Chapter 1

One -Dimensional Finite Approximation

1.1 Variational Formulation of Two-Point Boundary -Value
Problems

In this chapter we want to discuss a basis of finite element
approximation and weaker variational statement of the problem. Moreover,
to provide some symmetry in the formulation, we generally prefer to
choose a formulation in which the trial function u and test function v have a
same degree of smoothness that is we would like to have a variational
statement in which the highest order of derivatives of u that appears is the
same that of v. For more details see [1,2,3,4,5] To demonstrate how this to
done, consider a boundary -value problem defined by the system
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du(x)

—k( )—| =0 at x = x,
T du(x)' _ 7 _
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Where the domain is divided into four smooth subdomains (2; by the interface
points x, =0, x4,%,,%3 and x, = . when

Tk(x)u(x)] = lim k(x)u(x) — lim k(x)(x)
x-x; X—X;
Now we can arrive quite easily at a variational statement of this

problem first note that the solution u is quite smooth inside each of
the subdomains (2;. Indeed, by virtue of the fact that the differential



equation in (1.1) must hold in these subdomains, u is at least twice
differentiable there, we construct the residual error function r.

z

r(x) = —[k(x)(x)]+c)u(x) +b(x)u(x)-f(x) , x€ 2;,i =1,2,3,4

Multiply r by sufficiently smooth test function v defiend over the
entire interval 0 < x <[, and integrate the first term in the product rv by
parts over each subdomains. The result over subdomain (2; is of the form:

fﬂirv dx = —kl’wljgii_1 + fﬂi(kt’uﬁ + ctiv + buv) dx — fﬂifv dx (1.2)
i=1,234
Now, since u is the solution of our problem,
fﬂirv dx =0 and Zf=1fﬂirv dx =0 (1.3)

Thus substituting (1.2) into (1.3) yields:
l
j (kv + cuv + buv) dx + k(0)1(0)v(0) + [k(xeq)(x)]v(xy)
0

+ k() (xz) v () + Tk (xz)t(x3)]v(xs) — k(Da(Dv ()
= fol frdx  (1.4)
For all smooth test functions v.

And the function f appearing on the right-hand side of (1.4) is
understood to be the “smooth part” or integrable part of the source f.
In view of (1.1),

[k ()2 (x)] =0 , = kGt = f
TeCe)i(x)] =0, d@(0) =" () =2



Thus (1.4) reduces to

l
j (kv + ctv + buv) dx
0

k(0)
240

l
_ jo fv dx+ fo(e) ——— [yo — u(0)Bolv(0)

k(l
0 sl (15)

l

for all admissible test function v .

A variational statement of the two-point boundary-value problem
(1.1) now takes on the following form : find a function u such that (1.5) holds
for all test functions v in asuitable class of admissible function.

This is a rather remarkable result.We have managed to transform the
entire system of differential equations, jump conditions, and boundary
conditions in (1.1) in to asingle equation in which all of the features of the
solution and the discontinuous data are intrinsically present.

The variational problem (1.5) characterizes the solution as a function
defined over the entire interval 0< x <[, rather than piecewise asin (1.1).
Nevertheless, it is clear that any solution of (1.1) is automatically a solution
of (1.5), we henceforth view the variational statement(1.5) as given variation-
nal problem. It will always include the classical problem as special case
whenever the solution is sufficiently smooth .

Problem (1.5) is still incompletely defined . Our study established that the
specification of the appropriate space of admissible functions lies at the heart
of our analysis. In addition, the character of the boundary terms in (1.5)
deserves further comment .



We now list several fundamentally important observations which lead
to a more concrete definition of variational statement of our problem:

1- By integrating (k%)v once by part, we have produced an integral
involving products of the first derivatives of trial functions u and
test function v.Thus, if we wish to identify a class of admissible
functions on which smoothness assumptions are barely strong enough
to make this integral well defined, itis sufficient to make u and v to
be members of a class of functions, denoted H', whose derivatives of
order 1 and less are square-integrable over (2 . In other words a test
function v will belong to H! if

LI0)? + v dx < +oo (1.6)

With these conventions, it is clear that the variational statement of
problem (1.1) is as follows : Find a function u € H? such that (1.5) holds
for all test function

veH! (1.7)

We also encounter frequency the subclass of functions in H! that
vanish at x = 0, x = we denote this class by H} , thatis v = v(x) is
member of Hy if:

(a) v satisfies (1.6)
(b) v(©)=0, v() =0
In particular, consider the case in which we have essential boundary

conditions of form

u(0) = ;— and u(l) = ;—ll (1.8)



Instead of the natural boundary conditions in (1.1), then the variational
boundary-value problem becomes:

Find a function u in H?! satisfying (1.8) such that
[, (kb + ctev + buv) dx = [ fvdx + fv(xy) (1.9)
Forall v € H}

Boundary conditions for a problem such as (1.1) cannot be arbitrarily
constructed ;they must be in some sense ,compatible with the governing
differential equation of the problem . For example the specification of
an arbitrary set of boundary conditions to define a specific solution
of a differential equation may lead to an “ill-posed” problem in
which the solution does not exist at all exists but not uniquely
defined or “well-behaved”. Another useful feature of the variational
formulation is that whenever the boundary conditions can be
incorporated naturally into an integration by-parts formula, as was the
case in our derivation of (1.5), they are automatically compatible with
the differential equation Thus, there are intrinsic features of the
variational statement of a boundary-value problem that serve to
characterize well-posed problems .

Recall that in our discussion of physical origins of two-point problems,
boundary conditions fell into two categories:

essential boundary conditions , in which the value of the solution u
is specified, and the natural boundary conditions, in which 1 or
a combination of u and u is specified . Exactly the same classification
arises  naturally in variational formulations such as (1.5).
Suppose that u and v are in class H. Then derivatives of u and v
and higher may not exist . If v is barely smooth enough to be in H%, it is
impo- ssible to be impose conditions on derivatives of v of order 1 or
higher. From this in observation, it follows that boundary
conditions enter variational boundary-value problems of the type in
(1.5) in two distinct ways : the essential boundary conditions , which
involve the specification on of values of the solution, enter the



problem the definition of the of the space of admissible functions,
whereas the natural boundary conditions which involve the
specification of derivatives of the solution, dictate the actual form
of the wvariational equation .

Inparticular, we see from the form of problem (1.5) that
natural boundary conditions appear on the right-hand side of the
variational equality (1.5).

To fix ideas, consider as examples

) —u'(x)+u®) =f(x) , 0<x <l
u(0) =0 , u) =0

(i) —u () +ux) =f(x) , 0< x <l
w0)=vo ,ul=n

According (1.5) and (1.9), the variational statements of these
problems are:

(v-i) find u in Hj such that
f01(1’u§ + uv) dx = f01 fvdx forall veH}

Where in Hj is class of functions v satisfying (1.6) and vanishing at
the boundaries : v(0) =0 = v()).

(v-ii) find u € H! such that

[, @6 +wv) dx = [ fvdx — yov(0) + y,v(l) ,
forall veH!

Clearly, the essential boundary conditions (v-i) enter the variational
problem through the definition of the class H} of admissible test
functions, whereas the natural boundary conditions in (v-ii) enter
as data on the right-hand side of the equation.



(4) As a finalremark, we may also define as the energy norm
for problem (1.5) when b(x) >0,

1
vl = [fol(kﬁz + bv?) dx] /2 (1.10)

Frequently , we employ the equivalent H! — norm

1
Ivlly = [0 + v®) ] (111)

This norm provides a natural measure of error in approximations to
problem like (1.5) .

Galerkin Approximations:

The Galerkin approximation of second-order boundary-value problems
follows exactly the same lines as those discussed for the model problem.We
identify a finite set of basis functions {@;,®,, ..., ®y}in H? that define a finite-
dimensional subspace of test functions H" in H'. We then seeka function
uy, € H"of the form :

up(x) = X a; 0, (x) (1.12)

Which satisfies the variational problem on H". For problem (1.5), this
procedure leads to the discrete problem

fol(kahﬁh + ctiyv, + buyvy) dx = fol fo, dx + fv,(xy)

k(0)

~ "2 [y — un(0)Bolvn(0) + 7

ra [vi —w (DB v (D (1.13)
Forall v, € H"
Or, equivalently,

MaKijaj=F ,i=12,.,N (1.14)



Where the stiffness matrix K;; is now of the form

Kij = [, (k:0; + c;0; + b®;8;) — k(zﬂ" 0;(0)2;(0)
+E2R 0,00, (1.15)
And the components of the load vector are:
Fy = Jy [8idx + f0i(x) =" 00i(0) + %2 1i0i(1) (116)

With 1<i,j<N

Upon solving (1.14) for the coefficients a; our Galerkin approxima-
tion of the problem is obtained immediately from (1.12) as before, this
method of approximation becomes very powerful whenever we have a
systematic technique for constructing the basis functions @;. Such a
systematic is provided, by finite element techniques, we note that the
stiffness matrix k;; is not symmetric whenever the coefficient ¢ in

(1.15) is notidentically zero.
Minimization of Energy Functionals:

Our reference to certain weak forms of boundary-value problems
as “variation” statements arises from the fact that, whenever the
operators involved possess acertain symmetry to be identified below, a
weak form of the problem can be obtained which is precisely that arising
in standard problems in the calculus of variations. In such cases ,
the variational boundary-value problem represents a characterization of
the function u which minimizes “or maximizes” the energy of the problem
since one may find this interpretation useful from time to time, we
summarize here some of these variational concepts.

Let us consider once again a class H} of functions v defined on
interval 0 < x <[ and vanishing at the endpoints . Suppose that ] denotes
areal valued function defined on H} given by



J(W) = f, (kt? + bv? — 2fv) dx (1.17)

Where k ,b, and f are given functions of x , with k and b satisfying
0<ky<k(x) <o and b(x) = 0forall x,k, being a positive constant.We
may generally regard J as energy of certain physical system, note thatJ is
“a function of functions” (i.e ,the domain of J isthe class H} of admissible
functions) and that the values of J are real numbers. Any function with these
properties is called a functional.

