Chapter 1
W CG Banach Spaces

We show that if the Banach space is strongly generated by a convex super weak
compact set, then there is an equivalent norm on X such that its restriction to any reflexive
subspace of X is both uniformly convex and uniformly Frechet smooth.

Section (1.1): Super Weak Compactness

The notion of weakly compactly generated Banach space (W CG) is the first and most
remarkable attempt to generalize separable Banach spaces keeping quite a few good
structural, geometrical and topological properties. Recall that a Banach space X is WCG if
there exists a weakly compact K < X such that span(K) = X. The deep impact of WCG
spaces in Banach space theory began, and nowadays the amount of material is
overwhelming, for an account of properties of WCG Banach spaces in the frame of
nonseparable Banach space theory. We are dealing only with real Banach spaces and any
operator here is always linear and bounded. As usual, if X is a Banach space, then By and
Sy denote its unit ball and its unit sphere respectively.

Theorem (1.1.1)[1]. For a Banach space X the following are equivalent:
(@) X is weakly compactly generated,;

(b) there exists a weakly compact operator T: Z — X with dense range;

(c) there exists a reflexive space Z and operator T: Z — X with dense range.

In other words, WCG is the same as “weakly compact operator generated” or
“reflexive generated”. Recent results depend on the possibility of changing reflexivity in (c)
by a stronger condition, as super reflexivity or Hilbert, leading to the classes of super
reflexive-generated Banach spaces and Hilbert-generated Banach spaces. In particular,
where several particular classes of “space-generated” properties are involved with
smoothness conditions on equivalent renormings. We shall need the following notions.

Definition (1.1.2)[1]. The norm of the Banach space (X, ||-||)is said to be uniformly Gateaux
(UG) smooth if forevery h € X

sup{|lx + th||+||x — th|| — 2: x € Sy} = o(t)whent — 0.
Given a bounded set H c X, the norm is said to be H — UG smooth if
sup{|lx + th|| + |lx — th|]| — 2: x € Sx,h € H} = o(t) whent — 0.

Finally, the norm is said to be strongly UG smooth if it is H — UG smooth for some bounded
and linearly dense subset H c X.

The following result showing different classes of space generation and its relationships.
Theorem (1.1.3)[1]. For a Banach space Xconsider the assertions:

(i) X is Hilbert-generated.

(if) X is super reflexive-generated.

(iif) X is generated by the £,-sum of super reflexive spaces.
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(iv) X admits an equivalent strongly UG smooth norm.
(V) X is WCG and admits an equivalent UG smooth norm.
(vi) X is a subspace of a Hilbert-generated space.

Then (i) =(ii) =(iii) =(iv) =(v) =(vi). Moreover, no one of these implications can be
reversed in general.

We study the suitable “ideal-generated” or ‘“‘subset-generated” version of super
reflexive-generated Banach spaces, that is, in the spirit of (b) or (a) from Theorem (1.1.1).
For this purpose we shall need the operator version of super reflexivity. Among several
equivalent definitions, we shall give one based on ultrapowers. An operator T:X —
Y induces an operator between the ultrapowers of the spaces T“:S% — YY for a free
ultrafilter U on an index set.

Definition (1.1.4)[1]. An operator T: X — Y is said to be super weakly compact if T is
weakly compact for any ultrafilter U(equivalently, a free ultrafilter on N). The class of all
super weakly compact operators will be denoted 235"PeT,

The class T3P’ is an operator ideal that was first studied, under the name of uniformly
convexifying operators, being the link between the alternative definitions a sort of Enflo’s
renorming theorem for operators. Note that 23°"P°" lies strictly between the compact and
the weakly compact operators, and like them, it is a symmetric ideal as well, that is, T €
MSUPET if and only if T* € PWSUPer,

Clearly, the identity map of a super reflexive Banach space is a natural example of super
weakly compact operator. We can state now the following definition.

Definition (1.1.5)[1]. A Banach space X is said to be super weakly compactly generated
(super WCG for short) if there exist a Banach space Z and a super weakly compact operator
T:Z — X such that T(Z)is dense in X.

We show that an operator T: Z — X is super weakly compact if and only if T(By) is
finitely dentable (see Definition (1.1.9)). Moreover, if K c X is a finitely dentable bounded
closed convex subset, then there exists a reflexive Banach space Z and an operator T: Z —
X such that K < T(B;). The suggestive notion of super weakly compact set which is, for
bounded closed convex sets, equivalent to being finitely dentable. Therefore, The results
yield that X is super WCG if and only if there is K < X convex super weakly compact such
that span (K) = X. In other words, in this setting “ideal-generated” and “subset-generated”
essentially coincide.

The ideal W3UPe" does not have the factorization property, see also Example (1.2.10). In
particular, that means that there are super WCG Banach spaces which are not super
reflexive-generated. It is natural to wonder how the class super WCG is related to the six
classes in Theorem (1.1.3). The answer is the following.

Theorem (1.1.6)[1]. A Banach space X is super WCG if and only if it admits an equivalent
strongly UG smooth norm.

Bearing in mind that X admits an equivalent UG smooth norm if and only if By is uniform
Eberlein for the weak™, Theorem(1.1.6) improves the previous result where we first dealt
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with Banach spaces generated by bounded closed convex finitely dentable subsets. A key
ingredient for the proof is the symmetry of the ideal 235"Per,

A stronger notion of generation for Banach spaces is necessary in order to transfer properties
from a super weakly compact generator to all the weakly compact subsets of the space.

Proof. If X is generated by an absolutely convex super weakly compact K, Theorem (1.2.7)
implies that X has an equivalent K-UG smooth renorming. Suppose now that X is strongly
UG smooth, so there is K c X total such that the norm is K-UG smooth. Lemma (1.2.5)
implies that we may suppose K to be absolutely convex and closed. K is weakly compact.
Use the Davis—Figiel-Johnson—Pelczynski interpolation theorem to find a reflexive Banach
space Z and an operator T: Z — X suchthat T(B;) < 2"K + 27" By foreveryn € N. Note
that T (B) is strongly generated by K, and so X is T(B;)-UG smooth by Lemma (1.2.6).
Now Lemma (1.2.5) yields that

0 = lim pr(Bz) (x5, — ¥5) = limsup{| Gz, — y3)(T(2))| : z € By}
= limsup{|T"(xn = ¥2)(2)| : 2 € Bz} = lImlIT"(xz) — T" ()l

whenever (x;), (y;) < Sy- are such that lim||x;, + y,|| = 2, that is, T* is uniformly
n
convex. Therefore T is a super weakly compact operator and so X is super WCG.

Definition (1.1.7)[1]. A Banach space X is said to be strongly generated by a subset K ¢ X
if for any weakly compact H ¢ X and € > 0 thereisn € Nsuchthat H € nK + ¢ BX.

This definition admits “space-generated” and “ideal-generated” variations in a quite obvious
way. Banach spaces strongly generated by a weakly compact subset are called strongly
W CG Banach spaces, and denoted SWCG (or WCG). Their interesting properties have been
studied by G. For instance. if X is SWCG then it is weakly sequentially complete, and so the
subspaces of X either contain £ are reflexive, by Rosenthal’s theorem. Here we shall
consider Banach spaces strongly generated by a convex super weakly compact subset.

Definition (1.1.8)[1]. A Banach space X is said to be strongly super weakly compactly
generated (S2WCG for short) if there is a convex super weakly compact set K < X that
strongly generates X.

In spite of the length of the name, the notion of S2WCG has very natural examples. It is well
known that L, (u)for a finite measure u is strongly Hilbert-generated and so it is S2WCG.
Moreover, if X is super reflexive then the Lebesgue—Bochner space L, (u, X)is strongly
super reflexive generated. Indeed, we may assume that u is a probability. IfH < L; (i, X)
is weakly compact, then it is uniformly integrable, that is, the sequence defined by

an = sup( j Ifll du: f € H)
IIfllzn

converges to 0. The decomposition 1j¢ysnf + 1yf<nf for f € Hshows that H c
anBruwx) +nBL,x) Where L,(u, X)is identified with a subset of X by its continuous
injection into L, (u, X). That finishes the proof since L, (u, X).

Definition (1.1.9)[1]. The subset C < X is said to be p-finitely dentable if for every & >
0 there is n € N such that [C]} = @, where the set derivation is made with respect to p. If
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p is the norm metric, then we simply say that C is finitely dentable. The first n € N such
that [C]Z = @ is called the index of e-dentability and it is denoted D, (C, ¢).

X is super reflexive if and only if By is finitely dentable. Moreover, if X is uniformly convex
then D;(By,&) <1 + 6X(e)~twhere 6y is the modulus of convexity of X. Note that
Pisier’s celebrated renorming result implies that for a super reflexive space X there exists
¢ >0andp = 2suchthat D, (By,e) < ce& P forevery e € (0,1]. Devoted to the study
of the properties of finitely dentable sets in Banach spaces. The most relevant properties are
that convex finitely dentable sets are weakly compact and uniform Eberlein with respect to
the weak topology. Another interesting fact is that they characterize the super weak
compactness of operators.

Proposition (1.1.10)[1]. A linear operator T: X — Y is super weakly compact (equivalently,
uniformly convexifying) if and only if T (By) is finitely dentable.

Definition (1.1.11)[1]. Asubset K < X is said to be super weakly compact if K% is a weakly
compact subset of XU for any free ultrafilter U.

The relation of equivalence here is the same as in the case of Banach spaces, that
is, (Xig;, ~ Wiigr ifandonly if l_irlrl1 l|x; — v;|l = 0 where U is a free ultrafilter on a set
L

I. Note that it is enough to consider free ultrafilters on N since the weak compactness is
separably determined. We shall need some assorted definitions. A convex set C < X is said
to have the finite tree property if there exists € > 0 such that Ccontains e-separated dyadic
trees of arbitrary height. Recall that a dyadic tree of height n € N is a set of the form
{xs:]s| < n}, indexed by finite sequences s € U%_, {0,1}* of length |s| < n, such that
xg = 27 (xg_o — xs—,) forevery |s| < n,where {0, 1}°: = {@} indexes the root x, and “_"
denotes concatenation. We say that a dyadic tree {x,:|s| < n}is e —separated if
lxs—o — xs—11| = eforevery |s| < n.Afunction f: C — R defined on aconvex subset C c
X is said uniformly convex if for every ¢ > 0 there is § > Osuch that |[x — y|| < & when
ever x, y € C are such that

[ 100 pxtyy

The most typical convex function on a Banach space, its norm ||-|| , cannot be an uniformly
convex function (neither a strictly convex function), so we shall modify the definition for
norms. We say that a norm ||-||is uniformly convex on some bounded convex set K c X if
f(x) = ||x]|? is a uniformly convex function on K.

Note that a space X is uniformly convex if and only if its norm is uniformly convex
(in the previous sense) on By, equivalently on any bounded convex subset K c X.

As we announced, super weak compactness coincide with finite dentability for
bounded closed convex subsets of a Banach space. The following result establishes the
equivalence between both properties and several others studied.

Proposition (1.1.12)[1]. Let X be a Banach space and K < X a bounded closed convex
subset. The following conditions are equivalent:

(i) K is super weakly compact;



(i) K is finitely dentable;
(ili) K does not have the finite tree property;

(iv) there is a reflexive Banach space Z and a super weakly compact operator T: Z — X such
that K < T(B,);

(v) there is a bounded uniformly convex function f: K — R;
(vi) there is an equivalent norm |[||-]||lon X which is uniformly convex on K.

Proof. The equivalences (ii)<(v)<(vi) applied to the identity map on K. On the other hand,
(iv)=(ii) is consequence of Proposition (1.1.10), and (ii)=(iv) is contained. Note that if K
contains a e-separated dyadic tree of height n, then Dz(K,&/2) > n, following that
(if)=(iii). The equivalence (i)<(iii) . In order to close the loop, assume (ii). Then H = K —
K is finitely dentable (see also Proposition (1.1.15)). Clearly, if the norm|||-|]|| of X is
uniformly convex on H, then £, (x) := [||lx — xo[|? is uniformly convex on K for every
Xo € K, and thus K is uniformly convexifiable. We get that K is super weakly compact and
so (i1)=(i), which completes the proof

Note that if a bounded closed convex subset K < X has the finite tree property, then there
is e > 0 such that K% contains an infinite ¢ —separated dyadic tree for any free ultrafilter v
on N, and therefore K%is not weakly compact. That means that super weak compactness for
closed convex sets can be checked just by one free ultrafilter on N.

Property (vi) suggests to reproduce arguments involving uniformly convex norms for super
weakly compact sets. For the next two examples we shall need a couple of definitions. It is
said that a subset K has the Banach-Saks property if every sequence (x,) < K has a

subsequence (x,, )such that its Cesaro averages k1 §=1 X}, are norm converging to some

point of X. A bounded convex set K c X is said to have normal structure if every
nonsingleton convex subset H c K has a nondiametral point x € H, thatis, sup{|| y — x || :
y € H} < diam(H)}.

Proposition (1.1.13)[1]. Convex super weakly compact sets of Banach spaces have the
Banach-Saks property

Proof. It is possible to adapt the proof of Kakutani’s theorem as presented, but it is easier to
use that a super weakly compact operator has the Banach—Saks property.

Proposition (1.1.14)[1]. If K c X is a convex super weakly compact set, then there is a
renorming of X such that K has normal structure.

Proof. By Proposition (1.1.15) the set H = K — K is a convex super weakly compact set.
By Proposition (1.1.12) (vi) there is a norm||-|[of X which is uniformly convex on H. Let
S c K be a convex subset containing at least two different points u,v € S. Take

d = diam(S) and for ¢ = ||lu — v|| find § > 0 witnessing the uniform convexity of ||-||2
on H.Putx = (u + v)/2 and observe that for any z € S we have

2 2
u-— z||I“-+\llv—2z
5<” 1“ + 1l I

< 5 — llx— zlI> < d* — |lx — z|I?




since u — z,v — z,x — z € H and the uniform convexity of ||-||2. Therefore ||x — z|| <
Vd? — § < d for every z € S and thus x is a nondiametral point of S.

Note that the normal structure implies the fixed point property for nonexpansive mappings.

Observe that the Proposition (1.1.12) requires the hypothesis of convexity, and implicitly.
The results Theorem (1.1.6) and Theorem (1.2.8) too. Actually, we do not know if the closed
convex hull of a super weakly compact is again super weakly compact, that is, a sort of
Krein’s theorem. We know that the answer is negative for finite dentability and it is also
negative for the somehow related property.

The estimations of the dentability indices are implicit in the proofs.
Proposition (1.1.15)[1]. “Stability properties of convex super weakly compact sets”.

(i) A closed convex subset H c K of a convex super weakly compact is again super weakly
compact. Moreover, Dz(H,e) < Dz(K,¢).

(if) The image of a convex super weakly compact K set through an operator T is again super
weakly compact. Moreover, Dz(T(K),&) < Dz(K,/2||T|]).

(iii) The product of convex super weakly compact sets in a finite direct sum of Banach
spaces is super weakly compact.

(iv) The sum and the convex hull of two convex super weakly compact sets areagain super
weakly compact. In particular, the absolute convex hull of a convex super weakly compact
Is super weakly compact.

(v) Let K c X be such that for every € > 0 there is a convex super weakly compact set H,
such that K c H, + €By. Then Kis super weakly compact.

