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ABSTRACT

The dissertation outlines the Modal analysis and V-Q sensitivity
analysis as important techniques of static voltage stability analysis in power
systems in order to check the system stability. Flexible AC transmission
systems (FACTS) controllers are described alongside with their role in
enhancing system performance. Static synchronous compensator
(STATCOM) is discussed in detail as one of the most important shunt
compensators. A 110 kV level of Sudan National electrical grid is
implemented as case study. Modal analysis and V-Q sensitivity analysis are
applied to the system in order to assess and evaluate its static voltage stability
and also to determine the weakest buses that need to be compensated by using
STATCOM. FACTS devices are very costly and need to be placed optimally
in the system, Novel line stability index is used to identify the best locations
of compensation devices. The system is analyzed at its base case then the
weakest buses and areas are identified as well as the optimal locations of
STATCOM to be implemented. A new study of the system is conducted after
compensation. The results of the study show that STATCOM improves static

voltage stability and enhances the system performance.
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Chapter One

INTRODUCTION

1.1 Background:

Power system stability may be broadly defined as that property of a
power system that enables to remain in a state of operating equilibrium under
normal operating conditions and to regain an acceptable state of equilibrium

after being subjected to a disturbance [1, 2, 3].

In the evaluation of stability, the concern is the behavior of the power
system when subjected to a transient disturbance. The disturbance may be
small or large. Small disturbances in the form of load changes take place
continually, and the system adjust itself to the changing conditions. The
system must be able to operate satisfactorily under these conditions and
successfully supply the maximum amount of load. The system response to a
disturbance involves much of the equipment. For example, a short-circuit on
a critical element followed by its isolation by protective relays will cause
variations in power transfers, machine rotor speeds, and bus voltages; the
voltage variations will actuate both generator and transmission system voltage
regulators; the speed variation will actuate prime mover governors; the change
in tie line loadings may actuate generation controls; the changes in voltage
and frequency will affect loads in the system in varying degrees depending on
their individual characteristics. The understanding of stability problems is

greatly facilitated by classification of stability into various categories [1].

During the daily operation, power systems may experience both over-

voltage and under-voltage violations that can be overcomed by voltage/Var



control [4]. Providing adequate reactive power supports at the appropriate
location not only to reduce the power loss and improving the voltage profile,
but also solves voltage instability problems. Recent development and use of
FACTS devices added flexibility to the transmission system by reducing the

voltage instability and improving safe and secure operation of the system [5].
1.2 Problem Statement:

Electricity market activities and a growing demand for electricity have
led to heavily stressed power systems. This requires operation of the networks
closer to their stability limits. Power system operation is affected by stability
related problems, leading to unpredictable system behavior. Cost efficient
solutions are preferred over network extensions. In many countries, permits
to build new transmission lines are very expensive, which means the existing
network has to be enforced to fulfill the changing requirements [6]. On other
hand, the continuous increasing consumption of electrical energy due to
increasing demand of the electrical power usage worldwide, the power
systems generally face the problem of voltage instability which leads to the

voltage collapse.

The voltage instability may happens because of heavily loaded
transmission lines, the large distance between voltage sources and load
centers, in addition to the insufficiency of reactive power compensation [1].
As a result the power systems are more susceptible to suffer from those

problems.
1.3 Objectives:

Voltage instability does not mean the problem of low voltage in steady-

state condition. As a matter of fact, it is possible that the voltage collapse may

2



be precipitated even if the initial operating voltages may at acceptable levels

[7]. In Sudan power system, the power demand increases enormously, this

growth of demand influences voltage stability of the system, the voltage must

be maintained within the stability limit for proper operation of the system.

This dissertation focuses on the role of regulated compensation on

Improving the static voltage stability limits of Sudan electric power system,
by implementation of STATCOM FACTS controller to a part of Sudan
electric power system (110 kV grid) in order to:

1.4

Upgrade the weakest buses, lines and areas of the system.

Insurance of stable operation of the system under various load
conditions.

Improve system reliability and security.

Increase voltage stability margin of the system.
Methodology / Approach:

Apply load flow and static voltage stability analyses to the system in
order to study and check the system performance, using NEPLAN
simulation software.

Investigation of the weakest areas and optimal placement of
STATCOM controller using Novel Line Stability Index (NLSI).
Implementation of STATCOM according to the results that obtained
from the proposed voltage stability index.

Analysis of the obtained results and check the changes and
improvements of voltage stability which made by STATCOM FACTS

controller with respect to the base case of the system.



1.5 Dissertation Layout:

Chapter two represents a literature review, discussing the voltage
stability and voltage collapse problem in an electric power system. A review
of voltage stability analysis methods based on static criteria is presented and
discussed. A brief representation of FACTS controllers and detailed
discussion of STATCOM is also included.

Chapter three outlines the indices related to static voltage stability
analysis as well as the identification of the weak buses in the power system
and placing of the compensators. Novel line stability index is proposed based
on the transmission line impedance and the active and reactive power at the

receiving end.

In chapter four, a part of Sudan 110 kV system model is implemented.
The load flow and modal analysis method is applied to the case study, then
the optimal locations of Statcom FACTS controller are identified according
to the results of application of NLSI to the system and the obtained results are

analyzed and discussed.

Finally, the conclusions of the dissertation are pointed out in Chapter

five as well as recommendations for future work.



Chapter Two

LITERATURE REVIEW

2.1 Introduction:

A healthy power system should be stable at any time while satisfying
various operating criteria. The modern power system is challenged with the
increasing load demands from the industrial, commercial and residential
sectors. The large increase of load demands has caused congestion in
transmission lines which further lead to instability the in power system
operation. The significance of this phenomenon has increased nowadays as
many major blackouts are caused by power system instability. Un treated
large and weak networks with recurring voltage variations are inevitably
prone to voltage collapse. Thus, maintaining voltage stability is one of the
major concerns in power system operation. The enhancement of voltage
stability through FACTS controllers has been widely adopted by utility
companies worldwide. The promotion of FACTS controllers in power
systems offer benefits, such as reduction in power losses, improvement in
voltage profile and reduction of on-peak operating costs. The trend in

electricity charge promotes the location and time base pricing schemes [8].

In this chapter, a review of voltage stability analysis methods is
presented in order to outline the techniques that used to identify the critical
buses in a power system, i.e. buses which are close to their voltage stability
limits, and thus enable certain measures to be taken by the operators in order
to avoid any incidence of voltage collapse. Next, a review of power electronic

based devices that are used to enhance the power system performance in terms



of voltage stability are stated. STATCOM which used in this dissertation is

discussed in full details.
2.2 Voltage Stability and Voltage Collapse:

Voltage stability is defined as the ability of a power system to maintain
steady voltages at all the buses in the system after being subjected to a
disturbance from a given initial operating condition [1, 9, 33]. It depends on
the ability to maintain/restore equilibrium between load demand and load
supply from the power system. Voltage instability stems from the attempt of
load dynamics to restore power consumption beyond the capability of the
combined transmission and generation system [10, 15]. Instability that may
result appears in the form of a progressive fall or rise of voltages of some
buses. A possible outcome of voltage instability is loss of load in an area, or
tripping of transmission lines and the other elements by their protection
leading to cascading outages that in turn may lead to loss of synchronism of
some generators. [33].

Power system voltage stability involves generation, transmission and
distribution. VVoltage stability is closely associated with other aspects of power
system steady-state and dynamic performance. Load characteristics, voltage
control, reactive power compensation and management, rotor angle
(synchronous) stability, protective relaying, and control center operations all

influence voltage stability [1].

It is useful to classify voltage stability into four categories; these
categories are discussed below [12, 33]:

e Large-disturbance voltage stability refers to the system's ability to

maintain steady voltages following large disturbances such as system



faults, loss of generation, or circuit contingencies. This ability is
determined by the system and load characteristics, and the interactions
of both continuous and discrete controls and protections. The study
period of interest may extend from a few seconds to tens of minutes.

e Small-disturbance voltage stability refers to the system's ability to
maintain steady voltages when subjected to small perturbations such as
incremental changes in system load. This form of stability is influenced
by the characteristics of loads, continuous controls, and discrete
controls at a given instant of time.

e Short-term voltage stability involves dynamics of fast acting load
components such as induction motors, electronically controlled loads
and HVDC converters. The study period of interest is in the order of
several seconds, and analysis requires solution of appropriate system
differential equations.

e Long-term voltage stability involves slower acting equipment such as
tap-changing transformers, thermostatically controlled loads and
generator current limiters. The study period of interest may extend to
several or many minutes, and long-term simulations are required for
analysis of system dynamic performance. Instability is due to the loss
of long-term equilibrium, post-disturbance steady-state operating point
being small disturbance unstable, or a lack of attraction towards the
stable post disturbance equilibrium. The disturbance could also be a
sustained load build up.

Voltage collapse typically occurs in power system which are usually
heavily loaded, faulted and/or have reactive power shortages [13, 36, 39].
Voltage collapse is system instability and it involves large disturbances



(including rapid increase in load or power transfer) and mostly associated with

reactive power deficits.

Voltage collapse is the process by which the sequence of events
accompanying voltage instability leads to a low unacceptable voltage profile
in a significant part of system. The main factors causing voltage instability are
[36]:

1. The inability of the power system to meet demands for reactive

power in heavily stressed system to keep voltage in the desired range.

2. Characteristics of the reactive power compensation devices.

. Action and Coordination of the voltage control devices.

3
4. Generator reactive power limits.
5. Load characteristics.

