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ABSTRACT 
 
 
 
 

The research dealt with the implementation of a macro working under ANSYS 

to enable simulation a set of models using square representative volume element and a 

MATLAB code using the theories available for predicting nanocomposites properties in 

terms of longitudinal and transverse Young’s modulus, shear modulus, major Poisson’s 

ratio, and study the impact of different geometric and distribution of carbon nanotubes 

on four factors affecting the thermal conductivity of nanocomposites which are length, 

diameter, resistance between carbon nanotubes and metal matrix and finally the volume 

fraction of carbon nanotubes in the metal matrix to predict the mechanical and thermal 

properties of the carbon nanotubes reinforced metal matrix related to this research and 

then compared. The research used three metals: iron, copper and aluminum, which were 

reinforced by three types of carbon nanotubes to be studied according to two cases: the 

first case is the assumption that the carbon nanotubes as long fiber and placed 

throughout the square representative volume element and the second case, the carbon 

nanotubes will treated as short fiber. The problem of the research was the understanding 

of mechanical and thermal properties of carbon nanotubes reinforced metal matrix is not 

enough and scare, which affect choosing the optimal design for use in the 

nanotechnology engineering fields because of the difficulty and cost of conducting 

experiments due to the small size of the components. Modeling and computer 

simulation therefore play an important role in predicting the properties of these 

composite materials. The importance of the research stems from the increasing interest 

in composite materials in recent years as an engineering material. These materials have 

proved very successful in various fields due to their unique properties. Nanotechnology 

has become one of the most important and exciting fields in physics, chemistry, biology, 

engineering and many other fields. It has given great hope to scientific revolutions that 

will change the way of technology and have now received great attention because of its 

promising applications. The concept of nanotechnology is based on the use of carbon 

nanotubes because of its outstanding properties which was the inspiration for many 

research and scientific publications in this field and become an important element for 

the development of a new generation of composite materials specifically in the field of 
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reinforcing metal matrix. The results were obtained by using the macro to simulate the 

geometry of the different models, which showed a good agreement with the analytical 

results using the MATLAB code. Consequently, the results showed that the effect of the 

various factors contributed to increasing the effectiveness of the mechanical and thermal 

conductivity properties predicted by different Theoretical models. Since theoretical 

models are based on different assumptions, these assumptions also affect such 

characteristics theoretically, experimentally through various computational methods as 

well as modeling work using different simulations. The research recommended the need 

to do more specialized research on some subjects that can be done by these models. 
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 المستخلص
  

  
 
  

باستخدام نماذج أحجام  ANSYSبرنامج تناولت الدراسة مجال تصمیم ماكرو یعمل تحت 

لیتمكن من عمل محاكاة لمجموعھ من مربعات الأحجام المتماثلة وكذلك كتابة برنامج مربعھ متماثلھ 

باستخدام النظریات المتوفرة لمثل ھذه الحسابات  لمركبات متناھیة  MATLABیعمل على 

حساب معامل یونغ، و معامل القص ودراسة تأثیر مختلف الاشكال الھندسیة الصغر من حیث 

وتوزیع الانابیب النانویة على اربع عوامل مؤثرة على التوصیل الحراري من المركبات النانویة 

وھى الطول وطول القطر، ومقاومة الأنابیب النانویة و الكنان المعدني الموجودة بھ وأخیرا حجم 

للخواص المیكانیكیة والحراریة  لازمةذلك لعمل الحسابات الوفي الكنان المعدني أنابیب الكربون 

للمركبات ذات الكنان المعدني والمدعّمة بأنابیب الكربون النانویة  المتعلقة بالدراسة ومن ثم 

. ھذه الدراسة اعتمدت ثلاث مواد معدنیة؛ وھي الحدید والنحاس والألومنیوم، حیث تم مقارنتھما

حالتین : الحالة الاولى وھى ل م بثلاثة أنواع من أنابیب الكربون النانویة لدراستھا وفقاتدعیمھ

فرضیة ان یكون طوال الانابیب الكربونیة مساویا لطول الحجوم المربعة المتماثلة أما الحالة الثانیة 

فھم  تمثلت مشكلة الدراسة في أن .فستكون مع اطوال قصیرة لتدعیم ثلاثة أنواع من المعادن

الخواص المیكانیكیة للمواد المدعمة بالأنابیب النانویة الكربونیة لا یزال غیر كاف الأمر الذى أدى 

الى صعوبة ومحدودیة اختیار التصمیم الامثل للاستفادة منھا في المجالات الھندسیة لتكنولوجیا 

ات لھذا فإن النمذجھ النانو وذلك لصعوبة وتكلفة اجراء التجارب المعملیة نظرا لصغر حجم المكون

المواد المركبة . نبعت أھمیة ھذه خصائص بوالمحاكاة الحاسوبیة تلعب دورا ھاما في التنبؤ 

الدراسة من ازدیاد الاھتمام بالمواد المركبة في السنوات الأخیرة كمادة ھندسیة وقد أثبتت ھذه 

تقنیة النانو أصبحت ث ان وحی، المواد نجاحا كبیرا في مختلف المجالات وذلك لخواصھا الفریدة 

في طلیعة المجالات الأكثر أھمیة وإثارة في الفیزیاء، الكیمیاء، الأحیاء والھندسة ومجالات عدیدة 

ً لثورات علمیة ستغیر وجھ التقنیة وحظیت في الوقت الحاضر  أخرى. فقد أعطت أملاً كبیرا

ً لما أبدتھ من تطبیقات واعدة وكثیرة شم لت المجالات الطبیة، العسكریة، بالاھتمام الكبیر نظرا

الاتصالات، الالكترونیة، الحاسوبیة، البیتروكیمیائیة، الزراعیة وغیرھا، وأدى ذلك إلي دعم عالمي 

سخي واسع لأبحاث النانو في السنوات الأخیرة. یعتمد مفھوم تقنیة النانو على استخدام اسطوانات 

زات كبیرة كانت الالھام للعدید من البحوث الكربون النانویة نظرا لما تملكھ من خصائص وممی
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والنشرات العلمیة في ھذه المجال حیث اصبحت عنصرا ھاما لتطویر جیل جدید من المواد المركبة 

و تلقت الكثیر من الاھتمام في السنوات الأخیرة وھناك بعض الأدلة على إثبات إمكانیة تطبیق 

  المعدني. أنابیب الكربون في تقویة المركبات ذات الكنان 

توصلت الدراسة إلى العدید من النتائج تم الحصول علیھا باستخدام الماكرو للمحاكاة الھندسیة 

  MATLABللنماذج المختلفة حیث اظھرت توافقا جیدا مع النتائج التحلیلیة باستخدام برمجیة 

ة فعالیة خصائص ساھم في زیادقد تأثیر العوامل المختلفة أن وبناء على ذلك، فإن النتائج  اظھرت 

بھا مختلف النماذج النظریة. وحیث ان النماذج النظریة  تالمرونة و الموصلیة الحراریة التي تنبأ

،  انظریتستند على افتراضات مختلفة ، ھذه الافتراضات تؤثر أیضا على مثل ھذه الخصائص 

وتجریبیا من خلال الطرق الحسابیة المختلفة وكذلك عمل النمذجھ باستخدام برامج المحاكاة 

المختلفة. توصلت الدراسة إلى عدد من التوصیات منھا ضرورة عمل المزید من الأبحاث 

  المتخصصة على بعض الموضوعات التي یمكن تطبیق ھذه النماذج علیھا.
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        CHAPTER ONE 
 
 
 
 

1. INTRODUCTION 
 
 

 

 

1.1 Overview 
 

Nanotechnology seeks to discover and manipulate the properties of matter at the 

nanoscale in order to develop new applications across many fields, such as electronics, 

photonics, medicines, and materials [1-3]. These materials and systems can be designed 

to exhibit novel and significantly improved physical, chemical, and biological 

properties, phenomena, and processes as a result of the limited size of their constituent 

particles or molecules. For example, in the field of nanoscale electronics, the optimum 

development would be further miniaturizing the electronic circuits, which leads to 

faster, more sophisticated, and more portable devices.[4] 

Nanotechnology includes the integration of nanoscale structures into larger material’s 

components, systems, and architectures. However, within these larger scale systems, the 

control and construction remains at the nanoscale. This scale leads to dealing with a 

very large number of elements. Taking integrated electronic systems as an example, 

modern microelectronic systems contain up to 100 million devices on a single chip. 

Nano electronics might push this number up to 1 billion or more devices[5-7]. The 

primary problem is not only the large number of devices, but also the development time 

and the time for testing such systems. However, Nanotechnology is a very 

comprehensive and interdisciplinary area of research and development activity that has 

been growing explosively worldwide. This nanotechnology revolution promises to 

transform the ways, in which materials and products are created; and the wide range and 

nature of functionalities that can be accessed. Major technological changes can expected 

to be brought by the tiny atom-atom based manufacturing techniques in future[6, 8, 9]. 

The scientific investigations and applied research on composite materials can be dated 

back to 1940’s[10], and these advanced materials have changed the world and it’s been 
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introduced gradually in our daily life. Composites are also recognized as high-tech 

materials [11]. A Composite material is engineered material made from two or more 

constituent materials with significantly different physical or chemical properties which 

remain separate and distinct on a macroscopic level within the finished structure. The 

advantage is the combination of those different constituents, providing a potential for 

tailoring material properties to meet specific and challenging requirements. The balance 

of the properties can be altered by the choice of the matrix and the level of 

reinforcement. Composites offer the only pathway for producing such advanced 

“designer” materials.[11, 12] 

Most composites exploited in sport, aerospace and automotive industries consist of a 

reinforcing phase, such as glass or carbon fibers, and a polymeric matrix[13]. Polymers 

are chosen for matrix materials because of their low density, low cost, and easy 

procedure in composite processing. However, compared with polymers, metals have 

other advantages, which are wanted in diverse applications, such that they combine 

strength and toughness, which can be maintained even at elevated temperature, do not 

absorb humidity, are not degraded by radiation, do not outgas in space, generally do not 

burn, but can conduct heat and electricity. With all of these desirable and interesting 

physical properties, metals were considered as matrices in composites although it would 

be significantly more difficult to process metal matrix composites (MMCs) than to 

produce polymer matrix composites. The pioneer research on metal matrix composites 

was taken off in the 1960’s and reached its first peak activity in the early 1980’s. By 

now metal matrix composites have indeed entered the engineering world as “real” 

industrial materials.[14] 

Currently, metal matrix composites are commercially available with a variety of forms. 

They are utilized predominately in a wide range of applications, ranging from brake 

discs in trains to critical rotating parts in helicopters, from thermal substrates for 

advanced electronic and power modules to spikes for track shoes, and from tool 

materials to combustion engine components, from structural to electronic 

applications[15]. However, the dominant applications focus on three sectors: (i) 

automotive and ground transportation, (ii) aerospace and defense, (iii) thermal 

management for electronics. In the sector of automotive and ground transportation, 

metal matrix composites are used for their specific stiffness, high temperature strength 

and excellent wear properties.  

Substantial developments have been made during the last few years in the field of Nano 

composites[6]. Nano-composites are a multiphase solid material where one of the 



3 

phases has one, two or three dimensions or structures having Nano-scale repeat 

distances between the different phases that make up the material [16]. The definition 

can include porous media, colloids, gels and copolymers, but is more usually taken to 

mean the solid combination of a bulk matrix and Nano-dimensional phase differing in 

properties due to dissimilarities in structure and chemistry.[16-18]  

The discovery of carbon nanotubes has provided promising candidates as 

reinforcements for composite materials to overcome the performance limits of 

conventional materials [1, 19, 20], because of their attractive mechanical properties 

where the stiffness, strength and resilience exceed any current materials. In the past 

decade, numerous attempts and efforts have been made by researchers, exploiting the 

exceptional mechanical properties of carbon nanotubes toward the development of 

carbon nanotubes reinforced composite materials. The level of activity is illustrated by 

the number of journal articles published on Carbon nanotubes in the last decade. Studies 

on carbon nanotubes reinforcement of ceramic matrix are few as compared to those on 

polymer matrix, whereas those on carbon nanotube-reinforced MMCs are even fewer. 

This is quite surprising considering the fact that most of the structural materials used in 

today’s world are metals. These articles address various aspects, such as processing, 

microstructure, modeling of mechanical properties and the chemical interaction of 

carbon nanotubes with metals[21, 22]. However, the research activity in using carbon 

nanotubes as reinforcements in metal matrix composites is still scarce, and metal matrix 

composites reinforced with carbon nanotubes have not yet been developed at a useful 

scale. In the limited number of reports[1, 22], the so-called metal matrix composites are 

in fact nanoscale composite.[21-24] 

 
1.2 SIGNIFICANCE OF THE RESEARCH 
 

Carbon nanotubes are nanometer sized cylinders made of carbon atoms 

which possess extraordinary electrical, thermal, and mechanical properties. Their 

potential applications include such diverse areas as conductive and high strength 

composites, energy storage and conversion devices, sensors, field emission displays and 

radiation sources, hydrogen storage media, and nanometer sized semiconductor devices, 

probes and interconnects. To date, carbons have contributed to welfares of human being 

as a “silent force behind the science”. Tailoring of carbon structure, that is, controlling 

the physicochemical properties of carbon materials on the nanometer scale will be core 

technology for obtaining novel carbons with new and extraordinary functions. The 

function and the added value of novel carbons based on nanotechnology will provide 

the industry of our society with a great business opportunity.  Day by day, the demand 
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for revitalizing the worldwide economy is growing. The only way to answer for this 

demand is the technological innovation. According to some economist models, new 

science will create a new industry and technology, and as a result, it will bring the wave 

of big economic activity[25, 26]. Figure 1.3 depicts the predicted world nanotube 

demand by market.  

 
 

1.3 PROBLEM STATEMENT 
 

Nanocomposite materials have been attracting major attention because of their 

promise in developing extremely strong materials and the basic opportunities they 

present. Although there have been many advancements in the manufacturing of 

Nanocomposite materials, thus far, these processes have only been moderately 

successful in producing isotropic properties in polymer based Nanocomposite matrices. 

In addition, few researchers have been exploring the development of metallic 

Nanocomposite materials in part because of the misconception that the nanotubes will 

not survive the high temperatures that are required to process these materials. However, 

Experimental investigation of nanoscale systems is generally difficult and expensive 

due to the small size of components and also time consuming. Thus a computer 

modeling and simulation play a significant role in predicting and designing material 

properties of composites. The analysis of these materials is performed by different 

computational methods covering different scales. The so called continuum methods, 

ranging from simple closed-form expressions to complex micromechanical models and 

numerical methods can be successfully applied in predicting the effective properties of 

different composites. The most frequently used experimental approaches for materials 

testing; among the numerical methods are the finite element method (FEM) and the 

boundary element method (BEM). 

New composites of required properties can be fabricated by combining two or more 

materials. A combination of any material with carbon nanotubes, acting as a matrix and 

fillers, respectively, results in a new class of materials, called carbon nanotube-

reinforced composite matrix. They can have an extraordinary functional and an 

enhanced mechanical properties, due to a unique physical and mechanical properties of 

carbon nanotubes. The unusual properties of carbon nanotubes, including for instance 

small size, low density, excellent electronic and thermal properties and extremely high 

stiffness and strength, can be utilized; carbon nanotubes represent a very promising 

material in many areas of science and industry.  

 



5 

1.4 OBJECTIVES 
 

The objectives of this research are to understand the behavior of carbon 

nanotubes reinforced metal matrix composite based on numerical and computational 

modeling. The following research tasks will be conducted:  

 To calculate the elastic and thermal properties of carbon nanotubes reinforced 

metal matrix nanocomposites by rule of mixture, and by modifying thermal 

conductivity model to predict these properties. 

 To develop macros as a simulation preparation for the generation of the finite 

element models to study the elastic and thermal conductivity properties of 

carbon nanotubes reinforced metal matrix nanocomposites. 

 To conduct simulations using ANSYS software to model the elastic and thermal 

properties of the carbon nanotube based metal matrix nanocomposites.  

 To compare between the analytical and the simulation results for better 

understanding of the model and future development. 

In this research, a combination of theoretical and computational frameworks has been 

chosen to investigate the behavior of carbon nanotubes reinforced metal matrix 

composite.  

 

1.5 Research limitations 
 
The limitation of this research is mainly in the difference between the simulation and its 

assumptions which cannot be achieved when it’s deployed in experimental work, also 

the lack of results regarding metal matrix Nano-composite at different parameters such 

as volume fractions which affect the simulation results validation. However, the 

understanding of the mechanical properties of carbon nanotubes such as elastic and 

thermal properties when reinforcing the metal matrix is still insufficient so that the 

design and optimization of carbon nanotubes in Nano-engineering is limited. Another 

factor is the high cost regarding the materials preparation and laboratory work. 

 
 
1.6 THESIS LAYOUT 
 

The thesis organized into seven chapters. Chapter one addresses a brief 

introduction to nanotechnology and presents the scope, problem statement and the 

objectives of this research. However, it is important to have a better understanding of 

carbon nanotube structure and properties in order to effectively utilize them in a 
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composite. Different synthesis processes for carbon nanotubes and their composites 

with the ongoing research and challenges, detail explanation on the mechanics of 

composite materials, and computational approach for modeling the carbon nanotubes 

reinforced composites are discussed and presented in Chapter Two. In Chapter Three, 

the methodology in which the finite element analysis and MATLAB code explained for 

predicting the results of the carbon nanotube reinforced metal matrix nanocomposites 

are presented. The results and data interpretation for analytical and computational 

approaches for the new nanocomposite are described and discussed in the fourth and 

fifth chapters, respectively. In Chapter Six, the validation of the results is presented. 

Finally in chapter seven, conclusion of the present study and proposed work for future 

studies are included. 



7 

 
 
 
 

         CHAPTER TWO 
 
 
 
 

2. LITERATURE REVIEW 
 
 
 
 

2.1 Overview 
 

In the past few decades, the use of composite materials in structural components 

has been increasing rapidly and they are now gradually replacing traditional metallic 

materials in many applications on account of the superior physical properties they offer 

at only a fraction of the weight. There are many advantages that composites have as 

compared to traditional engineering materials. Not only do they offer very high strength 

to weight ratios, they provide other advantages like superior resistance to corrosion, low 

density, low thermal expansion and favorable fatigue life. Another great advantage that 

composites have is the ability to have tailored physical properties in a specific direction, 

thereby providing great flexibility in design. As a result their use has been rapidly 

increasing, especially over the last two decades.   

 

2.2 Nanocomposite Materials 
 

Nanocomposite materials are a new class of materials defined as those materials 

with at least one of Nanocomposite phases with one or more dimensions like length, 

width, thickness in the nanometer range, generally 1 to 100 nm. This is the range where 

phenomena associated with atomic and molecular interactions strongly influence the 

macroscopic properties of the materials[1].  

Nanocomposite differs from conventional composite material due to the exceptionally 

high surface to volume ration of the reinforced phase or its exceptionally high aspect 

ratio. Large amount of reinforcement surface means that a relatively small amount of 

nanoscale reinforcement can have an observable effect on the nanoscale properties of 

the composites. For example adding carbon nanotubes improves the electrical and 

thermal conductivity, it also increases optical and dielectric, heat resistance, mechanical 

properties like stiffness, strength, resistance to wear and damage. [27] 
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In view of recent development, the engineering of Nanocomposite has become 

technically feasible. The research community has made enormous advances in the 

processing of Nanocomposite in terms of manipulating the size, shape, volume fraction, 

interface, organization, and degree of dispersion to tailor these materials [9, 28, 29]. 

Although the understanding of the structure – processing – property relationship of 

these materials is still in its infantry, exciting possibilities have already demonstrated, 

especially when the combined theoretical and experimental efforts have generated more 

information to guide further development. However, a significant gap still exists 

between results obtained from experiments and expectations based on theoretical 

predictions. [16, 30-34] 

There are several different types of Nanocomposite materials from zero dimensional 

atom clusters to three dimensionally structured materials. Among them, carbon-based 

materials[35], especially nanotubes, have provided promising candidates as 

reinforcements for composites, because of their attractive mechanical properties where 

the stiffness, strength and resilience exceed any current materials.  

In the past decade, numerous attempts and efforts have been made by researchers, 

exploiting the exceptional mechanical properties of carbon nanotubes toward the 

development of CNTs reinforced composite materials. Polymers, ceramics and metals 

have been tried out as matrices [1, 22, 36, 37]. The primary success lies in polymers 

reinforced with carbon nanotubes. It was found that the exceptional properties of carbon 

nanotubes are the consequence of their unique structure. However, before exploring the 

various aspects of Nanotube based composite systems, carbon nanotubes should be 

described first. 

 

2.3 CARBON NANOTUBES 
 

The Carbon is sixth element in periodic table. It is found to have three 

allotropes, i.e. various stable forms, namely diamond, graphite and amorphous carbon. 

These allotropes are illustrated in Figure 2.1 shows peerless qualities in terms of heat, 

electrical conductivity, transparent or absorbency, hardness or soft behaviour etc. The 

discovery of ‘fullerenes’ added a new dimension to the knowledge of carbon science 

[38]; and the subsequent discovery of ‘carbon nanotubes’ (multiwall near the year 1991 

[35] and single walled near the year 1993 [39]) added a new dimension to the 

knowledge of technology[35]. 
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2.3.1  Atomic Structure 
 

Carbon nanotubes consist of honeycomb lattices representing a single atomic 

layer of crystalline graphite, called a graphene sheet, seamlessly rolled into a cylinder of 

nanometer size diameter as shown in Figure 2.2 

 

 
Figure 2.1: The allotropic forms of carbon known to mankind 

 

 
Figure 2.2: Rolling up a graphene sheet to form a nanotube 

 

 

Carbon nanotubes consist of honeycomb lattices representing a single atomic layer of 

crystalline graphite, called a graphene sheet, seamlessly rolled into a cylinder of 

nanometer size diameter. 

Carbon nanotubes fall under two categories, single-wall or multi-wall nanotubes, 

depending on the number of layers/tubes that comprise them. Multi wall carbon 
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nanotubes consist of multiple concentric tubes of rolled-up graphene sheets with an 

interlayer spacing of 0.34-0.36 nm that is close to the typical atomic spacing of graphite 

[40]. Their diameter is on the order of tens of nanometers and their length is usually a 

few microns. Single wall nanotubes on the other hand consist of a single graphene layer, 

as the name suggests, and are no more than a few nanometers in diameter, with similar 

lengths as multi-wall nanotubes. The single wall nanotubes is considered to be the 

ultimate fiber of molecular dimensions, since it contains all of the in-plane strength and 

stiffness of graphite.[5] 

The direction along which the graphite sheet is rolled up to form the nanotube 

determines its chirality and also affects whether the nanotube is metallic or behaves like 

a semiconductor. This direction of roll is defined by a vector known as ‘roll-up vector’ 

or ‘chiral vector’(Chሬሬሬሬ⃗ ) and can be expressed as a linear combination of the unit 

translational vectors in the hexagonal lattice. 

                                                       Chሬሬሬሬ⃗ = maଵ + naଶ                                                2.1 
 

Where m and n are integers, while aଵ and aଶ are the vectors of the hexagonal graphite 

lattice shown in Figure 2.3. The angle between Chሬሬሬሬ⃗  and aଵ is known as the chiral angle, 

θ, and can be calculated as follows[7] 

                                              θ = sinିଵ ቂ √ଷ୫
ଶ√୬మା୫మା୬୫

ቃ                                           2.2 

 
The variation of the chiral indices (m, n) results in different types of nanotubes. Table 

2.1 present the Parameters of carbon nanotube[41]. The diameter of any nanotube can 

be calculated as follows[7]: 

To calculate the Mean diameter of carbon nanotube: 

              d୫ୣୟ୬ = √ଷ∗ୟౙషౙඥ(୬మ)ା(୫∗୬)ା(୫మ)
஠

                                                     2.3 

 
Where m and n is the carbon nanotube indices 

aୡିୡ = 0.142	nanometer 

If m = n then the carbon nanotube is called Armchair 

If n = 0, m ≠ 0 then the carbon nanotube is called Zigzag 

If m ≠ n then the carbon nanotube is called Chiral 

The thickness of the carbon nanotube is 0.34 nm 

The inner (d୧) and outer (d୭) diameter of carbon nanotubes can be calculated as follow: 
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                                       d୭ = d୫ୣୟ୬ + 0.17	,                                                    2.4 

                                       d୧ = d୫ୣୟ୬ − 0.17	,                                                     2.5 

 

MWNTs are often metallic in nature, while SWNTs or DWNTs depending on their 

diameter and chirality can be metallic or semi conducting in nature. Depending upon the 

band crossing calculations, a carbon nanotube will be metallic if, 

                                          n − 	m	 = 	3(q)                                                                  2.6 
 
Where q is any integer 

 

This gives the probability that at least two third of carbon nanotubes can show semi 

conducting behavior and one third metallic. Also, as per this equation, the small 

diameter SWNTs will predominantly behave semi conducting. This is because, for such 

small diameter, chances that the difference between n and m will be multiple of three 

are low.  

Apart from its atomic structure, carbon nanotubes have further different morphologies. 

Single, double or multi walled carbon nanotubes have already been defined before. In 

addition to them, coiled carbon nanotubes, Y-junction nanotubes, truncated or bended 

junction, bamboo structured CNTs are rigorously studied. Figure 2.4 presents different 

morphologies of Carbon nanotubes. 

 

 

2.3.2  Bonding Mechanism 
 

The bonding mechanism in a carbon nanotube system is similar to that of 

graphite, since a CNT can be thought of as a rolled-up graphene sheet. The atomic 

number for carbon is 6, and the atom electronic structure is 1s22s22p2 in atomic physics 

notation[42]. Each atom is bonded to its nearest 3 neighbors, at approximately 120 

degrees in plane angles. The primary bonds between these atoms are hybridized sp2 

bonds, or σ bonds as shown in Figure 2.5. This in-plane bond is referred to as a σ-bond 

(sigma–bond). This is a very strong covalent bond that binds the atoms in the plane, and 

results in the high stiffness and high strength of a Carbon nanotubes.  

The π -bonds are delocalized bonds and are much weaker; however they are centered, 

symmetrically about 0.33 Å from the central axis of the sigma bond. Thus they are 

primarily responsible for the out of plane properties, such as the wall bending stiffness.  

The bond structure of a graphene sheet is shown in Figure 2.6. 
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Figure 2.3:   (a) Schematic showing the formation of an SWNT by rolling along 

different chiral vectors Ch and the resulting SWNTs, and (b), (c), 
and (d) high resolution TEM images showing a single, double, and 
seven-walled nanotube, respectively[23] 

 
Table 2.1: Parameters of carbon nanotubes[41] 

Symbol Name Formula Value 

aେିେ Carbon-carbon 
distance  1.42ºA 

a Length of unit vector √3aେିେ 2.46ºA 

aଵ , aଶ Unit vectors ቆ
√3
2 ,

1
2ቇ a, ቆ

√3
2 ,−

1
2ቇ a In (x, y) 

coordinates 

Ch Chiral vector C୦ = naଵ + maଶ = (n, m) n, m: integer 

L Circumference of 
Nanotube L = |C୦| = aඥnଶ + mଶ + nm 0 ≤ |m| ≤ n 

d Diameter of Nanotube d =
L
π =

√nଶ + mଶ + nm
π a  

θ Chiral Angle 

sin θ =
√3m

2√nଶ + mଶ + nm
 

 

cosθ =
2n + m

2√nଶ + mଶ + nm
 

 

tan θ =
√3m

2n + m 

0 ≤ |θ| ≤ 30° 
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Figure 2.4: Electron micrographs of various possible morphologies of carbon 
nanotubes, (a) SWNT [43] (b) DWNT (c) MWNT (d) bamboo 
structured CNT (e) Y-junction CNT [44] (f) coiled CNTs 

 

 
Figure 2.5: Bond inversion of carbon atom in a graphene sheet[45] 

 

 

Figure 2.6: Basic hexagonal bonding structure for one graphite layer (the 
graphene sheet); carbon nuclei shown as filled circles, out-of-plane π-
bonds represented as delocalized ~dotted line!, and σ-bonds connect 
the C nuclei in-plane.[42] 
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2.3.3   Synthesis of Carbon Nanotubes 
 

At present carbon nanotubes are manufactured by different methods in 

laboratories and industry. The production of CNTs with a high order of purity, large 

amount, low costs, and uniformity are still one of the biggest issues in the carbon 

nanotube society. An overview of the most common techniques and their advantages 

and disadvantages are represented below in Table 2.2[46]. Nowadays, the main issue 

concerns the large-scale and low-cost production of nanotubes for industrial 

applications. 

 
Table 2.2: Overview on the most common carbon nanotubes synthesis techniques 

and their advantages and disadvantages.[46] 
Method CVD Arc Discharge Laser Ablation HiPCO 

Basics 

Decomposition 
of 

hydrocarbon 
gases in the 

presence 
of metal 

catalyst particles 

Electric arc 
discharge 

generated 
between two 

graphite electrodes 
under an 

inert atmosphere 
(argon, helium) 

Graphite target is 
vaporized by 

laser 
irradiation under 

flowing inert 
atmosphere and 

high temperature 

Gas-phase growth 
of SWCNT 
with carbon 
monoxide 

as a carbon 
source at high 

temperature and 
pressure 

SWNT 
long, 0.6 - 4 nm 

diameter 
short, 1.2-1.4 nm 

diameter 
long, 1-2 nm 

diameter 
~0.7 nm diameter, 

various lengths 

MWNT 
long, 10-200 nm 

diameter 
short, 1-3 nm 

diameter 
not applicable but 

possible 
not applicable 

Yield up to 100 % up to 90% up to 65% up to 70% 

Advantages 

high purity, 
large scale 
production, 
simple 

easy, defect-free 
nanotubes, no 

catalyst 

high purity, 
defect 

free SWNTs 

large scale, high 
purity 

Disadvantages 

limited control 
over the 

structures, 
defects 

short, tangled 
nanotubes, random 

structures 

expensive, low 
scale production 

defects 

 
 
2.3.4      Properties of Carbon Nanotubes 
 

Carbon nanotubes can have different individual structures, morphologies and 

properties due to their seamless cylinder structure and small diameter, Table 2.3, Table 

2.4 and Table 2.5 present a comparative summary of the carbon nanotubes properties, 

comparison of the mechanical and physical properties of carbon nanotubes with 

common materials, and the thermal properties of carbon nanotubes, respectively [47, 

48]. Carbon nanotubes have stiffness, strength, and electrical / thermal conductivity 
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which exceed most of all other known natural and synthetic materials, as well as 

different collective arrangements and emerging properties, all of which are determined 

by the method of preparation and further processing. Hence, a wide variety of synthetic 

methods have been developed to produce the desired materials and properties for 

specific scientific studies or technological applications[24]. It is now established beyond 

doubt that their unique properties will lead to better and newer materials.  

 
Table 2.3: Properties of Carbon Nanotubes[46] 

Property Item Data 

Geometrical 

Layers Single/Multiple 
Aspect Ratio 10-1000 

Diameter 
SWNT ~0.4nm to 3nm 
MWNT ~1.4nm to 100nm 

Length Several µm (Rope upto cm) 

Mechanical 
Density 1.33 ~1.4g/ cm3 ( Al: 2.74g/ cm3) 

Young’s Modulus ~1 TPa (Steel: 0.2TPa) 
Tensile Strength 45GPa(Steel: 2GPa) 

Electronic 
Current Carrying Capacity ~1TA/cm3 (Cu: 1GA/ cm3) 

Conductivity Metallic/Semi-conductivity 
Field Emission Active Phosphorus at 1~3V 

Thermal 
Thermal Conductivity > 3kW/mK (Diamond: 2kW/mK) 

Resistivity 5–50 µcm 
 
Table 2.4: Comparison of the mechanical and physical properties of carbon 

nanotubes compared with common materials [47, 48] 

Material Young's modulus 
(GPa) 

Tensile Strength 
(GPa) 

Resistivity (Ω
cm) 

Density 
(g/cm3) 

SWCNT 1054 150 Varies with 
chirality 1.3 

MWCNT 1200 150 ~10-4 2.6 
Steel 208 0.4 ~10-5 7.8 

Diamond 1000 200 ~1018  3.5 
Epoxy 3.5 0.005 ~1015 1.2-1.4 
Wood 16 0.008 ~107 0.57-0.65 

 

Table 2.5: Thermal properties of Carbon nanotubes[49] 

 
Thermal 

Conductivity 
(W/mK) 

Electrical 
Conductivity 

(A/cm2) 

Thermal 
Stability 

(ºC) in air 

Thermal 
Stability 

(ºC) in N2 

Specific Heat 
(m.J/g.K) 

MWCNT ~3000 ≤ 10ଽ ~680º > 2600º ~700 

SWCNT ~6000 Depends on the 
chirality ~680º > 2600º ~700 
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2.3.5     Carbon Nanotubes Applications and Challenges  
 

As one of the most important materials in the Nano area, carbon nanotubes 

have generated broad and interdisciplinary attention in the last two decades. Their 

outstanding properties have been studied extensively and much effort has been devoted 

to their applications. In particular, their high stiffness and ultimate strength and 

excellent resilience make them excellent candidates as reinforcements in composites. 

Nanotube field effect transistors are examples, which use the interesting electronic 

properties of CNTs. Such nanometer-sized electronic devices are promising for 

downsizing circuit dimensions. The field emission properties of CNTs, as a result of the 

extreme aspect (length-diameter) ratio, enable carbon nanotubes to be used as field 

emission electron sources for field emission devices such as flat panel displays and 

lamps. These devices have advantages over conventional tungsten and molybdenum tip 

arrays. Nanotubes provide stable emission, long lifetimes, and low emission threshold 

potentials. While the light emitting property of MWCNTs may make them good 

scanning probe tips in Scanning Near field Optical Microscope. CNT scanning probe 

tips for atomic probe microscopes are on the market. Other potential applications 

include energy storage and energy conversion devices, sensors and hydrogen storage 

media etc. [50] 

Real-world applications of carbon nanotubes require either large quantities of bulk 

materials or device integration in a scale-up fashion. For Nanocomposite applications, 

the low-cost and high-yield production of high-quality CNTs at the kilogram or ton 

level is essential. For electronic and other devices, scale-up will unavoidably rely on the 

self-assembly or controlled growth in conjunction with micro fabrication processes. 

Although significant work has been carried out to tackle these issues, many challenges 

still remain in the carbon nanotube growth area. An efficient growth approach to carbon 

nanotubes of a controlled structure is not yet at hand even at a laboratory scale, while 

the growth of defect-free carbon nanotubes continuously to macroscopic lengths is still 

not possible.  

 
2.4 Carbon Nanotubes Reinforced Composite Materials 
 

The rising demand for lightweight and strong materials has prompted leading 

high-performance composites manufacturers to invest heavily in developing low cost 

and high strength new materials. Moreover, and given that the market has exploded 

worldwide, the need for additional capacity is sooner rather than later. Thus, there has 
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been enormous activity in the field of Nanocomposite to develop new materials with 

exceptional mechanical, electrical and thermal properties.  

The discovery of carbon nanotubes provided promising candidates as reinforcements for 

composites. Due to the extraordinary properties, be it experimentally measured or 

theoretically computed, carbon nanotubes caught the attention of researchers and work 

on development of carbon nanotube composites started at a tremendous pace.  

Polymers, ceramics and metals have been tried out as matrices [1, 24, 36, 50]. 

The primary success lies in polymers reinforced with carbon nanotubes. It was found 

that the exceptional properties of carbon nanotubes are the consequence of their unique 

structure. The most common techniques and methods are still under development; there 

are numerous variations of these techniques operating under different conditions, with 

different set-ups, and process parameters. Every technique provides diverse advantages 

and disadvantages over the quality and kinds of synthesized CNTs. An overview of 

these techniques are represented below in Figure 2.7[46]. In this research, the focus will 

be on the metal matrix reinforcement by carbon nanotubes. 

 

2.4.1     Metal Matrix Composites with Carbon Nanotube Reinforcement 
 

At present, a variety of metallic matrices, metals and their alloys, are employed 

in MMC industry. Examples include Al, Ti, Mg, Fe, Cu, Ni, W, Ag, Ni, Mo, Be, NiAl, 

AlCu, AlCuMg, Al-4%wtCu, Al-4%Cu-1%Mg-0.5%Ag etc. With their superior 

mechanical properties such as light weight, excellent strength, toughness and resistance 

to corrosion, which are critically important in aerospace and automotive applications, 

aluminum and aluminum alloys predominate as metallic matrices in the MMC 

industry[10, 23, 51, 52]. However, Most of the research on CNT composites is 

concentrated around polymer matrix composites. Research on metal-CNT 

Nanocomposite is very limited which could be due to possible damage of carbon 

nanotubes caused by high temperature processing required for metal matrices. A 

Summary of Processing, Microstructure Features and Properties of Various carbon 

nanotube-Metal Matrix Composites is provided in Table 2.6 

 

2.4.2    Potential and Current Challenges 
 

Carbon nanotubes based composites have attracted great interest due to an 

increasing technological demand for multifunctional materials with improved 

performance, complex shapes, and patterns manufactured in an easy way at low costs. 

However, several fundamental processing challenges must be overcome to enable 
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applicable composites with carbon nanotubes. The main problems with carbon 

nanotubes are connected to their production, purification, processability, manipulation 

and solubility. However, a significant gap still exists between results obtained from 

experiments and expectations based on theoretical predictions[6, 34, 69]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.7: The various processes for synthesis of CNT-reinforced composite[52] 
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Table 2.6: Summary of Processing, Microstructure Features and Properties of Various Metal-CNT Composites 

Composite 
Matrix powder 

(Purity, size) 
CNT % Processing Microstructure feature Property 

Al-MWCNT,[53] 99.99%, 
40 µm 

5-10 Wt% C powder 
contains  60 vol% CNT 

Stir-mixing, hot pressing 
(64% vol reduction), 
extrusion (25: 1) 

No carbide formation at 
the interface 

Tensile strength 
Pure Al: -85 MPa 
With CNT: -80 MPa 

Al-MWCNT,[54] 
 

>99.5%, 
~1 mm 
 

1-10 w% 
 

Hand grinding, hot 
pressing 
 

Formation of Al-carbide 
phases (AIC and A1C2) 
 

Resistivity 
Pure Al: 3.4 µcm 
4wt% CNT: 6.6 µcm 

Al-SWCNT,[55]  99.85%, 
Nanosized 

5 wt% Ultrasonic mixing, 
compaction, hot pressing 

Presence of physically 
intact CNTs 

Micro hardness 
Pure Al: 1.62 GPa 
With CNT: 2.89 GPa 

Al-SWCNT, 
MWCNT, 
[56] 

Commercially 
pure, 200 mesh 

SWNT: 1-2 
vol%, MWNT: 
0.5-2 vol% 

Ball milling, compaction, 
sintering, hot extrusion 

No formation of carbide 
phases. Pinning of sub 
grain boundaries by CNTs. 

Elastic modulus 
0.5 vol% SWNT: 78.1 GPa 
2 vo1% SWNT: 85.9 GPa 
1 vol% MWNT: 70 GPa 
2 vo1%MWNT: 79.3 GPa 

Al-MWCNT, 
[57] 
 
 

99.7% 
75 µm 
 

0.5 and 1 wt% CNT 
 

Powder can rolling Better dispersion 
of the nanotubes 
 

properties: tensile strength, 
yield strength, Young’s 
modulus as well as lower 
density were achieved 

Al– Si/MWCNT 
[58] 
 
 

23 wt% Si, 
2 wt% Ni,  
1 wt% Cu, rest 
Al) 
 

10 wt% plasma and high velocity 
oxyfuel spraying 
  

The interfacial 
ultrathin reaction product 
layer of β-SiC (2–5 nm) 
between MWCNT 
reinforcement and Al–Si 
matrix remains 
unchanged after sintering 

elastic moduli exhibited a 
gradual increase 
Overall improvement of 
micro hardness of the 
sintered composites was 
observed. 

Cu- MWCNT, 
[59, 60] 

Industrially 
Pure, 
70 µm 
 

0-25 vol% 
 

Ball milling, isostatic 
pressing, sintering, 
rolling, annealing 
 

Homogenous CNT 
distribution, pulling out 
and 
bridging of CNTs 
 

Wear properties 
Low frictional coefficient, 
reduced weight loss 
Hardness 
Maximum at 12 vol% CNT 

Cu- MWCNT, 
[61] 

200-300 nm 
 

0-10 vol% 
 

High energy ball milling, 
pre-compaction, spark 
plasma sintering, cold 
rolling (50% vol 
reduction), annealing 

Two phase microstructure 
i.e. fibrous Cu-CNT 
composite region and Cu 
matrix region 
 

Tensile strength 
Pure Cu: 175 MPa 
10 vol% CNT: 28 1 MPa 
Elastic modulus 
Pure Cu: 70 GPa 
10 vol% CNT: 13 7 GPa 
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Continue Table 2.6: 
Composite Matrix powder 

(Purity, size) 
CNT % Processing Microstructural feature

Cu-MWCNT, 
[62, 63] 

concentrated 
hydrochloric, 
nitric, Sulphoric 
acids 

10–50µm length 
15–10 nm diameter 
5,15and 20 Vol% CNT/Cu 
 

Spark plasma sintering of 
acid-treated and Electroless 
coated MWCNTs by 
copper. 
 

with low CNTs volume 
fraction shows homogeneous 
distribution with no 
segregation of the CNTs 
from the copper matrix with 
a fine microstructure 
preventing grain coarsening.
increasing the CNTs volume 
fraction to 20 vol.% there 
were some large pores 
created in the copper matrix

Ni- MWCNT, 
[64, 65] 

Ni-sulfate 
solution as 
electrolyte 

 Electroless plating on 
surface modified 
MWCNT 
 

CNTs protruding out 
uniformly from the Ni 
deposit surface 
 

Ni- MWCNT, 
[66] 
 

Ni-sulfate 
solution as 
electrolyte 
 

0-12 wt.%CNT 
with a coating 
of 35-40 µm 
thickness 
 

Electroless plating on 
surface modified 
MWCNT, heat treatment 

Amorphous matrix 
 

Co- M WCNT, 
[22] 
 

Co-sulfate 
solution as 
electrolyte 
 

 Electroless plating on 
surface modified 
MWCNT, drying, heat 
treatment 

Heat-treated Co-plated 
CNTs exhibited more 
uniform coating with lesser
fraction of voids and gaps

Ti- MWCNT, 
[67] 

Ni powder 
 

Carbon powder 
containing 60 
vol. % CNT 
 

Mechanical mixing, hot 
pressing 
 

CNTs remained chemically
stable, No formation of Ti 
carbide 
 

Mg- MWNT, 
[68] 

 2 Wt% Dry-blending, hot 
pressing, hot isostatic 
pressing 

Homogenous distribution of 
CNTs over Mg matrix 
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In addition, the scaling and manufacture of CNT Nanocomposite are difficult because of 

the following factors: 

1. The small size of CNTs leads to strong forces (such as van der Waals forces) at 

the molecular scale. As a result, it is difficult to disperse carbon nanotubes 

within metallic, ceramic, or polymeric matrices. 

2. Due to the very high aspect ratios of CNT, the addition of a small amount of 

CNTs to the matrix significantly increases viscosity. This fact considerably 

reduces manufacturability. 

3. For advanced composites, a strict control of the alignment of the reinforcing 

agents within the matrix is crucial. Considering the size of carbon nanotubes, 

however, their manipulation is extremely difficult. 

4. CNTs are very inert because of their atomic structure. As a result, interactions 

between carbon nanotubes and polymer molecules, which is an important factor 

in producing an effective composite, are not sufficiently strong. 

5. Current manufacturing techniques of CNTs can produce only small quantities. 

Moreover, various purification techniques are necessary to remove impurities, 

resulting in longer manufacturing cycles. Mass production of carbon nanotubes 

is necessary for applications in bulk structures used in aerospace, sports, and 

automotive industries. 
 

 

Due to the factors mentioned above, carbon nanotube composites are only now 

emerging as replacements for traditional composites. However, there may be numerous 

other applications where the Nanocomposite could be of significant use. At present, 

many research and commercial organizations are undertaking active research in 

discovering the potential applications of nanotube/fiber reinforced composites that 

would use their unique mechanical, electrical conductivity, electromagnetic, and 

optoelectronic properties. The core and most sought after application will be the 

effective utilization of this new class of Nanocomposite in technology transfer devices. 

All these predictions of potential applications of Nanocomposite can pose a challenging 

task for researchers working in the field of nanotechnology. The Potential Applications 

of Nanocomposite Materials are shown in Figure 2.8. 
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Figure 2.8: Potential Applications of Nanocomposite Materials 

 

 
2.5  Mechanics of Materials 
 

The mechanics of materials deals with stresses, strains, and deformations in 

engineering structures subjected to mechanical and thermal loads. A common 

assumption in the mechanics of conventional materials, such as steels and aluminum, is 

that they are homogenous and isotropic continua. For a homogenous material, properties 

do not depend on the location, and for an isotropic material, properties do not depend on 

the orientation. Unless severely cold worked, grains in metallic materials are randomly 

oriented so that, on a statistical basis, the assumption of isotropy can be justified. Fiber 

reinforced composites[70], on the other hand, are certainly one of the oldest and most 

widely used composite materials [71] and they are microscopically inhomogeneous and 

non-isotropic (orthotropic). As a result, the mechanics of fiber-reinforced composites 

are far more complex than that of conventional materials. Their study and development 

have been largely carried out due to their vast structural potential. Much information on 

the formulation for stiffness of conventional fiber reinforced composites can be found in 

many references[71-73]. Figure 2.9 illustrate Several models have been developed for 

the enhancement of strength and stiffness in fiber-reinforced composites.[23] 
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Figure 2.9: Models for describing elastic behavior of composites at different 

length scales [23] 
 
 
2.5.1    Fiber Content, Density, and Void Content 

 
The properties of composites are mainly determined by the relative proportions 

of the matrix and reinforcing materials. The relative proportions can be given as the 

weight fractions or the volume fractions. The weight fractions are usually obtained 

during fabrication or by one of the experimental methods after fabrication. However, in 

theoretical analysis of composite materials, the volume fractions are exclusively used. 

Thus expressions for conversion between the weight fractions and volume fractions are 

determined. These expressions are derived for a two-phase material and then 

generalized to a multiphase material. 

Let Vୡ is the volume of a composite material that consists of v୤ as a volume of the fibers 

and v୫ as the volume of the matrix material. Let wୡ , w୫  and w୤ represent weights of 

composite material, matrix and fibers respectively. Let the volume fraction and weight 

fraction be denoted by the capital letters V and	W, respectively. The volume fractions 

and weight fractions are defined as follows: 

     vୡ = v୫ + v୤ ,               then   V୤ = ୴౜
୴ౙ
		 , V୫ = ୴ౣ

୴ౙ
                              2.7 

                wୡ = w୫ + w୤ ,           then   W୤ = ୵౜
୵ౙ
		 , W୫ = ୵ౣ

୵ౙ
                            2.8 
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The fiber weight fraction can be experimentally determined by either the ignition loss 

method (ASTM D2854-68) or the matrix digestion method (ASTM D3171-76). The 

ignition loss method is used for polymeric matrix composites containing fibers that do 

not lose weight at high temperatures, such as glass fibers. For unidirectional composites 

containing electrically conductive fibers (such as carbon) in a nonconductive matrix, the 

fiber volume fraction can be directly determined by comparing the electrical resistivity 

of the composite with that of fibers (ASTM D3355-74). 

Since the fibers have circular cross-sections, there exists the ultimate fiber volume 

fraction, v୤୳ which is less than unity and depends on the fiber arrangement. Ultimate 

arrays are presented in Figure 2.10, and the corresponding ultimate fiber volume 

fractions are: 

Square Array v୤୳ = ଵ
ୢమ
ቀ஠ୢ

మ

ସ
ቁ = ஠

ସ
= 0.785	, 

Hexagonal array v୤୳ = ଶ
ୢమ√ଷ

ቀ஠ୢ
మ

ସ
ቁ = ஠

ଶ√ଷ
= 0.907	, 

Layer-wise array v୤୳ = ଵ
ୢమ
ቀ஠ୢ

మ

ସ
ቁ = ஠

ସ
= 0.785	, 

 
(a)                                                  (b)                                                 (c) 

Figure 2.10: Ultimate fiber arrays for (a): square, (b) hexagonal, and (c) layer-
wise fiber distributions.[74] 

 

 

The density of composite material can be easily obtained in the terms of the densities of 

the fiber and matrix and their volume or weight.  