Now a classical minimization problem in the calculus of variations is to
seek a particular function u € H} at which J assumes it is smallest value
over the whole class H&. In other words , “u is the minimize of J over Hy "
means that

Jw) <Jw) , forall veH} (1.18)

The minimization problem now reduces to one of characterizing
the minimizing function u. Toward this end, we consider an arbitrary
function n € H(} of the form n= u + ev,v arbitrary, where € is a positive
number, then n can be made as close to u as possible by choosing € small
enough . The “perturbation” evinu is called a variation in u and is often
written éu . The value of energy at n is

J(m) =] (u +ev)
= J(u) + €8] (u; v) + €262 (v) (1.19)
Where by a direct calculation using (1.17),
8] (u;v) = [} (kst + buv — fv) dx (1.20)
and
82 (v) = 3 [ (kv? + bv?) dx (1.21)

The quantity &J(u;v) is called the first variation inJ atu and 62/(v) is called
the second variation in Jatu. Itis clear that §/(u;v) can also be calculated
using the formula:



8] (u; v) = lim._ i [J(u+ev) —J(u)]
= L)+ €v)le=o (1.22)

Now since 6%J(v) is,because of our assumptions on k and b, always
greater than or equal to zero, and since u is minimize of J,

Jw < J(u+ev) =J(w) + 6] (w; v) + €262 (v)
Thus,
5] (u;v) + €82 (v) =0
or taking the limit as € goes to zero,
§J(u;v) =0 forall v € H}

But this inequality must also hold if v replaced by - v, so that if u is the actual
minimize of /, we must have

§](u;v) =0  forall ve H} (1.23)

In other words, the minimize of J is characterized as the solution of
the variational boundary-value problem

[, (ko + buv) dx = [ fvdx  forallv € H (1.24)

We recognize (1.24) as a variational statement of the classical boundary-value
problem

z

—[k(x)a(x)] +b(x)ulx) =f(x), 0<x<I }

u(0)=0 , u() =0 (1.25)

These concepts drawn from variation calculus are the basis for our
use of the term “variational boundary-value problem” when we refer to the
weak statement (1.24) of (1.25) . We continue to refer to problems of the form
(1.24) as variational problems even in those cases in which they cannot be
derived from a problem of minimizing some energy functional.

10



It is also clear that the problem of approximating the solution u of
(1.24) can be approached as one of seeking a minimize of J in some finite-
dimensional subspace H" of H} .Then

If u,(x)= Z{Vﬂui ?;(x),
J(up) = %fol[k(ah)z + bu — 2fuy] dx

= 3N 2w [y (kD) + bOB; — 20y x|, (1.26)

_1ynN N N

=2 Xiz1 2j=1 W Kijuy — 25, Fiu
Where k;; and F; are components of the stiffness matrix and the load vector,
respectively:

Kij = fol(kélé] + b@le) dx ; F; = folfwl dx (127)

J(up) is minimize by choosing the coefficients u; , so that

2un) _

aui

s i=12,..,N (1.28)

Thus , once again, we arrive at the system of equations

LiKjw=F; i=12,.,N (1.29)

The approximation scheme outlined above is called the Ritz method
We see that the Ritz method can be used as a basis for constructing finite
element approximations of variational boundary-value problems whenever
the problem is equivalent to finding a function u which makes the first
variation of an energy functional J vanish for all admissible variations v . We
conclude with a final observation of some importance .

11



Note that the governing differential equation in linear second-order
problems can be written compactly in the operator form

Au=f (1.30)

Where A is the differential operator for the problem . If u and v are arbitrary
smooth functions vanishing at x =0 and x = [, the operator A is said to be
formally self-adjoint whenever

f()l vAu dx = fOluAv dx (1.31)

It can be shown that an energy functional J of the typein (1.1) exists for
a given boundary-value problem only when the operator A for the problem is
self-adjoint . For self-adjoint problems and therefore, for all problems
derivable from an energy functional in the manner outlined above, the
stiffness matrix (1.27) resulting from a Ritz approximation will always be
symmetric . clearly, when Ritz’s method is applicable, it leads to the same
system of equations as Galerkin’s method .The operator was not self-adjoint.
For this reason, it is clear that Galerkin’s method is applicable to a wider class
of problems than is Ritz’s method .

Finite Element Interpolation:

While we have presented the finite element method as atechnique
for systematically applying Galerkin’s method to the approximate solution
of boundary-value problems, a brief reflection reveals that the underlying
ideas also provide a basis for methods of interpolation.

Indeed , the finite element concepts can be used to construct curve-fitting
schemes where in any given function g can be approximated by a system of
piecewise polynomials, the values of g which coincide with those of g at
prescribed nodal points in the domain of g.When viewed in this way, a
variety of choices of element shape functions come to mind which are merely
bases of well-known methods of interpolating smooth functions.

Suppose that we are given a function g defined oninterval 0 < x <[
and the g is smooth enough to be continuously differentiated k times and

12



thatits derivative of order k + 1 is bounded (finite) on this interval . We
wish to construct a finite element approximation (an interpolant) g, of g that
coincides with g at the nodal points, and we wish to estimate the accuracy
of such approximations . We begin by partitioning the interval into a
collection of finite elements. Then comes the problem of showing just how
general shape functions can be constructed. We describe next a
technique for generating polynomial shape functions of any degree
k (i.e, each shape function ¥f will contain monomials in xup to x*, k
being a positive integer). The technique leads to the Lagrange families of
finite elements,the name “Lagrange” being borrowed from the notion of
Lagrange interpolation, from which these element families are derived .

A Lagrange finite element employing polynomials of degree k is constru-
cted as follows:

1- We consider a typical finite element (), isolated from the mesh
and we establish a local coordinate system ¢ , with origin now
at the center of the element, scaled so that { = —1 at the left
endpoint and ¢ =1 at the right endpoint , this is achieved by
the simple linear stretching transform for the general element
'Qe

_2x—=(xi+Xi4q)

§ = 2t (1.32)

Xit1—Xi

So that points x such that x; < x < x;,, are transformed to points ¢
suchthat =1 < ¢ <1 . We perform our element calculations on this
reference or “master” element {2 and denote the shape functions on
the master element by &,(¢) .

2- For shape functions of degree k, we identify k + 1 nodes (including
the endpoints ) which divide the element into k equal segments
let &,i=12,..,k+1,denote the {-coordinates of each node.
For each node ¢;, we form the product of k linear functions
(€ — fj),j =1,2,..,k+1, j #i. Note that this product is zero at all
nodes except i .

13



These functions are of the form:

Node 1:  (§—&)(§ —&3) - (S — Sk+1)

Node 2:  (§ = $J(§ — §3)(§ —4) - (S — Sks1)

Nodei: (¢ =<1 (S = $i—J(§ = Siwt) = (§ = Sksr)

Node k+1: (§ = §)( = §2) - (§ —$i)

For each node i. We evaluate the corresponding product in step 2
at £ =¢; and divide the product functions by this value . This
normalizes the polynomials so that ¥(&) =1 and produces the
correct shape function ¥ (§) corresponding to each node I . For
example,

(6 —$2)(E —¢3) - (§ = Sksn)
(§1 = 62)(§1 = §3) oo (§1 = k1)

lf'l(f) =

(€ =S = 83) - (§ = Sks1)
(§2 = $1)(§2 = $3) - (§2 = Skr1)

lf'z(sz) =

or,in general,

lfli (E) — (5_51)(f_fz)---(f‘fi—ﬂ(€_€i+1)---(€_€k+1)

(fi_fﬂ(fi_fz)(fi_fi—ﬂ(fi_fiﬂ)---(fi‘fkﬂ) (133)

14



1 2 3 A oo k k+1

g=—1 0 E=+1
(a)

) )

(b)

by ® Uy (®) Vs (E)

) P et

1 2
(c)

Figure 1.1 (a) Amaster element {2 with k=1 nodes; (b) linear shape functions
corresponding to k=1 and (c) an element with three nodes and piecewise quadratic
shape functions (k=2)

These functions have the property that

) i
wi(fj)z{o Ziij (1.34)

Which implies that @;(¢) is linearly independent . These k+1 functions
define a basis for the set of all polynomials of degree k and we say that
the basis ¥; is complete .

This implies that any polynomial of degree k or less can be repres-
ented uniquely in terms of the Lagrange polynomial basis. This property
carries over to the global basis functions @; , every polynomial of degree
< k can be expressed in a unique way as a linear combination of the
basis functions @; generated using the Lagrange shape functions in
(1.33).
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Note that for k =1 (linear shape function ), we have two nodes and
shape functions are :

. — 1
@ =2"2-1a_p
RGN 1 W PR '

If we introduce the change of coordinates & = 2x/h — 1, where x = x — x;,
then ¥7(x) = 1 — x¥/h and ¥5(x) = x/h. Upon connecting elements together
to form the finite element mesh, the element functions match up to produce
piecewise-linear basis functions @, .

For k = 2 ( quadratic shape functions), we have three nodes and the shape
functions

AGEEHESAGESES SN ERI(EEY (1.36)
The corresponding global basis functions @; .

An estimate of the error for piecewise-linear Lagrange interpolation can
be obtained using Taylor series .

let E = g — g, be the interpolation error function and consider an arbitrary
element (), with points x; < x < x;,4 in the mesh . We assume that g has
bounded second derivatives . Now, on (), ,E = g — g, can be expanded in a
local Taylor series about any interior point x :

E(x) = E(X) + E(@)(x — %) + %é(;) (x — ¥)? (1.37)

Where ¢ is a point between x and x .

Since gj is the interpolant of g ,the error E is zero at the endpoints

Xi)Xit1-

We next select X to be that point at which |E| is maximum . At this point,
E(x) = 0, so that (1.37) reduces to

16



E(x) = E(X) + %é(;) (x — ¥)? (1.38)

For Xi <X < Xjy1-

b1 (x) ¢y (x) b3 (x) ¢'4(x) 5 (x)
|
1 1

: x

1 Q 2 9 3 Q5 4 Q, 5

1| | | |

1! o | I | :

| | | |

| | |

| ' |

Vi ly \ ' |

' | l |

| | |

2 | | '

| ¥i | | |

1 | | |

| | |

|

: !

2 |

V3 :1 | |

| |

: |

| w3 |

| 1 | I

1:\5 |

' |

. |

Vs | I

|

|

|

|

Figure 1.2 piecewise -linear basis functions @; for a 4-element mesh generated by
linear shape functions ,#¢, ¥$ defined over each element

Next , We set x = x; or x;,; whichever is closer to X (say x;) then
_ 1 z —\2
E®) = -5 EQ (i —®) (139)
hence

E(@)| =+

E©)| @ - 0? (1.40)
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Since x;4; —x; = h,then |x; — x| < h/2 in (1.37) and we have the error
bound

E®| <56 (141)

Finally, E = g — g, implies £ = & — §, = & within (2, . Introducing this result
in (1.41) and maximizing over all the elements, we obtain the final estimate

h? .
iy ] 1.42
max|E ()] < g max|g (o) (142)
Since g is bounded on the domain, g < C < o0 in this inequality, C being a
constant.

A similar procedure can be usedto derive error bounds for Lagrange
elements of higher degree . For a finite element employing complete polynom-
ials of degree, the error bound assumes the form

IElleo = max|E(x)] < Chk+1 (1.43)

C being a constant independent of h . This estimate indicates that the finite
element interpolant g; of g will converge to g (in the ||¢||,, —norm) at a rate
of k + 1 as h approaches zero.

