Chapter (1)
Differentiable Manifolds

We discuss some fundamental concepts, preliminary notions and some funda-
mental results that is required for the development of the subject in the disserta-
tion. Specifically, the notions of manifold, function, and vector field, and the
concept of differentiability (smoothness).

The notion of a differentiable manifold is necessary for extending the methods of
differential calculus to spaces more general than R",

Differentiable manifold is a type of manifold that is locally similar enough to a
Euclidean space to allow one to do calculus. Any manifold can be described by a
collection of charts.

1.1: Topological Manifolds

A topological space is called separable if it contains a countable dense subset,

i.e., there exist sequences {C;};=, of elements of the space such that every non-
empty open subset of the space contains at least one element of the sequence.

Let M be a separable topological space. We assume that M satisfies the Haus-
dorff separation axiom which states that any two different points in M can be se-
parated by disjoint open sets.

An open chart on M is a pair (U, ¢) where U is an open subset of M and ¢ is a
homeomorphism of U onto an open subset of R™, where R" is an n-dimension-
al Euclidean space.

1.1.1. Definition. Let X be an arbitrary set. A local parametrization of X is an in-
jective mapping ¢: 2 — X from an open subset 2 of R™ onto a subset of X.

The inverse ¢~ 1: ¢ (2) - 2 of such a parametrization is called a chart because
through ¢! the regions ime c X is “charted” on U € R" just as region of the
earth is charted on a topographic or a political map.

¢~ ! is also called a local coordinate system because through ¢! each point p €
img corresponds to an n-tuple of real numbers, the coordinates of p.



1.1.2. Definition. Let M be a topological space. A covering of M is a collection
of open subsets of M whose union is M. A covering {U, },e4 OFf M is said to be
locally finite if each p € M has a neighborhood (an open subset of M contain-
ing p) which intersects only finitely many of the sets U,, .

A Hausdorff space M is called paracompact if for each covering {U,},c4 Of M
there exists a locally finite covering {Vﬁ}ﬂEBwhich is a refinement of {U,},c4

(That is, each Vj, is contained in some U, ). It is known that a locally compact
Hausdorff space which has a countable base is paracompact.

1.1.3. Definition. An m-dimensional manifold in R™ is a nonempty S ¢ R" sa-
tisfying the following property for each point p € S. There exists an open neigh-
borhood W < R" of p an m-dimensional embedded parameterized manifold
o:U - R" withimagea(U) =SnW.

1.1.4. Definition. A topological space M is locally Euclidean of dimension n if
every point p in M has a neighborhood U such that there is homeomorphism ¢
from U onto an open subset of R™ . We call the pair (U, ¢: U - R") achart, U a
coordinate neighborhood or a coordinate open set, and ¢ a coordinate map or a
coordinate neighborhood system on U. We say that a chart (U, ¢) is a centered at

peUifep(p) =0.

1.1.5. Definition. Suppose M is a topological space. We say that M is a topolo-
gical manifold of dimension n or topological n-manifold if it has the following
properties:

(1) M is a Hausdorff space,
(i) M is locally Euclidean of dimension n, and
(ili) M is second-countable.

1.1.1: Some Examples of Topological Manifolds

(a) The Euclidean space R™ is covered by a single chart (R", Ign), where
Ign: R™ — R™ is the identity map. It is the prime example of a topological mani-
fold. Every open subset of R" is also a topological manifold, with chart (U, Iy).

Recall that the Hausdorff condition and second countability are “hereditary prop-
erties” that is, they are inherited by subspace: a subspace of a Hausdorff space is



a Hausdorff and a subspace of a second countable space is second countable. So
any subspace of R" is automatically Hausdorff and second countable.

(b) (Spheres). Let S™ denote the (unit) n-sphere which is the set of unit length
vectors in R™ :

S ={x e R*"": |x| =1}
It is Hausdorff and second countable because it is a subspace of R".

To show that it is locally Euclidean, for each index i = 1, ...,n + 1, let U;*denote
the subset of S™ where the i-th coordinate is positive

Ut ={@, .., x"1) e sm:xt > 0}
Similarly, U; is the set where x' < 0. For each i, define maps ¢;°: U —» R™ by
o (xt, o, x™ ) = (L2 L, XD
where the hat over x! indicates that x* is omitted.

Each go;—’ is evidently a continuous map, being the restriction to S™ of a linear
map on R**1,

It is homeomorphism onto it is the unit ball B™ < R™, because it has a conti-
nuous inverse given by

et @l . ut) = @l utL AL = ulg

Since every point in S™*! is in the domain of one these 2n+2 charts, S™ is local-
ly Euclidean of dimension n and is thus a topological n-manifold.

(c) The simplest examples of manifolds not homeomorphic to open subset of
Euclidean space are the circle S and the 2-sphere S?, which may be defined to
be all points of EZ, or E3, respectively, which are at unit distance from a fixed
point 0.

These are to be taken with the subspace topology so that (i) and (iii) are imme-
diate.

To see that they are locally Euclidean we introduce coordinate axes with 0 as
origin in the corresponding ambient Euclidean space. Thus in the case of S? we

3



identify E3 or R3, and S? becomes the unit sphere centered at the origin. At each
point p of S? we have a tangent plane and a unit normal vector N, . There will
be a coordinate axis which is not perpendicular to N, and some neighborhood U

of p on S? will then project in a continuous and one-to-one fashion onto an open
set U’ of the coordinate plane perpendicular to the axis.

1.1.2: Coordinate Charts

Let M be topological n-manifolds. A coordinate chart (or just a chart) on M is a
pair (U, ), where U is an open subset of M and ¢ : U — U is a homeomor-
phism from U to an open subset T = ¢ (U) c R".

If the addition T is an open ball in R", then U is called coordinate ball.

The definition of a topological manifold implies that each point p € M is con-
tained in the domain of some chart (U, ¢).

If (p) = 0 we say that a chart is centered at p. Given a chart (U, ¢) we call the
set U a coordinate domain, or a coordinate neighborhood of each of its points.

The map ¢ is called a (local) coordinate map, and the component functions of ¢
are called local coordinate on U.

1.1.3: Compatible Charts

Suppose (U, @: U - R") and (V,¥:V — R™) are two charts of a topological
manifold. Since U NV isopen in U and ¢: U — R" is a homeomorphism onto an
open subset of R™, the image @ (U N V) will also be an open subset of R™.

1.1.6. Definition. Two charts (U, ¢:U — R"), (V, ¥:V — R") of topological
manifold are C*-compatible if the two maps

o~ pUNV) > U NV),
Yoo lipUNV) > ypUNV)
are C”,
These two maps are called the transition functions between the charts.

If U NV is nonempty, then the two charts are automatically C*-compatible.



1.1.7. Definition. A C*-atlas or simply an atlas on a locally Euclidean space M
is a collection A = {(U,, ¢,)} of pairwise C*-compatible charts that cover M,
I.e., suchthatM = U, U,.

We say that a chart (V, y) is a compatible with an atlas {(U,, ¢,)} if it is com-
patible with all charts (U,, ¢,) of the atlas.

1.1.8. Lemma. Let {(U,, ®,)}Iis an atlas on a locally Euclidean space. If two
charts (V, y) and (W, o) are both compatible with the atlas {(U,, ¢, )} then they
are compatible with each other.

Proof. Let p € V. n W. We need to show that ¢ o =1 is C* at ¥ (p).

Since {(U,, ¢, )} is an atlas for M, p € U, for some a.Then p is in the triple in-
tersectionVnWnu, .

Now
gop Tt =(go@;") o (@ op)is CPonyp(VNW NU,)

Hence at y(p). Since p was arbitrary point of (V. n W), this proves that o o ¢!
isC*ony(VnWw).

Similarly oo™ tisC”ona(VNW).m

1.1.9. Definition. A differentiable structure on a topological manifold M is a
family & = {U,, ¢, } of coordinate neighborhoods such that

(1) The U, cover M,
(2)For any a, B the neighborhoods Uy, ¢, and Uy, ¢z are C*-compatible.

(3) Any coordinate neighborhood V,y compatible with every U,, ¢, € U is
itself in .

1.1.10. Definition. A smooth or C*-manifold is a topological manifold M to-
gether with a maximal atlas.

The maximal atlas is also called a differentiable structure on M.
Statement. In the C*-atlas all Jacobians det|dx’/dy*| are nonzero.
Proof. Since X(3) and (%) are both C* we have det|dx'/dy*| # 0.

1.1.11. Definition. Oriented atlas is such that all det|dx’/dy*| > 0.
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Oriented manifold := there exists an oriented atlas.

1.1.12. Definition. Let M be a smooth manifold of dimension n, a function
f:M — R is said to be C* or smooth at a point p in M if there is a chart (U, ¢)
about p in M such that f o ¢ =1, a function defined of the open subset ¢(U) of R"

IS C™ at o(p).
The function f is said to be C* on M if it is C™ at every point of M.
1.1.4: Examples of Smooth Manifolds

(i) (Euclidean Space) .The Euclidean space R" is a smooth manifold with a sin-
gle chart (R®, 71, ...,7™), where rl, ..., r™ are the standard coordinates on R .

(i1) (Open subset of a manifold). Any open subset V of a manifold M is also a
manifold. If {(U,,¢,)}is an atlas for M, then {(U, NV, @, |y_nv} is an atlas for
V, where @y av:U, NV — R™ denotes the restriction of ¢, to the subset
u,nv.

(iii) (Manifolds of dimension zero). In a manifold of dimension zero, every sin-
gleton subset in homeomorphic to R® and so is open. Thus, a zero dimensional
manifold is a discrete set. By second countability, this discrete set must be coun-
table.

1.1.13. Lemma. Let S ¢ R" be non-empty. Then S is a m-dimensional manifold
if and only if it satisfies the following condition for each p € S:

There exist an open neighborhood W < R™ of p, such that S N W is the graph of
a smooth function h, where n — m of the variables x,...,x» are considered as
functions of the remaining m variables.

1.1.14. Definition. A neighborhood of a point p, in M is any subset of M con-
taining all p whose coordinate point x(p) in some coordinate system satisfy
lx(p) — x(p,)]|| < €, for some € > 0. A subset of M is open if it contains a
neighborhood of each of its points, and closed if its complement is open.

1.1.15. Definition. If M and N are manifolds, the Cartesian product

M XN ={(p,q):p € M,q € N}



becomes a manifold with the coordinate systems (x!,...,x", y!, ...,y™) where
(x1, ..., x™) is a coordinate system of M, (y!,...,y™) for N,

1.1.16. Definition. Let N and M be manifolds. And let f:N - M be a conti-
nuous mapping. A mapping f is called a homeomorphism between N and M if f
is continuous and has a continuous inverse f~1: M — N.

In this case the manifolds N and M are said to be homeomorphic.

1.1.17. Definitions. Given two manifolds N and M, a mapping f: N — M is said
to be C* or smooth if for every p € N there exist charts (U, ¢) of p and (V, y) of
f(p) with f(U) c V such thaty o f o @~ t:(U) - (V) is a C*-mapping (from
R" to R™).

Let uq,...,u, be alocal coordinate system on U, and yj, ..., y,, a local coordi-
nate system on Vj.

If ¢ is a differentiable map of M into N, then locally ¢ can be expressed by a set
of differentiable functions:

V1 = Y1 (U, e, U)oy Vi = Y (U, on, Uy).

By a differentiable map of a closed interval [a, b] into a manifold M, we mean
the restriction of a differentiable map of an open interval I o [a, b] into M.

By a differentiable curve in a manifold M, we shall mean a differentiable map-
ping of a closed interval [a, b] of R into M.

We shall now define a tangent vector (or simply a vector) at a point p of M. Let
F(p) be the algebra of differentiable functions in a neighborhood of a point p.

Let y(t) (a <t < b) be a differentiable curve in M with y(t,) = p. The vector
tangent to the curve y(t) at p isamap X: F(p) — R defined by

_df(r(®)

X
/ dt

t=ty

In other words, Xf is the derivative of f in the direction of the curve y(t) at
t = t,. The vector X satisfies the following two conditions:

(1) X is a linear map of F(p) into R. i.e.,
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X(af +bg) =aX (f) + bX (g) for f, g € F (p), a, b ER,

(2) X isaderivation: X (fg) = (Xf) g(p) + f(p) Xg for f, g € F(p).

The set of maps X of F(p) into R satisfying these two conditions forms a real
vector space.

Letu4, ..., u,be a local coordinate system defined in a coordinate neighborhood
U of p. For each i, (/0u;), is a map from F(p) into R satisfying conditions (1)
and (2) above. We shall show that the set of vectors at p forms the vector space
with basis (9/duy),, ..., (3/0uy,),.

Given a curve y(t) with y(ty) = p, letu; = y;(t) be its equations in terms of
Uy, ..., U,. Then we have

(52, =260, (%),

0 i=1 0

Thus every vector at p is a linear combination of (0/du;),, ..., (9/0u,),.

Conversely, for a given linear combination X = ¥’; a;(9/0u;),, let us consider
the curve defined by

u, =u(p)+at, i=1,..,n
Then X is the vector tangent to this curve at t = 0.
To prove the linear independence, we assume that ; a;(d/dw;), = 0.

Then we have

ou;
0= Zai <a—u]i>p = q, j=1,..,n

Consequently, we obtain the following

1.1.17. Proposition. Let M be an n-dimensional manifold and p € M. If uy,...,ux
is a local coordinate system on a coordinate neighborhood containing p, then the
set of vectors at p tangent to M is an n-dimensional vector space or R with basis

(a/aul)pl ) (a/aun)p .



A vector field X on a differentiable manifold M is a function that assigns to each
point p € M a tangent vector X,, € T,M to M at p. If f is a differentiable func-

tion on M, then Xf is a function on M such that (Xf)(p) = X,,f. A vector field

X is called differentiable if Xf is differentiable for every differentiable function
fonM.

In terms of a local coordinate system uy, ..., u,,, a differentiable vector field X
can be expressed by

X = Z?:l Xiaiuis
where the coefficients X! are differentiable functions.

Let X(M) be the set of all differentiable vector fields on M. Then X(M) is a real
vector space under the natural addition and scalar multiplication.

Given two vector fields X, Y on M, we define the bracket [X, Y] as a map from
the ring of functions on M into itself by

[X,Y]f = X(Yf) = Y(XF). (1.1.1)

Then [X,Y] is again a vector field on M. In terms of a local coordinate system

Uy, .., U, We write
n n
X ;0
aui au]
i=1 j=1

Then we have

[X,Y1f = S cy {04 22—y 220 o (1.12)

ouy duy ) ou;j

With respect to this bracket operation, X(M) becomes Lie algebra over R (of in-
finite dimension). In particular, we have the Jacobi identity:

[[X,Y],z] +[lY,Z], X] + [[Z, X],Y] =0 (1.1.3)
forX,Y,Z e X(M).

We may regard X(M) as a module over the ring (M) of differentiable functions
on M as follows:



If f € F(M) and X € X(M), then we define fX by (fX), = f(p)X, we have
[fX, gY] = fglX, Y] - f(Xg)Y —g(Y)X
forf,ge F(M)and X,Y € X(M) .

1.1.19. Definition. A C” mapping F: M — N between C* manifolds is a diffeo-
morphism if it is a homeomorphism and F~! is C*. M and N are diffeomorphic if
there exists a diffeomorphism F: M — N.

1.1.20. Definition. Let F: N - M be a map and h a function on M. The pull-back
of h by F denoted by F*h, is the composite function h o F.

A function f on M is C* on a chart (U,¢e) if and only if its Pull-back
(e~ 1)*f by @1 is C* on the subset ¢ (U) of Euclidean space.

1.1.21. Definition. A complex manifold M is a Hausdorff second countable top-
ological space X, with an atlas A = {(U,, ¢,): « € A} the coordinate functions
¢, take values in C" and so all the overlap maps are holomorphic. The number n

is called the complex dimension of M and one writes dim¢M = n.
A maximal set of charts is now called a complex structure.

1.1.22. Definition. A topological space M is called an m-dimensional manifold-
with boundary oM c M, if the following conditions hold:

1. M is a Hausdorff space,

2. For any point p € M there exist a neighborhood U of p, which is homeomor-
phic to an open subset V ¢ H™ and

3. M has a countable basis of open sets.

1.1.23. Definition. The stereographic projection from the North Pole N =
(0, ...,0,1) (resp., South Pole S = (0, ...,0,—1)) of the sphere

n+1
S* ={(x1, ..., x"*1) e R**1: Z(xi)z = 1}
i=1
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Onto the equatorial plane x™*! = 0 is the map sending p € S™ \ {N}(resp.,p €
S™\ {S}) to the point where the straight line through N (resp., S) and p intersects
the plane x™**1 = 0.

The inverse of the stereographic projection is the map from x™**1 =0 to S™ \
{N} (resp., p € S™\{S}) sending the point g in the plane x**! = 0 to the point
where the straight line through q and N (resp., S) intersects S™.

1.1.24. Definition. Let @: M — N be a C* map. A point p € M is said to be criti-
cal point of @ if the differential &,: T,M — Ty ;,)N is not surjective (or onto).

A point g € N is said to be a critical value of @ if the set @~1(q) contains a criti-
cal point of @. A point of N which is not a critical value is called a regular value
of @.

Let f € C”M. A point p € M is called a critical point of f if f,, = 0. If we
choose a coordinate system (U, x1, ..., x™) around p € M, this means that

of . _of B
@) === (p) =0,

The real number f(p) is then called a critical value of f. A critical point is called
non-degenerate if the matrix
0% f
<6xi6xf (p))

is non-singular. Non-degeneracy does not depend on the choice of coordinate
system.

1.1.25. Definition. A frame on an m-dimensional manifold M is an ordered set
of vector fieldsV = {V4, ..., V,,} having the property that they form a basis for
the tangent space T,M at each pointp € M.

1.1.26. Definition. A subset S of R"™ is said to have measure zero if for
every € > 0, there is a covering of S by a countable number of open cubes
Cy, Cy, ..., such that the Euclidean volume »’2; v(C;) < e.

A subset S of a differentiable n-manifold M has measure zero if there exist a
countable family (Uy, ¢1), (U5, @), ..., of charts in the differentiable structure of
M such that ¢, (U; N S) has measure zero in R™ forevery i = 1,2, ....
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1.1.27. Theorem (Sard’s Theorem). Let M and N be two manifolds of dimension
m and n, respectively. If the &: M — N is a differentiable map. Then the set of
critical value of @ has measure zero.

1.1.28. Theorem (Inverse Map Theorem). Let f = (f1,...,f"):U > R* beaC®
map defined on an open subset U € R". Given a point x, € U, assume

a(fl, e )
o(x1, ..., xm")

Then there exists an open neighborhood VV € U of x, such that:

(i)  f(V) isan open subset of R ;
(iiy  f:V - f(V) is one-to-one;
(i) fThfW)->Viscn

1.1.29. Theorem (Implicit Map Theorem). Denote the coordinates on R™ x R™
by (x1, ..., x™, ¥, ...,y™). Let U € R™ x R™ be an open subset, and let

f=UL ., fM):U->R™

be a smooth map. Given a point (x,, y,) € U, assume:
() flx0,y0) =0;

) For.ym Koy) # 0.

Then, there exist an open neighborhood V of xy in R™ and an open neighborhood
W of yoin R™ such that V x W < U, and there exists a unique C* map g:V -
R™, such that for each (x, y) e VX W :

f(x,y) =0 ifandonly if y = g(x).
1.1.5: Further Examples of Manifolds

A hemispherical cap (including the equator) or a right circular cylinder (includ-
ing the circles at the ends) is typical examples of manifolds with boundary.

Except for the equator, or the end circles, they are 2-manifolds and these boun-
dary sets are themselves manifolds of dimension one less. In fact, they are ho-
meomorphism to S or S U St in these two cases. An even simpler example is
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the upper half-plane H?, or more generally H*, where we shall mean by H™ the
subspace of R" defined by

H" = {(x1,..,x") € R®:x" > 0}.

Every pointp € H™ has a neighborhood U which is homeomorphism to an open
subset U' of R™ except the set of points (x?, ..., x"~1,0), which obviously forms
a subspace homeomorphic R"~!, called the boundary of H™ and denoted by
OH™".

We shall define a manifold with boundary to be a Hausdorff space M with a
countable basis of open sets which has the property that each p € M is contained
in an open set U with a homeomorphism ¢ to either (a) an open set U of H"-
dH" or (b) to an open set U’ of H™ with ¢(p) € dH", that is, a boundary point
of H™.

It can be shown (as consequence of invariance of domain) that p € M is in one
class or the other but not both; those p of the first type are called interior points
of M and those p mapped onto the boundary of H" by one, and hence by all, ho-
meomorphisms of their neighborhoods into H™ are called boundary points.

The collection of boundary points is then denoted by dM and is called the boun-
dary of M. It is a manifold of dimension n — 1.

1.1.30. Definition (Tangent Spaces). Let M ¢ R* be a smooth m-dimensional
manifold and fix a point p € M. A vector v € R¥ is called a tangent vector of M
at p if there is a smooth curve y: R - M such that

y(0) =p, 7y(0)=v.

The setT,M :={y(0):y:R — M is smooth, y(0) = p} of tangent vectors of M
at p is called the tangent space of M at p. We also write T, (M) instead of T, M.

We denote the union of tangent spaces T, (M), for p € M, by T (M).

A tangent vector field to M is a continuous function F: M — T(M) such that
F(p) € T,(M) for eachp € M.

1.1.31. Definition. Let M be a smooth m-dimensional manifold, and let T,M be
the tangent space at some p € M. The cotangent space T, M is defined as the dual
vector space of T, M, i.e.,
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T;M = (T,M) .

In other words w, € T;M if and only if w,:T,M — R is a linear map. We denote
the action of w,, on a vector X, € T, M by

wp (Xp) = (W, Xp)
Since wy is a linear map we have
(wy, X, + AYy) = wp(Xp + AYp) = a)p(Xp) + /'la)p(Yp) = (w,, Xp) + Hwp, Yp)
and we may also take, in effect by definition,
(wp + Ay, Xp) = (@, + 21, ) (X)) = w, (X,) + 2, (X,,)

= (w,, X,) + Any,, X,).
Thus (, ) is a linear in each of its entries.
For each f € F(M), the total differential df of f is defined by

((df)p, X) = Xf

for X € T,(M). If uy, ..., u, is a local coordinate system in M, then the total dif-
ferentials (duy)y, ..., (du,), form a basis of T,;(M). In fact, they form the dual
basis of the basis (0/0u,),, ..., (8/0uy,), of T,(M).

1.1.32. Definition (The Maximal Rank Condition). Let F: M — N be a smooth
mapping from an m-dimensional manifold M to an n-dimensional manifold N.

The rank of F at a point x € M is the rank of the n X m Jacobian matrix
(aF L/ ox j> at x, where y = F(x) expressed in any convenient local coordinates

near x. The mapping F is of maximal rank on a subset S ¢ M if foreach x € S
the rank of F is as large as possible (i.e., the minimum of m and n).

The definition of the rank of F at x does not depend on the particular local coor-
dinates chosen on M or on N. For example, the rank of F(x,y) = xy on R?is 1
at all points except the origin (0, 0) since its Jacobian matrix (F,C,Fy) = (y,x) is
nonzero except at x =y = 0. (Here, subscripts denote derivatives, so F, =
0F /0x, etc.)
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1.1.33. Theorem. Let F: M — N be of maximal rank at x, € M. Then there local
coordinates x = (x1,...,x™) near xo, and y = (y!,...,y") near y, = F(xp)
such that in these coordinates F has the simple formy = (x}, ...,x™,0, ...,0), if
n>m,or y=(x,..,x"),if n<m.

1.1.34. Definition. A g-dimensional distribution on a manifold M is a mapping
D defined on M which assigns to each point p in M a g-dimensional linear sub-
space D,, of T, M.

A g-dimensional distribution D is called differentiable if there are q differentia-
ble vector fields on a neighborhood of p which, for each point Q in this neigh-
borhood, form a basis of Dy,.

The set of these g vector fields is called a local basis of the distribution D. A
vector field X belongs to the distribution D, and we write X € D if, for any point
pEMX, €D,

A distribution D is said to be involutive if, for all differentiable vector fields X, Y
belonging to D, we have [X,Y] € D. By a distribution we shall always mean a
differentiable distribution.

1.1.35. Definition (Submanifolds). Let M be a €* manifold. A manifold N is a
submanifolds of M if there is a one-to-one C*-map i: N — M such that di is one-
to-one at every point. We call i an imbedding and say that N is imbedded in M
by i.

1.1.36: The Differential of a Map

Let F:N - M be a C” map between two manifolds. At each pointp € N, the
map F induces a linear map of tangent spaces, called its differential at
D, E:T,N > Tpp, )M as follows.

If X, € T,N, then F,(X,,) is the tangent vector in Tr(,,M defined by
(E(Xp))f = X,(f o F) € R for f € Ci,y (M)
here f is a germ at F(p), represented by a C* function in a neighborhood of F(p).

In terms of local coordinates,
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F(X,)=F ixi i —i ixiaFj ?
TP = oul | oul | oyl

j=1 \i=1

Consequently, the differential K, defines a linear map from T,N to Ty, )M,
whose local coordinate matrix expression is just the n x m Jacobian matrix
(0F /ou') of F at p.

Let F:N - M and G: M — P be smooth maps of manifolds, and p € N. The dif-
ferential of F at p and G at F (p) are linear maps

Fup G.F(p)
Tp (N) — TF(p)M _— TG(F(p))P

1.1.37. Theorem (The Chain Rule). If F:N - M and G:M — P are smooth
maps of manifolds and p € N, then G o F is smooth at p, and

(G F)up = G.(B) o o
Proof. LetX, € T,N and let f be a smooth function at G(F(p)) in p. Then
((GoF).X,)f =X,(foGoF)
and
(6. o)X, ) f = (G.(EX,)) f = (EX,)(f 2 G) = X, (f o G o ).

Remark: The differential of the identity I,,: M — M at any point p in M is the
identity map I, :T,M — T, M, because ((Iy).X,)f = X, (f o Iy) = X, f, for
any X, € T,M and f € C;°(M).

1.1.38. Corollary. If F: N — M is a diffeomorphism of manifolds and p € N,
then F.: T,N — Tr,)M is an isomorphism of vector spaces.

Proof. To say that F is a diffeomorphism means that it has a differentiable in-
verse G:M - NsuchthatGeo F =1y and F o G = 1.

By the chain rule,

(GoF),=G,°F = (ly), = HTPN1
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(F ° G)* =F oG, = (HM)* - HTp(p)M'
Hence, E, and G, are isomorphism. =

1.1.39. Corollary (Invariance of Dimension). If an open set U c R" is diffeo-
morphic to an open set V < R™, thenn = m.

Proof. Let F: U — V be a diffeomorphism and letp € U. By Corollary 1.1.38,

FE ,:T,U = Tr,»)V is an isomorphism of vector spaces. Since there are vector

space isomorphisms T,U = R™ and Tr(,) =~ R™, we must have thatn = m. m
1.1.40. Differential Forms
Differential forms are generalizations of real valued functions on a manifold.

