det U = 1

= )

G )
Where U =aa + ff =1

This is a generic form of element ofSU(2). Now, set @ = y, + iys,

Since U1 = U*, we have

B= —y,+iy: FOrys,y1, ¥2,¥3 €ER
Then, it is straight forward to see that

3
UZYOI"l'zyno-n

n=1

Where a,, are Pa uli matrices defined as following?

5= o) 2= 9)e=( 2

Now, the previous condition a@ + S8 = 1 is equivalent to
ye+y?+y2z+yi=1ie y= Y1,V Y3) ES3 This establishes a
smooth, invertible map between SU(2)andS3.
5.3.14. Remark

The Pauli matrices, {a,,} which are familiar from quantum mechanics, can be
taken as generators for Lie algebra of SU(2), often with an extra factor of I, in

physics{ia, }.
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5.3.15. Remark
The point of establishing the correspondence between SU(2) and S3 is to
provide an explicit way of seeing that SU(2)is simply-connected, since unit
S™ (withn > 2) is simply-connected, in particular, S3.
5.3.16. Proposition
The special unitary group SU(2)is a double-cover of the special orthogonal
group SU(3). There is 2-1 correspondence @ = SU(2) - SO(3) and @ is a
group homomorphism additionally it is a universal cover.
Proof:

Suppose U € SU(2). Define a 3 x 3 matrix @(U) via

1
D) yn = §trace (o,,Uc,U"),

Where a,, are Pauli matrices defined earlier. By writing

U=yl +Y>_1y,0, for y,, v, € R, satisfying
¥é + Y51 Yp¥p = 1, itis straight forward from here to show that

3

3
D(U)mn = yg - (Ypyp) Onm + 2Em,n,q z YoYp + 2 YmYn
p=1 q=1

It is clear that if y,, = 0 for p = 1,2,3 so that
U=+1than®(U) =1,s0@(U) € So(3). More generally, suppose that
¥p # 0 than we can set y, = sin(x) |,

Yp = cos(x) zp for 0 <«x < 2m, x# 1. Than the constraint

3 3
v§ + Z VpYp = limplies that Z ZyZ,=1,i.e
p=1 p=1
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Z:=(Z4,Z5, Z5) Is a unit vector in  R3. Then @(U),,, can be rewritten as

following

3
DU mn = €0S(2 X) 8y + ) SIN(2 X) €y g Zg + (1 — cos(2 X)) Zp Zy
g=1
It is then apparent that

D) mnln = Zm
And if X is orthogonal to Z then

O(U) ynXy = cos(2 ) X, +
q

sin(2 ®)e,, . XnZq

3
=1

The transformation @ is therefore corresponds to a rotation by 2«

In the plane unit normal vector Z
It is clean that any non-trivial rotation in So(3) can be written in this way.
However, the correspondence in not 1-1, but 2-1 .To see this explicitly, it
requires bit of echoes algebra, so we will skip this part of the proof. The end
picture will be that @(U) from So(3) will correspond to both U and -U
fromSU(2). Now, check the group homomorphism,i.e, @(U,) =
@(U,)0(U,)forU, ,U, € SU(2). Let us write U, , U, by following: (Note that
we are now using the Einstein notation, where there is implicitly a summation
over rerated indices).
Ui = yol +iy,0, , U, = wyl +iw, 0,
For yo, ¥p » Wo, Wp, € R satisfying y§ + v,, = wg + w,w,, = 1then

U,U, =uy I +iu,o,
Where
Uy = YoWo — YpWp ANd Uy, = VoW + YiWo —€mpq YpWq

Satisfy u§ +u,u, = 1, it then suffices to evaluate
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Directly @(U;Uy)mn = (ud — uply)Smn + 2 Empg UolUy + 2Unly,
And compare this with
U1 mpDWU2)pn
= (V8 = ¥1Y2)8mp + 2 Empq YoVq + 2Ym¥p|[(W§ — wrw) Sy,
+€pmr WoWy + ZWPWn]

