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Abstract 

 

In this thesis we apply the homotopy perturbation method (HPM) to 

solve some partial differential and integral equations. Firstly we solve a 

time dependent homogenous and non-homogenous partial differential 

equations, subject to different kind of initial and boundary conditions. 

Then we apply the homotopy perturbation method (HPM) to solve non-

linear advection differential equations. Further more, the homotopy 

perturbation method (HPM) is applied to solve some kind of integral 

equations.  
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 الخــلاصـة
 

 الهموتوبي لحل طريقة الإضطرابقمنـا بتطبيـقث ـفي هذا البح

بداية قمنا بحل المعادلات . بعض المعادلات التفاضلية والتكاملية

التفاضلية المتجانسة وغير المتجانسة المرتبطة بالزمن وفق 

أنواع مختلفة من الشروط الإبتدائية والحدية، ثم بعد ذلك قمنا 

بتطبيق طريقة الإضطراب الهموتوبي لحل المعادلات التفاضلية 

.غير الخطية، وأيضاً طبقنا هذه الطريقة لحل المعادلات التكاملية  
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Chapter (1) 

The homotopy perturbation method for linear and nonlinear operators 

1.1 Introduction 

 The homotopy perturbation method (HPM), proposed first by He[1,2], 

for solving differential and integral equations. The method, which is a 

coupling of the traditional perturbation method and homotopy in topology, 

deforms continuously to a simple problem which is easily solved. This method, 

which does not require a small parameter in an equation, has a signification 

advantage in that it provides an analytical approximate solution to a wide 

range of nonlinear problems in applied sciences. The HPM is applied to 

Volterra’s integro-differential equation [3], to nonlinear oscillators [4], 

bifurcation of nonlinear problems [5], bifurcation of delay-differential 

equations [6], nonlinear wave equations [7], boundary value problems [8], 

quadratic Riccati differential equation of fractional order [9], and to other 

fields [10-18]. The HPM yields a very rapid convergence of the solution series 

in most cases, usually only a few iterations leading to very accurate solutions.  

1.2 Analysis of the method 

 The principles of the HPM and its applicability for various kinds of 

differential equations are given in [3-18]. We consider the nonlinear 

differential equation. 

L(u) + N(u) = f(r) , r  Ω --------------------------------------------------- (1.1)  

with boundary conditions 

B(u, 
𝜕𝑢

𝜕𝑥
 ) =0, r        ----------------------------------------------------------- (1.2) 

WhereL is linear operator while N is nonlinear operator,B is a boundary 

operator, is the boundary of the domain Ωand f(r)is known analytic function. 

 The He’s homotopy perturbation technique[1-13] defines the homotopy 

u(r,p):Ω×[0,1] which satisfies  

H(u,p) = (1 – p)[L(u) – L(u0)]+p[L(u) + N(u) – f(r)] = 0      --------------- (1.3) 
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or 

H(u,p) = L(u) – L(u0) + PL(u0) +p[N(u) – f(r)] = 0               --------------- (1.4) 

whererΩ and p[0,1] is an embedding parameter, u0 is an initial 

approximation which satisfies the boundary conditions. Obviously, from 

Eqs,(1.3) and (1.4), we have  

H(u, 0) = L(u) – L(u0) = 0        ---------------------------------------------------(1.5) 

H(u, 1) = L(u) – N(u) – f(r) = 0       ---------------------------------------------(1.6) 

 The changing process of p from zero to unity is just that of u(r, p) from 

u0(r)to u(r). In topology, this called deformation,L(u)– L(u0)andL(u) – N(u) – 

f(r) are homotopic. The basic assumption is that the solution of Eqs. (1.3) and 

(1.4) can be expressed as a power series in p: 

u = u0+ pu1 +p
2
u2 + …-------------------------------------------------------(1.7) 

 The approximate solution of Eq, (1.1), therefore, can be readily 

obtained: 

u = lim u = u0+ u1 +u2 + …-------------------------------------------------(1.8) 

 

 The convergence of the series (1.8) has been proved in [1,2]. 

 

1.3 Applications 

 To demonstrate the effectiveness of the proposed method, we have 

chosen several differential equations. 

Example (1.1) 

 Consider the following homogeneous linear PDE[19]: 

𝑢𝑡  + 𝑢𝑥 − 𝑢𝑥𝑥  = 0 

with the following conditions: 

u(x , 0) = 𝑒𝑥 − x ,  u (0, t) = 1 + t ,
𝜕𝑢

𝜕𝑥
 (1 , t) = e – 1  

Solution: 

By homotopy technique we construct a homotopy which is solutions 

p1 
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H(u, p) = L (u) – L(𝑢𝑜 ) + pL (𝑢𝑜 ) + p [N(u) – f(r)] = 0 

Then we have: 

[ 𝑢𝑡  – (𝑢𝑜)𝑡] + p[(𝑢𝑜) 𝑡  + p[ 𝑢𝑥  – 𝑢𝑥𝑥  ] = 0 

Then, substituting the initial condition, we have  

[ 𝑢𝑡  – (𝑒𝑥 −  𝑥 )𝑡  ] + p[(𝑒𝑥 −  𝑥 ) 𝑡  ] + p[ 𝑢𝑥  – 𝑢𝑥𝑥  ] = 0 

This gives 

𝑢𝑡  – 0 + p[ (0)] + p[ 𝑢𝑥  – 𝑢𝑥𝑥  ] = 0 

Then  

𝑢𝑡  + p[𝑢𝑥  – 𝑢𝑥𝑥  ] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  + p[ 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥  

–  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥  ] = 0 

To find 𝑢𝑜  :  

𝑝0: (𝑢𝑜)𝑡  = 0 

𝑢0 = C(x)   ,u(x , 0) = 𝑒𝑥 − x 

𝑒𝑥 − x= C(x)C(x)=𝑒𝑥 − x 

𝑢0 = 𝑒𝑥 − x 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡   + (𝑢0)𝑥 − (𝑢0)𝑥𝑥   = 0 

(𝑢1)𝑡  + (𝑒𝑥 −  𝑥)𝑥 − (𝑒𝑥 −  𝑥)𝑥𝑥   = 0 

(𝑢1)𝑡  + 𝑒𝑥 −1 – (𝑒𝑥 − 0) = 0 

(𝑢1)𝑡 −1 = 0  (𝑢1)𝑡  = 1   

𝑢1= t + C(x) 

u(x , 0)=𝑒𝑥 − x 

(𝑝0𝑢0 + 𝑝1𝑢1 + 𝑝2𝑢2+ …)(x ,0) = 𝑒𝑥 − x 
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Then: 

𝑢0(x , 0) = 𝑒𝑥 − x 

𝑢1 (x , 0) = 0     ,   𝑢2 (x , 0) = 0 

𝑢3 (x , 0) = 0    and so on 

Then: 

𝑢1= t + C(x),𝑢1(x , 0) = 0 

0 = 0 + C(x)C(x)= 0 

𝑢1 = t 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡   + (𝑢1)𝑥 − (𝑢1)𝑥𝑥   = 0 

(𝑢2)𝑡  + (𝑡)𝑥 − (𝑡)𝑥𝑥   = 0 

(𝑢2)𝑡  = 0 

(𝑢2)𝑡  = C(x)  ,𝑢2 (x , 0) = 0 

 0 =C(x)C(x) = 0 

𝑢2  = 0  ,𝑢3  = 0   and  𝑢4  = 0   

The solution is a series form, given by: 

u(x , t) = 𝑢0 + 𝑢1 + 𝑢2 + … 

           = 𝑒𝑥 − x + t + 0 + 0 +… 

The required solution is: 

u(x , t) =𝑒𝑥 − x + t 

 

Example (1.2) 

 Consider the following homogeneous linear PDE(Klein-Gordon 

equation) [19]: 

𝑢𝑡𝑡  +u−𝑢𝑥𝑥  = 0 
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With the following conditions: 

u(x, 0) = 𝑒−𝑥  + x,
𝜕𝑢

𝜕𝑡
(x, 0) = 0 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u, p) = L (u) – L(𝑢𝑜 ) + pL (𝑢𝑜 ) + p [N(u) – f(r)] = 0 

Then we have: 

[ 𝑢𝑡𝑡  – (𝑢𝑜)𝑡𝑡 ] + p[(𝑢𝑜) 𝑡𝑡  + p[ 𝑢 – 𝑢𝑥𝑥  ] = 0 

Then, substituting the initial condition, we have  

[ 𝑢𝑡𝑡  – (𝑒−𝑥 +  𝑥 )𝑡𝑡  ] + p[(𝑒−𝑥 +  𝑥 ) 𝑡𝑡  ] + p[u – 𝑢𝑥𝑥  ] = 0 

This gives 

𝑢𝑡𝑡  – 0 + p[ (0)] + p[ 𝑢 – 𝑢𝑥𝑥  ] = 0 

Then 

𝑢𝑡𝑡  + p[u – 𝑢𝑥𝑥  ] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡𝑡  + p[ (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 

–  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥  ] = 0 

If: 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x , 0) = 𝑒−𝑥  + x 

Then: 

𝑢0(𝑥 , 0)  =  𝑒−𝑥  + x 

𝑢1(𝑥 , 0)  = 0     ,  𝑢2(𝑥 , 0)  = 0      and so on  

To find 𝑢𝑜  :  

𝑝0: (𝑢𝑜)𝑡𝑡  = 0 

(𝑢𝑜)𝑡  = C1(x),(𝑢𝑜)𝑡 (x ,0) = 0 

   0    = C1(x)C1(x)= 0 
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(𝑢𝑜)𝑡=  0 

𝑢0 = C2(x),𝑢0(𝑥 , 0)  =  𝑒−𝑥  + x 

𝑒−𝑥  + x   = C2(x),C2(x)=𝑒−𝑥  + x 

𝑢0 =𝑒−𝑥  + x    

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡𝑡   +  𝑢0 − (𝑢0)𝑥𝑥   = 0 

(𝑢1)𝑡𝑡  + (𝑒−𝑥 +  𝑥) −(𝑒−𝑥 +  𝑥)𝑥𝑥   = 0 

(𝑢1)𝑡𝑡  +(𝑒−𝑥 +x ) – (𝑒−𝑥) = 0 

(𝑢1)𝑡𝑡 +x = 0  (𝑢1)𝑡𝑡=  –x 

(𝑢1)𝑡  = – xt + C1(x),(𝑢1)𝑡(𝑥 , 0) = 0 

0 =  0+ C1(x)C1(x)= 0 

(𝑢1)𝑡  = – xt  

𝑢1=  –
𝑥𝑡 2

2
 + C2(x),𝑢1(x , 0)=0 

0 =  0 + C2(x)C2(x)= 0 

𝑢1 =  −
𝑥𝑡 2

2!
 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡𝑡   +  𝑢1 − (𝑢1)𝑥𝑥   = 0 

(𝑢2)𝑡𝑡  + (−
𝑥𝑡 2

2
) −( –  

𝑥𝑡 2

2
)𝑥𝑥   = 0 

(𝑢2)𝑡𝑡+(−
𝑥𝑡 2

2
) −(0) = 0 

(𝑢2)𝑡𝑡  –  
𝑥𝑡 2

2
  = 0   

(𝑢2)𝑡 −
𝑥𝑡 3

3!
= C1 (x),   (𝑢2)𝑡(x , 0)=0 

        0 +  0=C1(x)C1(x)= 0 
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(𝑢2)𝑡 −
𝑥𝑡 3

3!
= 0 

𝑢2 −
𝑥𝑡 4

4!
= C2(x),   𝑢2(x , 0)=0 

        0 +  0 – 0  =C2(x)C2 (x)= 0 

𝑢2=  
𝑥𝑡 4

4!
 