                 ρୡvୡ = ρ୤v୤ + ρ୫v୫                                                                                2.9 

 

By dividing both sides of the above equation with vୡ and substituting the definition for 

the volume fraction from equation 2.7 yields 

                ρୡ = ρ୫V୫ + 	 ρ୤V୤                                                                                    2.10 
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The density of composite materials in terms of weight fractions can be obtained in  

                   ρୡ = ୛ౙ
୛ౣ ஡ౣൗ ା	୛౜ ஡౜ൗ

                                                                                 2.11 

 
Equations 2.10 and 2.11 have been derived for a composite material with only two 

constituents but can be generalized for an arbitrary number of constituents. The 

generalized equations are: 

 

                ρୡ = ∑ ρ୧v୧୬
୧ୀଵ   

                ρୡ = ଵ

∑ ቀ୛౟ ஡౟ൗ ቁ౤
౟సభ

                                                                                           2.12 

 

The composite density calculated theoretically from weight fractions may not always be 

in agreement with the experimentally determined density because of the presence of 

voids in the composite. The difference in densities indicates the void content.  

 

2.5.2    Fiber-Matrix Interaction 
 
Fiber–matrix interface determines how well the matrix transfers the load to the 

fibers. Chemical, mechanical, and reaction bonding may form the interface. In most 

cases, more than one type of bonding occurs. 

Weak or cracked interfaces can cause failure in composites and reduce the properties 

influenced by the matrix. They also allow environmental hazards such as hot gases and 

moisture to attack the fibers. 

Although a strong bond is a requirement in transferring loads from the matrix to the 

fiber, weak debonding of the fiber–matrix interface is used advantageously in ceramic 

matrix composites. Weak interfaces blunt matrix cracks and deflect them along the 

interface. This is the main source of improving toughness of such composites up to five 

times that of the monolithic ceramics.[75] 

 

2.5.3     Unidirectional composite 
 
A typical unidirectional composite is shown schematically in Fig 2.11. A 

unidirectional composite consists of parallel fibers embedded in a matrix. Several 

unidirectional layers can be stacked in a specified sequence of orientation to fabricate a 

laminate that will meet design strength and stiffness requirements. Each layer of a 

unidirectional composite may be referred to as simply a layer, ply, or lamina. The 

direction parallel to the fibers is generally called the longitudinal direction (axis 1). The 
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direction perpendicular to the fibers is called the transverse direction (any direction in 

the 2-3 plane). These axes are also referred to as the material axes of the ply. 

Plies with short-diameter fibers have several fibers through the actually ply thickness. 

The fibers are randomly distributed throughout the cross section and may be in contact 

with each other in some locations. This type of fiber distribution in the lamina is typical 

of several fiber-matrix systems. Because of the structure of the composite, a 

unidirectional composite shows different properties in the longitudinal and transverse 

directions. Thus, the unidirectional composites are orthotropic with the axes 1, 2, and 3 

as the axes of symmetry. A unidirectional composite has the strongest properties in the 

longitudinal direction. Because of the random fiber distribution in the cross section, 

material behavior in the other two directions (2, 3) is nearly identical. Therefore, a 

unidirectional composite or ply can be considered to be transversely isotropic; that is, it 

is isotropic in the 2-3 plane.  

 
 Figure 2.11: Schematic representation of unidirectional composite [74]  

 
 
 
2.6 Mechanical Behavior of Composite Materials 

 
Micromechanics is defined, the study of composite behavior where the 

interaction of constituent material is examined in detail and used to predict and define 

the heterogeneous composite material behavior. Some of the intrinsic characteristics of 

the materials are revealed in their response to simple mechanical loading, e.g., uniaxial 

normal stress and pure shear stress, as illustrated in Figure 2.12.[72] 

 

2.6.1  Determination of Elastic Properties for Continuous Fiber Composites 
 
A continuous fiber is geometrically characterized as having a very high length-

to-diameter ratio. They are generally stronger and stiffer than bulk material. Fiber 

diameters generally range between 3-200 µm. depending upon the fiber [76].  
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 Normal stress  Shear stress  

Isotropic 

σ୶ 

 

ε୶ =
σ୶
E  

 

ε୷ =
−υσ୶

E  

                       τ୶୷ 

 

γ୶୷ =
τ୶୷
G  

 

γ୶୷ =
2τ୶୷(1 − υ)

E  

Orthotropic 

Loaded along 

principal 

material 

directions 

σଵ 

 

εଵ =
σଵ
Eଵ

 

 

εଶ =
−υଵଶσଵ

Eଵ
 

                    τଵଶ 

 

γଵଶ =
τଵଶ
Gଵଶ

 

Anisotropic 

or orthotropic 

material 

loaded along 
non principal 

directions 

σ୶ 

 

ε୶ =
σ୶
E୶

 

 

ε୷ =
−υ୶୷σ୶

E୶
 

 

γ୶୷ = η୶ୱ
σ୶
E୶

 

                      τ୶୷  

 

γ୶୷ =
τ୶୷
G୶୷

 

 

ε୶ = ηୱ୶
τ୶୷
G୶୷

 

 

ε୷ = ηୱ୷
τ୶୷
G୶୷

 

 
Figure 2.12: Response of various types of materials under uniaxial normal and 

pure shear loading [72] 
 

 

The basic assumptions dealing with fiber- matrix interactions in a unidirectional lamina 

are as follows:[70] 

1. Fibers are uniformly distributed throughout the matrix 

2. Perfect bonding exists between fibers and matrix. 

3. The matrix is free of voids. 

4. Applied loads are either parallel to or normal to the fiber direction. 

5. The lamina is initially in a stress- free state (i.e., no residual stresses are present). 

6. Both fibers and matrix behave as linearly elastic materials. 
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2.6.1.1        Determination of Longitudinal Modulus (E୐) 

The properties of a composite material depend on the properties of its 

constituent materials (fiber and matrix) and their distribution, physical and chemical 

interactions. The properties of composites can be determined through simple and direct 

experimental measurements. However, experimental measurements set determine the 

properties of a fixed fiber-matrix system produced by a single fabrication process. 

Additional measurements are required when there is a change in the system variables 

such as the relative volumes of the constituents, constituent properties, and fabrication 

process. Experiments may become time consuming and cost prohibitive. Theoretical 

and semi empirical methods of determining composite properties can be used to predict 

the effects of a large number of system variables. All of these methods may not be 

reliable for component design purposes. They might present difficulty in selecting a 

representative but tractable mathematical model for some properties such as the 

transverse properties of unidirectional composites. However, the mathematical model 

for studying the longitudinal properties of a unidirectional composite is quite accurate. 

Properties related to loading in the fiber direction are dominated by the fibers that are 

usually stronger and stiffer. 

Consider a unidirectional composite with uniform properties of fiber and matrix. 

The fibers are assumed to be parallel throughout the composite as shown in Figure 2.13. 

The elastic modulus or stiffness of composite material is determined in terms of the 

properties of fibers and matrix and in terms of the relative volumes of fiber and matrix 

[75]: 

                              C୧୨ = C୧୨(E୤	, V୤,ϑ୤, E୫, V୫, ϑ୫)			                                             2.13 

 

Where: 

E୤ and E୫: Young’s modulus for fiber and matrix respectively. 

V୤ and V୫: Fiber and matrix volume fractions respectively. 

ϑ୤ and ϑ୫: Poison’s ratio for fiber and matrix respectively. 

It may be further assumed that a perfect bonding exists between the fibers and the 

matrix so that no slippage can occur at the interface. [74, 75, 77] 

As a result, the strains experienced by the fiber, matrix, and the composite are equal 

                                           εୡ = ε୤ = ε୫                                                                     2.14 

 
Where εୡ, ε୤ and ε୫  are the longitudinal strains in composite, fibers, and matrix 

respectively.  
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Since both fibers and matrix are elastic, the respective longitudinal stresses can be 

calculated as 

 

                                 	σ୤ = E୤	ε୤ = E୤	εୡ                                                                         2.15 

                                  σ୫ = E୫	ε୫ = E୫	εୡ                                                                 2.16 

 

Comparing Equation 2.15 with Equation 2.16 and noting that	E୤ 	> 	E୫, we conclude 

that the fiber stress σ୤ is always greater than the matrix stress σ୫. The tensile force Pୡ 

applied on the composite lamina is shared by the fibers and the matrix so that: 

 
                                           Pୡ = P୤ + P୫                                                                      2.17 

 

 
Figure 2.13: Representative Volume Element Loaded along the fiber direction 

 
 
The loads Pୡ , P୤ , and P୫ carried by the composite, the fibers, and the matrix, 

respectively, may be written as follows in terms of stresses σୡ , σ୤ , and σ୫	experienced 

by them and their corresponding cross-sectional areas Aୡ , A୤ , and A୫ . Thus 
 

                                         σୡAୡ = σ୤A୤ + σ୫A୫                                                      2.18 

 
Or                                   σୡ = σ୤

୅౜
୅ౙ

+ σ୫
୅ౣ
୅ౙ

                                                             2.19 

Where, 

σୡ  = average tensile stress in the composite 

A୤ = net cross-sectional area for the fibers 

A୫ = net cross-sectional area for the matrix 

Aୡ =A୤ + A୫  
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But for composites with parallel fibers, the volume fractions are equal to the area 

fractions such that: 

 
                                 							V୤ = ୅౜

୅ౙ
		 , V୫ = ୅ౣ

୅ౙ
                                                              2.20 

Thus  

                                        σୡ = σ୤V୤ + σ୫V୫                                                             2.21 

 
 
The longitudinal modulus for the composite can be written as: 
 

        E୐ = E୤V୤ + E୫V୫ = E୤V୤ + E୫(1 − V୤) = E୫ + V୤(E୤ − E୫)                      2.22 
 

Equation 2.22 [66] is called the rule of mixtures. This equation shows that the 

longitudinal modulus of a unidirectional continuous fiber composite is intermediate 

between the fiber modulus and the matrix modulus; it increases linearly with increasing 

fiber volume fraction; and since E୤ 	> 	E୫, it is influenced more by the fiber modulus 

than the matrix modulus.[70] 

Equation 2.21 can be differentiated with respect to strain, which is the same for the 

composite, the fibers, and the matrix. The differentiation yields 

 
                         	ୢ஢ౙ

ୢக
= ୢ஢౜

ୢக
V୤ + ୢ஢ౣ

ୢக
V୫                                                                      2.23 

 

Where ୢ஢
ୢக

  represents the slope of the corresponding stress-strain diagrams at the given 

strain. If the stress-strain curves of the materials are linear, the slopes,ୢ஢
ୢக

 , are constants 

and can be replaced by the corresponding elastic modulus in Equation 2.23 to give: 

 
                      	E୐ = E୤V୤ + E୫V୫                                                                              2.24  

 
 

Thus equations 2.21 and 2.24 indicate that the contributions of the fibers and matrix to 

the average composite properties are proportional to their volume fractions. Such a 

relationship is called rule of mixtures. Equations 2.21 and 2.24 can be generalized as: 

 
                                      σୡ = ∑ σ୧V୧୬

୧ୀଵ                                                                        2.25 

 

                                      E୐ = ∑ E୧V୧୬
୧ୀଵ                                                                       2.26 
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2.6.1.2         Determination of Transverse Modulus (E୘) 

In the case of transverse normal loading, the state of stress in the matrix 

surrounding the fibers is complex and more affected by interaction from neighboring 

fibers [72]. The transverse modulus is a matrix-dominated property and it is sensitive to 

the local state of stress. 

To determine the transverse modulus, fibers are assumed to be uniform in properties, 

diameter, continuous and parallel throughout the composite. The composite is stressed 

in the direction perpendicular to the parallel fibers that is the transverse direction. The 

model for predicting the transverse properties of a unidirectional composite may be 

considered to be made up of layers representing fibers and matrix material as shown in 

Figure 2.14.  

σୡ 

 
Figure 2.14: Representative volume element loaded perpendicular to fiber 

 
 
Each layer of fiber and matrix is perpendicular to the direction of loading and has the 

same area on which the load acts. Hence each layer will carry the same load and 

experience equal stress, that is 

                              σ୤ = σ୫ = σୡ                                                                                2.27 

 
The thickness of each layer is assumed to be same so that the cumulative thickness of 

fiber layers and matrix layers will be proportional to their respective volume fractions. 

In this case the sum of elongation of constituent materials that is fiber (	δ୤	) and matrix 

(	δ୫	) is equal to the composite elongation (	δୡ	) in the direction of the load, 

                               δୡ = δ୤ + δ୫                                                                                 2.28 

 
The elongation in the material can be written as the product of the strain and its 

cumulative thickness, 
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δୡ = εୡtୡ 

                                                                δ୤ = ε୤t୤                                                       2.29 

δ୫ = ε୫t୫ 
 
Substituting Equation 2.29 in Equation 2.28 gives 

                                                   εୡtୡ = ε୤t୤ + ε୫t୫                                                   2.30 

 
Dividing both sides of Equation 2.30 by tୡ and substituting volume fraction for 

thickness yields 

εୡ = ε୤
t୤
tୡ

+ ε୫
t୫
tୡ

 

                                                          εୡ = ε୤V୤ + ε୫V୫                                               2.31 

 
If the fibers and the matrix are now assumed to deform elastically, the strain can be 

written in terms of the corresponding stress and the elastic modulus as follows: 

 
                                                              ஢ౙ

୉ౙ
= ஢౜

୉౜
V୤ + 	஢ౣ

୉ౣ
V୫                                         2.32 

 
In view of Equation 2.28, Equation 2.32 can be simplified as: 

 
                                                             ଵ

୉ౙ
= ୚౜

୉౜
+ 	୚ౣ

୉ౣ
                                                  2.33 

 
The transverse modulus of a composite with n number of materials may be obtained by 

generalizing Equation 2.33 

                                                         E୘ = ଵ

∑ (୚౟ ୉౟ൗ )౤
౟సభ

                                                 2.34 

 
In a real composite, the parallel fibers are dispersed randomly in the matrix material. 

Generally both the fibers and matrix are present at any section perpendicular to the load, 

especially at higher fiber volume fractions. Thus the load is shared between the fibers 

and the matrix, and the assumption that the stresses in the fiber and matrix are equal is 

inaccurate. The assumption of equal stresses also results in a mismatch of strains in the 

loading direction at the fiber-matrix interface. Another inaccuracy arises due to the 

mismatch of Poisson ratios of the fibers and the matrix, which induces stresses in the 

fibers and matrix perpendicular to the load with no net resultant force on the composite 

in that direction. For design purposes, it is often desirable to have simple and 

computationally fast procedures for estimating the properties of composite even though 

the estimates are only approximate.[77-79]  
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2.6.1.3        Determination of Shear Modulus (G) 

The behavior of unidirectional composites under in-plane (longitudinal) 

shear loading is also dominated by the matrix properties and the local stress 

distributions [70]. As shown in Figure 2.17 a unidirectional composite is subjected to 

shear loading.  Assuming that the shearing stresses on the fiber and matrix are the same, 

it can be estimated that :{[70] 

                                                  τୡ = τ୫ = τ୤                                                              2.35 

                                              γ୫ = த
ୋౣ
		 ,γ୤ = த

ୋ౜
                                                        2.36 

 

Where, γ୫ and γ୤ are the shear strain in the matrix and fiber respectively 

 

The nonlinear shear stress-strain behavior typical of fiber-reinforced composite is 

ignored (i.e. the behavior is regarded as linear). On a macroscopic scale, the 

deformations are shown in Figure 2.15. The total shearing deformation is defined in 

Equation 2.28  

 

 

 
Figure 2.15:  Shear loading and deformation of a Representative Volume Element 

 

Recognizing that the shear deformation in each material can be written as the product of 

corresponding shear strain (γ	) and the cumulative thickness of the material:[70] 
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δୡ = γୡtୡ 

                                                               δ୤ = γ୤t୤                                                        2.37 

δ୫ = γ୫t୫ 

                                                            γୡ = γ୤V୤ + γ୫V୫                                          2.38 

 
Recognizing that for the linear behavior of shear stress-shear strain of fibers and matrix, 

the shear strains in Equation 2.38 can be replaced by the ratios of shear stress and 

appropriate shear modulus yields: [70] 

 
                                                          தౙ

ୋ
= த౜

ୋ౜
V୤ + 	 தౣ

ୋౣ
V୫                                         2.39 

Where, G is the in-plane shear modulus of the composite,  G୤	and	G୫ are the shear 

modulus of the fibers and matrix, respectively. 

In view of Equation 2.35, Equation 2.39 can be simplified as: [70] 

                                                 ଵ
ୋ

= ୚౜
ୋ౜

+ 	୚ౣ
ୋౣ

                                                            2.40 

                                            G = ୋూୋౣ
ୋౣ୚౜ାୋ౜୚ౣ

                                                            2.41 

 
 
2.6.1.4          Determination of Major Poisson’s Ratio ϑ   

A Poisson’s ratio can be defined as the ratio of the lateral (transverse) 

strain to the longitudinal (axial) strain. When a unidirectional composite is loaded 

longitudinally, two Poisson ratios are defined, major Poisson ratio and minor Poisson 

ratio. Major Poisson ratio (ϑ୐) relates longitudinal stress to the transverse strain and 

minor Poisson ratio (ϑ୘) relates the transverse stress to the longitudinal strain. 

The major Poisson ratio can be predicted using transverse modulus,(E୘), by applying a 

load parallel to the fibers, that is, parallel to the layers in the model. Figure 2.16 shows 

the deformation pattern for cumulative thickness of layers. 

 
Figure 2.16: Shear deformation of a Representative Volume Element 
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Transverse deformations can be written as product of strain and cumulative thickness: 

 
δୡ = tୡ(ε୘)ୡ 

                                                             δ୤ = t୤(ε୘)୤                                                    2.42 

δ୫ = t୫(ε୘)୫ 

 
Substituting in Equation 2.42 transverse strains in the fibers, matrix and composite as 

the product of longitudinal strains and Poisson ratios yields: [70] 

 
δୡ = −tୡϑୡ(ε୐)ୡ 

                                                         δ୤ = −t୤ϑ୤(ε୐)୤                                                 2.43 

δ୫ = −t୫ϑ୫(ε୐)୫ 

 
Where ϑୡ , ϑ୤ and  ϑ୫ are the Poisson’s ratios of the composite, fiber and matrix 

respectively. 

The deformation of the composite is the sum of the deformations of the fibers and the 

matrix as defined in Equation 2.28. Therefore, from Equation 2.43 and 2.28: [70] 

 
                         −tୡϑୡ(ε୐)ୡ = −t୤ϑ୤(ε୐)୤ − t୫ϑ୫(ε୐)୫                                           2.44 

 
Since the longitudinal strains due to longitudinal stress in fiber, matrix and composite 

are equal, Equation 2.44 becomes 

                                 tୡv୐ = t୤ϑ୤ + t୫ϑ୫                                                                 2.45 

 
Dividing both sides of Equation 2.45 by tୡ and substituting volume fraction for 

thickness yields 

                                ϑ୐ = V୤ϑ୤ + V୫ϑ୫                                                                     2.46 

 
Equation 2.46 represents Major Poisson ratio of a unidirectional composite. 

Minor Poisson ratio is obtained from the following relation 

 
                                        

஬ై
୉ై

= ஬౐
୉౐

                                                                                2.47 

 
 
2.6.2        Determination of Elastic Properties for Short Fiber Composites 

 
Tensile load applied to a discontinuous fiber lamina is transferred to the fibers 

by a shearing mechanism between fibers and matrix. Since the matrix has a lower 

modulus, the longitudinal strain in the matrix is higher than that in adjacent fibers. If a 
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perfect bond is assumed between the two constituents, the difference in longitudinal 

strains creates a shear stress distribution across the fiber–matrix interface. Ignoring the 

stress transfer at the fiber end cross sections and the interaction between the neighboring 

fibers, we can calculate the normal stress distribution in a discontinuous fiber by a 

simple force equilibrium analysis as shown in Figure 2.17 

 
Figure 2.17: Longitudinal tensile loading of a unidirectional discontinuous fiber 

lamina. 
 
 
From Figure 2.17, the force equilibrium equation for this length is: [70] 

 
                    ቀ஠

ସ
d୤ଶቁ (σ୤ + dσ୤)− ቀ஠

ସ
d୤ଶቁ σ୤ − (πd୤dx)τ = 0,                                   2.48 

 
This gives, 

                                  ୢ஢౜
ୢ୶

= ସத
ୢ౜

                                                                                     2.49 

Where, 

σ୤ = longitudinal stress in the fiber at a distance x from one of its ends 

τ = shear stress at the fiber–matrix interface 

d୤ = fiber diameter 

 
 
2.6.2.1       Moduli of Short-Fiber Composites 

The modulus of short fiber composites can be predicted using the stress 

distribution obtained through finite-element methods[80, 81].The results are in the form 

of curves for specific properties of constituent materials. Whenever the properties 

change, a new set of results have to be obtained. Thus the results have limited 

adaptability to design procedures. For design purposes, it is usually desirable to have 
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simple and rapid computational procedures for estimating composite properties even 

though the predictions are only approximate. 

Halpin-Tsai [23] has developed simple and generalized semi-empirical equations to 

approximate the longitudinal and transverse moduli of aligned short-fiber composites. 

The Halpin-Tsai equations for longitudinal and transverse moduli can be written as:[80] 

 
                                              E୐ = ଵାଶ஗ై୚౜

ଵି஗ై୚౜
E୫                                                 2.50 

And 

                                                	E୘ = ଵାଶ஗౐୚౜
ଵି஗౐୚౜

E୫                                                    2.51 

 

Halpin-Tsai [23] relationship for shear modulus is: 

                                                     Gଵଶ = ଵା஗ృ୚౜
ଵା஗ృ୚ౣ

∗ G୫                                                  2.52 

 

Where,                                η୐ =
(୉౜ ୉ౣ⁄ )−1

(୉౜ ୉ౣ⁄ )+2(l d⁄ )
                                                           2.53 

                                             η୘ = (୉౜ ୉ౣ⁄ )ିଵ
(୉౜ ୉ౣ⁄ )ାଶ

         ,                                                 2.54 

and                                       ηୋ =
(ୋ౜ ୋౣ⁄ )−1

(ୋ౜ ୋౣ⁄ )+1
                                                                2.55 

 

 

It may be noted here that Halpin-Tsai empirical relations for predicting transverse 

modulus of unidirectional composites and longitudinal and transverse modulus of short 

fiber composites are all particular cases of a general equation. [70] 

Randomly oriented short-fiber composites are produced to obtain composites that are 

essentially isotropic in a plane. The following empirical equations are often used to 

predict the elastic modulus and shear modulus of composites containing fibers that are 

randomly oriented [70] in a plane: 

 
                                  Eୖୟ୬ୢ୭୫ = ଷ

଼
E୐ + ହ

଼
E୘                                                               2.56 

                                  Gୖୟ୬ୢ୭୫ = ଵ
଼

E୐ + ଵ
ସ

E୘                                                               2.57 

 
where E୐ and E୘ are respectively the longitudinal and transverse moduli of an aligned 

short fiber composite having the same fiber aspect ratio and volume fraction as the 

composite under consideration. Moduli E୐ and E୘ can be determined using Equations 

2.51 and 2.52. [70] 
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2.6.3     Characteristics of a Fiber-Reinforced Lamina 
 
One layer of a laminated composite material is generally referred to as a ply 

or lamina. It consists of single layer of reinforcement, unidirectional or multidirectional. 

It is too thin to be used for engineering applications. Several laminae are bonded 

together to form a structure called laminate. The properties and orientation of the lamina 

in a laminate are chosen to meet the laminate design requirements.  

 
2.6.3.1     Coordinate Axes 

Consider a thin lamina in which fibers are positioned parallel to each other in 

a matrix, as shown in Figure 2.18. To describe its elastic properties, the two right-

handed coordinate systems are defined firstly, namely, the 1 − 2− z system and the x −

	y − 	z system. Both 1 − 2 and x − 	y axes are in the plane of the lamina, and the z axis 

is nor mal to this plane. In the 1 − 2 − 	z system, axis 1 is a long the fiber length and 

represents the longitudinal direction of the lamina, and axis 2 is normal to the fiber 

length and represents the transverse direction of the lamina. Together they constitute the 

principal material directions in the plane of the lamina. In the xyz	system, x	and y axes 

represent the loading directions.[70, 71] 

 
Figure 2.18: Definition of principal material axes and loading axes for a lamina 

 
The angle between the positive x axis a nd the 1-axis is called the fiber orientation angle 

and is represented by θ. The sign of this angle depends on the right-handed coordinate 

system selected. 

 

2.6.3.2      Isotropic, Anisotropic, and Orthotropic Materials 

The material properties of isotropic are the same in all directions. Thus, the 

material contains an infinite number of planes of material property symmetry passing 

through a point. In an anisotropic material, properties are different in all directions so 

that the material contains no planes of material property symmetry. Fiber-reinforced 
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composites, in general, contain three orthogonal planes of material property symmetry, 

namely, the 1–2, 2–3, and 1–3 plane, and are classified as orthotropic materials. The 

intersections of these three planes of symmetry, namely, axes 1, 2, and 3, are called the 

principal material directions[70]. The difference in material properties in isotropic, 

orthotropic, and anisotropic materials are also reflected in the mechanics and design of 

these types of materials, these differences are demonstrated schematically in Figure 2.19. 

 
Figure 2.19: Differences in the deformations of isotropic, specially orthotropic 

and anisotropic materials subjected to uniaxial tension ((a) 
Isotropic, (b) Special orthotropic and (c) General orthotropic and 
anisotropic) and pure shear stresses 

 

 

2.6.3.3      Stress and Strain Transformations in a Thin Lamina under Plane Stress 

In stress analysis of a thin lamina with fiber orientation angle θ, it is often 

desirable to transform stresses in the xy directions to stresses in the 1-2 directions. The 

stress transformation equations are [70]: 

                     ൞
σଵଵ = σ୶୶cosଶθ+ σ୷୷sinଶθ+ 2τ୶୷ cos θ sin θ
σଶଶ = σ୶୶sinଶθ + σ୷୷cosଶθ+ 2τ୶୷ cos θ sin θ

τଵଶ = (−σ୶୶ + σ୷୷) sin θ cos θ + τ୶୷(cosଶ θ−sinଶ θ)
             2.58 

 
where σ୶୶, σ୷୷, and τ୶୷ are applied stresses in the xy directions and σଵଵ, σଶଶ, and τଵଶ 

are transformed stresses in the 1 − 2 directions. Similar equations can also be written 

for strain transformation by replacing each σ with ε and each τ with γ 2ൗ  in Equation 

2.58 [70]. Thus, the strain transformation equations [70] are: 

                      ൞
εଵଵ	 = ε୶୶cosଶθ + ε୷୷sinଶθ + γ୶୷ cos θ sin θ
εଶଶ = ε୶୶sinଶθ + ε୷୷cosଶθ + γ୶୷ cos θ sin θ

γଵଶ = 2(−ε୶୶ + ε୷୷) sin θ cos θ + γ୶୷(cosଶ θ−sinଶ θ)
           2.59 
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2.6.4     Determination of Elastic Properties for a Lamina  
 

2.6.4.1    Unidirectional Continuous Fiber 0 Lamina 

Elastic properties of a unidirectional continuous fiber 0 lamina, are calculated 

from the following equations: 

 
Figure 2.20:   Applications of (a) longitudinal tensile stress, (b) transverse tensile 

stress, and (c) in-plane shear stress on a unidirectional continuous 
fiber 0 lamina [70]  

 
 

1. Referring to Figure 2.20a in which the tensile stress is applied in the 1-direction, 

 

                  Longitudinal modulus [70]: 

 

                Eଵଵ = E୤V୤ + E୫V୫                                                                      2.60 

 

                 And Major Poisson’s ratio: 

 

                ϑଵଶ = V୤ϑ୤ + V୫ϑ୫                                                                       2.61 

                                   Where ϑଵଶ = − ୗ୲୰ୟ୧୬	୧୬	୲୦ୣ	ଶିୢ୧୰ୣୡ୲୧୭୬
ୗ୲୰ୟ୧୬	୧୬	୲୦ୣ	ଵିୢ୧୰ୣୡ୲୧୭୬

 

 

2. Referring to Figure 2.20b in which the tensile stress is applied in the 2-direction 

                       Transverse modulus [70]: 

 

                                    Eଶଶ = ୉౜୉ౣ
୉౜୚ౣା୉ౣ୚౜

                                                                     2.62 
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                        And Minor Poisson’s ratio: 

 

                                   ϑଶଵ = ୉మమ
୉భభ

ϑଵଶ                                                                           2.63 

                                             Where ϑଶଵ = − ୗ୲୰ୟ୧୬	୧୬	୲୦ୣ	ଵିୢ୧୰ୣୡ୲୧୭୬
ୗ୲୰ୟ୧୬	୧୬	୲୦ୣ	ଶିୢ୧୰ୣୡ୲୧୭୬

 

 

3. Referring to Figure 2.20c in which the shear stress is applied in 1-2 plane [70] 

In-plane shear modulus: [70] 

 
                                  Gଵଶ = Gଶଵ = ୋ౜ୋౣ

ୋ౜୴ౣାୋౣ୴౜
                                                          2.64 

 

The following points should be noted from the above equations and Figure 2.20: [70] 
 

1. The longitudinal modulus ( Eଵଵ ) is always greater than the transverse modulus   

( Eଶଶ ) because the longitudinal modulus (Eଵଵ) is associated with loading in the 

fiber direction are dominated by the fibers that are usually stronger, stiffer, and 

have a lower ultimate strain while ,the transverse modulus ( Eଶଶ ) is a matrix-

dominated property and sensitive to the local state of stress 

2. The major Poisson’s ratio (ϑଵଶ ) is always greater than the minor Poisson’s ratio 

(ϑଶଵ). Since these Poisson’s ratios are related to Equation 2.63, only one of them 

can be considered independent. 

3. As for  Eଶଶ , the matrix contributes more to the development of Gଵଶ than the 

fibers because the deformation response of the element to normal stresses is 

clearly matrix dominated. The fiber cannot play a dominant role in the 

deformation process because they are not directly loaded. 

4. Four independent elastic constants, namely,  Eଵଵ ,Eଶଶ, ϑଵଶ , and Gଵଶ, are 

required to describe the in-plane elastic behavior of a lamina. The ratio Eଵଵ Eଶଶ⁄  

is often considered a measure of orthotropy. 

 

Equations 2.60 through 2.64 are derived using the simple mechanics of materials 

approach along with the following assumptions:[70] 

1. Both fiber s and matrix are linearly elastic isotropic materials. 

2. Fibers are uniformly distributed in the matrix. 

3. Fibers are perfectly aligned in the 1-direction. 

4. There is perfect bonding between fibers and matrix. 

5. The composite lamina is free of voids. 
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2.6.4.2         Unidirectional Continuous Fiber Angle- Ply Lamina 

The following equations [70, 75, and 78] are used to calculate the elastic 

properties of an angle-ply lamina in which continuous fibers are aligned at an angle θ 

with the positive x direction. 

                    ଵ
୉౮౮

= ୡ୭ୱర஘
୉భభ

+ ୱ୧୬ర஘
୉మమ

+ ଵ
ସ
ቀ ଵ
ୋభమ

− ଶ୴భమ
୉భభ

ቁ sinଶ2θ                                        2.65 

                    ଵ
୉౯౯

= ୱ୧୬ర஘
୉భభ

+ ୡ୭ୱర஘
୉మమ

+ ଵ
ସ
ቀ ଵ
ୋభమ

− ଶ୴భమ
୉భభ

ቁ sinଶ2θ                                        2.66 

                    ଵ
ୋ౮౯

= ଵ
୉భభ

+ ଶ୴భమ
୉భభ

+ ଵ
୉మమ

− ቀ ଵ
୉భభ

+ ଶ୴భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ୋభమ
ቁ cosଶ2θ                2.67 

                    ϑ୶୷ = E୶୶ ቂ
ଶ஬భమ
୉భభ

− ଵ
ସ
ቀ ଵ
୉భభ

+ ଶ஬భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ୋభమ
ቁ sinଶ2θቃ                        2.68 

                    ϑ୷୶ = ୉౯౯
୉౮౮

ϑ୶୷                                                                                           2.69 

Where  Eଵଵ ,  Eଶଶ, ϑଵଶ , and Gଵଶ, are calculated using Equations 2.60 through 2.64.[70] 

 

 

 
2.6.5  Compliance and Stiffness Matrices 

 
Fiber composites are among the class of materials called orthotropic materials, 

whose behavior lies between that of isotropic and that of anisotropic materials. 

Generally, the state of stress at a point is described by the nine components of the stress 

tensor, σ୧୨, as shown in Figure 2.21. Correspondingly, there is a strain tensor, ε୧୨ , with 

nine components.[12] 

 
Figure 2.21: The six components to describe the state of stress at a point. 
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For a linear isotropic material in a three-dimensional stress state, the Hooke’s law 

stress–strain relationships at a point in an x–y–z orthogonal system in matrix form are: 
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     
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         
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2.71 

 

Where, ϑ is the Poisson’s ratio. The shear modulus G is a function of two elastic 

constants, E and ϑ, as [70] 

                                            G = ୉
ଶ(ଵି஬)

                                                                       2.72 

And 

                                          [Q] = [Sିଵ] 

 

where [S] represents the compliance matrix relating strains to known stresses. The 

inverse of the compliance matrix is called the stiffness matrix [Q], which is used in 

relating stresses to known strains. [82, 83] 

 
 
2.6.5.1  Specially Orthotropic Lamina  (θ = 0	or	θ = 90) 

For a thin orthotropic lamina in plane stress (σ୸୸ = τ୶୸ = τ୷୸ = 0) as 

shown in Figure 2.22, the strain–stress relations in the elastic range are: 
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Figure 2.22: Stresses in a general orthotropic lamina under a plane stress condition 
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                                                                        2.73 

 

Where E୶୶, E୷୷ , G୶୷,ϑ୶୷	and	ϑ୷୶  are elastic constants for the lamina obtained from 

Equations 2.75 through 2.79 and m୶ and m୷ are given by the following equations: 

 

        m୶ = (sin2θ) ቂ஬భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ଶୋభమ

− cosଶθ ቀ ଵ
୉భభ

+ ଶ஬భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ୋభమ
ቁቃ            2.74 

 

        m୷ = (sin2θ) ቂ஬భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ଶୋభమ

− sinଶθ ቀ ଵ
୉భభ

+ ଶ஬భమ
୉భభ

+ ଵ
୉మమ

− ଵ
ୋభమ
ቁቃ            2.75 

 

The new elastic constants m୶ and m୷ represent the influence of shear stresses on 

extensional strains and the influence of normal stresses on shear strain. These constants 

are called coefficients of mutual influence. [70-72, 75, and 78] 

For 	θ = 0°	and	90°, both m୶ and m୷ are zero, and therefore, for these fiber 

orientations , there is no extension-shear coupling. Such a lamina, in which the principal 

material axes (1 and 2 axes) coincide with the loading axes ( x and y axes), is called 

specially orthotropic . For a especially orthotropic lamina, the strain–stress relation s are 
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G
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  


   

  

   

   

                                                        2.76 

 
From Hook’s law, strain-stress relation for linear elastically orthotropic material, 

such as unidirectional fiber reinforced composite loaded parallel or perpendicular to the 

fiber can be written as: [70-72, 75, and 78] 

 

                                      
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0
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xx xxxx

yy yy yy
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S
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                            2.77 

where, 

 12 21
11 22 66 12 21

11 22 12 11 22

1 1 1, , ,S S S S S
E E G E E

 
                                        2.78 

 
The [S] matrix is the compliance matrix for the especially orthotropic lamina. Inverting 

Equation 2.87, we can write the stress–strain relations for an especially orthotropic 

lamina as: [70-72, 75, and 78] 

 

                                  
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                               2.79 

 
where [Q] represents the stiffness matrix for the specially orthotropic lamina. Various 

elements in the [Q] matrix are: [70-72, 75, and 78] 

                     

11 12 22
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22
22 66 12

12 21

, ,
1 1

,
1

E EQ Q Q

EQ Q G


   

 
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 

 
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                                             2.80 

 

2.6.5.2        General Orthotropic Lamina (θ ≠ 0	or	θ ≠ 90) 

The transformation Equation for expressing strain in an (X-Y) coordinate 

system in terms of stress in a (1-2) coordinate systems: [70-72, 75, and 78] 
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              2.81 

 

   Where, θ	is the angle from the x-axis to the 1-axis as shown in Figure 2.23 

 
Similarly, the strain transformation equations are: [70-72, 75, and 78] 
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Figure 2.23: Positive Rotation of Principal Material Axis from XY Axis 

 

 

The stress–strain relations for a general orthotropic lamina, Equations 2.76 can be 

expressed in matrix form as: [70-72, 75, and 78] 
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                            2.83 

 

where ൣS൧ represents the compliance matrix for the lamina. Various elements in the ൣS൧ 

matrix are expressed in terms of the elements in the [	S	] matrix for a specially 

orthotropic lamina. These expressions are: [70-72, 75, and 78] 
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Inverting Equation 2.83, the stress–strain relations for a general orthotropic lamina can 

be written as [75, 84, 85] 
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where ൣQ൧ represents the stiffness matrix for the lamina. Various elements in the ൣQ൧ 

matrix are expressed in terms of the elements in the [Q	] matrix as: [70-72, 75, 84-85] 
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                           2.86 

 
 
Where, m = cos	θ and n = sin θ and θ is the angle from the x-direction to 1-direction 

(fiber direction) and the bar over the Q denotes that we are dealing with the transformed 

reduced stiffness instead of the reduced stiffness. [70-72, 75, and 78] 

 

The reduced stiffness given in relation 2.86 are relatively complicated functions of the 

four primary material characteristics	Eଵଵ;Eଶଶ; τଵଶ;Gଵଶ; as well as of the angle of rotation 

θ.. [70-72, 75, and 78] 
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2.7  Thermal Properties of Carbon Nanotubes Based Composites 
  

The behavior of any material when subjected to a change in temperature (heat) is 

termed as the thermal property of the material. When heat is applied, it is absorbed and 

transported within the material; as a result structural changes begin, and temperature 

increases. Continuous heat input may even result in melting. Some thermal properties 

used to quantify this behavior of materials under temperature are thermal conductivity, 

heat capacity and thermal expansion coefficient. 

The amount of heat energy required to increase the temperature of material to a certain 

value is different for different materials, which depends on the several factors like 

atomic structure, thermal vibration propagation within the material and the like. This 

quantity which denotes the amount of heat that needs to be supplied to increase the 

temperature of the material by 1C is called the heat capacity (C) of the material. 

Thermal conductivity is the ability of the material to transfer heat from a region of high 

temperature to a region of low temperature. This quantity is best described by the 

expression, 

 

                                               q = −k ୢ୘
ୢ୶

                                                                    2.87 

 

where, q denotes the heat flux per unit time per unit area (taken normal to direction of 

heat flow) k is the thermal conductivity, and ୢ୘
ୢ୶
	is the temperature gradient through the 

material. Equation 2.87 is the steady state (q is not a function of time) heat conduction 

equation. Heat conduction in solids takes place in two ways, one is lattice vibration 

waves (phonons) and the other is by free electrons. 

The exact value of the thermal conductivity is disagreed upon but there is considerable 

agreement in the dependence of thermal conductivity on several factors like 

temperature, large phonon modes, current and vacancy concentration. the thermal 

conductivity found to be linearly dependent on temperature in the ranges below and 

above the room temperature, however with different slopes.[86] 

The problem of heat transfer in composites filled with fibers has been extensively 

studied for decades. The main parameters affecting the thermal properties of composites 

are the volume fraction, aspect ratio, alignment of the fibers, and the adhesion between 

the fibers and the matrix, and the thermal property of the interface. Theoretical 

estimates show that an increase in the aspect ratio of highly conducting fibers would 

dramatically increase the thermal conductivity of the composite. [86] 
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2.7.1  Factors affecting thermal conductivity of composite materials  
 
Thermal conductivity of composites is anisotropic in nature. Before conducting 

experiments to determine thermal conductivity of various composites, knowledge about 

effect of different parameters influencing thermal conductivity is essential. These 

factors are fiber which is the reinforcing face of a composite material, matrix material 

are formed from three types; metal, ceramic, and polymer matrixes. Another factor is 

the fillers. The primary advantage of using filler material in composites is to reduce the 

overall cost of the composite. However, Additive materials are primarily used to modify 

and tailor material properties of the composite. Additives help in increasing the 

performance or a specific property as well it increases the overall cost of the product. 

 

 

2.7.2   Equivalent Continuum Model and Effective Solid Fiber 
 

In developing a continuum model, the Nanotube geometry can be directly 

incorporated into the mathematical model. An individual nanotube (SWNT) can be 

visualized as a sheet of graphene being rolled up endlessly to form a hollow tube. A 

hollow cylinder having the same length and diameter as that of the  nanotube is 

considered to represent an equivalent continuum  model of the  nanotube[88]. The 

thickness of the cylinder wall is the same as that of nanotube (0.34nm) and considered it 

to be made up of a homogeneous and isotropic material that has the same physical 

properties as that of the nanotube. The heat carrying capacity of this hollow cylinder is 

applied to its entire cross section and the properties of an effective solid fiber are 

defined [89].  

Effective  fiber can  be defined  as a solid  fiber that has the same  length and diameter 

as that of the hollow cylinder and has an  identical temperature gradient across its  

length when the  same amount of  heat  is  flowing through  it. This effective fiber thus 

retains the geometrical properties of the nanotube while providing us with a continuum 

model of the nanotube structure that is suitable for mathematical analysis[87, 89]. 

Figure 2.24 show the development of a continuum model for a carbon nanotube. 

The expression for the conductivity of the effective solid fiber in the longitudinal 

direction can be derived from the following equations: 

                                           ቀ ୯భ
୩భభ
ቁ
ୡ୫

= ቀ ୯భ
୩భభ
ቁ
ୣ୤୤

                                               2.88 

Where, the subscripts ‘cm’ and ‘eff’ refer to the nanotube “continuum model” and 

“effective fiber”, respectively, and the “effective fibers” are assumed to be aligned in the 

xଵ direction, so that we consider the gradient in this direction.  
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Figure 2.24:  Development of a continuum model for a SWNT. a) Schematic 
diagram of a carbon nanotube; b) Equivalent continuum model; c) 
Effective solid fiber; and d) a prolate spheroidal inclusion. [89] 

 

By using the definition of heat flux, 

                                       (qଵ)ୡ୫ = ୕
୅ౙౣ

		= 	 ୕
஠൫ୢ౥

మିୢ౟
మ൯

ସ
൘
	,                                 2.89 

                                     (qଵ)ୣ୤୤ = ୕
୅౛౜౜

= ୕
஠ୢమ

ସൗ
                                          2.90 

 
The effective thermal conductivity of the effective fiber will be: 

 

                                           k(ଶ) = ൫ୢ౥
మିୢ౟

మ൯
ୢ౥

మ 	kେ୒୘                                            2.91 
Where, 

d୭ is the outer diameter,  

d୧ is the inner diameter, and  

kେ୒୘ is the thermal conductivity of carbon nanotube 

For simplicity, the thermal conductivity of the effective fiber assumed to be isotropic in 

nature. The expression for the thermal conductivity of carbon nanotube reinforced 

composites and has contact resistance at the interface is:   

 
                             kୣ୤୤∗ = k(ଵ)[1 + V୤(1 + λBଵ)f(ζ଴)]                                  2.92 

 
Where V୤ is the volume fraction of the carbon nanotubes phase and f(ζ଴) and  λ are 

defined as: [87] 
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                                    f(ζ଴) = ቂଵ
ଶ
ζ଴൫ζ଴ଶ − 1൯ln ቀ(஖బାଵ)

(஖బିଵ)
ቁ − ζ଴ଶቃ

ିଵ
                2.93 

 
Where,	ζ଴ denotes the inverse of the eccentricity of the ellipsoid: [87] 

                                   ζ଴ = ቀ1 − ୟభమ

ୟయమ
ቁ
ିభమ = ቀ1 − ୢమ

୪మ
ቁ
ିభమ                                    2.94 

And, 

                                                λ = ୩(మ)

୩(భ)                                                             2.95 

 
The constant Bଵis obtained as a solution to the following infinite set of linear 

simultaneous equations: [87] 

 

δ(n) + Bଶ୬ାଵൣ1− (1 − λ)൫ζ଴ଶ − 1൯Ṗଶ୬ାଵ(ζ଴)Qଶ୬ାଵ(ζ଴)൧ =	 

																																																	ቀ஛
ஒ
ቁ∑ Bଶ୫ାଵX୬୫(ζ଴)ஶ

୫ୀ଴                                          2.96 

 

Where X୬୫(ζ଴) are defined by [87] 

 
X୬୫(ζ଴) = ቀସ୬ାଷ

ଶ
ቁ ൫ζ଴ଶ −

1൯Q̇ଶ୬ାଵ(ζ଴)Ṗଶ୫ାଵ(ζ଴)∫ ൬ ൫஖బమିଵ൯
൫஖బ

మିஜమ൯
൰
భ
మ

Pଶ୬ାଵ(μ)Pଶ୫ାଵ(μ)dμଵ
ିଵ  ,  

 

                                            β = ஒୡ
୩(భ)                                                             2.97 

 
Where,  β- Interfacial conductance. [87] 

                           c = (aଷଶ − aଵଶ)
భ
మ = ൬ቀ ୪

ଶ
ቁ
ଶ
− ቀୢ

ଶ
ቁ
ଶ
൰
భ
మ
                                         2.98 

 
P୬ , Q୬ Are known as Legendre polynomials of first kind and second kind respectively. 

 and   

                                      		P୬ = ଵ
ଶ౤	୬!

ୢ
ୢ୸౤

(zଶ − 1)ଶ	,                                          2.99 
 
                                       Q୬ = ଵ

ଶ
P୬(z)ln ୸ାଵ

୸ିଵ
− W୬ିଵ			,                                   2.100 

Where, 

W୬ିଵ(z) = ଵ
ଶ

P୭(z)P୬ିଵ(z) + ଵ
୬ିଵ

Pଵ(z)P୬ିଶ(z) + ⋯+ P୬ିଵ(z)P୭(z)	,            2.101 
 
δ(n) is defined as [87]:   δ(n) = 	 ቄ 0						if	n = 0

1			otherwise 
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2.8  Modeling of Carbon Nanotubes 
 

Recently, modeling and characterization of Nanocomposite using computational 

approaches has become a challenging research topic for many researchers. They have 

been developing various tools to carry out this analysis. In order to estimate the 

outstanding effective properties of Nanocomposite at the nanoscale, molecular 

dynamics (MD) simulations, continuum mechanics, finite element method (FEM), 

constitutive modeling techniques [90]are some of the popular techniques used in the 

research community. The Quantum mechanical and Nano mechanical modeling tools 

assume the presence of a discrete molecular structure of matter. Micromechanical and 

Structural Mechanics assume the presence of a continuous material structure. 

The word ‘model’ usually refers to a set of mathematical equations, but its central idea 

is to assemble a simplified imitation of the real world while preserving the essential 

features [91]. In other words, a model must 1) be simple enough to solve and 2) 

correctly capture the features of interest. The advents of affordable and powerful 

computers in the last 30 years lead to the development of an array of computational 

models. These models utilize computers to solve equations numerically, thus providing 

non-analytic solutions which could not be obtained otherwise. Increasing speed and 

memory of computers and the decreasing scale of interest of materials systems, 

simulations can now explore the behavior of realistically sized models in reasonable 

time. As a result, a new range of processes and phenomena are open to study. Also the 

paradigms of materials theory is changing due to the central role of numerical 

calculations in today’s modeling – the requirement for a model to be simple is often 

replaced by the requirement for computational efficiency[92].  

Figure 2.25 shows the relationship of specific modeling techniques in Computational 

Mechanics and Computational Chemistry. The continuum-based methods are classified 

as micromechanics and structural mechanics. The former is further sub-divided into 

analytical micromechanics which include Mori-Tanaka, Eshelby approach, Halpin-Tsai 

approach and computational micromechanics which include Finite Element Method 

(FEM), the Boundary Element Method (BEM).[93] 

Numerous experimental studies and simulations have been performed to study the 

properties of carbon nanotube reinforced composites. It has been estimated that carbon 

nanotubes have Young’s modulus in the range of Tera Pascal (TPa) [95], coupled with 

high stiffness. 