From here, it is again a simple but tedious matter of expanding out two
expressions in terms of y and w and checking
DU1Uz)mn = D(U1)mp@(Uz)pn as required. The final statement about the
universal over follows straight forward from simple connectedness of
SU(2).And the definition of universal cover
5.3.17. Remark
To quote from W. S. Massey, algebraic topology an induction, “A simple —
connected space admits no non-trivial converging equivalently speaking, a
universal cover is unique up to a homomorphism. In linear group (or matrix
Lie group), in particular, the only cover of simply-connected group is an
isomorphism, thus, the universal covers are isomorphic. This fact, in addition,
to the relationship between SU(2)and SO(3) has a well-known, physical
outcome, there are particle with only integer or half-integer spins (boons or
fermions), i.e. there is no % or % (N # 2) spin particles.
5.4. Lie Algebra

Now, we move on to Lie algebras. The concept of Lie algebra can be
motivated as the tangent space of the associated lie group at the identity, using
Lie group’s smooth manifold structure. Install, we can also define Lie algebra,
using the matrix exponential, which is much more straightforward first, we

define the matrix exponential.
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Vi.

5.4.1. Definition

Let X be any n X n complex matrix. We define the exponential of X , e*by

(o]
Xm
m!
m=0

the usual power series

5.4.2. Proposition
For any n X ncomplex matrix X, the series above converges.
The matrix exponential, e* is a continuous function of X
proof
Recall that the norm of matrix A is defined as

Hx™ 1 < x™

(0e] (0]
Xm [lx]|™
5 < 3t <
m!il — m!
m=0 m=0

Thus, the exponential series converges absolutely. But, given absolute

convergence, we can take partial sums of the series to form a Cauchy
sequence. Now, using the fact every Cauchy sequence converges in complete
space, we now have that the exponential series converges. As for continuity,
we just have to note that X™ is continuous of X.
5.4.3. Proposition
Let X ,Y be arbitrary n X n complex matrices. Then following are true

e’ =1

e” isinvertible and (e¥)"! = e™*

e(@+B)x = X oB for all complex number a, 8.

if XY =YX, thene**V = e*e¥ = eYe*,

if cis ann X n Invertible complex matrix, thene*<™" = Ce*C™1.

lle* |l < [[x]f.
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Proof:
Point (i) is obvious from the fact that x° = I for all matrices X and 0™ =0
for all m > 1. Point (ii) and (iii) are special cases of (iv). To verify (iv) we

simply multiply power series out term by term

X,y — X y?
e*e ‘(1+ﬁ+"') L+ 4ot

By collecting the term where the power of X and power of Y add up to m, we

k m-—k
ey‘ZZ 0);'(73: Y zm'Zk'(m k)'XkYmk

Since we are give XY=YX, we have.

get

X+y)" = Z M yeym-k
£ k! (m = k)!

Substituting this back in to what we had earlier, we get

e}

1
e¥ey = z — (X + V)™ = XY
m!

m=0

For (v) we simply note that(C x C~1)™ = cX™C~1. The proof of (vi) was
already made from the proof of proposition (3.5.16).
5.4.4. Definition

Let G be a matrix Lie group. Then the Lie algebra of G denoted g, is the set
of all matrices X such that e** is in G for all real number t, together with a
bracket operation [., .] : g X g — g,called the Lie bracket, with the following
properties:

[.,.] is anti-symmetric, i.e. forall X,Y,€ g [X,Y] = —[V, X]
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[. , .] is bilinear, i.e. for all a,b € Cand X,Y,Z € g [ax + by, z] =
alx,z] + b[Y,Z][x,aY + bZ] = a[X,Y] + b[X, Z]

[. , .] satisfies the Jacobi identity, i.e. foe all X,Y,Z € g [X, [V, Z]] +
[Y,[Z,x]]+ [z, [X,Y]] =0
In fact, for a matrix Lie group G, the Lie bracket associated with its Lie
algebra g is simply given by commentator of matrices, i.e. for all a,b € c and
X,Y,Z € g,[X,Y] is defined by:

[X,Y] = XY —YX

And it is easy to check that three properties mentioned above are satisfied.
5.4.5. Remark
Physic is are accustomed to considering the map X — e**instead of usual
X — e*. Thus, in physics lie algebra of G is often defined as set od matrices X
such that e** € G for all real t. in physics lie algebra is frequently referred to
as the space of infinitesimal group elements, which actually connects the
concept of the Lie algebra back to its original definition as the tangent space.
5.4.6. Example
(The general linear group) let X be any n X n complex matrix, then by
proposition 5.20, e®* is invertible thus, the Lie algebra of GL(n, ¢) is the space
of all n x n complex matrix. This Lie algebra is donated by gI(n,c). If X is

Any n x n real matrix then e**will be invertible and real. On the other hand
if e is real for all t, then X = %h:o = et will also be real Thus the Lie

algebra of GL(n, R) is the space of all n x n real matricesgl(n, R).
5.4.7. Proposition

Let X be n X n complex matrix. Then

det(ex) — etrace(x)
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Proof:

We can divide up the proof into three cases:
X is diagonalizable, nilpotent, or arbitrary. The reason we can do this is
because any matrix X can be written in the form X=S+N with diagonalizable,
nilpotent, and S/V =NS. this following form the Jordan canonical form. Since
S and N commute.
eS+n — esen
And we can, then use the results for diagonalizable and nilpotent matrices to
compute for the arbitrary matrices.

Case 1: suppose X is diagonalizable. Then, there exists an invertible matrix C

such that
A 0
X = C( : : )C‘l
0o - A,

ell ces 0
ex=Cl : -~ 1 |C?!
0 e/ln

Using the proposition 3.20 thus trace(x) = Y. Ai, and det(e¥) = met = e’
Case 2:

Then

Suppose X is nilpotent. If x is nilpotent cannot have any non-zero
eigenvalues. Thus all the roofs of characteristic polynomial must be zero.

Hence the Jordan canonical form of x will be strictly upper-triangular. X can

O - x
X=C<E s)c-l
0 - 0

Hence, e* will be upper-triangular with it’s on the diagonals:

be written as:
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1 - =%
ex=C<E E)C‘l
0 - 1

Thus, if X is nilpotent, trace (x) =0 anddete* = 1.
Case 3:
Let X is arbitrary. Then e* = e®e™ as described above
dete® = deteSdeteN = etrace(s)ptrace(N) _ ptrace(x)
As we wanted to show
5.4.8. Example
(The special linear group) we havedet(e*) = et"@¢™®) Thus if trace X =0,
then det(e™*) = 1foe all real number t. on the other hand, if X isany n xn
matrix such that det(e®) = 1 for all number t, then e®{racex) — 1 for all t,
this means that (t)(trace x) is an integer multiple of 27i for all t, which is only
possible if trace x =0. Thus the Lie algebra of SL(N, C) is the space of all
n X n real matrices with trace zero denoted SL(N, R).
5.4.9. Example
(The unitary group) recall that matrix U is unitary if and only if
U* = UL Thus, e* is unitary if and only if
(et¥)* = (et*)™1 = gt
But by taking adjoins term-by-term, we see that
(e™)* = e™*, and so the above
etx* — e—tx.
Clearly, a sufficient condition is X* = —X. On the other hand, if above hold
for all real t, then by differentiating at t=0, we see that X* = —X is necessary
condition. Thus the Lie algebra of U(n) is the space of all n x n complex

matrices X such that X* = —X and trace x=0, denoted su(n).
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5.4.10. Proposition
Let G be a matrix Lie group, and X and element of its Lie algebra. Then e*
is an element of identity component of G. the identity component of a
topological group G is the connected component G of G that contains the
identity element of the group.
Proof:
By definition of Lie algebra, e lies in G for all real t. but as t varies from 0
to 1, e™ is a continuous path connecting identity to e®*.
5.4.11. Example
(The orthogonal group) the identity component of O(n) is just So(n). by the
proposition (3.27) the exponential of a matrix in Lie algebra is automatically
in the identity component.
So, the Lie algebra of 0O(n) is the same as the Lie algebra of O(n). Now, an
n x n real matrix X is orthogonal if and only if X" = X~1 . (Note, here, we
used X' instead of X¢ to not cause confusion with the t for the exponential)
So, given as n X n realmatrix X, e** is orthogonal if and only if

(et™)r = (et*)~1
Ore* = e x
Clearly, a sufficient condition for above to hold is that
Xt = -Xx.
Meanwhile, if above equality holds for all t, then by differentiating at t=0, we
must have X = —X . Thus the Lie algebra of O(n), as well as So(n), is the
space of all n X n real matrices X with
X' = —X, denoted So(n). Note that the condition

X=X
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Forces the diagonal entries of X to be zero, and so explicitly the trace of X are
Zero.