Instead of assigning to each point of the manifold a number, a differential p-
form assigns to each point a p-covector on its tangent space.

For p = 0, differential O-form is a scalar function f(x): M" - R. And for p =
1, differential 1-form is a convector field w written in the form

w = Z w; (x)dxt.

For p = n, differential n-form = object of integration:
Q= f(x)dx! A ...Adx", (locally)

such that for x = x(y) we have

Q = f(x()dx! A .. Adx™, dxt = g—;;dyf, (summation in j).

1.1.41. Definition. Differential k-form in M™ is a smooth quantity Q which lo-
cally in every chart of atlas (x?, ..., x™) can be written in the form

Q=Y,f(x)dx"t A..Adx" = fidx!,
dx! = dx" A ...Adx%, where I = (i; < i, .. <i),and for x = x(y) we have
Q= fi(x()dx' = g;()dy!, dy/ = dy/t A..AdyTk, ji <jp < <

The symbols dx' form an associative algebra under multiplication A (Exterior
Product), such that
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dx' Adx) = —dx) Adx' (Bilinear, associative)

If w=2Y,w;dx" is a p-form defined on an open subset of R*, we define
a (p + 1) - form called exterior derivative of w as

dw :=2 dw; Adx'.
7

1.1.42. Definition. A (smooth) k-dimensional vector bundle is a pair of smooth
manifolds E (the total space) and M (the base), together with a surjective map
m: E = M (the projection), satisfying the following conditions:

(i) Each set E, :=m~'(p) (called the fiber of E over p) is endowed with the
structure of a vector space.

(if) For each p € M, there exist a neighborhood U of p and a diffeomorphism
p:t 1(U) - U x R¥, called a local trivialization of E, such that the following
diagram commutes:

@

N U) - UXRK
ml lmy
U = U

(where 1, is the projection onto the first factor).
(iii) The restriction of ¢ to each fiber,¢: E, — {p} X R¥, is a linear isomorphism.

1.1.43. Definition. If m: E - M is a vector bundle over M, a section of E is a
map F: M — E such that w o F = Id, or equivalent, F(p) € E, forall p.

It is said to be a smooth section if it is smooth as a map between manifolds.
1.2: Riemannian Manifolds

1.2.1. Definition. A Riemannian metric on a smooth manifold M is a tensor field
g of type (0, 2) that is symmetric (i.e., g(X,Y) = g(¥,X)) and positive defi-
nite (i.e., g(X,X) > 0if X # 0) . A Riemannian metric thus determines an inner
product on each tangent space T,, M, which is typically written

(X,Y):=g(X,Y) for X,Y € T,M.
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A manifold M with Riemannian metric g is called a Riemannian manifold. If the
metric is not positive definite it is called a pseudo Riemannian manifold.

The notion of derivatives can be generalized to manifolds with the concept of a
connection.

1.2.2. Definition. An affine connection on a manifold M is a rule V which as-
signs to each X € X(M) a linear mapping Vy of the vector space ¥(M) into itself
satisfying the following two conditions:

(D) Vexygr = fVx +gVy;

(2) Vx (fY) = fVxY + (Xf)Y

forf,g e T(M), X,Y € X(M). The operator Vy is called the covariant differen-
tiation with respect to X.

We denote by X(M) the set of all differentiable vector fields on M. And denote
by 7 (M) the set of differentiable real-valued functions on M.

We define the covariant differentiation of a function f with respect to X by

Thus for any tensor field S of type (0, s) or (1, s) we define the covariant deriva-
tive VS of S with respect to X by

(VxS (K, o Xs) = Yy (S(Xs, o, X)) — Z{S(Xl, VX X)), (1.2.6)
i=1

forany X; € X(M),i = 1, ..., s. In a similar way we can define the covariant of a
tensor field of type (r, s), but for our purpose (1.2.*) is sufficient.

The tensor field S is said to be parallel with respect to the affine connection V if
we have

VyS =0, forany X € X(M).

The torsion tensor T of an affine connection V is a tensor field T of type (1, 2)
defined by

T(X,Y) = VY -V, X — [X,Y],

19



forany X,Y € X(M), where [X, Y] is the Lie bracket of vector fields X and Y de-
fined by

(X, Y1(f) = X(Yf) =Y (Xf),

for any f € 7(M). A torsion-free connection is an affine connection with va-
nishing torsion tensor field.

1.2.3. Lemma. A connection V is local: if U is an open subset of M, X|, =0 =
ViyY|y =0and (VyX =0) forallY € X(M).

Proof. Let p € U and choose f: M — R such that f = 0 on a neighborhood of p
and f = 1 outside U. Then X|,; = 0 implies that fX = X, and hence

(VxV)(®) = (VixY)(®)
= f@)(VxY)(P)
=0,
VyX)®) = (Vv (FX)) ()
= YH)@X) + f()VyX(p)
= 0.
Since p is an arbitrary point of U, (VyxY)|y; = 0and (VyX)(p) =0.m

1.2.4. Definition. Suppose V is an affine connection on M and f is a diffeomor-
phism of M. A new affine connection V' can be defined on M by

VyY = £ (Vrx £Y),
for X,Y € X(M).
The affine connection V is called invariant under f if
V=V

In this case f is called an affine transformation of M. Similarly we can define an
affine transformation of one manifold onto another.

1.2.5. Theorem. On a Riemannian manifold M there exist one and only one af-
fine connection satisfying the following two conditions:
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(1) The torsion tensor T vanishes, i.e., T(X,Y) = VyY -V, X — [X,Y] = 0;
(2) g is parallel, i.e., Vyg = 0.

Proof. Existence: given vector fields X and Y on M, we define VY by setting
29(VxY,2) =Xg(Y,Z) +Yg(X,2) —Zg(X,Y) + g([X, Y], 2) + 9([Z,X].Y)

+9(X,1Z,Y]) (*)

for any vector field Z on M. Then the mapping (X,Y) — VyY defines an affine
connection on M. From the definition of VyY, we have T(X,Y) = 0 and

Xg(¥,2) = g(VxY,Z) + g(Y,VxZ),
which shows that Vy g = 0, that is V is a metric connection on M.
Uniqueness: By a straight forward computation, we can see that,

If VyY satisfies Vyg = 0and T(X,Y) = 0, then it satisfies the equation which
definesVyY. m

The connection V given by () is called the Riemannian connection (sometimes
called the Levi Civita Connection).

Putting X = /0x/, Y = 9/0x" and Z = 8/dx" in (), the components I; of
the Riemannian connection with respect to a local coordinate system
{x1,...,x™} are given by

09ki  99jx 09
1 _ i jk Y dij
Zglk]}i B l(c’)xf + dxt  Oxk

1.2.6. Isometric Immersion:

Let M and M be a Riemannian manifolds with Riemannian metric g and g re-
spectively. A mapping f:M — M is called isometric at a point x of M if
gX,Y)=g(f.X, f.Y) forall X,Y € T, (M). In this case, f, is injective at x, be-
cause f,.X = 0 implies X = 0. A mapping f which is isometric at every point of
M is thus an immersion, which we call an isometric immersion. If moreover, f is
one-to-one, then it is called an isometric imbedding of M onto M.

In this case, the differential of the isometry f commutes with the parallel transla-
tion.
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An immersion f (or an embedding) of a Riemannian manifold (M, g) into anoth-
er Riemannian manifold (M, §) is said to be isometric if it satisfies the condi-
tion f*g = g. In this case, M is called a Riemannian submanifold (or simply a
submanifold) of M.

1.2.7. Definition. Let (M,g) and (M, §) be Riemannian manifolds. A map
@:(M,g) > (M, §) is said to be conformal if there exists a function 1: M - R

such that e*®). g, (X,.,Y,) = Gy (dy (X,), des, (¥,)), forall X, v € ¢=(TM)

and p € M. The positive real valued function e” is called the formal factor of ¢.
A conformal map with 1 = 0 i.e., e? = 1 is said to be isometric. An isometric
diffeomorphism is called an isometry.

1.2.8. Definition. Let (M, §) be a Riemannian manifold and M be a submanifold.
For a point p € M , we define the normal space N, M of M at p by

N,M = {X € T,M:g,(X,Y) =0forallY € T,M}.
For all p € M we have the orthogonal decomposition

T,M =T,M & N, M.
The normal bundle of M in M is defined by
NM ={(p,X):p € M,X € N,M}.

1.2.9 The Levi-Civita Connection (The Riemannian Connection)
In the Euclidean space R? there are at least two ways to define a line segment.

(a) A line segment is the shortest path connecting two given points.
(b) A line segments is a smooth path y: [0,1] — R3 satisfying

() =0 (1.2.1)

Since we have not said anything about calculus of variations which deals pre-
cisely with problems of type (a), we will use the second interpretation as our
starting point. We will soon see however that both points of view yield the same
conclusion.
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Let us first reformulate (1.2.1). As we know, the tangent bundle of R3is
equipped with a natural trivialization, and as such, it has a natural trivial connec-
tion VO defined by

V?0, =0 Vij,whered,:=9, V,:=V,

i

i.e., all the Christoffel symbols vanish. Moreover, if g, denote the Euclidean me-
tric, then

(V2 90)(9;,0x) = V8 — 90(V729;,01) — 90(9;, V70, ) = 0,

i.e., the connection is compatible with the metric. Condition (1.2.1) can be reph-
rased as

Vio?(®) =0, (12.2)

So that problem of defining “Lines” in a Riemann manifold reduces to choosing
a “natural” connection on the tangent bundle.

We would like this connection to be compatible with metric, but even so, there
are infinitely many connections to choose from. The following fundamental re-
sult will solve this dilemma.

1.2.10. Proposition. Consider a Riemann manifold (M, g). Then there exist a
unique symmetric connection V.on TM compatible with the metric g i.e.,

T(V)=0, Vg=0.

The connection V is usually called the Levi-Civita connection associated to the
metric g.

1.2.11. Definition. The connection V is symmetric if
VyY —VyX = [X,Y] (1.2.3)
for all vector fields X,Y € X(M).

1.2.12. Lemma. LetE; be a local moving frame such that[E;,E] =0, 1<
i, j <n (for instance E; = d; could be a coordinate frame). Then VV is symme-
tric if and only if

[k =rk
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Proof. Vg E; — Vg E; = (I} — [ )Ey. m
1.2.13. Definition. The connection V is compatible with the metric g if

X(Y,Z) = (VyY,Z) +(Y,VyZ) (1.2.4)
for any three vector fields X, Y, Z € X¥(M).

1.2.14. Lemma. Let E; be a local moving frame. Then V is compatible metric g
if and only if

Evgij = Tigje + I Gioo 1<ijkt<n
Proof. Ey(E;, E;) — Vg, E;, Ej) — (E;, Vg, E) = Exgij — I—;j;gjf — rki‘ Gic- ™
1.2.15. Definition. A geodesic of a Riemann manifold (M, g) is a smooth path
y:(a,b) > M
satisfying
Vv (@) =0 (1.2.5)
where V is the Levi-Civita connection.

Using local coordinates (x?, ..., x™) with respect to which the Christoffel sym-
bols are (I;f), and the path y is described by y(¢) = (x*(t), ..., x™(£)), we can
rewrite to geodesic equation as a second order, nonlinear system of ordinary dif-
ferential equations.

1.2.16. Theorem. The operator Vy has the following properties:

(i) Vy is derivation of the mixed tensor algebra T;

(if) Vy preserves type of tensor;

(iif) Vy commutes with contractions.

On a manifold M with an affine connection, we put
T(X,Y) =VyY —VyX —[X,Y], (1.2.6)
R(X,Y) = VyVy — ¥y Vx — Vixy1, (1.2.7)

where X, Y are vector fields on M. Note that
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T(X,Y) = —T(Y,X) and R(X,Y) = —R(Y, X).

A Riemannian manifold M or a Riemannian metric g on M is said to be complete
if the metric function d is complete, that is, all Cauchy sequences converge. It is
well known that the following conditions on M are equivalent:

(1) M is complete;

(2) Every bounded subset of M with respect to d is relatively complete;

(3) All geodesic arc can be extended in two directions indefinitely with re-
spect to the arc length.

1.2.17. Theorem. (Hopf-Rinow Theorem) Let (M,(,)) be a connected Rie-
mannian manifold, and p, € M. The following are equivalent:

expy, is defined in T, M;

Closed bounded subset of M are compact;

(M, d) is a complete metric space;

(M, (,)) is (geodesically) complete;

There is a sequence of compact sets K,, c K,,.; € M,U, K,, = M such
that if p, € K,, V,,= lim,_ ., d(py, qp) = +.

T Q00T

In addition, any of these is equivalent to the following:
f. Vp,q € M, there is a minimizing geodesic joining p and q.
1.2.18. Corollary. M compact = M is complete V (, ).

1.2.19. Theorem (T. Levi- Civita (1929)) if M is a Riemannian manifold, then
there exists a unique connection (called the Levi- Civita connection) for which

VyY = VyX + [X,Y] (1.2.8)
X(Y,Z) = (VyY,Z) + (Y,V,2Z), (1.2.9)
for all differentiable vector fields X, Y, Z € X(M).

Proof. Since at each point the inner product is a non-degenerate bilinear form, to
calculate VY it suffices to calculate (VyY, Z) forany X,Y,Z € X(M).

To this end we have, using (1.2.8), (1.2.9) alternatively,

(VxY,Z) = XY, Z) = (Y,VxZ)
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=X(Y,Z) —(Y,V,X) —(Y,[X, Z])
= X(Y,Z) = Z(Y, X) + (V,Y, X) — (Y, [X, Z])

=X(Y,Z) = Z(Y,X) +(WWZ,X)+([Z,Y],X) — (Y, [X, Z])
=X(Y,Z) = Z(Y,X) + Y(Z,X) —(Z,VyX) +([Z, Y], X) — (Y, [X, Z])

=X(Y,Z)—Z(Y,X) + Y{(Z,X) —(Z,VyY) —(Z, [V, X]) +
([Z' Y]'X> - (Y, [X,Z])

Therefore, we have

XY, Z)+Y(Z,X)—Z(X,Y) = (X, Y, Z]) = (Y, [X, Z])

Wx¥.2) =3 —(Z,1Y, X])

} (1.2.10)

That is, if we are given the restrictions (1.2.4), (1.2.5), then we have the explicit
calculation of (VyY, Z)-thus VY is uniquely determined.

To establish the existence of V, one takes (1.2.10) to define V and verifies direct-
ly that V indeed defines a connection satisfying (1.2.8), (1.2.9).m

1.2.20. Definition. The Riemann-Christoffel curvature tensor is the map
R:X(M) X X(M) x X(M) — X(M)
defined by
R(X,Y)Z = VyVyZ — VyVyZ — Vg i Z for X, Y, Z € X(M).
1.2.21. Proposition. The curvature tensor R satisfies the following symmetries:
1.R(X,Y)Z = —R(Y, X)Z.
2.R(X,Y)Z =R(Y,2)X +R(Z,X)Y = 0.
3.(R(X,Y)Z,W) = —(R(X, Y)W, Z).
4.(R(X,Y)Z, W) = (R(Z, W)X, Y).

1.2.22. Definition. A connection is said to be flat if its curvature vanishes identi-
cally.
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1.2.23 Sectional curvature

Sectional curvature is the generalization (to any Riemannian manifold) of the
classical notion of the Gaussian curvature of a surface in R3. All we need know
for this research is that if M has constant sectional curvature c then M is locally
iIsometric to a domain in one of the following “models”:

Euclidean space (c = 0), spherical space (¢ > 0), or hyperbolic (i.e., Loba-
chevski) space (c < 0).

If c = 0 one also says that M is flat.

The analogous notion in a Kahlerian manifold is constant holomorphic sectional
curvature c¢; the corresponding “model spaces” are C" (ifc = 0),
CP™ (if c > 0), and the unit disc in C™ with “Bergman kernel metric” if ¢ < 0.

Let (M, g) be a Riemannian manifold. We shall give a geometric interpretation
of the Riemannian curvature tensor of M.

Let p be a point of M. For each 2-dimensional subspace = of the tangent space
T,M, letS, c M be the surface in M that is the image under exp,, of =, or rather

the image of the part = where exp,, is a diffeomorphism, S, = exp,(nn¢,).

We give S, the induced metric so that S, € M is a Riemannian embedding. Note
that the tangent space of S, is

T, S, = T,exp, (n N ep) = (expp)*Ton =Toyn=nc T,M.

1.2.24. Definition. Sectional curvature at p € M is the function that to any tan-
gent plane =  T,M to the manifold associates the Gaussian curvature K(n) =

K(S,), at p of the Riemannian surface S,.

1.2.25. Proposition. The sectional curvature of the tangent plane = T, M is

Rm(X,Y;Y,X)
IX|2|Y]? — (X, Y)?

K(m) = —

where X, Y is any basis for .

If the sectional curvature is equal to a constant ¢ for all plane sections, M is
called a space of constant curvature or a real-space-form.
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1.2.26. Corollary. If M has constant sectional curvature ¢ € R, then
1.3: Symplectic Manifolds

A symplectic form on a manifold M is a closed non-degenerate 2-form Q. Here
non-degenerate means that for all p € M if there is a vector field X € T,M such

that 2(X,Y) = 0forallY € T,M, then X = 0.

1.3.1. Definition. A symplectic manifold is a pair (M, 2), a manifold and a sym-
plectic form on it.

For algebraic reasons symplectic manifolds must have even dimensions. In sym-
plectic manifolds, there is a kind of special submanifolds, called isotropic sub-
manifolds were the symplectic form restricts to zero. The most important case of
the isotropic submanifolds is that of Lagrangian submanifolds, which is defined
as follows.

1.3.2. Definition. A Lagrangian submanifold is an isotropic submanifold of max-
imal dimensions, namely half the dimension of the ambient symplectic manifold.

1.4: Kéahler Manifolds

A complex analytic manifold id defined as a space covered with complex coor-
dinate charts in such a way that the coordinates undergo holomorphic coordinate
transformations in the common region of the charts. A Riemann surface, C™ and
its projective space CP™ ! are simple examples.

Any n-dimensional complex manifold Z is also a real (analytic) manifold K of
dimension 2n with z" = x" + iy” as complex coordinates for x",y" as real
coordinates (r = 1, ...,n). The tangent space T,(Z) of C™ can be endowed with
a canonical automorphism J:u — iu such that J defines an almost complex
structure (J2 = —I) on K. J is said to be a complex structure if and only if its
torsion tensor N = 0, i.e.,

N(X,Y)=[IX,JY] = [X,Y]=J[X,JY] = J[TX,Y] =0 (1.4.1)

forevery X, Y of K.
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1.4.1. Definition. An almost complex structure on a differentiable manifold M is
a differentiable map J: TM — TM, such that:

(i) J maps linearly T,,(M) into T,,(M) for all p € M;
(ii) J? =—Ioneach T,, (M), where T stands for the identity map.

1.4.2. Definition. A pair (M, J) is called an almost complex manifold if J is an
almost complex structure on M.

1.4.3. Definition. Let (M,J) be a complex manifold, dim¢(M) = n, and g is
Riemannian metric. Then g on a complex manifold M is called Hermitian if
g(JX,JY)=g(X,Y),i.e., gand J are compatible, for any X, Y in T(M).

K is a Kahler manifold if it is Hermitian and VJ = 0, where V is an affine con-
nection on K. The two form w of a Hermitian K is defined by

w(X,Y) =gX,JY).
1.4.4. Remark. Since J? = —1d, it is equivalent to g(JX,Y) = —g(X,JY).
The form w(X,Y) := g(X,JY) is a skew-symmetric.
1.4.5. Definition. The differential form w is called the Hermitian form (M, J, g).

1.4.6. Definition. A complex Hermitian manifold is called Kahler if dw = 0,
that is, w is closed.

Example: C™, with the Hermitian metric

ds? = z dz,dz"

is Kahler.

We say that (M, J, g) is an almost Hermitian manifold if tangent bundle of M
has an almost complex structure J (i.e. J2 = —I) and a Riemannian metric g
such that

gX,Y)=g(JX,JY)
for X,Y € I'(TM). Here I'(TM) denotes the lie algebra of vector fields on M.
The manifold M is orientable and even dimensional 2m.
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1.4.7 Some Important Classes of Almost Hermitian Manifold (AH-Mani-
fold).

An AH-manifold with J integrable is called a Hermitian manifold (H-manifold).
The fundamental 2-form £ an AH-manifold is defined by
NX,Y)=g9gX,JY), forany X,Y € I'(TM).

An AH-manifold is called an almost Kahler manifold (AK-manifold) if 2 is
closed. Using the Levi-Civita connection V of an AH-manifold (M, J, g), we de-
fine a nearly Kahler manifold (NK-manifold) and a quasi-Kahler manifold (QK-
manifold) by the conditions:

(NK): (VyJ)Y + (Vy )X =0
(QK): (VxD)Y + (V5xY)JY =0
forall X,Y € I'(TM).

An AH-manifold is K&hler if and only if VJ = 0. An AH-manifold is Hermitian
if and only if:

(H) (VxJ)Y — (V14 J)JY = 0.
We have the strict inclusion relations
K c AK c QK c AH KcNKc(Q@K KcHcAH.

The Ké&hler manifolds form a very interesting class of manifolds in differential
geometry. It is well known that the geometrical and topological structure of these
manifolds is very rich.

The nearly Kahler manifolds, which are not Kahler, are perhaps the most intere-
sting nonintegrable almost Hermitian manifolds.

Now we define the class of locally conformal K&hler manifolds (I. c. K mani-
folds) which has been developed mainly in the last 20 years.

AH-manifolds is called [. c. K-manifold (M, J, g) if each of points has a neigh-
borhood U on which the restriction of the metric g is conformal with a Kahler
metric g' on U, such that g|, = exp(fy)g where f is a differentiable function
on U.
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Equivalently, a H-manifold is I. c. K-manifold if and only if there exists on M a
closed 1-form w, called the lee form, such that d = w A 0.

A l. c. K-manifold with parallel lee form is called a generalized Hopf manifold
(g. H -manifold).

We shall suppose w # 0 everywhere. For a g. H -manifold the lee 1-form w has
constant length:

let |w| = % We denote u = % let U be the vector field defined by g(U,X) =
u(X) for all X tangentto M and V = JU.

We say that an AH-manifold M is a para-Kahler manifold or a F-space if the
curvature tensor R satisfies

R(X,Y,ZW)=R(X,Y,JZ,JW) (1.4.2)
forall X,Y,Z,W € I'(TM).

1.4.8. Remark. Kahler manifolds are the main object of complex algebraic geo-
metry (algebraic geometry over C).

1.5: Contact Manifold

1.5.1 Definition. A contact manifold M is an odd dimensional manifold with a 1-
form w such that wA(dw)™ # 0, where dimM = 2n + 1 and the exponent de-
notes the n* exterior power. We call w a contact form of M.

Assume now that (M, w) is a given contact manifold of dimension 2n + 1. Then
w defines a 2n-dimensional vector bundle over M, where the fiber at each point
p € M is given by

$p = ker op,.
Since w A (dw)™ defines a volume form on M, we see that
Q:=dw

is a called non-degenerate 2-form & @ & and hence it defines a symplectic prod-
uct of & such that (& Ql¢g:) becomes a symplectic vector bundle. A conse-
quence of this fact is that there exists an almost complex bundle structure
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J:gm ¢
compatible with dw. i.e., a bundle endomorphism satisfying:
(1) J? = —Idg,
(2) dw(JTX,JY) = dw(X,Y)forall X,Y € ¢,
(3) dw(X,TX) > 0 for X € £\0.
1.6: Sasakian Manifold

1.6.1. Definition. Let S be a (2n + 1)-dimensional manifold equipped with a
structure (¢, &, n, g) such that:

(1) pisa(l,1) tensor field,
(2) & is a vector field,

(3) n is a field of a 1-form,
(4) g is a Riemannian metric.

Assume, in addition, that for any vector fields X and Y on S, (¢, &, n, g) satisfy
the following algebraic conditions:

(D 9*X = =X +n(X)5,
2)n) =1,
(3) g(9X, 9Y) = g(X,Y) —n(X)n(Y),
(4) 9§, X) = n(X),
and the following differential conditions
(5) N, + dn®¢ = 0, where
N,(X,Y) = [@X,oY] + @*[X,Y] — p[@X,Y] — @[X, ¢Y]
is the Nijenhuis tensor for ¢.
(6) dn(X,Y) = g(¢X,Y).
Then S is called a Sasakian manifold.
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1.6.2. Example. A standard example of a Sasakian manifold is the odd dimen-
sional sphere

§2k+1 — {Ck+1 3 (2L, o, 2D |22 4 o+ |Zk+1|2 _ 1} c ck+1

viewed as a submanifold of C¥*1, Let J be standard complex structure on C**1,
g the standard flat metric on C**! = R?k*2 and n be the unit normal to the
sphere. The vector field £ on S%**1 is defined by & = —Jn. If X a tangent vector
to the sphere then JX uniquely decomposes onto the part parallel to n and the
part tangent to the sphere. Denote this decomposition by

IX =n(X)n + o(X).

This defines the 1-form 7 and the tensor field ¢ on S2¢*1. Denoting the restrict-
ion of g to S?k*1 by g we obtain (¢, &, n, g) structure on S?%+1, It is a matter of
checking that this structure equips S2**1 with a structure of a sasakian- Einstein
manifold.

This construction is, in a certain sense, a Sasakian counterpart of the Fubini-
study Kéhler structure on CP*.
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Chapter (2)
The Theory of Submanifolds

We study problems in submanifold theory since the invention of calculus and it
was started with curvature of plane curves. For a surface in Euclidean 3-space
one has the two important quantities, namely, the mean curvature and the Gauss
curvature. The mean curvature is an extrinsic invariant which measures the sur-
face tension of the surface arisen from the ambient space.

2.1: Submanifolds of the Euclidean Space

We consider some aspects of the extrinsic geometry of a submanifold M of di-
mension m of the Euclidean space R™*™, with n >1. When n=1, M is a
hypersurface and has locally a well defined unit normal vector field which can be
extend to the whole hypersurface if it is orientable. This normal vector field de-
fines a map, called the Gauss map, from M to the unit hypersphere in R™*1, A
great deal of the extrinsic geometry of the hypersurface M can be derived from
the Gauss map and its derivative map, the shape operator. The shape operator is,
at each point of M, a self adjoint operator from the tangent space of M at p to it-
self. Its eigenvalues are called the principal curvatures and when they all are
equal at a given point p, the point p is called an umbilic point. A hypersurface is
totally umbilic if all its points are umbilic points.