𝑢3=  −
𝑥𝑡 6

6!
,𝑢4=   

𝑥𝑡 8

8!
 

The solution is a series form, given by: 

u(x, t) = 𝑢0  + 𝑢1 + 𝑢3 + … 

u(x, t) = 𝑒−𝑥  + x−
𝑥𝑡 2

2!
  +

𝑥𝑡 4

4!
−

𝑥𝑡 6

6!
   +… 

                = 𝑒−𝑥  + x( 1−
𝑡2

2!
  + 

𝑡4

4!
−

𝑡6

6!
   +…) 

The required solution is: 

u(x, t) = 𝑒−𝑥  + xcos(t) 

 

Example (1.3) 

Let us consider the problem: 

    𝑢𝑡𝑡  = 𝑢𝑥𝑥  + u 

 

With boundary conditions: 

u(0,t) = cosh(𝑡),     𝑢𝑥 (0,t) = 1 

and the initial conditions 

u(x,0)=sin(x) + 1    ,     𝑢𝑡(x,0)= 0 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡𝑡–(𝑢0)𝒕𝒕=p[ 𝑢𝑥𝑥+ u] 

Then, substituting the initial condition, we have  
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𝑢𝑡𝑡–(sin(𝑥)  +  1)𝒕𝒕=p[ 𝑢𝑥𝑥+ u] 

Then we have: 

𝑢𝑡𝑡  = p[ 𝑢𝑥𝑥+ u] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡𝑡 = 𝑝[ 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2 + ⋯ 𝑥𝑥  

 + 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯  ] 

If : 

u(x, 0) = sin(x) + 1 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  sin(x) + 1 

Then: 

𝑢0(x, 0) = sin 𝑥 +  1,𝑢1(𝑥, 0) = 0      , 𝑢2(𝑥, 0) = 0    and so on 

To find 𝑢𝑜  :  

𝑝0:  𝑢0 𝑡𝑡= 0 

 𝑢0 𝑡= C1(x), 𝑢0 𝑡(x, 0) = 0 

 0 = C1(x)C1(x)= 0 

 𝑢0 𝑡   = 0  

𝑢0= C2 (x),        𝑢0(x, 0) = sin(𝑥)  +  1 

           sin(𝑥)  +  1= C2(x) C2(x)= sin(𝑥)  +  1 

𝑢0 = sin 𝑥 +  1 

To find 𝑢1 :  

𝑝1:  𝑢1 𝑡𝑡   = (𝑢0)𝑥𝑥  +  𝑢0  

 𝑢1 𝑡𝑡   = (sin(𝑥)  +  1)𝑥𝑥  + sin(𝑥)  +  1 

 𝑢1 𝑡𝑡   = –  sin(𝑥) + sin(𝑥)  +  1 

 𝑢1 𝑡   = t + C1(x), 𝑢1 𝑡(x, 0) = 0 

 0 = 0 + C1(x)C1(x)= 0 
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 𝑢1 𝑡   = t 

𝑢1=
𝑡2

2
 + C2(x),    𝑢1(x, 0) = 0 

         0 = 0 +   C2(x)C2(x)= 0 

𝑢1 = 
𝑡2

2!
 

To find 𝑢2 :  

𝑝2:  𝑢2 𝑡𝑡   = (𝑢1)𝑥𝑥  +  𝑢1  

 𝑢2 𝑡𝑡   = ( 
𝑡2

2!
)𝑥𝑥  +

𝑡2

2!
 

 𝑢2 𝑡   = 
𝑡3

6
+ C1, 𝑢2 𝑡(x, 0) = 0 

 0 = 0 + C1(x)C1(x)= 0 

 𝑢2 𝑡   = 
𝑡3

6
 

𝑢2=
𝑡4

24
 + C2(x),    𝑢2(x, 0) = 0 

         0 = 0 +   C2(x)C2(x)= 0 

𝑢2 =
𝑡4

4!
 

To find 𝑢3 :  

𝑝3:  𝑢3 𝑡𝑡   = (𝑢2)𝑥𝑥  +  𝑢2  

 𝑢3 𝑡𝑡   = ( 
𝑡4

24
)𝑥𝑥  +

𝑡4

24
 

 𝑢3 𝑡   = 
𝑡5

120
+ C1(x), 𝑢3 𝑡(x, 0) = 0 

 0 = 0 + C1(x)C1(x)= 0 

 𝑢3 𝑡   = 
𝑡5

120
 

𝑢3=
𝑡6

720
 + C2(x),    𝑢3(x, 0) = 0 

         0 = 0 +   C2(x) C2(x)= 0 
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𝑢3 =
𝑡6

6!
 

Then, The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

 = sin(𝑥)  +  1 + 
𝑡2

2!
   + 

𝑡4

4!
  +

𝑡6

6!
  + … 

The required solution is: 

u(x, t) =  sin(𝑥)  + cosh(𝑡) 

 

Example (1.4) 

Let us consider the one dimensional non-homogeneous problem 

𝑢𝑡  + 𝑢𝑥𝑥  + u– 𝑒−𝑥 (1 + 2t) = 0 

 

Subject to boundary conditions: 

u(0,t) =t ,     𝑢𝑥 (0,t) = 𝑒−𝑡  – t 

and the initial condition :u(x,0)=x 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝒕 + p[ 𝑢𝑥𝑥+ u – 𝑒−𝑥 (1 + 2t)] = 0 

 

Then, substituting the initial condition, we have  

𝑢𝑡–(𝑥)𝒕+ p[ 𝑢𝑥𝑥+ u – 𝑒−𝑥 (1 + 2t)] = 0 

Then we have: 

𝑢𝑡+p[ 𝑢𝑥𝑥+ u – 𝑒−𝑥 (1 + 2t)] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡 + 𝑝[ 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2 + ⋯ 𝑥𝑥  

 + 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯  –  𝑒−𝑥(1 +  2𝑡)]  = 0 

If : 
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u(x, 0) = 𝑥 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  𝑥 

Then: 

𝑢0(x, 0) = 𝑥,𝑢1(𝑥, 0) = 0      , 𝑢2(𝑥, 0) = 0        and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0 

𝑢0  = C(x)   ,𝑢0(x, 0) = 𝑥 

𝑥= C(x)C(x)= 𝑥 

𝑢0 = 𝑥 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 +   𝑢0 𝑥𝑥  + 𝑢0– 𝑒−𝑥 (1 + 2t) = 0 

(𝑢1)𝑡 +  𝑥 𝑥𝑥  + x– 𝑒−𝑥( 1+ 2𝑡) = 0 

(𝑢1)𝑡 +x– 𝑒−𝑥( 1+ 2𝑡) = 0 

𝑢1 + 𝑥𝑡 – 𝑒−𝑥(𝑡+ 𝑡2) = C(x) , 𝑢1(x, 0) = 0 

     0   + 0 – 0 = C(x)  C(x)=0 

𝑢1 = 𝑒−𝑥 (𝑡 + 𝑡2) – 𝑥𝑡 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡 +   𝑢1 𝑥𝑥  + 𝑢1  = 0 

(𝑢2)𝑡 + [𝑒−𝑥 𝑡 +  𝑡2 –  𝑥𝑡 ]𝑥𝑥+[𝑒−𝑥 (𝑡 + 𝑡2) – 𝑥𝑡] = 0  

(𝑢2)𝑡 + [𝑒−𝑥 𝑡 +  𝑡2 ] + [𝑒−𝑥(𝑡+ 𝑡2) – 𝑥𝑡 ] = 0 

(𝑢2)𝑡 + 2𝑒−𝑥 𝑡 +  𝑡2 – 𝑥𝑡  = 0 

𝑢2 + 2𝑒−𝑥 ( 
𝑡2

2
+  

𝑡3

3
) –

𝑥𝑡2

2
= C(x) , 𝑢2(x, 0) = 0 

      0   + 0 – 0 = C  C(x)=0 

𝑢2 =  – 2𝑒−𝑥  ( 
𝑡2

2
+  

𝑡3

3
) +

𝑥𝑡2

2
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To find 𝑢3 :  

𝑝3: (𝑢3)𝑡 +   𝑢2 𝑥𝑥  + 𝑢2  = 0 

(𝑢3)𝑡 + [–  2𝑒−𝑥( 
𝑡2

2
+  

𝑡3

3
) +  

𝑥𝑡2

2
]𝑥𝑥+[– 2𝑒−𝑥  ( 

𝑡2

2
+  

𝑡3

3
)+ 

𝑥𝑡2

2
] = 0  

(𝑢3)𝑡 + [–  2𝑒−𝑥  
𝑡2

2
+  

𝑡3

3
 ]+[– 2𝑒−𝑥  ( 

𝑡2

2
+  

𝑡3

3
)+ 

𝑥𝑡2

2
] = 0  

(𝑢3)𝑡– 4𝑒−𝑥  
𝑡2

2
+  

𝑡3

3
 +

𝑥𝑡2

2
 = 0 

𝑢3– 4𝑒−𝑥( 
𝑡3

6
+  

𝑡4

12
) +

𝑥𝑡3

6
= C(x) , 𝑢3(x, 0) = 0 

0  –0 + 0 = C(x)  C(x)=0 

𝑢3=  4𝑒−𝑥  ( 
𝑡3

6
+  

𝑡4

12
) –

𝑥𝑡3

6
 

Then, The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

= 𝑥 + 𝑒−𝑥 (𝑡 + 𝑡2) – 𝑥𝑡 – 2𝑒−𝑥  ( 
𝑡2

2
+  

𝑡3

3
) + 

𝑥𝑡2

2
 

+ 4𝑒−𝑥  ( 
𝑡3

6
+  

𝑡4

12
) –  

𝑥𝑡3

6
 

u(x, t) = 𝑥 [ 1 – 𝑡 + 
𝑡2

2
– 

𝑡3

3
 + …] + 𝑒−𝑥  [𝑡 + 𝑡2 – 𝑡2– 2

𝑡3

3
 + 4 

𝑡3

6
– …] 

 

 

The required solution is: 

u(x, t) = 𝑡𝑒−𝑥  + 𝑥𝑒−𝑡  

 

Example (1.5) 

Consider the following nonhomogeneous PDE: 

𝑢𝑡𝑡 + 𝑢𝑥𝑥+(𝑢𝑥)2 = 2x + 𝑡4  

with the following conditions: 
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u(x , 0) = 0  , 
𝜕𝑢

𝜕𝑡
  (x , 0) = a ,u(o , t)= at    ,    

𝜕𝑢

𝜕𝑥
(0 , t) = 𝑡2 

solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u, p) = L (u) – L(𝑢𝑜 ) + pL (𝑢𝑜 ) + p [N(u) – f(r)] = 0 

 [ 𝑢𝑡𝑡  – (𝑢𝑜)𝑡𝑡 ] + p[(𝑢𝑜)𝑡𝑡 ] +  p[𝑢𝑥𝑥 +  (𝑢𝑥)2 – 2x–𝑡4] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡𝑡– (0)𝑡𝑡  ] + p[(0)𝑡𝑡  ] + p[𝑢𝑥𝑥 +  (𝑢𝑥)2 – 2x–𝑡4] = 0 

Then we have: 