Since, in general , the local Taylor’s series expansion of g will contain
polynomial terms of all degrees up through degree k , it is important that the
interpolant (and , hence, also the shape functions in each element ) be able to
represent each of these terms, if for example, the shape functions contain
independent terms proportional to x° ( constant ), x?,x3,..., x* but none
proportional to x!, then the error will,in general,be only proportional to
h instead of h**!as indicated in (1.43). If constants are missing from the
shape functions , then the representation need not converge at all .Thus, the
requirement that the set of shape functions contain complete polynomial is of
considerable importance.
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As a simple example of the finite element interpolation , consider an
interpolation of the function g(x) = sinmx on interval 0 < x <1 by two
quadratic elements , the nodes are at x = 0.0,0.25,0.50,0.75, and 1.0, and
the value of g at these nodes 0.0,0.707,1.0,0.707, and 0.0, so that the finite

element interpolant is

gn(x) =0.7070,(x) + @3(x) + 0.7070,(x) (1.44)
i
1.0 £(x)
|I 8, (x)
|
|
0.75 |- |'
|
|
| ! I'
| | |
0.50 [~ i | |
| | |
| { |
| ‘ |
| ' |
0.25 [ [ { !
| ! |
, | |
1 { !
04— ¢ i .
Nodes 1 9 3 4 < :
x=0 x=1

Figure 1.3 Interpolation of g(x)=sin x using two quadratic elements

To obtain an estimate of the interpolation error, note that max | é(x)| = m?,
<x<

so that |g(x) — g, (x)| < ch3, where c = 1748 .

A final comment of considerable importance should be made. In
arriving at the error bound (1.43), we assumed that the given function g is
so smooth thatit has continuous derivatives of order < k. Suppose that it
does not. Assume, to the contrary, that g has continuous derivatives of
only order s where 0 < s < k. Then, no matter how large the degree k of
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our interpolation g; , only its first s terms may be effective in approximating
g . then instead of (1.43), we have
max|g(x) — gn(x)| < ch? (1.45)

0=sx=<l

And the accuracy of our approximation, being independent of k , cannot be
increased by increasing the degree of the polynomials defining ¥7. We can
improve the accuracy by reducing h aslongass > 0.

1.2 Finite Element Approximation

At this pointin our study, we have accumulated sufficient information
to complete a detailed finite element analysis of second -order two-point
boundary-value problems. In this section, we describe all of steps through
which (1.5) and Galerkin approximation (1.15) can be used as a basis for the
analysis of quite two-point boundary-value problems by the finite element
method . The procedure is outlined as follows .

Partitioning Q and Selection of Shape Functions

We begin by partitioning (2 into a number of finite elements (2, oflength
he (thus Y., h, = 1), we will, for definiteness , assume that the domain of the
exact solution of our problem is composed of the four natural smooth subdo-
mains . Suppose that the concentrated source terms in f is located at the
coordinate x = X (X = x,). Then the flux ¢ = —k1 will experience ajump
[o] = f at x.However, our element shape functions will always have the
property that their derivatives are continuous within each element and,
therefore , they cannot accommodate a jump such as this . For this reason , we
will always construct our mesh so that a nodal point is located at all points
of discontinuity of the data. Then terms such as fv,(¥) representing
prescribed jumps will never enter the local equations which characterize
the approximation over individual elements. These terms enter the analysis
when the contributions of individual elements are summed .

We now focus our attention on typical element 2, and consider possible
choices of shape functions ¥;. We have at our disposal any member of
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Lagrange families of shape functions . We could , for instance , use linear,
quadratic , or cubic shape functions or , for the matter, shape functions
consisting of polynomials of any degree k .

As k increases, the bandwidth of the resulting stiffness matrix increases
and thus, in general , so does the computational effort required in solving the
final system of equations. For this reason, it is rare that shape functions
containing polynomials of degree higher than k = 2,or k = 3 are used in
applications . We shall generally use linear or quadratic shape functions in
the analysis of one-dimensional problems.

Calculation of Element Matrices and Equations

Having selected an appropriate set of shape functions , we now come to
a crucial step inthe analysis, the calculation of local approximations of
the problem over each element.To see how this is done, note that in the
actual problem, for any smooth subdomain (2; between points s; and s,, we
have, for all admissible v .

fjf(kaﬁ + cuv + buv) dx = fsslz frdx + o(s)v(s;) — a(sy)v(s,) (1.46)

Where o(s;) is the flux at points s;,i=1, 2. Again note that the fluxes o (s;)
appear as given natural boundary data in the right-hand side of this equation.
Now let us consider a typical element (2, in the finite element mesh with
endpoints s7and s5. Using (1.46), We formulate a variatinal statement of
our problem for this single element independent of whatever boundary
conditions might be actually imposed at x =0 and x = (. Thus over each
element we have a variational boundary-value problem of the form :

s3
j (kuj v + cuj vi + bujvy)dx
Se

1
e

_ j "ok dx + (DU (s9) — o (VR (S) (1.47)

1
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Where uj, and vg represent restrictions of u, and vy to £, . It is important to
realize that the o(s;) are the true values of the fluxat (s{) and not their
approximations ; as explained earlier, the quantities o(s{) correspond to
natural boundary conditions at the endpoints of (1,. Note also that, unlike
(1.16) , no point-source terms such as fvf(X) appear in (1.47) because of
our decision to locate end nodal points of elements at these points.

We remark that we have chosen to use a global x-coordinate system in
(1.47) only in order to clarify how the contributions from each element
are actually summed together in generating the final stiffness and load
matrices. In actual computations, these contributions are generally
calculated for a master (reference) element in terms of normalized local
coordinate ¢ in ( 1.32) and are then transformed to the appropriate
coordinates for each element in the mesh . Note that uj in (1.47) is of the
form

Ne

up(x) = Z u V7 (x) (1.48)

j=1

Where N, is the number of nodes in (2., ije are the shape functions for this

element, and u; is the value of uj, at the node x of the element
u =up (x7) , j=1,2,., N, (1.49)

Upon substituting (1.48) into (1.47) and taking vy = ¥/ we arrive at the
system of linear equations of the form

Ne
N kgus = £+ oGOPE(SD) — o(HPE(sS) (1.50)
=1

In (1.50), kj; are the entries in the element stiffness matrix and f;° are
the components of the element load vector for (2,.
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S8 ,
ki = je (KWFWP + cWEWP + bYFYS) dx,
S1
i,j=12..N, (1.51)

s§ ~
fif = fsgz f¥f dx

In actual finite element calculations, the integrals in (1.51) are rarely
evaluated in closed form . Instead, the entries kiej are generally computed
using numerical integration rules, which are of sufficient accuracy. Also, it is
common practice to calculate f;° using the interpolant of f rather than f itself
for example, if f is the continuous part of f (excluding point sources) and if

Ne
fe) = ) F w0
i=1
Then, instead of the formula in (1.51), we use
s3
ff = j R dx (1.52)
st

In this way we can define the data f in our approximation by specifying its
values at the nodal points.

Element Assembly

Having calculated the matrices and equations describing our approxi-
mation over each finite element, the next step in our analysis is to assemble
the equations describing the approximation on the entire mesh by adding up
the contributions to these equations furnished by each element.

To fix ideas, consider the special case in which linear shape functions
of the form in (1.35) are used. Each element then has two nodes, and
therefore there are two equations per element of the following form:

kfijuf + kius = f° + 0'(516)}

Kgius + kSous = £ + 0 (s9) (1.53)

23



Here the subscripts 1 and 2 are labels of the endpoint nodes on a typical
element and o(s7) and o(s5) represent the actual values of the flux 0 = —k1
at the nodes . Of course, these subscripts are to be relabeled upon assembling
the elements so as to coincide with appropriate node numbers 1,2,3,...N in the
final mesh . For example, if the element is to fit between nodes 6 and 7 in
amesh, uf in (1.53) is actually ug, u$ is u;, a(sy) is the of —k1t as the node
at x, is approached from the right, and o(s5) is —ku as x, approached from
the left .

We now assemble the equations describing the entire collection of
elements comprising our mesh by sweeping through all elements, one at
a time, and using (1.53) to calculate the contributions of each of them.
Consider for example,a mesh containing N-I elements and N nodes,
numbered consecutively 1,2,...N . This means that there results N
equations in N degrees of freedom describing the assembled system of
elements , and we must allocate space in the computer for a system of
this size, thus, we anticipate calculating an N X N stiffness matrix
K =[K;;] and an N x 1 load vector F = {f;}, i,j = 1,2,...,N.

We initiate the assembly process by setting K;; = 0 and F; = 0 for element
();, between nodes 1 and 2, (1.53) yields the equations

kiiug + kiu, = fi + 0(0)
kaiuy + k3up = fi + o(x7)

Where 0(0) = 0(0") is the actual flux at node 1 as this node is approached
from the right and a(x; ) is the flux at the node at x; at this node is approached
from the left.
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Figure 1.4 A finite -element mesh with N nodes and N-1 elements and the assembled
stiffness matrix with the shaded blocks of entries representing the contributions of each
element ; the symbols O represent the fact that outside the diagonal blocks all entries are

Zero

These equations are added into the first and second rows of the N X N system
describing the entire mesh .

We next go to element (2, since it lies between nodes 2 and 3, its
contributions, calculating using (1.53), are added to the equations in rows
2 and 3. Since two elements and three nodes have been (activated ) we

now have the three equations

kiiug + kiou, = fit + o(0)
kjiuy + (k3 +kiDu, + kius = ff + ff —o(x7) + o(xi)

k3iuy + k3us = f7 —o(xz)
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Continuing this process through the entire system of N elements, we arrive
at the system:

kijug + kizu, = fi +a(0) )
kg + (k3p+kiu, + kiug = fi + f + [o(x))]
kijup + (k3p + kiDus + kius = 7+ 2+ [o(xp)]
k3ius + (k32 + kiDuy + - = f2 + fit + [o(x3)]

kYT 2un_p + (kY2 + kN Duyy + kS uy = A2+ AV + [o(ey-)]
kYT tuy_q + k5 tuy = AN = o (D) J

(1.54)

Wherein ﬂa(xj)]] denotes the jump in ¢ at nodes j:
lo(x)] =o(x)—0o(x7), j=23.,N-1 (1.55)
Recall that [o] = 0 at the interior points at which the flux is continuous .

If there are no point sources in the data f located at interior nodes, all of the
interior jump terms in (1.54) must be zero and only the values of ¢ at

the boundaries remain. However, a point source f;6(x — x;) is prescribed at
any interior node Xj, then we must set

loGe)l = 7

In (1.54)

Let us assume that the point source f&§(x — x) islocated at node 3:% = x3,
then the linear system of equations for the entire mesh assumes the form :
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K, K, 0 0 0 0 w7 [ F
Ky Kn Ky 0 0 0 h fy
0 Ky Ky K 0 0 by f
0 0 Ky Ky 0 O | % |_| f

0 0 0 0 Ky y-1 Ko || el LFy. (1.56)
Where the N X N coefficient matrix contains the entries
| 0 0 0
Lok kY i 0 0 0
0| Kk |khtki] K, |- 0 0
1 B ko |k 4k, 0 0
N e L
00 00 ] e
T (1.57)
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And

CE, T " fl 4+ 6(0) ]
F, f} + f?
Fy f2+£3+F
= : (1.58)
Fn-1f |72 + N1
L Fy 1 [ _

The stiffness coefficients k;; and kyy and the load components F; and Fyare
not yet of the general form described in (1.15) and (1.16) because they do
not contain the boundary contributions . We discus modifications in these
terms for various choices of boundary conditions subsequently .

