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Fitting Probability Distributions of Annual Rainfall in Sudan
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ABSTRACT- Annual rainfall data for fourteen rainfall stations in Sudan during the period 1971 to
2010 were analyzed to select the best probability distribution for every station. The rainfall data was
obtained from the Sudan Meteorological Authority (SMA). Five distributions were tested, namely
Normal, Log normal, Gamma, Weibull and exponential distribution. Three statistical goodness of fit
test were used on the basis of the minimum value of test statistic. The best fit probability distribution
was selected based on the minimum deviation between observed and estimated values. The normal and
gamma distribution were selected as the best fit probability distribution for the annual rainfall in Sudan
during the period of the study, respectively.
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INTRODUCTION

Sudan economy is mainly based on agriculture,
industry and services sectors. Statistics of 2004
indicate that agriculture alone contributed about
39.2% of the GDP while services and industry
sectors contributed about 32.8 and 28.0%
respectively . Rainfall is regarded as the main
source of water for agriculture in Sudan. The total
amount of rainfall water in Sudan is estimated at
1094 million cubic meters upon which field crops
livestock, forests and pastures depend . Rainfall
in the Sudan varies from no rain in the desert region
in the north to about 900 mm per year in the forest
zones in the south. The length of rainy season
fluctuates around six months in the southern region
i.e. from April to September, three months in
central region and only one month in the northern
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region. The analysis of rainfall data mainly based
upon its distribution type. Therefore, the study of
the rainfall distribution is very important for the
Sudan economy.

In our life, the probability distributions are used in
different fields of science such as engineering,
medicine, economic and agricultural science.
Probability distributions of rainfall have been
studied by many researchers '’ Rainfall
probabilities for monthly and annual durations have
been documented using the gamma distribution ©/.
Waylen et.al 1 found that the normal distribution
was the best fit probability distribution for annual
rainfall in Costa Rica. Abdullah and Al-Mazroui !
reported that the normal and gamma distributions
were the best fit probability distribution for
describing annual rainfall of the southwestern
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region of Saudi Arabia. Salami ! revealed that the
log-Pearson type III distribution was the best fit
probability distribution for precipitation data for
Texas region. Husak et al. ' studied the use of
Gamma distribution to represent monthly rainfall in
Africa for drought monitoring applications. Osati et
al. ™ reported that Pearson and log Pearson
distributions were the best fit probability
distribution for annual precipitation of Mazandraan
and Golestan provinces in Iran. Alghazali and
Alawadi ¥ found that there is no suitable
probability distribution for describing monthly
rainfall in thirteen stations across Iraq. ALahmadi
et al ' stated that Generalized Extreme Value was
the best fit statistical distribution for Madinah daily
rainfall data, Saudi Arabia.

The main objective for this study is the analysis of
the probability distribution of the annual rainfall in
different rainfall stations across Sudan. Different
probability distributions are compared in this paper
to fit fourteen rainfall gauge stations in Sudan.

MATERIALS AND METHODS

Data

Fourteen rainfall gauge stations in Sudan were
selected with monthly and annually rainfall series
during the period 1971 to 2010. These stations were
selected based on the basis of reasonably long
records for the monthly rainfall data in locations
which represent different climatic zones in Sudan.
These stations are classified by Elagib and Mansell
1 a5 follow:

e Kadugly, Nyala and ElGedaref: semi-arid.

e ElFasher, ElGenina, ElObeid, Kosti,
EnNahud, Wad Medani, Sennar, Kassala
and Khartoum :Arid

e Atbara and Port Sudan: hyper-arid.

All - time series were checked to find out all
missing data. Individual missing data values were
filled in using Qureshi and Khan Method "'
Methodology

The procedures used for this work can be
summarized in the following steps:

Statistics of Annual Rainfall

Using the sample data x; (i=1,2,...,n) the basic
statistical descriptors of the annual rainfall series,
the mean X , standard deviation S, coefficient of
variation Cy,, skewness Cs, kurtosis Cg, minimum
and maximum values, have been estimated for each
station.

The Probability Distribution Functions

The following five probability distributions namely,
normal, log normal, gamma, weibull and
exponential distribution were used to select the best
fit probability distribution for annual rainfall in
Sudan. The description of the probability
distribution functions are presented in Table 1.
Testing the Goodness of Fit

The goodness-of-fit tests ,namely, Kolmogorov-
Smirnov test , Anderson-Darling test and Cramer-
von Mises test were used at o (0.05) level of
significance for the selection of the best fit
distribution. The best fitted distribution is selected
based on the minimum error produced, which is
evaluated by the following techniques:

(i) Kolmogorov-Smirnov Test

The Kolmogorov—Smirnov (K-S) test is a well
known goodness-of-fit statistic that compares an
empirical distribution function, Fy , with a specified
distribution function Fy. The test is an alternative

to the chi-square goodness of fit test.  The
Kolmogorov—Smirnov  statistic (D) can be
computed as * 1

D = max|Fy (x) — Fy(x)| D

measures the distance between the empirical
distribution function, FX , and the specified
distribution Fy. Obviously, a large difference
indicates an inconsistency between the observed
data and the statistical model Fy .