𝑢𝑡𝑡+  P[𝑢𝑥𝑥 +  (𝑢𝑥)2 – 2x–𝑡4] = 0 

𝑢𝑡𝑡+  P[𝑢𝑥𝑥 +  (𝑢𝑥)2 – 2x–𝑡4] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡𝑡  + p[ 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥  

 + (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )𝑥
2
 – 2x–𝑡4] = 0 

If: 

u(x, 0) = 0 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  0 

Then: 

𝑢0(x, 0)=  0 

𝑢1(x, 0)=  0 

𝑢2(x, 0)=  0      and so on 

To find 𝑢0 :  

𝑝0: (𝑢𝑜)𝑡𝑡  = 0 

(𝑢𝑜)𝑡  = C1(x),    (𝑢𝑜)𝑡 (x , 0) = a 

𝑎 = C1(x)C1(x)=𝑎  

     (𝑢𝑜)𝑡  = 𝑎 
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𝑢0 =𝑎𝑡 + C2 (x),𝑢0(x , 0) = 0 

       0 =  0 + C2 (x)C2 (x)=  0 

𝑢0 =𝑎𝑡 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡𝑡 + (𝑢0)𝑥𝑥 + ((𝑢0)𝑥)2 – 2x – 𝑡4 = 0 

(𝑢1)𝑡𝑡 + (𝑎𝑡)𝑥𝑥 + ((𝑎𝑡)𝑥)2 – 2x–𝑡4 = 0 

(𝑢1)𝑡𝑡 =2x +𝑡4 

(𝑢1)𝑡   = 2xt +
𝑡5

5
  + C1(x)     ,(𝑢1)𝑡 (x , 0) = 0 

      0 = 0 + 0 + C1(x)C1(x)=  0 

      (𝑢1)𝑡   = 2xt  +
𝑡5

5
 

    𝑢1 =𝑥𝑡2  + 
𝑡6

30
 + C2(x),    𝑢1 (x , 0) = 0   

     0 = 0 + 0 + 0 + C2(x)C2(x)=  0 

    𝑢1 = 𝑥𝑡2  + 
𝑡6

30
 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡𝑡 + (𝑢1)𝑥𝑥 + ((𝑢1)𝑥)2= 0 

(𝑢2)𝑡𝑡 + (𝑥𝑡2  +  
𝑡6

30
 )𝑥𝑥 + [(𝑥𝑡2  +  

𝑡6

30
 )𝑥]2= 0 

(𝑢2)𝑡𝑡 +  0 + [ 𝑡2  ]2 

(𝑢2)𝑡𝑡 = − 𝑡4 

(𝑢2)𝑡   = −
𝑡5

5
  + C1(x)     ,(𝑢2)𝑡(x , 0) = 0 

      0 = 0 + C1(x)C1(x)=  0 

      (𝑢2)𝑡   = −
𝑡5

5
  

(𝑢2)𝑡   = −
𝑡6

30
  + C2(x),𝑢2(x , 0) = 0 
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      0 =  0 +  C2(x)C2(x)=  0 

      𝑢2 = −
𝑡6

30
 

To find 𝑢3 :  

𝑝3: (𝑢3)𝑡𝑡 + (𝑢2)𝑥𝑥 + ((𝑢1)𝑥)2= 0 

(𝑢3)𝑡𝑡 + (−   
𝑡6

30
 )𝑥𝑥 + [(−   

𝑡6

30
 )𝑥]2  = 0 

(𝑢3)𝑡𝑡  =  0 

(𝑢3)𝑡   = C1(x)     ,(𝑢3)𝑡 (x , 0) = 0 

0=  C1(x)C1(x)=  0 

(𝑢3)𝑡   = 0  

𝑢3 = + C2(x),𝑢3(x , 0) = 0 

0 =  0 + C2(x)C2(x)=  0 

 𝑢3 = 0 

The solution is a series form, given by: 

u(x , t) = 𝑢0 +  𝑢1 + 𝑢2 + 𝑢3 + … 

           = 𝑎𝑡 + 𝑥𝑡2  + 
𝑡6

30
−

𝑡6

30
 + 0 +… 

The required solution is: 

u(x , t) = 𝑎𝑡 + 𝑥𝑡2   

 

1.4   Homptopy Perturbation Method for Solving Non-linear 

differential Equation    

 The proposed homptopy perturbation method solves effectively, easily 

and accurately a large class of linear, nonlinear, partial, deterministic or 

stochastic differential equations with approximate solutions which converge 

very rapidly to accurate solutions.  
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Example (1.6) 

 𝑢𝑡  +
1

2
(𝑢2)𝑥= u(1 –𝑢) + g(x, t)  0 ≤ x ≤ 1 , t 0 

Case (1): 

With g(x, t) = 0        then        𝑢𝑡  + 
1

2
(𝑢2)𝑥  = u(1 –𝑢) 

We start with an initial approximation     𝑢0(x, t) =  𝑒−𝑥  

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝑡  + p[
1

2
(𝑢2)𝑥–u +𝑢2]= 0 

Then, substituting the initial condition, we have  

𝑢𝑡–(𝑒−𝑥)𝑡+p[
1

2
(𝑢2)𝑥–u +𝑢2] = 0 

Then we have: 

𝑢𝑡+ p[
1

2
(𝑢2)𝑥–u +𝑢2] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  

+ 𝑝[ 
1

2
 [  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 2]𝑥  

–  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯  

+  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 2] = 0 

If  

u(x, 0) = 𝑒−𝑥  

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  𝑒−𝑥  

Then: 

𝑢0(x, 0) =𝑒−𝑥 ,𝑢1(𝑥, 0) = 0      , 𝑢2(𝑥, 0) = 0    and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0 
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𝑢0= C(x),        𝑢0(x, 0) = 𝑒−𝑥  

𝑒−𝑥= C(x)C(x)= 𝑒−𝑥  

𝑢0 = 𝑒−𝑥  

To find 𝑢1 :  

𝑝1:  𝑢1 𝑡   + 
1

2
[ (𝑢0)2]𝑥– 𝑢0 + (𝑢0)2 = 0 

 𝑢1 𝑡   + 
1

2
[ (𝑒−𝑥)2]𝑥  – 𝑒−𝑥  + (𝑒−𝑥)2 = 0 

 𝑢1 𝑡   + 
1

2
[ 𝑒−2𝑥]𝑥  – 𝑒−𝑥  +𝑒−2𝑥  = 0 

 𝑢1 𝑡   + 
1

2
 [–2𝑒−2𝑥] – 𝑒−𝑥+𝑒−2𝑥  = 0 

 𝑢1 𝑡–𝑒
−2𝑥  –  𝑒−𝑥 +  𝑒−2𝑥  = 0  

 𝑢1 𝑡  = 𝑒−𝑥  

𝑢1=𝑡 𝑒−𝑥+ C(x),        𝑢1(x, 0) = 0 

 0= 0 +C(x)C(x)= 0 

𝑢1 = 𝑡 𝑒−𝑥  

To find 𝑢2 :  

𝑝2:  𝑢2 𝑡   + 
1

2
[ 2𝑢0𝑢1]𝑥– 𝑢1 + 2𝑢0𝑢1) = 0 

 𝑢2 𝑡   + 
1

2
[ 2(𝑒−𝑥)(𝑡 𝑒−𝑥) ]𝑥  – 𝑡 𝑒−𝑥  + 2(𝑒−𝑥)(𝑡𝑒−𝑥)= 0 

 𝑢2 𝑡   + 
1

2
 [2𝑡𝑒−2𝑥]𝑥  – 𝑡𝑒−𝑥  +2 𝑡𝑒−2𝑥  = 0 

 𝑢2 𝑡   + 
1

2
 [– 4𝑡𝑒−2𝑥] – 𝑡𝑒−𝑥+2𝑡𝑒−2𝑥  = 0 

 𝑢2 𝑡– 2 𝑡𝑒−2𝑥  –  𝑡𝑒−𝑥 +  2𝑡𝑒−2𝑥  = 0  

 𝑢2 𝑡  = 𝑡𝑒−𝑥  

𝑢2=
𝑡2

2
𝑒−𝑥+ C(x),        𝑢2(x, 0) = 0 

 0 = 0 + C(x)C(x)= 0 
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𝑢2 = 
𝑡2

2!
 𝑒−𝑥  

To find 𝑢3 :  

𝑝3:  𝑢3 𝑡   + 
1

2
[ 2𝑢0𝑢1 + (𝑢1)2  ]𝑥– 𝑢2 + [2𝑢0𝑢2 + (𝑢1)2] = 0 

 𝑢3 𝑡   + 
1

2
[ 2(𝑒−𝑥)  

𝑡2

2
 𝑒−𝑥 + (𝑡𝑒−𝑥)2]𝑥  – 

𝑡2

2
 𝑒−𝑥  

+[2(𝑒−𝑥)  
𝑡2

2
 𝑒−𝑥 + (𝑡𝑒−𝑥)2] = 0 

 𝑢3 𝑡   + 
1

2
[𝑡2𝑒−2𝑥  + 𝑡2𝑒−2𝑥  ]𝑥  – 

𝑡2

2
 𝑒−𝑥  + [𝑡2𝑒−2𝑥  + 𝑡2𝑒−2𝑥] = 0  

 𝑢3 𝑡   + 
1

2
[2𝑡2𝑒−2𝑥 ]𝑥–

𝑡2

2
 𝑒−𝑥  + [2𝑡2𝑒−2𝑥] = 0 

 𝑢3 𝑡   + 
1

2
[−4𝑡2𝑒−2𝑥] –

𝑡2

2
 𝑒−𝑥  + 2𝑡2𝑒−2𝑥  = 0 

 𝑢3 𝑡 −  2𝑡2𝑒−2𝑥–
𝑡2

2
 𝑒−𝑥  + 2𝑡2𝑒−2𝑥  = 0 

 𝑢3 𝑡  = 
𝑡2

2
 𝑒−𝑥  

𝑢3=
𝑡3

6
𝑒−𝑥+ C(x),        𝑢3(x, 0) = 0 

0 = 0 +C(x)C(x)= 0 

𝑢3 = 
𝑡3

3!
 𝑒−𝑥  

The exact solution: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

          = 𝑒−𝑥  + 𝑡 𝑒−𝑥  + 
𝑡2

2!
 𝑒−𝑥  + 

𝑡3

3!
 𝑒−𝑥  + … 

=𝑒−𝑥( 1 + 𝑡 + 
𝑡2

2!
 + 

𝑡3

3!
 + …) 

The required solution is: 

u(x, t) = 𝑒−𝑥  (𝑒𝑡) = 𝑒𝑡−𝑥  
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Case (2): 

With g(x, t) = – 𝑒𝑡−𝑥         then        𝑢𝑡  + 
1

2
[  𝑢1

2 ]𝑥=  u –𝑢2– 𝑒𝑡−𝑥  

with the initial approximation u(x, 0) =  1 – 𝑒−𝑥  

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝑡  + p[
1

2
[( 𝑢1

2)]𝑥–u +𝑢2+𝑒𝑡−𝑥 ] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡–(1 − 𝑒−𝑥)𝑡  + p[
1

2
[( 𝑢1

2)]𝑥–u +𝑢2+𝑒𝑡−𝑥 ] = 0 

Then we have 

𝑢𝑡+  p[
1

2
[( 𝑢1

2)]𝑥–u +𝑢2+𝑒𝑡−𝑥] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  

+ 𝑝[ 
1

2
 [  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 2]𝑥  

–  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯  

+  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 2 + 𝑒𝑡−𝑥] = 0 

If  

u(x, 0) = 1 − 𝑒−𝑥  

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =1 − 𝑒−𝑥  

Then: 