Notes that the stiffness matrix in (1.56) is sparse (there are many zeros)
and that the location of the element matrices , indicated in the bordered
blocks in(1.56), Overlap in rows and columns corresponding to shared
nodes . Note also that if the coefficient ¢ in (1.46) is notidentically zero,
the matrix will be unsymmetric .

1.3 Boundary Conditions

An extremely important feature of the development up to this point
is that no boundary conditions have, as yet been applied. Thus, (1.56)
is applicable to a wide range of the boundary conditions . Consider, for
instance the following cases :

General Natural Boundary Conditions:

These correspond to the general case in which alinear combination of
u and u are prescribed :

ao(0) + Bou(0) =vo ,  au+ Bul) =y, (1.59)
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In our approximation of this case, we set

— Boup (0 — Buy (1
4, (0) =Vo Boun(0) and  1,(D) =Vl Biun(D (1.60)
ao a;
Where, of course, uj,(0) = u; and u, (1) = uy .
Then (1.56) reduces to
Kn —@& K, 0 0 0
0
Kz1 KZZ K23
0 K32 K33
X
0 0 0 Ky-1 -1 Ky-1x
- k(!
0 0 0 Kyy-1 Ko+t (azﬁl
T T [ e k)
Uy fl o,
Uy Fl
Us Fs
uN_ 1 FN—'l
Uy 4 k—(%
mooH M b (1.61)

If the final N X N stiffness matrix in (1.61) is invertible , we can solve (1.60)
for the unknown nodal values Uq, Uy, ..., Uy. Other features of the

approximation, such as the approximate flux o, = —k1,, can then be easily
evaluated .
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Dirichlet Boundary Conditions :

Boundary conditions of the type

Yo Vi

u@0=— , ul)=-+

Bo B

Follow as a special case of (1.59) when a, = a; = 0. Essential boundary
conditions of this form are usually called Dirichlet boundary conditions of
and the corresponding boundary-value problem is referred to as a Dirichlet

problem for the function u .

(1.62)

In this case u,(0) = u; =yo/By and u,(l) =uy =y;/B; , so that only
N-2 unknown nodal values wu,, uz,.., uy_; (1.57) reduces to the
(N —2) X (N — 2) system:

[ KZZ k23 0 0 0 ][uz
Kz, ki3 Ksg .. O 0 U3
{ 0 kus kuy .. O 0 “”4
0 0 0 w Knoin—2 Knoin-1 luN_lj
k1Yo
F.
2 B
F3
— F, (1.63)
kN—lNyl
Fo . _ ,
N—1 ﬁl

And the two auxiliary equations corresponding to nodes 1 and N,

ki (YO) +kiu, = fit+0(0)

Bo
~ Vi _
kynN-1Un—1+ knn ([),_l) =M1 -0o()

The reduced stiffness matrix in (1.63) is nonsingular, so that (1.63) can
be solved for the unknown nodal values u, ,us, ..., uy_; .

(1.64)
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Of course (1.64) also provides useful information . Once u, and uy_; are
known, the approximations of the endpoint fluxes can be computed using
(1.64).

Neumann Boundary Conditions :

When only the derivative of u is specified at each end, (1.59) reduces to

4(0) = Z—‘(’) =1t (1.65)

Vi
l
Whenever B, = ; = 0. Natural boundary conditions of this type are called
Neumann boundary conditions and the corresponding boundary-value

problem is referred to as a Neumann problem for the function u .

Neumann problems frequently require some special considerations for
certain forms of the governing differential equation . In particular, consider
the case in which the coefficients ¢ = c(x) and b = b(x) are identically zero
so that the boundary -value problem becomes one of solving the differential
equation

~(k()4(x) = f(x) (1.66)

On smooth subdomains, subject to the end conditions (1.65) in this case,
the solution u is determined only to within an arbitrary constant c; ; that
is , if u = u(x) satisfies (1.65) and (1.66), then u + ¢, is also a solution .
Because of the analogy of (1.65) with equations describing mechanical
systems , the constant ¢, is sometimes referred to as a rigid motion , and
this rigid motion must be specified if we are to obtain a unique solution to our
problem . Moreover, the finite element approximation(1.56) of this Neumann
problem will also contain an arbitrary rigid motion . Since solutions to (1.56)
will then be nonunique, the stiffness matrix K in (1.57) will necessarily be
singular .

The presence of a rigid motion in the solution to a Neumann problem leads
to another consideration of fundamental importance : the data f,y,, @y, y; and
a; cannot be specified arbitrarily , they must be compatible in a sense we will
now make clear.
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Since the variational form of this Neumann problem (with ¢, b = 0) is
to find u € H! such that

l l
j kv dx = j fvdx + fv(x)
0 0

—k(0) (Z—) v(0) + k(D) (Z—ll) v(D) (1.67)
Forallv € H?

And since u = ¢y = constant is a solution, this equation mustalso hold for
u = ¢g and the choice v = 1. Hence, the data must be such that

L » k(@)yo k(D
d — =
jof x+f 20 + 2

0 (1.68)

The compatibility condition (1.68) is a necessary condition for the existence of
a solution to (1.67).We remark that from a physical viewpoint (1.68) is
a global conservation law ; it reflects the requirement that the flux o be conse-
rved over the entire body (2 .

For the discrete problem corresponding to (1.67), this compatibility
condition assumes the form (see (1.58))

N-1
F + z F,+ Fy=0 (1.69)

=2

To eliminate the rigid motion, we can specify the value u; of u, and any node
jequal to an arbitrary constant c,. For instance , setting u; = ¢, in
(1.61) (with it understood that ¢ =b =0) yields the reduced system

KZZ k23 0 0 0 U, [ FZ _FKZICO 1

k32 k33 k34 . 0 0 Us F3

0 Kkyz kg .. O 0 Ug | = X

0 0 0 . Kkyns R L) | 4 0
(1.70)
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and the equation

~ k(0)vo
kii1co + Kipuy = fit — . (1.71)
0
Equation (1.70) is uniquely solvable for u, ,us , ..., uy in terms of ¢,. frequen-

tly , we simply set ¢y=0 . Notice that we can solve for u, using either (1.70) or
(1.71) . it is remarkable fact that the condition (1.69) guarantees that these
two systems will be compatible , the value of u, obtained from (1.70) will be
exactly the same as that of (1.71) whenever (1.69) holds.

Mixed Boundary Conditions:

When an essential boundary condition is applied at one boundary point
and a natural boundary condition at the other, a mixed boundary-value
problem for the function u is obtained . For example, one mixed problem
is characterized by the end conditions

_Y wn =2
u(0) = 5, u(l) 5 (1.72)
and another by
aott(0) + Bou(0) = yo , u(l) =4 (1.73)

Since at least one of these conditions specifies the value of u at an endpoint,
the solution will contain no rigid motions. Consider the case (1.72).Then
Uy =vo/Bo ,» (1) = —k()y;/a; and (1.56) reduces to the system

Ky Ky o+ 0 0 | f;

Ky Ky oo 0 0 | %

||||||||||||||||||||||||

. L (1.74)
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and the equation

Fus (32) + Kioz = fi = 0(0) (1.75)

We solve (1.74) for u,,u; ,...,uy and use (1.75) to obtain an approxim-
ation ¢,(0) of a(0), if desired . Conditions (1.73) are handled in a similar
fashion .

This completes our description of the finite element analysis of two-point
boundary-value problems of the type in (1.5). What remains to be done is
to implement the procedure described above by developing a finite element
computer program , which is not port of this thesis .
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2.1

Chapter 2

Two-Dimensional Problems

Introduction:

The principle ingredients of the finite element method for constructing

approximate solutions of problems are :

1.

The formulation of the problem in a variational framework in which the
appropriate space H of admissible functions is identified .

. The construction of a finite element mesh and piecewise-polynomial

basis functions defined on the mesh,which generate a finite-dimensional
subspace of H .

. The construction of an approximation of the variational boundary-value

problem on a finite element subspace H" of H. This entails the
calculation of element matrices and the generation of a sparse system
of linear algebraic equations in the values of the approximate solution
at nodal points in the mesh.

The solution of the algebraic system .

. The examination of the characteristics of the approximate solution and

if possible , an estimation of the inherent approximation error .

These steps from the basis of most finite element methods for not only one
dimensional problems , but , more importantly, for boundary-value problems

in two and three dimensions.

Our objective here is to develop, in a logical manner, the natural extension

of the earlier developments to two dimensions . The governing equation
for the boundary-value problem now becomes a partial differential
equation which is to be satisfied by the solution inside some two-dimensional
domain 2 boundary data are thus specified on the curve defining the
boundary of 2.
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Instead of the line elements, the finite elements now assume simple two-
dimensional shapes, such as triangles and quadrilaterals , and these elements
fit together to make up the discretization (the mesh ) approximating the
domain {2 of the solution u . The inherent ability of such elements to represent
domains with very irregular geometries underlies the practical value of the
method for the approximate solution of difficult boundary-value problems in
numerous research and industrial applications .

2.2 Two-Dimensional Boundary-Value Problems

The development of boundary-value problems describing physical
phenomena in two dimensions follows closely the one-dimension treatment,
differing only in aspects dictated by the higher dimensionality . In this section
we sketch the development of linear, elliptic , self-adjoint second-order
boundary-value problems, based on classical conservation principles .

Some Preliminaries

The domain 2 of our problem is composed of two parts , the interior
() and the boundary d{2 . We consider only bounded domains (i.e, no part of
() extends to infinity in any direction ) ; with reasonably smooth boundaries .
In general, the boundary can be defined by the parametric equations x = x(s)
and y = y(s), where s is the arc length along 02 measured from some
arbitrary reference point . When referring to the value of a function, say g,
which is defined at points on the boundary , we will write g(s) = g(x(s), y(s))
forsin df .

The primary dependant variable in our problem is the state variable
u = u(x,y) . As an essential condition , we require that u be a smooth function
inf).
The degree of smoothness we require depends on the data of the problem,
including the functions x(s) ,y(s) that define 9. We shall assume
throughout this section that all functions are smooth enough for the
operations we perform to be valid .

Our physical statement of the problem will contain expressions involving
the rate change with respect to position in 2 of the scalar field u .
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In general , the value of u at a point (x,y)changes at different rates as we
move from (x,y)in the different directions. The rate of change of u ata
point (x,y) is defined by a vector-valued function, denoted Vu, called the
gradient of u.Ifiand jdenote unit vectors directed along the x- and y-axis,
respectively then the components of Vu at the point (x,y) with respect to
these basis vectors are du(x,y)/dx and du(x,y)/dy, so that

Vu(r,y) = 202 iy 2 (2.1)

Note that (2.1) can be interpreted as the construction ofa vector field Vu by
operating on u with the vector differential operator

V=it —j (2.2)

The gradient Vu(x,y) determines the total rate of change of u at (x,y)
in any direction . In particular, let ¢t has components cos8 and sin8 so that
t =cos@i+sin@j . The rate at which u changes as one moves from a point
(x,y) in the direction of t is called the directional derivative of u with respect
to t and is written du(x, y)/dt. The directional derivative is calculated accord-
ing to

du(x,y)

ou X,y
¥C
dt

=Vu(x,y) -t = os6 + a%’;’y)sine (2.3)

The second quantity of physical interest in our boundary-value problems
is the flux o. The flux, like the gradientof u,isa vector-valued function
or vector field, a flux field is represented schematically as vectors that very
in magnitude and direction with in 2 . The flux vector o(s) at the point s on
the boundary is shown in Fig.2.1b .

