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Abstract

Generalized special relativistic energy expression, beside Fermi momentum and
ordinary Newtonian gravity potential were used for stars equilibrium conditions. The
radius which makes the energy minimum shows that stability requires the mass to be
less than certain critical mass which reflects quantum gravity behavior. This condition
was similar to that of general relativity, where the radius should be greater than certain
critical value. This critical value was typical to that of general relativity for black hole.
The equilibrium condition show that pressure and centrifugal force should counter
balance attractive gravity force. It also shows that kinetic energy balances potential
energy at equilibrium. This agrees with previous models. The mathematical model was
simple compared to general relativity model.

Generalized special relativity energy-momentum relation beside the positivity or
negativity of energy were used to construct star evolution model. In the first approach
short range repulsive beside long range attractive gravity force were assumed to
contribute to the total energy. This shows the existence of finite self energy of matter
in the form of string. It shows that the star radius was that of general relativity black
hole radius. The minimization of energy with respect to potential, radius and mass
shows in all cases the string nature of matter building blocks. The star evolution to
become supernova or black hole was shown to be related to the relation of thermal to
attractive gravity force in the same sense shown by general relativity.

The conditions of star equilibrium is discussed on the basis of the relation between
pressure and gravity forces. The pressure expression was found first by using Gibbs
and quantum laws. This leads to an equilibrium radius that depends on particle and
mass density. The star explosion requires the energy to be positive. In this case,
thermal energy exceeds gravity potential. When the generalized special relativistic
energy is negative contraction takes place when gravity energy exceeds the thermal
one. Star equilibrium requires the radius to have critical value typical to that of black

hole and the critical mass to be less than a certain critical temperature dependent mass.



Using generalized special relativity together with Newton's laws of gravitation and
treating particles as quantum strings, a useful expression for self energy was found.
The critical radius of a star when particles are created is that of a black hole. The
critical radius and mass are dependent on the speed of light and gravitational constant.
For mass formation, the radius and mass should be small which agrees with the fact
that elementary particles have very small mass and radius. The formation should also

takes place at Planck time which also conforms with that proposed by big bang model.
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Chapter One

Introduction

1.1 Cosmology and Stars:

Einstein’s theory of general relativity (EGR) is one of biggest achievements in physics.
This theory describes gravitation in a geometrical language by utilizing curved
Riemann geometry [1]. EGR is found to be successful in describing a large number of
astronomical observations [2]. Despite these successes, EGR suffers from noticeable
setbacks. It is the most disastrous, and is the description of the radiation and pre-
radiation eras, where elementary particles are dominant [3]. The elementary particles
description is done by using quantum theory. Thus one needs a quantum gravitational
theory to describe the early universe [4, 5], from the start of the big bang, pre plank
and blank quantum era [6], up to radiation era. Quantum gravity theory is also needed
to describe the behavior of black holes, neutron stars and pulsars [7]. Many attempts
were made to construct a quantum gravity model [8]. Some of them are based on super
string or string theory [8]. Others, like the wave function of the universe are proposed
by Dwelt [9] and Hawking [10].

These attempts, although they are promising, but they are still done for from giving a
complete full consistent quantum gravity theory. This failure stems from the fact that
EGR derivation is not inconformity with the conventional method used to derive the
field equations. In this conventional method the equation of motion and the energy
momentum equation are different. The first one results from the variation of the field
variables, while the second one results from the space-time variation [11]. In EGR the
equation of motion and the energy-momentum equation are the same. They stem from
the replacements of the potential field term by a geometrical term, and the matter term
by the energy-momentum term [12]. This situation makes EGR isolated from other
field theories, including quantum field theory. This bizarre situation necessitates
searching for a new version of EGR, by keeping its beautiful geometrical language and
abandoning Newton Poisson equation. This new version is first proposed by Lanczos
[13] and then by Ali Eltahir [14]. It is based on the conventional action approach [14].

This generalized EGGR reduces to EGR thus shares with it all their successes.
1



Moreover, GEGR is proved to be nonsingular [15] and capable of solving the gravity
energy-momentum problem, horizon, entropy and flatness problem, beside galaxy
formation problem.

Stars play a central role in the universe. It is responsible for delivering energy to the
surrounding astromical object [16, 17, 18]. In our solar system the sun which is a star,
delivers energy to the earth. This energy is important for human life as well as plants
and animal life. Without solar energy life cannot exist, including human life [19, 20].
The energy of the sun, which is now termed solar energy, is also utilized widely in
generating electricity by using solar cells, and generating mechanical energy by using
wind energy. The solar energy is also the main source of petroleum energy, vital
energy and most of the energy sources in the world [21, 22, 23].

Gravitational fields are so weak that the practicing astrophysicist can usually ignore
general relativity. This Thesis deals with various sorts of objects in which relativistic
effects play an important. Or in some cases a dominant, role. One of these is the
neutron star, a cold star composed primarily of neutrons and supported against collapse
by neutron degeneracy pressure. Another is the supermassive star, a giant object
supported by radiation pressure, in which general relativity effect can tip the balance
between stability and instability. Most impressive of all is the black hole, a body
caught in an inexorable gravitational collapse. The existence of neutron stars and black
holes was suggested in the 1930°s on purely theoretical grounds, chiefly through the
work of J. Robert Oppenheimer and his collaborators [24].

In the last few years a new species of astronomical exotica was discovered the pulsars,
radio sources that pulse at regular frequencies ranging from a few tenths Hz to 30 Hz.
The pulsars are often associated with optical and even X-ray sources that pulse at the
same rate. There appears now to be a general consensus that pulsars are the neutron
stars discovered theoretically in the 1930’s, but with a rapid rate of rotation that
somehow or other produces the observed pulses [25].

A main-sequence hydrogen-burning star, such as the Sun, is maintained in equilibrium
via the balance of the gravitational attraction tending to make it collapse, and the

thermal pressure tending to make it expand. of course, the thermal energy of the star is



generated by nuclear reactions occurring deep inside its core. Eventually, however, the
star will run out of burnable fuel, and, therefore, start to collapse, as it radiates away its
remaining thermal energy. What is the ultimate fate of such a star.

As the star collapses, its density increases, so the mean separation between its
constituent particles decreases. Eventually, the mean separation becomes of order
wavelength of the electrons, and the electron gas becomes degenerate. Note, that the
wavelength of the ions is much smaller than that of the electrons, so the ion gas
remains non-degenerate. Now, even at zero temperature, a degenerate electron gas
exerts a substantial pressure, because the Pauli exclusion principle prevents the mean
electron separation from becoming significantly smaller than the typical wavelength of
the electrons. Thus, it is possible for a burnt-out star to maintain itself against complete
collapse under gravity via the degeneracy pressure of its constituent electrons. Such
stars are termed white dwarfs [26].

At stellar densities which greatly exceed white dwarf densities, the extreme pressures
cause electrons to combine with protons to form neutrons. Thus, any star which
collapses to such an extent that its radius becomes significantly less than that
characteristic of a white dwarf is effectively transformed into a gas of neutrons.
Eventually, the mean separation between the neutrons becomes comparable with their
wavelength. At this point, it is possible for the degeneracy pressure of the neutrons to
halt the collapse of the star. A star which is maintained against gravity in this manner
is called a neutron star.it is found that there is a critical mass and critical radius above
which a neutron star cannot be maintained against gravity. This critical radius, which
Is known as the radius of Schwarzschild. A star whose radius exceeds the radius of
Schwarzschild. cannot be maintained against gravity by degeneracy pressure, and must
ultimately collapse to form a black hole [26].

General relativity theory is one of the most successful theory that describes the
universe. The so called big bang model describes the evolution of the universe [27,
28]. It states that the universe starts with singularity in space-time. It then expands,

where matter, i.e. elementary particles is formed at early universe. These particles join



together to form light atoms. Later on these particles are assembled in a cloud forming
galaxies, stars, planets and all other astronomical objects [29].

The formation of stars is one of most striking features of general relativity. These stars
can be come white dwarfs or red giant stars, supernova or black holes [30]. However
the evolution of stars suffers from noticeable set backs, for instance the so called black
holes results from space-time singularity which means break down of the laws of
physics [31]. This draw back can be cured in this Thesis by using generalized special
relativity (GSR).

1.2 Research Problem:

The evolution of stars within the framework of general relativity needs to be promoted,
especially the formation of black holes which is accompanied by the existence of space
time singularity.

1.3 Aims of the Work:

Is to construct theoretical model based on the generalized special relativity to obtain
nonsingular model explaining stars evolution and formation of black holes.

1.4 Previous Studies:

Different attempts were made to describe the nature of stars and their evolution [32,
33]. Some of them are concerned with equilibrium of stars [34, 35, 36]. While others
describe the behavior of black holes [37, 38, 39, 40, 41, 42]. In this section one caut
some of them. In one of these papers:

In the work of M. Dirar, a simple derivation of the generalized field equation with a
source term is presented by restricting ourselves to a locally inertial frame. It reduces
to Einstein's field equation when the lagrangian is linear. Assuming the metric to be
Minkowskian, simple solutions for the scalar curvature show the existence of a short
range field and the emission of gravitational waves by objects which have strong field.
The fact that the generalized field equation with a source term reduces to general
relativity in a weak field limit indicates that it shares with general relativity all its
successes in this limit. The solutions of the generalized field equation differ from those
of general relativity in many respects. First of all the scalar curvature does not vanish
outside the source. Secondly the expression for the potential shows the existence of a
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short range field or presumably a possible link with the strong nuclear force. On the
other hand the travelling wave solution is in conformity with the recently observed
declining in the orbit period of the binary pulsars [43, 44, 45, 46].

Also in the work of M. Dirar and others, the mass resulting from self energy is
obtained by utilizing the generalized relativity. The expression for the mass which
results from the gravitational field is finite. This expression is found by considering the
mass first as small tiny string and second as small sphere. A useful equation for the
propagation of graviton waves in space indicates that graviton propagates as travelling
wave. By treating gravitation waves as wave packets a plank quantum expression for
graviton energy dependent on the frequency is also found. The gravitational constant
(parameter) is quantized also in this work. The capability of equation generalized
general relativity to quantize the gravitational field and gravitational constant indicates
that it can secure a good basis for a full quantum gravitational theory. The ability of
this model to explain the origin of the mass in relation to the gravitational field, and to
be an amenable to quantization, raises a hope of unifying all fundamental forces by
bridging the gap between general relativity and quantum mechanics, beside finding a
pathway to unify gravity with other forces by using Riemannian geometry as a
common language [47].

In the work of Dong Lai, he describes what happens to a neutron star or white dwarf
near its maximum mass limit when it is brought into a close binary orbit with a
companion. Such situation may occur in the progenitors of Type IA supernovae and in
coalescing neutron star binaries. Using an energy variational principle, we show that
tidal field reduces the central density of the compact object, making it more stable
against radial collapse. For a cold white dwarf, the tidal field increases the maximum
stable mass only slightly, but can actually lower the maximum central density by as
much as 30%. Thus a white dwarf in a close binary may be more susceptible to general
relativistic instability than the instability associated with electron capture and
pycronuclear reaction (depending on the white dwarf composition). We analyses the
radial stability of neutron star using post-Newtonian approximation with an ideal

degenerate neutron gas equation of state. The tidal stabilization effect implies that the



neutron star in coalescing neutron star-neutron star or neutron star-black hole binaries
does not collapse prior to merger or tidal disruption [48].

In the work of G. Dillon, a definition of a Newtonian black hole is possible which
incorporates the mass-energy equivalence from special relativity. However, exploiting
a spherical double shell model, it will be shown that the ensuing gravitational self
energy and mass renormalization prevent the formation of such an object [49].

In the work of Paolo Christillin, it was shown that space curvature can be disposed of
by properly taking into account gravitational self energies. This leads to a parameter
free modification of Newton's law, violating Gauss theorem, which accounts for the
crucial tests of gravitation in a at space. Strong gravitational fields entail opposing big
gravitational self energies. The negative gravitational self energy of a gravitational
composite object, which results in a mass defect with respect to the sum of the
constituents, thus cancels out the latter at the Schwarzschild radius. Hence a black
hole, possible end result of the radiative shrinkage of a star, having zero total energy
cannot any longer interact with other objects. Baryon number non conservation may
result [50].

Finally the work of Abhay Ashtekar, shows a set of boundary conditions defining a
non-rotating isolated horizon are given in Einstein-Maxwell theory. A space-time
representing a black hole which itself is in equilibrium but whose exterior contains
radiation admits such a horizon. Physically motivated, (quasi) local definitions of the
mass and surface gravity of an isolated horizon are introduced. Although these
definitions do not refer to infinity, the quantities assume their standard values in
Reissner-Nordstrom solutions. Finally, using these definitions, the zeroth and first laws
of black hole mechanics are established for isolated horizons [51].

1.5 Presentation of the Thesis:

The thesis consists of five chapters. Chapters one and two are concerned with
introduction and stars evolution. Chapters three and four are devoted for stars

equilibrium and literature review. The contribution is in chapter five.



Chapter Two

Stars Evolution within the Framework of General Relativity

2.1 Introduction:

Gravitational fields were so weak that the practicing astrophysicist can usually ignore
general relativity. This chapter deals with various sorts of objects in which relativistic
effects play an important. Or in some cases a dominant, role. One of these is the
neutron star, a “cold” star composed primarily of neutrons and supported against
collapse by neutron degeneracy pressure. Another is the supermassive star, a giant
object supported by radiation pressure, in which general relativity effect can tip the
balance between stability and instability. Most impressive of all is the black hole, a
body caught in an inexorable gravitational collapse [30].

In preparing this chapter, | have tried to restrict myself to the simplest calculations,
which can be carried out analytically without too much trouble. These simple
calculations are not very useful for a detailed understanding of astronomical
observations, but they provide a valuable insight into the possible roles that general
relativity can play in astrophysical phenomena.

2.2 The Equation of the Gravitation Field:

Differently electromagnetic field which does not influence its source the charge and
which is determined by linear partial differential equation. The gravitational field does
not affect the mass producing it and therefore should be described by nonlinear
equation to obtain these equation Einstein started from be life that they must
generalized from of Newtonian gravitational equation where the scalar potential ¢ can

be component of the metric tensor by [52].

1
Py = _5900 (2.2.1)

The corresponding Poisson equation reads [53]:

Vip = —4nGp (2.2.2)
Where ¢ the Newtonian gravitation field potential, p matter density, G gravitational
constant.

We generalize equation (2.2.2):



Goo = —81GT,,
Thus by equation (2.2.1) one obtains

V2go0 = —8nGp = —8mG Ty, (2.2.3)
Where the mass density in this case equals the energy density Ty, if one extends the
right hand side of equation (2.2.3) so that T, — T,z. Then by tensor analysis the left

hand side should be equal to some second rank spatial tensor G,. This means

Gop = —8GT,

uv aB = 1;213 (224)

Gqp 1s a linear combination of g,p and its first and second derivatives. by the
equivalence principle these equation can be further generalized to

G = —81G T, (2.2.5)
To obtain the equation that govern he behavior of the gravitational field one need to
find the form of G,,,, one therefore sets a number of requirements with regard to the
properties of the gravitational field and which should be observed constructing the
sought equation. Thus the G,,,, following requirements should be satisfied by [54]:
1. By definition it is a tensor consisting of the matric and its derivation.
2. This tensor should only contain terms that either quadratic in the first derivatives of
the metric tensor or linear in its second derivatives T,,,,.
3. It should be symmetric as.
4. Since T, is conserved it should be equally so and vice versa.
5. It should be reducible to Newtonian limit.
By the fulfillment of these requirement and employing certain properties of the
curvature tensor and its contraction it can be seen that the right hand side of equation
(2.5.5) should have the form

1
Ry — Eguv R =Gy, (2.2.6)
This expression is called Einstein tensor. Thus equation (2.5.5) becomes
1
Ruv =5 G R = —8mG T, (2.2.7)

Contracting with g,,,, yield
R = 8nGT} (2.2.8)

8



Hence

Ry = =876 ( Ty, - % gwT?) (2.2.9)
Equations (2.2.7) and (2.2.9) are the Einstein field equation. That describe the
gravitation field and summarize the theory of general relativity. These equation can be
alternatively by exploiting the variation action principle. Where T,,,, is the general
energy-momentum tensor, and G, called the Einstein tensor which is a combination
of possible derivative of g,,,, and their products.

By criteria (1) — (5) the required equation yield
1
Ruv - E.guvR - Aguv = Guv =0

1
Ry — ng,R = AGuw (2.2.10)

Where A is called the cosmological constant. It should reduce to stationary weak field

limit for, T,,,, — T,,. we should set, A = 0. The Einstein's field equation reads
1
Ry — EguvR = Gy (2.2.11)

2.3 The Field Equation for the Universe in A commoving Coordinate

System:

The large scale phenomena of universe are strongly affected by the gravitational
interaction. Since gravity is the dominating interaction. General relativity should be
able to give as it noted before a full description of the universe. Therefore what is
needed is to find a model of the universe as a whole, which constitutes a solution of
Einstein's equation. The solution of cosmological problem within the framework of
general relativity consists of determining a large scale metric of the four-dimensional
world and a corresponding large-scale matter distribution satisfying Einstein's equation
theoretical cosmologists always make the idealizing assumption that, on sufficiently
large scale, matter can be considered to homogeneously and isotropic ally distribute.
This means that the energy-momentum tensor of matter in the universe is exemplified
by that of a perfect fluid. on a sufficiently large scale the gross features of the universe,

such as the mass density, indicate that the universe is homogeneous and isotropic. The

9



modern cosmological theory is built on the cosmological principle, i.e. the hypothesis
that the universe is spatially homogeneous and isotropic. The space-time metric of

such a universe is given by [55]:
2

1— kr?

dt? = dt* — a?(t) ( + 1r2d6? + r?sin?0 d¢2> (2.3.1)

Where a?(t) is an unknown function of time called the cosmic scale factor and k is a
constant known as the spatial curvature. Which by a suitable choice of units for r can
be set to take only three values: 1, 0, or —1 for a closed. Spatially flat and open
universe respectively. The spatial polar coordinate r, 8, ¢. Form co-moving system in
the sense that typically galaxies have constant spatial coordinates r, 6, ¢.

Applying the cosmological principle to energy-momentum tensor that describes

cosmic matter shows that it take the same form as for perfect fluid

™ = (p +p)U Uy + PGy (2.3.2)
Where p: mass density, p: pressure.
U, =0 , U =0
Ty =p@ Ty =9gur ., i1=10,¢ (2.3.3)

Equation (2.3.1) is suitable matric for describing expanding universe, which is written

by Roberson-Walker metric thus Einstein equation (2.2.7) gives

a\> 8mGp k A
(E) =3 E+ 3 (2.34)
a —-8nG A
E = 3 (p + 3p) + § (235)
The conservation of the energy also gives
p+3H(p+p)=0 (2.3.6)
Where
a
H = - (2.3.7)

Is called Hubble parameter, to solve these equation a relationship between p Apis
needed. This relation can be written in the form
p = wp (2.3.8)

10



Where w is constant independent of time. Thus the conservation of energy equation
(2.3.7) reads

' a
P 3(1+w)2 (2.3.9)
P a
This can be integrated to obtain
p x g 3(1+®) (2.3.10)
Einstein equation for spatial component gives
a+2<a>2+2k_4 G( ) 2.3.11
- " = 4nGlp—p (2.3.11)
Which by using equation (2.3.8) takes the following form
a ayv’  _k
2 + 2 (E) + 2 == AGp(1 + w) (2.3.12)

In this case (w = 1), and the energy density is independent of a since the energy
density in matter.
2.3.1 Vacuum Era:

In vacuum matter does not exist. This needs introducing a cosmological constant is

equivalent to existence of energy momentum tensor for the vacuum [56] i.e.

Gy = 87GTyy + Agpy (2.3.13)
i — 2.3.14
Hv 87TG guU ( e )

This has the form a perfect fluid with

p=-—-p= 8nC TJ’U“C =PI (2.3.15)

2.3.2 Radiation Era:

During this era radiation dominates, i.e. most is in the form of radiation. may describe
either actual electromagnetic radiation, or massive particles moving at relative
velocities sufficiently close to the speed of light. Although radiation is perfect fluid

and thus the energy momentum tensor. The equation of this state is [57]:

1
p=3p (2.3.16)

This energy density in radiation takes the form

11



p=a* (2.3.17)
At the universe expanse it cool down, thus some elementary particles combine to form
atoms, which in turn accumulate to matter. The cosmological term A in Einstein

general relativity can be considered as standing for vacuum energy [58]:

A
Py = % (2318)
Where general relativity takes the form
1 A
RllU —_ E gllUR = —87TG (THU — %glw) (2319)

Experimentally observation indicate that vacuum energy negligible small at present.
On the hand, large vacuum energy at the early universe can produce inflation where
a = Aett
This inflation can solve some of cosmological problems. The diversity between the
present small value of the vacuum energy and the need of large vacuum energy at the
early universe is known as cosmological constant problems [59].
2.3.3 Equation of Motion:
In order to find the Einstein equation we approximate the matter, averaged over long
distances, as an ideal fluid which is rest in the cosmic coordinate system of the
Robertson-Walker metric, i.e. The energy-momentum tensor is given by [60]:
T = (pc? — p)UFUY — pgh? (2.3.20)

Where U* is the four-velocity of the matter, the unite tangent vector field of the time
like congruence. We have Tu” = pc? —3p = 0 for scale invariant case like EM
radiation, p = 0 for matter at rest, like cosmic dust and T"’ ~ g"*¥, p = —pc? in the
vacuum.
Notice that pc? + 3p = 0 in each case. The metric (2.3.1) is based on the time
coordinate r therefore U* = (1,0,0,0).
The first two term in the divergence of a tensor A"Y:

D, A" = 0,A"’ + [} AHP 4 [} APY (2.3.21)
Looks as the covariant divergence of a four-vector which can be written in a simpler

manner according

12



D, AW = 0y|—g/2AW| + L) APV (2.3.22)

_g1/2 v

Thus the expression (2.3.20) leads to the energy-momentum conservation law

—0,pg"’ + d,[—g"*(pc? + p)UHU?]| + I}, (pc + p)UPUY = 0 (2.3.23)

Where the metric admissibility, D, = 0, was used, t 00. The rest frame condition,

U* = (1,0,0,0), renders the spatial components, u = 1,2,3 of this equation trivial and

the temporal part u = 0 reads as

d
a3p = . [a3(pc? + p)] (2.3.24)
Or
apc? +3a(pc®+p)=0 (2.3.25)
Giving
i(a3pcz) =0 (2.3.26)
I 3.
p ~1/a3 for dust. In the case of radiation we write
2d 1 1d
T (n3nr2 —a3hr2 — (A nr2) —
2 dr (a’pc?) + 7 4°PC 3 dr (a*pc?) =0 (2.3.27)

Resulting in p ~ 1/a*. The density drops faster in the latter case during the expansion
of the universe (growing a) than for dust. Though the radiation represents a negligible
component in the actual universe, it was dominant in an earlier phase.