6

. Parameters of transmission lines and transformer.
2.3 Load Characteristics:

Typically, the voltage stability problems are analyzed based on

estimation of the maximum loadability and the computation of critical power
system loading that eventually lead to voltage collapse events.
Voltage collapse as discussed earlier can easily occur in a heavily loaded
power system when the system operates close to the stability limits. With the
increasing of load demand, interest in voltage stability studies is often
determined by the maximum amount of active power that can be delivered to
the end users.

For a simple 2 bus system shown in Figure 2.1, the change in load
characteristic affects the voltage, current and active power at the load bus can

be illustrated by Figure 2.2. At receiving bus, as the load demand increased,



the amount of active power delivered by the system to the bus also increases
until it reaches a maximum value.

The power transferred reaches the maximum value when the load
Impedance Z; is equal to source impedance Zs. Figure 2.2 indicates that point
where Z;, = Z; = 1 is the critical loading point for the system to operate
satisfactorily. Further increase beyond the critical loading point would

adversely cause the system voltage to collapse [8].

Vs Vi

A 2

Figure 2.1: 2-bus system example

I/1sc,
Pr/Prasax
Vo/Vs

1

Critical
) Loading
ecurity Point
Loading '
Poi

i k. Zs/Zu
Figure 2.2: Load demand Function.
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2.4 Voltage Stability Analysis:

The analysis of voltage stability for a given system state involves the

examination of two aspects [1, 14]:

1. Proximity to voltage instability: How close is the system to voltage

instability?

2. Mechanism of voltage instability: How and why does thus instability
occur? what are the key factors contributing to instability? What are the
voltage weak areas? What measures are most effective in improving

voltage stability?

Voltage instability is a non-linear phenomenon. It is impossible to
capture the phenomenon as a closed form solution. Following a disturbance,
power simulations provide a method of study of a voltage instability problem
[36]. There are two general types of tools for voltage stability analysis;
dynamic analysis tools and static analysis tools. Dynamic analysis uses time-
domain simulations to solve non-linear systems of differential algebraic
equations, while static analysis is based on solution of conventional or
modified power flow equations. Static analysis involves only the solution of
algebraic equations, and is computationally considered more efficient than
dynamic analysis. Therefore, static analysis is ideal for voltage stability
studies of the bulk systems in which voltage stability limits for many pre-
contingency and post-contingency cases must be determined. For these

reasons static analysis methods of voltage stability are considered [16, 20].

10



2.4.1 Dynamic Voltage Stability Analysis:

Dynamic or time-domain method is useful in understanding the
mechanism of voltage collapse and the coordination of protection controls
dynamic analysis of power systems involve solution for first order differential
equations can be solved in time-domain using numerical techniques and
network power flow analysis methods. The study period is typically on the

order of several minutes [1, 8].
2.4.2 Static Voltage Stability Analysis:

The static approach captures snapshots of the system conditions at
various time frames along the time domain trajectory. In this method, the
overall system equations reduce to purely algebraic equations allowing the
use of static analysis techniques. Practical applications are developed on the
basis of V-Q sensitivity. The advantages of the modal analysis and sensitivity
analysis are that they give voltage stability related information from a system
— wide perspective and clearly identify areas that have potential problems [1].
Several methods have been used for static voltage stability analysis to measure
voltage stability proximity estimating the point of voltage collapse. A number
of methods proposed in the literature use the singularity of power flow
Jacobian matrix as base, sign or indicator of voltage collapse. Several methods
are developed using eigenvalue or Jacobian matrix singularity monitoring the
smallest eigenvalue, are based on a reducing Jacobian determinants,
identifying the critical buses using a tangent vector, or computing eigenvalues
and eigenvectors of a reduced Jacobian matrix and named as modal analysis.
Other methods took another approach determining maximum loadability at

line while others are specifying system stability margins at bus attempting to

11



determine the weaken bus [17]. Modal analysis and V-Q sensitivity analysis

are adopted to analyze the proposed system in this dissertation.
2.4.2.1 Modal Analysis:

It involves the computation of a small number of eigenvalues and
associated eigenvectors of a reduced Jacobian matrix /5, each eigenvalue and
its associated eigenvectors define one mode of voltage stability. The
eigenvalue determines whether that mode is voltage stable. The bus
participation factor, which is calculated based on the eigenvectors of J,
identify the physical elements which are associated with each mode. The
mode with a small or negative eigenvalue is the voltage stability critical mode
[20].

Reduced Jacobian Matrix:

Consider the linearized power flow equation expressed [1] as:

[ ] Hzg }(‘;‘VI] ......................... 2.1)

AP = incremental change in bus real power injection.

Where

AQ = incremental change in bus reactive power injection.
A0 = incremental change in bus voltage angle.

AV = incremental change in bus voltage magnitude.

The elements of the Jacobian matrix give the sensitivity between power
flow and bus voltage changes. System voltage stability is affected by both P
and Q. In this analysis, at each operating point, P is kept constant and voltage
stability is analyzed by considering the incremental relationship between Q

and V. Based on these considerations, in Equation (2.1), let A P = 0 . then

12



Where

]R == UQV - ]QBII;BIIPV] ............................ (23)
And Jg is the reduced Jacobian matrix of the system. From Equation (2.2), we

can write
AV = JRIAQ oo, (2.4)

Voltage stability characteristics of the system can be identified by
computing the eigenvalues and eigenvetors of the reduced Jacobain matrix Jg
defined by Equation (2.3). Let

From Equation (2.5)
RI=EA Iy (2.6)

Substituting in equation (2.4) gives

AV=EAAQ .. oo, 2.7)
Or
AV =5 EBAQ s (2.8)

Where &; is the it*column right eigenvector and n; the it" row left
eigenvector of and A is diagonal eigenvalue matrix .Each eigenvalue 4; and
the corresponding right and left eigenvectors ¢&; and n; define the mode of the

Q-V response. The modal analysis is performed using equation,

Where

13



v = MAV the vector of modal voltage variations.
g = MnAQ the vector of modal reactive power variations.

Equation (2.9) represents uncoupled first order equations. For the
mode i we have,

The stability criterion is formulated as follows. If A; > 0 , then the
system is voltage stable. If A; < 0, then the system is voltage unstable. The
magnitude of A; determines the degree of stability of the modal voltage. The
smaller the magnitude of positive A;, the closer the modal voltage to being
unstable. When A; = 0, i*" modal voltage collapses because any change in
that modal reactive power causes infinite change in the corresponding modal

voltage [1].
Bus Participation Factors:

In (2.8), let AQ = ey, where ey has all its elements zero except the

k., one being 1.Then,

AV = zli—" ............................... @.11)
V-Q sensitivity at bus k
Z—gl’z = zf’j’:”‘ = zi’;—"i" ...................... 2.12)
And
Pri = Exilli ooeeeereeneeneomeserenen, (2.13)

where P,; = The participation factor of bus k to mode i.

14



From Equation (2.12), P,; indicates the contribution of the "
eigenvalue to the V-Q sensitivity at bus k. the bigger the value of P,; the more
A; contributes in determining V-Q sensitivity at bus k. For all the small
eigenvalues, bus participation factors determine the areas close to voltage

instability.
Branch Participation Factors:

Branch participation factors, indicate, for each mode which branches
consume the most reactive power response to an incremental change in
reactive load. The relative participation of branch j in mode i is given by

participation factor as:

p. — AQuoss for branchj (2.14)

Jt maximum AQyss fOT all branches

Branches with high participation factors are either weak links or are

heavily loaded.
2.4.2.2 V-Q Sensitivity Analysis:

The voltage sensitivity method is the most direct approach using the
voltage sensitivity to system parameter. This method calculates the
relationship between voltage change and reactive power changes at different
buses using reduced Jacobian matrix [20, 34]. Equations (2.1) through (2.4)
represent the derivation for V-Q sensitivity analysis.

The elements of the inverse of the reduced Jacobian matrix J are V-Q
sensitivities. The diagonal components dV;/dQ; are the self-sensitivities and
the non-diagonal elements dV, /0Q; are the mutual sensitivities. Positive

sensitivities represent stable operation and as stability decreases, the

15



magnitude of the sensitivity increases becoming infinite at the maximum load

ability limit. Negative sensitivities: unstable operation.
2.5 Reactive Power Compensation:

The management of reactive power at the load bus, for optimum
performance of power system loads, being the prime objective of load
compensation, the scope of load compensation can be subdivided into the
following three components which are power factor correction, improving
voltage regulation and balancing of loads. Different techniques are used for
controlling the voltage in the system. Generator excitation control as well as
switching of capacitors and/or inductors are enough for cyclic load variation.
Some of the compensator devices may serve as a reactive power compensator
while a few may act as both real and reactive power compensators. Broadly,

the compensators may be classified in the following two groups [21]:

1. Passive or classical compensators.

2. Active (FACTS) compensators based power electronic technologies.

2.6 Ideal Shunt Compensation:

A simple and lossless ac system is composed of two ideal generators,
and a short transmission line, as shown in Figure 2.3, is considered as basis to
discuss the operating principles of a shunt compensator [19]. The transmission
line is modeled by an inductive reactance X, . In the circuit, a continuously
controlled voltage source is connected in the middle of the transmission line.
It is assumed that the voltage phasors Vs and Vi have the same magnitude and
are phase-shifted by ¢. V), has also the same magnitude as Vs and Vg, and its

phase is exactly (—o/2) with respect to Vs and (+6/2) with respect to V. In this
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situation, the current Ig,, flows from the source and the current I,z flows into
the receptor. The phasor I, is the resulting current flowing through the ideal
shunt compensator; this current Ig,,, in this case, is orthogonal to the voltage
Vr, which means that the ideal shunt compensator voltage source does not has
to generate or absorb active power and have only reactive power in its
terminals [22]. And in this case the active power transferred from Vs to Vy is

given by,

2 -
p = 2vsm2) (2.15)
XL

Since 2 sin(6/2) is always greater than sin ¢ for ¢ in the range of [0, 2x], the
ideal shunt compensator does improve the stability by increasing power
transfer capability of the transmission line and it helps produce a substantially
flat voltage profile at all levels of power transmission and meet the reactive
power requirements of transmission [22, 23].

lsw jXu2 jXu2 s

Y Y'Y\ Y Y Y\

v |

A [ A3 — 7 A

| VM : Ideal shunt

n Vs : Y : compensator Vr (@)
|
|

Figure 2.3: Ideal shunt compensator connected in the middle of the line.