Section (1.2): Renormings in Super WCG Spaces

The most remarkable result in renorming of WCG spaces that ensures the existence of
equivalent locally uniformly convex norms. As super weakly compact sets are exactly the
sets supporting uniformly convex functions, we may expect that renormings for super WCG
should be “more uniform”. Actually, the uniform convexity of the norm given by
Proposition (1.1.12) (vi) only extends to certain family of weakly compact sets which satisfy
a local version of Definition (1.1.7).

Definition (1.2.1)[1]. Let K, H c X be subsets and suppose moreover that K is absolutely
convex. The set H is said to be strongly generated by K if for every ¢ > 0 thereisn € N
such that H c ny + By.

This definition is necessary where the strongly generated subsets are known. For instance,
consider a SWCG Banach X space and a probability measure space (£2, 2, u). Says that there
exists a symmetric weakly compact K c L, (u, X)that strongly generates any weakly
compact decomposable setof L, (u, X). A set H < L,(u, X) is called decomposable if 1,f +
10,49 € H whenever f,g € Hand A € 2.

We shall begin with an improvement of statement (vi) of Proposition (1.1.12).



Theorem (1.2.2)[1]. Let K c X be an absolutely convex super weakly compact. There is an
equivalent norm |[||-]|| on X such that its restriction to convex sets strongly generated by K
is uniformly convex.

Proof. Without loss of generality we may assume that K = T(B,) where T: Z — X is an
uniformly convex operator and Z is reflexive by Proposition (1.1.12) (iv). Consider the
sequence of equivalent norms on X

|12 = inf{llx — T@)I?>+ k~Y|z||?: z € Z}.

Note that the infimum is actually attained since Z is reflexive. Fix H a subset strongly
generated by K. Note that h,{“ llx||, = 0 uniformly on H. We claim that the norm ||| - |||on

X defined by |||-]1I? = ¥5_; 27% |I-]|2 has the desired property. Fix ¢ > 0 and suppose that
(%), () < H are such that

lim (2l 1xn 1% + 21[ynlI* = Hxn + yulll*) = 0.
An standard convexity argument yields that
im(2llxalli + 2llynllc = lxn +ynllic) = 0

for any k € N. Fix k € N such that ||x||;, < ¢ for every x € H and find (z,), (w,) € Z
such that

lxnllz = lxn = T@II? + k7 HIzZall? lynll = v — TWR)IZ + k™ w17,

Note that the sequences (z,,), (w,,) are bounded. For the sum of the points we have
lxn + Yulli < lxn + yn = T2+ Wl + k7Izy + wpll?

and so, using the convexity of the squared norm, we obtain that

k2l zpll? + 2l wnll? = llzn + will?) < 21§ + 2lynllé =l + yallk
Therefore

lim(2|zn]1* + 2llwnll* = llzn + wall*) = 0
which implies that lim||T (z,,) — T(w,,)|| = 0 by the uniform convexity of T. Takean N €
n

N such that ||T(z,) — T(w,)|l < eifn = N. Then we have

”xn - yn” < ”xn - T(Zn)“ + ”T(Zn) - T(Wn)” + ”yn - T(Wn)” <3¢
for n = N. That shows lim||x,, — y,,|| = 0 as we wanted.
n

Proposition (1.2.3)[1]. Let X be a dual Banach space generated by a super weakly compact
convex set K. There is an equivalent dual norm ||| - ||| on X such that its restriction to convex
sets strongly generated by K is uniformly convex.

Proof. Let ||-|| be a dual norm on X. We construct ||| - ||| as in Theorem (1.2.2). We only
need to check that it is w*-lower semicontinuous which is easy using the fact that the
infimum in the definition of ||-|| is attained.

This is another observation about dual renormings and, actually.
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Lemma (1.2.4)[1]. Suppose that X is a dual Banach space and T: X — Y is super weakly
compact and w* — w-continuous. Then there is an equivalent dual norm on X such that T
becomes uniformly convex.

Proof. Suppose that X is endowed with a (nondual) norm such that T is uniformly convex.
We claim that the norm |||. ||| on X having BY as the unit ball makes T also uniformly

convex. Given € > 0 there is § > 0 such that x, y € By and HTy” > 1-6 implies

IT(x) —T(y)|| <e.Asaconsequence, if H isahalf spacesuchthat HN (1 —§)By =0
then diam (T(H N By)) < e&. Take x,y € X with |||x]|]| = |lly|lll =1and |||x +y||]| >

2 —26,thatis,x,y € Wand % € (1 - S)W. Take H aw*-open halfspace With% €

H and Hn (1 —8)BY = @. Observe that ||x —y|| <2 diam(# n BY"). Now, by the
w* — w-continuity of T we have

T(H n BY ) c T(H n BX)” = T(H n BX).

As diam(T'(H n By)) =diam(T(H N By)) < &, we get that |[T(x) —T(y)|| < 2¢ and so
the uniform convexity of T with respect to |||. ||l

Given H c X, the seminorm on X* of uniform convergence on H is denoted py, that
IS, py (x*) = sup{|x*(x)| : x € H}. The following Smulyian’s criterion for H-UG.

Lemma (1.2.5)[1]. Let X be a Banach space and H c X a bounded subset. The norm on X
iIs H-UG smooth if and only if py(x;, — y,) = 0 whenever (x;,), (y,) € Sy-are such that
lim |lxn + yall = 2.

Lemma (1.2.6)[1]. Suppose that X is K-UG smooth and H is strongly generated by K, then
X is H-UG smooth as well.

Proof. Let (x;,), (yy) € Sy suchthatlim ||x;; + y,|| = 2.Fixe > 0andfindm € Nsuch
n

that H ¢ mK + €By. By Lemma (1.2.5), take N € N such that py (x;, — y,,) < &/m for
n = N. It is easy to see that py(x;, — y,) < 3e forn = N, and thus the norm of X is H-
UG smooth, again by Lemma (1.2.5).

Let us recall that it is a natural consequence of the symmetry of I3s4“Pe",

Theorem (1.2.7)[1]. Let K c X be an absolutely convex super weakly compact set. There
is an equivalent norm [|-|| on X such that it is H-UG smooth for any H c X bounded and
strongly generated by K.

Proof. Take T : Z — X a super weakly compact operator such that K < T(B;) where Z
is reflexive (see Proposition (1.1.12) (iv)). Then the adjoint T* : X* — Z* is super weakly
compact as well. By Lemma (1.2.4) we may renorm X* with a dual norm [|-|| such that T*
is uniformly convex. Moreover, we may assume that X is endowed with the induced predual
norm. We claim that this norm is K-UG smooth. Indeed, applying Lemma (1.2.5), take
(%), () € Sy+such that lirrln llx;, + ynll = 2. Since T* is uniformly convex, we have

0 =lim [IT"Cen) — T"(a)ll = lim sup{|T"Cen — yn)(2)| : z € Bz}
=lim sup{|Gxz — y)(T(@)[:z € Bz} 2 lim pe(xn — wp).
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Therefore, lim pg(x;; — y,) = 0 and the norm on X is K-UG smooth as desired. Now,
n

by Lemma (1.2.6) the norm |[|-|| built on X is H-UG smooth for every H c X strongly
generated by K.

Theorem (1.2.8)[1]. Let X be a S2W (G Banach space. Then there is an equivalent norm on
X such that its restriction to any reflexive subspace of X is both uniformly convex and
uniformly Fréchet smooth.

This result extends qualitatively renorming results done for the spaces L,(w)
and L, (u, X)with X super reflexive. Note that it is established that for a strongly super
reflexive generated Banach space there is a renorming which is uniformly Fréchet smooth
on its reflexive subspaces. Example (1.2.9) shows that the class of S2W G Banach spaces
Is strictly larger than the class of strongly super reflexive generated Banach spaces.

The structure is a survey on super weak compactness which includes the main equivalences
in the convex case and an account of the properties which are relevant for the results. We
also describe the relationships with the uniformly convexifying operators of Beauzamy
which are extremely useful for the proofs. We devoted to super W CG Banach spaces and
their renormings, including the proof of the main results and two examples.

The interesting example of a super property is the super reflexivity, introduced. A Banach
space X is super reflexive if any ultrapower XY is reflexive for U any free ultrafilter. States
that X is super reflexive if and only if it has an equivalent uniformly convex renorming.
Extended the notion of super reflexivity to operators. An operator T: Z — X is uniformly
convexif given € > 0 there is § > 0 such that ||T(x) — T(y)|l <& when ever ||x| =
lyl| =1and ||lx +y|| > 2 —§&. An operator T: Z — X is said uniformly convexifying if
it becomes uniformly convex after a suitable renorming of Z. Of course, uniformly
convexifying operators coincide with the super weakly compact operators.

A localized version of super reflexivity for subsets was introduced. Let C be a bounded
closed convex set of a Banach space X and let p be a metric defined on X (the norm metric,
for instance). We say that C is p-dentable if for any nonempty closed convex subset D < C
and € > 0 it is possible to find an open half space H intersecting D such that p-diam(D N
H) < &.If C is p-dentable we may consider the following “derivation”

[D]; = {x € D: p—diam(D n H) > ¢ VH € H,x € H}.

Here H denotes the set of all the open half spaces of X. Clearly, [D]; is what remains of D
after removing all the slices of p-diameter less or equal than e. Consider the sequence of
sets defined by [C]§ = C and, for every n € N, inductively by

[Cl7 = [[CIE7"]:

Such a process can be extended to transfinite ordinal numbers in a quite natural way, and
for any dentable set the process finishes at the empty set. However, we are only interested
in sets for which the iteration process is finite.

Proof. By Theorem (1.2.2) we know that there is an equivalent norm ||-||; on X such that its
restriction to any reflexive subspace of X is uniformly convex. On the other hand, by
Theorem (1.2.7) there is an equivalent norm ||-||, on X such that given a reflexive subspace
Y c X, then||:||, is By -UG smooth. In particular, the restriction of ||:||, to Y is uniformly
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Fréchet smooth. Our aim is to show that the norms ||-||; and ||-||, can be “averaged”. Let P
denote the set of equivalent norms on X endowed with the distance p(p,q) = sup{|p(x) —
q(x)] : ||x|]| = 1}. The metric space (P, p) is a Baire space. We claim that the set of norms
sharing the property of ||-||, is a residual subset of (P, p), that is, it contains a dense G s-set.
Forany p € P consider the set

G.j) = {q € P: sup{lp(x)® +j~ lIxlIf — qC)?: lIxll = 1} < j=2}

By construction G(p,j) is open in (P,p) and Gy = Upep Ujsk G(p, k) is dense. We will
show that any g € Ny, G is uniformly convex restricted toany Y < X reflexive. Suppose
that (x,,),(v,) < By are such that

lifln(ZQ(xn)z + chyn)z — qx, + yn)z) = 0.

Given k € N then g € G(p,j) for some p € P and some j > k. Using convexity we
deduce that

j_l(zllxn“% + 2“3’11”% - “xn + Yn”%) < 8j_2 + ZQ(xn)z + ZCI(yn)Z - Q(xn + yn)z-
Taking limitsas n — oo we have

j7Himsupllx,lIf + 2lyallf = llx, + yallD) < 8572
n

That is, limsup(2||x, |1z + 2|y, 15 = llx,, + v,lI2) <872 < 8k™1. Since k € N was
n

arbitrary, we have lim(2||x,||1? + 2|y, |1 — lIx,, + v,11?) = 0, and the uniform convexity
n
of ||-||; implies that lim ||x,, — y,,|| = 0. Therefore q is uniformly convex on Y as desired.
n

In order to show that the set of norms sharing the property of ||-||, is a residual subset of
(P, p) too it is enough to work on the set of equivalent dual norms on X* because the duality
map is a homeomorphism.

By Lemma (1.2.5) it is enough to show that there is a residual set of equivalent dual norms
IIl-[l on X* such that lim pBy(x; — yn) = 0 whenever Y < X is reflexive and
n

(x1), (yn) © By~ are such that
lim2[| g 1% + 2MllyzllI* = Nl + yalll*) = 0.

It is obvious that the same argument as the one used before for ||-||; will give the desired
result. Now, the intersection of two residual sets in the Baire space (P, p) is nonempty, thus
there exist norms sharing the properties of ||-||, and ||||,.

The following example shows that there exist S?WCG Banach spaces which are not
super reflexive generated. Note that such spaces cannot be reflexive because a reflexive
S2WCG Banach space is super reflexive, and they must be nonseparable since separable
Banach spaces are Hilbert generated.

10



Example (1.2.9)[1]. Let (p;) be an enumeration of (1,2] N Q. Then the space

X =D 4y, @)
k=1 1

is SZWCG, but X is not super reflexive generated.

Proof. We claimthat K = [y, 27 B{,pk(wl) Is super weakly compact. Indeed, observe that
K cII%, Z‘Rngk(wl) + 27"By for every n € N. Since [[%_, Z_Rprk(wl) is a finite sum

of convex super weakly compact subsets it is again super weakly compact by Proposition
(1.1.15). Now Proposition (1.1.15) implies that K is super weakly compact.

Let H c X be weakly compact, and let 7r;, be the projection on the k-th summand of
X. We claim that for every ¢ > 0 there isn € N such that

sup{ z |, () :x € H}S E. (D

k=n+1

Indeed, assume that for some € > 0 the property does not hold. Then we can find x; €
H,n, € N and wy, € p,(w,)" with |lw,|| = 1fork < n, such that

nq (o)

Y () >e and Y lmCe)l < &/2

k=1 k:n1+1

Findnow x, € H,n, > n; and wy € p,(w;)* with ||wi|| = 1 forn; < k < n, such that

n, [o%0)
Z Wk(nk(xz)) > ¢ and Z | () || < €/2.
k:n1+1 k:n2+1

Repeating inductively this argument we get sequences (x;) € H, (n;) < N and norm one

functionals w;, € fpk(wl)* satisfying analogous estimations. Consider the operator T :

X — ¢, defined by T(x) = (Wk(nk(x))) . Since ¢, has the Schur property, we have
k=1

that T(H) is a norm compact subset of £;. On the other hand, by the previous construction

we have ||T(x;) — T(x;)|| > &/2 for k # j, and thus T'(H) cannot be norm compact. This

contradiction proves the claim.

Now we are ready to show that K strongly generates X. Let H ¢ X be a weakly
compact subset and € > 0. Take n € N such that inequality is satisfied. If m > 0 is such
that , (H) c mZ‘RB{,pk (w,) forevery k < n,then H € mK + €By.

In order to prove the second statement, consider the space

11



y = z 2, (@) | -
k=1 2

The identity map / : X — Y is an operator with dense range. If X were super reflexive
generated, then Y would be super reflexive generated too. But Y is not super reflexive
generated since this space is the example showing the nonreversibility of (ii)=(iii) in
Theorem (1.1.3).

The construction given in Example (1.2.9) easily implies that 23"P¢" does not have the
factorization property, but it has the disadvantage of being nonseparable. The following is
an example of separable convex super weakly compact set that cannot be interpolated by a
super reflexive space.

Example (1.2.10)[1]. Consider X = 3y, €k)2 and = [Iz=, 2"‘B€k . Then X is reflexive
and separable, K is a super weakly compact set that generates X and

sup{ePDz(K,e): ¢ € (0,1)} = 40

forevery p > 1. In particular, we have K & T(B,) for any super reflexive space Z and any
operatorT : Z — X.