The Einstein's equation read finally as

R 1R A_3d2+k

For the component

1 a®  \ a 2a® 2k _(a a* k
—|Rr+=R+a?A ) =—+—+—=-3(-+5+5|+A
a a

— A = 8nGT,, = 8nGpc? (2.3.28)

2 a a? a? a a2
—2d a? k 8nG
= ——— S +A=— T, =8Gp (2329)

We can express the acceleration d by making forming a suitable linear superposition of

these two equations

a A 4

—_—= ——— = 2

. 573 nG(3p + pc*) (2.3.30)
13



The cosmological constant introduces a pressure in the absence of matter and leads to
violation of the Newtonian gravitational law in the slow motion, weak gravitational
field limit. We shall set A = 0 in the rest of the discussion for simplicity. The first
remark is that there is no static solution, ¢ < 0 for 3p + pc? > 0. The rate of change

of spatial distances

dl [
v=—=—qa = HI (2.3.31)
dr a
Where
a
H=— (2.3.32)
a

Called Hubble constant, though its value has slow time dependence on astrophysical
time scale. The universe is expanding at the present, a > 0 but in view of d < 0 the
expansion rate must have been faster in the past. by assuming constant expansion
rate T = 1/H. Time ago the universe would have been point-like. Due to the slowing
expansion rate the big bang, the zero-side universe must have occurred lees time
before and the inverse Hubble-constant gives only an order of magnitude estimate of
the lifetime of universe. The zero size signals a singularity in the time evolution which
prevents us to inquire about the state of the universe. Before the big bang. The so
called singularity theorems of general relativity assures that the singularity at the big
bang is present even without assuming homogeneity and isotropy. For the flat or open
universe, k = 0 or k = —1, respectively a # 0 according to equation (2.3.28) which
can be written as

8nG
a? = Tazpc2 —k (2.3.33)

And the expansion continues forever. In fact, pc? = f(a™3) or pc? = f(a™*) for dust
or radiation dominated universe, pc?a? - 0 as r — o and a approaches zero from
above. For closed universe, k =1, the matter contribution to equation (2.3.32)
decreases compared to k during the expansion and there is a maximal value of a,
a < a,. But the maximal value cannot be approached asymptotically because d dose
not tend to zero according to equation (2.3.30) but instead a big crunch occurs at some

finite time where a = 0 is reached and the universe cease to exists. The component of

14



the Einstein equation (2.3.28) for A = 0 shows that the universe is closed or open if

p > p.or p < p,, respectively where

B 3H?
8nG

The actual observational and theoretical background suggests that the cosmological

pcC? (2.3.34)

constant A actually plays an important role in determining the age of the universe [60],
in particular the choice. ppatter = 0.27p. » Pao = 0.73p. ,  Pmer +Pa = pc (IS
preferred).

2.4 Generalization of Schwarzschild Metric:

One will discuss in this section a generalized solution for Schwarzschild metric. This
solution is considered as a general solution to describe the weak gravitational field and
the strong. Schwarzschild metric is a good approximation to the gravitation field of a
slowly rotating body like the Earth or Sun. but in the case of a strong gravitational
field the general relativity will fail to describe what is happing inside. We can derive
the Schwarzschild metric from my new metric, that is in the case of weak gravitational
field where both of them give the same results. But in the case of strong gravitational
field my new matric gives an accurate results which are different from the

Schwarzschild metric. The Schwarzschild metric is given by [61]:

ds? = g, dt? — g;;rdt? —r?(d6? + sin?0d¢?) (2.4.1)
Where
g = 1 26M
tt — Czr

Now if there is clock located in a gravitational field at distance r from the center of
mass M, then the reading of this clock for an observed far away from the gravitational
field is given as the equation

2GM\1/?
) At (2.4.2)

At' = (1 3
Where, At is the reading of the observer from his clock is far away from the
gravitational field and At’ is the reading of the same observer from the clock on the
gravitational field. From the metric given in (2.4.1) the Schwarzschild radius r; is

given as
15



2GM
Ty =

. (2.4.3)
cer

The Schwarzschild solution to Einstein's equations given exact solution in the case of
weak gravitational field, but in the case of strong gravitational field the Schwarzschild
solution disable to describe what happened accurately, where the laws of physics stop
there according to his solution.

General metric which is describing the space-time of the gravitational field (weak or

strong) is given as [61]:

ds? = g, dt? — gtdr? —r?(d6? + sin?0d¢?) (2.4.4)
Where
oo (-2
tt CZT‘
We get

2GM N G2M?
c2r ctr?

Equation (2.4.5) illustrates the lost term in the Schwarzschild solution where it is

(2.4.5)

It =

G*M?/c*r? this term has no effect in the case of the weak gravitational field where it
Is too small to be perceived. So in this case we can neglect it and the metric will take
the Schwarzschild form. But in the case of the strong gravitation field we can't neglect

this term. Now according to my solution we can generalize equation (2.4.2) to be [61]:

GM
At' = (1 — T) At (2.4.6)
c°r

Equation (2.4.6) is a general formula that describes the time dilation in a strong and
weak gravitational field. This equation is in agreement with equation (2.4.2). And it is
easy to show that (2.4.6) takes the form of equation (2.4.2) in the case of weak
gravitational field where the term G2M?/c*r? is neglected.

Now if we consider y~1, then we can compute the radius that the mass should be
compressed to be transformed into a black hole. This is known as the Schwarzschild

radius. Thus

Thus
16



GM
= — (2.4.7)
We see equation (2.4.7) is different from equation (2.4.3) by the factor of equation
(2.4.7) is in agreement with equation when deriving the Schwarzschild radius. If we

look carefully to my metric we'll see that it takes the form of flat Murkowski space

ds? = dt? — dr? —r(d6? + sin?0 d¢?) (2.4.8)
That is when
26M G*M? (2.4.9)
c2r  ctr2 o

This happened when

r=1y (2.4.10)
Where
GM
™W=52 (2.4.11)
From that we get
1
Ty = ETS (2.4.12)

1, given in equation (2.4.7) and from equation (2.4.6) where : r =1, Then At’' = At.
2.5 The Singularity of Schwarzschild Solution:

In this section we consider the irregular behavior of Schwarzschild solution. The
Schwarzschild solution can be applied to the gravitational field of the sun, however,
the Schwarzschild metric (2.4.1) is singular not only at r = 2mgG, but also at »r = 0.
The existence of the singularity has been interpreted by Penrose and Hawking [62] as a
manifestation of the collapse a massive star, the condition of its occurrence is
determined by Chandrasekhar [63].

The distance from the source in the proximity of which the collapsed star may turn to
be a neutron star with extremely high density, or otherwise, continue collapsing to
infinite density is called singular horizon. Beyond this horizon, the continuous collapse
of a certain star results the so called black hole, it implies that the star has disappeared

by leaving a hole.
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In other words, under the gigantic gravitational force the collapsing star is doomed to
further collapse then the gravitational field by passing its Schwarzschild radius will be
so large that any particles including photon will be captured inward. In spite of the
afore-discussed behavior, the singularity at » = 2GM, is not real since it can be
removed by a certain transformation of coordinates.

This was done by Kruskal-Szekeres [64, 65]. However, the singularity at r = 0 is
independent of the choice of the coordinate system, hence it is a real singularity which
cannot be removed by any kind of coordinate the transformation. On the other hand,
regarding a real star as a point mass in Schwarzschild metric, looks only unreasonable,
but also physically inapplicable.

This may imply that despite the successes of Schwarzschild solution in describing
weak field gravity, it looks inadequate to describe situations, where it predicts the
collapse of a massive star. In other words, with this inherent singularity, general
relativity is not capable of describing gravity at distances where the singularity takes
place, i.e. when gravity is strong. Thus, this reflects the limitations of general
relativity. This means, general relativity by predicting the singular behavior of the
metric space it predicts its own inapplicably of that singularity. Thus it contradicts
itself.

This limitation of Einstein's model necessitates a search for an alternative model,
which would share with general relativity its successes at weak field gravity, and will
be hopefully capable of giving a rotational description of the strong gravitational field.
We find that Schwarzschild solution is quite applicable to the gravitational field at
finite distances from the sun. This ensures that the solution is the base for all weak
field prediction of general relativity. Though, the solution has its limitation in the
strong field domain, and hence, it predicts a singular behavior, which entails the
existence of black hole due to the gravitational collapse. The Schwarzschild solution of
Einstein's equations constitutes the exact solution for the symmetrized form of these
equations. The symmetrizedation of the solution doesn't affect the validity of the afore

stated predictions of the theory in the case of non-symmetrized space (Birkhoff
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Theorem) [66]. It is rather a man of simplification, which allows the obtaining of this
solution.
Thus, we conclude that the gravitational equation satisfied by Schwarzschild space
time metric gives of the adequate description of gravity at weak field limit where
predictions have been well verified by observation. As for the prediction of the theory,
at the strong field areas the theory doesn't only contradict itself theoretically, but also
has no experimental evidence.
2.6 Differential Equations for Stellar Structure:
We first set up the general relativistic machinery for computing the pressure, density,
and gravitational fields within a spherically symmetric static star [30]. The metric
grr =A(), goo =71°, gep =7°sin’0, g, =-B(r) (26.1)
gw =0 for pu#v
The energy-momentum tensor is assumed to be that that for a perfect fluid
T = P9 + (@ +p) U, U, (2.6.2)
With p the proper pressure, p the proper total energy density, and U* the velocity four-
vector, defined so that
g*u, U, = -1 (2.6.3)
Since the fluid is at rest, we take
U =Ug=Up=0 , U =—(—g")"2 = —/B(r) (2.6.4)
Our assumptions of time independence and spherical symmetry imply that p and p are
functions only of the radial coordinate r. By making use equations (2.6.1)-(2.6.4) and

the Ricci tensor components. we find that the Einstein equation (2.2.9) read

R B _B (A BN A __, G(p —p)A (2.6.5)
=28 4B\A " B) ya_ MW TP -

Rom = -1+ (—A L BY 1o 471G (p — p)r? (2.6.6)
09 = +2A A+B +A— nG(p —p)r .6.

R, = B (A B\ B _ 4nG(p +3p)B  (2.6.7)
= "o T aa\a T g) AT TP TP O

A prime denotes d/dr. (we do not need to write down the equation for Ry, which is

identical to that for Ry, or the equations for off-diagonal elements of R,,, which
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simply say that zero equals zero) In addition, we may recall the equation for
hydrostatic equilibrium
B’ 2p’

—=- 2.6.8
B~ " ptp (2.6.8)

Our first step in solving these equations is to derive an equation for A(r) alone, by
forming the quantity
R, Rgg Rt A 1 1
= — 4+ —— = 871G 2.6.9
24 T 72 Top T Traz Tt T TOmP (2.69)
This equation can by written

r !

(Z) = 1 — 8nGpr? (2.6.10)
The solution with A(0) finite is
26M()\
A(r) = (1 - r(r)> (2.6.11)
Where
T
M(r) = f Arr?p(r')dr’ (2.612)
0

We can now use equations (2.6.11) and (2.6.8) to eliminate the gravitational fields
A(r), B(r) from equation (2.6.6), which becomes

2GM rp’ GM
—1+(1——) 1- + — — 4nGpr? = —4nG(p — p)r?
" < p+p> " nGpr nG(p — p)r

We rewrite this as

Amrr p(r)] [1 B 26M(r)] 7" (2.6.13)

—r2p'(r) = GM(r)p(r) [1 RO )] [ e
The reader may recognize this differential equation as the fundamental equation of
Newtonian astrophysics (see section 2.7), with general relativity corrections supplied
by the last three factors.

We are primarily concerned in this chapter with stars that are isentropic, that is, in
which the entropy per nucleon s does not vary throughout the star. This is the case for

two very different kinds of star [30]:
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1. Stars at absolute zero: When a star exhausts its thermonuclear fuel it can become a
white dwarf (section 2.7), or a neutron star (section 2.8), in which the temperature is
essentially at absolute zero. According to Nernst's theorem, the entropy per nucleon
will then be zero throughout the star.

2. Stars in convective equilibrium: If the most efficient mechanism for entropy transfer
within the star is convection, then in equilibrium the entropy per nucleon must be
nearly constant throughout the star, because otherwise a small element of fluid
containing A nucleons could gain or lose an energy AAS /T when transported from one
part of the star to another, and convection would therefore disturb the energy
distribution. The supermassive stars discussed in (section 2.9) are generally presumed
to be in convective equilibrium. We also assume that the stars we consider have a
chemical composition that is constant throughout.

The importance of the preceding assumptions lies in the fact that the pressure p may in
general be expressed as a function of the density p, the entropy per nucleon s, and the
chemical composition. Hence, with s and the chemical composition constant
throughout the star, p(r) may be regarded as a function of p(r) alone, with no explicit
dependence on radius 7.

Given p(r) as a function p(p(r)), we now formulate our problem as a pair of first-

order differential equations for p(r) and M(r). one of these is equation (2.6.13), the

other is the derivative of equation (2.6.12):

M'(r) = 4nr?p(r) (2.6.14)
In addition, equation (2.6.12) provides an initial condition
M) =0 (2.6.15)

Equations (2.6.13), (2.6.14) and (2.6.15), together with an equation of state giving
p(p), serve to determine p(r), M(r), and p(r), and so on, throughout the star, once
we specify the other initial condition, that is, the value of p(0). The differential
equations (2.6.13) and (2.6.14) must be integrated out from the center of the star, until
p(p(r)) drops to zero at some point r = R, Which we then interpret as radius of the

particular star with central density p(r).
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Let us return to the problem of calculating the metric. Once we compute p(r), M(r),
and p(r) we can immediately obtain A(r) from equation (2.6.11); to find B(r) we use
equation (2.6.13) to rewrite (2.6.8) as

B' 26 ,
§=T—Z[M+4T[T p][l—

The solution with B(0) =1 is

2(;1\4]‘1
T

B(r) = exp (— jmi—f [M(r") + 4nr'3p(r")] [1 — ZGI\;I—,(r’)]_ dr’) (2.6.16)

Our solution is now complete. (incidentally, we did not need to use equations (2.6.5)
and (2.6.7) for R,, and R;; separately, because these equations follow from (2.6.6),
(2.6.8), and (2.6.9), which were used in our calculation. This should not be surprising,
because equation (2.6.8), which is really just the equation for momentum conservation,
follows from the Einstein equations (2.6.5), (2.6.6) and (2.6.7) via the Bianchi
identities). Outside the star, p(r) and p(r) vanish, and M(r) is the constant M(R), so
equations (2.6.11) and (2.6.16) give

2GM(R)

B(r)=4"1(r)=1- for r=R (2.6.17)

The gravitational field (2.6.17) must equal the mass M of the star, defined as the total

energy of the star and its gravitational field, that is

R
M=M(R) = f Antr?p(r)dr (2.6.18)

0

Thus (2.6.17) is just the familiar exterior Schwarzschild solution. It may appear
paradoxical that M, which must include the energy of the gravitational field, is given in
(2.6.18) as the integral of the energy density p(r) of matter (including radiation) alone.
The resolution is that (2.6.18) does not say that M is the total energy of the matter. The
total material energy is not really well defined, but it might be computed by splitting
up the star into small volume elements and adding up the energies of each element as

measured in a locally inertial reference frame; this would give the material energy as

M, arter = j\/?p dr df d¢ = J 4nr? \JA(r) B(r) p(r)dr (2.6.19)
0
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The difference between equations (2.6.18) and (2.6.19) can be regarded as the energy
of the gravitational field. However, this decomposition is not particularly useful, and
will not be employed here. It is more informative to compare (2.6.18) with the energy
M, that the matter of the star would have if dispersed to infinity. This is simply

M, = myN (2.6.20)
Where my = 1.66 x 1072* g is the rest-mass of a nucleon and N is the number of

nucleons in the star. The nucleon number is given by

R
N = j\/E]No dr df d¢ = J 4nr? \JA(r)B(r) jyo (r) dr (2.6.21)
0

Where jyu is the conserved nucleon number current. It is convenient to express jyo in
terms of the proper nucleon number density n, that is, the nucleon number density

measured in a locally inertial reference frame at rest in the star, which is
n=—U,Jye =VB jyo (2.6.22)
(see equation (2.6.4), and recall that in a locally inertial coordinate frame U, = —1)

equation (2.6.21) then becomes

R R
N =j Artr? JA(r) n(r) dr =f Amrr? <1 —

The proper number density n(r) is in general a function of the proper density p(r), the

2GM(r)

-1/2
> n(r)dr (2.6.23)

chemical composition, and the entropy per nucleon s, so n(r) and N are fixed for a
star with a given constant s and chemical composition, once we choose p(0). The

internal energy of the star is now given by

E=M—myN (2.6.24)
We can also define a proper internal material energy density as
e(r) = p(r) —myn(r) (2.6.25)
And write (2.6.24) as
E=T+V (2.6.26)

Where T and V are the thermal and gravitational energies, respectively, of the star

R ~1/2
T = j Amrr? (1 — 26M(r)> e(r) dr (2.6.27)
0 r
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R -1/2
v zf 4112 [1 — <1 — ZGM(T)> ]p(r) dr (2.6.28)
0 r

Expanding the square roots gives

T = fR47tr2 (1 + M) + - ) e(r)dr (2.6.29)
0 r
v=— [ 4 (GM(” P IMO -~>P(r) dr  (2630)
0 T 2r

The first terms in T and V are recognizable as the Newtonian values for the thermal
and gravitational energies of the star; in particular, note that the first term in V may be

written

2R 2

R G R]_ GM2 G RMZ
—G j(.) ArM (r)p(r)dr = __.[0 ;d(MZ(T.)) _ _ jo (r)

2 r2

_ $RM®)

1 (R 1R
o jo M()dp(r) = 5 fo $() AM(r)  (2.631)

Where ¢ is the Newtonian potential, given inside the star by
GM JR M)
r

d(r)=———G = dr’ (2.6.32)

R r
The higher terms in T and V are discussed in section (2.9). To repeat out main
conclusion: Once we specify that a star has a definite uniform entropy per nucleon and
chemical composition, all properties of the star, including p(r), p(r), n(r), e(r), M,
N, and E, are determined as function of the central density p(0). This is not the case
for ordinary stars like the sun, in which the entropy distribution is not uniform and has
to be determined from the equations of radiative equilibrium. However, the
considerations of this section do provide an adequate basis for the study of the exotic
structures discussed in this chapter.

2.7 Newtonian Stars, Polytropes and White Dwarfs:

Most of the stars in the sky are adequately described by Newtonian physics, without
taking account of general relativity. Such Newtonian stars deserve some attention here,

both because they serve us limiting cases for the more exotic objects that interest the
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general relativity, and because they can guide us in understanding the qualitative
properties of these objects. In Newtonian astrophysics the internal energy and pressure
are very much less than the rest-mass density

eLnmy , p<<Lnmy (2.7.1)
So that total density is dominated by the density of rest mass

p = nmy (2.7.2)
And also

pKLp , 4mr3ip KM

In addition, the gravitational potential is everywhere small, so

2GM
r

&1 (2.7.3)

The fundamental equation (2.6.13) thus simplifies to
—r2p'(r) = GM(r)p(r) (2.7.4)
With M (r) still defined by

M(r) = fr4m"2p(r’) dr' (2.7.5)
0

Dividing (2.7.4) by p(r) and differentiating allows us to combine both (2.7.4) and
(2.7.5) in a single second-order differential equation:

d r? dp(r)
drp(r) dr

In order that p(0) be finite, it is necessary that p’(0) vanish. Thus, given an equation

= —4nGr?p(r) (2.7.6)

of state p = p(p) (with dp/dp # 0), we can obtain p(r) by solving equation (2.7.6)
with the initial conditions that p(0) have some given value and that
p'(0)=0 (2.7.7)
(equation (2.7.7) also follows from the requirement that p(r) be an analytic function of
x,y,and z at x =y =z = 0). We still need to prescribe an equation of state. It is
often the case that the internal energy density is proportional to the pressure, that is
e=p—myn=>GF-1"1p (2.7.8)
(here (y — 1)1 is jest a constant proportionality coefficient, y will not be the ratio of
specific heats unless e and p are proportional to the temperature). The condition of

uniform entropy per nucleon then reads
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d (p d /1 d se d /1
0= a6 =50 rat)

1 d /1 N 1\ dp
_y—l[ypdr<n> (n)dr

And therefore
p xnY¥
Or, since
p=myn
p = Kp" (2.7.9)

The proportionality constant K depends on the entropy per nucleon and chemical
composition, but it does not depend on r or on p(0). Any star for which the equation
of state takes the form equation (2.7.9) is called a polytrope. For Newtonian stars, M
Is dominated by the total rest-mass Nm,, so the nucleon number of the star is given to

a good approximation by

N =~ — (2.7.10)
my

We also want to know the internal energy E = M — Nm,. For general Newtonian
stars this is given by equations (2.6. 26), (2.6.29) and (2.6.30) as

E=T+V (2.7.11)
With the thermal energy T and the gravitational energy V given by

R
T =j Artr?e(r) dr (2.7.12)
0

R
V= —f AnrGM (r)p(r) dr (2.7.13)

We now show that for polytropes, T and V are given by the remarkably simple
formulas [67]:

_ 1 GM? 271
T=%—6 R (2.7.14)
B 3(y — 1) GM?
V=S (2.7.15)

So the total internal energy is
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3y —4) G M?
E=—E5]]:_63 j (2.7.16)

To prove the formula for V, we use equation (2.7.4) to rewrite (2.7.13) as

R d R
V= 47‘[J r3 p(r) dr = —127'[J r?p(r)dr (2.7.17)
0 dr 0

Multiplying and diving in the integrand by p(r), we have

() p(r)
V= 3f oty M) = fM“d<()>

(we assume here that y > 1, so that p/p vanishes at R) This can be evaluated by using

the equation of state to calculate
<p(r)> (V - 1) P _ <y - 1) GM(r)
dr \p(r) y /p@) 14 r?

V=-3 (y _ 1) jR GM*(r) dr (2.7.18)
0

14 r?

Sine dr/r? = —d(1/7), we can integrate by parts once again, and find
—11[6¢ M? R —11[GM?
=3 [)/ ] [ -2 f 4m‘GM(r)p(r)dr] =3 [y ] [ + 2V]
14 R 0 Y R

Solving for V then gives the desired result (2.7.15), to calculate T we use equation
(2.7.8) in (2.7.17), which gives

V=-30y-1DT (2.7.19)
Equations (2.7.15) and (2.7.19) then give the desired result (2.7.14). From equations
(2.7.10), (2.7.12), (2.7.13) and (2.7.8) give

So

4
N = R3 2.7.20
3P ( )

4
T=—0- D" KR (2.7.21)
v =20 s (2.7.22)
So, eliminating R

E=T +V=ap't—bp's (2.7.23)

Where



KM

a= (2.7.24)
r—1
3 4m\'/?
b= z (?n) GM>/3 (2.7.25)
Fory > 4/3, E has a minimum at
b 1/(r—4/3) M2/3G(47T/3)1/3 1/(y—4/3)
—\2.n — 1N = 2.7.2
p <3a(y — 1)) ( 5K > (2.7.26)

Corresponding to a configuration of stable equilibrium. for y = 4/3, E is stationary

with respect to p only if it vanishes everywhere, which requires that a = b, or
5K\3/? s4m\"1/2
For y < 4/3, E has a maximum at the point (2.7.26), corresponding to a state of

unstable equilibrium. Incidentally, equation (2.7.26) gives an estimate for the mass

3/2

M ~ 4_7Tp(3y_4)/2 (]E_K)
3 4G

The variational approach also provides a simple method for estimating the oscillation
frequency for dilation and contraction of the star. Equations (2.7.20), (2.7.21) and
(2.7.22) show that for fixed N,

T « R3G-v) V o« R71
We can be use equations (2.7.14) and (2.7.15) to fix the correct values of T and V at

the equilibrium radius (which we shall now write as R,,, to distinguish it from the

eq:
instantaneous radius R of an oscillating configuration). This gives then

2 —
1 GM* . 3(—1)

= GM?R™1
(57— ) g 57— 6

E

eq as it should . for R near R.,, E behaves

For y > 4/3, this has a minimum at R = R
like
3y -DBy —4) GM?

