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Chapter One 
 

(1-1) History of Quantum Mechanics 
 
In 1900 Max Planck introduced the concept of quantum energy.  
 
He argued that the energy exchange between an electromagnetic  
 
wave of certain frequency and matter occurs only in integer  
 
multiples of a quantities which is proportional to the frequency,  
 
this energy is called quanta [1,2]. 
 
In 1905 Einstein provided a powerful consolidation to Blanck's  
 
quantum concept. In trying to understand the photoelectric  
 
effect, he posited that the light is made of discrete bits of energy  
 
called photons [3,4].  
 
After discovering atomic nucleus by Rutherford's experimental  
 
in 1911, and combining Rutherford's atomic model, Blanck's  
 
quantum concept, and Einstein's photons, Bohr introduced in  
 
1913 his model of the hydrogen atom. Compton made an  
 
important discovery in 1923 that gave the most conclusive  
 
confirmation for the corpuscular aspect of light. By scattering  
 
X-rays with electrons, he confirmed that the X- ray photons  
 
behave like. De Broglie introduced in 1923 another powerful  
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new concept that classical physics could not reconcile: he  
 
postulate that not only does radiation exhibit particle like  
 
behavior but, conversely, material particles themselves display  
 
wave-like behavior. This concept was confirmed experimentally  
 
in 1927 by Davisson and Germer; they showed that interference  
 
patterns, a property of waves, can be obtained with material  
 
particles such as electrons [5,6,7].   
 
Heisenberg present first formulation called matrix mechanics to  
 
develop atomic structure in 1925, the second formulation, called  
 
wave mechanics, was due to Schrödinger 1926. In 1927 Max  
 
Born proposed his probabilistic interpretation of wave  
 
mechanics: he took the square moduli of wave functions that are  
 
solutions of Schrödinger equation and he interpreted them as  
 
probability density [8,9,10,11]. 
 
Combining special relativity with quantum mechanics, Dirac  
 
derived in 1928 an equation which describes the motion of  
 
electrons [5,12,13]. 
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(1-2) Research Problem 
 
The research problem is related to the fact that the effect of  
 
vacuum on atomic electrons is not widely studied. The behavior  
 
of bulk matter on atomic electrons does not studied within the  
 
frame work of fluid mechanics by treating bulk matter as a  
 
viscous fluid. 
 
(1-3) Literature Review  
 
Different attempts were made to account for the effect of  
 
vacuum or bulk matter on free or atomic electrons. They either  
 
adds a potential term or friction term or vacuum term to  
 
quantum equations [14,15,16,17]. 
 
In some of these attempts Maxwell's equations having damping  
 
term was used to derive the quantum mechanics. The damping  
 
term in the quantum equations recognize the effect of the  
 
medium on the particle behavior [18,19]. 
 
Other attempt relies on the ordinary expression for harmonic  
 
oscillator subjected to friction. The friction energy is added to  
 
the ordinary energy expression. Then by treating a particles as a  
 
wave packet the new modified Schrödinger equation is derived  
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 [20,21,22,23].      
 
(1-4) The Aim of Work 
 
The aim of the present study is to modify energy of some  
 
quantum particles in Hydrogen atom, rigid body, free particle  
 
and harmonic oscillator using Stock's force to drive an  
 
expression for energy lost by the particles due to viscosity. This  
 
expression of energy is used to derive quantum equation that  
 
accounts for the effect of viscosity.  
            
(1-5) Thesis Content 
 
In this thesis, the introduction is in chapter one. Chapter two  
 
contain basic theory of quantum mechanics like De Broglie  
 
relation, uncertainty principle, wave packet, operator and  
 
Schrödinger equation, it also contain application of quantum  
 
theory like Hydrogen atom, rigid rotator body, free particle and  
 
harmonic oscillator. The details of modified Schrödinger  
 
equation which accounts for energy loses due to viscous media,  
 
are in chapter three. Chapter four contains discussion,  
 
conclusion and suggestions for further works. 
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Chapter Two 
 

Quantum Mechanical Laws and Applications 
 
(2-1) Introduction 
 
The behavior of atomic and subatomic particles can be  
 
described by the laws of quantum mechanics. This means  
 
derivation of Schrödinger equation simple applications for  
 
physical systems were needed. All these will be done in this  
 
chapter. 
 
(2-2) The De Broglie Relation 
 
At the beginning of the 20௧௛ century, experimentation revealed  
 
that electromagnetic radiation has particle-like properties (as an  
 
example, photoelectric and Compton’s effect), and as a result, it  
 
was theorized that all particles must also have wavelike  
 
properties (electron diffracted).  
 
De Broglie summarized the universal duality of particles and  
 
waves; he proposed all matter has an associated wave with a  
 
wavelength that is inversely proportional to the momentum, p,  
 
of the particle (verified experimentally by Davison and  
 
Germer) [24] 
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݌ = ௛

ఒ
																																																																																										(2.2.1)  

 
The constant of proportionality, h, is Planck’s constant.  
 
The de Broglie relation fuses the ideas of particle-like properties  
 
(i.e. momentum) with wave-like properties (i.e. wavelength). 
 
The de Broglie relationship also begins to hint at the idea of  
 
quantization in mechanics. If a particle is in an orbit, the only  
 
allowed radii and momenta are those where the waves  
 
associated with the particle will interfere non-destructively as  
 
they wrap around each orbit [25]. 
 
(2-3) The Uncertainty Principle 
 
The formulation of classical mechanics implies that the position  
 
and momentum of a particle are assumed to have well defined  
 
values and can be determined simultaneously with perfect  
 
accuracy. But the wave particle duality compels us to a band on  
 
the idea of simultaneous determination of position and  
 
momentum with perfect accuracy [26]. 
 
In his 1927 paper Heisenberg introduced the concept that  
 
position and momentum could not be measured with unlimited  
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precision. The principle may be stated mathematically as 
 
݌∆ݔ∆ ≥ ħ																																																																																		(2.3.1) 
 
where ∆ݔ and ∆݌ are the uncertainties in the measurements of  
 
position and momentum, respectively. 
 
Similarly if ∆ܧ is the uncertainty in energy and ∆ݐ is uncertainty  
 
in time then 
 

ݐ∆ܧ∆ ≥
ħ
2
																																																																																		(2.3.2) 

 
It is important to understand that the uncertainties, ∆݌∆ ,ݔ or  
 
  are not the result of any flow in our measurement ,ݐ∆	and	ܧ∆
 
technique or apparatus. They are consequences of the wave– 
 
particle duality that, as we have seen above, is inherent in  
 
nature [27]. 
 
These principles indicate that, although it is possible to measure  
 
for example momentum or position of a particle accurately, it is  
 
not possible to measure these two observables simultaneously to  
 
an arbitrary accuracy. If we try to measure the position of  
 
particle with almost accuracy i.e.,	∆ݔ → 0, the corresponding  
 
uncertainty in momentum becomes very large i.e.,	∆݌ → 0 and  
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vice versa [28]. 
 
(2-4) Wave Packet 
 
In classical physics, a particle well localize in space, for its  
 
position and momentum can be calculated simultaneously to  
 
arbitrary precision. As for quantum mechanics, it describes a  
 
material particle by a wave function corresponding to the matter  
 
wave associated with the particle (de Broglie's conjecture).  
 
Wave functions, however, depend on the whole space, hence  
 
they cannot be localized. To localize the wave function around  
 
the region of space within which the particle is confined uses the  
 
wave packet. It is formed by superposition of a large number of  
 
waves of different wave numbers, with phases and amplitudes  
 
so chosen that they interfere constructively over small region of  
 
space and destructively elsewhere. Mathematically, we can  
 
construct the packet by superposing plan waves of different  
 
frequencies by means of Fourier transforms 
 

,ݎ)߰ (ݐ =
1

ߨ2√
න ߮(݇)݁௜(௞௥ିఠ௧)
ஶ

ିஶ
݀݇																																		(2.4.1) 

 
߮(݇) is the amplitude of the wave packet, and the inverse  
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Fourier transform is 
 

߮(݇) =
1

ߨ2√
න ,ݎ)߰ ௜(௞௥ିఠ௧)ି݁(ݐ
ஶ

ିஶ
 (2.4.2)																															ݎ݀

 
This means the particle in quantum mechanics is represented not  
 
by a single de Broglie wave of well-defined frequency and wave  
 
length, but by a wave packet that is obtained by adding a large  
 
number of waves of different frequencies [27]. 
    
(2-5) Wave Function 
 
In quantum mechanics the motion of a particle can be described  
 
by using a wave function	߰(ݎ,   the wave function is a ,(ݐ
 
mathematical complex form to describe the quantum particle  
 
(wave-particle) and it has all information about its motion [29].  
 
But the wave function cannot be measured directly because it is  
 
complex quantity and have no physical meaning, then we cannot  
 
use	߰(ݎ,   to represent the particle directly, easiest way to (ݐ
 
guarantee a real value is to measure its intensity	߰௜∗߰௝ = |߰|ଶor  
 
called probability density, hence |߰(ݎ,   is evidently a ݎଶ݀ଷ|(ݐ
 
probability density (of dimensions probability/ length), which  
 
means a probability of finding particle at position ݎ in volume  
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element ݀ଷݎ of space at time	ݐ and must be integrated to obtain  
 
a finite probability, then the probability density is a physical  
 
meaning of ߰(ݎ,  .[30] (ݐ
 
The wave function is a solution of Schrödinger equation must  
 
satisfy the conditions: (i) they must be single-valued, continuous  
 
and differentiable at every point in space.  
 
(ii) they must be finite for all values of x, y and z, (iii) the wave  
 
functions must be normalized i.e. ∫ |߰|ଶ݀ଷݎ = 1∞

ି∞ , (iv) any two  
 
solutions to the wave equation must be orthogonal  
 
∫߰௜∗߰௝݀ଷݎ = 0. The orthonormality condition requires  
 
∫߰௜∗߰௝݀ଷݎ = ௜௝ߜ 	where ߜ௜௝ is Kronecker or Dirac delta function  
 
and ߜ௜௝ = 1	 if ݅ = ݆ and ߜ௜௝ = 0 if ݅ ≠ ݆ [31]. 
 
(2-6) Operator 
 
An operator is a rule or mathematical operation which  
 
transforms a function to another function. 
 
Every observable or dynamical variable (energy, momentum,  
 
angular momentum and position coordinates) in quantum  
 
mechanics is represented by a linear Hermitian operator [31]. 
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The role of linearity properties of operator is transform a  
 
function to other function and satisfy the linearity condition like  
 
distributive property    
 
߰ܽ)መܣ + ܾΩ) = መ߰ܣܽ +  (2.6.1)																																																	መΩܣܾ
 
In other word, linearity means that an operator has no effect on  
 
constants (numbers), and that its action on states obeys the  
 
distributive property [32]. 
 
The most important of all linear operators in quantum physics is  
 
the Hermitian operator. Because for Hermitian operator the  
 
possible results of a measurement (eigen values) are real.  
 
Quite simply, an operator is Hermitian if it is equal to its  
 
Hermitian conjugate. 
 
That is, ܣመ is Hermitian if [27] 
 

න߰௜∗ ݎመ߰௝݀ଷܣ = නܣመ߰٭௜∗߰௝݀ଷݎ																																											(2.6.2) 

 
(2-7) Schrödinger Equation 
 
We know the information about the state of a particle is  
 
described by a wave function; the equation that describes its  
 
time evolution is called the Schrödinger equation. 
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This equation is a homogenous liner in ψ(x, t), but it is first- 
 
order in the time derivative, which differ from other equations  
 
of motion. 
 
Consider a particle of mass m subject to a potential V (r, t) is  
 
described by the following partial differential equation: 

 
 ݅ħ డట(௥,௧)

డ௧
= − ħమ

ଶ௠
∇ଶ߰(ݎ, (ݐ + ,ݎ)ܸ ,ݎ)߰(ݐ  (2.7.1)																				(ݐ

 
This equation is known as the time-dependent Schrödinger  
 
equation of a particle in three dimensions, but in case of a  
 
potential independent of time	ܸ(ݎ) equation (2.7.1) become 
 

−
ħଶ

2݉
∇ଶ߰(ݎ) + (ݎ)߰(ݎ)ܸ =  (2.7.2)																																		(ݎ)߰ܧ

 
The solution of this equation is stationary solution or stationary  
 
state, because its probability density is independent of time. A  
 
particle whose state is described by wave function [33]  
 
,ݎ)߰ (ݐ =   (2.7.3)																																																															௜ఠ௧ି݁(ݎ)߰
 
The time-dependent Schrödinger equation in polar coordinate is  
 
[34] 
  
ቂ ଵ
௥మ
	 డ
డ௥

ଶݎ) డ
డ௥

) 	+ 	 ଵ
௥మ௦௜௡ఏ

డ
డఏ

ߠ݊݅ݏ) డ
డఏ

) 	+ ଵ
௥మ௦௜௡మఏ

డమ

డɸమ
ቃ߰(ߠ,ݎ,ɸ)	   
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+ଶ୫
ħమ
ܧ)	 − (ɸ,ߠ,ݎ)߰(ܸ = 0																																																		(2.7.4) 

 
Therefore the time independent Schrödinger equation has the  
 
form of an eigen value equation: 
 
(ݎ)෡߰ܪ =  (2.7.5)																																																																							(ݎ)߰ܧ
 
Where the eigen values of operator ܪ෡ are the possible  
 
measurements of energies E and ߰(ݎ)is the eigen functions ofܪ෡. 
 
The expectation value of energy measurements or the average  
 
energy eigen values is 
 

〈෡ܪ〉 = න߰(ݎ)∗ܪ෡߰(ݎ)݀ଷݎ																																																					(2.7.6) 

 
By above integration can get expectation value of any dynamic  
 
variable [35]. 
 
(2-8) Hydrogen Atom                                        

 
Hydrogen atom is a system consisting of electron and proton  
 
moving under their mutual interaction. 
 
The Schrödinger equation for the system is 
 

∇ଶ߰ +
2μ
ħଶ
ܧ)	 − ܸ)߰ = 0																																																							(2.8.1) 

 
The task of finding the solution of Schrödinger equation  
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becomes easier in spherical polar coordinates. The Schrödinger  
 
equation in polar coordinates is 
  	ቂ	 ଵ

௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
	ቃ߰(ߠ,ݎ,ɸ) 

 

+
2μ
ħଶ
ܧ)	 − (ɸ,ߠ,ݎ)߰(ܸ = 0																																																			(2.8.2) 

 
Multiplying Eqn. (2.8.2)  by ݎଶ݊݅ݏଶߠ we obtain 
 

ቈ	݊݅ݏଶߠ	
߲
ݎ߲
൬ݎଶ

߲
ݎ߲
൰ + ߠ݊݅ݏ

߲
ߠ߲

൬ߠ݊݅ݏ
߲
ߠ߲
൰+

߲ଶ

߲ɸଶ	቉ (ɸ,ߠ,ݎ)߰ + 

 
ଶμ௥మ௦௜௡మఏ

ħమ
ܧ)	 − (ɸ,ߠ,ݎ)߰(ܸ = 0																																									(2.8.3)     

 
Assume the wave function ߰(ߠ,ݎ,ɸ) can be written as the  
 
product of functions R(r),Θ(θ),Φ(ɸ) 
 
(ɸ,ߠ,ݎ)߰ =                                             (2.8.4)																																												(ɸ)ߔ,(ߠ)߆,(ݎ)ܴ
 
Substitute equation (2.8.4) in equation (2.8.3)      
 

	ߠଶ݊݅ݏߔ߆
߲
ݎ߲
൬ݎଶ

ܴ݀
ݎ݀
൰+ ߠ݊݅ݏߔܴ

߲
ߠ߲

൬ߠ݊݅ݏ
߆݀
ߠ݀
൰+ ߆ܴ

݀ଶߔ(ɸ)
݀ɸଶ  

 
+ ଶఓ௥మ௦௜௡మఏ

ħమ
ܧ)	 − ߔ߆ܴ(ܸ = 0																																														(2.8.5)    

 
Divided equation (2.8.5) by	ܴ(ݎ)ߔ(ߠ)߆(ɸ) 
 
ߠଶ݊݅ݏ

R
	
߲
ݎ߲
൬ݎଶ

݀R
ݎ݀
൰+

ߠ݊݅ݏ
Θ

߲
ߠ߲

൬ߠ݊݅ݏ
݀Θ
ߠ݀
൰+

1
Φ
݀ଶΦ
݀ɸଶ  

 
+ ଶఓ௥మ௦௜௡మఏ

ħమ
ܧ)	 − ܸ) = 0																																																							(2.8.6)   
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Or 
 
௦௜௡మఏ
ୖ

	 డ
డ௥
ቀݎଶ ௗୖ

ௗ௥
ቁ + ௦௜௡ఏ

஀
డ
డఏ
ቀߠ݊݅ݏ ௗ஀

ௗఏ
ቁ + + ଶఓ௥మ௦௜௡మఏ

ħమ
ܧ)	 − ܸ) =   

                                         

−
1
Φ
݀ଶΦ
݀ɸଶ 																																																																																				(2.8.7) 

 
Left hand side of this equation is function of	ݎ  and ߠ whereas  
 
the right hand side is function of ɸ only. This equality can hold  
 
only if each side is equal to the same constant. Let the  
 
separation constant denoted by ݉௟

ଶ.  
 