53 

 
Figure 2.25: Different material modeling techniques[94] 

 
 
These exceptional properties of SWNT have predicted potential applications in 

aerospace and biomedical fields [37, 96-98]. Empirical models have been used [99] in 

calculating the elastic properties of single and multilayered nanotubes and have 

predicted that the Young’s modulus and shear modulus are comparable to that of 

diamond. It has been stated by some researchers that the elastic moduli is insensitive to 

nanotube geometry such as size, helicity and the number of layers. [37] 

Qian et al. [37] characterized carbon nanotube (CNT)/polystyrene composites and have 

demonstrated that an addition of 1% by weight of CNTs in a matrix material resulted in 

an increase in the elastic stiffness of the composite between 36% and 42%, and a 25% 

increase in the tensile strength. Some other researchers [19] used short-fiber composite 

theory and have demonstrated that adding 10% by weight of the carbon fibers showed 

an increase in the elastic modulus, which is same as the increase in modulus by adding 

1% by weight of carbon nanotubes. 

Experimental characterization of Nanocomposite is a demanding and expensive task. To 

overcome this, computational methods have been increasingly used in the recent years 

in the development of nanotube materials, and in studying the influence of nanotubes on 

the material properties of the composites. Griebel and Hamaekers [100]examined the 

elastic moduli of polymer-nanotube composites by MD simulations. Stress-strain curves 

were derived performing MD simulations on a composite with single-walled carbon 

nanotube embedded in polyethylene matrix, using Parrinello-Rahman approach [101] 
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for the application of external stress. A new technique has been developed recently by 

Odegard et al [45, 102, 103] for developing constitutive models for composite materials 

reinforced with single walled carbon nanotube, based on an equivalent-continuum 

modeling technique. This method takes into account the atomistic interactions at the 

nanoscale, and interfacial characteristics of the nanotube and the surrounding polymer 

matrix using molecular dynamics simulations. Then, an equivalent continuum model 

was developed to determine the mechanical properties that reflect the local polymer and 

nanotube structure. This model exactly describes the bonded and non-bonded 

interactions of atoms in the molecular model. This model has been used to find the 

constitutive properties of the SWCNT/polymer composite for aligned and random 

orientations with various nanotube lengths and volume fractions. However, the 

validation of these models is still a challenging task. 

Continuum mechanics was introduced recently in evaluating the effective material 

properties of CNT-based composites by Fisher, Bradshaw and Liu,[104-106]. 

Numerical examples based on 3-D representative volume element (RVE) using both 

long and short CNTs were developed using the finite element method (FEM) 

demonstrating significant load carrying capacities of the CNTs in a polymer matrix. 

These results proved to be in excellent agreement with the rule of mixtures results and 

are reported to be consistent with some of the experimental results in literature. But the 

validation of these results, using other approaches like molecular dynamics and 

equivalent continuum modeling remained as a question and has to be addressed. 

 

2.8.1       Correlation between Structural and Molecular Mechanics 
 
At the molecular level, the interaction between individual carbon atoms can be 

described using the force fields of the corresponding nucleus-nucleus and electron-

nucleus interactions [110, 111]. If electrostatic interactions are neglected, the total steric 

potential energy (U total), which characterizes the force field, can be obtained as the 

sum of energies due to valence (or bonded) and non-bonded interactions, given as: 

 
                               U୲ = U୰ + U஘ + U∅ + U୴ୢ୛                                                        2.102 
 
Here, U୰, U஘, U∅, and U୴ୢ୛ correspond to energy associated with bond stretch 

interactions, bond angle bending, torsion (dihedral and out of plane) and van der Waals 

forces (non-covalent). Figure 2.31 a, illustrates the various interatomic interactions at 

the molecular level. Several harmonic and non-harmonic potential functions have been 

proposed to describe the interatomic interactions of carbon atoms.[8] 
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The covalent interactions between carbon atoms can be represented using simple 

harmonic functions, the Vibrational potential energies due to interactions between 

covalently bonded carbon atoms can be represented as shown in Table 2.7 which 

summarizes various energy forms for the two mechanical systems.[8, 112] 

The terms  ∆r, ∆θ, ∆∅ refer to change in bond-length, bond angle and dihedral angle, 

respectively. The terms	k୰, k஘, k∅ represent the force constants associated with 

stretching, bending and torsion, respectively, of the chemical bond. The carbon atoms in 

the nanotubes are held together by covalent bonds of characteristic bond length and 

bond angles, and the corresponding molecular forces constrain any displacement of 

individual atoms.[8] 

Due to the nature of the molecular force fields between two atoms, they can be 

treated as forces acting between two junctions (or material points) that are separated by 

structural beam or spring elements. Thus, the lattice of the carbon nanotubes can be 

considered as a three dimensional hexagonal network of beam (covalent) and spring 

(non-covalent) elements. Figure 2.31(b) illustrates the correlation between beam 

elements and the molecular forces between bonded carbon atoms.  

 

                          

                           (a)                                                          (b) 

Figure 2.26: Equivalence of molecular mechanics and structural mechanics for 
covalent and non-covalent interactions between carbon atoms: (a) 
Molecular mechanics model and (b) structural mechanics model.[8, 
113, 114] 
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Table 2.7: Energy form in molecular mechanics and structural mechanics 
systems[112] 

 

 
 

To determine the force constants pertaining to the covalent interactions one 

could equate the potential energies of individual bonds with their corresponding beam 

model [113]. The beam elements representing the bond are assumed to be isotropic with 

length	L, cross-sectional area	A, and moment of inertia	I [113].   

The strain energy under pure axial load P, (pure tension) is given by: [113] 

                                            U୔ = ∫ ୔మ

ଶ୉୅
dL = ୉୅

ଶ୐
(∆L)ଶ୐

଴                                             2.103 

The strain energy of beam element under pure bending moment M, is given by:  

                                            U୑ = ∫ ୑మ

ଶ୉୐
dL = ୉୍

ଶ୐
(∆α)ଶ୐

଴                                             2.104 

Similarly, the strain energy of the beam element under a pure twisting moment T, is 

given by: 

                                            U୑ = ∫ ୘మ

ଶୋ୐
dL = ୋ୍

ଶ୐
(∆β)ଶ୐

଴                                             2.105 

 
The terms ∆L, ∆α, ∆β are the axial deformation, bend angle and twist angle, 

respectively. The equations illustrated in the table 2.7 represent the same quantities in 

two different systems (molecular and structural) so they can be equated, thus 

establishing a link between the two systems. Also, assuming The terms  ∆r, ∆θ, ∆∅ are 

equivalent to their structural mechanics counterparts, that is ∆L, ∆α, ∆β Δβ, 

respectively, one obtains the tensile stiffness (EA), cross-sectional bending stiffness (EI) 
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and torsional rigidity (GJ) of the   structural model in terms of the molecular mechanics 

force constants k୰, k஘, k∅. These are: [113] 

              k୰ = ୉୅
୐

,        k஘ = ୉୍
୐

,   and   k∅ = ୋ୎
୐

                                             2.106 

 
In summary, the parameters in equation 2.106 are used to model the molecular 

behavior in the structural model. In case of single-walled carbon  nanotubes (with only 

covalent bonds) the parameters in the above equations are sufficient to describe the 

structural model (with beam elements) [8]. In case of multi-walled carbon nanotubes, 

the van der Waals interactions between carbon atoms in different concentric tubes must 

also be considered. 

 
 
 

2.9  Key Issues in Carbon Nanotubes-Based Composites 
 

2.9.1  Carbon Nanotubes Dispersion in the Matrix 
 
One of the biggest challenges in processing nanotube composites lies in 

achieving a ‘good’ dispersion. It is important that the individual nanotubes are 

distributed uniformly throughout the matrix and well-separated from each other; the 

presence of agglomerates is extremely undesirable, especially in ceramic matrices, as 

they can act as defects leading to stress-concentration, and premature failure, 

particularly if the matrix does not fully penetrate the agglomerate during processing. On 

the other hand, with a good dispersion, each nanotube is loaded individually over a 

maximum interfacial area, and can contribute directly to the mechanical properties and 

to toughening mechanisms.[33] 

 
 

2.9.2    Interfacial Phenomena   
 
Interfacial phenomena and chemical stability of the CNTs in the metal matrix 

are critical for several reasons. The fiber-matrix stress transfer and the interfacial 

strength [4] play an important role in strengthening. The applied stress is transferred to 

the high strength fiber through the interfacial layer, so that a strong interface would 

make the composite very strong but at the expense of ductility of the composite. A weak 

interface would lead to lower strength and inefficient utilization of fiber properties by 

facilitating pullout phenomena at low loads due to interface failure. Wetting of the fiber 

by the liquid metal is essential. Non-wetting will lead to poor interfacial bonding. 

Interfacial reactions leading to formation of an interfacial phase can improve wetting if 
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the liquid has a lower contact angle with the phase forming due to the reaction. A lot of 

work has been carried in reinforcing Aluminum matrix with carbon fibers. Interfacial 

reactions and degree of wetting of the fibers have been shown to affect the properties of 

the composite[52]. CNTs as integrated molecules have high chemical stability due to 

the covalent bond between the Carbons atom is connected with sp2 hybrid. It has been 

confirmed that CNTs have much less chemical activity than carbon fiber and graphite. 

Authors have studied the wetting of carbon nanotubes in detail and reported that the 

determining factor for wetting was surface tension, with a cut-off limit between 100 and 

200mN/m. This limit implied that typical pure metals, such as: aluminum (surface 

tension of 865 mN/m), copper (1270 mN/m), iron (1700 mN/m), would not be easily 

wetted on the surface of MWNTs. This means, if CNTs are used as reinforcing fibers 

for metal–matrix composites without any surface treatments, it will be difficult to 

achieve high-strength interfacial adhesion.[63] 
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      CHAPTER THREE 
 
 
 
 

3. METHODOLOGY 
 
 
 
 
3.1 OVERVIEW 
 

The research conducted for this thesis is divided into two parts, analytical and 

computational part where the finite element method was used as the solution method. In 

analytical part the matlab code will be constructed and used to solve the role of mixture 

and the thermal conductivity equations to predict different results for a new composite.  

The second part is the computational modeling and simulation of the Nanocomposite 

can play a significant role in the development of superior Nanocomposite. Modeling 

and simulations will help in understanding the behavior of Nano structures under 

various loads and environments. A 3D model will be created by APDL code to simplify 

the different models generation in order to use and apply the material properties and 

different boundary condition to predict the results for the new composite.  

Two cases will be considered for the matlab analytical part and the APDL computation 

part:  first case will deal with long carbon nanotubes and the second case will deal with 

short carbon nanotubes. Finally, the results for the two methods used will be compared 

and validated.  Figure 3.1 represents the methodology used in this research 

 
3.2 THE ANALYITCAL APPROACH 

 
MATLAB programming is used to predict the mechanical and thermal results of 

the carbon nanotubes reinforced metal matrix Nanocomposite. Detailed explanations are 

represented showing the results of mechanical and thermal analysis. 

 
3.2.1 Mechanical Properties of carbon nanotubes reinforced Nanocomposite 
 

Significant development has been made in carbon nanotubes composite 

materials. Their remarkable properties offer potentials for fabricating composites with 
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substantially enhanced physical properties including conductivity, strength, elasticity, 

and toughness.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1: Research Methodology 
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The strength of materials (rule of mixtures) [115] approach for estimating the properties 

of fiber-reinforced composites and the extension of this method to Nanocomposite are 

investigated to determine the mechanical properties of the carbon nanotubes reinforced 

metal matrix Nano-composites [71]. However, By using the properties of carbon 

nanotubes and the metal matrix used in this research, the expected results of the carbon 

nanotube reinforced metal matrix  Nano-composite to be created were calculated using 

the MATLAB code. Two cases were considered for these calculations: the first case 

deals with the continuous carbon nanotube fibers while the second case deals with short 

carbon nanotube fibers. The “Rule of Mixtures” equations  can  be  used  to  make  

predictions  about  various  properties  of  carbon nanotubes and the metal matrix. A 

flow chart of the program is presented in Figure 3.2. 

 
 
3.2.1.1    Carbon nanotube through the length of the RVE (Treated as Long fiber) 

    
Simple rules of mixtures [115] can be established based on the strength of 

materials theory. In this case carbon nanotube can be treated as long fiber (with large 

aspect ratio) and therefore a segment can be modeled using RVE [8, 71, 116, 117].  

Figure 3.3 shows a simplified strength of materials model based on square RVE for 

estimating the effective Young’s modulus. The equations of Section 2.6.4.1 were used 

in the MATLAB code to predict the elastic properties of carbon nanotube treated as 

long fiber in reinforcing metal matrix composites. 

 

3.2.1.2      Carbon nanotube in the RVE (Treated as short fiber) 

Square RVE is divided into two segments: one segment accounting for the two ends 

with a total length of lୣ and Young’s modulus E୫ ; and another segment accounting for 

the center part with a length of Lୡ and an effective Young’s modulus Eୡ . Note that the 

two hemispherical end caps of the CNT have been ignored in this simple strength of 

materials model [8,71,77,105, 116]. The equations of Section 2.6.2.1 were used in the 

MATLAB code to predict the elastic properties of carbon nanotube treated as long fiber 

in reinforcing metal matrix composites. Figure 3.4 shows the Carbon nanotubes inside 

the RVE. The extended rule of mixtures is derived based on the strength of materials 

theory and compared to that given equation 2.60. Equation 3.3 can be employed to 

estimate the effective Young’s modulus for the case shown in Figure 3.4 when the 

carbon nanotube is relatively short and thus inside the square RVE.[8, 71, 77, 105, 106, 

116, 118, 119] 
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Figure 3.2: Flowchart for the MATLAB code 
 

 
Figure 3.3: Carbon nanotubes through the length of the RVE 
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Figure 3.4: Carbon nanotubes inside the RVE 

 
 
The volume fraction of the carbon nanotube is given by: 

                                                 V୤ = ஠(୰౥మି୰౟
మ)

ୟమି஠୰౟
మ                                                        3.1 

V୤  = Carbon nanotube volume fraction 
a = width of the square RVE 

                                               a = ට஠൫୰౥మି୰౟
మ൯

୚౜
	+ πr୧ଶ                                            3.2 

 
The effective Young’s modulus E୸ is found to be  

                                        	E୸ = ଵ
భ
ుౣ

×ቀ೗౛೗ ቁା
భ

ుిొ౐
×೗ిొ౐

೗ × ఽ
ఽిొ౐

                                         3.3 

Where, 

              Aେ୒୘ = Area	of	Carbon	nanotube = π(r୭ଶ − r୧ଶ) 
             A = Area	of	whole	RVE = aଶ  , And L = ݈େ୒୘ + ݈ୣ  
 

 

3.2.2      Thermal conductivity in carbon nanotube reinforced composites 
 
The main parameters affecting the thermal properties of composites are the 

volume fraction, aspect ratio, alignment of the fibers, and the adhesion between the 

fibers and the matrix, and the thermal property of the interface[120]. Theoretical 

estimates show that an increase in the aspect ratio of highly conducting fibers would 

dramatically increase the thermal conductivity of the composite [87, 121-123]. A 

mathematical solution was developed for the effective conductivity in axial direction by 

using effective medium theory. A mathematical solution for calculating thermal 

conductivity of a carbon nanotube composite in the longitudinal direction using 

effective medium theory was developed by Bagachi and Nomura[87]. Thus to determine 

the effective thermal conductivity (kୣ୤୤∗ ) , the quantities 2.137, 2.138 and 2.140 for  ζ଴, λ 

and β need to be calculated from the geometry and materials properties of the carbon 

nanotubes and the metal matrix considered in the finite element analysis.[87] 
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The MATLAB code was used to solve the linear differential equations and to calculate 

the various constants involved in equation 2.135 for the thermal conductivity. For 

numerical calculations, however, solution of an infinite set of equations is not possible 

and the series thus needs to be truncated at some point. The number of terms used will 

determine the accuracy of the solution obtained. The value of B1 converges to a unique 

value after a few terms. In this research, convergence is achieved after six terms. For 

greater accuracy, eight terms used in the solution which gives us eight simultaneous 

equations to be solved.[87]. The effective thermal conductivity is calculated by varying 

the length of carbon nanotubes and keeping the diameter constant i.e. varying the aspect 

ratio with fixed diameter. For a fixed aspect ratio, the interface conductance is varied 

and the theoretical behavior is studied. Dependence of the thermal conductivity on the 

volume fraction is studied by keeping the aspect ratio constant and varying the volume 

fraction of the carbon nanotubes in the composite[124]. A flow chart describing the 

process of the calculation of thermal conductivity is presented in Figure 3.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
Figure 3.5: Flow chart describes the MATLAB program used for calculation of 

Thermal conductivity 

Input 
	݀௢ ,݀௜ , ݈,݇஼ே் ,݇(ଵ),݇(ଶ), ,ݐ ிݒ  ߚ,

Start 

Define Legendre Functions: 
P୬ , Q୬,	ܲ̇௡ ,	ܳ̇௡,	 ௡ࣲ௠,ܿ,	ߚ 

Compute:  , ݂(ߞ଴)	 

Forming of linear sequential 
equations for Bଵ  

Calculate Bଵ  

Calculate the effective thermal conductivity 
݇௘௙௙∗ = ݇(ଵ)ൣ1 + ௙(1ݒ +  ൧(଴ߞ)݂(ଵܤߣ

End 
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3.3  THE COMPUTATIONAL APPROACH 

 
Computational approach can play significant role in the development of the 

carbon nanotube based composites by providing simulation results to help on the 

understanding, analysis and design of such Nanocomposite. At the nanoscale, analytical 

models are difficult to establish or too complicated to solve, and tests are extremely 

difficult and expensive to conduct. Modeling and simulations of Nanocomposite, on the 

other hand, can be achieved readily and cost effectively on even a desktop computer. 

Characterizing the mechanical properties of carbon nanotube based composites is just 

one of the many important and urgent tasks that simulations can accomplish.[106] 

The finite element method (FEM) has become the main method for predicting and 

simulating the physical behavior of complex engineering systems[80, 84]. The 

commercial finite element analysis (FEA) programs have gained common acceptance 

among engineers in industry and researchers.[125, 126] 

The Finite Element Analysis (FEA) method is a powerful computational technique for 

approximate solutions to a variety of “real-world” engineering problems having 

complex domains subjected to general boundary conditions[110, 124, 127, 128]. FEA 

has become an essential step in the design or modeling of a physical phenomenon in 

various engineering disciplines [81, 129-133].  

The modeling of engineering problems using FEA requires either the development of a 

computer program based on the FEA formulation or the use of a commercially available 

general-purpose FEA program such as ANSYS. The ANSYS program is a powerful, 

multi-purpose analysis tool that can be used in a wide variety of engineering disciplines. 

Figure 3.6 shows the steps involved for finite element method. In the ANSYS, there are 

two modes of usage, i.e., the Graphical User Interface (GUI) and Batch Mode. Every 

action taken by the user within the ANSYS GUI platform has an equivalent 

ANSYS command. Using ANSYS through the Batch Mode involves text (ASCII) files 

with specific ANSYS commands. These commands, along with specific rules, form a 

special programming language, ANSYS Parametric Design Language, or APDL, which 

utilizes concepts and structures very similar to common scientific programming 

languages. Using the APDL[134], the user can create (a) an Input File to solve a specific 

problem and (b) Macro File(s) that act as special functions, accepting several arguments 

as input. In either case, each line consists of a single command, and the lines are 

executed sequentially.[130, 132] 
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3.3.1  Choice of Finite Element 
 

The finite element method is chosen because of its ability to analyze metal and 

composite structures in an accurate way, and its availability as finite element analysis 

packages, coupled with easy access to the required computing resources. 

Generally, there are three alternate procedures of handling a structural mechanics 

problem. These are differential equations, energy methods and the integral equations. 

All the above are approximate procedures. They discretize all or part of the structure 

into a number of points in the sense that the behavior of a discrete point can simulate the 

behavior of the whole structure when loaded. 

The element library in analysis system software (ANSYS) offers many element 

formulations or types. Many features are common to all elements in the library. Most 

element types use various material properties and have a degree-of-freedom set which 

constitutes the primary nodal unknowns to be determined by the analysis. However, 

element loads are surface loads, body loads, inertial loads, and ocean loads. Element 

loads are always associated with a particular element. ANSYS incorporates both flat 

and curved shell elements, which may be either triangular or quadrilateral. Both thin 

and thick shell elements are available, and may be more effective for Eigen-analyses 

since a consistent mass matrix is available[81, 126, 130]. 

 

3.3.2 Finite Element Formulation 
 

Equilibrium equation for a finite element for eight node-isoparametric elements 

is given below:[81] 

 

    [Kୣ]{Uୣ} = {Fୣ}                                                                         3.4 

Where, 

 [Kୣ]  :  Element stiffness matrix 

 {Fୣ}  :  Element load vector of a finite element and  

 {Uୣ}  :  Nodal displacement vector for an element. 

The force vector {Fୣ} is the sum of body force vector, surface force vector and the 

concentrated load for an element. The stiffness matrix for a finite element is given by: 
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Figure 3.6: Steps involved for finite element method 

 

 

  [Kୣ] = ∬[Bୣ]୘ൣDୣ୮൧[Bୣ]|J| drds                                                          3.5 

where , 

 [Bୣ]   :  is the strain-displacement matrix,  

 ൣDୣ୮൧ :  is the elastoplastic constitutive matrix and 

  |J|     : is the determinate of the Jacobian matrix.  

 

The stiffness matrix and load vector for all the elements can be obtained using 2x2 

Gauss quadrature integration scheme [135]. The stiffness matrix and load vector for all 

the elements were assembled to obtain the equations of equilibrium for the complete 

structure. The equilibrium equation for the complete structure can be expressed as: 

[135] 

    [Kୱ]{Uୱ} = {Fୱ}                                             3.6 

Where, 

 [Kୱ]   :  The stiffness matrix, 

 {Fୱ}   : The load vector and 

 {Uୱ}  : The nodal displacement vector for the complete structure 

Pre-Processor 
 

Solver 

Post-Processor 
 

5 Steps 

4- Boundary conditions and 
loads defined 

3- Assemble elements, setup 
thermal couple with 
Mechanical solver 

5- Solution using the 
required solver and 
display results/ data 

 

1- Create the model 

2- Definition of material 
properties.  

PROCEDURE 



68 

3.3.3    Representative Volume Element and Material Properties 
 

 
The representative volume element (RVE) plays a central role in the mechanics 

and physics of random heterogeneous materials with a view to predicting their effective 

properties and material microstructure.[117] The RVE is very clearly defined in two 

situations only: (i) unit cell in a periodic microstructure, and (ii) volume containing a 

very large (mathematically infinite) set of micro scale elements (e.g. grains), possessing 

statistically homogeneous and ergodic properties. The concept of unit cells or 

representative volume elements (RVEs), which has been applied successfully in the 

studies of conventional fiber-reinforced composites at the micro scale, is extended to the 

study of CNT-reinforced composites at the nanoscale[136]. In this unit cell or RVE 

approach, a single nanotube with surrounding matrix material can be modeled, with 

properly applied boundary and interface conditions to account for the effects of the 

surrounding material[136, 137]. This RVE model was employed to study the 

interactions of the nanotube with the matrix, to investigate the load transfer mechanism, 

or to evaluate the effective elastic properties of the Nanocomposite. The study of these 

properties may be multidisciplinary and may involve various branches of science and 

engineering [103, 106, 118]. Finite element method can be applied to analyze the 

mechanical responses of these RVEs under different loading conditions. Square 

representative volume elements were proposed in this research for the evaluations of 

effective material properties for the CNT-based composites. Figure 3.7 represents two 

square RVEs consist of single wall carbon nanotube embedded in metal matrix. 

The dimensions of the square representative volume element and Carbon nanotubes to 

generate the geometries of the models are calculated based on equation 3.1 and 3.2 and 

tabulated in Table 3.1 for long fiber and Table 3.2 for short fiber. The volume fractions 

used in this research were 3, 7, and 11%. However, the length of the square 

representative volume element assumed to be 10 nm.  

 

 

 

 

 

 

Figure 3.7: Two possible RVEs for the analysis of CNT-based Nanocomposite (a) 
Square RVE with long fiber; (b) Square RVE with short fiber 

(b) (a) 
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3.3.4 APDL code development 
 
A parameterized ANSYS macro will be developed for predicting effective 

elastic modules of the materials using various RVEs. The code (script) used is APDL 

rather than GUI because APDL is more extensible and to ensure the flexibility and 

variability of the FE modeling due to many parameters can be easily changed. Therefore 

it is unnecessary to remake ANSYS models at each time. Firstly, RVE will be 

considered with one CNT, which have been conventionally used to generate a quarter 

models[81, 126, 130, 132]. As shown in Figure 3.8 the RVE is divided into many 

regular volumes for computational efficiency. Secondly, the RVE will be considered 

with four CNTs are placed in centers of sub-RVEs. The generated full model reflected 

from quarter model by two symmetry reflection, and there for the Full model is 

equivalent to the quarter model. Figure 3.9  

 
Table 3.1: Model dimensions for long carbon nanotubes case 
 

 CNT 
do (nm) di  

(nm) 
a ( width of square RVE ) in (nm) 

n m v୤=3% v୤=7% v୤=11% 
Armchair CNT 5 5 0.848 0.508 4.9041 3.8201 2.5483 

10 10 1.526 1.186 6.8898 5.3418 3.5152 
15 15 2.204 1.864 8.3765 6.4601 4.1829 

Zigzag CNT 5 0 0.561 0.221 3.7329 2.9117 1.9491 
10 0 0.953 0.613 5.2650 4.0986 2.7291 
15 0 1.344 1.004 6.4238 4.9872 3.2949 

Chiral CNT 5 10 1.206 0.866 6.0411 4.6947 3.1107 
10 15 1.876 1.536 7.6996 5.9536 3.8862 
15 20 2.551 2.211 9.0280 6.9428 4.4552 

 
 

Table 3.2: Model dimensions for short carbon nanotubes case: (a) at 3=܎܄%, (b) 
at 7=܎܄%, and (c) at 11=܎܄%, 

 
(a) at 3=܎܄%, 

 CNT do 
(nm) 

di 
(nm) 

a (nm) 
Case 1 Case 2 Case 3 

n m lc=3 le=7 lc=5 le=5 lc=8 le=2 
Armchair 

CNT 
5 5 0.848 0.508 3.2105 4.9041 9.8082 

10 10 1.526 1.186 4.5104 6.8898 13.779 
15 15 2.204 1.864 5.4837 8.3765 16.753 

Zigzag 
CNT 

5 0 0.561 0.221 2.4438 3.7329 7.4659 
10 0 0.953 0.613 3.4468 5.2650 10.530 
15 0 1.344 1.004 4.2054 6.4238 12.847 

Chiral 
CNT 

5 10 1.206 0.866 3.9548 6.0411 12.082 
10 15 1.876 1.536 5.0406 7.6997 15.399 
15 20 2.551 2.211 5.9102 9.0280 18.056 
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(b) at 7=܎܄% 
 

 CNT do 
(nm) 

di 
(nm) 

a (nm) 
Case 1 Case 2 Case 3 

n m lc=3 le=7 lc=5 le=5 lc=8 le=2 
Armchair 

CNT 
5 5 0.848 0.508 2.0965 3.2025 6.4049 

10 10 1.526 1.186 2.9189 4.4588 8.9176 
15 15 2.204 1.864 3.5122 5.3650 10.730 

Zigzag 
CNT 

5 0 0.561 0.221 1.5997 2.4436 4.8871 
10 0 0.953 0.613 2.2481 3.4339 6.8679 
15 0 1.344 1.004 2.7286 4.1680 8.3361 

Chiral 
CNT 

5 10 1.206 0.866 2.5709 3.9272 7.8545 
10 15 1.876 1.536 3.2450 4.9568 9.9136 
15 20 2.551 2.211 3.7642 5.7499 11.499 

 
(c) at 11=܎܄% 

 CNT do 
(nm) 

di 
(nm) 

a (nm) 
Case 1 Case 2 Case 3 

n m lc=3 le=7 lc=5 le=5 lc=8 le=2  
Armchair 

CNT 
5 5 0.848 0.508 1.6683 2.5483 5.0966 

10 10 1.526 1.186 2.3012 3.5152 7.0304 
15 15 2.204 1.864 2.7384 4.1829 8.3659 

Zigzag 
CNT 

5 0 0.561 0.221 1.2759 1.9491 3.8982 
10 0 0.953 0.613 1.7866 2.7291 5.4582 
15 0 1.344 1.004 2.1570 3.2949 6.5898 

Chiral 
CNT 

5 10 1.206 0.866 2.0364 3.1107 6.2214 
10 15 1.876 1.536 2.5441 3.8862 7.7724 
15 20 2.551 2.211 2.9166 4.4552 8.9105 

 

 

Figure 3.8: RVE divided into many regular volumes 

 

Figure 3.9: The Full model built by APDL ANSYS 
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3.3.4.1       Meshing 

The element type PLNAE182[138] is used for 2-D modeling the solid 

structures. The element can be used as either a plane element (plane stress, plane strain 

or generalized plane strain) or an axi-symmetric element. It is defined by four nodes 

with two degrees of freedom for each node: translations in the nodal x and y directions. 

It also has mixed formulation capability for simulating deformations. Figure 3.10 

represents the geometry of the PLANE 182 element. 

 

Figure 3.10:   PLANE182 Geometry[138] 

 
SOLID185 as shown in Figure 3.11 is used for 3-D modeling of solid structures. It is 

defined by eight nodes having three degrees of freedom at each node: translations in the 

nodal x, y, and z directions. It also has mixed formulation capability for simulating 

deformations. SOLID185[138] Structural Solid allows for prism, tetrahedral, and 

pyramid degenerations when used in irregular regions. Various element technologies 

such as B-bar, uniformly reduced integration, and enhanced strains are supported. 

 

Figure 3.11: SOLID185 Homogeneous Structural Solid Geometry[138] 

 

The interface element size in carbon nanotube is equal to a quarter of the thickness of 

carbon nanotube. Thus carbon nanotube is modeled by four element layers. The mapped 

meshing algorithm is applied through the dividing volume for long fiber case. However, 

in short fiber case, mapped meshing algorithm is applied to CNT and interface areas 
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while free meshing algorithm is applied to matrix area. The division with spacing ratio 

is applied to the lines of matrix area which are connected with interface area. Figure 

3.12 and 3.13 show the meshing procedure for quarter and full model. 

 

 
 

Figure 3.12: FE mesh for the RVE 
 

 
 

Figure 3.13: The mesh of Full model 
 
 

3.3.4.2       Boundary conditions and Loads 

 
         After generating the geometric models, specific conditions have to be given in 

relation to the constraints at both translational and rotational degrees of freedom on the 

nodes at ends needed for simulation. At this step, 2D problem is considered for 

convenient. The correct displacement periodic boundary condition imposed as shown in 

Figure 3.14. The periodic constraint as follows: 

                                             ui
′−	ui+ui

d = 0                                                                                   3.7 
 

Where  
u୧ᇱ ,	u୧ Displacement of relative opposite periodic node pairs 

u୧ୢ :  Displacement of dummy node  
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Figure 3.14: Periodic boundary condition 

 

Continue the formulation by consider the detailed boundary condition for 3D problem. 

For periodic boundary condition in x direction 
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For periodic boundary condition in y direction 
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For periodic boundary condition in z direction 
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                                                                                3.10

 
Figure 3.15:  The periodic condition in x direction 

 
For preventing rigid motion, any one node inside representative volume element is fully 

constrained. All displacement of the middle point of representative volume element was 

constrained. 
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3.3.4.3           Loading and Post-processing 

According to the displacement of the dummy node macro strain of RVE is 

determined. The six independent strain modes selected 

Thus, 
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                                             3.11 

Displacements of the dummy for six independent strain modes are as follows 
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In other hand, the constitutive relationship is as follows 

                                     

 























































zx

yz

xy

z

y

x

zx

yz

xy

z

y

x

C















                                                            3.13 

                                      

 

























































zx

yz

xy

z

y

x

zx

yz

xy

z

y

x

C















1                                                              3.14 

 
Combining equation 3.11 and 3.12, stiffness matrix  C  is evaluated and inverted 

stiffness matrix   1C  is computed. 

For the transverse isotropic material, 
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Where,  
ణ೤೥
ா೤

= ణ೥೤
ா೥

 , 
ణ೤ೣ
ா೤

= ణೣ೤
ாೣ

 and ణ೥ೣ
ா೥

= ణೣ೥
ாೣ

 

Using equation 3.14, xE , zE , xy , zx , xyG  and xzG  are determined. 

 
In this thesis, simulations will be conducted with ANSYS software using square 

representative volume element models. Three metal materials are Iron, copper and 

aluminum, and three kinds of carbon nanotubes are considered in this thesis. It is 

assumed that the carbon nanotubes are treated as short and long fiber in the 

representative volume element. However, the parameterized ANSYS models are 

developed as the APDL code (script)[134], which are applicable for all cases considered 

in this thesis.  

 

3.3.5      Materials Properties 
 

There are different kinds of metal matrix used in this research, Iron, Copper 

and Aluminum. They differ from each other in both structural and mechanical 

properties. Three kinds of carbon nanotubes based on their chirality index are used as 

reinforcement. The mechanical and thermal properties of Iron, Copper and Aluminum 

are listed in tables below.[84, 88, 115] 

 
Table 3.3: The mechanical and thermal properties of the materials used in the 

research 
 

Prperty 

Metal Matrix Reinforcment 

Iron  

(Fe)  

Copper 

(Cu) 

Aluminum 

(Al) 

Carbon Nanotube 

(CNT) 

Density (g/cm3) 7.85 8.96 2.712 1.3 

Young’s Modulus (E) GPa 210 130 70 1000 

Poisson’s Ratio (ϑ) 0.3 0.36 0.33 0.3 

Shear Modulus (G) GPa 82 48 26 500 

Thermal Conductivity (K) 

(W/m k) at 68F   
72.7 386 204 3000 
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CHAPTER FOUR 
 
 
 
 

4. ANALYITICAL APPROCH RESULTS AND DISCUSSIONS 
 
 
 
 

4.1 Overview 
 

In this chapter, the theoretical predictions, carbon nanotubes reinforced metal 

matrix composite having a uniform dispersion of nanotubes is considered and its 

effective structural and thermal properties are calculated using the theoretical hypothesis 

in the previous chapters.  Analytical calculations will be carried out to determine the 

effective elastic and thermal properties of carbon nanotubes reinforced metal matrix. 

The nanotubes are considered to be uniformly dispersed in the metal matrix and only 

small nanotubes volume fractions have been considered. The expected results of the 

nanocomposite to be created were carried out using the MATLAB software. Two cases 

were considered:  one case deals with continuous carbon nanotubes and the second case 

deals with short carbon nanotubes reinforcements at three kind of metal matrices. The 

obtained results are analyzed to elucidate the contribution of the various factors.  

 
 
4.2 Prediction of the Nanocomposite Density: 
 

As the volume fraction of the Carbon Nanotubes increase the density of the Carbon 

Nanotubes reinforced metal matrix Nanocomposite predicted to decrease linearly. 

Therefore, the larger the amount of Carbon Nanotubes used the lower density of the 

Nanocomposite is predicted to be. Figure 4.1 shows the density of the Carbon 

Nanotubes reinforced Copper, Iron and Aluminum matrixes Nanocomposite 

respectively. It is found that the reduction in the density of the new Nanocomposite 

varied from 1% to 40% for Copper matrix, 1% to 39% for Iron matrix, and 1% to 24% 

for Aluminum matrix when the volume fraction of the Carbon Nanotubes increased 

from 1% to 47%. 
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Figure 4.1: Density for carbon nanotube reinforced iron, copper and aluminum 

metal matrix 

 

4.3 Prediction of the Elastic Properties for Long Fiber 
 

Composite materials categorized into two main groups, the first group comprises 

composites that are known as matrix. The main feature of these materials is the 

existence of some basic or matrix material whose properties are improved by filling it 

with some particles. Usually the matrix volume fraction is more than 50% in such 

materials [71, 74]. The material properties being naturally modified by the fillers are 

governed mainly by the matrix. As a rule, filled materials can be treated as 

homogeneous and isotropic, i.e., traditional models of Mechanics of Materials 

developed for metals and other conventional materials can be used to describe their 

behavior. The second group of composite materials which is in the scope of this 

research involves composites that are called reinforced materials. The basic components 

of these materials are long and short fibers possessing high strength and stiffness. The 

fibers are bound with a matrix material whose volume fraction in a composite is usually 

less than 50% [71, 74].  

 

4.3.1 Prediction of the Young’s Modulus 
 

The Young’s modulus of the carbon nanotubes reinforced metal matrix 

Nanocomposite predicted to increase linearly as the volume fraction of the carbon 

nanotubes increases. Therefore, the higher the carbon nanotubes volume ratio, the better 

the Young’s modulus of the Nanocomposite is predicted. Figure 4.2 shows the effect of 
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volume fraction on the Young’s modulus of the carbon nanotubes reinforced copper, 

iron and aluminum matrixes nanocomposites, respectively. It was found that the 

percentage increase in the longitudinal Young’s modulus of the new Nanocomposite 

varied from 20%, 47%, and 74% for Copper matrix, 11%, 26%, and 41% for Iron 

matrix, and 40%, 93%, and 146% for Aluminum matrix when the volume fraction of the 

carbon nanotubes increased from 3%, 7%, and 11%. 

 

 
Figure 4.2:  Effect of volume fraction on longitudinal Young’s modulus for carbon 

nanotube treated as long fiber reinforced iron, copper and aluminum 
metal matrix 

 
 

 
4.3.2 Prediction of the Transverse Young’s Modulus 
 

The Transverse Young’s modulus of the carbon nanotubes reinforced metal 

matrix nanocomposite is predicted to have increasing trend as the volume fraction of the 

carbon nanotubes increase. Therefore, the higher the carbon nanotubes volume ratio, the 

higher the transverse Young’s modulus of the Nanocomposite is predicted to be. Figure 

4.3, shows the effect of volume fraction on the Young’s modulus of the carbon 

nanotubes reinforced copper, iron and aluminum matrixes nanocomposite, respectively. 

It was found that the percentage increase in the Transverse Young’s modulus of the new 

Nanocomposite varied from 3%, 6%, and 11% for Copper matrix, 2%, 6%, and 10% for 

Iron matrix, and 3%, 7%, and 11% for Aluminum matrix when the volume fraction of 

the carbon nanotubes increased from 3%, 7%, and 11%. 
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Figure 4.3: Effect of volume fraction on transverse modulus for carbon nanotube 

treated as long fiber reinforced iron, copper and aluminum metal 
matrix 

 
 
4.3.3 Prediction of the Shear Modulus 
 

The shear modulus of the carbon nanotubes reinforced metal matrix 

nanocomposite is predicted to have increasing trend as the volume fraction of the 

carbon nanotubes increase. Therefore, the higher the carbon nanotubes volume ratio, the 

higher the shear modulus of the Nanocomposite is predicted to be. Figure 4.4, shows the 

effect of volume fraction on the shear modulus of the carbon nanotubes reinforced 

copper, iron and aluminum matrixes nanocomposite, respectively. It was found that the 

percentage increase in the shear modulus of the new Nanocomposite varied from 3%, 

7%, and 11% for copper matrix, 3%, 6%, and 10%for iron matrix, and 3%, 7%, and 

12%for aluminum matrix when the volume fraction of the carbon nanotubes increased 

from 3%, 7%, and 11%, respectively. 

 
 

4.3.4 Prediction of the Major Poisson's Ratio 
 
The Major Poisson's Ratio of the Carbon Nanotubes reinforced metal matrix 

nanocomposite is predicted to have decreasing trend as the volume fraction of the 

carbon nanotubes increase. Therefore, the higher the carbon nanotubes volume ratio, the 

lower the major Poisson's ratio of the nanocomposite is predicted to be for Copper and 

Aluminum matrix. 
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Figure 4.4: Effect of volume fraction on shear modulus for carbon nanotube 

treated as long fiber reinforced iron, copper and aluminum metal 
matrix 

 
Figure 4.5 shows the effect of volume fraction on the major Poisson's Ratio of 

the carbon nanotubes reinforced Copper and Aluminum matrixes nanocomposite, 

respectively. It was found that the percentage decrease in the major Poisson's ratio of 

the new nanocomposite varied from 1%, 1%, and 2% for Copper matrix and up 1% for 

Aluminum matrix when volume fraction of the carbon nanotubes increased from 3%, 

7%, and 11%, respectively. However, the prediction of major Poisson’s ratio for iron 

matrix is insensitive with the increase of volume fractions because the matrix and the 

reinforcement have the same Poisson’s ratio value.  

 

 
Figure 4.5: Effect of volume fraction on major Poisson's ratio for carbon 

nanotube treated as long fiber reinforced iron, copper and aluminum 
metal matrix 
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4.4 Prediction of the Elastic Properties for Short Fiber 
 

Short fiber reinforced composites can offer some of the property advantages 

that continuous fiber reinforced composites contain, along with an economical flow 

processing that favors large-scale production [23].  Using MATLAB, various properties 

of the Carbon Nanotube reinforced metal matrix Nanocomposite can be predicted. This 

time discontinuous short Carbon Nanotubes were considered. The “Rule of Mixtures” 

equation must be modified to make predictions when short fibers are used. The results 

show lower properties as compared to the continuous fiber case.  

 

4.4.1 Prediction of the Young’s Modulus 
 

The prediction of longitudinal Young’s modulus for the short fiber carbon 

nanotubes reinforced iron matrix composite will be investigated according to the 

following factors: varying the length and fixing the diameter and fixing the length with 

varying the chirality index. 

 

4.4.1.1  Effect of Length 

 

It was observed that the increment percentage in the Young’s modulus of the 

iron matrix nanocomposite reinforced by 3% volume fraction of zigzag carbon 

nanotubes (5, 0) varied as 9.2%, 9.9% and 10.4% at carbon nanotubes length increased 

for 3, 5, and 8 nm, respectively. However, at 3% volume fraction for the armchair 

carbon nanotubes (5, 5) the increment varied as 8.2%, 9.2% and 9.8% while for chiral 

carbon nanotubes (5, 10) varied as 7.3%, 8.4%, and 9.2% at the same increment of 

length, respectively. Figures 4.6, 4.7 and 4.8 show increments of Young’s modulus for 

iron matrix reinforced by zigzag, armchair and chiral carbon nanotube, respectively 

when the volume fraction increases. 

 
Similarly the procedure will be taken for the prediction of Young’s modulus for the 

copper and aluminum matrixes. 

For carbon nanotube reinforced copper matrix Nanocomposite, It was observed that 

the increment percentage in the Young’s modulus of the copper matrix nanocomposite 

reinforced by 3% volume fraction of zigzag carbon nanotubes  (5, 0) varied as 14.4%, 

16.1% and 17.4% at carbon nanotubes length increased for 3, 5, and 8 nm, respectively. 
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Figure 4.6: Longitudinal Young's modulus for zigzag (5,0) carbon nanotube 

(different length) reinforced iron metal matrix 
 

 
Figure 4.7: Longitudinal Young's modulus for armchair (5,5) carbon 

nanotube (different length) reinforced iron metal matrix  

 
Figure 4.8: Longitudinal Young's modulus for chiral (5,10) carbon 

nanotube) (different length) reinforced iron metal matrix  
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However, at 3% volume fraction for the armchair carbon nanotubes (5, 5) the increment 

varied as 12.1%, 14.2% and 15.9% while for chiral carbon nanotubes (5, 10) varied as 

10.3%, 12.5%, and 14.4% at the same increment of length, respectively. Figure 4.9, 

Figure 4.10 and Figure 4.11 show increment of Young’s modulus for Iron matrix 

reinforced by zigzag, armchair and chiral carbon nanotube, respectively when the 

volume fraction increases. 

 

 
Figure 4.9:   Longitudinal Young's modulus for zigzag (5,0) carbon nanotube 

(different length) reinforced copper metal matrix 
 
 

 
Figure 4.10: Longitudinal Young's modulus for armchair (5,5) carbon nanotube 

(different length) reinforced copper metal matrix  
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Figure 4.11: Longitudinal Young's modulus for chiral (5,10) carbon nanotube 

(different length) reinforced copper metal matrix  
 

For carbon nanotube reinforced aluminum matrix Nanocomposite, It was observed 

that the increment percentage in the Young’s modulus of the aluminum matrix 

nanocomposite reinforced by 3% volume fraction of zigzag carbon nanotubes  (5, 0) 

varied as 22.3%, 26.8% and 30.5% at carbon nanotubes length increased for 3, 5, and 8 

nm, respectively. However, at 3% volume fraction for the armchair carbon nanotubes 

(5, 5) the increment varied as 17.3%, 21.9% and 26.2% while for chiral carbon 

nanotubes (5, 10) varied as 13.8%, 18%, and 22.3% at the same increment of length, 

respectively. Figures 4.12, 4.13 and 4.14 show increment of Young’s modulus for 

aluminum matrix reinforced by zigzag, armchair and chiral carbon nanotube, 

respectively when the volume fraction increases. 

 

 
Figure 4.12: Longitudinal Young's modulus for zigzag (5,0)carbon nanotube 

(different length) reinforced aluminum metal matrix 
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Figure 4.13: Longitudinal Young's modulus for armchair (5,5) carbon nanotube 

(different length) reinforced aluminum metal matrix  
 

 
Figure 4.14: Longitudinal Young's modulus for chiral (5,10) carbon nanotube 

(different length) reinforced aluminum metal matrix  
 

 

4.4.1.2  Effect of diameter 

 
The analysis will be carried out for the three types of the carbon nanotubes at the same 

length with different diameters, which can be achieved by changing the index of carbon 

nanotube for the same kind. It can be observed from Table 4.1 (a) that at 3% volume 

fraction of carbon nanotube reinforced iron matrix, the value of Young’s modulus 

decreases as the diameter of the armchair carbon nanotubes increases.  
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Table 4.1: Effect of armchair carbon nanotube diameter on Young’s modulus 
for reinforced: (a) iron, (b) copper, and (c) aluminum matrix  

(a) Iron 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,5) 0.848 227.3 8% 229.2 9% 230.6 10% 
(10,10) 1.526 224.2 7% 226.5 8% 226.9 8% 
(15,15) 2.204 222.3 6% 224.7 7% 226.8 8% 

 
Similarly, the prediction of Young’s modulus for the copper and aluminum matrix 

reinforced by armchair carbon nanotube treated as short fiber are presented in Table 4.1 

(b) and (c). It can be observed that at 3% volume fraction of carbon nanotube reinforced 

copper and aluminum matrix, the value of Young’s modulus decreases as the diameter 

of the armchair carbon nanotubes increases.  
 

(b) Copper  
Carbon 

Nanotube index d (nm) 
lc =3nm lc =5nm lc =8 nm 

E (GPa) % E (GPa) % E (GPa) % 
(5,5) 0.848 145.7 12% 148.5 14% 150.7 16% 

(10,10) 1.526 141.9 9% 144.7 11% 145.8 12% 

(15,15) 2.204 139.9 8% 142.4 10% 145.1 12% 
 
(c) Aluminum  

Carbon 
Nanotube index d (nm) 

lc=3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,5) 0.848 82.1 17% 85.3 22% 88.3 26% 

(10,10) 1.526 78.3 12% 81.0 16% 82.6 18% 

(15,15) 2.204 76.5 9% 78.8 13% 81.4 16% 
 

 

For zigzag carbon nanotubes reinforced iron metal matrix at same length with different 

diameters, Table 4.2 (a) presents the results calculated at 3% of volume fraction for Iron 

metal matrix reinforced by zigzag carbon nanotube type. The results show that the value 

of Young’s modulus decreases as diameter of the zigzag carbon nanotubes increases.  
 

Table 4.2: Effect of zigzag carbon nanotube diameter on Young’s modulus for 
reinforced: (a) iron, (b) copper, and (c) aluminum matrix 

(a) Iron 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,0) 0.561 229.4 9% 230.8 10% 231.8 10% 
(10,0) 0.953 226.7 8% 228.7 9% 230.3 10% 
(15,0) 1.344 224.8 7% 227.1 8% 229.0 9% 
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Similarly, the prediction of Young’s modulus for the copper and aluminum matrix 

reinforced by zigzag carbon nanotube treated as short fiber are presented in Table 4.2 

(b) and (c). It can be observed that at 3% volume fraction of carbon nanotube reinforced 

copper and aluminum matrix, the value of Young’s modulus decreases as the diameter 

of the zigzag carbon nanotubes increases.  