The flux crossing the boundary at s is given by the component of a(s) in
the direction of a unit outward normal n(s) to 012 :

oy (s) = a(s) - n(s) (2.4)

The component in the direction of the unit tangent t(s) is o(s).t(s) , as
indicated in the figure
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Figure 2.1 : (a) representation of the vector -valued function o = o(x,y); (b) resolution
of the flux o(x) at appoint s on df2 into normal flux ¢,(s) and the tangent flux o,(s)
components.

Consider an arbitrary subregion of 2, say w, containing the point P,
whose coordinates are (xg,y,). Figure 2.2a shows the distribution of
normal flux o, (s) across the boundary dw . The net (total) flux crossing the
boundary is :

Yo = J5,0n(s)ds (2.5)

If we divide )., by the area A, of the subregion,we can view the result as
the average value of the amount of o flowing into w per unit area . The limit
of thisratio as w decreases in size, always containing the point P, ,is called
the divergence of the flux at P, and is often abbreviated div a(xg,y,) . Taking
as w the square subregion containing P,, we calculate ¥, = Ao, Ay + Ao, Ax.
then , using the mean-value theorem to expand component o, and oyof o
about point P, , we divide by the area AxAy and calculate the limit as Ax, Ay
go to zero . In this way , we obtain the formula for the divergence of the vector
field o at the point (x, y)

doy(x,y) 00y(x,y)
+
0x dy

divo(x,y) = (2.6)
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Figure 2.2: (a) distribution of normal flux on boundary dw of subregion w ;(b)
magnitude of normal flux on boundary of square region

Note that by using the vector operator V defined in (2.2) , the divergence of o
can also be written

dive=V-o (2.7)

Recall the definition of V.o as the density of the net flux per unitareaata
point . It follows that the total flux ); into the region {2 can be written

szﬂv-adxdy (2.8)

Provided that 2 and o are smooth enough . It then follows from (2.4), (2.5),
and (2.8) that

J,V-odxdy = [,,0 nds (2.9)
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The relation between the area integral and the boundary integral in (2.9)
isan important tool in applied mathematics and is referred to as the Gauss
divergence theorem . Although we have stated (2.9) in terms of a special vec-
tor field o defined on a two-dimensional domain, the result is generally the
same for any vector or tensor field in any number of dimensions .

Physical Principles

The physical situations we wish to highlight are governed by a linear
constitutive law and the conservation principle . The linear constitutive equat-
ion in our physical problem establishes that, at each point in the body , the
flux is proportional to the gradient of the state variable . The factor of
proportionality is denoted k and is referred to as the material modulus
( coefficient or property ), thus

o(x,y) = —k(x,y)Vu(x, y) (2.10)

Clearly , different materials will be characterized by different material
moduli, k = k(x,y) ,we will always assume that |k(x,y)| > k, =constant > 0
throughout 2 .

The conservation principle (or balance law)states that within any portion
of domain, the net flux across the boundary of that part must equal the total
quantity produced by internal source . The mathematical implications of the
balance law takes different forms for different parts of the domain.

Let us next examine the implications of the conservation principle consi-
der, for example, a portion w of material surrounding a point P, inside
() (fig 2.3) in which the material properties are smooth.The balance law
defined earlier establishes that the net flux across the boundary dw given by
(2.5), must be balanced by the total quantity supplied by sources within w .
If f denotes the source per unit area , then we must have

Js,0 nds = [ fdxdy (2.11)
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Figure 2.3 Domain of a two-dimensional boundary-value problem

Using the divergence theorem (2.9) to transform the surface integral in (2.11)
to an area integral , we have

J,(Vo—f)dx dy =0 (2.12)

For all subregion win 2. Since w is an arbitrary region in which V¢ and
f are smooth , the integrand in (2.12) must be zero at all point interior to w .
Thus , with in such “smooth ” regions the local form of the balance law is

Veo(x,y) = f(x,y) (2.13)

For completeness , we suppose that, in addition to f , there may exist internal
sources with an intensity proportional to u .

Letting the proportionality factor be - b(x, y), (2.13) becomes

Veo(x,y) + b(x, y)ulx,y) = f(x,y) (2.14)
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Examples of sources proportional to u include temperature-dependent
exothermic chemical reactions and distributed elastic supports of elastic
membranes.

The conservation principle takes on a different form at interfaces and
boundaries . To fix ideas, let us consider the particular case in which the body
1 is composed of two distinct materials, one occupying a subregion (2, and
the other subregion (2,.Within each of these regions, the modulus kis
assumed to given by smooth functions (constant) k; and k, . The curve
defining the interface between (2; and (1,is denoted ['. Similarly , we
suppose that the boundary 02 of the body is naturally divided into two parts
df), and 9{2,, on which conditions are imposed which characterize the effect
of the surroundding exterior medium on the behavior of the body . On 92,
we suppose that the values of the state variable u are prescribed as
u(s) = 1(s), so that it is on this portion of 0 that essential boundary
conditions are prescribed. Natural boundary conditions arising from the

conservation law will be specified on df2,, as will be explained below .

Consider the point P; on the interface I', as shown in figures 2.3 and 2.4
shows a material strip of the body containing P; . This strip is assumed to be
sufficiently narrow that the flux across its ends and the source( proportional
to the area) can be neglected compared to the net flux across the sides of the
strip. As the thickness of the strip shrinks to zero, the balance law for this
strip assumes the form

S2
Z =j (—0 n+a®-n)ds =0
S1

Where s; and s, are the endpoints of the strip. Because the region of integra-
tion is arbitrary, the local balance law at points on the interface reduces to
conditions on the jump in o n = g, across T :

[o, ()] = 0,(1”(5) — 0,5_)(5) =0 ,SET (2.15)
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Figure 2.4 A strip of the domain containing a portion of the interface I in the
neighborhood of p;

We now turn to the boundary conditions on d{2,. A region containing a typical
boundary point P, shown in fig 2.5

Figure 2.5 A strip of the domain containing a portion of the boundary a2, in the
neighborhood of point p,,

43



The value of the normal flux 6 (s) through the surrounding material immedi-
atly adjacent to the boundary is assumed to be proportional to the difference
between the value u(s) on the boundary and the given value #i(s) in the
exterior medium . Thus, if p(s) is the factor of proportionality at s,

6(s) =p(s)uls) —a(s)]
Balancing the flux in the strip containing P, gives
0,(s) =a(s) n(s) =ad(s) (2.16)

Hence,

on(s) = p(s)[uls) —a(s)] S € 00), (2.17)

The physical situation often dictates other forms of the boundary conditions,
which can be viewed as special cases of (2.16) or (2.17). For example, we
recover the essential boundary condition on u from (2.17) by taking the limit
as p(s) » o while o,(s) remains bounded . This procedure corresponds to
a two-dimensional version of the penalty method . Boundary conditions (2.16)
and (2.17), which are consequences of the conservation principle , are called
natural boundary conditions . Boundary conditions that prescribe the state
variable are essential boundary conditions.

2.3 Statement of the Boundary-Value Problem

The final mathematical statement of our boundary-value problem is
obtained by eliminating ¢ and g,from(2.14) through (2.17) using the constitu-
tive equation (2.10). The data defining the problem consist of the following :

1. The boundaries {2, , d(2,, and the interface I' defined by the parametric
equations

x = x(s) , y=vy(s) s€dnN orser

2. The source distribution f = f(x,y)in; ,i = 12.

3. The material coefficients k; = k;(x,y) and b; = b;(x,y) for (x,y) € 0;,
i=1,2.

4. The prescribed value t(x) for s € dfn,.
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5. The value of boundary coefficient p(s)and @i (x)on 92, or the prescribed
value 6(s) for € 042, .

Given the following data , the problem is to find the function u = u(x,y)
that satisfies :

1. The governing partial differential equation at points interior to the
smooth subdomains (2; and (2, ,

=V (k(x,»)Vu(x,y)) + b(x, Yulx,y) = f(x,y)  (2.18)
For (x,y) € 0;,i = 1,2
2. The jump condition at points on the interface I',

kVu-n]=0 , ser (2.19)

3. The essential boundary condition on {24,
u(s) =1u(s) , s € 00, (2.20)
4. The natural boundary condition on 4.2, ,

ou(s)

k() — = = P()[u(s) ~a()], s €0,
or (2.21)
ou(s)
—k(s) Fraa 6(s) , SEdJN,

The special case of problem (2.18), in which b =0 and only natural
boundary conditions of the form -k(s)[du(s)/dn] =d(s) are specified and
00, = 01 ,requires two qualifying remarks . First, we note that (2.18) Then
determines the solution u only to within an additive constant. The second
point is that, in order for a solution u to existatall, the data f and & must
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satisfy a compatibility relation. This relation is simply a statement of the
conservation principle for the entire domain {2 and requires that f and 6 be
such that

[ fdxdy =[,,6ds (2.22)

The development and statement of the boundary-value problem have
been made assuming that all functions were as smooth as necessary for the
operations indicated to be valid . The only consideration made for lack of
smoothness in any of the data was the treatment of the material interface I
across which the coefficients k ,b and the source f may be discontinuous.

2.4 Variational Boundary-Value Problems

The construction of our variational formulation of the boundary-value
problem (2.18) begins, as usual , by defining the residual r :

r(xy) = =V [k(x,y)Vulx, y)] + b(x, y)ulx,y) — f(x,y)

To “test” the residual over arbitrary subregions , we multiply rby a
sufficiently smooth test function v, integrate over each domain in which rv
is smooth , and set the resulting weighted average of r equal to zero . For
problem whose domain is shown in fig 2.3, we must integrate separately
over (2; and (), since the second derivatives of u are not integrable along
the interface I' this procedure gives

fﬂl[—V - (kVu) + bu — flvdxdy + fﬂz [V (kVu) + bu — flvdxdy =0
(2.23)
A two-dimensional “integration-by-parts formula” is needed to reduce
the first term in each of these integrals to terms containing only first deriva-
tives .
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By product rule for differentiation , we find that:

V- (wkVu) = kVu - Vv + vV - (kVu)
or (2.24)
vV - (kVu) = V- (WkVu) — kVu - Vv

Substitution (2.24) in to (2.23) yields

fﬂl(kVu Vv + buv — fv)dxdy + fﬂz(kVu Vv + buv
—fv)dxdy — fglv- (vkVu)dxdy (2.25)
—fﬂzv- (vkVu)dxdy = 0

The last two integrals in (2.25) can be transformed into boundary
integrals using the divergence theorem (2.9) with (vkVu) used in place of o .
We obtain

—fglv - (vkVu) dx dy — fQZV - (vkVu) dx dy

(2.26)

ou ou
= _fa(rzl)kﬁv ds — famz)k ——vds

Where d(£2,) and 9({2,) are boundaries of subregions (2; and (2,the direction
of integration is counterclockwise in each of 2;and 2,, and du/on =Vu-n.
We must be careful to identify the functions in (2.26) with the domains on
which they are define. In fig 2.6 which shows (; and (2, separated for
clearly, the boundary of each domain is divided into two parts-the parts
of d(£2;) that do not coincide with the interface I' are denoted 9(;) — 1T,
i =1,2. We decompose each of the boundary integrals in (2.26) into two
corresponding parts, obtaining

ou ou
~Jowp-rk5-vds =0, rk5-vds
(2.27)
0 0
+ (kg ds + [ (~k 5 )zv ds
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Where in the notation

(—k Z—Z)i indicates that (—k Z—Z)

Is to be evaluated on region i. Noting that the outward normal n; to
region (2 is the negative of n, at each point on I' , we rewrite the sum of
the last two integrals in (2.27) as

Y ol
[ |-k®ZE—+ kO =—|vds (2.28)

A, T

)/557/"77777/ 7
///://,/Zﬁ 7

Figure 2.6 Decomposition of regions of integration for boundary integrals around 4 (£,)
and d(£2,)
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Where we have used the notation introduced in the preceding section . We
recognize that the integrand (2.28) is exactly v[o,(s)] , which, according
to (2.19),is zero . Hence, the integral in (2.28) vanishes .