At each point p of a submanifold M of codimension n > 1, there is an n-
dimensional space of normal vectors to M at p. One can define a shape operator
on M along a fixed unit normal vector field on M.

A hypersurface in R™*! is a codimension one submanifold. The notion of a
submanifold of an abstract smooth manifold will now be defined.

In fact, there exist two different notions of submanifolds, ‘embedded submani-
fold’ and ‘immersed submanifold’.

The examples of surfaces in R3-the sphere and the torus-are special cases of the
general notion of a submanifold. Naively, given a smooth manifold M, a subma-
nifold N ¢ M should be a subset which is also a smooth manifold in its own
right. There are also several methods of describing submanifolds, either implicit-
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ly by the vanishing of some smooth functions, or parametrically by some local
parametrization.

2.1.1. Definition. A submanifold of a manifold M is a pair (N, ¢), where ¢ is a
differentiable map from a manifold N into M such that, for each point p €
N, (¢.), is injective. In this case, ¢ is called an immersion. If, furthermore, ¢ is
also injective, (N, ¢) is called imbedded submanifold of M and ¢ is an imbed-
ding.

Facts: (1) Recall the subspace topology. Let X be a topological space and let
S < X be any subset, then the subspace or relative topology on S (induced by the
topology on X) is defined as follows. A subset U < S is an open if there exist an
openset V < Xsuchthat U =V N S. In this case S is called a (topological) sub-
space of X.

(2)The rank of a linear transformation L:V — W between finite dimensional
vector space is the dimension of the image L(V) as a subspace of W, while the
rank of a matrix A is the dimension of its column space. If L is represented by a
matrix A relative to a basis for V and a basis for W, then the rank of L is the same
as the rank of A, because the image L(V) is simply the column space of A.

2.1.2. Definition. Let M be a smooth manifold. A submanifold of M is a subset
N c M, together with a smooth, one-to-one map ¢: N - N c M satisfying the
maximal rank condition everywhere, where the parameter space N is some other
manifold and N = <p(1V) is the image of ¢. In particular, the dimension of N is
the same as that of N, and does not exceed the dimension of M.

The map ¢ is often called an immersion, and serves to define a parametrization
of the submanifold N. Often such a submanifold is referred to as an immersed-
submanifold, to emphasize the difference between this definition and other no-
tions of submanifold.

2.1.3. Definition. A regular submanifold N of a manifold M is a submanifold pa-
rametrized by ¢: N — M with the property that for each x in N there exist arbi-
trarily small open neighborhoods U of x in M such that ¢ ~1[U n N] is a con-
nected open subset of N.
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2.1.4. Lemma. A n-dimensional submanifold N < M is regular if and only if for
each x, € N there exist local coordinates x = (x1, ...,x™) defined on a neigh-
borhood U of x, such that

NNU={x:x""! = ... =x™ =0}.

Such a coordinate chart is called a flat coordinate chart on M. Note that, in view
of this lemma, for regular submanifolds N ¢ M we can dispense with the para-
metrizing manifold N and just treat N as a manifold in its own right.

Namely the flat local coordinates x = (x1, ...,x™) on U € M induce local coor-
dinate, namely ¥ = (x1,...,x™), onU N N . The parametrization thereby is re-
placed by the natural inclusion N ¢ M.

2.1.5. Theorem. Let M be a smooth m-dimensional manifold, and F: M —
R",n <m, be a smooth map. If F is of maximal rank on the subset N =
{x: F(x) = 0}, then N is a regular, (m — n)- dimensional submanifold of M.

2.1.6. Definition. A subset N ¢ M is called a smooth embedded n-dimensional
submanifold in M if for every p € N, there exists a chart (U, ¢) for M, withp €
U, such that

e(UNN) =oWU)NR"*x{0}) ={x € pU): xp11 = - = x,, = O}
The codimension of N is defined as: codim N = dim M — dim N.

If F: N — M is a differentiable map, we define the rank of F atp € N to be the
rank of the linear map F,: T, N — T, M; it is of course just the rank of the ma-

trix of partial derivatives of F in any coordinate chart, or the dimension of
Im Ek C TF(p)M

If F has the same rank k at every point it has constant rank, and write rank F =
k.

2.1.7. Definition. A differentiable mapping F: N — M is called an immersion if
rank F = dim N at all points of N.

Similarly a differentiable mapping F: N — M is called a submersion if

rank F = dim M.
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One special kind of immersion is particularly important. A (smooth) embedding
IS an injective immersion F: N — M that is also a topological embedding, i.e., a
homeomorphism onto its image F(N) c M in the subspace topology.

2.1.8. Implicit Submanifolds

Instead of defining a surface S in R parametrically, an alternative method is to
define it implicitly by the vanishing of a smooth function:

S={F(x,y,z) = 0}.

Let f: M — N be a smooth maps between manifolds. We say that f is a local dif-
feomorphism at p if f maps neighborhood of p diffeomorphically onto a neigh-
borhood of f(p).

2.1.9 Theorem (The inverse function theorem).Suppose thatf:M — N is a
smooth map whose derivative df,, at the point p is an isomorphism. Then f is a

local diffeomorphism at p.

2.1.10. Definition. A pointp € M™ is called a regular value of a smooth map
f:M™ - L}, m > 1, if for any pointx € f~1(p) the differential (tangent map)
Df (x) has rank L.

2.1.11 Remark Let M™ be a smooth manifold and N™ a submanifold equipped
with the induced topology. The restriction of the chart (U ,(pp) to N™ provide a
chart onN™.Thus N is a topological manifold and the induced charts

(U(p) NN" @, |(U(p))nNn) , PEN" provide a smooth atlas for N.

2.1.12. Theorem (Implicit function theorem). Let M™ and N™ be a smooth ma-
nifold with m > n, and let q be a regular value of a smooth map f: M™ — N™.
Then the set £ ~1(q) is a smooth submanifold of M™.

2.1.13. Embeded Submanifolds

Smooth submanifolds are modeled locally on the standard embedding of R* into
R™, identifying R* with the subspace

{(xt, o, xRk x™) i x kT = = 4™ = 0}

of R™. Somewhat more generally, if U is an open subset of R", a k-slice, of U is
any subset of the form
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S={(x", ..., x" x** L x™) € Usxhtl = k1) x™ = c")
for some constant c**1, ..., c™.
Clearly any k-slice is homeomorphic to an open subset of R¥.

Let M be a smooth n-manifold, and let (U, ¢) be a smooth chart on M. We say a

subset S c U is a k-slice of U if ¢(S) is a k-slice of o(U). A subsetN c M is
called an embedded submanifold of dimension k (or an embedded k-submani-
fold or a regular submanifold) of M if for each point p € N there exists a chart
(U, @) for M such that p € U and U n N is a slice of U. In this situation, we call
the chart (U, ¢) a slice chart for N in M, and the corresponding
coordinates(x?, ..., x™) are called slice coordinates.

The difference n — k is called the co-dimension of N in M.

2.1.14. Lemma. Let M be a smooth manifold and N a subset of M. Suppose
every pointp € N has a neighborhood U ¢ M such that U n N is an embedded
submanifold of U. Then N is an embedded submanifold of M.

The proposition below explains the reason for the name “embedded submani-
fold”.

2.1.15. Proposition. Let N € M be an embedded k-dimensional submanifold of
M. With the subspace topology, N is a topological manifold of dimension k, and
it has a unique smooth structure such that the inclusion map N < M is a smooth
embedding.

2.1.16. Proposition (Smoothness of inverse map). Suppose M and N are
smooth manifolds of the same dimension, and F: M — N is a homeomorphism
that is also a smooth immersion. Then F~1 is smooth, so F is a diffeomorphism.

2.1.17. Proposition. Let S be a regular submanifold of N and U = {(U, ¢)}a col-
lection of compatible adapted charts of N that over S.Then {(U N S, ¢5)} is an
atlas for S. Therefore, a regular submanifold is itself a manifold. If N has dimen-
sion n and S is locally defined by the vanishing of n — k coordinate, then

dimS = k.

2.1.18. Level Sets of a Function

A level setof amap F: N — M is a subset
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Fr{c) ={peN:F(p)=c}

for some ¢ € M.The usual notation for a level set is F~1(c), rather than the more
correct F~1({c}). The value ¢ € M is called the level of the level set F~1(¢).

If F:N - R™, then
Z(F):=F1(0)

IS the zero set of F. Recall that c is a regular value of F if and only if either c is
not in the image of F or at every point p € F~1(c), the differential F.,:T,N -
Tr(pyM is surjective. The inverse image F~1(c) of aregular value is called a reg-

ular level set. If the zero set F~1(0) is a regular level set of F: N - R™, it is
called a regular zero set.

2.1.19. Theorem (Regular Level set theorem). Let F: N — M be aC® map of
manifolds, with dim N =n anddim M = m. Then a nonempty regular level
set F~1(c), where c € M, is a regular submanifold of N of dimension equal to
n—m.

2.1.20. Definition. A subset N c M is called an immersed submanifold if N is a
smooth n-dimensional manifold. And the mapping i: N = M is an immersion.

2.1.21. Theorem. Let f: N - M be a constant rank mapping with rk(f) = k.
Then for each g € f(N), the level setS = f~1(q) is an embedded submanifold
in N with co-dimension equal to k.

2.1.22. Definition. Let M be a n-dimensional manifold, S a subset of M. A point
p € Sis called a regular point of S if p has an open neighborhood U in M that
lies in the domain of some coordinate system x1, ...,x™ on M with the property
that the points of S in U are precisely those points in U whose coordinate
satisfy x™*1 = 0, ...,x™ = 0 for some m. This m is called the dimension of S at

p.

Otherwise p is called a singular point of S. S is called a m-dimensional (regular)
submanifold of M if every point of S in regular of the same dimensions m.
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2.1.23. Examples of Regular Submanifolds

(1) (Hypersurface). Show that the solution set S of x3 + y3 +z3 =1 inR3is a
manifold of dimension 2.

Solution: Let f(x,y,2z) = x3 + y3 + z3. Then
S=f().

Since

o _aq,2 9 _ a2 of _ a2
6x—3x,6y—3y,andaz—32,

the only critical point of f is (0, 0, 0), which is not in S.Thus, 1 is a regular value
of f:R3 > R.

By the regular level set theorem (Theorem 2.1.19) S is a regular submanifold
of R3 of dimension 2. So S is a manifold. Proposition (2.1.17).

(2) (Solution set of two polynomial equations). Decide whether the subset S
of R3 defined by the two equations

x3+y3+23=1
x+y+z=0
is a regular submanifold of R3.
Solution. Define F: R3 — R? by
wv)=F(x,y,2) =3 +y3+2z3,x +y+2).
Then S in the level set F~1(1, 0). The Jacobian matrix of F is

_ W Uy Uz)_ [3x% 3y? 3z2
J(F)_[vx vy ”z]_[1 1 1

)

where u, = Z—Z and so forth. The critical points of F are the points (x, y, z)where

the matrix J(F) has rank < 2. That is precisely where all 2 X 2 minors of J(F)
are zero:

|3x2 3y?

1 1

=0, |3’1‘2 3iz| =0 *)
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(The third condition

|3y2 372 —0
1

1

is a consequence of these two.) Solving (*), we gety = +x, z = *x.

Sincex+y+z =0 on S, this implies that (x,y,z) = (0,0,0). Since (0,0, 0)
does not satisfy the first equation x3 + y3 + z3 = 1, there are no critical
points of F on S. Therefore, S is a regular level set. By the regular level set theo-
rem, S is a regular submanifold of R3 of dimension 1.

2.1.24. Theorem. If M is an r-dimensional regular submanifold of R™ then for
every p € M there exist at least one r-dimensional coordinate plane P such that
linear projection P —» R™ restricts to a coordinate system for M defined in a
neighborhood of p.

2.1.25: First Fundamental Form of a Submanifold

The important geometrical characteristic of a submanifold is its first fundamental
form. Let ¥ be a curve in a submanifold. Then parameters u?!, ..., u™ are certain
functions of parameters t:

ul = ul(t), i=1,..,n
The position vector of y has the form:
r=r(ul®),..u" () = #).

A general rule given us an expression for the arc-length of y:

t
s=f2 | de.
t1

Differentiating #(t) as a composite function we get

Therefore
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n . .
02 du' duw/
|Tt| = z(rui ruj)EE

ij=1
The coefficients of the first fundamental form are the functions
9ij = (rui ruj)'
The form
n
ds? = z g;; du' dw
ij=1
is called the fundamental form.

We say this form is induced by the metric of ambient Euclidean space. The
length of any curve in the submanifold is the integral

n
szfdszj Zgl-jduiduf.

ij=1

For two given directions
a=rdu’, b=r, W,
we get their scalar product as
(ab) = |al|b| cos ¢ = Zgij du' su

Since

we can evaluate the cosine of the angle between a and b by the formula
Y gy du' &w

\/Z gij du' dw \/gi]- Sut ouw

cos @ =
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A property of the manifold is intrinsic if it depends only on the metric. All intrin-
sic properties form the intrinsic geometry of the manifold.

By the first fundamental form we define the volume of a submanifold, which is a
notion analogous to the area of a surface. Consider an infinitely small n-
dimensional curvilinear parallelepiped, which is built on coordinate curves as its
edges. Its volume dV is approximately equals the volume of a straight line paral-
lelepiped:

dyr =711 dul, ..., d, T = 1yn dul.

Given n-vectors a, b, ..., ¢ in n-dimensional Euclidean space E™", the volume of a
parallelepiped built on them equals a mixed product, that is, the determinant of
an n-matrix formed with the coordinate of vectors as rows:

a; a..a,
V(a.b...,c) = by by ...by
o
Evidently
a; Az - Au||ay Gz Ay a’ (ab) - (ac)
V2(a.b. .., c) = by by bn||by byby| _ | (ab) b?

€1 C2Cp||C1 C2 " Cy (ac) ... c
Apply the latter formula to d;r, ..., d,,r, which lie in tangent space T,M. If we
denote det||g;; || by g, then
dv = [g du' ..du".

Hence, the volume of the submanifold M is equal to

V=de= f@dul odu™,
M
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2.2. Submanifolds of a Riemannian Manifold

We develop the basic concepts of the theory of Riemannian submanifolds, and
then to use these concepts to derive a quantitative interpretation of the curvature
tensor.

Let i:M — M be an immersion of an n-dimensional manifold M into an m-
dimensional Riemannian manifold (1\71 g). Denote by g = i*g the induced Rie-
mannian metric on M.

Thus, i become an isometric immersion and M is also a Riemannian manifold
with the Riemannian metric g(X,Y) = g(X,Y) for any vector fields X, Y in M.

The Riemannian metric g on M is called the induced metric on M. In local com-
ponents, g; = gapB’ B with g = g;;dx/dx"and § = ggsdu®du?.

If a vector field &, of M ata pointp € M satisfies

§(X,,6,)=0 (2.2.1)
For any vector X,, of M at p, then ¢, is called a normal vector of M in M at p.

A unit normal vector field of M in M is sometimes called a normal section
on M, or a normal direction on M.

By T+ M, we denote the vector bundle of all normal vectors of M in M. Then,
the tangent bundle of M, restricted to M, is the direct sum of the tangent
bundle TM of M and the normal bundle T*M of Min M, i.e.,

TM|M =TM @ T M. (2.2.2)

We note that if the submanifold M is of codimension one in M and they are both
orientable, we can always choose a normal section & on M, i.e.,

gX,§) =0, g9, $) =1, (2.2.3)

where X is any arbitrary vector field on M.

We denote by V the Riemannian connection on M with respect to its Riemannian
metric §. The Riemannian connection V has no torsion, that is,

V¥ - Vp% — [£,7] = 0, (2.2.4)
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and is metric, that is,
Ve (3(7.2)) = g(Va7.2) + §(7, V4 Z) (2.2.5)
where X, Y and Z are arbitrary vector fields on M.

2.2.1. Definition. (The Second Fundamental Form) We define the second funda-
mental form of the submanifold M (or immersion i) to be the map (or bilinear
form)

h:[(TM) x I'(TM) - ['(T*M)
given by:
h(X,Y) = VY — VY
= (Vyy)"
where X, Y are extended arbitrarily of M.

If h = 0 identically, then submanifold M is said to be totally geodesic, where
r'(T+M) is the set of the differentiable vector fields on normal bundle of M.

Totally geodesic submanifolds are simplest submanifolds.
2.2.2. Lemma. The second fundamental form is

(a) independent of the extensions of X and Y,

(b) bilinear over C*(M); and

(c) symmetricin X and Y.

Proof. First we show that the symmetry of h follows from the symmetry of the
connection V.

Let X and Y be extended arbitrarily to M. Then
h(X,Y) —h(Y,X) = (Vy¥ =Ty X)" =[x, V]
Since X and Y are tangent to M at all points of M, so their Lie bracket. Therefore

[X,Y]*+ = 0, so h is symmetric.
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Because WXY|p depends only in X, it is clear that h(X,Y) is independent of the

extension chosen for X, and that h(X,Y) is linear over C*(M) in X. By symme-
try, the same istrue forY. m

2.2.3. Proposition. Let V and V be the respective Levi-Civita connections of M
and M. Then we have

V¥ = (Tyr)
where X, Y are arbitrarily extensions to vector field on M.

2.2.4. Definition. Let M be an n-dimensional submanifold of an m-dimensional
Riemannian manifold (M, §). By h, we denote the second fundamental form of
Min M. H = %trace(h) is called the mean curvature vector of M in M. If
H = 0, the submanifold is called minimal.

Let i:M — M be an immersion of an n-dimensional manifold M into an m-
dimensional Riemannian manifold M with the Riemannian metric §. Denote
by g = i*g the induced metric on M. Equipped with g, i becomes an isometric
immersion. We shall identify X with its image i,X forany X € T(M).

If X, Y are vector fields tangent to M, we put
ViV =V,Y +h(X,Y) (2.2.6),

where V.Y and h(X,Y) are the tangential and the normal components of VY,
respectively.

Formula (2.2.6) is called the Gauss formula.

2.2.5. Proposition.V is the Riemannian connection of the induced metric
g=1i"gon M and h(X,Y) is a normal vector field over M which is symmetric
and bilinearin X and Y.

Proof. Replacing X and Y be aX and Y, respectively, a,  being functions on
M, we have

Vax (BY) = a{(XB)Y + BVxY}

= {a(XB)Y + aBVyY}+ aBh(X,Y),
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from which we find
Vo (BY) = a(XB)Y + aBVyY (2.2.7)
h(aX,BY) = aBh(X,Y) (2.2.8)

Equation (2.2.7) shows that V defines an affine connection on M and equation
(2.2.8) shows that h is bilinear in X and Y since additivity is trivial.

Since the Riemannian connection V has no torsion, we have
0=V,Y -V, X —[X,Y]
=V,Y +h(X,Y) -V, X —h(X,Y)—[X,Y],
from which by comparing the tangential and normal part, we obtain
VY —VyX = [X,Y]
and
h(X,Y) = h(Y,X).
These equations show that V has no torsion and h is a symmetric bilinear map.
Since the metric g is parallel, we can easily see that
Vxg(¥,2) = Vxg(¥,2) = G(Vx¥,Z) + §(¥,Vx2)
=g(VyY+h(X,Y),Z)+ G(Y,VxZ + h(X,Z))
=g(VxY,Z) + G(Y,VxZ)
=g(VxY,2) + g(Y,VxZ)

for any vector fields X, Y, Z tangent to M. This shows that V is the Riemannian
connection of the induced metric gon M. m

We call h the second fundamental form of the submanifold M (or of the immer-
sion i). Let ¢ be a normal vector field on M and X be a tangent vector field on M.

We decompose V& as
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where —A; X and Dy¢ are the tangential and normal components of V& respec-
tively. We can easily see that A; X and Dx¢ are both differentiable vector fields
on M and normal bundle on M, respectively.

Moreover, (2.2.8) implies that h(Xp, Yp) depends only on X,,,Y,, € T,M, not on
their extensions X, Y. Formula (2.2.9) is called the Weingarten formula.

2.2.6. Proposition. Let M be a submanifold of a Riemannian manifold (1\7 g).
Then

(@) A; (X) is bilinear in vector fields ¢ and X. Hence, A;(X) at a point p € M de-
pends only on vector ¢, and X,,. And

(b)For each normal vector field ¢ of M and tangent vectors X, Y of M, we have

9(A:X,Y) = G(h(X,Y),$) (2.2.10)
Proof. Let a and S be any two functions on M. Then, we have
FVVaX (BE) = “vx(ﬁf) = a{(Xﬁ)f + ﬁvxf} (2.2.11)

—Age (@X) + Dox (BE) = a(XB)E — afAcX + afDyé.
This implies that

Age (aX) = aPAsX (2.2.12)
and

Dox (BE) = a(XB)S + aBDxS. (2.2.13)

Thus, A:X is bilinear in ¢ and X, since additivity is trivial. This proves (a). To
prove (b), we notice that for any arbitrary vector field Y tangent to M, we have

0=g(VxY, &)+ g(Y,Vxé)
= GV, ) + GRX,Y),6) — g (Y, A (X)) + G (¥, Dxd)

= §(h(X,Y),8) — g(Y, A: X).

This shows (b). =
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Let T+ (M) denote the normal bundle of the immersion i: M — M. From (2.2.11)
we find

Dox (BS) = a(XB)§ + aBDyS.
Moreover, it is easy to verify that
DX+Y - DX + Dy. (2214‘)

Equations (2.2.13) and (2.2.14) justified that D is a connection on the normal
bundle T+ (M).

In fact, we have the following

2.2.7. Proposition. D or (V1) is a metric connection in the normal bundle
T+ (M) of M in M with respect to induced metric on T+(M).

Proof. From (2.2.13) we see that D defines an affine connection on the normal
bundle T+ M.

Moreover, for any two normal vector fields & and n in T+ M, we have
Vyé = —AX +Dy&;  Vyn = —A,X + Dyn.
Hence, we get
G(Dx&,m) + §(&,Dxn) = §(Vxé,m) + G(& Vyn)
= Vyg(&m) = Dxg(&,m).
This shows that D is a metric connection. m

A normal vector field £ on M is said to be parallel in the normal bundle, or simp-
ly parallel, if we have V& = 0 identically.

2.3. Equations of Gauss, Codazzi and Ricci

Let f: (M,g) —» (M, §) be an immersion isometric. Denote by V and V the me-
tric connections of M and M, respectively.

For vector fields X and Y tangent to M, the tangential component of VY is
equal to VY.

Let: h=VyY—-V,Y (2.3.1)
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The h is a normal bundle valued symmetric (0, 2) tensor field on M which is
called the second fundamental form of the submanifold. Formula (2.3.1) is
known as the Gauss formula.

For a normal vector ¢ at the point x € M. We put
9(AeX,Y) = G(h(X,Y), ). (2.3.2)

Then A; is a symmetric linear transformation on the tangent space T, M of M at

x, Which is called the shape operator (or the Weingarten map) in the direction of
¢. The eigenvalues of A, are called the principle curvatures in the direction of ¢.

The metric connection on the normal bundle T+M induced from the metric
connection of M is called the normal connection of M.

Now, Let M be a submanifold of a Riemannian manifold (M, §), and h and
A; denote the second fundamental form and shape operator of M, respectively.
The covariant derivative of h and A is, respectively, defined by

(Vxh)(Y,Z) = Dyh(Y,Z) — h(VxY,Z) — h(Y,VyxZ)
and
(VxA)eY = Vy(A:Y) — Ap Y — AsVyY

For any vector fields X, Y tangent to M and any vector field & normal to M. If
Vyh = 0 for all X, then the second fundamental form of M is said to be parallel,
which is equivalent to Vy A = 0.

By direct calculations, we get the relation
9((Vx)(¥,2),§) = g((VxA),Y,Z)

Let D denote covariant differentiation with respect to the normal connection. For
a tangent vector field X and a normal vector £ on M, we have

where —A; X is the tangential component of Vy€. (2.3.3) is known as the Wein-

garten formula, named after the 1861 J. Weingarten (1836-1910).
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Let R and R and R? denote the Riemannian curvature tensors of V,V and D, re-
spectively. Then the integrability condition for (2.3.1) implies

RX,Y)Z=RX,Y)Z+ Apx Y — Any X + (Vxh)(Y,2) —
(Vyh)(X,2) (2.3.4)

For tangent vector fields X, Y, Z of M, where V is the covariant differentiation
with respective to the connection in TM@T*M. The tangential normal compo-
nents of (2.3.4) yield the following equation of Gauss:

(RX,Y)Z,W)=(R(X,Y)Z, W)+ (h(X,W),h(Y,Z)) —
(h(X,Z),h(Y,W)) (2.3.5)
and the equation of Codazzi:
(RX, V)2t = (Vxh)(Y,2) — (Vyh)(X,2), (2.3.6)

where X, Y, Z and W are tangent vector of M, (R(X,Y)Z)! is the normal com-
ponent of R(X,Y)Z and {( , ) is inner product.

If the Codazzi equation vanishes identically, then submanifold M is said to be
curvature invariant submanifold.

Similary, for normal vector field & and n the relation
(RIX,Y)E,m) = (RP(X,Y)E,n) — ([As A |X,Y) (2.3.7)
holds, which is called the equation of Ricci.

Equations (2.3.1), (2.3.3), (2.3.5), (2.3.6) and (2.3.7) are called the fundamental
equations of the isometric immersion f: M — M.

As a special case, suppose the ambient space M is a Riemannian manifold of
constant sectional curvature c. Then the equations of Gauss, Codazzi and Ricci
reduce respectively to

(RX,Y)Z,W) = (h(X,W),h(Y,2)) — (h(X,Z), h(Y,W))
+c{(X, WXY,Z) — (X, ZNY, W)} (2.3.8)
(Vyh)(Y,2) = (Vyh)(X, 2), (2.3.9)
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(RP(X,Y)E,n) = ([As, Ay X, V). (2.3.10)

These formulas at that time already published by G. Mainardi, (1800-1879) in
[Mainardi 1856].

The fundamental importance of formulas was fully recognized by O. Bonnet
(1819-1892) in [Bonnet 1867]. The equations of Gauss and Codazzi for general
submanifolds were first given by A. Voss in 1880. The equation (2.3.10) of Ricci
was first given by G. Ricci (1853-1925) in 1888.

2.4. Proof the Gauss, Codazzi and Ricci Equations
2.4.1. Proof of Gauss Equation
(RX,Y)Z,W)=(R(X,Y)Z, W)+ (h(X,W),h(Y,Z)) —(h(X,Z),h(Y,W))

Proof. Let M be an n-dimensional submanifold of an m-dimensional Riemann-
ian manifold M.