E E
Tra T TGy =6 RS,

2
(R - Req)
The uniform dilation of a sphere with uniform density will give it a kinetic energy
3 .
U =-—MR?

10
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So the condition of energy conservation, that U + E, be constant, leads to modes with
R — R,y X sinwyt

5(y — 1)(3y — 4) GM?]"?

Wy ~ (2.7.28)
0 5y —6 RS,

Finally, we note that a uniform sphere rotating with angular velocity Q will have
Kinetic energy
U= 1MR2 0?
= MRZ,
This must be less than the binding energy - E, so the maximum angular velocity with

which a star can rotate is of order

5(3y — 4) GM2]?
Gy -4 ] o —0 (2.7.29)

(5)/_6) qu )/—1

Of course a star rotating this fast will no longer be a sphere, and (2.7.29) only gives an

'Qmax ~ [

order of magnitude estimate of the actual maximum rotation frequency.

Now let us apply what we have learned to the stars known as white dwarfs. Imagine an
aged star that exhausts its nucleon fuel and begins to cool and contract . when the
temperature is sufficiently low (see below for just how low), the electrons will be
frozen into the lowest available energy levels. The Pauli principle tells us that there
will be tow electrons in each level (because of the tow spin states available) an there
are 4mk?(2mh) ™3 dk levels per unit volume with momenta between k and k + dk, so
the number of electrons per unit volume will be related to the maximum momentum
kg by

8m  (kF k3
= k2 dk = —— 2.7.30
n (2nh)3jo 3m2h3 ( )
The mass density is
p = nmyu (2.7.31)

Where u is the number nucleons per electron, u = 2 for stars that have used up their
hydrogen. This gives

3r2p\ /3
kp = h( p) (2.7.32)
myH
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The condition that the temperature is negligible is
kT < [kZ +m2]Y? —m,

The kinetic energy density and pressure of these electrons are

8n ke
e = WJ [(kz + mg)l/z - me]kzdk (2733)
0
8m kr k2
p k?dk (2.7.34)

T 3@2rh)? ), k% +md)i?
The equation of state here is not simple, but it reduces to a polytrope in two extreme
cases, distinguished by the criteria p < p, or p > p. where p, is the critical density at

which kr becomes equal to m,, (in e.g.s. units)

myums c3
P, = % = 0.97 x 1054 g/cm3 (2.7.35)
(A) p < p. inthis case kr «< m,, so equations (2.7.33) and (2.7.34) give
3
e=op
_ 8mkp _ R? 372p\>*
P 15m,(2mh)® 15m,m? \ myu
This is a polytrope, with
5 h2 o (3m2\*®
= . K= 2.7.36
V=3 15m,m? (mN,u> ( )
(B) p » p. inthis case kr > m,, so equations (2.7.33) and (2.7.34) give
e=3p
_ 8mkg R (3m%p +/3
P= 12(2rh)3  12m2 \ myu
This is a polytrope, with
4 ho(3m2\"?
v=3 , K=5— <mNﬂ> (2.7.37)

2.8 Neutron Stars:

We saw in the last section that a white star supported by the pressure of cold

degenerate electrons cannot be in equilibrium if its mass is greater than the
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Chandrasekhar limit, about h3/2/mZ%G3/2. Also, the gravitational potential at the
surface of such a star cannot be greater than about m,/my, so general relativity plays
no role in its structure,

Continuing our search for astrophysical application of general relativity, let us ask
what happens when a star whose mass is above the Chandrasekhar limit reaches the
end of its thermonuclear evolution and grows cold. Its internal pressure then fails to
the support it, and it collapses. On possibility is that the star will simply go on
collapsing forever, in which case general relativity will certainly come into play.
Another possibility is that the star will become so heated during its collapse that it will
explode, becoming a supernova. It might then blow off enough matter so that its mass
drops below the Chandrasekhar limit [68]. It is believed that in this case the highly
compressed remnant does not find its quietus as a white dwarf, but rather becomes a
super dense neutron star [68]. A neutron star is like a white dwarf, except that it
consists almost entirely of “cold” degenerate neutrons, all electrons and protons having
been converted into neutrons through the reaction p +é — n+v. The neutrinos
escaping the star. Enough electrons and protons must remain so that the Pauli principle
prevents neutron beta decay, n — p + e + v, this sets a lower limit on the mass of
stable neutron stars, to be evaluated below. Neutron stars of low mass are much like
white dwarfs of the same mass, except that neutron degeneracy pressure replaces
electron degeneracy pressure, and thus m, should be replaced in all formulas with m,,.
Thus, by noting how m, enters in formulas equations (2.7.35), (2.7.36) and (2.7.37)
for small white dwarfs, we can immediately conclude that a neutron star of small mass

will have a central density higher than that of a white dwarf with the same mass and
(u = 2) by a factor %(mn/me):“ = 3.1 x 10%, and will have a radius smaller by a

factor, m, /2m, = 920.

Another difference that is even more interesting is that, whereas a white dwarf whose
electrons are moderately relativistic will have a surface gravitational potential
GM /R of order m,/m,, , a neutron star of equal mass will have a surface potential
roughly of order unity. Thus general relativity will necessarily play a role in the theory

of the more massive neutron stars. In order to formulate the quantitative theory of
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neutron star, we begin by writing down expressions for the total energy density and

pressure of an ideal Fermi gas of neutrons with maximum momentum k:

8 kF( 2 2y1/2),2 kF/mn( 2 )1/2y2 ( )
p= k“+m kdk=3pj u‘+1)"/“u“du (2.8.1
(2mh)3 J, n “Js
81 krp k2 kp/my

k?dk = pcf (u? + 1)"Y2u*du (2.8.2)

P=30rn)?), 2 +m2)iz .

Where now (in €.g.S units)

8mrmiic3
=———=611x10%° 3 2.8.
Pe 323 6.11 X 10> gm/cm (2.8.3)
By eliminating kr/m,, equations (2.8.1) and (2.8.2), we obtain the equation of state in
the form
Z-r(2) (2.8.4)
Pc Pc

With f a definite transcendental function. The structure of a neutron star with given
central density p(0) is to be calculated by solving (2.6.13) with p given as a function
of p by equation (2.8.4). Since the only dimensional quantities in these equations are

p(0), p., and G, the solution must give the mass and radius as functions of p(0) of the

form
0
M = M,f <p( )> (2.8.5)
0
R=R,g (p ( )) (2.8.6)
Pc
Where (in €.g.S units)
Ry = c(8nGp.)~Y? = 3Km (2.8.7)
2
R
M, = ¢ - ®=2M, (2.8.8)

And fand g are unknown dimensionless functions. This problem, like that of the
white dwarfs, is analytically tractable only for very large and very small central
densities. With p,. now given by equation (2.8.3). For p(0) > p., the neutrons near the
center of the star have k > m,,, so (2.8.1) and (2.8.2) give
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And therefore
p=73 (2.8.9)

As would be expected for a gas of highly relativistic particles. Using this equation of

state in the fundamental differential equation (2.6.13) gives

artr3p(r) 26M()] "
—12,/ () = It S N I i
rep'(r) = 4GM(r)p(r) [1 + o) ” - (2.8.10)
Amazingly, we can find an exact solution of this equation [69]:
3
p(r) = G2 (2.8.11)

Corresponding to the limit p(0) —» . However, even in the limit of infinite central
density, this p(r) will drop below p, at a radius r of order R, so that the equation of
state (2.8.9) is not valid for the outer layers of any neutron star. To deal with the crust
of nonrelativistic neutron, it is necessary to solve the full equation (2.6.13) using the
equation of state (2.8.4); the condition of infinite central density is imposed by (2.8.11)
for r < Ry. We shall not do this here; the important points are that the solution has a
finite radius R where p. vanishes, and that the mass M within this radius is finite,
because the singularity in equation (2.8.11) is integrable at » = 0. Thus the mass and
radius of a neutron star approach finite limits as p(0) — co. Numerical solution of the
fundamental equation (2.6.13) gives these limits as [68].

M, = 0.171 M, R, = 1.06 R, (2.8.12)
This expectation is confirmed by detailed calculation [68] using equations (2.6.13) and
(2.8.1)- (2.8.3). The mass M of a pure ideal-gas neutron star reaches a maximum

M,, = 036 M, = 0.7 M, (2.8.13)
At a radius
R, =32R,=9.6km (2.8.14)

Since this a point where dM/dp(0) vanishes, we expect a transition here from
stability to instability with respect to radial oscillation. Thus equations (2.8.13) and

(2.8.14) characterize a neutron star with the greatest mass and central density allowed
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by the requirement that the star be stable. The mass (2.8.13) is known as the
Oppenheimer-Volkoff limit. Note that the fractional red shift of a spectral line emitted

from the surface of such a neutron star is

—1=0.13 (2.8.15)

AL 2M,. G\~ 1/?
= —=B"Y2(R —1=@— ’”)

(see equations (2.6.1) and (2.6.17)) evidently general relativity is just beginning to be
important for the most massive stable neutron stars. of course, a neutron star cannot
consist purely of neutrons, if only because we need a Fermi sea of electrons so that the
Pauli exclusion principle can black the neutrons beta decay. In order to get a first taste
of the chemical composition in a neutron star, let us consider the equilibrium among
neutrons, protons and electrons. The energy density and number density of each one of

these three Fermi gases are given (Fori = n,p, e) by

kFl
p; = (2nh)3f /kz + m#k?dk (2.8.16)
8m

k3
2 — Fll
ZHi) kzdk = 3253 (2.8.17)

n; =

At any given point in the star, the reactions n > p+e+ v and p+e - n+ v can
convert neutrons into protons and vice versa. (the neutrons escape) these reactions
preserve the total number density of baryons
n, +n, =ng (2.8.18)
And preserve charge neutrality
n,+n, =0 (2.8.19)
But with ny fixed, the total energy density may be expressed in terms of n,, alone

p=pptpetpp

1/3

Cn,ll/3 C [np—nnl
p=3C‘3J \/k2+m%k2dk+f ’k2+m,2, k? dk
0 0

C [nB_nn]1/3
+f JiZ + mZ k2 dik (2.8.20)
0

Where C = (3m2h3)1/3
Chemical equilibrium is reached when this function is minimum, that is, as
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dp
dn,

1/2

/
= (Czni/3 + m%)l - (CZ[nB —n, %3 + mzz,)

—(C%[ng — ny]?/3 + mﬁ)l/2 =0

We can solve for n,, = ng — n, as a function of n,, and find

_ 2 -
- 2(mZ —m2 —mZ) (m%2—-m2)" —2mZ(m2+m?)+m}
n, 1 c2n?/3 cint/3
_ = n n
n, 8 14 m3
273
C?n,,

The nucleon mass difference Q =m, —m, and the electron mass me are of

comparable magnitude and very much less than m,,, so this result can be written more

simply as
4Q p 2/3 4(Q2—m2) p 4/3
S R M s e | RO
n 8 pe \?/3 e
" 1+ (sr) J

Where p. = m}/C3is the critical density previously defined in equation (2.8..3). The
condition for the neutrons to be stable against beta decay is that the electrons Fermi sea
should be filled up to momentum greater than maximum momentum k,,,,, of electron

emitted in neutron beta decay.

kF,e > kmax (2'8'22)
Where
5 1/2
. [(m,zl —m2)" —2m2(m2 —m3) + mg]
max Zmn
~ [Q? — m2]V/? = 1.19 MeV (2.8.23)

The electron Fermi momentum is given by equations (2.8.17) and (2.8.19) as

MoN2/3 m\2/3
kﬁ,e=C2n;/3=C2n2/3=m,21< = n) (—p)

Pn L)
My (M) */3 My \2/3 | 2o
20 +mQZln(23p ;) e (2.8.24)
(;C") +1



This is smallest at n,, = 0, where kr, barely equals the value k,,,,. Hence the
condition (2.8.22) for neutron beta stability is indeed satisfied for any positive neutron
density. The proton ratio (2.8.21) is large and decreasing for m,n, equal to the

transition density

4(02 — m2)\*/*
Dy = p, (%) =1.28 x 107* p, (2.8.25)
n

Where

3/2

1
(&) ~ o+ 7(Q2 —mo) —0.002 (2.8.26)

np my

min
2.9 Supermassive Stars:
We now turn to a different kind of “star” [70] in which general relativity enters in quite
a different way. Let us consider a Newtonian star that is supported by the pressure of
radiation rather than of matter, the conditions under which this occurs will be
discovered as we go along. Let us also assume that the star is in convective equilibrium
(see section 2.6) and has uniform chemical composition. Radiation has an energy

density e = 3p, so this star will be a polytrope with y = 4/3, that is

p = Kp*/3 (2.9.1)
This radiation pressure is given by the Stefan-Boltzmann law
m?(KT)*
Pr="pcr3 (2.9.2)
So with p = p,., the temperature is given by
45R3K\ "
T = ( — ) pt/3 (2.9.3)
The pressure of matter here is given by the ideal-gas law
KT
Pm =P — (2.9.4)

Where m is the mean mass of the gas particles. Thus the ratio of matter to radiation

pressure is
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45K3 1 /45r3\"*
_ Pm p _E< > (2.9.5)

T p,  w?m (KT)? m\m2K3
This is a constant throughout the star, so we can use [ instead of K (or the entropy per
nucleon, on which they both depend) to define the equation of state, writing
a5k3 \'?
K = (W) (2.9.6)
The value of p(0) for which the internal energy E is stationary. To calculate E, we use
equations (2.6.29), (2.6.30) and (2.6.31), which to first order in GM /R give

R

R
E ZJ 4nrze(r)dr+j AnGrM (r)e(r) dr
0 0

R

R
—J 4nGrM(r)dr—J 6nG*M2(r)p(r) dr (2.9.7)
0 0

The internal energy density e is
w2 (KT)* 1 pkT 5
‘TG w T-1m _3pr[1+3(r—1)]

Where, T is the specific heat ratio of the matter. (for ionized hydrogen, I' = 5/3) the

total pressure is
P=0r+Pm=p1+p)
Therefore, to first order in the small parameter g, the ratio of energy density to

pressure is given by

(3r—-4) 5
e =~ 3p [1 30 = ),8 0B )] (2.9.8)

The small correction of order £ can be ignored in the second term in (2.9.7), which is
already smaller than the first term by a factor of order GM /R, but it must be kept in the
large first term, and therefore

E ~ [1 — %ﬁ] LRlznrzp(r)dr + fORIZRGrM(r)p(r) dr

R

- jR4nGrM(r)dr — f 6nG*M?*(r)p(r)dr —---  (2.9.9)
0 0

The first integral can be rewritten by integrating by parts:
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R

f 12nr?p(r) dr =f p(r)d(4nr3) = —f Antr3p'(r) dr

To calculate p'(r), we expand the fundamental equation (2.6.13) to first order in
GM /R:

N p(r) 4nr3p(r) 2GM(r)
—1r2p'(r) = GM(r)p(r) [1 + o) + e + . ]
So

R R

AnGrM (r)p(r)dr + J AGrM (r)p(r) dr
0

R
f 127Tr2p(r)drzj
0

0
R

R
+f 16m2Grip(r)p(r)dr + f 8nG2p(r)M?(r) dr
0 0
The B-correction needs to be kept in only the first term, which is larger than the others
by a factor of order GM /R, so to first order in § and GM /R, equation (2.9.9) reads
@Br-4) R R
E =~ ——,8] AGrM (r)p(r)dr +j 16nGrM(r)p(r) dr
3r—-1" J, 0
R R
+J 16m2Grip(r)p(r)dr + j 2nG*M?*(r)p(r) dr  (2.9.10)
0 0
Now every term is small, so they can all be evaluated using for p, p and M the values
obtained by solving the Newtonian equation
—r?p'(r) = GM(r)p(r)
For a Newtonian polytrope with y = 4/3. In particular, the first integral in (2.9.10) is
given by setting y = 4/3 in equation (2.7.15)

R 3GM?
j AnGrM (r)p(r)dr = =V =

Whereas an integration by parts lets us write the third term as

R

JR16nzGr4p(r)p(r) dr = f Antr? p(r) dM(r)
0 0

- CamGr p! (M) dr — | “SGrp(rIM() dr
0 0
— lel-T[GZMZ(T')p(T) dr — JR8T[G7"p(T')M(T') dr
0 0

38



Equation (2.9.10) now reads

3r—4) GM? R R
E =~ _;(F— 1% - +j. 8nGrM (r)p(r) dr+J 6nG*M?(r)p(r) dr
0 0
So, putting this all together, we have at last
(3r—4) GM? G2 M?

The star is certainly stable when R is so large that general relativity can be neglected,
for then the star behaves like a Newtonian polytrope with
p 4 (Br-4) 4
=l4+—==-+—--[F>=
yElte=3tor—nf >3
(see equation (2.9.8)). The transition from stability will occur when R decreases to a
value where

0E _ OE 0p(0) _
OR  9p(0) R

The derivative must be taken with constant entropy per nucleon, and hence in this case

with S fixed and M fixed. (see equation (2.9.6)). Thus the minimum radius for stability
IS
204 —-1) GM
mn Br-4) pB

The maximum energy that can be released by letting the star shrink slowly (through

(2.9.12)

radiation at its surface) to this minimum stable radius is
(3T — 4)?2B*M
81.6 (I — 1)2
For instance, a star with 8 = 0.1 will have M = 7200 M, if ' =5/3 then the

—E(Rpin) = (2.9.13)

minimum radius is 1.45 x 10° km, and the fraction of its rest-mass that can be
released by assembling the star is 0.03%. The maximum value of the surface potential
GM/R forT' =5/3.

2.10 Stars of Uniform Density:

General relativity finds an interesting application to one other class of stable stars,
those consisting of incompressible fluids, with equation of state constant

p = constant (2.10.1)
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These stars are of interest, not because they actually exist (they don't), but because
they are simple enough to allow an exact solution of Einstein's equation [71] and
because they set an upper limit to the gravitational red shift of spectral lines from the
surface of any star [72]. With p constant, the fundamental equation (2.6.13) may be
writing
—p'(r)
[0 +p@1[5+p0)

The pressure must now be determined by integrating inward from the surface where

(2.10.2)

8nGpr2]_1

= 4nGr |1 —
nr[ 3

p = 0, rather than outward, as for more realistic models. This gives

(1_87tGpR2) 1z
p(r)+p _

3p(r) +p (1 _ 8n(:;3pr2)

Solving for p(r), and expressing p in terms of the stellar mass

_ 3M
"~ 47R3

p for r<R (2.10.3)

We find

| _2MG 1/2 | _ 2MGr? 1/2
3IM (_T) S \" 7 T R3O

p(r) = T VRV (2.10.4)
(- 2) 50 24
The metric component A(r) is immediately given by equation (2.6.11)
1-2MGr2 |

A(r) = [ 3 ] (2.10.5)

Whereas B(r) can be calculated by using (2.10.4) in the integral (2.6.16):

2
5 = L[5 (1 246 1/2 | _2MGr? 12 2106)
YTy ( R ) R i

The most interesting feature of this solution is that it does not make sense for all values
of M and R. The pressure given by equation (2.10.4) will become infinite at a point 7,
where

4R3

12 = 9R? — A (2.10.7)
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(Also, the metric becomes singular at r,, because B(r,,) vanishes.) But the pressure is
a scalar, and so an infinity in p(r) cannot be blamed on an injudicious choice of
coordinate system. We must see to it that p(r) is not singular for any real r, and the

only way to accomplish this is to have 2 negative, or

MG 4

<= 2.10.8
7 <35 ( )

Note that the Schwarzschild radius 2MG is then less than 8/9 the actual radius R, so
there is no singularity in either the exterior solution (2.10.17) or the interior solutions
(2.10.5) and (2.10.6).

This is not the first time that we have discovered an upper bound on the absolute value
GM /R of the gravitational potential of a star. We learned in Section 2.8 that for a
stable ideal-gas neutron star, GM /R is never greater than 0.36/3.2, or 0.11(see
equations (2.8.13) and (2.8.14)). Is there then an absolute upper limit to GM /R
imposed by the structure of the Einstein equations, irrespective of the equation of state.
To frame this question as a mathematical problem, we consider p as an arbitrary finite
positive function, subject only to these general requirements

(A) The radius R is fixed, with

p(r)y=0 for r >R (2.10.9)
(B) The mass M is fixed, with
j Cgmnp(r) dr = M (210.10)
0
(C) The metric coefficient A(r) given by (2.6.11) must not be singular, so
M(r) < % (2.10.11)

Where

M(r) = fr4nr’2p(r’) dr’

0

(D) The density p(r) must not increase outward
p'(r)<o0 (2.10.12)
(It is difficult to imagine that a fluid sphere with a larger density near the surface than

near the center could be stable). Given any function p(r), satisfying these conditions,
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we can calculate A(r) from equation (2.6.11); we can determine p(r) by integrating
equation (2.6.13) inward from the surface (with the boundary condition that p(R) =
0); and we can then calculate B(r) from equation (2.6.16). Equation (2.10.11)
guarantees that A(r) is well behaved, and as long as p(r) is finite, equation (2.6.13)
will give p(r) = 0, and equation (2.6.16) will give a finite positive-definite B(r).
Thus any absolute limitations on the input function p(r) (such as an upper bound on
GM /R) can only come from the condition that equation (2.6.13) must yield a finite
solution for the pressure p(r). We shall exploit this condition rather indirectly, by
concentrating on the metric coefficient B(r) rather than on p(r) itself. We first derive
an equation that allows B(r) to be calculated for a given density function p(r),

without having to solve for p(r); from equations (2.6.5) and (2.6.7), we have

B’ B\ 3BA’ B
3R,.B+ R, A=B"—— (— + —) ~— ——=—16nGpAB

2\a "B A
Or
B" B A,+B’+2 —B[3A’ 16mGprA?]
2\Aa "B TF) T Tupr

This equation can be linearized by defining
B =¢&2 (2.10.13)

Introducing equation (2.6.11) for A(r), and rearranging a bit, we find

d [1 <1 ~ 2GM(r)>1/ 2 ds(r)] . [1 B ZGM(r)]_l/ 2 [M(r)

dr|r r dr r r3

] £r)  (2.10.14)

The initial conditions at » = R can be determined directly from equation (2.6.16), or
from the condition that B(r) fit smoothly to the exterior solution (2.6.17), either way,
we find that

2MG1Y?
¢(R) = [1 — (2.10.15)

, MG 2MGy™?
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The solution for é(r) must be positive, because é(r) can become negative only if it
passes through the value zero, at which point B would vanish, and, according to
equation (2.6.16), B can vanish only if the pressure p(r) has a singularity.

We next proceed to derive an upper bound for £(0). If & is positive, then the right-hand
side of (2.10.14) is negative, because 3M(r)/4nr3is the mean density within the
radius r, and the mean density cannot increase with r if the density does not. Thus

equation (2.10.14) gives

dr |r r dr

1/2
d[1 <1_ZGM(r)> df(r)]go

The equality being attained only for uniform density. Integrating this inequality from r
to R and using (2.10.16), we have

£ () _MGr[ ZGM( NE

Integrating again from O to R and using (2.10.15) gives

2GM (1) Y2 MG (R rdr
) B R?’jo [1— 2GM(r)/r)]/?