2.7 FACTS Controllers:

FACTS (Flexible AC transmission System) is defined as an alternating

transmission system incorporating semiconductor based power electronic and
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other static controllers in order to enhance power transfer capacity and
increase controllability of transmission. It increases the ability to
accommodate changes in operating conditions simultaneously, maintaining
steady state and transient stability margins [21]. The development of FACTS-
devices has started with the growing capabilities of power electronic
components. Devices for high power levels have been made available in
converters for high and even highest voltage levels. The overall starting points
are network elements influencing the reactive power or the impedance of a

part of the power system [6].

It is well known that these devices are capable of controlling voltage
magnitude, phase angle and circuit reactance. By controlling these, we can
Improve the reactive power margin, regulate bus voltage and thereby ensure
voltage stability of the system. Therefore, this method provides a promising
one to improve voltage stability [26].

2.8 Classification of FACTS Devices According to the

Operating Technology:

FACTS controllers can be classified into two families according to the

power electronics technology which used [48]:
A. Thyristor-based devices are:

e Thyristor Controlled Reactors (TCR).

Thyristor Switched capacitor (TSC).

Static Var Compensator (SVC).

Thyristor Switched Series Compensator (TSSC/TSSR).
Thyristor Controlled Series Compensator (TCSC/TCSR).
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e Thyristor Controlled Braking resistors (TCBR).
e Thyristor Controlled Phase Shifting Transformers (TCPST).
e Line Commutated Converter Compensator (LCC).

B. Converter-based devices are:

e Static synchronous compensator (STATCOM).

Static Synchronous Series Compensator (SSSC).
Unified Power Flow Controller (UPFC).

Interline Power Flow Controller (IPFC).
e Self-Commutated Compensator (SCC).
2.9 Classification of FACTS Controllers Based on Their

Connection in The System:

2.9.1 Series Controllers:

Series controllers, in FACES technology, arc used to inject voltage in
series with the line. In the simplest form, a variable impedance multiplied by
the current flow through it represents an injected series voltage in the line. If
the series voltage is in phase quadrature with the line current, the series
controller Only supplies or absorbs variable reactive power, Real power is
involved for any other phase relationship between the injected voltage and the
line current. symbolic representation of series FACTS controller is shown in
Figure 2.4 [21].

Static Synchronous Series Compensator (SSSC) and Thyristor
Controlled Series Compensator (TCSC/TCSR) represent an examples of
series connected FACTS controllers [6].
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Bus-1 Bus-2

¢ —

Controller

Line
Figure 2.4: Series controller.

2.9.2 Shunt Controllers:

Similar to series controllers, shunt controllers have variable impedance
or a variable source or a combination of both. All shunt connected FACTS
devices inject current into the bus at the point of connection. the shunt
Impedance may be variable to vary the injected current. As long as this
injected current is in phase quadrature with line voltage, the shunt controller
only supplies or absorbs variable reactive power. Any other phase relationship
of the generated current with line voltage will involve real power flow [21].

The most common shunt connected FACTS devices are Static Var
Compensator (SVC) and Static Synchronous compensator (STATCOM)
which used in the dissertation. The shunt FACTS controller symbolically

represented in figure 2.5 below.

Bus-1 Bus-2

X

Figure 2.5: Symbolic representation of shunt controller.
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2.9.3 Series-Series Controller:

Any standard series controller (FACTS device) may be suitably
connected with another type of series FACTS controller to form a series-series
controller. Though not very common in use, the series-series controller (Fig.

2.6) may be applied for control of power in double circuit ac lines [21].

Sending end

% AC line-1
% AC line-2

Figure 2.6: schematic of series — series controller

To receiving
end

2.9.4 Shunt-Series Controller:

Shunt-Series controller is a combination of separate series and shunt
controllers which are controlled in a coordinated manner to provide series and
shunt reactive power compensation. Transfer of active power is done via DC
link [24]. Example of the series-shunt compensator is the unified power flow
controller (UPFC) [6]. Figure 2.7 represents the symbolic of series-shunt

compensation.

Bus-1 Bus-2

Series controller

X —ee.

DC
)% link

Shunt controller

Figure 2.7: Schematic of shunt — series controller.
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2.10 Static Synchronous Compensator (STATCOM):

The STATCOM is a FACTS controller based on voltage sourced
converter (VSC). A VSC generate a synchronous voltage of fundamental
frequency [49], controllable magnitude and phase angle. If a VSC is shunt
connected to a system via a coupling transformer as shown in Figure 2.8, the
resulting STATCOM can inject or absorb reactive power to or from the bus

to which it is connected and thus regulate the bus voltage [19, 29, 42].
2.10.1 Operation Principle of STATCOM:

The control of reactive power in the STATCOM is done by controlling
its terminal voltage [22, 25]. For the voltage source converter, its ac output
voltage is controlled, such that, it is just right for the required reactive current
flow for any ac bus voltage, and DC capacitor voltage is automatically
adjusted as required to serve as a voltage source for the converter. The basic

operational principle of STATCOM is as follows [38]:

* The voltage source converter which is connected to a DC capacitor generates

a controllable AC voltage source behind the transformer.

* The voltage difference across the reactance of the transformer produces
active and reactive power exchanges between the STATCOM and the power

system.

* The STATCOM output voltage magnitude can be controlled by controlling

the voltage across the DC capacitor.

The advantage of a STATCOM is that the reactive power provision is
independent from the actual voltage on the connection point [27, 44]. This can

be seen in the V-l characteristics diagram shown in figure 2.9 for the
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maximum currents being independent of the voltage in comparison to the SVC
[28]. This means, that even during most severe contingencies, the STATCOM

keeps its full capability [6].
2.10.2 Modeling of STATCOM:

In this section, the implementation of STATCOM's model in the
Newton-Raphson power flow will be discussed [21, 31]. A schematic

representation of the STATCOM equivalent circuit are shown in Figure 2.10.

V,0

_O I
‘ Filter

a:l

T

Vref >0 > ‘ES]‘

=

Figure 2.8: Structure of STATCOM.

Va

XsL

Vref

Vminl E
| (0<0) «— L5 | (Q>0)

max Imin

Figure 2.9: V-I characteristics of STATCOM.

Let,

V..£6) = bus voltage at bus k,
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Vec£65. = inverted voltage (ac) at the output of STATCOM,
X, = STATCOM reactance,
Q. = reactive power exchange for the STATCOM with the bus.

It is assumed that the shunt-connected transformer is ideal.
STATCOM's operating is through this way: The active power flow between
the AC source and the VSC is controlled by the phase angle and the reactive
power flow is determined mainly by the magnitude of the bus voltage (V,),

and the VSC output fundamental voltage, V..

Bus- k

ISC
_—

XSC

Vi

VSC
Figure 2.10: Equivalent circuit of shunt operated STATCOM.

For V,. > V,, the VSC generates reactive power and consumes reactive
power when V. < V,.. During normal operation, a small amount of active
power must flow into the VSC to compensate for the power losses inside the
VSC, and &, is kept slightly larger than 0 (lagging). STATCOM equivalent
circuit shown in Fig. 2.10 is used to drive the mathematical model of the
controller for inclusion in power flow algorithm. The power flow equations

for bus i of the power system with no FACTS controllers given by

n
Pk = Z (sz Gkk - Vka[ka COS(6k - 6m) + Bkm Sin(6k - 6m)]) (216)
m=1
n
Qk = Z (—sz Bkk + Vka[ka COS(Sk - 6m) — Bkm Sin(5k - 6m)]) (217)
m=1

24



With the addition of STATCOM connected at bus k the power flow equations
of the system remain the same as the power flow equations of the system
without STATCOM for all buses given by Eq. (2.16) and (2.17), except for
bus k which are given below. The power flow equations for the STATCOM
in 2-bus system (Figure 2.10) are obtained below from first principles and

assuming the following voltage source representation:
Eor = Ve (€OS O 4 SIN Ggp) vvvvvinninniiiiininnn, (2.18)

Based on the shunt connection shown in Figure 2.9, the following

may be written:
Sse = Veelse = VoeYoe (Ve = Vi) o (2.19)

Then, the following active and reactive power equations are obtained

for the converter and bus k, respectively:

P = V32 Gge — VoeVie[Gse c0s(85c — 8y) + B sin(85. — 63)].......... (2.20)
Qsc = —Vsz Bse + VecVic[Bsc c05(85c — 8k) — Gye sin(8sc — 8] (2.21)
Py = V2 Gso — Vi Vee[Gso cOS(8 — 85.) + Bge sin(8y — 850)].......... (2.22)
Qi = =V By + ViVee[Bse €05(8), — 85c) — Gse Sin(8 — 80)]. ... (2.23)

These equations for the 2-bus power system are obtained. Thus, in
general, for an n-bus power system the active and reactive power equations
for bus k (the bus that STATCOM is connected) are obtained from equations
(2.16), (2.17), (2.22) and (2.23) as bellow:

P = V¢ Gge = ViVl Gse c05(8k — 8sc) + By sin(8y — )]

m=1
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Qr = _sz Bsc + VieVec [Bsc COS(‘Sk - 556) — Gyc Sin(dk - 650)]

n
+ z (—sz Bkk + Vka[ka COS(6k - 6m) - Bkm Sin(6k - 6m)]) s (225)

m=1

With addition of STATCOM, two variables (V,, é,.) are added to state
variables, so we need two additional equations. One equation is STATCOM's
active power (In this representation, The STATCOM's active generation is

assumed zero) and another equation is introduced in,

Where Vsp is the voltage that STATCOM must be set for bus k. Using these

equations, the linearized STATCOM's model is given as,

0Py, opPy dPy Py

E E k Ksc 0Vsc s¢ [A6k]
APl oo 20y, 00k 00k ] AV |
AQk — 96y oV k 06sc OVsc s¢ I k I (2 27)
APSC = & 9Psc aPsc 6Pch |A65C| ............. .
AF a8, Ove K 88, ove SC l%J

a_F a_F oF a_FV Vsc

Las, ovy X 885 v SC

At the end of iteration i, the variable voltage V. can be corrected as
i+1 i i
O = v Ay (2.28)

The STATCOM is represented by a synchronous voltage source with
maximum and minimum voltage magnitude limits that is [V,,,;5, Vinax] P-U and
its phase angle is in range [0, 2 ] rad. In each iteration we check the
STATCOM's voltage limits as bellow:

If VS‘C 2 Vmax then F = VSC - Vmax
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Chapter Three

OPTIMAL LOCATION OF STATCOM

3.1 Introduction:

Although power production, transmission and distribution are
unbundled there still exist common interests for these companies: power
system adequacy and security. The transmission networks need to be utilized
ever more efficiently. The transfer capacity of an existing transmission
network needs to be increased without major investments but also without
compromising the security of the power system. The more efficient use of
transmission network has already led to situation in which many power
systems are operated more often and longer close to voltage stability limits. A
power system stressed by heavy loading has a substantially different response

to disturbances from that of a non-stressed system [32].

The main focus in voltage stability studies in power system is the
identification of weak or critical buses. There are counter measures to avoid
voltage instability. One of the most important is FACTS devices
compensation to extend the voltage stability margin (VSM) [8, 11]. In order
to optimize and to obtain the maximum benefits from their use, the main issues
to be considered are the type of FACTS devices, the settings of FACTS
devices and optimal location of FACTS devices. The optimal location can be
selected on the basis of voltage stability indices (VSIs) for improvement of
voltage stability of power system. Voltage stability index can be used for
determining the weakest line in a power system [37].
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Thus, several voltage stability indices were derived from static power
flow analysis. The values of these indices were calculated for each
transmission line and bus based on load flow calculation results [41]. Voltage
stability indices are relatively simple, accurate and fast generating voltage
stability indications with low computation time needed to avoid such voltage
collapse events. The introduced indices can be applied in real-time application
producing quick voltage stability indications, allowing controls to take
necessary action to prevent such incidents. The introduced indices might fulfil
the needs of electric sectors and meet application’s requirements to prevent

future blackout incidents [17].
3.2 Classification of VSils:

Many VSIs have been proposed in literature. These indices have been

classified based on the following ways [11]:
1. Jacobian matrix and system variables based VSlIs.
2. Bus, line and overall VSIs.

Jacobian matrix based VSIs can calculate the voltage collapse point and
determine the VSM. But the computation time is high and any topological
change leads to change the Jacobian matrix and this matrix must be
recalculated. On the other hand, the VVSIs which are based on system variables
require less computation and are adequate for real-time applications. The
disadvantage of these indices is that they cannot accurately estimate the VSM
so they can just present critical lines and buses. In many applications, VSIs
are used to detect the weakest bus and line of power system or triggering the
countermeasures against voltage instability. Therefore, the classification of

VSls according to the bus, line and overall indices, can be very useful [11].
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3.3 Line Voltage Stability Indices:

Voltage stability analysis can be evaluated by the voltage stability index
referred to a line. All of the line VSIs are formulated based on the two bus
representation of a system as Figure 3.1 where the shunt admittances are
neglected. So, the theoretical base of most of the line VSIs are the same and
the difference is in the assumptions used in each index. In proving most of the
line VSiIs, the discriminant of the voltage quadratic equation is set to be greater
than or equal to zero to achieve the stability [11], fast voltage stability index
(FVSI), line stability index (Lmn) and Novel line stability index (NLSI),

which used in this dissertation, representing an examples of line VSIs [43].

Vs,0s Ps, Qs, Ss Pr, Qr, Sr Vr,or

I
R+jX

Figure 3.1: Two-bus power system model.

3.4 Novel line Stability Index (NLSI):

The NLSI is based on the concept in which the discriminant of the
voltage quadratic equation is set to be greater than or equal to zero. Any line
in the system whose NLSI is close to unity indicates that the line is

approaching its stability limit.

The mathematical formulation for the Novel voltage stability index is
derived by the current equation through a line in a 2 bus system [32, 35] shown
in Figure 3.1 above. By taking bus s as the sending bus, bus r as the receiving
bus and choosing the sending bus as the reference and (85 — §,, = ), then the

power equation at bus 2 is as follows;
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I =Y (Ve =V;) oo, (3.2)
Substitute equation (3.2) in (3.1),
A (A (72 ) I (3.3)
So,
P +jQ, =V.28 (%;‘5) .............................. (3.4)

Rearranging equation (3.4) and substitute V,26 = V,(cos § + jsin §), gives

these following equations;
VVsind —RQy +XP- =0 .o (3.5)
2+ VVcos S+ RP-+XQ, =0 o, (3.6)

The quadratic equation for the receiving bus is given by;

= ecos LERY (VsCOS2 O —ARPHXQ) (3.7)

Where, P,, Q, are the active and reactive power at the sending buses.
P., Q, are the active and reactive power at the receiving buses. R, X are the
line resistance and reactance respectively. § is angle difference between the

sending and receiving buses.

To obtain real value for 1., the discriminate of equation (3.6) must be

greater than or equal to zero. There for we can obtain this statement;
Vi2c0s28 = 4(RP- +XQ,) o, (3.8)
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Then;

4(RPT+XQ7«)
> -
1> TBoosTs (3.9)
And;
RP+XQy 1 (3.10)

0.25VZcos28 —

Since the difference in the angle between the sending bus and the
receiving bus &, is normally very small, therefore, cos § = 1. And the novel
line stability index (NLSI) can be expressed as,

RP+XQ,

NLSI = .
0.25 V¢

Any line in the system that exhibits NLSI closed to unity indicates that
the line is approaching its stability limit hence may lead to system violation.
Therefore, NLSI has to be maintained less than unity in order to maintain a

stable system [32].
3.5 Voltage Stability Indices and System Loading:

There have been a number of incidents in the past few years which were
diagnosed as voltage instability problem due to the increase in loading and
decrement of stability margin. The stability margin (VSM) can be defined as
the distance between the base loading of the system and the maximum loading
limit of the system [47]. The contingencies occur in the system would lead to
the decrease in stability margin and the system approaches a very critical
stage, which may lead the system to a total collapse. VVarious techniques were
reported in the literature to identify and estimate the maximum loadability [17,

32] to indicate its importance in power system studies. One of the
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conventional techniques is the repetitive power flow in which load was
increased in steps until load flow diverges. At this point, it was assumed that

the system is at its maximum loading point prior to the system collapse [9].

The computation of VSIs at various loading of the system allows the
prediction of voltage collapse point and estimation of VSM. In this
application, the loads were remained constant and increased in small steps,
until the system collapsed. At this point, the voltage collapse is predicted and
voltage stability margin is calculated. Two load scenarios were considered in
this study: in the first on load components were increased simultaneously at
all buses once with loading factor A until the system collapsed then calculate
the VSI at the point of collapse The power factors were kept constant [17]

and,
New load = Initial load * (L +A) ...ccoooviiieinn.. (3.12)

In the other scenario, the active and reactive power of buses gradually
increased at constant power factor from basis quantity until the load flow
equation diverged. This is the maximum power that a bus can supply before
voltage instability happened. NLSI for each line of system is obtained
according to increase of load. The line that has largest index and smallest

lodability is introduced as the critical line [32, 41].
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Chapter Four

SIMULATION RESULTS AND DISCUSSIONS

4.1 Test System Description:

The system studied in this dissertation, is a part of Sudanese national
grid as shown in single line diagram of figure 4.1, it consists of slack bus
(Marawy), three generator buses (Gerri, Khartoum north and Jabel awlya) and
26 load buses, all elements connected through 28 transmission lines at three
voltage levels (500, 220 and 110 kV). The data of this system is available in
appendix B. Loads are considered as constant power and the voltage limits are
(0.95 —1.05) pu. Software used for this study is NEPLAN.

GER
220

IBA
T

KHE

SHG LOM KLX
110 l 1 lle_l—E 110 I KLX —
y 220

IAS AFR FAR
—‘gy— —||—1— 110 110 110
IAS D [ L__l_l_
220
I [GAD

220

@ 10kv @ 20kv @ 500KV

Figure 4.1: Case study system.
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4.2 Results and Discussions:

NEPLAN software is used to calculate the load flow solution then
analyze the voltage stability based on modal analysis and Q-V sensitivity
analysis. Two cases are considered: the base case without compensation and
the compensated case by implementation of multiple STATCOM to the
system. The optimal location of the STATCOM s is selected by identification
of weakest buses using Novel line stability index (NLSI). A comparison is
made between the two of cases to investigate the impact of STATCOM on

voltage stability of the system.
4.2.1 Base case:

Table 4.1 shows the voltage profile of the base case after performing
load flow. All busses are within tolerance except FAR 110 which is below the

voltage limits.