Let R denote the curvature tensor of Riemannian manifold M. Then for any vec-
tor X, Y, Z tangent to M, we have

ﬁ(X, Y)Z = vxvyz - FVVY’VVXZ - W[X’y]z
Applying the Gauss formula (2.4.1.1), we find that

RX,Y)Z =Vy(VZ +h(Y,2)) = Vy(VxZ + h(X,2))

— (YixnZ + h([X,Y1.2)).
=VyVyZ + h(X,VyZ) + Vyh(Y,2) —VyVyZ
—h(Y,VxZ) — Vyh(X,Z) — VixyiZ — h([X, Y], 2).
=R(X,Y)Z + h(X,VyZ) — h(Y,Vy2)
—h([X,Y],Z) + Vxh(Y,Z) — V,h(X, Z),

where R denotes the curvature tensor of the submanifold M. Let &4,...,Em-—n be
orthonormal normal vector fields of M and let h* be the corresponding second
fundamental forms, that is,

52



h(X,Y) = h*(X, )&,
where h is the second fundamental form of the submanifold M.
By using Weingarten formula (2.4.1.4) we obtain
RX,Y)Z =R(X,V)Z — Ayy.nX + Apx.ppY + (VxR)(Y,Z) — (V4 h) (X, Z)

The tangential component of this equation gives

kY, 2)X —(X,Z)Y) = (R(X, Y)Z)T =RX,Y)Z — Ay X + Anix )Y,

And the normal component gives
0=(R(X,)Z)" = (Vh)(Y,Z) — (VEh) (X, 2).

If W is another vector field, then Gauss equation can be rewritten as:

kY, ZXX, W) — (X, ZY,W)) =(R(X,Y)Z,W) — (h(Y,Z),h(X,W)) +

(h(X,Z),h(Y,W)).

Therefore, we get that:
(RX,Y)Z,W)=(R(X,Y)Z,W) + (h(X,2),h(Y,W)) —(h(Y,Z),h(X,W)). m

As a special case, suppose the ambient space M is a Riemannian manifold of
constant sectional curvature k . Then the equation of Gauss becomes:

(RX,Y)Z,W)=(h(X,W),h(Y,Z)) — (h(X,Z),h(Y,W))
+h((X,WNY,Z) — (X, ZXY,W)).
2.4.2. Proof of Codazzi Equation
Since: (Vxh)(¥,2) = (Vyh)(X,2) =
(RX,V2)* = (Vxh)(,2) — (Vyh)(X,2) =
0= (Vxh)(Y,2) — (Vyh)(X,2). m
2.4.3. Proof of Ricci Equation

Since:
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(RX,Y)E, m) = (RP(X, V)¢, m) —([As, Ay]X, V),

where R? denotes the curvature tensor of the normal connection V+ on the nor-
mal bundle T+ M.

Appling the Gauss and Weingarten formula, we find that
RX,Y)¢ = VyVy& =V, Vy & — Vg€
= Vy(—AgY + V3&) — Vy (A X + V5é)
+A: [X, Y] = Vig 1€
= —Vx(AsY) = h(X,AsY) — Ay X
+V%V5E + Vy(AeX) + h(Y, As X)
+Ags eV — Vy Vi + A Vy Y — A Vy X
—Vix$
= (VyA)e X — (VxA)Y + RT(X, V)¢
+h(A:X,Y) — h(X,AsY).

Here, R'(X,Y)¢ = V§Vy& — VyVi& — Viy € is the curvature tensor of the
normal bundle with respect to the normal connection V+, the so-called normal
curvature tensor of M.

The normal part gives the so called Ricci equation. Namely:
0=RX YOO =R (X, Y)E+h(A4:X,Y) — h(X, A:Y).
If n is another normal vector field of M, the Ricci equation can be written as
(R*(X,)E,m) = ([Ag, A ]X,Y)
where [Ag, A, | = A¢A, — A, As.

If R+ = 0, then the normal connection of the submanifold M is said to be flat.
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When (B(X,Y)€)" = 0, the normal connection of the submanifold M is flat if
and only if the second fundamental form is commutative, i.e.

[Af’An] =0

for all &, 7. If the ambient space M is real space form, then (R(X, Y)f)l =0 and

hence the normal connection of M is flat if and only if the second fundamental
form is commutative.

On the other hand, if the ambient space M is a space of constant curvature c, then
we have

RX,Y)Z =c{g(Y,2)X — g(X,2)Y}
for any vector fields X, Y and Z on M.

2.5. Fundamental Theorems of Submanifolds

2.5.1. Existence Theorem: Let (M, g) be a simply-connected Riemannian n-
manifold and suppose there is a given m-dimensional Riemannian vector bundle
v(M) over M with curvature tensor R? and a v(M)-valued symmetric (0, 2) ten-
sor h on M. For a cross section & of v(M), define A¢ by g(A4¢X,Y) = (h(X,Y), )
where ( , )is the fiber metric of v(M). If they satisfy (2.3.8), (2.3.9) and
(2.3.10), then M can be isometrically immersed in an (n + m)-dimensional
complete, simply connected Riemannian manifold R"*™(¢) of constant curva-
ture c in such way that v(M) is the normal bundle and h is the second fundamen-
tal form.

2.5.2 Uniqueness Theorem: Let f, f:M — R™(c) be to isometric immersions
of a Riemannian n-manifold M into a complete, simply connected Riemannian
m-manifold of constant curvature ¢ with normal bundles v and v" equipped with
their canonical bundle metrics, connections and second fundamental forms, re-
spectively. Suppose that there is an isometry ¢: M — M such that ¢ can be cov-
ered by a bundle map @: v — v' which preserves the bundle metrics, the connec-
tions and the metrics, second fundamental form. Then there is an isometry @ of
R™(c)suchthat @ of =f o.

2.6. Theorem. Suppose M™ is a submanifold of R™ and is given the induce Rie-
mannian metric (, ). Then the curvature R of M is given by the formula:
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(R(x,y),z,w) = h(x,w) - h(y,2) — h(x,2) - h(y,w)

for x,y,z,w € T, M; the dot product on the right hand denoting the usual dot
product in RV,

Proof. If D is the Levi-Civita connection on R, since Euclidean space has zero
curvature,

DxDyZ — DyDxZ — Dixy1Z = 0 for X,Y,Z € X(M™).
Hence if W € X(M),
0 = (DxDyZ — DyDyZ — Dixy1Z) - W
=X(DyZ - W) — (DyZ) - (DyW) —Y(DyZ - W) +
(Dx2) - (DyW) = (DixyZ) - W
= X(VyZ, W) —(VyZ, VW) — h(Y,Z) - h(X, W) — Y(VyxZ, W)
+(VxZ, VyW) + h(X,Z) - h(Y, W) — (Vx| Z, W)
= (VyVyZ, W)= h(Y,Z) - h(X,W) —(Vy Vs Z, W) +
h(X,Z) - h(Y, W) —(VixyZ, W)

= (R(X,Y)Z, W) — h(Y,Z) - h(X,W) + h(X, Z) - h(Y,W).

as desired. m
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Chapter (3)
Some Special Submanifolds

Let M be an n-dimensional Riemannian submanifold of a Riemannian manifold
M. A pointx € M is called a geodesic point if the second fundamental form h
vanishes at x. The submanifolds is said to be totally geodesic if every point of M
IS a geodesic point. A Riemannian submanifold M is a totally geodesic submani-
fold of M if and only if every geodesic of M is a geodesic of M.

Let M be a submanifold of M and let ey, ..., e, be an orthonormal basis of T, M.
Then the mean curvature vector H at x is defined by

H=1Yj-1h(e. ).

The length of H is called the mean curvature which is denoted by H. M is called

a minimal submanifold of M if the mean curvature vector field vanishes identi-
cally.

A point x € M is called an umbilical pointifh=g H at x, that is, the shape
operator A; is proportional to the identity transformation for all ¢ € T;"M.

The submanifold is said to be totally umbilical if every point of the submanifold
IS an umbilical point.

A submanifold N of a Riemannian manifold M is called parallel submanifold if
the second fundamental form h is parallel, that is,Vh = 0, identically.

3.1 The First Variational Formula.

First of all we need the following algebraic result.

3.1.1 Lemma. Let A(t) = ((Gij (t))); t € I be a smooth family of m x m ma-
trices such that A(0) = I (the identity matrix). Then

;—t det(A(t)) |t=0 = trace(A’(O)).

Let M be a Riemannian manifold and let f: M — M be an immersion where M is
a compact oriented manifold with boundary oM.
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3.1.2 Definition. By a smooth variation of f we mean a C*- mapping F: I X
M — M, where I = (—1,1), such that

(a) Each map f, = F(t,.):M — M is an immersion.

(b)fo=1.
() f;|oM = f|oM forallt € 1.

Let :—t denote the canonical vector field along the I factor in I X M and set

E=F :—t| . E is called the deformation vector field of the map f and it is con-
t=

sidered as a section of T(M)@N(M). Finally, let A(t) be the volume of M at
time t, i.e., let dV, be the volume element of the metric induced by f; and set

A(t) = [, dV, then we have
3.1.3 Theorem (The First Variational Formula):

da|
dtl,_o

- f (H,E)dV,

3.2. Minimal Submanifold in Euclidean Space

Let M be a Riemannian manifold of dimension m. Consider the Laplace operator
A: C*M - C*M. Forf € C*(M) choose a local orthonormal frame field
{eq,...,e, }in M. Then

Af = eiei(f) — (Vo e)f (3.2.1)

Around each point p, there are local coordinate (x1, ..., x™), where the Rieman-
nian metric on M can be written as ds? = g;;dx'dx’. If we denote

(97) = (gy)™" and g = det(gy ), then

fax (‘/_gl] 6x1) (3.2.2)

In general, for any differential form with values in a vector bundle we can define
exterior differential operator d and codifferential operator § and the Hodge Lap-
lace operator dé + 4d.
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The minus sign of the Hodge-Laplace operator acting on a smooth function f, a
cross-section of the trivial bundle M X R is just the ordinary Laplace operator

Af = =48df (3.2.3)
Any f € C*M satisfying Af = 0 is called a harmonic function.

We have the Hopf maximum principle for harmonic functions: any harmonic
function on a Riemannian manifold has to be a constant, if it attains the local
maximum in an interior point.

3.2.1. Proposition (Xin 2003). Let Y: M — R™ be an isometric immersion with
the mean curvature vector H, then

AY = mH (3.2.4)
where Ay = (AYL, ..., AyY™)

Proof. Note the fact X(y) = ¢, X = X forany X € TM. Let{e;} be a local or-
thonormal frame field. Then

AY = ei(ei(‘,b)) - (‘Zziei)(ll’)
= 7(5‘iﬁeillj - (‘7eiei)(lp)

Veiei _Veiei

(\Ziei)N =mH. =

3.2.2. Corollary. An isometric immersion y: M — R"™ is a minimal immersion if
and only if each component of vy is a harmonic function on M.

3.2.3. Remark. In this case the equation (3.2.4) reduces to Ay = 0. However,
this is not a linear equation, since the induced metric would change when the
immersion ¥ changes, and so does the operator A.

From Corollary (3.2.2) and the Hopf maximum principle we have immediately:

3.2.4. Corollary. There is no compact minimal submanifold in Euclidean space.
From Corollary 3.2.4, it is natural to ask the question whether there exists a
bounded but complete minimal submanifold is Euclidean space. This is the well
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Known Calabi-Yan problem, which has been answered positively a few years
ago by Nadirashivili.

From the first variational formula:

d
aVOl(ftM)h:o = — f(nH, V) dvol
M

where VV = % to be the variational vector field along f.

tle=0

We know that H = 0 is the Euler-Langrangians equations for the volume func-
tional of immersed submanifolds in an ambient manifold. What is the equation
look like? Let us see the simplest situation. In R™*! a minimal graph M is de-
fined by

x™ = f(x, .., x™).

We denote f; = % . The induced metric on M is ds* = g;; dx' dx’, where

9ij = 6y + fif;.

Denote w = /1 + Y f? . Wehave g7 =6§; — #flﬁ . The unit normal vec-
torto M is

1
v =—(fi, s for =1,

It is obvious that

_ 9 0 of
v _— = 01 -.-10)110) "'I_' = O’ e l
2 0x)  dxi ( axf) (0 1)
and
(B y=(V 2 ) 1f
a o ,V)= a V)= ——]i
dxiox) ax! 0x/ w

From H = 0 it follows that g¥ f;; = 0. Thus; we obtain the minimal hypersur-
face equation
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(1 + S5y ~ ffify =0 (329

which is equivalent to

7 (3m) =0 (3.2.6)
When n = 2 in (3.2.5) reduces to
(L + £ ) fex = 2fefy oy + A+ £y =0 (3.2.7)

where we denote x = x!, y = x2. It is a nonlinear elliptic PDE. On a minimal
submanifold in R™ there is another important equation. In fact, we have

3.2.5. Proposition (Xin 2003). Let M be an oriented hypersurface with constant
mean curvature in R**! and with second fundamental form B. Let v the unit
normal vector to M. Then for any fixed vector a € R**! |

Aa,v) + |B|*{a,v) =0 (3.2.8)

Proof. Choose a local orthonormal frame field {e;} with Ve,e; =0, at the consi-
dered point. Then

Ma,v) =7, 7, (a,v)
=V, {a,V,,v)
=(a,V,,V.,v)

= (a,7,, (Vv — A"(e)))
= —(a,%,,A"(e))
= —(a, 7, A" (e)) + (7, 4% (e))")

Noting that the ambient Euclidean space has vanishing curvature and the unit
normal vector field v is parallel in the normal bundle,

VA (€)) =V, (Beye, V)€,
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= (7, % 0) + (T, (7)) g
= (7 (7o + Bee,) ,v) + (T, (0) ) g
= (Be]_Veiel- , V) + (n|7e]_H,v) =0
Therefore,
Ma,v) = —(a,(7,4%(e))" )
= —(a,B,,A"(e;)) = —(a,v)|B|*. m
3.3. Minimal Submanifold in the Euclidean Sphere

Let M c R" be an embedded submanifold, and forany p € M and X € T, (R™).
Let XT denote the orthogonal projection of X onto T, (M) . Suppose now that

w:M - M c R" is an immersion with mean curvature vector fields K in M and
K* in R"™. Then

K =K"= @) (3.3.1)

3.3.1. Proposition (Xin 2003). Let M be a Riemannian m-manifold and let
Y:M—-S"cR* be an isometric immersion. Then ¥ is a minimal
immersion S™ if and only if

AY = —m¥ (3.3.2)

Proof. By equation (3.3.1) above we see that ¥ is minimal if and only if for
allp € M, A¥(p) is parallel to the normal to S™ at ¥(p), i.e., if and only if
AW = AY¥ for some 1 € C*(M).

However, from the lemma says that: Let A(t) = (GU (t)), t € I be a smooth
family of M X m matrices such that A(0) = Identity.

Then ;—tdet(A(t))L:O = trace (A%(0)). And the condition that |[¥|> = 1 we see
that if AW = A¥, then

0 =IAI¥|? = (¥, A%) + VP2 = A|P|? + VP2 = 1 + |72 .
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Hence, A = —|V¥|> = =X (Tk ¥ , 2 ¥) = — il X |2 =-m, and the
proposition is proved. =

Thus we see that the minimal immersions of a differentiable manifold M into S™
are just those immersions whose coordinate functions in the ambient Euclidean
space are eigenfunctions of the Laplace-Beltrami operator in the induced metric
with eigenvalue = — dim(M).

Moreover, we have the following useful fact.
Foreachr > 0 let,
SP(r) = {(x1 ) o Xpy1) ERMLY xf =12

3.3.2 Proposition (Takahashi 1966). Let M a Riemannian m-manifold and
Y: M — R**"! an isometric immersion such that

AY = —A¥
for some constant A = 0.Then
i. A>0
ii. Y(M) c S™(r), where S™(r) is a hypersphere of R**! centered at the
origin 0 and 2 = % ,
iii. The immersion¥: M — S™(r) is minimal.

Proof. From Proposition (3.3.1) we have that A¥Y = —A¥ = K, and therefore at
any pointp € M the vector ¥(p) is normal to the immersion. Hence, for any
tangent vector field X on M we have

X AW, W) =2(X.W,¥)=2(P.X,¥)(=2(X,¥)) =0

And it follows that |¥|?> = constant & r2.Then, as above, we have
0= §A|qf|2 = (¥, A®) + [V¥|? = —2r? +m ,and s0 A = 5 > 0.

The minimality of ¥ follows immediately from equation (3.3.1). m
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3.3.3. Corollary. Let G/H be a Riemannian homogeneous space where G is
compact Lie group and where the isotropy representation of H (on the tangent
space at the pointe. H € G/H) is irreducible.

LetE, ={p € C*(G/H):Ap = —A@} be a non-trivial eigenvalue space of the
Laplace-Beltrami operator, and introduce on Ej; an inner product invariant under
the natural action ¢ — g, = @ o g of G on E;. Choose an orthonormal basis
@1, ...,y for E;in this inner product. Then, for an appropriate real number
a # 0the mapping ¥ = (a4, ..., a@y) IS an isometric minimal immersion
Y:G/H - S""1(r) forsomer > 0.

3.4. Totally Geodesic Submanifolds

The notion of totally geodesic submanifolds was introduced in 1901 by J. Hada-
mard (1865-1963). Hadamard defined (Totally) geodesic submanifolds of a
Riemannian manifold as submanifolds such that each geodesic of them is a geo-
desic of the ambient space. This condition is equivalent to the vanishing on the
second fundamental form on the submanifolds. One dimensional totally geodesic
submanifolds are nothing but geodesics. Totally geodesic submanifolds are the
simplest and the most fundamental submanifolds of Riemannian manifolds.

Totally geodesic submanifold of a Euclidean space is affine subspace and totally
geodesic submanifolds of a Riemannian sphere are the greatest spheres. It is
much more difficult to classify totally geodesic submanifolds of a Riemannian
manifold in general.

The notion of totally geodesic submanifolds is a higher dimensional generaliza-
tion of geodesics. But, those are very few in general situation. Note that geodes-
ics are critical points of the arc-length functional.

The simplest example gives the plane E? c E3. Geodesics in E? are the straight
lines only. At the same time they are geodesics in ambient space E3. So, the
plane is a totally geodesic submanifold in E3.

We are going to state the criterion for the surface to be totally geodesic.

Let T be a unit tangent vector to the curve in n-dimensional submanifold M. De-
compose its curvature vector V.t in m-dimensional Riemannain manifold M into
tangent to and normal to M components:
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V.r=(V,1) + (V1) (3.4.1)

From what was proved above. (VTT)T = V. 7. Hence

Vit=V,t+ (WTT)N. (3.4.2)
If ¥ is geodesic in M, then V7 = 0. Therefore y is geodesic in M if and only if
(WTT)N =0.We have V.t = (Wuiaiui)Naj =add (Vrjri)N = a'a/ L ¢,.

The normal &, is linearly independent. Hence a‘a’/ L‘i’j =0foralla=1,..,p.If
this supposed for any z, then Lj; = 0. So we conclude the following:

3.4.1 Theorem A submanifold M is totally geodesic if and only if its second
fundamental forms are identically zero.

3.4.2 Theorem (Cartan's Theorem) Let M be a Riemannian n-manifold
withn = 3. For a vector V in the tangent space T, M atp € M denoted by yy the
geodesic through p whose tangent vector at p is V.

Denoted by Ry (t) the (1, 3)-tensor on T, M obtained by the parallel translation of

the curvature tensor at yy(t) along the geodesic y;,. Also define (1, 2)-tensor
r,(t) on T,M by

(D@ y) = Ry () (v, 2)y, x,y € T,M.

The following result of E. Cartan provides necessary and sufficient condition for
the existence of totally geodesic submanifolds in Riemannian manifolds in gen-
eral.

Let V be a subspace of the tangent space T, M of a Riemannian manifold M at a
point p. Then the following three conditions are equivalent.

(1) There is a totally geodesic submanifold of M through p whose tangent space
atpisV.

(2) There is a positive number e such that for any unit vector v € VV any
te(—e,e),R,t)(x,y)zeV foranyx,y,z€V.

(3) There is a positive number € such that for any unit vector v € IV and
anyt € (—¢,¢€), r,(t)(x,y) eVanyx,yeV.
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3.4.3. Proposition [O'Neill 1983, p.104]. For a submanifold M of a Riemannian
manifold M, the following assertions are equivalent:

a. M is totally geodesic in M;
b. every geodesic of M is a geodesic of M;

c. the geodesic y, of M with initial velocity v € T, M is contained in M for small
time (and hence is a geodesic in M).

Proof. Since h is symmetric, M is totally geodesic in M if and only if h(X,X) =
Oforall X e I'(TM) if and only if h(v,v) = 0 forall v € TM.

Gauss's formula (2.2.6) says that this is the case if and only if VX = VX for
all X € I'(TM). If this equation is true, plainly every geodesic in M will be a
geodesic in M. Conversely, assume every geodesic in M is a geodesic in M.

Given 0 # v € T, M, lety, be the geodesic in M with y,,(0) = v. Extendy, to a
smooth vector field X € I'(TM) defined on a neighborhood of p. Since y,, is also
a geodesic of M, we have

VyX =0 =VyX.

This proves the equivalence between (a) and (b). Next, if (b) holds, then the uni-
queness of geodesics for given initial conditions says that all geodesics of M in-
itially tangent to M come from geodesics of M, which implies (c). Finally,
VyX is the tangential component of VX forX € I'(TM), so a geodesic
of M which is contained in M is a geodesic of M, which finishes the proof of the
equivalence between (b) and (c). Note that the geodesic y, as in (c) is entirely
contained in M, if M is complete. m

3.4.4 Corollary. A connected complete totally geodesic submanifold M of a
Riemannian manifold M is completely characterized by T,M for any given
p € M.

Proof. In fact, it follows from the Hopf-Rinow theorem and Proposition (3.4.3)
that M = €xp, (T, M), where €xp denotes the exponential map of /.

3.4.5 Proposition. (Totally geodesic submanifolds of space forms) The con-
nected complete totally geodesic submanifolds of:
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a. R™ are the affine subspaces;

b. S™ are the great subspheres, namely, intersections of S™ with linear subspaces
of R**1;

c. RH" are the intersections of hyperboloid model with linear subspaces of R'™,

Proof. (a) Affine subspaces are clearly totally geodesic in R". Since a totally
geodesic submanifold is completely determined by its tangent space at a point,
there can be no other examples. (b)

Great circles of the subsphere are great circles of S™, so this is a totally geodesic
submanifold.

The rest follows as in (a). The proof of (c) is similar. m

3.4.6 Theorem (cf.[Klingenberg 1995,1.10.15, p.95]). Let f: (M, g) —» (M, §)
be an isometry of the Riemannian manifold (M, ). Then every connected com-
ponent M of the fixed point set {y € M: f(y) = y}, with the induced Riemannian
metric is a totally geodesic submanifold.

3.4.7 Examples:

(a) A geodesic y: R — M can be viewed as a totally geodesic submanifold of
dimension one.
(b) Consider the standard sphere

S™ = {(x1, %9, e, Xpqq1) E R* ;02 +x2 + -+ 2, = 1},
For 1 < k < n the k-sphere
Sk = {(xl,XZ, ...,xn+1) € Sn,'xk+1 == Xp41 = 0}
Is a totally geodesic submanifold of S™. It is the fixed point set of the isometry
f:S" - S™:

[, %2, Xp41) = (X1, X2, 0, Xpy =Xp41) s —X 1)

One can see immediately that any complex k-dimensional totally geodesic sub-
manifold of S™ is of this form up to an isometry of the sphere.
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3.5. Totally Geodesic Submanifolds of Symmetric Spaces

The class of Riemannian manifolds with parallel Riemannian curvature tensor,
that is, VR =0 was first introduced independently by P. A. Shirokov
(1895-1944) in 1925 and by Levy 1926.

An isometry S of a Riemannian manifold M is called involutive if its iterate
§% = S o S is the identity map.

A Riemannian manifold M is called a symmetric space, if for each point p € M
there exists an involutive isometry s, of M such that p is an isolated fixed point

of s,. The s, is called the (point) symmetry of M at the point p.

Denote by G,,, or simply G, the closure of the group of isometrics generated by
{sp: p E M} in the compact open topology. Then G is a Lie group which acts say
at 0, iscompactand M = G/H.

Every complete totally geodesic submanifold of a symmetric space is a symme-
tric space.

For a symmetric space M, the dimension of a maximal flat totally geodesic sub-
manifold of M is a well defined natural number which is called the rank of M,
denoted by rk(M).

3.6. Totally Umbilical Submanifolds

Let N be an n-dimensional submanifold of an m-dimensional Riemannian mani-
fold M with metric g. V and V be the covariant differentiations on N and M, re-
spectively. Then the second fundamental form h of the immersion is defined by
the equation

h(X,Y) = VY —V,Y (3.6.1),

where X and Y are vector fields tangent to N. The submanifold N is said to be
totally umbilical if

h(X,Y) = g(X,Y)H, (3.6.2)
for all vector fields X, Y tangent to N, where

H = ltraceh (3.6.3)
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IS the mean curvature vector of N in M.

The length of H is called the mean curvature of N in M. A totally umbilical sub-
manifold with vanishing mean curvature is a totally geodesic submanifold.

A totally umbilical submanifold with nonzero parallel mean curvature is called
an extrinsic sphere. Totally geodesic submanifolds are the simplest submanifolds
in Riemannian manifolds. It corresponds to linear subspaces of Euclidean spaces.

Despite its simplicity, totally geodesic submanifolds in rank one symmetric
space are not classified until 1963.Totally geodesic submanifolds in other sym-
metric spaces has been studied rather extensively in the last few years.

Extrinsic spheres can be regarded as the extrinsic analogous of the ordinary n-
spheres in Euclidean spaces. It can be considered as the simplest example sub-
manifolds next to totally geodesic submanifolds. The class of totally umbilical
submanifolds includes the class of all totally geodesic submanifolds and extrinsic
spheres. The class of totally umbilical submanifolds with constant mean curva-
ture lies between these two classes. Give a Riemannian or Kahler manifold M, it
is fundamental and interesting to know the relationship between those classes
and find some fundamental properties of them.

3.6.1. Proposition. A totally umbilic submanifold of dimension at least two in a
space form is an extrinsic sphere.

Proof. Differentiate (3.6.2) with respectto Z € I'(TM) and use Vg = 0 to get
(VzX,Y) = g(X,Y)VzH.

Now the Codazzi equation (2.5.6) says that
g(X,Y)ViH = g(Z,Y)V4H.

Since dim M > 2, we can choose Y 1 Z and X =Y to deduce Vs H = 0. Since Z
IS arbitrary, H is parallel. m

3.6.2. Propostion. A totally umbilical submanifold M in a real space form M of
constant curvature c is also of constant curvature.