The right-hand side is largest when M (r) is as small as possible. For a given mass M

£(0) < (1 —

and radius R, the density distribution with p’(r) < 0 that gives an M(r) that is

everywhere as small as possible has p(r) constant, in which case

Mr3
M) =—
Using this in the integral, our inequality is
(0)<3(1 ZMG)UZ 1 (2.10.17)
$(0) = 2 R 2 o

We have already noted that &(r) must be positive-definite; hence (2.10.17) implies
that

MG 4

— <= 2.10.18
= <3 ( )

This is just the upper limit found earlier for stars of uniform density, but now we know
that (2.10.18) holds for all stars, uniform or not.
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It can also be proved that for a given mass and radius, the stable stars with smallest
central pressure are those with uniform density. Hence the central pressure of any star

Is not less than the value obtained by setting » = 0, in equation (2.10.4) that is

yre T (2.10.19)
1—3( )

p(0) >

1-25

This again shows that GM /R can never equal the forbidden value 4/9. Our result can
be immediately translated into a statement about the red shift of spectral lines from the
surface of any star. According to equations (2.6.1) and (2.6.17), this is

AL
z=—= B™Y2(R)—1=

Equation (2.10.18) imposes on z the upper bound
z<2 (2.10.20)

However, we should not jump to the conclusion that these red shifts are necessarily

1 ——

2MGy /2
( R ) -1

due to strong gravitational field, for red shifts near z < 2 require the star to be
composed of a nearly incompressible fluid, with dp/dp very small. This would seem
unphysical, since we do not want the speed of sound (dp/dp)*/? to become larger
than the speed light [73] Bondi [74] has shown that for a stable star with dp/dp < 1
and withp/p <1/3.

However, there is no theorem that limits the red shifts of light signals from the interior
of static spherically symmetric bodies [75, 76]. For instance, a light signal from the
center of a transparent uniform star would have a red shift given by equations (2.6.1)

and (2.10.6):
2

3(1- 246" 4

As GM /R approaches the maximum value 4/9, this red shift becomes infinite. Hoyle

1+z=B"12(0) =

and Fowler [76] have suggested that a quasi-star object can consist of a cluster of small
dense stars, with the red shifts arising from emission and absorption in a hot cloud of

gas trapped near the cluster center.
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2.11 Time-Dependent Spherically Symmetric Field:
We now turn to the problems of star dynamics and begin by writing down the metric
and Ricci tensor for a spherically symmetric but time-dependent system. spherical
symmetry requires the proper time interval dt? to depend only on the rotational
Invariants
t,dt,r,x .dx = rdr,dx? = dr? + r2(d6? + sin?0 d¢?)
So it can be written
dt? =C(r,t) dt? — D(r,t) dr? — 2E(r,t) dr dt — F(r,t) r2(d6? + sin?8 d¢?)
The function F can be removed by defining a new radial variable
r' =r FY2(rt)
The metric will then be of the same from, but with new functions C’, D', E' in place of
C, D, E, and of course with =’ in place of r and no factor F. Dropping primes, we have
then
dt? = C(r,t) dt? = D(r,t) dr? — 2E(r,t) dr dt — r?(d8? + sin?0 d¢?)

We next remove E, by defining a new time

dt' = n(r,t)[C(r,t) dt — E(r,t) dr]
Where n is an integrating factor defined to make the right-hand side a perfect

differential, that is, so that

20 € 0] =~ In(r, O, ]
(this equation can be solved by treating it as an initial value problem; given n(r, t,) for
all r, we can solve for an(r,t) /ot at t = t, and thus determine n(r, t, + dt)for all r)
the proper time is then
dt2=n"2Ctdt"? — (D+ CrE?) dr? —r?(df? + sin?0 d¢?)

Or, introducing new functions A and B in place of D+ C 'E? and n=2 C~!and
dropping the prime on t.

dt? = B(r,t) dt? — A(r,t) dr? — r2(d6? + sin?6 d¢?) (2.11.1)
Thus we can use the metric in its familiar “standard” from, the only new feature being
that A and B now depend on t as well as r.

The non-vanishing elements of the metric tensor and its inverse are
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9r=A .  Geg=T7> , Gpp =1r’sin’6 v G = (211.2)
grr =A1 ) gee = 2 ) g¢>¢ — T_Z(Sinz 9)_2 ) gtt — _p-1 L1,
It follows that the non-vanishing elements of the affine connection are

. A I . _ rsin®f )
Lr =27 oo = —7 Lo ==
! A 1
l_‘trt =52 Fft = Fg;’ = 5 Fgr = Frge =
24 24 r [

1
0 _ - ¢ _prP _ ¢ _prd _

!

t _— t t _ 1t _—
G = L = L =T =

2B 2B 2B J
We obtain the independent nonzero components of the Ricci tensor:

B" B'* A'B" A A AB @ A2
Rp=—————-————-————+—+—

" T 2B 4B 4AB Ar 2B ' 4B% ' 4AB
o1 s LT T
A~ 242" 24B
Rttz_B_”_|_ﬁ_B_’_|_ B +i_£_B_A
24 T 4AZ  Ar ' 4AB ' 2A  4A?  4AB
p A
tr — AT'

Also, it follows from the spherical symmetry of the metric that
R¢¢ = sin29 Rgg
Ryg = Ry = Rgy = Rgt = Ryt =0

(2.11.3)

(2.11.4)

(2.11.5)

(2.11.6)

(2.11.7)

(2.11.8)
(2.11.9)

As a simple but important application of these results, let us consider a spherically

asymmetric but not necessarily static field in empty space, where the field equations

read R,, = 0. According to (2.11.7) the field equation R, = 0 just tells us that A is

time-independent

A=0

Inspection of (2.11.4) — (2.11.6) then shows that all time derivatives drop out of the

field equations, and they become identical with the equations for a static isotropic

gravitational field in empty space. The vanishing of R,.. and R;; gives
(AB)' =0
And the vanishing of Ryq gives
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r !/
(7) =1
Since A is time-independent, the general solution is

(2 ae -2

With GM a time-independent integration constant, and f(t) an unknown function of ¢.

The function f(t) can be made to equal unity by defining a new time coordinate

r_ T1/2
t Jof (t) dt

The metric is now entirely time-independent, and agrees with the Schwarzschild
solution. We have thus proved the Birkhoff theorem [30], that a spherically symmetric
gravitational field in empty space must be static, with a metric given by the
Schwarzschild solution.

The Birkhoff theorem is analogous to the result proved by Newton in his theory of the
lunar motion, that the gravitational field outside a spherically symmetric body behaves
as if the whole mass of the body were concentrated at the center. It is a little surprising
that this result should apply in general relativity as well as in Newton's theory, for in
general relativity a non-static body will usually radiate gravitational waves. the
Birkhoff theorem tells us that, although a pulsating spherically symmetric body can of
course produce non-static gravitational fields within its mass, no gravitational radiation
can escape into empty space. in this sense, the Birkhoff theorem is analogous to the
well-known result of atomic theory, that a photon cannot be emitted in a quantum
transition between two states of zero spin.

The Birkhoff theorem may be applied, not only to the gravitational field outside a
body, but also to the field inside an empty spherical cavity at the center of a spherically
symmetric (but not necessarily static) body. In this case the metric is again given by
the Schwarzschild solution, but since the point » = 0 is here in empty space, there can
be no singularity, so the integration constant MG must vanish. The Birkhoff theorem
thus has the corollary that the metric inside an empty spherical cavity at the center of a
spherically symmetric system must be equivalent to the flat-space Minkowskian metric
Nuw- This corollary is analogous to another famous result of Newtonian theory, that the
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gravitational field of a spherical shell vanishes inside the shell. Stars do not usually
have holes at their centers, so this corollary will not be of much use to us in this
chapter. Its importance arises from the fact that the Birkhoff theorem is a local
theorem, not depending on any conditions on the metric for r — oo (aside from
spherical symmetry), so that space must be flat in a spherical cavity at the center of a
spherically symmetric system, even if the system is infinite even, in fact, if the system
Is the whole universe. That the corollary to Birkhoff theorem can be used to justify a
limited use of Newtonian mechanics in cosmological problems.

2.12 Commoving Coordinates System:

The metric g,,, in commoving coordinates is characterized by certain specially simple
features. First, we note that the clocks are in free fall and therefore tell proper time , so
the proper time interval between two points (x, t) and (x, t + dt) on a given particle's
trajectory is just dt, that is

dt® = —g,dx* dx¥ = — gy dt?

And therefore
Gee = —1 (2.12.1)
Also, we note that the particle trajectory x = constant, t = t satisfies the equation of
free fall, so
I J A A

dt2 ~ * drt dt
Using equation (2.12.1) this gives
.09;
ij jt —
T
Or, since g% is generally a nonsingular matrix

0

agjt _
Jt
We have kept open the option of setting the clocks attached to the different particles in

0 (2.12.2)

an arbitrary fashion. Suppose that we reset these clocks by a transformation.

t'=t+ f(x) x'=x (2.12.3)
The new metric will have the elements
gir = —1 (2.12.4)
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, of
gti = 9ui T I’ (2.12.5)

of of Of of

gij = Gij — 9457 99 5,0 T Gxl g (2.12.6)

It would be a great simplification if the function f could be chosen so that the to two
terms in equation (2.12.5) cancel, giving g;, = 0. there are two important cases where
this is possible:

(A) Suppose that we can reset all clocks so that all particles are at rest at a time t = 0.
This assumption can be given an absolute physical significance by interpreting it to
mean that for each particle p at t = 0, it is possible to find a locally inertial coordinate

system X* in which the separation between p and neighboring particles is purely

(69?0) _ 0
0xt B
t=0 X=Xp

And in which the movement of p in a time interval dt is purely temporal

Xt
ot

spatial

=0

t=0, X=Xp

The metric in this locally inertial system is the Minkowskian metric 7,,,, so the space-

time components of the metric in the commoving system at t = 0 are

oxH axv

90 0) = [z 5], =0

]t—O X=X
=0.x=xp
With (2.12.2), it follows that g;; vanishes everywhere, so the metric is given by
dt? = dt? — g;;(x,t) dx' dx’ (2.12.7)
(B) If the metric is manifestly spherically symmetric, then the line element must have
the general form with which we started in the last section, that is
dt? = C(r,t)dt? — D(r,t)dr? — 2E(r,t) dr dt — F(r, t)r?(d6? + sin?0 d¢?)
The only non-vanishing time-space component g;; is g, = 2E, and equation (2.12.2)
then tells us that E is time-independent, so
9er = 2E(1)
gio = 9ty =0
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We can therefore eliminate the components g, ;by resetting the clocks as in equation

(2.12.3), with

f= —ZITE(r) dr
0

Using equation (2.12.4) and dropping primes, the metric is now of the from

dt? =dt? — U(r,t)dr? =V (r,t)(d8? + sin?0 d¢?) (2.12.8)
With U and V new unknown functions that replace D and F.
It is of course possible to construct coordinate systems of this sort even if the cloud of
freely falling particles is purely imaginary. In differential geometry, coordinate
systems satisfying (2.12.1) and (2.12.2) are called Gaussian, and if g;; vanishes, so
that the line element takes the form equation (2.12.7), then we call the coordinates
Gaussian normal. However, these coordinate systems find their most important
applications to system That actually do consist of a freely falling fluid. In this case the

fluid velocity four-vector by definition has zero space component

Ut=0 (2.12.9)
And since U* is normalized so that
.g/,LvUMUU = -1 (2.12.10)

The time component of U* must be
Ut = (—g,) V2 =1 (2.12.11)
We shall be working only with spherically symmetric commoving coordinate systems,
with line element (2.12.8). The non-vanishing elements of the metric tensor are
gr=U , gog=V , gpp=Vsin?0 , g,=-1

gr=U"1, g% =v"1 |, g% =(Vsin?6)"' , gtt=-1 (2.12.12)

The non-vanishing elements of the affine connection are readily calculated as
U’ V' V'

— — i 2 — —
ﬁ ) Fgg__ﬁ ) F<£¢__ﬁ sin“@ , F,ft—['t’;—ﬁ

Ffr =
FT'GQ = 991' =57 ’ Fget =Ft89__ ) F(gd) = —sinf cosH
r? = cotd

¢ T T¢r T tqs—qst—ﬁ ’ 0
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U 1% .
It = 5 rge = 5 Fq,‘;qb = — sin?60 (2.12.13)
The Ricci tensor:

Ryp=—m o m e ——f — — — (2.12.14)
. .
Rpg=—14-——"m——— (2.12.15)

Ry=crd——————— (2.12.14)

2U 'V 4U? 2V?
R, = vt v (2.12.17)
Vv oo2Vv?Z 20V
Also, it again follows from the spherical symmetry of the metric that
Ry = Rggsin?@ (2.12.18)
Rrg = Ryy = Rgp = Rgt = Ryt = 0 (2.12.19)

2.13 Gravitational Collapse:

We saw in sections (2.7) and (2.8) that a cooling star of mass greater than a few solar
masses cannot reach equilibrium as white dwarf or a neutron star. It may be that a
massive star will always eject enough matter by the time it reaches the end of its
thermonuclear evolution so that its mass drops below the Chandrasekhar or the
Oppenheimer-Volkoff limits. If not, then it will collapse.

A proper treatment of gravitational collapse would be prohibitively complicated for
this Research. In order to get some feeling for what can happen during collapse, we
consider only the simples case, [76] the spherically symmetric collapse of “dust” with
negligible pressure. Since the dust particles are acted on by purely gravitational forces,
they fall freely, and we can use them as the physical basis of a commoving coordinate
system of the sort discussed in the last section. The metric then given by equation
(2.12.8):

dt? =dt? — U(r,t)dr? =V (r,t)(d8? + sin?0 d¢?) (2.13.1)
The energy-momentum tensor for a fluid of negligible pressure is given
TH = pUHUY (2.13.2)
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Where p(r, t) is the proper energy density and U* is the velocity four-vector, given for
a commoving coordinate system by equations (2.12.9) and (2.12.11):
ur=u=u%=0 , U'=1 (2.13.3)

The equations of momentum conservation (Tl.“)_ﬂ = 0, are automatically satisfied, and

the equation for energy conservation reads

s S

Or in other words

2 (pVT) = 0 (2134)
The Einstein field equations can be written

R,, = —81GS,, (2.13.5)
Where

1 1
Sw = Ty — E‘g‘“’T’l =p [Eguv + UMUU] (2.13.6)

This may be evaluated with the aid of equation (2.13.1) and (2.13.3); we find that the

only non-vanishing components of S, are

u 14 . p
Ser=P5 0 Seo=P7 . Spp = SpeSin®6 , Sy = > (2.13.7)

In particular

Ser =0 (2.13.8)
Using equations (2.13.7), (2.13.8) and (2.12.14) - (2.12.17) in (2.13.5) yields four field
equations

vz oouv u 02 ov

| M b —_4 2.13.
vz zov| 2o T aur T zuv mGp (213.9)
+ v UVl voovo G (2.13.10)

v Ul2v T auv| T2y T ayg T TP o
U+V U _ve _ ATTG (2.13.11)

20V apz 2y TP o
v_vv _uv_ 0 (2.13.12)

Vv o 2vZ 20V o



Let us simplify our model even further, and assume that p is independent of position
[32]. We can now seek a separable solution, with

U=R*()f(r) , V=S%()g(r)
Then (2.13.12) requires that g equal g, so we can normalize f and g so that
S(t) = R(t)
Also, we are still free to redefine the radial coordinate as an arbitrary function r of r,

and in particular we can choose r = /g(r), so f and g are replaced with

f= ff: , g=7?
Dropping the tildes, we have then
U=R*(t)f(r) , V=R*(t)r? (2.13.13)
Equations (2.13.9) and (2.13.10) then read
- T;’Z(Z) — RM®R() — 2R?(t) = —4nGR*(t)p(t) (2.13.14)
1 1 f'()

“tiEm T e | R()R(t) — 2R*(t) = —4nGR*(t)p(t) (2.13.15)

The first terms in (2.13.14) and (2.13.15) must evidently be equal constants, which we
shall call-2k:

AP S S i P
2 ) 2rfr)

The unique solution is

—2k

f@r)=[1—-kr?]™!
So the metric takes the form

2

2 _ 2 _ p2
dt* = dt* — R%(t) T

+ r2d0? + r2sin?0 d¢? (2.13.16)

Our remaining problem is to calculate the functions p(t) and R(t). Using equations
(2.13.13) and (2.13.14) in the energy-conservation equation (2.13.4), we find that
p(t)R3(t) is constant. We normalize the radial coordinate r so that

R(0) =1 (2.13.17)
And therefore
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p(t) = p(0)R3(t) (2.13.18)
The field equations (2.13.14) or (2.13.15) and (2.13.11) are now ordinary differential

equations
—2k — R(t)R(t) — 2R?*(t) = —4nGp(0)R™1(t) (2.13.19)
R(OR() = —?p(O)R‘l(t) (2.13.20)
We can eliminate R(t) by adding these two equations, and find
R%(t) = —k + ?p(O)R‘l(t) (2.13.21)

Equations (2.13.19) and (2.13.20) can be recovered from (2.13.21) and its time
derivative, so we can forget about them and simply use (2.13.21) to calculate R(t). We

shall now assume that the fluid is at rest (in standard coordinates) at t = 0, so

R(0)=0 (2.13.22)
And therefore (2.13.21) and (2.13.17) give
81G
k = % (0) (2.13.23)

Thus equation (2.13.21) can be written
R%(t) = k[R™1(¢t) — 1] (2.13.24)
The solution is given by the parametric equation of a cycloid

. (‘{’+sin‘{’)
-\ 2vk

1
R = 5(1 + cos¥) (2.13.25)

Note that R(t) vanishes when ¥ = m, and hence when t = T, where
s T 3 1/2

T = T 5<Wp(0)) (2.13.26)
Thus a fluid sphere of initial density p(0) and zero pressure will collapse from rest to a
state of infinite proper energy density in the finite time T. Although the collapse is
complete at a finite coordinate time t = T, any light signal coming to us from the
sphere's surface will be delayed by its gravitational field, so we on earth will not see
the star suddenly vanish. To make this more specific, we have to complete our

calculation by finding the metric outside the star.
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The Birkhoff theorem proved in (section (2.11)) shows that it is always possible to find
a “standard” coordinate system 7,8, ¢ ,t in which the metric outside the sphere takes

the form

v = (1-249) g2 - (1 - 229 4p2 - 2ag? - o0 gt 21327
But this metric is not in the Gaussian normal form (2.13.1), so in order to match
solution at the surface we either have to convert the interior solution (2.13.16) into
standard coordinates, or the exterior solution (2.13.27) into Gaussian normal
coordinates. We choose the former course [77].
Inspection of equation(2.13.16) shows immediately that the standard spatial coordinate
7,0, d must be chosen as

F=rR(r), 6=60 , ¢$=0 (2.13.28)
In order to define a standard time coordinate such that dz? does not contain a cross-

term dr dt, we employ the “integrating factor” technique described in section (2.11),

which gives
F— (1 —~ kaz)”2 fl dR R (2.13.29)
B k ka? (1 — R) o
S(r,t) (1 — T)
Where
1 - krz\"?
Strt)=1- (1 — k;) (1-R®)) (2.13.30)

The constant a is arbitrary, but may conveniently be chosen as the radius of the sphere
in commoving coordinates. It is straightforward to check that the metric in the
coordinate system 7, 8, ¢, t takes the standard form

dt? = B(i,t) dt? — A(7,t) dir? — ¥%(dB? + sin?0 d¢p?)

With
ka?\’
_R(1-kr® UZ(l_T) (2.13.31)
~ S\1-—ka? ( er) T
1=
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kr2\ !

A= (1 — —> (2.13.32)
R

It now being understood that S is a function of ¢ defined by equation (2.13.29) and that

r and R(t) are function of ¥ and S, or 7 and t, defined by solving equations (2.13.28)

and (2.13.30). This is a mass, but at the radius » = a of the star (a constant, since r is a

commoving coordinate) we have

7 =a(t) = aR(t) (2.13.33)
1-ka?\"? (1 dR R V2
= f ( ) (2.13.34)
< k ) R(t)(l_k_az) 1-R
R
o ka?
B(Cl, t) = (1 - m) (21335)
o ka?\ "
A(a,t) = (1 - R(t)> (2.13.36)
We see that the interior and exterior solutions fit continuously at 7 = aR(t) if
2MG
= — (2.13.37)
With (2.13.23), this just says that
4
M = ?T[p(O)a3 (2.13.38)

not a surprising result.

Now we return to the problem of calculating the behavior of light signals emitted from
the surface of the collapsing sphere. A light signal emitted in a radial direction at a
standard time t will have dr/dt given by equation (2.13.27) and the condition dt = 0,

so it will arrive at a distant point 7 at a time

Lo (" 2MG\™*
t = t+f (1— ) dr (2.13.39)
ar(t) r

The most striking consequence of equations (2.13.39) and (2.13.34) is that both t and
t' approach infinity when the radius (2.13.33) of the sphere approaches the

Schwarzschild radius 2MG, that is, when

2GM
R(r) - — = ka? (2.13.40)
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The collapse to the Schwarzschild radius therefore appears to an outside observer to
take an infinite time, and the collapse to R = 0 is utterly unobservable from outside.

Although the collapsing sphere does not suddenly disappear, it does fade out of sight,
because light from its surface is subject to an increasing red shift. The proper time for
a light source on the sphere's surface is just the commoving time t, so the commoving
time interval between emission of wave crests at the surface equals the natural
wavelength A, that would be emitted by the source in the absence of gravitation. The

=/

standard time interval dt’ between arrivals of wave crests at 7' is the observed

wavelength A’ thus the fractional change of wavelength is

-1

M2 _di R(t)( ZMG)
A dt 4 R(D)

t dt
2 1/2 R(t) 1/2
= —R() [ R(t)] [ <1 — R(t)> +a

Using equation (2.13.24) to determine R(t), this is

_ 1/2
] [(1 —ka®)V? + aVk (1 Rw) ] -1 (2.13.41)

Z

-1

7 =
[ R(t) R(t)
In order to see how the red shift z varies with ¢, let us assume that the sphere is

initially very much larger than its Schwarzschild radius

2GM

ka? = - <1 (2.13.42)

And distinguish two periods in the history of the collapse:

(A) Until t gets close to T, we have

ka?

0) K1
Using equations (2.13.42) and (2.13.43) in (2.13.34), (2.13.39) and (2.13.41) gives
(with 7' > a)

(2.13.43)

t=t
~t+7 —aR(t) =t+7" —aR(t) =t +7'

1—R()\? 1—R@E —7)\"?
z~avk <W> ~ ax/E( RGE =7 > (2.13.44)
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(B) Eventually we have
ka?
R(t)
at a time t, given by equation (2.13.25) as
1 4
t; = —[n — = (ka? 3/2] 2.13.45
A L (2.13.45)

Now (2.13.34), (2.13.39), and (2.13.41) give

-1

2
f~—ka3ln [1 — ki] + constant
RO

— 2
t' ~t—ka®Ln [1 — ki] + constant
R(D)

2
~ —2ka3Ln [1 — ki] + constant
RO
Nl B 2 (2.13.46)
~ - X -19.
z R(t) P\ 2kas

Putting (A) and (B) together, we conclude that the red shift z seen by an observer at 7’

Is zero when the collapse is observed to begin, increases gradually but remains of order

avk « 1 until a time very close to T =m/2Vk has passed, and then grows
exponentially with a rate 1/2ka3. for example; a collapsing sphere with a mass
M = 108M, and radius a = 100 light years will have a red shift z of order 1073 for a
period of order 10°years, after which the red shift suddenly begins growing
exponentially with an e-folding time of order 1min. For practical purposes, the
collapsing sphere is suddenly and completely cut off from communication with the rest
of the universe.