Returning to (2.27) , we note that the first two integrals can be combined
into a single integral over the entire boundary 0d2.We also note that the
integrals of the first two integrals in (2.25) contain at most first derivatives
of uand v, so, if uand v are smooth enough, these integrals can be
combined into a single integral over the entire domain (2 . The result is

ou
J o, (kVu - Vv + buv — fv)dxdy — faﬂk%v ds =0 (2.29)

Substitution of natural boundary condition in (2.21), for example , into
the boundary integral in(2.29) gives the variational equation

J o (kVu - Vv + buv — fv)dxdy + [ 5 ,p(u — D)vds = 0 (2.30)

Which must hold for all admissible test functions v .Since we require that
u=1ondf,

Jgop(u—2)vds = faﬂzpuv ds — faﬂzyv ds

Where we have denoted y = pii, Hence, our problem becomes one of finding
a function u such that u = @i on d£2; and

J o (kVu - Vv + buv)dxdy + faﬂzpuv ds = [, fvdxdy + faﬂzyv ds (2.31)

for all admissible test functions v .

As in earlier discussions , we will regard (2.31) as the given boundary-
value problem . Then, if (2.31) holds for all smooth test functions v and if
the data and the solution u are sufficiently smooth , a solution of (2.31) will
also be a solution of (2.18) . Conversely , any solution of (2.18) will always
automatically satisfy (2.31).
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There remains the important issue of specifying the appropriate class of
admissible functions for problem (2.31) . We observe that the area integrals
in (2.31) are well defined whenever u and v and their first partial derivatives
are smooth enough to be square-integrable over (2 .Thus, we require that
all admissible functions v be such that

/, [(%)2 + (g—;)z + vz] dxdy < oo (2.32)

Adopting a minor modification in the notation used in previous chapter, we
refer to the class of functions satisfying (2.32) as H'() the superscript “1”
reflecting the fact that first derivatives are square-integrable and (2) indica-
ting the domain over which these functions are defined .

As was the case with one-dimensional problems, note that the natural
boundary conditions (the conditions on d{2,) enter (2.31) in the statement
of the problem itself. These conditions appear in the term faﬂzpuv ds

and faﬂzyv ds .

The essential boundary conditions enter the problem in the definition of
the classes of admissible functions . We choose as test functions v in H1(2)
such that v = 0 on 942, . The solution u must be a function in H*(2) such that
u =1 onadf;.

Our variational boundary-value problem can now be stated concisely in
the following form:

Find a function u € H*(Q) such thatu = @

on 0£2;and (4.9) holds forall v € H1(2) (2.33)
such that v = 0 on 0£2;.

50



Chapter 3

Finite Element Interpolation

3.1 Discretization

This stage of our analysis represents a direct but nontrivial extension
of the ideas discussed earlier for one -dimensional problems. Having a
variational statement of our model problem, we proceed to construct a finite
element mesh representing (). In the one-dimensional problem , this
amounted to partitioning an interval into line elements connected at nodal
points at their ends. For two-dimensional problems, the discretization of
() is less straightforward .

The basic idea is to continue to represent approximate solutions uy
and test functions v, by polynomials defined piecewise over geometrically
simple subdomins of subregion (2, , with 2, now in the x,y-plane . Our first
concern is to choose a discretization that will be general to model irregular
domains but consist of element simple enough to minimize computational
effort. In fig 3.1 simple triangles and or quadrilaterals can be used for this
purpose. If df2 is curved, as in the figure, there will always be some
discretization error, since the finite element mesh (2, , constructed as
collection of triangular or quadrilateral elements, will not perfectly
coincide with the given domains (2. However, as the mesh isrefined, (2,
can approximate (2 with increasing accuracy .

Another reason for considering elements of simple shapes such as
traingles is that there is a natural correspondence between the number
and location of nodal points in an element and the number of terms used
in the local polynomial approximation. Recall that the piecewise-linear
approximations in one dimension, the restriction of atest function to an
element (), was a linear function of the form

vi(x) = ay + ayx
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a; and a, being constants . Since the element has two nodes, the constants
a; and a, are uniquely determined by specifying the value vy at the
endpoints of the element. Having done this,a continuous function v, is
produced by demanding that functions vf and vf*! in adjacent elements
have same value at their common node.

An analogous situation exists in two dimensions . A linear function in

two dimensions of form
vp(x,y) = a; + axx + azy

With three constants : a;, a,,and a;. Thus, three independent values of
v, must be specified to determine these constants, which means that the
element should have three nodes, suggesting a triangle with nodes at the
vertices . Moreover, if two adjacent triangles in the mesh share one side
(and , hence , share two nodes) , a function continuous across the interface
of these elements will be produced by demanding that the linear functions
on the each element have the same values at the common nodes .
Similarly , a bilinear function

v(x,y) = a1 + ayx + azy + azxy

Has four constants and might qualify as a shape function for an element with
four nodes (a rectangle) . Likewise the quadratic

v, (x, V) = a; + ayx + azy + a,x? + asxy + agy?

Having six parameters, could be used to construct an element with six nodes
(e.g,atriangle with a node at each vertex and at the midpoint of each side),
and so on.

We now furnish some details as to how such two-dimensional
finite element representations can be constructed, it is formative to
consider the finite element concept as a device for interpolating a given
function g = g(x, y) defined on 2.
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As before, our aim is to construct an interpolant g, of g of the form

N
gty = ) g0y . ®YEYy (1)
j=1

Where @:(x,y), 0,(x,y), ... On(x,y) are basis functions defined over
(), satisfying

L i
wi("f'yf)z{o ll]]:lli]] (3.2)

where (x;,y;) are coordinates of nodal points in the finite element mesh.
When (3.2) holds, we have

gn(x,y))=g;, Jj=12,..,N (3.3)

So by setting gjzg(xj, yj) , g Will coincide with (and, therefore , interpolate)
the given function g at the nodes . We must deal with two basic requirements:
1. The construction of the local shape functions ¥/ defined over each
element (), in the mesh, must be such that when patched together,
they produce basis functions satisfy (3.2).
2. In anticipation of solving our model problem, the resulting basis func-
tions @; must be square-integrable and have square-integrable first
partial derivatives ; that is , they must satisfy

[a, [(%)2 + (%)2 + q)iz] dxdy < oo, i=12 ..,N (3.4)

This requirement is satisfied by constructing the functions @; to be continuous
across interelement boundaries .
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3.2 Piecewise-Linear Interpolation on Triangles

Since the linear function,
vp(x,y) = a1 + azx + azy

Determines a plane surface, the use of linear interpolation on a triangle will
result in the approximation of a given smooth function v by a planar function
of the type shown in fig 3.1 . Suppose that (2, consists of a collection of E train-
gular elements and that we consider such a linear interpolation over a typical
finite element (2, . Then the restriction of v, to {2, will be of the form

vi(x,y) = a1+ ax +azy  for (x,y) € Q, (3.5)
We determine the three constants from the conditions

— e —
vy = Vp(%y, Y1) = a; + azx; + azy,
U, = Vi (X2, ¥2) = @y + axX; + azy;

— e —
vz = Vp(X3,¥3) = a1 + axx3 + azys

Where (x;,y;) ,i = 1,2,3 are coordinates of the three vertices of the triangle .
solving this system for a4 , a,, and a3 we find

1
X =5 [v1 (23 — x3Y2) + V2 (X3y1 — x1Y3) + v3(X1Y2 — X%2)1)]
e
@2 = o7 [v1(y2 —¥3) + v2(y3 —y1) + v3(y1 — ¥2)]
e
1
az = ﬁ[%@% —Xx3) + v (x1 — x3) + v3(x; — x1)]
e

where A, is the area of element (2, . Thus, eliminating a4, a,, and a3 from
(3.5) yields

vfel (x,y) = vllple(xiy) + UZLPZe(xiy) + U3W§(x,y) (36)
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Figure 3.1  Illustration of the idea that the three values of v at the vertices of a
triangular element (2, determine a plane which intersects surface v=v(x,y) at three points

Where ¥{(x,y) are the element shape functions,

1
PE(x,y) = =——[(x2y3 — x3y2) + (72 — y3)x + (x3 — x2)y]
24,

1
Yi(x,y) = R [(e3y1 — x1¥3) + (3 —y)x + (g —x3)y] (3.7)

1
Yi(x,y) = CY [(x1y2 — x21) + (V1 — Y2)x + (x5 — x1)Y] )
e

55



Notice that

1 ifi=j
e (x5, ;) = i,j =123 (3.8)
0 ifi#j

Now let us determine the type of “global” basis functions @;(x,y)
that these shape functions produce . The basis functions @;(x,y) (i=12,..,N)
are constructed in the same manner, the shape functions ¥/ corresponding
to adjacent elements in the mesh are simply patched together, to produced
a “pyramid” function @; at each nodal point in the mesh. Clearly , each @;
is piecewise-linear, it is assumes avalue of unity at node (x;,y;), and it is
zero at all other nodes (x;,y;),j # i and therefore, satisfies (1.2). Fora
boundary node , we have an analogous situation in that @; assumes the form
of a portion of a “pyramid” . Of equal importance, the functions produced in
this way are continuous across interelement boundaries and, therefore ,
over (1 ; their first partial derivatives are step functions and, hence, are
square-integrable . Thus , such basis functions would be appropriate choices
for constructing finite element approximations of the model problems.