Proof. Since M is a totally umbilical submanifold of M of constant curvature c,
by using equations (3.6.2) and (2.3.8), we have

69



gRX,Y)Z,W) =clg(Y,2)gX, W) —g(X,2)g(Y, W)}
+9(H, ) {g(Y,2)g(X, W) — g(X,2)g(Y,W)}
={c+gH Mg, 2)gX,W) — g(X,Z)g(Y,W}
This shows that the submanifold M is of constant curvature ¢ + ||H||? forn > 2.

If n =2, ||H|| = constant follows from the equation of Codazzi. This proves
the proposition. m

3.6.3. Proposition (Chen 1973, p. 50). A totally umbilical submanifold M in a
space form R™(c) is either totally geodesic in R™(c) or contained in a hyper-
sphere of an (n + 1)-dimensional totally geodesic subspace of R™(c).

3.7. Totally Umbilical Submanifolds in Conformally Flat Spaces

Let N be an n-dimensional submanifold of an m-dimensional Riemannian mani-
fold M with metric g. Let h be the second fundamental form of N in M. Then his
normal-bundle-valued symmetric 2-form on N. Let ¢ be a normal vector field on
N, we write

Vyé = —A: (X) + D¢, (3.7.1)

where —A; (X) and Dy¢ denote the tangential and normal component of Vi€,
respectively. Then we have

g(A:(X),Y) = g(h(X,Y),§) (3.7.2)

A normal vector field & on N is said to be parallel if Dy& = 0 for all tangent vec-
tor fields X. Let R, R and R" be the curvature tensors associated with V, V and D.
For example, R? is given by

RP(X,Y) = DxDy — DyDx — Dy
for X, Y tangent to N.

For vector fields X, Y, Z, W tangent to N and vector fields &, n normal to N, the
equation of Gauss and Ricci are then given respectively by

R(X,Y;Z,W) = R(X,Y; Z,W) + g(h(X,Z), h(Y,W)) —

g(h(X, W), h(Y,2)), (3.7.3)
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RX,Y;Em) =RV(X,Y;Em) — g([4:,4,]C0,Y) (3.7.4)
where R(X,Y; Z,W) = g(R(X,Y)Z, W), ..., etc.

For the second fundamental form h, we define the covariant derivative in
TN@T*N, denote by Vy h, to be

(Vxh)(Y,Z) = Dy(h(Y,Z)) — h(VxY,Z) — h(Y,VxZ) (3.7.5)

The equation of Codazzi is given by

(Rx,Z)" = (Vyh)(¥,2) — (Vyh) (X, 2), (3.7.6)
where Ldenote the normal component.

Let X and Y be two orthonormal vectors tangent to N. The sectional curvature
K(X AY), of plane section X A'Y spanned by X, Y is given by

K(XAY) =R(X,Y;Y,X) (3.7.7)
Let E, , ..., E,, be an orthonormal frame tangent to N. Then
S(X,Y) =YY" ,R(E,X;Y,E;) (3.7.8)

defines a global tensor field S of type (0, 2), called the Ricci tensor of N. Moreo-
ver, from the tensor field S, we can define a global scalar field

T = ?=1 S(EiiEi) (379)

This scalar field is called the scalar curvature of N. N is called an Einstein space
if the Ricci tensor of N is proportional to the metric tensor. And N is said to be
locally Symmetric, if its curvature tensor is parallel, that is VR = 0. It is well-
known that every irreducible locally symmetric space is Einsteinian. A Rieman-
nian manifold is called a real-space-form if it has constant sectional curvature.

For a Riemannian manifold N of dimension n, we define a tensor field of type
(0, 2) by

LX,Y) = 22S(X,Y) +,— —g(X,Y) (3.7.10)

(n-1)(n-2)
Then the Weyl conformal curvature tensor C is defined by
CX,Y)Z=R(X,Y)Z+L(Y,Z2)X —L(X,Z2)Y + g(Y,Z)L*X —
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gX,2)L'Y (3.7.11)
where L* is the (2,5)-tensor associated with L, that is,
g(L*'X,Y) = L(X,Y) (3.7.12)

A Riemannian manifold of dimension > 4 is conformally flat if and only if its
Weyl conformal curvature tensor vanishes. Moreover, the Weyl conformal cur-
vature tensor vanishes identically for Riemannian manifolds of dimension < 3.

The follows Result is well-Known.

3.7.1. Proposition (Schouten 1954). Every totally umbilical submanifold of di-
mension > 3 in a conformally flat space is conformally flat.

For the totally geodesic submanifold in conformally flat spaces, we have the fol-
lowing characterization.

3.7.2. Proposition (Chen, Vanhecke and Verstraelen 1978). A minimal submani-
fold N of a conformally flat space M is a totally geodesic submanifold if and on-
ly if

LIX,Y)=L(X,Y) (3.7.13)
for all X, Y tangent to N, where L denotes the corresponding quantity for M.

The following result is well-known which in fact follows easily from equation
(3.6.1).

3.7.3. Proposition (Chen 1979). Submanifold N in a Riemannian manifold is to-
tally geodesic if and only if every geodesic in N is a geodesic in M.,

One dimensional totally geodesic submanifolds are geodesic, they exist exten-
sively. In fact, for every point p in a Riemannian manifold M, and every tangent
vector T at p, there always exists a geodesic through p with T as its velocity vec-
tor at p.

However, totally geodesic submanifolds and totally umbilical submanifolds of
higher dimensions do not necessarily exist in general. In fact we have the follow-
ing two results of E. Cartan and J. A. Schouten:

3.7.4. Theorem (Carten 1946). Let M be an m-dimensional Riemannian mani-
fold. If there exist an integer n; 2 <n <m—1, such that for any p € M and
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any linear n-subspace V of T, M, there always exist a totally geodesic submani-
fold N through p with T,N =V, then M is real-space-form.

3.7.5. Theorem (Schouten 1954). Let M be an m-dimensional Riemannian mani-
fold. If there exist an integer n, 3 < n < m — 1, such that for any p € M and any
linear n-subspace V of T, M, there always exist a totally umbilical submanifold N

through p with T, N =V, then M is a conformally flat space.
Moreover we have

3.7.6. Theorem (Miyazawa and Chuman 1972). Every totally umbilical subma-
nifold of dimension > 4 in a locally symmetric space is either totally geodesic or
conformally flat.

Theorem 3.7.6 was generalized to totally umbilical submanifolds in conformally
recurrent space by Z. Olszak.

3.8. Totally Umbilical Submanifolds in Kidhler Manifolds

Let N be a Kahler manifold with complex structure J, Kahler metric g. Then we
have VJ = 0, thus we obtain

R(JX,JY) = R(X,Y), (3.8.1)

R(X,Y)JZ =JR(X,Y)Z (3.8.2)
Therefore, the sectional curvature of M determined by any orthonormal vector X
and Y satisfies
K(XAY) = K(JXAJY), (3.8.3)
K(XAJY) = K(TXAY) (3.8.4)

For a unit vector X the holomorphic sectional curvature H(X) determined by X is
defined by

HX) = K(X ATX).

A Kihler manifold is called a complex-space-form if it has constant holomorphic
sectional curvature c. It is known that the curvature tensor of such Kihler mani-

fold satisfies
73



gV, )X — g(X,2)Y + g(IY,2)IX — g(IX,Z)ITY

R&XY)Z = %{ +29(X,JY)IZ } (3.8.5)

Let N be an n-dimensional Kihler manifold. We introduce a tensor field I' of
type (0, 2) by

T

Then the Bochner curvature tensor B is defined by
BX,Y;ZW)=R(X,Y;ZW)+T(X,W)g(¥,Z) —T'(X,Z)g(Y,W)
+IY,2)gX,W)-TY W)gX,Z)+T(JX,W)g(JY,Z)
—I'(JX,Z2)g(JY,W) +TJY,2)g(IX,W) —TJTY,W)g(JX,Z)
—2I(IX,V)g(JZ,W) = 2I(TZ,W)g(JX,Y) (3.8.7)

A Kihler manifold is called Bochner-flat if its Bochner curvature tensor vanish-
es.

Let M be a Kahler manifold with complex structure J. A submanifold N of M is
said to be holomorphic if the complex structure J carries tangent spaces of N in-
to tangent spaces of N. It is called totally real if J carries the tangent spaces of N
into normal spaces T+ N of N.

3.9. Extrinsic Spheres.

Let N be a n-dimensional submanifold of a Riemannian manifold M with (, ) as
its first fundamental form. Let V be the Riemannian connection on M and let V
be the induced connection on N. Then the second fundamental form h of the
immersion is given by

h(X,Y) =VyY -V, X

where X and Y are vector fields tangent to N. It is well known that h is a normal-
bundle valued symmetric 2-form on N. The submanifold N is said to be totally
umbilical in M if there exists a normal vector field H, called the mean curvature
vector field, such that

h(X,Y) = (X,Y)H.
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When h vanishes identically N is called a totally geodesic submanifold of M. A
totally umbilical submanifold with parallel non-zero mean curvature vector (this
IS DH =0 and H # 0 where D denotes the normal connection of N in M) is
called an extrinsic sphere. A circle is by definition a 1-dimensional extrinsic
sphere.

The following theorem of Nomizu-Yano gives a characterization of extrinsic
spheres by circles.

3.9.1. Theorem [Nomizu and Yano 1974]. Let N be an n-dimensional (n >
2 submanifold of a Riemannian manifold M. If, for some >0, every circle of
radius r in N is a circle in M; then N is an extrinsic sphere in M. Conversely, if N
IS an extrinsic sphere in M then every circle in N is a circle in M.

As for geodesics, circles always exist at every point x and every direction T in a
Riemannian manifold.

3.9.2. Theorem (Chen 1979). Let N be an n-dimensional submanifold in a Rie-
mannian manifold M. Then N is an extrinsic sphere in M if and only if M admits
an (n + 1)-dimensional totally geodesic submanifold N such that N lies in N'as
an extrinsic hypersphere.

Thus the maximal dimension of extrinsic spheres is less than the maximal di-
mension of totally geodesic submanifold in a Riemannian manifold by at least
one.

If the ambient space M is locally symmetric, we have the following sharper re-
sult.

3.9.3. Theorem (Chen 1979). Let N be an n-dimensional submanifold in a lo-
cally symmetric space M.Then N is an extrinsic sphere in M if and only if N is a
real-space-form and N is an extrinsic hypersphere in an (n + 1)-dimensional
real-space-form N which is imbedded in M as a totally geodesic submanifold.

It is known that every real-space-form admit extrinsic hyperspheres.
A submanifold N in a Kahler manifold M is called a purely real submanifold if
TN nJ(TN) = {0}.
For extrinsic spheres in Kéhler manifolds, we have the following.
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3.9.4. Theorem (Chen 1979). If N is an extrinsic sphere of a totally geodesic
submanifold N of constant curvature in a Kihler manifold M, then either N is
purely real or N is flat.

Combining theorems (3.9.3) and (3.9.4) we have immediately the following.

3.9.5. Theorem. If N is an n-dimensional extrinsic sphere in a Hermitian locally
symmetric space M, then either N an extrinsic sphere in a flat totally geodesic
submanifold or dim N < 2 dim M.

A complete extrinsic sphere in a Euclidean space is nothing but an ordinary
sphere. It is natural to ask when an extrinsic sphere is isometric to an ordinary
sphere.

3.9.6. Corollary (Chen 1979). Every complete, extrinsic sphere in a compact
symmetric space is isometric to an ordinary sphere.

This corollary follows from theorem (3.9.3) simply because every hypersphere in
real projective spaces (or spheres) are isometric to an ordinary sphere. For ex-
trinsic sphere in Kahler manifolds with flat normal connection we have the fol-
lowing.

3.9.7. Theorem (Chen 1976). A complete, simply- connected even- dimensional
extrinsic sphere N in a Kéhler manifold M is isometric to an ordinary sphere if
its normal connection is flat (that is, RN = 0.)

For extrinsic spheres with flat normal connection in Hermitian symmetric
spaces we have:

3.9.8. Theorem (Chen 1977). If N is a complete, n-dimensional, simply- con-
nected extrinsic sphere with flat normal connection in a Hermitian locally sym-
metric space M. Then dim N < rank M and N is a isometric to an ordinary n-
sphere.

Now, we shall give the proof of the following.

3.9.9. Theorem (Chen 1979). Every totally umbilical hypersurface N of an
Einstein space M is either totally geodesic or an extrinsic sphere.

Proof. Let N is a totally umbilical hypersurface of an Einstein space M. Then
we have
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h(X,Y) = g(X,Y).H, (3.9.1)
where X and Y are vector fields tangent to N. By (3.7.5) we see that
(Vxh)(Y,Z) = g(Y,Z).DxH; (3.9.2)
Therefore equation (3.7.6) of codazzi reduces to
(R(X,Y)Z)" = g(¥,2).DyH — g(X, Z). DyH. (3.9.3)
Let E4, ..., E,, be an orthonormal basis of T, N, x € N. Then we have
(R(Ey, E)E;)" = D, H. (3.9.4)
Consequently, we get
R(Ey, E;; By H) = LEy (o), (3.9.5)
where a? = g(H, H). Thus the Ricci tensor S of M satisfies
S(E;, H) =1 Ey (a?). (3.9.6)
On other hand, since M is Einsteinian, S(E;, H) = 0. Thus E;(a?) = 0.

Since E;can be chosen as any unit vector tangent to N, the mean curvature « is
constant.

If « =0, N is totally geodesic. If a # 0, then by the assumption on codimen-
sion the mean curvature vector H is parallel. Thus N is an extrinsic sphere. This
proves the theorem.

3.10. Parallel Submanifolds

The first fundamental form, that is, the metric tensor, of a submanifold of a Rie-
mannian submanifold is automatically parallel, thus, Vg = 0 with respect to the
Riemannian connection V on the tangent bundle TM.

3.10.1. Definition. A submanifold M of a Riemannian submanifold M is said to
be parallel, if the second fundamental form h of M is parallel, that is

Vh = 0 with respect to the connection Von TM @ T+ M.
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3.10.2. Proposition. A submanifold M in M is parallel if and only if the parallel
transport of the second fundamental form with respect to V+ along curve in M is
equal to the second fundamental form acting on the parallel transport of two tan-
gent vectors to M along the same curve.

Proof. Letp e M andy:I € R - M a curve in M with y(ty) = p. Consider two
vector fields U,V € X(y) so that U, = uand ¥, = v, and v.u=v,V=0.

Assume that M is parallel, i.e. Vh = 0. Because the parallel transport defines a
unique vector field it is sufficient to prove that V;rh(U, V) = 0. In fact,

1 _ —
V. h(U,V) =h(V,U,V)+h(U,V,V)=0
Conversely, let us assume that h(u, v)*l = h(u*,v*). Then

(V) (v (to), u, v)|p = (v;h(u, V) —h(v,U,V)-h(U, vyfv))|
p

=via,v)| =o.
4 p

Because p, u, v and y can be chosen arbitrary this implies VA = 0. m

The first result on parallel submanifolds was given by V. F. Kagan in 1948 who
showed that the class of parallel surfaces in E3 consists of open parts of plans,
round spheres, and circular cylinders S x E1. U. Simon and A. Weinstein
(1969) determined parallel hypersurfaces of Euclidean (n + 1)- space.

A general classification theorem of parallel submanifolds in Euclidean space was
obtained by D. Ferus in 1974,

An affine subspace of E™ or a symmetric R-space M < E™, which is minimally
embedded in a hypersphere of E™ as described in [Takeuchi-Kobayashi 1965] is
parallel submanifold of E™.

D. Ferus (1974) proved that essentially these submanifolds exhaust all parallel
submanifolds of E™ in the following sense: A complete full parallel submanifold
of the Euclidean m-space E™ is congruent to

(DM =EmXM; X..XM, c E™M0 X E™ X ..XE™s =FE™,s >0,0rto

(2)M=M; X ..XM, c E™ X ...X E™s,s > 1, where each M; c E™:i is
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an irreducible symmetric R-space.

3.10.3. Definition. For an n-dimensional submanifold f: M — E™, for each
point x € M and each unit tangent vector X at x, the vector f,(X)and the normal
space Tt determine an (m —n + 1) dimensional subspace E (x, X)of E™.The
intersection f(M) and E(x, X) defines a curve y in a neighborhood of f(x),which
is called the normal section of f at x in the direction X. A point p on a plane
curve is called a vertex if its curvature function x(s) has a critical point at p.

Parallel submanifolds of E™ are characterized by the following simple geome-
tric property: normal sections of M at each point x € M are plane curves with x
as one of its vertices.

3.10.4. Definition. A submanifold f: M — E™ is said to be extrinsic symmetric
if, for each x € M, there is an isometry ¢ of M into itself such that ¢(x) = x
and f o ¢ = g, o f where g, denotes the reflection at the normal space T;* M at x
that is the motion of E™ which fixes the space through f(x) normal to f, (T, M)
and reflects f(x) + f,(T,, M) at f(x).

3.10.5. Definition. The submanifold f: M — E™ is said to be extrinsic locally
symmetric, if each point x € M has a neighborhood U and an isometry ¢ of U
into itself, such that ¢(x) =xand f e =g, o fon U.

In other words, a submanifold M of E™ is extrinsic locally symmetric if each
pointx € M has a neighborhood which is invariant under the reflection of
E™with respect to the normal space at x.

D. Ferus (1980) proved that extrinsic locally symmetric submanifolds of E™
have parallel second fundamental form and vice versa.

A canonical connection on a Riemannian manifold (M, g) is defined as any me-
tric connection V¢ on M such that the difference tensor D between V¢ and the Le-
vi-Civita connection V is V¢-parallel.

3.10.6. Definition. An embedded submanifold M of E™ is said to be an extrinsic
homogeneous submanifold with constant principal curvature if, for any given
x,y € M and a given piecewise differentiable curve y from x to y, there exists an
isometry ¢ of E™ satisfying

(1) M) =M,
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(2) ¢(x) =y, and
(3) ¢ * x|TtM:T+M — T+ M coincides with D-parallel transport along .

C. Olmos and C. Sanchez (1991) extended Ferus’ result and obtained the
following:

Let M be a connected compact Riemannian submanifold fully in E™, and let h
be its second fundamental form. Then the following three statements are equiva-
lent:

i. M admits a canonical connection V¢ such that V¢h = 0,

. M is an extrinsic homogeneous submanifold with constant principal
curvature,

iii. M isan orbit of an s-representation, that is, of an isotropy representation
of a semi simple Riemannian symmetric space.

3.10.7. Definition. Regarding the unit (m — 1)-sphere S™~! as an ordinary
hypersphere of E™, a submanifold M c S™~1 is parallel if and only if M c
Sm=1 c E™ is a parallel submanifold of E™.

Consequently, Ferus’ result implies that M is a parallel submanifold of ™1 if
and only if M is obtained by submanifold of type (2).

3.11. Examples

The minimal surface equation (3.2.7) is a nonlinear partial differential equation.
It is hard to solve. Besides the linear functions, what are its solutions? As early
as 1776 J. L. Meunier obtained two nonlinear solutions to the equation firstly.
Their graphs are catenoid and helicoid.

The catenoid is defined by
x = cosh™!/x% + y2, (3.11.1)

Take a catenary in X-Z coordinates plane. Letting it rotating about Z-axis gives
the catenoid.

Furthermore, we have the following result.

3.11.1. Proposition. Any minimal surface which is also a surface of revolution
in R3 is a catenoid or a plane up to a rigid motion in R3.
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The catenoid is a complete surface whose Gauss curvature is

K=—" (3.11.2)

 2y?)?
and the total curvature
J,, KdM = —4n (3.11.3)
The helicoid is defined by
z= tan—1§ (3.11.4)
Let a line in X-axis screw about Z-axis. The result surface is a helicoid.

The helicoid is also a complete surface with the Gauss curvature

1

K=—
(1 + x2 4+ y2)2

Its total curvature is infinite.

3.11.2. Proposition. Up to a rigid motion a ruled minimal surface in R3 has to be
a helicoid or a plane.

Consider a special solution to (3.2.7) of the type
fC,y) =gx) + h(y)

By direct computation we obtain

Cos ax

fy) = log 0 (3115)

Its graphs is called Scheck's surface which we obtained in 1835.

We now give some examples of minimal submanifolds in the sphere.

Let¥:M - S" c R** ' and ¥: M — S" < R"*! be minimal immersions. For
any constants c and ¢’

DY M x M — RV +2

is also an isometric immersion of the product manifold M x M to R 2,
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If we choose ¢ andc’ withc? +c¢” =1, then the image of M x M’ under

cP@®c'P’ lies in the spheres S*+ +1 We know that induced metric on M under
c¥ is c?ds?, where ds? is the original metric on M. Then, the Laplacian on M

with respect to the metric c?ds? in C%Am .
By Proposition (3.3.1)
1 1 m
C_ZAm (Cle) = ;CAMQU = —C—Z(Cllu),

so dose for ¢ ¥ and

’

’ ! m ’ ’
Ay (cPDc Y ) =C—2c‘{’€B —cY.
c

If ¢ and ¢’ also satisfy

m . m
c2 C,Zl

then by Proposition (3.3.1) we obtain a minimal immersion

DY M XM — S+,

In particular, M = S® and M' = S™ we have the Clifford minimal hypersurface

sn ( n ) X sn'< / ua ) L gnn'tl (3.11.6)
n+n n+n

A unit normal vector to the Clifford minimal hypersurface is

v=——cW¥+c¥,
because it is orthogonal to d¥, d¥’,and to c¥ + c'¥'.
Hence,its second fundamental form is:
—(dx, dv) = cc' ((d¥, d¥) — (d¥ ,d¥))
On the other hand, its induced metric is

ds? = c2(dW, d¥) + ¢ (d¥’,d¥").
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Noting that

’
n n

c = and ¢ =

n+n’ n+n’'

it has principal curvature \/%with the multiplicity n and—\/% with the multipli-

city n". Therefore, the sum of squares of the principal curvature is n + n’', which
is the squared norm |B|? of the second fundamental form B for the Clifford
hypersurface (3.11.6). We thus have

IBl?=n+n (3.11.7)
Let us consider another minimal submanifold in the sphere. Let
P(d) = {homogeneous polynomials of degree in R"**1}

and

H(d) ={f € P(d):Af = 0}.
Then

SH(d) = {flsn () f € H(D)}
denotes the spherical harmonic functions of degree d.

3.11.3. Lemma. If f € SH(d), then

—d(n+d—-1)

c2

Asn(orf = f (3.11.8)

Proof. Let{e,, ..., e,} be an orthonormal frame field in S™(c),v = fbe the unit
normal vector field along S™. Then

AS"(c)f = eiei(f) - (Veiei)(f)
= eie;(f) + vv(f) — (Vyv(f)) + Bee, () —vv(f) + Vyo(f)  (3.11.9)
= Agn+1f + nH(f) — vv(f)

n
= ——v() - w(f),

83



1 . .
where H = -vis the mean curvature vector of S™*(c¢) in R**1,

Since f is a homogeneous function,

vf @)ooy = 15 f ()] _ (3.11.10)
And
Wf@lsne) = e f)| | =1 (311.11)

Substituting (3.11.10) and (3.11.11) into (3.11.9) gives (3.11.8) and the proof is
completed. m

Proposition 3.3.2 and Lemma 3.11.3 enable us to define minimal immersions by
using homogeneous spherical harmonic functions

dn+d—1)

where N + 1 = dim SH(d). In the case of n = 2 and d = 2 we have $?(v/3) -
S*, which can be realized by the map

1 1 1 1
Y(x,v,z)=|—=

1
xy,—xz,—vz,——(x? — y%),= (2% + y2 — 2x?
BB R 2\/§( y)6( y )

(3.11.12)

where x2 + y? + z% = 3. It is called the veronese surface which is an imbedding
of the real projective plane of curvature % into S*.

The Clifford minimal hypersurface and the veronese surface are important mi-
nimal submanifolds in the sphere.

3.12. CR-Submanifolds of a Kahler Manifold

Let M be a Kihler manifold with complex structure J, N a Riemannian manifold
isometrically immersed in M, and D, the maximal holomorphic subspace of the
tangent space T, N of N. If the dimension of D, is the same for all x in
N, D, gives a holomorphic distribution D on N.
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Recently, A. Bejancu introduced the notion of a CR-submanifold of M as fol-
lows. A submanifold N in a Kihler manifold M is called a CR-submanifold if
there exist on N a differentiable holomorphic distribution D such that its ortho-
gonal complement D+ is a totally real distribution, i.e. JD+ € TN.

Let M be a complex m-dimensional Kahler manifold with complex structure J,
and N a real n-dimensional Riemannian manifold isometrically immersed in M.
We denote by (,) the metric tensor of M as well as that induced on N. Let V
and V be the covariant differentiations on N and M, respectively. Then the Gauss
and Weingarten formulas for N are given respectively by

VY = WY + 6(X,Y) (3.12.1)
Vx& = —A¢X + Dy§ (3.12.2)

For any vector fields X, Y tangent to N and any vector field ¢ normal to N, where
o denotes the second fundamental form, and D the linear connection, called the
normal connection, induced in the normal bundle T+ N.The second fundamental
tensor A, is related to o by

(A X, Y) =(a(X,Y),$) (3.12.3)
For any vector field X tangent to N, we put
JX = PX + FX, (3.12.4)

where PX and FX are the tangential and normal components of J X, respectively.
Then P is an endomorphism of the tangent bundle TN, and F is a normal bundle
valued 1-form on TN. For any vector field  normal to, we put

J§ =t& + S, (3.12.5)

where t& and f¢ are the tangential and normal components of J¢&, respectively.
Then £ is an endomorphism of the normal bundle T+ N and t is a tangent bundle
valued 1-formon T+N.

A Kahler manifold N is called a complex space form if it is of constant holomor-

phic sectional curvature. We denote by M(c) (or Mm(c)) a complex m-

dimensional complex space form of constant holomorphic sectional curvature.
Then the curvature tensor R of M(c) is given by
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(3.12.6)

ROz = {(Y,Z}X —(X,2)Y +(JY,2)IX — (JX, Z)J}

+2(X,JY)IZ

for any vector fields X, Y and Z tangent to M(c). We denote the curvature ten-
sors associated with V and D by and R+ respectively.

For the second fundamental form o, we define the covariant differentiation V
with respect to the connection in (TN) @ (T1N) by

(Vyo)(Y,Z) = Dy(o(Y,2)) —a(VyY,Z) — o (Y,VxZ) (3.12.7)

for any vector fields X,Y and Z tangent to N. The equations of Gauss, Codazzi,
and Ricci are then given respectively by

RIX,Y;Z,W)=R(X,Y;Z,W) +{(a(X,W),a(Y,2)) — (6(X,2),5(Y,W))

(3.12.8)
(RX,V)Z)" = [Uyo)(Y,2Z) — (Vyo) (X, Z) (3.12.9)
RXY;&Em) =R (X, Y;E,m) — (J4e, 4,]X,Y) (3.12.10)

where R(X,Y; Z,W) = (R(X,Y)Z, W) ..etc, X, Y, Z, W are tangent to N, & and n
are normal to N, and L in (3.12.9) denotes the normal component.