(ii) Anderson-Darling Test

The Anderson-Darling (A-D) test was introduced
by Anderson and Darling to place more weight or
discriminating power at the tails of the distribution.
This can be important when the tails of the selected
theoretical distribution are of practical significance.
The test statistic (A?) is defined as /'

A% = = 37 [(2i — D{nFy(x) + In[1 -
Fy(Xpe1-D1}/n] —n @)

Where Fy is the cumulative distribution function of
the specified distribution and x; is the ordered data.
The critical value,C,, in the A-D test for a given
significance level a depends on the form of the
proposed theoretical distribution.

(iii) Cramer-Von Mises Test

Cramer-Von-Mises (CVM) criterion is used in
testing the goodness-of-fit of a probability
distribution compared to a given empirical
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distribution function. The Cramer-von-Mises test
[15].

statistic can be computed as '
n 2

1 +Z[2i—1 .
“12n " Ll 2n *i

=1

WZ

(3)

Where x; is the increasing ordered data and 7 is the
number of sample size.

Least Square Method

The least square method was also used to select the
best fit probability. It is a mathematical selection
criterion of model building. When there are several
competing models to choose from, select the model
that gives the minimum sum of residuals. The
residuals (R) can be computed as

n
> G- @
i=1

Where, y;= is the observed data, y;= is the
estimated data and # is the number of sample size.
The distribution with minimum sum of residuals
was selected as the best fit probability distribution
for that particular station.

Quantile-Quantile Plots (Q-Q)
Normal quantile-quantile plots, (Q-Q), are used to
evaluate whether the data follow a specified
theoretical distribution. If the two distributions are
the same, the (Q-Q) plot should lie on a straight
line.

Statistical Software

The econometric and statistical software Eviews-7
was used for all the analytical work.

RESULTS AND DISCUSSION

Statistical Properties of the Annual Rainfall

The basic statistical properties of the annual rainfall
series have been calculated for each station. The
results obtained are given in Table 2.

R =

The variability in annual rainfall during 1971-
2010, as estimated by the coefficient of variation
Cy , ranges from 18.9 % in Kadugli to §9.4 % in
Atbara as shown in Table 2. This finding is in
agreement with Elagib and Mansell " | who
reported that the annual rainfall variability in Sudan
increases with decreasing mean rainfall during the
period 1961-1990, which calculated by the
coefficient of variation, ranges from 13.8% to
122.9%.

The coefficient of skewness is used to verify the
degree of asymmetric of a distribution around the
mean. The skewness of a normal distribution is

zero. From the result of Table 2, most values of
skewness lies near zero except five stations namely
Atbara, Khartoum, Port Sudan, El Obeid and En
Nahud.

Kurtosis refers to the extent of peakedness or
flatness of a probability distribution in comparison
with the normal probability distribution. The
Kurtosis of a normal distribution is 3. Most values
of kurtosis are around 3 in the range of 2.30 at
Kadugly station to 3.83 at Sennar. Khartoum and
Atbara stations obtain the highest value of kurtosis
with the value of 9.00 and 7.63 respectively.

The three test statistic for each rainfall station data
were calculated for all probability distributions. The
probability distribution with the minimum error
along with their test statistic is presented in Table 3.
It has been observed that Normal distribution using
the three tests independently obtained the minimum
error for annual rainfall in Kassala station. Thus,
the Normal distribution is suitable for this station.

It has been, also, observed that Normal distribution
using Kolmogorov  Smirnov  test, Normal
distribution using Anderson Darling test and
Gamma distribution using Cramer-von-Mises test
obtained the minimum error for annual rainfall in
Wad Madani station. Thus the Normal and Gamma
probability distributions were selected as the best
fit based upon the three tests independently.
Additional criteria needed to chose the best
distribution for Wad Madani station. The least
square method and the quantile-quantile plots were
also used to select the best fit probability. The
residuals were computed for the two distributions
using the least square method. The Normal
probability distribution has the minimum residual.
Theoretical quantile-quantile plots, (Q-Q), for the
two considered distribution are used for Wad
Madani station, Figure 1. Using visual judgment the
normal probability distribution is chosen as the best
suitable probability distribution for annual rainfall
at Wad Madani station. The best selected
probability distribution for each station is presented
in Table 4.