Table 4.1: Voltage profile at base case.

BUS V (kv) V(p.u)  Ang(®) BUS Vi(kv)  V(p.u) Ang(®)
AFR 110 104.878 0.9534 -15.8 OMD110 105.76 0.9615 -15.4
BNT 110 105.271 0.9570 -15.6 SHG110 @ 105.44 0.9586 -15.4
FAR 110 103.51 0.9410 -16.6 FRZz 220 220.21 1.0009 -8.2
GAM110 106.827 0.9712 144 GAM 220 219.09  0.9959 -11.4

IBA 110 108.817 0.9892 -14.4  GER 220 220 1.0000 -8.2
1ZB 110 108.074 0.9825 -15.0 @ GIAD 220 218.11 0.9914 -12.2
1ZG 110 108.137 0.9831 -14.9 IBA220 216.18 0.9826 -12.1

JAS110 108.05 0.9823 -13.7 JAS220 220 1.0000 -11.7
KHE 110 107.541 0.9776 -15.2 KAB 220 22196 1.0089 -7.6
KHN110 110 1.0000 -15.0 KLX 220 2154 0.9791 -12.6
KLX110 106.077 0.9643 -15.0 MHD220 2184  0.9927 -11.2

KUK 110 107.841 0.9804 -15.0  MRK 220 22047 1.0021 -10.3
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BUS V (kv) V(p.u)  Ang(®) BUS Vi(kv)  V(p.u Ang(®)
LOM 110 105.772 0.9616 -15.2 KAB 500 509.78 1.0196 -6.1
MHD110 107.474 0.9770 -14.6 = MAR 500 500 1.0000 0.0
MUG110 105.277 0.9571 -155 ' MRK 500 @ 510.81  1.0216 -5.9

Figure 4.2 below shows the voltage magnitude of the busses of level
110 kV transmission system, which show that most of the buses are near to

the lower limit and FAR bus is out of tolerance as obtained from the load flow.
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For 110 kv transmission system, the total active power losses are 7.954

T I (0.9534

>

Figure 4.2: Voltage magnitude of 110 kV busses.

MW and the total reactive power losses are 6.685 MVAr. Active losses,
reactive losses and loading of each line are shown in table 4.2 and represented
at figures 4.3, 4.4 and 4.5 below:
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Table 4.2: Active losses, reactive losses and line loading of 110 kv system.

Line Loading Ploss @ Qloss Line Loading Ploss @ Qloss
(%) (MW)  (MVAr) (%) (MW)  (MVAr)

BNT-OMD 14.76 0.0803 -0.1769 1ZB-IBA 19.87 0.2718 0.1634
KLX-AFR 24.53 0.4139 0.8615 GAM-MUG 27.76 0.6805 1.7753
MHD-1ZG 16.06 0.1308 -0.1734 AFR-FAR 21 0.3851  0.4887
MUG-SHG 4.08 0.0117 @ -0.9491 IBA-KHN 21.51 0.3455  0.3787
KUK-KLX 23.77 0.2458 0.0736 KUK-KHE 24.92 0.125 0.2588
JAS-SHG 1538  0.5934 -0.9725 MHD-OMD  36.89  0.7927 2.7056
BNT-MUG 6.03 0.0087 -0.3065 KLX-LOM 21.66  0.0883 0.1216
KHN-1ZG 2319  0.4096 0.675 LOM-SHG 8.81 0.0384  -0.5406
KUK-KHN 63.02 3.3319 2.3017
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Voltage stability analysis study of the base case is done using modal
analysis and Q-V sensitivity analysis, table 4.3 shows the calculated

eigenvalues of the reduced Jacobian matrix.

Table 4.3: eigenvalues of the system at base case

No. Eigenvalue No. Eigenvalue
1 9.4943 14 150.396
2 17.873 15 190.4197
3 31.1477 16 212.6815
4 33.9768 17 222.8866
5 40.6997 18 260.938
6 55.9769 19 336.7779
7 62.4663 20 421.7587
8 72.3017 21 535.578
9 78.0873 22 565.8586
10 89.6857 23 586.7884
11 111.9099 24 601.6711
12 123.8033 25 676.5811
13 125.8583 26 737.6641

It is clear from the above table that all eigenvalues are positive so the
system is voltage stable, the critical mode is that corresponds to the smallest
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eigenvalue (9.4943). To identify the weakest buses of the system, right
eigenvector components and bus participation factors corresponding to that
minimum critical eigenvalue are given in tables 4.4 and 4.5. The buses that
have the highest eigenvector components as well as the highest participation

factors are considered as weakest buses and prone to voltage instability.

Table 4.4: Right eigenvector at the critical mode

Bus Magnitude of component
IBA 220 0.0844
KLX 220 0.1089
OMD110 0.2522
BNT 110 0.2825
KLX110 0.2532
AFRA110 0.375
GIAD 220 0.0281
MHD110 0.1731
1ZG 110 0.1098
FRZ 220 0.002
KAB 220 0.0168
MRK 220 0.0958
GAM 220 0.0785
MUG110 0.2875
SHG110 0.2804
KUK 110 0.0603
JAS110 0.1661
GAM110 0.2579
IBA 110 0.0402
1ZB 110 0.0468
FARG110 0.4662
KHE 110 0.0631
MRK 500 0.0487
KAB 500 0.0461
MHD 220 0.1168
LOM 110 0.2684
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Table 4.5: Bus participation factors at the critical mode.

Bus Participation Factor
FAR 110 0.2148
AFR 110 0.1401
MUG110 0.0825
BNT 110 0.0797
SHG110 0.0785
LOM 110 0.0721
GAM110 0.0667
KLX110 0.0642
OMD110 0.0638
MHD110 0.0304
JAS110 0.0277
MHD 220 0.0141
1ZG 110 0.0123
KLX 220 0.0121
MRK 220 0.0095
IBA 220 0.0074
GAM 220 0.0063
KHE 110 0.0041
KUK 110 0.0038
MRK 500 0.0026
KAB 500 0.0023
1ZB 110 0.0023

It can be observed that the most critical buses in the system are the
buses of 110 kV level (FAR, AFR, MUG, BNT, SHG, LOM, GAM, KLX and
OMD), that also can be seen from the results of the V-Q sensitivity analysis

of the system.

Table 4.6 shows the self-sensitivities of the buses, as discussed in
chapter 2, buses that have the largest values of self V-Q sensitivities are
considered as the weakest buses that need improvement of voltage stability by
reduction of their sensitivities. The maximum loading factor of the base case
is 1.805, at that point, system reaches its stability limits and collapses at the

values beyond that point.
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Table 4.6: Self V-Q sensitivities at base case

Bus V-Q Sensitivity
FARG110 0.0467
AFRA110 0.027

JAS110 0.0266
1ZB 110 0.0247
GAM110 0.0231
BNT 110 0.0175
OMD110 0.0173
MUG110 0.0165
SHG110 0.0153
MHD 220 0.0144
LOM 110 0.0137
MHD110 0.0131
KLX110 0.0121
KAB 500 0.0117
MRK 220 0.0109
1ZG 110 0.0108
IBA 110 0.0104
KAB 220 0.0102
MRK 500 0.0098
KHE 110 0.0097
KLX 220 0.0096
GIAD 220 0.0092
IBA 220 0.0085
GAM 220 0.0083
KUK 110 0.0055
FRZ 220 0.0015

4.2.2 ldentification of the Optimal Locations of STATCOM:

Novel line stability index (NLSI) is used to identify the optimal
placement of STATCOM to obtain the best results from the compensation.
The system load is increased at small steps until it reached its maximum
loading, then line index is applied to the 110 kV transmission system. The

obtained results are shown in table 4.7 below:
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Table 4.7: Results of NLSI application at 1.805 loading factor.

Line
AFR-FAR
KLX-AFR
KLX-KUK
KHN-KUK
KHN-IBA
IBA-1ZB
KLX-LOM
LOM-SHG
JAS-SHG

NLSI
0.11924
0.040723
0.071448
0.027549
0.027161
0.04749
0.014457
0.06236
0.257747

Line
SHG-MUG
GAM-MUG
BNT-MUG
MHD-OMD
BNT-OMD

MHD-I1ZG
KHN-1ZG
KUK-KHE

NLSI
0.120746
0.153562
0.045786
0.079336
0.058086
0.050713
0.051149
0.019869

The results of NLSI shows that lines (SHG-JAS, MUG-GAM, MUG-
SHG, AFR-FAR and OMD-MHD) are the weakest lines which connected to
the weakest buses. Figures (4.6 to 4.10) shows the plotted NLSIs of the critical

buses versus the reactive power loading. The load at each bus is gradually

increased from basis quantity until the load flow equation diverged. This is

the maximum power that a bus can supply before voltage instability happened.
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From the above results, STATCOM is to be connected at bus SHG,
MUG, OMD and at the middle of line AFR-FAR.
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4.2.3 Results with STATCOM:

Multiple STATCOM compensation is applied to the base case, the
locations of STATCOM are specified at the previous section. The MVAr
injection by STATCOMSs are:

e 118.67 MVAr at bus SHG.
e 98.67 MVAr at the middle of line AFR-FAR.
e 99.109 MVAr at bus MUG.
e 92.349 MVAr at bus OMD.

Power flow and voltage stability analysis are applied for the
compensated system. Table 4.8 shows the voltage profile of the compensated
case.