 
 (b) Copper  
 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,0) 0.561 148.7 14% 151.0 16% 152.6 17% 

(10,0) 0.953 144.9 11% 147.7 14% 150.0 15% 

(15,0) 1.344 142.7 10% 145.5 12% 148.1 14% 
 
(c) Aluminum  
 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,0) 0.561 85.6 22% 88.8 27% 91.3 30% 

(10,0) 0.953 81.2 16% 84.4 21% 87.4 25% 

(15,0) 1.344 79.0 13% 81.9 17% 84.8 21% 
 
 
For chiral carbon nanotubes reinforced iron metal matrix at same length with different 

diameters, Table 4.3 (a) presents the results calculated at 3% of volume fraction for iron 

metal matrix reinforced by chiral carbon nanotube type. The results show that the value 

of Young’s modulus decreases as the diameter of the chiral carbon nanotubes increases.  

 
Table 4.3: Effect of chiral carbon nanotube diameter on Young’s modulus for 

reinforced: (a) iron, (b) copper, and (c) aluminum matrix 
(a) Iron 
 

Carbon 
Nanotube Index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,10) 1.206 225.4 7% 227.7 8% 229.4 9% 
(10,15) 1.876 223.1 6% 225.5 7% 227.5 8% 
(15,20) 2.551 221.6 6% 223.9 7% 226.1 8% 

 
Similarly, the prediction of Young’s modulus for the copper and aluminum matrix 

reinforced by chiral carbon nanotube treated as short fiber are presented in Table 4.3 (b) 

and (c). It can be observed that at 3% volume fraction of carbon nanotube reinforced 

copper and aluminum matrix, the value of Young’s modulus decreases as the diameter 

of the chiral carbon nanotubes increases.  
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(b) Copper  
 

Carbon 
Nanotube Index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,10) 1.206 143.3 10% 146.2 12% 148.7 14% 

(10,15) 1.876 140.7 8% 143.4 10% 146.1 12% 

(15,20) 2.551 139.2 7% 141.6 9% 144.2 11% 
 
(c) Aluminum  
 

Carbon 
Nanotube Index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

(5,10) 1.206 79.6 14% 82.6 18% 85.6 22% 

(10,15) 1.876 77.2 10% 79.7 14% 82.4 18% 

(15,20) 2.551 76.0 9% 78.0 11% 80.5 15% 
 
 

4.4.1.3  Effect of chirality Index 
 

To study the effect of chirality index, the analysis is carried out for armchair (5, 

5), zigzag (5, 0) and chiral (5, 10) carbon nanotubes at the same length. It can be 

observed from Table 4.4 that at 3% volume fraction of carbon nanotube reinforced iron 

matrix, the value of Young’s modulus for zigzag type is the highest, while for chiral 

type is the lowest because changing the chirality index will change the diameter. 

However, Figures 4.15, 4.16, and 4.17 shows that the Young’s modulus increases as the 

volume fraction and the length increases and decreases when the carbon nanotube 

chirality index is changed from zigzag to chiral type, i.e. it decreases with the increase 

of diameter. 

 
Table 4.4: Effect of chiral index on the Young’s modulus of iron matrix (Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

Armchair (5,5) 0.848 227.3 8% 229.2 9% 230.6 10% 
Zigzag (5,0) 0.561 229.4 9% 230.8 10% 231.8 10% 
Chiral (5,10) 1.206 225.4 7% 227.7 8% 229.4 9% 

 
Similarly the procedure will be taken for the prediction of Young’s modulus for the 

copper and aluminum matrixes reinforced by armchair carbon nanotube type. 

For carbon nanotube reinforced copper matrix Nanocomposite, it can be observed 

from Table 4.5 that at 3% volume fraction of carbon nanotube reinforced copper matrix, 

the value of Young’s modulus for zigzag type is the highest, while for chiral type is the 

lowest because changing the chirality index will change the diameter. 
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Figure 4.15: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=3 nm) reinforced iron metal matrix  
 

 
Figure 4.16: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=5 nm) reinforced iron metal matrix  
 

 
Figure 4.17: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=8 nm) reinforced iron metal matrix  
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However, Figures 4.18, 4.19, and 4.20 show that the Young’s modulus increases as the 

volume fraction and the length are increased and decreases when the carbon nanotube 

chirality index is changed from zigzag to chiral type, i.e. it decreases with the increase 

of diameter. 

 
Table 4.5: Effect of chiral index on the Young’s modulus of copper matrix (Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

Armchair (5,5) 0.848 145.7 12% 148.5 14% 150.7 16% 
Zigzag (5,0) 0.561 148.7 14% 151.0 16% 152.6 17% 
Chiral (5,10) 1.206 143.3 10% 146.2 12% 148.7 14% 

 

 
Figure 4.18: Longitudinal Young's modulus for different chiral index carbon 

nanotube (length lc=3 nm) reinforced copper metal matrix  
 

 
Figure 4.19: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=5 nm) reinforced copper metal matrix  
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Figure 4.20: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=8 nm) reinforced copper metal matrix  
 

Similarly, the results for carbon nanotube reinforced aluminum matrix 

Nanocomposite as presented in Table 4.6 show that, at 3% volume fraction of carbon 

nanotube reinforced aluminum matrix, the value of Young’s modulus for zigzag type is 

the highest, while for chiral type is the lowest because changing the chirality index will 

change the diameter. However, Figures 4.21, 4.22, and 4.23 show that the Young’s 

modulus increases when the volume fraction and the length are increased and decreases 

when the carbon nanotube chirality index is changed from zigzag to chiral type, i.e. it 

decreases with the increase of diameter. 

 
Table 4.6: Effect of chiral index on the Young’s modulus of aluminum matrix 

(Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

lc =3nm lc =5nm lc =8 nm 
E (GPa) % E (GPa) % E (GPa) % 

Armchair (5,5) 0.848 82.1 17% 85.3 22% 88.3 26% 
Zigzag (5,0) 0.561 85.6 22% 88.8 27% 91.3 30% 
Chiral (5,10) 1.206 79.6 14% 82.6 18% 85.6 22% 

 
 

 

4.4.2    Prediction of the Transverse Young’s Modulus 
 

The transverse modulus of iron matrix reinforced with armchair, zigzag, and 

chiral carbon nanotube treated as short fiber results were presented in Table 4.7 (a), (b), 

and (c) respectively. 
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Figure 4.21: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=3nm) reinforced aluminum metal matrix  
 

 
Figure 4.22: Longitudinal Young's modulus for different chiral index carbon 

nanotube (length lc=5nm) reinforced aluminum metal matrix  
 

 
Figure 4.23: Longitudinal Young's modulus for different chiral index carbon 

nanotube (length lc=8 nm) reinforced aluminum metal matrix  
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However, Table 4.8 (a), (b), and (c) presented the results for copper matrix reinforced 

with different chiral index of carbon nanotube while Table 4.9(a), (b), and (c) presented 

the results for aluminum matrix reinforced with different chiral index of carbon 

nanotube. The results show increment with respect to the matrix transverse modulus 

when the carbon nanotube volume fraction and/or length increased. Figures 4.24, 4.25, 

and 4.26 show the prediction results of transverse modulus of carbon nanotubes 

reinforced iron, copper, and aluminum metal matrix nanocomposite, respectively.  

 

Table 4.7: Transverse modulus prediction for (a) armchair, (b) zigzag, and (c) 
chiral carbon nanotubes reinforced iron metal matrix  

(a) Armchair 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 214.97 2% 216.31 3% 217.26 3% 
7% 217.79 4% 218.74 4% 219.85 5% 

11% 220.45 5% 222.41 6% 223.80 7% 
 

(b) Zigzag 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 216.31 3% 218.69 4% 219.09 4% 
7% 219.02 4% 219.76 5% 220.43 5% 

11% 222.70 6% 224.22 7% 225.03 7% 
 

(c) Chiral 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 214.29 2% 214.29 2% 215.15 2% 
7% 216.90 3% 218.20 4% 218.73 4% 

11% 219.69 5% 221.08 5% 221.86 6% 
 

Table 4.8: Transverse modulus prediction for (a) armchair, (b) zigzag, and (c) 
chiral carbon nanotubes reinforced copper metal matrix  

(a) Armchair 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 136.32 3% 134.41 3% 135.16 4% 
7% 138.23 4% 136.58 5% 137.32 6% 

11% 141.41 6% 139.78 8% 140.67 8% 
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(b) Zigzag 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 134.79 4% 135.45 4% 136.32 5% 
7% 136.24 5% 137.48 6% 138.23 6% 

11% 139.73 7% 140.76 8% 141.41 9% 
 
(c) Chiral 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 132.69 2% 134.00 3% 134.75 4% 
7% 134.03 3% 135.51 4% 136.82 5% 

11% 136.46 5% 137.38 6% 138.62 7% 
 
 
Table 4.9: Transverse modulus prediction for for (a) armchair, (b) zigzag, and 

(c) chiral carbon nanotubes reinforced aluminum metal matrix  
(a) Armchair 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 74.93 5% 74.39 6% 75.02 7% 
7% 75.77 7% 75.13 7% 76.06 9% 

11% 76.53 9% 76.19 9% 77.19 10% 
 
(b) Zigzag 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 74.00 6% 74.93 7% 75.54 8% 
7% 75.49 8% 75.77 8% 76.82 10% 

11% 76.30 9% 76.53 9% 77.44 11% 
 
(c) Chiral 
 

V୤ 
lc =3nm lc =5nm lc =8 nm 

ET (GPa) % ET (GPa) % ET (GPa) % 
3% 73.44 5% 74.07 6% 74.59 7% 
7% 74.12 6% 74.76 7% 75.28 8% 

11% 75.54 8% 75.84 8% 76.23 9% 
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Figure 4.24: Transverse Young's modulus for carbon nanotube as short fiber 

reinforced iron metal matrix  
 

 
Figure 4.25: Transverse Young's modulus for carbon nanotube as short fiber 

reinforced copper metal matrix  
 

 
Figure 4.26: Transverse Young's modulus for carbon nanotube as short fiber 

reinforced aluminum metal matrix  
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4.4.3     Prediction of the shear modulus 
 

The shear modulus of carbon nanotube treated as short fiber to reinforce Iron 

matrix results show a reduction of its value with respect to the matrix value. At 3% 

volume fraction of carbon nanotube, the shear modulus value was about 49 GPa which 

is about 40% less than the iron matrix shear modulus while for copper matrix reinforced 

by the same volume fraction of nanotubes, the value was 27 GPa which is about 43% 

less than copper matrix shear modulus. However, for aluminum matrix reinforced by the 

same volume of carbon nanotubes indicates 14 GPa which is about 45% less than that of 

Aluminum matrix as shown in Figures 4.27, 4.28, and 4.29  respectively, this reduction 

decreases as the volume fraction increases. The results show that the prediction of the 

shear modulus is insensitive to the change in length or diameter, the shear modulus 

depends on the ratio between the values of fiber to matrix shear modulus. 

 
Figure 4.27: Shear modulus for carbon nanotube (as short fiber) reinforced iron matrix 
 

 
Figure 4.28: Shear modulus for carbon nanotube (as short fiber) reinforced 

copper matrix 
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Figure 4.29: Shear modulus for carbon nanotube (as short fiber) reinforced 

aluminum matrix 
 
 

 

4.5      Prediction of the Thermal conductivity  
 

The numerical calculations will be carried out to determine the effective 

longitudinal conductivity of carbon nanotubes reinforced metal matrix. The nanotubes 

are considered to be uniformly dispersed in the metal matrix and only small nanotubes 

volume fractions have been considered. The necessary calculations have been carried 

out using the MATLAB software.  

 

The created code has been used to solve the linear differential equations and to 

calculate the various constants involved in equation 2.92 for the thermal conductivity. 

The effective thermal conductivity is calculated by varying the length of carbon 

nanotubes and keeping the diameter constant, i.e. varying the aspect ratio with fixed 

diameter. For a fixed aspect ratio, the interface conductance is varied and the theoretical 

behavior is studied. Dependence of the thermal conductivity on the volume fraction is 

studied by keeping the aspect ratio constant and varying the volume fraction of the 

carbon nanotubes in the composite. 

Thus, to determine the effective thermal conductivity, the quantities ζ଴, λ and β need to 

be calculated from the geometry and materials properties of the carbon nanotubes and 

the metal matrix.  
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4.5.1 Prediction of the thermal conductivity of carbon nanotubes reinforced 
metal matrix nanocomposite 

 

To determine the effective thermal conductivity of aluminum in the axial 

direction for the models used in this research, Table 4.10 shows the input parameters 

used to carry out the calculations. The same approach will be used to determine the 

values of effective thermal conductivity of reinforcing the copper and iron matrices. 

 

Table 4.10: The input for calculating the thermal conductivity for carbon 
nanotube reinforced aluminum matrix  

 
Description Symbol Units Value 

Average nanotubes diameter d୫ୣୟ୬ nanometer 0.678 

The outer diameter d଴ nanometer 0.848 

The inner diameter d୧ nanometer 0.508 

Average nanotubes length l nanometer 10 

Conductivity of the metal matrix k(ଵ) W/m-K 204 

Conductivity of carbon nanotubes kେ୒୘ W/m-K 3000 

Interfacial Conductance β MW/m2K 12 

Thickness of the carbon nanotubes t nanometer 0.34 

Conductivity of the effective fiber k(ଶ) W/m-K Calculated  

 
The parameters ζ଴ and c can be obtained from equation 2.94 and 2.98 by using 

the above data respectively, as ζ଴ = 1.002306 and c = 4.988495	nm. Hence, the value 

of the function	f(ζ଴) can be obtained from equation 2.93. Thus, the effective fiber 

Conductivity k(ଶ) can be calculated from equation 2.91 and it found to be 

1923.3936	W/mK, The results show that the conductivity of the effective fiber is much 

lower than the intrinsic conductivity of a carbon nanotubes. This is due to the fact that 

only the outer nanotubes layer has been assumed to be involved in the conduction of 

heat through the nanotubes. This assumption yields the correct value for the composite 

overall conductivity and hence this is a vital aspect of heat conduction in carbon 

nanotubes reinforced composites which needs to be considered carefully.  For carbon 

nanotube reinforced aluminum matrix, the value of λ is obtained from equation 2.95 as 

λ = 9.4284. The value of β is taken to be 12 MW/m2K. This value of the interfacial 

conductance was determined using molecular dynamics simulations for a nanotubes 

suspension in an organic fluid [87]. This seems to be the only published value available 
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for this parameter and hence it will be used in the calculations here.  Thus the value 

of		β is obtained from equation 2.140 as β = 293.441 

The value of the constant B1	could be evaluated from equation 2.96, B1  is 

obtained as a solution to an infinite set of linear simultaneous equations. For numerical 

calculations; solution of an infinite set of equations is not possible and the series thus 

needs to be truncated at some point.  The number of terms used will determine the 

accuracy of the solution obtained.  In most cases, however, the value of B1	 converges 

to a unique value after a few terms. On solving, the value of B1 is obtained to be -

0.7283. The effective conductivity can now be directly calculated from equation 2.92. 

Table 4.11 shows the results of predicting the effective thermal conductivity for other 

carbon nanotubes reinforced metal matrix nanocomposites by using similar calculations 

as shown above. The results predicted show increments in the value of the effective 

conductivity. For reinforcing Aluminum matrix the effective thermal conductivity is 

221.8 W/m K, which is about 9% increase of the matrix thermal conductivity. However, 

for the reinforcing Iron matrix the value is 76.5 W/m K, which is about 5% increase of 

the matrix thermal conductivity, while for reinforcing Copper matrix the value is 409.6 

W/m K, which is about 6% increase of the matrix thermal conductivity. 

 
Table 4.11: Thermal conductivity results for (5, 5) carbon nanotubes reinforced 

metal matrix nanocomposite at 3% volume fraction 
 

Parameter 
Matrix 

Aluminum Copper Iron 
ζ଴ 1.002306 1.002306 1.002306 

c 4.9885 4.9885 4.9885 

k(ଶ) 1923.3936 1923.3936 1923.3936 

λ 9.4284 4.9829 26.4566 

β 293.441 155.083 823.411 

B1 -0.7283 -0.7304 -0.7156 
݇௘௙௙∗  (W/m k) 221.6 409.6 76.5 

% increase of the matrix thermal 
conductivity 9% 6% 5% 

 
 
4.5.2     Evaluation of Factors Affecting the Effective Conductivity 
 

The results obtained will be analyzed and the contribution of the various 

factors affecting heat conduction in carbon nanotubes reinforced Nanocomposite will be 

critically evaluated. The four principal factors that have been found to greatly influence 
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the effective conductivity in carbon nanotubes reinforced composites are the volume 

fraction, fiber length, diameter, and thermal contact conductance. An evaluation of these 

factors will help us in better understanding the mechanism of heat conduction in carbon 

nanotubes reinforced composites and how it is different from heat conduction in 

traditional fiber reinforced composites. 

 

4.5.2.1 Effect of volume fraction on the effective thermal conductivity of the 
nanocomposite 

 
The analysis was conducted using MATALB code for the carbon 

nanotube reinforced metal matrix Nanocomposite with a constant CNTs diameters and 

length. The objective of the analysis is to study the influence of CNTs volume fraction 

with various carbon nanotubes categories. The calculation has shown that even at lower 

volume fractions the CNT inclusions are able to enhance the thermal conductivity of 

the matrix material. This is a very important property from the point of thermal 

management of electronic devices. It is possible to enhance thermal conductivity of the 

matrix material even with randomly dispersed nanotubes in the matrix material, though 

the increase may not be as high as in a composite with highly aligned nanotubes but 

this can help in reducing the production cost of the composite. Table 4.12 shows the 

results for Aluminum matrix reinforced by 3% volume fraction of different categories 

of carbon nanotubes. It can be noticed that the enhancement in thermal conductivity are 

10% to 7%, 9% to 6%, and 8% to 5% for zigzag, armchair and chiral type, respectively, 

with respect to the thermal conductivity of Aluminum matrix.  

 
Table 4.12: Effect of carbon nanotube chiral index on the thermal conductivity for 

reinforcing aluminum metal matrix (Vf=3%) 
 

 Armchair Zigzag Chiral 
(5,5) (10,10) (15,15) (5,0) (10,0) (15,0) (5,10) (10,15) (15,20) 

K 
(W/m k) 221.6 218.6 216.9 223.6 220.9 217.7 219.7 216.9 214.4 

% change 9% 7% 6% 10% 8% 7% 8% 6% 5% 
 

Figures 4.30, 4.31, and 4.32 show the effect of volume fraction on the thermal 

conductivity for aluminum reinforced by armchair, zigzag, and chiral carbon nanotube 

respectively. It can be observed that the thermal conductivity of the Nanocomposite 

varies linearly with the change in volume fractions as predicted by theoretical model. 

However, Table 4.13 shows that the thermal conductivity of zigzag type is the highest 

where the lowest is the chiral type. 
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Table 4.13: Comparison between different carbon nanotube chiral index on the 
thermal conductivity for reinforcing aluminum metal matrix (Vf=3%) 

 
Carbon 

Nanotube index K (W/m K) 
% 

change 
(5,5) 221.61 9% 
(5,0) 223.62 10% 

(5,10) 219.72 8% 
 
 
Figure 4.33 represents the effect of chiral index of carbon nanotubes on the thermal 

conductivity of aluminum metal matrix. It can be seen that it increases linearly with 

increasing volume fraction. The zigzag type has the highest slope while the chiral type 

has the lowest slope. 
 

 
Figure 4.30: Effect of volume fraction on thermal conductivity for armchair 

carbon nanotube reinforced aluminum metal matrix 
 

 
Figure 4.31: Effect of volume fraction on thermal conductivity for zigzag carbon 

nanotube reinforced aluminum metal matrix 
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Figure 4.32: Effect of volume fraction on thermal conductivity for chiral carbon 

reinforced aluminum metal matrix  
 

 
Figure 4.33: Effect of volume fraction on thermal conductivity for different 

chiral indices carbon nanotube reinforced aluminum metal matrix  
 
 
Similarly, the same procedure will be taken for the prediction of thermal conductivity 

for the copper and iron matrices. 

 
For carbon nanotube reinforced Copper matrix Nanocomposite, Table 4.14 shows 

the results for copper matrix reinforced by 3% volume fraction of different categories of 

carbon nanotubes. It can be noticed that the enhancement in thermal conductivity are 

7% to 4%, 6% to 4%, and 5% to 3% for zigzag, armchair and chiral type, respectively, 

with respect to the thermal conductivity of copper matrix.  
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Table 4.14: Effect of carbon nanotube chiral index on the thermal conductivity 
for reinforcing copper metal matrix (Vf=3%) 

 

 Armchair Zigzag Chiral 
(5,5) (10,10) (15,15) (5,0) (10,0) (15,0) (5,10) (10,15) (15,20) 

K 
(W/m k) 409.6 406.6 401.9 414.6 409 403.3 404.7 402 398.4 

% change 6% 5% 4% 7% 6% 4% 5% 4% 3% 
 

Figure 4.34, 4.35, and 4.36 show the effect of volume fraction on the thermal 

conductivity for Copper reinforced by armchair, zigzag, and chiral carbon nanotube 

respectively. It can be observed that the thermal conductivity of the Nanocomposite 

varies linearly with the change in volume fractions as predicted by theoretical model. 

However, Table 4.15 shows that the thermal conductivity of Zigzag type is the highest 

where the lowest is the chiral type. 

 
Table 4.15: Comparison between different carbon nanotube chiral index on the 

thermal conductivity for reinforcing copper metal matrix (Vf=3%) 
 

Carbon 
Nanotube index 

K (W/m K) % 
change 

Armchair (5,5) 409.6 6% 
Zigzag (5,0) 414.6 7% 
Chiral (5,10) 404.7 5% 

 

Figure 4.37 represents the effect of chiral index of carbon nanotubes on the thermal 

conductivity of copper metal matrix. It can be seen that it increases linearly with 

increasing the volume fraction. The zigzag type has the highest slope while the chiral 

type has the lowest slope. 
 

 
Figure 4.34: Effect of volume fraction on thermal conductivity for armchair 

carbon nanotube reinforced copper metal matrix  
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Figure 4.35: Effect of volume fraction on thermal conductivity for zigzag carbon 

nanotube reinforced copper metal matrix  
 

 
Figure 4.36: Effect of volume fraction on thermal conductivity for chiral carbon 

nanotube reinforced copper metal matrix  
 

 
Figure 4.37: Effect of volume fraction on thermal conductivity for different 

chiral index carbon nanotube reinforced copper metal matrix  
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However, For Carbon nanotube reinforced iron matrix Nanocomposite, Table 4.16 

shows the results of iron matrix reinforced by 3% volume fraction of different 

categories of carbon nanotubes. It can be noticed that the enhancement in thermal 

conductivity are 7% to 4%, 5% to 3%, and 4% to 2% for zigzag, armchair and chiral 

type, respectively, with respect to the thermal conductivity of iron matrix.  

 
Table 4.16: Effect of carbon nanotube chiral index on the thermal conductivity 

for reinforcing iron metal matrix (Vf=3%) 
 

 Armchair Zigzag Chiral 
(5,5) (10,10) (15,15) (5,0) (10,0) (15,0) (5,10) (10,15) (15,20) 

K 
(W/m k) 76.5 75.6 74.7 77.6 76.8 75.9 75.8 75.1 74.4 

% change 5% 4% 3% 7% 6% 4% 4% 3% 2% 
 
Figure 4.38, 4.39 and 4.40 shows the effect of volume fraction on the thermal 

conductivity for iron reinforced by armchair, zigzag, and chiral carbon nanotube 

respectively. It can be observed that the thermal conductivity of the nanocomposite 

varies linearly with the change in volume fractions as predicted by theoretical model.  
 

 
Figure 4.38: Effect of volume fraction on thermal conductivity for armchair 

carbon nanotube reinforced iron metal matrix  
 
Table 4.17 shows that the thermal conductivity of zigzag type is the highest where the 

lowest is the chiral type 
 

Table 4.17: Comparison between different carbon nanotube chiral index on the 
thermal conductivity for reinforcing iron metal matrix (Vf=3%) 
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Figure 4.39: Effect of volume fraction on thermal conductivity for zigzag carbon 

nanotube reinforced iron metal matrix  
 

 
Figure 4.40: Effect of volume fraction on thermal conductivity for chiral carbon 

nanotube reinforced iron metal matrix  
 

 
Figure 4.41: Effect of volume fraction on thermal conductivity for different 

chiral index carbon nanotube reinforced iron metal matrix  
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Figure 4.41 represents the effect of chiral index of carbon nanotubes on the thermal 

conductivity of iron metal matrix. It can be seen that it increases linearly with 

increasing volume fraction, and it has the same pattern as those of aluminum and 

copper matrices. 

 
 
4.5.2.2 Effect of carbon nanotube length on the effective thermal conductivity  
 

The analysis conducted using MATALB code for the carbon nanotube 

reinforced metal matrix Nanocomposite with a constant carbon nanotube diameter and a 

fixed volume fraction of 3 %. The objective of the analysis is to study the influence of 

carbon nanotubes length with various aspect ratios. The calculation has shown that the 

thermal conductivity increases linearly with increase in length of CNT. However it can 

be noticed that the effective conductivity does not increase drastically when the length 

of the carbon nanotubes increases. In other words, there is no drastic increase in the 

conductivity for carbon nanotubes reinforced metal matrix Nanocomposite with high 

aspect ratios. The results for aluminum matrix reinforced by 3% of different types of 

carbon nanotubes show linear increase of thermal conductivity when the length 

increases from 2 to 9 nm as shown in Figures 4.42, 4.43 and 4.44. The increment 

percentage for the thermal conductivity are 2% to 8%, 2% to 9%, and 2% to 7% overall 

for armchair, zigzag, and chiral carbon nanotube, respectively. Figure 4.45 represents 

comparison between the three carbon nanotubes types reinforced aluminum metal 

matrix. 

 

 
Figure 4.42: Effect of length on thermal conductivity for armchair carbon 

nanotube reinforced aluminum metal matrix  
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Figure 4.43: Effect of length on thermal conductivity for zigzag carbon nanotube 

reinforced aluminum metal matrix  
 

 
Figure 4.44: Effect of length on thermal conductivity for chiral carbon nanotube 

reinforced aluminum metal matrix  
 

 
Figure 4.45: Effect of length on thermal conductivity for chiral carbon nanotube 

reinforced aluminum metal matrix  
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The same procedure is used for the prediction of the effect of carbon nanotubes length 

on the thermal conductivity for the copper and iron matrixes. 

 

For carbon nanotube reinforced copper matrix Nanocomposite, the results for 

copper matrix reinforced by 3% of the three carbon nanotubes types show linear 

increase of thermal conductivity when the length increases from 2 to 9 nm as shown in 

Figures 4.46, 4.47 and 4.48. The increment percentage for the thermal conductivity are 

1% to 6%, 1% to 7%, and 1% to 4% overall for armchair, zigzag, and chiral carbon 

nanotube, respectively. Figure 4.49 represents a comparison between the three types of 

carbon nanotubes reinforced copper metal matrix. 

 

 
Figure 4.46: Effect of length on thermal conductivity for armchair carbon 

nanotube reinforced copper metal matrix  
 

 
Figure 4.47: Effect of length on thermal conductivity for zigzag carbon nanotube 

reinforced copper metal matrix  
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Figure 4.48: Effect of length on thermal conductivity for chiral carbon nanotube 

reinforced copper metal matrix  
 

 
Figure 4.49: Effect of length on thermal conductivity for different chiral indices 

carbon nanotube reinforced copper metal matrix  
 

However, Iron matrix reinforced by 3% of the three carbon nanotubes types results 

show linear increase of thermal conductivity when the length increases from 2 to 9 nm 

as shown in Figures 4.50, 4.51 and 4.52. The increment percentages for the thermal 

conductivity are 1% to 5%, 1% to 6%, and 1% to 4% for armchair, zigzag, and chiral 

carbon nanotube, respectively. However, Figure 4.53 represents a comparison between 

the three types of carbon nanotubes reinforced iron metal matrix. 
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Figure 4.50: Effect of length on thermal conductivity for armchair carbon 

reinforced iron metal matrix  
 

 
Figure 4.51: Effect of length on thermal conductivity for zigzag carbon 

reinforced iron metal matrix  
 

 
Figure 4.52: Effect of length on thermal conductivity for chiral carbon reinforced 

iron metal matrix  
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Figure 4.53: Effect of length on thermal conductivity for different chiral indices 

carbon nanotube reinforced iron metal matrix  
  
 
 
4.5.2.3 Effect of the Diameter of Carbon Nanotube on the Effective Thermal 

Conductivity of the Nanocomposite 
 

The analysis was conducted using MATALB code for the carbon nanotube 

reinforced metal matrix Nanocomposite at fixed volume fraction of 3 % where the 

length of the short fiber is kept constant. The diameter is varied from 0.848 nm to 2.204 

nm for armchair carbon nanotube category, from 0.561 nm to 1.344 nm for zigzag 

carbon nanotube category and from 1.206 nm to 2.551 nm for chiral carbon nanotube 

category.  Table 4.18 represents the results of thermal conductivity calculated at 3% 

volume fraction of carbon nanotube reinforced Iron matrix and its enhancement 

percentage with respect to the matrix thermal conductivity. Figure 4.54 shows that the 

thermal conductivity has decreasing trend when the diameter of carbon nanotube 

increased for armchair carbon nanotubes types reinforced iron matrix Nanocomposite. 

 

Table 4.18: Effect of armchair carbon nanotube diameter on the thermal 
conductivity for reinforcing iron matrix (Vf=3%) 

 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8  
nm 

% 
change 

(5,5) 0.848 73.8 2% 74.6 3% 75.7 4% 

(10,10) 1.526 73.6 1% 74.1 2% 75.1 3% 

(15,15) 2.204 73.3 1% 73.7 1% 74.3 2% 
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Figure 4.54: Effect of diameter on thermal conductivity for armchair carbon 

nanotube reinforced iron metal matrix  
 

 

For zigzag carbon nanotube, Table 4.19 represents the results of thermal 

conductivity calculated at 3% volume fraction of zigzag carbon nanotube reinforced 

iron matrix and its enhancement percentage with respect to the matrix thermal 

conductivity. Figure 4.55 shows that the thermal conductivity has decreasing trend 

when the diameter of carbon nanotube increased for zigzag carbon nanotubes types 

reinforced iron matrix nanocomposite. 
 
Table 4.19: Effect of zigzag carbon nanotube diameter on the thermal 

conductivity for reinforcing iron matrix (Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8  
nm 

% 
change 

(5,0) 0.561 74.2 2% 75.2 3% 76.6 5% 

(10,0) 0.953 73.9 2% 74.8 3% 75.9 5% 

(15,0) 1.344 73.6 1% 74.3 2% 75.2 3% 
 
 

However, for chiral carbon nanotube, Table 4.20 represents the results of thermal 

conductivity calculated at 3% volume fraction of chiral carbon nanotube reinforced iron 

matrix and its enhancement percentage with respect to the matrix thermal conductivity. 

Figure 4.56 shows that the thermal conductivity has decreasing trend when the diameter 

of carbon nanotube increased for chiral carbon nanotubes types reinforced iron matrix 

Nanocomposite. 
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Figure 4.55: Effect of diameter on thermal conductivity for zigzag carbon 

nanotube reinforced iron metal matrix  
 

Table 4.20: Effect of chiral carbon nanotube diameter on the thermal 
conductivity for reinforcing iron matrix (Vf=3%) 

 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8  
nm 

% 
change 

(5,10) 1.206 73.6 1% 74.3 2% 75.2 3% 

(10,15) 1.876 73.4 1% 73.9 2% 74.6 3% 

(15,20) 2.551 73.2 1% 73.5 1% 74.1 2% 
 

 
Figure 4.56: Effect of diameter on thermal conductivity for chiral carbon 

nanotube reinforced iron metal matrix  
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Similarly the procedure will be taken for the prediction of thermal conductivity for the 

copper and aluminum matrixes. 

For carbon nanotube reinforced copper matrix Nanocomposite, Table 4.21 

represents the results of thermal conductivity calculated at 3% volume fraction of 

carbon nanotube reinforced copper matrix and its enhancement percentage with respect 

to the matrix thermal conductivity. Figure 4.57 shows that the thermal conductivity has 

decreasing trend when the diameter of carbon nanotube increased for armchair carbon 

nanotubes types reinforced copper matrix nanocomposite. 

 

Table 4.21: Effect of armchair carbon nanotube diameter on the thermal 
conductivity for reinforcing copper matrix (Vf=3%) 

  

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

(5,5) 0.848 393.1 2% 397.8 3% 404.9 5% 

(10,10) 1.526 392.2 2% 396.3 3% 402.4 4% 

(15,15) 2.204 390.8 1% 393.9 2% 398.7 3% 
 

 
Figure 4.57: Effect of diameter on thermal conductivity for armchair carbon 

nanotube reinforced copper metal matrix  
 
 
For zigzag carbon nanotube, Table 4.22 represents the results of thermal conductivity 

calculated at 3% volume fraction of zigzag carbon nanotube reinforced copper matrix 

and its enhancement percentage with respect to the matrix thermal conductivity. Figure 

4.58 shows that the thermal conductivity has decreasing trend when the diameter of 

carbon nanotube increased for zigzag carbon nanotubes type reinforced copper matrix 

Nanocomposite. 
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Table 4.22: Effect of zigzag carbon nanotube diameter on the thermal 
conductivity for reinforcing copper matrix (Vf=3%) 

 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

(5,0) 0.561 394.6 2% 400.3 4% 408.9 6% 

(10,0) 0.953 392.9 2% 397.5 3% 404.4 5% 

(15,0) 1.344 391.2 1% 394.6 2% 399.8 4% 
 

 
Figure 4.58: Effect of diameter on thermal conductivity for zigzag carbon 

nanotube reinforced copper metal matrix  
 
 
However, for chiral carbon nanotube, Table 4.23 represents the results of thermal 

conductivity calculated at 3% volume fraction of chiral carbon nanotube reinforced 

copper matrix and its enhancement percentage with respect to the matrix thermal 

conductivity. Figure 4.59 shows that the thermal conductivity has decreasing trend 

when the diameter of carbon nanotube increased for chiral carbon nanotube type 

reinforced copper matrix Nanocomposite. 

 
Table 4.23: Effect of chiral carbon nanotube diameter on the thermal 

conductivity for reinforcing copper matrix (Vf=3%) 
 

Carbon 
Nanotube Index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

(5,10) 1.206 391.6 1% 395.4 2% 401.1 4% 

(10,15) 1.876 390.8 1% 394.1 2% 398.8 3% 

(15,20) 2.551 389.7 1% 392.2 2% 395.9 3% 
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Figure 4.59: Effect of diameter on thermal conductivity for chiral carbon 

nanotube (as short fiber) reinforced copper metal matrix  
 
 
For carbon nanotube reinforced aluminum matrix Nanocomposite, Table 4.24 

represents the results of thermal conductivity calculated at 3% volume fraction of 

armchair carbon nanotube reinforced aluminum matrix and its enhancement percentage 

with respect to the matrix thermal conductivity. Figure 4.60 shows that the thermal 

conductivity has decreasing trend when the diameter of carbon nanotube increased for 

armchair carbon nanotubes types reinforced aluminum matrix Nanocomposite. 

 

 
Figure 4.60: Effect of diameter on thermal conductivity for armchair carbon 

nanotube reinforced aluminum metal matrix  
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Table 4.24: Effect of armchair carbon nanotube diameter on the thermal 
conductivity for reinforcing aluminum matrix (Vf=3%) 

 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 209.3 3% 212.8 4% 218.1 7% 

(10,10) 1.526 208.4 2% 211.3 4% 215.6 6% 

(15,15) 2.204 207.9 2% 210.5 3% 214.3 5% 
 
 
For zigzag carbon nanotube, Table 4.25 represents the results of thermal conductivity 

calculated at 3% volume fraction of zigzag carbon nanotube reinforced aluminum 

matrix and its enhancement percentage with respect to the matrix thermal conductivity. 

Figure 4.61 shows that the thermal conductivity has decreasing trend when the diameter 

of carbon nanotube increased for zigzag carbon nanotubes types reinforced aluminum 

matrix Nanocomposite. 

 
Table 4.25: Effect of zigzag carbon nanotube diameter on the thermal 

conductivity for reinforcing aluminum matrix (Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

(5,0) 0.561 209.9 3% 213.8 5% 219.7 8% 

(10,0) 0.953 209.1 3% 212.5 4% 217.6 7% 

(15,0) 1.344 208.1 2% 210.8 3% 214.9 5% 
 

 
Figure 4.61: Effect of diameter on thermal conductivity for zigzag carbon 

nanotube reinforced aluminum metal matrix  
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However, for chiral carbon nanotube, Table 4.26 represents the results of thermal 

conductivity calculated at 3% volume fraction of chiral carbon nanotube reinforced 

aluminum matrix and its enhancement percentage with respect to the matrix thermal 

conductivity. Figure 4.62 show that the thermal conductivity has decreasing trend when 

the diameter of carbon nanotube increased for chiral carbon nanotubes types reinforced 

aluminum matrix Nanocomposite. 

 
Table 4.26: Effect of chiral carbon nanotube diameter on the thermal 

conductivity for reinforcing aluminum matrix (Vf=3%) 
 

Carbon 
Nanotube 

Index 
d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

(5,10) 1.206 208.7 2% 211.900 4% 216.600 6% 

(10,15) 1.876 207.9 2% 210.500 3% 214.400 5% 

(15,20) 2.551 207.7 2% 210.200 3% 213.900 5% 
 

 
Figure 4.62:  Effect of diameter on thermal conductivity for chiral carbon 

nanotube reinforced aluminum metal matrix  
 
From the previous analysis, it can be observed that zigzag (5, 0) type show higher 

thermal conductivity than armchair (5, 5), and chiral (5, 10) shows the lowest thermal 

conductivity than the other carbon nanotubes types at the same length. Table 4.27 (a), 

(b), and (c) represent a comparison between the three types of carbon nanotube 

reinforced iron, copper, and aluminum matrix, respectively. It can be clearly noticed 

that the value of thermal conductivity decreases nonlinearly as the diameter of the 

carbon nanotube increases which achieved by changing the carbon nanotube chirality 

index. The zigzag type have the higher diameter followed by armchair, then chiral type.  
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Table 4.27: Effect of carbon nanotube chirality index reinforced (a) iron, (b) 

copper, and (c) aluminum matrix on the thermal conductivity 
(Vf=3%) 

(a) Iron 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

Zigzag (5,0) 0.561 74.2 2% 75.1 3% 76.6 5% 
Armchair (5,5) 0.848 73.8 2% 74.6 3% 75.7 4% 
 Chiral (5,10) 1.206 73.6 1% 74.3 2% 75.2 3% 

 

(b) Copper  
 

Carbon 
Nanotube 

index 
d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

Zigzag (5,0) 0.561 394.6 2% 400.3 4% 408.9 6% 
Armchair (5,5) 0.848 393.1 2% 397.8 3% 404.9 5% 
 Chiral (5,10) 1.206 391.6 1% 395.4 2% 401.1 4% 

 

(c) Aluminum  
 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc =3 
nm 

% 
change 

lc =5 
nm 

% 
change 

lc =8 
nm 

% 
change 

Zigzag (5,0) 0.561 209.9 3% 213.8 5% 219.7 8% 
Armchair (5,5) 0.848 209.3 3% 212.8 4% 218.1 7% 
 Chiral (5,10) 1.206 208.7 2% 211.9 4% 216.6 6% 

 
 
 
 
4.5.2.4 Effect of Thermal Contact Conductance on the Effective Thermal 

Conductivity of the Nanocomposite 

 
The analysis has been carried out Using MATLAB code for a 3 % volume 

fraction carbon nanotubes reinforced metal matrix Nanocomposite material with a 

constant aspect ratio. It must be noted that the effective medium theory tends to the case 

of perfect interfaces for low volume fractions. However, it can be said that although the 

thermal contact conductance affects the overall heat conduction mechanism, it is 

probably not the most significant factor affecting the overall conductivity [87]. The 

thermal contact conductance probably has a greater influence on the heat carrying 

capacity of the composite rather than the effective conductivity. The variation of the 
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effective thermal conductivity with changes in the value of the thermal contact 

conductance has been presented in Table 4.28 (a), (b), and (c) for armchair (5,5) carbon 

nanotubes reinforced iron metal matrixes at different lengths, It can be seen from the 

mentioned Tables that the effective thermal conductivity is slightly increased with 

respect to the matrix thermal conductivity. It can be observed that at lc = 3 nm and β= 

12 MW/m2K, the thermal conductivity of the composite is 73.1008 W/m K which is 

about 0.55% increment of the matrix thermal conductivity, while at β= 10000 

MW/m2K, the thermal conductivity of the new composite is 73.76 W/m K which is 

about 1.46% increment of the matrix thermal conductivity.  

 
 
Table 4.28: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube reinforced iron matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

 

(a) At lc =3 nm 

β 
(MW/m2k) 

K (W/m K) 

(5,5) % 
change (10,10) % 

change (15,15) % 
change 

12 73.1008 0.55% 72.9008 0.28% 72.8008 0.14% 
30 73.1020 0.55% 72.9020 0.28% 72.8020 0.14% 
50 73.1033 0.55% 72.9033 0.28% 72.8033 0.14% 

100 73.1066 0.56% 72.9066 0.28% 72.8066 0.15% 
500 73.1331 0.60% 72.9331 0.32% 72.8331 0.18% 

1000 73.1662 0.64% 72.9662 0.37% 72.8662 0.23% 
2500 73.2655 0.78% 73.0655 0.50% 72.9655 0.37% 
5000 73.4310 1.01% 73.2310 0.73% 73.1310 0.59% 

10000 73.7620 1.46% 73.5620 1.19% 73.4620 1.05% 
 
(b) At lc =5 nm 
 

β 
(MW/m2k) 

K (W/m K) 

(5,5) % 
change (10,10) % 

change (15,15) % 
change 

12 73.3008 0.83% 73.2008 0.69% 73.1008 0.55% 
30 73.3020 0.83% 73.2020 0.69% 73.1020 0.55% 
50 73.3033 0.83% 73.2033 0.69% 73.1033 0.55% 

100 73.3066 0.83% 73.2066 0.70% 73.1066 0.56% 
500 73.3331 0.87% 73.2331 0.73% 73.1331 0.60% 

1000 73.3662 0.92% 73.2662 0.78% 73.1662 0.64% 
2500 73.4655 1.05% 73.3655 0.92% 73.2655 0.78% 
5000 73.6310 1.28% 73.5310 1.14% 73.4310 1.01% 

10000 73.9620 1.74% 73.8620 1.60% 73.7620 1.46% 
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(c) At lc =8 nm 
 

β 
(MW/m2k) 

K (W/m K) 

(5,5) % 
change (10,10) % 

change (15,15) % 
change 

12 73.60 1.24% 73.50 1.10% 73.40 0.96% 
30 73.60 1.24% 73.50 1.10% 73.40 0.97% 
50 73.60 1.24% 73.50 1.10% 73.40 0.97% 

100 73.61 1.25% 73.51 1.11% 73.41 0.97% 
500 73.63 1.28% 73.53 1.15% 73.43 1.01% 

1000 73.67 1.33% 73.57 1.19% 73.47 1.05% 
2500 73.77 1.47% 73.67 1.33% 73.57 1.19% 
5000 73.93 1.69% 73.83 1.56% 73.73 1.42% 

10000 74.26 2.15% 74.16 2.01% 74.06 1.87% 
 
 

From the above Table, the effect of thermal contact conductance on the thermal 

conductivity for armchair (5, 5) carbon nanotube reinforced iron metal matrix is 

tabulated at different length. It can be observed that as the length of carbon nanotubes 

increase the thermal conductivity relatively increased. Figure 4.63 shows that the 

thermal conductivity is insensitive with increasing of thermal contact conductance up to  

β= 1000 MW/m2K while increases relatively after that value because of the assumption 

of perfect contact between the matrix and carbon nanotubes.  

 

 

Figure 4.63: Effect of thermal contact conductance on thermal conductivity for 
armchair carbon nanotube (5, 5) reinforced iron metal matrix  
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For zigzag carbon nanotubes reinforced iron metal matrixes at different lengths, Table 

4.29 (a), (b), and (C) shows the variation of the effective thermal conductivity with 

changes of the thermal contact conductance. It can be seen that the thermal conductivity 

slightly increased with respect to the matrix thermal conductivity. As an example, for 

zigzag (5, 0) carbon nanotube reinforced iron matrix at lc =3 nm and β= 12 MW/m2K, 

the thermal conductivity of the new composite is 73.301 W/m K which is about 0.83% 

increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the composite is 73.76 W/m K which is about 1.46% increment of the 

matrix thermal conductivity. From the Table 4.29 (a), (b), and (C), it can be observed 

that as the length of carbon nanotubes increase the thermal conductivity relatively 

increased. Figure 4.64 shows that the thermal conductivity is insensitive with increasing 

of thermal contact conductance up to β= 1000 MW/m2K while increases relatively after 

that value because of the assumption of perfect contact between the matrix and carbon 

nanotubes.  

Table 4.29: Effect of thermal contact conductance on thermal conductivity for 
zigzag carbon nanotube reinforced iron matrix at different length: 
(a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

(a) At lc =3 nm 

β 
(MW/m2k) 

K (W/m K) 

(5,0) % 
change (10,0) % 

change (15,0) % 
change 

12 73.301 0.83% 73.101 0.55% 73.001 0.41% 
30 73.301 0.83% 73.101 0.55% 73.001 0.41% 
50 73.302 0.83% 73.102 0.55% 73.002 0.42% 

100 73.305 0.83% 73.105 0.56% 73.005 0.42% 
500 73.323 0.86% 73.123 0.58% 73.023 0.44% 

1000 73.346 0.89% 73.146 0.61% 73.046 0.48% 
2500 73.415 0.98% 73.215 0.71% 73.115 0.57% 
5000 73.530 1.14% 73.330 0.87% 73.230 0.73% 

10000 73.760 1.46% 73.560 1.18% 73.460 1.05% 
 
(b) At lc =5 nm 

β 
(MW/m2k) 

K (W/m K) 

(5,0) % 
change (10,0) % 

change (15,0) % 
change 

12 73.40 0.96% 73.30 0.83% 73.20 0.69% 
30 73.40 0.96% 73.30 0.83% 73.20 0.69% 
50 73.40 0.97% 73.30 0.83% 73.20 0.69% 

100 73.40 0.97% 73.30 0.83% 73.20 0.69% 
500 73.42 0.99% 73.32 0.86% 73.22 0.72% 

1000 73.45 1.03% 73.35 0.89% 73.25 0.75% 
2500 73.52 1.12% 73.42 0.98% 73.32 0.85% 
5000 73.63 1.28% 73.53 1.14% 73.43 1.00% 

10000 73.86 1.60% 73.76 1.46% 73.66 1.32% 
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(c) At lc =8 nm 
 

β 
(MW/m2k) 

K (W/m K) 

(5,0) % 
change (10,0) % 

change (15,0) % 
change 

12 73.80 1.51% 73.60 1.24% 73.50 1.10% 
30 73.80 1.52% 73.60 1.24% 73.50 1.10% 
50 73.80 1.52% 73.60 1.24% 73.50 1.10% 

100 73.81 1.52% 73.60 1.24% 73.50 1.11% 
500 73.83 1.56% 73.62 1.27% 73.52 1.13% 

1000 73.87 1.60% 73.65 1.30% 73.55 1.16% 
2500 73.97 1.74% 73.72 1.40% 73.62 1.26% 
5000 74.13 1.97% 73.83 1.55% 73.73 1.42% 

10000 74.46 2.42% 74.06 1.87% 73.96 1.73% 
 

 
Figure 4.64: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube (5, 0) reinforced iron metal matrix  
 
 
However, chiral carbon nanotubes reinforced iron metal matrixes at different lengths, 

Table 4.30 (a), (b), and (C), shows the variation of the effective thermal conductivity 

with changes of the thermal contact conductance. It can be seen that the thermal 

conductivity slightly increased with respect to the matrix thermal conductivity. As an 

example, for chiral (5, 10) carbon nanotube reinforced iron matrix at lc =3 and β= 12 

MW/m2K, the thermal conductivity of the new composite is 73 W/m K which is about 

0.41% increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the 

thermal conductivity of the new composite is 73.331 W/m K which is about 1.32% 

increment of the matrix thermal conductivity. It can be observed that as the length of 

carbon nanotubes increase the thermal conductivity relatively increased. Figure 4.65 

shows that the thermal conductivity is insensitive with increasing of thermal contact 
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conductance up to β= 1000 MW/m2K while increases relatively after that value because 

of the assumption of perfect contact between the matrix and carbon nanotubes.  