Completely cut off. Even if a collapsing body does fade out of sight, it still has a
gravitational field, and, as shown in (section (2.10) and (2.11)), the measurement of
this field at great distances can be used to determine the energy, momentum, and
angular momentum of the body. If the body has a net electric charge, then
measurement of the electric field at great distances will, via Gauss's theorem, also tell
us the charge. It is interesting to ask whether measurements of the gravitational and/or
electromagnetic fields outside a collapsing body can yield any information about the
body beyond the energy, momentum, angular momentum, and charge.
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In the case of a spherically symmetric electrically neutral body, which we have been
considering in this chapter the answer is provided by Birkhoff theorem: the
gravitational field outside a spherically symmetric body must be of the Schwarzschild
form, so all we can ever learn about the body is its mass. (spherical symmetry, of
course, implies zero momentum and zero angular momentum.)

Carter [78] has shown that when the gravitational field of an axially symmetric
collapsing body settles down to a stationary state, its exterior metric belongs to a two-
parameter family of solutions, such as the Kerr metrics (see section (2.11)) that are
completely specified by the total mass and angular momentum. It is widely believed
that the gravitational field of any electrically neutral collapsing body will eventually
approach the Kerr form.

An mentioned in the introduction to this chapter, interest in the phenomenon of
gravitational collapse was rekindled in the last decade by the discovery of quasi-stellar
sources, which appear to require some powerful new source of energy. The maximum
energy available from fusion of hydrogen into the most stable nuclei, say iron, is only
8MeV per nucleon, or less than 1% of the rest-mass. Matter-antimatter annihilation
could have 100% efficiency (apart from neutrino energy losses), but this process can
be important only if there is some abundant natural source of antinucleons. Otherwise
the only likely mechanism for conversion of mass into energy with high efficiency is
gravitational collapse [79].

A cloud of dust that is collapsing as in the Oppenheimer-Snyder model will obviously
release no energy to the outside world. To extract the growing kinetic energy of the
falling particles, something must slow them on the way down either a macroscopic
“bounce” of the whole system, or particle-particle collisions that heat the collapsing
gas. Detailed calculations reveal a discouragingly low efficiency for conversion of
mass into available energy in the gravitational collapse of an isolated body [80].
However, particles falling into a Kerr metric can reemerge with a higher energy,
acquired at the expense of the rotational energy of the collapsing body [81].

Whether or not gravitational collapse has anything to do with quasi-stellar sources, the

question remains: what happens to a real cooling star whose mass is above the
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Chandrasekhar and Oppenheimer-Volkoff limits. In recent years topological methods
have been used by Penrose and Hawking to prove a number of powerful theorems
[82], to the effect that under reasonable conditions (validity of general relativity,
positivity of energy, ubiquity of matter, causality) collapse becomes inevitable once a
trapped surface forms. A trapped surface is a closed space like two dimensional
surface for which both the outgoing and the ingoing families of future-directed null
geodesics orthogonal to the surface are converging. (for the Schwarzschild metric, the
spheres with r and t constant are trapped surfaces for r within the Schwarzschild
radius 2MG) However, it is not known whether a real massive star will actually
develop a trapped surface, or merely explode into fragments with small enough mass
to form stable neutron stars or white dwarfs.

If gravitational collapse is indeed the inevitable fate of massive bodies, then we must
expect that the universe is full of black hole collapsing bodies whose presence is
betrayed only through their gravitational fields or through the energy released when
matter is drawn in [83]. Our best hope of observing gravitational collapse would be to
find a binary star , one member an ordinary visible star, and the other member a black
hole [84, 85].
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Chapter Three
Equilibrium of Stars By Equation of Motion to Relate Pressure

and Gravity

3.1 Introduction:

One will discuss in this chapter the natural behavior of the stars through the stages of
building them, and the terms of their equilibrium, based on the pressure and gravity,
which keeps these stars in equilibrium through the gravitational equivalent attraction,
which may lead to undermine it, and thermal stress may make them explode, it is
possible to remain the star without happen to him undermine the final (an explosion in
the opposite direction of time) if a condition related mass and radius. We shall see that
stars are generally in a state of almost complete mechanical equilibrium. The same
method can understand the behavior of the universe and the condition of its
equilibrium across the different stages of his life.

3.2 Coordinate Systems and the Mass Distribution:

The assumption of spherical symmetry implies that all interior physical quantities
(such as density p, pressure p, temperature T, etc)depend only on one radial
coordinate. The obvious coordinate to use in a Eulerian coordinate system is the radius
of a spherical shell, » (¢ 0...R). In an evolving star, all quantities also depend on time
t. When constructing the differential equations for star structure one should thus
generally consider partial derivatives of physical quantities with respect to radius and
time, d/0dr and d/0t, taken at constant t and r, respectively. The principle of mass
conservation applied to the mass dm of a spherical shell of thickness dr at radius r
gives [86].

dm(r,t) = 4nr?pdr — 4nr?pvdt (3.2.1)
Where v is the radial velocity of the mass shell. Therefore one has

adm aom

= 2 — = 2 2.2

Em dmtrép m Amre pv (3.2.2)

The first of these partial differential equations relates the radial mass distribution in the

star to the local density, it constitutes the first fundamental equation of star structure.
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Note that p = p(r, t) is not known a priori, and must follow from other conditions and
equations. The second equation of (3.2.2) represents the change of mass inside a
sphere of radius r due to the motion of matter through its surface; at the stellar surface
this gives the ass-loss rate (if there is a star wind with v > 0) or mass-accretion rate (if
there is inflow with v < 0). In a static situation, where the velocity is zero, the first
equation of (3.2.2) becomes an ordinary differential equation

dm
o= 4mtr2p (3.2.3)

This is almost always a good approximation for star interiors, as we shall see.

Integration yields the mass m(r) inside a spherical shell of radius r

r
m(r) = j 4nr’2p dr'
0
Since m(r) increases monotonically outward, we can also use m(r) as our radial
coordinate, instead of r. This mass coordinate, often denoted as m,. or simply m, is a

Lagrangian coordinate that moves with the mass shells
T
m=m, = j 4mr'® pdr’ (meo0..M) (3.2.4)
0

It is often more convenient to use a Lagrangian coordinate instead of a Eulerian
coordinate. The mass coordinate is defined on a fixed interval, m € 0 ... M, as long as
the star does not lose mass. On the other hand r depends on the time-varying star
radius r. Furthermore the mass coordinate follows the mass elements in the star,
which simplifies many of the time derivatives that appear in the star evolution
equations (e.g. equations for the composition). We can thus write all quantities as
functions of m, i.e.
r=r(m) , p=pm) , p=p(m) etc.
Using the coordinate transformation r — m, i.e.
d 0 Jr

om = Brom (3.23)
The first equation of star structure becomes in terms of the coordinate m
or 1
(3.2.6)

om 4mr?p
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Which again becomes an ordinary differential equation in a static situation.
3.3 The Equations of Motion and Hydrostatic Equilibrium:
We next consider conservation of momentum inside a star, i.e. Newton’s second law of
mechanics. The net acceleration on a gas element is determined by the sum of all
forces acting on it. In addition to the gravitational force considered above, forces result
from the pressure exerted by the gas surrounding the element. Due to spherical
symmetry, the pressure forces acting horizontally (perpendicular to the radial
direction) balance each other and only the pressure forces acting along the radial
direction need to be considered. By assumption we ignore other forces that might act
inside a star. Hence the net acceleration of a cylindrical gas element with mass [86]:

dm = pdrds (3.3.1)
Where dr is its radial extent and ds is its horizontal surface area, is given by, Pressure
(net force due to difference in pressure between upper and lower faces)

E, =p(r)ds —p(r +dr)ds

dp dp
=p(r)ds — [p(r) + Edr] ds = —Edrds

We can write

d
p(r+dr) =p() + (6_2;) dr

Mass of element dm = pdrds Applying Newton's second law
rdm = F;, + E,
fdm = —gdm + p(r)ds — p(r + dr)ds (3.3.2)
Acceleration equal zero everywhere if star static, setting acceleration to zero, and
substituting for dm

Gmpdrds d
_P P rds =0 (3.3.3)
T dr
Equation of hydrostatic equilibrium
dp Gm
—_— = 3.3.4
. =P ( )

Hence after substituting equations (3.2.1) and (3.3.1) we obtain the equation of motion

for a gas element inside the star
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=————= (3.3.5)

This is a simplified from of the Navier-Stokes equation of hydrodynamics, applied to
spherical symmetry. Writing the pressure gradient dp/dr in terms of the mass
coordinate m by substituting equation (3.2.6), the equation of motion is

0%r Gm dp
— 2 _T
- 2 4mtr 5 (3.3.6)

Hydrostatic equilibrium The great majority of stars are obviously in such long-lived

phases of evolution that no change can be observed over human lifetimes. This means
there is no noticeable acceleration, and all forces acting on a gas element inside the star
almost exactly balance each other. Thus most stars are in a state of mechanical
equilibrium which is more commonly called hydrostatic equilibrium. The state of
hydrostatic equilibrium, setting Acceleration equal zero in equation (3.3.5), yields the

second differential equation of star structure

dp Gm
Or with equation (3.2.6):
dp dp dr Gm 1 Gm
dm~drdam = 2P amtp T dmrd (33.8)

Alternate form of hydrostatic equilibrium equation.

A direct consequence is that inside a star in hydrostatic equilibrium, the pressure
always decreases outwards. Equations (3.2.6) and (3.3.8) together determine the
mechanical structure of a star in hydrostatic equilibrium. These are two equations for
three unknown functions of m(r, p and p), so they cannot be solved without a third
condition. This condition is usually a relation between p and p called the equation of
state. We integrate this equation

dp __ GM(p()
dr 72

Assuming the star has constant density p,

(3.3.9)

4 s
M(r) = 377 Po
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dp G4 AmGp3r
o (tan)o-

dr 2\ 3" Po 3
0 R 4nGp,? AtGpy? (R
fdpc=f - Po rdr = — Po jrdr
P, 0 3 3 0
Ape’G R?  [poG\ [ 4 Mp,G
= —=(=—)( =rR® )= 3.3.10
Pe 3 2 <2R)< 3P0 ) T TR (33.10)

3.4 Relativistic Electron Gas in Star:

White dwarf stars, a main-sequence hydrogen burning star, such as the Sun, is
maintained in equilibrium via the balance of the gravitational attraction tending to
make it collapse, and the thermal pressure tending to make it expand of course, the
thermal energy of the star is generated by nuclear reactions occurring deep inside its
core. Eventually, however, the star will run out of burnable fuel, and, therefore, start to
collapse, as it radiates away its remaining thermal energy. What is the ultimate fate of
such a star. A burnt-out star is basically a gas of electrons and ions. As the star
collapses, its density increases, so the mean separation between its constituent particles
decreases. Eventually, the mean separation becomes of order the de Broglie
wavelength of the electrons, and the electron gas becomes degenerate. Note, that the de
Broglie wavelength of the ions is much smaller than that of the electrons, so the ion
gas remains non-degenerate. Now, even at zero temperature, a degenerate electron gas
exerts a substantial pressure, because the Pauli exclusion principle prevents the mean
electron separation from becoming significantly smaller than the typical de Broglie
wavelength. Thus, it is possible for a burnt-out star to maintain itself against complete
collapse under gravity via the degeneracy pressure of its constituent electrons. Such
stars are termed white dwarfs. Let us investigate the physics of white dwarfs in more
detail [87, 88].
The total energy of a white dwarf star can be written

E=K+U (3.4.1)
Where K is the total kinetic energy of the degenerate electrons (the kinetic energy of
the ion is negligible) U is the gravitational potential energy. Let us assume, for the
sake of simplicity, that the density of the star is uniform. In this case, the gravitational

potential energy takes the form
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R cm(r
U=—f47rr2p ()dr
0 r
Where
4
m(r) = =nr3p
3
Hence
U= —Enzsz er4 dr = —EanZGR5
3 0 15
_ 3m
P = 4nR3
gravitational potential energy
3GM?
= —= 4.2
v 5 R (3.4.2)

Where, G is the gravitational constant, M is the stellar mass, R is the stellar radius.

we employed classical mechanics to deal with the translational degrees of freedom of
the constituent particles, and quantum mechanics to deal with the non-translational
degrees of freedom. Let us now discuss ideal gases from a purely quantum mechanical
standpoint. It turns out that this approach is necessary to deal with either low
temperature or high density gases [89].

Consider a gas consisting of N identical, non-interacting, structure less particles

enclosed within a container of volume V. Cell volume in a vacuum phase:

| dxdydz | dpdps,dpe, = | dpe.dpr,dpy,

the number of electrons (N) the total volume of cells
The number of cells = =
2 one cell volume
V [ dpp,dpr,dps, N

The number of cells = -

~
N

/

Figure (3.1): p-space of the spherical shell between radii p + dp
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Let us assume that the electron gas is highly degenerate, which is equivalent to taking
the limit T — 0. In this case, we know, from the previous section, that the Fermi

momentum can be written

N _h*N
| dpedpr,dps, =155 ==(7)

2V 2 \V
4 4 h3 (N)
3™PF =5 \y
3h3 /N h3 N
3" (Z)=3m2—(=)=3 2h3<—)
PF =g (V) T g3 (V) Ty
Ny L/3 Ny L/3
= (312 1/3h(—) =A(—) 3.4.3
pr = (3n)*h(5; . (343)
Where N the total number of electrons in the star.
A = (3n2)/3R (3.4.4)
The volume of the star is equal to:
4
V= §7Tr3 (3.4.5)

Is the star volume, and N is the total number of electrons contained in the star.
Furthermore, the number of electron states contained in an annular radius of p-space
lying between radii p and p + dp is

2V (4mpi d
dN = 2 X the number of cells = (4mp; dp)

h3
AN = 8m°V pidp  Vpidp
 m2h3  m2R3
3V
dN = A3 PF dp (3.4.6)
Where
A3 = 3m?h3

The density of modes per unit volume when the magnitude of k lies in the range k to
k + dk is given by multiplying the density of modes per unit volume by the “volume”
in k-space of the spherical shell between radii k and +dk. It follows that the number

of allowed values of k (i.e., the number of allowed modes) when k., lies in the range
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ky to ky + dk, , k,, lies in the range k,, to k, + dk,, and k, lies in the range k, to
k, + dk,, is

pd3k = (ank )(ank ><2ndk ) (ZV)B dk,dk,dk, (3.4.7)

Let us calculate the Fermi energy of a Fermi Dirac gas at T = 0. The energy of each
electron is related to its momentum p = hk via

pZ B thZ
2m  2m

E= (3.4.8)

Where k is the de Broglie wave-vector. At T = 0 all quantum states whose energy is
less than the Fermi energy Ep are filled. The Fermi energy corresponds to a Fermi
momentum pr = hkg is thus given by

E B h2k2
2m 2m

Ep = (3.4.9)

Thus, at T = 0 all quantum states with k < kj are filled, and all those with k > k. are
empty [86]. Now, we know, by analogy with equation (3.4.7), that there are (2m)~3V
allowable translational states per unit volume of k-space. The volume of the sphere of
radius ky in k-space is (4/3)mk;. It follows that the Fermi sphere of radius kg
contains (4/3)mk3(2m)~3V translational states. The number of quantum states inside
the sphere is twice this, because electrons possess two possible spin states for every
possible translational state. Since the total number of occupied states (i.e. the total
number of quantum states inside the Fermi sphere) must equal the total number of

particles in the gas, it follows that

V /4
(2 )3< nkF> =N (3.4.10)
The above expression can be rearranged to give
A /N 1/3
kr = (3n2n)1/3 = - (V) (3.4.11)
Hence
1 = 21 B 2mh <V>1/3 (3.412)
P @r)3 T A \N o
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Which implies that the de Broglie wavelength Az corresponding to the Fermi energy is
of order the mean separation between particles (V/N)'/3, all quantum states with de

Broglie wavelengths A > A are occupied at T = 0, where as all those with A < A are

empty.
According to equation (3.4.9), the Fermi energy at T = 0 takes the form
K2 N\E AT N\
Ep=o— (3n2 V) =5 (V) (3.4.13)

It is easily demonstrated that Er > KT for conventional metals at room temperature.

Hence, the total kinetic energy of the electron gas can be written

2
K:jp—FdN
2m
g3V (T PE o, 3V pE (3.4.14)
a3}, 2mPFP T 53 m i

Where m electron mass. Using two relations (3.4.14) and (3.4.13) becomes Kkinetic

energy as follows
3 A2 N\/3
K = gN%(V> (3.4.15)

The interior of a white dwarf star is composed of atoms like C'? and 0 Which
contain equal numbers of protons, neutrons, and electrons. Thus,

M = Nm, + Nm, =2Nm, (3.4.16)
Where m,, proton mass, is equal to the mass of the proton and neutron mass m,,, and N
represents the total number of protons.
Equations (3.4.1), (3.4.2), (3.4.4), (3.4.5), (3.4.15), and (3.4.16) can be combined to

give model

A B
Where R radius of star.
Where
3 9m23rz [ M\*?
1=5(%) a<m—> (3.4.18)
p
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3
B =z GM’ (3.4.19)

The radius of the star is a balance R, that dimension which reduces the total energy E

and his can be found by using the minimization of energy with respect to radius

dE

=0
dR

2A B
—F'l‘ﬁ: —2A+BR =0
The equilibrium radius of the star R, is that which minimizes the total energy E. In

fact, it is easily demonstrated that

2A
Req =5 (3.4.20)
which yields
R,, = (Om>*"? h* ! 3.4.21
T8 mgmdP My (342D
The above formula can also be written
Req M, 1/3
=0.01{— 3.4.22
R =001(57) (3422)

Where R, = 7 X 10° Km is the solar radius , My = 2 x 103% Kg is the solar mass. It
follows that the radius of a typical solar mass white dwarf is about 7000 Km: i.e., about
the same as the radius of the Earth. The first white dwarf to be discovered (In 1862)
was the companion of Sirius. Nowadays, thousands of white-dwarfs have been
observed, all with properties similar to those described above [87, 88].

3.5 Stars Equilibrium:

One curious feature of white dwarf stars is that their radius decreases as their mass
increases (see equation (3.4.22)). It follows, from equation (3.4.14), that the mean
energy of the degenerate electrons inside the star increases strongly as the star mass
increases: in fact, KaM*/3. Hence, if M becomes sufficiently large the electrons
become relativistic, and the above analysis needs to be modified. Strictly speaking, the

non-relativistic analysis described in the previous section is only valid in the low mass
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limit M «< M;. Let us, for the sake of simplicity, consider the ultra-relativistic limit in
which p > mec.
The relativistic relation between the total energy E, momentum p and rest mass m :
E? = p?c? + m3c*
Which for
pc K myc?
You can also write the total electron energy using special relativity formula and using

the relation (3.4.6) as follows
K= jE dN = j(pzcz 4+ m2c*)1/2 dN (3.5.1)

The total electron energy (Including the rest mass energy) can be written
3V PF
K= &l (p%c? + m?cH)V? p2dp (3.5.2)
You can use the formula
A+x)"=1+nx
When x « 1, to simplify energy relativistic formula to get

E = (p%c? + mc*)1/?

m2c? 1/2 m2c?
E=pc<1+ 2 ) =pc<1+ 2p2>

Thus, electron energy as follows, by analogy with equation (3.4.14) Thus,

Ve 3+m2c2 + - )d 3.5.2
RVEN) 14 5P 4 (3.5.2)
Giving
3Vc
K= ZF(p;E + m2c?pi + ) (3.5.3)

Using the two relations (3.4.3) and (3.4.5) that produces
1/3 1/3 1

@) oA () 354
pr="8y) ~%*\4mr3) R (3:54)
And by reference to the equations (3.4.5) and (3.5.4) it is clear that

_ 3¢ [4mR3T <3N>4/3 L <3N)2/3 L,
IS NE a) R CC \an) R
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A
K =—+CR (3.5.5)

It follows, from the above, that the total energy of an ultra-relativistic white dwarf star

can be written, using equations (3.4.1), (3.4.2) and (3.4.19) can be combined to give

model
A—B
E = = + CR (3.5.6)
Where
3 9m\1/3 M\*3
p
3
B = EGMZ (3.5.8)
3 1 m23/M\¥®
¢= 4(9m)1/3  h (mp> (3:59)

As already, the radius of the balance R, is that dimension which reduces the total

energy E of the star, of the equation (3.5.6) can be found radius equilibrium by makes

the energy minimum E, that is

dE (A—-B)
R T TRz +C =0
The permission
A—B\'?
Req = (T) (3510)

As before, the equilibrium radius R, is that which minimizes the total energy E.
However, in the ultra-relativistic case, a non-zero value of R, only exists for A — B >
0 When A — B < 0 the energy decreases monotonically with decreasing star radius: in
other words, the degeneracy pressure of the electrons is incapable of halting the
collapse of the star under gravity. The criterion which must be satisfied for a

relativistic white-dwarf star to be maintained against gravity is that

A>1 3.5.11
B (" )

In any case, in the case benchtop relativism, it is no non-zero value for the amount of

R.q, inorder A — B > 0. When you are A — B < 0. decreasing energy with a decrease
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of the radius of the star. or unable to pressure the electrons from the dissolved stop
undermining the star under the pressure of gravity. The condition that must be
achieved in order to dwarf relativistic to remain stable under the pressure of gravity its
attractiveness is determined by the relation (3.5.11).
This criterion can be rewritten

M < M, (3.5.12)
Where

M, =

15 he/G)M?
7 (Bm)Y? (C/—Z) = 1.72Mj (3.5.13)
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(The Chandrasekhar limit)
Is known as the Chandrasekhar limit, after Chandrasekhar who first derived it in 1931.
A more realistic calculation, which does not assume constant density, yields

M, = 1.4 M, (3.5.14)

Thus, if the star mass exceeds the Chandrasekhar limit then the star in question cannot
become a white dwarf when its nuclear fuel is exhausted, but, instead, must continue to
collapse.what is ultimate fate of such a star [90, 91, 92].
It follows that the radius of a typical solar mass white dwarf is about 7000 Km, i.e.,
about the same as the radius of Earth. At stellar densities which greatly exceed white
dwarf densities, the extreme pressures cause electrons to combine with protons to form
neutrons. Thus, any star which collapses to such an extent that its radius becomes
significantly less than that characteristic of a white-dwarf is effectively transformed
into a gas of neutrons. Eventually, the mean separation between the neutrons becomes
comparable with their de Broglie wavelength. At this point, it is possible for the
degeneracy pressure of the neutrons to halt the collapse of the star. A star which is
maintained against gravity in this manner is called a neutron star [93, 94, 95, 96].
We see that the white dwarf has the maximum mass M = M_, which it cannot exceed
without collapsing to a neutron star or a black hole. This is called the Chandrasekhar

limit, and even more detailed calculations give M, = 1.4M..
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Neutrons stars can be analyzed in a very similar manner to white-dwarf stars .In fact,
the previous analysis can be simply modified by letting m, —» m,/2 and m - m,,.