Table 4.8: Voltage profile of the compensated case.
Bus V(kv) V(p.u) Ang(°) Bus V(kv) V(p.u) Ang(°)

IZB 110 108.432 0.9857 -14.6 GER 220 220 1 -8.1
KLX 220 217.863 0.9903 -12.4 IBA220 218.025 0.991 -12
MAR 500 500 1 0 IBA110 109.173 0.9925 -14
MRK 500 512.963 1.0259 -5.9 OMD 110 110 1 -15.3
KHN110 110 1 -145 MUG 110 110 1 -15.5

IZG 110 109.674  0.997 -146 GAM 220 220.933 1.0042 -11.3
KUK 110 108.57 0.987 -148 GAM 110 110.449 1.0041 -14.3
KHE 110 108.272 0.9843 -15 BNT 110 109.813 0.9983 -15.5
MRK 220 22258 1.0117 -10.2 SHG 110 110 1 -15.4
MHD 220 221.098 1.005 -11.1 JAS 220 220 1 -11.5
MHD110 110.028 1.0003 -14.4 JAS 110 110.166 1.0015 -13.5
KAB 500 511.737 1.0235 -6.1 LOM 110 109.406 0.9946 -15.1
KAB 220 222.234 1.0102 -1.5 KLX110 109.35 0.9941 -14.9
GAD 220 218.697 0.9941 -12 AFR 110 109.7  0.9973 -15.8
FRZ 220 220.24 1.0011 -8 FAR110 109.35 0.9941 -16.6
M 110 110 1 -16.3

Bus M is the additional bus at the middle of line AFR-FAR for compensation.
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It can be observed that the voltage of busses has been improved by
implemented STATCOMSs. The comparison shown in figure 4.11 shows the
enhancement of voltage at level 110 transmission system, the voltage at the
compensated buses is set to 1 p.u., as discussed in chapter 2, the buses which
have been compensated by STATCOMs keep their voltage magnitude at
acceptable limits, in case of additional loads the STATCOM tries to maintain

voltages within tolerance and that depends on the maximum injected reactive

current.
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Figure 4.11: voltage magnitude of 110 kV system with and without
STATCOM.

STATCOM also reduces the total line losses and loading, the active
losses at 110 kV level are reduced from 7.954 MW to 4.909 MW, also reactive
power losses with STATCOM are -2.147 MV Ar while they were 6.685 MV Ar
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at the base case, table 4.9 and figures (4.12, 4.13 and 4.14) show the impact

of STATCOM on the line active losses, line reactive losses and line loading.

Table 4.9: active losses, reactive losses and line loading with STATCOM.

Line Line Loading  Active losses = Reactive losses
Number name (%) (MW) (MVAr)
1 BNT-OMD 10.38 0.04 -0.1644
2 KLX-AFR 22.68 0.354 0.5127
3 MHD-I1ZG 8.74 0.038 -0.1209
4 MUG-SHG 2.93 0.006 -0.8651
5 KUK-KLX 11.33 0.0533 -0.8026
6 JAS-SHG 13.87 0.4666 -0.7749
7 BNT-MUG 5.42 0.017 -0.2999
8 KHN-1ZG 4.66 0.0157 -0.5172
9 KUK-KHN 45.9 1.7703 1.0714
10 1ZB-IBA 19.73 0.27 0.1483
11 GAM-MOG 25.28 0.5621 1.138
12 IBA-KHN1 15.42 0.1768 -0.3857
13 KUK-KHE 24.75 0.1233 0.2471
14 MHD-OMD 29.48 0.5085 1.3686
15 KLX-LOM 17.99 0.0609 -0.0201
16 LOM-SHG 7.32 0.1015 -0.3126
17 M-AFR 19.8 0.1718 0.0811
18 FAR-M 19.88 0.1731 0.0891
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Figure 4.12: Impact of STATCOM on active power losses.
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Tables 4.10, 4.11 show the eigenvalues and eigenvectors corresponding
to the smallest eigenvalue for the compensated case, the smallest eigenvalue
which indicate to the critical mode in this case is 31.0073 while in the base
case is 9.4943, that is an indicator for voltage stability improvement at the

system.

Table 4.10: Eigenvalues for the compensated case.

No. Eigenvalue
1 31.0073
2 31.8892
3 43.7407
4 60.9126
5 65.8013
6 77.7088
7 78.9721
8 96.4499
9 111.3248
10 113.2666
11 125.9582
12 126.8555
13 192.355
14 209.6882
15 223.522
16 298.9703
17 345.651
18 425.7313
19 540.6699

20 589.3424
21 605.7875
22 688.7675
23 737.7883
24 1000000
25 1000000
26 1000000
27 1000000
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Also the magnitudes of the right eigenvector components are reduced
in comparison with the base case as shown in table 4.11, which illustrates the
increasing of voltage stability at busses, the busses where STATCOM is

connected result in zero right eigenvector component magnitude.

Table 4.11: Right eigenvector at the critical mode with STATCOM.

Bus Component magnitude
MUG 0
OMD 0
SHG 0
IBA 0.2466
KLX 0.2272
AFR 0.0348
FAR 0.0001
BNT 0
KLX 0.075
GIA 0.0743
MHD 0.0053
1ZG 0.0039
FRZ 0.0007
KAB 0.006
MRK 0.016
GAM 0.0094
KUK 0.0204
JAS 0.0039
GAM 0.0052
IBA 0.4564
1ZB 0.8132
KHE 0.0234
MRK 0.0138
KAB 0.0143
MHD 0.0168
LOM 0.0592
M 0

V-Q sensitivity analysis is also performed for the compensated case,

the recorded results at table 4.12 show that the self-sensitivities at all buses
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even that buses are quite away from the compensated busses are reduced and
the buses where STATCOM installed have recorded zero sensitivities, the
comparative diagram of figure 4.15 illustrates the effect of STATCOM on the
system bus sensitivities.

Table 4.12: Self V-Q sensitivities of the compensated case.

Bus V-Q sensitivity Bus V-Q sensitivity
FAR 110 0.0088 KHE 110 0.0093
AFR 110 0.0062 1ZG 110 0.0085
JAS 110 0.0229 IBA 110 0.0103
1ZB 110 0.0245 KAB 220 0.0102
GAM 110 0.0131 KLX 220 0.0086
BNT 110 0.0029 GIAD 220 0.0091
OMD110 0 IBA 220 0.008
MUG 110 0 GAM 220 0.0077
SHG110 0 MRK 220 0.0077
KUK 110 0.0052 FRZ 220 0.0015
LOM 110 0.0056 MHD 220 0.0128
MHD110 0.0068 KAB 500 0.0096
KLX110 0.0055 MRK 500 0.0096
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Figure 4.15: Impact of STATCOM on self V-Q sensitivity.
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By increasing the load at system 110 kV load buses, based on constant
power factor load increase, the voltage collapse is reached. The critical 1 value
Is equal to 2.074 while the maximum loading factor at the base case is 1.805,
therefore, the STATCOM is very effective in increasing the stability margin

of the system.

In summary of the above results, a STATCOM allocated at the critical
buses using NLSI, leads to an acceptable voltage profile for all system, also

the system losses and loading are reduced.

From the two studied cases, it is noticeable that eigenvalues have been
increased, on the other hand eigenvectors and V-Q sensitivities have been
decreased. By allocating a suitable size STATCOMs, the system operation

has been more stable and secured.
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Chapter five

CONCLUSION AND RECOMMENDATIONS

5.1 Conclusion:

The problem of voltage instability in power systems has become a
challenging issue for the operators and planners due to the growth and
expansion of these networks, the dissertation represents an important and
effective solution for this problem which is the multiple shunt compensation

of reactive power using STATCOM controller.

Different techniques are applied to assess the voltage stability for the
case study to investigate the system performance, the modal analysis and V-
Q sensitivity analysis show that the weakest busses and/or areas are in the
transmission system of 110 kV level, this what has been verified by
application of Novel line stability index (NLSI) to identify the optimal
locations for STATCOM.

After implementing the compensation devices and comparing the
simulation results, it can be concluded that the criterion for selection of
optimal placement of STATCOM using VSI maintains the voltage profile,
minimizes the voltage deviations and reduces the power losses. And as a result
of the above, the system capacity is increased (additional loads can be added),
the stability limits are also increased, thus the efficiency of power system is

effectively improved.
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5.2 Recommendations:

e From the FACTS view point, future prospects are mostly dependable
on a number of practical applications of the FACTS controllers, the
implementation of multiple controllers and using of the combined

controllers such as UPFC, IPFC are to be considered.

e An advanced technique of placing and sizing of FACTS controllers is
needed, the optimization algorithms such as Particle Swarm

optimization and CAT Swarm optimization should be adopted.

e The distributed generation units (DGs) represent multi-dimensional
benefits, these systems have great effect in power system operation,
stability and control, they provide a considerable economic
development if properly coordinated in operation with the main

generation units.

53



REFERENCES:

[1] P. Kundur, “Power System Stability and Control”, First Edition, McGraw-
Hill, 1993.

[2] O. L. Bekri, M. K. Fellah, M. F. Benkhoris, A. Miloudi, “Voltage Stability
Enhancement by Optimal SVC and TCSC Via CPFlow Analysis”,
International Review of Electrical Engineering, vol. 5, N. 5, pp. 2263-2269,
2010.

[3] Prabha Kundur, John Paserba, Venkat Ajjarapu, Goran Andersson, Anjan
Bose, Claudio Canizares, Nikos Hatziargyriou, David Hill, Alex Stankovic,
Carson Taylor, Thierry Van Cutsem, and Vijay Vittal, “Definition and
Classification of Power System Stability”, IEEE Trans. Power System, DOI
10.1109/TPWRS.2004.825981, pp. 1-15, 2004.

