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ABSTRACT  

In this paper, the solution of the fractional differential equation ))(())(( ,,
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INTRODUCTION 

Mittag-Leffler function has been studied in 
the early 1900s(1-3), its importance is realized 
during the last two decades due to its 
involvement in  problems of physics, 
chemistry and applied science. Further 
properties of generalization of Mittag-
Leffler function associated with fractional 
calculus operators have been studied (4-6). 
Kilbas made relevant references to analytical 
solution of initial and boundary value 
problems associated with fractional 
differential equations(7), one of them is 
Cauchy type problem  
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with the initial condition k

k
a

byD =+
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The homogeneous differential equation 
corresponding to (1) when 0)( =xf  is a 
generalization of a certain first-order 
Volterra-type integral differential equation 
govering the unsaturated behavior of free 
electron laser (3,8).  
Hence by using Laplace transform           
method (9), an explicit solution on ),0( ∞L  of 
a more complicated fractional differential 
equation than (1) can be given which 
contains the generalized Riemann-Liouville 
fractional derivative        operator, (10-13) 

 [ ] 0,0,)()( >−=>= − µµµ mvtxfDDxfD vm  
The following definitions were used in this 
study, 
 Definition (1):- 

(i)- Hilfer's fractional derivative (3) is 
defined as:  
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and its Laplace transformation (9) is 
given by 
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(ii)- An integral operator (13,14) is defined as 
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(iii)- First order differential equation (15- 17) 
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(iv)- Laplace transformation is given by :(9)   
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 (v)- Also another Laplace transformation 
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(vi)- The two –parameter function of Mittag-
Leffler (1-3) is defined by                           
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(vii)- Generalized Mittag-leffler function (1-3) 
defined as                             
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We need the theorem proved by (18) 

Theorem (2):- 
In the space ),0( ∞L  if the fractional 
differential equation is considered  
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Proof:-   
Using Definition (1) (i) and (ii), also making 
use of (iv) we can get 
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According to Laplace convolution theorem 
and by applying the initial condition we 
have 
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Divided the above equation by us  we get  
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Taking Laplace inverse of both sides of the 
last equation, we get 
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which gives the solution. 
Remark (3): 
If we put )()( ,,
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get the following particular case of (3) 
which is stated in the next lemma. 
Lemma (4): 
Under the same conditions of theorem (2),  
the following fractional differential equation 
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From Definition (1) (iv) we get 
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by applying Laplace's convolution theorem. 
Hence the solution is given by  
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RESULTS 
Now we give our main results  
Theorem (5):  
Under the same conditions of Theorem (2), 
the following fractional differential equation  
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We will use the same procedures as in 
Theorem (2) in addition, we can use  

[ ] [ ] )8()()()1()()( sxyxLsxLy
s

nn
n

n

−=
∂
∂

 

Now take the Laplace transform for both 
sides of eqn. (6) 

)]([))](([ ,,
0,,,

,
0

sLsyDxL q
pw

vu δγ
βαελ ++ = . 

Now using (8) with 1=n  we get 

[ ] [ ] )()1()()( ,
0

,
0

syxDLsyDL
s

vuvu
++ −=

∂
∂

 

 
From definition (1) (i) and theorem (2), we 
have 

[ ]

�
�

�
�
�

�

−=−
∂
∂

−−
−

α

β

αβδ
αβγ

ψ
γ

δ
λ

s
w

p

q

s
scsYs

s
uvu

;
),(),,(

)1,1(),,(),,(

)( 23

1
)1(

1

 

0;
),(

)1,1(),,(

)1()()(

12

1

1)1(
1

1

=�
�

�
�
�

�

+−−−′
−−

−−−

α

β

δ
γ

ψ
γ

δ
λ

s
w

p

qs

suvcsYussYs uvuu
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Taking the Laplace inverse of the last 
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Now using Definition (1) (v), we can get the 
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