 
Table 4.30: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube reinforced iron matrix at different length: 
(a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

(a) At lc =3 nm 

β 
(MW/m2k) 

K (W/m K) 

(5,10) % 
change (10,15) % 

change (15,20) % 
change 

12 73.000 0.41% 72.830 0.18% 72.600 -0.14% 
30 73.001 0.42% 72.831 0.18% 72.601 -0.13% 
50 73.002 0.42% 72.832 0.18% 72.602 -0.13% 

100 73.003 0.42% 72.833 0.19% 72.603 -0.13% 
500 73.007 0.46% 72.837 0.22% 72.607 -0.09% 

1000 73.033 0.50% 72.863 0.27% 72.633 -0.05% 
2500 73.066 0.64% 72.896 0.41% 72.666 0.09% 
5000 73.166 0.87% 72.996 0.63% 72.766 0.32% 

10000 73.331 1.32% 73.161 1.09% 72.931 0.77% 
 

(b) At lc =5 nm 
 

β 
(MW/m2k) 

K (W/m K) 

(5,10) % 
change (10,15) % 

change (15,20) % 
change 

12 73.100 0.55% 73.070 0.51% 72.900 0.28% 
30 73.102 0.55% 73.071 0.51% 72.901 0.28% 
50 73.102 0.55% 73.072 0.51% 72.902 0.28% 

100 73.107 0.56% 73.073 0.52% 72.903 0.28% 
500 73.107 0.60% 73.077 0.55% 72.907 0.32% 

1000 73.166 0.64% 73.103 0.60% 72.933 0.37% 
2500 73.166 0.78% 73.136 0.74% 72.966 0.50% 
5000 73.431 1.01% 73.236 0.96% 73.066 0.73% 

10000 73.431 1.46% 73.401 1.42% 73.231 1.19% 
 
(c)At lc =8 nm 
 

β 
(MW/m2k) 

K (W/m K) 

(5,10) % 
change (10,15) % 

change (15,20) % 
change 

12 73.401 0.96% 73.301 0.83% 73.201 0.69% 
30 73.402 0.97% 73.072 0.83% 73.202 0.69% 
50 73.403 0.97% 73.303 0.83% 73.203 0.69% 

100 73.407 0.97% 73.077 0.83% 73.207 0.70% 
500 73.433 1.01% 73.333 0.87% 73.233 0.73% 

1000 73.466 1.05% 73.136 0.92% 73.266 0.78% 
2500 73.566 1.19% 73.466 1.05% 73.366 0.92% 
5000 73.731 1.42% 73.401 1.28% 73.531 1.14% 

10000 73.401 0.96% 73.301 0.83% 73.201 0.69% 
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Figure 4.65: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube (5, 10) reinforced iron metal matrix  
 
 
Table 4.31 represents the effect of thermal contact conductance on thermal conductivity 

results for different chiral index of carbon nanotubes reinforced iron metal matrix.  

 

Table 4.31: Effect of thermal contact conductance on thermal conductivity for 
different chiral index of reinforced iron matrix at different lengths 
(Vf=3%) 

 
β 

(MW/m2k) 
K (W/m K) at lc =3 nm K (W/m K) at lc =5 nm K (W/m K) at lc =8 nm 

(5,0) (5,5) (5,10) (5,0) (5,5) (5,10) (5,0) (5,5) (5,10) 
12 73.301 73.101 73.000 73.40 73.308 73.100 73.80 73.60 73.401 
30 73.301 73.102 73.001 73.40 73.302 73.102 73.80 73.60 73.402 
50 73.302 73.103 73.002 73.40 73.303 73.102 73.80 73.60 73.403 
100 73.305 73.107 73.003 73.40 73.306 73.107 73.81 73.61 73.407 
500 73.323 73.133 73.007 73.42 73.333 73.107 73.83 73.63 73.433 

1000 73.346 73.166 73.033 73.45 73.366 73.166 73.87 73.67 73.466 
2500 73.415 73.266 73.066 73.52 73.465 73.166 73.97 73.77 73.566 
5000 73.530 73.431 73.166 73.63 73.631 73.431 74.13 73.93 73.731 
10000 73.760 73.762 73.331 73.86 73.962 73.431 74.46 74.26 73.401 

 

The results calculated at 3% volume fraction and length was lc =3 nm show slightly 

increases on the thermal conductivity when the thermal contact conductance increased 

from 12 MW/m2 K to 10000 MW/m2 K. The Zigzag carbon nanotube (5, 0) shows a 
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higher prediction than armchair and chiral type. It can be observed from the above 

Table that the thermal conductivity increases by 0.83% at 12 MW/m2 K and 1.46% at 

10000 MW/m2 K for Zigzag. However, for Armchair carbon nanotubes (5, 5) the 

increment varied as 0.55% to 1.46% while for chiral carbon nanotubes (5, 10) varied as 

0.41% to 1.32% at the same length respectively. Figures 4.66, 4.67, and 4.68, show a 

comparison between different types of carbon nanotubes reinforced iron metal matrix at 

different lengths.  

 
Figure 4.66: Effect of thermal contact conductance on thermal conductivity for 

different chiral Indices carbon nanotube reinforced iron metal 
matrix (at lc=3 nm) 

 

 
Figure 4.67: Effect of thermal contact conductance on thermal conductivity for 

different chiral Indices carbon nanotube reinforced iron metal 
matrix (at lc=5 nm) 
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Figure 4.68: Effect of thermal contact conductance on thermal conductivity for 

different chiral Indices carbon nanotube reinforced iron metal 
matrix (at lc=8 nm) 

 
 
Similarly the procedure will be taken for the prediction of the effect of thermal contact 

conductance on the thermal conductivity for the copper and aluminum matrixes. For 

copper matrix, Tables 4.32 (a), (b), and (c) for armchair carbon nanotubes reinforced 

copper metal matrixes at different lengths, it can be seen that the effective thermal 

conductivity is slightly increased with respect to the matrix thermal conductivity. As an 

example, for armchair (5, 5) carbon nanotube reinforced copper matrix at lc = 3 nm and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 387.1010 W/m K 

which is about 0.29% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 387.762 W/m K which is 

about 0.46% increment of the matrix thermal conductivity.  

 
Table 4.32: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube reinforced copper matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

(a) At lc =3 nm 
β 

(MW/m2k) 
K (W/m K) 

(5,5) % change (10,10) % change (15,15) % change 
12 387.1010 0.29% 386.902 0.23% 386.703 0.18% 
30 387.1025 0.29% 386.904 0.23% 386.705 0.18% 
50 387.1043 0.29% 386.906 0.23% 386.708 0.18% 

100 387.1065 0.29% 386.912 0.23% 386.711 0.18% 
500 387.1321 0.29% 386.934 0.24% 386.732 0.19% 

1000 387.1652 0.30% 386.971 0.25% 386.774 0.20% 
2500 387.2645 0.33% 387.075 0.28% 386.872 0.22% 
5000 387.4310 0.37% 387.234 0.32% 387.033 0.27% 

10000 387.7620 0.46% 387.562 0.40% 387.361 0.35% 
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(b) At lc =5 nm 
β 

(MW/m2k) 
K (W/m K) 

(5,5) % change (10,10) % change (15,15) % change 
12 387.311 0.34% 387.209 0.31% 387.107 0.29% 
30 387.312 0.34% 387.210 0.31% 387.105 0.29% 
50 387.313 0.34% 387.212 0.31% 387.111 0.29% 

100 387.317 0.34% 387.216 0.31% 387.114 0.29% 
500 387.333 0.35% 387.231 0.32% 387.133 0.29% 

1000 387.366 0.35% 387.262 0.33% 387.165 0.30% 
2500 387.466 0.38% 387.363 0.35% 387.267 0.33% 
5000 387.631 0.42% 387.531 0.40% 387.433 0.37% 

10000 387.962 0.51% 387.862 0.48% 387.762 0.46% 
 
(c)At lc =8 nm 

β 
(MW/m2k) 

K (W/m K) 
(5,5) % change (10,10) % change (15,15) % change 

12 387.612 0.41% 387.509 0.39% 387.403 0.36% 
30 387.614 0.42% 387.511 0.39% 387.406 0.36% 
50 387.615 0.42% 387.513 0.39% 387.407 0.36% 

100 387.618 0.42% 387.516 0.39% 387.414 0.36% 
500 387.632 0.42% 387.532 0.40% 387.431 0.37% 

1000 387.674 0.43% 387.576 0.41% 387.472 0.38% 
2500 387.771 0.46% 387.674 0.43% 387.571 0.41% 
5000 387.935 0.50% 387.832 0.47% 387.731 0.45% 

10000 388.261 0.59% 388.161 0.56% 388.065 0.53% 
 
From the above Tables, the effect of thermal contact conductance on the thermal 

conductivity for armchair (5, 5) carbon nanotube reinforced copper metal matrix is 

tabulated at different length. It can be observed that as the length of carbon nanotubes 

increase the thermal conductivity relatively increased. Figure 4.69 shows that the 

thermal conductivity is insensitive with increasing of thermal contact conductance up to  

β= 1000 MW/m2K while increases relatively after that value because of the assumption 

of perfect contact between the matrix and carbon nanotubes.  

For zigzag carbon nanotubes reinforced copper metal matrixes at different lengths, 

Tables 4.33 (a), (b), and (c) shows the variation of the effective thermal conductivity 

with change of the thermal contact conductance. It can be seen that the thermal 

conductivity slightly increased with respect to the matrix thermal conductivity. As an 

example, for zigzag (5, 0) carbon nanotube reinforced copper matrix at lc =3 nm and β= 

12 MW/m2K, the thermal conductivity of the new composite was 387.301 W/m K 

which is about 0.83% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 387.76 W/m K which is 

about 1.46% increment of the matrix thermal conductivity.  
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Figure 4.69: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube (5, 5) reinforced copper metal matrix  
 
 
Table 4.33: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube reinforced copper matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm  

 (a) At lc =3 nm 
 

β 
(MW/m2k) 

K (W/m K) 
(5,0) % change (10,0) % change (15,0) % change 

12 387.3015 0.34% 387.1012 0.29% 387.0012 0.26% 
30 387.3016 0.34% 387.1014 0.29% 387.0013 0.26% 
50 387.3021 0.34% 387.1025 0.29% 387.0021 0.26% 

100 387.3052 0.34% 387.1053 0.29% 387.0053 0.26% 
500 387.3232 0.34% 387.1232 0.29% 387.0234 0.27% 

1000 387.3461 0.35% 387.1466 0.30% 387.0462 0.27% 
2500 387.4153 0.37% 387.2151 0.31% 387.1158 0.29% 
5000 387.5301 0.40% 387.3305 0.34% 387.2309 0.32% 

10000 387.7603 0.46% 387.5602 0.40% 387.4606 0.38% 
 
 (b) At lc =5 nm 
 

β 
(MW/m2k) 

K (W/m K) 
(5,0) % change (10,0) % change (15,0) % change 

12 387.40 0.36% 387.30 0.34% 387.20 0.31% 
30 387.40 0.36% 387.30 0.34% 387.20 0.31% 
50 387.40 0.36% 387.30 0.34% 387.20 0.31% 

100 387.40 0.36% 387.30 0.34% 387.20 0.31% 
500 387.42 0.37% 387.32 0.34% 387.22 0.32% 

1000 387.45 0.37% 387.35 0.35% 387.25 0.32% 
2500 387.52 0.39% 387.42 0.37% 387.32 0.34% 
5000 387.63 0.42% 387.53 0.40% 387.43 0.37% 

10000 387.86 0.48% 387.76 0.46% 387.66 0.43% 
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(c) At lc =8 nm 

β 
(MW/m2k) 

K (W/m K) 

(5,0) % 
change (10,0) % 

change (15,0) % 
change 

12 387.80 0.47% 387.60 0.41% 387.50 0.39% 
30 387.80 0.47% 387.60 0.41% 387.50 0.39% 
50 387.80 0.47% 387.60 0.42% 387.50 0.39% 

100 387.81 0.47% 387.60 0.42% 387.50 0.39% 
500 387.83 0.47% 387.62 0.42% 387.52 0.39% 

1000 387.87 0.48% 387.65 0.43% 387.55 0.40% 
2500 387.97 0.51% 387.72 0.44% 387.62 0.42% 
5000 388.13 0.55% 387.83 0.47% 387.73 0.45% 

10000 388.46 0.64% 388.06 0.53% 387.96 0.51% 
 

 
From the Tables 4.33 (a), (b), and (c), it can be observed that as the length of carbon 

nanotubes increase the thermal conductivity relatively increased. Figure 4.70 shows that 

the thermal conductivity is insensitive with increasing of thermal contact conductance 

up to β= 1000 MW/m2K while increases relatively after that value because of the 

assumption of perfect contact between the matrix and carbon nanotubes.  

 
Figure 4.70: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube (5, 0) reinforced copper metal matrix  
 
 
However, for chiral carbon nanotubes reinforced copper metal matrixes at different 

lengths, Tables 4.34 (a), (b), and (c), show the variation of the effective thermal 

conductivity with change of the thermal contact conductance. It can be seen that the 

thermal conductivity slightly increased with respect to the matrix thermal conductivity. 

As an example, for chiral (5, 10) carbon nanotube reinforced copper matrix at lc =3 and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 386.910 W/m K 

387.2

387.4

387.6

387.8

388.0

388.2

388.4

388.6

1 10 100 1000 10000 100000

Th
er

m
al

 C
on

du
ct

iv
ity

 (W
/m

K
)

Thermal contact conductance (W/m2k)

L=3
L=5
L=8



132 

which is about 0.24% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 387.241 W/m K which is 

about 0.41% increment of the matrix thermal conductivity.  

 

Table 4.34: Effect of thermal contact conductance on thermal conductivity for 
chiral carbon nanotube reinforced copper matrix at different length: 
(a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

 
(a) At lc =3 nm 

β 
(MW/m2k) 

K (W/m K) 
(5,10) % change (10,15) % change (15,20) % change 

12 386.910 0.24% 386.830 0.22% 386.721 0.18% 
30 386.911 0.24% 386.831 0.22% 386.701 0.18% 
50 386.912 0.24% 386.832 0.22% 386.702 0.18% 

100 386.913 0.24% 386.833 0.22% 386.703 0.18% 
500 386.917 0.24% 386.837 0.22% 386.707 0.19% 

1000 386.943 0.25% 386.863 0.23% 386.733 0.20% 
2500 386.976 0.28% 386.896 0.26% 386.766 0.22% 
5000 387.076 0.32% 386.996 0.30% 386.866 0.27% 

10000 387.241 0.41% 387.161 0.39% 387.031 0.35% 
 

(b) At lc =5 nm 
 

β 
(MW/m2k) 

K (W/m K) 
(5,10) % change (10,15) % change (15,20) % change 

12 387.101 0.29% 387.040 0.27% 386.901 0.23% 
30 387.102 0.29% 387.041 0.27% 386.901 0.23% 
50 387.102 0.29% 387.042 0.27% 386.902 0.23% 

100 387.107 0.29% 387.043 0.27% 386.903 0.23% 
500 387.108 0.29% 387.047 0.28% 386.907 0.24% 

1000 387.166 0.30% 387.073 0.29% 386.933 0.25% 
2500 387.168 0.33% 387.106 0.31% 386.966 0.28% 
5000 387.431 0.37% 387.206 0.36% 387.066 0.32% 

10000 387.431 0.46% 387.371 0.44% 387.231 0.40% 
 
(c) At lc =8 nm 
 

β 
(MW/m2k) 

K (W/m K) 
(5,10) % change (10,15) % change (15,20) % change 

12 387.401 0.36% 387.301 0.34% 387.201 0.31% 
30 387.402 0.36% 387.042 0.34% 387.202 0.31% 
50 387.403 0.36% 387.303 0.34% 387.203 0.31% 

100 387.407 0.36% 387.047 0.34% 387.207 0.31% 
500 387.433 0.37% 387.333 0.35% 387.233 0.32% 

1000 387.466 0.38% 387.106 0.35% 387.266 0.33% 
2500 387.566 0.41% 387.466 0.38% 387.366 0.35% 
5000 387.731 0.45% 387.371 0.42% 387.531 0.40% 

10000 388.062 0.53% 387.962 0.51% 387.862 0.48% 
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From the Tables 4.33 (a), (b), and (c), it can be observed that as the length of carbon 

nanotubes increase the thermal conductivity relatively increased. Figure 4.71 shows that 

the thermal conductivity is insensitive with increasing of thermal contact conductance 

up to β= 1000 MW/m2K while increases relatively after that value because of the 

assumption of perfect contact between the matrix and carbon nanotubes.  

 

 
Figure 4.71: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube (5, 10) reinforced copper metal matrix  
 
 
Table 4.35 represents the effect of thermal contact conductance on thermal conductivity 

results for different chiral Index of carbon nanotubes reinforced copper metal matrix. 

The results calculated at 3% volume fraction and length was lc =3 nm show slightly 

increases on the thermal conductivity when the thermal contact conductance increased 

from 12 MW/m2 K to 10000 MW/m2 K. The zigzag carbon nanotube (5, 0) shows a 

higher prediction than armchair and chiral type. It can be observed from the above 

Table that the thermal conductivity increases by 0.34% at 12 MW/m2 K and 0.46% at 

10000 MW/m2 K for zigzag. However, for armchair carbon nanotubes (5, 5) the 

increment varied as 0.29% to 0.46% while for chiral carbon nanotubes (5, 10) varied as 

0.24% to 0.41% at the same length (lc=3 nm) respectively. Figures 4.72, 4.73, and 4.74, 

show a comparison between different types of carbon nanotubes reinforced copper 

metal matrix at different lengths.  
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Table 4.35: Effect of thermal contact conductance on thermal conductivity for 
different chiral index of reinforced copper matrix at different lengths 

 
β 

MW/m2k 
K (W/m K) at lc =3 nm K (W/m K) at lc =5 nm K (W/m K) at lc =8 nm 

(5,0) (5,5) (5,10) (5,0) (5,5) (5,10) (5,0) (5,5) (5,10) 
12 387.301 387.101 386.910 387.40 387.31 387.101 387.80 387.612 387.401 
30 387.303 387.103 386.911 387.40 387.31 387.102 387.80 387.614 387.402 
50 387.304 387.104 386.912 387.40 387.31 387.102 387.80 387.615 387.403 

100 387.305 387.107 386.913 387.40 387.31 387.107 387.81 387.618 387.407 
500 387.323 387.132 386.917 387.42 387.33 387.108 387.83 387.632 387.433 
1000 387.346 387.165 386.943 387.45 387.37 387.166 387.87 387.674 387.466 
2500 387.415 387.264 386.976 387.52 387.47 387.168 387.97 387.771 387.566 
5000 387.530 387.431 387.076 387.63 387.63 387.431 388.13 387.935 387.731 

10000 387.760 387.762 387.241 387.86 387.96 387.431 388.46 388.261 388.062 
 

 
Figure 4.72: Effect of thermal contact conductance on thermal conductivity for 

different chiral indices carbon nanotube reinforced copper metal 
matrix (at lc=3 nm) 

 

 
Figure 4.73: Effect of thermal contact conductance on thermal conductivity for 

different chiral indices carbon nanotube reinforced copper metal 
matrix (at lc=5 nm) 
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Figure 4.74: Effect of thermal contact conductance on thermal conductivity for 

different chiral indices carbon nanotube reinforced copper metal 
matrix (at lc=8 nm) 

 
However, for aluminum matrix, Tables 4.36 (a), (b), and (c), for armchair carbon 

nanotubes reinforced aluminum metal matrixes at different lengths, it can be seen that 

the effective thermal conductivity is slightly increased with respect to the matrix 

thermal conductivity. As an example, for armchair (5, 5) carbon nanotube reinforced 

aluminum matrix at lc= 3 nm and β= 12 MW/m2K, the thermal conductivity of the new 

composite is 205.1008 W/m K which is about 0.54% increment of the matrix thermal 

conductivity while at β= 10000 MW/m2K, the thermal conductivity of the new 

composite is 205.652 W/m K which is about 0.86% increment of the matrix thermal 

conductivity.  

 
Table 4.36: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube reinforced aluminum matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

 
 (a) At lc =3 nm 

β 
(MW/m2k) 

K (W/m K) 
(5,5) % change (10,10) % change (15,15) % change 

12 205.1008 0.54% 204.90 0.44% 204.80 0.39% 
30 205.1020 0.54% 204.90 0.44% 204.80 0.39% 
50 205.1033 0.54% 204.90 0.44% 204.80 0.39% 

100 205.1066 0.54% 204.91 0.44% 204.81 0.40% 
500 205.1331 0.56% 204.93 0.46% 204.83 0.41% 

1000 205.1662 0.57% 204.97 0.47% 204.87 0.42% 
2500 205.2655 0.62% 205.07 0.52% 204.97 0.47% 
5000 205.4310 0.70% 205.23 0.60% 205.13 0.55% 

10000 205.6520 0.86% 205.56 0.77% 205.46 0.72% 
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(b) At lc =5 nm 
β 

(MW/m2k) 
K (W/m K) 

(5,5) % change (10,10) % change (15,15) % change 
12 205.301 0.64% 205.201 0.59% 205.101 0.54% 
30 205.302 0.64% 205.202 0.59% 205.102 0.54% 
50 205.303 0.64% 205.203 0.59% 205.103 0.54% 

100 205.307 0.64% 205.207 0.59% 205.107 0.54% 
500 205.333 0.65% 205.233 0.60% 205.133 0.56% 

1000 205.366 0.67% 205.266 0.62% 205.166 0.57% 
2500 205.466 0.72% 205.366 0.67% 205.266 0.62% 
5000 205.631 0.80% 205.531 0.75% 205.431 0.70% 

10000 205.962 0.96% 205.862 0.91% 205.762 0.86% 
 
(c) At lc =8 nm 

β 
(MW/m2k) 

K (W/m K) 
(5,5) % change (10,10) % change (15,15) % change 

12 205.60 0.78% 205.50 0.74% 205.40 0.69% 
30 205.60 0.79% 205.50 0.74% 205.40 0.69% 
50 205.60 0.79% 205.50 0.74% 205.40 0.69% 

100 205.61 0.79% 205.51 0.74% 205.41 0.69% 
500 205.63 0.80% 205.53 0.75% 205.43 0.70% 

1000 205.67 0.82% 205.57 0.77% 205.47 0.72% 
2500 205.77 0.87% 205.67 0.82% 205.57 0.77% 
5000 205.93 0.95% 205.83 0.90% 205.73 0.85% 

10000 206.26 1.11% 206.16 1.06% 206.06 1.01% 
 
From the Tables 4.36 (a), (b), and (c), the effect of thermal contact conductance on the 

thermal conductivity for armchair (5, 5) carbon nanotube reinforced aluminum metal 

matrix is tabulated at different length. It can be observed that as the length of carbon 

nanotubes increase the thermal conductivity relatively increased. Figure 4.75 shows that 

the thermal conductivity is insensitive with increasing of thermal contact conductance 

up to β= 1000 MW/m2K while increases relatively after that value because of the 

assumption of perfect contact between the matrix and carbon nanotubes.  

 
For zigzag carbon nanotubes reinforced aluminum metal matrixes at different lengths, 

Tables 4.37 (a), (b), and (c), show the variation of the effective thermal conductivity 

with change of the thermal contact conductance. It can be seen that the thermal 

conductivity slightly increased with respect to the matrix thermal conductivity. As an 

example, for zigzag (5, 0) carbon nanotube reinforced aluminum matrix at lc =3 nm and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 205.301 W/m K 

which is about 0.64% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 205.76 W/m K which is 

about 0.86% increment of the matrix thermal conductivity. 
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Figure 4.75: Effect of thermal contact conductance on Thermal Conductivity for 
armchair carbon nanotube (5, 5) (different length) reinforced 
aluminum metal matrix  

 
 
it can be observed from the Tables 4.37 (a), (b), and (c), for zigzag (5, 0) carbon 

nanotube reinforced aluminum metal matrix, that as the length of carbon nanotubes 

increase the thermal conductivity relatively increased. Figure 4.76 shows that the 

thermal conductivity is insensitive with increasing of thermal contact conductance up to 

β= 1000 MW/m2K while increases relatively after that value because of the assumption 

of perfect contact between the matrix and carbon nanotubes.  

 

Table 4.37: Effect of thermal contact conductance on thermal conductivity for 
zigzag carbon nanotube reinforced aluminum matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

 
 (a) At lc =3 nm 

β 
(MW/m2k) 

(5,0) (10, 0) (15,0) 
K 

(W/m K) % K 
(W/m K) % K 

(W/m K) % 

12 205.301 0.64% 205.101 0.54% 205.001 0.49% 
30 205.301 0.64% 205.101 0.54% 205.001 0.49% 
50 205.302 0.64% 205.102 0.54% 205.002 0.49% 

100 205.305 0.64% 205.105 0.54% 205.005 0.49% 
500 205.323 0.65% 205.123 0.55% 205.023 0.50% 

1000 205.346 0.66% 205.146 0.56% 205.046 0.51% 
2500 205.415 0.69% 205.215 0.60% 205.115 0.55% 
5000 205.530 0.75% 205.330 0.65% 205.230 0.60% 

10000 205.760 0.86% 205.560 0.76% 205.460 0.72% 
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(b) At lc =5 nm 

β 
(MW/m2k) 

(5,0) (10, 0) (15,0) 
K 

(W/m K) % K 
(W/m K) % K 

(W/m K) % 

12 205.40 0.69% 205.30 0.64% 205.20 0.59% 
30 205.40 0.69% 205.30 0.64% 205.20 0.59% 
50 205.40 0.69% 205.30 0.64% 205.20 0.59% 

100 205.40 0.69% 205.30 0.64% 205.20 0.59% 
500 205.42 0.70% 205.32 0.65% 205.22 0.60% 

1000 205.45 0.71% 205.35 0.66% 205.25 0.61% 
2500 205.52 0.74% 205.42 0.69% 205.32 0.64% 
5000 205.63 0.80% 205.53 0.75% 205.43 0.70% 

10000 205.86 0.91% 205.76 0.86% 205.66 0.81% 
 
(c) At lc =8 nm 

β 
(MW/m2k) 

(5,0) (10, 0) (15,0) 
K 

(W/m K) % K 
(W/m K) % K 

(W/m K) % 

12 205.80 0.88% 205.60 0.78% 205.50 0.74% 
30 205.80 0.88% 205.60 0.78% 205.50 0.74% 
50 205.80 0.88% 205.60 0.79% 205.50 0.74% 

100 205.81 0.89% 205.60 0.79% 205.50 0.74% 
500 205.83 0.90% 205.62 0.80% 205.52 0.75% 

1000 205.87 0.91% 205.65 0.81% 205.55 0.76% 
2500 205.97 0.96% 205.72 0.84% 205.62 0.79% 
5000 206.13 1.04% 205.83 0.90% 205.73 0.85% 

10000 206.46 1.21% 206.06 1.01% 205.96 0.96% 
 

 
Figure 4.76: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube (5, 0) (different length) reinforced 
aluminum metal matrix  
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However, for chiral carbon nanotubes reinforced aluminum metal matrixes at different 

lengths, Tables 4.38 (a), (b), and (c) show the variation of the effective thermal 

conductivity with changes of the thermal contact conductance. It can be seen that the 

thermal conductivity slightly increased with respect to the matrix thermal conductivity. 

As an example, for chiral (5, 10) carbon nanotube reinforced aluminum matrix at lc =3 

and β= 12 MW/m2K, the thermal conductivity of the new composite is 205.0 W/m K 

which is about 0.49% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite is 205,331 W/m K which is 

about 0.81% increment of the matrix thermal conductivity.  

 

 

Table 4.38: Effect of thermal contact conductance on thermal conductivity for 
chiral carbon nanotube reinforced aluminum matrix at different 
length: (a) at lc =3 nm, (b) at lc =5 nm, and (c) at lc =8 nm 

 

 (a) At lc =3 nm 
β 

(MW/m2k) 
K (W/m K) 

(5,10) % change (10,15) % change (15,20) % change 
12 205.0 0.49% 204.83 0.41% 204.6 0.29% 
30 205.001 0.49% 204.831 0.41% 204.601 0.30% 
50 205.002 0.49% 204.832 0.41% 204.602 0.30% 

100 205.003 0.49% 204.833 0.41% 204.603 0.30% 
500 205.0066 0.51% 204.8366 0.42% 204.6066 0.31% 

1000 205.033 0.52% 204.863 0.44% 204.633 0.33% 
2500 205.0662 0.57% 204.8962 0.49% 204.6662 0.38% 
5000 205.166 0.65% 204.996 0.57% 204.766 0.46% 

10000 205.331 0.81% 205.161 0.73% 204.931 0.62% 
 

(b) At lc =5 nm) 
β 

(MW/m2k) 
K (W/m K) 

(5,10) % change (10,15) % change (15,20) % change 
12 205.1 0.54% 205.07 0.52% 204.9 0.44% 
30 205.102 0.54% 205.071 0.53% 204.901 0.44% 
50 205.102 0.54% 205.072 0.53% 204.902 0.44% 

100 205.107 0.54% 205.073 0.53% 204.903 0.44% 
500 205.1066 0.56% 205.0766 0.54% 204.9066 0.46% 

1000 205.166 0.57% 205.103 0.56% 204.933 0.47% 
2500 205.1662 0.62% 205.1362 0.61% 204.9662 0.52% 
5000 205.431 0.70% 205.236 0.69% 205.066 0.60% 

10000 205.431 0.86% 205.401 0.85% 205.231 0.77% 
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(c) At lc =8 nm 
β 

(MW/m2k) 
K (W/m K) 

(5,10) % change (10, 15) % change (15,20) % change 
12 205.401 0.69% 205.301 0.64% 205.201 0.59% 
30 205.402 0.69% 205.072 0.64% 205.202 0.59% 
50 205.403 0.69% 205.303 0.64% 205.203 0.59% 

100 205.407 0.69% 205.077 0.64% 205.207 0.59% 
500 205.433 0.70% 205.333 0.65% 205.233 0.60% 

1000 205.466 0.72% 205.136 0.67% 205.266 0.62% 
2500 205.566 0.77% 205.466 0.72% 205.366 0.67% 
5000 205.731 0.85% 205.401 0.80% 205.531 0.75% 

10000 206.062 1.01% 205.962 0.96% 205.862 0.91% 
 

From the above Tables, for chiral (5, 10) carbon nanotube reinforced aluminum metal 

matrix, it can be observed that as the length of carbon nanotubes increase the thermal 

conductivity relatively increased. Figure 4.77 shows that the thermal conductivity is 

insensitive with increasing of thermal contact conductance up to β= 1000 MW/m2K 

while increases relatively after that value because of the assumption of perfect contact 

between the matrix and carbon nanotubes.  

 

 
Figure 4.77: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube (5, 10) (different length) reinforced 
aluminum metal matrix  

 
 
Table 4.39 represents the effect of thermal contact conductance on thermal conductivity 

results for different chiral index of carbon nanotubes reinforced aluminum metal 

matrix. The results calculated at 3% volume fraction and length was lc=3 nm show 
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increased from 12 MW/m2 K to 10000 MW/m2 K. The zigzag carbon nanotube (5, 0) 

shows a higher prediction than armchair and chiral type. It can be observed from the 

above Table that the thermal conductivity increases by 0.64% at 12 MW/m2 K and 

0.86% at 10000 MW/m2 K for zigzag. However, for armchair carbon nanotubes (5, 5) 

the increment varied as 0.54% to 0.86% while for chiral carbon nanotubes (5, 10) 

varied as 0.49% to 0.81% at the same length respectively. Figures 4.78, 4.79, and 4.80, 

show a comparison between different types of carbon nanotubes reinforced aluminum 

metal matrix at different lengths.  

 

Table 4.39: Effect of thermal contact conductance on thermal conductivity for 
different chiral index of reinforced aluminum matrix at different 
lengths 

 
β 

(MW/m2k) 
K (W/m K) at lc =3 nm K (W/m K) at lc =5 nm K (W/m K) at lc =8 nm 

(5,0) (5,5) (5,10) (5,0) (5,5) (5,10) (5,0) (5,5) (5,10) 
12 205.301 205.101 205 205.40 205.301 205.1 205.80 205.60 205.401 
30 205.301 205.102 205.001 205.40 205.302 205.102 205.80 205.60 205.402 
50 205.302 205.103 205.002 205.40 205.303 205.102 205.80 205.60 205.403 
100 205.305 205.107 205.003 205.40 205.307 205.107 205.81 205.61 205.407 
500 205.323 205.133 205.006 205.42 205.333 205.107 205.83 205.63 205.433 

1000 205.346 205.166 205.033 205.45 205.366 205.166 205.87 205.67 205.466 
2500 205.415 205.265 205.066 205.52 205.466 205.168 205.97 205.77 205.566 
5000 205.530 205.431 205.166 205.63 205.631 205.431 206.13 205.93 205.731 

10000 205.760 205.652 205.331 205.86 205.962 205.431 206.46 206.26 206.062 
 

 
Figure 4.78: Effect of thermal contact conductance on thermal conductivity for 

different chiral Index carbon nanotube reinforced aluminum metal 
matrix (at lc=3 nm) 
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Figure 4.79: Effect of thermal contact conductance on thermal conductivity for 

different chiral Index carbon nanotube reinforced aluminum metal 
matrix (at lc=5 nm) 

 

 
Figure 4.80: Effect of thermal contact conductance on thermal conductivity for 

different chiral Index carbon nanotube reinforced aluminum metal 
matrix (at lc=8 nm) 
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CHAPTER FIVE 
 
 
 
 

5. COMPUTIONAL APPROCH RESULTS AND DISCUSSIONS 
 

 
 
5.1 Overview 
 

A finite element model is constructed using ANSYS commercial package by 

using the correlation technique between molecular network of a carbon nanotubes and 

its virtually discrete continuum structure. Two different 3D finite element models are 

constructed to study the elastic moduli; these models are built in by parametric APDL 

code (script). The code is transferred to ANSYS for computational modeling. In the first 

model, length of the carbon nanotubes is equal to the length of the RVE (long fiber 

model), while in the second one; length of the carbon nanotubes is smaller than the 

length of the RVE (short fiber model).  

 

5.2 Prediction of the Elastic Properties for Long Fiber 
 

The geometric models generated by running the APDL macro in ANSYS 

software used to determine the elastic properties of the carbon nanotubes treated as long 

fiber for reinforcing different metal matrixes Nanocomposite.  

 

5.2.1 Prediction of Longitudinal Young’s Modulus 
 

The nanotube volume fraction V୤ is probably the parameter affecting mostly the 

effective elastic properties of carbon nanotubes reinforced metal matrix Nanocomposite. 

It is obvious that large values of ୤ܸ leads to large values for the effective elastic moduli. 

The FEA results show that the Young’s modulus of the Carbon Nanotubes reinforced 

metal matrix nanocomposite predicted to increase linearly when the volume fraction of 

carbon nanotubes increased. Therefore, the higher the carbon nanotubes volume ratio, 

the better the Young’s modulus of the Nanocomposite is predicted to be. Table 5.1 

represents the results of the longitudinal Young’s modulus and its enhancement 
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percentage for (a) iron, (b) copper, and (c) aluminum matrices reinforced by carbon 

nanotube treated as long fiber. It can be observed from Table 5.1 (a) that the 

enhancement percentage is 12%, 28%, and 43% for iron matrix. It can be observed 

Table 5.1 (b) that the enhancement percentage is 21%, 48%, and 75% for Copper 

matrix. However, It can be observed from Table 5.1 (c) that the enhancement 

percentage is 36%, 64%, and 93% when the volume fraction of the Carbon Nanotubes at 

3%, 7% and 11%, respectively, for iron, copper, and aluminum matrices. Figure 5.1 

shows the effect of volume fraction on the Young’s modulus of the carbon nanotubes 

reinforced iron, copper, and aluminum matrices nanocomposite, respectively. In this 

analysis, the effect of chiral indices did not show any effect since the analysis mainly 

depend on the different materials properties for carbon nanotube and metal matrix used 

in the research. 

 
Table 5.1: Longitudinal Young’s modulus FEA results for (a) iron, (b) copper, 

and (c) aluminum matrices 
 
(a) Iron 

Volume Fraction (%) E୐ (GPa) % change 
3% 234.9 12% 
7% 268.1 28% 
11% 301.3 43% 

 
(b) Copper 

Volume Fraction (%) E୐ (GPa) % change 
3% 156.7 21% 
7% 192.2 48% 
11% 227.8 75% 

 
(c) Aluminum 

Volume Fraction (%) E୐ (GPa) % change 
3% 94.96 36% 
7% 114.91 64% 
11% 134.86 93% 

 
 
 
5.2.2 Prediction of Transverse Young’s Modulus 

 
The FEA results show that the transverse modulus of the Carbon Nanotubes 

reinforced metal matrix nanocomposite predicted to have increasing trend by increasing 

the volume fraction of carbon nanotubes. Table 5.2 (a) iron, (b) copper, and (c) 

aluminum matrices represent the results of the transverse modulus and its enhancement 

percentage. It can be observed from Table 5.2 (a) that the enhancement percentage is 
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3%, 7%, and 12% for iron matrix. It can be observed Table 5.2 (b) that the enhancement 

percentage is 5%, 11%, and 18% for Copper matrix. However, It can be observed from 

Table 5.2 (c) that the enhancement percentage is 7%, 11%, and 17% when the volume 

fraction of the Carbon Nanotubes at 3%, 7% and 11%, respectively, for iron, copper, 

and aluminum matrices.  

 

 
Figure 5.1: Longitudinal Young's modulus for iron, copper, and aluminum 

matrix reinforced carbon nanotubes as long fiber 
 

 

Table 5.2: Transverse modulus FEA results for (a) iron, (b) copper, and (c) 
aluminum matrices 

 (a) Iron 
Volume Fraction (%) E୘ (GPa) % change 

3% 216.63 3% 
7% 225.47 7% 
11% 234.31 12% 

 

(b) Copper 
Volume Fraction (%) E୘ (GPa) % change 

3% 136.24 5% 
7% 144.55 11% 
11% 152.87 18% 

 
(c)  Aluminum   

Volume Fraction (%) E୘ (GPa) % change 

3% 74.74 7% 
7% 77.54 11% 
11% 81.79 17% 
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Figure 5.2 shows the effect of volume fraction on the transverse modulus of the carbon 

nanotubes reinforced iron, copper, and aluminum matrices nanocomposite, respectively. 

It can be observed that the results plotted have a linear trend while it’s not in reality this 

is because the values are relatively near each other’s. 
 

 
Figure 5.2: Transverse Young's modulus for iron, copper, and aluminum 

matrices reinforced carbon nanotubes as long fiber 
 
 

 
5.2.3 Prediction of the Shear Modulus 

 
Shear modulus of composite is the ratio of shear stress to the shear strain. It 

can be seen that the results of shear modulus for metal matrix reinforced by carbon 

nanotube have increasing trend when the volume fraction increases. Table 5.3 (a) iron, 

(b) copper, and (c) aluminum matrices represent the results of the shear modulus and its 

enhancement percentage. It can be observed from Table 5.3 (a) that the enhancement 

percentage is 3%, 7%, and 11% for iron matrix. It can be observed Table 5.3 (b) that the 

enhancement percentage is 5%, 9%, and 13% for Copper matrix. However, It can be 

observed from Table 5.3 (c) that the enhancement percentage is 4%, 9%, and 16% when 

the volume fraction of the Carbon Nanotubes at 3%, 7% and 11%, respectively, for iron, 

copper, and aluminum matrices.  

 
Table 5.3: Shear modulus FEA results for (a) iron, (b) copper, and (c) 

aluminum matrices 
(a) Iron 

Volume Fraction (%) G (GPa) % change 
3% 84.51 3% 
7% 87.86 7% 
11% 91.20 11% 
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(b) Copper  
Volume Fraction (%) G (GPa) % change 

3% 50.33 5% 
7% 52.27 9% 
11% 54.33 13% 

 
(c) Aluminum  

Volume Fraction (%) G (GPa) % change 
3% 26.95 4% 
7% 28.39 9% 
11% 30.06 16% 

 
 
Figure 5.3 shows the effect of volume fraction on the shear modulus of the carbon 

nanotubes reinforced iron, copper, and aluminum matrices nanocomposite, respectively. 

It can be observed that the results plotted have a linear trend while it’s not in reality this 

is because the values are relatively near each other’s. 

 

 
Figure 5.3: Shear modulus for iron, copper, and aluminum matrices reinforced 

carbon nanotubes as long fiber 
 
 
 
5.2.4          Prediction of the Major Poisson's Ratio 

 
Major Poisson's ratio of the carbon nanotubes reinforced metal matrix 

nanocomposite predicted to have decreasing trend as the volume fraction of the Carbon 

nanotubes increases. Table 5.4 (a) iron, (b) copper, and (c) aluminum matrices represent 

the results of major Poisson’s ratio for iron matrix reinforced by carbon nanotubes. It 

can be observed from Table 5.4 (a) that the prediction of the major Poisson's ratio for 
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iron matrix reinforced by carbon nanotube insensitive with increasing of volume 

fraction because the value of both iron matrix and the carbon nanotube is the same. It 

can be observed Table 5.4 (b) that a decreasing value by 0.25%, 0.58%, and 0.92% with 

respect to the matrix Poisson’s ratio. However, It can be observed from Table 5.3 (c) 

that a decreasing value by 0.23%, 0.53%, and 0.83% with respect to the matrix 

Poisson’s ratio when the volume fraction of the Carbon Nanotubes at 3%, 7% and 11%, 

respectively, for iron, copper, and aluminum matrices.  
 

Table 5.4: Major Poisson’s ratio FEA results for (a) iron, (b) copper, and (c) 
aluminum matrices 

(a) Iron 
Volume Fraction (%) ϑ % change 

3% 0.3 0% 
7% 0.3 0% 
11% 0.3 0% 

 (b) Copper 
Volume Fraction (%) ϑ % change 

3% 0.359 -0.25% 
7% 0.358 -0.58% 
11% 0.357 -0.92% 

 (c) Aluminum  
Volume Fraction (%) ϑ % change 

3% 0.32925 -0.23% 
7% 0.32825 -0.53% 
11% 0.32725 -0.83% 

 
Figure 5.4 shows the effect of volume fraction on the major Poisson’s ratio the carbon 

nanotubes reinforced iron, copper, and aluminum matrices nanocomposite, respectively.  

 

 
Figure 5.4: Major Poisson's ratio for iron, copper, and aluminum matrices 

reinforced carbon nanotubes as long fiber 
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5.3 Prediction of the elastic properties for short fiber 
 
To predict the elastic properties of metal matrix reinforced by carbon nanotube 

treated as short fiber, the geometric models are generated in ANSYS software by 

running the APDL macro. The results show lower properties as compared to the 

continuous fiber case.  

 
5.3.1 Prediction of Longitudinal Young’s Modulus  

 
The prediction of longitudinal Young’s modulus for the carbon nanotubes 

reinforced metal matrix composite will be investigated according to the following 

factors: fixing the diameter varying the length and fixing the diameter, varying the 

diameter  and fixing the length while varying the charily index. 

 
5.3.1.1    Effect of Length 

The results obtained for carbon nanotubes reinforced iron metal matrix 

nanocomposite at same diameter with different lengths show a linear increment when 

the volume fraction and length increased for different carbon nanotubes. it is observed 

that the young’s modulus of the iron matrix nanocomposite reinforced by 3% volume 

fraction of zigzag carbon nanotubes (5, 0) varied as 9%, 9% and 10% at carbon 

nanotubes lengths of 3, 5, and 8 nm, respectively. however, at 3% volume fraction for 

the armchair carbon nanotubes (5, 5) the increment varied as 7%, 8% and 9% while for 

chiral carbon nanotubes (5, 10) varied as 7%, 8%, and 8% at the same increment of 

length, respectively. Figure 5.5, 5.6 and 5.7 show increment of young’s modulus for 

iron matrix reinforced by zigzag, armchair and chiral carbon nanotube, respectively, 

when the volume fraction increases. 

 
Figure 5.5: Longitudinal Young's modulus for carbon nanotube (5,0) (different 

length ) reinforced iron metal matrix 
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Figure 5.6: Longitudinal Young's modulus for carbon nanotube (5,5) (different 

length) reinforced iron metal matrix  
 

 
Figure 5.7: Longitudinal Young's modulus for carbon nanotube (5, 10) (different 

length) reinforced iron metal matrix  
 
Similarly the procedure will be taken for the prediction of Young’s modulus for the 

Copper and Aluminum matrixes. 

For Carbon nanotube reinforced Copper matrix Nanocomposite, It is observed that 

the young’s modulus of the copper matrix nanocomposite reinforced by 3% volume 

fraction of zigzag carbon nanotubes (5, 0) varied as 15%, 16% and 18% at carbon 

nanotubes lengths of 3, 5, and 8 nm, respectively. however, at 3% volume fraction for 

the armchair carbon nanotubes (5, 5) the increment varied as 13%, 15% and 16% while 

for chiral carbon nanotubes (5, 10) varied as 11%, 13%, and 15% at the same increment 

of length, respectively. Figure 5.8, 5.9, and 5.10 show increment of young’s modulus 

for copper matrix reinforced by zigzag, armchair and chiral carbon nanotube, 

respectively, when the volume fraction increases. 
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Figure 5.8: Longitudinal Young's modulus for carbon nanotube (5,0) (different 

length ) reinforced copper metal matrix 
 

 
Figure 5.9: Longitudinal Young's modulus for carbon nanotube (5,5) (different 

length) reinforced copper metal matrix  
 

 
Figure 5.10: Longitudinal Young's modulus for carbon nanotube (5, 10) (different 

length) reinforced copper metal matrix  
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For Carbon nanotube reinforced Aluminum matrix Nanocomposite, it is observed 

that the increment percentage in the young’s modulus of the new aluminum matrix 

nanocomposite reinforced by 3% volume fraction of zigzag carbon nanotubes (5, 0) 

varied as 19%, 20% and 21% at carbon nanotubes lengths 3, 5, and 8 nm, respectively. 

however, at 3% volume fraction for the armchair carbon nanotubes (5, 5) the increment 

varied as 18%, 19% and 20% while for chiral carbon nanotubes (5, 10) varied as 18%, 

19%, and 19% at the same increment of length, respectively. Figure 5.11, 5.12 and 5.13 

show increment of young’s modulus for aluminum matrix reinforced by zigzag, 

armchair and chiral carbon nanotube, respectively, when the volume fraction increases. 

 

 
Figure 5.11: Longitudinal Young's modulus for carbon nanotube (5, 0) (different 

length) reinforced aluminum metal matrix 
 

 
Figure 5.12: Longitudinal Young's modulus for carbon nanotube (5, 5) (Different 

Length) reinforced aluminum metal matrix  
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Figure 5.13: Longitudinal Young's modulus for carbon nanotube (5, 10) (different 

length) reinforced aluminum metal matrix  
 
 
5.3.1.2     Effect of diameter 
 

The analysis will be carried out for the three types of the carbon nanotubes at the 

same length with different diameters which can be achieved by changing the index of 

carbon nanotube for the same kind. The results of armchair Carbon nanotubes reinforced 

Iron metal matrix are presented in Table 5.5 (a) iron, (b) copper, and (c) aluminum matrices. 

It can be observed that at 3% volume fraction of armchair carbon nanotube type reinforced 

iron, copper, and aluminum metal matrices, the value of Young’s modulus decreased as the 

diameter of the armchair carbon nanotubes increased.  