Proof. Some of the statements can be easily checked and the super weak compactness of K
follows by the same proof as in the previous example. Only the estimation of the growth of
Dz(K, €) needs a proof. Fix k € N and take € € (0,27%). A simple homogeneity argument
gives that

Dz(K,¢e) =2 DZ(B{,k,Zkg) > (2ke)7k = 9—k? gk

where we are using that Dz(B,,,, &) = &~P.Such an estimation is obtained as follows. Start

a 2e-separated dyadic tree in £, with root 0. Set the first level as (¢,0,0,...) and
(—=¢£,0,0,...),thesecond level as (¢, ¢,0,...), (¢,—¢,0,...), (—¢,¢,0,...), (—¢&,—¢,0,...),
and so on until the n-th level. If neP < 1, then that tree is contained in the unit ball and, in
such a case, Dz(ng, €) > n. Taking n as the integer part of 7P we get the desired bound.

We finish with a reflection on an alternative meaning for the sentence “super WCG”’:
What are the Banach spaces X such that their ultraproducts X% are WCG? Such class of
Banach spaces might be wvery restrictive as the next partial result hints.
Proposition (1.2.11)[1]. Let X be a Banach space, let K be a convex weakly compact set
and let U be a free ultrafilter on N. Assume that K is weakly compact and generates X4,
then X is super reflexive.

Proof. First note that K is a super weakly compact and by Proposition (1.1.15) we may
assume that K is absolutely convex taking conv(K U (—K)). We claim that By is strongly
generated by K. Assume the contrary, so there is € > 0 such that for every n € N we can
find x,, € By \ (nK + €By). By construction, the element (x,,) € XU satisfies ||(x,) —
(vl = € for every (y,) € US_, mKY¥ which is a contradiction. Now By is weakly
compact since it is strongly generated by a weak compact. Moreover By is super weakly
compact by Proposition (1.1.15), and thus X is super reflexive.

Definition (1.2.12)[5]. A Banach space X is WCG if X admits M. 2R norm for som bounded
12



Definition (1.2.13)[6]. A Banach space X is said to be super. Reflexive if every Banach
space Y which an be finitely repre sentable in X refixive.
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Chapter 2

p-Compact Sets of p-Compact Linear Operators

After obtaining a factorization of p-compact linear operators via universal Banach
spaces, and using the lifting property of quotient maps for p-compact sets we prove a
factorization result for relatively r-compact subsets of p-compact operators, where r >
2,1 < p < r < oo.Toapply our results to homogeneous polynomials.

Section (2.1): Preliminaries

W.B. Johnson proved that an operator in the closure of finite rank operators can be
factorized through a universal Banach space. T. Figiel proved that compact operators can be
factorized through a closed subspace of Johnson’s universal Banach space. D.J. Randtke, T.
Terzioglu, and J. Dazord factorized compact operators defined on some certain Banach
spaces, such as £, , L. Then W. H. Graves and W. M. Ruess, extended these works to
simultaneous factorization of operators belonging to compact subsets of compact operators.
But the (uniform) factorization of compact subsets of compact operators on arbitrary Banach
spaces was studied by R. Aron, M. Lindstrom, W.M. Ruess, R. Ryan. Showing that the
universal Banach space established by W.B. Johnson and T. Figiel also serves as a uniform
factorization space for factorization of operators belonging to the space of compact weak™*-
weak continuous operators, they obtain a factorization of relative compact subsets of
compact operators defined on an arbitrary Banach space.

As a stronger form of compactness D.P. Sinha and A.K. Karn introdueced pcompactness
notion, which was motivated by the well-known characterization of compact sets duee to A.
Grothendieck.

We study simultaneous factorization of operators belonging to a p-compact subset of
p-compact operators, basing on R. Aron, M. Lindstr'om, W.M. Ruess, R. Ryan. We firstly
consider factorization of p-compact operators via universal Banach spaces, then we study
factorization of relatively r-compact subsets of the Banach space of all p-compact operators.
We get a factorization of p-compact operators through a universal Banach space. We study
uniform factorization of relatively r-compact subsets of p-compact operators.

The characterization of relatively p-compact sets in the projective tensor produect of
Banach spaces, strengthen a result given, and then making a careful modification with
quantitative strengthening of a method given and show that every p-compact operator in
certain relatively r-compact subsets of the Banach space of p-compact operators with r >
2and 1 < p < r < oo, can be factorized simultaneously through a universal Banach space.
It should be pointed out that we do not use any selection principal in our proof, rather we
use the lifting property of quotient maps for p-compact sets. Finally, we prove partial p-
compact versions of a result of E. Toma for homogeneous polynomials. We show that for
any p = 1 every relatively p-compact subset of a Banach space of p-compact operators is
collectively p-compact.

The letters X and Y will always represent complex Banach spaces. The symbol By
represents the closed unit ball of X, Sy represents the unit sphere of X. For any topology t
on X, M* will denote the 7 -closure of a set M in X. The space of all bounded linear operators
from X to Y will be denoted by L(X,Y). The subspace of all compact (respectively, finite
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rank) operators of L(X,Y) is denoted by K(X,Y) (respectively, F(X,Y)). If X is a Banach
space, and 1 < p < oo with the conjugate index p* given by% +% =1 (where p* =1 if

p = ), welet£,(X) (1 < p < ) (resp., o (X)) denote the set of all sequences (x,)5=4
in X such that }>_; ||x,|[P < oo (resp., (x,)n=1 IS bounded), and we let c,(X) denote the
set of all sequences (x,)qn=; in X suchthatx, — 0inX. Aset K c X issaid to be relatively
p-compact if there is a sequence (x,)p=1 N £,(X) ((xp)n=1incy(X) € £, (X) if p =

o) such that K c { fi=1 Gy, (@p)n=1 € By, } A relatively p-compact and closed set

will be called p-compact. We denote this last set by p — co{(x,,)% =1} and we will call it a
fundamental p-compact set since these sets form a fundamental system of pcompact sets of
X. From Grothendieck’s characterization of compact sets, a subset K of a Banach space X
is relatively compact if and only if there is a sequence (x,)%=; in ¢, (X) such that K c

{2$=1 AnXp ¢ (an)o;::]_ € B{)l}'

Thus, by the above definition one can consider compact sets as co-compact. Also, note that
p-compact sets are g-compact if 1 < p < oo, For 1 < p < oo an operator T € L(X,Y) is
said to be p-compact if T(By) is a relatively p-compact set in Y. The subspace of all p-
compact operators of L(X,Y ) will be denoted by K,,(X,Y).

If T belongs to K,,(X,Y ), we define

ke (T) = inf{| )iz llp: G5z € (V) and T(By) € p — co{(ym)iizs}}

where k,, coincides with the supremum norm. It is easy to see that k., isanormon K, (X, Y),
and that (K, k) is a Banach ideal.

We recall that a mapping P: X — Y is an n-homogeneous polynomial if there

is an n-linear mapping A: X X ... X X — Y suchthat P(x) = A(x,...,x) forall x € X.
Let P("X,Y) denote the space of all continuous n-homogeneous polynomials from X to Y,
endowed with the usual sup norm. Given a polynomial P € P("X,Y ), there is a unique
symmetric continuous n-linear mapping P € L(™X,Y) such that P(x) = P (x,...,x) . Itis

n times
well known that the correspondence P < Pis a topological isomorphism between

L*(™ X,Y), the space of all symmetric continuous n-linear mappings from X to Y , and
P(™X,Y). The space of n-homogeneous polynomials that are weakly uniformly continuous
on bounded subsets of X is denoted B,,,,("X,Y) and the corresponding space of symmetric
n-linear mappings is denoted by L, ("X,Y). When Y = C, instead of P, ,("X,Y),
L*("X,Y) and L;,,("X,Y) we will shortly write B,,("X),L°("X)and L3, ("X),
respectively. For each n-homogeneous polynomial P there is a linear operator Tp: X —
LS(™1X), defined by Tp(x;) (x5, ...,%,) = A(xy, X5, ...,%,). It is known that P belongs to
P, ("X) if and only if the operator T, is compact.

Following R.M. Aron, M. Maestre and P. Rueda we say that an n-homogenous
polynomial is p-compact if for each x € X there is a neighborhood V. of x such that P (V)
is relatively p-compact in Y. We denote by PK,("X,Y) the space of p-compact n-
homogeneous polynomials. By an n-homogenous polynomial P is p-compact if and only if
P(By) is relatively p-compact in Y. On PK,,("X,Y ) we define
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ke (P) = inf{ll ez llp: ()5 € L,(Y ), P(By) © p — co{(xn)iizy}}

which is a norm satisfying that ||P|| < k,,(P) for any p-compact homogeneous polynomial
P. Also, (PK,("X,Y), k,) is a Banach space.

X @, Y denotes the tensor produect of X and Y endowed with the projective norm 7, which
is defined as w(u) = infOn_; llx.llllvelimneNu=Y"_1 x, Qy} forx e X R, Y.
@Z'j X will denote the completed n-fold symmetric tensor produect of X endowed with the

projective s-tensor norm mg, which is defined as my(z) = inf {Zﬁ1 ][] 2z =
YR, A Q" xj} for z E@ﬁs’s X, where @ x:= x R...Q «x.
n—times
Finally, - = ¢, if p = 1 and the [,,-sum (of Banach spaces), as usual, will stand for
the cy,-sum if p = oo,

D. Galicer, S. Lassalle and P. Turco showed that a linear operator is p-compact if and
only if it is quotiented in [,-. To be more precise, their proof can be sketched as follows:
Given T € K,(X,Y) there is a z = (z,)n=1 € [,(Y) such that T(By) c {¥7-1 @nz,:
(ay)m=1 € L}, where L is a compact set in B{;p* . Then, define two linear mappings 6,: L,- -
Y by 6,(a0) = Ty @nZn @ = (@n)iy € Ly, and B,:1,/kert, > ¥ by 8,([a]) =
6,(a). And define a linear operator R:X — l,«/kerf, by R(x) = [(a,)7=1], Where
(ap)n=1 € L is asequence satisfying that T(x) = Y71 anZn.

Then one can easily see that T = 8,0R. Here, we notice that 8, is p-compact and R

is compact. We get the following factorization of p-compact operators through a universal
Banach space.

Theorem (2.1.1)[2]. Let 1 < p < oo, let X and Y be Banach spaces. Then there is a universal
Banach space Z®) such that every operator T € K,(X,Y) can be factored as T = B 0 4,
where A € K(X,Z®) ) and B € K,(Z®,Y). In particular, for 1 < g < 00,Z® can be
chosen as Z® = (T, W(p))q, for a fixed g, where W® runs through the quotient

spaces of 1,- which are Banach spaces.

Proof. Given T € K,,(X,Y), there exist z = (z,)%=1 € L,(Y),R € K(X, L, /kerf,)
and 0z € K,(l,- /kerf,,Y) such that T =8, R. Let I ./ kero, Ly [kerf, — AL
denote the natural norm one embedding and let P, . /ker6), : Z® > 1. [ker, denote the

natural norm one projection. If we define the mappings A: =1, , oR and :=6, o

p*/kerf

Po. kere,  then A € K(X,Z®),B € K,(Z,Y)and T = B o A.

On the other hand, we know by results of T. Figiel and W.B. Johnson, combined with
a result of S. Banach and S. Mazur, that compact operators between Banach spaces can be
factored compactly through a quotient space of ;. We note that by a slight modification we
recover this result easily as follows, which we include here for the sake of completeness.

Proposition (2.1.2)[2]. Let X and Y be Banach spaces and let T € K(X,Y). Then there exist
(z,)%2-1 € co(Y),R € K(X,1,/ker6,) and 6, € K(l,/ker8,,Y )suchthatT =8, o R.
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Proof. Let (z,)%=1 € co(Y)be such that T(By) C {¥3-1 anz, : (an)%=1 € B,
Choosing a sequence (A,,)n=; With, 4, = 1 and 4,, = oo such that (1,,z,,) 5=1 € ¢o(Y), and
defining (yn) 7=1: = (Anzn) =1, We 9et T(Bx) © {Xn=1 Bn¥n * (Bn)n=1 € L}, where L is
arelatively compact setin B; . Now following the lines of the proof one can get the required
factorization.

As a consequence of Proposition (2.1.2), we obtain the following p = oo case of
Theorem (2.1.1), which is nothing more than a factorization of compact operators through
a universal Banach space, and is well known as we already mentioned above.

Theorem (2.1.3)[2]. Let X and Y be Banach spaces. Then there is a universal Banach space
Z(®) such that a compact operator T € K(X,Y) can be factored as T = B o A, where 4 €
K(X,Z¢)) and B € K(Z,Y). In particular, for 1 < q < 00 Z(*) can be chosen as
7)) = (3, W), for a fixed q, where W' runs through the quotient spaces of [; which are
Banach spaces.

The above factorization results will be used in the next section. It should be pointed
out that factorization results for operators are quite useful when working with approximation
properties of Banach spaces, since in many cases they have a crucial role for determining
whether or not certain (classes of) Banach spaces have certain type of approximation
properties. For instance, we consider the approximation and the k,-approximation
properties. We recall that a Banach space X is said to have the approximation property (AP
for short) if for every compact set K in X and every € > 0, there existsa T € F(X; X) such

that sup ||Tx —x|| <&, and a Banach space X is said to have the k,-approximation
XEK

property (k,,-AP for short) if for every Banach space Y, F(Y, Xk = K, (Y,X). Itis known
that there are quotient spaces of [, for 1 < g < 2, which does not have the AP. But using
the factorization for p-compact operators given in one gets the same result at once without
any effort. By using standard methods, we get easily another known result asserting that if
1 <p < oo,p # 2, then there are quotient spaces of [; which does not have the k,,-AP.

Section (2.2): The Results

R. Aron, M. Lindstrom, W. Ruess and R. Ryan obtained (uniform) factorizations of
compact subsets of compact operators between Banach spaces. Here by a suitable and
careful modification of their method we obtain, speaking roughly, (uniform) factorizations
of r-compact subsets of p-compact operators between Banach spaces. In order to obtain this
result we need some preparation. We will start with a sequence of lemmas.

Lemma (2.2.1)[2]. (the lifting property of quotient maps for p-compact sets) Let X be
Banach space and let 1 < p < oo. Let N be a closed subspace of X and let Qff : X - X/N
be the quotient mapping. If K is a relatively p-compact subset of X/N, then there is a
relatively p-compact subset C of X such that K < Q¥ ().

Proof. If K is a relatively p-compact subset of % there exists (X,,); € L, (%) suchthat K c
(%21 anXp:(an)5=1 € B, }. For each n € N, choose x, € X, such that [|x,|l <
| X1l + % , SO that (x,,) %=1 € [, (X). Taking C:=p — co{(x,)n=1)} ends up the proof.
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The following lemma says that any p-compact subset in the range of a surjective continuous
linear operator is always contained in the image of a p-compact set by the operator.

Lemma (2.2.2)[2]. Let X and Y be Banach spaces, let 1 <p <o andletT € L(X,Y) be
onto. If H is a relatively p-compact subset of , then there exists a relatively p-compact subset
Aof X suchthat H c T(A).

Proof. If Te L(X,Y) is onto, then it admits a factorization T =T, Q, where
To: X/N(T) = Y isan isomorphism and Q: X — X/N(T) is the quotient map. Letting C: =
Ty 1 (H) and applying Lemma (2.2.1) we get the conclusion.

A result similar to the above lemma, replacing quotient maps by continuous surjective linear
maps, can be stated for fundamental p-compact sets as follows.