Thus, we conclude that non-relativistic neutrons stars satisfy the mass-radius law [87]:
Rea _ 4.000011 (%)1/3 (3.5.15)
R, M
It follows that the radius of a typical solar mass neutron star is a mere 10Km. In 1967
Antony Hewish and Jocelyn Bell discovered a class of com pact radio sources, called
pulsars, which emit extremely regular pulses of radio waves. Pulsars have
subsequently been identified as rotating neutron stars [97, 98, 99, 100]. To date, many
hundreds of these objects have been observed.
When relativistic effects are taken into account, it is found that there is a critical mass
above which a neutron star cannot be maintained against gravity. According to our
analysis, this critical mass, which is known as the Oppenheimer-Volkoff limit, is given
by
M,, = 4M, = 6.9M, (3.5.16)
A more realistic calculation, which does not assume constant density, does not treat the
neutrons as point particles, and takes general relativity is taken into account, gives a

somewhat lower value of

M,, =15 — 2.5M, (3.5.17)
A star whose mass exceeds the Oppenheimer-Volkoff limit cannot be maintained
against gravity by degeneracy pressure, and must ultimately collapse to form a black
hole [101, 102, 103].
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Chapter Four

Literature Review

4.1 Introduction:

General relativity is of one of the big achievement that describes cosmological and
astronomical phenomena, successfully. However it fails in describing the behavior of
some exotic objects like black holes and neutrons stars [104, 105, 106, 107, 108].
Different attempts were made to cure the defects of general relativity [109, 110]. In
this chapter some of these attempts were presented here.

4.2 Gravitational Self Energy Mass and A model Based on Generalized

General Relativity:

Was constructed by M. Dirar and others [47]. The attempt is based on a more
generalized field equation which generalizes EGR. This generalized general relativity
(GGR) was first obtained by Lanczos [13] and then Ali El-Tahir [14]. In the later
derivation the principle of least action is utilized by taking the field variables to be the
metric tensor g,,. This conventional approach leads to the generalized general

relativity in the form:
1
L"9wg”°RpRs — RyRy| + L' [9wD* R— Ry — LRy + > 9wl =0 (4.2.1)
_ oL
~ OR
Where the lagrangian L depends on R.This equation reduces to EGR by considering

LI

the linear Lagrangian
1

L =[FR = 4.2.2
Equation (4.2.1) then reduces to
guvy
Ry — EguvR = _2[3 = 8nG g,y (4.2.3)

One can set

IuwV = Tuv (m)
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Where, T,,,,(m), stands for the matter energy momentum tensor. In this case equation

(4.2.1) reduces to general relativity where

1
Ry, — EguvR = —8ngT,,(m) (4.2.4)

The fact that EGGR reduces to EGR indicates that this new Einstein’s version shares
with GGR all its successes [111]. Motivated by the quadratic Lagrangian of the
electro-magnetic field, a Lagrangian quadratic in R was utilized by some authors to
construct a useful gravitational equation. This equation is used for static field to obtain
nonsingular solution, and a solution reduced to Schwarzschild solution [15]. The
EGGR cosmological model is also constructed and found to share with EGR all its
successes. This model is free from the singularity, flatness, entropy and horizon
problems [111]. Moreover, this model can also solve the galaxy formation problem
[112]. Recently EGGR is utilized to express a quantum model using conventional
guantum mechanics. This model is capable to predicting the universe expanding at its
early stage [113]. The EGGR model shows that Einstein’s general relativity can still be
capable of rearranging and refurnishing itself to describe physical phenomena.

4.3 Gravitational Self Energy Mass:

Since the mass of anybody generates gravitational field thus one expects the inverse
process to take place i.e. the gravitational field frozen out to generate masses. This
resembles what happens in the pair production, where a photon generates a pair of a
particle and the anti-particle annihilate to form a photon. To see how the gravitational
field generates masses field generates masses one can utilize the contracted form of the

generalized general relativity, i.e. equation (4.2.1) to get

B p—3p v
0?R =—R — 4.3.1
6a + 12 + 3a ( )

Where the Lagrangian takes the form
L= aR*+pBR+y

O°R = g"Ryy = g*0yR,, — 9" TR (4.3.2)
OR
R” = GMR = ﬁ (433)

Using the coordinate condition
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r*=g"rl =0 (4.3.4)
Equation (4.3.1) reduces to

p p—3p v
wg R=L1_p 2 435
9Ok =g R+ =5 T3, (4:3.5)

To describe the behavior of a certain star it is suitable to use static isotropic metric:
9rr = A(r), Ggoo =7% gpp = Goo Sin*6, gy =—B(r) (4.3.6)
The scalar curvature R is a function of r only in this case, i.e.
R =R(r) (4.3.7)
Thus the only no vanishing terms in this case are the » — r components. Thus equation
(4.3.5) reduces to

B 14
rr _ A
g""0.+R = 6ocR + 3a
1 d°R 1 d dR 2
- =£R+l=£<R+—y> (4.3.8)
A(r) dr?  JA dr/Adr 6a  3a 6a Lo
To simplify this equation, it is convenient to define the variables
2y
dx =VAdr f=R+ 5 (4.3.9)
To get
da’f P
T2 34 (4.3.10)
One of the possible solutions of this equation is in the form
B
f= coe\/;x (4.3.11)
In view of equation (4.3.9):
2 B
R+ Y = o eoal Vadr (4.3.12)
B
B 2
R = coeNoat VAT _ ?V (4.3.13)

The relation between the scalar curvature and the matter density p can be found by
using the contracted form of general relativity, equation (4.2.4) to get

R = 8nGT} = —8nGp (4.3.14)
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Thus (4.3.12) reads

7 2
87Gp = coeNoal VA4 _ ?y (4.3.15)

When the mass is considered to be generated by gravitational field only, the
contribution of no gravitational field via the term y is ignored i.e. y =0 Thus,

equation (4.3.15) becomes

p= Co e %f\/zdr

(4.3.16)
8myg

To simplify treatments one can consider flat space or nearly flat space metric, where
AN = 1 (4.3.17)
In this case equation (4.3.16) becomes

Co \/gr o yor B
_ _ o= |2 43.18
P =8rG°® 8nG ° Vo= l5a ( )

The physical meaning of the y can be understood by resolving equation (4.3.10) i.e.

fl'=r%f (4.3.19)
In the form
f = ¢y sin(y,r) (4.3.20)
This represents a wave number
21
k = - = Yo (4.3.21)

Consider now a particle in the form of a small tiny string of the length r,. The mass of

this string can be found from equation (4.3.18) to be

m = 8;_06 Oroekrdr = 8:1_0G %] [ekTo — 1] (4.3.22)
For very small ry:
ek =1—kr, , m= % (4.3.23)
If the particle is in the form of sphere of volume
V= 4;1"3 , dV = 4nr?dr

The mass then taken form

78



2 To T
Co |T 2¢y (0
- — | — pVTr - 2 ]/Td
m ZG[ye L ZGyOre r
i[ﬁeyr ] _i[rew] 0 , o jmew "
2G|y Gyl y 1, Gy?),
2
CoTo Co T
= m eV — F [T-Oeyro] + G_y3 [eyr]oo
2 Y7o
CoTo . CoTo€ -
=290 —1
=206 Gy T GyRle |

If 1y is very small such that y ry < 1, cory < 1 In this case, e¥’o =1 + y r,. Hence

the mass can be given to be

CoTo Co
m = corg[1 +yro] — G_yz [1+yr] + G_yg, [r70]
Corog c0r02 Coroz

(4.3.24)

Where, one neglects the terms r compared to r,.Thus the mass is dependent on the
radius r, gravitational coupling constant G, the wave number y beside the free
parameter c,. The mass of the string equation (4.3.23) is finite for very small radius
which is true also for equation (4.3.24) when the particle considered as a sphere. If ¢,
IS positive then one expects the string to represent the particle while the sphere
representing an anti-particle. The mass in both versions is directly proportional to the
radius, thus increasing with the radius. This in conformity with experiments where the
larger the radius the large the mass as in case of protons and neutrons compared to
electrons. The mass is also dependent on the gravitational constant G which is also
quite natural as for as the mass general gravitational field and is also affected by it.
However, the mass of spherical bodies depends on the wave number y unlike the string
mass which is free from this term. The free parameter c, provides as with freedom to

adjust its value to give as the value of all elementary particles.
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4.4 Short Range Gravitation Field Equation Solution:

Let us now see how the field of a certain star looks like within the framework of the
generalized field equation [114]. Contracting the generalized field equation (4.2.1) by
Iy Yields

L'R—2L—-1L" R.pR.a 1 u 2
— + T m) 2 v
3L” 6LII l,l. m 3LII

O%R = (4.4.1)

The model is different from general relativity if we add to the lagrangian terms of
higher order. The simplest lagrangian is the one which consists of a quadratic term
beside the linear term

L=—aR*+BR+y
The contracted equation (4.4.1) thus becomes

B p—3P v
2p = 2R Yo 4.4.2
DR =" T 12 T3a (44.2)

The field of any isolated star can be described by a static isotropic metric. We now use

the static isotropic spherical coordinate (t,r, 8, ¢) in the invariant proper time interval
[115].

ds® = —g,,dx"dx"?

ds? = —(A(r)dr? + r?sin®0d¢? + r2d6? — B(r)dt?) (4.4.3)
Where Jw=0; pu=v
g =A@, Geo=7%,  Gpp = Joesin®0, gy = —B(r) (4.4.4)

Juw =0 for u=#v
Then by using the relationship (4.4.4) in (4.4.2) we get

1]1.. (A B 2 5 p—3p Y
2R =—_|R-R|—=———— = —R+ + — 4.4,
= A [ (ZA 2B r>] 6a 12 3a ( )

The scalar curvature R is a function of r only in this case i.e. R = R(r). Thus the only
no vanishing terms in this case are r —r components. In the case when R = R, =

constant, equation (4.4.5) yields

Ro== (o + ) (4.46)
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This means that (R) feed the existence of both matter and vacuum, and we can
consider matter and vacuum here as frozen gravitational field in other words. The
constant background gravitational field manifests itself in the form matter and vacuum
[116].
Equation (4.4.5) is very complex and highly non-liner, but it can be simplified by
assuming the metric to be flat [117]. i.e.

A-1 | B-1
Therefore, in the region out ide the source. equation (4.4.5) reduces to

. 2. P pP—3p W
R+—R=—R+——+ o (4.4.7)

If we are outside the source y = 0, and by setting § = 0, then equation (4.4.5) reduces

to
dk + 2 R=0
dr r
Therefore
drR -2
—_— = —Aqar
R T
Integrating both sides yields
. C
R = T‘_z
And hence
R=—=+
= r C1

When we are far away from the source the space is flat, i.e. R > 0 asr — oo and as a

result, c; = 0. The scalar curvature is thus given by
c
R=—-
r
Using equations
dR+2R—o
ar r
And
L=—-aR?>+BR+vy

And the expression for A in a weak field, i.e.
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2MG\~!

A=(1-=)
r

To solve this equation consider a solution of the form

C
R = 71 e + R, (4.4.8)

Putting equation (4.4.8) in (4.4.7) yield

c,c? c
9% e — g+ B ger 1 ¥ (4.4.9)
r 6ar 3a
1/2 B 1/2
C _ i
c2=i(ﬁ) o Re=-lr poG,(E ke
6a 3a r 3a

Where c, with the plus sign is excluded by the condition R — 0 as r — oo, To express
R in terms of the potential ¢ we use quasi Minkowskian approximation [118] where

gt > nl

9% =11%g4, = —(1 + 2¢)

; 1
R=g%9"Ro;0 = 9°°9" 5 V" oo

2
1
R;o;o = EVZQOO = _47TGp
R = 8nGpe + 4nGp (4.4.10)
In view of equations (4.4.9) and (4.4.10) the poetical gravitational we get

14 €1 __JZZ}
— =4 = 6a 4.4.11
3q - MOP . P =g © (4.4.11)

This indicates again the existence of a short range force or a possible link with strong
nuclear force.
If we set

c; = 8nGp

Then the red shift becomes

-1/2
1 2 _|B r\1/2 1|8
z= (B)_i—1=<1+; e \/;”> 1= (E) eZ\/;T—1 (4.4.12)
When we are just outside the star p = 0 and one of the possible ways to do this is to

set 1/a — 0 and for r = 32 [119]. z = 3. Thus the origin of a large red shift of

quasars can be explained.
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This expression for the potential resembles the Yukawa potential and therefore shows
the existence of a short range gravitational field or a possible link between

gravitational and strong nuclear force [120].
4.5 Gravitational Waves:

General relativity predicts that large stars that move under the influence of
gravitational waves broadcast. These gravitational waves, like electromagnetic waves,
carrying energy away from the stars broadcast, but the energy loss rate is usually very
little, difficult to be seen. But in 1975 he discovered Contact Hals and Joseph Taylor
bilateral pulsating (P SR 1913 +16), a system consisting of two stars rotating neutron
compression about each other, and between them a distance of at maximum radius of
the Sun. According to the general relativity, the rapid movement means that the
session of the system time should be decreasing scale much shorter time frame, due to
broadcast a strong signal of gravitational waves. And consistent change predicted by
general relativity with careful monitoring conducted by the Contact Hals and Joseph
Taylor [121, 122, 123]. Let us now see the possibility of emitting gravitational waves
by a certain source in empty space [31]. When we are in free space, equation (4.4.2)

becomes

O%R = ﬁR (4.5.1)
6ba

Taking into account the coordinate condition and if we are in empty space then

equation (4.5.1) reads

AR S S P (4.5.2)
0x2  0y?  9z2 c20z2)] 6« e

And one of the possible solutions is
R = R, sin(wt — kr) (4.5.3)
Which leads to [31]:

1/2

w=c (1;%) (4.5.4)

The non-vanishing frequency mode shows the possibility of emitting gravitational

waves by a certain star where the strong field presumably dominates via the
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contribution of the quadratic lagrangian. From equations (4.4.10) and (4.5.3) the
potential is given by

R 1 _
87Gp — 5~ Pn sin(wt — kr) (4.5.5)

The travelling wave solution agrees with the recently observed decline in the orbit

go:

period of binary pulsars which was assumed to occur because the system emitted
gravitational waves. The fact that the generalized field equation with a source term
reduces to general relativity in a weak field limit indicates that it shares with general
relativity all its successes [32] in this limit. The solutions of the generalized field
equation differ from those of general relativity in many respects. First of all the scalar
curvature does not vanish outside the source. Secondly the expression for the potential
shows the existence of a short range field or presumably a possible link with the strong
nuclear force. On the other hand the travelling wave solution is in conformity with the
recently observed declining in the orbit period of the binary pulsars.
4.6 Graviton Equation of Motion:
The graviton is the energy quantum which results from gravity quantization, which
should be in the form of gravitational waves. Thus, one need to prove that the
gravitational field can be propagated in the form of travelling waves. To do this
consider the metric and scalar curvature to be dependent on r and ¢, i.e.

R=R(rt) , g,=A0rt) , g =B(t) (4.6.1)
In view of equation (4.4.6) one gets

B p—3p v
9. R =g''9.,R =—R — 4.6.2

1d°R 1d?R P p—3p vy
— — e _R —
A dr? + B dt? 6« + 12a + 3a

1 d dR d d 5 p—3p vy

— + R=—R+ +
VAdrAdr +Bdt VBdt 6a 12a  3a

Define a and t to satisfy

dx = VA dr ; x=j\/A7dr , dr=\/§dt;r=j\/§dt (4.6.3)

Thus, equation (4.2.10) reduces to
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B p—3p v
c’)xxR+6”R—6—aR+ Toa +£

:6%<R+p;ﬁ3p+;_cyz)

Outside a given star, one expects the matter density y to vanish, hence one can

(4.6.4)

consider the solution
R = R, sin(wt — kx), 0. xR=—-k?*R, 0,,R=w?R, y=0 (4.6.5)
A direct substitution of equations (4.6.3) in (4.6.4) yields

—(k* — w?)R =£R, —(k?* — w?) _ £
6a 6a
In the r, t space the travelling wave equation becomes
R = R, sin(wyt — kq1) (4.6.7)

In view of equations (4.6.7), (4.6.5) and (4.6.3), the angular frequency w,, and the

wave number k, are given according to the relations
wotza)r:wj\/Edt , korzkxzij/Zdr (4.6.8)

It is clear that the frequency and the wave are dependent on the gravitational field via
the metric components B and A. equation (4.6.7) also indicates that the gravitational
field can be propagated in the form of a travelling wave.

4.7 Graviton Energy:

In quantum mechanics the particle is thought to be associated with a wave packet
(wave group). The graviton can be treated equally as a wave packet by integrating

(4.3.18) in the k-space to get

k
Co kr Co kr o
81G ), © gner D~ guer

m ekr (4.7.1)

Where, one can be neglected in equation (4.7.1) compare with exponential term.
Therefore, equation (4.3.21) in which, y =k, is used. The radius at which, m is

minimum can be found by differentiating m with respect to r to get

dm Co

— kr kr — 4.7.2
dr 8nrze 87tGre 0 (4.7.2)
_LI_ A A =2
r_k_Zn , = 271r
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Hence the circular circumference is occupied by one complete wave. This relation
resembles the Bohr radius. Thus, according to equations (4.7.1) and (4.7.2), the mass

and the energy of the graviton are given to be

Co
= _kek" 4.7.3
m=38c "¢ (4.7.3)
2
CoC” (2T
F = 2 (_) kr
M =8r6\ 1
2
CoC CoC
E=——¢el"=—fel = 4.7.4
2626 Tagle Thet (4.7.4)

This expression resembles plank quantum photon energy this expression can also be
obtained directly from expression (4.3.18) for very small radius » — 0 where the

exponential term can be expanded by using Taylor series to get

2 2
CoC CoC
E = 2 — kro — kra — 1
P =8rG® " = gpg o D
CoC? coc?  coc(fA)  [2m\ coc?
E = —kT’O + = 0 (_) -
8nG 8nG 8nG A 8nG
CoC? CoC?
E=;—Gr0f+8(;T—G= of + Eo (4.7.5)

The energy of the graviton is determined in equation (4.7.5) by treating the graviton as
a wave packet. It is interesting to find that the graviton mass is a function of its
frequency in complete agreement with the Plank energy for the photon but with new
(Plank) gravitational constant, the graviton expression for the energy can also be
obtained by utilizing the expression for the mass density, when the radius r, is very
small (see equation (4.7.5)). Again one gets Plank quantum gravity expression but with
a background zero energy. This means that the vacuum E, is a media in which
graviton transmit it. It is also amazing to find in equation (4.7.5) and that the gravity

plank constant h, is dependent on the gravitational constant G.
4.8 Spatial and Time Dependent Scalar Curvature and Gravitational

Constant Quantization:
In the previous sections one tries to find R with direct suggestion of solution for R as a
function of r and t directly. In this section one needs to use the separation of variables

to solve (4.6.4) without the source termi.e.y = 0 to get
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p
axxR + attR = 6_aR (4‘.8.1)

Using the method of separation of variables now let R to be a produce of tow function,

T which depends on time t, beside X which depends on x.

B
TO,, X+ X0+ T=—TX

Dividing both sides by TX yields

£
6a
This means that the first term and the second term on the left hand side are constants.

1 1
}ax_x X + Tatt T = (4‘.8.2)

Hence one can set the time dependent part to be

1
70, T = 2 (4.8.3)
This equation can be solved by suggesting T to be
T = c et
Where
—w?=—p? and w?=p? (4.8.4)
1 B 5
}axx X=—=u (4.8.5)
X =c,sinkx (4.8.6)
B
52— 2
k o +u
—b_ . —b 2
= |——p2= |—-— 4.8.
k J6a K (Yo @ (4.87)

The term « is found by some researchers to be negative strictly speaking in the Ph.D.

work of M. Dirar [111] a was found to be

V24 2v6 6a 3 3 V6v3mVG 3V3G
Hence
k= ! — u? (4.8.8)
B o

87



To take the source term y inconsideration one can define f as in (4.3.9) and substitute
itin (4.6.4) to get

Oxxf = 0uef = é%f (4.8.9)

By setting

f=GT (4.8.10)
And following the same procedures done for R in equation (4.8.1) up to (4.8.8) after
comparing (4.8.9) with (4.8.1) to get

T = cze'®t G = ¢, sinkx (4.8.11)
1 2
k = 3\@\/5— W (4.8.12)
Recalling equation (4.3.9) yield
2y ot
f=R+ 7 = GT = c3c e @t sinkx
ot 2y
R = c3c,e'®t sinkx — 3 (4.8.13)
In this expression for, k is real when
1 2
Nelle > w (4.8.14)

One can quantize the gravitational field by bearing in mind that outside the universe
both gravity R and matter y vanishes outside the universe near the boundaries, i.e.
R=0 , y=0 at x=x, (4.8.15)
Hence equation (4.8.13) becomes
c3c,e'®tsinkx, = 0
This can be satisfied if
kx, =nm , n=0,1273,..

Hence

nm 1 nm
k=— — w2 =—
x\/gﬁ\/ﬁ Xo
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1 n?x?

3V3VG x¢ ' (nznz 2)2
+ w

G =—— _ (4.8.16)
(THZT +a)2)
X0

Thus the gravitational coupling is constant is quantized. At the early universe x, is
small thus quantized takes place. However at present x, — oo, hence, G = 1/27w?.
Thus no quantization is observed.

Equation (4.8.16) shows that the gravitational constant G is quantized. at the early
universe x, is small and quantized term including the discrete number n dominates.
Thus, the gravitational parameter “constant” G in equation (4.8.16) is quantized and is
no longer a constant. But at present x, — oo and the quantized term is smeared out and

G is a constant parameter and is no longer quantized.
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Chapter Five
Stars Evolution, String Self Energy And Nonsingular Black

Hole on the Basis of Generalized Special Relativity

5.1 Introduction:

The theory of general relativity is a model of gravity, the prediction of which leads to a
remarkable change in the concepts of nature. it is now understood that in spite of the
successes of this theory, it suffers from main defects reflected in its singular behavior
at strong field limit .they are flawed in two ways: firstly, abnormal behavior in the
strong field makes it conducive to the demolition of the same law that the adoption of
it, where predict a so called gravitational collapse, and the attendant emergence of
black holes. Secondly, which causes its being isolated from other physical laws, and
forbid its being neither quantization nor unified with the rest of physics.

General relativity theory is one of the most successful theory that describes the
universe. The big bang model describes the evolution of the universe. It states that the
universe starts with singularity in space-time and then expands, where matter, i.e.
elementary particles is formed at early universe. These particles join together to form
light atoms. Later on these particles are assembled in a cloud forming galaxies, stars,
planets and all other astronomical objects.

The formation of stars is one of most striking features of general relativity. These stars
can be come white dwarfs or red giant stars, supernova or black holes. However the
evolution of stars suffers from noticeable set backs, for instance the so called black
holes results from space-time singularity which means break down of the laws of
physics. This draw back can be cured in this chapter by using generalized special
relativity.

5.2 Equilibrium Conditions:

A main-sequence hydrogen-burning star, such as the Sun, is maintained in equilibrium
via the balance of the gravitational attraction tending to make it collapse, and the
thermal pressure tending to make it expand. of course, the thermal energy of the star is

generated by nuclear reactions occurring deep inside its core. Eventually, however, the
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star will run out of burnable fuel, and, therefore, start to collapse, as it radiates away its
remaining thermal energy [124, 125, 126]. What is the ultimate fate of such a star.