 
Table 5.5: Effect of armchair carbon nanotube diameter reinforced (a) iron, (b) 

copper, and (c) aluminum matrices (Vf=3%) 
(a) Iron 

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8  
nm 

% 
change 

(5,5) 0.848 225.7 7% 226.6 8% 227.9 9% 

(10,10) 1.526 224.8 7% 225.9 8% 227.4 8% 

(15,15) 2.204 223.6 6% 225.3 7% 226.9 8% 
 
(b) Copper  

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 146.5 13% 149.1 15% 151.1 16% 

(10,10) 1.526 142.7 10% 145.5 12% 146.4 13% 

(15,15) 2.204 140.6 8% 143.2 10% 145.2 12% 
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(c) Aluminum  
 

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 82.9 18% 83.5 19% 83.9 20% 

(10,10) 1.526 79.9 14% 81.8 17% 82.6 18% 

(15,15) 2.204 78.7 12% 79.5 14% 82.2 17% 
 
 

For zigzag carbon nanotubes reinforced iron metal matrix at same length with different 

diameters, Table 5.6 (a) iron, (b) copper, and (c) aluminum matrices present the results 

calculated at 3% of volume faction of zigzag carbon nanotube type reinforced iron, 

copper, and aluminum metal matrices. The results show that the value of Young’s 

modulus decreased as the diameter of the zigzag carbon nanotubes increases.  

 
Table 5.6: Effect of zigzag carbon nanotube diameter reinforced (a) iron, (b) 

copper, and (c) aluminum matrices (Vf=3%) 
(a) iron 

 Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,0) 0.561 228.5 9% 229.6 9% 230.8 10% 

(10,0) 0.953 227.3 8% 229.2 9% 230.6 10% 

(15,0) 1.344 225.5 7% 227.7 8% 229.4 9% 
 
(b) Copper  
 

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,0) 0.561 149.3 15% 151.4 16% 152.9 18% 

(10,0) 0.953 145.7 12% 148.4 14% 150.6 16% 

(15,0) 1.344 144.3 11% 146.3 13% 148.7 14% 
 

(c) Aluminum  
 

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,0) 0.561 83.5 19% 84.1 20% 84.5 21% 

(10,0) 0.953 81.6 17% 82.4 18% 82.9 18% 

(15,0) 1.344 78.8 13% 80.1 14% 82.4 18% 
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For chiral carbon nanotubes reinforced iron metal matrix at same length with different 

diameter, Table 5.7 (a) iron, (b) copper, and (c) aluminum matrices present the results 

calculated at 3% of volume faction of chiral carbon nanotube type reinforced iron, 

copper, and aluminum metal matrices. The results show that the value of Young’s 

modulus slightly decreased as the diameter of the chiral carbon nanotubes increases.  

 
Table 5.7: Effect of chiral carbon nanotube diameter reinforced (a) iron, (b) 

copper, and (c) aluminum matrices (Vf=3%) 
(a) Iron 

Carbon 
Nanotube Index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,10) 1.206 225.4 7% 226.1 8% 227.6 8% 

(10,15) 1.876 223.8 7% 225.5 7% 227.0 8% 

(15,20) 2.551 222.3 6% 224.6 7% 226.7 8% 
 
(b) Copper  

Carbon 
Nanotube 

Index 
d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,10) 1.206 144.1 11% 146.9 13% 149.3 15% 

(10,15) 1.876 141.5 9% 144.2 11% 148.0 14% 

(15,20) 2.551 139.9 8% 142.4 10% 144.9 11% 
 

(c) Aluminum  
Carbon 

Nanotube 
Index 

d (nm) 
EL (GPa) 

lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,10) 1.206 82.4 18% 82.95 19% 83.5 19% 

(10,15) 1.876 79.5 14% 81.29 16% 82.3 18% 

15,20) 2.551 78.0 11% 79.21 13% 81.7 17% 
 
 
5.3.1.3        Effect of chirality Index 
 

The analysis is carried out for armchair (5, 5), zigzag (5, 0) and chiral (5, 

10) carbon nanotubes at the same length. it can be observed from table 5.8 that at 3% 

volume fraction of carbon nanotube reinforced iron matrix, the value of young’s 

modulus increases as the volume fraction and/or the length increases and decreases 

when the chirality index is changed from zigzag to armchair to chiral type for carbon 

nanotube reinforced iron matrix composite. However, Figures 5.13, 5.14, and 5.15 

represent the effect of Young’s modulus of different carbon nanotube chiral index at 

different lengths and volume fractions for reinforcing iron matrix nanocomposite. 
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Table 5.8: Effect of chiral index on the Young’s modulus of iron matrix 
(Vf=3%) 

 

Carbon 
Nanotube 

index 
d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

Armchair (5,5) 0.848 225.7 7% 226.6 8% 227.9 9% 
Zigzag (5,0) 0.561 228.5 9% 229.6 9% 230.8 10% 
Chiral (5,10) 1.206 225.4 7% 226.1 8% 227.6 8% 

 

 
Figure 5.14: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=3 nm) reinforced iron metal matrix  
 

 
Figure 5.15: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=5 nm) reinforced iron metal matrix  
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Figure 5.16: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=8 nm) Reinforced iron metal matrix  
 

 

Similarly, the prediction of Young’s modulus for the copper matrix reinforced by 

different chiral carbon nanotube index treated as short fiber presented in table 5.9. It can 

be observed from Table 5.9 that at 3% volume fraction of carbon nanotube reinforced 

copper matrix, the value of Young’s modulus increases as the volume fraction and/or 

the length increases and decreases when the chirality index is changed from zigzag to 

armchair to chiral type for carbon nanotube reinforced copper matrix composite. 

However, it can be seen from Figures 5.17, 5.18, and 5.19 that the Young’s modulus 

increases as the volume fractions and / or length increase, and decreases when chirality 

indices is changed from zigzag to armchair to chiral different carbon nanotube  

reinforced copper matrix nanocomposite. 

 

Table 5.9: Effect of chiral index on the Young’s modulus of copper matrix  
 

Carbon 
Nanotube 

index 
d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

Armchair (5,5) 0.848 146.5 13% 149.1 15% 151.1 16% 
Zigzag (5,0) 0.561 149.3 15% 151.4 16% 152.9 18% 
Chiral (5,10) 1.206 144.1 11% 146.9 13% 149.3 15% 
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Figure 5.17: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=3 nm) reinforced copper metal matrix  
 

 
Figure 5.18: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=5 nm) reinforced copper metal matrix  
 

 
Figure 5.19: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=8 nm) reinforced copper metal matrix  
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However, the prediction of Young’s modulus for the aluminum matrix reinforced by 

different chiral carbon nanotube index treated as short fiber presented in Table 5.10. It 

can be observed from Table 5.10 that at 3% volume fraction of carbon nanotube 

reinforced Aluminum matrix, the value of Young’s modulus increases as the volume 

fraction and/or the length increases and decreases when the chirality index is changed 

from Zigzag to armchair to chiral type for carbon nanotube reinforced aluminum matrix 

composite. However, Figures 5.20, 5.21, and 5.22 represent the effect of Young’s 

modulus or different carbon nanotube chiral index at different length and volume 

fractions for reinforcing aluminum matrix nanocomposite. 

 
Table 5.10: Effect of chiral index on the Young’s modulus of aluminum matrix 

(Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

EL (GPa) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

Armchair (5,5) 0.848 82.9 18% 83.5 19% 83.9 20% 
Zigzag (5,0) 0.561 83.5 19% 84.1 20% 84.5 21% 
Chiral (5,10) 1.206 82.4 18% 83.0 19% 83.5 19% 

 

 

 
Figure 5.20: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=3 nm) reinforced aluminum metal matrix  
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Figure 5.21: Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=5 nm) reinforced aluminum metal matrix 
 

 
Figure 5.22:  Longitudinal Young's modulus for different chiral index carbon 

nanotube (at length lc=8 nm) reinforced aluminum metal matrix 
 
 
 
5.3.2 Prediction of the Transverse Young’s Modulus 
 

The results of transverse Young’s modulus for carbon nanotubes (treated as 

short fiber) reinforced iron metal matrix nanocomposite at same diameter with different 

length show increasing trend when the volume fraction and length increased for 

different carbon nanotubes. It is observed that the transverse modulus of the iron matrix 

nanocomposite reinforced by 3% volume fraction of zigzag carbon nanotubes (5, 0) 
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varied as 3%, 4% and 3% at carbon nanotubes lengths of 3, 5, and 8 nm, respectively. 

However, at 3% volume fraction for the armchair carbon nanotubes (5, 5) the increment 

varied as 2% and 3% while for chiral carbon nanotubes (5, 10) up to 2% at the same 

increment of length, respectively. Figure 5.23, 5.24, and 5.25 show increment of 

transverse modulus for iron matrix reinforced by zigzag, armchair and chiral carbon 

nanotube, respectively when the volume fraction increases. 

 

 
Figure 5.23: Transverse modulus for zigzag carbon nanotube (5,0) (different 

length) reinforced iron metal matrix  
 
 

 
Figure 5.24: Transverse modulus for armchair carbon nanotube (5,5) (different 

length) reinforced iron metal matrix  
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Figure 5.25: Transverse modulus for chiral carbon nanotube (5, 10) (different 

length) reinforced iron metal matrix  
 

Similarly, for carbon nanotube (treated as short fiber) at same diameter with 

different length reinforced copper matrix nanocomposite. Transverse Young’s modulus 

results show increasing trend when the volume fraction and length increased for 

different Carbon nanotubes. It is observed that the transverse modulus of the copper 

matrix nanocomposite reinforced by 3% volume fraction of zigzag carbon nanotubes (5, 

0) varied as 4% to 5% at carbon nanotubes lengths of 3, 5, and 8 nm, respectively. 

However, at 3% volume fraction for the armchair carbon nanotubes (5, 5) the increment 

varied as 3% to 4% while for chiral carbon nanotubes (5, 10) varied as 2%, 3%, and 4% 

at the same increment of length, respectively. Figure 5.26, 5.27and 5.28 show increment 

of transverse modulus for copper matrix reinforced by zigzag, armchair and chiral 

carbon nanotube respectively when the volume fraction increases. 

 

 
Figure 5.26: Transverse modulus for zigzag carbon nanotube as short fiber 

reinforced copper metal matrix at different length 
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Figure 5.27: Transverse modulus for armchair carbon nanotube as short fiber 

reinforced copper metal matrix at different length 
 

 
Figure 5.28: Transverse modulus for chiral carbon nanotube as short fiber 

reinforced copper metal matrix at different length 
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different length reinforced aluminum matrix nanocomposite. Transverse Young’s 

modulus results show increasing trend when the volume fraction and length increased 
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Aluminum matrix Nanocomposite reinforced by 3% volume fraction of zigzag carbon 

nanotubes (5, 0) varied as 6%, 7%, and 8% at carbon nanotubes lengths of 3, 5, and 8 

nm, respectively. However, at 3% volume fraction for the armchair carbon nanotubes 

(5, 5) the increment varied as 5%, 6%, and 7% while for chiral carbon nanotubes (5, 10) 
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varied as 5%, 6%, and 7% at the same increment of length, respectively. Figure 5.29, 

5.30 and 5.31 show increment of Young’s modulus for aluminum matrix reinforced by 

zigzag, armchair and chiral carbon nanotube, respectively when the volume fraction 

increases. 

 

 

Figure 5.29: Transverse modulus for zigzag carbon nanotube at different length 
reinforced aluminum metal matrix  

 
 

 
Figure 5.30: Transverse modulus for armchair carbon nanotube at different 

length reinforced aluminum metal matrix  
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Figure 5.31: Transverse modulus for armchair carbon nanotube at different 
length reinforced aluminum metal matrix  

 

The analysis is carried out for the three types of the carbon nanotubes at the 

same length with different diameter which can be achieved by changing the index of 

carbon nanotube for the same kind. The results of armchair carbon nanotubes reinforced 

iron, copper, and aluminum metal matrix are presented in Table 5.11 (a), (b) and (c). It 

can be observed that at 3% volume fraction of carbon nanotube reinforced iron matrix, 

the value of transverse modulus decreased as the diameter of the armchair carbon 

nanotubes increased.  

 
 

Table 5.11: Effect of armchair carbon nanotube diameter reinforced: (a) iron, 
(b) copper, and (c) aluminum matrix on transverse modulus 
(Vf=3%) 

(a) Iron 

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 214.97 216.31 217.26 

(10,10) 1.526 213.91 214.13 215.11 

(15,15) 2.204 213.41 213.82 214.18 
 
(b) Copper  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 133.79 134.41 135.16 

(10,10) 1.526 132.95 133.98 134.30 

(15,15) 2.204 132.26 132.57 132.97 
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(c) Aluminum  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 73.65 74.39 75.02 

(10,10) 1.526 73.35 73.68 74.14 

(15,15) 2.204 72.78 73.28 73.99 
 
 

For zigzag carbon nanotubes reinforced metal matrix at same length with different 

diameter, Table 5.28(a), (b) and (c) present the results calculated at 3% of volume 

faction for iron, copper, and aluminum metal matrix reinforced by zigzag carbon 

nanotube type. The results show that the value of transverse modulus decreased as the 

diameter of the zigzag carbon nanotubes increases.  

 
Table 5.12: Effect of zigzag carbon nanotube diameter reinforced: (a) iron, (b) 

copper, and (c) aluminum matrix on transverse modulus (Vf=3%) 
(a) Iron 

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 216.3 218.7 219.1 

(10,0) 0.953 215.8 217.2 217.5 

(15,0) 1.344 214.9 216.1 216.6 
 
(b) Copper  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 134.79 135.45 136.32 

(10,0) 0.953 134.12 134.44 134.90 

(15,0) 1.344 132.55 133.14 133.34 
 
(c) Aluminum  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 74.0 74.9 75.5 

(10,0) 0.953 73.8 74.1 74.6 

(15,0) 1.344 72.8 73.8 74.1 
 

 
For chiral carbon nanotubes reinforced metal matrix at same length with different 

diameter, Table 5.13 presents the results calculated at 3% of volume faction of carbon 

nanotubes for iron, copper, and aluminum metal matrix reinforced by chiral carbon 

nanotube type. The results show that the value of transverse modulus decreased as the 

diameter of the chiral carbon nanotubes increases.  
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Table 5.13: Effect of chiral carbon nanotube diameter reinforced: (a) iron, (b) 
copper, and (c) aluminum matrix on transverse modulus (Vf=3%) 

(a) Iron 

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 214.3 214.3 215.1 

(10,15) 1.876 213.2 213.9 214.4 

(15,20) 2.551 212.6 213.1 213.5 
 
(b)  Copper  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 132.69 134.00 134.75 

(10,15) 1.876 132.45 133.30 133.78 

(15,20) 2.551 131.37 132.28 132.41 
 
(c) Aluminum  

Carbon Nanotube index d (nm) 
ET (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 73.4 74.1 74.6 

(10,15) 1.876 72.7 73.1 74.4 

(15,20) 2.551 72.3 72.9 73.4 
 
 
From the above Tables, it can observed that at 3% volume fraction of carbon 

nanotube reinforced metal matrix, the value of transverse modulus for zigzag type is the 

highest, while for chiral type is the lowest because changing the chirality index will 

change the diameter. However, it can noticed that the transverse modulus increases 

when the volume fractions and/ or the length increased and decreases when the chirality 

index changed of carbon nanotube reinforced iron, copper, and aluminum matrix 

nanocomposite. 

 

5.3.3 Prediction of the Shear Modulus 
 
The results of shear modulus for carbon nanotubes (treated as short fiber) 

reinforced iron metal matrix nanocomposite at same diameter with different length 

show increasing trend when the volume fraction increased and decreasing values of 

shear modulus at different carbon nanotubes length. It is observed that the Shear 

modulus at 3% volume fraction of zigzag carbon nanotubes (5, 0) varied as 3%, 2%, and 

1% at carbon nanotubes length increased for 3, 5, and 8 nm, respectively. However, at 

3% volume fraction for the armchair carbon nanotubes (5, 5) varied as 3%, 2%, and 1% 
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while for chiral carbon nanotubes (5, 10) varied as 2%, 2%, and 1% at the same 

increment of length, respectively. Figure 5.32, 5.33, and 5.34 show shear modulus 

increment for iron matrix reinforced by zigzag, armchair and chiral carbon nanotube, 

respectively, when the volume fraction increases. 

 

 
Figure 5.32: Shear modulus for zigzag carbon nanotube treated as short fiber 

reinforced iron matrix 
 

 
Figure 5.33: Shear modulus for armchair carbon nanotube treated as short fiber 

reinforced iron matrix 
 
Similarly, the results of shear modulus for carbon nanotubes (treated as short fiber) 

reinforced Copper metal matrix Nanocomposite at same diameter with different length 

show increasing trend when the volume fraction increased and decreasing values of 

shear modulus at different carbon nanotubes length. 
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Figure 5.34: Shear modulus for chiral carbon nanotube treated as short fiber 

reinforced iron matrix 
 

It is observed that the shear modulus of the copper matrix nanocomposite 

reinforced by 3% volume fraction of zigzag carbon nanotubes (5, 0) varied as 6%, 7%, 

and 8% at carbon nanotubes length of 3, 5, and 8 nm, respectively. However, at 3% 

volume fraction for the Armchair carbon nanotubes (5, 5) varied as 5%, 6%, and 7% 

while for chiral carbon nanotubes (5, 10) varied as 5%, 6%, and 7% at the same 

increment of length, respectively. Figure 5.35, 5.36, and 5.37 show increment of shear 

modulus for copper matrix reinforced by zigzag, armchair and chiral carbon nanotube, 

respectively, when the volume fraction increases. 

 

 

Figure 5.35: Shear modulus for zigzag carbon nanotube treated as short fiber 
reinforced copper matrix at different length 

 

82

83

84

85

86

87

88

89

90

91

0% 3% 6% 9% 12%

Sh
ea

r 
M

od
ul

us
 (G

Pa
)

Volume Fraction (%)

Lc=3
Lc=5
Lc=8

48

49

50

51

52

53

54

0% 3% 6% 9% 12%

Sh
ea

r 
 M

od
ul

us
 (G

Pa
)

Volume Fraction (%)

Lc=3
Lc=5
Lc=8



170 

 
Figure 5.36: Shear modulus for armchair carbon nanotube treated as short fiber 

reinforced copper matrix at different length 
 

 
Figure 5.37: Shear modulus for chiral carbon nanotube treated as short fiber 

reinforced copper matrix at different length 
 
 

However, the results of shear modulus for carbon nanotubes (treated as short fiber) 

reinforced aluminum metal matrix nanocomposite at same diameter with different length 

show increasing trend when the volume fraction increased and decreasing values of shear 

modulus at different carbon nanotubes length. It is observed that the Shear modulus at 3% 

volume fraction of zigzag carbon nanotubes (5, 0) varied as 3%, 2%, and 1% at carbon 

nanotubes length of 3, 5, and 8 nm, respectively. However, at 3% volume fraction for the 

armchair carbon nanotubes (5, 5) varied as 3%, 2%, and 1% while for chiral carbon 

nanotubes (5, 10) varied as 4%, 3%, and 1% at the same increment of length, respectively. 

Figures 5.38, 5.39, and 5.40 show increment of shear modulus for aluminum matrix 

reinforced by zigzag, armchair and chiral carbon nanotube, respectively, when the volume 

fraction increases. 
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Figure 5.38: Shear modulus for zigzag carbon nanotube treated as short fiber 

reinforced aluminum matrix at different length 
 

 
Figure 5.39: Shear modulus for armchair carbon nanotube (as short fiber) 

reinforced aluminum matrix at different length 
 

 
Figure 5.40: Shear modulus for chiral carbon nanotube treated as short fiber 

reinforced aluminum matrix at different length 
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The analysis will be carried out for the three types of the carbon nanotubes at 

the same length with different diameter which can be achieved by changing the index of 

carbon nanotube for the same kind. The results of armchair carbon nanotubes reinforced 

iron, copper, and aluminum metal matrix are presented in Table 5.14 (a), (b), and (c). It 

can be observed that at 3% volume fraction of carbon nanotube reinforced Iron matrix, 

the value of shear modulus decreased as the diameter of the armchair carbon nanotubes 

increased.  

 

Table 5.14: Effect of armchair carbon nanotube diameter reinforced: (a) iron, 
(b) copper, and (c) aluminum matrix on transverse modulus (Vf=3%) 

 
(a) Iron 

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 84.3 83.9 82.8 

(10,10) 1.526 83.7 83.3 82.6 

(15,15) 2.204 83.4 83.2 82.4 
 
(b) Copper  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 49.4 49.05 48.5 

(10,10) 1.526 49.2 49.02 48.4 

(15,15) 2.204 49.1 48.96 48.1 
 
(c) Aluminum  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,5) 0.848 27.1 26.8 26.3 

(10,10) 1.526 27.0 26.6 26.1 

(15,15) 2.204 26.9 26.4 26.1 
 
 

For zigzag carbon nanotubes reinforced metal matrix at same length with different 

diameter, Table 5.15 (a), (b), and (c) present the results calculated at 3% of volume 

faction for iron, copper, and aluminum metal matrix reinforced by zigzag carbon 

nanotube type. The results show that the value of Shear modulus decreased as the 

diameter of the zigzag carbon nanotubes increases.  
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Table 5.15: Effect of zigzag carbon nanotube diameter reinforced: (a) iron, (b) 
copper, and (c) aluminum matrix on transverse modulus (Vf=3%) 

(a) Iron 

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 84.5 84.0 82.8 

(10,0) 0.953 84.1 83.7 82.7 

(15,0) 1.344 83.9 83.4 82.4 
 
(b) Copper  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 49.5 49.2 48.5 

(10,0) 0.953 49.4 49.1 48.4 

(15,0) 1.344 49.5 48.9 48.2 
 
(c) Aluminum  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,0) 0.561 27.1 26.8 26.3 

(10,0) 0.953 26.9 26.7 26.2 

(15,0) 1.344 26.8 26.5 26.0 
 
 
For chiral carbon nanotubes reinforced metal matrix at same length with different 

diameter, Table 5.16 (a), (b), and (c) presents the results calculated at 3% of volume 

faction for iron, copper, aluminum metal matrix reinforced by chiral carbon nanotube 

type. The results show that the value of shear modulus decreased as the diameter of the 

chiral carbon nanotubes increases.  

 
Table 5.16: Effect of chiral carbon nanotube diameter reinforced: (a) iron, (b) 

copper, and (c) aluminum matrix on transverse modulus (Vf=3%) 
(a) Iron 

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 83.9 83.3 82.6 

(10,15) 1.876 83.3 83.1 82.5 

(15,20) 2.551 83.1 82.7 82.3 
 
(b) Copper  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 49.5 49.1 48.6 

(10,15) 1.876 49.2 49.0 48.5 

(15,20) 2.551 48.9 48.9 48.4 
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(c) Aluminum  

Carbon Nanotube index d (nm) 
G (GPa) 

lc=3nm lc=5nm lc=8 nm) 
(5,10) 1.206 27.2 26.9 26.4 

(10,15) 1.876 27.1 26.8 26.3 

(15,20) 2.551 26.8 26.7 26.1 
 
 
5.4 Effective Thermal Conductivity Prediction    

 
The theoretical estimation of the effective thermal conductivity of the carbon 

nanotubes reinforced composite was proposed, but that is not appropriate for the 

complex geometrical shape and arrangement of carbon nanotubes embedded in 

representative volume elements. Finite element analysis may be desirable to simulate 

any case to predict the effective thermal properties. However, ANSYS macro was 

developed for the numerical estimation of effective thermal conductivity using various 

RVEs. 

 
5.4.1 Model development 

 
The model geometries was developed by using parameterized ANSYS macro 

for predicting effective thermal conductivity of the materials using three representative 

volume element models, quarter and two kinds of full model. It is assumed that the 

carbon nanotube fibers are full embedded with different length in RVE and there exists 

thermal resistance between carbon nanotubes and matrix. To generate the model 

geometry, a hexahedron of LAA   was created. Then, two cylinders are created, 

whose lengths is L  and diameters are od and id , respectively. These cylinders and 

hexahedron are overlapped. Then, the part was removed in the resulting volumes of 

overlapping, where carbon nanotubes will be placed in matrix. Figure 5.41 shows the 

resulting volumes. If the volume for carbon nanotube is added, geometrical modeling is 

completed. It should be noted that cylinder for carbon nanotube and volumes for matrix 

are not bonded, but in contact. Figure 5.42 represents the geometry of the three kinds of 

models used.  

 
Figure 5.41: The resulting volumes of overlapping 
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Figure 5.42: The Geometrical Model:  (a) Full model with Carbon nanotubes 

away from the center, (b) Full model with carbon nanotubes placed 
at the center and (c) the quarter model 

 
 

5.4.2 Meshing and Boundary Conditions 
 
The representative volume element is divided into many regular volumes for 

meshing. First, all volumes of RVE are divided into equal eight parts, then, the 

representative volume element was divided into three parts of which the middle part 

corresponds to carbon nanotubes as shown in Figure 5.43. 

 
Figure 5.43: Final RVE divided for meshing 

 

The representative volume element was meshed using hexahedron shaped element and 

mapped meshing algorithm. The longitudinal size is equal to the number of divisions in 

width is 10 and number of divisions in thickness of carbon nanotube is three. Before 

meshing, different materials are assigned to the volumes for matrix and carbon 

nanotube. Element type used was SOLID70[138] as shown in Figure 5.44. The element 

has eight nodes with a single degree of freedom, temperature, at each node.. The 

element is applicable to a 3-D, steady-state or transient thermal analysis and can 

compensate for mass transport heat flow.  
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Figure 5.44: The SOLID70 Geometry[138] 
 

 

The element type CONTA173 (3-D 4-Node Surface-to-Surface Contact) and 

TARGE170 (3-D Target Segment) used for thermal contact and loading. The interfacial 

conductance is reflected in the REAL constants. Contact and target elements are 

generated automatically using the ESURF command. Before ESURF command is 

issued, only contact nodes or target nodes and elements connected by those should be 

selected. The contacting areas of carbon nanotubes and matrix are appeared like one 

because they coincide geometrically. The contact and target elements generated were 

shown in Figure 5.45. 

 

Figure 5.45: The contact and target elements generated 

 

 

5.4.3 Estimating the effective thermal conductivity based on finite element 
results 
 
The representative volume element was considered with volumeV . The 

average of a field f  over the RVE V  is denoted by letter f ; 

                                         
 dxxf

V
ff

V
 1                                                     5.1 
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According to the Fourier's law, the heat flux vector q can be written as follows; 

                                          xTgradxkq                                                        5.2 

Where T  and k  are temperature and thermal conductivity in RVE. 

 
In macro scale, the Fourier's law is represented as follows; 

                                      xTgradkq                                                           5.3 

When q  and   xTgrad  are known, the effective thermal conductivity k  can be 

determined from equation 5.3. But it is unable to know both of q  and   xTgrad  at 

once. Applying   xTgrad  on RVE by supposing different uniform temperature on 

opposite sides of RVE and determine q . The average of thermal gradient   xTgrad  is 

represented as follows; 

                                       
  

L
TxTgrad 

                                                        5.4 

Where T  denotes difference of uniform temperature at two opposite sides. L is the 

length of RVE. Figure 5.46 shows the macro temperature imposed at boundary of 

representative volume element. 

 

Figure 5.46:       Macro temperature imposed at boundary of the RVE 

 

As result, effective conductivity is estimated by 

                                 LT
qk


                                                                  5.5 

q  is calculated by FEA for the RVE.  

 
In order to find the effective thermal conductivity, the average of thermal flux should be 

known. In context of FEA, q  can approximately be written as follows; 
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                                         V

vq
q

n

i
ii

 1                                                               5.6 

Where n is the total number of elements of RVE. iq  is the average of thermal flux over 

thi'  element and iv  is the volume of thi'  element. In ANSYS software, iq  and iv  can 

easily be extracted from element table and q  can be calculate by multiplication and 

sum of the element table variables.  

 
It is assumed that thermal Conductivity of carbon nanotube and matrix are 3000 W/m k 

and 204 W/m k for aluminum matrix, respectively. The interfacial conductance is 

KmMW 2100 , 1299300 T .  

Figure 5.47, 5.48, and 5.49 show temperature and thermal flux in Z-direction in the 

matrix and the carbon nanotubes for iron, copper and aluminum metal matrixes 

respectively for the quarter model. 

 

 

a) Temperature 

 

b) Thermal flux 

 
Figure 5.47: Temperature and thermal flux distribution in the matrix and carbon 

nanotubes or Iron matrix 
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a) Temperature 

 

b) Thermal flux 

Figure 5.48: Temperature and thermal flux distribution in the matrix and carbon 
nanotubes or Copper matrix 

 
 

 

a) Temperature 

 

b) Thermal flux 

 
Figure 5.49: Temperature and thermal flux distribution in the matrix and carbon 

nanotubes or Aluminum matrix 
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It can be observed that temperature distribution in the entire RVE is constant 

irrespective of matrix material, but the magnitude of the thermal flux in z-direction 

depends on the matrix material. 

 

For full model (A), Figure 5.50, 5.51 and 5.52 show the temperature and thermal flux in 

Z-direction in the matrix and carbon nanotubes for Iron, Copper and Aluminum metal 

matrixes respectively. It can be observed that the temperature distribution in the entire 

representative volume element is constant irrespective of matrix material, but the 

magnitude of the thermal flux in z-direction depends on the matrix material. In 

particular, distributions of the thermal fields are exactly equal the ones of the quarter 

models. Therefore, it can be concluded that the full model (A) is equivalent to the 

quarter model. 

 

a) Temperature 

 

b) Thermal flux 

 
Figure 5.50: Temperature and thermal flux distribution in the matrix and carbon 

nanotubes or iron matrix (Model A) 
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a) Temperature 

 

b) Thermal flux 
 
Figure 5.51: Temperature and thermal flux distribution in the matrix and carbon 

nanotubes or Copper matrix 
 
 

 

a) Temperature 

 

b) Thermal flux 

Figure 5.52: Temperature and thermal flux distribution in the matrix and carbon 
nanotubes or Aluminum matrix 
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For full model (B), Figure 5.53, 5.54 and 5.55 show the temperature and thermal flux in 

Z-direction in the matrix and carbon nanotubes for iron, copper and aluminum metal 

matrixes respectively. It can be observed that the temperature distribution in the entire 

RVE is complex in contrast to the quarter model or full model (B). Moreover the 

magnitude of the thermal flux in z-direction is very greater than ones of the quarter or 

full model (B). This means that the effect of the CNT on the effective thermal 

conductivity is so large that the effective thermal conductivity is larger than other cases 

as a result. 

The attribution of the phase is estimated as follows 

                                                
LT

qk i
i


                                                                           5.6 

ik  is attribution of the phase and  
iVi qdxq

 

 

 

a) Temperature 

 

b) Thermal flux 

Figure 5.53: Temperature and thermal flux distribution in the matrix and carbon 
nanotubes or Iron matrix 
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a) Temperature 

 

b) Thermal flux 

Figure 5.54: Temperature and thermal flux distribution in the matrix and carbon 
nanotubes or Copper matrix 

 

 

a) Temperature 

 

b) Thermal flux 
 
Figure 5.55: Temperature and thermal flux distribution in the matrix and carbon 

nanotubes or Aluminum matrix 
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The temperature in the CNT is constant due to superior conductivity of the CNT. The 

thermal flux in the end of the CNT is less than in the middle due to interfacial thermal 

resistance, but the magnitude of the thermal flux vector in the CNT is much less than 

matrix. The effective conductivity can be estimated through the equation 5.5. The 

thermal flux in Z-direction and volume of the elements are saved in the element table 

variables, then, new variable is defined by multiplying of these two variables and 

SSUM command is issued as shown in Figure 5.56 

 

 
Figure 5.56: The results of SSUM command 

As a result, the effective conductivity is estimated as follows. 

 
  198.89W/Km

515187.3
66.2457

101
10515187.366.2457

2

2








LT

qk
 

 

The finite element modeling and post-processing for other dimensions and other kinds 

of representative volume element are very similar with above the example. In next 

section, the discussion on the results presented for the effective conductivity with 

different factors for carbon nanotubes treated as long and short fiber. 

 

 

5.4.4 Long Fiber Case 
 

5.4.4.1     Effect of Volume Fraction on the Effective Thermal Conductivity of the 
Nanocomposite 

 
The analysis was conducted using ANSYS software for the carbon nanotube 

reinforced metal matrix nanocomposite with a constant CNTs diameters and length. The 

results have shown that the thermal conductivity of the nanocomposite varies linearly with 

the change in volume fractions from 3%. 7%, and 11% as predicted by Finite element 
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models and the model where the carbon nanotubes placed near the center of the 

representative volume element show high value of thermal conductivity than the model 

where the carbon nanotubes placed far from the center. Table 5.17 shows the results of 

thermal conductivity predicted for iron matrix reinforced by 3% volume fraction of 

different categories of carbon nanotubes. It can be noticed that the enhancement in thermal 

conductivity are varied from 7% to 8% for model “A” and from 8% to 9% for model “B” 

for chiral, zigzag, and armchair type respectively with respect to the thermal conductivity 

of iron matrix.  

 
Table 5.17: Effect of chiral index of carbon nanotube reinforced iron matrix on 

the thermal conductivity for different models (Vf=3%) 
 

Carbon Nanotube index K (W/m K) % change 
Model “A” Model “B” A B 

(5,5) 78.188 78.957 8% 9% 
(5,0) 78.593 79.166 8% 9% 

(5,10) 77.877 78.522 7% 8% 
 

Figures 5.57, 5.58, and 5.59 show the effect of volume fraction on the thermal 

conductivity for iron matrix reinforced by armchair, zigzag, and chiral carbon nanotube 

respectively. It can be observed that the thermal conductivity of the Nanocomposite 

varies linearly with the change in volume fractions. However, it can be noticed from the 

above table that the thermal conductivity of zigzag type is the highest where the lowest 

is the chiral type 

 

Similarly, for carbon nanotube reinforced copper matrix nanocomposite. The results for 

copper matrix reinforced by 3% volume fraction of different categories of carbon nanotubes 

are shown in Table 5.18. It can be noticed that the enhancement in thermal conductivity are 

varied from 6% to 7% for model “A” and from 7% to 8% for model “B” for chiral, zigzag, 

and armchair type, respectively, with respect to the thermal conductivity of copper matrix.  

 

Table 5.18: Effect of chiral index of carbon nanotube reinforced copper matrix 
on the thermal conductivity for different models (Vf=3%) 

 

Carbon Nanotube index 
K (W/m K) % change 

Model “A” Model “B” A B 
(5,5) 411.187 413.902 7% 7% 
(5,0) 412.392 415.269 7% 8% 

(5,10) 410.564 412.364 6% 7% 
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Figure 5.57: Effect of thermal conductivity for zigzag carbon (as long fiber) 

nanotube reinforced iron metal matrix  
 

 
Figure 5.58: Effect of thermal conductivity for armchair carbon (as long fiber) 

nanotube reinforced iron metal matrix  
 

 
Figure 5.59: Effect of thermal conductivity for chiral carbon (as long fiber) 

nanotube reinforced iron metal matrix  
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Figure 5.60 5.61, and 5.62 show the effect of volume fraction on the thermal 

conductivity for copper matrix reinforced by armchair, zigzag, and chiral carbon 

nanotube respectively. It can be observed that the thermal conductivity of the 

Nanocomposite varies linearly with the change in volume fractions. However, it can be 

noticed from the above table that the thermal conductivity of zigzag type is the highest 

where the lowest is the chiral type. 
 
 

 
Figure 5.60: Effect of thermal conductivity for zigzag carbon (as long fiber) 

nanotube reinforced copper metal matrix  
 
 

 
Figure 5.61: Effect of thermal conductivity for armchair carbon (as long fiber) 

nanotube reinforced copper metal matrix  
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Figure 5.62: Effect of thermal conductivity for chiral carbon (as long fiber) 

nanotube reinforced copper metal matrix  
 
 
However, for carbon nanotube reinforced aluminum matrix nanocomposite, it was 

observed that the increment percentage in the thermal conductivity of the new 

aluminum matrix Nanocomposite reinforced by 3% volume fraction of zigzag carbon 

nanotubes The results for aluminum matrix reinforced by 3% volume fraction of 

different categories of carbon nanotubes are shown in Table 5.19. It can be noticed that 

the enhancement in thermal conductivity are varied from 9% to 10% for model “A” and 

from 10% to 11% for model “B” for chiral, zigzag, and armchair type respectively with 

respect to the thermal conductivity of aluminum matrix.  

 
Table 5.19: Effect of chiral index of carbon nanotube reinforced aluminum 

matrix on the thermal conductivity for different models (Vf=3%) 
 

Carbon Nanotube index 
K (W/m K) % change 

Model “A” Model “B” A B 
(5,5) 223.269 224.435 9% 10% 
(5,0) 224.585 225.560 10% 11% 

(5,10) 222.196 224.027 9% 10% 
 

Figures 5.63, 5.64, and 5.65 show the effect of volume fraction on the thermal 

conductivity for Aluminum matrix reinforced by armchair, zigzag, and chiral carbon 

nanotube respectively. It can be observed that the thermal conductivity of the 

Nanocomposite varies linearly with the change in volume fraction. However, it can be 

noticed from the above Table that the thermal conductivity of zigzag type is the highest 

where the lowest is the chiral type 
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Figure 5.63: Effect of thermal conductivity for zigzag carbon (as long fiber) 

nanotube reinforced aluminum metal matrix  
 

 
Figure 5.64: Effect of thermal conductivity for armchair carbon (as long fiber) 

nanotube reinforced aluminum metal matrix  
 

 
Figure 5.65: Effect of thermal conductivity for chiral carbon (as long fiber) 

nanotube reinforced aluminum metal matrix  
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5.4.4.2  Effect of chiral index on the effective thermal conductivity of the 
nanocomposite 

 
The analysis was conducted using ANSYS software macro for models A and B 

with armchair (5, 5), zigzag (5, 0) and chiral (5, 10) carbon nanotubes reinforced metal 

matrix Nanocomposite at the same length. The results presented in Table 5.17 show 

that at 3% volume fraction of carbon nanotube reinforced iron matrix, the value of 

thermal conductivity for zigzag type is the highest, while for chiral type is the lowest. 

However, Figures 5.66, and 5.67 show that as the volume fraction increases within 

tested rang, the thermal conductivity increases linearly for all indices but with different 

slopes. The zigzag index shows the higher value of thermal conductivity while the 

chiral index shows the lowest. However, the thermal conductivity decreases by 

increasing the diameter which clearly appeared from the mentioned figures since the 

zigzag carbon nanotubes have the lowest diameter while the chiral carbon nanotubes 

have the biggest diameter.   

 

 
Figure 5.66: Effect of volume fraction on the thermal conductivity of different carbon 

nanotube chiral index reinforced iron metal matrix "model (A)” 
 

 

Similarly, for carbon nanotubes reinforced copper matrix nanocomposite at the 

same length. The results presented in Table 5.18 show that at 3% volume fraction of 

carbon nanotube reinforced copper matrix, the value of thermal conductivity for zigzag 

type is the highest, while for chiral type is the lowest. However, Figures 5.68, and 5.69 

show that as the volume fraction increases within tested range, the thermal conductivity 

increases linearly for all indices but with different slopes. The zigzag index shows the 

highest value of thermal conductivity while the chiral index shows the lowest.  
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Figure 5.67: Effect of volume fraction on the thermal conductivity of different carbon 

nanotube chiral index reinforced iron metal matrix “Model (B)” 
 

 
Figure 5.68: Effect of volume fraction on the thermal conductivity of different carbon 

nanotube chiral index reinforced copper metal matrix "Model (A)” 
 

 
Figure 5.69: Effect of volume fraction on the thermal conductivity on different carbon 

nanotube chiral index reinforced copper metal matrix "Model (B)” 
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However, for carbon nanotubes reinforced aluminum matrix nanocomposite at 

the same length. The results presented in Table 5.19 show that at 3% volume fraction of 

carbon nanotube reinforced Aluminum matrix, the value of thermal conductivity for 

zigzag type is the highest, while for chiral type is the lowest. However, Figure 5.70, and 

5.71 show that as the volume fraction increases within tested range, the thermal 

conductivity increases linearly for all indexes but with different values. The zigzag 

index shows the highest value of thermal conductivity while the chiral index shows the 

lowest.  

 
Figure 5.70: Effect of volume fraction on the thermal conductivity of different carbon 

nanotube chiral index reinforced aluminum metal matrix "Model (A)” 
 
 

 
Figure 5.71: Effect of volume fraction on the thermal conductivity of different carbon 

nanotube chiral index reinforced aluminum metal matrix "Model (B)” 
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5.4.5 Short Fiber Case 
 
5.4.5.1    Effect of Volume Fraction on the Effective Thermal Conductivity of the 

Nanocomposite 
 

The analysis was conducted using ANSYS software for the carbon nanotube 

reinforced metal matrix Nanocomposite with a constant carbon nanotube diameters and 

length. The results have shown that the thermal conductivity of the Nanocomposite 

varies linearly with the change in volume fraction within tested range as predicted by 

Finite element models. Table 5.20 shows the results of thermal conductivity predicted 

for iron matrix reinforced by 3% volume fraction and different lengths for different 

categories of carbon nanotubes. It can be noticed that the enhancement in thermal 

conductivity for model “A” are varied from 1% to 4% for armchair (5,5), while varied 

from 2% to 5% and 1% to 2% for zigzag (5,0) and chiral (5,10) types, respectively, 

with the increase of fiber length.  

 
Table 5.20: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing iron matrix “Model (A)” (Vf=3%) 
 

Carbon 
Nanotube index d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 73.774 1% 74.485 2% 75.295 4% 

(5,0) 0.5614 74.137 2% 74.929 3% 76.288 5% 

(5,10) 1.206 73.639 1% 74.017 2% 74.482 2% 
 
For model “B”, Table 5.21 shows the results of thermal conductivity predicted for iron 

matrix reinforced by 3% volume fraction and different lengths for different categories 

of carbon nanotubes. It can be noticed that the enhancement in thermal conductivity for 

model “B” are varied from 2% to 4% for Armchair (5, 5), while varied from 2% to 6% 

for and 2% to 3% for Zigzag (5, 0) and Chiral (5, 10), type, respectively, with the 

increase of fiber length. 

 
Table 5.21: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing iron matrix “Model (B)” (Vf=3%) 
 

Carbon 
Nanotube 

index 
d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 74.158 2% 74.656 3% 75.952 4% 
(5,0) 0.5614 74.392 2% 75.184 3% 76.843 6% 
(5,10) 1.206 73.978 2% 74.107 2% 75.193 3% 
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Figures 5.72, 5.73, and 5.74 show the effect of volume fraction on the thermal 

conductivity of model “A” for iron matrix reinforced by armchair, zigzag, and chiral 

carbon nanotube, respectively. It can be observed that the thermal conductivity of the 

nanocomposite varies linearly with the change in volume fractions within tested range. 

 

 
Figure 5.72: Effect of volume fraction on the thermal conductivity for armchair carbon 

nanotube reinforced iron metal matrix “Model (A)” 
 

 
Figure 5.73: Effect of volume fraction on the thermal conductivity for zigzag carbon 

nanotube reinforced iron metal matrix “Model (A)” 
 
 

Figures 5.75, 5.76, and 5.77 show the effect of volume fraction on the thermal 

conductivity of model “A” for Iron matrix reinforced by armchair, zigzag, and chiral 

carbon nanotube respectively. It can be observed that the thermal conductivity of the 

Nanocomposite varies linearly with the change in volume fraction.  
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Figure 5.74: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced iron metal matrix “Model (A)” 
 

 
Figure 5.75: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced iron metal matrix “Model (B)” 
 

 
Figure 5.76: Effect of volume fraction on the thermal conductivity for armchair carbon 

nanotube reinforced iron metal matrix “Model (B)” 
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Figure 5.77: Effect of volume fraction on the thermal conductivity for zigzag carbon 

nanotube reinforced iron metal matrix “Model (B)” 
 

 

The above mentioned results for model “A” and Model “B” show that the thermal 

conductivity has also increasing trend when the length of carbon nanotube increased for 

armchair, zigzag, and chiral Carbon nanotubes types reinforced Iron matrix 

Nanocomposite. 

 
 
Similarly, for carbon nanotubes reinforced copper matrix Nanocomposite at different 

lengths Table 5.22 shows the results of thermal conductivity predicted for copper 

matrix reinforced by 3% volume fraction and different lengths for different categories 

of carbon nanotubes. It can be noticed that the enhancement in thermal conductivity for 

model “A” are varied from 3% to 5% for Armchair (5,5) while varied from 3% to 5% 

for and 2% to 3% for  zigzag (5,0 )and chiral (5,10), type, respectively, with the 

increase of fiber length. 

 
Table 5.22: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing copper matrix “Model (A)” (Vf=3%) 
 

Carbon 
Nanotube 

index 
d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 396.431 3% 399.794 4% 405.494 5% 

(5,0) 0.5614 399.437 3% 400.229 4% 406.478 5% 

(5,10) 1.206 395.639 2% 396.317 3% 398.882 3% 
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Figures 5.78, 5.79, and 5.80 show the effect of volume fraction on the thermal 

conductivity of model “A” for copper matrix reinforced by armchair, zigzag, and chiral 

carbon nanotube, respectively. It can be observed that the thermal conductivity of the 

Nanocomposite varies linearly with the change in volume fractions.  

 

For model “B”, Table 5.23 shows the results of thermal conductivity predicted for 

Copper matrix reinforced by 3% volume fraction and different length for different 

categories of carbon nanotubes. It can be noticed that the enhancement in thermal 

conductivity for model “B” are varied from 3% to 6% for Armchair (5, 5) while varied 

from 4% to 6% for and 3% to 4% for zigzag (5, 0) and chiral (5, 10), type, respectively, 

with the increase of fiber length.  

 

Table 5.23: Effect of chiral index diameter of carbon nanotube on the thermal 
conductivity for reinforcing copper matrix “Model (B)” (Vf=3%) 

 
Carbon 

Nanotube 
index 

d (nm) 
K (W/mk) 

lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change lc=8 nm % change 

(5,5) 0.848 398.192 3% 402.494 4% 408.032 6% 

(5,0) 0.5614 400.892 4% 403.484 5% 409.643 6% 

(5,10) 1.206 396.278 3% 397.607 3% 400.493 4% 
 

 

 
Figure 5.78: Effect of volume fraction on the thermal conductivity for armchair carbon 

nanotube reinforced copper metal matrix “Model (A)” 

390

410

430

450

470

2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

Th
er

m
al

 C
on

du
ct

iv
ity

 (W
/m

 K
)

Volume Fraction (%)

Lc=3
Lc=5
Lc=8



198 

 
Figure 5.79: Effect of volume fraction on the thermal conductivity for zigzag carbon 

nanotube reinforced copper metal matrix “Model (A)” 
 

 
Figure 5.80: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced copper metal matrix “Model (A)” 
 

 

Figures 5.81, 5.82, and 5.83 show the effect of volume fraction on the thermal 

conductivity of model “B” for Copper matrix reinforced by armchair, zigzag, and chiral 

carbon nanotube respectively. It can be observed that the thermal conductivity of the 

Nanocomposite varies linearly with the change in volume fractions.  
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Figure 5.81: Effect of volume fraction on the thermal conductivity for armchair carbon 

nanotube reinforced copper metal matrix “Model (B)” 
 

 
Figure 5.82: Effect of volume fraction on the thermal conductivity for zigzag carbon 

nanotube reinforced copper metal matrix “Model (B)” 
 

 
Figure 5.83: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced copper metal matrix “Model (B)” 
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The above mentioned results for model “A” and Model “B” show that the thermal 

conductivity has also increasing trend when the length of carbon nanotube increased for 

armchair, zigzag, and chiral carbon nanotubes types reinforced copper matrix 

nanocomposite. 

 
For carbon nanotubes reinforced aluminum matrix nanocomposite at different lengths 

Table 5.24 shows the results of thermal conductivity predicted for aluminum matrix 

reinforced by 3% volume fraction and different length for different categories of carbon 

nanotubes. It can be noticed that the enhancement in thermal conductivity for model 

“A” are varied from 5% to 7% for armchair (5,5) while varied from 6% to 8% for 

zigzag (5,0), and 3% to 6% for Chiral (5,10), type, respectively, with the increase of 

fiber length. 