𝑢0(x, 0) =1 − 𝑒−𝑥 ,𝑢1(𝑥, 0) = 0      , 𝑢2(𝑥, 0) = 0    and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0 

𝑢0= C(x),        𝑢0(x, 0) = 1 − 𝑒−𝑥  

1 − 𝑒−𝑥= C(x)C(x)= 1 − 𝑒−𝑥  
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𝑢0 = 1 − 𝑒−𝑥  

To find 𝑢1 :  

𝑝1:  𝑢1 𝑡   + 
1

2
[ (𝑢0)2]𝑥– 𝑢0 + (𝑢0)2+ 𝑒𝑡−𝑥= 0 

 𝑢1 𝑡   + 
1

2
[ (1 − 𝑒−𝑥)2]𝑥  – (1 − 𝑒−𝑥) + (1 − 𝑒−𝑥)2+ 𝑒𝑡−𝑥= 0 

 𝑢1 𝑡   + 
1

2
 [ 1 − 2𝑒−𝑥 + 𝑒−2𝑥  ]𝑥  – (1 − 𝑒−𝑥) +(1 − 2𝑒−𝑥 + 𝑒−2𝑥]   

+ 𝑒𝑡−𝑥= 0 

 𝑢1 𝑡   + 
1

2
 [2𝑒−𝑥 − 2𝑒−2𝑥] – 1 − 𝑒−𝑥 +(1 − 2𝑒−𝑥 + 𝑒−2𝑥  ) 

+ 𝑒𝑡−𝑥= 0 

 𝑢1 𝑡+𝑒
−𝑥  –  𝑒−2𝑥 − 1 +  𝑒−𝑥+1–  2𝑒−𝑥  +𝑒−2𝑥+ 𝑒𝑡−𝑥= 0  

 𝑢1 𝑡+2𝑒−𝑥–  2𝑒−𝑥+ 𝑒𝑡−𝑥  = 0 

 𝑢1 𝑡  = – 𝑒𝑡−𝑥  

𝑢1=– 𝑒𝑡−𝑥+ C(x),        𝑢1(x, 0) = 0 

         0 =– 𝑒−𝑥  +C(x)C(x)=𝑒−𝑥  

𝑢1 = – 𝑒𝑡−𝑥 + 𝑒−𝑥  

To find 𝑢2 :  

𝑝2:  𝑢2 𝑡   + 
1

2
[ (𝑢0𝑢1)𝑥– 𝑢1 + (2𝑢0𝑢1) = 0 

 𝑢2 𝑡   + 
1

2
 [ 2(1 − 𝑒−𝑥)(–  𝑒𝑡−𝑥  +  𝑒−𝑥)]𝑥  

– (–  𝑒𝑡−𝑥  –  𝑒−𝑥) +[2(1 − 𝑒−𝑥)(–  𝑒𝑡−𝑥  +  𝑒−𝑥)= 0 

 𝑢2 𝑡   + 
1

2
 [ −2𝑒𝑡−𝑥 + 2𝑒−𝑥+ 2𝑒𝑡−2𝑥 − 2𝑒−2𝑥  ]𝑥  

 – (–  𝑒𝑡−𝑥  –  𝑒−𝑥) +(−2𝑒𝑡−𝑥 + 2𝑒−𝑥+ 2𝑒𝑡−2𝑥 − 2𝑒−2𝑥  )] = 0 

 𝑢2 𝑡   + 
1

2
[2𝑒𝑡−𝑥 − 2𝑒−𝑥− 4𝑒𝑡−2𝑥 + 4𝑒−2𝑥]  

–  –  𝑒𝑡−𝑥  –  𝑒−𝑥 +(−2𝑒𝑡−𝑥 + 2𝑒−𝑥+ 2𝑒𝑡−2𝑥 − 2𝑒−2𝑥   )]= 0 
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 𝑢2 𝑡  + 𝑒𝑡−𝑥  –  𝑒−𝑥 −  2𝑒𝑡−2𝑥  +2𝑒−2𝑥  +𝑒𝑡−𝑥+ 𝑒−𝑥 − 2𝑒𝑡−𝑥  

               + 2𝑒−𝑥  + 2𝑒𝑡−2𝑥 −  2𝑒−2𝑥  = 0  

 𝑢2 𝑡  = 0 

𝑢2=C(x) ,        𝑢2(x, 0) = 0 

         0 =C(x)C(x)=0 

𝑢2 = 0andthen   𝑢3 = 0   , 𝑢4 = 0 

Then,The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

          = 1 − 𝑒−𝑥 − 𝑒𝑡−𝑥  + 𝑒−𝑥  + 0 + … 

=𝑒−𝑥( 1 + 𝑡 + 
𝑡2

2!
 + 

𝑡3

3!
 + …) 

The required solution is: 

u(x, t) = 1 − 𝑒𝑡−𝑥  
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Chapter (2) 

Homomtopy perturbation method for solving advection equations  

2.1 Introduction 

 Nonlinear phenomena have important effects on applied mathematics, 

physics and issues related to engineering: many such physical phenomena are 

modeled in terms of nonlinear partial differential equations. For  example, the 

advection problems which are of the form. 

𝑢𝑡(x ,t) +𝑢𝑢𝑥 = ℎ 𝑥 , 𝑡 ,  u(x , 0) = g(x) 

 First we consider a general nonlinear non-homogeneous partial 

differential equation with initial conditions of the form. 

Du(x, t) + Ru(x ,t) + Nu(x, t) =  g(x, t) 

u(x, 0) = ℎ 𝑥 , 𝑢𝑡(x , 0) = f(x) 

 

2.2 Application: 

 In order to illustrate the solution procedure of the homotopy perturbation 

method, we first consider the nonlinear advection equations. 

 

Example (2.1) 

 Consider the following homogeneous advection problem [20, 21]: 

𝑢𝑡+  𝑢𝑢𝑥 =0 

u(x, 0) =  – x 

solution:  

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝑡+ p[u 𝑢𝑥 ] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡–(–  𝑥)𝑡  + p[u 𝑢𝑥 ] = 0 

Then we have : 
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𝑢𝑡+  p[u 𝑢𝑡] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡+ p[ (𝑢0  + 𝑢1  + 𝑢2  +…) (𝑢0  +  𝑢1  +

 𝑢2  + ⋯ )𝑥 ] = 0 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  +p[𝑢0𝑢0𝑥  + 𝑢0𝑢1𝑥  + 𝑢1𝑢0𝑥  + 

 

𝑢0𝑢2𝑥  + 𝑢1𝑢1𝑥  + 𝑢2𝑢0𝑥  + …] 

 

If  

u(x, 0) = – x 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  – x 

Then: 

𝑢0(x, 0)=  –x,𝑢1(x, 0) = 0      , 𝑢2(x, 0) = 0       

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0  

𝑢0 = C(x),𝑢0(x, 0) = – x 

– x = C(x)C(x)= 0 

𝑢0 = – x 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 + 𝑢0𝑢0𝑥= 0 

(𝑢1)𝑡 +  –  𝑥 (–  𝑥)𝒙= 0 

(𝑢1)𝑡 +  –  𝑥 (−1) = 0 

(𝑢1)𝑡 + x= 0 

(𝑢1)𝑡= –x 

𝑢1 = – xt + C(x),𝑢1(x, 0) = 0 

𝑝0 𝑝1 

𝑝2 
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0  = 0 + C(x)C(x)= 0 

𝑢1 = – xt 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡 +  𝑢0𝑢1𝑥 + 𝑢1𝑢0𝑥  = 0 

(𝑢2)𝑡 +  –  𝑥 (–  𝑥𝑡)𝒙  + –  𝑥𝑡 (–  𝑥)𝒙 = 0 

(𝑢2)𝑡   +   –  𝑥  – 𝑡 +  –  𝑥𝑡  –  1  = 0 

(𝑢2)𝑡+xt + xt  = 0 

(𝑢2)𝑡= – 2xt  

𝑢2 = – x𝑡2 + C(x),𝑢2(x, 0) = 0 

0  = 0 + C(x)C(x)= 0 

𝑢2 = – x𝑡2 

In a similar, we have:  

𝑢3 = – x𝑡3 

𝑢4 = – x𝑡4 

Then: 

The solution u(x, t) is given by: 

u(x, t) = 𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

=  –x – xt – x𝑡2– x𝑡3 – … 

u(x, t)=– x (1 + t +𝑡2+𝑡3 + …) = 
−𝑥

(1−𝑡)
 

The required solution is: 

u(x, t) = 
𝑥

𝑡−1 
 

 

Example (2.2) 

 We now consider the nonhomogeneous advection problem [20, 21]: 

𝑢𝑡  +  𝑢𝑢𝑥 = 2t + x + 𝑡3 + x𝑡2 
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u(x, 0) = 0 

solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝒕+ p[u 𝑢𝑥– 2t – x – 𝑡3 – x𝑡2] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡–(0)𝒕+ p[u 𝑢𝑥– 2t – x – 𝑡3 – x𝑡2] = 0 

Then we have: 

𝑢𝑡  + p[u 𝑢𝑥– 2t – x – 𝑡3 – x𝑡2] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

𝑢𝑡+ p[ (𝑢0 + 𝑢1 + 𝑢2 +…) (𝑢0  +  𝑢1  +  𝑢2  + ⋯ )𝑥  

– 2t – x – 𝑡3 – x𝑡2  ]  =  0 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  +p[𝑢0𝑢0𝑥  + 𝑢0𝑢1𝑥  + 𝑢1𝑢0𝑥  + 

 

𝑢0𝑢2𝑥  + 𝑢1𝑢1𝑥  + 𝑢2𝑢0𝑥  + …– 2t – x – 𝑡3 – x𝑡2] = 0 

 

If : 

u(x, 0) = 0 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  0 

Then: 

𝑢0(x, 0)=  0,𝑢1(x, 0) = 0      , 𝑢2(x, 0) = 0        and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0  

𝑢0 = C(x),𝑢0(x, 0) = 0 

0 = C(x)C(x)= 0 

𝑢0 = 0 

𝑝0 𝑝1 

𝑝2 
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To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 + 𝑢0𝑢0𝑥  – 2t – x – 𝑡3 – x𝑡2= 0 

(𝑢1)𝑡 + (0)(0)𝒙– 2t – x – 𝑡3 – x𝑡2= 0 

(𝑢1)𝑡   = 2t+x+𝑡3+x𝑡2 

𝑢1 = 𝑡2+ xt + 
𝑡4

4
 + x

𝑡3

3
 + C(x),𝑢1(x, 0) = 0 

0  = 0 + 0 + 0 +0 +C   C(x)= 0 

𝑢1 = 𝑡2+ xt + 
𝑡4

4
  + x 

𝑡3

3
 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡 + 𝑢0𝑢1𝑥 + 𝑢1𝑢0𝑥= 0 

(𝑢2)𝑡 + (0)𝑢1𝑥+ 𝑢1(0)𝑥= 0 

𝑢2=  C(x),𝑢2(x, 0) = 0 

0  =C(x)C(x)= 0 

𝑢2 = 0 

To find 𝑢3 :  