A burnt-out star is basically a gas of electrons and ions. As the star collapses, its
density increases, so the mean separation between its constituent particles decreases.
Eventually, the mean separation becomes of order wavelength of the electrons, and the
electron gas becomes degenerate. Note, that the wavelength of the ions is much
smaller than that of the electrons, so the ion gas remains non-degenerate. Now, even at
zero temperature, a degenerate electron gas exerts a substantial pressure, because the
Pauli exclusion principle prevents the mean electron separation from becoming
significantly smaller than the typical wavelength of the electrons. Thus, it is possible
for a burnt-out star to maintain itself against complete collapse under gravity via the
degeneracy pressure of its constituent electrons. Such stars are termed white-dwarfs.
At stellar densities which greatly exceed white-dwarf densities, the extreme pressures
cause electrons to combine with protons to form neutrons [127, 128]. Thus, any star
which collapses to such an extent that its radius becomes significantly less than that
characteristic of a white-dwarf is effectively transformed into a gas of neutrons.
Eventually, the mean separation between the neutrons becomes comparable with their
wavelength. At this point, it is possible for the degeneracy pressure of the neutrons to
halt the collapse of the star. A star which is maintained against gravity in this manner
is called a neutron star.it is found that there is a critical mass and critical radius above
which a neutron star cannot be maintained against gravity. this critical radius, which is
known as the radius of Schwarzschild [129]. A star whose radius exceeds the radius of
Schwarzschild. cannot be maintained against gravity by degeneracy pressure, and must
ultimately collapse to form a black hole. One will discuss in this section the
equilibrium of stars by pressure and gravity forces within the framework of
generalized special relativity.

Generalized special relativistic energy expression, beside Fermi momentum and
ordinary Newtonian gravity potential are used for stars equilibrium conditions.
Consider first the generalized special relativity (GSR) energy E equilibrium condition

by minimizing E w.r.t r
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~1/2
2 2 %
E = myc? (1 + C—<p> (1 + 9 _ —) (5.2.1)

2 2 2
GM

p=——" M= M (5.2.2)

. ~ m2p2 ~ p2 p2

2 m2c?  m2c?  M2c? (52.3)

For simplicity consider the average momentum p is equal to the maximum momentum

pr, by ignoring v2 , where

_Pr
NG
Thus
Ny L/3
P=PF=A<V) = Any
Where

A = (3n?)/3h (5.2.4)
Therefore, with the aid of equations (5.2.2) — (5.2.4), equation (5.2.1) reads

-1/2
2MG 2MG  p?
E = EF = 1\4C2 (1 - rc? )(1 — rc? — M2C2> (525)
The radius r which makes the energy E minimum is given when
2MG 2MG 1\ [12MG
2 2 — S — -
dE; _ Mc (rzcz) Mc (1 rc? )( 2) (rzcz) _
dr 1/2 + 3/2 o
r (1_21\/10_ p,%) (1_21\/10_ pﬁ)
rc2  M?c? rc2  M?c?
2MG 2MG pZ MG 2MG
2 _ _ F _ —
Mc [(r202)<1 rc M2c2> (rzcz) (1 rc? )] — 0
3/2 -
(1 _2MG _ pi )
rc2  M?3c?
M?c? AMG  p?
—— | —-1+2 — =0 5.2.6
r2c? ( et rc? MZCZ> ( )
This is satisfied when
AMG 2

__PE__4 (5.2.7)

rc?  M?c?
Thus the minimum radius is given by
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re pz — M2c?2
Where
= (3 2 1/3h 1/3 = A (_) — (_) h
pr = (31*) n v ) e
The equilibrium takes place when r is non negative, i.e. when
pz > M?c?
pr > Mc
The critical mass is given by
Pr
MC - ?

Thus for star to be at equilibrium one requires

P> m
C

M.>M
M< M,

Thus the maximum mass for stable star is

1/3

M, ==

Pr (3ﬂ2)1/3h(N)
c c v

(5.2.8)

(5.2.9)

(5.2.10)

(5.2.11)

(5.2.12)

(5.2.13)

This condition resembles Chandrasekhar limit for stable white dwarf. i.e. the star mass

need to be less than the critical value in equation (5.2.11). The equilibrium condition

can also be found by using generalized special relativity energy momentum relation

goo E? — p*c® = mc* g,
E? = gog p*c? + goo mpc*
One can rewrite equation (5.2.14) to be

E=(a; - a2p2)1/2

Where
2MG
a; = goomgc* = (1 T 2 )m(Z)C4 ) az = goo C°
a,p? = a;cos?0
PF
E= (a; — a,cos?60)Y2dp

0
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Where

a, .
—dp = ’— sinfd6f
az

a
E=. 1 — cos20)1/2 —/—1 in@ do
alj( cos“0) 4 sin

’a
=Ja, | - a_l Jsin29d9
2

cos26 = cos? —sin® = 1 — 2sin?0

1
sin?6 = E(l — cos 26)
in26
E=—\m1 B /ﬂ (e_sm )
2 a, 2

’a
sin26 = 2sinfcosf , cosf = a_2 p
1

1/2

sind = (1 — cos20)1/2 = [1 — —p2

’ ,a ’
E=,a 2 pr(1— a3p2)1/2 +cos™! |2 Pr —
a,

E = \/_PF(l—aspz)l/2+C051’ pF_E

Where

-1 .2

Az Yoo €& _ Yoo
o 2.4 2
a;  GoomMmgC mac

1/2
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(5.2.20)
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1 PrC

myc? (1 —

+cos™ (5.2.23)

A
2MG\| 2
rc? )
It is clear from equation (5.2.23) that stability requires E to be real. This can be
satisfied when

2MG
rc?
rc? > 2MG

2MG
c2

1 >0

r>

The critical radius is given by

2MG
T, =

= (5.2.24)

Thus the radius should be greater than the black hole radius. Also

2 .2
PrC

mac* (1 —

1-—

>0
ZMG)
rc?

2MGH?
4 2 .2
( _rcz) > Pr e

méc

Thus

2MG
rc?

myc? (1 — ) > + prC

2MG c
(1 _ ) >+ Pr
rc? myc?

c
rc? —2MG > i( Pr 2)7‘(32 (5.2.25)
myc

c
(14225 ) re? > 2MG
myC

2MGm,
r>
(moc? £ prc)

Thus the critical radius is given by

(5.2.26)

2MmyG

= T (5.2.27)

TC
The equilibrium mass also satisfies
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2MG > rc? + ( Prt )rcz

myc?
rc?  pprc
M<—+ 5.2.28
26 T m, ( )
Hence the critical maximum mass is given by
rc?  ppre
M, =— 5.2.29
The equilibrium condition can also be found by minimizing E, where
/
2¢ 29 v?
— 2 _ 2
E =mc* =myc <1 + C—Z) <1 + T §> (5.2.30)
Assuming the mass to be equal to the rest mass, and the potential to be the Newtonian,
one gets
GM
my = M , QY = —7 (5231)
Therefore
E=M 2(1 ZGM) , 2 v o 5.2.32
- e Rc? Rcz  ¢2 (52.32)
For small ¢ and velocity v compared to speed of light c, i.e.
My v
R ’ c?
One gets
Eeu 2<1 ZGM> 1_I_GM_l_lvz _ (e 2GM? 1+GM+1UZ
- e Rc? Rz 2¢z) T \"C TR Rc? " 2¢2
E= M2+ M2+1M 5 2GM?  2G*M3® GM?*v? 533
- e 2"V TTR T R%? " "Re? (5.2.33)
The mass which make the energy minimum for constant radius is given by
2GM —-2G
2 _ 2
dE_ ¢ (1 Rcz) Mc (RCZ)
aM 26M _ v2\"/? 26M _ v2\"/?
(-%F-5) (-%F-58)
s (1-320) (35)
+ > (5.2.34)
26M  v2\*?
(1 "~ Rc?2 cz)
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Neglecting the kinetic term yields

AMG 2MG MG 2M?3G?
2 _ 7Y — —
dE_(C R )(1 Rc2)+ R~ R _,
dM 2y 3/2 N
L _GM | 1v?
Rc? " 2?2

This requires

, 2MG 4MG 8M?G? MG 2M?G* _

(5.2.35)

(5.2.36)

“"R TR TR TR R
, SMG 6M?2G?
c* — + =
R R?c?
6G” M? 5GM +c¢2=0
R2c? R
—b +Vb?% — 4ac
ax’+bx+c=0 , X =
2a
5G 5G\* 24G2c?
v — ri\/(?) ~Recz _ R (56 G
B 1262 1262\ R ~ JR?
R?c?
R%c? /G Rc?
= ]G5+t =—=G=+1
12G*% (R>(5_ ) 126( £ 1)
W — 1 Rc? 1 Rc?
26 ' 3G
For stars one have two forces, pressure force which counter balance the gravity force,
thus
_ NKT _ 1 mv?
V3V

Thus the pressure force is given by

FP == PA 47_[ R r
T'I"
The gravity force is given by
GmM
9= 2

At equilibrium the two forces counter balances them selves thus

FP=F"Q
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(5.2.38)
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)

muv?

_ GmM

(5.2.40)

r

If particles are considered as strings with v representing max speed. Thus the average

value is given by

Vg = N mv2 = 5 (5.2.41)
Thus
mvz 1
mv? = —= = —mv? (5.2.42)
2 2
One thus gets
1 , GmM _ £ 43
va == mq (5.2.43)
Hence
v? = 2¢ (5.2.44)
Hence
2
myc? (1 + C—(f) , 2¢
E= 75 = MoC (1 +—2> (5.2.45)
2¢ — v? / ¢
But
GM
mgy = M , QY = —T (5246)
For attractive force
= ( 2 ZGM) 5.2.47
=M(c B (5.2.47)
dE _(, 26M\ . (=2G\
am - (c R ) ( R )‘
4GM
R ¢~
aaM = c? 5.2.48
T = ( L )
_R 5.2.49
4G (5.2.49)
R R /C,,\2 R
M= 2:_<_’"> _ 22 5.2.50
26*~26\3) T 26° (5.2.50)



For

il o

C—>Cy =

NIE

5.3 Conditions of Stars Evolution:

Consider a short range repulsive gravity field derived by some others of the form

[130]:
1 _
Ps :78 co”
GM
PL = -
c GM
®=¢s+ @, =_€_C°r—7
1

For small r or strictly speaking small c,r :
e " =1 —c,r
1

Q= ;[C1 — ¢1co7 — GM]

To make ¢ finite, one needs
C1 ES GM
Thus

C1CoT

p=——"= "6 = —coGM

If one assumes that for r — 0 energy is minimum, i.e.

dE B
do B
It follows that
2 2 1.2 29 2
dE: (Cz)moc 2% ¢z (1+ Cz)moc —0
do 2\ 1/2 2\ 3/2
(1+2%-%)  (1+%-%)
C C C C
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(5.3.1)

(5.3.2)

(5.3.3)

(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

(5.3.9)



c? c? 2 0
2\ 3/2
(+2-3
c c
20 202
@ ti=0
2
c
p =v?— - (5.3.10)
For particle at rest
v=20
CZ
o =—— (5.3.11)
2
For photon
V=¢C
C2
0= (5.3.12)
Since the star is a particle at rest thus (see equation (5.3.8) )
CZ
@ = —coGM = - (5.3.13)
Thus
C2
Co =5y (5.3.14)
GM _ ¢?
Qs = Te_ 2GM " (5.3.15)
It is very interesting to note that for large star having very large mass, such that
CZ
1 3.1
YTk < (5.3.16)
2GM
r< = (5.3.17)

Equation (5.3.15) yields

=— - (5.3.18)
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= _c_ oM 5.3.19
=—¢s=5~"— (5.3.19)

Thus the short range gravity potential reduces numerically to long range gravity

potential beside zero point gravity potential corresponding to rest mass energy

1
E, = m|o| = Emc2 (5.3.20)

It is very interesting to note that this is consistent with the zero point energy of
harmonic oscillator
1
E, = Ehw (5.3.21)

Since it means that
mc? = hw (5.3.22)
Which conforms with the Einstein and Planck expressions of energy. It also conforms

with De Broglie hypothesis that

S N " 5.3.23
p—mc—c—c—/l— (5.3.23)
This also agrees with quantum hypothesis where
W = Aeilki-0) = goR(PF-ED (5.3.24)
This means that at early stage of star evolution when
r-0 (5.3.25)

the particles constituting the star be as a string.
It is also very interesting to note that for ordinary classical particle which is at rest
equations (5.3.11) and (5.3.4) yields

2
(1 + c_(f) Moc?  (1—-1me? 0 N
= = —mgC (5.3.26)

2 2 0
\/1+2—‘§’—”—2 \/1—1—”—
C C

E =

While for a photon which obeys quantum laws equations (5.3.12) and (5.3.4) gives

2mgc? N
E= — = 2mgcC (5.3.27)

This conforms with the fact that photons can produce particle pairs such that one can

consider a star as consisting of photons gas. When minimizing E w.r.t r
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oo (g 2MGY(  2MG v\
— ot ( B rcz> rc?  c?

When the star particles speed are small compared to speed of light
1.72
C_2 K1

Thus

ZMG)l/ 2

E = myc? (1 -
mycC 2

MG)( _2MG

-1/2 2 (——
dE _ oc? (2MG> <1) <1 ~ 2MG) /2 _Mo¢ (rzcz c?

dr r2c2/\2 rc? 2MG\3/?
(1-77)
rc

Thus the radius which makes E minimum is given by
2MG
rc?

2MG

rc?

2MG
T =

C2
(This is the black hole radius)
Thus the potential is given by

MG MGc? c?

T T T oM T T2

It is very striking to note that this value is typical to the value of ¢ for

r—-0
Where in classical limit equation (5.3.30) gives

c > OO

2MG

Also when energy is minimum

(5.3.28)

(5.3.29)

(5.3.30)

(5.3.31)

(5.3.32)

(5.3.33)

(5.3.34)

(5.3.35)



The stability condition requires also minimization of E with respect to star mass.
consider the star as a gas consisting of particles with rest mass m,. By assuming that

each particle is subjected to the effect of attractive gravitational potential

MG

The energy of m,, is given by

—1/2
2¢ 29 v?
— 2
E—moc (1+?)<1+?—§>

E = myc? (1 B ZMG) < _2MG v_2>—1/2 53.37)
Rc? Rc? 2
minimizing E w.r.t M vyields
[ —2G\|
w_ | -gs  -RHEHED]
dM <1_%_U_Z)l/z (1_%_1]_2)3/2
Rc? ¢? Rc? ¢?
Thus
_ﬁ( _w_v_z) G (1-2M8)
Rc? Rc? ¢?)  Rc? Rc? —0
(1 MG v_2)3/2
Rc? ¢?
If one consider
v? L c?
_£<1_2MG_U_2>+L(1_2MG>:0
Rc? Rc? ¢? Rc? Rc?
_i(l B 2MG> —0
Rc? Rc*
This requires
MG = (5.3.38)
Rc?
Thus the mass which makes E minimum is
= R—Cz (5.3.39)
2G

The gravitational energy takes the form

103



MG c?
(5.3.40)

go:——:—?

R
According to general relativity (GR) and the standard big bang model the universe

expand or contract when
E=+ expansion
E=— contraction

One can use the same argument for the star, on the basis of generalized special

relativity expression for energy E, which is given by
E? = ggo p*c?® + goo mic* (5.341)

The conditions of star evolution can be started by adopting classical limit, where

2

(/) v
C_2<<1 , C—2<<1

To get
~1/2
2¢ 20 v
— 2
E—moc (1+F>(1+F—?>

2¢ @ v
_ 2 o7 _ X4
E =myc (1 + cz)(l 2 + 2c2>

Neglecting higher order terms, yields

Q@ v
E =moc2<1——z+z—cz T er T
1
E = myc? + myp + Emovz
E=myc?+V+Tg (5.3.42)
Assuming the kinetic energy is due to thermal motion
3 1
U==KT = -myv? (5.3.43)
2 2
Assuming also the potential energy of mass m, to be
GmyM
V=- (5.3.44)
R
Thus the energy E become
3 GmyM
(5.3.45)

E =myc? + KT —
mgpC 5 R
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The star explode and expand when

E =myc? + 3 g - GmoM
2 R
I.e. when
, 3 GmyM
myC +§KT> R

(5.3.46)

(5.3.47)

This is quite obvious from the point of view of common since this equation indicates

that expansion happen when thermal and rest mass energies exceeds attractive gravity

energy. However it collapse and contract when

, 3 GmyM
myC +§KT<

T
1/2 —
E = g (god p2c? +mfch)/?
Consider the case

9ol p?c? > mict

1/2 m%c‘l' vz
E =gy 9oo p6<1 + 9605
p-c
1 méc?
_ —-1/2 0
E_gOO pc(1+5g50 p2C2>
E = g 1/2 2p?c? + ggomge*
= Y00 pc ZPZCZ
But
1m2v?  p?
—KT = —mv? == = —
2 2™ T2 T T 2m
Thus the momentum takes the form
p? = 3mKT
Therefore
2
6mc?KT + (1 — ZMf) mgc*
E = g—1/2 Rc
00 ch
If
_ MG <1
¢ Rc?
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(5.3.49)

(5.3.50)

(5.3.51)

(5.3.52)

(5.3.53)



( ZMG)Z_ 4MG+4M202 . AMG
N Rc? R2¢c* Rc?

Rc?
2.4
6mc?KT + my*c* — M
E = g_l/z Rc
00 2pC
Therefore the star explodes when
1 4 MG
§m(2)c4 + 2mc?KT — IR mac? >0
When one assumes
m = mg,
L mgc? + 2KT > 2 MM
3Mo¢ 37 R
But the star collapse when
1 2 4 IKT 4 MGm,
3Mo¢ 37 R
I.e. when
1 2 4 KT < 4 MGm,
3 Mo¢ 37 R
When
go¢ pPc? < mict
-2 .2 2 1/2
Yoo P°C
E=g?myc? |1+ —
Yoo Mo [ mac*
-2 2.2
_1/2 2 Yoo P°C
E =g, moc [1 +—2m(2)c4 ]

2m2C4g2 + pZCZ
_ 1/2 2 0 00 -2
E = go" moc [ 2mZch Yoo

Using equation (5.3.51) gives

2
2mc* (1 — ZMZG) + 3mc?KT
E = g-3/? Rc
Yoo 2mgc?

With the aid of the approximation in equation (5.3.54), one gets
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(5.3.55)

(5.3.56)

(5.3.57)

(5.3.58)

(5.3.59)

(5.3.60)

(5.3.61)

(5.3.62)



-3/2 _ -
8GM
E= 297‘;07 2mfc* — —— mic* +3mc?KT (5.3.63)
-3/2 _ -
8GM
E = 2“"7310 5 |2met + 3mc2KT — —— mic? (5.3.64)
0 ! |

Thus explosion is expected when

E>0 (5.3.65)
le.
- , 8GMmic?
2mge™ + 3mc“KT — R (5.3.66)
2 . 8 GMm,
§m0C + KT > § R (5367)
While contraction takes place when
E<O (5.3.68)
2 5 8 GMm,
§m0C + KT < 5 R (5369)

5.4 Evolution of Stars By Kinetic Theory and Quantum Physics:

We employed Gibbs distribution relation and quantum laws to deal with the
translational degrees of freedom of the constituent particles, and quantum mechanics to
deal with the non-translational degrees of freedom. Let us now discuss ideal gases
from a purely quantum mechanical standpoint. It turns out that this approach is
necessary to deal with either low temperature or high density gases. At stellar densities
which greatly exceed white dwarf densities, the extreme pressures cause electrons to
combine with protons to form neutrons. Thus, any star which collapses to such an
extent that its radius becomes significantly less than that characteristic of a white
dwarf is effectively transformed into a gas of neutrons [87, 88]. Eventually, the mean
separation between the neutrons becomes comparable with their wavelength. At this
point, it is possible for the degeneracy pressure of the neutrons to halt the collapse of
the star [86]. A star which is maintained against gravity in this manner is called a
neutron star [125, 128, 129]. it is found that there is a critical mass and critical radius it
equivalent the radius of Schwarzschild. above which a neutron star cannot be

maintained against gravity. And also cannot be maintained against gravity by
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degeneracy pressure, and must ultimately collapse to form a black hole. One will
discuss in this section the evolution of stars by kinetic theory and quantum physics the
basis generalized special relativity.

From the kinetic theory and quantum physics, we can get an equation of star evolution
by the pressure force and the force of gravity. for stars one have tow forces, pressure

force which counter balance the gravity force, thus

1
P= §nmv2 ,  mv?=3KT (5.4.1)
The number density can be assumed to satisfy Maxwell’s distribution
n =ngye PE (5.4.2)

We first consider an ideal gas consisting of a single type of non-relativistic particles.

The ideal-gas law for the gas contained in a volume V' is commonly written as
1N

where n = % is the number of particles per unit volume.
Thus the pressure force is given by
Fp = PA = nKT(4nr?) = 4nnKTr? = c;r? (5.4.4)
The gravity force is given by
41
F, = J (?pr3> (4mr?p)dr

For constant density

9773 6 3 P7
0
Thus
8 2,.2..6 6
F, = 571 per® = cyr (5.4.5)
Equation of hydrostatic equilibrium requires
Fp =F, (5.4.6)
Thus from equations (5.4.4), (5.4.5) and (5.4.6) one gets
c 1/4
ari=c,r® = r= (—1)
C2
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The critical radius is thus given by

1/4

InKT
e = <2np2) (547
Expansion takes place
Fp > F, (5.4.8)
While contraction is observed when
Fp <F, (5.4.9)

But according to the laws of quantum mechanics for particle in box the energy is given
by

E = c,V2/3 (5.4.10)
At T = 0 all quantum states whose energy is less than the Fermi energy Ey are filled.
The Fermi energy corresponds to a Fermi momentum pr = hkg is thus given by
_ pg WPk

=—=— (5.4.11)

Er

The above expression can be rearranged to give

A (N\Y3
k. = (3 2,,\1/3 — (_)
r= (3m*n) n \v
Where
A= (3n?)Y3h
Hence
L o_m_2m _2nh(V>1/3
7 ky  @Brzm)/3 T A \N

Which implies that the De-Broglie wavelength A, corresponding to the Fermi energy
is of order the mean separation between particles (V/N)/3. All quantum states with
De-Broglie wavelengths A > A are occupied at T = 0, whereas all those with 1 < A,
are empty.

According to equation (5.4.11), the Fermi energy at T = 0 takes the form

h? A N\2/3
_ " 28273 2 (D _ -2/3
Er = 5—(3n%n) 2m<V> coV (5.4.12)

Where
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A = (3n2)1/3R

dEg 2
—— = ——, V53 5.4.13
dV 3 CO ( )
But for spherical body
4
V = ?T?’
Thus
dEp 2 4w N\ 2 (4m\ "3
= —Za (?ﬁ) _ _§<?) cot 5 (5.4.14)
But according to canonical Gibbs’s distribution
dEg
P=n———- 5.4.15
n— ( )
Hence the pressure takes the form
2 r4m\~>/3
P= —§<?) ncer > = ¢;r7° (5.4.16)
Thus the pressure force is given by
Fp = P(4mr?)
2 r4m\~>/3
Fp = —§<?) ncor > (4nr?) = 4meyr3
Fp = c,r™3 (5.4.17)
But gravity force is given by
GmM  4Anr3pGM
g = 12 = 3r2
Where
4
m= ?r3
Thus
4
F, = §7thmr = C37 (5.4.18)
Equation of hydrostatic equilibrium requires
Fp =F, (5.4.19)
e

Cr 73 = g7
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The critical radius ;. is thus given by

2 _ %2
e cs
cy\1/4 —(41)75/3 ncy(4m) A
r. = (_> - (5.4.20)
C3 2mpmG (3)~5/3
Expansion takes place
Fp > F, (5.4.21)
While contraction happens when
Fp <FE, (5.4.22)

The conditions of star evolution can be started by adopting classical limit, of

generalized special relativity (GSR) energy relation where

-1/2
E = myc? (1 + i—f) (1 + i—f — Z—j) (5.4.23)
Considering Newtonian potential and thermal motion
GM I ,  3KT
<p=—T ) Emv =§KT = p°= m—o (5.4.24)
E = mc? = myc? (1 _ ZGM) ( _ZGM KT >_1/2 (5.4.25)
Rc? Rc?  mgyc?
If the gravitational potential and thermal energy are every where small, so
2GM 3KT
Re? <1 —— <1 (5.4.26)
Thus (5.4.25) reduces to
E = myc? (1 — ZGM> (1 oM + SKT ) (5.4.27)
Rc? Rc?  2myc?
Neglecting higher order terms, yields
E = myc? (1 4 GM 4 3KT 3 2GM B 2G*M? B 36MKT>
Rc?  2myc? Rc? R2c* Rmc*
Thus the energy E become
E =myc? + ;KT - G]\;I?mo (5.4.28)

Assuming the kinetic energy is due to thermal motion
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3
K.E ==KT (5.4.29)

2
Assuming also the potential energy of mass m, to be
GMm,
V=- 7 (5.4.30)

Thus equation (5.4.28) gives
E=myc*+K.E+V

Thus the expression of energy includes the total kinetic energy of the degenerate
electrons (the kinetic energy of the ion is negligible), the rest energy myc? and the
gravitational potential energy V. Let us assume, for the sake of simplicity, that the
density of the star is its uniform. The total energy of a star is its gravitational potential
energy, its internal energy and its kinetic energy (due to bulk motions of gas inside the
star, not the thermal motions of the gas particles).