 
Table 5.24: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing Aluminum matrix “Model (A)” (Vf=3%) 
 

Carbon 
Nanotube 

index 
d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change lc=8 nm % 

change 
(5,5) 0.848 214.0743 5% 216.285 6% 218.895 7% 

(5,0) 0.5614 215.937 6% 217.359 7% 219.588 8% 

(5,10) 1.206 210.939 3% 214.317 5% 215.772 6% 
 
 
For Model “B”, Table 5.25 shows the results of thermal conductivity predicted for 

aluminum matrix reinforced by 3% volume fraction and different length for different 

categories of carbon nanotubes. It can be noticed that the enhancement in thermal 

conductivity for model “B” are varied from 6% to 8% for armchair (5, 5) while varied 

from 7% to 9% for and 5% to 7% for zigzag (5, 0) and chiral (5, 10), type respectively 

with the increase of fiber length.  

 

Table 5.25: Effect of chiral index diameter of carbon nanotube on the thermal 
conductivity for reinforcing aluminum matrix “Model (B)” (Vf=3%) 

 

Carbon 
Nanotube 

index 
d (nm) 

K (W/mk) 
lc=3 
nm 

% 
change 

lc=5 
nm 

% 
change 

lc=8 
nm 

% 
change 

(5,5) 0.848 216.558 6% 217.956 7% 221.052 8% 

(5,0) 0.5614 219.192 7% 220.284 8% 221.943 9% 

(5,10) 1.206 214.278 5% 215.607 6% 217.593 7% 
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Figures 5.84, 5.85, and 5.86 show the effect of volume fraction on the thermal 

conductivity of model “A” for aluminum matrix reinforced by armchair, zigzag, and 

chiral carbon nanotube, respectively. It can be observed that the thermal conductivity of 

the Nanocomposite varies linearly with the change in volume fractions.  

 

 
Figure 5.84: Effect of volume fraction on the thermal conductivity for armchair carbon 

nanotube reinforced aluminum metal matrix “Model (A)” 
 

 
Figure 5.85: Effect of volume fraction on the thermal conductivity for zigzag carbon 

nanotube reinforced aluminum metal matrix “Model (A)” 
 
 

Figures 5.87, 5.88, and 5.89 show the effect of volume fraction on the thermal 

conductivity of model “A” for aluminum matrix reinforced by armchair, zigzag, and 

chiral carbon nanotube, respectively. It can be observed that the thermal conductivity of 

the Nanocomposite varies linearly with the change in volume fractions.  

210

220

230

240

250

260

2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

T
he

rm
al

 C
on

du
ct

iv
ity

 (W
/m

 K
)

Volume Fraction (%)

Lc=3
Lc=5
Lc=8

210

220

230

240

250

260

270

2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

Th
er

m
al

 C
on

du
ct

iv
ity

 (W
/m

 K
)

Volume Fraction (%)

Lc=3
Lc=5
Lc=8



202 

 
Figure 5.86: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced aluminum metal matrix “Model (A)” 
 

 
Figure 5.87: Effect of volume fraction on the thermal conductivity for chiral carbon 

nanotube reinforced aluminum metal matrix “Model (B)” 
 

 
Figure 5.88: Effect of volume fraction on the thermal conductivity for armchair 

carbon nanotube reinforced aluminum metal matrix “Model (B)” 
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Figure 5.89: Effect of volume fraction on the thermal conductivity for zigzag 

carbon nanotube reinforced aluminum metal matrix “Model (B)” 
 

 

The above mentioned results for model “A” and Model “B” show that the thermal 

conductivity has also increasing trend when the length of carbon nanotube increased for 

armchair, zigzag, and chiral Carbon nanotubes types reinforced aluminum matrix 

nanocomposite. 

 

5.4.5.2  Effect of chiral index on the effective thermal conductivity of the 
Nanocomposite 

 
The analysis was conducted using ANSYS software macro for models A and B for 

the carbon nanotube reinforced metal matrix nanocomposite with a different chiral indices 

and lengths within tested range. The results show that as the volume fraction increases the 

thermal conductivity increases linearly for all indices but with different slopes. The zigzag 

index shows the highest value of thermal conductivity, while the chiral index shows the 

lowest. However, the thermal conductivity decreases by increasing the diameter which 

clearly appeared from the mentioned figures since the zigzag carbon nanotubes have the 

lowest diameter while the chiral carbon nanotubes have the biggest diameter.  Figure 5.90 

and 5.91 show the effect of carbon nanotube diameter achieved by changing the chiral index 

on the thermal conductivity of model “A” and model “B” for iron matrix reinforced by 

carbon nanotube, respectively. It can be observed that the thermal conductivity of the 

nanocomposite has decreasing trend with the change in carbon nanotube diameter. Tables 

5.26 (a) and (b) present the results of thermal conductivity for model “A” and model “B” 

respectively by changing the chiral index of carbon nanotube. 
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Table 5.26: Effect of chiral index diameter of carbon nanotube on the thermal 
conductivity for reinforcing iron matrix: (a) Model (A), and (b) 
Model (B) 

(a) Model (A) 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 73.774 75.207 76.639 
Zigzag 5,0) 0.5614 74.137 76.053 77.969 

Chiral (5,10) 1.206 73.639 74.891 76.143 
 
(b) Model (B) 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 74.158 76.102 78.046 
Zigzag 5,0) 0.5614 74.392 76.648 78.904 

Chiral (5,10) 1.206 73.978 75.682 77.386 
 

 
Figure 5.90: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing iron metal matrix "Model (A)” 
 

 
Figure 5.91: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing iron metal matrix "Model (B)” 
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Similarly, for carbon nanotube reinforced copper matrix. Figures 5.92 and 5.93 

show the effect of carbon nanotube diameter achieved by changing the chiral index on 

the thermal conductivity of model “A” and model “B” for copper matrix reinforced by 

carbon nanotube respectively. It can be observed that the thermal conductivity of the 

nanocomposite has a decreasing trend with the change in carbon nanotube diameter. 

Tables 5.27(a) and (b) represent the predicted results of thermal conductivity for model 

“A” and model “B”, respectively, by changing the chiral index of carbon nanotube. 

 
Table 5.27: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing copper matrix (a) Model (A), and (b) 
Model (B) 

 
(a) Model (A) 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 396.431 410.339 424.247 
Zigzag 5,0) 0.5614 399.437 417.353 435.269 

Chiral (5,10) 1.206 395.639 408.491 421.343 
 
(b) Model (B)” 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 398.192 414.448 430.704 
Zigzag 5,0) 0.5614 400.892 420.748 440.604 

Chiral (5,10) 1.206 396.278 409.982 423.686 
 

 
Figure 5.92: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing copper metal matrix "Model (A)” 
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Figure 5.93: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing copper metal matrix "Model (B)” 
 

 
However, for carbon nanotube reinforced aluminum matrix. Figures 5.94 and 

5.95 show the effect of carbon nanotube diameter achieved by changing the chiral index 

on the thermal conductivity of model “A” and model “B” for aluminum matrix 

reinforced by carbon nanotube respectively. It can be observed that the thermal 

conductivity of the new nanocomposite has a decreasing trend with the change in 

carbon nanotube diameter. Tables 5.28 (a) and (B) represent the predicted results of 

thermal conductivity for model “A” and model “B”, respectively, by changing the chiral 

index of carbon nanotube  

 
Table 5.28: Effect of chiral index diameter of carbon nanotube on the thermal 

conductivity for reinforcing Aluminum matrix: (a) Model (A), and 
(b) Model (B) 

 

(a) Model (A) 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 214.074 227.507 240.939 
Zigzag 5,0) 0.5614 215.937 231.853 247.769 

Chiral (5,10) 1.206 210.939 220.191 229.443 
 
(b) Model (B)” 

Chiral Index Diameter (nm) Volume Fraction (%) 
3% 7% 11% 

Armchair (5,5) 0.848 216.558 233.302 250.046 
Zigzag 5,0) 0.5614 219.192 239.448 259.704 

Chiral (5,10) 1.206 214.278 227.982 241.686 
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Figure 5.94: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing aluminum metal matrix "Model (A)” 
 

 
Figure 5.95: Effect of carbon nanotube diameter on the thermal conductivity for 

reinforcing aluminum metal matrix "Model (B)” 
 
 
 
5.4.6 Effect of Thermal Contact Conductance on the Effective Thermal 

Conductivity of the Nanocomposite 
 

The analysis has been carried out using ANSYS software for the carbon 

nanotube reinforced metal matrix Nanocomposite with a constant carbon nanotube 

diameters and length. The results have shown that the thermal conductivity of the 

Nanocomposite varies linearly with the changes in volume fractions as predicted by 

finite element models. The variation of the effective thermal conductivity with change 

in the value of the thermal contact conductance at 3% volume fraction is presented in 

210

220

230

240

250

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

Th
er

m
al

 C
on

du
ct

iv
ity

 (W
?m

 K
)

Diameter (nm)

3%
7%
11%

210

220

230

240

250

260

270

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

T
he

rm
al

 C
on

du
ct

iv
ity

 (W
/m

 K
)

Diameter (nm)

11%
7%
3%



208 

Tables 5.29 (a) and (b) for armchair (5,5) carbon nanotubes reinforced iron metal 

matrices at different lengths for Model “A” and Model “B”. It can be seen that the 

effective thermal conductivity is slightly increased with respect to the matrix thermal 

conductivity. For model “A”, at lc= 3 nm and β= 12 MW/m2K, the thermal conductivity 

of the new composite was 72.0087 W/m K which is about 0.95% decrement of the 

matrix thermal conductivity while at β= 10000 MW/m2K, the thermal conductivity of 

the composite was 72.2147 W/m K which is about 0.67% decrement of the matrix 

thermal conductivity. Similarly for model “B”, lc= 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the new composite was 72.9597 W/m K which is about 0.36% 

increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 73.2647 W/m K which is about 0.78% 

increment of the matrix thermal conductivity. 

 
Table 5.29: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube reinforced iron matrix at different 
length: (a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 72.0087 -0.95% 72.237 -0.64% 72.523 -0.24% 
30 72.0097 -0.95% 72.238 -0.64% 72.524 -0.24% 
50 72.0107 -0.95% 72.239 -0.63% 72.525 -0.24% 

100 72.0117 -0.95% 72.240 -0.63% 72.526 -0.24% 
500 72.0127 -0.95% 72.241 -0.63% 72.527 -0.24% 

1000 72.0137 -0.94% 72.242 -0.63% 72.528 -0.24% 
2500 72.0147 -0.94% 72.243 -0.63% 72.529 -0.24% 
5000 72.1147 -0.81% 72.343 -0.49% 72.629 -0.10% 

10000 72.2147 -0.67% 72.443 -0.35% 72.729 0.04% 
 
(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 72.9597 0.36% 73.324 0.86% 73.6252 1.27% 
30 72.9607 0.36% 73.326 0.86% 73.6262 1.27% 
50 72.9617 0.36% 73.327 0.86% 73.6272 1.28% 

100 72.9627 0.36% 73.328 0.86% 73.6282 1.28% 
500 72.9637 0.36% 73.329 0.86% 73.6292 1.28% 

1000 72.9647 0.36% 73.330 0.87% 73.6302 1.28% 
2500 73.0647 0.50% 73.331 0.87% 73.6312 1.28% 
5000 73.1647 0.64% 73.431 1.00% 73.731 1.42% 

10000 73.2647 0.78% 73.531 1.14% 73.831 1.56% 
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Figures 5.96 and Figure 5.97 show the effect of thermal contact conductance on the 

thermal conductivity for model “A” and Model “B”, respectively. It can be observed 

that as the length of carbon nanotubes increased the thermal conductivity also increased. 

 

 
Figure 5.96: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube (5, 5) reinforced iron metal matrix 
(Model “A”) 

 

 
Figure 5.97: Effect of thermal contact conductance on thermal conductivity 

for armchair carbon nanotube (5, 5) reinforced iron metal matrix 
(Model “B”) 
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that the effective thermal conductivity is slightly increased with respect to the matrix 

thermal conductivity. For model “A”, at lc= 3 nm and β= 12 MW/m2K, the thermal 
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conductivity of the composite was 72.203 W/m K which is about 0.68% decrement of 

the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal conductivity 

of the new composite was 72.409 W/m K which is about 0.40% decrement of the matrix 

thermal conductivity. Similarly for model “B”, lc= 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the composite was 73.329 W/m K which is about 0.87% 

increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 73.535 W/m K which is about 1.15% increment 

of the matrix thermal conductivity. 

Table 5.30: Effect of thermal contact conductance on thermal conductivity for 
zigzag carbon nanotube reinforced iron matrix at different length: 
(a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 72.203 -0.68% 72.46 -0.33% 72.97 0.37% 
30 72.204 -0.68% 72.46 -0.33% 72.97 0.37% 
50 72.205 -0.68% 72.46 -0.33% 72.97 0.37% 

100 72.206 -0.68% 72.46 -0.32% 72.97 0.37% 
500 72.207 -0.68% 72.47 -0.32% 72.97 0.37% 

1000 72.208 -0.68% 72.47 -0.32% 72.97 0.38% 
2500 72.209 -0.68% 72.47 -0.32% 72.97 0.38% 
5000 72.309 -0.54% 72.57 -0.18% 73.07 0.52% 

10000 72.409 -0.40% 72.67 -0.04% 73.17 0.65% 
 

(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 73.329 0.87% 73.774 1.48% 73.889 1.64% 
30 73.330 0.87% 73.774 1.48% 73.890 1.64% 
50 73.331 0.87% 73.774 1.48% 73.891 1.64% 

100 73.332 0.87% 73.774 1.48% 73.892 1.64% 
500 73.333 0.87% 73.774 1.48% 73.893 1.64% 

1000 73.334 0.87% 73.774 1.48% 73.894 1.64% 
2500 73.335 0.87% 73.774 1.48% 73.895 1.64% 
5000 73.435 1.01% 73.874 1.62% 73.995 1.78% 

10000 73.535 1.15% 73.974 1.75% 74.095 1.92% 
 
 

Figures 5.98 and Figure 5.99 show the effect of thermal contact conductance on the 

thermal conductivity for model “A” and Model “B”, respectively. It can be observed 

that as the length of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.98: Effect of thermal contact conductance on thermal conductivity 

for zigzag carbon nanotube (5, 0) reinforced iron metal matrix 
(Model “A”) 

 

 
Figure 5.99: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube (5, 0) reinforced iron metal matrix (Model 
“B”) 

 
 
However, For chiral (5, 10) carbon nanotubes reinforced iron metal matrixes at different 

lengths, Tables 5.31 (a) and (b) show the variation of the effective thermal conductivity 

with change of the thermal contact conductance for model “A” and model “B”. It can be 

seen that the effective thermal conductivity is slightly increased with respect to the 

matrix thermal conductivity. For model “A”, at lc = 3 nm and β= 12 MW/m2K, the 
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thermal conductivity of the new composite was 71.718 W/m K which is about 1.35% 

decrement of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 71.924 W/m K which is about 1.07% decrement 

of the matrix thermal conductivity. Similarly, for model “B”, L= 3 nm and β= 12 

MW/m2K, the thermal conductivity of the new composite was 72.573 W/m K which is 

about 0.17% decrement of the matrix thermal conductivity while at β= 10000 MW/m2K, 

the thermal conductivity of the composite was 72.78 W/m K which is about 0.11% 

increment of the matrix thermal conductivity. 

 
Table 5.31: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube reinforced iron matrix at different length: 
(a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 71.718 -1.35% 72.058 -0.88% 72.457 -0.33% 
30 71.719 -1.35% 72.059 -0.88% 72.458 -0.33% 
50 71.720 -1.35% 72.060 -0.88% 72.459 -0.33% 

100 71.721 -1.35% 72.061 -0.88% 72.460 -0.33% 
500 71.722 -1.35% 72.062 -0.88% 72.461 -0.33% 

1000 71.723 -1.34% 72.063 -0.88% 72.462 -0.33% 
2500 71.724 -1.34% 72.064 -0.87% 72.463 -0.33% 
5000 71.824 -1.21% 72.164 -0.17% 72.563 -0.19% 

10000 71.924 -1.07% 72.264 -0.60% 72.663 -0.05% 
 

(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm 

% change 
lc =5 
nm 

% change 
lc =8 
nm 

% change 

12 72.573 -0.17% 72.9906 0.40% 73.052 0.48% 
30 72.575 -0.17% 72.992 0.40% 73.053 0.49% 
50 72.576 -0.17% 72.993 0.40% 73.054 0.49% 

100 72.577 -0.17% 72.994 0.40% 73.055 0.49% 
500 72.578 -0.17% 72.995 0.41% 73.056 0.49% 

1000 72.579 -0.17% 72.996 0.41% 73.057 0.49% 
2500 72.580 -0.17% 72.997 0.41% 73.058 0.49% 
5000 72.680 -0.03% 73.097 0.55% 73.158 0.63% 

10000 72.780 0.11% 73.197 0.68% 73.258 0.77% 
 

Figures 5.100 and 5.101 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A”, and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.100: Effect of thermal contact conductance on thermal conductivity 

for chiral carbon nanotube (5,10) reinforced iron metal matrix 
(Model “A”) 

 

 
Figure 5.101: Effect of thermal contact conductance on thermal conductivity 

for chiral carbon nanotube (5, 10) reinforced iron metal matrix 
(Model “B”) 

 
Figures 5.102, 5.103, and 5.104 present a comparison between different types of carbon 

nanotubes reinforced iron metal matrix at different lengths. The results calculated at 3% 

volume fraction show slight changing on the thermal conductivity when the thermal 

contact conductance increased from 12 MW/m2 K to 10000 MW/m2 K. The Zigzag 

carbon nanotube (5, 0) shows a higher prediction than armchair and chiral type. It can 

be observed from the previous tables that the thermal conductivity decreases by 0.68% 

at 12 MW/m2 K and 0.4% at 10000 MW/m2 K for zigzag (5, 0). However, for Armchair 

carbon nanotubes (5, 5) the decrement varied as 0.95% to 0.67% while for chiral carbon 

nanotubes (5, 10) varied as 1.35% to 1.07% at the same length of 3 nm, respectively.  
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Figure 5.102: Effect of thermal contact on thermal conductivity for different chiral 

Index carbon nanotube reinforced iron metal matrix (lc =3 nm) 
 

 
Figure 5.103: Effect of thermal contact on thermal conductivity for different chiral 

index carbon nanotube reinforced iron metal matrix (lc =5 nm) 
 

 
Figure 5.104: Effect of thermal contact on thermal conductivity for different chiral 

index carbon nanotube reinforced iron metal matrix (lc =8 nm) 
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Similarly, for armchair (5, 5) carbon nanotubes reinforced copper metal matrixes at 

different lengths, Tables 5.32 (a) and (b) show the variation of the effective thermal 

conductivity with change of the thermal contact conductance for model “A” and model 

“B”. It can be seen that the effective thermal conductivity is slightly increased with 

respect to the matrix thermal conductivity. For model “A”, at lc = 3 nm and β= 12 

MW/m2K, the thermal conductivity of the new composite was 387.329 W/m K which is 

about 0.34% increment of the matrix thermal conductivity while at β= 10000 MW/m2K, 

the thermal conductivity of the composite was 378.535 W/m K which is about 0.40% 

increment of the matrix thermal conductivity. Similarly for model “B”, lc= 3 nm and β= 

12 MW/m2K, the thermal conductivity of the new composite was 388.165 W/m K 

which is about 0.56% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 388.470W/m K which is 

about 0.64% increment of the matrix thermal conductivity. 

Table 5.32: Effect of thermal contact conductance on thermal conductivity for 
armchair carbon nanotube reinforced copper matrix at different 
length: (a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 387.329 0.34% 387.939 0.50% 388.26 0.58% 
30 387.330 0.34% 387.940 0.50% 388.26 0.58% 
50 387.331 0.34% 387.941 0.50% 388.26 0.59% 

100 387.332 0.35% 387.942 0.50% 388.26 0.59% 
500 387.333 0.35% 387.943 0.50% 388.26 0.59% 

1000 387.334 0.35% 387.944 0.50% 388.26 0.59% 
2500 387.335 0.35% 387.945 0.50% 388.26 0.59% 
5000 387.435 0.37% 388.045 0.53% 388.36 0.61% 

10000 387.535 0.40% 388.145 0.56% 388.46 0.64% 
 
(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 388.165 0.56% 388.557 0.66% 388.903 0.75% 
30 388.166 0.56% 388.558 0.66% 388.904 0.75% 
50 388.167 0.56% 388.559 0.66% 388.905 0.75% 

100 388.168 0.56% 388.560 0.66% 388.906 0.75% 
500 388.169 0.56% 388.561 0.66% 388.907 0.75% 

1000 388.170 0.56% 388.562 0.66% 388.908 0.75% 
2500 388.270 0.59% 388.563 0.66% 388.909 0.75% 
5000 388.370 0.61% 388.663 0.69% 389.009 0.78% 

10000 388.470 0.64% 388.763 0.72% 389.109 0.81% 
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Figures 5.105 and 5.106 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 

 

 
Figure 5.105: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube (5, 5) reinforced copper metal matrix 
(Model “A”) 

 

 
Figure 5.106: Effect of thermal contact conductance on thermal conductivity 

for armchair carbon nanotube (5, 5) reinforced copper metal 
matrix (MODEL “B”) 

 
 
For zigzag (5, 0) carbon nanotubes reinforced copper metal matrixes at different 
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seen that the effective thermal conductivity is slightly increased with respect to the 
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matrix thermal conductivity. For model “A”, at lc = 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the new composite was 388.2 W/m K which is about 0.57% 

increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 388.41 W/m K which is about 0.62% increment 

of the matrix thermal conductivity. Similarly, for model “B”, lc= 3 nm and β= 12 

MW/m2K, the thermal conductivity of the new composite was 389.268 W/m K which is 

about 0.71% increment of the matrix thermal conductivity while at β= 10000 MW/m2K, 

the thermal conductivity of the composite was 389.468 W/m K which is about 0.76% 

increment of the matrix thermal conductivity. 

 
Table 5.33: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube reinforced copper matrix at different 
length: (a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 388.200 0.57% 388.65 0.69% 388.93 0.76% 
30 388.201 0.57% 388.65 0.69% 388.93 0.76% 
50 388.202 0.57% 388.65 0.69% 388.93 0.76% 

100 388.203 0.57% 388.65 0.69% 388.93 0.76% 
500 388.204 0.57% 388.65 0.69% 388.93 0.76% 

1000 388.205 0.57% 388.65 0.69% 388.94 0.76% 
2500 388.206 0.57% 388.66 0.69% 388.94 0.76% 
5000 388.306 0.60% 388.76 0.71% 389.04 0.79% 

10000 388.406 0.62% 388.86 0.74% 389.14 0.81% 
 

(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 389.268 0.71% 389.27 0.85% 389.69 0.96% 
30 389.268 0.71% 389.27 0.85% 389.69 0.96% 
50 389.268 0.71% 389.27 0.85% 389.69 0.96% 

100 389.268 0.71% 389.27 0.85% 389.69 0.96% 
500 389.268 0.71% 389.27 0.85% 389.69 0.96% 

1000 389.268 0.71% 389.27 0.85% 389.69 0.96% 
2500 389.268 0.71% 389.27 0.85% 389.69 0.96% 
5000 389.368 0.73% 389.37 0.87% 389.79 0.98% 

10000 389.468 0.76% 389.47 0.90% 389.89 1.01% 
 

Figures 5.107 and 5.108 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.107: Effect of thermal contact conductance on thermal conductivity 

for zigzag carbon nanotube (5, 0) reinforced copper metal matrix 
(Model “A”) 

 

 
Figure 5.108: Effect of thermal contact conductance on thermal conductivity 

for zigzag carbon nanotube (5, 0) reinforced copper metal matrix 
(Model “B”) 

 
 
However, For chiral (5, 10) carbon nanotubes reinforced Copper metal matrixes at 

different lengths, Tables 5.34 (a) and (b) show the variation of the effective thermal 

conductivity with change of the thermal contact conductance for model “A” and “B”. It 

can be seen that the effective thermal conductivity is slightly increased with respect to 

the matrix thermal conductivity. For model “A”, at lc = 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the new composite was 386.284 W/m K which is about 0.07% 
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increment of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 386.49 W/m K which is about 0.13% increment 

of the matrix thermal conductivity. Similarly for model “B”, lc= 3 nm and β= 12 

MW/m2K, the thermal conductivity of the new composite was 387.1909 W/m K which 

is about 0.31% decrement of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the composite was 387.3969 W/m K which is 

about 0.36% increment of the matrix thermal conductivity. 

 
Table 5.34: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube reinforced copper matrix at different length: 
(a) Model (A), and (b) Model (B) 

 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 386.284 0.07% 386.695 0.18% 387.165 0.30% 
30 386.285 0.07% 386.696 0.18% 387.166 0.30% 
50 386.286 0.07% 386.697 0.18% 387.167 0.30% 

100 386.287 0.07% 386.698 0.18% 387.168 0.30% 
500 386.288 0.07% 386.699 0.18% 387.169 0.30% 

1000 386.289 0.07% 386.700 0.18% 387.170 0.30% 
2500 386.290 0.08% 386.701 0.18% 387.171 0.30% 
5000 386.390 0.10% 386.801 0.31% 387.271 0.33% 

10000 386.490 0.13% 386.901 0.23% 387.371 0.36% 
 
(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 387.1909 0.31% 387.574 0.41% 387.934 0.50% 
30 387.1919 0.31% 387.575 0.41% 387.935 0.50% 
50 387.1929 0.31% 387.576 0.41% 387.936 0.50% 

100 387.1939 0.31% 387.577 0.41% 387.937 0.50% 
500 387.1949 0.31% 387.578 0.41% 387.938 0.50% 

1000 387.1959 0.31% 387.579 0.41% 387.939 0.50% 
2500 387.1969 0.31% 387.580 0.41% 387.940 0.50% 
5000 387.2969 0.34% 387.680 0.44% 388.040 0.53% 

10000 387.3969 0.36% 387.780 0.46% 388.140 0.55% 
 

Figures 5.109 and 5.110 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.109: Effect of thermal contact conductance on thermal conductivity for 

chiral carbon nanotube (5, 10) reinforced copper metal matrix 
(Model “A”) 

 

 
Figure 5.110: Effect of thermal contact conductance on thermal conductivity 

for chiral carbon nanotube (5, 10) reinforced copper metal matrix 
(Model “B”) 

 
 
Figures 5.111, 5.112 and 5.113 present a comparison between different types of carbon 

nanotubes reinforced copper metal matrix at different lengths. The results calculated at 

3% volume fraction show slight changing on the thermal conductivity when the thermal 

contact conductance increased from 12 MW/m2 K to 10000 MW/m2 K. The zigzag 

carbon nanotube (5, 0) shows a higher prediction than armchair and chiral type. It can 

be observed from the previous tables that the thermal conductivity increases by 0.57% 

at 12 MW/m2 K and 0.62% at 10000 MW/m2 K for Zigzag. However, for armchair 

carbon nanotubes (5, 5) the decrement varied as 34% to 0.40% while for chiral carbon 

nanotubes (5, 10) varied as 0.07% to 0.13% at the same length, respectively.  
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Figure 5.111: Effect of thermal contact on thermal conductivity for different chiral 

index carbon nanotube reinforced copper metal matrix lc =3 nm) 
 

 
Figure 5.112: Effect of thermal contact on thermal conductivity for different chiral 

index carbon nanotube reinforced copper metal matrix (lc =5 nm) 
 

 
Figure 5.113: Effect of thermal contact on thermal conductivity for different chiral 

index carbon nanotube reinforced copper metal matrix (lc =8 nm) 
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However, for armchair (5, 5) carbon nanotubes reinforced aluminum metal matrixes at 

different lengths, Tables 5.35 (a) and (b) shows the variation of the effective thermal 

conductivity with change of the thermal contact conductance for Model “A” and “B”. It 

can be seen that the effective thermal conductivity is slightly increased with respect to 

the matrix thermal conductivity. For model “A”, at lc = 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the new composite was 202.0599W/m K which is about 0.95% 

decrement of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 202.2659 W/m K which is about 0.85% 

decrement of the matrix thermal conductivity. Similarly, for model “B”, lc= 3 nm and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 204.419W/m K 

which is about 0.21% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the new composite was 204.724 W/m K which is 

about 0.35% increment of the matrix thermal conductivity. 

 
Table 5.35: Effect of thermal contact conductance on thermal conductivity for 

armchair carbon nanotube reinforced aluminum matrix at different 
length: (a) Model (A), and (b) Model (B) 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm 

% change 
lc =5 
nm 

% change 
lc =8 
nm 

% change 

12 202.0599 -0.95% 202.700 -0.64% 203.50 -0.24% 
30 202.0609 -0.95% 202.701 -0.64% 203.50 -0.24% 
50 202.0619 -0.95% 202.702 -0.64% 203.50 -0.24% 

100 202.0629 -0.95% 202.702 -0.64% 203.50 -0.24% 
500 202.0639 -0.95% 202.703 -0.64% 203.51 -0.24% 

1000 202.0649 -0.95% 202.704 -0.64% 203.51 -0.24% 
2500 202.0659 -0.95% 202.705 -0.63% 203.51 -0.24% 
5000 202.1659 -0.90% 202.805 -0.59% 203.61 -0.19% 

10000 202.2659 -0.85% 202.905 -0.54% 203.71 -0.14% 
 

(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 204.419 0.21% 205.281 0.63% 205.47 0.72% 
30 204.420 0.21% 205.282 0.63% 205.47 0.72% 
50 204.421 0.21% 205.283 0.63% 205.48 0.72% 

100 204.422 0.21% 205.284 0.63% 205.48 0.72% 
500 204.423 0.21% 205.285 0.63% 205.48 0.72% 

1000 204.424 0.21% 205.286 0.63% 205.48 0.72% 
2500 204.524 0.26% 205.287 0.63% 205.48 0.73% 
5000 204.624 0.31% 205.387 0.68% 205.58 0.77% 

10000 204.724 0.35% 205.487 0.73% 205.68 0.82% 
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Figures 5.114 and 5.115 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 

 

 
Figure 5.114: Effect of thermal contact conductance on thermal conductivity 

for armchair carbon nanotube (5, 5) reinforced aluminum metal 
matrix (Model “A”) 

 

 
Figure 5.115: Effect of thermal contact conductance on thermal conductivity 

for armchair carbon nanotube (5, 5) reinforced aluminum metal 
matrix (Model “B”) 
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lengths, Tables 5.36 (a) and (b) shows the variation of the effective thermal conductivity 

with change of the thermal contact conductance for Model “A” and “B”. It can be seen 

that the effective thermal conductivity is slightly increased with respect to the matrix 
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thermal conductivity. For model “A”, at lc = 3 nm and β= 12 MW/m2K, the thermal 

conductivity of the new composite was 202.606 W/m K which is about 0.68% 

decrement of the matrix thermal conductivity, while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 202.812 W/m K which is about 0.58% 

decrement of the matrix thermal conductivity. Similarly, for model “B”, L= 3 nm and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 205.374 W/m K 

which is about 0.67% increment of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the composite was 205.580 W/m K which is 

about 0.77% increment of the matrix thermal conductivity. 

 

Table 5.36: Effect of thermal contact conductance on thermal conductivity for 
zigzag carbon nanotube reinforced aluminum matrix at different 
length: (a) Model (A), and (b) Model (B) 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 202.606 -0.68% 203.05 -0.47% 203.63 -0.18% 
30 202.607 -0.68% 203.05 -0.47% 203.63 -0.18% 
50 202.608 -0.68% 203.05 -0.47% 203.63 -0.18% 

100 202.609 -0.68% 203.05 -0.46% 203.63 -0.18% 
500 202.610 -0.68% 203.05 -0.46% 203.63 -0.18% 

1000 202.611 -0.68% 203.05 -0.46% 203.64 -0.18% 
2500 202.612 -0.68% 203.06 -0.46% 203.64 -0.18% 
5000 202.712 -0.63% 203.16 -0.41% 203.74 -0.13% 

10000 202.812 -0.58% 203.26 -0.37% 203.84 -0.08% 
 

 (b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 205.374 0.67% 206.268 1.11% 206.49 1.22% 
30 205.375 0.67% 206.269 1.11% 206.49 1.22% 
50 205.376 0.67% 206.270 1.11% 206.50 1.22% 

100 205.377 0.67% 206.271 1.11% 206.50 1.22% 
500 205.378 0.68% 206.272 1.11% 206.50 1.22% 

1000 205.379 0.68% 206.273 1.11% 206.50 1.22% 
2500 205.380 0.68% 206.274 1.11% 206.50 1.23% 
5000 205.480 0.73% 206.374 1.16% 206.60 1.27% 

10000 205.580 0.77% 206.474 1.21% 206.70 1.32% 
 

Figures 5.116 and 5.117 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and Model “B”, respectively. It can be observed that as the 

length of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.116: Effect of thermal contact conductance on thermal conductivity for 

zigzag carbon nanotube (5, 0) reinforced aluminum metal matrix 
(Model “A”) 

 

 
Figure 5.117: Effect of thermal contact conductance on thermal conductivity 

for zigzag carbon nanotube (5, 0) reinforced aluminum metal 
matrix (Model “B”) 
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the matrix thermal conductivity. For model “A”, at lc= 3 nm and β= 12 MW/m2K, the 

thermal conductivity of the composite was 201.244 W/m K which is about 1.35% 

decrement of the matrix thermal conductivity while at β= 10000 MW/m2K, the thermal 

conductivity of the new composite was 201.450 W/m K which is about 1.25% 

decrement of the matrix thermal conductivity. Similarly, for model “B”, lc= 3 nm and 

β= 12 MW/m2K, the thermal conductivity of the new composite was 203.354 W/m K 

which is about 0.32% decrement of the matrix thermal conductivity while at β= 10000 

MW/m2K, the thermal conductivity of the composite was 203.560 W/m K which is 

about 0.22% decrement of the matrix thermal conductivity. 

 

Table 5.37: Effect of thermal contact conductance on thermal conductivity for 
chiral carbon nanotube reinforced aluminum matrix at different 
length: (a) Model (A), and (b) Model (B) 

(a) Model (A) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 201.244 -1.35% 202.198 -0.88% 203.318 -0.33% 
30 201.245 -1.35% 202.199 -0.88% 203.319 -0.33% 
50 201.246 -1.35% 202.200 -0.88% 203.320 -0.33% 

100 201.247 -1.35% 202.201 -0.88% 203.321 -0.33% 
500 201.248 -1.35% 202.202 -0.88% 203.322 -0.33% 

1000 201.249 -1.35% 202.203 -0.88% 203.323 -0.33% 
2500 201.250 -1.35% 202.204 -0.88% 203.324 -0.33% 
5000 201.350 -1.30% 202.304 -0.31% 203.424 -0.28% 

10000 201.450 -1.25% 202.404 -0.78% 203.524 -0.23% 
 

(b) Model (B) 

β 
(MW/m2k) 

K (W/m K) 
lc=3 
nm % change lc =5 

nm % change lc =8 
nm % change 

12 203.354 -0.32% 204.430 0.21% 204.644 0.32% 
30 203.355 -0.32% 204.431 0.21% 204.645 0.32% 
50 203.356 -0.32% 204.432 0.21% 204.646 0.32% 

100 203.357 -0.31% 204.433 0.21% 204.647 0.32% 
500 203.358 -0.31% 204.434 0.21% 204.648 0.32% 

1000 203.359 -0.31% 204.435 0.21% 204.649 0.32% 
2500 203.360 -0.31% 204.436 0.21% 204.650 0.32% 
5000 203.460 -0.26% 204.536 0.26% 204.750 0.37% 

10000 203.560 -0.22% 204.636 0.31% 204.850 0.42% 
 

 

Figures 5.118 and 5.119 show the effect of thermal contact conductance on the thermal 

conductivity for Model “A” and “B”, respectively. It can be observed that as the length 

of carbon nanotubes increased the thermal conductivity also increased. 
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Figure 5.118: Effect of thermal contact conductance on thermal conductivity 

for chiral carbon nanotube (5, 10) reinforced aluminum metal 
matrix (Model “A”) 

 

 
Figure 5.119: Effect of thermal contact conductance on thermal conductivity 

for chiral carbon nanotube (5, 10) reinforced aluminum metal 
matrix (Model “B”) 

 
Figures 5.120, 5.121, and 5.122 present a comparison between different types of carbon 

nanotubes reinforced aluminum metal matrix at different lengths. The results calculated 

at 3% volume fraction show slight changing on the thermal conductivity when the 

thermal contact conductance increased from 12 MW/m2 K to 10000 MW/m2 K. The 

zigzag carbon nanotube (5, 0) shows a higher prediction than armchair (5, 5) and chiral 

(5, 10) type. It can be observed from the previous tables that the thermal conductivity 

increases by 0.67% at 12 MW/m2 K and 0.77% at 10000 MW/m2 K for Zigzag. 

However, for Armchair carbon nanotubes (5, 5) the decrement varied as 0.95% to 

0.85% while for chiral carbon nanotubes (5, 10) varied as 0.32% to 0.22% at the same 

length respectively.  
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Figure 5.120: Effect of thermal contact on thermal conductivity for different chiral 

Index carbon nanotube reinforced aluminum metal matrix (lc =3 nm) 
 

 
Figure 5.121: Effect of thermal contact on thermal conductivity for different chiral 

Index carbon nanotube reinforced aluminum metal matrix (lc =5 nm) 
 

 
Figure 5.122: Effect of thermal contact on thermal conductivity for different chiral 

Index carbon nanotube reinforced aluminum metal matrix (lc =8 nm) 
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 CHAPTER SIX 
 
 
 
 

6 VALIDATIONS OF THE RESULTS 
 

 

 

6.1 Overview 
 

The validation is of particular importance, since it proves that the developed 

model can be effectively used for further simulation and prediction. To ensure the finite 

element model was sufficiently accurate, it was compared with existing theoretical 

results calculated by the MATLAB codes in terms of longitudinal Young’s modulus, 

transverse Young’s modulus and shear modulus for long and short fiber for the elastic 

properties of the new Nanocomposite and for the thermal conductivity of the thermal 

properties of the Nanocomposite.  

 
 

6.2 Validation of Elastic Properties of Carbon Nanotubes Reinforced Metal 
Matrix Nanocomposite 

 

The finite element results for elastic properties of carbon nanotubes reinforced 

metal matrixes Nanocomposite was determined by means of ANSYS-APDL macro and 

compared with the results obtained by MATLAB code based on rule of mixture theory.  

 
6.2.1 Long Fiber Case 
 

The finite element results show an acceptable agreement compared with the 

theoretical results. The deviation percentages were calculated for all cases and 

presented. It can be observed from the Figures 6.1, 6.2, and 6.3 that the elastic 

properties results of carbon nanotube reinforced iron matrix have an increasing trend 

with the increase of volume fractions of carbon nanotube, while Figure 6.4 shows 

constant trend for major Poisson’s ratio because the value of both iron matrix and the 

carbon nanotube is the same. The results are in good agreement for the finite element 

results compared to those of rule of mixture. It can be observed that finite element 
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prediction shows higher value than theoretical results for carbon nanotube reinforced 

Iron matrix as presented in Table 6.1. the variation range is 0.5 to less than 2% for any 

of the elastic properties. 

 
Table 6.1: Validation of elastic properties for carbon nanotube reinforced iron 

metal matrix 
 
Vol. 
(%) 

Longitudinal Young's 
Modulus (EL)(GPa) 

Transverse Young's 
Modulus (ET) (GPa) 

Shear Modulus (G) 
(GPa) 

Percent 
Deviation (%) 

Theoretical FEA Theoretical FEA Theoretical FEA EL ET G 
3% 233.7 234.9 215.1 216.6 84.1 84.5 -0.5% -0.7% -0.5% 
7% 265.3 268.1 222.3 225.5 87.1 87.9 -1.1% -1.4% -0.9% 
11% 296.9 301.3 230.0 234.3 90.3 91.2 -1.5% -1.9% -1.0% 

 

 
Figure 6.1:  Longitudinal Young's modulus for carbon nanotube reinforced Iron 

metal matrix validation 
 

 
Figure 6.2: Transverse Young's modulus for carbon nanotube reinforced iron 

metal matrix validation 
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Figure 6.3: Shear modulus for carbon nanotube reinforced iron metal matrix 

validation 
 

 
Figure 6.4: Major Poisson’s ratio for carbon nanotube reinforced iron metal 

matrix validation 
 
 

Similarly, for carbon nanotube reinforced copper matrix. It can be observed 

from the Figures 6.5, 6.6, and 6.7 that the elastic properties results of carbon nanotube 

reinforced copper matrix have an increasing trend with the increase in volume fraction 

of carbon nanotube, while Figure, 6.8 shows decreasing trend for major Poisson’s ratio. 

The results are in good agreement for the finite element results compared to those of 

rule of mixture. It can be observed that finite element prediction shows higher value 

than theoretical results for carbon nanotube reinforced copper matrix as presented in 

Table 6.2.  
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Table 6.2: Validation of elastic properties for carbon nanotube reinforced 

copper metal matrix 
 
Vol. 
(%) 

Longitudinal Young's 
Modulus (EL)(GPa) 

Transverse Young's 
Modulus (ET)(GPa) 

Shear Modulus 
(G)(GPa) 

Percent 
Deviation (%) 

Theoretical FEA Theoretical FEA Theoretical FEA EL ET G 
3% 156.1 157.7 133.5 136.2 49.3 50.3 -1.0% -2.1% -2% 
7% 190.9 192.2 138.4 144.6 51.2 52.2 -0.7% -4.4% -2% 

11% 225.7 227.8 143.8 152.9 53.30 54.3 -0.9% -6.3% -1.9% 
 

 
Figure 6.5: Longitudinal Young's modulus for carbon nanotube reinforced 

copper metal matrix validation 
 

 
Figure 6.6: Transverse modulus for carbon nanotube reinforced copper metal 

matrix validation 
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Figure 6.7:  Shear modulus for carbon nanotube reinforced copper metal matrix 

validation 
 

 
Figure 6.8:   Major Poisson’s ratio for carbon nanotube reinforced copper metal 

matrix validation 
 

However, for carbon nanotube reinforced aluminum matrix; It can be observed from the 

Figures 6.9, 6.10, and 6.11 that the elastic properties results of carbon nanotube 

reinforced aluminum matrix have an increasing trend with the increase in volume 

fraction of carbon nanotube for different chiral indices while Figure, 6.12 shows 

decreasing trend for major Poisson’s ratio. The results are in good agreement for the 

finite element results compared to those of rule of mixture. It can be observed that finite 

element prediction shows higher value than theoretical results for carbon nanotube 

reinforced aluminum matrix for transverse and shear modulus, while lower values than 

theoretical results for longitudinal modulus as presented in Table 6.3.  
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Table 6.3: Validation of elastic properties for carbon nanotube reinforced 
aluminum metal matrix 

 

Vol. 
(%) 

Longitudinal Young's 
Modulus (EL)(GPa) 

Transverse Young's 
Modulus (ET)(GPa) 

Shear Modulus 
(G)(GPa) 

Percent 
Deviation (%) 

Theoretical FEA Theoretical FEA Theoretical FEA EL ET G 
3% 97.9 94.96 72.01 74.74 26.76 26.9 -3% 4% 1% 
7% 135.1 114.91 74.87 77.54 27.85 28.4 -15% 4% 2% 

11% 172.3 134.86 77.98 81.79 29.03 30.1 -22% -% 4% 
 

 
Figure 6.9: Longitudinal Young's modulus for carbon nanotube reinforced 

aluminum metal matrix validation 
 

 
Figure 6.10: Transverse modulus for carbon nanotube reinforced aluminum 

metal matrix validation 
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Figure 6.11: Shear modulus for carbon nanotube reinforced aluminum metal 

matrix validation 
 

 
Figure 6.12: Major Poisson’s ratio for carbon nanotube reinforced aluminum 

metal matrix validation 
 

 

The results for longitudinal Young’s modulus shows high deviation at volume fraction 

of 11% because the theoretical results corresponds to the rule of mixtures which the 

property of a composition can be calculated as the sum of its constituent material 

properties multiplied by the corresponding volume fractions. 
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6.2.2 Short Fiber Case 

 
The finite element results show an acceptable agreement compared with the 

theoretical results. The deviation percentage were calculated for all cases and presented. 

 

 

6.2.2.1   Longitudinal Young’s Modulus 

 
Longitudinal modulus of composite is the ratio of longitudinal stress to the 

longitudinal strain. It can be observed from the Figures 6.13, 6.14, 6.15 that the 

longitudinal modulus results of different chiral index of carbon nanotube treated as short 

fiber reinforced iron matrix have an increasing trend with the increase in volume 

fraction. The results are in good agreement for the finite element results compared to 

those of rule of mixture. It can be observed that finite element prediction shows lower 

values than theoretical results for different chiral index of carbon nanotube reinforced 

Iron matrix as presented in Table 6.4 (a), (b), and (c) respectively. 

 
 

Table 6.4: Validation of longitudinal Young’s Modulus for carbon nanotube (a) 
armchair, (b) zigzag, and (c) chiral treated as short fiber reinforced 
iron metal matrix 

(a) Armchair 

Vol. 
(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 227.3 225.7 229.2 226.6 230.6 227.9 -0.7% -1.2% -1.2% 
7% 250.8 246.7 255.2 248.7 258.4 251.9 -1.7% -2.6% -2.6% 
11% 274.9 267.7 281.7 270.8 286.5 275.8 -2.7% -4.0% -3.9% 

 

(b) Zigzag 

Vol. 
(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 229.4 228.5 230.8 229.6 231.8 230.8 -0.4% -0.5% -0.4% 
7% 255.5 253.2 258.9 255.8 261.0 258.5 -0.9% -1.2% -1.0% 

11% 282.1 277.9 287.2 282.0 290.5 286.3 -1.5% -1.8% -1.4% 
 
(c) Chiral 

Vol. 
(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 225.4 224.5 227.7 226.1 229.4 227.6 -0.4% -0.7% -0.8% 
7% 246.5 243.8 251.6 247.5 255.6 251.1 -1.1% -1.6% -1.8% 

11% 268.2 263.1 276.1 268.9 282.2 274.6 -1.9% -2.6% -2.7% 
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Figure 6.13: Validation of longitudinal Young's modulus for armchair (5, 5) 

carbon nanotubes reinforced iron metal matrix (lc=3nm) 
 

 
Figure 6.14: Validation of longitudinal Young's modulus for zigzag (5, 0) carbon 

nanotubes reinforced iron metal matrix (lc=3nm)  
 

 
Figure 6.15: Validation of longitudinal Young's modulus for chiral (5, 10) carbon 

nanotubes reinforced iron metal matrix (lc=3nm) 
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Similarly, the finite element results show an acceptable agreement compared 

with the theoretical results for carbon nanotubes treated as short fiber reinforced copper 

matrix. It can be observed from the Figures 6.16, 6.17, 6.18 that the longitudinal 

modulus results of different chiral indices of carbon nanotube treated as short fiber 

reinforced Copper matrix have an increasing trend with the increase in volume fraction. 

The results are in good agreement for the finite element results compared to those of 

rule of mixture. It can be observed that finite element prediction shows higher values 

than theoretical results for different chiral index of carbon nanotube reinforced copper 

matrix as presented in Table 6.5 (a), (b), and (c) respectively. 

 

Table 6.5: Validation of longitudinal Young’s modulus carbon nanotube (a) 
armchair, (b) zigzag, and (c) chiral treated as short fiber reinforced 
copper metal matrix 

 
(a) Armchair 

Vol. 
 (%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 145.7 146.5 148.5 149.1 150.7 151.1 0.5% 0.4% 0.3% 
7% 167.3 168.4 173.7 174.6 178.6 179.3 0.7% 0.5% 0.4% 

11% 189.6 190.4 199.4 200.1 207.0 207.5 0.4% 0.4% 0.2% 
 

(b) Zigzag 

Vol. 
 (%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 148.7 149.3 151.0 151.4 152.6 152.9 0.4% 0.3% 0.2% 
7% 174.1 175.0 179.3 180.0 183.0 183.5 0.5% 0.4% 0.3% 

11% 200.1 200.7 208.2 208.6 213.8 214.1 0.3% 0.2% 0.1% 
 
 
(c) Chiral 

Volume 
Fraction 

(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 143.3 144.1 146.2 146.9 148.7 149.3 0.6% 0.5% 0.4% 
7% 161.8 162.9 168.4 169.5 174.2 175.1 0.7% 0.7% 0.5% 

11% 181.0 181.8 191.4 192.1 200.3 200.9 0.4% 0.4% 0.3% 
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Figure 6.16: Validation of longitudinal Young's modulus for armchair (5, 5) 

carbon nanotubes reinforced copper metal matrix (lc=3nm) 
 

 
Figure 6.17: Validation of longitudinal Young's modulus for zigzag (5, 0) carbon 

nanotubes reinforced copper metal matrix (lc=3nm) 
 

 
Figure 6.18: Validation of longitudinal Young's modulus for chiral (5, 10) carbon 

nanotubes reinforced copper metal matrix (lc=3nm) 
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However, the finite element results show an acceptable agreement compared 

with the theoretical results for carbon nanotubes treated as short fiber reinforced 

aluminum matrix It can be observed from the Figures 6.19, 6.20, 6.21 that the 

longitudinal modulus results of different chiral indices of carbon nanotube treated as 

short fiber reinforced aluminum matrix have an increasing trend with the increase in 

volume fraction. The results are in good agreement for the finite element results 

compared to those of rule of mixture. It can be observed that finite element prediction 

shows higher values than theoretical results for chiral carbon nanotube and lower values 

for armchair and zigzag carbon nanotube reinforced aluminum matrix as presented in 

Table 6.6 (a), (b), and (c) respectively. 