𝑝3: (𝑢3)𝑡 + 𝑢0𝑢2𝑥 + 𝑢1𝑢1𝑥  + 𝑢2𝑢0𝑥= 0 

(𝑢3)𝑡+(0)𝑢2𝑥 + ( 𝑡2+ xt + 
𝑡4

4
  + x 

𝑡3

3
) [(𝑡2 +  𝑥𝑡 +  

𝑡4

4
  +  𝑥 

𝑡3

3
)𝑥  

      + 0(0)𝑥  =  0 

(𝑢3)𝑡 + ( 𝑡2+ xt + 
𝑡4

4
  + x 

𝑡3

3
) [ t+

𝑡3

3
 ] = 0 

(𝑢3)𝑡  + 𝑡3+ x𝑡2 + 
𝑡5

4
  + x 

𝑡4

3
 +  

𝑡5

3
 +x 

𝑡4

3
+   

𝑡7

12
+x 

𝑡6

9
= 0 

𝑢3 + x 
𝑡3

3
 +  

𝑡4

4
 +

2

15
 x𝑡5 +

7

72
𝑡6 +x 

𝑡7

63
+  

𝑡8

96
= C(x),𝑢3(x, 0) = 0 

      0 + 0 + 0 + …+ 0 = C(x)C(x)= 0 

𝑢3=  – (x 
𝑡3

3
 +  

𝑡4

4
 +

2

15
 x𝑡5 +

7

72
𝑡6 +x 

𝑡7

63
+  

𝑡8

96
 ) 



34 

Then, The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

=  0 +  𝑡2+ xt + 
𝑡4

4
  + x 

𝑡3

3
+ 0 – x 

𝑡3

3
−

𝑡4

4
−

2

15
 x𝑡5 + … 

The required solution is: 

u(x, t) =  𝑡2+ xt 

 

Example (2.3) 

 Consider a nonlinear partial differential equation [22] 

𝑢𝑡  + u𝑢𝑥 =  𝑥 +  𝑥𝑡2 

With initial conditionu(x, 0) = 0  

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝒕+ p[u 𝑢𝑥–x– x𝑡2] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡– (0)𝑡  + p[u 𝑢𝑥– x –x𝑡2] = 0 

Then we have: 

𝑢𝑡  + p[u 𝑢𝑥– x –x𝑡2] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  + p[(𝑢0  + 𝑢1 + 𝑢2 + …) (𝑢0  +  𝑢1  +

 𝑢2  +  … )𝑥– x –x𝑡2] = 0 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  +p[𝑢0𝑢0𝑥  + 𝑢0𝑢1𝑥  + 𝑢1𝑢0𝑥  + 

 

𝑢0𝑢2𝑥  + 𝑢1𝑢1𝑥  + 𝑢2𝑢0𝑥  + …– x –x𝑡2] = 0 

 

If : 

𝑝0 𝑝1 

𝑝2 



35 

u(x, 0) = 0 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  0 

Then: 

𝑢0(x, 0)=  0,𝑢1(x, 0) = 0      , 𝑢2(x, 0) = 0        and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0  

𝑢0 = C(x),𝑢0(x, 0) = 0 

0 = C(x)C(x)= 0 

𝑢0 = 0 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 + 𝑢0𝑢0𝑥  –x –x𝑡2= 0 

(𝑢1)𝑡 + (0)(0)𝒙–x– x𝑡2= 0 

(𝑢1)𝑡= x+x𝑡2 

𝑢1 = xt  +x
𝑡3

3
 + C(x),𝑢1(x, 0) = 0 

0  = 0 + 0 + C(x)C(x)= 0 

𝑢1 = xt  +x 
𝑡3

3
 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡 + 𝑢0𝑢1𝑥 + 𝑢1𝑢0𝑥= 0 

(𝑢2)𝑡 + (0)𝑢1𝑥+ 𝑢1(0)𝑥= 0 

(𝑢2)𝑡= 0 

𝑢2=  C(x),𝑢2(x, 0) = 0 

0  =C(x)C(x)= 0 

𝑢2 = 0 

To find 𝑢3 :  
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𝑝3: (𝑢3)𝑡 + 𝑢0𝑢2𝑥 + 𝑢1𝑢1𝑥  + 𝑢2𝑢0𝑥= 0 

(𝑢3)𝑡+(0)𝑢2𝑥 + ( xt + x 
𝑡3

3
) (𝑥𝑡 + 𝑥 

𝑡3

3
)𝑥+ 𝑢2(0)𝑥= 0 

(𝑢3)𝑡 + (xt +x 
𝑡3

3
) (t +

𝑡3

3
) +  = 0 

(𝑢3)𝑡  + x𝑡2+ x 
𝑡4

3
 +  x 

𝑡4

3
+  x 

𝑡6

9
= 0 

(𝑢3)𝑡  + x𝑡2+ 
2

3
x𝑡4 +  x 

𝑡6

9
= 0 

𝑢3 + x 
𝑡3

3
 +  

2

15
 x𝑡5 + x 

𝑡7

63
= C(x) ,     𝑢3(x, 0) = 0 

      0 + 0 + 0 + 0 = C(x)C(x)= 0 

𝑢3=  – x 
𝑡3

3
–

2

15
 x𝑡5  – x 

𝑡7

63
 

Then,The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

=  0+ xt + x 
𝑡3

3
+ 0 – x 

𝑡3

3
−  … 

The solution is: 

u(x, t) =  xt 

Example (2.4) 

 Consider another nonlinear partial differential equation [22] 

𝑢𝑥𝑥 – 𝑢𝑥𝑢𝑦𝑦 = –  𝑥 +  𝑢           

With initial condition 

u(0,y) = sin 𝑦     ,     𝑢𝑥 (x, 0) = 1 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑥𝑥 –(𝑢0)𝒙𝒙 = p[ 𝑢𝑥𝑢𝑦𝑦 –x + u] 

Then, substituting the initial condition, we have  
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𝑢𝑥𝑥 – sin 𝑦 𝑥𝑥  =p[ 𝑢𝑥𝑢𝑦𝑦 –x + u] 

Then we have: 

𝑢𝑥𝑥  =p[ 𝑢𝑥𝑢𝑦𝑦 –x + u] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥  = 

p[(𝑢0  +  𝑢1  +  𝑢2  +  … )𝑥 (𝑢0  +  𝑢1  +  𝑢2  +  … )𝑦𝑦 – x 

    + (𝑢0 + 𝑢1 + 𝑢2 + …)]  

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥=  p[(𝑢0)𝑥(𝑢0)𝑦𝑦  

 

+ (𝑢0)𝑥(𝑢1)𝑦𝑦 +(𝑢1)𝑥(𝑢0)𝑦𝑦   + …  – x + 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2+…)] 

 

If: 

u(0,y) = sin 𝑦 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  sin 𝑦 

 

Then: 

𝑢0=  sin 𝑦    ,  𝑢1= 0      , 𝑢2= 0        and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑥𝑥= 0  

 𝑢0 𝑥  = C1(x), 𝑢0 𝑥(x, 0) = 1 

1 = C1(x)C1(x)=1 

 𝑢0 𝑥= 1 

𝑢0 = x + C2(x),𝑢0(0,y) = sin 𝑦 

sin 𝑦 = 0 + C2(x) C2(x) =sin 𝑦 

𝑢0 = x + sin 𝑦 

𝑝0 

𝑝1 
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To find 𝑢1 :  

𝑝1: (𝑢1)𝑥𝑥 =   𝑢0 𝑥 𝑢0 𝑦𝑦 –x + 𝑢0 

(𝑢1)𝑥𝑥 = (𝑥 +  sin 𝑦)𝑥(𝑥 +  sin 𝑦)𝑦𝑦  – x+(x + sin 𝑦) 

(𝑢1)𝑥𝑥 =(1 + 0)(0– sin 𝑦)– x+x + sin 𝑦 

(𝑢1)𝑥𝑥   = – sin 𝑦– x+x + sin 𝑦 = 0 

 𝑢1 𝑥= C1(x) ,  𝑢1 𝑥 (x, 0) = 0 

 0 = C1(x)   C1(x)  = 0  

 𝑢1 𝑥   = 0 

𝑢1= C2(x) ,𝑢1(0,y) = 0 

0    = C2(x) C2(x)  = 0 

𝑢1 = 0 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑥𝑥 =  𝑢0 𝑥 𝑢1 𝑦𝑦  +  𝑢1 𝑥 𝑢0 𝑦𝑦 + 𝑢1 

(𝑢2)𝑥𝑥 =  𝑢0 𝑥(0)𝑢𝑦𝑦 +  (0)𝑥 𝑢0 𝑦𝑦 + 0 

 𝑢2 𝑥𝑥= 0 

 𝑢2 𝑥=  C1(x) , 𝑢2 𝑥(x, 0) = 0 

0  = C1(x)   C1(x)  = 0 

 𝑢2 𝑥   = 0 

𝑢2=  C2(x) ,𝑢2(0, y) = 0 

0  =C2(x) C2(x) = 0 

𝑢2 = 0          , 𝑢3 = 0   , 𝑢4 = 0 

Then, The exact solution is: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

=  x + sin 𝑦 + 0 + 0 +… 
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The required solution is: 

u(x, t) =  x + sin 𝑦 

 

Example (2.5) 

 Consider the following homogeneous nonlinear PDE(Burger 

equation) [19]: 

 𝑢𝑡 −u (𝑢𝑥)  − 𝑢𝑥𝑥  = 0 

With the following conditions: 

u(x, 0) = 1 − 𝑥   ,    u(0, x) = 
1

1+𝑡
 ,  u(1, t) = 0 

solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u, p) = L (u) – L(𝑢𝑜 ) + pL (𝑢𝑜 ) + P [N(u) – f(r)] = 0 

 [ 𝑢𝑡  – (𝑢𝑜)𝑡] + p[(𝑢𝑜)𝑡]+p[– 𝑢 (𝑢𝑥)– 𝑢𝑥𝑥  ] = 0 

Then, substituting the initial condition, we have  

 [ 𝑢𝑡  – (1 − 𝑥 )𝑡  ] + p[(1 − 𝑥)𝑡  ] + p[– 𝑢 (𝑢𝑥)– 𝑢𝑥𝑥  ] = 0 

Then we have: 

𝑢𝑡  – 0 + p[0] + p[– 𝑢 (𝑢𝑥)–  𝑢𝑥𝑥  ] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡  + p[–(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) –  𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥 ] = 0 

If : 

u(x , 0)=1 – x 

(𝑝0𝑢0 + 𝑝1𝑢1 + 𝑝2𝑢2+ …)(x ,0) = 1 – x 

Then: 

𝑢1(x , 0)=0 
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𝑢2(x , 0)=0 and so on 

To find 𝑢0 :  

𝑝0: (𝑢𝑜)𝑡  = 0 

𝑢0 = C(x),u(x, 0) = 1 – x 

    1 – x= C(x) ,C(x) =1 – x 

𝑢0 =1 – x 

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 − 𝑢0(𝑢0)𝑥 − (𝑢0)𝑥𝑥   = 0 

(𝑢1)𝑡 − (1 – x)(1 − 𝑥)𝑥 − (1 − 𝑥)𝑥𝑥   = 0 

(𝑢1)𝑡 −(1 − 𝑥)( – 1) – (0) = 0 

(𝑢1)𝑡 +(1 − 𝑥) = 0   

𝑢1+(1 − 𝑥)t= C,𝑢1(x , 0)=0 

        0 +(1 − 𝑥)0 = C(x) C(x)  = 0 

𝑢1 =−(1 − 𝑥)𝑡 

𝑢2 = 1 − 𝑥 𝑡2,   𝑢3 =− 1 − 𝑥 𝑡3 

Then, The exact solution is: 

u(x, t) = 𝑢0 + 𝑢1 + 𝑢2 + … 

          = (1 – x )𝑡0 − (1 − 𝑥)𝑡1 + 1 − 𝑥 𝑡2 −  1 − 𝑥 𝑡3 

          = (1 – x )[ 1 – 𝑡  + 𝑡2 − 𝑡3 +…] 