3.12.1. Definition. A submanifold N of a Kihler manifold M is called a CR-
submanifold if there is a differentiable distribution ©:x - D, € T, N on N satis-
fying the following conditions:

I. D is holomorphic, i.e.JD, = D, foreach x € N, and
ii. the complementary orthogonal distribution ©*:x —» DL € T, N is totally real,
i.e. JDL c TN foreach x € N.

If dim D, = 0 (respectively, dim D, = 0), then the CR-submanifold N is a ho-
lomorphic submanifold (respectively, totally real submanifold).

If dim D3 = dim T}, then the CR-submanifold is an anti-holomorphic submani-
fold (or generic submanifold). A CR-submanifold is called a proper CR-subma-
nifold if it is neither holomorphic nor totally real.
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We shall always denote by h the complex dimension of D, and by p the real di-
mension of D, i.e. h = dim:D, and p = dimyD;.

We denote by v the complementary orthogonal subbundle of JDt inTLN.
Hence we have

TN=JD'@®v, JD'L1v (3.12.11)

Let M be a Kihler manifold. Then we have
Vi=0
If N is a CR-submanifold of M, then (3.12.1) and (3.12.2) give
IVyZ +Jo(U,Z) = —A;,U + DyJZ (3.12.12)
for U tangent to N and Z in D*.

3.12.2. Lemma (Chen 1981). Let N be a CR—submanifold of a Kéhler manifold
M. Then we have

(VyZ,X) = (JA;,U, X), (3.12.13)
Asz = AJWZ, (31214‘)
AjeX = —AJJX, (3.12.15)

for U tangentto N, X in ®,Z and W in D*,and ¢ in v.

Proof. (3.12.13) and (3.12.14) follow immediately from (3.12.12). And (3.12.15)
follows from that fact that (¢(7X,Y), &) = (V,JX, &) = (Jo(X,Y), &).

3.12.3. Lemma. Let N be a CR-submanifold of a Kihler manifold M. Then for
any Z, W in ©* we have

DyJZ —D,JW € JD* (3.12.16)
Proof.Forany ¢ inv and Z, W in D* we have
(AseZ,W) = —(V,JZ,W) = (D&, W) = —(§,D,TW)

Thus we obtain
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(§,DyIZ — D;IW) = (A5 Z, W) — (Ase W, Z) = 0
Since this true for all £ in v, (3.12.16) holds.
From Lemma (3.12.2) it follows that we have
JzZw]=JW,W—-V,Z)=D,JW — D, JZ.
Thus by Lemma (3.12.3) we obtain

3.12.4. Lemma (Chen 1981). The totally real distribution D' of a CR-
submanifold in a Kédhler manifold is integrable.

3.12.5. Lemma. Let N be a CR-submanifold of a Kéhler manifold M. Then D is
integrable if and only if

(0(X,TY),JZ) =(a(IX,Y),TZ)
for any vectors X, Y in D, and Z in D*.

3.12.6. Lemma. For a submanifold N in a Kihler manifd M, the leaf N1 of
D! is totally geodesic in N if and only if

(0(D,D),IJD) =0 (3.12.17)
The following Lemma can be obtained easily from Lemma (3.12.3.4).

3.12.7. Lemma. If (3.12.17) holds and D is integrable, then for any X in D and &
in JD*, we have

AeJX = —JA:X (3.12.18)

Let P, F, t and f be the endomorphism and vector-valued 1-forms defined by
(3.12.15) and (3.12.16). Put

(VyP)V =V, (PV) — PV,V, (3.12.19)
(VyF)V = Dy (FV) — F(V7,V), (3.12.20)
(Vyt)é = Vy(t&) — tDyé, (3.12.21)
(Vy)é = Dy () — fDy¢ (3.12.22)
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for U, V tangent to N, and ¢ normal to N. Then the endomorphism P (respective-
ly, endomorphism £, 1-forms F or t) is parallel if

VP = 0 (respectively, Vf =0, VF=0, or Vt=0).
From (3.12.12), (3.12.13) and (3.12.15) we obtain
(VyP)V =ta(U,V) + Apy U (3.12.23)
3.12.1. CR-Products in Kédhler Manifolds

According to Lemma (3.12.4), every CR-submanifold N of a Kdhler manifold is
foliated by totally real submanifolds.

3.12.1.1. Definition. A CR-submanifold N of a Kihler manifold M is called a
CR-product if it is locally a Riemannian product of a holomorphic submanifold
N+ and a totally real submanifold N+ on M.

First we give the following characterization of CR-products.

3.12.1.2. Theorem (Chen 1981). A CR-submanifold of a Kihler manifold M is
CR-products if and only if P is parallel, i.e.,

VP =0.
Proof. If P is parallel, (3.12.23) gives
to(U,V) = —Ap U (3.12.1.1)

for any vectors U,V tangent to N. In particular, if X € D then FX = 0. Hence
(3.12.1.1) implies to(U,X) = 0,i.e,,

A;,X =0, (3.12.1.2)

for any Z in D% and X in®.Thus by Lemma (3.12.15) and Lemma (3.12.16)
we know that D is integrable and the leaf Nt of D! is totally geodesic in N. Let
N* be a leaf of . For any X, Y in D, and Z in D%, (3.12.1) and Lemma
(3.12.2) give

0= (AJ2Y,X) == (JAJ2Y,JX> == (VyZ,JX) = —<Z, VyJX>

From this we may conclude that N is totally geodesic in N, and N is a CR-
product in M.
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Conversely, if N is a CR-product, then ;Y € D for any Y in © and U tangent
to N. Thus by (3.12.2.1) and (3.12.2.2), we may obtain

Jo(U,Y) =o(U,JY).
From this, together with (3.12.1) and (3.12.2) we may prove that
(V,P)Y = 0.

Similarly, fromVyZ € Dt for any Z in D' and U tangent to N, we may also
prove that (7, P)Z = 0.

From the proof of Theorem (3.12.1.2) we have the following.

3.12.1.2. Lemma. A CR-submanifold N in a kahler manifold M is a CR-product
if and only if

Remark. In Bejancu-Kon-Yano proved that if N is an anti-holomorphic subma-
nifold and VP = 0, then N is a CR-product.

3.12.1.3. Lemma (Bejancu 1986). Let N be a CR-product of a Kahler
manifold M.Then for any unit vectors X in ® and Z in D* we have

Hp(X,Z) = 2|lo(X, D%,
where Hz(X,2) = R(X,JX;JZ,Z) is the holomorphic bisectional curvature of
XNZ.

Proof: Let N be a CR-product in M.Then we have (3.12.1.2) for any Z in ©* and
X in D. Thus by equation (3.12.9) of Codazzi we obtain

R(X,JX;Z,37) = (Dyo(JX,Z) — D;y0(X,Z),IZ),
where we have used the fact that N7 is totally geodesic in N. Since
(o0(D,D1),TDt) =0,(3.12.1.2) and (3.12.1.3) imply

R(X,3X;Z,32) =(0(X,Z),D;xJZ) — (6(JX,Z), Dy I Z)

=(0(X,2),IVixZ) —(0(JX,Z),TVxZ)
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=(0(X,2),J0(JX,2)) —(c(JX,Z),Ja(X,Z))
(3.12.1.4)
Thus by (3.12.1.2) and Lemma (3.12.7) we obtain the lemma.

3.12.1.4. Theorem (Chen 1981). Let M be a kihler manifold with negative ho-
lomorphic bisectional curvature. Then every CR-product in M is either a holo-
morphic submanifold or a totally real submanifold. In particular, there exist no
proper CR-product in any complex hyperbolic space M™ (c¢)(c < 0).

3.13. Totally Real Submanifolds

Let M be an n-dimensional Riemannian manifold and M be a Kéhler manifold of
dimension 2(n + p),p = 0. Let J be the almost complex structure of M and let
g (resp. §) be the Riemannian metric of M (resp. M). We call M an totally real
submanifold of M if M admits an isometric immersion into M such that for all x,
J(T,(M)) c v, (M), whereT,(M) denotes the tangent space of M at x
and v, the normal space at x. By a plane section we mean a 2-dimensional linear
subspace of a tangent space. A plane section  is called holomorphic (respective-
ly, anti -holomorphic) if Jz =1t (respectively,if Jt is perpendicular to 7). A
totally geodesic submanifold P,(R) in P,(¢), St x St in P,(¢) and an immer-
sion B, (€) = P42y (C) defined by [z;] — [z;Z] give typical examples of total-
ly real submanifolds.

3.13.1. Proposition (Chen and Ogiue 1974). Let M be a submanifold immersed
in an almost Hermition manifold M. Then M is a totally real submanifold of M if
and only if every plane section of M is antiholomorphic.

Proof. Let X be an arbitrary vector in T,,(M), and lete; = X, e,, ..., e,, be a basis
of T, (M).We denote by 7;; the plane section spanned by e; and e; .

Assume that every plane section is antiholomorphic. Then jle are perpendicular
to 7y, forj =2,..,n. Therefore JXis perpendicular toej,e,, .., e, S0 that

JX € v,. this implies that M is a totally real submanifold of M. The converse is
Clear. m
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Chapter (4)
Submanifolds of Finite Type

4.1. Introduction

The study of submanifolds of finite type began in the late 1970's through B. Y.
Chen's attempts to find the best possible estimate of the total mean curvature of a
compact submanifold of a space and to find a notion of “degree” for submani-
folds of Euclidean space. Similar to minimal submanifolds, submanifolds of fi-
nite type are characterized by a variational minimal principle in a natural way.

The main objects of studies in algebraic geometry are algebraic varieties. Be-
cause an algebraic variety is defined by using algebraic equations, one can define
the degree of an algebraic variety by its algebraic structure.

On the other hand, according to Nash's imbedding theorem, every Riemannian
manifold can be realized as a Riemannian submanifold in some Euclidean space
with sufficiently high codimension. However, one lacks the notion of the degree
for Riemannian submanifolds in Euclidean spaces.

The family of submanifolds of finite type is huge, which contains many impor-
tant families of submanifolds, including minimal submanifolds of Euclidean
space, minimal submanifolds of hypersphere, parallel submanifolds as well as
equivariant immersed compact homogeneous submanifolds.

On one hand, the notion of finite type submanifolds provides a very natural way
to apply spectral geometry to study submanifolds. One the other hand, one can
also apply the theory of finite type submanifolds to investigate the spectral geo-
metry of submanifolds.

4.2. Order and Type of Submanifolds

As mentioned in introduction, one lacks the concept of degree for a submanifold
of a Euclidean m-space E™. However, one can use the induced Riemannian
structure on a submanifold M of E™ to introduce a pair of well- defined numbers
p and q associated with the submanifold M.

Here p is a natural number and q is either a natural number >p or 400 . We
call the pair [p, q] the order of submanifold M; more precisely, p is the lower or-
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der and g the upper order of the submanifold. The submanifold is said to be of
finite type if its upper order is finite and it is of infinite type if its upper order is
00,

The order of a submanifold is defined as follows.

Let (M, g) be a compact Riemannian n-manifold with Riemannian connection V.
And let A= —trace V? denote the Laplacian operator of (M, g) acting as an ellip-
tic differential operator on C*(M), the space of all smooth functions on M. It is
well known that the eigenvalues of A form a discrete infinite sequence:

Let V, = {f € C*°(M):Af = A, f} be the eigenspace of A with cigenvalue A,.
Then V, is finite dimensional. We define an inner product ( , ) on C*(M) by

(f,h) = [, fhav (4.2.2)

where dV is the volume element of (M, g) and for f,h € C* (M), then the de-
composition Y,7_,V, is orthogonal with respect to this structure. Moreover
¥%_o Vi isdense in C*(M) (in L? -sense).

Since M is closed, V, is one-dimensional and it consists only of constant func-
tions.

If we denote by @ V, the completion of . V,,, we have

c*(M) = &,V,. (4.2.3)

For each function f € C* (M), let f; denote the projection of f onto the subspace
V, (t =0,1,2,...). Then we have the following spectral decomposition:

f=X%0/f:, (in L?-sense). (4.2.4)

Because V, is 1-dimensional, for any non-constant function f € C*(M), there is
a positive integer p = 1 such that f,, # 0 and

f—Jfo=2e=1 1t (2.4.5)
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where f, € V, is a constant. If there are infinite many f,’s which are nonzero,
we put g = +oo.

Otherwise, there is an integer g, ¢ = p such that f, # 0 and

f—fo=Xi, fi (4.2.6)
If we allow g to be +oo, we have the decomposition (4.2.6) in general. The set
T(f) ={t € Ny: f; # 0} (4.2.7)

is called the order of f. The smallest element in T(f) is called the lower order of
f, denoted by l.0.(f), and the supremum of T(f) is called the upper order of f,
denoted by u.o.(f). A function f in C*(M) is said to be of finite if T(f) is a finite
set, i.e., if its spectral decomposition contains only finitely many non-zero terms.
Otherwise f is said to be of infinite type. f is said to be of k-type if T(f) con-
tains exactly k elements.

For an isometric immersion x: M — E™ of a compact Riemannian manifold M
into a Euclidean m-space, we put

X = (X1, ey X)), (4.2.8)

where x, is the A-th Euclidean coordinate function of M in E™. For each x, , we
have

xg — (x4)0 = Z?im (xa)e,A=1,..,m (4.2.9)
For each isometric immersion x: M — [E™, we put
inf
p — m {ApA}) q — Sup‘iqA} (4210)

where A ranges among all A = 1,2, ..., m such that x, — (x4)o # 0. It is easy to
see that p and g are well-defined geometric invariants such that p is a positive
integer and q is either 400 or an integer = p. By using the (4.2.8), (4.2.9) and
(4.2.10) we have the following spectral decomposition of x (in vector form);

X =xy+ Z?zp X (4.2.11)
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An immersion x is sometime said to be of mono-order (bi-order, tri-order...) if
there are only 1 (2, 3...) of x, which is (are) non-zero. If p = g, we just say that
x is order p. We define T(x) by

T(x) ={t € Ny:x, # 0}.

The immersion x or the submanifold M is said to be of k-type if T(x) contains
exactly k elements. Similarly we can define the lower order and the upper order
of the immersion.

The immersion x is said to be of finite type if its upper order q is finite; and the
immersion is said to be of infinite type if its upper order is +co.

For an isometric immersion x: M — E™ of a compact Riemannian manifold M
into [E™, the constant vector x, in (4.2.11) is exactly the center of mass of M
in E™,

Given two E™-valued functions v, w on M, we define the inner product v, w by
(v,w) = [, (v,w)av (4.2.12)
where (v, w) denotes the Euclidean inner product of v, w.

For an isometric immersion x: M — [E™ of a compact Riemannian manifold M
into E™, the components of the spectral decomposition (4.2.11) are mutually or-
thogonal, i.e.

(xt, %) =0, t #s (4.2.13)

One cannot make the spectral decomposition of a function on a noncompact
Riemannian manifold in general. However, it remains possible to define the no-
tion of a function of finite type and the related notions of order... etc for those
functions. For example, a function f is said to be of finite type if it is a finite sum
of eigenfunctions of the Laplacian. More precisely, a function is of finite type if
it can be written as a finite sum:

f= Z{'{=1 i

where fi, ..., fi are  (non zero) eigenfunctions of the Laplacian with
eigenvalues 4, , ..., A, are assumed to be mutually distinct.

We define the order T(f) of f to be the set {¢t, ..., t; }; Moreover,
95



u.o.(f) =maxT(f)and L.o.(f) = minT(f).

Similarly, for an isometric immersion x: M — E™ of a non-compact manifold M
into [E™, the immersion (or the submanifold) is said to be of finite type if it ad-
mits a finite spectral decomposition

T x,, Ax, = A.x, (4.2.14)

X =iy

for some natural numbers p and g. Otherwise, the immersion is said to be of in-
finite type. When M is compact, the compact x, in spectral decomposition
(4.2.11) is a constant vector.

However, when M is noncompact, the component x; is not necessary a constant
vector. A finite type immersion x: M — E™ is said to be null if the component
Xo In its spectral decomposition (4.2.14) is non-constant.

For instance, a null 2-type immersion is an immersion with the following simple
spectral decomposition:

X =Xg+x, Ax=21,x,, (4.2.15)

for some non-constant vector functions x,, x,,, where 4, is a non-zero eigenvalue
of the Laplacian of M.

It is easy to see that if two isometric immersions x and y of a Riemannian mani-
fold M into a Euclidean space is congruent, then they have the same order,
I.e.,T(x) = T(y), hence they also have the same type number.

For finite type isometric immersions of a Riemannian manifold, we have the fol-
lowing general result.

4.2.1. Theorem (Chen 1996). Let x: M — [E™ be a k- type isometric immersion
of order T(x) = {ty, ..., t, } and L: E™ — E" be a linear map. If the composition
Lox:M — EV is isometric, then L o x is of finite type.

Moreover, the type number of L o x is at most k and the order T'(L o x) is a sub-
set of the order T(x) of x.

This result follows simply from the fact that a linear combination of some linear
combinations of eigenfunctions of the Laplacian is also a linear combination of
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eigenfunctions of the Laplacian. For example, lety:S1(1) —» E* be a 2-type
isometric immersion of order {1,3} given by

T
y(s) = (j—jsins,izcoss,%sin 35,31—ﬁcos 35) ) (4.2.16)

which is regarded as a column vector and let L be the linear map from E* into E3
defined by

V2 0

00
L=(0 % 0 % (4.2.17)

-1 1
WO\/_EO

Then the composition L o y: S1(1) — E3 is an isometric immersion given by
T
Ny 1 1 1. 1.
Loy(s) = (sms, 5COS'S + £ Cos 3s, > sins + = sin 35)

which is also a 2-type curve of order {1,3} lying fully in E3 but not fully in E*.

4.2.1. Remark. Theorem 4.2.1 implies, in particular, that if x: M — E™ is an
isometric immersion and ¥ = L o x: M - E™ < E™ where L: E™ c E™ is inclu-
sion, then T(x) = T (x).

4.2.2. Remark. For an isometric immersion x: M - E™ of a Riemannian n-
manifold into [E™, one has the following formula of E-Beltrami:

Ax = —nH (4.2.18)
where H denotes the mean curvature vector of the immersion.

4.2.3. Remark. Letx: M — E™ be an isometric immersion a Riemannian n-
manifold. Then the Laplacian operator A of M gives rise to a differentiable map

L:M — E™ (4.2.19)

which is called the Laplace map. The image L(M) of the Laplace map is called
the Laplace image and the transformation : M — L(M) from M onto the Lap-
lace image via the Laplace operator is called the Laplace transformation of the
immersion x: M — E™.

The Laplace map of a submanifold in a Euclidean space is closely related with
the submanifold via Beltrami's formula (4.2.18).

97



4.3. Finite Type Submanifolds
We recall some basic definitions, results and formulas.

Letx: M — E™ be an isometric immersion of a (connected) Riemannian mani-
fold M into the Euclidean m-space [E™. Denote by A the Laplace operator of M.
The immersion x is said to be of finite type if the position vector field of M in
E™, also denoted by x, can be expressed as finite sum of E™-valued eigenfunc-
tions of the Laplace operator, i.e., if X can be expressed as

XxX=c+x;+x,+ -+ x (4.3.1)

where ¢ is a constant vector in E™ and x4, ..., x; are nonconstant E™-valued
maps satisfying

Axi = /1ixi,l. = 1,2, ey k (432)

The composition (4.3.1) is called the spectral decomposition or the spectral reso-
lution of the immersion x. In particular, if all of the eigenvalues 44, ..., 4, asso-
ciated with the spectral decomposition are mutually different, then the immersion
x (or the submanifold M) is said to be of k-type. In particular, if one of
A1, ..., A 1S Zero, then the immersion is said to be of null k-type.

Clearly, every submanifold of null k-type is non-compact. A submanifold is said
to be of infinite type if it is not of finite type. In terms of finite type submani-
folds, a result of states that a submanifolds of E™ is of 1-type if and only if it is

either a minimal submanifold of E™or a minimal submanifold of a hypersphere
of E™.

For a sphere isometric immersion x: M — S, ! ¢ E™, the immersion is called
Mass-symmetric in S,™ ! if the center of gravity of M in E™ coincides with the
center c of the hyperspheres S,™ ! in E™.

4.4. Minimal Polynomial of Finite Type Submanifolds

For a finite type submanifold M satisfying (4.3.1) and (4.3.2), the polynomial P
defined by

P(t) = [T (t = 4), (4.4.1)
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satisfies P(A)(x — c¢) = 0. This polynomial P is called the minimal polynomi-
al M. For n-dimensional submanifold M of a Euclidean space, the mean curva-
ture vector H satisfies Beltrami’s formula:

Ax = —nH (4.4.2)
It follows from (4.4.2) that the minimal polynomial Q also satisfies
Q(A)H = 0.

Conversely, if M is compact and if there exists a constant vector ¢ and a non-
trivial polynomial Q such that Q(A)(x — ¢) = 0(or Q(A)H = 0), then M are al-
ways of finite type. This characterization of finite type submanifold via the mi-
nimal polynomial plays an important role in the study of finite type submani-
folds.

When M is non-compact, the existence of a non-trivial polynomial Q satisfying
Q(A)H = 0 does not guarantee M to be finite. On the other hand, if either M is
one dimensional or Q is a polynomial of degree k with exactly k distinct roots,
then the existence of the polynomial Q satisfying Q(A)(x — c¢) = 0 for some
constant vector ¢ does guarantee that M is finite type.

4.4.1. Proposition (Chen 1984). Let M be a compact submanifold of E™. Then
M is of 1-type if and only if M is a minimal submanifold of a hypersphere of
E™.

For finite type submanifolds, we have the following characterization theorem.

4.4.2. Theorem (Chen 1984). Let M be a compact submanifold of E™. Then M
is of finite type if and only if there is a polynomial Q(t) # 0 such that

Q(A)H = 0, where H is the mean curvature vector of M in E™.

4.5. A Basic Formula for AH

The following basic formula of AH derived in plays important role in the study
of submanifolds of low type as well as in the study of biharmonic submanifolds:

AH = APH + X7  h(e;, Aye;) + 2trace(Apy) + 2 grad(H, H) (4.5.1)

where APis the Laplacian operator associated with the normal connection D, h
is the second fundamental form, and {ey, ..., e, } is a local orthonormal frame of
99



M. In particular, if M is a hypersurface of a Euclidean space E**!, then formula
(4.5.1) reduces to

AH = (Aa + al|hl|*)¢ + 2trace(Apy) + Lgrad(H, H), (4.5.2)
where a is the mean curvature and € is a unit normal vector of M in E**1.

Similar formulas hold as well if the ambient space is pseudo-Euclidean.

4.6. 6-Invariants and Ideal Immersions

Let M be a Riemannian n-manifold. Denote by K(H) the sectional curvature of a
plane sectionm < T,M,p € M. For any orthonormal basis ey, ..., e, of T,M the
scalar curvature T at p is

@) = ) K(eihe)
i>j
Let L be a r-subspace of T,M with r = 2 and let {ey, ..., e,.} be an orthonormal-
basis of L. The scalar curvature (L) of L is defined by

T(L) = Ya<p K(egNeg),1 < a, B <. (4.6.1)

For given integersn > 3,k = 1, we denoted by S(n, k) the finite set consisting

of k-tuples (ny, ..., n;,) of integers satisfying 2 < ny, ...,n, <nandY_, n; <n.

PutS(n) = Ug> S(n, k). For each k-tuple (n4, ...,n;) € S(n), B. Y. Chen in-
troduced in 1990s the Riemannian invariant §(n4, ..., n;) by

§(ny, ..., i) (p) = 1(p) —inf{z(Ly) + -+ 7(Lp)} (4.6.2)

p € M, where Ly, ..., L run over all k mutually orthogonal submanifold of T, M
such thatdimL; = n;,j = 1, ..., k. For an n-dimensional submanifold of E™ and
for a k-tuple (nq, ..., n;) € S(n), B. Y. Chen proved the following general sharp
inequality:

nz(n+k—12nj
2(n+k—=Yn;)

SNy, 1) < )|H|2, (4.6.3)

where |H|?> = (H, H) denotes the squared mean curvature of M.
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A submanifold M of E™ is called §(n4,...,n;) ideal if it satisfies the equality
case of (4.6.3) identically. Roughly speaking, ideal submanifolds are submani-
folds which receive the least possible tension from its ambient space.

4.7. Proper and e-Super Biharmonic Submanifolds

An immersed submanifold M of a Riemannian manifold M is said to be properly
immersed if the immersion is a proper map, i.e., the preimage of each compact
set in M is compact in M.

A hypersurface of a Euclidean space is called weakly convex if it has nonnega-
tive principle curvatures. Also, a hypersphere of an (n + 1)-sphere is called iso-
parametric if it has constant principle curvatures. The total mean curvature of a
submanifold M in a Riemannian manifold is defined to be

[|H|?dv.

Let M be a submanifold of a Riemannian manifold with inner product (,). Then
M is called e-superbiharmonic if it satisfies

(AH,H) > (e — 1)|VH|?, (4.7.1)
where € € [0,1] is constant.

For a complete Riemannian manifold (N, h) and a > 0, if the sectional curva-
ture K" of N satisfies

KV > —L(1 + distN(.,qy)%)? (4.7.2)

For some L >0 and g, € N, then we call that K" has a polynomial growth
bound of order a from below.

4.8. Spherical Hypersurfaces of Finite Type
4.8.1. Finite Type Spherical Hypersurfaces

In contrast to Euclidean hypersurfaces, there do exist many 1-type and 2—
typespherical hypersurfaces. B. Y. Chen proved in that every compact hypersur-
faces of a hypersphere S"*1 < E"*2, not a small hypersphere, is mass-
symmetric and of 2-type if and only if it has non-zero constant mean curvature
and constant scalar curvature.
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Consequently, every isoparametric hypersurfaces of a hypersphere is either of 1-
type or mass-symmetric and 2-type. Since there exist non-minimal isopara-
metric hypersurfaces in hyperspheres, there do exist 2-type hypersurfaces of
hyperspheres.

4.8.2. Finite Type Hypersurfaces of a Euclidean Space

The class of submanifolds of finite type is very large. For example, minimal
submanifolds of hyperspheres are of 1-type. Isoparametric hypersurfaces of a
hypersphere are either of 1-type or of 2-type. Moreover, parallel submanifolds
and compact homogeneous Riemannian manifolds, equivariantly immersed in a
Euclidean space, are of finite type.

On the other hand, very few hypersurfaces of finite type are known. For exam-
ple, no surfaces of finite type in a Euclidean 3-space are known, other than mi-
nimal surfaces, circular cylinders and spheres.