CONCLUSION

Normal distribution has been found to be the best
fitted distribution for the representation of the
annual rainfall in Sudan. However, gamma
distribution is ranked second while exponential
distribution is ranked last. Normal distribution
adequately described annual rainfall for 8 stations,
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while Gamma distribution adequately described
annual rainfall for 4 stations. Exponential
distribution adequately described annual rainfall for
most stations in hyper arid zones.
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Table 1: Description of used probability distribution functions

Type of Distribution Probability Density Function Parameters
1 =1 x — py? U= Mean
Normal fe) = NeT7ohiis [_( o ) ] o = Standard Deviation
—1 (In(x) — u\’
exp [T (M) ] o = Scale Parameter (o > 0)
Log Normal o
f(x) = u = Shape Parameter (u>0)
V2mx2ag?
1 x a = Shape Parameter (a >0)
Gamma flx) = o x% e B B = Scale Parameter (f > 0)
per(a) I' = Gamma Function
. a (x\%1 x\* a = Shape Parameter (a > 0)
Weibull fl) = B (E) exp [_ <E> ] B = Scale Parameter (f > 0)
1 1
Exponential flx) = Ie‘Z" A>0




Table 2: Statistical properties of annual rainfall series for 14 stations in Sudan (1971-2010).

Rainfall Mean Standard Coefficient Skewness Kurtosis Min Max
Station Deviation | of Variation | Coefficient
Port Sudan 80.14 69.80 0.871 1.22 4.16 0.0 281.0
Atbara 52.78 47.21 0.894 1.83 7.63 0.0 239.7
Khartoum 122.37 69.93 0.571 1.69 9.00 4.40 415.5
Kassala 243.49 82.73 0.340 0.06 2.63 75.6 394.8
Wad Medani | 288.57 81.54 0.283 0.07 2.64 115.4 443.1
El Gedaref 616.82 117.25 0.190 -0.14 3.28 322.0 872.6
El Fasher 195.47 66.29 0.339 0.57 2.79 72.7 361.5
Sennar 419.63 119.11 0.284 0.41 3.83 174.7 773.9
El Geneina 426.16 120.92 0.284 -0.14 2.92 124.4 661.3
El Obeid 348.38 121.66 0.349 0.99 4.23 161.7 735.5
kosti 348.10 102.2 0.294 0.10 3.71 96.0 602.1
En Nahud 357.10 112.5 0.315 0.93 4.93 138.9 694.4
Nyala 387.92 97.10 0.250 0.34 2.73 197.3 626.1
Kadugli 681.32 129.00 0.189 0.19 2.30 468.8 990.8

Table 3: The probability distribution having the minimum error along with their test statistic for each

station
Kolmogorov Smirnov Test . Cramer - Von Mises Test
Rainfall Critic%il Value D = 0.210 Anderson — Darling Test™ | ¢ i Value €,_,=0.21
Station

Distribution Statistic Distribution Statistic Distribution | Statistic
Port Sudan Exponential 0.115 (-) (-) Exponential 0.074
Atbara Exponential 0.134 (-) (-) Exponential 0.093
Khartoum Normal 0.144 (-) (-) Normal 0.131
Kassala Normal 0.086 Normal 0.359 Normal 0.048
Wad Medani Normal 0.078 Normal 0.294 Gamma 0.038
El Gedaref Normal 0.104 Normal 0.412 Normal 0.075
El Fasher Gamma 0.080 Gamma 0.185 Gamma 0.030
Sennar Normal 0.118 Normal 0.446 Normal 0.083
El Geneina Normal 0.062 Normal 0.167 Normal 0.023
El Obaied Gamma 0.095 Gamma 0.404 Gamma 0.070
Kosti Normal 0.105 Normal 0.519 Normal 0.081
En Nahoud Gamma 0.090 Gamma 0.481 Gamma 0.063
Nyala Normal 0.086 Gamma 0.156 Gamma 0.022
Kadugli Normal 0.089 Normal 0.333 Normal 0.045

*Critical Value at significance level 0=0.05 of the A-D test for the Normal Distribution, C, = 0.727
*Critical Value at significance level 0=0.05 of the A-D test for the Gamma Distribution, C, = 0.752
*Critical Value at significance level 0=0.05 of the A-D test for the Exponential Distribution, C, = 1.321
(-) No distribution is significant at (0=0.05) level of significance.
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Figure 1: Quantile-Quantile plot for Wad Madani station (Gamma + Normal)

Table 4: The selected probability distributions for annual rainfall for all stations
Station Study Period | Suitable probability distribution

Port Sudan 1971-2010 Exponential distribution

Atbara 1971-2010 Exponential distribution
Khartoum 1971-2010 Normal distribution
Kassala 1971-2010 Normal distribution
Wad Medani 1971-2010 Normal distribution
El Gedaref 1971-2010 Normal distribution
El Fasher 1971-2010 Gamma distribution
Sennar 1971-2010 Normal distribution
El Geneina 1971-2010 Normal distribution
El Obeid 1971-2010 Gamma distribution
kosti 1971-2010 Normal distribution
En Nahud 1971-2010 Gamma distribution
Nyala 1971-2010 Gamma distribution
Kadugli 1971-2010 Normal distribution
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