The required solution is: 

u(x, t)  = (1 – x )(1 + 𝑡)−1=
(1−𝑥)

(1+𝑡)
 

Example (2.6) 

 Consider the following homogeneous nonlinear PDE [19]: 

𝑢𝑡 −u− 𝑢(𝑢𝑥𝑥 )  − 𝑢𝑥
2 = 0 

With the following conditions: 
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u(x, 0) =   𝑥,    u(0, t) = 0    ,  u(1, t) =𝑒𝑡  

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u, p) = L (u) – L(𝑢𝑜 ) + pL (𝑢𝑜 ) + p[N(u) – f(r)] = 0 

[ 𝑢𝑡  – (𝑢𝑜)𝑡] =p[(𝑢𝑜)𝑡] +  p[ 𝑢 + 𝑢 (𝑢𝑥𝑥 )  + (𝑢𝑥)2]  

Then, substituting the initial condition, we have  

[ 𝑢𝑡  – ( 𝑥 )𝑡  ] =p[( 𝑥)𝑡  ] + p[𝑢 + 𝑢(𝑢𝑥𝑥 )  + 𝑢𝑥
2]  

Then we have: 

𝑢𝑡= p[𝑢 + 𝑢(𝑢𝑥𝑥 )  + 𝑢𝑥
2] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡+p[(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 

 + (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑥𝑥  

 + [(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )𝑥
2
]= 0 

If: 

u(x, 0) =   𝑥 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =   𝑥 

Then: 

𝑢0(x, 0)=   𝑥 

𝑢1(x, 0)=  0 

𝑢2(x, 0)=  0      and so on 

To find 𝑢0 :  

𝑝0: (𝑢𝑜)𝑡  = 0 

𝑢0 = C(x),𝑢0(x, 0) =   𝑥 

 𝑥= C(x),C(x) = 𝑥 

𝑢0 = 𝑥 
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To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 = 𝑢0 + 𝑢0(𝑢0)𝑥𝑥  + [(𝑢0)𝑥 ]2 

(𝑢1)𝑡 =  𝑥 +   𝑥( 𝑥)𝑥𝑥 + [( 𝑥)𝑥 ]2 

(𝑢1)𝑡 =  𝑥  +  𝑥( –
1

4
𝑥 

−3

2 ) + 
1

4
𝑥−1 

(𝑢1)𝑡=   𝑥   – 
1

4
𝑥−1   +  

1

4
𝑥−1 

(𝑢1)𝑡=   𝑥   

𝑢1=( 𝑥  )t+C(x)   ,𝑢1(x, 0) = 0 

0 = 0 + C(x) =C(x) = 0 

𝑢1 = 𝑥  𝑡 

To find 𝑢2 :  

𝑝2: (𝑢2)𝑡 = 𝑢1 + 𝑢0(𝑢1)𝑥𝑥  +𝑢1(𝑢0)𝑥𝑥  +2(𝑢0)𝑥(𝑢1)𝑥  

(𝑢2)𝑡 =  𝑥  𝑡 +   𝑥  [ 𝑥  𝑡]𝑥𝑥 +  𝑥  𝑡[ 𝑥  ]𝑥𝑥+2( 𝑥  )𝑥( 𝑥   t)𝑥  

(𝑢2)𝑡 =  𝑥  𝑡  +  𝑥  ( –
1

4
𝑥 

−3

2 t) + 𝑥  𝑡( –
1

4
𝑥 

−3

2 t) +2 (
1

2
𝑥

−1

2 )( 
1

2
𝑥

−1

2 𝑡 ) 

(𝑢2)𝑡=   𝑥  𝑡 – 
1

4
𝑥−1𝑡– 

1

4
𝑥−1𝑡+  

1

2
𝑥−1𝑡 

(𝑢2)𝑡=  𝑥  𝑡– 
1

2
𝑥−1𝑡 +  

1

2
𝑥−1𝑡 

(𝑢2)𝑡=  𝑥  𝑡 

𝑢2=
 𝑥   𝑡2

2
+C(x)    ,𝑢2(x, 0) = 0 

  0 = 0 + C(x)C(x) = 0 

𝑢2 =
 𝑥   𝑡2

2!
 

The exact solution: 

u(x, t) = 𝑢0 + 𝑢1 + 𝑢2 +𝑢3 + … 

u(x, t) = 𝑥  +   𝑥  𝑡 +
 𝑥   𝑡2

2!
 + 

 𝑥   𝑡3

3!
 + … 
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           =  𝑥( 1 + t + 
𝑡2

2!
 + 

𝑡3

3!
 + …) 

The required solution is: 

u(x, t) = 𝑥𝑒𝑡  

 

2.3 Homotopy Perturbation Method for System of advection 

Problems 

 To illustrate this method for system of advection equations, we 

take the following example.  

 

Example (2.7) 

 We consider system of coupled nonlinear partial differentials [18] 

𝑢𝑡+𝑣𝑢𝑥  +  𝑢 = 1        𝑡  0 

𝑣𝑡–𝑢𝑣𝑥  –  𝑣 = 1 

With initial condition 

u(x,0) = 𝑒𝑥     , v(x,0) = 𝑒−𝑥  

Solution: 

𝑢𝑡+𝑣𝑢𝑥 +  𝑢 = 1 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢𝑡–(𝑢0)𝒕 + p[ 𝑣𝑢𝑥+ u – 1] = 0 

Then, substituting the initial condition, we have  

𝑢𝑡–(𝑒𝑥)𝒕 + p[ 𝑣𝑢𝑥+ u – 1] = 0 

Then we have: 

𝑢𝑡+ p[ 𝑣𝑢𝑥+ u – 1] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 



44 

 𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ 𝑡 +p[ (𝑣0  + 𝑣1  + 𝑣2  + …)( 𝑢0  +  𝑢1  +

 𝑢2  +  … )𝑥  + (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  +…) – 1] = 0 

If : 

u(x, 0) = 𝑒𝑥  

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x, 0) =  𝑒𝑥  

Then: 

𝑢0(x, 0) =𝑒𝑥 ,𝑢1(𝑥, 0) = 0      , 𝑢2(𝑥, 0) = 0        and so on 

To find 𝑢0 :  

𝑝0:  𝑢0 𝑡= 0 

𝑢0 = C(x),𝑢0(x, 0) = 𝑒𝑥  

𝑒𝑥  = C(x)C(x) =𝑒𝑥  

𝑢0 = 𝑒𝑥  

By homotopy technique we construct a homotopy which is solutions 

H(v , p) = 𝑣𝑡–(𝑣0)𝒕 = p[ 𝑢𝑣𝑥+ v + 1] = 0 

Then we substitute the initial condition we have 

𝑣𝑡–(𝑒−𝑥)𝒕 = p[ 𝑢𝑣𝑥+ v + 1] = 0 

Then we have: 

𝑣𝑡= p[ 𝑢𝑣𝑥+ v + 1] = 0 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 𝑝0𝑣0  +  𝑝1𝑣1  +  𝑝2𝑣 + ⋯ 𝑡 +p[ (𝑢0  + 𝑢1  + 𝑢2  + …)( 𝑣0  +  𝑣1  +

 𝑣2  +  … )𝑥  + (𝑣0  +  𝑣1  +  𝑣2  +  …) + 1] = 0 

If : 

v(x, 0) = 𝑒−𝑥  

(𝑝0𝑣0  +  𝑝1𝑣1  +  𝑝2𝑣2  + ⋯)(x, 0) =  𝑒−𝑥  

Then: 
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𝑣0(x, 0) =𝑒−𝑥 ,𝑣1(𝑥, 0) = 0      , 𝑣2(𝑥, 0) = 0        and so on 

To find 𝑣0 :  

𝑝0:  𝑣0 𝑡= 0 

𝑣0 = C(x),𝑣0(x, 0) = 𝑒−𝑥  

𝑒−𝑥  = C(x)C(x) =𝑒−𝑥  

𝑣0 = 𝑒−𝑥  

To find 𝑢1 :  

𝑝1: (𝑢1)𝑡 +  𝑣0 𝑢0 𝑥  + 𝑢0–1 = 0  

(𝑢1)𝑡 +  𝑒−𝑥(𝑒𝑥)𝑥   +(𝑒𝑥 ) – 1 = 0  

 𝑢1 𝑡   + 𝑒−𝑥  (𝑒𝑥 )+(𝑒𝑥 ) – 1 = 0  

 𝑢1 𝑡+ 1+𝑒𝑥  – 1 = 0 

 𝑢1 𝑡   =  – 𝑒𝑥  

𝑢1= –𝑡𝑒𝑥 + C(x) , 𝑢1(x, 0) = 0 

 0 = 0 + C(x)C(x) = 0  

𝑢1 = – 𝑡𝑒𝑥  

To find 𝑣1 :  

𝑝1: (𝑣1)𝑡 =  𝑢0 𝑣0 𝑥  + 𝑣0+1 

(𝑣1)𝑡 =  𝑒𝑥(𝑒−𝑥)𝑥   +(𝑒−𝑥 )+1 

 𝑣1 𝑡= 𝑒𝑥  (−𝑒−𝑥)+(𝑒−𝑥 )+1 

 𝑣1 𝑡=  –1+𝑒−𝑥+1 

 𝑣1 𝑡   = 𝑒−𝑥  

𝑣1= 𝑡𝑒−𝑥 + C(x) , 𝑣1(x, 0) = 0 

 0 = 0 + C(x)C(x) = 0  

𝑣1  = 𝑡𝑒−𝑥  

To find 𝑢2 :  
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𝑝2: (𝑢2)𝑡 +  𝑣0 𝑢1 𝑥 +  𝑣1 𝑢0 𝑥+ 𝑢1 = 0  

(𝑢2)𝑡 +  𝑒−𝑥(–  𝑡𝑒𝑥)𝑥   +𝑡𝑒−𝑥(𝑒𝑥)𝑥+ (–  𝑡𝑒𝑥 ) = 0  

 𝑢2 𝑡   + 𝑒−𝑥  (–  𝑡𝑒𝑥 )+𝑡𝑒−𝑥(𝑒𝑥 )–  𝑡𝑒𝑥= 0  

 𝑢2 𝑡–  𝑡𝑒0+ 𝑡𝑒0–  𝑡𝑒𝑥   = 0 

 𝑢2 𝑡   = 𝑡𝑒𝑥  

𝑢2= 
𝑡2

2!
𝑒𝑥 +C(x) , 𝑢2(x, 0) = 0 

 0 = 0 + C(x)C(x)= 0  

𝑢2 = 
𝑡2

2!
𝑒𝑥  

To find 𝑣2 :  