In views of these facts, B. Y. Chen’s proposed more than a decade ago the fol-
lowing basic problem in the theory of finite type.

Problem 1. Classify finite type hypersurfaces of a Euclidean space. In particular,
classify finite type surfaces of a Euclidean 3-space. For compact finite type sur-
faces in a Euclidean 3-space, B. Y. Chen

Conjecture 1: The only compact finite type surfaces of a Euclidean 3-space are
the spheres.

For closed 2-type hypersurfaces of a Euclidean space we have the following re-
sult proved by the B. Y. Chen and H. S. Lue.

4.8.2.1. Theorem (Chen and Lue 1988).

(1) Every compact 2-type hypersurface of a Euclidean space has non-constant
mean curvature.

(2) If M is a 2-type hypersurface of a Euclidean space with constant mean cur-
vature, then M is of null 2-type.

Also we have the following result on 2-type hypersurfaces.

102



4.8.2.2. Theorem (Chen 1991). Null 2-type hypersurfaces and open portions of
hyperspheres are the only hypersurfaces of a Euclidean space with have non zero
constant mean curvature and constant scalar curvature.

For null 2-type surfaces, we have the following:

4.8.2.3. Theorem (Chen 1988). A surface M in a Euclidean 3-space is of null 2-
type if and only if M is an open portion of a circular cylinder.

Theorem 4.8.2.3 implies that null 2-type surfaces in E3 have nonzero constant
mean curvature and constant scalar curvature.

4.9: 2- Type Submanifolds in Em

For an n-dimensional submanifold M in Em, we denote by h, A, H, V, and D, the
second fundamental form, the Weingarten map, the mean curvature vector, the
Riemannian curvature and the normal connection of the submanifold M, re-
spectively. A submanifold M is said to have parallel mean curvature vector if DH
= 0 identically. For a hypersurface M, the parallelism of mean curvature vector
equivalent to the constancy of mean curvature a = ||H|| .

If the submanifold M is closed (i.e., M is compact and without boundary), then
every eigenvalue A; of A is > 0 and the only harmonic functions on M are con-
stant functions. In this case, the constant vector c in the spectral decomposition
(4.3.1) is nothing but the center of mass of M in Em. A submanifold M of a
hypersphere S™~1 in Em is said to be mass-symmetric if the center of mass of M
in Em is center of the hypersphere S™~1 in Em. We study 2- type submanifolds
in Euclidean space with parallel mean curvature vector.

Since 2-type submanifolds are the “simplest submanifolds” next to minimal
submanifolds, 2-type submanifolds, in particular mass-symmetric spherical 2-
type submanifolds, deserve special attention.

Mass-symmetric spherical 2-type submanifolds have some special properties.

For instances, every mass-symmetric spherical 2-type submanifolds has constant
mean curvature (which is completely determined by its order and such a sub-
manifold is pointwise orthogonal).

4.9.1. Theorem. Let M be a 2-type submanifold. If M has parallel mean curva-
ture vector, then one of the following two cases occurs,
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(i) M is spherical;
(i1) M is of null 2-type.
In particular, if M is closed, then M is spherical and mass-symmetric.

Proof. Let X, Y be two vector fields tangent to M. Then, for any fixed vector a in
Em™, we have

XY(H, a) = (DyDXH, a) — (Vy(AHX),a> —_ <ADXHY' a) — (h(Y,AHX), a), (491)

where (,) denotes the inner product of Em. Let e,...,e, be an orthonormal local
frame field tangent to M. Then equation (4.9.1) implies

AH = ADH + Z {h(ei,AHei) + ADe.Hei + (Vel.AH)ei} (492)
where
A°H = %.{Dy, . H - D D, H} (4.9.3)

is the Laplacian of H with respect to the normal connection D. Regard VA, and
Apy as (1, 2)-tensor M and we set

VAH = VAH + ADH
Then we have
VAH = Z {(VeiAH)ei + ADel-Hei} (494)

Let e,41, ---, €, De an orthonormal normal basis of M such that e, ,; is parallel
to H. Then we have

Y h(e, Ape;) = Ay 1|I*H + a(H) (4.9.5)
where
Ar =4, Apnll? =tr(4,41)%
and

a(H) = 17”n=n+2(tr(AHAr))er (496)
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is called the allied mean curvature vector of M in [Em. Combining (4.9.2), (4.9.4),
(4.9.5) and (4.9.6), we have the following useful formula:

AH = APH + ||A,, 1 I?H + a(H) + tr(VAy). (4.9.7)
Moreover, we also have the following
tr(VAy) = (2)grad a® + 2trApy, a* =(H,H). (4.9.8)
Therefore, if DH = 0, then we have
APH =tr(Vyy) =0
which implies
AH = ||A,41]1°H + a(H). (4.9.9)

Now, assume that M is of 2-type in E™. Then the position vector x of M in [Em
has the following spectral decomposition:

X—c=x,+x, Ax, = Apxp, Ax, = Aqxq (4.9.10)
For (4.9.10) we have
Nx = (A, + A5 )Ax — 2,2, (x — ©). (4.9.11)
On the other hand, we also have
Ax = —nH (4.9.12)
Therefore, by using (4.9.9), (4.9.11), (4.9.12), we obtain
14, 41112H + a(H) = (4, + 2,)H + (2,4, /n) (x — ©). (4.9.13)

From (4.9.13) we have either A,4, = 0 or x — c is normal to M at every point in
M. If 2,2, =0, then M is of null 2-type. If x — cis normal to M, then (x —
¢,x—c 1S positive constant. In this case, M is contained in a hypersphere S72—1
centered at c. In particular, if M is closed, then because A, and 4, are positive, M
cannot be null. Moreover, in this case, because c is the center of mass of M in
Em, M is mass-symmetric in S™~ 1. m

4.9.2. Corollary. Every 2-type closed hypersurface of E**! has nonconstant
mean curvature.
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For surfaces in S3(7), we have the following classification theorem.

4.9.3. Theorem (Chen 1984). Let M be a compact, mass-symmetric surface of
S3(r) in R*. Then M is of 2-type if and only if M is the product of two plane cir-
cles of different radii, that is, M = S'(a) x S*(b),a # b.

For the proof, see [B. Y. Chen, Total Mean Curvature and Submanifolds of Fi-
nite Type, P. 279].

4.9.4. Theorem. Let M be a closed 2-type surface in E™. Then M has parallel
mean curvature vector if and only if M is the product of two plane circles with
different radii.

Proof. If M has mean curvature vectors, then M is one the following surfaces (cf.
[B.Y.Chen, Geometry of submanifolds, P.106]):

(1) a minimal surface of E™,
(2) a minimal surface of a hypersphere of E™,

(3) a surface in a 3-dimensional linear subspace E3 or

(4) a surface in a 3-sphere S3 in a 4-dimensional linear subspace.

For the first two cases, M is of 1-type which contradicts to the hypothesis. If M
lies in a 3-dimensional linear subspace, then, by Theorem (4.9.1), M is a 2-
sphere which is of 1-type again.

If M lies in a 3-sphere, then by parallelism of H, we see that the mean curvature
Is constant and so M is mass-symmetric. Consequently, according to theorem
(4.9.3), we know that M is the product surface of two plane circles with different
radii. m

4.9.5. Spherical 2-type hypersurfaces:

Problem 2. Study and classify 2-type hypersurfaces in a hypersphere of E**2. In
particular, classify 3-dimensional 2-type of a hypersphere S* in [E°.

4.10. Biharmonic Submanifolds

let x: M — E™ be an isometric immersion.As we mentioned in preliminaries, the
position vector of M in E™ satisfies
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Ax = —nH (4.10.1)

Formula (4.10.1) implies that the immersion is minimal if and only if the immer-
sion is harmonic, that is Ax = 0. An isometric immersion x: M — E™ is called
biharmonic if we have

A’x = 0, thatis, AH =0 (4.10.2)
It is obvious that minimal immersions are biharmonic.

Problem 3. Other than minimal submanifolds of E™, which submanifolds of E™
are biharmonic?

From (4.10.1) and (4.10.2) it follows that there are no compact biharmonic sub-
manifolds of positive dimension in E3. Moreover, by using the formula

AH = (Aa + al|h||?€ + 2tr (Apy)) + %grad(H, H),

B. Y. Chen's proved in 1985 that every biharmonic surface in E3 is in fact a mi-
nimal surface.

Conjecture 2.The only biharmonic submanifolds in Euclidean Spaces are the
minimal ones.

4.11. Submanifolds Theory and Parallel Transport.

The most symmetric of all Riemannian manifolds (M, g) are the real space
forms, i.e., the manifolds with contant sectional curvature K = c.Their (0, 4) -
Riemann Christoffel curvature tensor R is given by R = g A g, (A denoting the
Nomizu Kulkarni product of (0, 2)-tensor), and they were characterized by Rie-
mann, Helmholtz and Lie as the Riemannian spaces which satisfy the axiom of
free mobility. The class of the real space forms can be obtained by applying pro-
jective transformations to the locally flat spaces, i.e., to the manifolds (M, g) for
which K = 0, or equivalently, for which R = 0. The Riemann-Christoffel curva-
ture tensor according to Schouten essentially measures the change of direction
when a vector v € T, M is parallelly transported all around infinitesimal coordi-

nate parallelograms to a vector v* € T, M.

The locally flat spaces are characterized by the fact that such parallel transport
leaves v invariant, i.e., such that v* = v for all such coordinate parallelograms

cornered at p.
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In the 1920ties, Cartan introduced the locally symmetric spaces, i.e. the Rieman-
nian manifolds (M, g) for which R is parallel,VR = 0, where V denotes the Levi-
Civita connection of the metric. As shown by Cartan, the locally symmetric
spaces are the Riemannian manifolds for which locally all geodesic reflections or
symmetries o,, in all points p of M actually are isometries, and, as shown by
Levy, they can also be characterized as the Riemannian manifolds for which the
sectional curvature K (p, w) remains invariant under parallel transport along any
curve in M, i.e. for which K (p*, ) = K(p,m),where =* c T,-M is the plane ob-
tained by moving m parallelly form p top*along any curve y joining p
and p*.The study of the locally symmetric spaces was independently started by
P. A. Shirokov.

Every locally symmetric space satisfies R - R = 0, whereby the first R stands for
the curvature operator of (M, g), i.e. for tangent vector fields X and Y one has
R(X,Y) = VxVy —VyVy — Vxy, Which acts as a derivation on the second R
which stands for the Riemann-Christoffel curvature tensor. The converse howev-
er does not hold in general.

The Riemannian manifolds for which R - R = 0 are called semi-symmetric
spaces and were classified by Z. Szabé. They can be characterized by the geome-
tric property that, up to second order, K(p,n*) = K(p, ™), whereby m is any
tangent 2-plane to M at p and «* is the tangent 2-plane to M at p obtained by
parallelly transporting m all around any infinitesimal coordinate parallelogram
cornered at p. For short, their sectional curvatures are invariant under parallel
transport around infinitesimal coordinate parallelograms.

In the 1980ties, R. Deszcz introduced the pseudo-symmetric spaces as follows.
Let Q(g, R) = A4- R be the Tachibana tensor of a Riemannian manifold (M, g),
i.e. the (0, 6)-tensor A,- R where the metrical endomorphism (X A, Y):TM -
TM given by (X A, Y)Z = g(Y,Z)X — g(X,Z)Y acts as a derivation on the (0,
4)-curvature tensor R,then M is said to be pseudo symmetric if the (0, 6)-tensors
R - R and Q(g, R) are proportional, i.e. if R - R = LQ(g, R) for some scalar va-
lued function L: M — R. This function is called the double sectional curvature or
the sectional curvature of Deszcz.
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The class of pseudo symmetric manifolds can be obtained by applying projective
transformations to the semi symmetric manifolds, i.e. to the manifolds for which
L =0.

In analogy with the above intrinsic symmetries of Riemannian manifolds con-
cerning their Riemann-Christoffel curvature tensor R, table 1 list the correspond-
ing extrinsic symmetries of submanifolds concerning their second fundamental
form.

TABLE.1. Comparison between intrinsic and extrinsic symmetries

Intrinsic Extrinsic
Flat space R=0 Totally geodesic h =0
Space form R=%gng |Totallyumbilical h = gH
Locally symmetric VR =0 Parallel Vh=0
Semi-symmetric R-R =0 Semi-parallel R-h=0
Pseudo-symmetric R - R = LQ(g,R) Pseudo-parallel R - h = LQ(g, h)

Let (M",g) and (M™*™, §) be two Riemannian manifolds with dimension n
and n + m, and with respective Levi-Civita connections V and V. Assume that
(M, g) is isometrically immersed in (1\71 g).We can decompose the covariant de-

rivative V of two tangent vector fields X and Y to M, i.e. X,Y € ¥(M), into its
tangential and normal part as follows,

ViV = VY +h(X,Y), (4.11.1)
where h(X, Y) is normal to M and h is called the second fundamental form.

Equation (4.11.1) is known as the Gauss formula. A submanifold is called total-
ly geodesic if h = 0.

We can further define the normal connection V+ through the decomposition of
the tangent vector field X € X(M) into its tangential and normal parts,

Vyé = —AeX + Vié, (4.11.2)

where A; is called the shape operator with respect to ¢. The shape operator is re-
lated to the second fundamental form by g(A{;X, Y) = g(h(X,Y),$).
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Equation (4.10.2) is known as the Weingarten formula. A point p of M is called
umbilic if A(u,v) = g(u, v)H, for all u,v € T,M. H is called the mean curva-

ture vector field, or the Bompiani vector field, of the submanifold M in M.

The Bortolotti-Van Waerden connection V of M in M acting on h gives,
(VR)(X,Y,Z) :=Vx(h(Y,Z)) — h(VxY,Z) — h(Y,VxZ),

with X,Y,Z € ¥(M).

4.11.1. A Geometrical Interpretation of Semi-Parallel Submanifolds

We will give some geometrical interpretations of totally geodesic and parallel
submanifolds in terms of parallel transport. Further, we will present a new geo-
metrical interpretation of semi-parallel submanifolds. Every semi-parallel sub-
manifold satisfies condition R*+(X,Y)H = 0. However, the converse is not true
in general. We call spaces which satisfy this condition H-semi-parallel because
for these spaces the mean curvature vector H is invariant under parallel transport
around infinitesimal coordinate parallelograms.

Lety:I €S R—- Mbe a curve in a Riemannian manifold M. Choose points
p =y (ty) andp* = y(t;) on the curve and a vectorv € T,M. Let V be the

unique vector field along y such that
V(t) =v, V, V=0,

where V is the Levi-Civita connection of (M, g). Then we call v* =V (t;) the
parallel transport of v from p to p* along the curve y with respect to the connec-
tion V.

If M is immersed in another Riemannian manifold M, we can also transport the
vector v parallel along y in M with respect to the Levi-Civita connection V

of (M, §).
The following result can be proven straightforwardly.

4.11.1.1. Proposition. A submanifold M in M is totally geodesic if and only if
the parallel transports of tangent vectors to M with respect to the connections V
on M and V on M are the same.
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Given a curve y in M and two vectors u, v € T,M, withy(¢,) = p, we have the
vector h(u, v) in the normal space of M at the point p, T,"M. At the point
y(t3) = p*, we can consider two normal vectors. First, the parallel translate
of h(u,v) by V%, which we denote by h(u,v)*t, and secondly, the vector
h(u*,v*) obtained after first parallelly translating u and v by V, and then apply-
ing h.
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Chapter (b)
Chen’s Inequality and Some Invariants

We study submanifolds satisfying Chen's equality in an Euclidean space and the
conditionsR - P = 0and P - P = 0 in an Euclidean space. Also we study pseudo
symmetry type hypersurface in the Euclidean space E**! satisfying B. Y. Chen's
equality.

5.1. Introduction

One of the basic problems in submanifold theory is to find simple relationships
between the extrinsic and intrinsic invariants of a submanifold. B. Y. Chen es-
tablished inequalities in this respect, called Chen inequalities. The main extrinsic
invariants include the classical curvature invariants namely the scalar curvature
and the Ricci curvature; and the well Known modern curvature invariant namely
Chen invariant.

In 1993 Chen obtained an interesting basic inequality for submanifolds in a real
space form involving the squared mean curvature and the Chen invariant and
found several of its applications. This inequality is now well known as Chen's
inequality; and in the equality case it is known as Chen's equality.

Now we give the following general Lemmas for later use.

5.1.1. Lemma [Chen 1993]. Let a4, ..., a,,, c be n + 1(n = 2) real numbers such
that

Cria)=m-DQELaf +¢c) (5.1.1)
Then 2a,a, = c, with equality holding ifand only if a; + a, = a3 = - = a,,.

Proof. If n = 2 there is nothing to prove. So we may assume n > 2. Because
(5.1.1) can be written as

(n—2)a2 - 2(815 a)a, + (n— D(c+ X5 a?) - (Tt a) =0 (5.12)

and a,, is real number, we have

(e ai)z =m-2)Xal+c+e, 1) (5.1.3)
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for some real number e,,_; = 0.

If n = 3, this implies 2a,a, = c + e, = c. From (5.1.1) withn = 3, it follows
that 2a,a, = cifandonly if a; = a; + a,.

If n > 3, by continuing the same process (n — 2) times, we obtain

k 2 k
(Zai) = (k—1)<2ai2+c+en_1+---+ek>,k=2,...,n—1,

i=1 i=1
(5.1.4)
for some non-negative numbers e, ..., e,,_1. In particular, we obtain
2a1a, =c+e,_1+--+te=c.
If 2a,a, = c, thene,_; = --- = e, = 0. Hence (5.1.4) yields
(B a)’ =k -D(E, a2 +c), k=2,..,n. (5.1.4-k)

From (5.1.4-k), we may obtain(k—2)a, =a; + -+ a,_;. Therefore,
az=---=a,=a; +a;. m

Let M be an immersed n-dimensional submanifold of an m-dimensional Rie-
mannian manifold R™(c¢) of constant sectional curvature c. Denote by h the
second fundamental form of the immersion. Then the mean curvature vector H

of the immersion is given by H = % trace h.

We choose a local field of orthonormal frames ey, ..., e,, €41, -, €, IN R™(C)

such that, restricted to M, the vectors e, ..., e,, are tangent to M and
hencee, 1, ..., &, are normal to M.

Let{h}},i,j =1,..,n;r =n+1,..,m, be the coefficients of the second fun-
damental form h with respectto ey, ..., e,, €441, ---,» €m- 1hen we have

hz = (h(eii e])' er) = (Aerei'ej>
where (-,-) denotes the inner product.

Denote by R the Riemannian curvature tensor of M. Then the equation of Gauss
Is given by
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RX,)Y;Z,W) =c({(X,WXY,Z) = (X, ZXY,W)) + (h(X,W),h(Y,Z)) —
(h(X,Z),h(Y,IV)) (5.1.5)

Denote by K () the sectional curvature of M of the plane sectionm c T, M,
p € M. For any orthonormal basis of tangent space T,, M, the scalar curvature 7 at
p is defined by

T=Y7_1K(eing), (5.1.6)
where e, ..., e,, are orthonormal vectors tangent to M.

5.1.2. Lemma [Chen 1993]. Let M be an n-dimensional (n = 2) submanifold of
a Rie-mannian manifold R™ (c) of constant sectional curvature c. Then

n(n 2)

infK > >{r - |H?| = (n + 1)(n — 2)c}. (5.1.7)

Equality holds if and only if, with respect to suitable orthonormal frame fields
€1, «y €, €y 41, - €y, the shape operators A, = A, , r=n+1,..,m, of M in
R™ (c) take the following forms:

a0O0-0
0 bO0--0

Appl = |0 0/,1 0|,a+b=u, (5.1.8)
0 O O O U
hi; hi, 0--0

A. =10 0O 00|, r=n+2,.. m. (5.1.9)
0 0 00 u

Proof. From equation (5.1.5) of Gauss we have

T =n?|H|? — |h|?> + n(n — 1)c. (5.1.10)
Let§ =7 —"2 (" ZDIHP - (n+ D (n - 2)c. (5.1.11)

Then (5.1.10) and (5.1.11) yield
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n?|H|? = (n—DI|h|? + (n —1)(8 — 20). (5.1.12)

Letm < T,M be a plane section. If we choose an orthonormal frame e, ..., e,,
such that = spanf{e;,e,} and e, is in the direction of the mean curvature
vector H, then (5.1.12) gives

(Z?=1 hﬁﬂ =
(n = D{Z (R + ey (A1) + B By a ()" + 6 — 2c}
(5.1.13)
By applying Lemma 1.5.1 we obtain
2h T h “4>ZwUﬂ“)+ZW%”ZU1@ )+6 2c. (5.1.14)

From this we get

K(n) = i S+ () ) 45 Y )+ i (Y

r=n+1j>2 l;t] >2 r=n+21i,j>2

+ Z n+2(h 2)2

Combining (5.1.11) and (5.1.15), we get (5.1.7).

Nloo
N|c>)

(5.1.15)

If the equality signs of (5.1.7) holds, then the inequalities in (5.1.14) and (5.1.15)
become equalities. Thus, we have

Wit =0,j>2 R =0,i%j>2;
1]= r —hr—Or—n+2 .m; L] =3, ..,n
hn+2 _|_hn+2 5711 _|_h§712 =

Furthermore, we may choose ey, e, such that A5t = 0. Moreover, by applying
Lemma (5.1.1), we also have

hn+1 + hn+1 hn+1 . = hzr-ll-l

Therefore, with respect to a suitable frame field, the shape operators of M take
the forms (5.1.8) and (5.1.9).
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The converse of this can be verified by straight forward computation. m

Let (M, g),n = 3, be a connected Riemannian manifold of class C*.We denote
by V, R, C, S and t the Levi-Civita connection, the Riemann-Christoffel curva-
ture tensor, the Weyl conformal curvature tensor, the Ricci tensor and scalar cur-
vature of (M, g), respectively. The Ricci operator S is defined by

g(SXx,Y)=5X,Y),

where X,Y € y(M), y(M) being Lie algebra of vector fields on M. We next de-
fine endomorphism X AY, R(X,Y) and C(X,Y)Z of y(M) by

XAYZ =g, 2)X-9g(X,2)Y, (5.1.16)
R(X,Y,Z) = VyVyZ — VW VxZ — Vix 12, (5.1.17)
C(X,Y)Z=R(X,Y,Z) — n%z (X ASY +SXAY — nTTlX A Y) Z, (5.1.18)

The Riemann Christoffel curvature tensor R and the Weyl curvature tensor C of
(M, g) are defined by

R(X,Y;Z,W) = g(RXX,Y)Z,W), (5.1.19)
respectively, where W € y(M).

For a (0, k)-tensor field T,k = 0, on (M, g) we define the tensorsR - T and
Q(g,T) by

(RX,Y)-TY(Xy,....X,) = =T(RX,Y)X1, X5, 0, Xp) — - —
T(X1, s X1, RIX, V)X, (5.1.21)
Qg T)Xy, 0, Xis X, Y) = X AVIT(Xy, 0, X)) = T((X AY)X1, Xo, o, Xp)
— o= T(Xy, o, X, XAY)XY), (5.1.22)
respectively.

If the tensors R - R and Q(g, R) are linearly dependent then M is called pseudo-
symmetric. This is equivalent to

R-R=LzQ(g,R), (5.1.23)
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holding on the set Uz = {x:Q(g,R) # 0 at x}, where L, is some function
onUg. If R-R = 0then M is called semi-symmetric.

If the tensors R-S and Q(g,S) are linearly dependent, then M is called Ricci-
Pseudo-symmetric. This equivalent to

R-S=1LsQ(g,S) (5.1.24)
holding on the set Us = {x: S # %g at x} where Lg is some function on Us.

Every pseudo-symmetric manifold is Ricci pseudo-symmetric but the converse
statement is not true. IfR - S = 0, then M is called Ricci-semisymmetric.

If the tensors R - C and Q(g, C) are linearly dependent then M is called Weyl-
pseudosymmetric. This is equivalent to

R-C=1L:Q(g,0) (5.1.25)

holding on the set U, = {x: C # 0 at x}. Every pseudosymmetric manifold is
Weyl pseudosymmetric but the converse statement is not true. If R - C = 0 then
M is called Weyl-semisymmetric.

The manifold is a manifold with pseudosymmetric Weyl tensor field if and only
if
C-C=1LQ(g,0C) (5.1.26)

holds on the set U, where L. is some function on U,.The tensor C - C is defined
in the same way as the tensor R - R.

5.2. Submanifolds Satisfying Chen’s Inequality

Let M be an n-dimensional submanifold of an (n + m)-dimensional Euclidean
space E"*t™, The Gauss and Weingarten formulas are given respectively by

VxY =VyY + h(X,Y) and Vy& = —AX + Vxé

forall X,Y € TM and & € T*M, where V, V and V* are respectively the Rie-
mannian, induced Riemannian and induced normal connections in M, M and the
normal bundle T+ M of M respectively, and h is the second fundamental form re-
lated to the shape operator A by
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(h(X,Y),&) = (A:X,Y).
The equation of Gauss is given by
R(X,Y,Z,W) = (h(X, W), h(Y,2)) — (h(X,Z), h(Y,W)) (5.2.1)
forall X,Y,Z,W € TM, where R is the curvature tensor of M.
The mean curvature vector H is given by H = ltrace(h). The submanifold M is
totally geodesic in E™*" if h = 0, and minimalnifH = 0.

Let {eq, ..., e, } be an orthonormal tangent frame field on M. For the plane section
e; A ¢; of the tangent bundle TM spanned by the vectors e; and e; (i # j) the sca-

lar curvature of M is defined by T = X7, _; K(e; A ¢;) where K denotes the sec-

tional curvature of M. Consider the real function inf K on M™ defined for every
X € M by

(infK)(x) :=inf{K (;r): m is a plane in T, M"}.

Note that since the set of plane at a certain point is compact, this infimum is ac-
tually a minimum.

5.2.1. Lemma [Chen 1993]. Let M, n = 2, be any submanifold of E**™. Then
. 1 Zm-2
infK > ~{z - "2 |H2} (5.2.2)

Equality holds in (5.2.2) at a point x if and only if with respect to suitable local
orthonormal frames ey, ..., e, € T,M", the Weingarten maps A, with respect to
the normal sections &, = e, ., t = 1, ..., p are given by

ra 0 0 0...07

0b00..0

4 _|0oono0.0

171000 p..0

0000..u

¢; d; 0..0

dt _Ct OO
A;=[0 0 o0..0], (t>0), (5.2.3)

0O 0 ©0..0
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where u = a + b for any such frame, inf K (x)is attained by the plane e; A e;.
The relation (5.2.2) is called Chen's inequality.

Remark. For dimension n = 2, the Chen's equality (5.2.2) is always true (Tri-
vially satisfied).