Lemma (2.2.3)[2]. Let X and Y be Banach spaces and let T € L(X,Y) be onto.
a)Ifp=1,a>1and H c p — co{(ay)r=,} with (k%ay);-, € [,(Y), then there exist a
sequence (Ty)r=; € X with (k%74 )= € L,(X) such that for L:= p — co{(ty) %=1} We
have H c T(L).
b) If 1<p <o and Hcp— co{(ay)r-1} With (kay)%=1 € L,(Y), then there exist a
sequence (7) %=1 € X with (kt,) %=1 € [,,(X) such that for L: = p — co{(7y) =1} We have
H c T(L).
Proof. We give a proof for the case p = 1 since the proof forthe case 1 < p < oo issimilar.
Since T € L(X,Y) isonto, as in the proof of Lemma (2.2.2), we can write T = T, o Q, where
To: X/N(T) — Y is an isomorphism and Q:X —» X/N(T) isthe quotient map. If y € H,
then there exists (ay),-1 € B,+ such that y = ¥%¥_; ajay. For each k € N, there is a
T, € Tyt (ag):= [1x] € X/N(T) such that ||7,]l < |[[ze] Il +k% . Therefore, since
[o%e) - o [ee) 1 H o]
Yier kOt < ITo Ml X%=1 Nk%all + Xg=q PN letting L:=p — co{(ti)k=1}s
we get that H c T(L). By strengthening a result we obtain the following lemma, which
relies on a result of A. Grothendieck characterizing tensor produects. This lemma will be

the key result since the main result Theorem (2.2.5) will be based on the tensor
representation provided therein.

Lemma (2.2.4)[2]. Let X and Y be Banach spaces.

a)Let2 <p < oo. If L € p—co{(ty)p=q} With (k1})}=1 € lp(X R, Y), then there exist
sequences (1 )x=1 € co(X), (sk)x=1 € l,(Y) and a subset K of BLp* with K c p* —

co{(tx) %=1} (ti) %=1 € Lp* (B{’p* ); suchthat L © {¥%-; Arkc @ sic: (M) k=1 € K}

b) Letl <p < oo.IfL ©€ p — co{(ty) %=1} With (1,)%=1 € L,(X ®,Y), then there
exist sequences (1) %=1 € co(X), (sx)%=1 € [, (Y )andacompactsubset K of ng* , such

that L < {X%-1 Ame ® skt (M)%=1 € K}

Proof. a) If L © p — co{(7y) %=1} With (k1 )%=, € [,(X ®,Y), then for any 7 €
L there exists (A7)%-; € B, . such thatt =X%.; Aizy.Since 7, € X®,Y,it
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follows from that 7, = Y%, Axi7k; ® Sk, Where for every i € N,71; € Sy,Si; € Sy
and X2, || < cowith gy := 32 || < () + ﬁ . Thus we get that

~

. . o w 1 A\ /P Ak,
Since the series o=l D=1 ;Aﬁ (ﬁ) ki @ k( “
absolutely in X ®,, Y, and since ¥%_, Y%,

\1/p p
and  X%-1 Xi k(%;) HiSk,i || = Zp(Zk 1 (ﬂ(ka)) +2pk) < oo, by

choosing a specific order one can write

Ty T Akl
(]/l =1 ‘— /1 € B{) ,
k Hk (k,i)ENXN b

(xl )Olozl = (rk’i)(k,i)ENXN € lOO(X)t

D \P
0 )7er = <k (M_> Mksk,i> € L,(Y),

k (k,i)ENXN

* P
1.7 Ak,i)l/p o _—_
gy [ .2 = A <
k k(uk Zk 1 kp* = | | 1

so that we obtain a representation t = Y2, v/ x; @ y; . Moreover, since Y12, ||lylIP <
oo, We may choose a positive increasing sequence (c; )= 1 diverging to infinity, such

that 72, lyillPe; < oo. Thus, writing T = X9, v/ x,—7 1/p X Cl/p Yy, and letting r; :

= xl% and s; := cll/p y, for each L, we get that 7 =7, v/ & s;, where
ol

(1 )7=1 € co(X) and (s;)7%; € L,(Y).

Now, we claim that the sequences (y} )=, (t € L), range over a relatively p*-compact
subset K of pr* . Indeed, according to the order chosen above, we can write

DR

(ki)eNxy 1 =1

1

1 A
0% = | ()

Uy

k i i k
where the vectors e appeared in the double indexed set (ef ) khenxy A€ the standard

basis vectors e; of [,- ordered as above. Next, for each k € N, we define ¢t :=
1/p* .
Zl 1 (@) el . Hence, for every k € N we have that ¢, € By . and, since 1 <
Uk
0 * Ak
P < 2we  have TR ledf = Tin oXT, [ ||| P < oo Thus,
(t)%=1 € Ly (Be,.) < Ly (1,+ ). On the other hand since p* < p, we have (A5)%-; €
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By, . Therefore, since (y; )721 = X%=1 Aktx With (A7)%=1 € B, , if we take K as the
set{(y/ )=y : T € L}, thenK c p* — co{(ty)%=1}, and the proof of part a) is complete.
b) If L < p — co{(t)) %=1} With (t;)%=; € 1,(X ®, Y), then by a similar argument as
in (@) any T € L can be writtenas t = {2, Air; @ t; with (17 )7, € B, where
(r)71 € co(X) and (t;)52; € L,(Y). Since (t;)7.; € L,(Y), we may choose f =

(Bi)%=1 € B, such that (%) ) € L,(Y). Accordingly we write 7 = Y7, A4in; &®
i/ =

ti = Xy PiAin % where (A})5%, € sz* . If for every i € N we let 6] := B;A]
ti

, then,
Bi

and s; :=

T = z 0/ Q s;,(0])7-, € Blp*
i=1

with (1;)52; € ¢o(X), (s)%21 € L,(Y ). To see that the sequences (6; )7., range over a
compact subset of B, ., note that the set K := {(Bivi) =1 (Vi)i=1 € B, . } is a compact
subset of sz* , SO the proof of the claim is complete.

As a final step towards our main result, let 1 < p < oo, and let Z(P) be the universal
Banach space given in Theorem (2.1.1). Given Banach spaces X and , according to Theorem
(2.1.1), the continuous bilinear map

T: K(X,Z®) x (K,(Z?,Y ), k,) = (K,(X,Y ), kp), T (wv) = v oy,

is onto. The linearization of 7,2 : K(X,Z® ) ®, (K,(Z2®,Y ), k,) - (K,(X,Y ), k}),
definedby 7 (u @ v) = 7 (u,v) = v o u,isacontinuous linear map which is onto. For
the proof we will carefully modify a method. It should be emphasized that in our proof we
do not use any selection principal as it is done in the first method, instead we use the lifting
of p-compact sets (given by Lemma (2.2.1)) which is already pointed out at the end of the
compact case.

Theorem (2.2.5)[2]. Let X and Y be Banach spaces, letr > 2andletl < p < r < oo,
For every (balanced and convex) relatively r-compact subset H of (Kp X,Y), kp) such that
H c r — co{(ay) %=1} with (kay)%-, € L.(K,(X,Y),k,), there exist an operator u €
K (X, Zr ) a (resp. balanced and convex) relatively r*-compact subset {B : T € H}of
K(Zz;,Z™ )and an operator v € K,(Z,Y ) suchthat T = v o By o uforall T €
H, where Zp ; denotes a universal factorization space of Figiel and Johnson, and Z™ js the
universal Banach space given in Theorem (2.1.1).

Proof. Since % is a continuous linear onto map and H < r — co{(ay)y-,} Wwith
(ka) %=1 € L(K,(X,Y ), ky), by Lemma (2.23) b), there exists (74)%=; in
K(X,Z2®) ®, (K,(2P,Y),k,) with (ki) %=1 € L(K(X,ZP ) ®,
(K,(Z® ,Y),k,)) such that for L := r — co{(7y)%=1} We have H < #(L). Thus, for
every T € H there exist 7 € LsuchthatT = 7 (t;). By Lemma (2.2.4) a) we have a
representation T, = X%, A’ ® s; with (47 )0;1 € K, where (r)%, €
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Co (K(X,Z(P) )),(si)"{;l € L(K,(Z®),Y ), k,) and K c L is a relatively r*-
compact subset. Now, define r: X - CO(Z(p) )byr(x):: (ri(x))il. Then r €
K (X, co(Z2® )) Next, foreach T € H define A7 : ¢o(Z® ) > - (Z® )by A (2) =
(A" zi)ol_o:l,z = (2)%1 € co(Z2® ). Since

S oaral” <Y Al < (supoz) Y <o

i=1 i=1 teN i=1
Aris well defined and that A; € L(cO(Z(P) ), L+ (2P )) Now we consider the

continuous linear map A: L+ = L(co(Z®),L+ (Z®)) defined by A)z:=
Liz) T A = ()22 = (2)5%,-Since {Ar: T € H} c A(K)and K is a relatively
r*-compact subset in [, it follows that the subset {AT: T €

Hlof L (cO(Z(p) ), L~ (2® )) is relatively r*-compact. Finally we define s:
[~ (Z(p) ) - Ybys(w):=X%, siiw),w = W), € L+ (Z(p) ) Since
1 1

i s (wol si kp(slwill < (i (kp(si))r>r (i Iw ) <o,
i=1

, S IS a continuous operator. Now we
r

show that s is, in fact, r-compact. For every i € N, since s; € K,(Z®,Y)andp < r

then s; € K,(Z®,Y) and  k.(s;) < ky(s;). Hence, since (s)%; €

L(K,(Z®,Y),k,)), then X%, (kr(s))" < . Now, for every i €N, choose a
1 .

=1||r < kr(Si)'l';Wlth Si(BZ(p)) cr —

s is well defined, and since |[s|| < ”(kp(si))il

sequence (cﬁl):zl
.\ 00 . .\ 00 T
co {(Cfll)nzl}' Since Y2, ||(C,‘1) n=1||r <2732, (ke(s) +32, 2% < oo, we

(%) [o'e) i 11" 0 i\ T (o}
have Y%, Yo, |l =32, ||(c,3)n:1||r < . Next, letw = (w)%, €
B, . (2®) (without loss of generality we can assume that w; # 0 for each i € N). Now,
one can writt s(w) = X%, llwill X5=1 @y’ ¢k with (a," )::1 € B, . . Note that

i i Iwillay ci, < Zl e ) ) (i )
(55 mrer)”

and since Y%7, X%, |lcil]” < wand ¥, 32, (wila)])” < 1, choosing a
specific order for these double series and writing (A;);ey = (wicx,"l"i)(in)eNxN €
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B,,. and (z )ien = (cn )(i,n)ENXN € . (Y), we obtain a representation s(w) =
Y21 Az, which shows that s € K, (L (Z®), Y).

NowforT € H,whereT = £(t7)= X%, A"s; o r,wehaveT = s o Ar o
r. Finally we factor r and s through Z ; and (r) , respectively. That is, there exist operators
u € K(X,Zp ;) € K(Zp;,co(2®)), 8 € K(l (22 ),20 ) and v €
K.(ZM,Y)suchthatr = a o uands = v o B.ForeachT € H,letB;:= B o Ay o
«. Then it can be easily seen that {B; : T € H} is a relatively r*-compact subset of
K(Zg;,Z™ )YandT = v o By o uforeveryT € H.

In addition if we assume that H is convex and balanced, then one can readily see that
{Br : T € H}is also convex and balanced, with which the proof is complete.

If we relax the hypothesis of the previous theorem by removing the factor k™ in the
sequence (kay) -1, as compared to Theorem (2.2.5), we obtain the following weaker result.

Proposition (2.2.6)[2]. Let X and Y be Banach spaces, let1 < p < r < cowithr > 1.
For every (balanced and convex) relatively r-compact subset H of (Kp X,Y), kp), there
exist an operatoru € K (X, Zr ) a (resp. balanced and convex) relatively compact subset
{Br: T € HYof K(Zr;,Z™ ) and an operator v € K,(Z™,Y )such that T = v o
By o uforallT € H.

Proof. Let H be a relatively r-compact subset of (Kp(X, Y), kp). By Lemma (2.2.2) there
exist a relatively r-compact subset L of K(X,Z® ) ®, (K,(Z® ,Y ),k,) such that H <
#(L). Now by Lemma (2.2.4) b) any 7, € L has a representation 7 = %2, 6,"1; ®
soowith  (677). €K, where ()2, € ¢ (K(X,2®)), ()%, €
L, (K,(Z®),Y ), k), and K is a compact subset of Blrx . Now the set {A;: T € H}

obtained in Theorem (2.2.5) is a relatively compact subset of L(co(Z® ), 1, (2P ) and so
is the corresponding set {B; : T € H}. Finally if H is balanced and convex then, one can
see that the set {B : T € H} has the same properties. Thus, we have the proof.

We can improve Theorem (2.2.5) and Proposition (2.2.6) a little bit more, since in the
factorizations given in these results one of the spaces through which the p-compact operators
factorize depends on the number r > 2.

Letl1 < pg < wandletZ = (1<p<o0zZ® )q for a fixed g, where Z® js

the universal Banach space given in Theorems (2.1.1) and (2.1.3). Thus by Theorem (2.1.1)
and Theorem (2.1.3), it can be easily seen that Z is a universal Banach space for the
factorization of all pcompact operators between arbitrary Banach spaces, which is
independent of p. That is, given Banach spaces X and Y ,andany 1 < p < oo and any
T € K,(X,Y ), we can write T = vou,u € K(X,Z),v € K,(Z,Y ). As a consequence
we obtain the following strengthening of Theorem (2.2.5) and Proposition (2.2.6),
respectively, in which the corresponding factorizations are obtained through a universal
Banach space which does not depend on the number r > 2.
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Corollary (2.2.7)[2]. Let X and Y be Banach spaces, letr>2andlet1 < p < r < oo.
For every (balanced and convex) relatively r-compact subset H of (Kp X,Y), kp) such that
H c r — co{(ap)i-} with (kay)%-; € L.(K,(X,Y ), k), there exist an operator u €
K(X,Z), a (resp. balanced and convex) relatively rx-compact subset {B;: T € H} of
K(Z,Z) and an operatorv € K,.(Z,Y)suchthatT = v o By o uforallT € H.

Corollary (2.2.8)[2]. Let X and Y be Banach spaces, letr > 1and1 < p < r < oo.For
every (balanced and convex) relatively r-compact subset H of (K, (X,Y ), k,,) there exist an

operatoru € K(X,Z), a (resp. balanced and convex) relatively compact subset {B; : T €
H}of K(Z,Z) and an operator v € Kr(Z,Y )suchthatT = v o By o uforallT € H.

We now look at the use of uniform factorization result given in Corollary (2.2.7). The
motivation is that whether or not compact sets can be replaced by p-compact sets in a result
of E. Toma which gives a characterization of scalar valued homogeneous polynomials that
are weakly uniformly continuous on the unit ball. It is worth saying that in the p-compact
case the situation is quite complicated due to the nature of p-compact sets.

We will begin by defining collectively p-compact set, which is the natural extension
of notion of collectively compactness.

Definition (2.2.9)[2]. Let X and Y be Banach spaces, letp > 1. A subset A of L(X,Y ) is
said to be collectively p-compact if A(By) = {Tx: T € A,x € By} is a relatively p-
compact set.

We obtain the following result, which is of independent interest, and will be needed in
the proof of the next theorem.