 

Table 6.6: Validation of longitudinal Young’s modulus for carbon nanotube (a) 
armchair, (b) zigzag, and (c) chiral treated as short fiber reinforced 
aluminum metal matrix 

 

(a) Armchair 
Volume 
Fraction 

(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 82.1 81.9 85.3 83.5 88.3 83.9 -0.2% -2.2% -5.2% 
7% 98.9 98.1 106.5 101.6 113.3 102.5 -0.8% -4.8% -10.5% 

11% 116.5 115.3 128.4 119.7 139.1 121.1 -1.0% -7.3% -14.9% 
 
 
(b) Zigzag  

Volume 
Fraction 

(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 85.59 83.5 88.8 84.1 91.3 84.5 -2.5% -5.6% -8.0% 
7% 107.06 101.6 114.4 103.0 120.3 103.8 -5.4% -11.1% -15.9% 

11% 129.33 119.7 140.8 121.9 149.8 123.2 -8.0% -15.5% -21.6% 
 
 
(c) Chiral  

Volume 
Fraction 

(%) 

Longitudinal Young’s Modulus (GPa) Percent 
Deviation (%) lc=3 lc =5 lc =8 

Theoretical FEA Theoretical FEA Theoretical FEA lc=3 lc=5 lc=8 
3% 79.6 82.4 82.6 83.0 83.5 85.6 3.4% 0.5% 2.5% 
7% 93.1 98.9 100.1 100.2 101.4 107.2 5.9% 0.1% 5.4% 

11% 107.3 115.4 117.5 118.5 119.4 129.5 7.0% 0.8% 7.8% 
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Figure 6.19: Validation of longitudinal Young's modulus for armchair (5, 5) 

carbon nanotubes reinforced aluminum metal matrix (lc=3nm) 
 

 
Figure 6.20: Validation of longitudinal Young's modulus for zigzag (5, 0) carbon 

nanotubes reinforced aluminum metal matrix (lc=3nm) 
 

 
Figure 6.21: Validation of longitudinal Young's modulus for chiral (5, 10) carbon 

nanotubes reinforced aluminum metal matrix (lc=3nm) 
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6.2.2.2   Transverse Modulus   
 
Finite element results show an acceptable agreement with the theoretical 

results. The deviation percentage was calculated and presented. It can be observed from 

the Figure 6.22 that finite element results of armchair carbon nanotube treated as short 

fiber reinforced iron matrix shows higher values than theoretical results. It can be 

observed that, transverse modulus finite element prediction for copper and aluminum 

matrices show lower prediction as can be seen in Figures 6.23 and 6.24. The results are 

in good agreement compared to those of rule of mixture as presented in Tables 6.7 (a), 

(b), and (c), respectively. The results show increasing trend in linear manner while in 

reality it should be a nonlinear increase because the results are relatively close. 

 
Table 6.7: Validation of Transverse modulus for armchair carbon nanotube 

reinforced (a)iron, (b) copper, and (c) aluminum metal matrix (lc=3) 
(a) Iron 

Volume Fraction (%) Transverse Modulus (GPa) Percent Deviation 
 (%) Theoretical FEA 

3% 214.967 216.440 0.7% 
7% 217.792 221.121 1.5% 
11% 220.446 225.375 2.2% 

 
(b) Copper  

Volume Fraction (%) Transverse  Modulus (GPa) Percent Deviation 
 (%) Theoretical FEA 

3% 138.2 135.5 -2.03% 
7% 149.8 144.0 -4.01% 
11% 162.1 154.4 -4.99% 

 
(c) Aluminum  

Volume Fraction (%) Transverse  Modulus (GPa) Percent Deviation 
 (%) Theoretical FEA 

3% 75.3 72.9 -3.3% 
7% 82.7 79.1 -4.5% 

11% 90.7 87.1 -4.2% 
 
 

 

6.2.2.3   Shear Modulus   

 
Shear modulus of composite is the ratio of shear stress to the Shear strain. The finite 

element results show higher values compared to those of rule of mixture. It can be 

observed that deviation is high as presented in Table 6.8(a), (b), and (c), respectively, 

because of the theoretical prediction is very low since it depends on the fraction of shear 

modulus and volume fraction of matrix and reinforcement. 
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Figure 6.22: Validation of transverse modulus for carbon nanotubes treated 

as short fiber reinforced iron metal matrix 
 

 
Figure 6.23: Validation of transverse modulus for carbon nanotubes treated as 

short fiber reinforced copper metal matrix 
 

 
Figure 6.24: Validation of transverse modulus for carbon nanotubes treated as 

short fiber reinforced aluminum metal matrix 
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It can be observed from the Figure 6.25, 6.26, and 6.27 that the shear modulus 

results of carbon nanotube treated as short fiber reinforced Iron, Copper, and Aluminum 

matrixes have an increasing trend with the increase in volume fraction. The results show 

increasing trend in linear manner while in reality it should be a nonlinear increase 

because the results are relatively close. 

 
Table 6.8: Validation of shear modulus for armchair carbon nanotube 

reinforced (a)iron, (b) copper, and (c) aluminum metal matrix 
(lc=3nm) 

(a) Iron 
Volume Fraction (%) Shear Modulus (GPa) Percent Deviation 

 (%) Theoretical FEA 
3% 49.4 82.8 40% 
7% 51.6 83.8 38% 
11% 54.0 84.7 36% 

 
(b) Copper  

Volume Fraction (%) Shear Modulus (GPa) Percent Deviation 
 (%) Theoretical FEA 

3% 27.3 48.6 43.8% 
7% 28.7 50.9 43.5% 
11% 30.2 53.8 43.9% 

 
(c) Aluminum  

Volume Fraction (%) Shear Modulus (GPa) Percent Deviation 
 (%) Theoretical FEA 

3% 14.2 26.1 46% 
7% 15.0 26.9 44% 
11% 15.9 27.7 43% 

 

 
Figure 6.25: Validation of shear modulus for carbon nanotubes treated as short 

fiber reinforced iron metal matrix 
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Figure 6.26: Validation of shear modulus for carbon nanotubes treated as short 

fiber reinforced copper metal matrix 
 

 
Figure 6.27: Validation of shear modulus for carbon nanotubes treated as short 

fiber reinforced aluminum metal matrix 
 

 

6.3 Validation of thermal conductivity of carbon nanotubes reinforced metal 
matrix nanocomposite 

 

The finite element results for thermal conductivity of carbon nanotubes 

reinforced metal matrixes Nanocomposite was determined by means of ANSYS-APDL 

macro and compared with the results obtained by MATLAB code based on rule of 

mixture theory. The results show an acceptable agreement and the deviation percentages 

are calculated for all cases.  
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6.3.1 Validation with existing theoretical models  
 

Theoretical results obtained by using the MATLAB code are compared with 

some existing theoretical models. It can be seen that there are various factors which may 

contribute to lowering the effective thermal conductivity predicted by various 

theoretical models. The theoretical models are based on various assumptions and these 

assumptions also affect the effective conductivity obtained theoretically, experimentally 

and through computational methods. Figure 6.28, 6.29 and 6.30 show a comparison 

between the present model and these models for Aluminum, Copper and Iron metal 

matrixes Nanocomposite. The predicted results are thus in tune with these theoretical 

model findings [139]. This may be considered as an indirect verification of the accuracy 

of the code used and of the assumptions made. It may also be inferred that the 

predictions may be close to actual values of the effective longitudinal conductivity. 

 
Figure 6.28: Comparison between the thermal conductivity models for carbon 

nanotube reinforced aluminum matrix 
 

 
Figure 6.29: Comparison between the thermal conductivity models for carbon 

nanotube reinforced copper matrix 
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Figure 6.30: Comparison between the thermal conductivity models for carbon 

nanotube reinforced iron matrix 
 
 
 
6.3.2 Validation of Thermal Conductivity of Carbon Nanotubes Reinforced 

Metal Matrix Nanocomposite 
 

The finite element results for thermal conductivity of carbon nanotubes reinforced 

metal matrixes Nanocomposite was predicted by means of ANSYS-APDL macro and 

compared with the theoretical calculations made based on modified Bagchi and Nomura 

[87]. The results obtained were in agreeable range.  

 
6.3.2.1     Long Fiber Case 
 

The finite element results for model “A” and model “B” are in good and 

acceptable agreement compared to the theoretical results. It can be observed from the 

Figures 6.31, 6.32, 6.33 that the thermal conductivity results of armchair, zigzag, and chiral 

carbon nanotube treated as long fiber reinforced iron matrix have an increasing linearly with 

the increase in volume fraction of carbon nanotube. Finite element predictions for the two 

models show higher values than theoretical results. The deviation percentage were 

calculated for all cases and presented in Tables 6.9 (a), (b), and (c).  

 
Table 6.9: Validation of thermal conductivity for (a) armchair (b) zigzag, and 

(c) chiral carbon nanotube treated as long fiber reinforced iron, 
metal matrix 

 (a) armchair 
Vol. 
(%) 

Theoretical 
(W/m K) 

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 76.5 78.2 79.0 2.2% 3.2% 

7% 81.6 85.5 87.3 4.8% 7.0% 

11% 86.7 92.8 95.6 7.1% 10.4% 
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(b) Zigzag  
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 77.6 78.6 79.2 1.3% 2.1% 

7% 84.0 86.5 87.8 2.9% 4.5% 

11% 90.5 94.3 96.4 4.2% 6.5% 
 
(c) Chiral  

Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 75.8 77.9 78.5 2.7% 3.6% 

7% 80.0 84.8 86.3 6.0% 7.9% 

11% 84.1 91.7 94.0 9.0% 11.8% 
 

 
Figure 6.31: Validation of thermal conductivity of armchair carbon nanotube 

treated as long fiber reinforced iron metal matrix  
 

 
Figure 6.32: Validation of thermal conductivity of zigzag carbon nanotube 

treated as long fiber reinforced iron metal matrix  
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Figure 6.33: Validation of thermal conductivity of chiral carbon nanotube treated 

as long fiber reinforced iron metal matrix  
 

Similarly, for carbon nanotube reinforced copper matrix. It can be observed from the 

Figures 6.34, 6.35, and 6.36 that the thermal conductivity results of armchair, zigzag, and chiral 

carbon nanotube treated as long fiber reinforced copper matrix have a linaer increasing trend 

with the increase in volume fraction of carbon nanotube. Finite element predictions for the two 

models show higher value than theoretical results. The deviation percentage were calculated for 

all cases and presented in Tables 6.10 (a), (b), and (c). 

 
Table 6.10: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 

chiral carbon nanotube treated as long fiber reinforced copper metal 
matrix 

(a) Armchair 
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 409.6 411.2 413.9 0.4% 1.0% 

7% 441.2 444.8 451.1 0.8% 2.3% 

11% 472.7 478.4 488.3 1.2% 3.3% 
 

(b) Zigzag  
Vol. 
(%) 

Theoretical (W/m 
K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 412.4 414.6 415.3 0.5% 0.7% 

7% 447.6 452.8 454.3 1.2% 1.5% 

11% 482.8 490.9 493.3 1.7% 2.2% 
 

(c) Chiral  
Vol. 
(%) 

Theoretical (W/m 
K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 404.7 410.6 412.4 1.4% 1.9% 

7% 429.7 443.3 447.5 3.2% 4.2% 

11% 454.6 476.1 482.7 4.7% 6.2% 
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Figure 6.34: Validation of thermal conductivity of armchair carbon nanotube 

treated as long fiber reinforced copper metal matrix  
 

 
Figure 6.35: Validation of thermal conductivity of zigzag carbon nanotube 

treated as long fiber reinforced copper metal matrix  
 

 
Figure 6.36: Validation of thermal conductivity of chiral carbon nanotube treated 

as long fiber reinforced copper metal matrix  
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However, for carbon nanotube reinforced aluminum matrix; It can be observed 

from the Figures 6.37, 6.38 and 6.39 that the thermal conductivity results of Armchair, 

Zigzag, and Chiral carbon nanotube treated as long fiber reinforced aluminum matrix 

have a linear increasing trend with the increase in volume fraction of carbon nanotube. 

Finite element predictions for the two models show higher value than theoretical results. 

The deviation percentage were calculated for all cases and presented in Tables 6.11 (a), 

b), and (c).  

 
Table 6.11: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 

chiral carbon nanotube treated as long fiber reinforced aluminum 
metal matrix 

(a) Armchair 
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 221.6 223.3 224.4 0.7% 1.3% 

7% 245.1 248.9 251.7 1.6% 2.7% 

11% 268.6 274.7 278.9 2.3% 3.9% 
 
(b) Zigzag  

Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 223.6 224.6 225.6 0.4% 0.9% 

7% 249.8 252.1 254.3 0.9% 1.8% 

11% 275.9 279.5 283.1 1.3% 2.6% 
 
(c) Chiral  

Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 219.7 222.2 224.0 1.1% 2.0% 

7% 240.7 246.5 250.7 2.4% 4.2% 

11% 261.6 270.7 277.4 3.5% 6.0% 
 
 
6.3.2.2 Short Fiber Case 
 

(a) Effect of Volume Fraction 
 

The finite element results for model “A” and model “B” are in good and acceptable 

agreement compared to the theoretical results. It can be observed from the Figures 6.40, 6.41, 

6.42 at carbon nanotube length of 3 nm that the thermal conductivity results of Armchair, 

Zigzag, and Chiral carbon nanotube treated as short fiber reinforced iron matrix have linear 

increasing trend with the increase in volume fraction of carbon nanotube. 
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Figure 6.37: Validation of thermal conductivity of armchair carbon nanotube 

treated as long fiber reinforced aluminum metal matrix  
 

 
Figure 6.38: Validation of thermal conductivity of zigzag carbon nanotube 

treated as long fiber reinforced aluminum metal matrix  
 

 
Figure 6.39: Validation of thermal conductivity of chiral carbon nanotube treated 

as long fiber reinforced aluminum metal matrix  
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Finite element predictions for the two models show lower prediction values than 

theoretical results. The deviation percentage were calculated for all cases and presented 

in Tables 6.12 (a), (b), and (c). 

 

Table 6.12: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 
chiral carbon nanotube reinforced iron metal matrix at lc=3nm 

(a) Armchair 
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 76.5 73.8 74.2 -3.6% -3.1% 

7% 81.6 75.2 76.1 -7.8% -6.7% 

11% 86.7 76.6 78.0 -11.6% -10.0% 
 
(b) Zigzag 

Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 77.6 74.1 74.4 -4.4% -4.1% 

7% 84.0 76.1 76.6 -9.5% -8.8% 

11% 90.5 78.0 78.9 -13.9% -12.8% 
 
(c) Chiral 

Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 75.8 73.6 74.0 -2.9% -2.4% 

7% 80.0 74.9 75.7 -6.4% -5.4% 

11% 84.1 76.1 77.4 -9.5% -8.0% 
 

 
Figure 6.40: Validation of thermal conductivity for armchair (5, 5) carbon 

nanotubes (as short fiber "lc=3") reinforced iron metal matrix 
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Figure 6.41: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes 

(as short fiber "lc=3") reinforced iron metal matrix 
 

 
Figure 6.42: Validation of thermal conductivity for chiral (5, 10) carbon 

nanotubes (as short fiber "lc=3") reinforced iron metal matrix 
 

 

Similarly, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced copper matrix are in good and acceptable agreement compared to 

the theoretical results. It can be observed from the Figures 6.43, 6.44, 6.45 at carbon 

nanotube length of 3 nm that the thermal conductivity results of armchair, zigzag, and 

chiral carbon nanotube treated as short fiber reinforced copper matrix have an 

increasing trend with the increase in volume fraction of carbon nanotube. Finite element 

predictions for the two models show lower prediction values than theoretical results. 

The deviation percentage were calculated for all cases and presented in Tables 6.13 (a), 

(b), and (c). 
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Table 6.13: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 
chiral carbon nanotube reinforced copper metal matrix at lc=3nm 

(a) Armchair 
Vol. 
(%) 

Theoretical 
 (W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 409.6 396.4 398.2 -3.2% -2.8% 

7% 441.2 410.3 414.4 -7.0% -6.1% 

11% 472.7 424.2 430.7 -10.2% -8.9% 
 

(b) Zigzag 
Vol. 
(%) 

Theoretical  
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 412.4 399.4 400.9 -3.1% -2.8% 

7% 447.6 417.4 420.7 -6.8% -6.0% 

11% 482.8 435.3 440.6 -9.8% -8.7% 
 

 
Figure 6.43: validation of thermal conductivity for armchair (5, 5) carbon nanotubes (as 

short fiber "lc=3") reinforced copper metal matrix 
 

 
Figure 6.44: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes (as 

short fiber "lc=3") reinforced copper metal matrix 
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(c) Chiral 
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 404.7 395.6 396.3 -2.2% -2.1% 

7% 429.7 408.5 410.0 -4.9% -4.6% 

11% 454.6 421.3 423.7 -7.3% -6.8% 
 

 
Figure 6.45: Validation of thermal conductivity for chiral (5, 10) carbon nanotubes (as 

short fiber "lc=3") reinforced copper metal matrix 
 

 
However, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced aluminum matrix are in good and acceptable agreement compared 

to the theoretical results. It can be observed from the Figures 6.46, 6.47, 6.48 at carbon 

nanotube length of 3 nm that the thermal conductivity results of armchair, zigzag, and 

chiral carbon nanotube treated as short fiber reinforced aluminum matrix have linear 

increasing trend with the increase in volume fraction of carbon nanotube. Finite element 

predictions for the two models show lower prediction values than theoretical results. 

The deviation percentage were calculated for all cases and presented in Tables 6.14 (a), 

(b), and (c), respectively.  

 
Table 6.14: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 

chiral carbon nanotube reinforced aluminum metal matrix at lc=3nm 
(a) Armchair 

Vol. 
(%) 

Theoretical (W/m 
K) 

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 221.6 214.1 216.6 -3.4% -2.3% 

7% 245.1 227.5 233.3 -7.2% -4.8% 

11% 268.6 240.9 250.0 -10.3% -6.9% 
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(b) Zigzag 
Vol. 
(%) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 223.6 215.9 219.2 -3.4% -2.0% 

7% 249.8 231.9 239.4 -7.2% -4.1% 

11% 275.9 247.8 259.7 -10.2% -5.9% 
 
(C) Chiral 

Vol. 
(%) 

Theoretical 
(W/m K) 

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3% 219.7 210.9 214.3 -4.0% -2.5% 

7% 240.7 220.2 228.0 -8.5% -5.3% 

11% 261.6 229.4 241.7 -12.3% -7.6% 
 

 
Figure 6.46: Validation of thermal conductivity for armchair (5, 5) carbon nanotubes 

(as short fiber "lc=3") reinforced aluminum metal matrix 
 

 
Figure 6.47: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes (as 

short fiber "lc=3") reinforced aluminum metal matrix 
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Figure 6.48: Validation of thermal conductivity for chiral (5, 10) carbon nanotubes (as 

short fiber "lc=3") reinforced aluminum metal matrix 
 
 
(b)  Effect of Length 
 

The finite element results of model “A” and model “B” for carbon nanotube 

reinforced Iron matrix are in good and acceptable agreement compared to the theoretical 

results. It can be observed from the Figures 6.49, 6.50, 6.51 at different carbon nanotube 

length and 3% volume fraction that the thermal conductivity results of armchair, zigzag, 

and chiral carbon nanotube treated as short fiber reinforced iron matrix have linear 

increasing trend with the increase in length of carbon nanotube. Finite element 

predictions for the two models show higher prediction values than theoretical results. 

The deviation percentage were calculated for all cases and presented in Tables 6.15 (a), 

(b), and (c), respectively  

 
Table 6.15: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 

chiral carbon nanotube reinforced iron metal matrix at different lengths 
(a) Armchair 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 73.8 74.4 74.958 0.7% 1.5% 
5 74.4 74.9 75.456 0.6% 1.4% 
8 75.2 75.8 76.352 0.7% 1.5% 

 
(b) Zigzag 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 74.7 75.1 75.4 0.6% 1.0% 
5 75.5 75.8 76.2 0.4% 0.9% 
8 76.6 77.0 77.4 0.5% 1.1% 
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(c) Chiral 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 72.9 73.6 74.0 1.0% 1.4% 
5 73.6 74.2 74.5 0.9% 1.3% 
8 74.2 74.9 75.2 0.9% 1.3% 

 

 
Figure 6.49: Validation of thermal conductivity for armchair (5, 5) carbon nanotubes 

(as short fiber) reinforced iron metal matrix at different lengths 
 

 
Figure 6.50: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes (as 

short fiber) reinforced iron metal matrix at different lengths 
 

 

Similarly, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced copper matrix are in good and acceptable agreement compared to 

the theoretical results. It can be observed from the Figures 6.52, 6.53, 6.54 at different 

carbon nanotube length and 3% volume fraction that the thermal conductivity results of 
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armchair, zigzag, and chiral carbon nanotube treated as short fiber reinforced Copper 

matrix have linear increasing trend with the increase in length of carbon nanotube. 

Finite element predictions for the two models show higher prediction values than 

theoretical results. The deviation percentage were calculated for all cases and presented 

in Tables 6.16 (a), (b), and (c), respectively. 

 

 
Figure 6.51: Validation of thermal conductivity for chiral (5, 10) carbon nanotubes (as 

short fiber) reinforced iron metal matrix at different lengths 
 
 
Table 6.16: Validation of thermal conductivity for (a) armchair (b) zigzag, and (c) 

chiral carbon nanotube reinforced copper metal matrix at different lengths 
(a) Armchair 

length 
(nm) 

Theoretical 
(W/m K) 

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 393.1 396.4 398.192 0.8% 1.3% 
5 397.8 399.8 402.494 0.5% 1.2% 
8 404.9 405.5 408.032 0.1% 0.8% 

 
(b) Zigzag 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 394.6 397.4 399.9 0.7% 1.3% 
5 400.3 401.2 403.5 0.2% 0.8% 
8 408.9 409.5 409.6 0.1% 0.2% 

 
(c) Chiral 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 391.6 393.6 395.3 0.5% 0.9% 
5 395.4 396.3 397.6 0.2% 0.6% 
8 401.0 402.9 403.5 0.5% -0.6% 
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Figure 6.52: Validation of thermal conductivity for armchair (5, 5) carbon nanotubes 

(as short fiber) reinforced copper metal matrix at different lengths 
 

 
Figure 6.53: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes (as 

short fiber) reinforced copper metal matrix at different lengths 
 

 
Figure 6.54: Validation of thermal conductivity for chiral (5, 10) carbon nanotubes (as 

short fiber) reinforced copper metal matrix at different lengths 
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However, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced aluminum matrix are in good and acceptable agreement compared 

to the theoretical results. It can be observed from the Figures 6.55, 6.56, 6.57 at 

different carbon nanotube length and 3% volume fraction that the thermal conductivity 

results of armchair, zigzag, and chiral carbon nanotube treated as short fiber reinforced 

aluminum matrix have linear increasing trend with the increase in length of carbon 

nanotube. Finite element predictions for the two models show higher prediction values 

than theoretical results because the complex geometrical shape and arrangement of 

carbon nanotubes not taken in consideration for theoretical estimation of the effective 

thermal conductivity of the carbon nanotubes reinforced composite. The deviation 

percentage were calculated for all cases and presented in Tables 6.17 (a), (b0, and (c). 

 
Table 6.17: Validation of thermal conductivity for a) armchair (b) zigzag, and (c) 

chiral carbon nanotube reinforced aluminum metal matrix at 
different lengths 

(a) Armchair 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 209.3 214.1 216.558 2.3% 3.5% 
5 212.8 216.3 217.956 1.6% 2.4% 
8 218.1 218.9 221.052 0.4% 1.4% 

 
(b) Zigzag 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 209.9 215.9 219.2 2.9% 4.4% 
5 213.8 217.4 220.3 1.7% 3.0% 
8 219.7 220.6 221.9 0.4% 1.0% 

 

 
Figure 6.55: Validation of thermal conductivity for armchair (5, 5) carbon nanotubes 

(as short fiber) reinforced aluminum metal matrix at different lengths 
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Figure 6.56: Validation of thermal conductivity for zigzag (5, 0) carbon nanotubes (as 

short fiber) reinforced aluminum metal matrix at different lengths 
 
(c) Chiral 

length 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

3 208.7 210.9 213.7 1.1% 2.4% 
5 211.9 213.6 215.6 0.8% 1.8% 
8 216.6 217.8 218.6 0.6% 0.9% 

 

 
Figure 6.57: Validation of thermal conductivity for chiral (5, 10) carbon nanotubes (as 

short fiber) reinforced aluminum metal matrix at different lengths 
 
(c)  Effect of Diameter 
 

The finite element results of model “A” and model “B” for carbon nanotube 

reinforced iron matrix are in good and acceptable agreement compared to the theoretical 

results. It can be observed from the Figures 6.58, 6.59, and 6.60 at different carbon 
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nanotube diameters, different lengths, and 3% volume fraction that the thermal 

conductivity results of armchair, zigzag, and chiral carbon nanotube treated as short 

fiber reinforced iron matrix have a decreasing trend with the increase in diameter of 

carbon nanotube. Finite element predictions for model “B” show higher prediction 

values than theoretical results while the finite element results for Model “A” shows a 

lower prediction than theoretical results because the complex geometrical shape and 

arrangement of carbon nanotubes not taken in consideration for theoretical estimation of 

the effective thermal conductivity of the carbon nanotubes reinforced composite. The 

deviation percentage were calculated for all cases and presented in Tables 6.18 (a) at 

lc=3 nm, (b) at lc=5 nm, (c) at lc=8 nm, respectively. 

 

Table 6.18: Validation of thermal conductivity for carbon nanotube reinforced 
iron metal matrix at different diameters and (a) at lc=3 nm, (b) at 
lc=5 nm, (c) at lc=8 nm, 

(a) at lc=3 nm 
Diameter 

(nm) 
Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 74.2 74.1 74.392 -0.1% 0.3% 
0.848 73.8 73.8 74.158 -0.1% 0.4% 
1.206 73.6 73.5 73.978 -0.1% 0.5% 

 
(b) at lc=5 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 75.1 74.9 75.3 -0.3% 0.3% 
0.848 74.6 74.5 74.9 -0.2% 0.3% 
1.206 74.3 74.0 74.5 -0.3% 0.3% 

 

 
Figure 6.58: Validation of thermal conductivity for carbon nanotubes (as Short Fiber) 

reinforced iron metal matrix at different diameters and at lc= 3nm 
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Figure 6.59: Validation of thermal conductivity for carbon nanotubes (as Short Fiber) 

reinforced iron metal matrix at different diameters and at lc= 5nm  
 
(c) at lc=8 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 76.6 76.3 76.8 -0.4% 0.3% 
0.848 75.7 75.3 76.0 -0.6% 0.3% 
1.206 75.0 74.5 75.2 -0.6% 0.3% 

 
 

 
Figure 6.60: Validation of thermal conductivity for carbon nanotubes (as Short Fiber) 

reinforced iron metal matrix at different diameters and at lc= 8nm 
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Similarly, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced copper matrix are in good and acceptable agreement compared to 

the theoretical results. It can be observed from the Figures 6.61, 6.62, and 6.63 at 

different carbon nanotube diameters, different lengths, and 3% volume fraction that the 

thermal conductivity results of armchair, zigzag, and chiral carbon nanotube treated as 

short fiber reinforced copper matrix have a decreasing trend with the increase in 

diameter of carbon nanotube. Finite element predictions for the two models show higher 

prediction values than theoretical results because the complex geometrical shape and 

arrangement of carbon nanotubes are not taken in consideration for theoretical 

estimation of the effective thermal conductivity of the carbon nanotubes reinforced 

composite. The deviation percentage were calculated for all cases and presented in 

Tables 6.19(a) at lc=3 nm, (b) at lc=5 nm, (c) at lc=8 nm, respectively. 

 
Table 6.19: Validation of thermal conductivity for armchair carbon nanotube 

reinforced copper metal matrix at different diameters (a) at lc=3 nm, 
(b) at lc=5 nm, (c) at lc=8 nm, 

 
(a) at lc=3 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 394.6 399.4 400.892 1.2% 1.6% 
0.848 393.1 396.4 398.192 0.8% 1.3% 
1.206 391.6 395.6 396.278 1.0% 1.2% 

 
(b) at lc=5 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 399.9 401.3 403.5 0.4% 0.9% 
0.848 397.8 399.8 401.5 0.5% 0.9% 
1.206 395.4 396.3 397.6 0.2% 0.6% 

 
(c) at lc=8 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 406.5 408.9 409.6 0.6% -0.8% 
0.848 403.5 404.9 407.0 0.3% -0.9% 
1.206 398.9 401.1 402.5 0.6% -0.9% 
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Figure 6.61: Validation of thermal conductivity carbon nanotubes (as Short Fiber) 

reinforced Copper metal matrix at different diameters and at lc= 3nm  
 

 
Figure 6.62: Validation of thermal conductivity for carbon nanotubes (as Short Fiber) 

reinforced Copper metal matrix at different diameters and at lc= 5nm  
 

 
Figure 6.63: Validation of thermal conductivity for carbon nanotubes (as Short Fiber) 

reinforced Copper metal matrix at different diameters and at lc= 8nm 
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However, the finite element results of model “A” and model “B” for carbon nanotube 

reinforced aluminum matrix are in good and acceptable agreement compared to the 

theoretical results. It can be observed from the Figures 6.64, 6.65, and 6.66 at different 

carbon nanotube diameters, different lengths, and 3% volume fraction that the thermal 

conductivity results of armchair, zigzag, and chiral carbon nanotube treated as short 

fiber reinforced aluminum matrix have a decreasing trend with the increase in diameter 

of carbon nanotube. Finite element predictions for the two models show higher 

prediction values than theoretical results because the complex geometrical shape and 

arrangement of carbon nanotubes are not taken in consideration for theoretical 

estimation of the effective thermal conductivity of the carbon nanotubes reinforced 

composite. The deviation percentage were calculated for all cases and presented in 

Tables 6.20(a) at lc=3 nm, (b) at lc=5 nm, (c) at lc=8 nm, respectively. 

 

Table 6.20: Validation of thermal conductivity for armchair carbon nanotube 
reinforced aluminum metal matrix at different diameters and (a) at 
lc=3 nm, (b) at lc=5 nm, (c) at lc=8 nm, 

(a) at lc=3 nm 
Diameter 

(nm) 
Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 209.9 215.9 219.192 2.9% 4.4% 
0.848 209.3 214.1 216.558 2.3% 3.5% 
1.206 208.7 210.9 214.278 1.1% 2.7% 

 
(b) at lc=5 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 213.8 217.4 220.3 1.7% 3.0% 
0.848 212.8 216.3 218.0 1.6% 2.4% 
1.206 211.9 214.3 215.6 1.1% 1.7% 

 
(c) at lc=8 nm 

Diameter 
(nm) 

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

0.561 219.5 219.9 220.9 0.2% 0.7% 
0.848 218.1 218.7 220.0 0.3% 0.8% 
1.206 216.6 216.8 217.6 0.1% 0.5% 
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Figure 6.64: Validation of thermal conductivity carbon nanotubes (as Short Fiber) 

reinforced Aluminum metal matrix at different diameters and at lc= 3nm  
 

 
Figure 6.65: Validation of thermal conductivity carbon nanotubes (as Short Fiber) 

reinforced Aluminum metal matrix at different diameters and at lc= 5nm  
 

 
Figure 6.66: Validation of thermal conductivity carbon nanotubes (as Short Fiber) 

reinforced Aluminum metal matrix at different diameters and at lc= 8nm 

205

210

215

220

0.5 0.65 0.8 0.95 1.1 1.25 1.4

Th
er

m
al

 C
on

du
ct

iv
ity

  (
W

/m
 K

)

Diameter (nm) 

THEORETICAL
FEA " MODEL (A)"
FEA " MODEL (B)"

211

213

215

217

219

221

0.5 0.65 0.8 0.95 1.1 1.25 1.4

Th
er

m
al

 C
on

du
ct

iv
ity

  (
W

/m
 K

)

Diameter (nm)

THEORETICAL
FEA " MODEL (A)"
FEA " MODEL (B)"

215

217

219

221

223

0.5 0.65 0.8 0.95 1.1 1.25 1.4

Th
er

m
al

 C
on

du
ct

iv
ity

  (
W

/m
 K

)

Diameter (nm)

THEORETICAL
FEA " MODEL (A)"
FEA " MODEL (B)"



270 

6.3.2.3 Validation of thermal contact conductance for carbon nanotubes 
reinforced metal matrix nanocomposite 

 

The finite element results of model “A” and model “B” for carbon nanotube 

reinforced Iron matrix are in good and acceptable agreement compared to the theoretical 

results. It can be observed from the Figures 6.67, 6.68, and 6.69 at 3% volume fraction 

that the thermal conductivity results of armchair, zigzag, and chiral carbon nanotube 

treated as short fiber reinforced iron matrix show insensitive increase with the increase 

in thermal contact conductance. Finite element predictions for the two models show 

lower prediction values than theoretical results. The deviation percentage were 

calculated for all cases and presented in Tables 6.21 (a), (b), and (c), respectively. 

 

Table 6.21: Validation of thermal contact conductance for (a) armchair (5, 5), 
(b)  zigzag (5, 0), (c) chiral (5, 10) carbon nanotube reinforced iron 
metal matrix  

(a) Armchair 
β  

(MW/m2 K)  
Theoretical (W/m 

K)  
Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 73.101 72.009 72.960 -1.5% -0.2% 
30 73.102 72.010 72.961 -1.5% -0.2% 
50 73.103 72.011 72.962 -1.5% -0.2% 

100 73.107 72.012 72.963 -1.5% -0.2% 
500 73.133 72.013 72.964 -1.5% -0.2% 

1000 73.166 72.014 72.965 -1.6% -0.3% 
2500 73.266 72.015 73.065 -1.7% -0.3% 
5000 73.431 72.115 73.165 -1.8% -0.4% 

10000 73.762 72.215 73.265 -2.1% -0.7% 
 
(b) Zigzag 

β  
(MW/m2 K)  

Theoretical 
(W/m K) 

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 73.301 72.203 72.329 -1.5% -1.3% 
30 73.301 72.204 72.330 -1.5% -1.3% 
50 73.302 72.205 72.331 -1.5% -1.3% 

100 73.305 72.206 72.332 -1.5% -1.3% 
500 73.323 72.207 72.333 -1.5% -1.3% 
1000 73.346 72.208 72.334 -1.6% -1.4% 
2500 73.415 72.209 72.335 -1.6% -1.5% 
5000 73.530 72.309 72.435 -1.7% -1.5% 

10000 73.760 72.409 72.535 -1.8% -1.7% 
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(c) Chiral 
β  

(MW/m2 K)  
Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 73.001 71.718 72.574 -1.8% -0.6% 
30 73.002 71.719 72.575 -1.8% -0.6% 
50 73.003 71.720 72.576 -1.8% -0.6% 

100 73.007 71.721 72.577 -1.8% -0.6% 
500 73.033 71.722 72.578 -1.8% -0.6% 
1000 73.066 71.723 72.579 -1.8% -0.7% 
2500 73.166 71.724 72.580 -2.0% -0.8% 
5000 73.331 71.824 72.680 -2.1% -0.9% 

10000 73.662 71.924 72.780 -2.4% -1.2% 
 

 
Figure 6.67: Validation of thermal contact conductance for armchair (5, 5) carbon 

nanotubes (as Short Fiber) reinforced Iron metal matrix  
 

 
Figure 6.68: Validation of thermal contact conductance for zigzag (5, 0) for carbon 

nanotubes (as Short Fiber) reinforced Iron metal matrix  
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Figure 6.69: Validation of thermal contact conductance for chiral (5, 10) carbon 

nanotubes (as Short Fiber) reinforced iron metal  
 
 

Similarly, the finite element results of model “A” and model “B” for carbon 

nanotube reinforced copper matrix are in good and acceptable agreement compared to 

the theoretical results. It can be observed from the Figures 6.70, 6.71, and 6.72 at 3% 

volume fraction that the thermal conductivity results of armchair, zigzag, and chiral 

carbon nanotube treated as short fiber reinforced copper matrix show insensitive with 

the increase in thermal contact conductance. Finite element predictions for the two 

models show higher prediction values than theoretical results. The deviation percentage 

were calculated for all cases and presented in Tables 6.22(a), (b), and (c), respectively. 

 

Table 6.22: Validation of thermal contact conductance for (a) armchair (5, 5), 
(b)  zigzag (5, 0), (c) chiral (5, 10) carbon nanotube reinforced 
copper metal  

(a) Armchair 
β  

(MW/m2 K)  
Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 387.101 387.329 388.165 0.1% 0.3% 
30 387.102 387.330 388.166 0.1% 0.3% 
50 387.103 387.331 388.167 0.1% 0.3% 

100 387.107 387.332 388.168 0.1% 0.3% 
500 387.133 387.333 388.169 0.1% 0.3% 
1000 387.166 387.334 388.170 0.0% 0.3% 
2500 387.266 387.335 388.270 0.0% 0.3% 
5000 387.431 387.535 388.370 0.0% 0.2% 

10000 387.762 387.935 388.470 0.0% 0.2% 
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(b) Zigzag 

β  
(MW/m2 K)  

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 387.301 388.200 388.725 0.2% 0.4% 
30 387.301 388.201 388.726 0.2% 0.4% 
50 387.302 388.202 388.727 0.2% 0.4% 

100 387.305 388.203 388.728 0.2% 0.4% 
500 387.323 388.204 388.729 0.2% 0.4% 
1000 387.346 388.205 388.730 0.2% 0.4% 
2500 387.415 388.206 388.731 0.2% 0.3% 
5000 387.530 388.306 388.831 0.2% 0.3% 

10000 387.760 388.406 388.931 0.2% 0.3% 
 
(c) Chiral 

β  
(MW/m2 K)  

Theoretical 
(W/m K)  

Finite Element (W/m K) Deviation (%) 
Model A Model B Model A Model B 

12 386.910 386.284 387.191 -0.2% 0.1% 
30 386.911 386.285 387.192 -0.2% 0.1% 
50 386.912 386.286 387.193 -0.2% 0.1% 

100 386.913 386.287 387.194 -0.2% 0.1% 
500 386.917 386.288 387.195 -0.2% 0.1% 
1000 386.943 386.289 387.196 -0.2% 0.1% 
2500 386.976 386.290 387.197 -0.2% 0.1% 
5000 387.076 386.390 387.297 -0.2% 0.1% 

10000 387.241 386.490 387.397 -0.2% 0.0% 
 
 

 
 
Figure 6.70: Validation of thermal contact conductance for armchair (5, 5) carbon 

nanotubes (as Short Fiber) reinforced Copper metal matrix  
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Figure 6.71: Validation of thermal contact conductance for zigzag (5, 0) for carbon 

nanotubes (as short fiber) reinforced copper metal matrix  
 

 
Figure 6.72: Validation of thermal contact conductance for chiral (5, 10) carbon 

nanotubes (as Short Fiber) reinforced copper metal matrix  
 
 

However, the finite element results of model “a” and model “b” for carbon 

nanotube reinforced aluminum matrix are in good and acceptable agreement compared 

to the theoretical results. it can be observed from the figures 6.73, 6.74, and 6.75 at 3% 

volume fraction that the thermal conductivity results of armchair, zigzag, and chiral 

carbon nanotube treated as short fiber reinforced aluminum matrix show insensitive 

with the increase in thermal contact conductance. Finite element predictions for the two 

models show lower prediction values than theoretical results. The deviation percentage 

were calculated for all cases and presented in tables 6.23(a), (b), and (c), respectively. 
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Table 6.23: validation of thermal contact conductance for (a) armchair (5, 5), (b) 
zigzag (5, 0), (c) chiral (5, 10) carbon nanotube reinforced aluminum 
metal matrix  

(a) Armchair 
β  

(mw/m2 k)  
Theoretical 

(w/m k)  
Finite element (w/m k) Deviation (%) 
Model A Model B Model A Model B 

12 205.101 202.060 204.419 -1.5% -0.3% 
30 205.102 202.061 204.420 -1.5% -0.3% 
50 205.103 202.062 204.421 -1.5% -0.3% 

100 205.107 202.063 204.422 -1.5% -0.3% 
500 205.133 202.064 204.423 -1.5% -0.3% 
1000 205.166 202.065 204.424 -1.5% -0.4% 
2500 205.266 202.066 204.524 -1.6% -0.4% 
5000 205.431 202.166 204.624 -1.6% -0.4% 

10000 205.762 202.266 204.724 -1.7% -0.5% 
 
 
(b) Zigzag 

β  
(mw/m2 k)  

Theoretical 
(w/m k)  

Finite element (w/m k) Deviation (%) 
Model A Model B Model A Model B 

12 205.301 202.606 204.374 -1.3% -0.5% 

30 205.301 202.607 204.375 -1.3% -0.5% 

50 205.302 202.608 204.376 -1.3% -0.5% 

100 205.305 202.609 204.377 -1.3% -0.5% 

500 205.323 202.610 204.378 -1.3% -0.5% 

1000 205.346 202.611 204.379 -1.3% -0.5% 

2500 205.415 202.612 204.380 -1.4% -0.5% 

5000 205.530 202.712 204.480 -1.4% -0.5% 

10000 205.760 202.812 204.580 -1.4% -0.6% 
 
(c) Chiral 

β  
(mw/m2 k) 

Theoretical 
(w/m k)  

Finite element (w/m k) Deviation (%) 
Model A Model B Model A Model B 

12 205.001 201.244 203.354 -1.8% -0.8% 

30 205.002 201.245 203.355 -1.8% -0.8% 

50 205.003 201.246 203.356 -1.8% -0.8% 

100 205.007 201.247 203.357 -1.8% -0.8% 

500 205.033 201.248 203.358 -1.8% -0.8% 

1000 205.066 201.249 203.359 -1.9% -0.8% 

2500 205.166 201.250 203.360 -1.9% -0.9% 

5000 205.331 201.350 203.460 -1.9% -0.9% 

10000 205.662 201.450 203.560 -2.0% -1.0% 
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Figure 6.73: Validation of thermal contact conductance for armchair (5, 5) carbon 

nanotubes (as short fiber) reinforced aluminum metal matrix 
 

 
Figure 6.74: Validation of thermal contact conductance for zigzag (5, 0) carbon 

nanotubes (as short fiber) reinforced aluminum metal matrix 
 

 
Figure 6.75: Validation of thermal contact conductance for chiral (5, 10) carbon 

nanotubes (as Short Fiber) reinforced aluminum metal matrix 
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            CHAPTER SEVEN 
 
 
 
 

7 7 CONCLUSIONS AND RECOMMENDATIONS 
 
 
 
 

7.1 Conclusions 
 

In terms of calculating the mechanical and thermal properties, this research 

provides an important database of three basic and major metals in industry: Iron, copper 

and aluminum, during reinforcing them in various forms of carbon nanotubes. It also 

provides a computerized tool to calculate the characteristic of any metal in general, and 

to make a simulation model in the virtual media by using “ANSYS” software. It 

facilitates, for researchers in this field, to predict the different results of their research 

before going into practical experiments which are of high cost and consuming of a lot of 

time. 

The analysis was carried out with different representative volume element which 

was modeled for studying specific geometric and material properties. The results 

obtained were in agreeable range of the theoretical predictions.  Following are brief 

summary and conclusion of individual analysis mentioned above. The following 

conclusions can be drawn from the obtained results for elastic and thermal properties of 

carbon nanotubes reinforced metal matrix composites: 

 
1. An ANSYS-APDL macro developed to evaluate the effective elastic properties 

Nanocomposite and the results were compared with existing theoretical results 

calculated by the MATLAB codes based on rule of mixture theory in terms of 

longitudinal Young’s modulus, transverse Young’s modulus, shear modulus, and 

Poisson’s ratio for long and short fiber cases for the elastic properties of the new 

Nanocomposite.  

2. Two cases were considered: one case deals with continuous Carbon nanotubes 

and the second case deals with short Carbon nanotubes reinforcements at three 

kind of metal matrixes.  
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3. The predicted results for longitudinal Young’s modulus show that the finite 

element prediction has higher value than theoretical results for carbon nanotube 

treated as long fiber reinforced iron, copper matrixes, and lower value for 

aluminum matrix. However, the finite element results show lower values than 

theoretical results for iron and aluminum matrix while it show higher values than 

the theoretical results for copper when the carbon nanotubes treated as short 

fiber.    

4. The predicted results for transverse Young’s modulus show that the finite 

element results have higher values than theoretical results for carbon nanotube 

treated as long fiber reinforced iron, copper, and aluminum matrix. However, the 

finite element results show higher values than theoretical results for iron matrix 

while show lower values than the theoretical results for copper and aluminum 

when the carbon nanotubes treated as short fiber.   

5. Shear modulus prediction results show that the finite element results have higher 

values than theoretical results for carbon nanotube treated as long fiber 

reinforced iron, copper, and aluminum matrix. However, the finite element 

results show higher values than theoretical results for iron, copper and aluminum 

when the carbon nanotubes treated as short fiber.    

6. Short fiber reinforced composites can offer some of the property advantages that 

continuous fiber reinforced composites contain, along with an economical flow 

processing that favors large-scale production. The elastic properties in short and 

long fiber generally sensitive with volume fraction.  

7. The analysis of the representative volume elements with constant diameter 

revealed that the effective thermal conductivity of a Nanocomposite increases 

with the increase of carbon nanotubes length.  

8. The finite element analysis of representative volume elements, which were 

modeled with carbon nanotubes, having fixed length and varying diameters 

showed that the effective thermal conductivity decreases with increase in 

diameter of the carbon nanotubes.  

9. The representative of the finite element analysis on volume elements which has 

carbon nanotubes with geometric parameters fixed i.e. length, diameter and 

volume fraction of carbon nanotubes, showed that the effective thermal 

conductivity is insensitive with change in interface resistance and the composite 

kept constant with different thermal contact resistance. This is an alignment with 

the theoretical predictions. 
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10. The finite element analysis of the representative volume elements with same 

carbon nanotubes and varying volume fractions showed that the effective 

thermal conductivity varies linearly as predicted with the theoretical model. One 

of the reasons for getting linear relationship of effective conductivity with the 

volume fraction is the assumption made during mathematical and finite element 

modeling of the Nanocomposite that there is no interaction between the 

neighboring carbon nanotubes. 

11. It was found that the interfacial resistance is not the single most important factor 

affecting heat flow in carbon nanotube reinforced metal matrix Nanocomposite.  

 

 
 

7.2 Recommendations 
 

A wide range of topics can be considered for further research is listed below: 

1. The effective mechanical properties of carbon nanotubes with defects. The effect 

of such defects can be studied by the current ANSYS-APDL macro with certain 

modification. Factors such as fraction and distribution of the defects can be 

investigated.  

2. Carbon nanotube bundles behavior can be investigated also by the current 

ANSYS-APDL macro. Because the interaction among nanotubes in a bundle is 

van der Waals force, which can be modeled by the same approach. The buckling 

behavior of the carbon nanotubes bundles can be predicted.  

3. The effect of interface layer on the elastic properties of carbon nanotubes 

reinforced metal matrix Nanocomposite 

4. Developing models which address random dispersions of the carbon nanotubes, 

effective thermal conductivities of non-aligned inclusions and influence of 

thermal properties in transverse directions.   
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