We denote shortly K;; = K(e; A ¢;). Let M be an n-dimensional (n > 3) subma-

nifold of an Euclidean space E"*™ satisfying Chen's equality. Then, from Lem-
ma 5.2.1 we immediately have the following

Ki, = ab — Y7 (¢t +d7), (5.2.4)

Ki; = au, (5.2.5)

K; = bu, (5.2.6)

Kij = u?, (5.2.7)

S(ey,e1) =Ky + (n—2)ay, (5.2.8)

S(ey, e;) = Kip + (n—2)by, (5.2.9)
S(e;e;) = (n—2)u?, (5.2.10)

and

S(ei ) =0ifi* (5.2.11).

where i, j > 2. Furthermore, R(e;, ¢ )e, = 0if i, j and k are mutually different.
From now on we assume that M™ is hypersurface in E**1.

5.2.2. Corollary. Let M be a hypersurface of E**!, n > 3, satisfying Chen’s
equality then

K12 = a,b, Kl] = ayu, KZ] = bﬂ, Kl] = ‘le, (5212)
where i, j > 2. Furthermore, R(e;, ¢; )e, = 0 if i, j and k are mutually different.

5.2.3. Theorem [Dillen, F., Petrovic, M., and Verstraelen, L. 1997]. Let
M™, n = 3, be a submanifold of E™ satisfying Chen’s equality. Then M™ is se-
misymmetric if and only if M™ is a minimal submanifold (in which case M™ is
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(n—2)-ruled) or M™ is a round hypercone in some totally geodesic
space E**! of E™,

Now our aim is to give an extension of Theorem (5.2.3) for case M is a pseudo-
symmetric hypersurface in the Euclidean space E**1.

5.2.4. Lemma. Let M, n > 3, be a hypersurface of E**! satisfying Chen’s equal-
ity. Then

(R(ey,e3) - R)(ey, e3)e; = aub?e,, (5.2.13)
(R(ey,e3) - R)(eq,e3)e, = bua’e. (5.2.14)
Proof. Using (5.1.21) we have
(R(ey,e3) - R)(ey, e3)e; = R(eq,e3)(R(ey e3)eq)
—R(R(e1, e3)ez,€3)€
—R(ez, R(ey, e3)e3)e

—R(82,83)(R(€1,€3)81) (5215)

and
(R(ez,e3) - R)(e1,e3)e; = R(ez, e3)(R(eq, e3)e;)
—R(R(ez, e3)eq, e3)e;
—R(eq,R(ez, e3)e3)e;
—R(e1,e3)(R(ey, e3)e).  (5.2.16)
Since

R(ei g )ex = (Age; A Ase) ey

then using (5.2.12) one can get

R(eq,e3)e; = —Kjzey, R(eq,e3)e; = Ki3e
R(e;, e1)e; = Kyzey, R(ey, e)e; = —Kypeq (5.2.17)
R(ey, e3)e; = —Kj3ey, R(ey, e3)e; = Kyze;.
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Therefore substituting (5.2.17), (5.2.12) into (5.2.15) and (5.2.16) respectively
we get the result.

5.2.5. Lemma. Let M, n > 3, be a hypersurface of E"*! satisfying Chen’s equal-
ity. Then

Q(g,R)(ez,e3,e1;€1,€3) = b?e, (5.2.18)
Q(g,R)(e1, €3, 855 €5, €3) = a’e; (5.2.19)
Proof. Using the relation (5.1.22) we obtain
Q(g,R) (e, e3, €15 €1,€3) = (e Aes)R(ey, e3)e; — R((eg Aesdey, e3)e;
—R(ey, (e1 A e3)es) —R(ey, e3)((e1 A es)ey). (5.2.20)
and
Q(g,R)(er, 3, €5 €5,3) = (e2 Aes)R(ey, e3)e; — R((ez A e3)ey, e3)e;
—R(eq,(e; ANe3)es)e, — R(eq, e3)((ez A 93)82). (5.2.21)

So substituting respectively (5.2.17) and (5.2.12) into (5.2.20) and (5.2.21) we
obtain (5.2.18)-(5.2.19). m

5.2.6. Theorem [Ozgiir, C. and Arslan, K., 2002]. Let M, n > 3, be a hyersur-

face of E"*! satisfying Chen’s equality. Then M is pseudosymmetric if and only
if

(i) M =E", or
(ii) M is a round hypercone in E**1, or
(iii) M is a minimal hypersurface in E**1(in which case M is (n — 2)-ruled), or

(iv) The shape operator of M in E**! is of the form

'@ 00007
0a00-0
~lo02a0-0
Ap = 00 02a--0 (5.2.22)
L0000 - 2a-
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Proof. Let M be a pseudosymmetric hypersurface in E**1.Then by definition
one can write

(R(ey,e3) - R(ey, e3))e; = LrQ(g,R)(ez, €3, €15 €1, €3) (5.2.23)
and
(R(ez,e3) - R)(e1,e3)e; = LrQ(g,R) (e, €3, €55 €7, €3). (5.2.24)

Since M satisfies B.Y. Chen equality then lemma 5.2.4 and lemma 5.2.5 the equ-
ations (5.2.23) and (5.2.24) turns, respectively, into

(ap — Lg)b? =0 (5.2.25)

and
(bu —Lg)a® =0 (5.2.26)
i) Firstly, suppose that M is semisymmetric, i.e., M is trivially pseudosymmetric
then Ly = 0.
So the equations (5.2.25) and (5.2.26) can be written as the following
aby = 0,

Now suppose a = 0, b # 0 then u = b and M is a round hypercone in E**1,
Ifa # 0,b = 0then u = aand similarly M is a round hypercone in E**1,
If u =0,then M is minimal. Ifa =0,b =0thenuy =0so M = E".

ii) Secondly, suppose M is not semisymmetric, i.e., R - R # 0. For the subcases
a=b=0, a=0, b#+0ora=0, b=0wegetR-R = 0which contradicts
the facts that R - R # 0. Therefore the only remaining possible subcase is a # 0,
b # 0. So by the use of (5.2.25) and (5.2.26) we have (a — b)u = 0. Since
u=a+b #*0thena =band by Lemma 5.2.1 the shape operator of M is of
the forms (5.2.22). This completes the proof of the theorem.
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5.3. Projective Curvature Tensor of Submanifolds Satisfying
Chen's Equality.

We consider projectively semi-symmetric submanifolds satisfying Chen's equali-
ty in an Euclidean space. We also consider submanifolds satisfying the
condition P - P = 0.

The projective curvature tensor P of an n-dimensional Riemannian manifold (M,
g) is defined by

P(X,Y)Z = R(X,Y)Z — an1 [S(Y,2)X — S(X, Z)Y]. (5.3.1)

It is well-known that if the condition R - P = 0 holds on M, then M is said to be
projectively semi-symmetric.

So from (5.2.4)-(5.2.10) we have the following corollary:

5.3.1. Corollary. Let M be an n-dimensional (n = 3) submanifold in an Eucli-
dean space satisfying Chen's equality, then

P12 = E (K12 — bu)ey, (5.3.2)

P33 = (a - Z%M) e1, (5.3.3)

P13y = nlj (K12 — ap)es, (5.3.4)

Py33 = (b - %#) ez, (5.3.5)

Pp11 = % (K12 — ap)e; (5.2.6)

Py3; = nlj (K12 — bu)es, (5.3.7)

and

Py, = 0ifi, j, k are mutually different. (5.3.8)

5.3.2. Theorem. Let M be an n-dimensional (n = 3) submanifold of an Eucli-
dean space E"*™ satisfying Chen's equality. If M is projectively semi-symmetric
then
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(i) M is totally geodesic, or

(i) M is minimal, or

(iii) M is a round hypercone in some totally geodesic subspace E**! of E**™, or
(iv) infK = 0, or

(v) a = b, in this case if n = 3 then M is totally geodesic, if n = 4 then M is a
pseudosymmetric hypersurface of E> which has a shape operator of the form

a 000

[0 a00
41=10 0240 I (5.3.9)

000 Za

or

(vi) M is a submanifold in some totally geodesic subspace E**™~1 which has
shape operators of the form (5.2.3).

Proof. Assume that the condition R - P = 0 holds on M. Then, we can write
(R(ey, e3).P)(ez,€3,€1) = R(ey, e3)P(ez, e3)e;
—P(R(ey,e3)e;,e3)e; — P(ey, R(ey, e3)e3)e;
—P(ey,e3)R(eq,e3)e; =0 (5.3.10)
and
(R(ez,e3).P)(ey, e3,€2) = R(ez, €3)P(ey, €3)€7
—P(R(ez, e3)eq, e3)e; — P(ey, R(ez, e3)e3)e;
—P(eq,e3)R(ey,e3)e;, = 0. (5.3.11)
Then, using (5.2.4)-(5.2.7) and (5.3.2)-(5.3.8), we get
aulbu—(n—2)ab+ (n—2)¥™ (¢ +d?)] =0 (5.3.12)
and
bulap —(n—2)ab+ (n—2) Y™, (c? +d?)] =0 (5.3.13)

Case I. If M is totally geodesic, the condition R - P = 0 holds trivially.

124



Case ll. If u = 0, then M is minimal.
Case Ill. If u # 0 and a = 0 then u = b.Hence, from (5.3.13), we get

(n—2)Y™,(c? +d?) = 0. This gives us ¢, = d,, = 0. So, M is around hyper-
cone in some totally geodesic subspace E**1 of Er*™,

Case IV. If u # 0and b = 0, then we obtain again the same result in case Ill.
Case V. a, b, u + 0, then from (5.3.12) and (5.3.13) we obtaina = b, or u = 0,
or K12 = 0

If u =0, then M is minimal. If K;, = 0, then infK = 0. Assume that a = b.
Then, from (5.3.13) we have

(4 —n)a? + (n — 2)2@3 +d2) =0,
r=1

In this case, if n = 3, thenc, = d,, = 0. Hence, M is totally geodesic. If n = 4,
thenc, = d, = 0, so by theorem (5.2.6), M is a pseudosymmetric hypersurface
in some totally geodesic subspace E"*! of E"*™ which has a shape operator of
the form (5.3.9).

Case VI. If a =b =0, then M is a submanifold in some totally geodesic sub-
space E™*™~1 which has a shape operators of the form (5.3.9). This completes
the proof of the theorem. m

5.4. Chen Invariant or §-Invariant.
5.4.1. Definition of Chen Invariant

Let M be a Riemannian manifold of dimension m and let {e;, e, ...,e,,} be an
orthonormal basis of the tangent space T,,M at any point p € M. Then the scalar
curvature T atp € M is given by

T= z K(ei A ej).
1<i<j<m

For any pointp € M, we denote

(infK)(p) = inf{K (n): 7w c T,M,dimn = 2}.
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where K () denotes the sectional curvature of M associated with a plane section
mcT,Mat p€M.

The Chen first invariant §,, at any point p € M is defined as

oy (p) = t(p) — (infK) (p).

Let L be a subspace of T,M of dimension r = 2 and let {ey, ..., ey} an ortho-
normal basis of L. The scalar curvature (L) of the r-plane section L is defined
by

(L) = z K(ea/\eﬁ).

1<a<f<r

Given an orthonormal basis {e, ..., e, } of the tangent space T,, M, we simply de-
note by 7, , the scalar curvature of the r-plane section spanned by ey, ..., e, .
The scalar curvature t(p) of M at p is nothing but the scalar curvature of the
tangent space of M at p, and if L is a 2-plane section, (L) is nothing but the sec-
tional curvature K(L) of L.

Geometrically, T(L) is nothing but the scalar curvature of the image exp, (L)
of L at p under the exponential map at p.

For an integer k = 0 denote by S(n, k) the finite set consisting of unordered k-
tuples (ny, ...,ny) of integer > 2 satisfyingn; <n and n; + ---+ n; < n. De-
note by S(n) the set of unordered k-tuples with k > 0 for a fixed n. For each k-
tuple (ny, ..., n;) € S(n) the Riemannian invariants 6(n4, ...,n;)(p) is defined
to be

d(ny, ..,n,)(p) = t(p) —inf{r(Ly) + -+ t(Ly)}, (5.4.1.)

where Ly, ..., L run over all k mutually orthogonal subspaces of T, M such that
dimL; =n;,j = 1,...,k.We note that the Chen invariant with k = 0 is nothing
but the scalar curvature .

Similarly, we have also defined §(n, ..., n; ) (p) by

§(ny, .., ) () = T(p) — sup{r(Ly) + -+ + 7(L1)}, (5.4.2)

where Ly, ..., L run over all k mutually orthogonal subspaces of 7, M such that
diij =n,j= 1,..,k.
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Obviously, one has
S(ny, ...,n) = 6(ny, ..., np), (5.4.3)
for any k-tuple (nq,n,, ...,n;) € S(n).

For simplicity, a Riemannian manifold M is called an S(ny, ..., n;)-space if it sa-
tisfies 8(ny, ...,n,) = 6(ny, ..., ny,) identically. It follows from (5.4.1) and
(5.4.2) that a Riemannian n-manifold is an S(n4, ..., n;)-space if and only if
T(Ly) + -+ ©(L;) is independent of the choice of k mutually orthogonal sub-
space Ly, ..., Ly which satisfy dimL; =n;, j=1,...,k.

Let {e,, ..., e, } be any orthonormal basis of T, M. Then we denote the scalar cur-
vature of the j-space spanned by e; , ..., e, by t;

1...lj'

Let #5(n) denote the cardinal number of S(n). Then #S(n) increases quite rapidly
with n. For instance, for

n=2734,56,78,9,10,11,12,.., 20, ..,50,..,100,...,200,...,
#S (n) are given respectively by
1,2,4,6,10,14,21,29, 41, 54,76, ..., 626,..., 204225,..., 190569291,...,3972999029387,....

In general, the cardinal number #S (n) is equal to p(n) — 1, where p (n) denotes
the partition function.

The asymptotic behavior of #5(n) is given by

#S() 1 2n
n) = exp|m |[—| as n = oo.
4n+/3 P 3

For a submanifold M of a real space form M(c), Chen has given a basic inequali-
ty in terms of the intrinsic invariant §,, and the squared mean curvature of the
immersion as

m2(m-2)

Oy < 2(m—1)

IH|I? + 5 (m + 1) (m - 2)c. (5.4.4)
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The inequality (5.4.4) also holds well in case M is an anti-invariant submanifold
of complex space form M (c).

Note:

S(ny, .,n)(p) = 1(p) — inf{r(Ly) + -+ + (L)}

where Ly, ..., Ly run over all k mutually orthogonal subspaces of T, M with

dimL; =n;, j=1,..,k. Inparticular we have:

6(0) =1 (k = 0, the trivial 6- invariant),
6(2) = T — infK, where K is the sectional curvature,
6(n — 1)(p) = max Ric(p).

The non-trivial (k > 0) §-invariants are very different in nature from the “clas-
sical” scalar and Ricci curvatures; simply due to the fact that both scalar and
Ricci curvatures are the “total sum” of sectional curvatures on a Riemannian
manifold.

5.4.2. Relations Between &-Invariants and Einstein Conformally Flat Mani-
folds.

A manifold (M, g) is called conformally flat, if locally we can write g = h - g,
where g, = Euclidean metric, and h, a positive real valued function on M.

A well-known theorem of Weyl is that: if dim M > 4, then (M, g) is confor-
mally flat if and only if C = 0. Where

sc
Ric + I

C:R_n—Z n—1Dmn-2)

(Here, n = dim M, and R is Riemannian curvature structure defined by
R(X,Y)Z = VixyZ — [Vy, Vy]Z
and I is (1, 3) tensor field given by
I(X,Y)Z =(X,Z)Y —(Y,Z)X
and Ric is Ricci curvature structure defined by

Ric(X,Y)Z = {Ric(X,Z)Y — Ric(Y,Z)X + (X, Z)Ric,Y — (Y, Z)RicyX}
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where Ric, the corresponding linear transformation defined by
(RicyX,Y) = Ric(X,Y)
and sc = scalar curvature = trace Ricy).

By using the notion of §-invariant, we have the following simple characteri-
zation of Einstein spaces which generalizes the well-known characterization of
Einstein 4-manifolds given by I. M. Senger and J. A. Thorpe.

5.4.2.1. Theorem. Let M be a Riemannian 2r-manifold. Then M is an Einstein
space if and only if we have

(L) = t(LY) (5.4.5)

for any r-plane section L c T,M,p € M, where L* denotes the orthogonal of L
inT,M.

Proof. Let L be an arbitrary r-plane section at p. Choose an orthonormal basis
{eq, ..., ey} at p such that L is spanned by e, ..., e,.

If M is an Einstein space, then the Ricci curvatures of M satisfy

Ric(e;) + -+ + Ric(e,) = Ric(e,41) + -+ + Ric(ey,) (5.4.6)
equation (5.4.6) yields 7(L) = =(L%).
Conversely, suppose that we have (L) = t(L*) for any r-plane section
L < T, M. Then we have

T12.r —T2.r41 = Tr41.2r — Tir42..2r (5.4.7)
Equation (5.4.7) implies
Ki; + -+ Ky — (K(r+1)2 + -t K(r+1)r) =
Kosne42) + -+ Keaner) = (Kig+2) + - + Ki@n),

which yields Ric(e;) = Ric(e,,1). Since r > 1, this implies that M is Eins-
tein.m

We first prove the following generalization of a result of Kulkarni.
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5.4.2.2. Theorem. Let M™ be a Riemannian manifold withn > 4, and let s be
any integer satisfying 2 < 2s < n. Then M is conformally flat if and only if for
any orthonormal set {e;, ..., e, } of vectors one has

T1.s + Ts+1.2s = T1..s—1s+1 + Tss+2..2s (548)

Proof. For s = 2 this is Kulkarni's result. For completeness, we include a proof
of this case.

If M is conformally flat, Weyl's conformal curvature tensor vanishes. Thus

T

1 . . . .
K = — (Rlc(ei) + Rlc(ej)) T ohmy * j (5.4.9)
from which we conclude that
Ki; + Kyp = Ky + Kjp, for distinct i, j, k, £ (5.4.10)

Conversely, if (5.4.10) holds for distinct i, j, k, ¢, then by fixing i, j, k in
(5.4.10) and summing up over all remaining ¢, one obtains

(n —2)K;; + Ric(er) = (n — 2)Ky, + Ric(ej) (5.4.11)

fixing i, j in (5.4.11) and summing up over all remaining k, we obtain (5.4.9),
which implies the vanishing of Weyl's conformal curvature tensor. Therefore, M
is conformal flat.

Now we prove the theorem for s > 2.First we prove that a conformally flat space
satisfies (5.4.8). So suppose that M™ is conformally flat and let s be any integer
satisfying 2 < 2s < n.

From Kulkarni's result we know that K;; + K11 = Kjs4q1 + Kis for anyi <s
andk > s+ 1.

Therefore we have that
s—1

Ty T Tor1.2s = T1os—1 1 ) (Kis + Ksi1s+140) T Tst2..25
i=1

_ s—1
=Ty -1 + 21 (Kis41 + Kss14i) + Ts42.25

=T1.5-1s+1 T Tsj+2.25-
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Next we prove (5.4.8) implies conformal flatness. For this we use (5.4.8) twice
to obtain

0= (Tl...s + Ts+1...25) - (Tl...s—l s+1 T Tss+2...25)

_ ( (71525425 + Ts+15-1543..25) ) (5.4.12)
—(Ty. 52542541 + Tss—1543..25)

It is clear that K;;, does not occur in (5.4.2.8) unless both i and k belong to the set
{s —1,s,s +1,s + 2}. Taking this into consideration, (5.4.12) becomes

0= 2((Ks—1s + Ks+1 s+2) - (Ks—l s+1 + Kss+2))’
and Kulkarni’s result implies that M is conformally flat. =

In general, the §-invariants §(n4, ...,n;) are independent invariants. However,
theorem (5.4.5) implies that, for a 2r-dimensional manifold, we have the follow-
ing relations

26(r) = 8(r,r) =286(r) = 6(r, 7). (5.4.13)

For any k-tuple (n4, ...,ny) € S(n), let us put

Any, ..., ) = L) (5.4.14)

c(nl,...,nk)'

Since a Riemannian n-manifold with n > 3 satisfies inequality
AQ)>A@) =<

if and only if infK < T/(n _1)2

Thus, a Riemannian n-manifold (n = 3) with vanishing scalar curvature satisfies
A(2) > Ay (9)
automatically, unless M is flat.

For compact homogeneous Einstein Kahler manifold, we also have the following
relationship between the §-invariants and scalar curvature.

5.4.2.3. Proposition. Let M be a compact homogeneous Einstein Kahler mani-
fold with positive scalar curvature. Then, for each (ny, ..., n;) € S(n), we have
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2
A(nl, ey le) S (2 - Z) A((D))
where n denotes the real dimension of M.

5.4.2.1. Lemma. For a given integer j with 2 < j < n — 2, if M is an S(j)-space,
then itis an S(j + 1)-space.

Proof. For simplicity, we start with a special case j = 3. If M is an S(3)-space,
then 7,53 IS a number, say c, which is independent of the choice of the 3-plane.
In particular, from the definition of scalar curvature of a j-plane, we have

T234 = T1234 — K12 — K13 — K14 = ¢, (5.4.15)
where K;; denotes the sectional curvature of the 2-plane spanned by e;, ¢;.

On the other hand, since M is an S(3)-space, we have

KlZ + K13 + K23 =cC, (5416)
K13 + K14 + K34 =C, (5417)
K12 + K14 + K24 = C. (54‘18)

Summing up (5.4.16)—(5.4.18) we obtain
T1234 + K12 + K13 + K14 = 3c (54‘19)

Combining (5.4.15) and (5.4.19), yields 74,34 = 2c. Since the orthonormal basis
can be chosen arbitrarily, this implies that M is as S(4)-space.

In general, if M is an S(j)-space ,then

T2.j+1 = T1.j+1 — Ko = —Kyjp1 =¢ (5.4.20)
On the other hand, similar to (5.4.19) we also have

UG—2)t1. 11+ Ko+ + Kyj1 = jc (5.4.21)
Combining (5.4.20) and (5.4.21) yields (j — 1)ty ;11 = ( + Dc.

This implies M isan S(j + 1)-space. =

The S(n4, ..., n; )-spaces are completely by the following two propositions.

5.4.2.4. Proposition. Let M be a Riemannian n-manifold withn > 2.Then
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(1) Forany integer j with2 <j <n— 2, M isan S(j)-space if and only if
M is a Riemannian space form.
(2) MisanS(n— 1)-space if and only if M is an Einstein space.

5.4.2.5. Proposition. Let M be a Riemannian n-manifold such that n is not a
prime and k an integer > 2.Then

(1) If M is an S(n4, ..., n,)-space, then M is a Riemannian space form unless
ng=--=n,andn; +--+n, =n,and

(2) M is anS(ny,...n,)-space withn; =--=n,andn; +---+n;, =n if and
only if M is a conformally flat space.

5.5. Fundamental Inequalities Involving &-Invariants

Let M be an n-dimensional submanifold of a Riemannian m-manifold M™. We
choose a local field of orthonormal frame ey, ...e,,, e,,41, ..., €, in M™ such that,
restricted to M, the vectors e, ..., e,, are tangent to M and hence e, 1, ..., ,, are
normal to M. LetK(e; Ae)and K(e; A e )denote respectively the sectional
curvatures of M and M™ of the plane section spanned by e; and e;. The Gauss
and Weingarten formulas are given respectively by

ViV = VY +h(X,Y), (5.5.1)

for any vector fields X, Y tangent to M and vector field & normal to M, where h
denotes the second fundamental form, D the normal connection and A the shape
operator of the submanifold.

Let{h}},i,j =1,..,n;7r =n+1,..,m, denote the coefficients of the second
fundamental form h with respect to ey, ..., €,,, €, 41, .-, €, - Then we have

hi; = (h(ei,ej), e.) = (4. e;¢) (5.5.3)
where (, ) denotes the inner product. The mean curvature vector H is defined by
H= ~trace h = Y7, h(e;,e)), (5.5.4)

where {e4, ..., e, } is a local orthonormal frame of the tangent bundle TM of M.
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The squared mean curvature is then given by
H? = (H,H). (5.5.5)

A submanifold M is called minimal in M™ if its mean curvature vector vanishes
identically.

Denote by R and R the Riemann curvature tensors of M and M™, respectively.
Then the equations of Gauss and Codazzi are given respectively by

R(X,Y;Z,W)=R(X,Y;Z,W) + (h(X,W), h(Y, Z))
—(h(X,Z),h(Y,W)), (5.5.6)
(R, V)Z)" = @xh)(Y,2) — Tyh)(X, 2), (5.5.7)
where X, Y, Z, W are tangent to M and Vh is defined by
(VR)(X,Y,Z) = Dyh(Y,Z) — h(VyY,Z) — h(Y, V4 2). (5.5.8)
for vectors X, Y, Z, W tangent to M.
A submanifold M is called a parallel submanifold if we have VA = 0 identically.

For each (n4,...,n;) € S(n), let c(n4, ...,n,) and b(ny, ..., n;) denote the con-
stants given by

nz(n+k—1—2nj)
2(n+k-=Yn;)

c(nyg,...,ny) = (5.5.9)

b(ny, ..., n) =3 (n(n— 1) = Tk m;(n; — 1) (5.5.10)

For any isometric from a Riemannain submanifold into another Riemannian ma-
nifold, we have the following general optimal inequality.

5.5.1. Theorem (Chen, 2005). Let ¢: M — M be an isometric immersion of a
Riemannian n-manifold into a Riemannian m-manifold. Then for each pointp €
M and each k-tuple (n4, ...,n;) € S(n), we have the following inequality:

5(ny, ..,n,)(P) < c(ng, ...,n, )H*(p) + b(ny, ..., n,,) max K (p) (5.5.11)
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where max K (p) denotes the maximum of the sectional curvature function of
M™ restricted to 2-plane sections of tangent space T,M of M at p.

The equality case of inequality (5.5.11) holds at p € M if and only if the follow-
ing conditions hold:

(1) there exists an orthonormal basis e, ..., e,, at p, such that the shape operator
of M in M™ at p take the following form:

A%..0

4, = o r=n+1,..,m, (5.5.12)
0 url

where | is an identity matrix and A7’ is a symmetric n; X n; submatrix such that

trace (A7) = --- = trace (4}) = u, (5.5.13)

(2) For any k mutual orthogonal subspaces Ly, ..., L of T, M which satisfy

k

d(ny,..,n,) =T — z T(Lj)

j=1

at p we havel?(eai,eaj) = max K (p) forany a; € I;,aqp € [with 0<i=+j<
k, where

I—b = {1, ...,nl},

I—I'(—l = {nl + o + nk_l + 1’ '"’nl + ces + nk}’

Fk = {nl + ---+nk + 1,...,7’1}.
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