Proposition (2.2.10)[2]. Let 1 < p < oo. Every relatively p-compact subset K of
(K,(X,Y),k,) is collectively p-compact.

Proof. We give a proof for the case 1 < p < oo since the proof for the casep = 1 is
similar. Let K be a relatively p-compact subset of (Kp X,Y), kp). Thus, foragivenT € K

there exist (aj)izy € By, and (T)ii; € L(K,(X,Y),k,)) such that T =
Ym=1 an T,. For every n € N we choose a sequence (zj )i-; € L,(Y) such that
1z ) 5rlly < ky(To) + 2 and To(Bx) © p — co{(z} )izy)}. Hence, for T € K and
x € By we have that T(x) = Yooy al T,(x) = Yoy X%=1 an A"z, where

0o . o : 0o oo . P 0o *
(a7 )=, (4™ ), _, € Bu..SinceXoy ¥ty |af A" < iy lef”” < land

ni|p n oo p 14 p 1
|z 1P = (2 Die=1llp < 2 kp(Tn)+ZTp < oo,
n=1 k=1 n=1 n=1
. . . T, o L ,

by choosing a specific order one can write (v, *)_, = (af 2" ) e €
By . and (s,)i21 = (2¢ Jmmenxn € L(Y), s0 that we obtain T(x) = X7, Vs
Thus, K(By) = {Tx: T € K,x € By} € p — co{(s;)7=1 }-

Theorem (2.2.11)[2]. Let X be a Banach space with X’ having the AP, and letr > 2,1 <
p < r < oo. Let H be a relatively r-compact subset of (K,(X,X'),k,) such that H c
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r — co{(ay) %=1} with (kay)i=, € L,(K,(X,X'), k). Thenforevery e > 0 there exists
an r-compact subset K. of X’ such that foreveryT € Handx € X
ITG)C)| < e x|l sup k" ()| + sup [k (0)I°
k'ek] k'ek]
Proof. By Corollary (2.2.7), there are a Banach space Z, a relatively r*-compact subset
{Ly : T € H}of K(X,Z),andanoperatorv € K,(Z,X")suchthatT = vo Ly forallT €
H. Thus, for each x € X c X" and for each T € H, we have |T(x)(x)|] = |veo
Ly (X)) < IV COINILr (x)]], where v’ is the adjoint of v. Note that |[v'(x)| =

sup |v(z)(x)| < sup |k'(x)|, where K| := v(B;) < X', which is an r-compact set.
ZEBy k'€K,

Furthermore,
ILr (Ol = sup |2’ (Lr ()] = sup |(Ly 2" ).
z'eB 7! z'eB A
LetK := {L;: T € H}andletK™ := {L»: T € H}.Since K" is relatively r*- compact
subset of K(Z',X'), there exists (S)%-1 € L~ (K(Z X))such that K* c r*—
co{(S;)5=1}. Hence, for any & > 0 there is N = N(¢) €N such that

*

¥ ver ST < G)r Since X' has the AP, for every n € N there is an Sf €
F(Z',X') such that ||S, — SF|| <— (Zn 1 ;) 1. So, if we define a sequence
(Sp)9-, in F(Z',X")by S; := SF for n=12..N, and S;:= 0 for n> N, and
consequently a set by Kj,:= {Z;’{;l anSy i () 5=1 € B, with ¥, a,S, €
K*} then, K . is a relatively r*-compact subset of (F(Z',X"), k,~ ). Now, given any L} =
Yo, ab'S) € K* letLy :=Y>_, al S: Thus, we have that

N o0 1/r o
Ly — L7l < Z 1S, — SHl +< Z |ah | ) z ISLIT )Y < e

n=1 n=N+1 n=N+1

Hence, we have shown that for any Ly € K thereis L € Kz suchthat Ly — L7 < .
Therefore, by (1), for every x € X we get that
Ly CONl < IL7 — Lzl sup  Iz'll llxll + sup L7z (x)| < ellx|| +
Z’EBZ/ Z’EBZ/

sup |L7 z"(x)].

Z’EBZI
Since Ky .is a relatively r*-compact subset of (K,«(Z,X),k,~), thus by Proposition
(2.2.10) the set Ky, is collectively r*-compact in L(Z',X"), so that the set K, :=

{Ly (2): Ly € K;,,z' € By }isanr*-compact, hence r-compact, subset of X . Therefore,

Ly () < ellx]|] + sup [L7z'(x)| < € ||x]| + sup |k'(x)|.Finally, letting K :=
z'€B 4 k'eK,

K| U K,, which is also r-compact, for all T € H and x € X we obtain [T(x)(x)| <

ell x|l sup |k'(x)|+ sup |k'(x)|.

!/ !
k'eK] k'eK;
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Now as an application of Theorem (2.2.11) we get the following partial p-compact
version of a result of E. Toma for 2-homogenous polynomials.

Corollary (2.2.12)[2]. Let X be a Banach space with X having the AP and let 2 < r <

oo. Then fora P € P, (2X) with TP being r-compact, given any £ > 0 there exists an r

compact subset K/ of X such that |P(x)| < ¢ ||x|| sup |k’ (x)| + sup |k’ (x)|? forall
k'ek] k'ek]

x € X.

Proof. Let P € P,,,,(?X) with Tp being r-compact, 2 < r < oo. Then taking H := {Tp}

and applying Theorem (2.2.11) we obtain the desired inequality.

Recall that a polynomial P € P(™X,Y ) is of finite type if it can be written as a linear
combination of functions ¢™ @ y(n €N,¢p € X',y € V), where ¢" Q y(x) =
¢™(x)y foreach x € X.Note thatif a polynomial P is of finite type then the corresponding
operator is also of finite type, hence, is r-compact forany r > 2.

We do not know if the reverse implication in Corollary (2.2.12) is true. If that would
be the case, Corollary (2.2.12) would be an improvement for the case n = 2, since the
compact sets are replaced by r-compact sets. Motivated and Corollary (2.2.12), a result for
vector-valued p-compact n-homogeneous polynomials can be stated in a similar fashion.
Therefore, as a consequence of Theorem (2.2.11) we prove the following interesting result

concerning p-compact polynomials with values in (&7 X)' .

Corollary (2.2.13)[2]. Let X be a Banach space such that (®7° X) has the AP. Letr >
2,1 <p<r<ow and let H, be a relatively r-compact subset of
(pkp ("X, (& X) ,kp)) such that H,  r — co{(al)®_,} with (kal)®_, €
L (Pkp (nX, (®2 x)' ),kp) . Then for every e > 0 there exists an r-compact subset
K. of (®p° X) such that for all P € Hyand all x € X,|P(x)(®"x)| <

sup Ik(®"x)|<8||x||” + sup Ik(®”X)I>-

k'ek| k'ek;

Proof. Since (Pk,, (nX(@?ﬁf X)') ,kp) and (Kp (AZ'SS X, (®% x) ),kp) are
isometrically isomorphic, there is a sequence (T )i=; < K, (Aﬁf X, (®r7 X)') such
that (kT )5, € 1, (Kp (AZ'SS X, (®xy? X)'),kp) andC,:= {PL: P € H,}cr —
co{(T# )1}, where the mapping P~ :@Z’SS X - Y ,defined by PL(®™ x) = P(x) is

the linearization of P. Now since (@Z’j X)' has the AP hence, by Theorem (2.2.11), given

any ¢ > 0, there exits an r-compact subset ;. of (®7° X) such that for all PX € C, and
forall x € X, we have

IPL(@™ x)(®™ x)| < sup [k'(Q™ x)| <e | " x|| + sup |k'(Q" x)|>, from which

k'ek! k'€eK;
we get the conclusion.
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Note that in Corollary (2.2.13) taking n = 1 one gets exactly Theorem (2.2.11). In this
sense it is a generalization of Theorem (2.2.11).

Definition (2.2.14)[7]. Let X be a Bauch space and k c X. Then k is said to be realatively
weakly p-compact 1 < p < oo if there is X € 1% (X), such that k < Ex(L,)(L,: (1,)"), and
k is said to be relatively weakly oo-compact if there is x € C3’'(X) such that k c
Ex(ball (L)).
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Chapter 3
Almost over Total Sequences in Banach Spaces

We show information about the structure of such sequences. In particular it can
happen that, an AOC(resp.AOT)given sequence admits countably many not nested
subsequences such that the only subspace contained in the closed linear span of every of
such subsequences is the trivial one < resp. the closure of the linear span of the union of
the annihilators in X of such subsequences is the whole X >. Moreover, any AOC sequence

{x, }nen CONtains some subsequence {xnj} that is OC in [{xnj}. N]; any AOT sequence
j€E

jEN
{f }nencontains some subsequence {fnj} o that is OT on any subspace of X complemented
JE
T

© U e
Section (3.1): Almost over Complete Sequences

— [S] stands for the closure of the linear span of the set S;

— the annihilator in X* of a subset I" of the Banach space X is the subspace I't c X* whose
members are the bounded linear functionals on X that vanish on I";

— the annihilator in X of a subset I" of the dual space X* is the subspace I'' c X, I'" =
Nrer Ker f;

—asetI” c X*is called total over X whenever I'" = {0}.

Recall that a sequence in a Banach space X is called overcomplete (OC in short) in X
whenever the linear span of each of its subsequences is dense in X. It is a well-known fact
that overcomplete sequences exist in any separable Banach space.

— A sequence in a Banach space X is called almost overcomplete (AOC in short) whenever
the closed linear span of each of its subsequences has finite codimension in X.

— A sequence in the dual space X of the Banach space X is called overtotal on X (OT in
short) whenever each of its subsequences is total over X.

— A sequence in the dual space X™ of the Banach space X is called almost overtotal (AOT in
short) on X whenever the annihilator (in X) of each of its subsequences has finite dimension.
Some applications have been shown to support the usefulness of these notions.

For instance, the fact that bounded AOC as well as AOT sequences must be strongly
relatively compact makes it possible to answer quickly in the positive the following
questions.

— Must any infinite-dimensional closed subspace of [, contain infinitely many linearly
independent elements with infinitely many zero-coordinates?

—LetX < C(K) be an infinite-dimensional subspace of C (K) where K is metric compact.
Must an (infinite) sequence {t; };en €Xist in K such that x(t,) = 0 for infinitely many
linearly independent x € X?
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It provide information about the structure of AOC and AOT sequences. For any
separable Banach space X the following questions seem to be of interest.

— Does an AOC sequence exist in X that admits countably many subsequences such that the
intersection of their closed linear spans is the origin?

— Does an AOT sequence exist on X that admits countably many subsequences such that the
closure of the linear span of the union of their annihilators in X is the whole X?

We answer in the positive both of them, respectively. It is a remarkable fact that, in
both cases, the involved subsequences cannot be nested (Propositions (3.1.4) and (3.1.2).
The second aim is to give a possible explanation for the following fact. As a consequence,
by using strong relative compactness of bounded AOT sequences we get e.g., as a special
case, that any infinite-dimensional closed subspace of [,, contains infinitely many elements
with infinitely many zero-coordinates not only when p = oo, as we mentioned at the
beginning, but forany p > 1. However, the case p < oo looks much more complicated to
be handled than the case p = oo. We provide an example to show one possible reason for
that.

We refer for general information about AOC and AOT sequences. Here we point out
only the evident fact that, if {(x,,, x;;)} is a countable biorthogonal system, then neither {x,,}
can be almost overcomplete in [{x,}], nor {x,} can be almost overtotal on [{x,}].

Almost overcomplete and to totatal sequeuces

We start by recalling a simple method, to get an overcomplete sequence in any
separable Banach space X. We will use it in the proof of Proposition (3.1.2).

Fact (3.1.1)[3]. Let {ex }ren be any bounded sequence such that [{e;}ren] = X. Then the

sequence
Omlinez = {Z ekm-k}

k=1 m=2

iISOC in X.

Proof. Let {ymj}]z

be any subsequence of {y,}oo_, = {¥r, exm *}o_,, let
1

. 1
fEX N {ym,}) (D)
and let D be the open unit disk in the complex field. Since the complex function¢ : D — C

defined by ¢(t) = X%, f(er)t® is holomorphic, from f (ymj) =¢(1/m;) =0 for =
1,2,.., it follows ¢ = 0 that forces f(e,) = 0 for every k € N. Since f in (1) was
arbitrarily chosen, it follows [{y,, }] = X.

Proposition (3.1.2)[3]. Any (infinite-dimensional) separable Banach space X contains an
AOC sequence {x,},eny With the following property: for each i € N, {x,,},,en admits a
subsequence, that we denote by {x]-‘}jeN to lighten notation, such that both the following
conditions are satisfied
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a) codimy [{x}}jeN] = i

) Nien %] 0| = (03

Proof. Let the biorthogonal system {ey, ex}xen © X X X provide a normalized M-basis
for X. We recall that, by definition, the sequence {e;, },ey Must be total on X. Moreover, it
is a well-known fact that, at least when A is a finite subset of N, a (topological) complement
in X to the subspace [{ey}rea] is the subspace [{ex}ren/al- FOri = 1,2,...put

Yi = [Hextkeiivrivz,.2i-13) (2)
so codimyY; = i.Foreachintegeri € N, Y; isa Banach space itself so, by Fact (3.1.1), the
sequence {y}n}m>2 c Y; defined by.

yi = Z mke, i=12..m=23.. (3)
k=1,ke{i,i+1,i+2,.,2i—1}

provides an OC sequence in Y;.

Order in any way the countable set U;ey 2 {y,ﬁl} as a sequence {x, },en- FOr each i, select
a subsequence {x;',}pEN of {2 }nen Whose terms belong to {y,} _: this last sequence being

OC in Y;, we have codimX[{x;',}peN] = codimyY; = i. Moreover, since the sequence
{e;}en IS total on X, itis clear that N>, ¥; = {0},s0 N2, [{x{,}pEN] = {0} too.

It remains to show that the sequence {x,},en IS AOC in X. Let {xnj} be any of its
jEN
subsequences. Two cases are possible.

A) For some i, {xnj} contains infinitely many terms from {yy,} _ :being {y5} _ OC

jEN
in Y;, we have codimy [{xnj} ] < codimyY; = i and we are done.
jeN

B) For each i, {xn]} contains at most finitely many terms from {y;ﬁ}mﬂ. Take any

jEN
1
f € {xnj}jEN. (4)
We prove that f(e,) = 0 forevery k € N: itimplies f = 0, that means that {xnj}. . IS
complete in X. Suppose by contradiction that f(eg) # 0 for some index k: without loss of
generality we may assume that k is the first of such indexes. Forj € N, let
i) _ .
Ym@) = Xnj?
Put

A={i:i=i0()jENi() > k.
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Under our assumption i(j) goes to infinity with j, so A is infinite and we have e; € Y; for
everyi € A.Fori € A, put

m; = minfm() : i() = Ly, € Hh) ).

From (4) it follows that, for each i € A, we have

fle =-mF i f(ex) (5)
k>kkeli,i+1,i+2,.,2i—1}
hence
f(e)l < mF|If] > my <
k>kk e{i,i+1,i+2,...,.2—1}
< If1l z mf(ﬁ_k) <2|Ifllmi*-> 0 as i » o (6)
k=k+1

that forces f(e,) = 0, so contradicting our assumption. We are done.