[4] Akwukwaegbu I. O., Okwe Gerald Ibe, “Concepts of Reactive Power
Control and Voltage Stability Methods in Power System Network”, Journal of
Computer Engineering (IOSR-JCE), Volume 11, Issue 2, pp. 15-25, 2013.

[5] T. Prakash, M. Tripathy, S. Behera, J. K. Satapathy, “Role of STATCOM
for Steady State Voltage Stability MarginEnhancement in Power Systems”,
1st National Conference on Power Electronics Systems & Applications,
PESA, pp. 1-6, 2013.

[6] Xiao-Ping Zhang, Christian Rehtanz, Bikash Pal, “Flexible AC
Transmission Systems: Modelling and Control”, Second Edition, Springer,
2012.

[7] S. Sivanagaraju, G. Sreenivasan, “Power System Operation and Control”,
First Edition, Dorling Kindersly. Itd., India, 2010.

54



[8] Ruhaizad Ishak, Azah Mohamed, Ahmed N. Abdalla, Mohd Zamri Che
Wanik, “Optimal placement and sizing of distributed generators based on a
novel MPSI index”, Electrical Power and Energy Systems, 60, pp. 389-398,
2014.

[9] Abdul Rahman Minhat, Ismail Musirin, Mohammad Murtadha Othman,
Mohamad Khayat Idris, “Assessment of Maximum Loadability Point for Static
Voltage Stability Studies Using Evolutionary Programming”, International
Conference on Applications of Electrical Engineering, Turkey, pp. 96-101,
2007.

[10] Costas Vournas, “Power System Voltage Stability”, Springer-Verlag,
London, DOI 10.1007, pp. 1-7, 2014.

[11] Javad Modarresi, Eskandar Gholipour, Amin Khodabakhshian, “A
comprehensive review of the voltage stability indices”, Renewable and
Sustainable Energy Reviews, 36, pp. 1-12, 2016.

[12] R. Sastry Vedam, Mulukutla S. Sarma, “POWER QUALITY, VAR
Compensation in Power Systems”, Taylor & Francis Group, LLC, 2009.

[13] I. Dobson, T. Van Cutsem, C. Vournas, M. Venkatasubramanian, T.
Overbye, C.A. Canizares, C.L. DeMarco, “Voltage Stability Assessment:
Concepts, Practices and Tools”, IEEE Power Engineering Society,
SP101PSS, 2002.

[14] P. Arivazhagan, R. Karthikeyan, “Voltage Stability Enhancement on
IEEE 14 Bus System”, Kanchipuram, India, pp. 1-5, 2006.

[15] Thierry VAN Custum, Costas Vournas, “Voltage Stability of Electric
Power Systems”, Second Edition, Springer, 2008.

55



[16] H. B. Nagesh and P. S. Puttaswamy, “Enhancement of Voltage Stability
Margin Using FACTS Controllers”, International Journal of Computer and
Electrical Engineering, Vol. 5, No. 2, pp. 261-265, April 2013.

[17] F.A. Althowibi, M.W. Mustafa, “Power System Voltage Stability:
Indications, Allocations and Voltage Collapse Predictions”, International
Journal of Advanced Research in Electrical, Electronics and Instrumentation
Engineering, Vol. 2, Issue 7, pp. 3138-3152, 2013.

[18] C. W. Taylor, “Power System Voltage Stability”, First Edition, McGraw-
Hill, 1994.

[19] Shervin Samimian Tehrani, Peyman Salmanpour Bandaghiri, “Shunt
Compensation for Improvement of Voltage Stability Using Static Synchronous
Compensator (STATCOM) for Various Faults in Power System”,
International Journal of Advanced Research in Electrical, Electronics and

Instrumentation Engineering, VVol. 3, Issue 6, pp. 9793-9800, 2014.

[20] Abdelrahman Ali Karrar, Elfadil Zakaria Yahia, “Voltage Stability
Evaluation in Sudan National Grid”, Sudan Engineering Society Journal,
Volume 54 No.51, pp. 10-24, September 2008.

[21] Abhijit Chakrabarti, Sunita Halder, “Power System Analysis Operation
and Control”, Third Edition, PHI Learning private Itd., India, 2010.

[22] Muhammad H. Rashid , “POWER ELECTRONICS HANDBOOK,
DEVICES, CIRCUITS, AND APPLICATIONS”, Third Edition, Elsevier Inc,
2011.

[23] Hasan Dag, Banu Ozturk, Aysu Ozyurek, “Application of Series and
Shunt Compensation to Turkish National Power Transmission System to

56



Improve System Loadability”, ELEC099 International Conferencee on
Electrical and Electronics Engineering, EO1.101/A2-61, pp. 243-247, 1999.

[24] Bindeshwar Singh, K.S. Verma, Pooja Mishra, Rashi Maheshwari,
Utkarsha Srivastava, and Aanchal Baranwal “Introduction to FACTS
Controllers: A Technological Literature Survey”, International Journal of
Automation and Power Engineering, Vol. 1, Issue 9, pp. 193-234, December
2012.

[25] Farhad Shahnia, Sumedha Rajakaruna, Arindam Ghosh, “Static
Compensators (STATCOMs) in Power Systems”, First Edition, Springer,
2015.

[26] K. Chandarsekar, N. V. Ramana, “Improving Reactive Power Margin for
Voltage Stability Enhancement Using FACTS Devices”, International Review
on Modeling and Simulations (I. RE. MO. S.), vol. 4, N.6, pp. 3090-9096,
2011.

[27] Yasmin Ansari, Prof. M.Gaidhane, Mr.K.Sawalakhe, “Stabilization of
Voltage in Power System by Using STATCOM?”, International Journal on
Recent and Innovation Trends in Computing and Communication (IJRITCC),
Vol. 3, Issue 2, pp. 96-100, 2015.

[28] Mehrdad Ahmadi Kamarposhti, Mostafa Alinezhad, “Comparison of
SVC and STATCOM in Static Voltage Stability Margin Enhancement”,
International Journal of Electrical, Computer, Energetic, Electronic and
Communication Engineering Vol. 3, No. 2, pp. 297- 302, 2009.

[29] Metin Dogan, M. Kenan Dosoglu, Dincer Maden, Salih Tosun and Ali
Ozturk, “Investigation of the Best Placement for Voltage Stability by

57



STATCOM”, International Conference on Electrical and Electronics
Engineering, Turkey, pp. 117-121, 2011.

[30] A. Anbarasan, M. Y. Sanavullah, “Voltage Stability Improvement in
Power System by Using STATCOM?”, International Journal of Engineering
Science and Technology (1JEST), Vol. 4 No.11, pp. 4584-4591, 2012.

[31] M. Shaygan, S. Gh. Seifossadat, Morteza Razaz, “Study the Effects of
STATCOM on the Static Voltage Stability Improvement and Reduction of
Active and Reactive Losses”, International Review of Electrical Engineering
(I.R.E.E.), Vol. 6, N. 4, pp. 1862-1869, 2011.

[32] A. Yazdanpanah — Goharrizi, R. Asghar, “A Novel Line Stability Index
(NLSI) for Voltage Stability Assessment of Power Systems”, International

Conference on Power Systems, China, pp. 164- 167, 2007.

[33] Venkataramana Ajjarapu, “Computational Techniques for Voltage

Stability Assessment and Control™, Springer, 2006.

[34] D. Thukaram, K. Parthasarathy, H. P. Khincha, Narendranath Udupa, A.
Bansilal, “Voltage Stability Improvement: case studies of Indian power
networks”, Electric Power System Research, 44, pp. 35-44, 1998.

[35] M. M. Aman, G. B. Jasmon, H. Mokhlis, A. H. A. Bakar, “ Optimal
placement and sizing of DG based on a new power stability index and line
losses”, Renewable and Sustainable Energy Reviews, 43, pp. 1296-1304,
2012.

[36] Snehal B. Bhaladhare, A. S. Telang, Prashant P. Bedekar, “P-V, Q-V
Curve — A Novel Approach for Voltage Stability Analysis”, National

58



Conference on Innovative Paradigms in Engineering & Technology
(NCIPET), pp. 31-35, 2013.

[37] Sarita S. Bhole, Prateek Nigam, “Improvement of Voltage Stability in
Power System by Using SVC and STATCOM?”, International Journal of
Advanced Research in Electrical, Electronics and Instrumentation
Engineering, Vol. 4, Issue 2, pp. 749- 755, 2015.

[38] Heba A. Hassan, Zeinab H. Osman, Abd El-Aziz Lasheen, “Sizing of
STATCOM to Enhance Voltage Stability of Power Systems for Normal and
Contingency Cases”, Smart Grid and Renewable Energy, 5, pp. 8-18, 2014.

[39] G. Naveen Kumar, M. Surya Kalavathi, R. Harini Krishna, “Optimal
placement of SVC and STATCOM for Voltage Stability Enhancement Under
Contingency Using CAT SWARM Optimization”, International Journal of
Advanced Science and Technology,Vol. 5, Isue 1, pp. 436-447, November,
2012.

[40] Mani V., Vanathi D., “Effects of TCSC and STATCOM on Static Voltage
Stability Using Continuation Power Flow Method”, South Asian Journal of
Engineering and Technology, Vol.2, No.16, pp. 114-124, 2016.

[41] Mohamed K. Jalboub, Haile S. Rajamani, Darwin T.W. Liang, Raed A.
Abd-Alhameed, Abdulbassat M. Ihbal, “Investigation of Voltage Stability
Indices to Identify Weakest Bus (TBC)”, Institute for Computer Sciences,
Social Informatics and Telecommunications Engineering, LNICST 77, pp.
682-687, 2012.