Thus, we have 
 
ௗమ஍(ɸ)
ௗɸమ

= −݉௟
ଶΦ(ɸ)																																																																(2.8.8)  

 
 And  
 
௦௜௡మఏ
ୖ(୰)

	 డ
డ௥
ቀݎଶ ௗୖ(୰)

ௗ௥
ቁ+ ௦௜௡ఏ

஀(஘)
డ
డఏ
ቀߠ݊݅ݏ ௗ஀(஘)

ௗఏ
ቁ+ ଶఓ௥మ௦௜௡మఏ

ħమ
ܧ)	 −

ܸ) = ݉௟
ଶ																																																																																				(2.8.9)    

 
Dividing Eqn. (2.8.9) by ݊݅ݏଶߠ and transferring the r- 
 
dependent terms on left hand side and ߠ-dependent terms on the  
 
right hand side of equality sign, we have 
 

1
R(r)

	
߲
ݎ߲ ቆ

ଶݎ
݀R(r)
ݎ݀ ቇ+

ଶݎߤ2

ħଶ
ܧ) − ܸ) 
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=
݉௟
ଶ

ߠଶ݊݅ݏ
−

1
Θ(θ)ߠ݊݅ݏ

߲
ߠ߲ ቆ

ߠ݊݅ݏ
݀Θ(θ)
ߠ݀ ቇ																												(2.8.10) 

 
Again the equality of two functions of independent variables  
 
demands that each side be equal to the same constant. The  
 
equations obtained by equating both sides to a constant were  
 
already solved in classical physics where the separation constant  
 
was chosen of the form ( +1) and the two equations obtained  
 
were 
 
 ଵ
ୖ(୰)

	 ௗ
ௗ௥
ቀݎଶ ௗୖ(୰)

ௗ௥
ቁ+ ଶఓ௥మ

ħమ
ܧ) − ܸ) = ( + 1)																		(2.8.11)              

 
௠೗
మ

௦௜௡మఏ
− ଵ

Θ(θ)௦௜௡ఏ
ௗ
ௗఏ
ቀߠ݊݅ݏ ௗΘ(θ)

ௗఏ
ቁ = ( + 1)																							(2.8.12)     

 
After solved Eqn. (2.8.8), its wave function is   
 
 Φ(ɸ) = ଵ

√ଶగ
݁௜௠೗ɸ																																																																		(2.8.13) 

 
And the wave function of Eqn. (2.8.12) after solved is 
 

Θ(θ) = (−1)௠ඨ
2݈ + 1

2
(݈ − ݉)!
(݈ + ݉)! ௟ܲ

௠(ݔ)																											(2.8.14) 

 
The total angular wave function is obtained as 
 

௟ܻ௠ = (−1)௠ඨ
2݈ + 1

2
(݈ − ݉)!
(݈ + ݉)! ௟ܲ

௠(ݔ).
1

ߨ2√
݁௜௠೗ɸ									(2.8.15) 
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Now we solve radial equation (2.8.11)      
   
ଵ
௥మ
	 ௗ
ௗ௥
ቀݎଶ ௗோ(௥)

ௗ௥
ቁ + ଶఓ

ħమ
൬ܧ − ܸ − ൫ ାଵ൯ħమ

ଶఓ௥మ
൰ܴ(ݎ) = 0								(2.8.16)  

 

Notice that an extra term ൫ ାଵ൯ħమ

ଶఓ௥మ
 appears as addend in potential  

 
energy V(r). It is often called centrifugal potential energy since  
 
its negative gradient is equal to the centrifugal force experienced  
 
by the particle while moving in a circular orbit of radius r. The  
 
kinetic energy associated with the rotational motion is ௅

మ

ଶூ
  

 

= ൫ ାଵ൯ħమ

ଶఓ௥మ
. So this term may be interpreted as the centrifugal  

 
energy of the particle. Also we substitute the electrostatic  
 
potential energy of the system ܸ = ି௓௘మ

ସπεబ௥
  and for bound state,  

 
the energy E is negative so the radial equation becomes 
 
1
ଶݎ
	
݀
ݎ݀ ቆ

ଶݎ
݀R(r)
ݎ݀ ቇ+ ቆ

(ܧ−)ߤ2
ħଶ

+
ଶܼ݁ߤ2

4πε଴ħ
ଶݎ
−

( + 1)
ଶݎ ቇR(r)

= 0																																																																																															(2.8.17) 
 
Equation  (2.8.17) can be written in a convenient form making  
 
use of transformation 
 
ρ = αݎ																																																																																									(2.8.18)  
 
where α is  constant and is so chosen that resulting equation  
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look simpler. When Eqn. (2.8.18)  is substituted in Eqn.  
 
(2.8.17), we get 
 
ଵ
ρమ
	 ௗ
ௗρ
ቀρଶ ௗୖ

ௗρ
ቁ + ൬ିଶఓா

ħమαమ
+ ଶఓ௓௘మ

ସπεబħ
మαρ

− ൫ ାଵ൯
ρమ

൰R(r) = 0						(2.8.19)    
 
Now α is chosen to make the first term in square bracket  
 
equal to 1/4. So 
 

α = ටି଼ఓா
ħమ

																																																																																(2.8.20)                                                                              

 
In the second term in square bracket the coefficient of 1/	ρ is  
 
put equal to ¥ 
 

¥ = ௓௘మ

ସπħεబ
ට

ఓ
ିଶாబ

																																																																								(2.8.21)                                                                    

 
Equation (2.8.19) now becomes 
 
ଵ
஡మ
	 ௗ
ௗ஡
ቀρଶ ௗୖ

ௗ஡
ቁ + ൬¥

஡
−	ଵ

ସ
− ൫ ାଵ൯

஡మ
൰R(r) = 0																							(2.8.22)                       

 
For large ρ, the first term of Eqn. (2.8.22) reduces to ௗ

మୖ
ௗఘమ

  and  
 
Eqn. (2.8.22) becomes 
 
ௗమୖ
ௗఘమ

− ଵ
ସ
ܴ = 0																																																																												(2.8.23)                                                                   

 
The solution of Eqn. (2.8.23) is 
 
(ߩ)ܴ = ݁±ఘ ଶ⁄                                                  
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Positive sign leads to an unacceptable solution. So we choose  
 
the negative sign. 
              
(ߩ)ܴ  = ݁ିఘ ଶ⁄ 																																																																										(2.8.24)                                                                        
 
To determine the nature of solution near origin (for small ρ) we  
 
put 
 
(ߩ)ܴ = ଵ

஡	
F(ρ)																																																																										(2.8.25)                                                                       

 
Where F(ρ) is unknown function. Substituting Eqn. (2.8.25) in  
 
(2.8.22), we have 
 
ௗమ୊(஡)
ௗఘమ

+ ൬¥
஡
−	ଵ

ସ
− ൫ ାଵ൯

஡మ
൰ F(ρ) = 0																																				(2.8.26)                                       

 

For =1 ( ≠ 0) the last term ൫ ାଵ൯
஡మ

 is large near origin (ρ	→ 0),  
 
Eqn. (2.8.26) reduces to 
 
ௗమ୊(஡)
ௗఘమ

− ൫ ାଵ൯
஡మ

F(ρ) = 0																																																								(2.8.27)                                                  
 
Solution of Eqn. (2.8.27) can be obtained in form 
 
F(ρ) =                                                               (2.8.28)																																																															௦ߩ	ݐ݊ܽݐݏ݊݋ܿ
 
Substituting Eqn. (2.8.28) in Eqn. (2.8.27), we have 
 
ݏ)ݏ − 1) − ( + 1) = 0																																																								(2.8.29) 
 
This gives ݏ = −  or ݏ =  +1  
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R(ρ) = 	 ଵ

஡	
F(ρ) = ఘೞ

ఘ
= ௦ିଵߩ = ିߩ ିଵ or ߩ  

 
Near origin ρ → 0, ଵ

ఘ శభ
→ ∞  this is not acceptable.  

 
However near originρ → 0, ρ → 0, this is acceptable. So we  
 
can assume the solution of Eqn. (2.8.22) of the form 
 
R(ρ) = ݁ିఘ ଶ⁄ ߩ. .                                               (2.8.30)																																																										(ߩ)ܮ
 
Where L(ρ) is unknown function to be determined.  
 
Substituting Eqn. (2.8.30)  in Eqn. (2.8.22) , we get 
 
ߩ ௗమ୐(஡)

ௗఘమ
+ [2( + 1) − ρ] ௗ୐(஡)

ௗఘ
+ [¥ − ( + 1)]L(ρ) =

0																																																																																																			(2.8.31) 
 
Let us assume the power series solution of Eqn. (2.8.31)  of  
 
the form 
 
L(ρ) = ܽ଴ + ܽଵߩ + ܽଶߩଶ +⋯ = ∑ ܽ௥ߩ௥ஶ

௥ୀ଴ 																				(2.8.32)  
 
Substituting Eqn. (2.8.32)  in (2.8.31) and equating the  
 
coefficient of ߩ௥equal to zero, we get 
 

ܽ௥ାଵ = ௥ା ାଵି¥
(௥ାଵ)(௥ାଶ ାଶ)

ܽ௥ 																																																										(2.8.33)                               
 
For large value of r 
 
ܽ௥ାଵ
ܽ௥ 	

	≈
1
ݎ
ݎ	ݏܽ			 → ∞	 
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The ratio of successive coefficients of series 
 
݁ఘ = 1 + ߩ + ఘమ

ଶ!
+ ⋯+ ఘೝ

௥!
+ ఘೝశభ

(௥ାଵ)!
+ ⋯                              

 
Is     ௕ೝశభ

௕ೝ
= ଵ

௥ାଵ
≈ ଵ

௥
ݎ	ݏܽ	 → ∞  

 
So for large value of ρ the function L(ρ) behaves like ݁ఘ.  
 
Hence 
 
R(ρ → ∞) = ݁ିఘ ଶ⁄ ߩ. . ݁ఘ → 			݁ఘ ଶ⁄ ߩ. → ∞ 
 
This form of R(ρ) is not acceptable. If infinite series L(ρ)  
 
terminates after finite number of terms i.e., it becomes a   
 
polynomial, then it will be valid solution of Eqn.	(2.8.31) .  
 
From the recursion relation (2.8.33) we see that this  
 
requirement is met if r reaches some integer, say n' (= r), given  
 
by 
 
n' +( +1)- ¥= 0 
 
Or   ¥= n' +( +1) 
 
then ܽ௥ାଵ (= ܽ.௡ᇱ.ାଵ) and all higher coefficients become zero  
 
and L(ρ) becomes a polynomial of degree n'. Since n' is a  
 
non-negative integer, so is ¥. The integer ¥ is denoted by n  
 
and is called principal quantum number 
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݊ = 	¥ = ݊ᇱ + 	( + 1)																																																											(2.8.34) 
 
Since      n' > 0 
 
n –  – 1 > 0 
 

< 	݊	– 	1																																																																																				(2.8.35)                                                                              
 
This puts restriction on the values that  can take on for a  
 
given value of n. Putting the value of ¥ in (2.8.21), we have 
 

ܧ = ିଵ
ଶ
ቂ ଵ
ସ஠கబ

ቃ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
																																																															(2.8.36)                                                      

 
The wave function 
 

ܴ௡௟(ߩ) = −൬
2ܼ
݊ܽ଴

൰
ଷ
ଶൗ
ඨ

(݊ − ݈ − 1)!
2݊[(݊ + ݈)!]ଷ

݁ିఘ ଶ⁄ ߩ 																(2.8.37) 

 
The total wave function is [26] 
 
  

(ɸ,ߠ,ݎ)߰ = −൬
2ܼ
݊ܽ଴

൰
ଷ
ଶൗ
ඨ

(݊ − ݈ − 1)!
2݊[(݊ + ݈)!]ଷ

݁ିఘ ଶ⁄ ߩ 	 ௟ܻ௠		(2.8.38) 
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(2-9) Bohr Model's  
 
In 1913, Bohr proposed an atomic model, which explained with  
 
amazing accuracy the main features of the spectra of hydrogenic  
 
atoms. His model was based on the following postulates: 
 
(i) The electron in hydrogen atom moves in circular orbit around  
 
the nucleus. The dynamics of the electron is governed by the  
 
Newtonian mechanics i.e., the centripetal force required for  
 
circular motion is provided by Coulomb attraction of nucleus on  
 
the electron [36]. 

 
ఓ௩మ

௥
= ௓௘మ

ସπεబ௥మ
																																																																														(2.9.1)        

 
Or 
 

ଶݒߤ =
ܼ݁ଶ

4πε଴ݎ
																																																																												(2.9.2) 

 
(ii) In contrast to classical physics where the radius of electronic  
 
orbit can assume any magnitude, Bohr asserted that only those  
 
orbits are allowed in which the angular momentum of electron is  
 
integral multiple of	ħ 
 

ܮ = ݊ħ =  (2.9.3)																																																																										ݎݒߤ

(iii) Since the revolving electron around the nucleus is not a  
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stable system under the laws of classical electrodynamics. Bohr  
 
assumed that the classical laws do not apply, at least, to the  
 
atomic phenomena. That is, the electron revolving in any one of  
 
the allowed orbits does not radiate. These non-radiating orbits  
 
are called stationary orbits. However, while making transition  
 
from a stationary orbit of higher energy to that of lower energy  
 
it does radiate. The electron may also go over from orbit of  
 
lower energy to that of higher energy by absorbing energy. If ܧ௜  
 
and ܧ௙ are the energies of electron in the initial and final orbit,  
 
the frequency is given by 
 

௜ܧ − ௙ܧ = ℎ݂																																																																													(2.9.4) 

 
Radius of orbit: Eliminating ߥ from Eqns. (2.9.1) and Eqn.  
 
(2.9.4) and solving the resulting equation for ݎ, we have 
 

ݎ =
4πε଴ℎଶ݊ଶ

ଶܼ݁	ߤ
																																																																											(2.9.5) 

 
For hydrogen atom Z = 1, the radius of the first orbit (n = 1),  
 
called Bohr orbit ܽ଴ comes out to be 
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ଵݎ = ܽ଴ = ସπεబ௛మ

ఓ	௘మ
																																																															(2.9.6)  

In terms of Bohr radius ܽ଴, the radius of the nth orbit is given by 

୬ݎ = ܽ଴
݊ଶ

ܼ
																																																																																		(2.9.7) 

From Eqn. (2.9.6) the energy of electron in Bohr level is 

ܧ =
−1
2
൤

1
4πε଴

൨
ଶ ସ݁ߤ

ħଶ
ܼଶ

݊ଶ
= −

13.6
݊ଶ

	ܸ݁																															(2.9.8) 

Equation (2.9.8)can be rearranged as 

ܧ = −൤ቂ ଵ
ସ஠கబ

ቃ
ଶ ఓ௘ర

ସ஠ୡħయ
൨ (2πcħ) ௓

మ

௡మ
= −2πcħܴு

௓మ

௡మ
														(2.9.9)  

Where 

ܴு = ቈ൤
1

4πε଴
൨
ଶ ସ݁ߤ

4πcħଷ቉
																																																											(2.9.10) 

The first orbit (n = 1) of hydrogen atom (Z = 1) has energy equal  

to 

ܧ = −13.6	ܸ݁ 

Frequency of emitted radiation: If the electron makes transition  
 
from an orbit of quantum number ݊௜  to the orbit of quantum  
 
number ݊௜, the frequency ߥ of the emitted radiation is given by  
 
[26] 
௜ܧ − ௙ܧ = 2πcħ	ܼଶܴு ൤

ଵ
௡೑మ

− ଵ
௡೔మ
൨																																							(2.9.11)  
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(2-10) Rigid Rotator Body 
 
Let ݉ଵ and ݉ଶmasses of two particles are rotate about their  
 
center of mass perpendicular to the line joining them, ݎଵ and ݎଶ  
 
be their distances from the center of mass and ݎ their separation.  
 