𝑝2: (𝑣2)𝑡 =  𝑢0 𝑣1 𝑥 +  𝑢1 𝑣0 𝑥+ 𝑣1 

(𝑣2)𝑡 =  𝑒𝑥(𝑡𝑒−𝑥)𝑥– 𝑡𝑒
𝑥 (𝑒−𝑥 )+ 𝑡𝑒−𝑥  

 𝑣2 𝑡= 𝑒𝑥  (–  𝑡𝑒−𝑥)– 𝑡𝑒𝑥  (– 𝑒−𝑥) + 𝑡𝑒−𝑥  

 𝑣2 𝑡 =   – 𝑡𝑒0  + 𝑡𝑒0 +  𝑡𝑒−𝑥  

 𝑢2 𝑡   = 𝑡𝑒−𝑥  

𝑢2=  
𝑡2

2!
𝑒−𝑥 +C(x) , 𝑢2(x, 0) = 0 

 0 = 0 + C(x)C(x)= 0  

𝑣2 =  
𝑡2

2!
𝑒−𝑥  

 

The solution is a series form is given by: 

u(x, t) =  𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + … 

          =𝑒𝑥  – 𝑡𝑒𝑥  + 
𝑡2

2!
𝑒𝑥  + 

𝑡3

3!
𝑒𝑥  

           = 𝑒𝑥  [1 – 𝑡 + 
𝑡2

2!
–
𝑡3

3!
  + …] 

The required solution is: 
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u(x, t) =  𝑒𝑥 .𝑒−𝑡   =𝑒𝑥−𝑡  

The solution is a series form, given by: 

v(x, t) =  𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 + … 

 = 𝑒−𝑥  + 𝑡𝑒−𝑥  + 
𝑡2

2!
𝑒−𝑥  + … 

 =  𝑒−𝑥[ 1 + 𝑡 + 
𝑡2

2!
  + 

𝑡3

3!
  + …] 

The required solution is: 

v(x, t) =  𝑒−𝑥 . 𝑒𝑡 =  𝑒𝑡−𝑥  
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Chapter (3) 

Homotopy PerturbationMethod for solving integral equations  

3.1 Introduction 

 Various kinds of analytical methods and numerical methods [1, 2] were 

used to solve integral equations. In this chapter, we apply homotopy 

perturbation method to solve integral equations. To illustrate the basic idea of 

the method, we consider the following general nonlinear system: 

L[ u(t) ] + N [ u(t) ] =  g(t)   

Where L is a linear operator, N is a nonlinear operator and g(t) is a given 

continuous function. The basic character of the method is to construct a 

correction functional for the system, which reads 

𝑢𝑛+1 (𝑡)  = 𝑢𝑛  (𝑡)  +  𝜆
𝑡

0
 (s) [ L 𝑢𝑛  (𝑠) + N𝑢𝑛   𝑠 −g(s) ]ds 

Where 𝜆  is a language multiplier which can be identified optimally via 

variational theory, 𝑢𝑛  is the n-th approximate solution, and 𝑢𝑛  denotes a 

restricted variation, i.e. 𝛿𝑢𝑛 = 0  

 

3.2 HomotopyPerturbation Method integral equations of the second kind 

First, we consider the Volterra integral equations of the second kind, which 

read: 

u(x) = f(x) +   𝑘 𝑥, 𝑡 𝑢 𝑡 𝑑𝑡
𝑥

𝑎
 

where𝑘 𝑥, 𝑡 is the kernel of the integral equation. 

 

Example (3.1) 

𝑢(𝑥)=  x +  (𝑡 − 𝑥)
𝑥

0
𝑢 𝑡 𝑑𝑡 

with an initial condition  

𝑢0(0) = x 
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Solution: 

u(x) = f (x) +   𝑘 𝑥, 𝑡 𝑢 𝑡 𝑑𝑡
𝑥

0
 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢 𝑥 – 𝑢0 𝑥  = p[ x  +  (𝑡 − 𝑥)
𝑥

0
𝑢 𝑡 𝑑𝑡] 

Then, substituting the initial condition, we have  

𝑢 𝑥 –x= p[ x  +  (𝑡 − 𝑥)
𝑥

0
𝑢 𝑡 𝑑𝑡] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x)– x =  

p[ x +   (𝑡 − 𝑥)
𝑥

0
(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )(𝑡) 𝑑𝑡 ] 

To find 𝑢0 :  

𝑝0: 𝑢0 𝑥 − 𝑥 = 0 

𝑢0 𝑥 = 𝑥 

To find 𝑢1 :  

𝑝1: 𝑢1 𝑥 = 𝑥 +    (𝑡 − 𝑥)
𝑥

0
𝑢0 𝑡 𝑑𝑡 

                   = 𝑥 +    𝑡 − 𝑥 
𝑥

0
 𝑡 𝑑𝑡 

= 𝑥 +    𝑡2 − 𝑥𝑡 
𝑥

0
𝑑𝑡 

𝑢1 𝑥 = 𝑥 +  
𝑡3

3
− 𝑥

𝑡2

2
    = 𝑥 +

𝑥3

3
−

𝑥3

2
 = 𝑥 −

1

6
𝑥3 

𝑢1 𝑥 = 𝑥 −
1

3!
𝑥3 

To find 𝑢2 :  

𝑝2: 𝑢2 𝑥 = 𝑥 +    (𝑡 − 𝑥)
𝑥

0
𝑢1 𝑡 𝑑𝑡 

                   = 𝑥 +    𝑡 − 𝑥 
𝑥

0
 𝑡 −

1

6
𝑡3 𝑑𝑡 

= 𝑥 +    𝑡2 −
1

6
𝑡4 − 𝑥𝑡 +

1

6
𝑥𝑡3 

𝑥

0
𝑑𝑡 

𝑥 

0 
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𝑢2 𝑥 = 𝑥 +  
𝑡3

3
−

1

30
𝑡5 − 𝑥

𝑡2

2
+

1

24
𝑥𝑡4 

𝑢2 𝑥 = 𝑥 +  
𝑥3

3
−

1

30
𝑥5 −

𝑥2

2
+

1

24
𝑥5 

𝑢2 𝑥 = 𝑥 −
1

6
𝑥3 +

1

120
𝑥5 

𝑢2 𝑥 = 𝑥 −
1

3!
𝑥3 +

1

5!
𝑥5 

 

The solution 𝑢(𝑥) in a series:  

𝑢 𝑥 =  
(−1)𝑛

 2𝑛 + 1 !

∞

𝑛=0

𝑥2𝑛+1 

Which is the exact solution 

 

Example (3.2) 

𝑢(𝑥)= cos x + 
1

2
 sin 𝑥 𝑢 𝑡 𝑑𝑡
𝜋

2 

0
 

We can assume an initial approximation   

𝑢0(x) = cos x 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢 𝑥 – 𝑢0 𝑥  = p[cosx  + 
1

2
 sin 𝑥 𝑢 𝑡 𝑑𝑡
𝜋

2 

0
] 

Then, substituting the initial condition, we have  

𝑢 𝑥 – cos x= p[cosx  + 
1

2
 sin 𝑥 𝑢 𝑡 𝑑𝑡
𝜋

2 

0
] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) –cos x =  

p[ cos x + 
1

2
 sin 𝑥
𝜋

2 

0
(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )(𝑡) 𝑑𝑡 ] 

𝑥 

0 
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To find 𝑢0 :  

𝑝0: 𝑢0 𝑥 − cos 𝑥 = 0 

𝑢0 𝑥 = cos 𝑥 

To find 𝑢1 :  

𝑝1: 𝑢1 𝑥 = cos 𝑥 + 
1

2
 sin 𝑥 𝑢0 𝑡 𝑑𝑡
𝜋

2 

0
 

                   =cos𝑥 +  
1

2
 sin 𝑥  cos 𝑡 𝑑𝑡
𝜋

2 

0
 

 

𝑢1 𝑥 = cos𝑥 +
1

2
sin 𝑥  (sin 𝑡) 

 

𝑢1 𝑥 = cos𝑥 +
1

2
   sin 𝑥 sin 

𝜋

2
 

𝑢1 𝑥 =cos 𝑥 +
1

2
 sin 𝑥 

𝑢1 𝑥 =cos 𝑥 +
21−1

21  sin 𝑥 

To find 𝑢2 :  

𝑝2: 𝑢2 𝑥 = cos 𝑥 + 
1

2
 sin 𝑥 𝑢1 𝑡 𝑑𝑡
𝜋

2 

0
 

= cos𝑥 +  
1

2
 sin 𝑥  cos 𝑡 +

1

2
 sin 𝑡 𝑑𝑡

𝜋
2 

0
 

 

𝑢2 𝑥 = cos𝑥 +
1

2
sin x(sin t−  

1

2
 cos t) 

 

𝑢2 𝑥 = cos𝑥 +
1

2
  sin 𝑥[(1 – 0) – (0 – 

1

2
)] 

𝑢2 𝑥 =cos 𝑥 +  
1

2

3

2
 sin 𝑥 

𝑢2 𝑥 =cos 𝑥 +
3

4
 sin 𝑥 

𝑢2 𝑥 =cos 𝑥 +
22−1

22  sin 𝑥 

To find 𝑢3 :  

𝜋
2  

0 

𝜋
2  

0 
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𝑝3: 𝑢3 𝑥 = cos 𝑥 + 
1

2
 sin 𝑥 𝑢2 𝑡 𝑑𝑡
𝜋

2 

0
 

= cos𝑥 +  
1

2
 sin 𝑥  cos 𝑡 +

3

4
 sin 𝑡 𝑑𝑡

𝜋
2 

0
 

 

𝑢3 𝑥 = cos𝑥 +
1

2
   sin x(sin t−  

3

4
 cos t) 

 

𝑢3 𝑥 = cos𝑥 +
1

2
  sin 𝑥 [(1 – 0) – (0 – 

3

4
 )] 

𝑢3 𝑥 =cos 𝑥 +  
1

2

7

4
 sin 𝑥 

𝑢2 𝑥 =cos 𝑥 +
7

8
 sin 𝑥 

𝑢3 𝑥 =cos 𝑥 +
23−1

23  sin 𝑥 

 

Then, The exact solution is : 

𝑢 𝑥 = cos x +lim  ( 
2𝑛−1

2𝑛  ) sin x = cos x + sin x 

 

 

Example (3.3) 

𝑢 𝑥 =x +  (𝑥
1

0
𝑡2 + 𝑥2𝑡) u(t) dt            

With𝑢0(x) = x 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢 𝑥 – 𝑢0 𝑥  = p[x  + (𝑥
1

0
𝑡2 + 𝑥2𝑡) u(t) dt] 

Then, substituting the initial condition, we have  

𝑢 𝑥 – x = p[x  + (𝑥
1

0
𝑡2 + 𝑥2𝑡) u(t) dt] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 𝑥 – x =  

𝜋
2  

0 

n 
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p[x +  (𝑥
1

0
𝑡2 + 𝑥2𝑡)(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )(𝑡) 𝑑𝑡 ] 

To find 𝑢0 :  

𝑝0: 𝑢0 𝑥 −  𝑥 = 0 

𝑢0 𝑥 = 𝑥 

To find 𝑢1 :  

𝑝1: 𝑢1 𝑥 =  𝑥 +  (𝑥
1

0
𝑡2 + 𝑥2𝑡) 𝑢0(t) dt            

= 𝑥 +   (𝑥
1

0
𝑡2 + 𝑥2𝑡)(t) dt 

𝑢1 𝑥 = 𝑥 +    𝑥
1

0
𝑡3 + 𝑥2𝑡2dt 

𝑢1 𝑥 = 𝑥 +  𝑥
𝑡4

4
 + 𝑥2 𝑡

3

3
 

 

𝑢1 𝑥 =  𝑥 +
𝑥

4
 + 

𝑥2

3
 

𝑢1 𝑥 =
5

4
 𝑥 + 

1

3
 𝑥2  

To find 𝑢2 :  