[42] Arthit Sode-Yome, Nadarajah Mithulananthan, and Kwang Y. Lee,
“Static Voltage Stability Margin Enhancement Using STATCOM, TCSC and

59



SSSC”, IEEE/PES Transmission and Distribution Conference & Exhibition,
DOI: 10.1109, pp. 1-6, 2005.

[43] R. Kanimozhi, K. Selvi “A Novel Line Stability Index for Voltage
Stability Analysis and Contingency Ranking in Power System Using Fuzzy
Based Load Flow”, Journal of Electric Engineering & Technology, ISSN
1975-0102, pp. 667- 676, 2013.

[44] Mehrdad Ahmadi Kamarposhti and Mostafa Alinezhad, “Comparison of
SVC and STATCOM in Static Voltage Stability Margin Enhancement”, World
Academy of Science, Engineering and Technology, 50, pp. 860-865, 2009.

[45] Arthit Sode-Yome, Kwang Y. Lee, “Applications of MATLAB Symbolic
and Optimization Toolboxes in Static Voltage Stability in Power Systems”,
IEEE Trans. Power Syst., VVol. 21, pp. 374- 379, 20009.

[46] Claudio A. Canizares, Massimo Pozzi, Sandro Corsi, Edvina Uzunovic,
“STATCOM Modeling for Voltage and Angle Stability Studies”, Electrical
Power & Energy Systems, 25, pp. 1-20, 2003.

[47] Hiroshi Yonezawa, Michiharu Tsukada, John J. Paserba, Toshiaki
Shimato, Katsuhiko Matsuno, Gregory F. Reed, Isao Iyoda, “Study of a
STATCOM Application for Voltage Stability Evaluated by Dynamic PV
Curves and Time Simulations”, IEEE Transactions on Power System, 0-7803-
5938-0/00, pp. 1-6, 2000.

[48] Tariq Masood, R.K. Aggarwal, S.A. Qureshi, R.A.J Khan, “STATCOM
Model against SVC Control Model Performance Analyses Technique by

Matlab”, International Conference on Renewable Energies and Power Quality

(ICREPQ’10), pp. 1-8, Granada (Spain), 2010.

60



[49] Adepoju, G.A., Komolafe, O.A., “Analysis and Modelling of Static
Synchronous Compensator (STATCOM): A comparison of Power Injection
and Current Injection Models in Power Flow Study”, International Journal of

Advanced Science and Technology Vol. 36, pp. 65-76, November, 2011.

[50] John Bird, “Understanding Engineering Mathematics”, First Edition,
Routledge, USA, 2014.

61



APPENDICES:

Appendix A: Test system data.

A.1 Bus data:

Bus

MAR500
GER220
KHN220
JAS110
MHD110
JAS110
SHG110
OMD110
MUG110
BNT110
IBA110
LOM110
KLX110
AFR110
FRG110
1ZB110
KUK110
1ZG110
GAM110
KHE110
IBA220
GAD220
MHD220
KLX220
GAM220
MRK?220
FRZ220
KAB220
KABS500
MRK500

Type

Slack
PV
PV
PV
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ
PQ

Nomina
voltage
(kv)
500
220
110
220
110
110
110
110
110
110
110
110
110
110
110
110
110
110
110
110
220
220
220
220
220
220
220
220
500
500

Pgen

(MW)  (MVAr)

280
125
127

O O O OO OO0 O0OO0ODO0ODO0ODO0ODO0OO0ODO0ODO0OO0OD0O0D0O0O0OO0OoOo o oo
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Qgen

O O O OO OO O OO0 O0ODO0ODO0ODO0ODO0OO0DO0O0OO00O0OO0OO0OO0OOoO o !

Pd
(MW)

0.5
0
0
0
32.9
16
80
89.5
107
74.9
32
50
35
17.05
80
88.4
40
47

108

60.3
54.7

20.2

16.8

Qd
(MVAT)



A.2 Transmission lines data:

No.

O© 00 N Ok WwWwN -

NN NRNRNNNNDERERRRRRRRR R
O UTE WNPFPOOWO®NOOOUIAMAWNERO

NN
o

From

MHD110
IBA110
KHN110
KUK110
IBA110
LOM110
LOM110
OMD110
KLX110
MRK?220
GAM220
KABS500
MAR500
GER220
FRZ220
KUK110
MUG110
SHG110
12G 110
MUG110
MUG110
FAR110
GER220
OMD110
IBA220
KLX220

GAD220
MHD220

To

1ZG110

1ZB110

KUK110
KHE110
KHN110
KLX110
SHG110
BNT110
AFR110
GAM220
JAS220

MRK500
MRK500
IBA220

KAB220
KLX110
SHG110
JAS110

KHN110
GAM110
BNT 110
AFR110
FRZ220
MHD110
KLX220
GAD220

JAS220
MRK220

Nom.
Voltage
(kV)
110
110
110
110
110
110
110
110
110
220
220
500
500
220
220
110
110
110
110
110
110
110
220
110
220
220

220
220

length
(km)

8
11
4.5
3.2
12
3
7.8
5.9
11
37
39.88
36.8
345
60
38
14.6
11
39
12
14
3.8
14

9.3
14
43
36
21
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No.
of
lines

N

NN P NDNDNDNDNDNDNDNPNNDNDNDNPNDNPNDPNDNNDNNENMNDNNDNDNDNDDNDDNNDDNDDNDDNDDND

R X
(Wkm)  (Vkm)
0.067 0.302
0.067 0.302
0.384 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.028 0.276
0.028 0.276
0.067 0.302
0.067 0.302
0.087 0.379
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.067 0.302
0.076 0.403
0.067 0.302
0.067 0.302

C
(UF/km)

0.01306
0.01306
0.009502
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
1.31E-05
0.013079
0.01306
0.01306
0.009502
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.01306
0.00902

0.01306
0.01306



A.3 Transformers data:

Name

MRK1
MRK?2
MRK3
KAB1
KAB?2
KLX1
KLX2
KLX3
MHD1
MHD2
MHD3
IBAl
IBA2
IBA3
GAM1
GAM2
JAS1
JAS2

Vector
group

YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11
YNd11

(MVA)

300
300
300
300
300
100
100
100
150
150
150
150
150
150
150
150
150
150
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Vrl
(kV)

500
500
500
500
500
220
220
220
220
220
220
220
220
220
220
220
220
220

Vr2
(kV)

220
220
220
220
220
110
110
110
110
110
110
110
110
110
110
110
110
110

VKr (%)

16
16
16
16
16
6.16
6.16
6.16
12.68
12.68
12.68
9.65
9.65
9.65
12.91
12.91
12.7
12.7



A.4 Bus Name Abbreviations:

MAR
GER
KHN
JAS
AFR
BNT
FAR
FRZ
GAM
IBA
1ZB
1ZG
KAB
KHE
KLX
KUK
LOM
MHD
MRK
MUG
OMD
SHG

Marawy

Gerri

Khartoum North

Jabel Awlya
Afra

Banat

Faroug

Free Zone
Gammoeyia
Id Babikir
Izba

Izergab
Kabbashi
Khartoum East
Kilo X

Kuku

Local Market
Mahdeyia
Markhiyat
Mugran
Omdurman

Shagara
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Appendix B: STATCOM Parameters.

Name  Connected Vet Xl Imax C  Imax L
Bus (%) (ohm) (A) (A)
STAT1 SHGI110 100 5 1000 1000
STAT2 MUGI110 100 5 1000 1000
STAT3 OMDI110 100 5 1000 1000
STAT 4 M 110 100 5 1000 1000
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Appendix C: Eigenvalues and Eigenvectors.

In practical applications, equations of the form [50]:
Ax = Ax

occur, where A is a square matrix and 4 is a number. Whenever x # 0, the
values of 4 are called the eigenvalues of the matrix A; the corresponding

solutions of the equation Ax = Ax are called the eigenvectors of A.

From above, if Ax = Ax then Ax —Ax = 01i.e. (A — Al)x = 0 where

I is the unit matrix. If x = 0 then
|[A—AIl =0

|A — AI| is called the characteristic determinant of A and |[A— AI| =0 is

called the characteristic equation.

Solving the characteristic equation will give the value(s) of the

eigenvalues, as demonstrated in the following worked example.

Example C.1: Determine the eigenvalues and eigenvectors of the matrix

.

The eigenvalue is determined by solving the characteristic equation
|A—AIl =

R

ie. [ 4] ]|
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| 34 4 |_
e 2 1-a177

(Given a square matrix, we can get used to going straight to this characteristic

equation),

Hence, B-1DVDA-1)H-M@R2)=0
i.e. 3—31—-14+212-8=0
and, A2—43—-5=0
and, A-5A+1)=0

fromwhich,A —5=0ied=50r1+1=0ie.1=-1
: .3 4
Hence, the eigenvalues of the matrix [2 1] areA; =5and 4, = -1

To determine eigenvectors, using equation (4 — Ax =0forA; =5

ther *2° 2l =[]
5 SE]= 1)
from which,

—x; +4x,=0
And

2x; —4x, =0

From either of these two equations, x; = 2x,X1 = 2x2
Hence, whatever value x, is, the value of x; will be two times greater. Hence
the simplest eigenvector is: x; = [ﬂ
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using equation (A — Ax =0for1, = —1

ther o Rl =[]
5 )=o)
from which,
4x; +4x, =0
2x1 +2x, =0

From either of these two equations, x; = —x, or x, = —x;

Hence, whatever value x, is, the value of x, will be —1times greater. Hence

the simplest eigenvector is: x, = [_11]
Summarizing, x; = [ﬂ IS an eigenvector correspondingto A; = 5

and x, = [_11] IS an eigenvector correspondingto 1, = —1
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