Our construction above can be modified by replacing (2) with
Y; = [{er}k=il (7)

and modifying (3), (5) and (6) according to that. In this case it is still true that N [{xnj}jEN] =

{0} as {xnj}jeN ranges among all possible subsequences of the AOC sequence {x,, },,en, but

actually the codimension of the closure of the linear span of any subsequence is at most 1.
In other words, the following alternative version to Proposition (3.1.2) holds.

Proposition (3.1.3)[3]. Any (infinite-dimensional) separable Banach space X contains an
AOC sequence {x,},ey With the following property: {x,},ey admits countably many

subsequences {x}'}jEN,i = 1,2, ..., such that both the following conditions are satisfied

a) codimy[{x{} ] =1 for each i;

jeN]
b) Niew [{xf} ] = {0}
By the previous proposition, it is matter of evidence that actually the conclusion

Nien [{X,-i}j EN] = {0} is due to the fact that infinitely many pairwise “skew” subsequences
can be found of {x,, },en. This consideration is stressed by the following proposition.

Proposition (3.1.4)[3]. Let {x, },,en be any AOC sequence in any (infinite-dimensional)
1 2 3

separable Banach space X and let {x; }jEN > {x; }jEN > {x; }jEN > --- be any countable

family of nested subsequences of {x,},cn. Then the increasing sequence of integers

{codimx [{x}}jeN]}iEN is finite (so eventually constant).
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Proof. Let {x,},ey b€ an AOC not OC sequence in X and let {x}}jeN be any of its
subsequences whose linear span is not dense in X. Put

— 1 — ;
X, = [{x] }jEN] ,  p; =codimyX; > 1.
1 - - . - 1 -
If {x] }jEN is OC in X, we are done; otherwise, let {x;, } _beany of its subsequences whose
linear span is not dense in X;. Put

1 — 2 _ 2 — :
{xjk}keN = {xj }jeN, X, = [{x] }jeN], p, = codimyX, > p;.
Now we can continue in this way. Let us prove that this process must stop after finitely
many steps. Assume the contrary, i.e. that a nested infinite family
1 2 [
() 2 () 22 (i) 2
of subsequences of {x,, },,ey Can be found suchthatp; T oo asi T oo, where p; = codimyX;
with
Xl' = [{le}jEN]'
Under this assumption, we can construct a linearly independent sequence {f;}i=; < X* such

that, for each i, f; € X5, \ X;- . For each i, let y; be an element of the sequence {x}}jeN
not belonging to the sequence {x}“}jEN such that f;(y;) # 0 (of course such an element

must exist): because of our construction we have f,(y;) = 0 for each k < i. Without loss
of generality we may assume f;(y;) = 1.

Now, following a standard procedure due to Markushevich, put

91 = fu 92 = f2 — 2(31) 91, 93 = f3— 301)91 — f3(b2) 92, -

k-1
Gk = fe = ) feDgi -

Clearly we have g, (y;) = 6, for each k,i € N, so actually {yy, gx}xen IS @ biorthogonal
system with {y;}ren € {xn}nen. This is a contradiction since {x,},ey Was an AOC
sequence.

As an immediate consequence of Proposition (3.1.4) we get the following

Corollary (3.1.5)[3]. Any AOC sequence {x, },en In a separable Banach space X contains
some subsequence {xnj}jeN that is OC in [{xnj}jeN] (with, of course, [{xnj}jeN]of finite
codimension in X).
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Section (3.2): Almost over Total Sequences
The results shown about AOC sequences have a dual restatement for AOT sequences.

Proposition (3.2.1)[3]. Let X be any (infinite-dimensional) separable Banach space. Then
there is a sequence {f,}n,eny € X* that is AOT on X and, for each i € N, admits a

subsequence {f]‘} ___such that both the following conditions are satisfied

a) dim {f] }]EN

) [Uien {fji}jeN] =X
Proof. The idea for the proof is the same as for the proof of Proposition (3.1.2), so we

confine ourselves to sketch the fundamental steps.

Let the biorthogonal system {ey, e }keny © X X X™ provide an M-basis for X with {e };en @
norm-one sequence in X*. Fori = 1,2, ... put

= [{ex25],  Yi=Hedke{ii+1,i+2,...2i—1}],
Y, = [{ef}k & {i,i +1,i+2,...,2i — 1}].

Clearly X = Z; @ Y; and *Y;" = Z;, sodim*Y;" =i fori =1,2,... Foreach integeri € N,
the sequence {y '}, ., © Y defined by

(0]

yii = m ey i=12.,m=23..

k=1,k@{i,i+1,i+2,.2i—1}

being over complete in the Banach space *Y;, is overtotal on Y;.

Order in any way the countable set U;ey 12 {y }as a sequence {f;, }nen- FOr each i, select
a subsequence {fp} of {fu3nen Whose terms belong to {y;1} __: since this last sequence

is overtotal on Y;, we have {fp}pEN = Z; 100, SO d'm{fp}pew = i. Moreover, since the
sequence {ey }xen IS complete in X, we have [U2, Z;] = X.
It remains to show that the sequence {f,, },,en 1S AOT on X. Let {fnj} be any of its

jeN
subsequences. Two cases are possible.

A) For some i, {fn,-}_ contains infinitely many terms from {y; } : being {y! }
J€E

J
onY;, we have {fnj}jeN c Z, dlm{fn }JEN < i and we are done.

B) For each i, {fn].} contains at most finitely many terms from {y! } ,- Takeany x €

-
{fn].}. N: by proceeding exactly as in B) of the proof of Proposition (3.1.2), just
JE

interchanging the roles of points and functionals, we get e,(x) = 0 for every k € N.
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{ex }ren being total on X, it follows x = 0. It means that {fnj}_ \ too is total on X and again
JE

we are done. The proof is complete.

As we did for AOC sequences, with obvious modifications in the previous proof we
can obtain for AOT sequences the following alternative version to Proposition (3.2.1): it is
the dual version to Proposition (3.1.3).

Proposition (3.2.2)[3]. Let X be any (infinite-dimensional) separable Banach space. Then
there is a sequence {f;, },,ey € X thatis AOT on X and admits countably many subsequences

{ff}jEN, i =1,2,.., such that both the following conditions are satisfied

a) dim{fji};EN = 1 for each i

T
b) [Uien {fjl}jEN] =X

We point out that, though the existence of an AOT sequence on a Banach space X does not
imply X to be separable (one of the significant applications of this concept was to the space
l.,), the results we have shown in Propositions (3.2.1) and (3.2.2), as they have been stated,
must concern only separable spaces. In fact, the annihilator of any subsequence of any AOT
sequence being finite-dimensional, the closed linear span of the union of countably many of
such annihilators must be separable too.

Finally we notice that also Proposition (3.1.4) has its dual version that shows that the
countably many subsequences in the statement of Proposition (3.2.2) cannot be assumed to
be nested. The proof can be carried on exactly like the proof of Proposition (3.1.4), just
interchanging the roles of points and functionals.

Proposition (3.2.3)[3]. Let {f,,},en be any sequence AOT on any (infinite-dimensional)
Banach space Xand let {fjl}jEN > {sz}jEN > {ff}jeN > --- be any countable family of

nested subsequences of {f,},en.- Then the increasing sequence of integers
: T e

{dlm{fj‘}_ } is finite (so eventually constant).

JEN jen

As an immediate consequence of Proposition (3.2.3) we get the following

Corollary (3.2.4)[3]. Any AOT sequence {f,},eny On a Banach space X contains some

c
subsequence {fn.} that is OT on any subspace of X complemented to {fn.} (with, of
JJ jeN 1) jeN
-
course, {fnj} of finite dimension).

jEN

We provide an example that may be of interest in Operator theory. That any infinite-
dimensional closed subspace of [,, contains infinitely many elements with infinitely many
zero-coordinates not only when p = oo, as we mentioned at the beginning, but forany p >
1. In fact the following much more general results have been proved there.

Theorem (3.2.5)[3]. Let X be a separable infinite-dimensional Banach spaceand T: X — [,
be a one-to-one bounded non-compact linear operator. Then there exist an infinite-
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dimensional subspace Y c X and a strictly increasing sequence {n,} of integers such that
en, (Ty) = 0foranyy €Y and for any k (enthe “n-coordinate functional” on [).

Theorem (3.2.6)[3]. Let X,Y be infinite-dimensional Banach spaces. Let Y have an
unconditional basis {u;};2,; with {e;};2,; as the sequence of the associated coordinate
functionals. Let T: X — Y be a one-to-one bounded non-compact linear operator. Then there
exist an infinite-dimensional subspace Z c X and a strictly increasing sequence {k;} of
integers such that e, (Tz) = 0forany z € Zandany [ € N.

To show both the theorems, the fundamental tool was the fact that bounded AOT
sequences are strongly relatively compact. However, despite Theorem (3.2.5) was then
obtained as a quite easy consequence of the Ascoli—Arzela Theorem, the proof of Theorem
(3.2.6) has required some additional delicate tools. One could expect that Theorem (3.2.6)
should be proved in a simple way by the following argument.

“Under notation as in the statement of Theorem (3.2.6), assume by contradiction that for
T
each sequence of integers {i;} we have dim <{T*€ij} ) < oo, Then the sequence {T*e;} C

X* is almost over total on X, so {T"e;} is relatively norm-compact in X*. {e;} being the
sequence of the coordinate functionals associated to the (unconditional) basis {u;} of Y, that
forces T to be a compact operator, contradicting our assumption.”

In fact this argument does not work since the last conclusion T being forced to be
compact is false, as the following example shows.

Example (3.2.7)[3]. There exist a Banach space Y with an unconditional basis {u;};en,
{e;};en being the sequence of the associated coordinate functionals, and a non-compact
operator T: c, — Y such that T*e; » 0 asi — oo (S0 the sequence {T "e;} is relatively norm
compact).

Proof. Let {uf}; be the natural (algebraic) basis of R*. For k € N, define Tj: R¥ —» R¥
in the following way

k k
Ty (Zamf) =Zaiu£‘/k, a, €R for i = 1,..,k.

i=1 i=1

Let IX (resp. [¥)be the k-dimensional space R* endowed with the max-norm (resp. the 1 —
norm). If we consider T*: 1% — I¥ we easily get ||T,|| = 1 for every k € N,

For a sequence {X, ||-||Xk}2°=1 of Banach spaces, consider the Banach space

(D=1 Xi),(the linear space, under the usual algebraic operations, whose elements are the
sequences {x; }i=1, xx € X for each k, such that ||x||x, — 0 as k — oo, endowed with the
norm [|{x = q Il = max [lx;llx,)-

Clearly we have
co = (D=1 l’o(o)co- (8)
Put
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Y = (07, l{‘)CO

k. .
Order the set Ui, {u},__ in the natural way and rename it as

{u},u%,u%, e ul, L uk, } = {uy,u,, us, ... 1 (9)

Of course {u;};2, is an unconditional basis both for ¢, and for Y. Call P, the natural norm-
one projection of ¢, on to I suggested by (8) and define T: ¢, — Y in the following way

Tx = z T, P.x, X € Cp.

T is a (linear) non-compact operator, since ||T(XE, u¥)|| = 1 and T, uf is weakly null
as k — co. However, if we denote by {e;};2, the sequence of the coordinate functionals
associated to the basis {u;};2, of Y,itistruethat T*e; - 0in X" asi — oo. In fact, for x =
Dret Z -1 eB the following holds

Ixf|<1 1<j <k k=12..

so, if we denote by u " the element wu; as identified by (9), we have

(T*e) ()] = |ef(Tx)| = Z = x|/ < 1/k,

k=1

M-
><

Since k; — oo with i, we are done.

Theorem (3.2.8)[8]. Each almost over complete bounded sequence in a Banach space is
relatively norm-compact.

Proof. Let {x,,} be an almost over complete bounded sequence is (separable) Banach space
(X, [I-1) without loss of generality we may assume, possibly passing to an equivalent norm
that the norm ||-]| is locally Uniformly rotund (LUR) and that {x,,} is normalized under that
norm.

First note that {x,, } is relatively weakly compact other wise, it is known that it should admit
som subsequence that is a basic sequence, a contradiction. Hence by the Eberlein-Smulyan
theorem states that the three are equivalent on a Banach space. While this equivalence is
truein general for (metric space), the weak topology is not metrizable in infinite dimensional
vector spaces, and so the Eberlein-Smulyan theorem is needed [9] that {x,} admits som
subsequence {xnk} that weakly converges to some point x, € By. Two coses must now be
considered:

(i) Ilxoll < 1. Form ||x,,, — xo|| = 1. llxol > 0, according to a well known we sult, it

follows that sequence: hence codim {xnk, - xo} IS a basic sequence: hence codim
L

[{xnkzi — xo}] = codim [{xnkzi}, 0] = codim [{xnkm_}] = oo a contradiction.
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llxo |l = 1 sine we are working with a LUR norm, the subsequence {x,, } a ctually converges
to x, in the norm too and we are done.
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Chapter 4
Banach Spaces and Superprojectivity

We show that the class of superprojective spaces is stable under finite products,
certain unconditional sums, certain tensor products, and other operations, providing new
examples.

Section (4.1): Some Properties of Superprojective Spaces

A Banach space X is called subprojective if every (closed) infinite-dimensional subspace
of X contains an infinite-dimensional subspace complemented in X, and X is called
superprojective if every infinite- codimensional subspace of X is contained in an infinite-
codimensional subspace complemented. These two classes of Banach spaces were
introduced by Whitley in order to find conditions for the conjugate of an operator to be
strictly singular or strictly cosingular. More recently, they have been used to obtain some
positive solutions to the perturbation classes problem for semi-Fredholm operators. This
problem has a negative solution in generae, but there are some positive answers when one
of the spaces is subprojective.

There are many examples of subprojective spaces, like ¢, for1 < p < oo,L,
(0,1) for 2 < p < oo, C (K ) with K a scattered compact and some Lorentz and Orlicz
spaces. It is not difficult to show that subspaces of subprojective spaces are subprojective,
and quotients of superprojective spaces are superprojective (Proposition (4.1.4)) and, as a
consequence of the duality relations between subspaces and quotients, a reflexive space is
sub- projective (superprojective) if and only if its dual space is superprojective
(subprojective), which provides many examples of reflexive superprojective spaces.
However, the only examples of non- reflexive superprojective spaces previously known are
the C (K ) spaces with K a scattered compact and their infinite-dimensional quotients.
Some of the duality relations between subprojective and superprojective spaces are known
to fail in general:

(@) X being subprojective does not imply that X* is superprojective, for instance for X = ¢,
and X* = 4,.

(b) X* being subprojective does not imply that X is superprojective, for instance for the
hereditarily indecomposable space obtained whose dual is isomorphic to 4;.

However we do not know if the remaining relations are valid:

(a”) Does X being superprojective imply that X* is subprojective?

(b”) Does X™ being superprojective imply that X is subprojective?

The answer to these two questions is likely negative, but we know of few examples of non-
reflexive super- projective spaces to check, and none of them is a dual space.

Studied the stability properties of subprojective spaces under vector sums, tensor products
and other operations, obtaining plenty of new examples of subprojective spaces.