𝑝2: 𝑢2 𝑥 =  𝑥 +  (𝑥
1

0
𝑡2 + 𝑥2𝑡) 𝑢1(t) dt            

= 𝑥 +   (𝑥
1

0
𝑡2 + 𝑥2𝑡)(

5

4
 𝑡 + 

1

3
 𝑡2 ) dt 

𝑢2 𝑥 = 𝑥 +   
5

4
 𝑥

1

0
𝑡3 +

1

3
𝑥𝑡4 +

5

4
𝑥2  𝑡2 +

1

3
𝑥2  𝑡3 dt 

𝑢2 𝑥 = 𝑥 +   
5

16
𝑥𝑡4+

1

15
𝑥 𝑡5 +

5

12
𝑥2  𝑡3 +

1

12
𝑥2  𝑡4 

 

𝑢2 𝑥 =  𝑥 +
5

16
𝑥+ 

1

15
𝑥 +

5

12
𝑥2 +

1

12
𝑥2 

𝑢2 𝑥 =
331

240
 𝑥 + 

1

2
 𝑥2  

To find 𝑢3 :  

𝑝3: 𝑢3 𝑥 =  𝑥 +  (𝑥
1

0
𝑡2 + 𝑥2𝑡) 𝑢2(t) dt            

0 

1 

0 

1 
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= 𝑥 +   (𝑥
1

0
𝑡2 + 𝑥2𝑡)(

331

240
 𝑡 + 

1

2
 𝑡2 ) dt 

𝑢3 𝑥 = 𝑥 +   
331

240
 𝑥

1

0
𝑡3 +

1

2
𝑥𝑡4 +

331

240
𝑥2  𝑡2 +

1

2
𝑥2  𝑡3 dt 

𝑢3 𝑥 = 𝑥 +   
331

960
𝑥𝑡4+  

1

10
𝑥 𝑡5 +

331

720
𝑥2  𝑡3 +

1

8
𝑥2  𝑡4 

 

𝑢3 𝑥 =  𝑥 +
331

960
𝑥 + 

1

10
𝑥 +

331

720
𝑥2 +

1

8
𝑥2 

𝑢3 𝑥 =
1387

960
 𝑥 + 

421

720
 𝑥2  

The required solution is: 

𝑢 𝑥 =
20

119
  (9x + 4 𝑥2) 

 

Example (3.4) 

𝑢 𝑥 =x + 𝜆  𝑥𝑡
1

0
𝑢2(t) dt           0 ≤ λ ≤ 1 

We begin with 𝑢0(x) = x 

Solution: 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢 𝑥 – 𝑢0 𝑥  = p[x  +𝜆  𝑥𝑡
1

0
𝑢2(t) dt] 

Then, substituting the initial condition, we have  

𝑢 𝑥 – x = p[x  +𝜆  𝑥𝑡
1

0
𝑢2(t) dt] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯) 𝑥 – x =  

p[x + 𝜆   𝑥
1

0
𝑡(𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯ )2(t) dt] 

To find 𝑢0 :  

𝑝0: 𝑢0 𝑥 −  𝑥 = 0 

𝑢0 𝑥 = 𝑥 

0 

1 
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To find 𝑢1 :  

𝑝1: 𝑢1 𝑥 =  𝑥 + 𝜆  𝑥𝑡
1

0
𝑢0

2(t)dt            

                   = 𝑥 +  𝜆   𝑥𝑡
1

0
(𝑡2)dt       

= 𝑥 +  𝜆   𝑥 𝑡3 1

0
dt       

𝑢1 𝑥 = 𝑥 +  𝜆 𝑥
𝑡4

4
 

𝑢1 𝑥 = 𝑥 +  𝜆 [ 
1

4
𝑥 − 0] 

𝑢1 𝑥 = 𝑥 +  
1

4
𝜆 𝑥 

𝑢1 𝑥 = (1 +
1

4
𝜆) 𝑥 

To find 𝑢2 :  

𝑝2: 𝑢2 𝑥 =  𝑥 + 𝜆  𝑥𝑡
1

0
𝑢1

2(t)dt            

                   = 𝑥 +  𝜆   𝑥𝑡
1

0
(𝑡 +

1

4
𝜆𝑡)2  𝑑𝑡  

= 𝑥 +  𝜆   𝑥𝑡
1

0
 ( 𝑡2 +

1

2
𝜆 𝑡2 +

1

16
𝜆2  𝑡2 )dt       

𝑢2 𝑥 = 𝑥 + 𝜆  
1

0
( 𝑥𝑡3 +

1

2
𝜆 𝑥𝑡3 +

1

16
𝜆2  𝑥𝑡3 )dt       

𝑢2 𝑥 = 𝑥 +  𝜆𝑥
𝑡4

4
 + 

1

8
𝜆 𝑥𝑡4  + 

1

64
𝜆2  𝑥𝑡4  

𝑢2 𝑥 = 𝑥 + 𝜆 
1

4
𝑥  + 

1

8
 𝜆𝑥 + 

1

64
𝜆2𝑥 

𝑢2 𝑥 = (1 +
1

4
𝜆 +

1

8
𝜆2  +

1

64
𝜆3) 𝑥 

The exact solution is: 

𝑢 𝑥 =
2

𝜆
 ( 1 –  1 − 𝜆 ) 𝑥 

 

 

0 

1 

0 

1 
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Example (3.5) 

𝑢= 1 + 𝑥𝑒−𝑥  –  𝑒𝑥−𝑡𝑥

0
𝑢 𝑡 𝑑𝑡 

Where  

𝑢(0) = 0  ,  𝑢(0) = 1 

Solution: 

Suppose the initial approximation in the form: 

𝑢0 (x) = a + b 𝑒𝑥  

𝑢1 (x) =𝑢0 (x) −   𝑒𝑥−𝑡𝑥

0
𝑢0 𝑡 𝑑𝑡 

𝑢1 (x) = a + b 𝑒𝑥  −   𝑒𝑥−𝑡𝑥
0 (a + b 𝑒𝑥 ) 𝑑𝑡 

          = a + b 𝑒𝑥  −   (𝑎𝑒𝑥−𝑡𝑥
0 + b 𝑒𝑥 ) 𝑑𝑡 

𝑢1 (x) = a + b 𝑒𝑥 −  − 𝑎𝑒𝑥−𝑡 + bt 𝑒𝑥  
 

𝑢1 (x) = a + b 𝑒𝑥 − [ − 𝑎𝑒0 + bx 𝑒𝑥 − (− 𝑎𝑒𝑥+ 0)] 

          = a + b 𝑒𝑥  + a − bx 𝑒𝑥 −  𝑎𝑒𝑥 

𝑢1 (x) = 2a + (b – a)𝑒𝑥 − bx 𝑒𝑥  

𝑢1 (0) = 2a +(b – a)𝑒0 − 0 

   0       = 2a + b – a 

a + b = 0  --------------------------------------- (1)   

𝑢1
 𝑥 =(b – a)𝑒𝑥–b [𝑥𝑒𝑥  + 𝑒𝑥 ] 

𝑢1
 0 =(b – a)𝑒0–b [0 + 𝑒0] 

𝑢1
 0 = b – a – b 

 1  = – a    , a = – 1 

From (1): 

a + b = 0  ----------------------- (1) 

–1 + b = 0        , b = 0 

𝑥𝑒𝑥 

0 
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𝑢0 (x) =a + b𝑒𝑥  

Then  

𝑢0 (x) =–1  + 𝑒𝑥  

𝑢 𝑥 = 1 + 𝑥𝑒𝑥 −   𝑒𝑥−𝑡𝑥
0

𝑢 𝑡 𝑑𝑡 

By homotopy technique we construct a homotopy which is solutions 

H(u , p) = 𝑢 𝑥 – 𝑢0 𝑥 =p[1 + 𝑥𝑒𝑥  −   𝑒𝑥−𝑡𝑥

0
𝑢 𝑡 𝑑𝑡] 

Then, substituting the initial condition, we have  

𝑢 𝑥 – (𝑒𝑥  –  1) 𝑥 =p[1 + 𝑥𝑒𝑥  −   𝑒𝑥−𝑡𝑥

0
𝑢 𝑡 𝑑] 

Then we have: 

𝑢 𝑥 – 𝑒𝑥=p[1 + 𝑥𝑒𝑥  −   𝑒𝑥−𝑡𝑥
0

𝑢 𝑡 𝑑] 

Substituting      𝑢 = (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)      we have 

 (𝑝0𝑢0  +  𝑝1𝑢1  +  𝑝2𝑢2  + ⋯)(x)– 𝑒𝑥  =  

p[1 + 𝑥𝑒𝑥  −   𝑒𝑥−𝑡𝑥

0
𝑢 𝑡 𝑑𝑡] 

To find 𝑢0 :  

𝑝0: 𝑢0
 𝑥 − 𝑒𝑥= 0 

𝑢0
 𝑥 = 𝑒𝑥  

𝑢0
 𝑥 = 𝑒𝑥  + C1(x),𝑢0

 0  = 1  

           1     = 1 + C1(x)C1(x)= 0 

𝑢0
 𝑥 = 𝑒𝑥  

𝑢0 𝑥 = 𝑒𝑥 + C2(x),𝑢0 𝑥 = 0 

   0     = 1 + C2(x)C2(x)=  – 1  

𝑢0 = 𝑒𝑥 − 1 

To find 𝑢1 :  
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𝑝1: 𝑢1
 𝑥 = 1 +  𝑥𝑒𝑥 −   𝑒𝑥−𝑡𝑥

0
𝑢0 𝑡 𝑑𝑡 

                   = 1 +  𝑥𝑒𝑥 −   (𝑒
𝑥−𝑡𝑥

0
 𝑒𝑡 −  1 𝑑𝑡 

= 1 + 𝑥𝑒𝑥 −   (𝑒
𝑥𝑥

0
−  𝑒𝑥−𝑡 ) 𝑑𝑡 

𝑢1
 𝑥 = 1 +  𝑥𝑒𝑥 − 𝑡𝑒𝑥 +  𝑒𝑥−𝑡  

𝑢1
 𝑥 = 1 +  𝑥𝑒𝑥– [(𝑥𝑒𝑥  +𝑒0) –(0 +𝑒𝑥 )] 

𝑢1
 𝑥 = 1 +  𝑥𝑒𝑥–𝑥𝑒𝑥 −  1 +𝑒𝑥  

𝑢1
 𝑥 = 𝑒𝑥 

𝑢1
 𝑥 = 𝑒𝑥 + C1(x),𝑢1

 0  = 1  

    1     = 1 + C1(x)C1(x)= 0 

𝑢1
 𝑥 = 𝑒𝑥  

𝑢1 𝑥 = 𝑒𝑥+ C2(x),𝑢1 0  = 0 

    0     = 1 + C2(x)C2(x)= – 1  

𝑢1 𝑥 = 𝑒𝑥 −  1 

 

The exact solution: 

u(x) = 𝑒𝑥 −  1 

 

 

 

 

 

 

 

 

𝑥 

0 
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Conclusion: 

 In this thesis, we have applied the homotopy perturbation 

method (HPM) to find the analytic solution for some linear and 

nonlinear differential equations, advection equations and some 

integral equations. The proposed method is applied without using 

linearization, discretization or restrictive assumptions. It may be 

concluded that the (HPM) is very powerful and efficient in finding 

the analytic solution for a wide class of boundary value problems. 

The method gives more realistic series solutions that converge very 

rapidly in the problems that studied in this thesis.    
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