From the definition of center of mass [37] 
 
݉ଵݎଵ = ݉ଶݎଶ																																																																													(2.10.1) 
 
ଵݎ + ଶݎ =   (2.10.2)																																																																																	ݎ
 
From these equations we can find ݎଵ and ݎଶ in terms of	ݎ. Thus 
 
ଵݎ = ௠మ

௠భା௠మ
ଶݎ  ,  ݎ = ௠భ

௠భା௠మ
   (2.10.3)																																															ݎ

 
The moment of inertia of the rigid rotator about an axis passing  
 
through the center of mass and perpendicular to the line joining  
 
the particles is 
 
ܫ = ݉ଵݎଵଶ +݉ଶݎଶଶ =

݉ଵ݉ଶ

݉ଵ +݉ଶ
ଶݎ =  (2.10.4)																								ଶݎߤ

 
Where ߤ = ௠భ௠మ

௠భା௠మ
 is called reduced mass of the system. 

 
The kinetic energy of particle of mass m moving in space in  
 
Cartesian coordinates is given by 
 

ܶ =
1
2
ଶݒ݉ =

1
2
ଶݔ̇)݉ + ଶݕ̇ +  (2.10.5)																																							ଶ)ݖ̇
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In spherical polar coordinates (ߠ,ݎ,߮) the expression for kinetic  
 
energy is 
 

ܶ =
1
2
݉൫̇ݎଶ + ଶߠଶ̇ݎ +  (2.10.6)																																				൯ߠଶ݊݅ݏଶ߮̇ଶݎ

 
If ݎ is fixed (i.e., the particle is moving on the surface of a  
 
sphere) then ̇ݎ = 0 and the expression for kinetic energy  
 
simplifies to 
 

ܶ =
1
2
ଶߠଶ൫̇ݎ݉ + ߮̇ଶ݊݅ݏଶߠ൯																																																			(2.10.7) 

 
The kinetic energy of rotation of a rigid rotator is equal to the  
 
sum of the kinetic energies of the constituent particles. 
 

ܶ = ଵܶ + ଶܶ = 	
1
2
݉ଵݎଵଶ൫̇ߠଶ + ߮̇ଶ݊݅ݏଶߠ൯+		 

 
1
2
݉ଶݎଶଶ൫̇ߠଶ + ߮̇ଶ݊݅ݏଶߠ൯																																																								(2.10.8) 

 
For a rigid rotator moving in free space, potential energy is zero,  
 
hence the total energy of the rotator is 
 

ܧ = ܶ =
1
2

(	݉ଵݎଵଶ + ݉ଶݎଶଶ)൫̇ߠଶ + ߮̇ଶ݊݅ݏଶߠ൯ 
 

ܧ = ܶ =
1
2
ଶߠ൫̇ܫ + ߮̇ଶ݊݅ݏଶߠ൯																																																(2.10.9) 

 
Where 
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ܫ = ݉ଵݎଵଶ +݉ଶݎଶଶ 
 
Comparison of Eqns. (2.9.10) and (2.9.10) shows that a rigid  
 
rotator behaves like a single particle of mass ܫ moving on the  
 
surface of a sphere of fixed radius, equal to unity. 
 
The Schrödinger equation for a particle, in polar coordinates, is  
 
expressed as 
 
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
	ቃ߰(ߠ,ݎ,ɸ)	   

+ ଶ௠
ħమ
ܧ)	 − (ɸ,ߠ,ݎ)߰(ܸ = 0																																													(2.10.10)	 

 
To write the equation for rigid rotator, put	ݎ = 1, V = 0 and  
 
replace m by ܫ in above equation. Doing so, we obtain 
 

ቈ
1

ߠ݊݅ݏ
߲
ߠ߲

൬ߠ݊݅ݏ
߲
ߠ߲
൰+

1
ߠଶ݊݅ݏ

߲ଶ

߲ɸଶ +
ܧܫ2
ħଶ

	቉ (ɸ,ߠ)߰

= 0																																																																																															(2.10.11) 
 
Equation (2.10.11) can also be obtained as follows. The  
 
Hamiltonian of a rigid rotator, in absence of potential field, is 
 
ܪ = ܶ = ௅మ

ଶூ
																																																																													(2.10.12)                            

 
The corresponding operator is 
 
 
෡ܪ = ௅෠మ

ଶூ
= − ħమ

ଶூ
ቂ ଵ
௦௜௡ఏ

డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௦௜௡మఏ
డమ

డɸమ
ቃ																(2.10.13)  
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The energy eigen value equation for rigid rotator is 
 
෡߰ܪ =  																																																					߰ܧ
 
Or 
 
− ħమ

ଶூ
ቂ ଵ
௦௜௡ఏ

డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௦௜௡మఏ
డమ

డɸమ
ቃ߰ = E߰																				(2.10.14)  

 
This is the same as Eqn. (2.10.11). 
 
We assume the solution of Eqn. (2.10.14) to be of the form 
 
ψ(θ,ɸ) = Θ(θ)Φ(ɸ)																																																											(2.10.15) 
 
Substituting Eqn. (2.10.15) in (2.10.14) , we get 
 

ߠ݊݅ݏ
Θ(θ)

݀
ߠ݀

൬ߠ݊݅ݏ
݀Θ
ߠ݀
൰+ ी݊݅ݏଶߠ +

1
Φ
݀ଶΦ
݀ɸଶ 	= 0																(2.10.16) 

Where 

ी =
ܧܫ2
ħଶ

																																																																																		(2.10.17) 

Transposing the	ɸ dependent terms on the right hand side in  

 

Eqn. (2.10.16), we get 

 

ߠ݊݅ݏ
Θ(θ)

݀
ߠ݀

൬ߠ݊݅ݏ
݀Θ
ߠ݀
൰+ ी݊݅ݏଶߠ	 = −

1
Φ
݀ଶΦ
݀ɸଶ 																			(2.10.18) 

 
The left hand side of Eqn. (2.10.18) depends on ߠ alone  
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whereas right hand side on Φ alone and both the sides remain  
 
equal for all values of independent variables ߠ and	Φ ; this can  
 
happen only when each side is equal to the same constant, say  
 
݉ଶ. So the Eqn. (2.10.18) separates into two equations: 
 

1
ߠ݊݅ݏ

݀
ߠ݀

൬ߠ݊݅ݏ
݀Θ
ߠ݀
൰+ ቆी −	

݉ଶ

ቇߠଶ݊݅ݏ
Θ = 0																				(2.10.19) 

 

݀ଶΦ
݀ɸଶ + ݉ଶΦ = 0																																																																			(2.10.20) 

 

Solution of Eqn. (2.10.20)	is of the form 

 

Φ =  (2.10.21)																																																																														௜௠ɸ݁ܥ

 

SinceΦ(ɸ) =Φ(ɸ + 2π), then݁±ଶ஠௜௠ = 1 → ݉ = 0, ±1, ±2, ..  

 

The constant C in Eqn. (2.10.21) can be obtained making use of  

 

normalization condition 
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න ɸɸ∗
ଶగ

଴
݀ɸ = 1																																																																				(2.10.22) 

 

Thus  ∫ ଶ஠௜௠ଶ஠݁ܥ
଴  ଶ஠௜௠݀ɸି݁ܥ

 

ܥ =
1

√2π
 

 

So the solution of equation can be written as 

 

ɸ = ଵ
√ଶ஠

݁௜௠ɸ	݉ = 0, ±1, ±2, … 																																							(2.10.23)  

 
Now let us return to Eqn. (2.10.19). This equation can be  
 
transformed into a convenient form by change of independent  
 
variable ߠ  to x as follows: 
 
ݔ = cosߠ , sinߠ = ඥ1−  ଶݔ
 
݀Θ
ߠ݀

=
݀Θ
ݔ݀

ݔ݀
ߠ݀

= − sinߠ	
݀Θ
ݔ݀

→
݀
ߠ݀

=
݀
ݔ݀

ݔ݀
ߠ݀

= − sinߠ	
݀
ݔ݀

 
 

sinߠ
݀Θ
ߠ݀

= 	ߠଶ݊݅ݏ−
݀Θ
ݔ݀

= −(1− (ଶݔ
݀Θ
ݔ݀

 
 
Making use of these results, Eqn. (2.10.19).  becomes making  
 
use of these results, Eqn. (2.10.19).  becomes 
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݀
ݔ݀

൤(1− (ଶݔ
݀Θ
ݔ݀
൨+ ቆी−	

݉ଶ

1− ଶቇݔ
Θ = 0,−1 < ݔ

< 1																																																																																														(2.10.24) 
 
Equation	(2.10.24) is similar to the famous associated  
 
Legendre’s equation: 
 
݀
ݔ݀

൤(1− (ଶݔ
ܨ݀
ݔ݀
൨+ ቆ ( + 1) −	

݉ଶ

1 − ଶቇݔ
F = 0										(2.10.25) 

 
Writing the constant ी  appearing in Eqn. (2.10.25).  as ी = 
 
	 ( + 1) where  is another constant, we have 
 
݀
ݔ݀

൤(1− (ଶݔ
݀Θ
ݔ݀
൨+ ቆ ( + 1) −	

݉ଶ

1 − ଶቇݔ
Θ = 0									(2.10.26) 

 

ी = ( + 1) =
ܧܫ2
ħଶ

																																																												(2.10.27) 
 
Equation (2.10.26) has single-valued and finite solutions only  
 
for certain values of parameter	ी given by 
 
ी = ( + 1) = 0, 2, 6, 12, 20, … 																																						(2.10.28) 
  

= 	0, 1, 2, 3,4, ….																																																																	(2.10.29) 
 
Substituting the value ी in Eqn. (2.10.28)., we find 
 

ܧ = ൫ ାଵ൯ħమ

ଶூ
	 , 	 = 	0, 1, 2, 3,4, ….																																				(2.10.30)                               

 
The wave function of a rigid rotator is [26] 
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ψ(θ,ɸ)

= ඨ
2݈ + 1	(݈ − ݉)!
݈)					ߨ4			 + ݉)!

݁௜௠ఝ݊݅ݏ௠ߠ	
݀௠

௠(ߠݏ݋ܿ)݀ ௟ܲ(ܿߠݏ݋)			(2.10.31) 

 
(2-11) Free Particle 
 
For free particle the potential equal zero everywhere. Classically  
 
this would just mean motion at constant velocity, but in  
 
quantum mechanics the problem is surprisingly subtle and  
 
tricky. The time independent Schrödinger equation reads [38]   
 

−ℎଶ

2݉
݀ଶ߰(ݔ)
ଶݔ݀

=  (2.11.1)																																																												(ݔ)߰ܧ

Or 

݀ଶ߰(ݔ)
ଶݔ݀

+ ݇ଶ	߰(ݔ) = 0																																																										(2.11.2) 

Where 

݇ = ඨ2݉
ℎଶ

 (2.11.3)																																																																															ܧ

We note there are no boundary conditions restrict the possible  

value of ݇ (and hence of ܧ); the free particle can carry any  

positive energy.   

The general solution of Eqn. (2.11.2) is 

(ݔ)߰ = ௜௞௫݁ܣ +  (2.11.4)																																																								௜௞௫ି݁ܤ
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The first term of Eqn. (2.11.4) represents a wave traveling to  

the right, and the second represents a wave (of the same energy)  

going to the left, suppose a free particle propagating to the right  

so that ܤ = 0 we might as well write [39]     

(ݔ)߰ = ௜௞௫݁ܣ 																																																																											(2.11.5) 

We see immediately that the wave function for such a particle  
 
cannot be normalized. This state represents a stationary state,  
 
but 	߰௜∗߰௝ = |߰|ଶ =  ଶ which, because|ܣ|
 

න 	߰௝(ݔ. ,ݔ)∗௜߰(ݐ ݔ݀	(ݐ = ∞
ஶ

ିஶ
																																															(2.11.6) 

cannot be normalized. This is consistent with the uncertainty  
 
principle because the free particle, by its very nature, has  
 
definite momentum so ∆݌ = 0 and, commensurately, ∆ݔ = ∞.  
 
The fact that the wave function cannot be normalized should not 
 
be a cause for concern. This entire means that the wave function  
 
does not represent a bound state which, by definition, is  
 
confined by some potential energy function to a specific region  
 
of space. Only bound state wave functions must be  
 
normalizable, square integrable. 
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From equation (2.11.3) the eign value of energy is [27]  

ܧ =
ℎଶ݇ଶ

2݉
																																																																																		(2.11.7) 

 
(2-12) Harmonic Oscillator 
 
The Schrödinger equation for the harmonic oscillator in one  
 
dimension is [40]  
 
−ℎଶ

2݉
݀ଶ߰(ݔ)
ଶݔ݀

+ (ݔ)߰(ݔ)ܸ =  (2.12.1)																																			(ݔ)߰ܧ
 
Where	ܸ(ݔ) is potential energy and define as  
 

ܸ =
1
2
݉߱ଶݔଶ																																																																										(2.12.2)	 

 
݀ଶ߰(ݔ)
ଶݔ݀

+
2݉
ℎଶ

൤ܧ −
1
2
݉߱ଶݔଶ൨߰(ݔ) = 0																										(2.12.3) 

 
We shall transform this equation into a convenient form by  
 
introducing a new independent variable ξ defined by 
 
ξ = άݔ																																																																																								(2.12.4) 
 
The parameter ά will be chosen in such a way that the new  
 
equation looks simple. 
 
݀߰
ݔ݀

=
݀߰
݀ξ

݀ξ
ݔ݀

= ά
݀߰
݀ξ
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݀ଶ߰(ݔ)
ଶݔ݀

= ά
݀
݀x
൬
݀߰
݀ξ
൰ = ά

݀
݀ξ
൬
݀߰
݀ξ
൰
݀ξ
݀x

= άଶ
݀ଶ߰
݀ξଶ

 

 
In terms of new variable Eqn. (2.12.3) becomes 
 
ௗమట
ௗஞమ

+ ቂଶ௠ா
௛మάమ

− ୫మఠమஞమ

௛మάర
ቃ߰ = 0																																																(2.12.5)

  
Let us choose 
 
άଶ =

݉߱
ℎ
																																																																																			(2.12.6) 

 
Equation (2.12.5) now becomes 
 
݀ଶ߰
݀ξଶ

+ ൤
ܧ2
ℎ߱

− ξଶ൨߰ = 0																																																								(2.12.7) 

 
Introducing the dimensionless parameter ℬ defined by 
 

ℬ =
ܧ2
ℎ߱

																																																																																						(2.12.8) 
 
Eqn. (2.12.7) becomes 
 
݀ଶ߰
݀ξଶ

+ [ℬ − ξଶ]߰ = 0																																																												(2.12.9) 

 
Asymptotic solution (ξ → ±∞) : The wave function	߰(ξ) must  
 
satisfy the condition 
 
߰(ξ± ∞) = 0 
 
In the limit	ξ → ∞,ℬ may be neglected. Eqn. (2.12.9)  assumes  
 
the form 
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݀ଶ߰
݀ξଶ

− ξଶ߰ = 0																																																																						(2.12.10) 

 
The solution to this equation is 
 
߰(ξ) = ݁±ஞమ ଶ⁄  
 
We omit the positive sign because it does not satisfy the  
 
condition (ξ ± ∞) → 0 . Hence the asymptotic solution of Eqn.  
 
(2.12.9) has the form 
 
߰(ξ) = ݁ିஞమ ଶ⁄ 																																																																								(2.12.11) 
 
Let us verify that Eqn. (2.12.11) satisfies Eqn. (2.12.10). From  
 
Eqn. (2.12.11)  
 
ௗట
ௗஞ

= −ξ߰,   ௗ
మట
ௗஞమ

= −ቀ߰ + ξ ௗట
ௗஞ
ቁ = (ξଶ − 1)߰ = ξଶ߰ for	ξ → 

 
∞. 
 
This ensures that Eqn. (2.12.11)   is an asymptotic solution of  
 
Eqn. (2.12.9)  . We may now assume that the solution of Eqn.  
 
(2.12.9)  is of the form  
 
߰(ξ) = ஞమି݁(ξ)ܪ ଶ⁄ 																																																															(2.12.12) 
 
Where ܪ(ξ), is unknown function to be determined.  
 
Substituting Eqn. (2.12.12) in (2.12.9) we obtain 
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݀ଶH(ξ)
݀ξଶ

− 2ξ
݀H(ξ)
݀ξ

+ (ℬ − 1)H(ξ) = 0																									(2.12.13) 

 
The unknown function H(ξ) obeying the differential Eqn.  
 