We will begin with some auxiliary results and show some properties of subprojective and
superprojective spaces, such as the fact that superprojective spaces cannot contain copies of
1, which restricts the search for non-reflexive examples of these spaces, and we also
characterise the superprojectivity of some projective tensor products. Following the scheme,
we show several stability results for the class of superprojective spaces under finite products,
certain unconditional sums and certain tensor products, and we provide new examples of
superprojective spaces.
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The dual space of a Banach space X is X*, and the action of x* € X* onx € X Is
written as ( x*, x). Given a subset M of a Banach space X, its annihilator in X™* will be
denoted by M ; if M isasubset of X*, its annihilator in X will be denoted by M. If (x;, ) pen
is a sequence in X, then [x,, : n € N] will denote the closed linear span of (x,),en in X.
The injective and projective tensor products of X and Y are respectively denoted by X &,
Operators will always be bounded. The identity operator on X is denoted by Iy .
GivenanoperatorT : X — Y ,N (T ) and R(T ) denote the kernel and the range of T, and
T* :Y* - X* denotes its conjugate operator. An operator T : X — Y is strictly singular if
T|y is an isomorphism only if M is finite-dimensional; and T is strictly cosingular if there
IS no operator Q : Y — Z with Z infinite-dimensional such that QT is surjective or,
equivalently, if there is no infinite-codimensional (closed) subspace N of Y such that
R(T)+N=1Y.

The way that superprojective Banach spaces are defined means that we will be dealing
with infinite- codimensional subspaces and their induced quotients often, so we will adopt
the following definition.

Definition (4.1.1)[4]. We will say that an operator T: X — Y is a surjection if T is
surjective and Y is infinite- dimensional.

The following results will be useful when dealing with complemented subspaces,
subjections and super projective spaces.

Proposition (4.1.2)[4]. For a Banach space X , the following are equivalent:

(i) X is superprojective;

(if) for any surjection T : XY, there exists another surjection S: Y — Z such that
N (ST ) is complemented in X .

Proof. For the direct implication, let T : X — Y be a surjection, so that N (T ) is infinite-
codimensional in X . By the superprojectivity of X , N (T ) is contained in a complemented,
infinite-codimensional subspace M of X , and clearly T (M) is closed in Y. Thus the
quotient map Q from Y onto Y /T (M) is a surjection such that N (QT) =M is
complemented in X .

For the converse implication, let M be an infinite-codimensional subspace of X , so
that QM : X — X /M is a surjection. Then there exists another surjection S : X/M — Z
such that N (SQM ) is infinite- codimensional and complemented in X, and contains M.
The next result allows to push the complementation of a subspace through an operator under
certain conditions.

Proposition (4.1.3)[4]. Let X ,Y and Z be Banach spacesand letT : X — Y and

S : Y — Z be operators such that ST is a surjection and N (ST) is complemented in X. Then
N(S) is complemented in Y.

Proof. Let H be a subspace of X such that X = N (ST )®H . Since

ST : X — Zisasurjection, ST |z must be an isomorphism onto Z ; in particular, T |4 is
an isomorphismand Y = N(S)®T(H ), as proved by the projection T(ST | )" 1S: Y —
Y.

A simple consequence of Propositions (4.1.2) and (4.1.3) is the fact that the class of
superprojective spaces is stable under quotients.

Proposition (4.1.4)[4]. Let X be a superprojective Banach space and let T : X — Y be a
surjection. Then Y is superprojective

Proof. Let S : Y — Z be a surjection; then ST is a surjection and, by Proposition (4.1.2),
there exists an-other surjection R : Z — W such that N(RST ) is complemented in X. By
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Proposition (4.1.3), N (RS) is complemented in Y, which means, again by Proposition
(4.1.2), that Y is superprojective.
Finally, we will state a technical observation on the behaviour of surjections on spaces that
have a complemented superprojective subspace.
Proposition (4.1.5)[4]. Let X be a Banach space, let P : X — X be a projection with
P(X) superprojective and let S: X — Y be a surjection such that SP is not strictly
cosingular. Then there exists another surjection R:Y — Z such that N(RS) is
complemented in X.
Proof. Let J: P(X) — X be the natural inclusion; then SP = SJP is not strictly
cosingular, so neitherisSJ : P (X ) — Y . Therefore, there exists a quotientmap Q : Y —
W such that @S] is a surjection, and Proposition (4.1.2) provides another surjection R :
W — Z such that N(RQSJ) is complemented in P(X ); by Proposition (4.1.3), N(RQS) is
complemented in X, where RQ: Y — Z is a surjection.

The following results gives some simple but useful necessary conditions for Bananch
space X to be subprojectiv or superprojective.
Proposition (4.1.6)[4]. Let X and Z be infinite-dimensional Banach spaces.
(i) IfJ : Z — X isastrictly cosingular embedding, then X is not subprojective.
(i) If Q : X — Z is astrictly singular surjection, then X is not superprojective.
Proof. () If X =M @& H with M € J(Z), then Q] is surjective. Since J is strictly
cosingular, H is finite-codimensional and M is finite-dimensional.
(i)IfX=Me& H withN(Q) € M, then Q| isanembedding. Since Q is strictly singular,
H is finite-dimensional.
In spite of its simplicity, Proposition (4.1.6) has several straight forward consequences.
Proposition (4.1.7) for subprojective spaces with the same example but a different argument.
Here we extend it to superprojective spaces. Recall that a class C of Banach spaces satisfies
the three-space property if a Banach space X belongs to C whenever M and X /M belong to
C for some subspace M of X.
Proposition (4.1.7)[4]. The classes of subprojective and superprojective spaces do not
satisfy the three-space prop- erty.
Proof. Let 1 < p < o and recall that £,is both subprojective and superprojective. Let Z,,
be the Kalton— Peck space introduced. Then there exists an exact sequence

0—4¢, =>'—14,—0

Inwhich i is strictly cosingular and q is strictly singular. By Proposition (4.1.6), Z,, is neither
subprojective nor superprojective.
Since ¢, is subprojective, the following result suggests that the class of non-reflexive
superprojective spaces is smaller than that of non-reflexive subprojective spaces.
Proposition (4.1.8)[4]. Let X be a Banach space containing a subspace isomorphic to #;.
Then X is not superpro- jective and X* is not subprojective.
Proof. If X contains a subspace isomorphic to #,, then there exists a surjective operator Q :
X — 2 which is 2-summing, therefore weakly compact and completely continuous,
therefore strictly singular: Indeed, if Q|,, is an isomorphism, then M is reflexive and
weakly convergent sequences in M are convergent, so M is finite-dimensional. By
Proposition (4.1.6), X is not superprojective. For the second part, observe that
Q™ : X™ — £, isalso 2-summing. Then Q** is strictly singular, hence Q* : £, — X™is
a strictly cosingular embedding. Proposition (4.1.8) allows to fully characterise the
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superprojectivity of C(K) spaces. Recall that a compact space is called scattered if each of
its non-empty subsets has an isolated point.

Corollary (4.1.9)[4]. Let K be a compact set. Then C(K) is superprojective if and only if K
IS scattered.

Proof. If K is scattered, then C(K) is superprojective. On the other hand, if K is not scattered,
then C(K) contains a copy of £, and cannot be superprojective by Proposition (4.1.8).

It also follows immediately that certain tensor products cannot be superprojective.
Corollary (4.1.10)[4]. Let X and Y be Banach spaces and suppose that X admits an
unconditional finite-dimensional decomposition and L(X,Y*) # K (X,Y*).ThenX @,Y
IS not superprojective

Proof. Note that (X &, Y)* = L(X,Y™). Since L(X,Y") # K(X,Y™), we have that L(X,Y™)
contains 4, hence X @, Ycontains a (complemented) copy of ;.

Since the spaces £, phave an unconditional basis and are subprojective and superprojective
for 1 <p < oo, we can now characterise the superprojectivity of the tensor products
£y &ty

Corollary (4.1.11)[4]. Let 1 < p,q < oo. Then the following are equivalent:

(i) £, @, £, is superprojective;

(i) €, &, £ is reflexive;

(iii) L(t’p,{’;) = K({’p,{”g,);

(iv)p >q/(q—1).

Proof. We have that £, &, £,is reflexive if and only if L(¢,,¢;) = K(£,, ;) if and only
if p >q/(q—1). If L(¢,,¢;)=K(¢,,¢;), then £, 8, ¢, is not superprojective by
Corollary (4.1.10); otherwise, £, &, £, is reflexive and ¢, &, ¢, = (£; &, ¢;), S0
t) &, t; isreflexive and subprojective and ¢, &,, £, is superprojective.

Corollary (4.1.12)[4]. ¢, &, £, is not superprojective forany 1 < p,q < oo.

Proof. If p is either 1or strictly greater than 2, then L,, itself is not superprojective, so neither
is £, &, £4 and similarly for q. Thus, we are only concerned with the case 1 <p,q < 2,
but then both L,, and L, contain complemented copies of £,, so L(L, &, L;) # K(L,, L)
and L,, ®, L, is not superprojective by Corollary (4.1.10).

Section (4.2): Stability Results for Superprojective Spaces

We show some stability results for the class of superprojective spaces. Our first result here,
and key to subsequent ones, proves that the direct sum of two superprojective Banach spaces
IS again superprojective.

Proposition (4.2.1)[4]. Let X and Y be Banach spaces. Then X@ Y is superprojective if and
only if both X and Y are superprojective.

Proof. X and Y are quotients of X @ Y; if X @Y is superprojective, then so are X and Y by
Proposition (4.1.4). Conversely, assume that X are Y are both superprojective, and define
the projections Py: X @Y — X @Y, with range Xand kernel Y, and Py: X @Y — X @Y,
with range Y and kernel X. Take any surjection S: X @Y — Z. Then S = SPyx + SPy is not
strictly cosingular, so either SPy or SPy is not strictly cosingular; without loss of generality,
we will assume that it is SPy. By Proposition (4.1.5), there exists another surjection

R:Z — Wsuch that N(RS) is complemented in X @Y, which finishes the proof by
Proposition (4.1.2).
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We will now state the result, which proves that a space is superprojective if it admits
a suitable decomposition into superprojective parts. Recall that an operator T: X — Y is
upper semi-Fredholmif N(T) is finite-dimensional and R(T) is closed, and T is lower semi-
Fredholm if R(T) is finite-codimensional (hence closed). Note that T is lower semi-
Fredholm if and only if T* is upper semi-Fredholm.
Theorem (4.2.2)[4]. Let X be a Banach space, let A be a well-ordered set and let (P;) e
and (Q;),e4 be bounded families of projections on X such that:
(i) Pyx* —, x~ for every x* € X*;
(ii) B,P, = Pringuv} and Q,Q, = Qmin{uv} for every u,v € A;
(iii) Q,B, = B,Q, forevery u,v € A,and Q,P, = B, if u = v;
(iv) Q,(X) is superprojective for every A € 4;
(v) for every unbounded strictly increasing sequence (4;)xen Of elements in A and every
sequence (xp)keny Of non-null elements in X* such that x; € R(P;) and xj €
R(P,{‘k(l - Q;{k_l)) for k > 1, the subspace [x;: k € N], is contained in a complemented
infinite-codimensional subspace of X. Then X is superprojective.
Then X is superprojective.

Here, an unbounded sequence in A is one that does not have an upper bound within
A. Also, this result is only really interesting if A does not have a maximum element;
otherwise, if A is the maximum of 4, then P, = I, by condition (i) and Q; = Q P, = P, =
I by condition (iii), so X = Q,(X) is already superprojective by condition (iv).
Proof. Let M be an infinite-codimensional subspace of X and let us denote its natural
quotient map by S: X — X /M. If there exists A € A such that SQ, is not strictly cosingular,
then Proposition (4.1.5) provides another surjection
R:X/M — Z such that N(RS) is complemented in X. Since N(RS) is infinite-
codimensional and contains Mwe are done.
Otherwise, assume that SQ, is strictly cosingular for every A € A. Let C = 1 be such that
IP;]l < C and [|Q,]| £ C for every 2 € 4, and let ¢ = 1/8C3 > 0. We will construct a
strictly increasing sequence 4, < 1, <...of elements in A and a sequence (x;,),en Of NOrm-
one elements in M+ < X* such that ||Q,_ xzll <27%e and ||Pjxi — xzll < 2% for
every k € N, where we write Q;, = 0 for convenience. To this end, let k € N, and assume
that 4,_,lhas already been obtained. By hypothesis, Q; S* = (SQ,lk_l)*is not an
isomorphism, where $*: (X/M)* — X* is an isometric embedding with range M+, so there
exists x; € M* such that [|x;ll = 1 and [|Q; _ xx|| < 27%¢, and then there is A, > 4,4
such that | Py X — x| < 2~k & by condition (i), which finishes the inductive construction
process. Let H = [x;: k € N] € X*; then H, is infinite-codimensional and contains M.
It is easy to check that the operators Tj:= (I — Qur—1)P;, are projections with norm
ITkll < (1 +C)C < 2C? and that T;T; = 0 if i # j.
Let now z; = Tj; (x) = P; (I — Q;, — 1) x*kfor each k € N; then

Nz — xill < ||Py xi — xil| + 1Py Qi Xk || < 27Fe + 27FeC < 207 FeC < 172,
S0 1/2 < ||zgl| < 3/2for every k € N. If we take x;,, € X such that
x|l < 2 and (zzk, x;) = 1 for each k € N, and define z;, = T} xy, it follows that
(Zpe» Zi) = Zp> Tiexi) = (T Zgo Xi) = (Zg, X} = 1

Forevery k € Nand

(zi,zj) =Tz, Tjz;) = (z{,T;Tjz;)) = 0
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iIf i # j, which makes (zy, zx)nen @ biorthogonal sequence in (X*, X). In the spirit of the
principle of small perturbations, let K:X — Xbe the operator defined as K(x) =

Yme1{xg — 25, x) then

ann ~ Zall Izl < 2(21 "eC)(4C?) = ) 27 =1,

n=1
So K is well deflned and U =1+K |s an isomorphism on X. Moreover, K*: X* — X™* is

defined as K*(x*) = Xp-1(x", 35,) (xp — ), S0 K*(2)) = xj, — 3 and U™ (z,) = xfor
everyk e N.LetZ = [z;,:k e N];thenU*(Z) =Hand U(H,) =Z,.

Next we will show that Z is weak” closed in X *. Note first that TP, = (I — Q,lj_l) P,le,ll. =

(1= )Py =Tyifi =j, and TP, = (1= Qs ) PPy = (1= Qayes) P, = 0
otherwise. Given that z; € R(Ty) forevery k € N, thismeans that P; z; = z/ i f i = j and
P;.z; = 0 otherwise, so Pj, (Z) = [z1,...,2 ], which is finite-dimensional, for every k €
N. Let x* be a weak-cluster point of Z; then P; x* € Pj, (Z) < Z and P; x™ — x* by
condition (i), so x* € Z and Z is indeed weak*closed. The fact that H = U*(Z) implies that
H is weak*closed, as well.

This means, in turn, that no Q3 can be an isomorphism on H for any 1 € A. To see this,
consider the natural quotient Qy : X — X/H,, where X/H, is infinite-dimensional. Since
M < H,, the operator QH, factors through S = Qy: X — X/Mand, since SQ, is strictly
cosingular for every A € A by our initial hypothesis, it follows that @, Q; cannot be
surjective for any A € A, or even lower semi-Fredholm; equivalently, Q; cannot be upper
semi-Fredholm on Hifor any A € A, where H{ = H because His weak*closed.

Finally, we will check that the sequence (A;)xeniS Uunbounded. Assume, to the
contrary, that there existed some A € A such that 4, < A for every k € N. Then, for every
k€N, we would have T;Qy = (I — Qs )P1, Q1= (I—Qs,_,)Ps, =Ti SO Qiz; =
z;; and Q; would be an isomorphism on Z. But then Q;U~** would be an isomorphism on
H,where U=t = I — U~ K is a compact perturbation of the identity, so Q; would be upper
semi-Fredholm on H, a contradiction.