Other Triangle Elements

Other triangle elements involving higher-degree polynomial in x and y
can be easily constructed . Let us firstly display the terms appearing in
polynomials of various degree in two variables in the following tabular
form :

1 degree 0

Xy degree 1

x% xy y? degree 2
x3 x%y xy? y3 degree 3

x* x3y x?y? xy3 y*  degree 4

56



This triangular array is called Pascal’s triangle . Note that a complete poly-
nomial of degree k in x and y will have exactly 2(k + 1)(k + 2) terms . Thus, a
polynomial of degree k can be uniquely determined by specifying its value at
~(k + 1)(k + 2) points in the plane. Moreover, the location of entries in
Pascal’s triangle suggests a symmetric location of nodal points in triangular
elements that will produce exactly the right number of nodes to define a
polynomial interpolant of any degree. For instance, the six terms in a
quadratic polynomial will be determined by specifying the value of vy at six
nodal points in a triangle , one at each vertex and one at a midpoint of each
side-precisely the location of entries in the triangle formed by the quad-
ratic in Pascal’s triangle . Similarly, a complete cubic, having 10 terms,
leads to a triangular element with 10 nodes. The location of nodes is,
again, determined by Pascal’s triangle: one at each vertex ,two on each
side dividing each side into three equal lengths, and one at the centroid .
Similarly, a complete quartic leads to 15 nodes, and so on. The family of
finite elements generated in this manner is illustrated in Fig 3.2a.

Another important feature of these elements is that they produce,
for polynomials of degree > 0, basis functions that are continuous over
the domain and, therefore, have square-integrable first partial derivatives
Consider, for example, two adjacent six node triangles (2, and 2,,4in the
mesh . The local interpolants vf and vf*!are quadratic polynomials that
must coincide at the three nodal points common to each element .
However, the specification of three values of a quadratic in one dimension
uniquely determines that quadratic. Hence, vf and vft! will coincide
everywhere on the common boundary of the two elements , and v, will
therefore, be continuous across this boundary. The idea is illustrated in
Fig 3.2b. Similarly, for cubic elements, values at four nodes are matched
on common boundaries. Since a one -dimensional cubic is determined by
specifying four independent values, a continuous piecewise cubic function is
formed by patched together.
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Figure 3.2 (a) use of Pascal’s triangle to generate various triangular elements over which
complete polynomial shape of any degree k are defined ; (b) illustrations for the case k=2, that
basis functions produced by such elements are continuous across interelement boundaries

3.3 Rectangular Elements

By taking the “product” of sets of polynomials in x with sets of
polynomials in y, shape functions for a variety of rectangular elements can
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be obtained, we show these ideas can be used to construct general quadric-
lateral elements .

For examples, alinear polynomial in x is characterized by a linear combina-
tion of monomials (1, x) . The tensor product with monomials (1, y) produced
the matrix of four functions

Luy=[; 2] (39)

X X Xy

And a linear combination of entries in this matrix produces a local bilinear
polynomial of the form

VE(x,y) = ay + azx + azy + azxy (3.10)

There are four constants in (3.10) and four elements in the tensor product
(3.9) Thus, if we visualize a rectangular element with four nodes, one at
each corner, the function vy in (3.10) is completely and uniquely determined
by specifying its values at these four nodal points . Moreover, along the
sides x =constant and y =constant , v¢ is linear in x or y . Thus, if two such
rectangular elements (2, and (2,,; have a common side in mesh, a function
that is continuous across their common interelement boundary will be
produced by demanding that vf and vi*! assume the same values at
nodes common to each element . Hence , shape functions obtained using
(3.10) will produce basis functions @; which have square-integrable first
derivatives over (2}, .

By considering tensor products of polynomials of higher degree,
element shape functions can be constructed which contain polynomials of
any desired degree and which lead to basis functions that are continuous
throughout (2, . For example, the product oftwo quadratics yields a matrix
with nine entries :

1 1y y?
x [[1 vy y2l=|x xy xy? (3.11)
x2 x? x%y x%y?



A biquadratic local interpolant vy is obtained by forming a linear combination
of all nine terms in this matrix . By constructing a rectangular element with
nine nodes, one node located in the element at the point corresponding to the
location of each entry in the foregoing matrix, an element is produced which
leads to piecewise-biquadratic basis functions continuous on all {2,. Similarly,
a tensor product of cubics leads to an element with 16 nodes and bicubic
shape functions ; and so on . Various rectangular elements produced by tensor
products of polynomials are illustrated in Fig 3.3

Interpolation Error
Suppose that a smooth function g is given . Further, assume that we

wish to interpolate g by afinite element representation g, which contains
complete polynomials of degree k . As in the one-dimensional, if partial

1 y ¥ y y
1 1 y ¥ F »*
X X Xy xy2 ch3 xy4
x2 x2 x2y  x%y? x2y? x2yt -
X3 ¥ By xByr a3 1By
X4 ¥ xty xty? xhd xthy
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—1] [1,y,»2%1
X
2

X

S

[ ] [1,y,¥%,331

Figure 3.3 matrix containing terms of a tensor product of polynomials and various rectangular

X ¥
w

elements obtained using such tensor products .

derivatives of g of order k + 1 are bounded in (2, the interpolation error
satisfies

g = 8nllwo, = max |g(x,y) —gnlx, )l

(x,y)€
(3.12)
< Chk+1 |

where C is a positive constant and h, is the “diameter” of (1, ; thatis, h, is
the largest distance between any two points in {2, . As in the one-dimensional
case note that this estimate holds only if all terms in a complete polynomial of
degree k appear in gj . Similarly,

%8 _ %en

T o < C,hk*1 (3.13)

d d
< Chf* and [|SE- 2B

0,02, dy ay || 0,02,
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The H!-norm in two dimensions is defined by
2 2, (98)? 9g)*
lglz =S |e2 + (52) +(52) | dxay (3.14)

Suppose that 2, = 2 and his the maximum diameter of all elements in the
mesh . It can also be shown that for reasonable meshes and refinement,

lg — gnlly < C3h (3.15)

for h sufficiently small. This estimate holds only if g, contains a complete
polynomial of degree k.For example, if g is piecewise-linear on triangles
k = 1 and we say that the H'-interpolation error is O(h). Similarly if g, is
piecewise-bilinear, so that gj = a; + ay,x + a3y + a,xy, then (3.15) holds
with k =1 even though gj contains a quadratic term xy . The key is that gf,
contains a complete polynomial of degree k = 1 butnot k = 2 ; the terms x?
and y? are missing . Similarly, if g¢ is a tensor product of quadratics, it will
only contain complete polynomials of degree k = 2, even though cubic and
quadratic terms appear in such shape functions . These extra terms
furnish enough nodal points for the element to provide for the generation
of continuous basis functions, but they do not contribute to asymptotic
rate of convergence of the interpolation error.

3.4 Finite Element Approximations:

Approximation of Two-Dimensional Boundary-Value Problems

Let us now return to the problem described previously sections .
In particular, consider the general variational boundary-value problem
(2.33). let H'(2) denote the class of functions satisfying (2.32) and defined
over the whole domain Q. Our problem is then to find a function u in H(12)
such that u =@ on d{2; and such that
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dudv . oud
/o [k (ia—z + ﬁi) + buv] dxdy +faﬂzpuv ds

(3.16)
= [ fvdx dy+faﬂzyv ds

Forallv € H1(Q2) such that v = 0 on 802, and where y = pii.

The approximation of (3.16) follows the pattern now familiar. We
replace (1 by a domain (2; that consist of a collection of E finite elements and
N nodal points and we define an N-dimensional subspace H" of H(2,) by
constructing an appropriate set of global basis functions @;, i = 1,2,...,N.
Since the shape functions are continuous within each element, they can
not modal ajump in material properties there.Hence, we always choose
the location of nodes and element boundaries to coincide with interfaces
at which jumpsin the modulus k occur, as indicated in fig 3.4. A typical
test function in H" will be of the form

vp(x,y) = X1 v;0;(x,y) (3.17)
Where v; = v, (x;,y;). In general , the Dirichlet data @ given on 042, is approxi-

mated by its interpolant @i, (s) = X @;0; (x(s), y(s)) the sum being taken over
all nodes on the approximation 92, of 442, .
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Figure 3.4 (a) the domain Q for the modal problem and (b) its finite element
discretization (2,

Our approximation (3.16) then consists of seeking a function uy, in H",

N

un(5,9) = ) 10;(x,) (3.18)

j=1

Such that u; = 1i; at the nodes on 92,5, and

duy 0v ouy 0v
f-Qh [k (a—xha—: + a_yha_;) + buhvh] dxdy +faﬂzhpuhvh ds
(3.19)

= fﬂhfvh dx dJ""fagthVh ds

For all v, € H", such that v, = 0 on 802, ,. Here 80, and 80,; approximate
02, and 042, , respectively .

Upon substituting (3.17) and (3.12) into (3.19) and simplifying
terms , we arrive at the linear algebraic system of equations
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YiaKju=F , i=12.,N (3.20)

Where K;; are the elements of stiffness matrix for the problem,

=Ja [k (%?c a;jcj + a(o,) +b0;0 ]dxdy +J 5q,,P9:9; ds (3.21)

and F; are the components of the load vector,
Fi= [, f0; dx dy+[,, v®;ds (3.22)

We next modify the equations (3.20) to accommodate the Dirichlet data
and finally solve the resulting system for the unknown nodal values u;

there by determining the finite element approximation of the solution u to
(3.16).

The procedure we have just outlined , of course , closely parallels that for
one-dimensional problems. Fortunately, most of the other features of the
one-dimensional analysis carry over, with minor modifications, to this two-
dimensional case :

1. The stiffness matrix K is sparse . Since the global basis functions @; and

@; and their derivatives are nonzero only on “ patches” of elements
containing nodes i,j, the entry K;; will be nonzero only when there is
an element containing both node i and node j .

2. In the present case , Kis symmetric (owing to the fact that the operator
is self-adjoint) . Note also that if a judicious numbering of nodes is used ,
K will be banded ; thatis the nonzero elements in K will form a band
containing the main diagonal of the matrix. The fact that K is sparse,
symmetric matrix can be thoroughly exploited in designing efficient
algorithms for solving linear systems of the form (3.20).

3. Each of the integrals in (3.21) and (3.22) can be calculated as the sum
of contributions furnished by each element in the mesh. However,
the interpretation of such a procedure is interesting and deserves
some elaboration . Let (2, denote a typical finite element in the mesh .
On (2., the exact solution u of our boundary-value problem satisfies
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fﬂe(kVu Vv + buv)dxdy = [, fvdxdy — [,, opvds

For every admissible v, where g, is the normal component of flux at the
element boundary . Next, let uf and vy denote the restrictions of the approxi-
mations uy and v, to (), then the local approximation of the variational
boundary-value problem over {2, assumes the form

J o, (VU - Vi + bufvR)dxdy = [, fvf dedy — [ 4, opvids  (3.23)

Here g, is the actual (exact) flux across d{2, and , although not given as data in
the original problem , appears as data in natural boundary conditions on 9{2,.
Since vy=0 on 0d{;;, there will be no contribution to the last integral of
(3.23) from elements with sides coincident with (2 .Since uj and vy are
of the form

uf(,y) = L0 wfwf (ny) L vE(ny) = 256 vf¥F (x,y)

7 being the local shape functions for £, and N,the number of nodesin £,
(3.23) leads to the linear system

z e kiuf =ff—of ,i=12,..,N, (3.24)
Where
=/, [k(“"eaw?+a‘”ae)+bw ll'e]dd 325
ox Ox dy 0y xady (3.25)
fif = o f¥F dxdy (3.26)
¢ =1 00,00 ¥{ ds (3.27)

Here kjjand f;° are the components of the element stiffness matrix and load

vector , respectively , for element (2, and o, is an element flux vector, obtained
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by assigning to node i of 2, a weighted average | 00.9nW{ ds of the actual flux

0, across 012, .