(2.12.13) is known as Hermit function. 
 
Solution of Eqn. (2.12.13) is obtained in the form of power  
 
series. We assume the solution of the form 
 

(ξ)ܪ = ෍ܽ௡ξ௡
ஶ

௡ୀ଴
= ܽ଴ + ܽଵξ + ܽଶξଶ + ⋯+ ܽ௡ξ௡ +⋯										(2.12.14) 

 
Now 
 
݀H(ξ)
݀ξ

= ෍݊ܽ௡ξ௡ିଵ
ஶ

௡ୀ଴

= 0 + ܽଵ + 2ܽଶξ + ⋯+ ݊ܽ௡ξ௡ିଵ 

 

ξ
݀H
݀ξ

= ෍ 2݊	ܽ௡ξ௡
ஶ

௡ୀ଴

																																																													(2.12.15) 

 
ௗమୌ(ஞ)
ௗஞమ

= ∑ ݊(݊ − 1)	ܽ௡ξ௡ିଶஶ
௡ୀ଴ = 0 + 0 + 2ܽଶ + ⋯+

݊(݊ − 1)	ܽ௡ξ௡ିଶ+. ..																																																												(2.12.16)  
 
Or 
 
݀ଶH(ξ)
݀ξଶ

= ෍(݊ + 1)(݊ + 2)	ܽ௡ାଶξ௡
ஶ

௡ୀ଴

 

 
Substituting Eqns. (2.12.14)(2.12.15), (2.12.16) in (2.12.13) 
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෍[(݊ + 1)(݊ + 2)	ܽ௡ାଶ + (ℬ − 1 − 2݊)ܽ௡]ξ௡ = 0
ஶ

௡ୀ଴

	(2.12.17) 

 
Equation (2.12.17) holds for all values of ξ. Hence the  
 
coefficient of each power of	ξ must vanish separately. Hence 
 

ܽ௡ାଶ =
2݊ + 1 − ℬ

(݊ + 1)(݊ + 2)
																																																							(2.12.18) 

 
This equation is called the recurrence formula for the  
 
coefficients ܽ௡. Since the recurrence formula determines the  
 
coefficients ܽ௡ାଶ in terms of ܽ௡, the power series (2.12.14)  
 
contains only with even or only odd powers of ξ. 
 
All steps like that step to obtain wave function of harmonic  
 
oscillator function until define Hermit polynomials by  
 
Rodrigues formula 
 

௡(ξ)ܪ = (−1)௡݁ஞమ
݀௡

݀ξ௡ ൫
݁ିஞమ൯																																										(2.12.19)	 

 
From Eqn.	(2.12.18) it is evident that our requirement is met if 
 

ℬ =
ܧ2
ℎ߱

= 2݊ + 1																																																																(2.12.20) 
 
Then harmonic oscillator can have only a discrete set of energies  
 
given by 
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௡ܧ = ൬݊ +
1
2
൰ = ℎ߱																																																												(2.12.21) 

 
The wave functions ߰(ݔ) of the harmonic oscillator are [26] 
 

߰௡(ݔ) = ඨ
ά

2௡݊!√ߨ
ି݁௡(ξ)ܪ

ଵ
ଶ௫

మάమ																																		(2.12.22) 
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Chapter Three  

Literature Review  

(3-1) Introduction  

In many physical systems friction plays an important role. Thus  

there is a need to construct quantum mechanical model that can  

recognize this effect. Many attempts were done to account for  

friction effect [41,42,43,15,16,20].  

String Theory for  dingeröSchr2) Quantum -(3  

Frictional Medium and Collision  

Maxwell's equation for decaying wave due to friction, beside a  

classical and quantum expression for oscillating string energy  

are used to derive a useful expression for particle energy in  

frictional resistive media. This expression is used to derive  

Schrödinger equation for oscillating string in resistive media.  

This new quantum reduces to the ordinary. Schrödinger  

equation in the absence of friction it also gives collision  

probability similar to that obtained by transport equation. This  

new equation is used to derive an expression for energy lost by  

friction by the vibrating string. This energy is shown to be  

quantized [44,45,46]. 
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quations for Time Decaying Wave1) Maxwell's E-2-(3  

ediumin Resistive M  

Consider an electromagnetic wave enters a medium of  

conductivity σ, and electric polarization ṗ. Maxwell's equations  

for this medium are given by  

−∇ଶܧ − ᾓߪ ܧ߲ ⁄ݐ߲ + ᾓߝ ߲ଶܧ ⁄ଶݐ߲ = −ᾓ߲ଶṖ ⁄ଶݐ߲  (3.2.1.1)  

The electric field intensity decays in this case and can be  

 described by the relation  

ܧ =  (3.2.1.2)																																																		௧݁௜(௞௫ିఠ௧)	଴݁ିఓೖܧ

The corresponding displacement is given by 

ݔ = ௧݁௜(௞௫ିఠ௧)	଴݁ିఓೖݔ =
଴ݔ
଴ܧ
 (3.2.1.3)																																				ܧ

The electric polarization terms is defined to be 

Ṗ = ݔ݊݁ = ݁݊
଴ݔ
଴ܧ
 (3.2.1.4)																																																								ܧ

With the aid of equations	(3.2.1.2) and (3.2.1.4) of equation  

(3.2.1.1) becomes 

ଶܭ +
ଶ	௞ߤ

ܿଶ
−
߱ଶ

ܿଶ
− ᾓߪᾶ +

߱	௞ߤ2݅
ܿଶ

− ݅ᾓ߱ߪ

=
݁݊߱ଶᾓ଴	ݔ଴

଴ܧ
																																																(3.2.1.5) 

Equation (3.2.1.5) can be simplified by using the relation 

ܭ =
ߨ2
ߣ

=
݂ߨ2
݂ߣ

=
߱
ܿ
																																																								(3.2.1.6) 



43 
 

And by assuming 

	௞ߤ  ≪ ܿ																																																																															(3.2.1.7) 

Where ܿ is the speed of light in vacuum which is large. Thus  

equation (3.2.1.5) becomes 

−ᾓߤߪ௞	 +
߱	௞ߤ2݅
ܿଶ

− ݅ᾓ߱ߪ = ݁݊߱ଶᾓ
଴ݔ
଴ܧ
																							(3.2.1.8) 

Comparing real parts on both sides of equation (3.2.1.8) yields 

	௞ߤߪ = −݁݊߱ଶߤᾓ
଴ݔ
଴ܧ
																																																								(3.2.1.10) 

(3-2-2) Friction Coefficient and Relaxation  

It is quite natural to relate frictional coefficient ߤ௞	 to the  

relaxation time τ. 

This due to the fact that by physical intuition are one can deduce  

that shorter the relaxation time, the bigger frictional coefficient.  

This can show also mathematics, by using the expression of  

energy dissipated by friction, which for oscillation particle is  

given by 

௙ܧ   = ௠
த

= ௘ܸ																																																																											(3.2.2.1) 

௙ܧ    = ௠ఠ஺మ

ଶத
= ௠ఠమ஺మ

ଶதఠ
= ா

தఠ
																																																	(3.2.2.2)  

Where the effective displacement and velocity  , are related to  

the maximum displacement by A by  

௘ݔ =
ܣ
√2

					 ௘ܸ = ௘ݔ߱ =
ܣ߱
√2
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Where the classical energy of the oscillator is 

ܧ =
1
2
߱ଶܣଶ																																																																														(3.2.2.3) 

The oscillator frequency for classical and quantum system is the  

same. Thus one can write the quantum oscillator energy as 

ܧ = ħ߱																																																																																						(3.2.2.4) 

Thus inserting (3.2.2.3) in (3.2.2.1) yields 

௙ܧ =
ħܧ
τħ߱

=
ħ
τ
																																																																							(3.2.2.5) 

(3-2-3) Derivation of frictional Schrödinger equation on the  

basis of frictional energy equation 

Ordinary Schrödinger is based on the postulates. The first  

postulate is related to the nature of micro particles. In this case  

the wave function takes the form 

߰ =  (3.2.3.1)																																																																					௜(௞௫ିఠ௧)݁ܣ

Using the fact that  

ܲ = ħ݇    And ܧ଴ = ħ߱																																																						(3.2.3.2) 

Therefore 

߰ = ݁ܣ
௜
ħ(௉௫ିா௧)																																																																				(3.2.3.3) 

The second postulate is based on the classical expression of  

energy 

ܧ =
ܲଶ

2݉
+ ܸ																																																																										(3.2.3.4) 
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Using these two postulates one can derive Schrödinger equation,  

where 

଴߰ܧ =
ܲଶ

2݉
߰ + ܸ߰				 

݅ħ
߲߰
ݐ߲

=  		଴߰ܧ

 ௉
మ

ଶ௠
߰ = ħమ

ଶ௠
డమట
డ௫మ

 

Thus in three dimensions 

݅ħ
߲߰
ݐ߲

=
ħଶ

2݉
∇ଶ߰ + ܸ߰																																																						(3.2.3.5) 

The expression of energy Eqn. (3.2.3.4) in the presence of  

friction is given, with the aid of equation (3.2.3.2) to be 

ܧ = ଴ܧ + ௙ܧ =
ܲଶ

2݉
+ ܸ −

݅ħ
τ
																																											(3.2.3.6) 

Multiply both sides by	߰, one gets  

߰ܧ =
ܲଶ

2݉
߰ + ܸ߰ −

݅ħ
τ
߰																																																		(3.2.3.7) 

But 

߲߰
ݐ߲

= −
݅
ħ
 ߰ܧ

݅ħ
߲߰
ݐ߲

=  ߰ܧ

߲߰
ݔ߲

=
݅
ħ
ܲ߰ 

߲ଶ߰
ଶݔ߲

= −
ܲଶ

ħଶ
߰ 
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In three dimensions 

−ħଶ∇ଶ߰ = ܲଶ߰																																																																				(3.2.3.8) 

Inserting Eqn. (3.2.3.8) in Eqn. (3.2.3.7), one gets 

 ݅ħ డట
డ௧

= − ħమ

ଶ௠
∇ଶ߰ + ܸ߰ − ݅ ħ

த
߰																																							(3.2.3.9)	 

Which is the Schrödinger equation or resistive media.  

Let equation for harmonic oscillator defined as  

 ߰ =  (3.2.3.10)																																																																						(ݎ)ݑ(ݐ)݂

Inserting in Eqn. (3.2.3.9) yields 

݅
ħ
f
߲݂
ݐ߲

= −
ħଶ

ݑ2݉
∇ଶݑ + ܸ − ݅

ħ
τ

=  ଴ܧ

Hence  

݅ħ
߲݂
ݐ߲

=  (3.2.3.11)																																																																										଴݂ܧ

For harmonic oscillator string vibrating in one dimension the  

potential is given by 

ܸ =
1
2
 ଶݔܭ

Thus Eqn. (3.2.3.9) reads 

−
ħଶ

2݉
∇ଶݑ +

1
2
ݑଶݔܭ = ൬ܧ଴ + ݅

ħ
τ
൰ ݑ =  (3.2.3.12)																			ݑܧ

This is the ordinary harmonic oscillator equation, with have  

quantized energy 

ܧ = ൬݊ଵ +
1
2
൰ ħ߱																																																																	(3.2.3.13) 
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For Eqn. (3.2.3.9) one can suggest the solution  

݂ =  (3.2.3.14)																																																																							௧	௜ఓೖబି݁ܣ

ħ	௞బߤ =  ଴ܧ

The periodicity condition requires  

ݐ)݂ + ܶ) =  (3.2.3.15)																																																																	(ݐ)݂

Hence from Eqn. (3.2.3.13) 

(௧ା்)	௜ఓೖబି݁ܣ =  ௜ఓೖబ௧ି݁ܣ

௧	௜ఓೖబି݁ܣ = ௜ఏି݁ܣ = ߠݏ݋ܿ − ߠ݊݅ݏ	݅ = 1 

ߠ = ܶ	௞బߤ = 2݊ଶߨ 

	௞బߤ =
2
ܶ
ߨ

ଶ݊ߨ2
ܶ

݊ଶ = ݊ଶ߱ 

Eqn. (3.2.3.14)   

଴ܧ = ݊ଶ߱ħ																																																																											(3.2.3.16) 

 In view of equation (3.2.3.12)  

ܧ = ଴ܧ − ݅
ħ
τ
																																																																								(3.2.3.17) 

Using Eqns. (3.2.3.13), (3.2.3.16) and (3.2.3.17) yields 

൬݊ଵ +
1
2
൰ ħ߱ = ݊ଶ߱ħ+ ݅

ħ
τ

 

݅
τ

= ൤(݊ଶ − ݊ଵ) −
1
2
߱൨ = ൤−݊ −

1
2
൨߱ 

τିଵ = −
ቀ݊ + 1

2ቁ
݅

߱ = ݅߱ ൬݊ +
1
2
൰																																		(3.2.3.18) 

The physical meaning of complex relaxation can be known from  
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Eqn. (3.2.3.6)   

ܧ = ଴ܧ + ݅
ħ
τ

= ଴ܧ +  ௙ܧ

Thus the energy lost due to friction is given by 

௙ܧ = −݅
ħ
τ

= ൬݊ +
1
2
൰ ħ߱																																																			(3.2.3.19) 

The minus sign indicates that the energy is lost by the particle  

[16]. 

(3-3) The Quantum Expression of the Role of Relaxation  

Time on Optical Absorption in semiconductors 

In this work theoretical method based on classical mechanics.  

Maxwell equations and quantum mechanics is utilized to find  

the mathematical expression for relaxation time, this expression  

play an important role in the simulation of quantum  

semiconductor devices. One has studied the relaxation time in  

the semi classical approximation, the optical potential,  

perturbation method and generalized Schrödinger equation for  

relaxation time. Theoretical relation between the relaxation time  

and absorption coefficient is obtained. At last one has studied  

the quantum mechanical absorption coefficient, absorption  

coefficient for Maxwell's equations and quantum mechanics,  

and parameters affecting absorption coefficient [47,48,49]. 
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(3-3-1) To Relate Quantum Relaxation Time with  

Absorption Coefficient  

One needs along math derivation, when a radiation beam or  

particle beam enters a medium its intensity decreases due to the  

decrease in its energy per particle and due to decrease of the  

number of particles. This indicates the existence of a resistive  

force which causes these changes. The time taken by a particle  

on the beam to stop is called relaxation time τ, τ is defined as a  

time between two successive collisions. This relaxation time can  

be obtained by different quantum methods. For instance one can  

use perturbation method to find the change particle energy due  

to a resistive potential. For simplicity assume the perturbing part  

of Hamiltonian ܪ෡ଵto be a constant i,e: 

෡ଵܪ = − ଴ܸ																																																																													(3.3.1.1) 

In this case the perturbation, i,e change in energy is given by 

ଵܧ = ௄௄(෡ଵܪ) = න ഥܷ௄ (− ଴ܸ)ܷ௄݀ݎ = − ଴ܸන ഥܷ௄ ܷ௄݀ݎ

= − ଴ܸ																																																																	(3.3.1.2) 

Where the total energy ܧ is given by 

ܧ = ௄ܧ +  (3.3.1.3)																																																																										ଵܧ

The energy change is given by  

ܧ∆ = |ଵܧ| = ଴ܸ																																																																						(3.3.1.4)  

According to uncertainty principle the relaxation time is given  
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by 

τ = ݐ∆ =
ħ
ܧ∆

=
ħ
଴ܸ
																																																																(3.3.1.5) 

Here relaxation time means the time taken by the particle in the  

perturbed excited state. This equation indicates that in strong  

resistive force ଴ܸ → ∞, causes the relaxation time to be short  

τ → ∞ which is in conformity with commonsense. 