Now that the sequence (A;)xen 1S known to be unbounded, condition (v) states that
Z, is contained in a complemented infinite-codimensional subspace of X, and then so
isH, =UY(Z).

Note that any sequence (B,),eny Of projections in X satisfying the conditions of
Theorem (4.2.2) effectively defines a Schauder decomposition for X, where the components
are the ranges of each operator B,(I — P,_;) = B, — P,_1; equivalently, each Pnis the
projection onto the sum of the first ncomponents. For the purposes of Theorem (4.2.2), these
components need not be finite-dimensional.

Regarding condition (v), a further remark is in order. It may very well be the case that
there are no unbounded strictly increasing sequences in A4, for instance if A = [0, w;), where
w1 1S the first uncountable ordinal, in which case condition (v) is trivially satisfied and does
not impose any additional restriction on X or the projections. In terms of the proof of
Theorem (4.2.2), this means that SQ,; must be eventually not strictly cosingular for some A
€A, and this is so because Q; is an isomorphism on Z for any A greater than the supremum
of (Ak)ken, SO Qj is upper semi-Fredholm on H and SQ; is not strictly cosingular.
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Theorem (4.2.3)[4]. Let X be a Banach space, let A be a well-ordered set and let (P;) ea
be a bounded family of projections on X such that:

(i) Pyx* —, x™ for every x* € X*;

(ii) B,P, = Pminguny fOrevery u,v € 4;

(iif) Py (X) is superprojective for every 1 € 4;

(iv) for every unbounded strictly increasing sequence (A;)xen OF elements in A and every
sequence (x;)xen OF non-null elements in X* such that x; € R(P;,) and x; € R(P; —
P;._,) for k> 1, the subspace [x;:k € N], is contained in a complemented infinite-
codimensional subspace of X. Then X is superprojective.

Our first use of Theorems (4.2.2) and (4.2.3) will be to prove that the (infinite) sum
of superprojective spaces, such as £,,(X,) or cy(Xy), is also superprojective, if the sum is
done in a “superprojective” way.

Definition (4.2.4)[4]. We will say that a Banach space E € RN is a solid sequence space if,
for every (a,)nen € E and (B,),en € RN with |B,,| < |a,| for every

n €N, itholds that (B,)nen € E and [|(Bp)nenll < lI(@n)nenll-

We will say that E is an unconditional sequence space if it is a solid sequence space and the
sequence of canonical vectors (e;); € N is a normalised basis for E, where e; = (Sij)jeN.

If E is an unconditional sequence space, then its canonical basis (e,),cy IS actually
1-unconditional, and its conjugate E* can be identified with a solid sequence space itself in
the usual way, where the action of 8 = (B,)neny € E*ON @ = (@) peny € E is (B, a) =
Ymeq Bnay. If the canonical basis (e;)nen IS shrinking in E, then E* is additionally
unconditional (the coordinate functionals are a basis for E*).

Solid sequence spaces will play a central role in some of our results because of the following
construction.

Definition (4.2.5)[4]. Let E be a solid sequence space and let (X,,),en b€ a sequence of
Banach spaces. We will write E'(X,,) for the Banach space of all sequences (x;,),eny € 1 €
HnEN Xn for which (”xn”)nEN € E, with the norm ”(xn)nEN” - ”(xn)nEN”E'

The identification of the dual of an unconditional sequence space with another solid
sequence space can be carried up to the sum of spaces.

Proposition (4.2.6)[4]. Let E be an unconditional sequence space and let (X,,) ey b€ a
sequence of Banach spaces. Then E(X,,)* = E*(X;,).

Proof. Each (x;),.en € E*(X;;) clearly defines an element of E(X,,)*, so we only have to
show the converse identification.

Let z* € E(X,)", let J,;: X,, — E(X,,) be the canonical inclusion of X,, into E(X,,) for each
n €N and let x;, = J(z") € X,, for each n € N; we will prove that z* = (x;,),.en €
E™(X).

To prove that (x;;),en € E*(X;;). choose x,, € X,, such that ||x,,|| =1 and
(xn, x,) foreachn € N, and take any non-negative @ = (a,),en € E. By the definition of
E(X,,), we have that (cxnxn)nEN € E(Xn) SO

annuan Z 2003, %)t = 2 Zm, ) =

2 Zun(z ) ) = 2 Z<z (@)

= n=
= Z(Z*: (anxn)neN> < lez*llll(anxn)nel\l” = 2||Z*||||C(||
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This proves that (||x;,||) and, as a consequence, (x;,)qen € E*(X;,)
Now, given i € N and x; € X;, we have ((xp)nen, Ji (X)) = {x;, x;) = (3", J;(x;)), 50 (x7)
and z* coincide over the finitely non-null sequences of E (X,,) and therefore z* = (x;;) nen-
We will show that the sum of superprojective spaces is also superprojective, if the sum is
done in a superprojective way, which translates to the requirement that the space E
governing the sum must be superprojective itself. This excludes ¢; and, more generally,
Imposes that any unconditional basis in E be shrinking, for the same reasons that £, is not
superprojective, or precisely because of this.
Proposition (4.2.7)[4]. Let X be a superprojective Banach space and let (x,,),cnbe an
unconditional basis of X. Then (x;,),,ey IS shrinking.
Proof. If (x,),,en IS unconditional but not shrinking, then X contains a (complemented)
copy of #; and cannot be superprojective by Proposition(4.1.8).
Theorem (4.2.8)[4]. Let E be an unconditional sequence space and let (X,),cy be a
sequence of Banach spaces. Then E(X,,) is superprojective if and only if all of E and X,, are
superprojective.
Proof. (i) Let X = E(X,,). All of E and X,, are quotients of X; if X is superprojective, then
so are Eand each X,,. Assume now that E and each X,, are superprojective, and define the
projections P;: X — X as B, ((x)nen) = (X4,...,x5,0,...)for each n € N. We will prove
that the sequence (B,),cny Meets the criteria of Theorem (4.2.3). The fact that (P,) ey 1S
associated with the natural Schauder decomposition of X = E(X,,) is enough for condition
(i) to hold. For condition (iii), note that P, (X) is isometric to @, which is superprojective
by Proposition (4.2.1). As for condition (i), E is superprojective and its canonical basis
(en)nen IS unconditional, therefore shrinking by Proposition (4.2.7), so E* is unconditional
and (P))nen IS the sequence of projections associated with the natural Schauder
decomposition of E(X,,)" = E*(X;,).
To prove condition (iv), let (ny) ey b€ a strictly increasing sequence of integers, let T, =
P, and Ty = B, — P, _ for k > 1, and let x; € R(T};) be non-null for each k € N, as in
Theorem (4.2.3). Define M = [x;: k € N]*, which is infinite-codimensional. Then x; €
X*=E*(X;),so

x,’;(O, ...,0, z;‘lk_lﬂ, w1 B 0, o ),
Where z; € X;. Pick anormalised z; € X; such that (z;,z;) = ||z;]|/2 foreachi € N, and
consider the operator J: E — X defined as J (&) nen = (@3n)neny Which is an isometric
embedding by the definition of X = E(X},).
We claim that Q,,J: E — X/M is a surjection. Indeed, given x = (x,)nen € X, With each
X, € X, let a,, = (z;,, x,,)/(z) if 75, # 0, for each n € N, and define a = (a,,),en- Then
|an| < 2|x,| for every n € N, 50 @ € E, and (xj, x — J (@) = X%, _ (=, x; — a;3;) = 0
foreveryk € N,sox — J(a) € M and Q) (x) = QuJ(a) € R(Qp J)-
Now, by the superprojectivity of E and Proposition (4.1.2), there exists another surjection
S:X/M — Z such that N(5Q,,J) is complemented inE; by Proposition (4.1.3), N(SQ,,) is
complemented in X, where M € N(5Q,,) and R(5Q,,) = Z, which is infinite-dimensional.
The following result will help us check for the last condition in Theorems (4.2.2) and (4.2.3).
Lemma (4.2.9)[4]. Let X be a Banach space, let E be an unconditional sequence space and
let T, (T}, ) xen b€ projections in X such that
() T;T; = 0if i # j;
(i) T,,T =TT, =Ty for every k € N;
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(iii) R(T) embeds into E (R (Tk))via the mapping that takes
x € R(T)to (Tk(x))keN.
Let x; € R (Ty) be non-null for each k € N. Then [x;: k € N], is complemented in X.

Proof. We will assume without loss of generality that ||x, || = 1 for every
keN. Let Z=E(R(Ty)) and letU: R(T) — Z be the isomorphism into Z defined as

Ux) = (Tk(x))keN.
Note that, in fact, (Ti(x)), = (Te(Ty), . = U(T(x)) € Z for every x € X, so
(T CODken € E and AT (O Drenlle = ||U(T())]|, for every x € X. Define Q: X —

E as Q(x) = ({xg, X)) ken; then
| Cere, 20| = (T (xied, ) = [, Tie | < I T (|

Forevery x € X, so Q is well defined and ||Q|| < ||UT]|. Also,

(ITx () Dken € E implies that T, x —4 0 for every x € X, so there exist a constant C such
that || T || < C for every k € N.

Take now x;, € X such that (x;,x,) =1 and [|x,|| for each k € N, so that (x;,T;x;) =
(Ti"x;,x;) = 6;; every i,j €N, and define J:E — X as J((a@p)nen) = Xn=1 &nTn(xn).
Then U(J((an)nen)) = (@ Ti(x1)) ., @ Seen by considering the action of U J over the

finitely non-null sequences of E, where 1 < |[T (x,)|| < C foreveryk e N,soU J:E — Z
Is an isomorphism, and so must be J. Finally,

(00]

Q]((an)neN) = ((xlt Z anTn(xn)>) = (ak)kEN’
n=1 keN
So Q; = I and J, is a projection in X with kernel [x;:k € NJ, .
Theorem (4.2.10)[4]. Let X and Y be ¢, or £, for 1 <p <oo. Then X Q. Y is
superprojective.
Proof. Let R,;: X — X be the projection given by R, (ay)keny = (a4, ..., a,,0,...) for each
n € N, and similarly for Y. (We are abusing the notation here for the sake of simplicity in
that R,, is really a different operator on each of X and Y unless they are the same space.)
Define the projections
B, = R,® R,
Qn = Ix®£y — (Ix —R,) ®Uy — Ry)
=R, ®R,+Ux—R,) ®R, +R, ® Iy — R,)
We will prove that the sequences (P,) ey and (Q,,),,en Meet the criteria of Theorem (4.2.2).
Conditions (ii) and (iii) are readily satisfied, because they clearly hold for the elementary
tensors e;®e;. For condition (i), both X* and Y™ are £, spaces for some 1 < q < oo, s0
Ry (x*) — x* forevery x* € X*, and similarly for Y*,so P, (z*) = (R;,® R;)(z") —,, for
every z* € (X ®,.)" = X* ®,Y", again because it holds for the elementary tensors. For
condition(iv), note that the range of Q,, is the direct sum of the ranges of R, @ R, (Ix —
R,) ® R,and R,, ® (Iy — R,), where the first one is finite-dimensional and the other two
are the sum of finitely many copies of N(R,,) in X and Y, respectively, which are finite-
codimensional subspaces of X and Y, respectively, hence superprojective.
To prove condition (v), let (ny)en be a strictly increasing sequence of integers and let
Ty =P, and Ty, = (I — Qn,_, )Py, for k > 1, as in Theorem(4.2.2). Note that, for k > 1, T},

is the projection Ty = (Ry,, — Ry, _,) ® (R, — Ry, _,), S0 T;T; = 0if i # j. The operator
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T = Y%, T, isanorm-one projection in X ®, Y, with T,T = TT,, = T}, forevery k € N,
and R(T) embeds into ¢, (R(T)) or £5(R(T,)) for suitable 1 <'s < oo, so Lemma (4.2.9)
ensures that [x*k: k € N], is complemented in X ®, Y for any choice of non-null elements
x*k € R(Ty).

Theorem (4.2.10) can actually be extended to injective tensor products of finitely many
copies of ¢, and ¢,(1 <p < o) inductively in the obvious way with only minor
modifications.

Lastly, we will show that C (K, X) is superprojective whenever so is X at least if K is
an interval of ordinals, which includes the case where K.

Theorem (4.2.11)[4]. Let X be a superprojective Banach space and let A be an ordinal. Then
Co([0,A],X) and C(]0, 7], X) are superprojective.
Proof. The proof will proceed by induction in 4. Assume that C, ([0, u], X) and C ([0, u], X)
are indeed superprojective for all u < A; we will first prove that C,([0,4],X) is
superprojective too. If Ais not a limit ordinal, then A =pu + 1for some u and
Co([0,4], X) = C(]0,u],X), which is superprojective by the induction hypothesis.
Otherwise, if A is a limit ordinal, define the projections

Fi: Co(10,4],X) — Co([0,2], X)
as P,(f) = fxpofor each u < 2. We will prove that the family (B,)x < A meets the
criteria of Theorem (4.2.3). Condition (ii) is immediate to check. For condition (iii),
PM(CO([O, 2],X)) is isometric to C([0,u], X), which is superprojective by the induction
hypothesis.

For condition (i), we have Co([0,AD)* =¢,([0,2)) and Co([0,1],X)" =
(Co[0,AD ®: X) = Co([0,AD)" ® X", 50 Co([0,41,X)" = £,([0,1) & X" =
£1([0,2),X™) and B;(2) = zx[o, — U Torevery z € £,([0,4),X™).

As for condition (iv), let (1;),en De an unbounded strictly increasing sequence of
elements in [0, 1), should it exist, and let T; = P, and T), = P, — P, fork > 1, as in
Theorem (4.2.3). Then Ty, is the projection given by Ty (f) = fxa,_,+1.4, fork > 1, so
T;T; = 0if i +# j. Since (4)en is unbounded in [0, A), its supremum must be 4 itself, so
Co([0,4],X) =co(R(T})) = co(C([Ak_1 + 1,Ak],X)) and Lemma (4.2.9), with T =1,
ensures that [x*k:k € NJ], is complemented in C,([0, 1], X) for any choice of non-null
elements x*k € R(Ty).

Finally, C([0,1],X) = C,([0,4],X) € X, which is superprojective by Proposition (4.2.1).

Again, note that unbounded strictly increasing sequences in [0, ) may not exist for certain
A, in which case the remark after Theorem (4.2.2) applies and B, cannot be strictly
cosingular forall p < A.
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List of Symbols

Symbol Page
WCG:  Weakly compactly generated 1
Sup: Supremum 1
£, Hilberlt space of sequences 1
L;(M,x): Lebesgue-Bochner space 3
Ly: Hilberlt space 3
diam diameter 5
inf: infimum 7
Ly: Banach space 14
L Banach space 14
ty: Lebesgue space 15
£ essential Lebesgue space 15
co: Compact 15
Q: tensor product 16
ker: kernel 16
AOC: Almost over complete 27
OT: Over total 27
AOT: Almost over total 27
codim:  codimention 29
dim: dimention 32
&) dineet sum 34
LUR: Locally uniform rotund 35
Ly: Lebesgue space 37
Zy, Kalton-peck space 39
ty: Dual Lebesgue space 40
Ly: Dual Lebesgue space 41
min: Minimum 41
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