5.5. Physical Application

Here, we look at how the concept introduces earlier have been applied in the
field of physics, particularly, particle physics

5.5.1. Is spin and SU (2).

The simplest case an application in physics can be found in a Lie algebra
generated from the bilinear products of creation and annihilation operators
where there are only two quantum states this is often referred to as the “ old
fashioned “ . Isospin as it was originally conceived for systems of neutrons
and protons before the discovery of mesons and strange particles. The concept
of isospin was first introduced by Heisenberg in 1932 to explain the
symmetries of newly discovered neutrons. Although the proton has appositive
charge, and neutron is neutral, they are almost identical in other respects such
as their masses. Hence, the term ‘nucleon’ was coined: treating two particles
as two different states of the same particle, the nucleon in fact, the strength of
strong interaction. The force which is responsible forming the nucleon of an
atom-between any pair of nucleons is independent of whether they are
interacting as protons and nucleons. More precisely, the isospin symmetry is
given by the invariance of Hamiltonian of the strong interactions under the
action of Lie group, SU (2). The neutrons and protons are assigned to the

doublets with spin % — representation of SU (2) .

Let us take a more detailed look in the mathematical for mulation.
Let a® and a' be operators for the creation of proton and neutron,
respectively, and let a,, and a,, be the corresponding annihilation operators.

Now, construct the lie algebra of all possible bilinear products of these
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operators which do not change the number of partials (strong interaction
invariance). There are four possible bilinear products

a,al , aqa, , ahbay, asa,
The first operator turns a neutron into a proton, while the second operator
turns a neutron into a proton. Let us denote the first two operators by T, and
T_. Recall, this whole symmetry is based on the idea that the proton and the
neutron are simple two different states of the same particle : we can treat the

proton as havening spin-up and the neutron as having spin-down, i.e,
associating them with doublets (%) and (g) , respectively. Which that in mind,

the notation would seen more natural: T, being the raising operator, while T-
being the lowering operator. Now, the last two operators simply annihilate A
proton or neutron and then ereate them back. These are just the number
operators which count the number of protons and neutron. Together, they are
total number operators, which commute which the all the other operators, as
they do not change the total number. It is therefore convenient to divide the
set of four operators into a set of three operators plus the total number, or
baryon number, operator, which commutes with other:
B = aya, + ana,

— 4t
T,y =apay

T_ = aha,

1 1
To == (aba, —ata,) =Q —=B
2 2
Where

Q is just the total change (since proton has a positive change where as neutron

has no change).
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Now, the set of three operators, T, ,T_,T, satisfy following commutation
relation, which is exactly like that of angular moment a:
[ToT+] =T,

[T,T.] = -T-
[T,T_] = 2T,

This has led to the designation isospin for these operators and to the
description of rotations in the fictitious isospin space.
Let us now consider which Lie group is associated with these isospin
operators.
By analogy with angular momentum operator, we allow these operators to
generate infinitesimal transformation such as

Y ={1+i€e (T + TR
We use the linear combination [T, + T_ because these are not individually
ttermition (or self-ad joint).
Note that such a transformation changes a proton or neutron into something
which is a linear combination of the proton and the neutron state. These
transformations are thus transformation in a two-dimensional proton neutron
Hilbert space. The transformation are unitary thus the lie group of unitary
transformation in a two-dimensional space is generated by the set of four
operators, however, the unitary transformation generated by the operator B are
of a trivial nature they are multiplication of any state by a phase factor. Since
the three isospin operators form a lie group by themselves, the associated
group is the subgroup of full unitary group in two-dimensional, the space

unitary group, SU(2).