Relaxation time can also be obtained by utilizing the optical  

potential ଵܸwhich is introduced to a count for particle energy  

loses in inelastic scattering where the wave function of the free  

particle takes the form 

߰ = ݁ܣ
௏భ
ħ 	௧݁ି௜

ா
ħ	௧																																																																		(3.3.1.6) 

For constant optical potential  

ଵܸ =  (3.3.1.7)																																																																					ݐ݊ܽݐݏ݊݋ܿ

The current density ଔ̂ and hence the beam intensity	ܫ are given  

by  

ܫ =  (3.3.1.8)																																																																										ħ߱ݔߥ݁݊

Thus using	(3.3.1.7) and (3.3.1.8) yields 

ܫ = ℎ݂|߰|ଶߥ = ݁ߥଶܣ
ଶ௏భ
ħ 	௛௙௧ = ଴݁ܫ

ଶ௏భ
ħ 	௧																											(3.3.1.9) 

The time τ taken by the beam to decrease can be defined to be 

ܫ
଴ܫ

= ݁ି	
ଶ௏భ
ħ த	 = ݁ିଵ 
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2 ଵܸ

ħ
τ = 1 

τ =
ħ

2 ଵܸ
																																																																																		(3.3.1.10) 

again the expression for the relaxation time	τ resembles that  

obtained perturbation method. The two expressions coincide if  

one sets 

ଵܸ =
1
2 ଴ܸ 

In this case  

τ =
ħ
଴ܸ
																																																																																				(3.3.1.11) 

The relaxation time can also be obtained quantum mechanically,  

if one treats atoms and electrons as harmonic oscillators  

subjected to resistive force	ߤ௞ߥ beside the restoring force−ܭ଴ݔ  

in this case the total force is given by  

 ݉ܽ = −݉߱ଶݔ = ݔ଴ܭ− +  (3.3.1.12)																																							ߥ௞ߤ

But  

ݔ  = ଴݁௜ఠ௧ݔ … … . . ߥ = ఔబ
௫బ
଴݁௜ఠ௧ݔ … ߥ = ఔబ

௫బ
 (3.3.1.13)																	ݔ

Thus 

݉ܽ = −݉߱ଶݔ = ݔ଴ܭ− + ௞ߤ
ఔబ
௫బ
ݔ = ቀߤ௞

ఔబ
௫బ
−

  (3.3.1.14)																																																																							ݔ଴ቁܭ

−݉߱ଶݔ = 	௞଴ߤ)  (଴ܭ−
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Where  

	௞బߤ = 	௞ߤ
଴ߥ
଴ݔ

 

Hence 

߱ଶ =
	௞బߤ − ଴ܭ

݉
																																																																				(3.3.1.15) 

߱ = ±ඨ
	௞బߤ ଴ܭ−

݉
 

Treating atoms as harmonic oscillators, the force is given by  

ܨ = ݔܭ− = −൫ߤ௞బ	  (3.3.1.16)																																													ݔ଴൯ܭ−

And utilizing Schrödinger equation for harmonic oscillator the  

energy is given by  

௡ܧ = ݊ +
1
2
ħඨ

	௞బߤ − ଴ܭ
݉

																																																			(3.3.1.17) 

When the resistive force ܨ௥ = ᾑ଴ݔ dominate i,e: 

௥ܨ  > …ܨ ݔ	௞బߤ. > …ݔ଴ܭ 	௞బߤ… >  ଴ܭ

Thus the energy can be written as 

௡ܧ = ± ൬݊ +
1
2
൰ ħඨ

	௞బߤ − ଴ܭ
݉

	݅… … . ݊	ݎ݋݂ = 0								(3.3.1.18) 

߱଴ = ඨ
	௞బߤ − ଴ܭ

݉
… ௡ܧ… = ±

1
2
ħ߱଴݅																											(3.3.1.19) 

In this case the time dependent part of Schrödinger equation  
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becomes 

߰ = ௜ି݁ܣ
ா೙
ħ 	௧ = ௜ି݁ܣ

(±ħఠబ௜)
ħ 	௧ = ݁ܣ 	±ఠబ௧																					(3.3.1.20) 

For decaying one chooses the minus sign to get 

߰ =  (3.3.1.21)																																																																								ఠబ௧±	݁ܣ

Thus the intensity of the beam becomes 

ܫ = ݊ħ߱ߥ = |߰|ଶħ߱ߥ																																																							(3.3.1.22) 

ܫ = ଶఠబ௧ħ߱ି݁ߥଶܣ =  ଴݁ିଶఠబ௧ܫ

The relaxation time is given by 

ܫ
଴ܫ

= ݁ିଶఠబ௧ = ݁ିଵ 

Hence 

2߱଴τ = 1 

Then  

τ =
1

2߱଴
																																																																																	(3.3.1.23) 

τ = ඨ
2݉

	௞బߤ − ଴ܭ
																																																																				(3.3.1.24) 

This is the quantum expression for relaxation time which is  

related to friction force ܨ௥ by [17] 

௥ܨ  = ௠ఔ
ఛ

=  ߥ	௞బߤ

Where  

	௞଴ߤ =
݉
߬
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 	௞బߤ	௞ߤ

 

(3-4) Quantization of Friction for Nano Isolated  

Systems 

A wide variety of materials have mechanical friction. The  

friction plays an important role in determine the mechanical  

properties and the electrical properties of the matter. The most  

popular physical theory that is used to describe the physical  

properties of matter is quantum mechanics. Recently quantum  

laws found to be incapable of describing the behavior of some  

new materials. This may be attributed to the fact that quantum  

laws have no terms sensitive to friction. This work aims to  

derive Schrödinger quantum equation having frictional term.  

This equation is used to solve the problem of particle in a box.  

The solution shows quantized frictional energy [50,51,52]. 

(3-4-1) Schrödinger Equation in Presence of Thermal  

and Resistive Energy 

The energy of ordinary Schrödinger equation includes kinetic  

and potential energy. However, there are other energy types  

which should be considered, for example the energy lost by  

friction ܧ௙ೖ for oscillating system which is given by 
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න ௞݂  (3.4.1.1)																																																																																		ݔ݀

The thermal energy is given in terms of temperature ܶ and  

Boltzman constant ܭ as 

்ܧ =  (3.4.1.2)																																																																															஻ܶܭ

Where there is no room in ordinary conventional Schrödinger  

equation for feeling the effect of friction and heating does not  

recognize these energy types. 

The total energy of one particle that include thermal no friction  

energy becomes can be written in the form 

ܧ  = ₱మ

ଶ௠
+ ܸ + ஻ܶܭ − ݅௠ఠ௫మ

ଶఛ
																																											(3.4.1.3) 

Where ₱ stands for the force, thermal pressure. 

This expression stands for the total energy of a single particle,  

which consists beside kinetic energy, additional terms. The third  

term represents the thermal energy, while the forth term stands  

for the frictional energy. 

To derive Schrödinger equation, for this new energy expression,  

equation (3.4.1.3) must be multiplied by a wave function ߰ to  

get 

߰ܧ =
₱ଶ

2݉
߰ + ܸ߰ + ஻ܶ߰ܭ − ݅

ଶݔ߱݉

2߬
߰																							(3.4.1.4) 

The wave function for a free particle is given by 
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߰ = ݁ܣ
௜
ħ(௉௫ିா௧)																																																																				(3.4.1.5) 

Differentiating	߰ with respect to ݐ and ݔ yields 

߲߰
ݐ߲

= −
݅
ħ
 ߰ܧ

݅ħ
߲߰
ݐ߲

=  	߰ܧ

߲߰
ݔ߲

=
݅
ħ
ܲ߰ 

߲ଶ߰
ଶݔ߲

= −
ܲଶ

ħଶ
߰																																																																								(3.4.1.6) 

Substitute Eqn. (3.4.1.6) in Eqn.	(3.4.1.4) 

݅ħ
߲߰
ݐ߲

=
ħଶ߭ଶ

2݉
߰ + ܸ߰ + ஻ܶ߰ܭ − ݅

ଶݔ߱݉

2߬
߰																		(3.4.1.7) 

If one rewrite the frictional term in the form 

௙௞ܧ = ݅
ଶܣ߱݉

2߬
= ݅

݉߱ଶܣଶ

2߬߱
= ݅

݉ଶ߭ଶ

2߬݉
= ݅

݉ଶ߭ଶħ
2߬݉ħ߱

 

= ݅
ܲଶħ

2߬݉ଶܿଶ
= ݅

ħ
2߬݉ଶܿଶ

ܲଶ																																																(3.4.1.8) 

Where  

ħ߱ = ݉ଶܿଶ	 

And 

߭ଶ = |߭ଶ| = ߭. ߭∗ = (ݔ߱݅)(ݔ߱݅−) = ߱ଶݔଶ 

Substitute Eqn. (3.4.1.8) in Eqn. (3.4.1.4) 

߰ܧ =
ܲଶ

2݉
߰ + ܸ߰ + ஻ܶ߰ܭ − ݅

ħ
2߬݉ଶܿଶ

ܲଶ߰																	(3.4.1.9) 
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Substitute Eqn. (3.4.1.8) in Eqn. (3.4.1.7) 

 ݅ħ డట
డ௧

= − ħమ

ଶ௠
డమట
డ௫మ

߰ + ܸ߰ + ஻ܶ߰ܭ − ݅ ħయ

ଶఛ௠మ௖మ
	డ

మట
డ௫మ

߰	 

In three dimension  

݅ħ
߲߰
ݐ߲

= −
ħଶ

2݉
∇ଶ߰ + ܸ߰ ஻ܶ߰ܭ+

− ݅
ħଷ

2߬݉ଶܿଶ
	∇ଶ߰																																												(3.4.1.10) 

Which is Schrödinger equation for thermal resistive media. 

(3-4-2) Harmonic Oscillator 

This equation can be used for harmonic oscillator. Harmonic  

oscillator is characterized by the potential  

 ܸ = ଵ
ଶ
 (3.4.2.1)																																																																											ଶݔܭ

For time independent Schrödinger equation, Eqn. (3.4.1.10) 
become 

ݑܧ = − ħమ

ଶ୫
∇ଶݑ + ݑܸ ݑ஻ܶܭ+ − ݅ ħయ

ଶఛ௠మ௖మ
	∇ଶݑ												(3.4.2.2)    

Inserting Eqn. (3.4.2.1) in Eqn. (3.4.2.2) 

− ħమ

ଶ୫
∇ଶݑ − ଵ

ଶ
ݑଶݔܭ + ݑ஻ܶܭ − ݅ ħయ

ଶఛ௠మ௖మ
	∇ଶݑ =

    (3.4.2.3)																																																																																													ݑܧ

Consider the solution 

ݑ =  ௞௫మି݁ܣ

ݑ∇ =  ݑݔ2݇−

∇ଶݑ = ݑ2݇− − ݑ∇ݔ2݇ = ݑ2݇− + 4݇ଶݔଶݑ																		(3.4.2.4) 
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A direct substitution of Eqn. (3.4.2.4) in Eqn. (3.4.2.3)  

ħଶ

2m
[2݇ − 4݇ଶݔଶ]ݑ +

1
2
ݑଶݔܭ ݑ஻ܶܭ+

− ݅
ħଶ

2m ቈ
2݇ − 4݇ଶݔଶ

߬݉ܿଶ ቉ ħݑ =  (3.4.2.5)																						ݑܧ

Equating the coefficient of ݑ and ݔݑଶ on both side yields: 

−
4ħଶ

2m
൤1 +

݅ħ
߬݉ܿଶ

൨ ݇ଶ −
1
2
ܭ = 0 

−2
ħଶ

2m
൤1 +

݅ħ
߬݉ܿଶ

൨ ݇ ஻ܶܭ+ =  ܧ

By ignoring temperature term, one get  

E =
ħଶ

m
൤1 +

݅ħ
߬݉ܿଶ

൨ ݇																																																														(3.4.2.6) 

The energy quantization can be obtained from Eqn. (3.4.1.10)  

by separating variables, and assuming ߰ to be 

߰ =  (3.4.2.7)																																																																										(ݔ)߭(ݐ)߱

To get 

iħ
߱
݀߱
ݐ݀

=
1
ݑ ቆ

−
ħଶ

2m
൤1 +

݅ħ
߬݉ܿଶ

൨ቇ∇ଶݑ + ܸ =  ܧ

Thus  

iħ
߱
݀߱
ݐ݀

=  ܧ

௡߱ܮ = ଵܥ − ݅
ܧ
ħ
 ݐ

න
݀߱
߱

= ݅
ܧ
ħ
න݀ݐ +  ଵܥ
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߱ = ݁஼భ݁௜
ா
ħ௧ = ଶ݁ܥ

௜ாħ௧																																																											(3.4.2.8) 

The periodicity condition requires 

ݐ)߱ + ܶ) = (ݐ)߱

݁௜
ா
ħ௧ = 1

 

ݏ݋ܿ
ܧ
ħ
ܶ = 1 

ܧ
ħ
ܶ =  ߨ2݊

݁௜
ா
ħ(௧ା்) = ݁௜

ா
ħ௧ 

ݏ݋ܿ
ܧ
ħ
ܶ − ݊݅ݏ	݅

ܧ
ħ
ܶ = 1 

݊݅ݏ
ܧ
ħ
ܶ = 0 

ܧ =
݊ħ
ܶ

= ݂݊ħ																																																																								(3.4.2.9) 

Therefore energy is quantized according to Eqn. (3.4.2.6) and  

Eqn. (3.4.2.7) beside Eqn. (3.4.2.8), one get [15] 

݂݊ħ =
√݉݇

2ħට1 + ݅ħ
߬݉ܿଶ

 

ܧ = ݂݊ħ =
ħ
2
ඨ ݅ħ
߬݉ܿଶ

=
1
2
ħ߱ܿඨ1 +

݅ħ
߬݉ܿଶ

																		(3.4.2.10) 
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(3-5) Quantum Radioactive Decay Law and  

Relaxation time 

Relaxation time plays an important role in nuclear excitation.  

This is because excitation energy is related to the relaxation time  

according to uncertainty principle. This relation between  

relaxation time and energy excitation was deducing from  

classical and quantum laws of harmonic oscillator. It resembles  

that of uncertainty principle, except that existence of imaginary  

term which is related to the energy lost by excitation and  

friction. This relation is used to find the wave function for  

frictional media. This wave function is used to derive  

radioactive decay law [53,54,55]. 

(3-5-1) Relaxation time and friction 

For any particle have mass	݉ and velocity ߭ the force	ܨ exerted  

on it can be describe by the equation 

 ݉ ௗజ
ௗ௧

=  (3.5.1.1)																																																																																ܨ

Considering the particle as harmonic oscillator the velocity ߭ is  

given by 

߭ = ߭଴݁௜ఠబ௧																																																																												(3.5.1.2)  

Where 

߱଴ is the angular frequency 

߭଴ is the maximum velocity 
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Substitute Eqn. (3.5.1.2) in Eqn. (3.5.1.1)  

݅߱଴ݐ =  (3.5.1.3)																																																																																	ܨ

If the particle moves in a resistive medium of coefficient ߤ௞	the  

equation of motion becomes 

݉
݀߭
ݐ݀

= ܨ −  (3.5.1.4)																																																															݉߭	௞ߤ

Assuming that the frictional force affects the frequency only,  

one can assume  

߭ = ߭଴݁௜ఠ௧																																																																														(3.5.1.5) 

This obvious if we treat the particle as a harmonic oscillator,  

where   

଴ܧ = ħ߱଴,							ܧ = ħ߱																																																									(3.5.1.6) 

But the force can be define from Eqn. (3.5.1.2) and Eqn.  

(3.5.1.5) as 

ܨ = ݅݉߱߭଴						ܽ݊݀	ܨ଴ = ݅݉߱଴߭଴																																				(3.5.1.7) 

Substitute Eqn. (3.5.1.7) in Eqn. (3.5.1.4) yields 

݅݉߱߭଴ = ݅݉߱଴߭଴ −  		݉߭଴	௞ߤ

Cancelling similar terms and multiplying both sides by ݅ as 

߱ −߱଴ = ௞ߤ݅− =
1
߬
																																																											(3.5.1.8) 

 Thus the energy loss is given by  

ܧ∆ = ħ߱଴ − ħ߱ = −݅ħߤ௞ =
−݅ħ
߬
																																			(3.5.1.9) 
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Thus the energy of the system is  

ܧ = ଴ܧ + ܧ∆ = ଴ܧ −  (3.5.1.10)																																																		௞ߤ݅

Thus the wave equation can be written 

߰ = ݁ܣ
௜
ħ(௉௫ି[ாబି௜ఓೖ]௧) 

߰ = ݁ܣ
௜
ħ(௉௫ିாబ௧)݁ି

ఓೖħ௧
ħ 																																																						(3.5.1.11) 

߰ = ఓೖ௧݁ି݁ܣ
௜
ħ(௉௫ିாబ௧)																																																								(3.5.1.12) 

It is very striking to observe that the imaginary friction term in  

Eqn. (3.5.1.8) and Eqn. (3.5.1.9) appears in Eqn. (3.5.1.12) to  

make the amplitude of	߰ decay with time. 

Therefore the average energy which is equal total classical  

value, i.e. 

തܧ = න ത߰ ݐ݀߰ܧ =  (3.5.1.13)																																																ଶఓೖ௧ି݁ܧ

Indicates that the energy decay with time. This agrees with the  

fact that friction cause particle energy to decrease. 