Formally, the global system of equations (3.20) is obtained by summing
(3.24) over all E elements in the mesh . We expand the element matrices
in (3.25), (3.26), and (3.27) to N X N and N X 1 order matrices corresponding
to the order of global matrices in (3.21) and (3.22) . For example , k®will
become an N X N matrix k®will zeros everywhere except those rows and
columns corresponding to nodes within element 2, and f¢ and ¢ will be
expanded to N X 1 vectors F¢ and )® with nonzero entries only in those
rows corresponding to nodes in (2,. Then the first terms in the global matrices
in (3.21) and (3.22) are obtained as the sums

E S, [+ 2% 1 b0, | dx dy = S, k)

0x Ox dy dy (3.28)
g=1f_(zef ®i dxdy = Z£=1Fie ) l;] = 1;2; ;N
And
boakfu, —FF+XH)=0 , i=12,..,N (3.29)

Notice that the contributions to K;; and F; from boundary conditions

( recall (3.21) and (3.22) ) must enter the problem through the terms
Y.{. Continuing we node that the sum of the contour integrals can be written

in the form
Eye=5sO4sMys®  i=12.,N (3.30)
Where
Si(O) = Yo fafze—arzhgn@i ds
StV =[50, 0n®; ds (3.31)

2
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Here 012, — 042, is the portion of the boundary df2, of £2, not on 042, (i.e, the
part of 0{, that consists of interelement boundaries ).We interpret the
quantities in (3.31) as follows .

Si(o) :Since only involves terms on d{2, — 342, , this vector is defined only at

interior nodes i . To interpret Si(o), consider an interior patch of four elements
having node 1 in common such as that indicated in Fig 3.5 . Using (3.23)
and (3.29) , we easily verify that, for this node, 51(0) has the form

0
Sl( ) = g=1fage 0,0, ds

= [ [0,]0: ds + [, (0,10, ds + [}, [0,]8, ds + [, [0,]9, ds

Figure 3.5 An interior patch of four elements sharing node 1
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From the conservation law, [o,,] = 0 across an interface where no point or
line sources are applied . Thus, if f is smooth in the patch shown in Fig. 3.5,
we have

s =0 (3.32)

Naturally, there is no need to evaluate these zero contributions (3.29) and
(3.30), so that they may be excluded from element calculations .

An exception to (3.32) occurs when the source function f contains a
line source or concentrated point source.Then [o,] equals the intensity
of the line source and is no longer zero. In the case of a point source, our
present variational formulation is not strictly applicable. However, we can
include the effects of point sources in the finite element analysis if we
proceed as follows . Suppose that f has the form

fGoy) =floy) +f6(x—x,y =) (3:33)

Where fis smooth (integrable) part of f and f§(x — x;, ¥ —y;) denotes a
point source of intensity f at a point (x;,y;)€ 2, .As in our study of one-
dimensional problems, that the mesh (2, is always constructed so that nodal
points are located at points where point sources act.Then only the smooth
part f of f appears in the integrals in (3.23) and (3.26) . In this case, note
that for the interior node in Fig . 3.5,

51(0) = g=1 faﬂeo-nwl dS - Z%:l f['m [[O-TL]]®1 dS

The presence of the basis function @, indicates that 51(0) represents the weigh-
ted average of these jumps at the interior node 1.We choose to balance
nonzero jumps in flux by concentrated sources f, we set

0 A
37 =1
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Whenever f(x,y) = f(x,y) + f6(x —x;,y —y;) . We remark that the point
sources in two-dimension problems leads to very irregular ( singular)
solutions u .

s

;~: According to the essential boundary conditions, the values of uy,

prescribed at nodes on 0.2, . Since g,, is not known on 92, Si(l) cannot be
prescribed there . However, once all of the nodal displacements uq,u,, ..., uy

have been determined , an approximation of Si(l) can be calculated directly
from (4.14), if desired .

Si(z) : On 02, , the natural boundary condition is specified . There we set

0 (s) = p(s)up(s) —y(s)

So that, approximately,

Si(Z) ~ fafzz,l[pzﬂyﬂuj@j —y]@ids

(3.34)
=YV piju; — v
where
Yi = fagzh)/@i ds = E=1faggh)/®i ds = Yo, ¥f (3.35)
and
pij = fagzhp®i®j ds =Ye-q fagghp®i®j ds = ¥5_1 D (3.36)
Here 0025, is aportion of 0.2, intersecting 0}, .
Returning now to (3.29) , we arrive at the system of equations,
NoKju=F-S" , i=12.,N (3.37)
where
Kij = Ye=1(Kf + ) (3.38)
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F; =Yoo 1(Ff +v) (3.39)

We now impose boundary conditions on d{2,; and proceeds to solve the resul-
ting system of equations for the unknown nodal values .

An Example

We shall briefly outline the analysis of a simple example problem .
Consider the formulation of a finite element approximation of problem

—Au(x,y) = f(x,y) in \
u=20 on [‘41
0
ﬁ =0 On[‘IZJ [‘25 ;[‘67Jand ["74 > (340)
ou
o, thu=y on Ise )

Where () is the polygonal domain shown in Fig .3.7a and I}4, I35,..., [74 are the
segments of the boundary . In this case, df2; = I}; and {2, consists of the

segments [3,, I, [5¢ , [57 and 74 . Our analysis of this problem proceeds as
follows:

1. We partition the domain into six triangular elements, as in Fig.3.6b,
over which linear approximations u; of the solution u of (3.40) are
defined . The six elements and seven nodes are numbered as shown .
Note that 002, = 02, and 2, = 342, .
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(b)

Figure 3.6 (a) The polygonal domain  in problem (4.25)and (b) a finite-element model
of this domain

2. Next ,we use (3.25) and (3.26) to compute the element matrices K¢ and
F¢,e=1,2..,6 ,and expand these to 7 X 7 matrices :

Element 1
ki, ki, k!, 0 0 O 0O Fil
ki: ki, kis 0 0 0 O fi
ki, ki, ki, 0 0 0 O g
Ki=| 0 'O @ 000 0} “F=|0
0 0 0 0O0O0O 0
0 b5 01405 100007040 0
0 e AR R o L0 |
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Element 2

ki, 0 ki, ki, 0 0 07 kil

0 0 0 0 00O 0
k3, 0 k3, k3, 0 0 0 3
K*=|k% 0 k3, K% 0 0 0| F2=|f2
0O 0 0 0 000 0

0O 0 0 0 0O00O0 0
00 0 0 0 0 0] 0 |

Element 6

00 0 0 0 0 0 F0
00 0 0 0 0 O 0

0 0 k¢, 0 k% k§; O H
K¢=|0 0 0 0 0 0 0} Fe= 0
0 0 k3, 0 kf§, Kk3; O 3

0 0 k3, 0 A5, k3, O 3
00 0 0 0 0 0 0

3. As the contributions from each element are calculated, strating from
element 1 and continuing through element 6, they are added to their
appropriate locations in the global stiffness and load matrices. At this

stage , we have the system :
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K,y Ky, K3 Ky, 0 0 0 || uy | F, |z,
K,, K,, K,; 0 Kas 0 0 U, F, 0
K;y K;, Ky Ky Kis Ky Ksg Uy F, 0
Ky, 0 K.z Kys 0 0 Kyq u, | = | F, 2,

0 K5, K 0 Kss Kss 0 Us Fs Zs
0 0 Kes 0 Kss Kss Ko Ug F~5 2P
_ 0 0 Ki3 Ko, 0 Kis Kiq Uq_ _Fa_ _0

(3.41)



Where Fi=f1+f2 ,F,=f1+f3, etc, and the }}; are defined using
(3.30) . the entries market with ~ will be modfied in the final system of
equations upon the application of the natural boundary conditions on I, .

4. Since nonhomogeneous conditions are applied only on the segment

connecting node 5 and 6, the matrices y and P defined in (3.35) and
(3.36) are of the form

0] 0 0 0 0 O 0 0
0000 O 0 0
0000 O 0 0
¥y = L P=|0 0 0 0 O 0 0
Vs 0000 P Psg O
Ys 0 00 0 Pss Peg O
0 0000 O 0 0]
o . (3.42)
Thus (3.41) becomes
Ky, Ky, Kis K O 0 0w, | [Fi—2%
K,y K, K 0 K 0 0 Uy F,
K;; Ki, Kis Kis Kis. Kis K || us F,
Kiee 0 Ky K 0 0 Ky ||ta|=|Fa—Z4
0 Ks,. Ks, 0 K5 Ksg 0 Us Fs
0 0 K 0 Kss Kss Ker || Us Fyq
L 0 0 K, Ky 0 Kqis Kaqq_|| U7 | Fy ] (3.43)
Wherein

Kss = Kss + Pss , Ksg =Kse+Psg , Fs=F5+ys et

5. We now impose the essential conditions u;=u,=0 on [, .In this way,
we obtain the invetible system of five equations and five unknown
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[Kyy Ky Ko 0 0 [ua Fy
K, K, Ks Ky Ksq || s F,
Koo Ky K5 Ksg O |\us|=|F;s

0 Kg Kes Kog Ken || Us Fy
L0 K;; 0 Ky Kypllusl | F7 ]

(3.44)

Which we solve for the nodal values u,, us, us, ug and u, .The remaining pair
of equations can then be used to calculate the approximate fluxes ) ; and ), at

1and 4:
=21 = kqoup + kqgus + kyauy — F1}
=24 = ky3usz + kyyu; — Fy (345)

Other features of the solution can now be evaluated since , by (3.18) , uy is
now completely determined .

Solution let:

2 .

h t=J

a(¥, %)) = ‘71 li—jl=1

0 otherwise

then element 1

2 -1 -1 0 0 0 O
-1 2 -1 0 0 0 O
1 -1 -1 2 0 0 0 O
ZE 0 0 0 O 0 0 O
0O O O 0 0 0 O
0O O O 0 0 0 O
L0 0 O 0 0 0 O

75



Element 2

2 0 -1 -1 0 0 0
0 0 0 0 00 0
d-10 2 -100 o0
=-l-1 0 -1 20 0 0
0 0 0 00 0 O
0 0 0 00 0 0
L0 0 0 00 0 O
Element 6

0000 0O 0 O
0000 0O 0 O

00 2 0 -1 -1 0

_1f o0 0 0 0o o0 o
000 0 0 0 0

00 -10 2 -1 0

0 0 -10 -1 2 0

As the contributions from each element are calculated , starting from
element 1 and continuing throught element 6, they are added to their
appropriate locations in the global stiffness and load matrices .

After imposing the boundary conditions , we solve the resulting system
for the unknown nodal values u; by writing a program code using matlab or
any programming languages , which is not part of this thesis .
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