107



5.5.2. Eight fold way and SU (2)

As noted before, the above isospin SU (2) symmetry is old fashioned in that it
does not consider mesons and the ‘“‘strangeness” a property in particles
expressed as quantum number, for describing a decay of particles in strong
and electromagnetic in tractions, which occur in a short amount of time. Thus
was first introduced by Murray Gell-Mann and Kazuhiko ivijishima to explain
that certain particles such as the Kasson or certain hyperons were created
easily in particle collisions, yet decayed much more slowly than expected for
their large masses. To account for the newly added property (quantum
number), the Lie group SU(3) was chosen over SU(2) to construct a theory
which organizes baryons and mesons into octets(thus, the term English fold
way), where the acutest are the representation of the Lie group.

Why this question needed to be asked. I don’t think we introduce Lie groups
and algebras property to our students. They are missing from most if not all of
the basic courses. Except for the orthogonal and possibly the unitary group,
they are not mentioned much in differential geometry course. They are too
often introduce to students in a separate Lie group and algebra course, where
everything is discussed too abstractly and too isolated from other subject for
my taste. Here is a very fundamental way to ereate interesting Riemannian
manifolds: let G be a semi-simple lie group let K be its maximal compact
subgroup, let be a discrete subgroup of G, and from G/K this quotient is called
the symmetric space attached to G the Riemannian structure come from an
invariant metric ton G, and so G acts as isometrics on G / K by left
transformation. If you consider the case G= SL,(R)you get SL,(R) / SO(2)
which is naturally identified with the complex upper half. Plane (on which
SL,(R)acts via Moby’s transformation, note that the point i is stabilized
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precise by S0(2) , which is also the hyperbolic, other groups give higher
dimensional hyperbolic space (e. gSL,(R)) gives hyperbolic space

5.6. Solvable Lie Algebra Application

| am starting to study lie algebra and when | reached the notion of solvable lie
algebra, | tried to find concrete applications (in physics for example) and |
couldn’t find one. For example, solvable group are very important for the
insolvability of quantic equation (and by the way, it’s the only application I
know of them). In the same manner, can we fine application for solvable lie
algebras? There are actually lots of applications of solvable Lie algebras,
especially in the field of enterable systems where the solvability of Hamilton’s
equations of motion is frequently related to the integrals of motion of the
system.

5.6.1. Examples

For any Hamiltonian system on R2™ with its standard simplistic structure if
there are n integrals of motion F; , which are functionally independent and
they from a solvable lie algebra (under the poison bracket). Plus some
technical can be integrated on the level-set of the integrals by quadrature.
This is a classic result. See for example perelomov’s book, P-34, 35 theorem 2
, the sub sequent example and the references theorem.

Noether is Theorem

Consider the variation of the shape of the field without changing the space-
time coordinates which defined as

§0;(x) = 0;°(x) - 9:(x) (5.1)

We can also define another type of variation which is closely related, a local
variation. It is defined as the difference between the fields evaluated in the

same space-time point but in two different coordinates systems:
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§0,(x) = ;" (x*) — 0 (x). (5.2)

Now consider a continuous space time translation which define as following
xH - xBH = xH + AxH (5.3)

Which be proper orthochronous Lorentz transformation or space-time

Transformation at first order in Ax, 6@;(x)

Write as:

50,(x) = 0.2 (c2) — 0,(x) = 8,2 (x + Ax) — 9, (x) ~ 9,2 (x) +
(0,2:°(0)) At — 9, (2) = 8, (x) + (3, 0:(x) ) Ax — 8, (x) = 60;(x) +
(8,0; (%)) Ax# (5.4)

Therefore, we have found the following relation between §@;(x) and 5§@;(x)
for an infinitesimal transformation of the type (5.3)

80;(x) = 60;(x) + (9,0, (x))Ax* (5.5)

If @, (x2) = @;(x) (which is in general the case for scalar field, it is also the
case for spin or fields under space-time translations) then

89;(x) = —(9,9;(x))Ax* (5.6)
Thus, in this case, an equivalent way of making a transformation of the type
(5.3) which acts on the coordinates is by making an opposite transformation
on the field:

B:(x) > 0%,(x) = 0;(x — Ax) (5.7)
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