The relation time from uncertainty principle is given by 

ݐ∆ܧ∆ = ħ																																																																															(3.5.1.14) 

ܧ∆ =
ħ
ݐ∆

=
ħ
߬
																																																																									(3.5.1.15) 

ݐ∆ = ߬ 

It’s very interesting to note that Eqn. (3.5.1.9) and Eqn.  

(3.5.1.15) give the same numerical values. But the expression  
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(3.5.1.9) is more convenient, as far as it is insertion in the wave  

function predicts time decaying energy.  

This means that treating particles as harmonic oscillators gives  

quantum results similar to the classical one. 

A simple expression for radioactive decay law can be obtained  

by using Eqn. (3.5.1.11). The number of particle is given by 

ᶇ = ത߰߰ =  (3.5.1.16)																																																													ଶఓೖ௧ି݁ܣ

Since at	ݐ = 0				ܽ݊݀			ᶇ = ᶇ଴   

Thus Eqn. (3.5.1.16) gives 

ᶇ଴ =  ܣ

Thus Eqn. (3.5.1.16) becomes 
ᶇ = ᶇ଴݁ିଶఓೖ௧																																																																								(3.5.1.17) 

by setting 

௞ߤ2 = ᾶ 

ᶇ = ᶇ଴݁ିᾶ௧																																																																												(3.5.1.18)  

Which is the ordinary radioactive decay law. 

The radiation emitted by unstable nuclei is due to the fact that  

these nuclei are in excited state. This can be shown with the aid  

of Eqns. (3.5.1.9), (3.5.1.15) and (3.5.1.17), where 

ܧ∆ =
ħ
߬

= ħߤ௞																																																																						(3.5.1.19) 

Thus  

ᶇ = ᶇ଴݁
௜∆ಶħ ௧																																																																											(3.5.1.20)  
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This shown that nuclear decay is due to excitation, i.e. the  

existence of the nucleus in an excited state [16].  

 

(3-6) Summary and Critique  

Most of the work done to describe medium and vacuum effect  

on quantum particle motion accounts for the effect of friction by  

considering the medium as a solid [56,57]. Unfortunately they  

do not recognize the effect of vacuum explicitly. They are not  

also treating the medium or vacuum as a fluid having certain  

viscosity.    
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Chapter Four 
 

Modified Schrödinger Equation Due to Vacuum 
 

and Medium Viscosity 
 
(4-1) Introduction  
 
In this chapter, one gets the energy loses by electrons in  
 
hydrogen atom due to viscous media around nucleus. This  
 
viscous media may result from vacuum, which was recently  
 
proved to exist by having a well known energy as shown by  
 
casimer and others [58]. It may also be related to the crystal  
 
field [59] or to the bulk matter which can be considered as  
 
a viscous fluid [60].  
 
(4-2) Electron Energy Loss Due to Viscosity of  
   
Fluid Around Nuclear of Hydrogen Atom 
 
To get electron energy loss due to viscosity of fluid around  
 
nuclear of hydrogen atom ܧ௩௜௦ one must obtain the Stock's force  
 
acting on the  electron on its orbit for laminar and non laminar  
 
flow [61].   
 
The Stock's force acting on an electron on its orbit for non  
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laminar flow is given by 
  
ௌ௧௢௖௞ܨ = ߭ߟߛߨ6 =  (4.2.1)																																																											଴߭ߚ
 
Where  
 
଴ߚ =  (4.2.2)																																																																																	ߟߛߨ6
 
Where η is viscosity coefficient, γ radius of electron orbit and ߭  
 
is the velocity of electron in hydrogen atom.  
 
For laminar flow the Stock's force becomes [62] 
 
ௌ௧௢௖௞ܨ = 	ଵ

ସ
	ߟߨ ௚ܰܥߛ஽߭ =   (4.2.3)																																															ଵ߭ߚ

 
Where  
 

ଵߚ =
	1
4
	ߟߨ ௚ܰܥߛ஽																																																																				(4.2.4) 

 
Then let the Stock's force in general has the form  
 
ௌ௧௢௖௞ܨ =  (4.2.5)																																																																															߭ߚ
 
And the electron energy loss due to viscosity of fluid around  
 
nuclear of hydrogen atom takes the form 
 
௩௜௦ܧ = ߭ߚ∫−         (4.2.6)																																																																							ݏ݀.
 
But the velocity in spherical coordinates which were described  
 
by	ߠ,ݎ,ɸ− direction is given by [63] 
 
߭ = ݎ̂ݎ̇ + ෠ߠߠ̇ݎ +  (4.2.7)																																																				ɸ̇ɸ෡	ߠ݊݅ݏݎ
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And the displacement along the path in	ߠ,ݎ,ɸ−	direction  
 
becomes    
 
		ݏ݀ = ݎ̂ݎ݀	 	+ ෠ߠ	ߠ݀ݎ +  (4.2.8)																																				ɸɸ෡݀	ߠ݊݅ݏݎ
 
Sub Eqn.	(4.2.7) and Eqn. (4.2.8) in Eqn. (4.2.6) to obtain  
 
electron energy by a viscose media as 
 

௩௜௦ܧ = −නߚ൫̇ݎ̂ݎ + ෠ߠߠ̇ݎ + ɸ̇ɸ෡൯	ߠ݊݅ݏݎ . ݎ̂ݎ݀) 	+ ෠ߠ	ߠ݀ݎ + 

 
                                                (4.2.9)																																																																														ɸɸ෡)݀	ߠ݊݅ݏݎ
 
Let us consider an electron move near at one ends of orbit(̇ݎ → 
 
0) in ߠ- direction, by approximately uniform velocity ̇ߠ. Also 
  
one can  consider the motion of electron is parallel to the earth 
 
and almost parallel to azimuth coordinate, then ̇ݎ ≈ ɸ̇ ≈ 0 and  
 
Eqn. (4.2.9) become 
 
௩௜௦ܧ = (෠ߠߠ̇ݎ)ߚ∫− . ݎ̂ݎ݀) 	+ ෠ߠ	ߠ݀ݎ +    (ɸɸ෡݀	ߠ݊݅ݏݎ
 
Or 
 
௩௜௦ܧ = −∫ 	గ଴                                                                 (4.2.10)																																																									ߠ൯݀ߠଶ̇ݎ൫ߚ
 
The value of angular momentum is usually constant in electron  
 
orbit; by tacking above consideration one can obtain it as 
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ܮ = ݎ × μ	߭ = ൭
ݎ̂ ෠ߠ ɸ෡
ݎ 0 0
0 ߠ̇ݎ 0

൱ =  (4.2.11)																																	ߠଶ̇ݎߤ

 
Since ̇ߠ must equal to 
  
ߠ̇ = ௅

ఓ	௥మ
																																																																																						(4.2.12)                                                                           

 
Substitute Eqn.	(4.2.12) in Eqn.	(4.2.11) to get 
 

௩௜௦ܧ = −න 	
గ

଴

.ଶݎ)ߚ
ܮ
ߤଶݎ

 ߠ݀(

 
Or  
 
௩௜௦ܧ = −∫ 	గ଴

ఉ.௅
ఓ
ߠ݀	 = − ఉ.௅

ఓ ∫ 	గ଴ ߠ݀ = − గఉ.௅
ఓ
																			(4.2.13)                                    

 
This is the electron energy loss on its orbit due to viscosity of  
 
fluid around nuclear of hydrogen atom due to the work done by  
 
Stock's force on the electron of hydrogen atom, in terms of  
 
conserved angular momentum. For non laminar flow this  
 
relation can be obtained by substituting equation(4.2.2) in Eqn.  
 
(4.2.13) to find  
 

௩௜௦ܧ = −
ߟߛଶߨ6
ߤ

ܮ = −
଴ߚߨ
ߤ

 (4.2.14)																																																ܮ

  
Thus the energy loss operator is written in the form  
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෠୴୧ୱܧ = −
ߟߛଶߨ6
ߤ

෠ܮ = −
଴ߚߨ
ߤ

 (4.2.15)																																																෠ܮ
 
Also the energy loses and its operator for laminar flow is given  
 
by substituting Eqn.	(4.2.4) in Eqn. (4.2.13) to get 
  

௩௜௦ܧ = −
	1
4
	ߟଶߨ ௚ܰܥߛ஽

ߤ
ܮ = −

ଵߚߨ
ߤ
 (4.2.16)																																			ܮ

 

෠୴୧ୱܧ = −
	1
4
	ߟଶߨ ௚ܰܥߛ஽

ߤ
ܮ = −

ଵߚߨ
ߤ

 (4.2.17)																																			෠ܮ

 
In general the form the energy loss of electron due to viscous  
  
media around nuclear of hydrogen atom is given as  
 

෠୴୧ୱܧ	 = −
ߚߨ
ߤ
 (4.2.18)																																																																										෠ܮ

 
(4-3) Effect of Viscosity on Total Energy of Electron  
 
in Hydrogen Atom 
 
To obtain the effect of viscosity on total energy of electron in  
 
hydrogen atom, it is convenient to write the Hamiltonian of  
 
this electron in classical mechanics as 
 

ܪ =
ܲଶ

2݉
+ ܸ +  (4.3.1)																																																																		௩௜௦ܧ

 
In quantum mechanics the Hamiltonian becomes 
 



70 
 

෡ܪ =
෠ܲଶ

2݉
+ ෠ܸ +  (4.3.2)																																																																		෠୴୧ୱܧ

 
The eigen equation of electron in Hydrogen atom is given by  
 

(ɸ,ߠ,ݎ)෡߰ܪ =
෠ܲଶ

2݉
(ɸ,ߠ,ݎ)߰ + ൣ ෠ܸ +  (4.3.3)						(ɸ,ߠ,ݎ)߰	෠୴୧ୱ൧ܧ

 
Substitute Eqn.	(4.2.18) in Eqn.	(4.3.3) to get 
  

(ɸ,ߠ,ݎ)෡߰ܪ =
෠ܲଶ

2݉
(ɸ,ߠ,ݎ)߰ + ൤ ෠ܸ −

ߚߨ
ߤ
෠൨ܮ  (4.3.4)				(ɸ,ߠ,ݎ)߰	

 
When the potentials are independent of time, the above equation  
 
can be expresses as time independent Schrödinger equation,  
 
which reads  
                                                         
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
ቃ߰(ߠ,ݎ,ɸ) +   

 
2μ
ħଶ
	൬ܧ − ܸ +

ߚߨ
ߤ
(ɸ,ߠ,ݎ)෠൰߰ܮ = 0																																					(4.3.5) 

 
Where β is either ߚ଴ or ߚଵ according to the type of flow 
 
Thus wave function can thus be separated as 
`  
(ɸ,ߠ,ݎ)߰ =  (4.3.6)																																																						(θ,ɸ)ܻ(ݎ)ܴ
 
The result of applying energy loses operator in Eqn. (4.2.18)  
 
on the wave function in Eqn. (4.3.6), produces  
  
	ߚߨ
ߤ
(ɸ,ߠ,ݎ)߰	෠ܮ =

	ߚߨ
ߤ
ܻ(θ,ɸ)	෠ܮܴ = 	

ߚߨ
ߤ
ܴඥ ( + 1)	ħܻ(θ,ɸ) 
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	= గఉ

ఓ
ඥ ( + 1)	ħ߰(ߠ,ݎ,ɸ)																																																		(4.3.7)                                            

 

Substituting equation	(4.3.7) in	(4.3.5) one gets 
   
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ
డమ

௦௜௡మఏ	డɸమ
ቃ߰ +   

 
2μ
ħଶ
	൬ܧ − ܸ +

ߚߨ
ߤ
ඥ ( + 1)ħ൰߰ = 0																																	(4.3.8) 

 
But the terms	ܧ and ஠ஒ	

ஜ
ඥ ( + 1)ħ are constants with respect  

 
to	߰, thus one can consider 
   
଴ܧ = ܧ + ஠ஒ	

ஜ
ඥ ( + 1)ħ																																																							(4.3.9)                                      

 
Then equation	(4.3.8) become 
 
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
ቃψ(r,θ,ɸ) +   

 
2μ
ħଶ
଴ܧ)	 − ܸ)ψ(r,θ,ɸ) = 0																																																			(4.3.10) 

 
Where this equation resemble Eqn.	(2.8.2), thus energy eigen  
 
values are given by 
  

଴ܧ = ିଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
																																																												(4.3.11)                                                   

 
By inserting equation	(4.3.9) in	(4.3.11), one gets 
  

ܧ +
πβ	
μ
ඥ ( + 1)ħ =

−1
2
൬

1
4πε଴

൰
ଶ μ݁ସ

ħଶ
ܼଶ

݊ଶ
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Or 
 

ܧ =
−1
2
൬

1
4πε଴

൰
ଶ μ݁ସ

ħଶ
ܼଶ

݊ଶ
−
πβ	
μ
ඥ ( + 1)ħ																						(4.3.12) 

 
For non laminar flow β equals β଴ given by Eqn. (4.2.2), thus  
 
Eqn. (4.3.12) becomes 
 

ܧ = ିଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
− ଺஠మఊ஗	

ஜ
ඥ ( + 1)ħ																								(4.3.13)  

 
The second term is the energy loss of electron due to viscous  
 
media around nuclear of hydrogen.  
 
Coefficient of viscosity of fluid around nuclear of hydrogen is in  
 
the form 
 

η = ൤	|ܧ|− ଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
൨ . ஜ

଺஠మఊට ൫ ାଵ൯	ħ
																					(4.3.14)  

    
The first term ܧ represent energy of electron move in viscous  
 
energy level but the second term is the electron energy when  
 
viscosity disappear.  
 
In view of Eqn.	(4.3.14) Planck's constant is given by 
 

ħ = ቈ	|ܧ|−
1
2
൬

1
4πε଴

൰
ଶ μ݁ସ

ħଶ
ܼଶ

݊ଶ቉
.

μ

6πଶߛηඥ ( + 1)
										(4.3.15) 

 
From De Broglie relation Eqn.	(2.2.1), the De  
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Broglie wave length ߣ is given to be 
 

ߣ =
ħ
ܲ

= ቈ	|ܧ|−
1
2
൬

1
4πε଴

൰
ଶ μ݁ସ

ħଶ
ܼଶ

݊ଶ቉
.

μ

6πଶߛη	ܲඥ ( + 1)
 

 
 Or 
 

ߣ = ൤	|ܧ|− ଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
൨ . ஜ

଺஠మఊ஗ට ൫ ାଵ൯ħ௉
																			(4.3.16)    

 
For laminar flow one replace the value of βin Eqn.	(4.3.12)	 by 
 
βଵ in Eqn. (4.2.3), to get 
  

ܧ = ିଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
− 	ଵ

ସ
గమఎ	ே೒ఊ஼ವ

ఓ
ඥ ( + 1)ħ														(4.3.17)  

 
The coefficient of viscosity from Eqn. (4.3.17) can be defined  
 
as 

 

η = ൤	|ܧ|− ଵ
ଶ
ቀ ଵ
ସ஠கబ

ቁ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
൨ . ସ	ஜ

஠మఊே೒஼ವට ൫ ାଵ൯ħ
															(4.3.18)	  

 
From Eqn. (2.2.1),	De Broglie wave length is thus takes the  
 
form 
 
ߣ

= ቈ	|ܧ|−
1
2
൬

1
4πε଴

൰
ଶ μ݁ସ

ħଶ
ܼଶ

݊ଶ቉
.