Using the hypothesis of universe expansion, the star explode and expand when the

energy E is positive

, 3 GmyM
E=myc* +-KT — >0 (5.4.31)
2 R
e
, 3 GmyM
mgC +§KT > R (5.4.32)

This is quite obvious from the point of view of common sense because this equation
indicates that expansion happen when thermal and rest mass energies exceeds
attractive gravity energy. However it collapse and contract when the energy E is
negative, this requires

3 GmyM

24+ KT <
moc > R

Thus collapse take place when gravity energy exceeds thermal one.

(5.4.33)

Can be obtained the critical radius, using the following energy for generalized special

relativity

ZGM> (1 2GM  3KT >‘1/2

rc?  myc?



= moc (1422) (1424 3Ty
rc? rc?  mgyc?
E =myc?(1+ c,r™h) (1 + cr7t — ::;) V2 (5.4.34)
Where
2¢q
C2=—3

The critical radius of the star requires minimizing the total energy E and can be found

by using the conditions for minimum value, i.e.

1 _ _
dE, —myc?c, 172 5Mo(1+ cor D(c?cr™)
dr 1/2 3/2
(1 + cr~1 — 3KT2> (1 + c,r~1 — 3KT2)
MoC MoC
—myc?c, 172 (1 +cr7t — %) + %mo(l + ¢, ) (c%c,r?)
0 3KT \3/? ="
(1 +cr~t — 2)
MoC
3KT 1
2 -2 -1 -1 2 -2\ —
—MmyCc, T (1 +c,r — mocz> + Emo(l + co,r ) (c%c,r™?) =0
3KT
mo(1 + c,r 1) (c?c,r™2) = 2myc?c, r™2 (1 + crt — 2)
MoC
6KT
1+ cr =2+ 2c,r 1 — >
MoC
6KT
2c,r7 1 —cr7l = > —1
MoC
_, _ 6KT —myc?
Czr = >
moC
When temperature is neglected, i.e. when
T=0
One gets
C21"_1 = -1
—2¢, 2MG
r=-—Cc, = CZ = CZ

The critical radius is thus given by
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2GM
T, =

CZ
(This is the black hole radius)

Using the generalized special relativity energy relation

2GM 2GM  3KT\ '/?
E=m0c2(1— 2)(1— —— 2)
rc rc myC
For star having spherical shape:
4, 41 3 3
—GM = -G (?pr ) = —?Gpr = 3T
X 2¢512 2c3r? 3KT 1z
E=myc*(1+ 2 1+ 2 _mocz
3KT \" /2
E =myc?(1 + c4r? (1 +cur? — )
moc(1 + c47°) CaT —
Where
2c3
Cy = C_z

(5.4.35)

(5.4.36)

(5.4.37)

(5.4.38)

The radius of the star r that dimension which reduces the total energy E and his can be

found by using the minimum energy condition that has to be less energy as soon as

possible, i.e.
dE,
dr
2 2 1
dE, moc?(2c,1) moc?(1 + c4r?) (7) (2c47)
dr

myc?

1/2 3/2
(1 + cy1r? — rfchTZ> (1 + cy1r? — 3KT>
0

2mocic,r (1 + c,1r? — 3KT2) —mgc2c,r(1 + ¢,1?%)
MoC
3KT \3/?
(1 + C4T'2 - m0C2>
3KT
2mocic,r (1 + ¢ 1% — 7) —moc?c,r(1 4 ¢4r?) =0
0
3KT
2mocic,r (1 + c,r? — mocz) = myc?c,r(1 + c47?)
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3KT
2 (1 + ¢ 1% — >
meC

7 =

6KT
2+2c4r2—m =1+ c,r?

oC

, KT
C4T =

ré =

)=1+c4r2

myc?

_ 6KT —mgc®  6KT —myc?

myc?c,

The minimum radius

<6KT — moc2>1/2
r =

2mCs

For r to be real

6KT > myc?
o <K
0 Cz
Thus the critical mass is given by
N 6KT
Oc c2
Hence for equilibrium
my < My,
Using equation (5.4.37)
41
C3 = 3 Gp
The critical radius is thus given by
6KT — myc?

T, =
%monGp
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(

d’E J 2myc?c, 2myc?cir? moc?c, (1 + 3cyr?)
drz /2 3/2 3/2
L(l + cyr? — 3KT2) (1 + cyr? — BKTZ) (1 + cyr? — 3KT2>
myC myC myc

N 3myc?c2r?(1 + cyr?) }

5/2
(1 + cyr? — BKT2>
meC }
3KT
2 2 _
d2E  2MoCCq (1 TGy m0c2> B [2moc?c2r? + myc?c,(1 + 3c,12)]
dr?2 3/2 3/2
(1+ e 25T) (1+eu - 24T)
meC meC
-1
3myc?c2r?(1 + cyr?) <1 + c41r? — :1KCY;)
+ 0
,  3KT\*?
(1 + cyre — mocz)
2 2.2..2 2.2..2 2 2 _ 3KT\™
moc?cy, — 6C, KT — 3mgc?cyre + 3moc?cyr (1 4+ cur*) (1 + ¢4 — —
B 3KT \*/?
2 _
(1 + cyr mocz)
For maximum values
d°F <0 5.4.42
dr? (54.42)
2 2,2..2 2,.2..2 2 2 3KT !
myc=cy, — 6C, KT — 3myccir* + 3mycecir (1 + c,r?) (1 + cyr ——
0 <0
,  3KT\*?
(1 + CyTr= — m0C2>
2 2,.2..2 2,.2..2 2 2 3KT -
Mmoc=cy — 6C, KT — 3myc“cir= + 3myccir“(1 + c,r )(1 +cure — — cz) <0
0

-1

3KT
[3m0c2cfr2(1 + c,7?) (1 + cyr? — - ) < [6€,KT + 3myc?c2r? — myc?cy]

2

oC
3KT\™* 6KT
3 2221 2(1 2 _ ) <[ 2 < 3 2_1)]
[ Moccir*(1+ c4r?) | 14 cyr moc? MoC=Cy — + 3c,1
3KT\ 7! 2KT
2 1 2 1 2 ) [ ]
[c4r (1 +cyr )( +c,1 ——
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2KT 1 3KT
2 2 2 2
CaT“ (14 c4r*) < <m0c2 + cyr” — §) (1 + cyr” — mocz)

When temperature is neglected, i.e. when
T=0

1
CaT? (1 + c4r?) < (c4r2 — §) (14 c472)

1 1
CaT? + CEr* < cyr? + cir* — 3 g

2

1,1
§C4T +§<O

a2 +1<0

Where

_ 8mGp
~ 3c?

< (ec7)
rse 8rmGp

While contraction takes place when

(5.4.43)

1/2

r <3 c(8nGp)~1/? (5.4.44)
For minimum values

— >0 (5.4.45)

Thus explosion is expected when

r >3 c(8rnGp)~1/? (5.4.46)
Thus the critical radius is given by

1. = V3 c(8nGp)~1/? (5.4.47)
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5.5 Generation of Elementary Particles Inside Black Holes:

Our vision for the beginning of universe is on the basis of the fundamental forces unify
at the beginning of time. Unification forces leads to the answer to the most important
questions in the cosmology: How did the creation and how space and time begin. A
proper unification of all interactions should include the fundamental constants,
representing the four basic Interactions, gravitational, electromagnetic beside nuclear
interactions. An appropriate combinations of the physical constant that determine
interaction nature provide a proper description of the anticipated unified interaction.
We have found that these fundamental constants describe completely our universe, at
all stages. One will discuss in this section generation of elementary particles inside
black holes at Planck’s time.

Generalized special relativistic energy (GSR) expression, beside ordinary Newtonian

gravity potential are given by

~1/2
2¢ 20 v?
E =m0C2 (1+F) (1+F—§> (551)
Where the Newtonian potential takes the form
_ MG 5.5.2
(. 2MG 2MG  v?\ 7
E =mgc (1 ~Re? ) 1-— Rer 2 (5.5.3)
Minimizing E w.r.t M yields
2G 2MG 1\ /—2G
dE 2 ~ Rc? (1_ Rcz)(_ﬁ)(Rcz) _
— = myC + =0
dM 2MG  v2\"? 2MG  v2\¥?
(1-%-%)  (-%-5)
Thus
26 (1 2MG vy, Gy 2MGy
Rc? Rc?> ¢?)  Rc? Rc?2 /) _ 0
2MG  v2\*/? -
(1-%# %)
If one consider
v? L c?
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2G 1 2MG  v? N G (1 ZMG)—O
Rc? Rc? ¢?2 Rc? Rc2 /)

G ( ZMG)
Rc? Rc?

This requires
2MG
Rcz
2MG = Rc? (5.5.4)
Thus the mass which makes E minimum is

Rc?

Consider also the generalized special relativity energy E equilibrium condition by

minimizing E w.r.t r. From equation (5.5.3), when the star particles speed are small

compared to speed of light

1.72
C—2 K1
Thus
2MG\*/?
— 2
E = myc (1 — ) (5.5.6)
dE, L (2MGy (1 2MG\
= moc? (522) () (1 - 5 )
dr r2c?)\2 rc?
MG 2MG
2 (22 _
dE, _ MoC (rzcz)( rc? ) ~0
dr | 2ZMGY¥/?
( B rcz)
Thus the radius which makes E minimum is given by
2MG _
rez
The critical radius is thus given by
2MG
Te =3 (5.5.7)

(This is the black hole radius)

But the critical mass is given by equation (5.5.7), i.e.
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M=m,= °C (5.5.8)
Hence from (5.5.8)
2m.G = 7,c? (5.5.9)
The condition governing the equilibrium of the universe, from (5.5.9) and (5.5.4) we
get
meR _ (5.5.10)
Mr,

Where M and R are the mass and radius of the universe respectively. The mass of the
universe (M = 2.2 x 10°° g) and the radius (R = 1.6 x 1028 cm).
According to generalized general relativity (GGR) there is a short range repulsive

gravitational force beside long range attractive gravity force given by [130]:

c, -~
gs =—e Te (5.5.11)
GM
Y, = —T (5512)
¢ - GM
P=¢st o, =—"e e ———
1 _Tr
== [cle Te — GM] (5.5.13)
For small radius r or strictly speaking small ri ;
_r r
e c=1—— (5.5.14)
TC
Hence
_1 [ Y (5.5.15)
Q= " Cq Clr .

c
To secure finite self energy ¢ at small r, one requires
c, =GM (5.5.16)

Thus the star self energy is given by
C1 GM

(p TC rC

(5.5.17)

Since the star is a particle at rest thus the minimization of E requires (See equations

(5.5.2), (5.5.4) and (5.5.17))
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QY = —Z = —? (5518)
For photon (v = ¢) thus one gets
CZ
Y =— (5.5.19)
2
From equations (5.5.17) and (5.5.18)
__M_ (5.5.20)
0] - > .
Thus the critical radius is given by
2GM
e =3 (5.5.21)
This is the black hole radius.
Since 7, should be small as shown by equation (5.5.14). Thus requires
<1
2GM
c? 1
C2
Thus there is a critical mass
C2

Above it the particle rest mass energy cannot be formed form potential.

We see from equation (5.5.4) that the present radius of the universe should be

2GM
Ro=~> 0 1028 cm (5.5.24)

Which conforms with observations.

Consider a star as consisting of photons gas, such that the critical radius is related to
the wave number according to the relation
h 1
p =myc = hk = — ) k=— (5.5.25)
7AC rC
For oscillating string the energy takes the form

hc
E, =mgc?=—

] (5.5.26)
TC
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Hence

h
r,o=— (5.5.27)
mycC

The photon which obeys quantum laws equations (5.5.19) and (5.5.1) gives
g =2 e (5.5.28)
2—1
This conforms with the fact that photons can produce particle pairs.

Newton's law of potential gives

mm
E,=U()=~6—— (5.5.29)
Gravity force is also given by
mm, r
F=-6G—52.= (5.5.30)
r r
If
m1 - m2 - mc
Thus (5.5.26) and (5.5.29) given
Gm? hc
E, =——=— (5.5.31)
rC rC
Therefore
hc = Gm? (5.5.32)
Hence
ey V2
m, = (E) (5.5.33)
Where

h=105%x10"%"erg.s , c=3x10"cms* , G=6.67x10"8erg.cm.g"
The critical mass m,. is equal

hicy Y2
m, = (E) ~22%x107°g (5.5.34)

(Equivalent Planck's mass)
Which matches the proposed value. The same equation applies to Planck's length,

namely
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GpMp
= 7
(Planck's length)
At distances smaller than this scale the gravitational interaction should be stronger than

the quantum effects [131].

Rp ~10733 cm (5.5.35)

Also the critical distance 7. is equal

h Gh\“/?
T, = = (—3) ~1.6x10733 cm (5.5.36)
mec c

(Equivalent the length of Planck)
One can calculate the critical density o, of the material when the particles are
considered as a hollow sphere surrounded by thin layer or membrane. In this case the

surface density is given by

m h
o= 76 , mg= rc_c ,  A=4nr? (5.5.37)
h 1 h
=|— = 5.5.38
7 (rcc) (4717‘02) 4nric ( )
Where
h
m, =— (5.5.39)
T.C
o= Me ~ 6.7 X 10°° g.cm™2 (5.5.40)
o . . 5.

Thus the critical density satisfies

m, 7 1/2
o, = 7z = (ﬁ) ~8.4 %10 g.cm™2 (5.5.41)
Where
o, = 4mo

According to this model the universe began at a time and specific place, at the critical
point (1. , t.), where all fundamental forces are unified into a single force. The Planck

time is thus given by
1/2

Gh 1 Ghy /2
t=2=(5) (5)=(5) ~sax10s (5.5.42)
C C C C

(Equivalent Planck's time)
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The value speed of light c at the critical point (7., t.).

T,
c= t_c ~3x10°%cm.s7?! (5.5.43)

c

Began creation of the universe at the critical point (r, , t.), and show the fundamental
constants such as (&, ¢, G) known values, since that time and keep as it is without any
change, the structure of the our universe is sensitive to precise degree to less change in
these fundamental constants. The status of the universe at different stages is shown to
be described in terms of the constants (&, ¢, G) only. This masterly organization of the
universe is the result for precise tuning arbitrator. The acceleration was great, which is

equal to

c
a. = Rc = t_ (5544)
c

Where R, critical curvature (the maximal acceleration occurred at Planck’s time).
From a purely dimensional argument one can constant a quantum acceleration from the
set of fundamental constants (h, ¢, G) to be valid at Planck’s time, and according to
our hypothesis, an analogous acceleration of the form [132]:
1/2

a. = % = :—zz = <;—;> / ~ 5.7 x 10°3 cm. s ™2 (5.5.45)
Getting limited value to a larger curvature or maximal acceleration in the relation
(5.5.43) resolved the problem singular behavior. and the matching bending dimensions
to pry acceleration are consistent with the principles of general relativity. Conform to
the critical value of the acceleration a, in this relation with the researches results [133,
134].This acceleration on unwavering c¢ constants, and associated critical point
(r. , t.). The existence of this greatest acceleration confirms the occurrence of stretch
accelerator of the universe at the beginning of time [135]. The acceleration declining at
critical value a,. generates the force to attract at the beginning of time, when the
universe takes its way to expansion, and this explains why the presence of the cosmic
force of the overall attraction.

The critical force F, as follows
E.=m.a, = " 1.25 x 10*° dyne (5.5.46)
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We can find critical energy E_ that unites all fields be the rank of ( ~ 101° GeV ):

2 hes\? 19
E.=m.* = - ~ 10%° GeV (5.5.47)

5.6 Discussion:

In this work generalized special relativity energy relation (5.2.1) is used by assuming
the average momentum p to be related to the maximum momentum pg, beside the
ordinary expression for Newton gravity potential (see equations (5.2.2), (2.5.3) and
(5.2.4)) to get the expression for E. The radius which make E minimum in (5.2.8)
requires maximum mass given by (5.2.13). The condition for maximum mass
resembles Chandrasekhar limit. However the expression does not depend on the
gravitational constant G.

Using the same steps used in the conventional general relativity theory, E is integrated
over the momentum p. A useful expression for E was found in (5.2.23). The
equilibrium condition requires, here, E to be real. This makes the critical radius to be
dependent on G and h as shown by equations (5.2.27) and (5.2.9). equation (5.2.26)
shows that this is the minimum radius which secures equilibrium.

But according to equations (5.2.28) and (5.2.29) the maximum critical mass depends
two on G and h. The pence of these tow parameters reflects the quantum gravitational
nature of the Steller mass.

The equilibrium condition is also studied by considering the effect of pressure force in
relation to centrifugal force. Surprisingly equations (5.2.38) shows that the pressure
force act as a centrifugal force which counter balance the gravity force. By treating
particles as strings it was shown by equation (5.2.37) that equilibrium takes place
when kinetic and potential energy balances each other. The mass which makes E
minimum also tackled in equations (5.2.34), (2.5.35) and (5.2.36). The mass at which
E is minimum is given by equation conforms with that of black hole (see equation
(5.2.50)).

According to generalized general relativity theory there is a short range repulsive
gravitational force given by equation (5.3.1). In this work one assumes the ordinary.

Attractive gravity force beside the repulsive force (see equation (5.3.3)). To find mass
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self energy, by assuming it resulting from gravity potential energy only, one considers
the potential behavior when r approaches zero. The finiteness of ¢ requires the
constant parameter c; to be given by (5.3.7). This makes ¢ finite and constant as
shown by equation (5.3.8). Since the matter self energy is the minimum energy, thus
one needs minimization of E. Minimizing E, by using generalized special relativity
expression in (5.3.9) required ¢ to be related to the speed of light in vacuum. If one
believes in Einstein energy-mass relation and Plank energy expressions for photon,
equation (5.3.20). Shows that mass self energy expression resembles the zero point
energy of harmonic oscillator (see equation (5.3.21)). This indicates that the matter
building blocks are strings. It is also very interesting to note that the physical
restrictions imposed on ¢, and c;, indicates, according to equation (5.3.15), that the
field becomes string when the mass increases and the distance decreases. This
conforms with common sense and physical intuition.

Surprisingly the minimization of energy w.r.t radius and mass lead to the same radius
of black hole and string nature of building blocks. This means that black holes are the
state of matter where energy is minimum w.r.t to potential, mass and radius (see
equations (5.3.29) — (5.3.40)).

The star evolution to be came black hole or supernova is also tackled for slow speed
and weak potential. Using different approximations. For weak field and slow speed
(see (5.3.42)), high speed and large momentum compared to the rest mass (see
(5.3.50)) and small momentum compared to the rest mass (see (5.3.60)), the star
evolution gives the same scenario. For all approximation supernova is observed when
rest mass energy and thermal energy exceeds attractive gravity energy as shown by
equations (5.3.47), (5.3.57) and (5.3.67). In contrary the star became a black hole when
thermal and mass energy exceeds attractive gravity force. This result conforms with
common sense and general relativity approach. The incorporation of rest mass beside
thermal energy may be related to the fact that in the vicinity of Centre of mass
repulsive gravity act as a repulsive force against attractive force.

The equilibrium radius can be found by using ordinary expression for thermal pressure

(see equation (5.4.3)) and the ordinary Newtonian force relation for star having
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constant density. Assuming pressure and attractive gravity force to balance each other,
one can find temperature and density dependent critical radius 7., where . increases as
temp. increase and decreases as density increase. This conforms with the fact that
thermal pressure force causes contraction. The same result can be found by using
guantum mechanical relation for pressure (see equations (5.4.11) - (5.4.17)), but here
the increase of density increases . as shown by equation (5.4.20).
Using generalized special relativity energy relation the condition of expansion requires
the thermal energy to exceed gravity energy, while contraction requires gravity energy
to be more than thermal energy which agrees with previous models. By assuming
gravity Newtonian potential relation and thermal energy for generalized special
relativity energy relation (see equation (5.4.34)). The minimum energy requires the
existence of critical temperature depend Ent mass similar to Chandrasekhar mass.
where the star mass should be less than this mass to attain minimum energy.
Generalized special relativity energy relation used to find the mass and radius at which
the energy is minimum. The two conditions leads to relate critical mass and radius to
the mass and universe radius. This relation is typical to that obtained by Ibrahim and
others [136], (see equation (5.5.10)).
It is also very interesting to note that according to equations (5.5.11) - (5.5.21) that the
stars having short and long range gravity force have finite self energy that is formed
when the radius is very small, provided that the mass should be less than a critical
value. This means that only elementary particles having very small radius and very
small mass can have self energy due to the transformation of potential field energy to
rest mass energy, where equations (5.5.17), (5.5.19) and (5.5.20) gives:

mc*  GMm

V=mp= 2 r
C

It is very interesting to note that the radius for self energy is that of black holes, which
can be considered as a vent producing elementary particle. It is also very interesting
note that, using quantum oscillator and relativistic energy expressions (5.5.25) and

(5.5.26) beside Newtonian potential relation a useful expressions for Planck’s mass,
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length and time are obtained in equations (5.5.34), (5.5.36) and (5.5.42). the numerical
values of these parameters agrees with standard values.

5.7 Conclusion:

The generalized special relativity can successfully describe stars equilibrium condition.
It shows that the equilibrium conditions are related to certain critical mass and radius
values, beside effects of pressure, centrifugal force and attractive gravity force, similar
to that obtained by general relativity.

generalized special relativity model is successful in describing the star evolution. It
shows that the mass building blocks are strings. It also shows that black holes have
minimum no zero radius. It also shows that stars became black holes when attractive
force dominates, while it became supernova when thermal energy dominates. It also
shows that the elementary particles have finite self energy when the radius becomes
vanishingly small.

Gibbs distribution relations, quantum laws beside generalized special relativity energy
relations are used to study star equilibrium conditions. It was shown that equilibrium
conditions requires certain critical value for the radius typical to that of the black hole.
The critical mass is shown to depend on temperature. The equilibrium also requires
rest and thermal energy to be equal to potential energy. The fact that the rest mass
energy is joined with thermal energy comes from the fact that rest mass energy can be
converted to thermal energy.

Using generalized special relativity, quantum mechanics and Newton’s laws of
gravitation it is shown that elementary particles are created inside black holes at

Planck time.
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