4μ

πଶߛη ௚ܰܥ஽ඥ ( + 1)ħܲ
(4.3.19) 
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(4-4) Effect of Viscosity on Total Energy of Electron  
 
in Hydrogen Atom According to Bohr Model 
 
One can add the energy loss of electron due to viscous media  
 
around nuclear of hydrogen atom for laminar and non laminar   
 
flow in Eqn. (4.2.13) to Eqn. (2.8.2) as  
 

ଶݒߤ −
ଶ݁ݖ݇

ݎ
−
ܮߚߨ
ߤ

= 0 

Or  

ଶݒߤ =
ଶ݁ݖ݇

ݎ
+
ܮߚߨ
ߤ
																																																																			(4.4.1) 

According to Eqn.	(2.8.3) the angular momentum can be define  

as  

ܮ = ݊ħ =  (4.4.2)																																																																														ݎݒߤ

Or   

ݒ =
ܮ
ݎߤ

=
݊ħ
ݎߤ
																																																																															(4.4.3) 

By inserting Eqn.	(4.4.3) in Eqn. (4.4.1), one obtains 

	
݊ଶħଶ

ଶݎߤ
=
ଶ݁ݖ݇

ݎ
+
ħ݊ߚߨ
ߤ

																																																														(4.4.4) 

Or  

ߚ =
݊ħ
ଶݎߨ

−
ߤଶ݁ݖ݇
ħ݊ݎߨ

																																																																						(4.4.5) 

For non laminar flow, one substitute	ߚ in Eqn. (4.4.5) by the ߚ଴  
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in Eqn. (4.2.2) to get  

ߟߛߨ6 =
݊ħ
ଶݎߨ

−
ߤଶ݁ݖ݇
ݎħ݊ߨ

																																																														(4.4.6) 

From Eqn. (4.4.6) one can get the static viscosity coefficient as 

ߟ = ቆ
݊ħ
ଶݎ
−
ߤଶ݁ݖ݇
݊ħݎ ቇ

1
ߛଶߨ6

																																																								(4.4.7) 

The energy loss of electron due to viscous media can be defined  
 
from Eqn. (4.4.4) after inserting the value of ߚ from  
 
Eqn.	(4.2.2) as   
 

௩௜௦ܧ =
ħ݊ߟߛଶߨ6

ߤ
																																																																								(4.4.8) 

 
According to equation (4.4.6) and Eqn. (2.2.1) the De Broglie  

wave length is given by 

ߣ = ቆ
݊ħଶ

ଶݎ
−
ߤଶ݁ݖ݇
ݎ݊ ቇ

1
ܲߟߛଶߨ12

																																															(4.4.9) 

For laminar flow replace	ߚ in Eqn. (4.4.5) by ߚଵ in Eqn. (4.2.3)  

to obtain the static viscosity coefficient as 

ߟ = ቆ
݊ħ
ଶݎ

−
ߤଶ݁ݖ݇
ħ݊ݎ ቇ

4	
஽ܥߛଶߨ12 ௚ܰ

																																									(4.4.10) 

The energy loss for laminar flow can be defined from(4.4.4)  
 
after exchange ߚ by its value Eqn.	(4.2.4) as   
 

௩௜௦ܧ =
஽ܥߟߛଶߨ ௚ܰ݊ħ

ߤ4
																																																														(4.4.11) 
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From Eqn. (2.2.1) the wave length of De Broglie is thus 
 

ߣ = ቆ
݊ħଶ

ଶݎ
−
ߤଶ݁ݖ݇
ݎ݊ ቇ

4	
஽ܥߛଶߨ12 ௚ܰܲߟ

																																		(4.4.12) 

 
(4-5) Friction of Electron in Hydrogen Atom 
 
One can find a surface at which the centrifugal force is equal to  
 
centripetal force. This surface has kinetic friction force ܨ௞ equal  
 
to coefficient of kinetic friction ߤ௞ times the press force on a  
 
surface (centrifugal force). But centrifugal force ܨ௖ is equal to  
 
electrostatic force ܨ௘ and also equal to reaction force ܨ௥, i.e 
 

௥ܨ = ௖ܨ = ௘ܨ =
ܼ݁ଶ

4πε଴ݎଶ
																																																									(4.5.1) 

 
But the friction force ܨ௞ is related to the reaction force  
 
according to the relation 
 

௞݂ = ௥ܨ	௞ߤ = .	௞ߤ
ܼ݁ଶ

4πε଴ݎଶ
																																																						(4.5.2) 

   
The energy corresponding to Kinetic friction force is given for  
 
constant	ݎ by 
  

௙ೖܧ = −න ௞݂	݀ݏ = −න .	௞ߤ
ܼ݁ଶ

4πε଴ݎଶ
ߠ݀ݎ	

గ

଴
= −πߤ௞	.

ܼ݁ଶ

4πε଴ݎ
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௙ೖܧ = πߤ௞	.ܸ																																																																							(4.5.3) 
 
The operator of energy loss by friction is  
 
෠௙ೖܧ = πߤ௞	 ෠ܸ 																																																																									(4.5.4)                                                     
 
Where ෠ܸ  is the electrostatic potential energy. To obtain the  
 
effect of friction and viscosity on total energy of electron in  
 
hydrogen atom, the Hamiltonian in classical mechanics can be  
 
written as   
 

ܪ =
ܲଶ

2݉
+ ܸ + ௩௜௦ܧ + ௙ೖܧ 																																																				(4.5.5) 

 
In quantum mechanics the Hamiltonian becomes 
 

෡ܪ =
෠ܲଶ

2݉
+ ෠ܸ + ෠୴୧ୱܧ + ෠௙ೖܧ 																																																				(4.5.6) 

 
The eigen equation of electron in Hydrogen atom with friction  
 
and viscosity energy losses is given by  
 

(ɸ,ߠ,ݎ)෡߰ܪ = ቈ
෠ܲଶ

2݉
+ ෠ܸ + ෠௙ೖܧ + ෠୴୧ୱ቉ܧ  (4.5.7)										(ɸ,ߠ,ݎ)߰	

 
Substitute Eqns.	(4.2.18) and (4.5.4) in Eqn.	(4.5.7) to get 
  

(ɸ,ߠ,ݎ)෡߰ܪ = ቈ
෠ܲଶ

2݉
+ ෠ܸ + πߤ௞	 ෠ܸ −

ߚߨ
ߤ
෠቉ܮ  (4.5.8)		(ɸ,ߠ,ݎ)߰	

 
The potentials are independent of time, since the above equation  
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can be solved by independent time Schrödinger equation as 
                                                            
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
ቃψ(r,θ,ɸ) +   

  
2μ
ħଶ
	൬ܧ − ෠ܸ − πߤ௞	 ෠ܸ +

ߚߨ
ߤ
෠൰ψ(r,θ,ɸ)ܮ = 0																			(4.5.9) 

 
One can get the effect of applying energy loss by viscous media  
 
operator on wave function from equation (4.3.7), and  
 
substitute it in equation (4.5.9) to get   
 
	ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
	ቃ ψ(r,θ,ɸ) +  

 
ଶஜ
ħమ
	ቀܧ − ෠ܸ − πߤ௞	 ෠ܸ + ஠ஒ	

ஜ
ඥ ( + 1)ħቁψ(r,θ,ɸ) = 0			(4.5.10)                                                                                                                             

 
Similar to Eqn. (4.3.9) let 
   
଴ܧ = ܧ + ஠ஒ	

ஜ
ඥ ( + 1)ħ																																																							(4.5.11)                                      

 
Then equation (4.5.10) become 
 
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
	ቃψ(r,θ,ɸ) +	   

 
2μ
ħଶ
଴ܧൣ	 − (1 + πߤ௞	) ෠ܸ ൧ψ(r,θ,ɸ) = 0																														(4.5.12) 

 
Using the same procedures as in section (4-3) by definingܧ଴ as  
 
in Eqn.	(4.4.9) and by using the solution (4.3.11), beside  
 
defining ¥ as    
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¥ = ௓௘మ(ଵା஠ఓೖ	)
ସ஠ħகబ

ට
ఓ

ିଶாబ
																																																											(4.5.13)                                                                      

 
One gets 
 

଴ܧ = ିଵ
ଶ
ቂଵା஠ఓೖ	
ସ஠கబ

ቃ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
																																																								(4.5.14)                                            

 
Sub Eqn. (4.5.11) in Eqn. (4.5.14) to obtain 
 

ܧ + ஠ஒ	
ஜ
ඥ ( + 1)ħ = ିଵ

ଶ
ቂଵା஠ఓೖ	
ସ஠கబ

ቃ
ଶ ஜ௘ర

ħమ
௓మ

௡మ
																									(4.5.15)   

 
From Eqn. (4.5.11) the total energy is  
 

ܧ = ିଵ
ଶ
ቂଵା஠ఓೖ	
ସ஠கబ

ቃ
ଶ

. ஜ௘
ర

ħమ
௓మ

௡మ
− ஠ஒ	

ஜ
ඥ ( + 1)ħ																								(4.5.16)  

 
Hence the coefficient of kinetic friction becomes 
   

	௞ߤ =
1
π
቎ඨ൬|ܧ|−

πβ	
μ
ඥ ( + 1)ħ൰ .

32πଶε଴ଶħଶ

μ݁ସ
.
݊ଶ

ܼଶ
− 1቏ 

 
																																																																																																					(4.5.17) 
 
The De Broglie wave length in term of Stock and friction force  
 
becomes 
 

ߣ =
ħ

πPߤ௞	
቎ඨ൬|ܧ|−

πβ	
μ
ඥ ( + 1)ħ൰ .

32πଶε଴ଶħଶ

μ݁ସ
.
݊ଶ

ܼଶ
− 1቏ 

 
																																																																																																					(4.5.18) 
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(4-6) Effect of Friction and Viscosity of Electron in  

Hydrogen Atom According to Bohr Model 

 
The work done is produced by friction force in Eqn. (4.5.3) can  
 
be added to Eqn. (4.4.4) as  
 

	
݊ଶħଶ

ଶݎߤ
=
ଶ݁ݖ݇

ݎ
+ 	௦ߤ

ଶ݁ݖ݇

ݎ
+
ħ݊ߚߨ
ߤ

																																								(4.6.1) 

Or  

	௦ߤ =
ݎ

ଶ݁ݖ݇
	ቈ
݊ଶħଶ

ଶݎߤ
−
ଶ݁ݖ݇

ݎ
−
ħ݊ߚߨ
ߤ ቉																																					(4.6.2) 

This expression can determine the coefficient of static friction  

for either flow. 

 
(4-7) Effect of Viscosity for A Rigid Rotator Body 
 
The electron in an atom and rotation of on atom in molecules  
 
be described by dynamics of a rigid body. 
 
If the motion of a rotator body does not effected by any forces  
 
except Stock force, hence its classical Hamiltonian can be  
 
written as  
 

ܪ =
ܲଶ

2݉
+  (4.7.1)																																																																										௩௜௦ܧ

 
But the Hamiltonian in quantum mechanics becomes 



81 
 

  

෡ܪ =
෠ܲଶ

2݉
+  (4.7.2)																																																																										෠୴୧ୱܧ

 
The eigen equation of rigid rotator body is given by  
 

(ɸ,ߠ,ݎ)෡߰ܪ = ቈ
෠ܲଶ

2݉
+ ෠୴୧ୱ቉ܧ  (4.7.3)																															(ɸ,ߠ,ݎ)߰	

 
By comparing a rigid rotator body with Hydrogen atom, the  
 
energy loss due to viscous media for either flow of rigid body  
 
can be described by Eqn.	(4.2.18), thus Eqn.	(4.7.3) can be  
 
written as 

(ɸ,ߠ,ݎ)෡߰ܪ = ቈ
෠ܲଶ

2݉
−
ߚߨ
ߤ
෠቉ܮ  (4.7.4)																													(ɸ,ߠ,ݎ)߰	

 
The energy loss due to viscous media is independent of time,  
 
since the above equation can be solved by independent time  
 
Schrödinger equation as 
 
ቂ	 ଵ
௥మ
	 డ
డ௥
ቀݎଶ డ

డ௥
ቁ + ଵ

௥మ௦௜௡ఏ
డ
డఏ
ቀߠ݊݅ݏ డ

డఏ
ቁ + ଵ

௥మ௦௜௡మఏ
డమ

డɸమ
ቃψ(r,θ,ɸ) +   

  
2μ
ħଶ
	൬ܧ +

ߚߨ
ߤ
෠൰ψ(r,θ,ɸ)ܮ = 0																																														(4.7.5) 

 
To write the equation for rigid rotator, put	ݎ = 1 and replace m  
 
by ܫ in the above equation. Doing so, one can obtain 
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ቈ	
1

ߠ݊݅ݏ
߲
ߠ߲

൬ߠ݊݅ݏ
߲
ߠ߲
൰ +

1
ߠ݊݅ݏ

߲ଶ

߲ɸଶ቉ψ(ߠ,ɸ) + 

 
ଶ୍
ħమ
	ቀܧ + గఉ

ூ
(ɸ,ߠ)෠ቁψܮ = 0																																																				(4.7.6)   

 
The result of applying energy loss operator on the wave  
 
function	߰(ߠ,ɸ) produces 
 
	ߚߨ
ܫ
(ɸ,ߠ)߰	෠ܮ =

ߚߨ
ܫ
ܴඥ ( + 1)	ħ߰(θ,ɸ)																								(4.7.7) 

 
But ܧ and ஠ஒ	

୍
ඥ ( + 1)ħ are constant with respect to	ψ(θ,ɸ),  

 
then one can consider 
  
଴ܧ = ܧ + ஠ஒ	

୍
ඥ ( + 1)ħ																																																							(4.7.8)  

 
By substitute Eqn.	(4.7.8)  in Eqn.	(4.7.6), one finds  
   

ቈ	
1

ߠ݊݅ݏ
߲
ߠ߲

൬ߠ݊݅ݏ
߲
ߠ߲
൰ +

1
ߠ݊݅ݏ

߲ଶ

߲ɸଶ቉ψ +
2Iܧ଴
ħଶ

	ψ = 0								(4.7.9) 

 
Following the steps as shown in section (2.10) one obtains the  
  
value of	ी in Eqn. (2.10.27) as 
 

ी = ( + 1) =
଴ܧܫ2
ħଶ

 
Or  

଴ܧ =
( + 1)ħଶ

ܫ2
	 , 	 = 	0, 1, 2, 3,4, ….																																(4.7.10) 

By inserting Eqn.	(4.7.8) in Eqn. (4.7.10), the total energy of  
 
general flow  becomes 
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ܧ +
πβ	

I
ඥ ( + 1)ħ =

( + 1)ħଶ

ܫ2
 

Or 

ܧ =
( + 1)ħଶ

ܫ2
−
πβ	

I
ඥ ( + 1)ħଶ																																				(4.7.11) 

 
For non laminar flow, replace β in Eqn.(4.7.11) by ߚ଴ from  
 
Eqn.(4.2.2) to obtain 
 

ܧ =
( + 1)ħଶ

ܫ2
−

6πଶߛ௔ߟ௔	
I

ඥ ( + 1)ħଶ																									(4.7.12) 
 
Where ߛ௔	ܽ݊݀	ߟ௔ are radius and viscosity coefficient of rigid  
 
rotator body respectively.   
 
The viscosity coefficient of a rigid rotator is thus given by 
 

௔ߟ = ቈܧ +
( + 1)ħଶ

ܫ2 ቉
ܫ

6πଶߛ௔ඥ ( + 1)ħଶ
																						(4.7.13) 

 
De Broglie wave length can be obtained from above equation as 
  

λ = ቈܧ +
( + 1)ħଶ

ܫ2 ቉
ܫ

6πଶߟ௔	ܲߛ௔ඥ ( + 1)
																				(4.7.14) 

 
To get the total energy for laminar flow, replace β in  
 
Eqn.(4.7.11) by ߚଵ from Eqn.(4.2.4) to get   
 

ܧ =
( + 1)ħଶ

ܫ2
−
	1
4
	௔ߟଶߨ ௚ܰ௔ߛ௔ܥ஽௔

ܫ
ඥ ( + 1)ħ										(4.7.15) 

 
Where ௚ܰ௔is Reynold's number and ܥ஽௔ is the coefficient of air  
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Resistance.  
 
The viscosity coefficient for laminar flow is thus given by  
 

௔ߟ = ቈܧ +
( + 1)ħଶ

ܫ2 ቉
	ܫ	4

πଶ ௚ܰ௔ߛ௔ܥ஽௔ඥ ( + 1)ħଶ
										(4.7.16) 

 
The De Broglie wave length is given as 
  

λ = ቈܧ +
( + 1)ħଶ

ܫ2 ቉
ܫ4

πଶ	ߟ௔ܲ ௚ܰ௔ܥ஽௔ߛ௔ඥ ( + 1)
								(4.7.17) 

  

(4-8) Effect of Viscosity of A Particle in Free Space 

If the particle move in x-direction without effected by any forces  
 
except Stock force, hence the classical Hamiltonian can be  
 
found as  
 

ܪ =
ܲଶ

2݉
+  (4.8.1)																																																																										௩௜௦ܧ

 
But the Hamiltonian in quantum mechanics becomes 
 

෡ܪ =
෠ܲଶ

2݉
+  (4.8.2)																																																																										෠୴୧ୱܧ

 
The eigen equation of a free particle in space is given by  
 

(ݔ)෡߰ܪ = ቈ
෠ܲଶ

2݉
+ ෠୴୧ୱ቉ܧ  (4.8.3)																																																		(ݔ)߰	

 

The energy loss due to viscosity of vacuum for a free particle  
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move in ݔ − direction is given according to Eqn.	(4.2.6) 

௩௜௦ܧ = .௦௧௢௖௞ܨ− ݔ = ߚ−
ݔ݌
݉
																																																				(4.8.4) 

Where, one consider υ to be constant  

But the energy loss due to vacuum viscosity operator in general  

form is 

෠௩௜௦ܧ = −
ොݔ̂݌ߚ
݉

																																																																													(4.8.5) 

The energy loss due to viscous media is independent of time,  
 
since the above equation can be solved by independent time  
 
Schrödinger equation. By substitute Eqn. (4.8.5) in Eqn. (4.8.3) 
 
one can write Eqn.	(4.8.3) as  
 

−ℎଶ

2݉
݀ଶ߰(ݔ)
ଶݔ݀

−
ොݔ̂݌ߚ
݉

(ݔ)߰ =  (4.8.6)																																					(ݔ)߰ܧ

But from uncertainty relation  

(ݔ)ො߰ݔ̂݌ = (ݔ)ො߰ݔ∆̂݌∆ = ħ߰(ݔ)																																											(4.8.7) 

Substitute equation (4.8.7) in equation (4.8.6) one obtains 

 ି௛
మ

ଶ௠
ௗమట(௫)
ௗ௫మ

− ఉħ
௠
(ݔ)߰ =  (4.8.8)																																														(ݔ)߰ܧ

Or 

݀ଶ߰(ݔ)
ଶݔ݀

+ ൬
2݉
ℎଶ

ܧ + 	
ߚ2
ħ
൰߰(ݔ) = 0																																						(4.8.9) 

Let  ݇ଶ = ଶ௠
௛మ
ܧ + ଶఉ

ħ
																																																															(4.8.10) 
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Thus equation (4.8.9) became  

݀ଶ߰(ݔ)
ଶݔ݀

+ ݇ଶ	߰(ݔ) = 0																																																										(4.8.11) 

The solution of equation (4.8.11) is 

(ݔ)߰ = ݁௜௞௫ + ݁ି௜௞௫																																																															(4.8.12) 

Assume the motion in positive direction of ݔ, the wave function  

became  

(ݔ)߰ = ݁௜௞௫																																																																														(4.8.13) 

From equation (4.8.10) the eign value of energy is  

ܧ =
ℎଶ݇ଶ

2݉
−
ħߚ
݉
																																																																								(4.8.14) 

Substitute Eqn. (4.2.2) in Eqn. (4.8.14) to get energy eigen  
 
value for non laminar flow as   

 

ܧ =
ܲଶ

2݉
−

௙ħߛ௙ߟߨ6
݉

																																																																(4.8.15) 

Then the coefficient of viscosity can be writing as 

௙ߟ =
ܲଶ

௙ħߛߨ12
−

ܧ݉
௙ħߛߨ6

																																																										(4.8.16) 

De Broglie relation (2.2.1), the wave length is given as 
 

ߣ =
ܲଶ

௙ܲߟ௙ߛߨ12
−

ܧ݉
௙ܲߟ௙ߛߨ6

																																																		(4.8.17) 

Also substitute Eqn. (4.2.4) in Eqn. 	(4.8.14)	for laminar flow,  

the eigen value became  
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ܧ =
ܲଶ

2݉
−
	௙ߛ௙ߟ	ߨ	 ௚ܰ௙ܥ஽௙ħ

4	݉
																																																(4.8.18) 

And the coefficient of viscosity is given as  

௙ߟ =
4݉

	௙ߛ	ߨ	 ௚ܰ௙ܥ஽௙ħ
ቈ
ܲଶ

2݉
−  (4.8.19)																																												቉ܧ

Also from De Broglie relation (2.2.1), the wave length in this  

case becames 

ߣ =
4݉

	௙ܲߟ௙ߛ	ߨ	 ௚ܰ௙ܥ஽௙
ቈ
ܲଶ

2݉
−  (4.8.20)																																									቉ܧ

 
(4-9) Work Done of Stock Force in Oscillation  
 
System 
 
The energy loss due to harmonic oscillator vibrating in viscous  
 
media is obtained in terms of Stock's force acting on it as 
 

௩௜௦ܧ = −නܨௌ௧௢௖௞ ݔ݀ = −නߚ  (4.9.1)																																							ݔ݀߭

 
The position of oscillation system is 
 
ݔ  =   (4.9.2)																																																																																		଴݁௜ఠ௧ݔ
 
But the linear velocity can be found from first derivative of  
 
position as 
 

߭ =
ݔ݀
ݐ݀

=  ݔ߱݅
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Or 
 
߭ =  (4.9.3)																																																																																								ݔ߱݅
 
Sub Eqn. (4.9.3) in Eqn. (4.8.1) to get 
 

௩௜௦ܧ = ݔනߚ߱݅− ݔ݀ = −
ߚ߱݅

2
 ଶݔ

 

௩௜௦ܧ = −
ߚ߱݅

2
 (4.9.4)																																																																									ଶݔ

 
Thus the energy loss due to viscous media operator is given by  
 

෠௩௜௦ܧ = −
ߚ߱݅

2
 (4.9.5)																																																																									ොଶݔ

 
(4-10) The Effect of Viscosity on Oscillation System 
 
The Hamiltonian of harmonic oscillator along x-direction can be  
 
described in  classical mechanics as 
 

ܪ =
ܲଶ

2݉
+ ܸ +  (4.10.1)																																																																௩௜௦ܧ

 
But the Hamiltonian in quantum mechanics becomes 
  

෡ܪ =
෠ܲଶ

2݉
+ ෠ܸ +  (4.10.2)																																																																෠୴୧ୱܧ

 
By substitute Eqn.	(4.9.5)  and Eqn. (2.11.2) in Eqn. (4.10.2),  
 
the eigen equation of harmonic oscillator is thus given by 

(ݔ)෡߰ܪ = ቈ
෠ܲଶ

2݉
+

1
2
݉߱ଶݔොଶ −

ߚ߱݅
2

 (4.10.3)																				(ݔ)ොଶ቉߰ݔ
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Since the potential is independent of time, Eqn.	(4.10.3)  can be  
 
written as independent time Schrödinger equation in the form   
 
݀ଶ߰(ݔ)
ଶݔ݀

+
2݉
ħଶ

൤ܧ −
1
2
݉߱ଶݔଶ +

ߚ߱݅
2

(ݔ)ଶ൨߰ݔ = 0							(4.10.4) 
 
Transform this equation into a variable ξ defined by 
 
ξ = άݔ																																																																																							(4.10.5) 
 
The parameter ά will be chosen in such a way that the new  
 
equation looks simple, thus 
 
݀߰
ݔ݀

=
݀߰
݀ξ

݀ξ
ݔ݀

= ά
݀߰
݀ξ

 

 
݀ଶ߰(ݔ)
ଶݔ݀

= ά
݀
݀x
൬
݀߰
݀ξ
൰ = ά

݀
݀ξ
൬
݀߰
݀ξ
൰
݀ξ
݀x

= άଶ
݀ଶ߰
݀ξଶ

 

 
In terms of new variable Eqn. (4.10.5) becomes 
 
ௗమట
ௗஞమ

+ ቂଶ௠ா
௛మάమ

− ቀ୫
మఠమ

௛మ
− ௜ఠఉ௠

௛మ
ቁ ஞ

మ

άర
ቃ߰ = 0																											(4.10.6)

  
Assume άସ to be defined as 
 

άସ =
mଶ߱ଶ − ݉ߚ߱݅

ℎଶ
																																																													(4.10.7) 

 
Equation(4.10.6)  now becomes 
 
݀ଶ߰
݀ξଶ

+ ൤
ܧ2݉
ℎଶάଶ

− ξଶ൨߰ = 0																																																				(4.10.8) 

 
Introducing the dimensionless parameter ℬ defined by 
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ℬ =
ܧ2݉
ℎଶάଶ

																																																																																	(4.10.9) 
 
Eqn. (4.10.8) becomes 
 
݀ଶ߰
݀ξଶ

+ [ℬ − ξଶ]߰ = 0																																																										(4.10.10) 

 
Using the same steps of solution in section (2-11) one obtains   
 
the value of	ℬ in the form 
 

ℬ =
ܧ2݉
ℎଶάଶ

= 2݊ + 1																																																													(4.10.11) 
 
The energy eigen value is thus given by 
 

௡ܧ = ൬݊ +
1
2
൰
ℎଶάଶ

݉
= ൬݊ +

1
2
൰
ℎଶ

݉
ඨmଶ߱ଶ − 	݉߱ߚ݅

ℎଶ
 

Or 

௡ܧ = ൬݊ +
1
2
൰ ℎ߱ඨ1 −

ߚ݅
߱݉

																																															(4.10.12) 

Or 

ߚ = ߱݉
ቂቀ݊ + 1

2ቁℎ߱ቃ
ଶ
− ௡ܧ

ଶ

݅ ቂቀ݊ + 1
2ቁ ℎ߱ቃ

ଶ 																																									(4.10.13) 

 
For non laminar flow substitute the value of ߚ from Eqn.	(4.2.2)  
 
in the above equation to obtain viscosity coefficient as 

௛ߟ =
߱݉
௛ߛߨ6݅

ቂቀ݊ + 1
2ቁ ℎ߱ቃ

ଶ
− ௡ܧ

ଶ

ቂቀ݊ + 1
2ቁ ℎ߱ቃ

ଶ 																																			(4.10.14) 
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From De Broglie relation (2.2.1), the wave length is given as 

λ =
߱݉

௛ߟ௛ℎܲߛߨ6݅

ቂቀ݊ + 1
2ቁℎ߱ቃ

ଶ
− ௡ܧ

ଶ

ቂቀ݊ + 1
2ቁ߱ቃ

ଶ 																											(4.10.15) 

 
But for laminar flow viscosity coefficient can be obtained by  
 
substituting Eqn.	(4.2.4) in Eqn. (4.10.13) to get 

௛ߟ =
4߱݉

௛ߛߨ݅ ௚ܰ௛ܥ஽௛

ቂቀ݊ + 1
2ቁ ℎ߱ቃ

ଶ
− ௡ܧ

ଶ

ቂቀ݊ + 1
2ቁ ℎ߱ቃ

ଶ 																							(4.10.16) 

 
From De Broglie relation (2.2.1), the wave length is given as 
 

λ =
4߱݉

௛ߛ௛ߟߨ݅ ௚ܰ௛ܥ஽௛ℎܲ
ቂቀ݊ + 1

2ቁ ℎ߱ቃ
ଶ
− ௡ܧ

ଶ

ቂቀ݊ + 1
2ቁ߱ቃ

ଶ 															(4.10.17) 

 
(4-10) Discussion 

 
The quantum equation which describes particle motion in a  
 
viscous medium requires an expression for energy lost by  
 
viscous medium, this relation is shown by equation (4.2.13).	It  
 
relates angular momentum to viscosity as shown in this  
 
equation. The corresponding operator is exhibited in equation  
 
(4.2.18).	The new Schrödinger equation accounts for the effect  
 
of viscosity as shown by Eqn. (4.3.5). It was derived by  
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replacing the viscous classical energy, which depends on ܮ,	 by  
 
the corresponding operator after adding it to the energy part in  
 
conventional Schrödinger equation [see Eqn.	(4.3.5)].	By  
 
separating variables to angular and radial parts, the viscous  
 
energy adds to Schrödinger equation additional terms in  
 
equation	(4.3.8)	and (4.3.12)	which shows viscous energy  
 
quantization. This viscous energy is proportional to the viscosity  
 
coefficient	η. It reduces to the ordinary energy of Hydrogen  
 
atom in the absence of viscosity. The Renold's number obtained  
 
in equation (4.3.17)	is consistent with the observed values. It is  
 
very interesting to note that the electron De Broglie wave length  
 
depends on viscosity as Eqn. (4.3.16) indicate. The fluid  
 
pressure which may represent vacuum one is quantized as  
 
shown in Eqn.	(4.3.18). It depends on angular quantum number.  
 
This is obvious as far as electrons wave in a circular path. Bohr  
 
model is also used to quantize viscosity, in section (4− 4). By  
using relations between forces of centrifugal, electric and  
 
viscous force, viscosity coefficient is shown to be quantized in  
 
Eqn. (4.4.7). The electron De Broglie wave length is quantized  
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also as shown by Eqn. (4.4.9). It is very interesting to note that  
 
both	ߟ and λ depends on principle quantum number n. This is  
 
since in Bohr model the angular momentum L depends on  
 
principle quantum number n and coefficient of viscosity ߟ  
 
results from electron circular motion. For a rigid body Eqn.  
 
(4.7.13) and (4.7.14) shows that both	ߟ and λ depends on  
 
orbital quantum number . Using uncertainty principle the De  
 
Broglie wave length λ and ߟ for free particles are shown to be  
 
correlated, as Eqn.	(4.8.16)  shows as ߟ increase λ decrease,  
 
which conforms with common sense. According to equation  
 
(4.8.6) the energy lost due to viscosity is dependent on ݔଶ,߱ as  
 
well as viscosity coefficient ߚ. This is obvious, since  
 
increasing	ݔ and ߱ besides ߚ, increases losses. Using classical  
 
and quantum expressions of oscillator [see Eqn. (4.8.3), (4.9.7)  
 
and	(4.9.8)], the viscous energy is constant which depends on	ߚ  
 
as well as ℎ and ݉. The Hamiltonian and Schrödinger equation  
are given by Eqns. (4.10.1) − (4.10.4). Equation (4.10.4)  
 
reduces to ordinary Schrödinger equation in the absence of  
 
friction. The energy in equation (4.10.12)  consists of an  
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additional term consisting of viscosity coefficient ߚ. This  
 
expression reduces to that of ordinary harmonic oscillator in the  
 
absence of friction. Equation (4.10.14) in dicates that the  
 
friction is quantized.  
 
(4-11) Conclusion 
 
The quantum viscous model reduces to Schrödinger equation in  
 
the absence of friction. This model shows that viscosity is  
 
quantized, it also shows that electron De Broglie wave length  
 
depends on viscosity. For harmonic oscillator it shows that the  
 
total energy is quantized, including friction energy.  
 
Suggestion for Future Work; 
 

1- Modified Schrödinger equation for other quantum  
 
systems do not study in this research by energy loses due to  
 
viscous media. 
 
2- Modified Schrödinger equation by energy loses due to  

 
Archimedes principle. 

 
3- Quantization of electron mass in Hydrogen atom. 
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Appendix A 
 
The term viscosity is commonly used in the description of fluid  
 
flow to characterize the degree of internal friction in the fluid.  
 
This internal friction, or viscous force, is associated with the  
 
resistance that two adjacent layers of fluid have to moving  
 
relative to each other. Viscosity causes part of the kinetic energy  
 
of a fluid to be converted to internal energy. This mechanism is  
 
similar to the one by which an object sliding on a rough  
 
horizontal surface loses kinetic energy. 
 
The viscosity coefficient is define as the ratio of shear stress to  
 
rate of shear 
  

ߟ =
ܨ ⁄ܣ
߭ ⁄ܮ

																																																							(1) 

 
The dominator of equation (1) is pressure  
 

ܲ =
ܨ
ܣ
																																																												(2) 

 
For spherical particle the viscosity coefficient is 
 

ߟ =
ܨ

ߛߨ6
																																																								(3) 

 
Where ܨ is the force act on a particle from fluid in opposite  
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direction of motion which called Stock's force is define as 
 
ௌ௧௢௖௞ܨ =   (4)																																																						ߟߛߨ6
 
When a particle moving in fluid, the flow of fluid can be  
 
characterized as being one of two main types. The flow is said to  
 
be steady, or non laminar, if each particle of the fluid follows a  
 
smooth path and can be describe by equation (4) and the laminar  
 
flow, if the particle of the fluid disturbed, but here the Stock's  
 
force proportional to the square power of velocity and can be  
 
define by equation 
 

ௌ௧௢௖௞ܨ =
1
2
 (5)																																																						ଶ߭ܣ஽ܥߩ

 
Renold's number is the critical value determine the laminar non  
 
laminar flow, and it's define as 
   

௚ܰ =
݀߭ߩ
ߟ
																																																																(૟) 

 
Where ݀ is specific dimension for type of flow and it represent  
 
diameter for spherical particle or 
 
݀ =    (7)																																																																							ߛ2
 
Substitute Eqn. (6) and (7) in Eqn. (5) to obtain 

ௌ௧௢௖௞ܨ =
	1
4
	ߟߨ ௚ܰܥߛ஽߭																																											(8) 


